Chapter 12
A Note on a Class of Conservative, Well-Posed
Linear Control Systems

Rainer Picard, Sascha Trostorff, and Marcus Waurick

Abstract We discuss a class of linear control problems in a Hilbert space setting.
The aim is to show that these control problems fit in a particular class of evolution-
ary equations such that the discussion of well-posedness becomes easily accessible.
Furthermore, we study the notion of conservativity. For this purpose we require ad-
ditional regularity properties of the solution operator in order to allow point-wise
evaluations of the solution. We exemplify our findings by a system with unbounded
control and observation operators.
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12.1 Introduction

Abstract linear control systems are commonly described by a system of equations
of the form

x(1) = Ax(?) + Bu(1), y(@)=Cx(t)+ Du(r), 1€R.,

with appropriate linear operators A, B, C and D and x denoting the time derivative
of x in Newton’s notation, linking the time development of state x, control u and
observation y. The first equation is called state differential equation and the second
one observation equation. The system is formally completed by an initial condition
prescribing x(04) = x@ for the state trajectory x. As a matter of convenience we
will consider this system on the whole real time-line R in which case the initial data
x© turns into a Dirac-8-source at time 0. Writing 9 for time differentiation on the
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full time-line this yields
80x=Ax+Bu+8®x(0), y=Cx+ Du onR.

We may formally re-write this into a single block operator matrix equation as

(6 o)+ (e D+ D)) -6 ") o

which brings our linear control system into the realm of a problem class discussed
in [8, 9]. In a suitable setting dy can be established as a normal operator with con-
tinuous inverse so that for continuous linear operators (A, B, C, D) the solution
theory is little more than matrix algebra. If (A, B, C, D) contains unbounded lin-
ear operators matters are more complicated. If only A is unbounded but such that
do + A is invertible the solution theory can be largely salvaged. A common instru-
ment here is to express (3 + A) ~! in terms of a semi-group generated by A. Matters
become exceedingly complicated if also other operators in the list (A, B, C, D) are
also permitted to be unbounded (see [4, 6, 7] for a survey, also [14]). The answer
of questions concerning for example well-posedness along this line of reasoning
may be quite involved. The classical approach to well-posedness is the concept of
so-called admissible control and observation operators, using the theory of strongly
continuous semigroups, see for instance [1, 2, 11-13, 15] and [3] for a survey.

Here we want to give a more elementary approach to this issue, by changing the
perspective to the above type of space-time operators, which in effect by-passes Cp-
semi-groups as a solution tool and at the same time enlarges the class of accessible
control problems considerably. On the other hand, we use elementary Co-semigroup
theory as a tool for discussing regularity issues.

We shall consider systems of the general form

X\_,(f
CT)

My: XY > XPY, M : XDY — X @Y continuous linear operators, A :
DA CXPY — X @Y aclosed and densely defined operator. Mostly we shall
assume that J : F & U — X @Y is such that

E B
-5 2)
with B:U - X, D:U — Y, E : F — X continuous linear operators. Here X, Y,
F, U are Hilbert spaces referred to as state, observation, data and control spaces,
respectively.
There is little harm in assuming X = F and U =Y and we shall do so.

As the space to model time-dependence we consider the weighted L>-space
Hy0(R), 0 € R.g, generated by the completion of Coo(R) with respect to the inner
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product (-|-),,0

(0, V)~ /Rso(t)*w(t)exp(—2gt)dt.

The associated norm will be denoted by | - |,,0. The time-derivative dy can be lifted
canonically to corresponding Hilbert-space-valued generalized functions making dg
anormal operator in the resulting Hilbert space H, o(R, H), where H is an arbitrary
Hilbert space. Thus the linear control system under consideration is a quaternary
relation of the form

u

Cro.My AT = {(x, v, [ M)‘(aoMo +M+ A (i) =J <f>}

in spaces derived from this consideration. We say Cp, a,, 4,7 is well-posed, if
Cmo,m,. A,  considered as the associated binary relation

{((x, ). (o) oMy + My 4+ A) (;C) _J (5)}

induces for all sufficiently large ¢ € R-( a continuous linear mapping in a suitable
Hilbert space setting linking a solution (x, y) with any given (f, u). Of course we
would want the solution operator (doMo + M1 + A)~1J also to be causal in the
intuitive sense. If there is no danger of confusion and the coefficient operators My,
M, A, J are clear from the context, we simply write C for Cy, 1, 4,7 -

Another extract of our current linear control system C is frequently of particular
interest. It is the so-called transfer relation 7y which is given for a fixed f by

Ty = {(u,y))\/(aoMo+M1 +A) @) —J <£)}

For a well-posed linear control system this is just reading off the second block com-
ponent of the solution and yields that Ty is a mapping, the transfer mapping. Fre-
quently, one prefers to consider the unitarily equivalent operator

L:QTf’CZ;’

where L, is the unitary Fourier-Laplace transformation (see Sect. 12.2), as the trans-
fer mapping.

We also address a question approached in [15], namely conservativity of a linear
control system. In [15] this notion was defined by means of a certain energy balance
equality, that should be fulfilled by state, observation and control.

By considering abstract control system in the above sense we shall show that
for reasonable state differential equations it is always possible to construct an ob-
servation equation, which leads to a conservative linear control system. Moreover,
although in [15] unbounded control and observation operators were considered, we
shall see that in the generalized form such system are reduced to the bounded oper-
ator case (with A being the only unbounded linear operator involved).
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12.2 Setting

The particular time-derivative defined as a normal and invertible operator in the ex-
ponentially weighted space H, o(R) := L2 (R, exp(—2¢x)dx) (for some ¢ € R.()
is given in various articles of the authors of this paper. The core issues are discussed
in [5]. We state the basic facts as follows. Let o € R.o. We define 9y as the closure
of the operator Co'oo (R) € Hpo(R) = Hyo(R): f > f’, where Co‘oo (R) denotes the
space of infinitely often differentiable functions with compact support. It can be
shown that 85 € L(Hy0(R), Hyo(R)) and |35 ]| < 1/o.

It is well-known that there is an explicit spectral representation as a multiplica-
tion operator of the one-dimensional derivative on the real line, which is given by the
unitary Fourier transformation F : Lo(R) — L>(R). An analogous representation
can be found for dy: Denote by m the multiplication-by-argument-operator in Ly (R)
with natural domain and exp(—om) : Hy o(R) — Lo(R) : f — exp(—o(-)) f ().
Then we have the following unitary representation of dg:

EZ(lm +0)Ly =10

with the unitary Fourier-Laplace transformation L, := F exp(—om). This formula
can canonically be lifted to the Hilbert-space-valued case. Moreover, the latter

unitary representation results in a functional calculus for 9, ! More precisely, let
r > i and H be a Hilbert space. Let M : B(r,r) — L(H) be an element of the
Hardy space H*>°(B(r,r), L(H)) of bounded and analytic functions defined on the
open ball B(r,r) € C with values in L(H), the set of continuous linear operators

within H. Define

_ « 1
M35 ") = £QM<im +Q>£Q,

where M (7:52) (1) := M (;75)¢ (1) for all ¢ € Coo(R, H) and 1 € R. Tt is easy
to see that M (3, ') € L(Hyo(R, H)) and 8, 'M(3;") = M3, )3, " As it was
already mentioned in [5], for & > O the time-shift 7_j definedas t_p f := f(-—h) or
the convolution with a L (R)-function supported on the positive reals yield analytic
and bounded functions of 9, !in the above sense.

In the following we shall also make use of the concept of Sobolev lattices, which
are related to abstract distribution spaces associated with particular (unbounded)
operators in a Hilbert space. The whole set-up is described in [10]. We sketch it as
follows. Let C, D be densely defined, closed, linear operators in a Hilbert space H.
Furthermore, assume that 0 € o(C) N (D) and C~'D~' =D~ 1'C~!. Fork,n e Z
the Hilbert space Hj ,(C, D) is defined as the completion of D(C'*ly n D(DI"l)
with respect to the (well-defined) inner product (¢, ¥) = (CXD"¢, C¥D"/). The
family (Hg ,(C, D))(k,n)EZz is called Sobolev lattice associated with (C, D). One
can show that for k1, n| € Z with k; <k and n| < n we have dense and continuous
embeddings

Hin(C, D) = Hyy 5, (C, D).
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The latter relation justifies the term “lattice”. Indeed, (Hk,n(C, D)) »yez2 18 a lat-
tice with respect to the order relation <>, which is isomorphic to Z? endowed with
component-wise order.

Moreover, by continuous extension, we have unitary operators

C*D" : Hy ,(C, D) = Hi—ty.n—n,(C, D)

for all ny, ky € Z. It should be mentioned that any continuous linear operator B :
H — H, which commutes with C~! € L(H), has a unique continuous extension
(restriction) to Hy o(C, D). We shall use the construction of Sobolev lattices in the
aforementioned situation of linear control systems. For the special case that D is
the identity on H, we will write Hy(C) := Hy ,(C, D). Moreover, given a densely
defined, closed linear operator A : D(A) € H — # with non-empty resolvent set
0(A). Then, for o € R.g and A € o(A), we define

Ho i (R, Hp(A = 1)) := Hyn (30, A—1).

If it is clear from the context, which operator 4 is under consideration, we shall also
write Hy i (R, H,) for short. Clearly, the latter set does not depend on the particular
choice of A € p(A). As another short-hand notation we also define

Hg,oo(Ra Hp) = ﬂ Hg,k(Ra Hn)-
keN

12.3 Solution Theory for Abstract Linear Control Systems

We summarize the core issues of the solution theory used in this paper. In the whole
section, we make the following assumptions. Let X and Y be Hilbert spaces and
define H:=X @ Y. Moreover, let Mo : H —> H, My :H —>H,J:H —> H be
continuous linear operators and let A : D(A) € H — H be a closed linear operator.
We assume that

e M) is selfadjoint, non-negative and strictly positive on its range, whereas
e Re M| : H — H is strictly positive on the null space of My.

To simplify matters, we shall also assume that
e A is skew-selfadjoint in #, which is a standard case for most problems.

We will use the extension of these operators to the Hilbert space of H-valued
H, o(R) functions. From the 3 aforementioned properties, it is easy to see that
the following lemma holds. For a set S C R, we denote by xs(mg) the truncation
operator, mapping a function f : R — H to the truncated one: xs(mg)f := (t

xs(@) f(1)).
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Lemma 1 There is a constant By € R such that for all & € D(A) N D(dy) and all
sufficiently large o € R~

Re(xp_, (M0)§1(30Mo + M1 + A)é)g,o,o > Bofxa_, (mo)SIS)Q)O)(). (++a)

It follows
Relt (Mo + My + AE), o > BolE1€)0.0.0- (++b)
The proof can be found in Chap. 7 in [10]. It is remarkable that the core of

the proof of the solution theory only relies on the positive definiteness as stated in
Lemma 1 and the explicit spectral representation of dg.

Theorem 1 For every sufficiently large o € R.o and every (f) €EH, )R, X DY)

u

there is a unique solution ();,) € Hyo(R, X @Y) of the problem

X\ (f
oMo T T A (y) —J<u>.

Moreover, the solution depends continuously on the data in Hy o(R, X ® Y) and the
solution operator (dgMoy + M1 + A~V is causal in the sense that

Xa_, (mo)(@oMo + My + A)~1J

= Xg_, (M) (@oMo + My + A)~1J x_ (mo)

foralla e R.

Remark I The assumptions on the operators A, M| and My are sharp in the sense
that we can easily construct ill-posed systems, if one of the assumptions fails. For
instance consider the system

1 0 0 0 0o -c* u\ _(f
(4 o)+ 5)+(e 7))C)-()
where C is an unbounded, closed and densely defined linear operator. Now Jie M| =
(8 _01 ) is not strictly positive definite on the kernel of My = ( (1) 8). Substituting the
second equation v = Cu into the first yields

(30— C*C)u = f,

which is an abstract heat equation with time reversed and well-known to be ill-
posed as a forward causal equation. Even in the ode case, i.e. for C = 0, taking now
My = (0 1) and considering the resulting system

GO0
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would yield
u=g,
dou +v=f,

which can only have a solution u,v € Hyo(R, H) if g =u = Bo_l(f —v) €
H, 1 (R, H) and not for general data f, g € H, o(R, H).

Using the Sobolev lattice (Hy (R, Hy)) (k. n)ez2, We shall extend the operators
do, Mo, M1, Ato Hy _oo (R, H_1) := Ugez Ho.k (R, H_1). This has the effect that
we do not need to write the closure bar anymore. However, this has the consequence
that, whereas the equation

x\_ (S
(oMo + My + A) (y) _J(u)

holds in H, o(R, X @ Y), the equation

wn3) o () +4(5)= ()

only holds in H,_i(R,H_1). This line of reasoning also yields that ();) €
Hy, —1(R, H1). We will use this observation in the forthcoming sections. To incorpo-
rate non-vanishing initial data we record the following corollary, where we use the
continuous extension of the solution operator—a particular bounded and analytic
function of 9, ! (cf. Sect. 12.2)—to the space H, 1 (R, H).

Corollary 1 For every sufficiently large o € R and every (5) €EH, )R, XDY)
and (iig;) € Mo[X @ Y] there is a unique solution (;) €eHy 1R, X®Y) of the

problem
©
(BoMo + My + A) <;C>:J<£)+8®Mo<);(o)). )

The solution depends continuously on the datain H, (R, X @Y).

Proof The existence result follows by applying the previous theorem to
£\ 30—1 f x©
(doMo + M1 + A) <77 =J 30_114 + Xe_, ® My y©

and then differentiating and letting

()=2G)

The uniqueness and continuous dependence part follows conversely by applying
9y " to (2) and using the uniqueness and continuous dependence result of Theo-
rem 1. 0
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12.4 Regularity

In this section we discuss regularity issues. The method is based on “see-saw”-type
arguments and relies on the Sobolev lattice associated with (g, A + 1), i.e.,

(Hg,s(Rv Hk))(x,k)ezz‘

Our main focus will be initial value problems. We need the following definition.
Definition 1 Let Cps, y1,. 4.7 be a well-posed! linear control system. If
Po((doMo+ My + A)7'6 @ Mo — xz_, ® Po)lU] S Hy 1 (R, H)

for some subspace U/ € D(A), which is dense in H, then we call Cpgy p1,,.4,7 @
globally regularizing linear control system. If for all T € R we have

Xe_, (mo) Po((doMo + My + A) '8 @ Mo — x_, ® Po)IU]

€ Xa_, (mo)[Ho 1 (R, H)]

we call Cy, p,,.4,7 @ locally regularizing linear control system. Here Py := 7o,
where g denotes the orthogonal projector onto Mo[#].

Obviously, the regularizing property is independent of J. For locally regulariz-
ing linear control systems we have according to the Sobolev embedding property
(cf. Lemma 3.1.59 in [10]) point-wise evaluation as a continuous operation and we
can define, what it means for such a system to be conservative. In the forthcoming
sections, we deal with a system studied in [15]. This system may be rewritten into a
first order system such that the above theory becomes applicable. Moreover, it can
be shown that the respective system is a special case of the system occurring in the
next theorem, for which the notion of conservativity can be established.

Theorem 2 Let Cyyy a1, 4,7 be a linear control system with

_(My O . M 0
MO_( 0 0)’ M = (ozR_lm ot)’

(A O (0 2Re(M)7{R
A=(5 o) v=(o PR,

In this case
(BoMo+ My +A) '8 @ Mo) : H— Ho 1 (R, H).
2> (oMo + Mi + A) '8 ® Moz

is a continuous linear operator.
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where Moy € L(X) is selfadjoint and strictly positive definite on Moo[X], M1 €
L(X) with (Re M11) > 0 and Re My is strictly positive definite on [{0}] Moo, Uy :=
(Re M11)[X], R : Uy — U is a continuous linear bijection, wy : X — Uj is the
orthogonal projector, A is a skew-selfadjoint operator on X and o € R\ {0}, is such
that

4” (\/ (*Re M11)|[{0}]M00)71 H -2 ”Ril || -2 >oa > 0.

Then Cyy, pm,, A, g s well-posed. Let Uy := Moo[X] and o : X — Uy, Py :=mgmo
the corresponding orthogonal projections. Assume in addition that Cpy pr, A, 1S
locally regularizing. Then Cpyy m,, A, IS conservative in the sense of [15], i.e., the

solution (i) of

x\ 0 Moox©@
(80M0+M1+A)<y>—]<u>+8®< 0

for the initial data x© and control u gives rise to mappings
5o Moo 0 Pox(o)
r- 0 V2Re M R Xr_; (mo)u
. Moo 0 Pox(T)
0  V2ReMR) \Xg_,(mo)y)’
which are densely defined isometries on Uy & LZ(R>0, Uy) forall T € Rxo.

Remark 2 In the setting of the theorem above, the state space is given by H =
X @ U;. Furthermore we shall note here that for the definition of conservativity the
parameter o € R \ {0} is irrelevant. However, it is used to adjust for the assumptions
of our above solution theory.

Proof of Theorem 2 At first we show well-posedness of Cpy, a,,.4,7. We need to
consider the positive definiteness of

1 —1
9%M1=<9%M“ lam#(R )*)

%aR_lm o
on [{0}]My = [{0}]Moo @ U;. Let z ® y € [{0} 1Mo ® U;. For & > 0, we compute

(Re M1 (z® Yz @ y) = (2| Re M112) + (zlamf (R™)*y) + a(yly)

1
> (VRe My z]y/Re My1z) — 2—8|Z|2

— 3o (R 5 +ably)
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1 .
> (1 = 5. 1V @R MiD) o) 1||2>|\/9%1‘4MZ|2
+a<1 —%aHR_1||2>|y|2.

From the first term of the right-hand side of the latter inequality it follows that € has
to be chosen such that

1 .
= <2 (VM Do)

holds. From the second term, we read off that
1—Za|R7' >0
2

should hold. Thus, we want ¢ to satisfy in addition

1 o, 12
i L

The condition on « ensures that the interval

R e |

is not empty. Employing Theorem 1, we conclude that the abstract linear control
system C is well-posed. Assume now that C is locally regularizing. Due to the block
structure of the operator matrices My, My, A and J there exists a subspace U C
D(A), dense in X, such that for x(© € i/, we have

Py O _ Py O ©
XR_r (mo) ( OO 0) ((30M0 + M+ A8 ® My — xr_, ® ( 00 0>> (xo )

€ Xxr_r (mo)[Hp 1 (R, H)]

forall T e R. Let x© e ¢f and u € Hy 1(R>0, Uy). Our general solution theory
yields the unique existence of (x, y) € Hy 1 (R, X ® Uy) of the problem

My O My 0 A 0 X
<80< 0 O>+<aR_1m a>+<0 0)) (y)
_ (0 2ReMiniR) (0 5 @ Mopx©®

- O o u O ’

where suppx C R and suppy € Rx( due to the causality of the solution operator.
This leads to
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(5 ) ()2 (5 3)(0)

= <i’)o 8) (oMo + M + A)~! <8 Z%e(Mll)nl*R) <0>

o u

Py 0 . ©
+(00 O>(80M0+M1+.A) 1(8@1‘{)()0)6 )

Py 0\ (x©
_XR>0®<0 0)(0 :

Since (dgMo + M + A)~! leaves H, 1 (R, H) invariant, we read off that

0)
wina (3 )-me(d D)
€ xRy (mo)[Hp 1 (R, H)]

holds forall T € R. We fix T € R for the rest of the proof. Let ¢ € C (R) be such
that ¢ =1 on R_74; and ¢ = 0 on R. 747. Using the Sobolev lattice associated
with (dp, A + 1) we get that

@(mo) O x\ _ (emo) 0 [0 2Re(Mi))7fR\ (0
(57 Do can=n ()= (57 )0 %) ()

<</>(0)8 ® Moox<°>)
+ 0 s

which implies

@+ 31+ (40 1) (7) 3)

_ [(e@mp) 0Y) (0 Z%e(MU)JTI*R 0
B 0 1/\0 o u

@(0)8 ® Moox® Mooy’ (mg) 0 (x
# (PO (0 9)(6)

B <<p(mo)29%(M11)nl*Ru) N <5 ® Moox(0)>
- au 0

n <M00§0;)(m0)X> . @

Define x, := @(mo)x. Employing the local regularizing property and using that
Moog' (mo)x € Hy 1 (R, X), we deduce that Pox, — xr_, ® Pox© € H, 1 (R, X).
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Moreover, from

(doMo + My + A) <xy<”>

_ Xo Xo Xo

= (80Mo<y> + M, (y) +A(y>>

_ ((p(mo)2 me(Mn)n;*Ru> N (6 ® MOOX(O)) N <M00<P/(mo)X>
- ou 0 0

it follows that
0) 0)
() =re0® () + ((5) - xe00 (1))
)
=4((7) e () ®

_ (pmo2Re(Min)7fRu)  (xr., ® Ax©
- au 0

©) Moo’
e ® My <x0 ) n ( oowo(mo)x) ’ ©

where equality holds in H, _1(R, H_1). However, since the right-hand of the lat-
ter equation lies in Hy o(R, Ho) we get xy — xR, ® x© ¢ Hy0(R, X) and since

Poxy — xr.o ® Pox@ € H, 1 (R, X), we deduce that (X;") — XR.y ® (xg))) c

Hy0(R, Hy). In particular, this yields x, € Hy o(R, H1(A + 1)). We read off the
first row equation of (5):

doMoo(xp — xr_o ® X V) + My1(xp — xr_o ® x V) + A(xy — xB_, ® x?)
=2Re(M11)7r{ Rp(mo)u — M11(xr_, ® x(o)) — xRy ® AxY 4 Moo/ (mo)x.
Thus, we get that

8()M00()C¢ — ARy ® x(o)) + Mi1xy + Axy
=2Re(M11)7r} R (mo)u + Mooy’ (mo)x,
with equality in Hy(A + 1) pointwise almost everywhere. Multiplying by (-|x,)x,
taking real-parts and using $Re({Ax,(s)|xy(s)) = O for almost every s €0, T'[, we
deduce that for almost every ¢ € ]0, T'[ it holds
Re(do Moo (xp — xr-o @ V) (1) ey (1)) + (Re M1, (1) x4 (1)
= Re[2Re(M 1)} Ru(t)|xy(1)).
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We let o := moMoory, i1 := w1 (Re(M11))m; . Thus, for almost every ¢ €0, T'[
it holds

Re(do (1200 (moxp — XR_o ® T0x D)) () |70, (1)) + (1117T1X (1) 7124 (1))
= 9%2(2“11 Ru(t)|711x(p(t)>.
Hence, we conclude that for almost every ¢ € ]0, T'[:

1 ,
5 (s > {poo(moxy — xe., ® 70x @) ()| (moxp — xr_o ® 0x ) (9))) (@)

= — Re(do (100 (0xp — xr_o ® 10x D)) (D xE_, ® T0x V(1))
— (1170120 (1) |71 (1)) + Re(2p011 Ru (1) |7r1x,, (1)), (N
The second row equation of (5) gives
ozR717tl)c(/J +ay =au.
Hence,
T1xp = R(u —y).

Since x, () = x(t) for all # € ]0, T, the latter equation put into (7) gives
%(s > (oo (0x — xr_o ® 10x ) ()] (m0x — xR, ® T0x D) (5))) (1)
= — Re(do (00 (mox — Xy ® 70x V) () xR, ® 70XV (1))
— (11 R = )R — y)(0)) + Re{2e11 Ru(t)| R(u — y) (1))
= — Re(do (00 (m0x — xr_y ® T0x ) (DI xR_, ® 70X (1))
— (k11 RY®|Ry(0)) + (11 Ru(t) | Ru(t)).

We integrate the latter equation over ]0, T[. We conclude that

1
5(#00(77036 — xRy ® T0x V) (D) (70x — xRy ® Jfox(o))(T))

= —fﬁe(,uoo(ﬂox — XR.y @ ﬂox(o))(T)|770x(o))
T

T
—/0 (unRy(t)IRy(t))dt+f0 (w11 Ru(®)|Ru(t))dt.

Thus, we get that

1 T
~(moomox (T)|mox (T))+ [ (w11 Ry(®)|Ry(1))dt
2 0

1 T
- E(,Loonox“))|m)x<°>)+f (w11 Ru(t)|Ru(t))dt.
0
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This shows the conservativity of C. 0

Example 1 The heat equation yields a conservative, linear control system. With
G : D(G) € Hy — Hj closed and densely defined we consider the heat equation in
the abstract form

(3 + G*G)6 = —G™u,

which is equivalent to

*
(6 9+ 6 D)+ (% $))E)=C)
We have X = Hy @ Hj and Y = U = H;. Following the above construction we use
2g+y=u
with R = % as observation equation. So, we get
((ao<38)+<8?>+<_°c%*>> (8)) ((2)>=<<2>>,
02) 1
For o # 0 we have equivalently
(<ao<38>+<8?>+<_°c%*>> (8)) <<2>>=(<2>>,
0 2a) o
where we choose o suitably to make
(o) =(o &)
strictly positive on Hy @& Hj. This is the case if
O<a<l.
This makes the example system

((80(58)+(8?)+(_°G%*)) (‘(13

O 1)

(§)(5)

a well-posed and at least formally conservative system. It remains to establish the
required regularity. To this end put # = 0 and let #¥ € D(G*G) in (8). We compute
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6=(3+G*G) '506©
6~ %, 0% =((30+G*G) 5060 —x, ®60)
-1 0
=—(30+G*G)™ (xp_, ® G*GO").

This shows that the system is globally regularizing. Indeed, for ¢ := Xr_, ®
G*GOH© we estimate

[0+ 67G)9l;10=180(00+ G"G) 9l 00
= |30 (30 + IGIZ)_1¢|Z,0,0
— 16— 1GP(0+1GP) 62y

2
= 2|¢|Q,(),0-

Thus, 6 — x,_ ® 09 e H, 1 (R, Hp).

12.5 The Tucsnak-Weiss System

12.5.1 A First Order Formulation

Tucsnak and Weiss suggested the following particular system class, [15], describing
a class of linear wave phenomena. In this reference, it is assumed that H := X = F,
Y=U, E=1and D=1. Let Ag: D(Ag9) € H — H be a selfadjoint posi-
tive operator. The observation operator C is an unbounded, closed linear opera-
tor

C:Hi(yAy+1) C Hy(v/Ag+1) = U.
Then

Co:Hi(\Ag+1) > U

x— Cx

is a continuous linear operator, according to the Closed Graph Theorem. The
control operator B is now given as the dual operator C; of Cp, where U and
U* as well as H|(\/Ag +1)* and H_;(/Ap + 1) are identified so that we have
Cg U — H_ 1(J/Ag+1). Itis

C* C C§.

The system considered in [15] is formally
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1
Bgz + Aoz + §C8C080Z = Cqu,
Copz+y=u

(C observation operator, C; control operator) on R.¢ for a given function u €
Hy0(R, U). We shall instead consider the first order system

1 (oo) O 0
() (o) ]+1@ @) @)
0 (o0) O (ov2) 1

0
0 DIV 0 v
+(eman () <3>) )
0
L

0 (00) y
0
= (%) | +oe [ (V%) ©)
—u 0
with
—JA
GRAD := (_Q) - Hi(v/Ag +1) € Ho(y/ Ao +1) > Ho(v/Ag+1) & U
7

and DIV := —(GRAD)*. Thus the whole systems acts in the space

Ho.0(R, Ho(v/Ao+1) @ (Ho(y/Ao +1) @ U) @ U).
Here

Qe Hi(JAo+1), 2V e Ho(y/Ag+1)

are the implementation of the initial data. Our first observation is that this system is
a linear control system in a simple case:

[ ]
0 DIV 0
a=|crap (29) (%)
0 (o0) O

is skew-selfadjoint,
e M, is the orthogonal projector onto Hy(/Ag +1) & (Ho(+/Ag +1) & {0}) & {0},

0 (00) 0
0

ReMm=1() (o) (%)
0 (0%) 1

is strictly positive on the null space {0} & ({0} & U) & U of My.
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Thus, well-posedness in the above sense is clear. We will show that this system is
the appropriate interpretation of the original system. As a first step we compute the
adjoint of GRAD explicitly.

Lemma 2 Assume 0 € 0(Ag). Then

DIV C <\/A_() %C@) L Ho(y/ Ao +1) ® U — H_1(/Ag+1)

1 <&
(5}) = \/ZOC + ECOUJ
and
D(DIV) = {(f;) € Ho(v/Ao +1i) & U\ («/A_o gcz;) (f;) € Ho(\/fToJri)} :

Proof We consider

DIV : D(DIV) € Ho(y/Ag +1) ® U — Ho(v/Ag +1)
e 1 ¢
(w) - (VA 569) (w)
with D(]D/)\ﬁf) being the set

{(C) eHo(\/l‘To+i)69U‘<\/A_o %cg;) (5}) eHo(\/Aio_{_i)}.

w

We want to show that
DIV = DIV

and we shall do so by showing that
DIV* = ~GRAD.
Clearly,
(«/A_o LC"‘) : Hy(y/Ag +1) @ D(C*) € Ho(y/Ag +i) ® U — Ho(y/Ag +1)

C DIV ¢ (m %CE)}):HO(\/A;O'FD@U—)H*](\/A»O‘I‘D

S

and hence DIV is densely defined. So let v € D(DIV"). Then for some ({; ) €
Hy(\/Ag+1) ® U we have

ANt SIS { CH1() e

(i)emm)
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It follows by testing with elements in H{(/Ag +1) & {0} < D(]DS]R’) that

N VA o ag i = 1O o
¢ eH | (VAo+i)

which implies

v e D(y/Ag)

and

VA = f.

Let now w € U be arbitrary. Then with ¢ = —%«/A{l Cow we get®

(M
W/ Ho(VAg+)

—1
:<<—%./Ao ng> | («/on>>
w 8 Ho(J/Ag+H)®U
1 -1
=(-—=VA0  Cquw|vAq + (wlg)y
2 Ho(J/Aq+)
1 <
=(-—=Cgu|v + (wlghy
2 Ho(v/Ao+)
1
=<——w‘Cov> + (wlg)y-
2 U
This implies
Le
P
N

and thus, we have

Lcw

~ JAg
DIy = (4700
NG

) = —GRADuwv,

i.e.

DIV* € —GRAD.

2Note that in the fourth equality (-|) Ho(VAG+) is used not as the inner product in Hy(/Ag +1) but

as its continuous extension to the duality pairing between H_1 (/A + 1) and Hj(s/Ap +1). This
will be utilized throughout without explicit mention.
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Moreover, let now v € D(GRAD). Then for all (5}) € D(m)

<m(§>‘v> +<<§>‘GRADU>
w Ho(v/Ag+) w Ho(v/Ag+)@U
1 \ | [V Aov
(e i), (122
< Vv2° ’ Ho(J/Ag+i) w ‘ EC” Ho(v/Ag+H)SU

1
—ng‘v>
V2 Ho(v/Ag+)
1
_ —C°w‘v> — (A0 b S
<\/§ 0 Ho (/A5 +) o(v/Ag+i)

1
—CSw v> <w/ ol + — C w > =0,
V2 ‘ ‘ Ho(vAg+i) 0 ‘

Ho(VAo+i)
from which we see that
—GRAD c DIV".
Thus, we have shown that
DIV = —GRAD* = DIV. O

Noting that the solution

v

¢

(n)
y

of 9) is in Hy _1(R,Ho) N Hy 2(R,Hy), by the results of Sect. 12.3, we
can read (9) line by line under the assumption that 0 € o(Ag) and we ob-
tain

v + Aot + —= Cow—8®z(1)

90 — \/AT)U =5® Az

1
w— —Cv=—+2u
V2
«/Ew+y=—u.

Since v, ¢ € Hy 1 (R, Hy(+/Ag +1)) and y, w € H, 1 (R, U), we see that the first
equation holds in H, >(R, H_1(+/Ap+1)). Since also v € H, (R, H{(v/Ag+1))
and z© € H,(/Ag + 1), the second equation holds in H, _»>(R, Hy(+/Ao +1)) and
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the third one in H, (R, U). If we let z := «/Ao_lg“ € Hy 1R, Hi(/Ap+1) N
Ho0(R, H_1(v/Ao +1)) then 3oz =v + 8 ® z® and

1
¥z + Aoz + —=Cow=38®z"V + 88 @z
V2
1
w——Cv=—2u
V2
\/zw—i—y:—u.

Thus, eliminating w we get

1
¥z + Aoz + G5 (C(o0z -5 dM) —2u) =5z + 38 @ 2©

y=u —C(aoz—8®z(o)),
or
¥z + Aoz + %cgcaoz =Cou+8®z" + 3820 + %5 ® Ccycz
y=u-— Copz+86Cz O,

which is on R. ¢ formally the equation we started out with. Here the first equality
holds in H, —»(R, H_1(+/Ag + 1)) and the second one in H, >(R, U).

12.5.2 The Tucsnak-Weiss System as a Conservative Linear
Control System

In this section we want to prove that the system considered in the previous part is
conservative as it was formulated in Theorem 2 under appropriate assumptions on
the initial values Z(O), 7D In order to formulate pointwise evaluations of the solu-
tion, we have to inspect regularity properties for the system. Since the regularization
property does not depend on # we may set # = 0. By assuming 0 € p(Ag) we arrive
at the equations

1
dov+ VAol + —=Clw=5®z"
V2’

3¢ —~/Agv =8 ® /Apz
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and re-assemble them in a different way. As was already pointed out, the first
equation holds in the space H, _»(R, H-i(v/Ao + 1)) and the second one in
Hy > (R, Hy(/Ag + 1)), while both the third and fourth one hold in Hy >R, U).
Using the third equation to eliminate w in the first one, we get the following system

1
dov + +/ Aol + ECSCOU =4 ®Z(1),

3¢ — v Agv =8 ® Aoz .

Rewriting this in an operator-matrix form we get

N, (0 A (€Y _y g (VA0
o0+ (s 1) ()= (7)o

as an equation in Hy _»(R, Ho(v/ Ao +1) @ H_1(y/Ag+1)). We define the following
linear operator

A:D(A) € Ho(y/Ag +1)* — Ho(y/Ag+1)°,

where the domain of A, D(A), is the set

1
{(c, v) € Ho<\/fTo+i)2}v € Hy(v/Ao+1), VAo + 5CiCove Ho(\/z‘To—i-i)}

()= 1a) ()

The density of the domain of A follows by arguing analogously to the proof of
Lemma 2.

and

Lemma 3 The operator A is closed and continuously invertible. Furthermore the
following holds

()~ D0 ), 2
() Q)4 Sl (),

forall (%) € D(A), () € D(A¥).

and

Proof The operator A is a restriction of the bounded linear operator

0 —vA . . . .
( 1 0)IHO(\/A0+1)69H1(\/A0+1)—>Ho(\/Ao+1)€BH1(\/A0+1)-
VAo 2C0C0
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An easy computation shows that its inverse is given by

12 o A—1/2 4—1)2
54, "TCyCoA A . .
( ,1/2 0 00 )IHO(\/Ao—i-l)GBHl(\/Ao-i-I)

_AO
— Ho(v/Ag +1) ® H (v/Ag +1).

which is again bounded. If we consider the restriction

Ho(v/Ag +1)> — Ho(+/Ag +1)?
1 2 —1/2
()= (5 ) ()
= —-1/2 ’
s _AO / 0 N

we again obtain a bounded linear operator, whose range is a subset of D(A). Hence
it is the inverse of A and thus A~! is a bounded linear operator, which shows that A
is closed with 0 € 9(A). For z, v € Hy(v/Ag + 1) we compute

—1/2

(A, cecony CoCoAy P z1Ay o)

2210 e = | Ho(JAg+i)
=(CoAy ' *z1CoAy ),
—1/2 —1/2
< / zIC5 CoA, Y v)Ho(«/A_OJri)
< -1/2 )

CoCoAg " V)py(yagsiy

-1

proving that A, / 2C8 CoA, 172 i self-adjoint. Thus, we obtain

(4) = ()’
—1/2 ~o 1/2 —-1/2
CyCoA, —A
(2 —172 ’ )11'1’0(\/140+i)2
0

Ay

— Ho(y/Ag + 1)

and so the operator (A*)~! is a restriction of the operator

—1/2 fo —-1/2 —-1/2
54, "TCyCoA, —A,
(2 S . >1H0(\/A0+i)®H—1(\/Ao+i)

Ao

— Ho(v/Ag +1) ® Hi (/Ao +1).
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Using this, we get that

-1
1 ,—1/2 -1/2 —1/2
A*g<§Ao CoCoA, 4 )

—1/2
A, 0

1 ¢
—A 2CoCo

0 A2
= _m12 10 | HOG Ao +D) @ H (Ao +)

— Ho(y/Ao +1) ® H_1(y/Ag +1).

Now we are able to show the two asserted equalities. For (¢, v) € D(A) we have

MR C))

N D‘ie<<i> ‘ (\/(2_0 ;Cég> <i>>Ho(«/A_o+i)2

1
=i)%e<v}\/Ao§ + E(CgCo)v> + Re(C 1V Aov) by (Ag+)
Ho(VAg+D)

Hy(v/Ag+i)

Analogously we get for (r,s) € D(A™)

()1 (0))
$ 57 1 Ho(VAg+i)?

= iRe< (;) } <_5A_0 %g(?_go) <;>>HO(JT0+1)2

1
= %e(r|\/Aos)H0(JA—0+i) — 9%<s‘\/Aor — E(CSCO)S>H i
0 0

1
= 9%<s ‘ = (C@Co)s>
2 Ho(v/Aog+)

1
= 5 Re(Cos|Cos)y

Ho e (), :
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Remark 3

1. Lemma 3 especially implies that A and A* are monotone or accretive operators.
Hence —A is a generator of a contraction semigroup. Furthermore (9p + A)~!
and (95 + A*)~! are bounded linear operators on H, o(R, Hy(A)) and can be
extended to bounded operators on the associated spaces H (R, Hy(A)) and
H, (R, Hg(A*)) respectively, where k, s € Z.

2. From the equalities we also read off that

(0 Co) (3 +A)~": Hy 1 (R, Hi(A)) C Hpo(R, Ho(A)) — Hyo(R, U)

is continuous, since for u € H, 1 (R, H;(A)) we estimate

Re((it + 0 + Au()|u(®)) 1) = Q|u(l‘)|§_10(A) +](0 Co)u]7,
2|0 Coual,

for every ¢ € R and from this we derive the stated continuity. Analogously we
get

(0 Co) (3 + A*) ™" Ho 1 (R, Hi(A*)) € Hyo(R, Ho(A*)) — Hpo(R, U)

is continuous. Thus we can extend these operators continuously to H (R,
Hy(A)) and H, (R, Hy(A*)) respectively taking values in H, (R, U) for all
k € Z. From this it is possible to derive the continuity of the composition oper-
ator (99 + A) ™! ( Cog) as a mapping from H, x (R, U) to H, x (R, Hp(A)), which
in the terminology of [15] means that C is admissible. However, in our setting
this property is not needed.

Recall that our equation (10) is valid in Hy, > (R, Ho(+/Ao +1) @ H_1(v/ Ao +1)).
We show now that this implies the validity in H, (R, H_1(A)).

Lemma 4 The Sobolev-chains of /Ao and A* are related by
H (A*) — Ho(v/Ao+1) @ Hi (v Ao +1).

Proof Since

-12 —1/2 —1/2

1 o
5A CiCoA —A
-1 240 0 0 0
(A*) g ( 71/2 )

Ag 0
we conclude that the inclusion H;(A*) C Hy(v/ Ao +1) ® Hi (/Ao ®1) holds. The
Hilbert spaces Hyo(«/ Ao +1) @ Hi(v/ Ao +1) and H{(A*) are both continuously em-
bedded in Hy(/Ag +1) @ Ho(/Ag +1) = Hy(A*) and hence the assertion follows
by the Closed Graph Theorem. g
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Remark 4 As a direct consequence of Lemma 4 we get

Ho(v/Ag+1) ® H_1(y/Ag +1i) = H_1(A)

since H_1(A) is unitary equivalent to the dual space Hj(A*)*.

With this we conclude that the equation

NORIGRNCS

holds in H, >(R, H_1(A)). From this we get

A7 B A0z
(§> ~ XReo ® (*/Z_?S ) =@ +4)" <XR>0 ®A (Cﬂi ))

v

A, . .
If we assume that ( A(OS ) € D(A), we get, since —A is the generator of a Co-
Z

semigroup, that (3 + A) ™' (xr_, ® A(‘//T(OIZ)'(O) )) € Hp,1(R, Hy(A)), by employing
semigroup theory as a regularity result. Tilis shows that the system (9) is globally
regularizing with U/ := D(A). Thus Theorem 2 is applicable and we can show the
conservativity of the system. We summarize our findings of this section in the fol-

lowing theorem.

Theorem 3 The system (9) is well-posed. If 0 € o(Ag) it is globally regularizing
and conservative in the sense of Theorem 2.

Proof The well-posedness was shown in Sect. 12.5.1 and the regularity was proved
above. By comparing the system (9) and the setting in Theorem 2 we see that the
conservativity follows with R = % and o = 1. O

12.6 Main Observations

In this note, we gave a unified approach to a large class of infinite-dimensional
control systems. This perspective enabled us, assuming mild regularizing properties
of the solution operator, to construct observation equations such that the respective
control systems become conservative in the sense of [15]. Moreover, we studied
a particular linear control system, which models wave phenomena and consists of
unbounded control and observation operators. It turned out that this system may
be rewritten into a form introduced in [8], such that the solution theory becomes
easily accessible and unbounded control and observation need not to be treated.
Surprisingly enough, the system studied in [15] corresponds to the skew-selfadjoint
operator case, which might be a rather special one at first glance.
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