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1. Introduction

Factorization of matrix functions is a standard tool in solving systems of convolu-
tion type equations

kxdp=f (1.1)
on a half-line, going back to the classical paper [27] and known as the Wiener—Hopf
technique; see, e.g., the monographs [6, 17, 16] for detailed presentation and further
references. This technique was modified by Ganin [15] to allow for consideration
of equations on intervals of finite length. Ganin’s approach, however, gives rise to

matrix functions
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where A is the length of the interval,
ex(z) = e, zeR, (1.3)

and  is the Fourier transform of the N x N kernel k. These matrix functions have
a second kind discontinuity at oo, even when k behaves nicely. Besides, the size
of the matrix doubles, so even scalar equations (1.1) yield a factorization problem
for a 2 x 2 matrix function, more complicated than that for scalar functions.

It was shown by two of the authors [19] that for a rather wide class of kernels
k the factorization of (1.2) reduces to that for matrix functions of the same block
triangular structure in which the off-diagonal block is substituted by its so-called
almost periodic representatives at +0o. Thus emerged the factorization problem
for almost periodic matrix functions GG, with special interest in the case of
exly Oy
Gp = { 7 6—1IN} . (1.4)
(Note that the change of A to 1 in (1.4) can be achieved by a simple change of
variable and can therefore be adopted without any loss of generality.)
A systematic exposition of the factorization theory for such matrix functions
can be found in [5], while some more recent results are in [2, 9, 10, 11, 12, 13, 18, 25].
Still, the theory is far from being complete, even for matrix functions (1.4).

The factorability criterion for matrix functions (1.4) in the case N =1,
F = Clea + 071€a71 + 0265 + 0726571 (15)

with 0 < @ < 8 < 1 was established (in somewhat different terms) in [1], with
an alternative approach and some generalization presented in [25]. In our previous
paper [2], we provided explicit factorization formulas for this setting. For N > 1
the canonical factorability criterion and the factorization formulas are available if
Cy =0or C_5 =0, see [24, Theorem 6.5]. If C5 = 0 or C_1 = 0 then the respec-
tive results can be derived from [21, Theorem 6.1], but only under an additional
assumption that the remaining matrix coefficients can be simultaneously put in a
triangular form via the same equivalence transformation.

The goal of this paper is to establish respective results (that is, the canon-
ical factorization criterion and explicit factorization formulas) under the similar
“triangularizability” requirement on the coefficients C; in (1.5) without supposing
that either of them vanishes, thus extending the statements of [2]. This is done
in Section 3. Section 2 contains necessary notation and background information,
including a slight variation of a known result on factorability in decomposing alge-
bras. Section 4 provides formulas for the so-called geometric mean of the matrices
Gr when N = 2, with technical details delegated to the Appendix.
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2. Preliminaries

2.1. Background information on AP factorization
For any algebra 2, we denote by G2 the group of its invertible elements, and by
Anxn the algebra of all N x N matrices with the entries in 2.

Let APP be the algebra of almost periodic polynomials, that is, the set of
all finite linear combinations of elements ey (A € R), with e, defined by (1.3). The
closure of APP with respect to the uniform norm is the C*-algebra AP of almost
periodic functions, and the closure of APP with respect to the stronger norm,

I22xexeally = 2xleal, exeC,
is the Banach algebra APW.
The basic information about AP functions can be found in several mono-
graphs, including [4, 14] and [22]. For our purposes, the following will suffice.
For any f € AP there exists the Bohr mean value

M(f)= lim ! [Tf(x)dx

T—~4oc0 2T

The functions f € AP are defined uniquely by the Bohr—Fourier series

Y FNex
AEQ(F)

where Q(f) = {)\ eER: ]?()\) + 0} is the Bohr—Fourier spectrum of f and the

o~

numbers f(A) = M(fe_,) are referred to as the Bohr—Fourier coefficients of f.
Let

APE = {f € AP: Q(f) C Ry}, APW® := AP* 0 APW,

APWE = {f € APW™*: f(0) = 0},
where, as usual, Ry = {z € R: + =z > 0}.

A function f € AP is invertible in AP if and only if it is invertible in Lo (R),
that is, if and only if inf,cgr |f(x)] > 0. For every f € GAP, the following limits
exist, are finite, equal and independent of the choice of a continuous branch of the
argument of f:

k(f):= lim L {argf(m)}i = lim ;{argf(x)}:.

T—+o00 2T T T—+oo
Their common value is called the mean motion (or the AP index) of f.
We say that G € APy« n admits a canonical left AP factorization if
G=G,G™* (2.1)

with G4 € GAPL . If in fact G4 € GAPWE _, (2.1) is said to be a canonical
left APW factorization of G. More generally, a left AP or APW factorization (not
necessarily canonical) of G is a representation G = Gy DG~' with G+ as above
and an extra middle factor D = diaglex,,...,€xy]|. The parameters k; € R are
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defined by G uniquely up to a permutation whenever the factorization exists, and
are called the (left) partial AP indices of G. Of course, condition G € GAPnxn
(resp., G € GAPWy« ) is necessary in order for G to admit a left AP (resp.,
APW) factorization, and

K14+ Ky = k(det G).
A canonical AP factorization of G € APWyn is automatically its (naturally,
also canonical) APW factorization. For N = 1, any G € GAPW admits an APW
factorization, and thus AP (and even APW) factorable functions form a dense
subset of AP. As was discovered recently [8], this is not the case any more if
N >1.
However, for matrix functions of the form (1.4) with N = 1, that is,

Gy = [e; 0 ] : (2.2)

e_x

it is presently not known whether (and therefore still a priori possible that) the set
of f for which Gy admits an AP factorization is dense in AP; see open problems in
[7]. Let us denote by £ the closure of this set, and say that £ C R is admissible if

Qf\CE= fet&.

From previous work on the factorization theory it follows in particular that grids
—v + hZ and sets E with a gap of length at least 1 inside (—1, 1) are admissible.

The next result implies that the set of f € APW for which (2.2) admits a
canonical AP factorization is dense in £ N APW.

Lemma 2.1. Let G¢ be APW factorable. Then in every neighborhood of f in APW
metric there exist g for which Gy admit a canonical AP factorization.

Proof. Step 1. It is a standard trick in AP factorization theory (see, e.g., [5, Propo-
sition 13.4]) to consider along with Gy the matrix function

1 0 1 0
o, orls V] =er

where f: f+exor +e_x¢_. Obviously, Gy and G]; are APW factorable only
simultaneously and have the same sets of partial AP indices, provided that ¢4 €

APW#. Moreover, small perturbations of ]? are equivalent to small perturbations
of f, for ¢+ being fixed. So, choosing for f € APW

dr=— > fwesn,
REQ(f), £u>X
we reduce the general case to the situation when
Qf) € (=, N). (2.3)

Step 2. Suppose that (2.3) holds and Gy admits an APW factorization G, DGZ".
Then its partial AP indices are +v for some v € [0,\], QGT") C [0,)] and
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Q(GEY) € [=),0]. Of course, only the case v # 0 is of interest. Thus, we may
suppose that D = diagle,,e_,] with v € (0, A].
Since for ¢ # 0

the matrix function
0 0 -1 _ €y 0 —1
Ge+cGy [1 0} G =G4 [C 61/} G_

admits a canonical APW factorization. So, there are arbitrarily small (in APW
metric) perturbations of Gy by matrix functions with the Bohr—Fourier spectrum
in [\, A] admitting a canonical AP factorization.

Step 3. Let H € APWsys be a small perturbation the existence of which was
proved at Step 2, that is, Q(H) C [-\,A\] and Gy + H admits a canonical AP
factorization. Observe that

G+ H = [e,\(lf—:e}:;\lhu) e_/\(lfize/\hzz)]
7 [1 0 } [eé hlz] [1+e_,\h11 0} 24
0 L+exho||f e 0 1]
where
7= J+ ha (2.5)

(1 + B,Ahll)(l —+ 6)\h22) )
Since Q(exhaz) C [0,2)], 14 exhoe € GAPW ™ provided that || H||y;, is sufficiently
small. Similarly, 1 + e_xh11 € GAPW . From (2.4) we then conclude that the

matrix function

ex hia

2 2.6

N (26)
admits a canonical AP factorization, while (2.5) implies that f can be made ar-
bitrarily close to f. In other words, the perturbation H can be made off-diagonal,
with Q(h12) - [—)\, )\]
Step 4. Consider now a small perturbation of Gy the existence of which was es-
tablished at Step 3, and represent it as

{ ex h12] _ { ex 0 ] [1 €>\h12] (2.7)
f4+hoa ey f+ho e_A(1—hio(f +ho))| |O 1 ' ’

Since Q(e_rhi2) C [-2A,0], the right factor in (2.7) belongs to GAPW,, 5. Thus,
the left factor in the right-hand side of (2.7) admits a canonical AP factorization
along with its left-hand side. In its turn, 1 — h12(f 4 ho1) is a function close to 1 in
APW and therefore admitting a canonical factorization g4 g~ with the multiples
also close to 1. From here we conclude that the matrix function

[ ex 0]_[1 oHeA 0 Hl 0]
(f +ha)g7" e-x] |0 g7'] [f+ha ea(l—hia(f+ha1))| [0 g-
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also admits a canonical AP factorization. It remains to observe that (f + ho1)g; "
can be made arbitrarily close to f by choosing ||H ||}, small enough. O

If G € APnx N has a canonical left AP factorization then the matrix
d(G) = M(G+)M(G_) ", (2.8)

with M(G4) understood entry-wise, does not depend on the particular choice of
such a factorization and is called the geometric mean of G.

The value of d(G) plays an important role in the Fredholmness criteria for
the related convolution type equations. It is known to depend continuously on G
([26], see also [5]).

2.2. Factorization in decomposing algebras

Let B be a decomposing unital Banach algebra with unit e, that is, B admits a
direct sum decomposition
B=B.®B_ (2.9)
with By being subalgebras of B, and let Py be the complementary projections
associated with this decomposition, Py: B — B4.
We say that b = e — a € B admits a canonical left factorization if

e—a=(e+by)(e+b_), (2.10)

where e + b € GB, by € By and (e +by)"! —e € By.

The existence of such a factorization when |ja| is sufficiently small is well
known, see, e.g., [16, Chapter I, Lemma 5.1] or [17, Chapter XXIX, Theorem 9.1].
For our purposes we need a variation of this result presented below.

Consider the linear mappings

Pr:B— By, x~ Py(za),

¢ (2.11)
P.:B—=B_, ©— P_(ax).

Theorem 2.2. Let B be a decomposing unital Banach algebra with associated direct
sum decomposition (2.9) and let b=e — a € B be invertible in B. If

(PH)"*e=0 and (P,)"-e=0 for some ny €N, (2.12)

then e — a admits the canonical left factorization (2.10), where
~1

e+by = < i (Pj)ne> , e+b_= ( i (Pa)"e> . (2.13)

n=0 n=0

etc_=e— P_ (("*Z (Pj)"e) a>,

Proof. Setting
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it is easily seen from (2.12) that

( Z (Pj)"e) (e—a)=e+c_, (2.14)

n=0
n_—1
(e —a) ( > (Pa)"e> —e+tcy. (2.15)
n=0
In view of the invertibility of e — a, equation (2.15) is equivalent to
n_—1
(e—a)etey) = Z (P )"e. (2.16)
n=0

Multiplying (2.14) and (2.16), we obtain

< Z (P;‘)ne> (e+ci)=(e+c) ( 2 (P;)"e> (2.17)

n=0

or, equivalently,

ny—1 n_—1

cr + ( > (Pﬁ"e) (etcr)=c +(e+c) ( > (R)"e) . (218)
n=1 n=1

where the expression on the left of (2.18) belongs to B4 and on the right of (2.18)

belongs to B_. Since B, NB_ = {0}, both sides of (2.18) equal zero. Hence, (2.17)

can be rewritten in the form

ny—1 n_—1
( > (PJ)%) (e+cy)=(etc) ( > (PJ)%) =e (2.19)
n=0 n=0

which means that the elements Y !
ments e + c4, respectively.

Replacing a by Aa, where A € [0, 1], and following the proof of [16, Chapter I,
Lemma 5.1], we infer that all the multiples in (2.19) are two-sided invertible. Then
(2.14) and (2.19) imply the canonical left factorization (2.10) with e 4+ by given by
(2.13). O

(P*)"e are one-sided inverses for the ele-

2.3. APW factorization in the scalar quadrinomial case

In what follows we use the notation |z ] and [z] for the best integer approximation
to € R from below and above, respectively; {z} denotes the fractional part of
x € R: {z} =x — |z]. Also, as usual,

N:={1,2,...}, N_:={-1,-2,...}, Z;:=Nu{0}, Z_:=N_U{0}.

The results of this subsection are not new, and are listed here for convenience
of reference.



32 M.A. Bastos, A. Bravo, Y.I. Karlovich and I.M. Spitkovsky

Theorem 2.3 ([1, 25]). Let in (2.2)
A=1 and f=Cieq+C1eq-1+ Coeg+C_2eg_1, C11,Cra €C, (2.20)

where 0 < a < B < 1 and the number B — « is irrational. Then Gy admits a
canonical left AP factorization if and only if

Co' P |CLs)” # Gy [

Corollary 2.4. Functions f of the form (2.20) belong to &, with say, the sets
{a, B, — 1,8 — 1} are admissible.

Note that the matrix function (2.2) with
G P 10| = 1G] T (O # 0

in (2.20) is not AP factorable [25] while for CoC_y = C1C_; = 0 its APW
factorization exists but it is not canonical. Also, only the case of irrational 5 — «
is of interest, since otherwise the distances between all the points in Q(f) are
commensurable. The latter situation, with an arbitrary number of terms in f, was
covered earlier in [20] (see also [5, Section 14.4]).

The remaining portion of this subsection is a restatement of the results from
[2] in a form convenient for our current purposes.

Theorem 2.5. Suppose that G is given by (2.20) where 0 < a < 8 < 1, the number
B — « is irrational, and

|Co|'PICa]? < |Ch|'~¥|C_1]*.

Then G admits a canonical left APW factorization (2.1) where the matriz func-
tions G+, GL' € APWi , are given by

+ ~+ ~+ ~+
_ |1 ¥ -1 _ 1 [@2 _901]
Gi = |, Gi = ,
. [ 3 so%] £ detGy |95 91
+ o oo
ol =e+)  _ Xnefu@p-ap
g =1+ Zn:O Xn€{n(B-a)}-1
03 = Creq + Coeg + > CiXnefasn(s-a))
{(n€Z1: 0<{atn(—a)}<a}
* > CXne(sins-a) (2.21)
{(n€Z4: 0<{B+n(B—a)}<B}
g = — Z C_1 X, — Z Clene{a-&-n(ﬂ—a)}—l
{(n€Zi: {atn(B-a)}=0}  {n€Zs:a<{atn(f—a)}<1}
— Z C_oX, — Z C—2Xne{ﬁ+n(ﬁfo¢)}fl7

(n€Zy: {B4n(B-a)}=0}  {n€Zy: B<{B+n(B—a)}<1}
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=3 Xnet-ar-ap

o; = ano Xnein(f—a)—a}-1,

¢3 = Y. CiXpepnp-ay + Y. O Xuefmins-m)s
{n€Z1: 0<{n(B—a)}<a} {(R€Z1: 0<{(nt1)(B—a)} <}
& = - Y. CaXueu(p-ap-1 (2.22)

{n€Zy: a<{n(f—a)}<1}

- Z C—zfne{(nﬂ)(ﬁw)}q —C_1 Xo.
{n€Zy: B<{(n+1)(B—a)}<1}

The coefficients X,, and )N(n (n € Z4) here are given by

(f1)n—1(6’512)’f(g3)*H(WUMHZS ([aza1-T52a1-1)
P L SRR PR P R L U B
e T
e Ty e,
(—1)n71(%712)k+1(gj) S((ezal-T5221)
(c) (M52 Eicﬂ*l)Xl if n= “@Ctl}
1 (2.23)
and
(71)’",(272)(n7[ﬂfa‘|)+zlj;é( Etz]*[ﬂfﬁ)(%z)k
(@l PR s 2] 1
)? _ (71)n(g:f)71+25:0(|'gt(;‘|7[ﬂia])(0712)k+1
(Gl TR, =[] = 3700 -1,
TGttt G FRA R (PN )
x(§) Rl s DR i = 152 TR -
- (2.24)
for k=0,1,2,..., with the initial conditions )~(0 =1,
g, Oy _ O OO

c el 2
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To simplify the forthcoming formulas, we let
+ . . —
Ny :={n: tneNandy+n(B—a)€Z} for v==a,p. (2.25)

Corollary 2.6. In the setting of Theorem 2.5 we have

1 0
M(G-) =
( ) B ZnGNi C1 Xy — z:nGNEr C 2 X, —C_4
M(G;) o Snere, Xn
o ZnGNfg Can + ZnGNZ CQXn Cl ’

and hence the geometric mean of G is given by

—C_cpt — Y ent. coix,

d(G) = 1 1
ZneN; (C2 = C1OZ1C2) X, G0

Theorem 2.7. Suppose that G is given by (2.20) where 0 < o < 8 < 1, the number
B — « is irrational, and

|CQ|17ﬁ‘C,2|ﬁ > ‘Cl|1fo¢|cil‘a'

Then G admits a canonical left APW factorization (2.1) where the matriz func-
tions G4, GL' € APVV;ZX2 are given by

iy z/a o 1 [iﬁi {Ei]
Gy = Gi' = 2 1 2.26
vi ok F Taeras vl (2:26)
with
0
i =e+) Yaee-aps
¢f—1+zn__ Yoetng—a)y-1,
Py = Clrea + Caep + > CiYne{asn(s-a)
{nez_: 0<{a+n(B—a)}<a}
+ Z CoYne(pin(—a)}s (2.27)
{n€Z_: 0<{B+n(B—a)}<B}
Yy = — Z c_\Y, — Z C1Ynelatn(B—a)}-1
{n€Z_: {a+n(-0a)}=0}  {n€Z_:a<{a+n(f-a)}<1}
- Z C_oY, — Z C_2Yne(sin(B—a)}—1;

{(n€Z_: {B+n(B—-a)}=0}  {n€Z_:B<{f+n(B—a)}<1}
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_ N
f=> . Yeeqp-a-an
~ —1

Yy = anfoo Yoen(g—a)—ay-1,

= Y CYaens-ay + Y. CoYae(mpys-ans
{n€N_: 0<{n(B—a)}<a} {nEN_: 0<{(n+1)(B—a)}<B}
Yy = — Z Co1Yne n(s—a)-1 (2.28)

{neN_: a<{n(B—a)}<1}

- Z 072)7n6{(n+1)(ﬁ—06)}—1 - CL21771-
{neN_: B<{(n+1)(B—a)}<1}

The coefficients Yy, (n € Z_) and Yy, (n € N_) here are defined by
(_1)|n|(g—1)(|n| PR DR wiery (Il B P oﬂ)( )

()= ome PIETI0y iy —n [ T r-1
.o (1)l (€ )(lnl (i )+t ([52a1- 551E“1—1)(C052)’f
x (G y B[ =Tty g fon=[kre] L kL] <2,

(71)|nI(C,2) 1+Zs O( -| |—5 a~|)( | )k+1

C_2

(g;) Seza =550 1-1) y Yoo if —n=[k1]-1

B—a

(2.29)
and
(,1)|n|(cl)(lnlt DA ([520]- E:LJ)(CCI )
PRl e b PR JUN RN L bl |
;o (_1)|n|(g;)2’:ii(L§:§ —LZZLJ)(&)’CH

x(Goy @l gy ey,

(=1l ( &yt Gy (m= LBl =i (Lot )= Lame =)

G R i SN Y

N (2.30)
for k=0,1,2,..., with the initial conditions Y_1 =1,
072 C—l Cl
Y = — Y_ = — .
T T T T o, o

In the notation (2.25), we have the following.
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Corollary 2.8. In the setting of Theorem 2.7 we have
1 0

[ Y onens C-1Yn — ZneNg C_.oY, —C_,
—C2Cy D nen-,, Y,
Ynew; C1Yn + e Ca¥n Cy
and hence the geometric mean of G is given by
—C_C5" ~Yen-, C53Ya
ZneNg (Cy — CoC_1C7 )Yy —CyC 75

M(G_) =

)

M(G4) =

)

d(G) =

3. Factorization of some block triangular matrix functions

3.1. A conditional criterion of AP factorability

Factorability properties of G € APnxn obviously do not change under multipli-
cation on the left and on the right by matrices from GCpy . In particular, G of
the form (1.4) admits a left AP or APW factorization only simultaneously with

Q' o]l [@ o er] 0
[0 P}G{O P‘l][PlF]gg e_1IN] (3:-1)

for any P,Q € GCnxn, and the partial AP indices of G and Gprg coincide.

Proposition 3.1. Let FF € APWynxn be a triangular matriz function with the di-
agonal entries f;j. Then in order for Gp to admit a canonical AP factorization it
is sufficient, and if f; € € for j =1,..., N also necessary, that all 2 x 2 matriz
functions Gy, admit such a factorization.

Proof. Choosing P = @ = [0 n—;+1] in (3.1), we can switch between lower and
upper triangular F'. So, without loss of generality we may suppose that F' is lower
triangular.
Sufficiency. Observe that

F=F+F, (3.2)
where Fy = diag|[fi,..., fv] and F is lower triangular with zero diagonal. Letting
now

P=Q ' =diag[l,e,...,eN 1],

we can make the difference PF'Q — Fj arbitrarily small by an appropriate choice
of €. Since canonical AP factorable matrices form an open set, it suffices to show
that G, lies there. But the latter matrix is permutationally similar to

diag[Gy,,..., Gyl

and thus admits a left canonical AP factorization along with its diagonal 2 x 2
blocks.
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Necessity. Suppose G admits a left canonical AP factorization. Consider h; so
close to f; (j =2,...,N) that the matrix Gy with

H = F + diag[f1, ha, ..., hy]

still admits a left canonical AP factorization, while the matrices G},; also are AP
factorable with zero partial AP indices, j = 2,..., N. (This is possible due to
Lemma 2.1 since f; € €N APW.) Via a permutational similarity corresponding
to the permutation {1, N + 1,2,...,2N}, the matrix Gy can be put in a block

triangular form
Gy, 0
[ * GH1:| ’ (3:3)

where Hy € APW(n_1)x(n—1) is lower triangular with the diagonal entries ho, . . .,
hn. By the already proven sufficiency, G, admits a canonical AP factorization.

So, a block triangular matrix (3.3) and one of its diagonal blocks both admit a
left canonical AP factorization. Since canonical AP factorability of APW matrices
is equivalent to the invertibility of the respective Toeplitz operators, from here it
follows that the other diagonal block of (3.3), that is, G,, must admit a canonical
AP factorization.

In its turn, the same permutational similarity can be used to rewrite the un-
perturbed matrix G in a block triangular form, with the diagonal blocks being
Gy, and Gp,, where F1 € APW(n_1)x(n—-1) is simply F' with the first row and
column deleted. From the canonical AP factorability of Gr and Gy, we now con-
clude that G, also admits a canonical AP factorization. Since the statement is
trivially correct for N = 1, the induction argument thus completes the proof. [

3.2. Quadrinomial case: Existence

We now pass to the case of matrix functions (1.4) with N > 1 and the off-diagonal
block (1.5) such that its coefficients C; € Cyxn can be put in a triangular form by
the same transformation C; — PC;Q with some P,Q € GCnxn. This condition
is satisfied, in particular, if C; pairwise commute, in which case it is possible to
choose Q@ = P71 (see, e.g., [23, Lemma 4.3]).

Since the matrix functions Gg given by (1.4) and Gprg admit a canonical
factorization only simultaneously, we may without loss of generality suppose that
C; are themselves (lower) triangular:

(ci)i1 0 0 0 0
(€i)2,1 (ci)2,2 0 0 0
c — (Ci?S,l (Ci?3,2 (Ci?:a,g 0 () 5
(Ci)N—l,l (Ci)N—1,2 (Ci)N—l,?; (Ci)N—l,N—l 0
L (ci)na (ci)n2 (ci)Nz ... (ci)N,N-1 (Ci)N,N_

(i = £1,£2). In what follows, we will relabel the diagonal entries (¢;)s,s of the
matrices (3.4) by ¢; s. Note that in the case of pairwise commuting (but a priori
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not necessarily triangular) matrices C;, ¢; s are their so-called bonded eigenvalues,
in the terminology of [3].

Theorem 3.2. Let G = Gp be given by (1.4), (1.5) and (3.4), where 0 < a < g < 1
and the number S—a is irrational. Then G admits a canonical left AP factorization

G = G.GZ" if and only if
\6275\17ﬁ|072,3\5 + ‘6175‘17Q|C,1’s‘a forall s=1,2,...,N, (3.5)

where ¢; s := (¢i)s,s for all i = £1,£2 and all s = 1,2,...,N are the diagonal
entries of matriz coefficients (3.4) in (1.5).

Proof. Follows directly by combining Corollary 2.4 with Proposition 3.1. O

3.3. Quadrinomial case: Explicit factorization

We now turn to the explicit factorization construction of matrix functions G with
F given by (1.5), (3.4) when its canonical factorization exists, that is, conditions
(3.5) hold. Decomposition (3.2) in our setting yields matrices Fy and F' of the same
structure (1.5) as F' but with C; replaced by diag[c; 1, ..., ¢ n] for Fy and by

0 0 0 0

(ci)2.1 0 0 0 0

~ (ci)3n (ci)s.2 0 . 0 0
Gi=| . : . . . . (3.6)

(ci)n-11 (ci)n-12 (ci)N-13 .- 0 0

L (Ci)N,l (Ci)N,2 (Ci)Ng, . (Ci)N,N71 0_

for F. Then Gp = G + K, where G is an abbreviated notation for G r, and

[On On
K=|=x .
| F 0 N]
Consider the matrix functions
G Gf
Gt = Lo (3.7)
192 G5

gli = diag{gsi,l}é\[:h §1i = diag{ﬁil}i\;l,
gzi = diag{giz}é\;l, gzi = diag{gsi,z}i\’:h
where for s =1,2,..., N and j =1, 2,

~+ _ _
B e B (e e ey e
o by lea,s|' P o2, > fer s e1,s]*

)

(3.8)
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Lpf:j and LZZF] are given by (2.21) and (2.22), respectively, with C; replaced by ¢; s
for i = +1,42, and with X,, and X,, (n € Zy) calculated by formulas (2.23),
(2.24) (again with C; replaced by ¢; s for i = £1,4+2), where

XO _ _C—l,s Xl o _C—Z,S + C2,sC—1,s
- ’ - 2 )
Cl,s Cl,s Cl,s

j(vvo:l;

1/’5i,j and {/vai] are given by (2.27) and (2.28), respectively, with C; replaced by ¢; s
for i = £1,42, and with Y;, (n € Z_) and Y,, (n € N_) calculated by formulas
(2.29), (2.30) (once again, with C; replaced by ¢; s for i = £1,4+2), where

C_2.s C_1,s Cl,s e
)/0:7 ’ Yflzi + ) Yflz]--
C2s C_2.s C2s
Below we will denote these X,,, X,,, Y,, and Y}, as Xy, 5, Xn s, Yo s and Y, .

For s =1,2,..., N, we put

+
Gt = Zi; ;j : (3.9)
where gsi’j and Ef] for j = 1,2 are given by (3.8). Note that
det GF =det Gy =k, where k, = M(det GF). (3.10)
We also define the matrix
Ky =diag [k ',.... ky']. (3.11)

By [2], the matrix function G = G, admits the canonical left APW factor-
ization

G=6.6"" (3.12)
It follows from (3.12) that
G=0,GG_",
where
5 oo — | KEnGs —KN@] {ellN On } G Gy
e v A | N L

:[JN ON] lKNQ?FQI ~KnG/ FG; (3.13)

On Iy KNgfﬁgf KNgrﬁfgvf

and Ky is given by (3.11).
Consider now APWy« N as the decomposing Banach algebra B, with B} =
APWY . and B_ = (APW; )N« n- Letting

. KNéfﬁgf KNgfﬁfgvf

— < 1 3.14
! [KNngg; ~KnG{ Gy (319
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and observing that each of its blocks is lower triangular with zero diagonal entries,
we conclude that

(P:)NIQN = 02]\[ and (P;)NIQN = 02]\[7

where the mappings P are defined by (2.11) with a given by (3.14). Hence, by
Theorem 2.2, the matrix function G = Isy —a admits a canonical left factorization

G= (Ion +by) YTy + b))t (3.15)
where the matrix functions

by = ay + (aga)+ + ((a4a)ra)s + -+ +£~ (apa)y ... a)y

N-1 terms
b= o+ (a0-)- +(a(aa) )+t (@ (an)- ) (3.16)
N-1 terms

belong to APW;NXQN and (APW{ )anxan, respectively, and a4 ::Pia:PjE[QN.
Since each of N x N blocks in (3.14) is lower triangular matrix function with zero
diagonal entries, it is easily seen from (3.16) that

whence (3.15) takes the form

N1
<I2N + Z ) (Ly +b-)7! (3.17)

k=1
Putting together (3.13) and (3.17), we arrive to the following conclusion.

Theorem 3.3. Let Gp be the matriz function (1.4) with F given by (1.5) and
(3.4) and satisfying (3.5). Then the multiples Gy from its left canonical APW
factorization (2.1) can be chosen as

N—-1
G, =G, <12N + Z ’“b’“) G_ =G (Iy +b), (3.18)

k=1

with Gy and by defined by (3.7)—~(3.8) and (3.16) respectively.

It follows from Corollaries 2.6 and 2.8 that

diag{M(g;)HS,  diag{M(g) 1]

. (3.19)
diag{M(g;,)}),  diag{M(g;,)},

M(G+) = [
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where
—C—1 Scl 57 ~+ Z’nGNta Xn,s,
gs 1) M(gs,1) = v
—C_9 502 59 ZneN: n,sy
neN+ ¢1,sXn,s + 20 nenNg €2, sXns; M(at.) = Cl,s5
gs 2 Y (95,2) -
n€N7 Cl,s n s+ ZneN* C2,s1n s, C2 s,
gs 1 17 M gs 1 O
nEN+ C-1 an,s - ZnENZ C—2,an,S7
gs 2 (320)

nEN7 C_1 sYn s = ZRENE C—2,SY’I’L,S7

Coslf < ler|' e s

—2,5]7 > Jer [T em |

M(§;2) _ —C—_1,s, if |C2,s - )
—C_2.s |C2,s

On the other hand, we infer from (3.18) and (3.16) that

M(G4) = <I2N + Z 1)*M(b) ) » M(G-) =M(G-),

which in view of (2.8) implies the following

Corollary 3.4. Under the conditions of Theorem 3.2, the geometric mean of the
matriz function G given by (1.4), (1.5) and (3.4) is calculated by

d(G) = M(¢ (IQN + Z 1)*M(by) ) M(G-), (3.21)

where M(Gy) and by are given by (3.19)—(3.20) and (3.16), respectively.

4. The geometric mean in the case N = 2

Corollary 3.4 in principle allows to compute the geometric mean for any value of V.
In practice the complexity of this computation grows with N substantially, in par-
ticular because each of the inequalities (3.5) can materialize in two different ways,
and the resulting 2V cases yield different formulas and thus have to be treated
separately. We therefore restrict our attention to the case N = 2 which should
suffice for illustrative purposes. Corollary 3.4 can then be restated as follows.

Theorem 4.1. Under the conditions of Theorem 3.2, the geometric mean of the
matric function Gp given by (1.4), (1.5) and (3.4) for N =2 is calculated by

d(Gr) =d(Gr,) + 15, (4.1)
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where d(Gp,) =d(G) = M(G+)M(G_)"1,

0 0 0 0
—k™™ (G for1) 0 —ky'M(3 4 fd74) O _
:M(g+) 2 (02,1 1,1) 0 2 (02,1 1,1) 0 M(g_) 17 (4.2>
ky'"M(gs, for,) 0 ky'M(gf,fgr,) O

M(Gy) are given by (3.19)—(3.20), the functions gzl,gzl,gil,gil are given by
(3.8), ko is given by (3.10),

~ 0 0
Fo {f 0
and ¢; := (¢;)2.1 for all i = £1,42.

} , f=rtieq +¢_1eq—1+ Coeg+C_2es_1 (4.3)

Proof. Since N = 2, we conclude from (3.16) that
M(b:) = M(a:) = M(a), (4.4)
where, by (3.14), (3.11) and (4.3),

[ KGM(GFGT)  KsM(GYFGY)

MO = | gMGrFor) — KoM FG; )

I 0 0 0 0
_ kglM(§2+71fgi1) 0 kglM(§2+1f§;1> 0 (4.5)

0 0 0 0

_—k;lM(g;rlfgfl) 0 _kilM(92+,1f§17,1) 0

Hence we infer from (3.21), (4.4) and (4.5) that
d(G) = M(G)(Is — M(a))M =d(9) + 15,

where T is given by (4.2). O

The explicit formulas for the mean values involved in (4.2) depend on which
of the four possible cases

TP lesa)? < s Y el 6| for s=1,2; (4.6)
leas P Ple_asl? > ler o]t T em1g|* for s=1,2; (4.7)

|C2,1\17ﬁ|072,1\ﬁ < |01,1\17a|071,1\a,
1-8 B 11—« a (48)

lea2| P le—22” > ler2| ¥ e—1,2|%

1-8 c B 1—
—2,1|" > 1,1

e-aal? > fev] , o)

lea2|" Pleal” < feral' ™ e—1 2]

takes place, and are delegated to the Appendix. Here is the final result under a
simplifying condition on «, 8, with a proof also delegated to the Appendix.
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Theorem 4.2. Let G = Gp be given by (1.4), (1.5) and (3.4), where N = 2,
O<a<p<land

ma+nf ¢ {0,1}  for all rational m,n. (4.10)
Then G admits a canonical left AP factorization G = G.GZ' if and only if
leas P Ple_asl? # lero) T eo1 6| for all s=1,2, (4.11)

where ¢; s == (¢;)s,s for all i = £1,+2 and all s = 1,2 are the diagonal entries of
matriz coefficients (3.4) in (1.5). If (4.11) holds, then

d(G) = diag[T1, T4, (4.12)
where
T, — [ —C_1,1Ci% 0
1= ~ Sy -1 -1 1
|—(c11¢21 —c1aC1)e 1615 —Co1201 5
r —1
—C1,1C_ 0
T2 == ~ ~171 —1 —1 —1 (413)
[(c1,26-1 —co12C1)eTy €01 —C1,2C 71 5
if (4.6) holds;
r —1
T, — —C_2,1C271 0
1= ~ ~ -1 -1 —11>
|—(c21C2 —c2,1C2)c51C0 5 —C-22C55
r —1
—C2,1C_ 0
T2 = ~ ~2’1 1 1 1 (414)
[(C22C2 —co92C2)c 5 1C 55 —C22C 5,
if (4.7) holds;
- -1
T, — 7671’16171 O
1 — ~ ~ -1 -1 —1>
|—(c1,1C2 —c1,1C2)cy 1605 —Co2,2C5 5
r —1
7617167 0
Ty = ~ ~1’1—1 -1 -1 (4.15)
(22621 —co2C1)CT 1€ 5 —C22C 5,
if (4.8) holds;
T, — [ —C_2,1027é 0
1= ~ Sy o1 -1 1>
|[—(c2,1¢21 —c21C1)cg1C1 5 —Co12€1 5
r —1
—C2,1C_ 0
Ty = ~ ~2’171 -1 -1 > (4.16)
[(c1262 —c_12C2)c 5 1€ 15 —C1,2C 71 5

if (4.9) holds.
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5. Appendix

5.1. Computation of d(G) and T
Applying Corollaries 2.6 and 2.8 with notation (2.25), we infer that

. 1 -1 1 1 0 —Bip
d(G) = —diag [c_1,1¢71, ¢-12€1 5, 116711, C12¢ 1 o] + [BQ L0 ] ;

Bl,gdiag[ Z C:%,l‘f{inyl? Z 6%72)A('n72‘|, (51)

nGNta nGNta
. -1 -1
By 1 = diag l Z (c21—crac g c-21)Xn 1, Z (c2,2 — 61,2617262,2)Xn,2] ;
+ +
nGNﬁ nGNﬁ
if (4.6) holds;
. 1 1 -1 1 0 —Bip
d(G) = —diag [c_21¢5 1, C-22C55, C2.1¢ 51, C22C 5] + [B 0 ] )
2,1
. P 1o
B :dlag[ Z € 291Yn1, Z C 59Yn2|, (5.2)
neN_ neNT”
. -1 -1
By = dlagl Z (11 —c21¢ 5 ¢-11)Yn 1, Z (c12 =226 59c-12)Yn 2|,
neNg neNg
if (4.7) holds;
. 1 1 1 1 0 —Bip
d(g) = — diag [0—1,101,17 €-2,2C3 2, C1,1C_1 1, 02,20—2,2] + [B 0 ] )
2,1
By = di 1X -1y, (5.3)
1,2 = dlag C_1,14n,1, C_22n2], :
neNfa neN” |
. 1 -1
By = dlagl Z (c21—crac g c-21)Xn 1, Z (c12 —c22¢ 5 9c-12)Yn2|,
neN; neNy
if (4.8) holds;
. -1 -1 1 1 0 —DBip
d(g) = — diag [072,102@ C—1,2C1 9, €2,1C_9 1, C1,2071,2] + [B 0 ] )
2,1
. P 1y
B2 = diag [ Z € 91Yn1, Z c_1,2Xn72]7 (5.4)
neNT, nenNt

. —1 -1
By = dlagl E (110 —c21¢ 5 ¢-11)Yn 1, E (co,2 — 01,20_1,20—2,2)Xn,2] ,

neNg neNy

if (4.9) holds.
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On the other hand, by (4.2) and (3.19), we obtain

0 0 0 O
-l 0 Y. =
ta1 0 ta3 O
where
lo1 = [ - M(9;1)M(§;1f91_,1) + M(§2,1 M(92 1f911) )1 ]k2_1
+ [M(9;1)M(§;1f§1_1) - M(92,1)M(92 n 1)]M (91, 2 kl kz )
ta3 = [* M(92+,1)M(92 1f91 1)+ M(92 1 M(Qz 1f91 1 ]k 1]‘32 1, (5.6)
lag = [_ M(g;:2>M(92 1far 1) + M(g;g M(g2 1far 1 ]k ! .
+ [M(9;2)M(92,1f91,1) - M(9;2)M(92,1f91 1)]M(9i2)k;1k517
tas = [~ M(g32)M(G31fg11) +M(952) Mg, fg10) ki Tka

and M(ggr’j),M(g;r’j),M(g1 o) for j = 1,2 are given by (3.20).

5.2. Computation of M(ﬁ;lfgl_’l), M(§I1f§1_,1)a
M(g3,197,1)> M(93,,797,1)

Below, along with N$ given by (2.25), we use the following notation for v = «, 8
and [ =1,2:

N$ ={neNy:{n(B-a)}+v=1},
(Zy XLy )yy:={(n,k) €Zs xZy : {n(B —a) —a}
+{k(B-a)—a}+7 =1},
(Zg xZ4)5, :={(n, k) € Zs x Ly : {n(B — a)} +{k(B — )} +v =1}

If (4.6) holds, then

921911 = (i X 2€{n<aa>a}> (1 + i Xhle{kwa)}l)v
k=0
931911 = (Z Xn2€{n(p a)a}) (ifk,le{kwa)a}l)v
=0
931971 = (61+ZXn 2€{n(B—a) }) <1+2Xk 1€{k(8 a)}—1>7
(61 + Z Xn2€(n(p a)}) <

Z Xk,le{k(ﬁ—a)—a}—1> )

k=0

(5.7)

9;,1%



46 M.A. Bastos, A. Bravo, Y.I. Karlovich and I.M. Spitkovsky
which with f given by (4.3) implies, respectively, that

M(§;1f91_,1) =1 Xo2+ a1 X02X01,
M(gg_,lfgl_,l) = Z va1)/\(171,25(}@,1 + Z ’cllf(nygf(kyl
(n,k)E€(Zy X2y ) 1 (n,k)€(Zy XZy ) 2

+ Z Ezin,z)szr Z /Cvfzyfn,z)?k,h
(n,k)E€(Zy XZy)p 2 (n,k)E€(Zy XZy )2

M(g31f911) = Z c1(Xn1 + Xnp2) + Z c2(Xn1+ Xnp2)

neNg neNjg

+ Z 1 Xn2Xp1 + Z c_1Xn2Xk1
(n,k)E(Z4 XZ4) 7 4 (n,k)E(Z4 XZ4 )7 5

+ Z coXnoXp1+ Z C_o Xy 0 Xp 1,
(n,k)E(Z4 XZ4 )5 4 (n,k)E(Zy X2y )5 5

M(Q;ﬁfﬁﬁ) = 5—1)?0,1 + 51X0,2)?0,1-

If (4.7) holds, then

-1

0
5;,191_,1:( Z Yo 2€in(g—a)- a}> <1+ Z Yieqns a)}1>7
931511( Z Y, 2€{n(B—a)— a}>< Z Yi 1€{k(B—a a}—1>7
n=—oo k=—
921911( Z Yo 2e(n(s a)}) <1+ Z Yi1e(r(s-a))- )
n=-—oo k=—o0
0 -1
931911 = (61 + ) Yn=2e{n(ﬁa)}>< > th‘f{k(ﬁa)a}l)’
n=-—oo k=—o0

which with f given by (4.3) implies, respectively, that

M@;ﬁfﬂf;) = E—237—1,2 + 5257—1,25/0,1,

M@Lfﬁﬁ) = Z 51%1,2371@,1 + Z Efli}nzi}k,l
(N4 1,k+1)E(Z— XZ_) a1 (n+1,k+1)E(Z— XZ—) a2
+ Z 5237n,2§7k,1 + Z 572}771,2}716,17

(n+1,k+1)E(Z_XZ_)g 1 (n+1,k+1)e(Z_XZ_)g,2



Factorization of Almost Periodic Matrix Functions 47

M(gs fora) = D ca(Yar+Ya2)+ Y Ca(Yni1+Yao)

neNg neNg

+ Z 1Y 2Ye + Z c_1Yn2Yi
(n,K)E(Z_XT-)3 (k) E(Z—XZ-)% 5

+ Z Y oY1 + Z C_oYn2Yr 1,
(nk)E(Z_XZ )3, (nk)E(Z_XZ_)3,

M(g31f9141) = C oY 11+ YoV 11 (5.9)

If (4.8) holds, then

1 0
E;lgl ( 2€{n —a)— a}) (1 + ZXk,le{k(ﬁa)}1>7
n=—0o0 k=0
—1 fe%s)
951011 = ( Y Yaoein-a)r a}> <2Xkle{k(ﬁ a}—l)v
n=—oo k=0
g{lgl (61 + Z Yo 2€(n(s a)}) <1 + ZXk,le{k(ﬁ—a)}—1>a
n=—oo k=0

92 1911 = (el + Z Yo 2en(s a)}> <ZX’C 1€{k(B—a a}—1>’

n=—oo

which with f given by (4.3) implies, respectively, that

M@Lfgﬁ) = 5—2{/71,2 + 523771,2)(0,17
M (G5 f911) = > aYeaXe+ > EaYaaXkn
(n+1,k)E(Z—-XZ4)a,1 (n+1,k)E(Z—-XZ4)a,2
+ Z 525~/n,2)~(k,1 + Z 5—257%2)?1;,17

(n+1,k)E(Z_XZ4+)p 1 (n+1,k)E(Z-XZ4)ga,2

M(g31fgi1) = D> caXei+ D CoXei+ D Yoo+ 3 CaVno

keNg keNE neNgy neNy

+ Z c1YnoXp1+ Z c_1Yp 90Xk
(nk)E(@_XZ4)7 (k€@ XZ4)7 5

+ Z caYp o Xp1 + Z C—2Yn oXk 1,
(k) E(Z_XZ4 )5 (nK)E(Z_XZ4)3

M(Q;,1f§1_,1) = 5—1)20,1 + 511/()72)20,1. (5.10)
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If (4.9) holds, then

92 191, 1=

0
Z Yieqns a)}1>7

k=

—1
931011 = ( n,2€{n(B—a)— a}>( Z Yk,le{k(ﬁa)a}1>7
k=—oc0

ZXn 2€{n(B—a)— a}> 1+

0
931911 = (e + Z Xn,2€(n(s-a)} <1 + Y Yk,le{k(ﬁ—an—l)a

k=—oc0

-1
931911 = (61 + Z Xn,ze{nwa)}) ( > Yk,1e{k(ﬁa)a}1),

n=0 k=—o0

which with f given by (4.3) implies, respectively, that

M(95,f911) = ¢1 X0 + 61 X02Y01,

M(g31f911) = Z X2V + Z ¢ 1 Xn 2V

(n,k+1)E(Zy XZ_) o1 (n,k+1)E(Zg XZ_)ar 2

+ Z 525571,2)7]@,1 + Z ’612)?71,2171@17

(nk+1)E(Zy XZ) g (nk+1)€(Zy xZ) g2

M(g5 forn) = D caXnat+ D CaXnat D Vi + . aYia

neNt neNg keNg keN;

+ Z 1 Xn2Ye1 + Z C_1Xn2Yk 1
(n,K)E(Zy X2 )7, (nK)E(ZaxT )3

+ Z CoXnoYi1+ Z C_oXn2Yk 1,
(n,k)E(Zy XxZ-)7 4 (nk)E(Z4 xZ_)F 5

M(nglfﬁil) = 572{/71,1 + 52X0,23771,1-

5.3. Computation of M(§Ilfg1_,1) and M(gilfgl_’l)

Since

and

(5.11)
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we deduce from (5.8), (5.9), (5.10) and (5.11) that

¢_1X02 + &1 X0,2Xo0,1, c1—c(e_1a/ern),

M@Gh fory) = 4 2t T eYaelon o Jea malean/an). g,
T C2Y_ 12+ Y 12X01, C_o —Ca(c_11/c11),
c-1Xo,2 + 1 X0,2Y0,1, c1—ci(c_g1/ca1),
5—1)20,1 + 51X0,2)~(0,17 c_1—¢1 (0—1,2/01,2)7

Mgty fy) = 4 2ot Y atoatonn o Jea—Glean/an), (g
T ¢_1Xo0,1 +&1Y02X0,1, c_1—ci(c_a2/ca2),
T oY1 +E@Xo2Y 1, C_g—ca(c12/c1,2),

if, respectively, (4.6), (4.7), (4.8) and (4.9) holds.

Substituting M(gy, fg7,) and M(ggjlfﬁl_,l) given by (5.12) and (5.13), re-
spectively, and M(ﬁ;‘lfgl_l) and M(g5, fg7,) given by (5.8), (5.9), (5.10) and
(5.11) into (5.6) and applying (3.20), we obtain the entries of the matrix T (see
(5.5)), which together with d(G) = d(GF,) obtained in (5.1)—(5.4) gives d(GF)
due to (4.1).

5.4. Proof of Theorem 4.2

Under condition (4.10), all the sets
NI, NE| (Zy x Zy)ya, (Zo x Z1)3, (5.14)

given by (2.25) and (5.7) are empty. Hence, by (5.1)—(5.4), we infer that

—diag [c 1,1€1 1, c_ 1201§, c11c_ %1, c120_ }2]

—diag [c 21621, c_ 22@%, c2.1C_ %1, c22C_ %2]

— diag [C 1 101 17 C— 2202 27 C1,1C_ % 1, C2 2C_2 2]

— diag [0—2,102717 C—1,201,27 02,10_2717 01,20_1,2]7

if, respectively, conditions (4.6), (4.7), (4.8) or (4.9) hold. Since the sets (5.14) are
empty, it follows from (3.20) and (5.8)—(5.11) that

M(§2+1) = M(92+,2) = M(g;,Q) =0

d(G) = (5.15)

and
M(§;1f§1_,1) = M(9;1f91_,1) = 0.
Then we deduce from (5.6) that
lo1 = *M(92+,1) (92 1f91 1)ks 17 te.3 =0,
la3 = M(ggrz) (92,1f91,1)k1 "kt tan=0.

Taking into account the relations ks = M(g;z) for s = 1,2, applying (3.20) for
M(g;:l)7 M@;Q) and M(§;2), and using (5.12) and (5.13) for M(ﬁ;lfgil) and

(5.16)
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M(9;1f§i1)7 we infer from (5.16) that

—(c16-1 —c1 151)01_?1037 (€1,26-1 — c—1,2€C1)c_ 1,10_1,27
bt — *(02,1?2 — C_21G2)C5 ] 102 2’ tes = (2,262 — c_22C 2)02%,103%,2’
*(01 1€C—2 —C—-1,1 )C 02 2, ’ (02 2C—1 —C_22 1)071,1072,2’
—(e20¢-1 —c_2,1C1 )02 1C1 27 (c1,2€-2 —c_1 202)0:%,10:},2

(5.17)

in the cases (4.6), (4.7), (4.8) and (4.9), respectively.

Finally, substituting ¢2.3 = 0, t417 = 0 and also t21 and t4 3 given by (5.17)
into (5.5) and applying (5.15) and (4.1), we immediately obtain (4.12) with trian-
gular 2 X 2 matrices 77 and Ty given by (4.13)—(4.16).
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