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Abstract. We consider generalized Orlicz—Morrey spaces Mg, (R™) including
their weak versions. In these generalized spaces we prove the boundedness
of the Hardy—Littlewood maximal operator and Calderén—Zygmund singular
operators with standard kernel. In all the cases the conditions for the bound-
edness are given either in terms of Zygmund-type integral inequalities on ¢(r)
without assuming any monotonicity property of ¢(r), or in terms of supremal
operators, related to ().
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1. Introduction

Inequalities involving classical operators of harmonic analysis, such as maximal
functions, fractional integrals and singular integrals of convolution type have been
extensively investigated in various function spaces. Results on weak and strong
type inequalities for operators of this kind in Lebesgue spaces are classical and
can be found for example in [3, 41, 42, 44]. Generalizations of these results to
Zygmund spaces are presented in [3]. An exhaustive treatment of the problem of
boundedness of such operators in Lorentz and Lorentz—Zygmund spaces is given
in [2]. See also [10, 11] for further extensions in the framework of generalized
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Lorentz—Zygmund spaces. As far as Orlicz spaces are concerned, we refer to the
books [21, 23, 37] and note that a characterization of Young functions A for which
the Hardy-Littlewood maximal operator or the Hilbert and Riesz transforms are
of weak or strong type in Orlicz space L4 is known (see for example [5, 21]). In
[33, 44] conditions on Young functions A and B are given for the fractional integral
operator to be bounded from L4 into Lp under some restrictions involving the
growth and certain monotonicity properties of A and B (see also [5]).

Orlicz spaces, introduced in [34, 35], are generalizations of Lebesgue spaces
L,. They are useful tools in harmonic analysis and its applications. For example,
the Hardy—Littlewood maximal operator is bounded on L, for 1 < p < oo, but not
on L;. Using Orlicz spaces, we can investigate the boundedness of the maximal
operator near p = 1 more precisely (see [17, 18] and [5]).

In the study of local properties of solutions to of partial differential equa-
tions, together with weighted Lebesgue spaces, Morrey spaces My, x(R™) play an
important role, see [12]. Introduced by C. Morrey [29] in 1938, they are defined by
the norm

Y
T Xk ] PPt (L.1)

where 0 < A < n, 1 < p < co. Here and everywhere in the sequel B(x,r) stands
for the ball in R™ of radius r centered at x. Let | B(z, )| be the Lebesgue measure
of the ball B(z,r) and |B(x,r)| = v,r", where v, = |B(0,1)|.

Note that M,o = L,(R") and M, = Loo(R™). If A < 0 or A > n, then
M, » = ©, where O is the set of all functions equivalent to 0 on R".

We also denote by WM, » = WM, (R™) the weak Morrey space of all
functions f € WLY¢(R") for which

flwar, .= s 72 [ fllwe, (B < o
’ z€ER™, r>0

We refer in particular to [24] for the classical Morrey spaces. Observe that
Morrey spaces with 7* replaced by a function o(r) first appeared in [9] and [46];
we also refer to the survey paper [36] for more various definitions of generalized
Morrey spaces and note that study of classical operators of harmonic analysis in
generalized Morrey spaces started in [13], [14], [30], up to authors’ knowledge.

Last two decades there is an increasing interest to the study of variable ex-
ponent spaces and operators with variable parameters, in such spaces, we refer to
the recent books [6], [8] and surveying papers [7], [20], [22], [38].

Orlicz—Morrey spaces and maximal and singular operators in such spaces
were studied in [31], [32]. The most general spaces of such a type, Musielak—
Orlicz—Morrey spaces, unifying the classical and variable exponent approaches,
were studied in the recent paper [28], where potential operators were studied to-
gether with the corresponding Sobolev embeddings.

In this paper we study the maximal and singular operators in Orlicz—Morrey
spaces, introduced in a less generality, but advance in the following two directions:
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1) we make minimal assumptions on the functions defining the space avoiding
any kind of monotonicity or growth condition, required, for instance, in [30],
(31], [32],

2) we prove weak-type inequalities.

Our conditions for the boundedness are sufficient. We do not discuss their
necessity in this paper but hope to do that in another paper.
We define the generalized Orlicz-Morrey space Mg ,(R™) in question by the
norm
1 fllst0, = sup (@, )" | fllLa(Ber)-
FSING 0

>
where ¢(z,7) be a positive measurable function on R™ x (0,00) and ® a Young
function, but refer to Section 2 for all the precise definitions and comparison with
other norms.

The main purpose of this paper is to find sufficient conditions on general
Young function ® and functions 1, (2 ensuring that the operators under consider-
ation are of weak or strong type from generalized Orlicz-Morrey spaces Mg o, (R™)
into Mg, (R™). Our results for the maximal operator are presented in Section 4,
while Section 5 deals with singular integrals.

1.1. Operators under consideration
We study the following operators: the mazimal operator
1
M () = sup [ It
r>0 | B(,7)| /B2,
Calderon—Zygmund type singular operators; by this we mean operators bounded

in L2(R") of the form

Tf(x)= | K(z,y)f(y)dy,
R’n
where K (z,y) is a “standard singular kernel”, that is, a continuous function defined
on {(z,y) € R™ x R™: x # y} and satisfying the estimates

[K(z,y)| < Clz—y[™" forallz#y,

K(y)— K@) <c V7 os0 it fomyl>2y— 2,

‘I7y|n+0"
xr— &7 .
K(e.y) - K€y <0 1" y|n'+g, o> 0, if |z —y| > 2z €.

Our main results are obtained in Theorems 4.6 and 5.5, where we use re-
cent results presented in Theorems 2.11 and 2.12 to obtain a generalization of
known conditions for the boundedness of maximal and singular operators in Orlicz—
Morrey spaces, it is given in terms of conditions (4.8) and (5.7), respectively,
without any assumption of monotonicity type on the functions 1 and ¢y as, for
instance, used in [28], [31] and other sources.
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2. Some preliminaries on Orlicz and Orlicz—-Morrey spaces

Definition 2.1. A function @ : [0, +oo] — [0, 00] is called a Young function if ® is
convex, left-continuous, hri_lo(IJ(r) = ®(0) =0 and Er}rl O(r) = P(o0) = 0.
r— T ©

From the convexity and ®(0) = 0 it follows that any Young function is
increasing. If there exists s € (0, +00) such that ®(s) = +oo, then ®(r) = +oo for
r > Ss.

We say that ® € Ay, if for any a > 1, there exists a constant C, > 0 such
that ®(at) < C,®(t) for all t > 0. A Young function @ is said to satisfy the
Va-condition, denoted also by ® € Vo, if
21k<1>(kr), r >0,
for some k > 1. The function ®(r) = r satisfies the Az-condition but does not sat-
isfy the Va-condition. If 1 < p < oo, then ®(r) = rP satisfies both the conditions.
The function ®(r) = e¢” —r — 1 satisfies the Vy-condition but does not satisfy the
As-condition. The following two indices

O(r) <

of @, where ¢(t) is the right-continuous derivative of ®, are well known in the
theory of Orlicz spaces. As is well known,

Py < 00 <~ @EAQ,

and the function ® is strictly convex if and only if g > 1. If 0 < ¢ < po < o0,

e g decreasing on (0, 00).

o(t) . .
then is increasing and

tie

Lemma 2.2. ([21], Lemma 1.3.2) Let ® € Ay. Then there exist p > 1 and b > 1

such that
D(t2) - b®(t1)

th — f
for 0 < t; < ts.

Recall that a function @ is said to be quasiconvex if there exist a convex
function w and a constant ¢ > 0 such that

w(t) < O(t) < ew(ct), t € [0,00).
Let Y be the set of all Young functions ® such that
0<®(r) <400 for 0<r<+4o00 (2.1)

If ® € Y, then ® is absolutely continuous on every closed interval in [0, +00) and
bijective from [0, +00) to itself.

Definition 2.3 (Orlicz Space). For a Young function ®, the set

Ly(R™) = {f € LI°(R™) : /n O (k| f(x)])dx < +oo for some k > 0 }
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is called Orlicz space. The space LgC(R”) endowed with the natural topology is
defined as the set of all functions f such that fx, € Le(R™) for all balls B C R™.

Note that, Lgs(R™) is a Banach space with respect to the norm

||f||Lq>=inf{>\>0:/n<1>(|f()\x>|)da:§1}7

see, for example, [37], Section 3, Theorem 10, so that

/ <I>( |f ()] Yz < 1.
e MAfllze/ T
For a measurable set 2 C R", a measurable function f and ¢ > 0, let
m(Q, f, t) = {z € Q:|f(z)| > t}].
In the case 2 = R", we shortly denote it by m(f, t).
Definition 2.4. The weak Orlicz space
WLe(R") = {f € LY*(R") : || fllwr, < +o0}
is defined by the norm

I£lwe, =inf (3> 0+ swpaiom (], ¢) <1}.

For Young functions ® and ¥, we write & ~ W if there exists a constant
C > 1 such that

d(C™r) < U(r) < O(Cr) forallr >0

If ® ~ ¥, then Ly (R™) = Lg(R™) with equivalent norms. We note that, for Young
functions ® and ¥, if there exist C, R > 1 such that

Q(CTIr) <T(r) <®(Cr)  forre (0,R7Y)U(R,o0),

then ® ~ V.
For a Young function ® and 0 < s < 400, let

O (s) =inf{r>0:d(r) > s} (inf ) = +00).
If ® € ), then ®~! is the usual inverse function of ®. We note that
PO (r)) <r<dH®(r)) for 0 <r < +oo.
For a Young function ®, the complementary function 5(7’) is defined by

B(r) = { sup{rs — ‘P(jgs € [0,00)} i re [&s? (2.2)

The complementary function d is also a Young function and d=a. If O(r) =r,
then ®(r) = 0 for 0 < r < 1 and ®(r) = 400 for r > 1. If 1 < p < oo,
1/p+1/p =1 and ®(r) = r?/p, then ®(r) = ' /p/. If ®(r) = " —r — 1, then
&)(T) =(14r)log(l+7r)—r.
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Remark 2.5. Note that & € Vs if and only if d € Ao Also, if ® is a Young
function, then ® € V5 if and only if &7 be quasiconvex for some v € (0,1) (see,
for example, [21], p. 15).

It is known that
r<®Nr)® ' (r)<2r  forr>0. (2.3)
The following analogue of the Holder inequality is known, see [45].

Theorem 2.6 ([45]). For a Young function ® and its complementary function D,
the following inequality is valid

1f9llLiny < 2[fllLallglzg-
Note that Young functions satisfy the property
O(at) < ad(t) (2.4)
for all 0 < @ < 1 and 0 < ¢t < oo, which is a consequence of the convexity:

D(at) = P(at + (1 — )0) < ad(t) + (1 — @)®(0) = ad(1).
The following lemma is valid.

Lemma 2.7 ([3, 25]). Let ® be a Young function and B a set in R™ with finite
Lebesgue measure. Then

1
||XB||WL<I>(]R") - ||XB||Lq>(]R") - @_1 (‘B‘_l)

In the next sections where we prove our main estimates, we use the following
lemma, which follows from Theorem 2.6 and Lemma 2.7.

Lemma 2.8. For a Young function ® and B = B(z,r), the following inequality is
valid

1Fllzycz) < 20BI27 (1BI7) 11l za(m)-

Definition 2.9. (Orlicz-Morrey space). For a Young function ® and 0 < A < n, we
denote by Mg »(R™) the Orlicz-Morrey space, defined as the space of all functions
f € L¥(R") with finite quasinorm
1fllar . = sup @7 () Ifl LaBen)-
’ zER™, r>0
Note that Mg x|,_, = La(R").
We also denote by W Mg »(R™) the weak Morrey space which consists of all
functions f € WLR(R") for which
[fllware, = sup S () fllwre(Br) < o0
’ TER™, >0

where WLg(B(z,7)) denotes the weak Lg-space of measurable functions f for
which

||f||WLq>(B(a:,r)) = ||fXB(z,T> ||WL¢(R")~
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Definition 2.10 (Generalized Orlicz—Morrey Space). Let (x, ) be a positive mea-
surable function on R™ x (0, 00) and ® any Young function. We denote by Mg ,(R™)
the generalized Morrey space, the space of all functions f € L}I?C(R”) with finite
quasinorm

1flIMa,, = sup
FSING

>

Ow(am")‘1 1l La(B(2r))-

It may be easily shown that || f||as, , is a norm and Mg, is a Banach space, for
any Young function ®.

By WMg,,(R™) we denote the weak generalized Morrey space of all functions
f € WL%(R™) for which

Iflwnte, = sup @@, 1) " | fllwreB.r) < oo

zER™ r>0

If  satisfies the As-condition, then the norm || f||az, , is equivalent (see [28],
p. 416) to the norm

1£lag,., = inf {A> 05 sup la,r)! /B(“)q,<f()\$))dg;§1}.

zER™ r>0

The latter was used in [28, 31, 32, 39], see also references there.

Definition 2.10 recovers the spaces Mg » and W Mg » under the choice p(x,7) =
1/®@~!(r~*) and the spaces M, , and WM, ., under the choice ®(r) = 7.
The following statement was proved in [1] (see also [4]).

Theorem 2.11. Let 1 < p < oo and (¢1,p2) satisfies the condition

sup esssup inf @ (z,8)t7P < Cpolx,r)r P, (2.5)
r<t<oo t<s<oo

where C' does not depend on x and r. Then the mazimal operator M is bounded
from My, ., to My, ,, for p>1 and from My ,, to WM, ,,. Moreover, for p > 1

IM fllat, oy S fllaz, 5 and forp =1 (Mfllwns o S flIa g, -

The following statement, containing results obtained in [13, 14, 15, 27, 30]
was proved in [1] (see also [16]).

Theorem 2.12. Let 1 < p < oo and (¢1,p2) satisfies the condition

o dt
/ esssup inf @y (xz,s) 7P < C oz, r)r /P,
” t<s<oo t

where C' does not depend on = and r. Then the singular operator T is bounded
from M, ,, to My, forp>1 and from My, to WM ,. Moreover, for p > 1

1T flaty.c, SNty ys  and forp =1 T fllwarn,,, S [flan,, -
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3. Some supremal and Hardy type inequalities

Let v be a weight. We denote by L ., (0, 00) the space of all functions g(t), ¢ > 0
with finite norm
9012w 0 (0,00) = sup v(#)|g(t))|
>0
and Lo (0,00) = Leo,1(0,00). Let M(0, 00) be the set of all Lebesgue-measurable
functions on (0, 00) and 9T (0, 0o) its subset of all nonnegative functions on (0, 00).

We denote by 970, 00;1) the cone of all functions in 97 (0, 00) which are non-
decreasing on (0, c0) and

— + . R E —
A= {<p €M™ (0,00;1) : thgl+@(t) = O} :
Let u be a continuous and non-negative function on (0, c0). We define the supremal
operator S, on g € M(0, 00) by
(Sug)(t) = llugllLo(t,o0)s t € (0,00).
The following theorem was proved in [4].

Theorem 3.1. Let vy, vy be non-negative measurable functions satisfying 0 <
lvillL o t,00) < 00 for any t > 0 and let u be a continuous non-negative func-

tion on (0,00). Then the operator S, is bounded from Lo v, (0,00) t0 Lo 4,(0,00)
on the cone A if and only if

v2S4, (”7}1”2;(‘,00)) HL (0,00) < 00. (3.1)

We will use the following statement on the boundedness of the weighted
Hardy operator

wg(t) == /tOo g(s)w(s)ds, 0<t< oo,

where w is a weight.
The following theorem in the case w = 1 was proved in [4].

Theorem 3.2. Let vy, v2 and w be weights on (0,00) and vi(t) be bounded outside
a neighborhood of the origin. The inequality

sup s () Hy () < Csupur (Hg(1) (3.2)
t>0 t>0

holds for some C > 0 for all non-negative and non-decreasing g on (0,00) if and

only if

> d
B :=sup vg(t)/ w(s)ds < 0. (3.3)
t>0 t SUPs<r<oo V1 (7)

Moreover, the value C' = B is the best constant for (3.2).

Remark 3.3. In (3.2) and (3.3) it is assumed that | =0 and 0- oo = 0.
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Proof. Sufficiency. Suppose that (3.3) holds. Whenever F, G are non-negative
functions on (0,00) and F is non-decreasing, then

sup F(t)G(t) = sup F(t)sup G(s), t > 0. (3.4)
>0 >0 s>t

By (3.4) we have

* Sups<7’<oo vl( )
sup va(t)H, t) = supva(t g(s)w(s ds
2( ) w ( ) 2( )/t ( ) ( ) S p5<7—<oo vl( )

t>0 t>0
oo
d
< supv(t) / wis)ds supg(t) sup wvi(7)
t>0 t SUPS<T<OOU1(T) t>0 t<T<oo

° w(s)ds
= supva(t su t)vi(t
t>g 2( )/t SUPs<r<oo vy (7) t>lgg( Jou(®)

< B supg(t)vi(?),
>0

so that (3.2) holds with C = B.
Necessity. Suppose that the inequality (3.2) holds with some C' > 0. The function
() = ! L t>0
SUPy < r o0 V1(T)

is nonnegative and non-decreasing on (0, o). Thus

o d t
B= supvg(t)/ w(s)ds < C'sup vi(®) <C,
>0 ¢ SUD cr oo VI(T >0 SUPy <7 <00 V1(T)
which competes the proof. O

4. Boundedness of the maximal operator in the spaces Mg ,(R™)

In this section sufficient conditions on ¢ for the boundedness of M in generalized
Orlicz-Morrey spaces Mg, ,(R™) have been obtained.

Definition 4.1. The operator T is said to be of strong type (®, ¥) if there exists a
positive constant k such that

ITfllze <KIFlLa

for all f € Lo (R™).
The operator T is said to be of weak type (®,¥) if there exists a positive
constant k such that

{y eR™: [T f(y)| >t} < 1/¥ (k||ft||L >

for all ¢ > 0 and all f € Ly(R™).
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Necessary and sufficient conditions on ® for the boundedness of M in Orlicz
spaces Lg(R™) have been obtained in [19], Theorem 2.1 and [21], Theorem 1.2.1.
With Remark 2.5 taken into account, the known boundedness statement runs as
follows.

The strong estimate in the following theorem is well known, proved in fact in
[21], [5], although not stated directly in the form we need (they may be also derived
from the Lorentz—Shimogaki theorem (see [3], p. 154) on the boundedness of the
maximal operator on rearrangement invariant spaces and Boyd’s interpolation
theorem. So we present the proof only of the weak estimate.

Theorem 4.2. Let ® be a Young function. Then the mazximal operator M is bounded
from Ly (R™) to WLg(R™) and for ® € Vg bounded in Lo(R™).

Proof. To prove the weak estimate, we take f € Lg satisfying || f||L, = 1 so that
pa(f) == [gn ®(|f(2)])dz < 1. By Jensen’s inequality,

o (g [1s0lan) < g [ @s6a (a.1)

for all balls B. Using (4.1) and definition of the maximal operator, we have
(M f(x)) < M[(®o f)(2)]. (4.2)
Then by (4.2) and the weak (1,1)-boundedness of the maximal operator we get
Ho: Mf(z) >t} = {z: ®(Mf(x)) > ()} < [{z: M(®o f)(x) > 2()}|

c C 1
< 2 /R @S <y

since || fllL, = 1 and S®(t) > ®(f), C > 1. By the homogeneity of the norm
Il - llLs, we then have
1
(.t )
Clifllce

for every f € Lg, which completes the proof. O

{z: Mf(z)>t}] <

The following lemma is valid.

Lemma 4.3. Let f € LY(R") and B = B(x,r). Then

1
M < var) + sup t " £l 1. (Be.t))s 43
M fllLes) S N fllLe(B,2r) o1 (rn) sup £l 2y (Bt (4.3)
for any Young function ® € V4 and
1
M < o tn . 4.4
M fllwrem) S NfllzeB2r) + o1 (r) sup (FATHG:1%5) (4.4)

for any Young function ®.
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Proof. Let ® € Va. We put f = f1 + fa, where f1 = fxp(s2r) and fo = fx OB (a,2r)
and have

IMfllLoc) < IMfillas) + 1M fallLacs)
By the boundedness of the operator M on Lg(R™) provided by Theorem 4.2 we
have
1M fillLe)y S N fllLe(B@2r)-

Let y be an arbitrary point from B. If B(y,t)N G(B(x, 2r)) # 0, then t > r. Indeed,
if z € B(y,t)N G(B(x,?r))7 thent > |y —z| > |z —z|— |z —y| >2r—r=r.

On the other hand, B(y,t) N G(B(x, 2r)) C B(z,2t). Indeed, if z € B(y,t) N
l3(B(x,Zr)), then we get |z —z| <|y —z| + |z —y| <t +7r < 2t.

Hence
M fa(y) = sup |f(2)|dz
0 1B t)| JBy.nntB2r)
< 2" sup |f(2)]dz = 2" sup |f(2)|dz.
t>r |B(%,2t)| Jp(a,20 t>2r | B(x,t)] Jp(ap
Therefore, for all y € B we have
1
M fr(y) < 2" sup |f(2)]d=. (4.5)
t>2r |B(x,t)] Jp
Thus
1M Fla S 161 T 2)ld
fL' s z M
Ls(B Lo (B(z,2r)) Pd- (7" n) t>2’r ‘B l’ t ‘ Blat)

Let now ® be an arbitrary Young function. It is obvious that
M fllwres) < IMfillwees + 1M follwres)

for every ball B = B(x,r).
By the boundedness of the operator M from Lg(R™) to W Lg(R™), provided
by Theorem 4.2, we have

1M fillwre ) S 1fllLe(B.2r)
Then by (4.5) we get the inequality (4.4). O

Lemma 4.4. Let f € L(R") and B = B(x,r). Then
1 - —n
M fllLas) S &1 (1) ts;l%)r@ YE™) N e (Bt (4.6)

for any Young function ® € V4 and

IMfllweem) S sup O (t7) [ fll Lo(Bat)) (4.7)

1
o1 (T_n) t>2r

for any Young function ®.
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Proof. Let ® € V5. Denote

1 1
= sup
o1 (r—n) <t>2r |B(2, )] JB(a,1)

Ma i = | fllLo(Bz,2r)-

M lf(Z)le> ;

Applying Hoélder’s inequality provided by Lemma 2.8, we get

1 1
M < x 1 z x
LR g1y 2 1B, p) e Hlamen

1

<
~ @fl(r*"

sup @71t | Fll Lo Bat))-
) t>2r
On the other hand,
1

o1 () f;gprq’_l(t_n) 1l Lo (B(2,0)

1 —1(1—n
R i () SR O M lrapien) = Mo
Since | M f|| o) < Mi+Maz by Lemma 4.3, we arrive at (4.6). Finally, when ® is
an arbitrary Young function. the inequality (4.7) directly follows from (4.4). O

Corollary 4.5. [1] Let 1 <p < oo and f € L;OC(R"), B = B(zg,r), x0 € R™,r > 0.
Then, for 1 < p < oo

IM £z, (Bor) STP sup t o 1 fllL, (Blzo.t))
and for p =1
IMfllwer,(Bory ST Sup TNl 2y (Bo.t))-

Theorem 4.6. Let © be a Young function, the functions p1,p2 and ® satisfy the
condition

sup ess inf oy (2,5) @ ! (t") < C () o (r ), (4.8)
r<t<oo t<s<oo

where C' does not depend on x and r. Then the mazimal operator M is bounded
from Mg o, (R™) to WM o, (R™) and for ® € Vo, the operator M is bounded from
Mq’v‘Pl (Rn> to Mq’#’z(Rn)'

Proof. By Lemma 4.4 and Theorem 3.1 with u(r) = ®~1(r="), v1(r) = 1 (z,7) "1,

va(r) = @2(z,r)<13*1(rn) and g(r) = || fl| Lo (B(z,r)) We get

1
M f||as. < sup
|| ||MI>,<4>2 2€RM >0 L)02(337,,,)@—1 (7’_")

< sup pr(w,r)t 1l Lo(B @)
zER™ r>0

sup O (™) f 1 Lo (Bt

- ”f”M@,m )
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if ® € V5 and
1M Fl e, !
WMg, oy ~  SUD (e
T2 ek >0 P2 (@, )@ (r

< osup o oz r) T I f ey = 1 IMe
z€ER™ r>0

sup &1 (tfn) 1l LBt
) t>r

if ® is an arbitrary Young function. O

Remark 4.7. Note that, in the case ®(t) = ¥ from Theorem 4.6 we get Theorem
2.11.

In the case pi(x,r) = @71(1’41), wo(z,1) = @71(1’42) of Orlicz—Morrey

spaces from Theorem 4.6 we get

Corollary 4.8. Let ® be any Young function, 0 < A1, As < n and

wp T )

rt<oo @TL(ETM) T T 1 (rme) (4.9)

Then the mazimal operator M is bounded from Mg x, (R™) to W Mg x,(R™) and
for ® € Vy the operator M is bounded from Mg x,(R™) to Mg x,(R™).

5. Calder6n-Zygmund operators in the spaces Mg

In this section, sufficient conditions on ¢ for the boundedness of the operator T'
in generalized Orlicz-Morrey spaces Mg ,(R™) are obtained.

Sufficient conditions on ® for the boundedness of the operator 7' in Orlicz
spaces Lg(R™), as stated in the following theorem are known, see [21], Theorem
1.4.3 and [43], Theorem 3.3, and also [40]; in the next Theorem 5.2 we present the
proof of the corresponding weak estimate.

Theorem 5.1. Let ® be a Young function and T a singular integral operator. If
O € Ay Va, then the operator T is bounded on Lg(R™).

Theorem 5.2. Let ® be a Young function and T a singular integral operator. If
O € Ay, then the operator T is bounded from Lg(R™) to W Le(R™).

Proof. Let || f|lL, = 1. Fix A > 0 and put f = f1 + fa, where f; = xqj¢>x} - f and
fg = X{|f|§)\} . f We have

ITfI > A < HIT fu] > A2} + [T f2| > A/2}]
and
NS> A < [@LTful > A2} + T f2] > A/2}.
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By the weak (p, p)-boundedness of T, p > 1 we get

1
T . A <
(o N>ME, [

1
. < p
ITOcreny N> A S, /{mﬂ}fl :

Since f; € WL;(R™) and ‘1)5\)‘) is increasing, we have

SN |[{z e R" : [T f1(z)| > ;\}| S <I>§\/\) /Rn | f1(x)|dz

" e
{zeR™:| f(2)|>A}

< [ Ve = [ aqs@par

By Lemma 2.2 we have
A D(A
O(\) [{z € R" : |Tfa(z)| > 2}’ < )(\p) /]R | fo () [Pda:

PN
) )P
{z€R™:| f(z)|<A}

< [ wr i i = [ e

Thus we get

n. c 1
o e R TI@I> NI < g [ #(r@)de < h) C

v
Clifllzg

Lemma 5.3. Let ® be any Young function and f € L¢(R"), B = B(zo,7), To €
R™ r >0 and T a singular integral operator. Then

1 e dt
T < ot
I 10a5) S s ey [, I I5mimemn® ¢
when ® € Ay (Ve and

1 > o dt
I 110) S sy [, Wliatoranen® 6 3

2r

when & € As.

Proof. Let ® € Ay Vo first. With the notation 2B = B(xg, 2r), we represent f
as

f=h+fe h@)=FfWxsW), f0)=FY)xe,g ) (5.2)
and then
1T fllay <NTfillLes) + 1T f2llLa(s)-
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Since f1 € Le(R™), by the boundedness of T in Lg(R™) provided by Theorem 5.2,
it follows that

ITfill o8y S T fillLo@n) < CllfillLe@ry = CllfllLeen)-

Next, observe that the inclusions € B, y € c(2B) imply }|zo—y| < |[z—y| <
lzo — y|- Then we get

fy)l

C2p) \l’o —yln

|T fa(x |<C/

By Fubini’s theorem we have

fly o dt
foo IOy [ s nﬂdy
@2B) |70 =yl S2B) lzo—y|

/ / Wl / / ))ld dt
Y Y
2r J2r<|zo— y|<t tn—i—l 2r B(wo,t) gt

Applying the Holder’s inequality (see, Lemma 2.8), we get

@) o p
[’(23) ‘l’o *y|”dy < 2r HfHLq)(B(EO’t))||1||L5’(B(z°’t))t"+1
o 1 dt
= f 20,t) = 5.3
| 1l 5, PN CE)

oo 1/, Ot
~ [ et )

r

Moreover,

1 00 L dt
1T follLeB) S -1 (rn) /QT 11l o (Bo,t) @ (t )t' (5.4)

Thus

1 > dt
T < R ()
I at5) S 1) + gy [ 1T etotearn® ()

On the other hand, by (2.3) we get

. o [t ot
) o () /2 tnﬂg/zr@l(t )
and then

1 o0 Lt
[ flle@s) < o1 (rn) /2T £l Lo (Bwoen® " (t )t' (5.5)

Thus
1 o dt
T < (P_l t—n .
| f||L<1>(B) ~ <I>_1(7’_") /2T ||f||Lq>(B(Eo,t)) ( ) t
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Let ® € A,. By the weak boundedness of T on Orlicz space and (5.5) it
follows that:

1T fillwees) <IT fillwee®ey S 1f1llLe@n

1 0 L, dt (5.6)
= [Ifllzeen) < o-1(rm) /QT 11l Lo(Bo.ty® " (E7") .
Then by (5.4) and (5.6) we get the inequality (5.1). O

Corollary 5.4. [13, 14, 15] Let 1 <p < oo and f € L;OC(]R”), B = B(xo,r), zo €
R™ r >0 and T a singular integral operator. Then, for 1 < p < oo

o0

1T, (Bzow) STP / t7 0 Tl 2y (B oty dt

2r

and forp =1

1Tl 2By S ™ / Ul oo -

r

The following theorem contains Theorem 2.12 under the choice in the case
O(t) =tP.

Theorem 5.5. Let ® any Young function, ¢1,p2 and ® satisfy the condition

1 e dt
inf )Tt < 0. 5.7

xenzvlll,pmo ooz, 1)1 (Tfn) /T gssmt v1(z,8) ( ) , <X (5.7)
Then the operator T is bounded from Mg ,, (R™) to Ms ,,(R™) for ® € Ay NVy
and from Mg o, (R™) to WMg ,,(R™) for & € As.

Proof. By Lemma 5.3 and Theorem 3.2 with w(r) = @71“%)7 v1(r) = 1 (2, 7)1,

02(1) = sy A0 9() = |l LBy, we have

¢2($aT)(b
ITfllmg ., = sup 2@, ") NN fl Lo(Ber)
zeR™, r>0
1 * dt
S _sw / f e @ (T
vk, r>0 2(2, 1)@~ (r=) /. 1l Lo (Be.) ( )t
S sw @) I e S 1.,
z€R™, r>0
if® e AbNVsy and
ITflwrtsoy = s @2(1) TS lwLa B
zeR™ r>0
1 [ dt
S sup / f e @ ("
vk, r>0 @2(2, 1)@~ (r7) £l Lo B0 (™) "
S s (@) T e S 1Mo, -

zER™, >0
if ® € V. O
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Remark 5.6. The condition (4.8) is weaker than (5.7). Indeed, (5.7) implies (4.8):

oo, )@ (r ") 2 / ess inf 1 (z,7) @7 (") dt

t<T<o0 t
> /Oo ess inf @1 (z,7) @' (t77) dt
~ s t<T <00 ’ t
dt

2 ess inf <p1(x,7')/ et ;

s<T<00

~ 3 —1(.—n
~ ess inf g1 (z, 7)1 (s7),

where we took s € (r,00), so that

sup ess inf ¢ (z, 7)® ! (S_n) < pa(x,r)@! (T_n)'

s>r S<T<OO
On the other hand the functions ¢1 (z,t) = pa2(x,t) = oot (1t7 ) satisfy the condi-
tion (4.8), but do not satisfy the condition (5.7).

Corollary 5.7. Let ® be any Young function, 0 < A\, s < n and

fe%e] (I)fl tfn dt (pfl —n
/ () dt o @7 (5.8)
L ei(th) £ S 1)
Then for ® € Ag N Va, the singular operator T is bounded from Mg x, (R™) to
Mg, (R™) and for ® € Ag is bounded from Mg x, (R™) to W Mg »x,(R™).

Proof. Choose ¢1(z,7) = q)il(iikl), pa(z,7) = @71(;&) in Theorem 5.5. O
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