Operator Theory
Advances and Applications
242

M. Amélia Bastos

Amarino Lebre
Stefan Samko
Ilya M. Spitkovsky
Editors




X Birkhauser



Operator Theory: Advances and Applications

Volume 242

Founded in 1979 by Israel Gohberg

Editors:
Joseph A. Ball (Blacksburg, VA, USA)
Harry Dym (Rehovot, Israel)

Marinus A. Kaashoek (Amsterdam, The Netherlands)

Heinz Langer (Wien, Austria)
Christiane Tretter (Bern, Switzerland)

Associate Editors:

Vadim Adamyan (Odessa, Ukraine)
Wolfgang Arendt (Ulm, Germany)
Albrecht Béttcher (Chemnitz, Germany)
B. Malcolm Brown (Cardiff, UK)

Raul Curto (Iowa, 1A, USA)

Fritz Gesztesy (Columbia, MO, USA)
Pavel Kurasov (Stockholm, Sweden)
Leonid E. Lerer (Haifa, Israel)

Vern Paulsen (Houston, TX, USA)

Mihai Putinar (Santa Barbara, CA, USA)
Leiba Rodman (Williamsburg, VA, USA)
Ilya M. Spitkovsky (Williamsburg, VA, USA)

Subseries
Linear Operators and Linear Systems

Subseries editors:

Daniel Alpay (Beer Sheva, Israel)

Birgit Jacob (Wuppertal, Germany)

André C.M. Ran (Amsterdam, The Netherlands)

Subseries
Advances in Partial Differential Equations

Subseries editors:

Bert-Wolfgang Schulze (Potsdam, Germany)
Michael Demuth (Clausthal, Germany)
Jerome A. Goldstein (Memphis, TN, USA)
Nobuyuki Tose (Yokohama, Japan)

Ingo Witt (Géttingen, Germany)

Honorary and Advisory Editorial Board:
Lewis A. Coburn (Buffalo, NY, USA)
Ciprian Foias (College Station, TX, USA)
J.William Helton (San Diego, CA, USA)
Thomas Kailath (Stanford, CA, USA)
Peter Lancaster (Calgary, Canada)

Peter D. Lax (New York, NY, USA)
Donald Sarason (Berkeley, CA, USA)
Bernd Silbermann (Chemnitz, Germany)
Harold Widom (Santa Cruz, CA, USA)



M. Amélia Bastos * Amarino Lebre ¢ Stefan Samko
I[lya M. Spitkovsky
Editors

Operator Theory, Operator
Algebras and Applications

X Birkhauser



Editors

M. Amélia Bastos

Amarino Lebre
Departamento de Matematica
Instituto Superior Técnico

Stefan Samko

Departamento de Matematica
Universidade do Algarve
Faro, Portugal

Lisbon, Portugal

Ilya M. Spitkovsky
Department of Mathematics
College of William & Mary
Williamsburg, VA, USA

ISSN 0255-0156

ISBN 978-3-0348-0815-6

DOI 10.1007/978-3-0348-0816-3
Springer Basel Heidelberg New York Dordrecht London

ISSN 2296-4878 (electronic)
ISBN 978-3-0348-0816-3 (eBook)

Library of Congress Control Number: 2014940149
Mathematics Subject Classification (2010): 35Q15, 35A23, 47A68, 47B35, 47110, 47L15

© Springer Basel 2014

This work is subject to copyright. All rights are reserved by the Publisher, whether the whole or part of the
material is concerned, specifically the rights of translation, reprinting, reuse of illustrations, recitation,
broadcasting, reproduction on microfilms or in any other physical way, and transmission or information
storage and retrieval, electronic adaptation, computer software, or by similar or dissimilar methodology now
known or hereafter developed. Exempted from this legal reservation are brief excerpts in connection with
reviews or scholarly analysis or material supplied specifically for the purpose of being entered and executed
on a computer system, for exclusive use by the purchaser of the work. Duplication of this publication or
parts thereof is permitted only under the provisions of the Copyright Law of the Publisher’s location, in its
current version, and permission for use must always be obtained from Springer. Permissions for use may be
obtained through RightsLink at the Copyright Clearance Center. Violations are liable to prosecution under the
respective Copyright Law.

The use of general descriptive names, registered names, trademarks, service marks, etc. in this publication
does not imply, even in the absence of a specific statement, that such names are exempt from the relevant
protective laws and regulations and therefore free for general use.

While the advice and information in this book are believed to be true and accurate at the date of publication,
neither the authors nor the editors nor the publisher can accept any legal responsibility for any errors or
omissions that may be made. The publisher makes no warranty, express or implied, with respect to the
material contained herein.

Printed on acid-free paper

Springer Basel is part of Springer Science+Business Media (www.birkhauser-science.com)


http://www.birkhauser-science.com

Contents

Editorial Introduction .............co i vii
Scientific Life of Anténio Ferreira dos Santos ..., ix
List of Participants of WOAT 2012 ....... .o i, xi

WOAT 2012 — Contributed Articles

P. Ara, F. Lledé and D.V. Yakubovich
Folner Sequences in Operator Theory and Operator Algebras ....... 1

M.A. Bastos, A. Bravo, Y.I. Karlovich and I.M. Spitkovsky
On the Factorization of Some Block Triangular Almost Periodic
Matrix Functions ... 25

M.A. Bastos, C.A. Fernandes and Y.I. Karlovich
A C*-algebra of Singular Integral Operators with Shifts
Similar to Affine Mappings ...........o.oiiiiiiiii i 53

R. Abreu Blaya, J. Bory Reyes and B. Schneider
On Cauchy Type Integrals Related to the Cimmino System
of Partial Differential Equations ........... .. .. .. .. ..o il 81

L.F. Campos, A.B. Lebre, R.C. Marreiros and J.S. Rodriguez
Singular Integral Operators with Linear Fractional Shifts
on the Unit Circle ......... . i i 93

L.P. Castro, R. Duduchava and F.-O. Speck
Diffraction from Polygonal-Conical Screens,
An Operator Approach ....... ... 113

F. Deringoz, V.S. Guliyev and S. Samko
Boundedness of the Maximal and Singular Operators

on Generalized Orlicz-Morrey Spaces ..........ccociiiiiiiiiiiiea.. 139
D. Dragicevié, G. Preto, P.A. Santos and M. Szamotulski

On a Question by Markus Seidel ......... ... ... ... ... 159
R. Exel

Invertibility in Groupoid C*-algebras ...............c.ccoviiieaa... 173



vi Contents

A.Yu. Karlovich
Boundedness of Pseudodifferential Operators on
Banach Function Spaces ... 185

V.G. Kravchenko and R.C. Marreiros
On the Dimension of the Kernel of a Singular Integral

Operator with Shift ........ . .. 197
A. Kufner

Inequalities Against Equations? ....... ... ... ... o i, 221
A. Kuznetsova

C*-algebra Generated by Mapping Which Has Finite Orbits ......... 229
N.S. Larsen

On Spectral Subspaces and Inner Endomorphisms

of Some Semigroup Crossed Products ...................... oot 243
A. Ilkhanizadeh Manesh and A. Armandnejad

Ut-Majorization on R™ and its Linear Preservers .................... 253
S. Mendes

Arithmetic Aspect of CESL(2) oot 261
L.-E. Persson and N. Samko

Inequalities and Convexity ...........cooiiiiiiiiiiiiiiiiiininen.. 279
S. Roch

On a Question by M. Seidel and the Answer by

D. Dragicevic et al. ... ..o 307

S. Roch and P.A. Santos
A Tour to Compact Type Operators and Sequences Related
to the Finite Sections Projection ............ ... ... ... L 311

S. Samko and M.U. Yakhshiboev
A Chen-type Modification of Hadamard Fractional
Integro-Differentiation ......... ... . . i 325

M. Semenov-Tian-Shansky
Poisson Geometry of Difference Lax Operators and
Difference Galois Theory ............ooiiiiiiiiiiiiiiiiiiiiiinn. 341

S. Umarkhadzhiev
The Boundedness of the Riesz Potential Operator
from Generalized Grand Lebesgue Spaces
to Generalized Grand Morrey Spaces ............ocoieiiiiiiiennen.. 363



Editorial Introduction

This volume is devoted to the Workshop on Operator Theory, Operator Algebras
and Applications, WOAT 2012, held at Instituto Superior Técnico, Universidade
de Lisboa, Portugal, from September 11th to September 14th of 2012. The main
scientific goal of WOAT 2012 was to present developments in Operator Theory,
Operator Algebras and their applications and to promote research exchanges in the
areas of Operator Theory and Operator Algebras. WOAT 2012 continued a series
of conferences organized by the Center for Functional Analysis and Applications
since 2006 and was dedicated to Professor Anténio Ferreira dos Santos on the
occasion of his seventieth birthday.

This volume consists of 22 peer-reviewed papers contributing to the main
topics of WOAT 2012. More specifically, it contains the articles on Operator The-
ory and Harmonic Analysis (in particular, singular integral operators with shifts,
pseudodifferential operators, factorization of almost periodic functions, Riesz po-
tential operators, inequalities), on Operators Algebras (namely, Fredholm and in-
vertibility theory in C'*-algebras, Fglner sequences, sequences related to the finite
section method), and on Mathematical Physics (operator approach to diffraction
problems, Poisson structures).

The organizers acknowledge the support of the WOAT 2012 sponsors: The
Portuguese Foundation for Science and Technology and the Center for Functional
Analysis and Applications. The organizers would also like to thank the Associagao
de Turismo de Lisboa for providing publicity material on Lisbon.

The editors of this volume express their deep gratitude to Birkhéauser’s edi-
torial team, Sylvia Lotrovsky and Thomas Hempfling, for their kind and prompt
help during the preparation of the volume

Lisbon, 20th October 2013 The Editorial Board



Antonio Ferreira dos Santos



Scientific Life of Antonio Ferreira dos Santos

(Communication of M. Amélia Bastos in the WOAT 2012 opening session)

Professor Ferreira dos Santos was born in 1939 in the town of Almeirim. Determi-
nation and passion for knowledge are some of the personal characteristics which
were typical for him since his early youth. At that time he used to cross the bridge
over Tejo river every day by bike to get to Santarém where he attended his sec-
ondary school. This bridge, pictured on WOAT 2012 poster, symbolizes precisely
this determination to cross the barriers in order to reach knowledge.

Despite his family’s economic difficulties, he managed to complete his uni-
versity studies with the help of a grant from Gulbenkian Foundation which was
awarded to him as the best student of Liceu de Santarém in 1957. With this sup-
port he finished his studies at Instituto Superior Técnico graduating with Elec-
trical Engineering degree in 1963. In 1966, also with the support of Gulbenkian
Foundation, he went to London where he received his PhD degree in Electrical En-
gineering from the Imperial College, for his work on wave propagation. Professor
Ferreira do Santos returned to Instituto Superior Técnico in 1971 as an assistant
professor, thus starting his university career. In the beginning he joined the Centro
de Anélise e Processamento de Sinais, where he continued his research on Math-
ematical Methods in Wave Propagation, publishing papers and supervising two
PhD students. At the end of the 80s he decided to move to Pure Mathematics.
He did the habilitation in Mathematics in 1989 and has been full professor in
Mathematics since that time.

Professor Ferreira dos Santos is the founder of the research group in Operator
Theory in Portugal. I vividly recall the first meetings under his direction, when four
young researchers, Francisco Teixeira, Amarino Lebre, Cristina Camara and I, were
actively searching for areas of Operator Theory in which it was possible to make
substantial contributions. I also acknowledge the importance of the international
support of Professor Gohberg, Professor Meister and Professor Kaashoek which
our group enjoyed at the time.

Professor Ferreira dos Santos was also the main founder of the Center of
Applied Mathematics and later of the Center for Functional Analysis and Appli-
cations, the president of which he had been until his retirement in 2009. During
his research career he published more than forty papers and made important con-
tribution to several topics in Operator Theory, in particular in the factorization



b'e Scientific Life of Anténio Ferreira dos Santos

theory and the theory of singular integral operators. To name a few: Factorization
of matrix functions of Daniele-Khrapkov type and factorization on a Riemann
surface; Fredholm theory for equations on compact intervals; Factorization of al-
most periodic matrix functions; Relations between the factorization theory and
corona problems; Applications of the factorization theory to integrable systems.
His research activity also includes the supervision of six PhD students who all now
are professors at the Mathematics Department of IST.

Professor Ferreira dos Santos was also very active as an educator. He intro-
duced and was responsible for a number of courses, both at an undergraduate and
master levels: Applied Mathematics for Electrical Engineering; Complex Analysis;
Functional Analysis; Integral Equations: Linear Operators; Operators Algebras;
Mathematical Analysis. For some of these courses he wrote lecture notes. Profes-
sor Ferreira dos Santos played a crucial role in the IST management. He was a
member of the Management Board of IST in 1974-75 and President of the Man-
agement Board in 1978-1979. He was also President of the Pedagogical Board
of IST in 1979-80. In the periods of 1983-1984 and 1991-1992 he was President
of the Mathematics Department. Since the beginning of 1983 until 1991 he was
the coordinator of the Master Course in Applied Mathematics. In the period of
2001-2002 and 2003-2004 he was President of the Scientific Board of IST.

In all aspects of his activities, Professor Ferreira dos Santos always acted with
determination and passion, and he conveyed this approach to all his collaborators.
From myself, and on behalf of the Center for Functional Analysis and Appli-
cations, I would like to thank Professor Ferreira dos Santos for his outstanding
contribution to the research in Operator Theory in Portugal and the development
of Mathematics.

Professor Ferreira dos Santos, I wish you to continue crossing different bridges
to extend boundaries of knowledge with the same determination, passion and joy
for many years to come!



List of Participants of WOAT 2012

Rahma Agroum; e-mail: rahmaagroum@gmail.com
University of Tunis, Tunis, Tunisia

Nuno Anténio; e-mail: nantonio@math.ist.utl.pt
Instituto Superior Técnico — UTL, Lisboa, Portugal

Pere Ara; e-mail: para@mat.uab.cat
Universitat Autonoma de Barcelona, Barcelona, Spain

Ali Armandnejad; e-mail: armandnejad@mail.vru.ac.ir
Vali-e-Asr University of Rafsanjan, Rafsanjan, Iran

M. Amélia Bastos; e-mail: abastos@math.ist.utl.pt
Instituto Superior Técnico — UTL, Lisboa, Portugal

Mohamed Bendaoud; e-mail: md.bendaoud@gmail.com
Université Moulay Ismail, Meknes, Morocco

Cristian Bereanu; e-mail: cristian.bereanu@imar.ro
Institute of Mathematics — Romanian Academy, Bucharest, Romania

Dana Bereanu; e-mail: gheorghedana@yahoo.com
Institute of Mathematics — Romanian Academy, Bucharest, Romania

Martin Bohata; e-mail: hamhalte@math.feld.cvut.cz
Czech Technical University in Prague, Prague, Czech Republic

Amilcar Branquinho; e-mail: ajplb@mat.uc.pt
Universidade de Coimbra, Coimbra, Portugal

Antoénio Bravo; e-mail: abravo@math.ist.utl.pt
Instituto Superior Técnico — UTL, Lisboa, Portugal

Cristina Camara; e-mail: ccamara@math.ist.utl.pt
Instituto Superior Técnico — UTL, Lisboa, Portugal

Lina Campos; e-mail: linacampos1@hotmail.com
Escola Secundaria de Loulé, Loulé, Portugal

Marcus Carlsson; e-mail: mc@maths.Ith.se
Lund University, Lund, Sweden


mailto:rahmaagroum@gmail.com
mailto:nantonio@math.ist.utl.pt
mailto:para@mat.uab.cat
mailto:armandnejad@mail.vru.ac.ir
mailto:abastos@math.ist.utl.pt
mailto:md.bendaoud@gmail.com
mailto:cristian.bereanu@imar.ro
mailto:gheorghedana@yahoo.com
mailto:hamhalte@math.feld.cvut.cz
mailto:ajplb@mat.uc.pt
mailto:abravo@math.ist.utl.pt
mailto:ccamara@math.ist.utl.pt
mailto:linacampos1@hotmail.com
mailto:mc@maths.lth.se

xii List of Participants of WOAT 2012

Catarina Carvalho; e-mail: ccarv@math.ist.utl.pt
Instituto Superior Técnico — UTL, Lisboa, Portugal

Luis Castro; e-mail: castro@Qua.pt
Universidade de Aveiro Aveiro, Portugal

Ana C. Conceigao; e-mail: aicdoisg@gmail.com
Universidade do Algarve, Faro, Portugal

Zoubir Dahmani; e-mail: zzdahmani@yahoo.fr
University of Mostaganem, Mostaganem, Algeria

Amar Debbouche; e-mail: amar debbouche@yahoo.fr
Guelma University, Guelma, Algeria

Salvatore Di Bella; e-mail: salvatore.dibella@math.unipa.it
Universita degli studi di Palermo, Palermo, Italy

Ronald Douglas; e-mail: rdouglas@math.tamu.edu
Texas A&M University, College Station, TX, USA

Roland Duduchava; e-mail: dudu@rmi.ge
Andrea Razmadze Mathematical Institute, Ivane Javakhishvili Thilisi State
University, Thilisi, Georgia

Piotr Dymek; e-mail: piotr.dymek@im.uj.edu.pl
Jagiellonian University, Krakow, Poland

Massamba Milandou Ellachritiane; e-mail: mellachristiane@yahoo.com
Academy State Veterinary of Kharkov, Kharkov, Ukraine

Nazife Erkursun; e-mail: nazife.erkursun@gmail.com
Selcuk University and University of Tiibingen, Konya, Turkey and Tiibingen,
Germany

Ruy Exel; e-mail: exel@mtm.ufsc.br
Universidade Federal de Santa Catarina, Florianépolis, Brazil

Claudio Fernandes; e-mail: caf@fct.unl.pt
Universidade Nova de Lisboa, Lisboa, Portugal

Antoénio Ferreira dos Santos; e-mail: afsantos@math.ist.utl.pt
Instituto Superior Técnico — UTL, Lisboa, Portugal
Mario Figueira; e-mail: figueira@ptmat.fc.ul.pt
Universidade de Lisboa, Lisboa, Portugal

Jan Hambhalter; e-mail: hamhalte@math.feld.cvut.cz
Czech Technical University in Prague, Prague, Czech Republic

Marinus Kaashoek; e-mail: m.a.kaashoek@few.vu.nl
VU University, Amsterdam, The Netherlands

Alexei Yu. Karlovich; e-mail: oyk@fct.unl.pt
Universidade Nova de Lisboa, Lisboa, Portugal


mailto:ccarv@math.ist.utl.pt
mailto:castro@ua.pt
mailto:aicdoisg@gmail.com
mailto:zzdahmani@yahoo.fr
mailto:debbouche@yahoo.fr
mailto:salvatore.dibella@math.unipa.it
mailto:rdouglas@math.tamu.edu
mailto:dudu@rmi.ge
mailto:piotr.dymek@im.uj.edu.pl
mailto:mellachristiane@yahoo.com
mailto:nazife.erkursun@gmail.com
mailto:exel@mtm.ufsc.br
mailto:caf@fct.unl.pt
mailto:afsantos@math.ist.utl.pt
mailto:figueira@ptmat.fc.ul.pt
mailto:hamhalte@math.feld.cvut.cz
mailto:m.a.kaashoek@few.vu.nl
mailto:oyk@fct.unl.pt

List of Participants of WOAT 2012 xiii

Yuri I. Karlovich; e-mail: karlovich@uaem.mx
Universidad Auténoma del Estado de Morelos, Cuernavaca, México

Alois Kufner; e-mail: kufner@kma.zcu.cz
Institute of Mathematics, Academy of Sciences, Prague, Czech Republic

Alla Kuznetsova; e-mail: alla kuznetsovaQrambler.ru
Kazan Federal University, Kazan, Russia

Bartosz Kwasniewski; e-mail: bartoszk@math.uwb.edu.pl
University of Bialystok, Bialystok, Poland

Nadia Larsen; e-mail: nadiasl@math.uio.no
University of Oslo, Oslo, Norway

Amarino Lebre; e-mail: alebre@math.ist.utl.pt
Instituto Superior Técnico — UTL, Lisboa, Portugal

Wicharn Lewkeeratiyutkul; e-mail: wicharn.l@Qchula.ac.th
Chulalongkorn University, Bangkok, Thailand

Fernando Lledé; e-mail: flledo@math.uc3m.es
Universidad Carlos III, Madrid, Spain

Paulo Lopes; e-mail: palopes@math.ist.utl.pt
Instituto Superior Técnico — UTL, Lisboa, Portugal

Helmuth Malonek; e-mail: hrmalon@ua.pt
Universidade de Aveiro, Aveiro, Portugal

Nenad Manojlovic; e-mail: nmanoj@ualg.pt
Universidade do Algarve, Faro, Portugal

Rui Marreiros; e-mail: rmarrei@ualg.pt
Universidade do Algarve, Faro, Portugal

Helena Mascarenhas; e-mail: hmasc@math.ist.utl.pt
Instituto Superior Técnico — UTL, Lisboa, Portugal

Sérgio Mendes; e-mail: sergio.mendes@iscte.pt
ISCTE — Instituto Universitario de Lisboa, Lisboa, Portugal

Ana Moura Santos; e-mail: amoura@math.ist.utl.pt
Instituto Superior Técnico — UTL, Lisboa, Portugal

Lina Oliveira; e-mail: linaoliv@math.ist.utl.pt
Instituto Superior Técnico — UTL, Lisboa, Portugal

Rui Palma; e-mail: ruip@math.uio.no
University of Oslo, Oslo, Norway

José Pereira; e-mail: unidadeimaginaria@gmail.com
Universidade do Algarve, Faro, Portugal


mailto:karlovich@uaem.mx
mailto:kufner@kma.zcu.cz
mailto:kuznetsova@rambler.ru
mailto:bartoszk@math.uwb.edu.pl
mailto:nadiasl@math.uio.no
mailto:alebre@math.ist.utl.pt
mailto:wicharn.l@chula.ac.th
mailto:flledo@math.uc3m.es
mailto:palopes@math.ist.utl.pt
mailto:hrmalon@ua.pt
mailto:nmanoj@ualg.pt
mailto:rmarrei@ualg.pt
mailto:hmasc@math.ist.utl.pt
mailto:sergio.mendes@iscte.pt
mailto:amoura@math.ist.utl.pt
mailto:linaoliv@math.ist.utl.pt
mailto:ruip@math.uio.no
mailto:unidadeimaginaria@gmail.com

xiv List of Participants of WOAT 2012

Lars-Erik Persson; e-mail: larserik@ltu.se
Lulea University of Technology, Lulea, Sweden

José Petronilho; e-mail: josep@mat.uc.pt
Universidade de Coimbra, Coimbra, Portugal

Paulo Pinto; e-mail: ppinto@math.ist.utl.pt
Instituto Superior Técnico — UTL, Lisboa, Portugal

Steffen Roch; e-mail: roch@mathematik.tu-darmstadt.de
Technische Universitat Darmstadt, Darmstadt, Germany

Juan C. S. Rodriguez; e-mail: jsanchez@Qualg.pt
Universidade do Algarve, Faro, Portugal

Natasha Samko; e-mail: nsamko@gmail.com
Universidade do Algarve, Faro, Portugal

Stefan Samko; e-mail: stefan@ssamko.com
Universidade do Algarve, Faro, Portugal

Luis Sanchez; e-mail: sanchez@ptmat.fc.ul.pt
Universidade de Lisboa, Lisboa, Portugal

Pedro A. Santos; e-mail: pasantos@math.ist.utl.pt
Instituto Superior Técnico — UTL, Lisboa, Portugal

Yuriy Savchuk; e-mail: savchuk@math.uni-leipzig.de
University of Leipzig, Leipzig, Germany

Baruch Schneider; e-mail: baruch.schneider@ieu.edu.tr
Izmir University of Economics, Izmir, Turkey

Michael Semenov-Tian-Shansky; e-mail: semenov@u-bourgogne.fr
University of Burgundy, Dijon, France

Bernd Silbermann; e-mail: bernd.silbermann@mathematik.tu-chemnitz.de
Technical University of Chemnitz, Chemnitz, Germany

Frank-Olme Speck; e-mail: fspeck@math.ist.utl.pt
Instituto Superior Técnico — UTL, Lisboa, Portugal

Ilya Spitkovsky; e-mail: ilya@math.wm.edu
College of William and Mary, Williamsburg, VA, USA

Franciszek Szafraniec; e-mail: umszafra@cyf-kr.edu.pl
Jagiellonian University, Krakow, Poland

Salvatore Triolo; e-mail: salvatore.triolo@unipa.it
Universita di Palermo, Palermo, Italy


mailto:larserik@ltu.se
mailto:josep@mat.uc.pt
mailto:ppinto@math.ist.utl.pt
mailto:roch@mathematik.tu-darmstadt.de
mailto:jsanchez@ualg.pt
mailto:nsamko@gmail.com
mailto:stefan@ssamko.com
mailto:sanchez@ptmat.fc.ul.pt
mailto:pasantos@math.ist.utl.pt
mailto:savchuk@math.uni-leipzig.de
mailto:baruch.schneider@ieu.edu.tr
mailto:semenov@u-bourgogne.fr
mailto:bernd.silbermann@mathematik.tu-chemnitz.de
mailto:fspeck@math.ist.utl.pt
mailto:ilya@math.wm.edu
mailto:umszafra@cyf-kr.edu.pl
mailto:salvatore.triolo@unipa.it

Operator Theory:
Advances and Applications, Vol. 242, 1-24
(© 2014 Springer Basel

Fglner Sequences in Operator Theory
and Operator Algebras

Pere Ara, Fernando Lled6 and Dmitry V. Yakubovich

Abstract. The present article is a review of recent developments concerning
the notion of Fglner sequences both in operator theory and operator algebras.
We also give a new direct proof that any essentially normal operator has an in-
creasing Folner sequence { P, } of non-zero finite rank projections that strongly
converges to 1. The proof is based on Brown-Douglas—Fillmore theory. We
use Fglner sequences to analyze the class of finite operators introduced by
Williams in 1970. In the second part of this article we examine a procedure of
approximating any amenable trace on a unital and separable C*-algebra by
tracial states Tr(-P,)/Tr(P,) corresponding to a Fglner sequence and apply
this method to improve spectral approximation results due to Arveson and
Bédos. The article concludes with the analysis of C*-algebras admitting a
non-degenerate representation which has a Fglner sequence or, equivalently,
an amenable trace. We give an abstract characterization of these algebras in
terms of unital completely positive maps and define Fglner C*-algebras as
those unital separable C*-algebras that satisfy these equivalent conditions.
This is analogous to Voiculescu’s abstract characterization of quasidiagonal
C*-algebras.

Mathematics Subject Classification (2010). Primary 43A07; Secondary 47B20,
47A65, 46L05.

Keywords. Fglner sequences, non-normal operators, essentially normal oper-
ators, C*-algebra, amenable trace, spectral approximation.
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authors also acknowledge the support by the ICMAT Severo Ochoa project SEV-2011-0087.
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1. Introduction

In their beginnings the single operator theory and the theory of operator algebras
were a common subject and shared many techniques. As an example recall that
von Neumann algebras were introduced (as rings of operators) in 1929 by von
Neumann in his second paper on spectral theory [39]. In recent times, however,
each of these theories has developed own elaborated techniques which in many
cases remain unknown to experts of the other area. Nevertheless single operator
theory and the theory of operator algebras have also had fruitful and important
interactions ever since. Brown, Douglas and Fillmore’s theory was motivated by the
classification of essentially normal operators and ended with the introduction of the
Ext-group as a fundamental invariant for operator algebras. Finally, Voiculescu’s
work on quasidiagonality also shows the importance of the dialog between these
communities (cf. [26, 49, 50, 48]).

In more recent times operator algebra techniques, in particular exact C*-alge-
bras, have also been used to solve Herrero’s approximation problem for quasidiago-
nal operators (cf. [15]). Moreover, operator algebras have shown to be a useful tool
in order to address problems in spectral approximation: given a sequence of linear
operators {7}, }nen in a complex separable Hilbert space H that approximates an
operator T' in a suitable sense, a natural question is how do the spectral charac-
teristics of T' (the spectrum, spectral measures, numerical ranges, pseudospectra
etc.) relate with those of T, as n grows. (Excellent books that include a large
number of examples and references are, e.g., [21, 2]. See also [11, 29] for the ap-
plication of C*-algebra techniques in numerical analysis.) Arveson’s seminal series
of articles [3, 4, 5] on this topic were directly inspired by Szegd’s classical approx-
imation theorem for Toeplitz operators. Among other interesting results, Arveson
gave conditions that guarantee that the essential spectrum of a large class of self-
adjoint operators T' may be recovered from the sequence of eigenvalues of certain
finite-dimensional compressions 7;,. These results were then refined by Bédos who
systematically applied the concept of Fglner sequence of non-zero finite rank pro-
jections to spectral approximation problems (see [8, 7, 6] as well as [29, 37]; for a
precise definition of Fglner sequence and additional results we refer to Section 2).
It is stated in Section 7.2 of [29] that SeLegue also considered Szegé-type theo-
rems for Toeplitz operators in the context of C*-algebras. Hansen extends some
of the mentioned results to the case of unbounded operators (cf. [33, § 7]; see also
[34] for recent developments in the non-selfadjoint case). Brown shows in [16] that
abstract results in C*-algebra theory can be applied to compute spectra of impor-
tant operators in mathematical physics like almost Mathieu operators or periodic
magnetic Schrodinger operators on graphs.

In the last two decades, the relation between spectral approximation problems
and Fglner sequences for non-selfadjoint and non-normal operators has been also
explored, see, for instance, [52, 45, 12, 43].

The aim of this article is to present in a single publication recent operator the-
oretic and operators algebraic results that involve the notion of Fglner sequences
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for operator. Fglner sequences were introduced in the context of operator algebras
by Connes in Section V of his seminal paper [22] (see also [23, Section 2]). This
notion is an algebraic analogue of Fglner’s characterization of amenable discrete
groups and was used by Connes as an essential tool in the classification of in-
jective type II; factors. Part of the material of this paper is taken from [1, 38].
There is though a new and complete proof that any essentially normal operator
has a proper Fglner sequence (cf. Subsection 3.1) which, in our opinion, is inter-
esting in its own right. The proof is based on the absorbing property for direct
sums stated in Proposition 2.3 and pure operator theoretic arguments including
Brown-Douglas—Fillmore theory.

In this article we will present (with the exception of Subsection 3.1) only
short proofs that improve the comprehension of the statement or that contain
useful techniques. For more difficult and elaborate arguments we will refer to the
original publications. Section 3 is completed with the analysis of the relations
between the class of finite operators (introduced by Williams in [53]) and the
notion of Fglner sequence. It shown that Fglner sequences for operators provide a
very useful and natural tool to analyze this class of operators. In the last section
we will study the role of Fglner sequences in operator algebras. First we review
the relation between Fglner sequences for a unital and separable C*-algebra A
and amenable traces. In particular, we present an approximation procedure for
amenable traces in terms of Fglner sequences of projections [41, Theorem 6.1]
(see also [17, Theorem 6.2.7]). We apply this method in Theorem 4.2 to extend a
spectral approximation result for scalar spectral measures in the spirit of Arveson
and Bédos. In Subsection 4.2 we give finally an abstract characterization of unital
separable C*-algebras A admitting a non-degenerate representation 7 on a Hilbert
space such that there is a Fglner sequence for w(.A) or, equivalently, such that 7(.A)
has an amenable trace (see Theorem 4.7). We conclude with a brief discussion of
C*-algebras that can also be related to a given Fglner sequence and that appear
naturally in the context of spectral approximation problems. In the last section
we summarize some of the main relations and differences in the analysis of Fglner
sequences for single operators and for abstract C*-algebras.

Notation: We will denote by £(#H) the C*-algebra of bounded and linear operators
on the complex separable Hilbert space H, and by K(H) the ideal of compact
operators on H. Next, Pgn(H) is the set of all non-zero finite rank orthogonal
projections on H and [A,B] := AB — BA stands for the commutator of two
operators A, B € L(H). We denote by Tr(:) the standard trace on £(H) and by
tr(-) the unique tracial state on a matrix algebra M, (C), n € N.

2. Basic properties of Fglner sequences for operators

The notion of Fglner sequences for operators has its origins in group theory. Recall
that a discrete countable group I' is said to be amenable if it has an invariant mean,
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i.e., there is a positive linear functional v on the von Neumann algebra! ¢°°(T")
with norm one such that

vy f) =), vel, fet=I),

where (vf)(70) := f(7 190). Abelian groups, finite groups and their extensions
are amenable. A Fglner sequence for the group I is a sequence of non-empty finite
subsets I'; C I' that satisfy

i | OTD)AL]
N
where A denotes the symmetric difference and |X| is the cardinality of a set X.
Then, T" has a Fglner sequence if and only if T' is amenable (see, e.g., Chapter 4
in [42]). An analysis of different properties of approximability of a group by finite
groups and their relation to amenability has been undertaken in the review [47].
The counterpart of the preceding definition in the context of operators is
given next. First we need to recall that if ' € L(#), then || T, p = 1,2,..., is
its norm in the Schatten—von Neumann class.

0 forall yel, (2.1)

Definition 2.1. Let 7 C L(H) be a set of operators. A sequence of non-zero finite
rank orthogonal projections { P, }nen C Pan(H) on H is called a Folner sequence
for T if

. ||TPn*PnT||2

lim =0, TeT. (2.2)
nooo [Pl
If the Fglner sequence {P,},cn satisfies, in addition, that it is increasing and

converges strongly to 1, then we say it is a proper Folner sequence for T.

The existence of a Fglner sequence has already important structural conse-
quences, see, for instance, Proposition 2.5 and Corollary 3.9 below. Notice, how-
ever, that proper Fglner sequences are important in the context of spectral ap-
proximation in the spirit of works [52, 45, 43] and others.

In the preceding definition we have not specified any structure on the set of
operators 7. Typically, 7 will be a single operator or a concrete C*-algebra, real-
ized in a Hilbert space H. The next result collects some immediate consequences
of the definition of a Fglner sequence for operators. Part (ii) is shown in Lemma 1
of [6] (see also [38, Proposition 2.1]).

Proposition 2.2. Let T C L(H) be a set of operators and {Pp}nen C Ppin(H) a
sequence of non-zero finite rank orthogonal projections. Then we have
(i) {Pn}nen is a Folner sequence for T if and only if it is a Folner sequence for
C’*(’T, ]l), where C*(+) is the C*-algebra generated by its argument. More-
over, { P, }nen is a proper Folner sequence for T if and only if it is a proper
Folner sequence for

C*(T,K(H), 1).

1We identify here each f € ¢£°°(I") with the multiplication operator with f on the Hilbert space
£o(T).
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(ii) {Pn}nen is a Folner sequence for T if and only if the following condition
holds:
li HTPn - PnTHl
im
n—oo [Pyl
If T is a self-adjoint set (i.e., T* =T), then {Py}nen is a Folner sequence
for T if and only if for all T € T :
I—P)TP,
I PR
n—oo [P0l

(ii) Let T € L(H) and {Qn}n C Prn(H) be such that the sequence {dimQ,} is
unbounded and

—0, TeT. (2.3)

=0, pe{1,2}. (2.4)

L ITQu = QuTlle
1m
e [Qulle

Then there exists a proper Fglner sequence for T.

=0.

Proper Fglner sequences for operators have the following characteristic ab-
sorbing property for direct sums:

Proposition 2.3. Let H and H' be separable Hilbert spaces with dimH = oco. If
T has a proper Folner sequence, then T & X € L(H @& H') has a proper Folner
sequence for any X € L(H').

Proof. Let {P,}nen be a proper Folner sequence for T' and since the sequence of
projections is increasing we may assume that dim P,H > n?. Let {e; | i € N}
be an orthonormal basis of H' and denote by @, the orthogonal projection onto
span{ey,...,en} C H'. Then the following calculation shows that {P, ® Qn}, is
a proper Fglner sequence for T @ X, X € L(H'):

I[TeX.Pooul; T P2+ 11X, @l

1Pa® Qa3 — |Pal4n
2 2 2
I, Pl 41Qull3 1X]
DA n?+n
1T, Pl n
= 4| X — 0. O
17z TP ey S

Next, we mention some first operator algebraic consequences related to the
existence of Fglner sequences. For this we need to recall the following notion:

Definition 2.4. A state 7 on the unital C*-algebra A C L(H) (i.e., a positive and
normalized linear functional on A) is called an amenable trace if there exists a
state 1) on L(H) such that ¢ | A =7 and

W(XA) =(AX), XeL(H), AcA.

The state v is also referred in the literature as a hypertrace for A.
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Note that an amenable trace is really a trace on A (i.e., T(AB) = 7(BA),
A, B € A). We also refer to [13, 41] for a thorough description of the relations of
amenable traces and Fglner sequences to other important areas like, e.g., Connes’
embedding problem. Hypertraces are the algebraic analogue of the invariant mean
on groups mentioned at the beginning of this section. Later we will need the
following standard result. (See [22, 23] for the original statement and more results
in the context of operator algebras; see also [7, 1] for additional results in the
context of C*-algebras related to the existence of a hypertrace.)

Proposition 2.5. Let A C L(H) be a separable unital C*-algebra. Then A has a
Folner sequence if and only if A has an amenable trace.

Finally, we also mention the following useful results in the context of single
operator theory. We need to introduce first the following definition.

Definition 2.6. We say that T' € L£L(H) is finite block reducible if T has a non-trivial
finite-dimensional reducing subspace, i.e., there is an orthogonal decomposition
H = Ho ® Hi1 which reduces T' and where Hg is finite dimensional and non-zero.

The following two propositions are technical and we refer to Section 3 in [38]
for a complete proof.

Proposition 2.7. Let T =Ty ® T onH = Ho @ ’ﬁ, where dim Hg < oo. Then, T
has a proper Falner sequence if and only if T has a proper Folner sequence.

Note that in the reverse implication of Proposition 2.5 the sequence of pro-
jections does not have to be a proper Fglner sequence in the sense of Definition 2.1.
In fact, one can easily construct the following counterexample: consider a finite
block reducible operator T' = Ty @ 17 on the Hilbert space H = Ho ® H1, with
1 < dimHy < oo and where 77 has no Folner sequence (examples of these type
of operators will be given in Section 3.3). Then, one can show that C*(T, 1) has
a hypertrace (see Williams’ theorem in Subsection 3.2) and by Proposition 2.5
it has a Fglner sequence also. The obvious choice of Fglner sequence is the con-
stant sequence P, = 1y, ® 0, n € N, which trivially satisfies (2.2) for 7. But
T cannot have a proper Fglner sequence, because 77 has no Fglner sequence by
Proposition 2.7.

The following proposition clarifies the relation between Fglner sequences and
proper Fglner sequences in the context of operator theory. In a sense the differ-
ence between Fglner sequence and proper Fglner sequence can only appear if the
operator is finite block reducible.

Proposition 2.8. Let T' € L(H) and suppose that TP—PT # 0 for all P € Pp,(H).
If there is a Folner sequence of projections {Py}n C Pan(H) of a constant rank,
then T has a proper Folner sequence.
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3. Fglner sequences in operator theory

Using a classical result by Berg that states that any normal operator can be ex-
pressed as a sum of a diagonal operator and a compact operator (cf. [26, Sec-
tion I1.4]) it is immediate that any normal operator has a proper Fglner sequence.
In the next subsection we will address the question of existence of proper Fglner
sequences for an important class of non-normal operators. We will also explore the
structure of operators that have no proper Fglner sequence. Finally we will show
the strong link between the class of finite operators (in the sense of Williams [53])
and the notion of Fglner sequence.

3.1. Essentially normal operators

In this subsection we give a proof of the fact that any essentially normal operator
has a proper Fglner sequence. The proof below is from an earlier version of [38].
In this reference we present a stronger statement, namely that any essentially
hyponormal operator has a proper Fglner sequence by using different techniques
(see Theorem 5.1 in [38])2.

Nevertheless in our opinion the present direct proof is interesting in itself and
the reasoning is completely different from that in [38]. The proof below is based on
the absorbing property for direct sums given in Proposition 2.3 and pure operator
theoretic arguments including Brown-Douglas—Fillmore theory.

We begin showing that the unilateral shift S has a canonical proper Fglner
sequence. In fact, define S on H := ¢*(Ny) by Se; := eit1, where {e; | i =
0,1,2,...} is the canonical basis of H and consider for any n the orthogonal
projection P, onto span{e; |i=0,1,2,...,n}. Then

00 2
[, ST, = 32 ([ 1Pes Slei]|” = Nenaall® =1

and

s, 1
[P ll2 Vn+1 nooo

Next we recall some definitions and facts concerning essentially normal op-
erators. Details and additional references can be found, e.g., in [19, 28]; see also
[27] for an excellent brief up-to day account of essential normality and the Brown—
Douglas—Fillmore theory. An operator T' € L(H) is called essentially normal if its
self-commutator is a compact operator, i.e., if [T, T*] € K(H). If p is the quotient
map from L£(H) onto the Calkin algebra £(H)/K(H), then T is essentially normal
if and only if p(T) is normal in the Calkin algebra. The unilateral shift S men-
tioned above is a standard example of an essentially normal operator, since its
self-commutator is a rank 1 projection. We recall that an operator F' € L(H) is
called Fredholm if its range ran F is closed and both ker ' and (ran F')* are finite

2An operator T € L(H) is called hyponormal if its self-commutator [T*,T] is nonnegative. T
is called essentially hyponormal if the image in the Calkin algebra L(H)/IKC(H) of [T*,T] is a
nonnegative element. Any essentially normal operator is essentially hyponormal (see, e.g., [24,
Chapter 4] or the review [51] for additional results).
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dimensional. The index of a Fredholm operator F is defined as
ind(F) = dimker F — dim(ran F)* .
The essential spectrum of an operator T is
Oess(T) :={A € C|T — Al is not Fredholm} .

If F is Fredholm and K is compact, then F + K is Fredholm and ind(F 4+ K) =
ind(F). Finally, F € L(H) is Fredholm if and only if p(F) is invertible in the
Calkin algebra. Therefore, the essential spectrum of any T' € L(H) coincides with
the spectrum of p(T"). We refer to Section 1.8 in [44] for an accessible exposition
of Fredholm operators.

We will need later the following standard facts:

Proposition 3.1. Let {T},}nen be a sequence of bounded operators in L(Hy,).

(i) Assume sup,, {||Tn||} < oo and define the bounded operator T = @, T, on
BnHn. Then, T is invertible if and only if each Ty, is invertible and

sup {7} < oo .

(11> Uess(Tl ) T2) = Uess(Tl) U Uess(T2)-
(i) If Ty, T are Fredholm operators, then ind(Ty @ T3) = ind(T}) + ind(T3).

The proof of the main result of this subsection is based on the existence of
operators having specific spectral properties. In what follows, for a subset {2 of the
complex plane, we denote by Q¢ its closure and put

Q={z]z€Q}.

We will use the space R%(), defined as the closure in L?(Q2) (with the Lebesgue
measure) of the set of rational functions with poles off Q¢! (see, e.g., Chapter 1
in [24]).

We need to recall here also some other standard notions in operator theory.
An operator T € L(H) is called finitely multicyclic if there are finitely many vectors
g1, ---,9m € H such that the span of the set

{u(T)g; |1 <i<m, u rational function with poles off o(T)}

is dense in H. The vectors gi,...,¢gm are called a cyclic set of vectors. If T is
finitely multicyclic and m is the smallest number of cyclic vectors, then T is called
m-multicyclic.

For the reader’s convenience, we recall the following classical result due to
Berger and Shaw and which we will use several times. For details we refer to the
original article [9] or to Section IV.2 in [24].

Theorem 3.2 (Berger—Shaw). Suppose T is an m-multicyclic hyponormal operator.
Then its self-commutator [T*,T) is of trace class and the canonical trace satisfies

Tr ([27,7]) < " area(o(1))

where o(T) denotes the spectrum of T'.
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Lemma 3.3. Let  be an open, bounded and connected subset of C. Then, the
multiplication operator on R%(Q) given by

(Maof) (2) =z f(2), feRQ),
satisfies the following properties:

(i) o (Mgq) = Q¢ and | Mq|| = max,cqa {|2]}.
(ll) Oess (MQ) C 89 and

ANEQ cl
ind (MQ — /\]].) = 07 ¢
-1, Aeq).
(i) [|(Mo — A7 = (dist (A, Q<)) ™", Ag Qe
(iv) Mg is a hyponormal operator.’
(v) The self-commutator [M{, Mq) is a trace-class operator and

Tr ([Mg, Mg]) < 71_3&6&(9) . (3.1)

Proof. Tt is a standard fact that R?(£2) consists of analytic functions on  and
that for any A € €, the evaluation functional f — f()) is bounded on R%(Q) (see,
e.g., Section I1.7 in [24]). Parts (i) and (iii) follow from standard properties of the
multiplication operator. (Note that for A ¢ Q' the function (z — A)~! is bounded
and analytic in €.) To prove (ii), it suffices to observe that ker(Mq — A) = {0} for
any A € C, that Ran(Mq — \) = R2(Q2) for A ¢ Q! and that

Ran(Mg — A) = {f € R*(Q) | f(\) =0} for A€ Q.

This gives the formula for the index stated above.

To prove (iv) note that M&f = Qgr(z f), f € R?*(Q2), where Qg denotes
the orthogonal projection from L?(2) onto R?(Q). Therefore |Mgf|| < ||Maf]|,
f € R?(2), which implies that Mg is a hyponormal. Finally, by the definition of
RQ(Q), the constant function 1 is cyclic for Mgq, so that Mg is 1-multicyclic. Hence
we can apply the Berger—Shaw Theorem to conclude that [M, Mg] is a trace-class
operator and that the inequality stated above holds. O

Definition 3.4. Let T, R € L(H) be essentially normal operators. We say that T'
and R have the same spectral picture the following two conditions hold:

(i) Oess(T) = 0ess(R) =: X

(ii) ind(T — A1) =ind(R— A1), A & X.

Theorem 3.5. Any essentially normal operator T € L(H) has a proper Folner
sequence.

3In fact a stronger property holds: Mq is a subnormal operator (i.e., the restriction of a normal
operator to an invariant subspace); see [24].
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Proof. (i) The first step of the proof uses the following classical result of the
Brown-Douglas—Fillmore theory (see [18, Section V] or [19, Theorem 11.1]). Let
T,R € L(H) be essentially normal, then we have that T'= U(R + K)U* for some
compact operator K and some unitary U if and only if operators T" and R have the
same spectral picture (cf. Definition 3.4). Therefore to prove that T has a proper
Fglner sequence it will be enough to construct an essentially normal operator R
with a proper Fglner sequence and having the same spectral picture as 7'. Indeed,
if {P,}n is a proper Fglner sequence for R, then by Proposition 2.2 (i) it is also
a proper Fglner sequence for R + K for any compact operator K and therefore
P,:=UP,U*is a proper Fglner sequence for T'=U(R + K)U*.

(ii) Given the essentially normal operator T', the construction of an essentially
normal operator R with the same spectral picture as T and having a proper Fglner
sequence goes as follows. The set X := g.45(T) is a closed and bounded subset of
C, so that we consider its decomposition

C\X:=uUQ;
\X= U
into open, connected and disjoint sets; here J C N is a set of indices. The index
function U;Q; 5 A — ind (T — A1) is continuous and therefore constant on each
connected component £2;.
We denote for A € ; the index by n; :=ind (' — A1) € Z, and put

J_={jeJ|n; <0}, Jp:={jeJ]|n; >0}, Ju=J_UJ4.

These sets of indices may be finite or infinite.

To construct R, first take any normal operator N on an infinite-dimensional
Hilbert space K such that oess(IN) = X. (A concrete example can be constructed
as follows: put H = (?(N) and let {d, }nen be a dense sequence of points in X.
Any isolated point in X is repeated infinitely many times. Then the diagonal
operator N := diag ({d,},) is normal and oess(N) = X.) Since N is normal we
have ind (N — A1) =0, A ¢ X.

Second, for any bounded €25, j € J4+ (i.e., n; > 0) we consider the operator
M; := Mg, on R*(Q;) as in Lemma 3.3 and that satisfies the properties (i)-
(iv). If j € J_, then we put M; := Mg on R%*(Q;). Define the Hilbert spaces
K; = @™ R%(;) for n; > 0 and K; := ©"IR?(Q;) for n; < 0. Next, we construct
on IC; the operator
lglM;‘, if n; <0,

Sj = nl
eléMj , if n;>0.

From Proposition 3.1 (iii) and Lemma 3.3 (ii) we have ind (S; — A1) = n; for any
A € Q;. Then we consider the operator

~

S = (jee?]usj> on IC::]_GG?IUICJ-
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and, finally, we put
R:=Na&SecLl(Kok).

(iii) The last part of the proof consists in showing that R satisfies all the
required properties.

Since N is normal it has a proper Fglner sequence. By the absorbing property
of proper Fglner sequences for direct sums stated in Proposition 2.3 we conclude
that R has a proper Fglner sequence too.

Next we show that R has the same spectral picture as the given operator T
For this purpose we prove first that Uess(g) C X and that for Ain Q;, ind (§—)\]l) =
n;. Assume that A ¢ X. Then XA € Qy for some index k € J. If k ¢ Jy, put
d:= infjc, {dist (\, de) }. In this case d > 0. From Lemma 3.3 (iii) we obtain

1

PR -1 —
H(Sj )\]1) H diSt()\,de)

1
< ., e Jy.
=4 J U
We conclude that the operator § — Al is invertible (recall Proposition 3.1 (1)),
hence it is Fredholm of index 0 and A & gess(.5).
Now consider the case when A\ € Qy, where k € J,. Then we may consider
the decomposition

S—A=(Sy—Al)@ (@ S5;—AL).
ik
The same argument as before shows that & (S;—Al) is invertible, hence Fredholm
i

of index 0. By construction of S, (see Leinma 3.3 (ii)) and by Proposition 3.1 (iii)
we conclude that A & Uess(g) and that ind (§—)\]1) = ny, for any A € Q. Therefore
we have that Uess(g) c X.

From the properties of the normal operator N constructed in step (ii), we

have gess(N) = X. Using now Proposition 3.1 (ii) we conclude that
Uess(R) = Uess(N) U 0655(§) =X.
Moreover, we have for any A € Q;
ind (R — A1) = 0+ n; = ind (T — A1),

and we have shown that 7" and R have the same spectral picture.
Finally, we still have to show that R is essentially normal, i.e., that the self-
commutator of R is compact. For this note that

[R*,R] =0®[5*, 5] .

We need to consider two cases: if the index set J is finite, then by Lemma 3.3 (v)

the operator S is trace class, hence R is essentially normal. Note that % Q; is
J€Ju
bounded. Therefore, if the set J, has infinite cardinality, then we have, in addition,

lim area(Q;)=0. (3.2)

Judj—o0
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Consider the partial direct sum Sy = D S;. Applying again Lemma 3.3 (v)
JE€Ju,jSN
we get
$.81- 8. 5u1|| = || _ @ Ispsil| = sw g,
5 31- 58w = | s8] = _sw g ag)

1
< sup area(f2;) — 0 as N — oo

T jedu >N
(see Eq. (3.2)). Since [§j§,, Sn] is a trace-class operator, it follows that the self-
commutator [R*, R] can be approximated in norm by trace-class operators, hence
it is compact and we conclude that R is essentially normal. (]

Corollary 3.6. If T € L(H) is an m-multicyclic hyponormal operator, then T has
a proper Fglner sequence.

Proof. By the Berger-Shaw Theorem it follows that the self-commutator [T, T
is trace-class and, therefore, 7" is essentially normal and the assertion follows from
Theorem 3.5. (]

We conclude this subsection mentioning that any quasinormal operator (i.e.,
any operator @ that commutes with Q*Q) has a proper Fglner sequence. Recall
also that an operator 7" on H is called subnormal if there is a normal operator N
acting on a Hilbert space H containing H such that H is invariant for N and T is
the restriction of N to H. It can also be shown that any subnormal operator has
a proper Fglner sequence. See [38] for details and also Chapter II in [24] for the
relations between these classes of operators.

3.2. Finite operators

In this subsection we study the class of finite operators introduced by Williams in
[53] and their relation to proper Fglner sequences. (See also [36].)
We begin recalling the main definition and known results.

Definition 3.7. T € L(H) is called a finite operator if

cl
0e (W(T, X)) forall XeL(H),

where W (T) denotes the numerical range of the operator T, i.e.,
W(T) = {(Tz,z) [z cH , [l =1},
and where the (-)' means the closure of the corresponding subset in C.

We collect in the following theorem some standard results due to Williams
about the class of finite operators (cf. [53]).

Theorem 3.8 (Williams). An operator T € L(H) is finite if and only if C*(T,1)
has an amenable trace. The class of finite operators is closed in the operator norm
and contains all finite block reducible operators.
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It follows that the norm closure of the set of all finite block reducible operators
is contained in the class of finite operators. Combining Williams’ Theorem with
Proposition 2.5, we get the following fact.

Corollary 3.9. For any operator T € L(H), the following properties are equivalent:
(i) T is finite;

(ii) T has a Folner sequence;

(iii) C*(T,1) has an amenable trace.

The next result shows the strong link between finite operators and proper
Fglner sequences. We include the proof, because it is short and illustrative (cf. [38,
Theorem 4.1]).

Theorem 3.10. Let T € L(H). Then, T is a finite operator if and only if T is finite
block reducible or T has a proper Fglner sequence.

Proof. (i) If T is finite block reducible, then T is a finite operator (cf. [53]). More-
over, if T has a proper Fglner sequence, then the C*-algebra C*(T, 1) has the
same proper Fglner sequence and, by Proposition 2.5, it also has an amenable
trace. Then, by Williams’ theorem (see also Theorem 4 in [53]) we conclude that
T is finite.

(i) To prove the other implication, assume T is a finite operator. We consider
several cases. If there exists a (non-zero) P € Pgn(H) such that [T, P] = 0, then
T is finite block reducible. Consider next the situation where [T, P] # 0 for all
P € Pan(H). Since T is finite we can use Williams’ Theorem to conclude that
C*(T, 1) has an amenable trace. Applying Proposition 2.5 (see also Theorem 1.1
in [7]) we conclude that there exists a Fglner sequence of non-zero finite rank
projections {P, },, i.e., we have

o N R
n=oo [Pyl

(Note that P, is not necessarily a proper Fglner sequence in the sense of Defini-

tion 2.1.) Two cases may appear: if dim P, H < m for some m € N, then choose

a subsequence with constant rank and by Proposition 2.8 we conclude that T has

a proper Fglner sequence. If the dimensions of P,’H are not bounded, then from

Proposition 2.2 (iii) we also have that T has a proper Fglner sequence. O

3.3. Strongly non-Fglner operators

In the present subsection we study the operators with no Fglner sequence. For this
we introduce the following notion of operator that is far from having a non-trivial
finite-dimensional reducing subspace.

Definition 3.11. Let A be an infinite-dimensional Hilbert space and T an operator
on H. We will say that T is strongly non-Fglner if there exists an € > 0 such that
all projections P € Pqn(H) satisfy
|TP—PT|>
€
1Pl ~
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The following result shows the structure of operators with no proper Fglner
sequence. Its proof is long and technical and we refer to Section 3 in [38] for details.

Theorem 3.12. Let T € L(H) with dimH = oo. Then T has no proper Folner
sequence if and only if T' has an orthogonal sum representation T = To © T on
H =Ho D H, where dimHy < oo and T is strongly non-Fglner.

Next we mention some concrete examples of strongly non-Fglner operators.
We will use the amenable trace that appears in Proposition 2.5 as an obstruction.
Recall the definition of the Cuntz algebra O,, (cf. [25, 26]): it is the universal C*-

algebra generated by m > 2 non-unitary isometries Si,...,S, with the property
that their final projections add up to the identity, i.e.,
n
> SSp=1. (3.3)
k=1

This condition implies in particular that the range projections are pairwise or-
thogonal, i.e.,

S Sk = o 1. (3.4)
It is easy to realize the Cuntz algebra on the complex Hilbert space ¢2 of square
summable sequences.

Proposition 3.13. The Cuntz algebra O,, n > 2, is singly generated and its gener-
ator is strongly non-Falner.

Proof. By Corollary 4 (or Theorem 9) in [40] any Cuntz algebra O,, n > 2, has a
single generator Cy, i.e., O, = C*(C,). We assert that C,, is strongly non-Fglner.
Indeed, assume that, to the contrary, it is not; then by Corollary 3.14 (ii), C,, is
finite. By Corollary 3.9, it would follow that O,, = C*(C,,) has an amenable trace
7. But this gives a contradiction since applying 7 to the equations (3.3) and (3.4)
we obtain n = 1. ]

Other examples of a strongly non-Fglner operators can be obtained from the
proof of Theorem 5 in [30]. It is also worth mentioning that Corollary 4 in [20]
gives an example of a strongly non-Fglner operator generating a type II; factor.

Theorem 3.10 allows to divide the class of bounded linear operators into the
following mutually disjoint subclasses summarized in the following table:

Operators with a proper Operators with no proper

Fglner sequence Fglner sequence
Finite block reducible Wo+ Wo_
Non finite block reducible Wit S

TABLE 1
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Finally, we conclude this analysis with the following immediate consequences:

Corollary 3.14. Let T € L(H). Then

(i) T is a finite operator if and only if T is in one of the following mutually
disjoint classes: Wot+, Wo—, Wi+.
(ii) T is not a finite operator (i.e., it is of class S) if and only if T is strongly
non-Folner.
(iii) The class of strongly non-Folner operators is open and dense in L(H).

Proof. The characterization of finite operators and its complement stated in (i)
and (ii) follows from Theorem 3.10 and Williams’ theorem. To prove part (iii)
we use that the class of finite operators is closed and nowhere dense (cf. [35]).
Therefore the set of strongly non-Fglner operators is an open and dense subset

of L(H). O

As a summary let us mention that proper Fglner sequences for operators pro-
vide a useful and natural tool to analyze the class of finite operators. To illustrate
this with an example note that the preceding corollary already implies that the
class of finite operators is closed in L(H).

4. Fglner sequences in operator algebras

We start the analysis of Fglner sequences in the context of operator algebras
stating some approximation results for amenable traces. We will apply them to
spectral approximation problems of scalar spectral measures. In the final part of
this section we will give an abstract characterization in terms of unital completely
positive maps of C*-algebras admitting a faithful essential representation which
has a Fglner sequence or, equivalently, an amenable trace.

4.1. Approximations of amenable traces

Part (i) of the following result is a standard weak*-compactness argument. Part (ii)
is known to experts (see, e.g., Exercise 6.2.6 in [17]) or [1] for a complete proof).
Proposition 4.1. Let A C L(H) be a unital separable C*-algebra.

(i) If A has a Folner sequence {Py},, then A has an amenable trace.
(ii) Assume that ANK(H) = {0}, and let T be an amenable trace on A. Then A
has a Folner sequence { Py}, satisfying

Tr(AP,)
A) =1
7(4) = lim_ Te(P,)

where Tr denotes the canonical trace on L(H).

Ac A, (4.1)

We will now present an application of Proposition 4.1 (ii) to obtain an ap-
proximation result for scalar spectral measures. For this we need to recall from
[6] the definition of Szegd pairs for a concrete C*-algebra A C L(H). This notion
incorporates the good spectral approximation behavior of scalar spectral measures
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of selfadjoint elements in A and is motivated by Szeg&’s classical approximation
results mentioned in the introduction.

Let A be a unital C*-algebra acting on H and let 7 be a tracial state on
A. For any selfadjoint element T' € A we denote by pr the spectral measure
associated with the trace 7 of A. Consider a sequence {P,},, of non-zero finite
rank projections on H and write the corresponding (selfadjoint) compressions as
T, := P,TP,. Denote by p7 the probability measure on R supported on the
spectrum of Ty, i.e., for any T =T"* € A we have

n
wp(A) = N7(4) , A CR Borel,
[[Pnl2

where NZ2(A) is the number of eigenvalues of T,, (multiplicities counted) contained
in A. We say that ({P,},, 7) is a Szegd pair for A if p% — pr weakly for all
selfadjoint elements T € A, i.e.,

lim  (FOwa) o4 £Ou ) = [ TN dur(Y) . T € Gol®),

n—oo n

where d, = ||P,||1 is the dimension of the P,H and {Ain,...,Aq, n} are the
eigenvalues (repeated according to multiplicity) of T,.

By [6, Theorem 6 (i), (ii)], if ({Pn}n,7) is a Szegd pair for A, then {P,},
must be a Fglner sequence for A, 7 must be an amenable trace, and equation
(4.1) must hold for every A € A. Proposition 4.1 (ii) allows one to complete any
amenable trace 7 on A with a Fglner sequence so that the pair ({P,},, 7) is a
Szegd pair for A, as follows. The proof of the following result requires the con-
struction of an increasing sequence of operators that approximates simultaneously
the corresponding commutator and the amenable trace. We refer to Theorem 3.2
in [1] for details

Theorem 4.2. Let A be a unital, separable C*-algebra acting on a separable Hilbert
space H, and assume that ANK(H) = {0}. If T is an amenable trace on A, then
there exists a proper Folner sequence { Py}, such that ({Pn}n, T) is a Szegd pair
for A.

Remark 4.3. We conclude this subsection recalling that an important step in the
proof of the Arveson—Bédos spectral approximation results mentioned in the in-
troduction is the compatibility between the choice of the Fglner sequence in the
Hilbert space and the amenable trace. In fact, if a unital and separable concrete
C*-algebra A C L(H) has an amenable trace 7 and {P, }, is a Fglner sequence of
non-zero finite rank projections for A it is needed that the projections approximate
the amenable trace in the following natural sense

Tr(AP,)
A= 1
7(4) = lim, Te(P,)
Now given A C L£(H) with an amenable trace 7 it is possible to construct a
Fglner sequence in different ways. As observed by Bédos in [7] one way to obtain
a Fglner sequence {P, } for A C L(H) is essentially contained in [22, 23]. In these

AcA. (4.2)
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articles Connes adapts the group theoretic methods by Day and Namioka to the
context of operators. Using this technique one loses track of the initial amenable
trace 7, in the sense that the sequence {P,} does not necessarily satisfy (4.2). To
avoid this problem one may assume in addition that .4 has a unique tracial state.
This is sufficient to guarantee a good spectral approximation behavior of relevant
examples like almost Mathieu operators, which are contained in the irrational
rotation algebra (cf. [10]).

In contrast with the previous method, the construction of a Fglner sequence
given in [41, Theorem 6.1] (see also [17, Theorem 6.2.7]) allows one to approximate
the original trace as in Eq. (4.2). In the precedent theorem it was crucial to use
this method to prove a spectral approximation result in the spirit of Arveson and
Bédos, but removing the hypothesis of a unique trace (compare Theorem 4.2 with
[7, Theorem 1.3] or [6, Theorem 6 (iii)] and the formulation in p. 354 of [4]).

4.2. Fglner C*-algebras

The existence of a Fglner sequence for a set of operators T is a weaker notion
than quasidiagonality. Recall that a set of operators T C L(H) is said to be qua-
sidiagonal if there exists an increasing sequence of finite-rank projections { P, }nen
converging strongly to 1 and such that

lim |TP, — P,T|| =0, TeT. (4.3)

(See, e.g., [32, 49] or Chapter 16 in [17].) The existence of proper Fglner sequences
can be understood as a quasidiagonality condition, but relative to the growth
of the dimension of the underlying spaces. It can be easily shown that if {P,},
quasidiagonalizes a family of operators 7, then this sequence of non-zero finite
rank orthogonal projections is also a proper Fglner sequence for 7. The unilateral
shift is a basic example that shows the difference between the notions of proper
Fglner sequences and quasidiagonality. It is a well-known fact that the unilateral
shift S is not a quasidiagonal operator. (This was shown by Halmos in [31]; in
fact, in this reference it is shown that S is not even quasitriangular.) In the setting
of abstract C*-algebras it can also be shown that a C*-algebra containing a non-
unitary isometry is not quasidiagonal (see, e.g., [14, 17]).

In [50], Voiculescu characterized abstractly quasidiagonality for unital sepa-
rable C*-algebras in terms of unital completely positive (u.c.p.) maps?* (see also
[49]). This has become by now the standard definition of quasidiagonality for op-
erator algebras (see, for example, [17, Definition 7.1.1]):

Definition 4.4. A unital separable C*-algebra A is called quasidiagonal if there
exists a sequence of u.c.p. maps @, : A — Mj,)(C) which is both asymptoti-
cally multiplicative (i.e., ||@n(AB) — @n(A)pn(B)|| — 0 for all A,B € A) and
asymptotically isometric (i.e., ||4| = lim,— oo |[¢n(A)|| for all A € A).

4Recall that in this context a linear map ¢: A — B between unital C*-algebras A, B is called
unital completely positive (u.c.p.), if ¢(1) = 1 and if the inflations ¢y := ¢ ®idn: A® My (C) —
B ® My, (C) are positive for all n > 1.
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Inspired by Voiculescu’s work on quasidiagonality we introduce in this section
an abstract definition of a Fglner C*-algebra and formulate our main result char-
acterizing Fglner C*-algebras in terms of Fglner sequences and also of amenable
traces.

Recall that tr(-) denotes the unique tracial state on a matrix algebra M, (C).

Definition 4.5. Let A be a unital, separable C*-algebra.

(i) We say that A is a Falner C*-algebra if there exists a sequence of u.c.p. maps
on: A= My n)(C) such that

lim [|on(AB) = on(A)pn (B2t =0, A,BeA, (4.4)

where ||F||2,¢ := \/tr(F*F), F € M,(C) .

(ii) We say that A is a proper Fulner C*-algebra if there exists a sequence of
u.c.p. maps @, : A — My, (C) satisfying (4.4) and which, in addition, are
asymptotically isometric, i.e.,

[Al = lim [en(A)], AcA. (4.5)

It is clear that if A is a separable, unital and quasidiagonal C*-algebra
(cf. Definition 4.4), then A is a proper Fglner algebra. The Toeplitz algebra serves
as a counter-example to the reverse implication.

Although, in principle, the two concepts — Fglner and proper Fglner — seem
to be different for C*-algebras, we can show that they indeed define the same
class of unital, separable C*-algebras. The proof of the next proposition includes
a useful trick so that we will include it here (cf. [1, Proposition 3.2]).

Proposition 4.6. Let A be a unital separable C*-algebra. Then A is a Folner C*-
algebra if and only if A is a proper Folner C*-algebra.

Proof. Assume that A is a Fglner C*-algebra, and let ¢,,: A — Mj,)(C) be a
sequence of u.c.p. maps such that (4.4) holds. Considering the direct sum of a
sufficiently large number of copies of ¢, for each n, we may assume that

n
li =0. 4.

Let m: A — L(H) be a faithful representation of A on a separable Hilbert space H.
Let {P,}, be an increasing sequence of orthogonal projections on H, converging
to 1 in the strong operator topology and such that dim P, (H) = n for all n. Then
for all A € A we have ||A|| = lim, ||P,m(A)P,|. Let ¥n: A = My()1n(C) be
given by:

Vn(A) = on(A) ® Pym(A)P,, A€ A
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Then 1, is a u.c.p. map. For A, B € A, set X,, = P,m(A)(1 — P,)7(B)FP,. Then
we have

1 (AB) = (A on(B)30r < ln(AB) = on(A)en(B)II31 +

Tr(X X,)
kE(n)+n
nll A1 BI*

< llen(AB) = eu(en B3+~

Using (4.6) we get

hfln 1¢n(AB) — wn(A>wn(B)||2,tr =0.

On the other hand, for A € A, we have

[l = llon (A < |A]] = [[Pamc(A) Prl| = O

so that (4.5) holds for the sequence (1)y,). This concludes the proof. O

For the next result recall that a representation 7 of an abstract C*-algebra A

on a Hilbert space H is called essential if 7(.A) contains no nonzero compact opera-

tors.

The proof uses the same approximation technique as the proof of Theorem 4.2

(see Theorem 3.4 in [1] for details).

Theorem 4.7. Let A be a unital separable C*-algebra. Then the following conditions
are equivalent:

(i)
(i)

(vi)

There exists a faithful representation m: A — L(H) such that 7w(A) has a
Folner sequence.

There exists a faithful essential representation w: A — L(H) such that 7(A)
has a Folner sequence.

Every faithful essential representation w: A — L(H) satisfies that w(A) has
a proper Fglner sequence.

There exists a non-zero representation w: A — L(H) such that w(A) has an
amenable trace.

Every faithful representation m: A — L(H) satisfies that w(A) has an ame-
nable trace.

A is a Folner C*-algebra.

Remark 4.8.

(i)

(i)

The class of C*-algebras introduced in this section has been considered before
by Bédos. In [7] the author defines a C*-algebra A to be weakly hypertracial
if A has a non-degenerate representation 7 such that w(.A) has a hypertrace.
In this sense, the preceding theorem gives a new characterization of weakly
hypertracial C*-algebras in terms of u.c.p. maps.

Note also that the equivalences between (i), (iv) and (v) in Theorem 4.7 are
basically known (see [7]).

We conclude mentioning that in the study of growth properties of C*-algebras

(and motivated by previous work done by Arveson and Bédos) Vaillant defined
the following natural unital C*-algebra (see Section 3 in [46]): given an increasing
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sequence P := {P,}, C Pan(H) of orthogonal finite rank projections strongly
converging to 1, consider the set of all bounded linear operators in H that have P
as a proper Fglner sequence, i.e.,

o .| XP, =P X2 }
Fp(H) : {X € L(H) | nh_}ngo 1Pall2 0
This unital C*-subalgebra of £(#) (called Fglner algebra by Hagen, Roch and
Silbermann in Section 7.2.1 of [29]) has shown to be very useful in the analysis of
the classical Szeg6 limit theorems for Toeplitz operators and some generalizations
of them (see, e.g., Section 7.2 of [29] and [12]).

The C*-algebra Fp is always non-separable for the operator norm. Indeed,
consider the ¢*°-direct sum of matrix algebras A = [], M,,(C), where n; are
the ranks of the orthogonal projections P41 — P;, ¢ € N, with norm given by
[l(a;)]] = sup, ||lai]|- It is clear that A is not separable, and the elements of A
can be seen inside Fp as block-diagonal operators, so the algebra Fp is also non-
separable.

5. Final remarks: Fglner versus proper Fglner

As was mentioned at the beginning of Section 2, Fglner sequences appeared first in
the context of groups. Note that if countable discrete group I' has a Fglner sequence
one can always find another Fglner sequence which, in addition to Eq. (2.1), is
also proper, ie., I'y C I'; if i« < j and I' = U;I';. In the context of operators
and due to the linear structure of the underlying Hilbert spaces the difference
between Fglner sequence and proper Fglner sequence is relevant. As was mentioned
after Proposition 2.7 if T = Ty @ Ty is a finite block reducible operator on the
Hilbert space H = Ho @ Hi1, with 1 < dimHy < oo, and T3 strongly non-Fglner
(cf. Subsection 3.3), then T" has an obvious constant Fglner sequence but can not
have a proper Fglner sequence. Moreover, Proposition 2.8 shows that the difference
between Fglner and proper Fglner sequence for single operators can only appear
in the case when there is a non-trivial finite-dimensional invariant subspace.

At the level of abstract C*-algebras Proposition 4.6 shows that Fglner C*-
algebras and proper Fglner C*-algebras define the same class of unital separable
C*-algebras. Note that by Theorem 4.7 (i) the direct sum of a matrix algebra and
the Cuntz algebra

A= M,(C) ® O,

is a Folner (hence proper Fglner) C*-algebra. But in its natural representation
on H := C™ @/, this algebra can not have a proper Fglner sequence because the
representation is not essential (see Theorem 4.7 (iii)).

Finally, if B is a unital C*-subalgebra of a Fglner C*-algebra A, then one
can restrict the u.c.p. maps of A to B to show that B is also a Fglner C*-algebra.
This is not true if B is a non-unital C*-subalgebra (i.e., if 14 ¢ B). Consider, for
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example, the concrete C*-algebra on K := {5 @& H given by
A:=C*"(S)®e C*(Th) ,

where S is the unilateral shift and 73 is a strongly non-Fglner operator. Then,
again, A is a Fglner (hence proper Fglner) C*-algebra, but the non-unital C*-
subalgebra B := 0 @& C*(T1) is not a Fglner C*-algebra.
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1. Introduction

Factorization of matrix functions is a standard tool in solving systems of convolu-
tion type equations

kxdp=f (1.1)
on a half-line, going back to the classical paper [27] and known as the Wiener—Hopf
technique; see, e.g., the monographs [6, 17, 16] for detailed presentation and further
references. This technique was modified by Ganin [15] to allow for consideration
of equations on intervals of finite length. Ganin’s approach, however, gives rise to

matrix functions
6,\[N 0
- 1.2
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where A is the length of the interval,
ex(z) = e, zeR, (1.3)

and  is the Fourier transform of the N x N kernel k. These matrix functions have
a second kind discontinuity at oo, even when k behaves nicely. Besides, the size
of the matrix doubles, so even scalar equations (1.1) yield a factorization problem
for a 2 x 2 matrix function, more complicated than that for scalar functions.

It was shown by two of the authors [19] that for a rather wide class of kernels
k the factorization of (1.2) reduces to that for matrix functions of the same block
triangular structure in which the off-diagonal block is substituted by its so-called
almost periodic representatives at +0o. Thus emerged the factorization problem
for almost periodic matrix functions GG, with special interest in the case of
exly Oy
Gp = { 7 6—1IN} . (1.4)
(Note that the change of A to 1 in (1.4) can be achieved by a simple change of
variable and can therefore be adopted without any loss of generality.)
A systematic exposition of the factorization theory for such matrix functions
can be found in [5], while some more recent results are in [2, 9, 10, 11, 12, 13, 18, 25].
Still, the theory is far from being complete, even for matrix functions (1.4).

The factorability criterion for matrix functions (1.4) in the case N =1,
F = Clea + 071€a71 + 0265 + 0726571 (15)

with 0 < @ < 8 < 1 was established (in somewhat different terms) in [1], with
an alternative approach and some generalization presented in [25]. In our previous
paper [2], we provided explicit factorization formulas for this setting. For N > 1
the canonical factorability criterion and the factorization formulas are available if
Cy =0or C_5 =0, see [24, Theorem 6.5]. If C5 = 0 or C_1 = 0 then the respec-
tive results can be derived from [21, Theorem 6.1], but only under an additional
assumption that the remaining matrix coefficients can be simultaneously put in a
triangular form via the same equivalence transformation.

The goal of this paper is to establish respective results (that is, the canon-
ical factorization criterion and explicit factorization formulas) under the similar
“triangularizability” requirement on the coefficients C; in (1.5) without supposing
that either of them vanishes, thus extending the statements of [2]. This is done
in Section 3. Section 2 contains necessary notation and background information,
including a slight variation of a known result on factorability in decomposing alge-
bras. Section 4 provides formulas for the so-called geometric mean of the matrices
Gr when N = 2, with technical details delegated to the Appendix.
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2. Preliminaries

2.1. Background information on AP factorization
For any algebra 2, we denote by G2 the group of its invertible elements, and by
Anxn the algebra of all N x N matrices with the entries in 2.

Let APP be the algebra of almost periodic polynomials, that is, the set of
all finite linear combinations of elements ey (A € R), with e, defined by (1.3). The
closure of APP with respect to the uniform norm is the C*-algebra AP of almost
periodic functions, and the closure of APP with respect to the stronger norm,

I22xexeally = 2xleal, exeC,
is the Banach algebra APW.
The basic information about AP functions can be found in several mono-
graphs, including [4, 14] and [22]. For our purposes, the following will suffice.
For any f € AP there exists the Bohr mean value

M(f)= lim ! [Tf(x)dx

T—~4oc0 2T

The functions f € AP are defined uniquely by the Bohr—Fourier series

Y FNex
AEQ(F)

where Q(f) = {)\ eER: ]?()\) + 0} is the Bohr—Fourier spectrum of f and the

o~

numbers f(A) = M(fe_,) are referred to as the Bohr—Fourier coefficients of f.
Let

APE = {f € AP: Q(f) C Ry}, APW® := AP* 0 APW,

APWE = {f € APW™*: f(0) = 0},
where, as usual, Ry = {z € R: + =z > 0}.

A function f € AP is invertible in AP if and only if it is invertible in Lo (R),
that is, if and only if inf,cgr |f(x)] > 0. For every f € GAP, the following limits
exist, are finite, equal and independent of the choice of a continuous branch of the
argument of f:

k(f):= lim L {argf(m)}i = lim ;{argf(x)}:.

T—+o00 2T T T—+oo
Their common value is called the mean motion (or the AP index) of f.
We say that G € APy« n admits a canonical left AP factorization if
G=G,G™* (2.1)

with G4 € GAPL . If in fact G4 € GAPWE _, (2.1) is said to be a canonical
left APW factorization of G. More generally, a left AP or APW factorization (not
necessarily canonical) of G is a representation G = Gy DG~' with G+ as above
and an extra middle factor D = diaglex,,...,€xy]|. The parameters k; € R are
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defined by G uniquely up to a permutation whenever the factorization exists, and
are called the (left) partial AP indices of G. Of course, condition G € GAPnxn
(resp., G € GAPWy« ) is necessary in order for G to admit a left AP (resp.,
APW) factorization, and

K14+ Ky = k(det G).
A canonical AP factorization of G € APWyn is automatically its (naturally,
also canonical) APW factorization. For N = 1, any G € GAPW admits an APW
factorization, and thus AP (and even APW) factorable functions form a dense
subset of AP. As was discovered recently [8], this is not the case any more if
N >1.
However, for matrix functions of the form (1.4) with N = 1, that is,

Gy = [e; 0 ] : (2.2)

e_x

it is presently not known whether (and therefore still a priori possible that) the set
of f for which Gy admits an AP factorization is dense in AP; see open problems in
[7]. Let us denote by £ the closure of this set, and say that £ C R is admissible if

Qf\CE= fet&.

From previous work on the factorization theory it follows in particular that grids
—v + hZ and sets E with a gap of length at least 1 inside (—1, 1) are admissible.

The next result implies that the set of f € APW for which (2.2) admits a
canonical AP factorization is dense in £ N APW.

Lemma 2.1. Let G¢ be APW factorable. Then in every neighborhood of f in APW
metric there exist g for which Gy admit a canonical AP factorization.

Proof. Step 1. It is a standard trick in AP factorization theory (see, e.g., [5, Propo-
sition 13.4]) to consider along with Gy the matrix function

1 0 1 0
o, orls V] =er

where f: f+exor +e_x¢_. Obviously, Gy and G]; are APW factorable only
simultaneously and have the same sets of partial AP indices, provided that ¢4 €

APW#. Moreover, small perturbations of ]? are equivalent to small perturbations
of f, for ¢+ being fixed. So, choosing for f € APW

dr=— > fwesn,
REQ(f), £u>X
we reduce the general case to the situation when
Qf) € (=, N). (2.3)

Step 2. Suppose that (2.3) holds and Gy admits an APW factorization G, DGZ".
Then its partial AP indices are +v for some v € [0,\], QGT") C [0,)] and
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Q(GEY) € [=),0]. Of course, only the case v # 0 is of interest. Thus, we may
suppose that D = diagle,,e_,] with v € (0, A].
Since for ¢ # 0

the matrix function
0 0 -1 _ €y 0 —1
Ge+cGy [1 0} G =G4 [C 61/} G_

admits a canonical APW factorization. So, there are arbitrarily small (in APW
metric) perturbations of Gy by matrix functions with the Bohr—Fourier spectrum
in [\, A] admitting a canonical AP factorization.

Step 3. Let H € APWsys be a small perturbation the existence of which was
proved at Step 2, that is, Q(H) C [-\,A\] and Gy + H admits a canonical AP
factorization. Observe that

G+ H = [e,\(lf—:e}:;\lhu) e_/\(lfize/\hzz)]
7 [1 0 } [eé hlz] [1+e_,\h11 0} 24
0 L+exho||f e 0 1]
where
7= J+ ha (2.5)

(1 + B,Ahll)(l —+ 6)\h22) )
Since Q(exhaz) C [0,2)], 14 exhoe € GAPW ™ provided that || H||y;, is sufficiently
small. Similarly, 1 + e_xh11 € GAPW . From (2.4) we then conclude that the

matrix function

ex hia

2 2.6

N (26)
admits a canonical AP factorization, while (2.5) implies that f can be made ar-
bitrarily close to f. In other words, the perturbation H can be made off-diagonal,
with Q(h12) - [—)\, )\]
Step 4. Consider now a small perturbation of Gy the existence of which was es-
tablished at Step 3, and represent it as

{ ex h12] _ { ex 0 ] [1 €>\h12] (2.7)
f4+hoa ey f+ho e_A(1—hio(f +ho))| |O 1 ' ’

Since Q(e_rhi2) C [-2A,0], the right factor in (2.7) belongs to GAPW,, 5. Thus,
the left factor in the right-hand side of (2.7) admits a canonical AP factorization
along with its left-hand side. In its turn, 1 — h12(f 4 ho1) is a function close to 1 in
APW and therefore admitting a canonical factorization g4 g~ with the multiples
also close to 1. From here we conclude that the matrix function

[ ex 0]_[1 oHeA 0 Hl 0]
(f +ha)g7" e-x] |0 g7'] [f+ha ea(l—hia(f+ha1))| [0 g-
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also admits a canonical AP factorization. It remains to observe that (f + ho1)g; "
can be made arbitrarily close to f by choosing ||H ||}, small enough. O

If G € APnx N has a canonical left AP factorization then the matrix
d(G) = M(G+)M(G_) ", (2.8)

with M(G4) understood entry-wise, does not depend on the particular choice of
such a factorization and is called the geometric mean of G.

The value of d(G) plays an important role in the Fredholmness criteria for
the related convolution type equations. It is known to depend continuously on G
([26], see also [5]).

2.2. Factorization in decomposing algebras

Let B be a decomposing unital Banach algebra with unit e, that is, B admits a
direct sum decomposition
B=B.®B_ (2.9)
with By being subalgebras of B, and let Py be the complementary projections
associated with this decomposition, Py: B — B4.
We say that b = e — a € B admits a canonical left factorization if

e—a=(e+by)(e+b_), (2.10)

where e + b € GB, by € By and (e +by)"! —e € By.

The existence of such a factorization when |ja| is sufficiently small is well
known, see, e.g., [16, Chapter I, Lemma 5.1] or [17, Chapter XXIX, Theorem 9.1].
For our purposes we need a variation of this result presented below.

Consider the linear mappings

Pr:B— By, x~ Py(za),

¢ (2.11)
P.:B—=B_, ©— P_(ax).

Theorem 2.2. Let B be a decomposing unital Banach algebra with associated direct
sum decomposition (2.9) and let b=e — a € B be invertible in B. If

(PH)"*e=0 and (P,)"-e=0 for some ny €N, (2.12)

then e — a admits the canonical left factorization (2.10), where
~1

e+by = < i (Pj)ne> , e+b_= ( i (Pa)"e> . (2.13)

n=0 n=0

etc_=e— P_ (("*Z (Pj)"e) a>,

Proof. Setting
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it is easily seen from (2.12) that

( Z (Pj)"e) (e—a)=e+c_, (2.14)

n=0
n_—1
(e —a) ( > (Pa)"e> —e+tcy. (2.15)
n=0
In view of the invertibility of e — a, equation (2.15) is equivalent to
n_—1
(e—a)etey) = Z (P )"e. (2.16)
n=0

Multiplying (2.14) and (2.16), we obtain

< Z (P;‘)ne> (e+ci)=(e+c) ( 2 (P;)"e> (2.17)

n=0

or, equivalently,

ny—1 n_—1

cr + ( > (Pﬁ"e) (etcr)=c +(e+c) ( > (R)"e) . (218)
n=1 n=1

where the expression on the left of (2.18) belongs to B4 and on the right of (2.18)

belongs to B_. Since B, NB_ = {0}, both sides of (2.18) equal zero. Hence, (2.17)

can be rewritten in the form

ny—1 n_—1
( > (PJ)%) (e+cy)=(etc) ( > (PJ)%) =e (2.19)
n=0 n=0

which means that the elements Y !
ments e + c4, respectively.

Replacing a by Aa, where A € [0, 1], and following the proof of [16, Chapter I,
Lemma 5.1], we infer that all the multiples in (2.19) are two-sided invertible. Then
(2.14) and (2.19) imply the canonical left factorization (2.10) with e 4+ by given by
(2.13). O

(P*)"e are one-sided inverses for the ele-

2.3. APW factorization in the scalar quadrinomial case

In what follows we use the notation |z ] and [z] for the best integer approximation
to € R from below and above, respectively; {z} denotes the fractional part of
x € R: {z} =x — |z]. Also, as usual,

N:={1,2,...}, N_:={-1,-2,...}, Z;:=Nu{0}, Z_:=N_U{0}.

The results of this subsection are not new, and are listed here for convenience
of reference.
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Theorem 2.3 ([1, 25]). Let in (2.2)
A=1 and f=Cieq+C1eq-1+ Coeg+C_2eg_1, C11,Cra €C, (2.20)

where 0 < a < B < 1 and the number B — « is irrational. Then Gy admits a
canonical left AP factorization if and only if

Co' P |CLs)” # Gy [

Corollary 2.4. Functions f of the form (2.20) belong to &, with say, the sets
{a, B, — 1,8 — 1} are admissible.

Note that the matrix function (2.2) with
G P 10| = 1G] T (O # 0

in (2.20) is not AP factorable [25] while for CoC_y = C1C_; = 0 its APW
factorization exists but it is not canonical. Also, only the case of irrational 5 — «
is of interest, since otherwise the distances between all the points in Q(f) are
commensurable. The latter situation, with an arbitrary number of terms in f, was
covered earlier in [20] (see also [5, Section 14.4]).

The remaining portion of this subsection is a restatement of the results from
[2] in a form convenient for our current purposes.

Theorem 2.5. Suppose that G is given by (2.20) where 0 < a < 8 < 1, the number
B — « is irrational, and

|Co|'PICa]? < |Ch|'~¥|C_1]*.

Then G admits a canonical left APW factorization (2.1) where the matriz func-
tions G+, GL' € APWi , are given by

+ ~+ ~+ ~+
_ |1 ¥ -1 _ 1 [@2 _901]
Gi = |, Gi = ,
. [ 3 so%] £ detGy |95 91
+ o oo
ol =e+)  _ Xnefu@p-ap
g =1+ Zn:O Xn€{n(B-a)}-1
03 = Creq + Coeg + > CiXnefasn(s-a))
{(n€Z1: 0<{atn(—a)}<a}
* > CXne(sins-a) (2.21)
{(n€Z4: 0<{B+n(B—a)}<B}
g = — Z C_1 X, — Z Clene{a-&-n(ﬂ—a)}—l
{(n€Zi: {atn(B-a)}=0}  {n€Zs:a<{atn(f—a)}<1}
— Z C_oX, — Z C—2Xne{ﬁ+n(ﬁfo¢)}fl7

(n€Zy: {B4n(B-a)}=0}  {n€Zy: B<{B+n(B—a)}<1}
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=3 Xnet-ar-ap

o; = ano Xnein(f—a)—a}-1,

¢3 = Y. CiXpepnp-ay + Y. O Xuefmins-m)s
{n€Z1: 0<{n(B—a)}<a} {(R€Z1: 0<{(nt1)(B—a)} <}
& = - Y. CaXueu(p-ap-1 (2.22)

{n€Zy: a<{n(f—a)}<1}

- Z C—zfne{(nﬂ)(ﬁw)}q —C_1 Xo.
{n€Zy: B<{(n+1)(B—a)}<1}

The coefficients X,, and )N(n (n € Z4) here are given by

(f1)n—1(6’512)’f(g3)*H(WUMHZS ([aza1-T52a1-1)
P L SRR PR P R L U B
e T
e Ty e,
(—1)n71(%712)k+1(gj) S((ezal-T5221)
(c) (M52 Eicﬂ*l)Xl if n= “@Ctl}
1 (2.23)
and
(71)’",(272)(n7[ﬂfa‘|)+zlj;é( Etz]*[ﬂfﬁ)(%z)k
(@l PR s 2] 1
)? _ (71)n(g:f)71+25:0(|'gt(;‘|7[ﬂia])(0712)k+1
(Gl TR, =[] = 3700 -1,
TGttt G FRA R (PN )
x(§) Rl s DR i = 152 TR -
- (2.24)
for k=0,1,2,..., with the initial conditions )~(0 =1,
g, Oy _ O OO

c el 2
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To simplify the forthcoming formulas, we let
+ . . —
Ny :={n: tneNandy+n(B—a)€Z} for v==a,p. (2.25)

Corollary 2.6. In the setting of Theorem 2.5 we have

1 0
M(G-) =
( ) B ZnGNi C1 Xy — z:nGNEr C 2 X, —C_4
M(G;) o Snere, Xn
o ZnGNfg Can + ZnGNZ CQXn Cl ’

and hence the geometric mean of G is given by

—C_cpt — Y ent. coix,

d(G) = 1 1
ZneN; (C2 = C1OZ1C2) X, G0

Theorem 2.7. Suppose that G is given by (2.20) where 0 < o < 8 < 1, the number
B — « is irrational, and

|CQ|17ﬁ‘C,2|ﬁ > ‘Cl|1fo¢|cil‘a'

Then G admits a canonical left APW factorization (2.1) where the matriz func-
tions G4, GL' € APVV;ZX2 are given by

iy z/a o 1 [iﬁi {Ei]
Gy = Gi' = 2 1 2.26
vi ok F Taeras vl (2:26)
with
0
i =e+) Yaee-aps
¢f—1+zn__ Yoetng—a)y-1,
Py = Clrea + Caep + > CiYne{asn(s-a)
{nez_: 0<{a+n(B—a)}<a}
+ Z CoYne(pin(—a)}s (2.27)
{n€Z_: 0<{B+n(B—a)}<B}
Yy = — Z c_\Y, — Z C1Ynelatn(B—a)}-1
{n€Z_: {a+n(-0a)}=0}  {n€Z_:a<{a+n(f-a)}<1}
- Z C_oY, — Z C_2Yne(sin(B—a)}—1;

{(n€Z_: {B+n(B—-a)}=0}  {n€Z_:B<{f+n(B—a)}<1}
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_ N
f=> . Yeeqp-a-an
~ —1

Yy = anfoo Yoen(g—a)—ay-1,

= Y CYaens-ay + Y. CoYae(mpys-ans
{n€N_: 0<{n(B—a)}<a} {nEN_: 0<{(n+1)(B—a)}<B}
Yy = — Z Co1Yne n(s—a)-1 (2.28)

{neN_: a<{n(B—a)}<1}

- Z 072)7n6{(n+1)(ﬁ—06)}—1 - CL21771-
{neN_: B<{(n+1)(B—a)}<1}

The coefficients Yy, (n € Z_) and Yy, (n € N_) here are defined by
(_1)|n|(g—1)(|n| PR DR wiery (Il B P oﬂ)( )

()= ome PIETI0y iy —n [ T r-1
.o (1)l (€ )(lnl (i )+t ([52a1- 551E“1—1)(C052)’f
x (G y B[ =Tty g fon=[kre] L kL] <2,

(71)|nI(C,2) 1+Zs O( -| |—5 a~|)( | )k+1

C_2

(g;) Seza =550 1-1) y Yoo if —n=[k1]-1

B—a

(2.29)
and
(,1)|n|(cl)(lnlt DA ([520]- E:LJ)(CCI )
PRl e b PR JUN RN L bl |
;o (_1)|n|(g;)2’:ii(L§:§ —LZZLJ)(&)’CH

x(Goy @l gy ey,

(=1l ( &yt Gy (m= LBl =i (Lot )= Lame =)

G R i SN Y

N (2.30)
for k=0,1,2,..., with the initial conditions Y_1 =1,
072 C—l Cl
Y = — Y_ = — .
T T T T o, o

In the notation (2.25), we have the following.
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Corollary 2.8. In the setting of Theorem 2.7 we have
1 0

[ Y onens C-1Yn — ZneNg C_.oY, —C_,
—C2Cy D nen-,, Y,
Ynew; C1Yn + e Ca¥n Cy
and hence the geometric mean of G is given by
—C_C5" ~Yen-, C53Ya
ZneNg (Cy — CoC_1C7 )Yy —CyC 75

M(G_) =

)

M(G4) =

)

d(G) =

3. Factorization of some block triangular matrix functions

3.1. A conditional criterion of AP factorability

Factorability properties of G € APnxn obviously do not change under multipli-
cation on the left and on the right by matrices from GCpy . In particular, G of
the form (1.4) admits a left AP or APW factorization only simultaneously with

Q' o]l [@ o er] 0
[0 P}G{O P‘l][PlF]gg e_1IN] (3:-1)

for any P,Q € GCnxn, and the partial AP indices of G and Gprg coincide.

Proposition 3.1. Let FF € APWynxn be a triangular matriz function with the di-
agonal entries f;j. Then in order for Gp to admit a canonical AP factorization it
is sufficient, and if f; € € for j =1,..., N also necessary, that all 2 x 2 matriz
functions Gy, admit such a factorization.

Proof. Choosing P = @ = [0 n—;+1] in (3.1), we can switch between lower and
upper triangular F'. So, without loss of generality we may suppose that F' is lower
triangular.
Sufficiency. Observe that

F=F+F, (3.2)
where Fy = diag|[fi,..., fv] and F is lower triangular with zero diagonal. Letting
now

P=Q ' =diag[l,e,...,eN 1],

we can make the difference PF'Q — Fj arbitrarily small by an appropriate choice
of €. Since canonical AP factorable matrices form an open set, it suffices to show
that G, lies there. But the latter matrix is permutationally similar to

diag[Gy,,..., Gyl

and thus admits a left canonical AP factorization along with its diagonal 2 x 2
blocks.
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Necessity. Suppose G admits a left canonical AP factorization. Consider h; so
close to f; (j =2,...,N) that the matrix Gy with

H = F + diag[f1, ha, ..., hy]

still admits a left canonical AP factorization, while the matrices G},; also are AP
factorable with zero partial AP indices, j = 2,..., N. (This is possible due to
Lemma 2.1 since f; € €N APW.) Via a permutational similarity corresponding
to the permutation {1, N + 1,2,...,2N}, the matrix Gy can be put in a block

triangular form
Gy, 0
[ * GH1:| ’ (3:3)

where Hy € APW(n_1)x(n—1) is lower triangular with the diagonal entries ho, . . .,
hn. By the already proven sufficiency, G, admits a canonical AP factorization.

So, a block triangular matrix (3.3) and one of its diagonal blocks both admit a
left canonical AP factorization. Since canonical AP factorability of APW matrices
is equivalent to the invertibility of the respective Toeplitz operators, from here it
follows that the other diagonal block of (3.3), that is, G,, must admit a canonical
AP factorization.

In its turn, the same permutational similarity can be used to rewrite the un-
perturbed matrix G in a block triangular form, with the diagonal blocks being
Gy, and Gp,, where F1 € APW(n_1)x(n—-1) is simply F' with the first row and
column deleted. From the canonical AP factorability of Gr and Gy, we now con-
clude that G, also admits a canonical AP factorization. Since the statement is
trivially correct for N = 1, the induction argument thus completes the proof. [

3.2. Quadrinomial case: Existence

We now pass to the case of matrix functions (1.4) with N > 1 and the off-diagonal
block (1.5) such that its coefficients C; € Cyxn can be put in a triangular form by
the same transformation C; — PC;Q with some P,Q € GCnxn. This condition
is satisfied, in particular, if C; pairwise commute, in which case it is possible to
choose Q@ = P71 (see, e.g., [23, Lemma 4.3]).

Since the matrix functions Gg given by (1.4) and Gprg admit a canonical
factorization only simultaneously, we may without loss of generality suppose that
C; are themselves (lower) triangular:

(ci)i1 0 0 0 0
(€i)2,1 (ci)2,2 0 0 0
c — (Ci?S,l (Ci?3,2 (Ci?:a,g 0 () 5
(Ci)N—l,l (Ci)N—1,2 (Ci)N—l,?; (Ci)N—l,N—l 0
L (ci)na (ci)n2 (ci)Nz ... (ci)N,N-1 (Ci)N,N_

(i = £1,£2). In what follows, we will relabel the diagonal entries (¢;)s,s of the
matrices (3.4) by ¢; s. Note that in the case of pairwise commuting (but a priori
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not necessarily triangular) matrices C;, ¢; s are their so-called bonded eigenvalues,
in the terminology of [3].

Theorem 3.2. Let G = Gp be given by (1.4), (1.5) and (3.4), where 0 < a < g < 1
and the number S—a is irrational. Then G admits a canonical left AP factorization

G = G.GZ" if and only if
\6275\17ﬁ|072,3\5 + ‘6175‘17Q|C,1’s‘a forall s=1,2,...,N, (3.5)

where ¢; s := (¢i)s,s for all i = £1,£2 and all s = 1,2,...,N are the diagonal
entries of matriz coefficients (3.4) in (1.5).

Proof. Follows directly by combining Corollary 2.4 with Proposition 3.1. O

3.3. Quadrinomial case: Explicit factorization

We now turn to the explicit factorization construction of matrix functions G with
F given by (1.5), (3.4) when its canonical factorization exists, that is, conditions
(3.5) hold. Decomposition (3.2) in our setting yields matrices Fy and F' of the same
structure (1.5) as F' but with C; replaced by diag[c; 1, ..., ¢ n] for Fy and by

0 0 0 0

(ci)2.1 0 0 0 0

~ (ci)3n (ci)s.2 0 . 0 0
Gi=| . : . . . . (3.6)

(ci)n-11 (ci)n-12 (ci)N-13 .- 0 0

L (Ci)N,l (Ci)N,2 (Ci)Ng, . (Ci)N,N71 0_

for F. Then Gp = G + K, where G is an abbreviated notation for G r, and

[On On
K=|=x .
| F 0 N]
Consider the matrix functions
G Gf
Gt = Lo (3.7)
192 G5

gli = diag{gsi,l}é\[:h §1i = diag{ﬁil}i\;l,
gzi = diag{giz}é\;l, gzi = diag{gsi,z}i\’:h
where for s =1,2,..., N and j =1, 2,

~+ _ _
B e B (e e ey e
o by lea,s|' P o2, > fer s e1,s]*

)

(3.8)
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Lpf:j and LZZF] are given by (2.21) and (2.22), respectively, with C; replaced by ¢; s
for i = +1,42, and with X,, and X,, (n € Zy) calculated by formulas (2.23),
(2.24) (again with C; replaced by ¢; s for i = £1,4+2), where

XO _ _C—l,s Xl o _C—Z,S + C2,sC—1,s
- ’ - 2 )
Cl,s Cl,s Cl,s

j(vvo:l;

1/’5i,j and {/vai] are given by (2.27) and (2.28), respectively, with C; replaced by ¢; s
for i = £1,42, and with Y;, (n € Z_) and Y,, (n € N_) calculated by formulas
(2.29), (2.30) (once again, with C; replaced by ¢; s for i = £1,4+2), where

C_2.s C_1,s Cl,s e
)/0:7 ’ Yflzi + ) Yflz]--
C2s C_2.s C2s
Below we will denote these X,,, X,,, Y,, and Y}, as Xy, 5, Xn s, Yo s and Y, .

For s =1,2,..., N, we put

+
Gt = Zi; ;j : (3.9)
where gsi’j and Ef] for j = 1,2 are given by (3.8). Note that
det GF =det Gy =k, where k, = M(det GF). (3.10)
We also define the matrix
Ky =diag [k ',.... ky']. (3.11)

By [2], the matrix function G = G, admits the canonical left APW factor-
ization

G=6.6"" (3.12)
It follows from (3.12) that
G=0,GG_",
where
5 oo — | KEnGs —KN@] {ellN On } G Gy
e v A | N L

:[JN ON] lKNQ?FQI ~KnG/ FG; (3.13)

On Iy KNgfﬁgf KNgrﬁfgvf

and Ky is given by (3.11).
Consider now APWy« N as the decomposing Banach algebra B, with B} =
APWY . and B_ = (APW; )N« n- Letting

. KNéfﬁgf KNgfﬁfgvf

— < 1 3.14
! [KNngg; ~KnG{ Gy (319
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and observing that each of its blocks is lower triangular with zero diagonal entries,
we conclude that

(P:)NIQN = 02]\[ and (P;)NIQN = 02]\[7

where the mappings P are defined by (2.11) with a given by (3.14). Hence, by
Theorem 2.2, the matrix function G = Isy —a admits a canonical left factorization

G= (Ion +by) YTy + b))t (3.15)
where the matrix functions

by = ay + (aga)+ + ((a4a)ra)s + -+ +£~ (apa)y ... a)y

N-1 terms
b= o+ (a0-)- +(a(aa) )+t (@ (an)- ) (3.16)
N-1 terms

belong to APW;NXQN and (APW{ )anxan, respectively, and a4 ::Pia:PjE[QN.
Since each of N x N blocks in (3.14) is lower triangular matrix function with zero
diagonal entries, it is easily seen from (3.16) that

whence (3.15) takes the form

N1
<I2N + Z ) (Ly +b-)7! (3.17)

k=1
Putting together (3.13) and (3.17), we arrive to the following conclusion.

Theorem 3.3. Let Gp be the matriz function (1.4) with F given by (1.5) and
(3.4) and satisfying (3.5). Then the multiples Gy from its left canonical APW
factorization (2.1) can be chosen as

N—-1
G, =G, <12N + Z ’“b’“) G_ =G (Iy +b), (3.18)

k=1

with Gy and by defined by (3.7)—~(3.8) and (3.16) respectively.

It follows from Corollaries 2.6 and 2.8 that

diag{M(g;)HS,  diag{M(g) 1]

. (3.19)
diag{M(g;,)}),  diag{M(g;,)},

M(G+) = [
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where
—C—1 Scl 57 ~+ Z’nGNta Xn,s,
gs 1) M(gs,1) = v
—C_9 502 59 ZneN: n,sy
neN+ ¢1,sXn,s + 20 nenNg €2, sXns; M(at.) = Cl,s5
gs 2 Y (95,2) -
n€N7 Cl,s n s+ ZneN* C2,s1n s, C2 s,
gs 1 17 M gs 1 O
nEN+ C-1 an,s - ZnENZ C—2,an,S7
gs 2 (320)

nEN7 C_1 sYn s = ZRENE C—2,SY’I’L,S7

Coslf < ler|' e s

—2,5]7 > Jer [T em |

M(§;2) _ —C—_1,s, if |C2,s - )
—C_2.s |C2,s

On the other hand, we infer from (3.18) and (3.16) that

M(G4) = <I2N + Z 1)*M(b) ) » M(G-) =M(G-),

which in view of (2.8) implies the following

Corollary 3.4. Under the conditions of Theorem 3.2, the geometric mean of the
matriz function G given by (1.4), (1.5) and (3.4) is calculated by

d(G) = M(¢ (IQN + Z 1)*M(by) ) M(G-), (3.21)

where M(Gy) and by are given by (3.19)—(3.20) and (3.16), respectively.

4. The geometric mean in the case N = 2

Corollary 3.4 in principle allows to compute the geometric mean for any value of V.
In practice the complexity of this computation grows with N substantially, in par-
ticular because each of the inequalities (3.5) can materialize in two different ways,
and the resulting 2V cases yield different formulas and thus have to be treated
separately. We therefore restrict our attention to the case N = 2 which should
suffice for illustrative purposes. Corollary 3.4 can then be restated as follows.

Theorem 4.1. Under the conditions of Theorem 3.2, the geometric mean of the
matric function Gp given by (1.4), (1.5) and (3.4) for N =2 is calculated by

d(Gr) =d(Gr,) + 15, (4.1)
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where d(Gp,) =d(G) = M(G+)M(G_)"1,

0 0 0 0
—k™™ (G for1) 0 —ky'M(3 4 fd74) O _
:M(g+) 2 (02,1 1,1) 0 2 (02,1 1,1) 0 M(g_) 17 (4.2>
ky'"M(gs, for,) 0 ky'M(gf,fgr,) O

M(Gy) are given by (3.19)—(3.20), the functions gzl,gzl,gil,gil are given by
(3.8), ko is given by (3.10),

~ 0 0
Fo {f 0
and ¢; := (¢;)2.1 for all i = £1,42.

} , f=rtieq +¢_1eq—1+ Coeg+C_2es_1 (4.3)

Proof. Since N = 2, we conclude from (3.16) that
M(b:) = M(a:) = M(a), (4.4)
where, by (3.14), (3.11) and (4.3),

[ KGM(GFGT)  KsM(GYFGY)

MO = | gMGrFor) — KoM FG; )

I 0 0 0 0
_ kglM(§2+71fgi1) 0 kglM(§2+1f§;1> 0 (4.5)

0 0 0 0

_—k;lM(g;rlfgfl) 0 _kilM(92+,1f§17,1) 0

Hence we infer from (3.21), (4.4) and (4.5) that
d(G) = M(G)(Is — M(a))M =d(9) + 15,

where T is given by (4.2). O

The explicit formulas for the mean values involved in (4.2) depend on which
of the four possible cases

TP lesa)? < s Y el 6| for s=1,2; (4.6)
leas P Ple_asl? > ler o]t T em1g|* for s=1,2; (4.7)

|C2,1\17ﬁ|072,1\ﬁ < |01,1\17a|071,1\a,
1-8 B 11—« a (48)

lea2| P le—22” > ler2| ¥ e—1,2|%

1-8 c B 1—
—2,1|" > 1,1

e-aal? > fev] , o)

lea2|" Pleal” < feral' ™ e—1 2]

takes place, and are delegated to the Appendix. Here is the final result under a
simplifying condition on «, 8, with a proof also delegated to the Appendix.
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Theorem 4.2. Let G = Gp be given by (1.4), (1.5) and (3.4), where N = 2,
O<a<p<land

ma+nf ¢ {0,1}  for all rational m,n. (4.10)
Then G admits a canonical left AP factorization G = G.GZ' if and only if
leas P Ple_asl? # lero) T eo1 6| for all s=1,2, (4.11)

where ¢; s == (¢;)s,s for all i = £1,+2 and all s = 1,2 are the diagonal entries of
matriz coefficients (3.4) in (1.5). If (4.11) holds, then

d(G) = diag[T1, T4, (4.12)
where
T, — [ —C_1,1Ci% 0
1= ~ Sy -1 -1 1
|—(c11¢21 —c1aC1)e 1615 —Co1201 5
r —1
—C1,1C_ 0
T2 == ~ ~171 —1 —1 —1 (413)
[(c1,26-1 —co12C1)eTy €01 —C1,2C 71 5
if (4.6) holds;
r —1
T, — —C_2,1C271 0
1= ~ ~ -1 -1 —11>
|—(c21C2 —c2,1C2)c51C0 5 —C-22C55
r —1
—C2,1C_ 0
T2 = ~ ~2’1 1 1 1 (414)
[(C22C2 —co92C2)c 5 1C 55 —C22C 5,
if (4.7) holds;
- -1
T, — 7671’16171 O
1 — ~ ~ -1 -1 —1>
|—(c1,1C2 —c1,1C2)cy 1605 —Co2,2C5 5
r —1
7617167 0
Ty = ~ ~1’1—1 -1 -1 (4.15)
(22621 —co2C1)CT 1€ 5 —C22C 5,
if (4.8) holds;
T, — [ —C_2,1027é 0
1= ~ Sy o1 -1 1>
|[—(c2,1¢21 —c21C1)cg1C1 5 —Co12€1 5
r —1
—C2,1C_ 0
Ty = ~ ~2’171 -1 -1 > (4.16)
[(c1262 —c_12C2)c 5 1€ 15 —C1,2C 71 5

if (4.9) holds.
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5. Appendix

5.1. Computation of d(G) and T
Applying Corollaries 2.6 and 2.8 with notation (2.25), we infer that

. 1 -1 1 1 0 —Bip
d(G) = —diag [c_1,1¢71, ¢-12€1 5, 116711, C12¢ 1 o] + [BQ L0 ] ;

Bl,gdiag[ Z C:%,l‘f{inyl? Z 6%72)A('n72‘|, (51)

nGNta nGNta
. -1 -1
By 1 = diag l Z (c21—crac g c-21)Xn 1, Z (c2,2 — 61,2617262,2)Xn,2] ;
+ +
nGNﬁ nGNﬁ
if (4.6) holds;
. 1 1 -1 1 0 —Bip
d(G) = —diag [c_21¢5 1, C-22C55, C2.1¢ 51, C22C 5] + [B 0 ] )
2,1
. P 1o
B :dlag[ Z € 291Yn1, Z C 59Yn2|, (5.2)
neN_ neNT”
. -1 -1
By = dlagl Z (11 —c21¢ 5 ¢-11)Yn 1, Z (c12 =226 59c-12)Yn 2|,
neNg neNg
if (4.7) holds;
. 1 1 1 1 0 —Bip
d(g) = — diag [0—1,101,17 €-2,2C3 2, C1,1C_1 1, 02,20—2,2] + [B 0 ] )
2,1
By = di 1X -1y, (5.3)
1,2 = dlag C_1,14n,1, C_22n2], :
neNfa neN” |
. 1 -1
By = dlagl Z (c21—crac g c-21)Xn 1, Z (c12 —c22¢ 5 9c-12)Yn2|,
neN; neNy
if (4.8) holds;
. -1 -1 1 1 0 —DBip
d(g) = — diag [072,102@ C—1,2C1 9, €2,1C_9 1, C1,2071,2] + [B 0 ] )
2,1
. P 1y
B2 = diag [ Z € 91Yn1, Z c_1,2Xn72]7 (5.4)
neNT, nenNt

. —1 -1
By = dlagl E (110 —c21¢ 5 ¢-11)Yn 1, E (co,2 — 01,20_1,20—2,2)Xn,2] ,

neNg neNy

if (4.9) holds.
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On the other hand, by (4.2) and (3.19), we obtain

0 0 0 O
-l 0 Y. =
ta1 0 ta3 O
where
lo1 = [ - M(9;1)M(§;1f91_,1) + M(§2,1 M(92 1f911) )1 ]k2_1
+ [M(9;1)M(§;1f§1_1) - M(92,1)M(92 n 1)]M (91, 2 kl kz )
ta3 = [* M(92+,1)M(92 1f91 1)+ M(92 1 M(Qz 1f91 1 ]k 1]‘32 1, (5.6)
lag = [_ M(g;:2>M(92 1far 1) + M(g;g M(g2 1far 1 ]k ! .
+ [M(9;2)M(92,1f91,1) - M(9;2)M(92,1f91 1)]M(9i2)k;1k517
tas = [~ M(g32)M(G31fg11) +M(952) Mg, fg10) ki Tka

and M(ggr’j),M(g;r’j),M(g1 o) for j = 1,2 are given by (3.20).

5.2. Computation of M(ﬁ;lfgl_’l), M(§I1f§1_,1)a
M(g3,197,1)> M(93,,797,1)

Below, along with N$ given by (2.25), we use the following notation for v = «, 8
and [ =1,2:

N$ ={neNy:{n(B-a)}+v=1},
(Zy XLy )yy:={(n,k) €Zs xZy : {n(B —a) —a}
+{k(B-a)—a}+7 =1},
(Zg xZ4)5, :={(n, k) € Zs x Ly : {n(B — a)} +{k(B — )} +v =1}

If (4.6) holds, then

921911 = (i X 2€{n<aa>a}> (1 + i Xhle{kwa)}l)v
k=0
931911 = (Z Xn2€{n(p a)a}) (ifk,le{kwa)a}l)v
=0
931971 = (61+ZXn 2€{n(B—a) }) <1+2Xk 1€{k(8 a)}—1>7
(61 + Z Xn2€(n(p a)}) <

Z Xk,le{k(ﬁ—a)—a}—1> )

k=0

(5.7)

9;,1%
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which with f given by (4.3) implies, respectively, that

M(§;1f91_,1) =1 Xo2+ a1 X02X01,
M(gg_,lfgl_,l) = Z va1)/\(171,25(}@,1 + Z ’cllf(nygf(kyl
(n,k)E€(Zy X2y ) 1 (n,k)€(Zy XZy ) 2

+ Z Ezin,z)szr Z /Cvfzyfn,z)?k,h
(n,k)E€(Zy XZy)p 2 (n,k)E€(Zy XZy )2

M(g31f911) = Z c1(Xn1 + Xnp2) + Z c2(Xn1+ Xnp2)

neNg neNjg

+ Z 1 Xn2Xp1 + Z c_1Xn2Xk1
(n,k)E(Z4 XZ4) 7 4 (n,k)E(Z4 XZ4 )7 5

+ Z coXnoXp1+ Z C_o Xy 0 Xp 1,
(n,k)E(Z4 XZ4 )5 4 (n,k)E(Zy X2y )5 5

M(Q;ﬁfﬁﬁ) = 5—1)?0,1 + 51X0,2)?0,1-

If (4.7) holds, then

-1

0
5;,191_,1:( Z Yo 2€in(g—a)- a}> <1+ Z Yieqns a)}1>7
931511( Z Y, 2€{n(B—a)— a}>< Z Yi 1€{k(B—a a}—1>7
n=—oo k=—
921911( Z Yo 2e(n(s a)}) <1+ Z Yi1e(r(s-a))- )
n=-—oo k=—o0
0 -1
931911 = (61 + ) Yn=2e{n(ﬁa)}>< > th‘f{k(ﬁa)a}l)’
n=-—oo k=—o0

which with f given by (4.3) implies, respectively, that

M@;ﬁfﬂf;) = E—237—1,2 + 5257—1,25/0,1,

M@Lfﬁﬁ) = Z 51%1,2371@,1 + Z Efli}nzi}k,l
(N4 1,k+1)E(Z— XZ_) a1 (n+1,k+1)E(Z— XZ—) a2
+ Z 5237n,2§7k,1 + Z 572}771,2}716,17

(n+1,k+1)E(Z_XZ_)g 1 (n+1,k+1)e(Z_XZ_)g,2
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M(gs fora) = D ca(Yar+Ya2)+ Y Ca(Yni1+Yao)

neNg neNg

+ Z 1Y 2Ye + Z c_1Yn2Yi
(n,K)E(Z_XT-)3 (k) E(Z—XZ-)% 5

+ Z Y oY1 + Z C_oYn2Yr 1,
(nk)E(Z_XZ )3, (nk)E(Z_XZ_)3,

M(g31f9141) = C oY 11+ YoV 11 (5.9)

If (4.8) holds, then

1 0
E;lgl ( 2€{n —a)— a}) (1 + ZXk,le{k(ﬁa)}1>7
n=—0o0 k=0
—1 fe%s)
951011 = ( Y Yaoein-a)r a}> <2Xkle{k(ﬁ a}—l)v
n=—oo k=0
g{lgl (61 + Z Yo 2€(n(s a)}) <1 + ZXk,le{k(ﬁ—a)}—1>a
n=—oo k=0

92 1911 = (el + Z Yo 2en(s a)}> <ZX’C 1€{k(B—a a}—1>’

n=—oo

which with f given by (4.3) implies, respectively, that

M@Lfgﬁ) = 5—2{/71,2 + 523771,2)(0,17
M (G5 f911) = > aYeaXe+ > EaYaaXkn
(n+1,k)E(Z—-XZ4)a,1 (n+1,k)E(Z—-XZ4)a,2
+ Z 525~/n,2)~(k,1 + Z 5—257%2)?1;,17

(n+1,k)E(Z_XZ4+)p 1 (n+1,k)E(Z-XZ4)ga,2

M(g31fgi1) = D> caXei+ D CoXei+ D Yoo+ 3 CaVno

keNg keNE neNgy neNy

+ Z c1YnoXp1+ Z c_1Yp 90Xk
(nk)E(@_XZ4)7 (k€@ XZ4)7 5

+ Z caYp o Xp1 + Z C—2Yn oXk 1,
(k) E(Z_XZ4 )5 (nK)E(Z_XZ4)3

M(Q;,1f§1_,1) = 5—1)20,1 + 511/()72)20,1. (5.10)



48 M.A. Bastos, A. Bravo, Y.I. Karlovich and I.M. Spitkovsky

If (4.9) holds, then

92 191, 1=

0
Z Yieqns a)}1>7

k=

—1
931011 = ( n,2€{n(B—a)— a}>( Z Yk,le{k(ﬁa)a}1>7
k=—oc0

ZXn 2€{n(B—a)— a}> 1+

0
931911 = (e + Z Xn,2€(n(s-a)} <1 + Y Yk,le{k(ﬁ—an—l)a

k=—oc0

-1
931911 = (61 + Z Xn,ze{nwa)}) ( > Yk,1e{k(ﬁa)a}1),

n=0 k=—o0

which with f given by (4.3) implies, respectively, that

M(95,f911) = ¢1 X0 + 61 X02Y01,

M(g31f911) = Z X2V + Z ¢ 1 Xn 2V

(n,k+1)E(Zy XZ_) o1 (n,k+1)E(Zg XZ_)ar 2

+ Z 525571,2)7]@,1 + Z ’612)?71,2171@17

(nk+1)E(Zy XZ) g (nk+1)€(Zy xZ) g2

M(g5 forn) = D caXnat+ D CaXnat D Vi + . aYia

neNt neNg keNg keN;

+ Z 1 Xn2Ye1 + Z C_1Xn2Yk 1
(n,K)E(Zy X2 )7, (nK)E(ZaxT )3

+ Z CoXnoYi1+ Z C_oXn2Yk 1,
(n,k)E(Zy XxZ-)7 4 (nk)E(Z4 xZ_)F 5

M(nglfﬁil) = 572{/71,1 + 52X0,23771,1-

5.3. Computation of M(§Ilfg1_,1) and M(gilfgl_’l)

Since

and

(5.11)
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we deduce from (5.8), (5.9), (5.10) and (5.11) that

¢_1X02 + &1 X0,2Xo0,1, c1—c(e_1a/ern),

M@Gh fory) = 4 2t T eYaelon o Jea malean/an). g,
T C2Y_ 12+ Y 12X01, C_o —Ca(c_11/c11),
c-1Xo,2 + 1 X0,2Y0,1, c1—ci(c_g1/ca1),
5—1)20,1 + 51X0,2)~(0,17 c_1—¢1 (0—1,2/01,2)7

Mgty fy) = 4 2ot Y atoatonn o Jea—Glean/an), (g
T ¢_1Xo0,1 +&1Y02X0,1, c_1—ci(c_a2/ca2),
T oY1 +E@Xo2Y 1, C_g—ca(c12/c1,2),

if, respectively, (4.6), (4.7), (4.8) and (4.9) holds.

Substituting M(gy, fg7,) and M(ggjlfﬁl_,l) given by (5.12) and (5.13), re-
spectively, and M(ﬁ;‘lfgl_l) and M(g5, fg7,) given by (5.8), (5.9), (5.10) and
(5.11) into (5.6) and applying (3.20), we obtain the entries of the matrix T (see
(5.5)), which together with d(G) = d(GF,) obtained in (5.1)—(5.4) gives d(GF)
due to (4.1).

5.4. Proof of Theorem 4.2

Under condition (4.10), all the sets
NI, NE| (Zy x Zy)ya, (Zo x Z1)3, (5.14)

given by (2.25) and (5.7) are empty. Hence, by (5.1)—(5.4), we infer that

—diag [c 1,1€1 1, c_ 1201§, c11c_ %1, c120_ }2]

—diag [c 21621, c_ 22@%, c2.1C_ %1, c22C_ %2]

— diag [C 1 101 17 C— 2202 27 C1,1C_ % 1, C2 2C_2 2]

— diag [0—2,102717 C—1,201,27 02,10_2717 01,20_1,2]7

if, respectively, conditions (4.6), (4.7), (4.8) or (4.9) hold. Since the sets (5.14) are
empty, it follows from (3.20) and (5.8)—(5.11) that

M(§2+1) = M(92+,2) = M(g;,Q) =0

d(G) = (5.15)

and
M(§;1f§1_,1) = M(9;1f91_,1) = 0.
Then we deduce from (5.6) that
lo1 = *M(92+,1) (92 1f91 1)ks 17 te.3 =0,
la3 = M(ggrz) (92,1f91,1)k1 "kt tan=0.

Taking into account the relations ks = M(g;z) for s = 1,2, applying (3.20) for
M(g;:l)7 M@;Q) and M(§;2), and using (5.12) and (5.13) for M(ﬁ;lfgil) and

(5.16)
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M(9;1f§i1)7 we infer from (5.16) that

—(c16-1 —c1 151)01_?1037 (€1,26-1 — c—1,2€C1)c_ 1,10_1,27
bt — *(02,1?2 — C_21G2)C5 ] 102 2’ tes = (2,262 — c_22C 2)02%,103%,2’
*(01 1€C—2 —C—-1,1 )C 02 2, ’ (02 2C—1 —C_22 1)071,1072,2’
—(e20¢-1 —c_2,1C1 )02 1C1 27 (c1,2€-2 —c_1 202)0:%,10:},2

(5.17)

in the cases (4.6), (4.7), (4.8) and (4.9), respectively.

Finally, substituting ¢2.3 = 0, t417 = 0 and also t21 and t4 3 given by (5.17)
into (5.5) and applying (5.15) and (4.1), we immediately obtain (4.12) with trian-
gular 2 X 2 matrices 77 and Ty given by (4.13)—(4.16).
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Abstract. Representations on Hilbert spaces for the nonlocal C*-algebra B of
singular integral operators with piecewise slowly oscillating coefficients, which
is extended by the unitary shift operators U, associated with the solvable
discrete group G of diffeomorphisms g : T — T that are similar to affine
mappings on the real line, are constructed. Such shifts may change or preserve
the orientation on T and have both common fixed points for all ¢ € G and
distinct fixed points for different shifts. Using the theory developed for C*-
algebras of singular integral operators with shifts preserving the orientation
of a contour, a Fredholm symbol calculus for the C*-algebra B is constructed
and a Fredholm criterion for the operators B € B is established.
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1. Introduction

In this paper we deal with the nonlocal C*-algebra B generated by the C*-algebra
of singular integral operators with piecewise slowly oscillating coefficients and by
the discrete group of unitary operators Ug associated with the group G of all
diffeomorphisms (shifts) g of the unit circle T := {2z € C : |z] = 1} onto itself,
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given by
g=aogoa (1.1)
where )
a:R—T, a(x):xiz, for x € R, (1.2)
T+
and
g:R—=R, g(x)=kyx+hy for z R, (1.3)

with k, € R\ {0}, hy € R.

Let B := B(L?*(T)) be the C*-algebra of all bounded linear operators on
the space L?(T) and K := K(L?(T)) be the ideal of compact operators in B. An
operator B € B is said to be a Fredholm operator if and only if the coset B™ :=
B+ K is invertible in the Calkin algebra B/K. A representation U : B — B(Hsps ),
where Ho is a Hilbert space, is called a Fredholm symbol map for the C*-algebra
B if the Fredholmness of each operator B € %8 is equivalent to the invertibility of
Uy (B) on Hp.

C*-algebras of singular integral operators with piecewise slowly oscillating
coefficients and different classes of groups G of preserving-orientation shifts were
studied in [4]-[8]. The aim in this paper is to construct, using similar ideas to those
used in [8], a Fredholm symbol map for the C*-algebra

9B := alg (PSO(T), St, Ug) C B(L*(T)), (1.4)

where the shifts ¢ € G may also change the orientation of T. Thus, the C*-algebra
B is generated by all multiplication operators al with a € PSO(T), by the Cauchy
singular integral operator St defined by

1
(S1¢)(t) := lim / PT) G T(e)={reT: [r—t|<e}, teT,
T\T(te) T — ¢
and by the group Ug := {U, : g € G} of unitary weighted shift operators U, given
by
(Ugp)(t) = |g'(8)]/*(g(t) for teT,

where G is the group of shifts defined by (1.1)—(1.3) and acting on T from the
right: (g192)(t) = g2(g1(t)) for all ¢t € T and all g1, g2 € G.

Notice that different shifts g € G have both common and distinct fixed points.
Indeed, denoting by T, the set of fixed points of the shift g = a0 goa™!, where
g(x) = kgx + hy, we have

T if k=1, hy = 0;
T, = { {1} if ko =1, hy # 0; (1.5)
hg+i(kg—1 .
{1l D it k£ 1

Moreover, in contrast to [8], where all shifts preserve the orientation of T, the shifts
g in the present group G preserve or change the orientation of T if, respectively,
kg >0ork, <0.
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In view of (1.1), the reflection J(x) = —z on R generates on T the reflection
v € G given by
~v({t)=t for teT. (1.6)

Denoting by Gy the normal subgroup of G consisting of the shifts that preserve
the orientation of T, we easily conclude that for each shift ¢ € G\ Gy there
exist g1,g2 € Go such that g = g1v = 7vga. Group G is then given by the union
G = Go U Gy, where Goy = {g7: 7 € Go}.

The paper is organized as follows. Section 2 contains preliminaries: descrip-
tions of the C*-algebra PSO(T) of piecewise slowly oscillating functions on T and
its maximal ideal space M (PSO(T)), a Fredholm symbol map (Theorem 2.2) for
the C*-algebra

A := alg (PSO(T), St) C B, (1.7)

generated by the operator St and all operators al with a € PSO(T), and the
description of a spectral measure associated with a central subalgebra of the C*-
algebra B /K. Section 2 also contains the main tools for studying the C*-algebra
B: a C*-algebra version of the lifting theorem (Theorem 2.6) and a suitable version
of the local-trajectory method (Theorem 2.7).

Section 3 contains the main results of the paper: a representation Wg of the
C*-algebra 9 on a Hilbert space Hy = Hi ® Ho @ Hs, where

Uy =V, @ Uy & ¥3 (1.8)

is the direct sum of representations ¥, : B — B(H;) (i = 1,2,3), such that
Ker Uz = K. As a result, a Fredholm symbol map for B is obtained (Theorem 3.1)
and a Fredholm criterion for the operators B € 98 in terms of their Fredholm
symbols is established (Theorem 3.2).

In Section 4 we study the invertibility in the quotient C*-algebra B =B /9
where §) is the closed two-sided ideal in B generated by all commutators [al, St],
with @ € PSO(T). The C*-algebra B can be viewed as

B = alg (A, Ug), (1.9)

the C*-algebra generated by the commutative C*-subalgebra A= (A +9)/$H and
by the group of the unitary cosets Ug = {Ug+$ : g € G}. Using the local-
trajectory method, the Gelfand transform of the C*-algebra A is extended to a
faithful representation of the C*-algebra B. As a consequence, an invertibility
symbol map for the C*-algebra B is constructed, an invertibility criterion for its
elements is obtained (Corollary 4.4 and Theorem 4.3), and the *-homomorphism
U5 : B — B(Hj3) is defined (Theorem 4.5 and Corollary 4.6).

The continuity of mappings ¥y : B — B(Hi) and Uy : B — B(Hz) is
established in Section 5. These mappings are associated, respectively, with two
G-orbits: wy; = {1} and wy = T \ {1} resulting from the action of G on T. Using
ideas from [8] and [16] we establish the continuity of mappings ¥; and ¥5 for the
considered group G that admits shifts changing the orientation of T (Theorem 5.4).
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Relations between the mappings W1, U5 and the ideals $1, 2 generating § are also
investigated (Theorem 5.5).

Finally, in Section 6, applying (1.8) and collecting results from Sections 4
and 5, and also using the lifting theorem presented in Subsection 2.4, we prove
Theorems 3.1 and 3.2, the main results of the paper.

2. Preliminaries

2.1. The C*-algebra of PSO(T) functions

Let L>°(T) be the C*-algebra of all bounded measurable functions on the unit circle
T:={z € C:|z| = 1}. Let C(T), PC(T) and SO(T) denote the C*-subalgebras
of L>(T) consisting, respectively, of all continuous functions on T, all piecewise
continuous functions on T, that is, the functions having one-sided limits at each
point t € T, and all slowly oscillating functions on T, that is, the functions f that
are slowly oscillating at each point A € T:

;i_r}%)esssup{\f(zl) — f(z2)]: 21,22 € Ts()‘)} =0,

where T.(A) := {z € T : ¢/2 < |z — A] < €}. Denoting by SO,(T) the C*-
subalgebra of L>°(T) consisting of the continuous functions on T \ {A} that are
slowly oscillating at A € T, we deduce that SO(T) := alg {SOA(T) : A € T} is the
smallest C*-subalgebra of L*°(T) containing all C*-algebras SO,(T), A € T.

Denoting by PCY(T) and SO°(T) the non-closed subalgebras of L>(T) con-
sisting of all bounded functions that are continuous at all points of T except
perhaps a finite number of points where these functions are, respectively, piece-
wise continuous or slowly oscillating, we conclude that PC(T) = PC9(T) and
SO(T) = SOY(T), with closures taken in L>(T).

Let PSO(T) := alg (SO(T), PC(T)) be the C*-subalgebra of L>(T) gener-
ated by the C*-algebras SO(T) and PC(T). Obviously, PSO(T) is the closure
in L>°(T) of the set PSO°(T) consisting of all bounded functions on T admit-
ting piecewise slowly oscillating discontinuities at finite subsets of T and being
continuous at all other points of T.

As usual, we do not distinguish the non-zero multiplicative linear functionals
on A and their kernels which are the maximal ideals of A.

It is known that the maximal ideal space of C(T) and PC(T) can be identified,
respectively, with T and T x {0, 1},

M(C(T)) =T, M(PC(T)) =T x {0,1},

where the points ¢t € T are identified with the evaluation functionals J; given by
5:(f) = f(¢) for f € C(T), and the pairs (¢,0) and (¢, 1) are the multiplicative linear
functionals defined for a € PC(T) by (¢,0)a = a(t—0) and (¢,1)a = a(¢+0), where
a(t —0) and a(t +0) are the left and right one-sided limits of a at the point ¢t € T.
The base of open sets on T x {0,1} consists of all sets of the form (¢,7) x {0,1},
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((t, 7] x {0}) U ((¢, T) >< {1}), ((¢t,7) x {0}) U ([t,7) x {1}), where ¢,7 € T. Since
C(T) c SO(T) C PSO(T), it follows from [4] that
M(SO(T)) = U M/(SO(T)), M(PSO(M) = ] M(PSO(T)), (21)
teT £EM(SO(T))

where the corresponding fibers are given for t € T and £ € M (SO(T)) by
M (SO(T)) = {&€ € M(SO(T)) : &loer) = t},
Me(PSO(T)) = {y € M(PSO(T)) : ylsor) =&}

Given £ € M (SO(T)) for t € ']I‘7 for any sequence {a;} C SO(T) according to [4,
Corollary 4.4] there exists a sequence {t,} C T\ {t} such that

&(a;) = li_>m a;i(t,) forall i€ N.
The fibers M:(PSO(T)) for £ € M(SO(T)) can be characterized as follows.
Theorem 2.1. [4, Theorem 4.6] If £ € M;(SO(T)) with t € T, then

Me(PSO(T)) = {(£,0), (&, 1)}, (2.2)
where, for p € {0,1}, (&, 1)lsory =&, (§; 1)l =1, (& 1)lpery = (t, 1)

By (2.1) and (2.2) we have M(PSO(T)) = M(SO(T)) x {0,1}. With the
Gelfand topology described in [5], M(PSO(T)) becomes a compact Hausdorff
space.

2.2. The C*-algebra A
Consider the C*-algebra 2 of singular integral operators on L?(T) with PSO(T)
coefficients, which is given by (1.7). With 2 we associate the set

M := M(SO(T)) x R, (2.3)

where R = [—o0, +0c]. Let B(9M, C?*2) be the C*-algebra of all bounded matrix
functions f : M — C?*2. According to [9, Section 7] and [5, Theorem 5.1] we have
the following symbol calculus for the C*-algebra 2.

Theorem 2.2. The map Sym : {al : a € PSO(T)} U {Sr} — B(IM,C?*?) given
by the matriz functions

_fal§,1) 0 _fulz) —v(z)

Sym (u)](g,x)( . a(£70>>7 (Sym $1)(€, )= (W) _u(m)) 2.0
where a(§, 1) is the Gelfand transform of a function a € PSO(T) at the point
(&, 1) € M(PSO(T)) and

u(z) ;= tanh(mx), wv(x):= —i/cosh(rz) for x €R, (2.5)

extends to a C*-algebra homomorphism Sym : A — B(9M, C2*?2) whose kernel
consists of all compact operators on L*(T). An operator A € 2 is Fredholm on the
space L*(T) if and only if det([Sym A](¢,z)) # 0 for all (€,2) € M
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To each point t € T we assign the operator V; € B(L?(T)) with fixed singu-
larity at ¢, which is given for z € T by

Xt (@) [ ewxi () xi (2) [ eWxi (v)
Vee)(2) := 7 /Terz—Zt W= /Ty+272t 4, (2:6)

where x are the characteristic functions of arcs v such that v, := v U~ is
a neighborhood of ¢ separated from —t, v, N v, = {t}, and 7" N (—t,t) = @,
v¢ N (t,—t) = @. The operators V; for all ¢ € T belong to the C*-algebra 2 (see,
e.g., [5, Lemma 5.3]).

Let P consist of all polynomials Y_;_, ayu® (ay € C,n=0,1,...), and

Z:=alg{al, Hpy: a € SO(T), PP, te T} C B(L*T)) (2.7)
be the C*-subalgebra of 2 generated by the operators al (a € SO(T)) and
Hp; := P(Xj'STX;"I —x:Stx; Hvi e (PeP, teT).
By [5, (4.10)—(4.11)] and [16, (5.24)], we get
aHp;~ Hpsal, StHp;~ Hp;St, UyHps~ Hp 14U, (2.8)
for all a € PSO(T), t € T and g € G. Moreover, because
bSt ~ Stbl  for all b e SO(T),

we conclude that Z™ := (Z + K)/K is a central C*-subalgebra of the C*-algebra
2A™ :=2A/K, where K := K(L?(T)). Given the set

M := M(SO(T)) x R (2.9)

with R = R U {oo}, we infer from [5, Theorem 6.3] that Z™ = C(90), where O is
the compact Hausdorff space equipped with the Gelfand topology.

By analogy with [5, Lemma 5.4], we easily obtain its generalization for shifts
changing the orientation of T from (2.6) and (2.4).

Lemma 2.3. Let g be an orientation-preserving diffeomorphism on T, t € T, v(x) =
—i/ cosh(mz) for x € R, and let M be the set (2.3).

(i) If g(t) =t, then UyV; € A and
Sym (U, V)l(E. ) i=
diag{e™ "9 Wy (z), eI Oy(z)} if (¢,2) € My(SO(T)) x R,
{02><2 if (&x) € M\ (M(SO(T)) x R).
(ii) If g(t) =t, then U,U,V; € A and
Sym (U0, W](6, ) =

ol lnlg’(t)lv(x) 0

O2x2 if (§,2) € M\ (M(SO(T)) x R).

( 0 e”“"g/(t)lv(xv if (§,z) € M(SO(T)) xR,
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2.3. The spectral measure associated with the C*-algebra 2837

Consider an isometric representation
©:B" = B(H,), B"— o(B") (2.10)

of the C*-algebra B™ := B/K on an abstract Hilbert space H,,. Let R(90) be the

o-algebra of all Borel subsets of the compact set m given by (2.9), and let
P, : R(M) — B(H,) (2.11)
be the unique spectral measure associated to the representation (2.10) restricted
to the commutative unital C*-algebra Z7, where Z is defined by (2.7). Since all
shifts g € G have continuous derivative on T, for the generators of B we have the
relations
UgaUy " = (a0 g)l, a€ PSO(T), g€G, (2.12)
and
U STUil ~ St, UQ’YSTUg'y ~
where ao g, aoy € PSO(T) (cf. [4, Lemma 4.2]).
As a consequence, for each g € G the mapping

ag: AT — U;TflTr(U;T)_1
is a *~automorphism of the C*-algebra 2™ and its central C*-subalgebra Z™. These

*_automorphisms in view of (2.12) and (2.8) induce on M(Z™) = 9 the group of
homeomorphisms

—Sr, g€ Go, (2.13)

By : M= M, (€2) = (9(§),) i g€GC,
where & — ¢(€) is the homeomorphism on M (SO(T)) given by
a(g(€)) = (aog)(§) forall ae SO(T) and all & € M(SO(T)) (2.14)

(as usual a(§) = &(a)).
Denoting by Q{G(‘Jﬁ) the subset of R(90) given by

Re (M) = {Q € RON) : 5,(Q) = Q forall g€ G},
we conclude from [14] that, for each Q € R (9M) and each operator B € B,
Pp(Q)e(B™) = o(B")Pp(Q).
For every point t € T we introduce the open subset of M given by
Mm; = M (SO(T)) x R. (2.15)

For each g € G, the homeomorphism & — ¢(§) defined by (2.14) sends the fibers
M;(SO(T)) onto the fibers Mg (SO(T)). Since 1 is a fixed point for any shift
g € G, for every function a € SO(T) it follows that a(g(£)) = a(&) for all £ €
M1(SO(T)) (see, e.g., [5, Theorem 6.4]), and therefore MY is a set of fixed points
for all homeomorphisms 8, (g € G). Consequently, M3 € R (M), while for all
t e T\ {1} the sets MY do not belong to R (9M). Similarly to [7, Lemma 4.2] we
obtain the following.
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Lemma 2.4. For everyt € T and every g € G,
Po(M)e(Uyg) = Uy ) Po (Mg )- (2.16)
In particular, from Lemma 2.4 it follows for the reflection v € G given by
(1.6) and for every t € T that
Pp(M7)e(UT) = @(UT) P (M)
For each t € T, let A{ be the abstract C*-subalgebra of B(H,,) given by
A7 = P, (3o A7),
Using the fact that 9017 is an open subset of 90, we obtained in [5, Corollary 9.3
the following invertibility criterion for the operators in 5.
Lemma 2.5. For any t € T, the map Symy; : 25 — B(I12(IM7,C?)) defined by
Symy : Pp(M7)p(A™) = BU*(M7, C?)),  Py(M7)p(A™) > (Sym A)|ang 1
is an isometric C*-algebra homomorphism. An operator P, (97 )p(A™) for A
€ A is invertible on the space P,(IMF)H, if and only if
det([Sym A](&,x)) # 0  for all (§,z) € M(SO(T)) x R.

2.4. Lifting theorem and the local-trajectory method

Let B := B(H) be the C*-algebra of all bounded linear operators on a Hilbert
space H and let B be a C'*-subalgebra of B containing the identity operator I € B.
Suppose the ideal K := K(#) is contained in B. Given B € B, let |B| denote the
essential norm of B, that is,

|B| = [|B™|| = nf{|[ B+ K[| : K € K}.

To investigate the Fredholmness of operators B € B, the central result is
the following analogue of the lifting theorem from [12, Theorem 1.8] (see also [18,
Section 6.3]), which is a C*-algebra modification of [15, Theorem 3.3]. For reader’s
convenience we give its proof.

Theorem 2.6. Let A be an index set and suppose that, for each A € A, we are given
a unital C*-algebra Ly, a *-homomorphism Wy : B — Ly, and a closed two-sided
ideal $\ C B such that:

(i) KCcHrNKer¥y and $H, CKer Wy for all pe A\ {\};

(ii) the restriction of the quotient homomorphism
%/K:—>£>\7 B+K:0—>\1/,\(B)
onto the ideal Hx/K is a *-isomorphism of $Hx/K onto the closed two-sided
ideal Ry := U () of the C*-algebra By := U (B) C L.

Let $ be the smallest closed two-sided ideal of B containing all ideals H\ (A € A).
Then an operator B € B is Fredholm if and only if the coset B + $) is invertible
in B/H and for every A € A the element Uy (B) is invertible in L.
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Proof. Necessity. Let B € 8 be a Fredholm operator. Then there is an operator
B’ € % such that BB’ = [ + K and B'B = I + K with K, K € K. Since the
quotient C*-algebra B™ = B/ is inverse closed in the C*-algebra B™ = B/K,
that is, any coset B™ € B™ invertible in B” is invertible in 8™, and since K C $,
we infer that the coset B + §) is invertible in %B/$) and its inverse is the coset
B’ + 9. Because the homomorphisms U, : B/ — L, preserve the invertibility of
elements, for every A € A the element ¥, (B) = ¥, (B + K) is invertible in L.

Sufficiency. Suppose that the coset B+ ) is invertible in the quotient algebra
B/$H. Then there are elements D € B and H € $ such that DB = I + H.
By definition of the ideal $) one can choose a set {A1, A2,..., A} C A, elements
Hy, €9, (i=1,2,...,n) and H' € § such that

H' ~H), +---+H,, and |H-H'|<L1.

In addition, for each A € A, since U\(H,,) =0 for all . € A\ {\} and all H, € $,,
it follows that Uy ($)) = Ux(Ha) = R, and therefore the invertibility of the coset
B+ % in B/$ implies the invertibility of the coset Uy(B) + Ry in the quotient
C*-algebra B /R .

Let \I/;il(B) stand for the inverse of ¥y, (B) in Ly,, ¢ = 1,2,...,n. Because
B, is a C*-algebra, we conclude that \I/;il(B) € ‘B),, whence \I/,\i(H,\i)\Il;i1 (B)
belongs to the ideal Ry, of the C*-algebra ®By,. Then by (ii) there exists an element
D), € 9, such that

Uy, (Dy,) = Ux, (Hy,) P3N (B). (2.17)
If weput D' =D — Dy, —---— D,,, then
D'B=I1+H-Dy\B—---—Dy B
=1+ (H—H')+ (Hx, — DxB) + -+ (Hx, — Dy, B). (2.18)
It follows from (i) and (ii) that actually
HarNKer¥y =K. (2.19)

Indeed, if Hy € $) with Uy(H,) = 0, then coset Hy + K belongs to the kernel of
the *-isomorphism mentioned in (ii). Thus, Hy + K = 0+ K and hence H) € K.

Since, by definition, Hy, — Dx,B € $, and, in view of (2.17), ¥y, (H), —
D,,B) = 0, we conclude from (2.19) that Hy, — Dy, B € K. Thus we infer from
(2.18) that

D'B~I+H-H'.

In view of the inequality |H — H'| < 1, the coset [ + H — H' + K is invertible in
B/K,and (I + H - H' +K)~! = By + K with By € 8. Then BoD'B ~ I, whence
the operator BoD' € B is a left regularizer of B.

Analogously one can prove the existence of a right regularizer of B, which
together with the previous part implies the Fredholmness of B. O

In order to study the invertibility of cosets in the C*-algebra B /), we will use
the following version of the local-trajectory method (cf. [13], [14], [5] and [1]-[3]).
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Let A be a commutative C*-algebra with unit I, G a discrete group with unit
e, u: g — uy a homomorphism of the group G onto a group ug = {uy : g € G}
of unitary elements such that ug, 4, = ug, ug, and ue = I. Suppose A and ug are
contained in a C*-algebra ) and assume that

(A1) for every g € G, the mapping ay : d — ugduy is a *-automorphism of the
commutative C*-algebra A;
(A2) G is an amenable discrete group.

By [11, § 1.2], a discrete group G is called amenable if the C*-algebra I*°(G)
of all bounded complex-valued functions on G with sup-norm has an invariant
mean, that is, a positive linear functional p of norm 1 such that

p(f) = p(of) = p(f,) forall s€G andall fel®(@),

where («f)(g) = f(s™'g). (fs)(9) = f(gs), 9 €G.

Let D := alg (A, ug) be the minimal C*-algebra containing the C*-algebra
A and the group ug. By virtue of (A1), D is the closure of the set D° of elements
d =) agug, where a, € A and g runs through finite subsets of G.

Let M := M(A) be the maximal ideal space of the commutative C*-algebra
A. By the Gelfand—Naimark theorem [17, § 16], A = C(M). Under assumption
(A1), identifying characters ¢,, of the C*-algebra A and the maximal ideals m =
Ker ¢, € M, we obtain the homomorphism g — S4(-) of the group G into the
homeomorphism group of M according to the rule

a(Bg(m)) = (ag(a))(m), a€A meM, ged,

where a(-) € C(M) is the Gelfand transform of the element a € A. The set
G(m) := {By(m) : g € G} is called the G-orbit of a point m € M.

Suppose that the next version of topologically free action of G holds (see
[13], [5]):

(A3) there is a set My C M(A) such that for every finite set Go C G\ {e} and
every nonempty open set V.C M(A) there exists a point mg € V N G(My)
such that B4(mo) # mo for all g € Gy.

For each m € M, we take the representation m,, : A — B(C), a — a(m).
Given My C M, let Q(Mpy) be the set of G-orbits of all points m € My. Fix a
point m = my, in each G-orbit w € Q(Mp), and let [?(G) be the Hilbert space of
all functions f : G — C such that f(g) # 0 for at most countable set of points
g € G and ||f]| .= O |f(9)]?)Y? < co. For every w € Q(My) we consider the
representation m,, : D — B(I?(G)) defined by

[0 (a) f1(g) = mm(ag(a)) f(9),  [me(un) fl(g) = f(gh)

for all a € A, all g,h € G and all f € I2(G).
We infer the following nonlocal version of the Allan—-Douglas local principle
from [14, Theorems 4.1, 4.12] and [5, Theorem 3.1].
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Theorem 2.7. If assumptions (A1)—(A3) are satisfied, then an element d € D s
invertible in D if and only if for every orbit w € Q(My) the operator m,(d) is
invertible on the space 1?(G) and, in the case of infinite set (M),

sup {H(ﬂ'w(d))ilHB(l?(G)) D wE Q(Mo)} < 00.

3. Main results
Given t, 7 € T, we define the set
Yir ={ge€G:g(t) =1} (3.1)

Since t =1 is a common fixed point for all g € G, we conclude that Y7 ; = G.

Fix tg € T\ {1}. Then its G-orbit G(to) := {g(to) : g € G} coincides with
T\ {1}. For each 7 € T\ {1} let us fix a shift g, € Y}, - such that ¢g;, = e, the unit
of G. Observe that, for every g € Y; » with ¢,7 € T\ {1}, we have

Gtr = 0199, =971 0909 € Yig 1o (3.2)
For each shift g € G, we also define the function 64 : T x T — {0,1} by
1 if g€V,
S(tr) =9 O (3.3)
0 if g¢Vi,.

With the C*-algebra B we associate the Hilbert space
Hey :=H1 ®Ha ®Hs
where
Hy = 1*(M;(SO(T)) x R, C?),
Ho = 1>(M;,(SO(T)) x R, 1*(T\ {1},C?)), (3.4)
Hs 1= 12(My, (SO(T)) x {0,1}, 1%(G)).
Here #; is the non-separable Hilbert space consisting of C?-valued functions de-

fined on the set M;(SO(T)) x R and having at most countable sets of non-zero
values. The norm of a vector function

©: Mi(SO(T)) xR = C%, (§,2) = (& x) = (Ri(&, 7))y
in the Hilbert space H; is given by

2 1/2
12| = ( > Z|<I>i(57x)|2> .
(

€,2)eM, (SO(T)) xR i=1
Analogously, Hs and Hs are non-separable Hilbert spaces consisting, respectively,
of 12(T\ {1}, C?)-valued functions defined on the set M;,(SO(T)) x R and of I?(G)-
valued functions defined on the set My, (SO(T)) x {0,1}, and all these functions
have at most countable sets of non-zero values. In its turn, [*(T \ {1},C?) is the
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non-separable Hilbert space consisting of all vectors f = (f7),em\ {13 with at most
countable sets of non-zero entries f; = (fr.;)7_; € C? and the norm

151 ( > Zf|>/

TET\{1} i=1
Thus, the norm of vector functions
O M, (SO(T)) x R = 13T\ {1},C?), (&2) = O(&,2) = (0:(§,2))rem (1)
and
A Mto (SO(T)) X {07 1} - ZQ(G)7 (@M) = A(@M) = (A9(£7/~L>>QEG
in the Hilbert spaces Hy and H3 are given, respectively, by

1/2
0] == ( > ||@(€7x)||2>
(&)

€My, (SO(T)) xR

_ ( DS ieT,i<g,x>|2)m

(£,2)EMy, (SO(T))xR 7€T\{1} i=1

and

1/2
Al = ( > IIA(&u)IIz)
(&)

€My, (SO(T)) x{0,1}

1/2
= < Z Z |Ag(§7ﬂ)|2> :
(&:m)

€M, (SO(T))x{0,1} g€G
We now construct a representation
Uy : B = B(Hy), B— Ui(B) P TY(B) P Ys3(B) (3.5)

of the C*-algebra B on the Hilbert space Hoy = H1 B Ha ® Hsz. The values U (B)
for B € B are bounded linear operators acting on the space Hg. A Fredholm
criterion for the operators B € B will be described in terms of invertibility of
the operators W (B) on the space Ho. Hence, the representation ¥es : B —
B(Hyp) can be referred to as the Fredholm symbol map for the C*-algebra B.
The representation Vg can be considered as the direct sum of the following three
C*-algebra homomorphisms

Uy : B — B(H1), B— ¥y(B)=Sym,(B)I,
Uy : B — B(Ha), B— Uy(B)=Sym,(B)I, (3.6)
Us: B — B(H3), B+~ ¥3(B) = Syms(B)I,

defined initially on the generators of the C*-algebra ‘B.
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In (3.6), U1(B) are operators of multiplication by 2 x 2 matrix functions
Sym, (B): M1(SO(T)) x R— C?*?2 whose values at the points (£,2) € M1 (SO(T)) x
R are defined on the generators of the C*-algebra % by

symanlien) = (“GY o).

vy (sel(e.o) = (T o),

sy @) = (g7 ).

sy @))60) = (1 ). (37)

where a € PSO(T), g € Go, kg :=1ng'(1) with ¢’(1) > 0.

Further, WUy(B) are operators of multiplication by infinite matrix functions
Sym, (B) given on My, (SO(T)) x R, where the values of these matrix functions at
the points (£, z) € M;,(SO(T)) x R define bounded linear operators on the Hilbert
space [?(T \ {1}, C?) and are given on the generators of the C*-algebra B by

[Symy(al)](§, r) := diag { ((a ’ 96)(57 g (ao gto)(& 0)) }teT\{l} 7

T (v N evic)

where a € PSO(T), g € Go, kgt := Ing;  (to) with g; » defined by (3.2) and
gi.-(to) > 0, and the function dj is given by (3.3) for h € G.

Finally, U3(B) are operators of multiplication by infinite matrix functions
Symg(B) given on My, (SO(T)) x {0, 1}, where the values of these matrix functions
at the points (&, ) € My, (SO(T)) x {0, 1} define bounded linear operators on the
space [?(@) and are given on the generators of the C*-algebra B as follows:

[Symg (al)](€, p) = diag{(a o h)(& 1)},
[Symy(St)](€, 1) := diag{n}, s
[Sym3(Ug)](§7u) = (5h915)h,s€G’ (3.9)

where a € PSO(T), g € G, 0, = 1if h € G preserves the orientation on T, 8, = —1
if h € G changes the orientation on T, and dy, s is the Kronecker symbol on G.
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Given a € PSO(T), we also note that

a o — a(h(£)7u) if hEG’o7
(aoh)(& p) {a(h(f),lu) .

where the map £ — ¢(§) on M(SO(T)) is given by (2.14).
We will prove below the following main results of the paper.

Theorem 3.1. The map Vo defined on the generators of the C*-algebra B by
formulas (3.5)—(3.9) extends to a C*-algebra homomorphism of B into the C*-
algebra B(Hs) such that || (B)| < |B| for all B € B, and Ker ¥ coincides
with the ideal K(L*(T)) of all compact operators in the C*-algebra B(L*(T)).

Theorem 3.2. An operator B € B is Fredholm on the space L*(T) if and only if
the operator Wy (B) is invertible on the space M, that is, if the following three
conditions hold:

(i) for every (§,xz) € M1(SO(T)) x R the matriz [Sym,(B)](§,x) is invertible

and
inf det ([Sym, (B)](¢,2))| > 0:
(g,z)eMiI(lSO(’]I‘))xR| et (ISymu (B, 2))|
(i) for every (&,x) € M, (SO(T)) xR the operator [Symy(B)](&,x)I is invertible
on the Hilbert space I*(T \ {1},C?) and

1
(f,ﬂi)E]VItSOIZEO(T))X]R || ([Symy(B)](€, 2)1) ||B(12(T\{1},c2)) < o0;

(iil) for every (&, p) € My, (SO(T)) x {0,1} the operator [Symg(B)](&, pw)I is in-
vertible on the Hilbert space I*(G) and

sup [Symg(B)](€, m)I) < o0,
(a,u)EM,,O(SO(T»x{o,l}H( ’ ) o)

By Theorems 3.1 and 3.2, the representation (3.5) is a map assigning a Fred-
holm symbol to every operator B € B, and ¥q(B) is the C*-algebra of the
Fredholm symbols for the operators B € ‘B.

4. Invertibility in the C*-algebra 23/§). The homomorphism W

Let 2A° and B° be the non-closed algebras consisting of operators of the form
Y TiaTip...Tij, (n,ji €N) (4.1)
i=1

where Tj . are, respectively, the generators al (a € PSO°(T)) and St of the C*-
algebras 21 and the generators al (a € PSOY(T)), St and U, (g € G) of the
C*-algebra 8. Clearly, A% is a dense subalgebra of 2, B° is a dense subalgebra
of 8.
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Let $ be the closed two-sided ideal of B generated by all commutators
[al, St] = aSt — Sral, where a € PSO°(T). Then $ is the closure of the set

i=1

5":)0 = {Z B;H;C; : B;,C; € %07 H, = [aiI,ST], a; € PSOO(T), neN,.

(4.2)
As is known (see, e.g., [10]), the ideal K of all compact operators on the space
L?(T) is contained in $.

Fix tg € T\ {1} and let $; and $H3 be the closed two-sided ideals of the
C*-algebra 9B generated, respectively, by V1 and K and by V4, and K, where V;
and Vi, are the operators with fixed singularities defined by (2.6). Let T := 9, /K
and 9 := Hy/K. Similarly to [16, Lemma 5.4] and [5, Lemma 10.4] we have the
following characterization of the ideal H7™ := /K.

Lemma 4.1. Every coset H™ € $™ can be written as H™ = H] + HJ, where the
cosets HT € 9T and HY € HF have the form
HT = lim (A7 V7 + AT, VUT),
HE = lim > % (A7, 00V U + Alna VIUFUT)
teT, gcF,

with An0, Anis Atgnos Atgni €A, and T, and F,, are finite subsets of T\ {1}
and Gg, respectively.

(4.3)

Consider the quotient C*-algebras B := B/$ and 2 := (A + H)/$, where A
is the C*-algebra given by (1.7). By [5, Theorem 5.2], the C*-algebra 2 consists
of the cosets A = at P + a~ Py + $, where a* € PSO(T), and is obviously

~

commutative. Its maximal ideal space M (2() is homeomorphic to the compact set
N:= M(SO(T)) x {0,1} x {£oo}, (4.4)

and hence 2 = C (MN). The Gelfand topology on N is defined as follows. If t € T
and £ € M;(SO(T)), a base of neighborhoods of the point (&, u, x) € 91 consists of
all open sets
{(U&t x {0} x {a}) U (Ug, x {0,1} x {z}) if p=0,
(&pm) = .

T e x {1 x Aah) U (UG < {0, 1} x () i p=1,
where Ug y = Us N M (SO(T)), Uy is an open neighborhood of £ € M (SO(T)), and
Ugtr Ugt cons;sts of all ( € ,U5 such that 7 = (|¢(r) belong, respectively, to the
open arcs (te ', t) and (t,te’) of T for some & € (0,27). The Gelfand transform
of cosets A = a* P +a~ Py +$ € A with a* € PSO(T) is given for (&, p,z) € N
by

(4.5)

A&, pz) = aT (&, )P4 (2) + a” (& p)P-(2), (4.6)
where
Pi(z) =[1 + tanh(rz)]/2 for all z € R.
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Applying the local-trajectory method we will obtain here an invertibility
criterion for the cosets B+ $) (B € B) in the C*-algebra B. As a consequence we
will construct the *-homomorphism W3 defined on the generators of B by (3.9).

By (2.12) and (2.13), we conclude that for every g € G the map

Gg: A=A, A+9H = U (A+H)U;

is a *-automorphism of the commutative C*-algebra 2. Indeed, taking a® €
PSO(T) we obtain

UglatPf +a Py +9)U; ' =(at 0g)Pf +(a” 0g)Pr +9 (g9 € Gy),
Ugla*Pf +a” Pp +9)U; = (at og)Py +(a” 0g)Pf +9 (g€ Goy),
where (a® 0g)(&, 1) = a*(g(€),1—p) for all (¢, 1) € M(PSO(T)) and all g € Gory.
Hence the C*-algebra 9B is the closure of the algebra B° consisting of the cosets
deF A,U, + 9, where A, € A° and ¢ runs through finite subsets ' C G. For

each g € G, the *-automorphism &4 of the C*-algebra 20 induces on the maximal
ideal space 91 defined by (4.4) the homeomorphism given by

o~

ég (&) = (9(8), pox) forall g€ Go, )

Bg : (fnuﬂx) = (9(5)7 1- M, —l‘) for all g S GO’Yv

according to the rule
AlBy(& )] = [ag(AD)] (6 px), A€, (&) eN, geQ,

where A(-,-,-) € C(M) is the Gelfand transform of a coset A € 2 (see (4.6)).

Since the homeomorphism ¢ — g¢(§) given by (2.14) sends the fibers
M;(SO(T)) onto the fibers M) (SO(T)) for all t € T, it follows from the proof of
[5, Theorem 6.4] that g(§) = £ for every £ € M;(SO(T)) and every t € T, where
T, is the set (1.5) of all fixed points of g on T. This in view of (4.7) gives the
following.

Lemma 4.2. For each g € Go, Mg := Uer, (M¢(SO(T)) x {0,1} x {£o0}) is the

set of all fized points of Bg on N. For all g € Gyy the homeomorphisms Bg do not
have fized points on N.

Since G acts topologically freely on T, we easily deduce from Lemma 4.2 and
the Gelfand topology (4.5) on 9t that the group G acts topologically freely on 91
as well. Moreover, since the set

No:= |J (M(SO(T)) x {0,1} x {£o0})
teT\{1}
is dense in I, we see that for every nonempty open set W C 91 and every finite
set Go C G there exists a point (o, o, o) € W N MNp such that 3g(fo7uo7$o) #*
(€0, pto, o) for all g € G\ {e}. Due to this fact and the amenability of the solvable
group G, we infer that all conditions of the local-trajectory method (see Subsec-
tion 2.4) for the C*-algebra B having the form (1.9) are fulfilled.
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For to € T \ {1} the G-orbit G(tg) := {g(tg) : ¢ € G} of typ on T coincides
with T\ {1}. From (2.14) and (4.7) it follows that the set
Q4 = M, (SO(T)) x {0,1} x {+o0} (4.8)

contains exactly one point in each G-orbit of every point in 91y. Consider the
Hilbert space [2(G) consisting of all complex-valued functions defined on G and
having at most countable sets of non-zero values, and with every point (¢, i, ) €
Q,, we associate the representation

e 0B — B(*G)), B:= B+ Be s (4.9)

given on the coset B= > Xg ﬁg € ‘BO, where F' is a finite subset of G, ;19 €A

and U, = U, + 9, by
(Beaf) () = 3 ([@n(A)] (€, 1,2)) f(hg) (4.10)

geF

gEF

for all f € [>(G) and all h € G. Then we immediately obtain the following invert-
ibility criterion from Theorem 2.7.

Theorem 4.3. A coset B € B is invertible in the quotient C*-algebra B = B/H if

and only if the operators Eg%w are invertible on the space 1?(G) for all (¢, pu,2) €
Q, and

sup

’(Egyﬂym)ilu < 0.
(&,11,2) EQuq B

(12(&)

Applying Theorem 4.3 to the operator BB* € % and using the relation
HEH = HEE*HIM = [T(EE*)]1/27 where T(EE*) is the spectral radius of the
operator §§*7 we conclude that

|B] = (BB = sup  [r(BepaBe,n)]",
(5aua$)69t0

N (E,u,sr)lészto HB&’“’“"HB(P(G))v

whence we obtain the following.

Corollary 4.4. The representation

P mep.:B— B( ZQ(G)>, (4.11)
(&,p,2) €,

(& p,2) €
where ¢ o and Sy, are given by (4.9)-(4.10) and (4.8), respectively, is an iso-
metric C*-algebra homomorphism.

The Hilbert space Hz := 12(M,,(SO(T)) x {0, 1},12(G)) introduced in (3.4) is
isometrically isomorphic to @ %(G). Identifying these two Hilbert spaces,
(5aua$)69t0
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we easily conclude that the algebraic *-homomorphisms
Uy : B = B(H3), B U3(B) = Sym,(B)I,

defined initially on the dense subalgebra B° of B by (3.9), coincides with represen-
tation (4.11). Consequently, ¥3 admits a continuous extension to the C*-algebra
B whose kernel is the ideal §). Thus, we get the following.

Theorem 4.5. The algebraic *-homomorphisms W3 : B — B(Hs3) defined on the
generators of the C*-algebra B by formulas (3.6) and (3.9), extends by continuity
to a representations W3 : B — B(Hs) such that

|Ws(B)|| = ||B|| < |B| forall B€®B and hence Ker¥s=$ > K.

For each operator B € B, Corollary 4.4 gives the following invertibility cri-
terion for the coset B in terms of Wj.

Corollary 4.6. Given an operator B € B, the coset B:= B+ 9 is invertible in the
quotient C*-algebra B := B/9 if and only if the operator Us(B) defined by (3.9) is
invertible on the Hilbert space Hs, that is, if for every (&, u) € My, (SO(T)) % {0,1}
the operator [Symgy(B)](&, 1)1 is invertible on the Hilbert space I*(G) and

S Sl < 0.
(§7M)€Mto(s;£(T))X{0,1}H([ ym(B)](& ) HB(P(G)) 0

Let, for example, the coset B € be given by
B=>" [afUs+cfUU) Pt + (ay Uy + c; UgUy) Py | + 9,
geFr
where aF, ¢ € PSO(T) and F is a finite subset of the subgroup Gg of G. Then

9%
U5(B) = Syms(B)I, where the matrix function

[Symg(B)(&, 1) = (Br.s(6: 1), s (€ 1) € My, (SO(T)) x {0,1}),

whose values define the operator §57#7+m € B(I*(@)), has the entries

Brs(&m) = D ([0 @ )& )Py (+00) + (ay © )(€, )Py (+50)]dhges

geF
+ [(ef 0 W)€ 1Py (+00) + (e © B)(E& WP (+00)]dngers )
and P (+00) = [1 % 6,]/2. Consequently,

ey < [ (a+(h(£) Dong,s + 5 (M€), Dongr.s ) if € G,
h,s\Ss =
e (ag 0)3ng,s + ¢f (h(€), 0)ngns ) if B € Go,
S er (a 0)0hg,s + 5 (h(g),@)ahm) if e Go,
Bh,s(£7 0) =
S er (@ (1), Dong,s + cf (), Vngns) i h € Gor.
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5. The homomorphisms ¥, and ¥,

Fix to € T\ {1}. Obviously, the set of G-orbits of points ¢t € T consists of only two
G-orbits: the one-point orbit G(1) = {1} and the non-countable orbit w := G(to).

Consider the dense subalgebra B° of B composed by operators of the form
(4.1), where Tj ) are the multiplication operators al with a € PSO°(T) or the
Cauchy singular integral operator St, or the unitary shift operators U, with g € G.
Due to relations (2.12)—(2.13) and the equality ¢ = gy with § € Gy for every
g € G\ Gy, the operators N € B can be written in the form

N=> APy, + Y AP, (5.1)
geERM gEF>

where Fy, F» are finite subsets of Gy and the operators Aél), AéQ) belong to the
dense subalgebra A° of 2 generated by the multiplication operators al with a €
PSO°(T) and by the Cauchy singular integral operator St.
For the algebra B° we introduce the two algebraic *-homomorphisms
Wy : B° — B(H1), Ui(B) =Sym,(B)I,
Ty : B0 — B(Ha), VUa(B) = Symy(B)I,
where the Hilbert spaces H; and Hy are defined in (3.4) and the finite and infinite
matrix-valued functions

(& z) = [Symy (B)](§, 2), (&) = [Symy(B)](§, z)
are defined on the generators of the C*-algebra B by (3.7) and (3.8), respectively.
Given any set I' C T, we define the sets
My (SO(T)) = | | My(SO(T)), M} := Mp(SO(T)) x R. (5.3)
ter

Observe that from (5.3) and (2.15) it follows that M3,y = M for every ¢ € T. For
any finite set I' C T we introduce the operator

VF = Z‘/t € 5737 (54)

tel

(5.2)

where the operators V; for ¢ € T are given by (2.6) and § is the closed two-sided
ideal being the closure of the set $° defined in (4.2).
For any set Y C T\ {1}, let

IIy := diag {EQXY(t)}tGT\{1}7 (5.5)
where E, := diag{1, 1} and xy is the characteristic function of the set Y.
Lemma 5.1. If N € B°, then
INVA| = [[W1(N)oT[|5,), (5.6)
where the function v is given by (2.5).
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Proof. Fix N € BY of the form (5.1). Let ¢ be the isometric *-isomorphism of the
quotient C*-algebra B™ = B /K on a Hilbert space H,, considered in (2.10). Then

INVi| = [le(INVA] ) |32, - (5.7)
We deduce from (5.1) and Lemma 2.3 that the operator
NVi= > APUM + > APUU,
gEF, geF,
belongs to the C*-algebra 2, and

[Sym (NV1)](§, z) =

S [sym A6 e + 3 [sm AP 6.0 (1 o)etoa 69
if (§,z) € M1(SO(T)) x R, where k; =1Ing’(1), and
[Sym (VVD)I(€,2) = O If (€,2) € M\ (M1 (SO(T)) x B).  (59)

Thus, it follows from (5.8) and (3.7) that
[Sym (NV1)](§, z) = [T1(N)J(§, z)v(z), (§z) € Mi(SO(T)) x R.
Applying now the spectral projection given by (2.11), we infer from Lemma 2.5
that
1P (M) [NV ) |83,y = 1(Sym (NV))|oms Il 531y = (191 (N) o] [| 534y -

(5.10)

Taking the open set M 113(SO(T)) x R and the closed set M;(SO(T)) x {oo} in

M, we infer from (5.9) by analogy with [5, Subsection 8.1] that

Py (Mp\ (13(SO(T)) x R) o([NW]") =0, (5.11)
and, by [5, Lemma 10.5],
Pp(M1(SO(T)) x {oo}) ¢([NVA]™) = 0. (5.12)

It follows from the partition
M = (Mr\(1)(SO(T)) x R) UM U (M:(SO(T)) x {oo})
that
I = Py(9) = Pp(Mr\(13(SO(T)) x R) + P, (M3) + Py(Mi1(SO(T)) x {o0}),
and hence we infer from (5.11)—(5.12) that

le(INVAI s, = 1P O (INVA] )l (3e,) = ||Pgo(9ﬁ‘1’)tp([NVﬂ”)||B(H(%)~13)
Combining (5.7), (5.13) and (5.10), we obtain (5.6). ' O

Lemma 5.2. If N € B° and the operator Vi is given by (5.4), then for every finite
set ' C T\ {1},
INVp| = [[o(N)Hrv!|[(2s,)- (5.14)
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Proof. Fix a finite set I' C T\ {1} and take an operator N € B° written in the
form (5.1), where Aél) , AgQ) € A% and Fy, F; are finite subsets of Go. Consider the
finite subset " of T \ {1} defined by

D:={gMt): tel, ge RYU{g ' (t): teT, ge F}.

*

Given the isometric *-isomorphism ¢ of the C*-algebra B™ = B/K on a
Hilbert space H,, considered in (2.10), we conclude that

INVE| = [[o(INVE] )34, - (5.15)
Applying (5.1) and taking into account the relations
UgVi = Vyrr(yUy, Uy Vi = ViUy, ADV, ~ VAP, teT, geGo, i=1,2,

we can represent the operator NVt in the form

NVe =Y > AVUV + Y > APUULV

geF, tel’ geF> tel’
=3 Y Ve APUg+ >N V() APULU, + K, (5.16)
geF: tel geF> tel

where K € K. Taking the symbol

diag{v(z),v(z)} if (§,2) € Mp(SO(T)) x R,

[Sym Vr] (¢, ) = {0 if (¢2) €M\ (Mr(SO(T)) x R),

of the operator Vp € 2 (see Lemma 2.3), we infer from the second equality in
(5.16), by analogy with (5.11) and (5.12), that

P, (My, 1(SO(T)) x B) ¢(INVE]) = 0
for the open set My, (SO(T)) x R C 9, and

Pp(Mp(SO(T)) x {o0}) p([NVr]™) = 0
for the closed set M(SO(T)) x {oo} C M. Thus, since

oM = M2 U (M, (SO(T)) x R) U (ME(SO(T)) x {oo})
and
Py (M2) + Py (M (SO(T)) x R) + Po(M(SO(T)) x {o0}) =1,

we conclude, using (2.16), that

le(INVE[ ) B3e,) = (1P (M0
= [[Po(Mm

Je(INVEI )l Be,)
Je(INVR]™) P (M) 50, (5.17)

o
r
o
r
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Let Gy be the subgroup of G generated by the finite set F} U Fyy, with
Foy:={g7: g € F»}, and let Qu r be the finite set of G y-orbits w of all points
tel. Then I', :=I'Nw is a finite subset of w € Q1. Since

Vo= > Vb, Vo= Vi Ip= Y Ip,

wEQN T tely, wEQN
and therefore

[Wo(N)Irvl || er,) = max W (NI, o1 5(31,)

w|7

INVP| = max |[NVp
wEQN T

we only need to prove (5.14) for Vr replaced by any Vr . In what follows we will
assume without loss of generality that I' C w and w = Gy (). Since the group
Gy is at most countable, the same happens for the G x-orbit w.

Consider the Hilbert space Hy, := @,¢,, P (M7, )H,, which is isometrically
isomorphic to I2(M? ,1?(w,C?)), and the isomorphism

Mo+ Pp (M) Hy — @D Po(0 Y Hy, Po(M)f = (Po(M )o(UT) ) e (5:18)
tew

where f € H, and g; for every t € w is a fixed shift in Y;, ¢, that is, g; possesses
the property g:(to) =t (see (3.1)). Clearly, for I' C w and every f € H, we get

Mo (Pp(M2) f) = T (Po (MG )0 (Ug) ) f) e (5.19)
where
1L, = diag{x7(t)}rew!. (5.20)
Taking now the isometric C*-algebra homomorphism
T BEEH,) - B @R H, ), Tontipt, (521
tew

where 7, is given by (5.18), and applying the relations
AN = U, ADU Y e, U, UU 1 =U;,. (9€G),
Ug.,.‘/sU!;1 >~ ‘/g:l(s) (5 S F)

for t,7 € w, where according to (3.2) we have g; . = gigg; ' € Yi, 4, if g(t) = 7,
we infer from (5.16), (5.19) and (5.20) that

T (Po () (INVEIT) Py (T2)) = T, (PM%)( DI AR

geF, sel’

+ Z‘P([A§2)Ugv‘@]w)>P¢(mf‘))7

gEFS sel’

(5.22)
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where
T, (Pw(zm%) > Zw([Agl>Ugn}”)P¢(9Jz§))
gEF) sel’
“F< @) > o (U AUy Vs " [UngsUgil]”)Psp(imé’o)) 1L
geF, sel’ t,TEW
= <Z‘5 (t, 7) P (Mg, ) ([A(I)UgHVto}")> I} (5.23)
geEF t,TEW

and analogously

T, (P¢<9ﬁ%> > Zw([AémUmVs]”)P@(wt;))

gEFS sel’

= ( Z O (t,7) m;)o) ([Aé?t)U(ﬁ)t,T‘/to}ﬂ-)> HE)

gEF> t,TEW
1 (3 8P (AU, WTT))  TE (520
gEF> t,TEW

From (5.21) and (5.22)—(5.24) it follows that
[P (M) o ([N VE] ™) P (M7)

- HT (P, (ML) p([NVE]™) Py (M ))HB(HtO)
gEF gEF; t,TEw B(Hg)

where, for each t,7 € w,
Pyly = 0,(t,7) Po (0 )0 ([400U5, Vi ") if g € P,

)
g,t
PO, = 04(t,7) Pa() o ([AQ Uiy, . Vi) i g € Fo.

g

Since the cosets [A Ugt _Vi,]" and [A( U(g)... Vo)™ belong to the quotient
C*-algebra A", we deduce from Lemma 2.5 that for t, T Ew,

> Ppiet 3 Pyl

geF, geF> B(Pw(mfo)ﬂtp)
25 t7)| SymN HEmOIJrZé (t,7)[Sym gv””zmo
gEF gEF, B(i2 (Mg, ,C?))
where
N = aANus Vi, if ge R,
2 2 .
N2, = AP UG, Vi it g€ R
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Hence, taking into account the finiteness of the sets I'T C win (5.25), we
infer from (3.8), (5.2), (5.5), (5.25) and Lemma 2.3 that

r 1) (2) r
Hw( Z Pg,t,T + Z Pg'y,tﬂ')t Hw
, TEW

geEF geEF>

+ ) 5t 7) [symNﬁft,T]\m%I)t ) I

B(Ht)

HE < Z 69(t7 T) [Sym Ng(,lt),ﬂ-] |9n;>0 I

geEF

oS B2 (5, 12(,C2)))
1
= [ X e, (4205, Vi, 1
geEF 0
2
+ Z 09+ (1, 7) [Sym(Aé,t)U(gW)t,TVto)] |smg I) Irl

gy 0 t,TET\{l} B('HQ)

= [[Co(N)rvl || 5epy)- (5.26)
Finally, combining (5.15), (5.17), (5.25) and (5.26), we obtain (5.14). O

Lemmas 5.1 and 5.2 are the key to prove the continuity of the algebraic
homomorphisms ¥; and ¥y. Hence, following the proof of [8, Theorem 7.3] we get
the following results.

Theorem 5.3. If N € B°, then
U1 (N)lBa) < INL ([ W2(N)|B(342) <IN (5.27)
Theorem 5.4. The algebraic homomorphisms U1 and ¥ given by (3.7) and (3.8)
extend, respectively, to representations
Uy :B = B(Hy), P2:B — B(Ha)
such that (5.27) holds for every N € B and Ker Uy D K for A =1,2.

For the representations W1 and Ws we also have the following result.

Theorem 5.5. For every A € A, the restriction of the quotient homomorphism
(USN: ‘B/K:—)ﬂ,\ ::B(’H,\)7 B+K:0—>\1/,\(B)

onto the ideal Hx/K of B/K is an isometric *-isomorphism of $Hx/K onto the
closed two-sided ideal Wx(9x) of the C*-algebra U (B) C L.

Proof. Since the set {NV; : N € B°} is dense in the ideal $; and ¥q(V;) = vl,

from Lemma 5.1 it follows that the restriction ¥1|$); is a *~-homomorphism of £

into £1 = B(H1) such that || U1(Hy)| = |Hi| for every H; € $;. Consequently,

Ker (U1]91) = K and ¥, is a C*-algebra isomorphism of £ //C onto ¥y (7).
Analogously, because the set

{NVr: N € 8°, I runs through finite subsets of T \ {1}}
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is dense in the ideal $5 and since Uy(Vr) = Irwl, we infer from Lemma 5.2
that the restriction ¥s|$)5 is a *-homomorphism of )2 into L3 = B(H2) such that
[¥2(Hs)|| = |Hz| for every Hy € $)2. This implies that Ker (¥5|$3) = K, and
therefore Us is a C*-algebra isomorphism of $5/K onto ¥o($)2). O

6. Proofs of Theorems 3.1 and 3.2

In Sections 4 and 5 it was proved that the C*-algebra homomorphisms ¥, ¥, and
W3, given respectively by (3.7), (3.8) and (3.9), are well defined on ®B. Using the
version of lifting theorem presented in Subsection 2.4, we give in this section the
proofs of the main results of the paper.

6.1. Proof of Theorem 3.1

Theorems 4.5 and 5.4 imply that the map Vg defined on the generators of the
C*-algebra B by formulas (3.5)—(3.9) extends to a C*-algebra homomorphism of
B into the C*-algebra B(Hss) such that

|%as(B)|| = max [Wi(B)]| < |B| forall Bes®. (6.1)

By (6.1), Ker U5 D K. On the other hand, given an operator B € 9B such that
U (B) = 0 and hence ¥3(B) = 0, we infer from Theorem 4.5 that B = Hp € .
Thus,

Uy(Hp)=T,(B)=0 for A=1,2. (6.2)
By Lemma 4.1, we have

Hp =H,+ Hy, H €%, Hs € $Ho. (6.3)

Applying (5.2), (3.7), (3.8) and Lemma 2.3, we infer that
U (V) =0 forall teT\ {1}, Ty(Vi)=0.
This in view of (4.3) implies that
U1(H2) ={0}, Wa(H1) = {0} (6.4)
Hence, from (6.3), (6.4) and (6.2) it follows that
Ui(Hy) =VU1(Hg) =0, Uo(Hs)=Ts(Hp)=0.

Thus, we conclude from Theorem 5.5 that Hy, Ho € K. Consequently, B = Hg =
H,+H;, € K, and therefore Ker¥g = I, which completes the proof of Theorem 3.1.
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6.2. Proof of Theorem 3.2

Sufficiency. Let A = {1,2}. It follows from Theorems 5.4, 5.5 and equalities (6.4)
that all the conditions of Theorem 2.6 are fulfilled for the C*-algebra B defined
by (1.4), for the ideal £ = $; + H2 generated by all commutators [al, St] (a €
PSO%(T)), and for the representations Wy : B — L) = B(H,) given by (5.2)
for A € A, where the Hilbert spaces H; and Hsy are defined in (3.4). Hence, by
Theorem 2.6, an operator B € B is Fredholm on the space L?(T) if the coset
B := B+ $ is invertible in the quotient C*-algebra B = B/9 and for every A € A
the operator ¥y (B) is invertible in the C*-algebra L.

Fix an operator B € 9B. If conditions (iii) of Theorem 3.2 are fulfilled, then
by Theorem 4.5 the coset B := B + § is invertible in the C*-algebra B. On the
other hand, the fulfillment of conditions (i) and (ii) of Theorem 3.2 implies the
invertibility of operators ¥1(B) € B(H1) and U3(B) € B(H2), respectively. Hence,
we conclude from Theorem 2.6 that the operator B € B is Fredholm on the space
L%(T).

Necessity. Let an operator B € B be Fredholm on the space L?(T) or, equivalently,
the coset B + K be invertible in the quotient C*-algebra B /K. Since Ker sy = K
by Theorem 3.1, the quotient *-homomorphism

B/K — B(Hs), N+K > Ug(N),

is a C*-algebra isomorphism. Consequently, W (B) is invertible on the space Hys
and then, according to (3.5), the operators ¥ (B) are invertible on the spaces H,
with A = 1,2, 3, respectively. The invertibility of the operators Wy (B), in view of
(3.6)—(3.9), immediately implies parts (i)—(iii) of Theorem 3.2, which completes
the proof.
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On Cauchy Type Integrals Related
to the Cimmino System of
Partial Differential Equations

R. Abreu Blaya, J. Bory Reyes and B. Schneider

Abstract. In this paper, we established a one-to-one correspondence between
quaternionic hyperholomorphic functions in R* ¢ C? and solutions (pairs of
complex-valued functions) for Cimmino system of partial differential equa-
tions written in complex form. This leads to a pair of Cauchy type integrals
associated with Cimmino system. The topics of the paper concern theorems
which cover basic properties of those Cauchy type integrals: the Sokhotski—
Plemelj and Plemelj—Privalov type theorems for it as well as the necessary
and sufficient condition for the possibility to extend a given pair of complex-
valued Holder-continuous functions from such a surface up to a solution of
Cimmino system in a Jordan domain. Formulae for the square of the corre-
sponding singular Cauchy type integrals are given. The proofs of all these
facts are based on intimate relations between the theory of Cimmino system
and some version of quaternionic analysis.

Mathematics Subject Classification (2010). Primary 30G35.

Keywords. Cimmino system, quaternionic analysis, hyperholomorphic func-
tions.

1. Introduction

As is well known, the role of the complex Cauchy type integral in analytic function
theory of one complex variable is very important. In the present work, motivated by
[11], we make an attempt to start the construction of a function theory associated
with the solutions of Cimmino system written in complex form, in the framework
of exploiting hyperholomorphic function theory.
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Let Q be a domain in R* and f;,i =0, 1,2, 3, be R-valued C*-functions in .
The homogeneous system

6fo_~_3fQ oft  Ofs

8330 8332 B 6371 - 8.1‘3 - 07
Ofo L 0fr 0fr Ofs _
+ o= =,

3x1 8x0 6123 8x2 (1 1)
5f0+3f3_5f1_5f2:0 '
8x2 3x1 Bxg 8x0 ’
0 0 0 0

fo + bil n f2 n fs _ 0

8.1‘3 8332 6371 8330

is called the Cimmino system, which was originally due to G. Cimmino [2] and
greatly strengthened by S. Dragomir and E. Lanconelli [4]. This system offers a
natural and elegant generalization to four-dimensional case of that of Cauchy-
Riemann. Thus, the theory of solutions of the Cimmino system reduces, in some
degenerate cases, to that of complex holomorphic functions. It is known that solu-
tions of (1.1) satisfy the four-dimensional Laplace equation (cf. [11]). Hence, one
may consider the former to be a refinement of harmonic analysis.
For our purpose we shall use the notation

0= (0 i © 0= (0 i ©
S 2 8130 8131 ’ 2 2 8132 8133

o (0 0 o (0 0
S 2 63?0 Zaaﬁl ’ 2 2 63?2 26373 ’

with 21 = xg+1ix1, 22 = x2+ixs. Therefore (1.1) may be written now in a complex
form as:

{3zlu +0,,0 =0,

Oett— 025 = 0, (1.2)

where u = fo +if1 and v = fo + ifs. Clearly, the set of solutions of system (1.2)
contains all holomorphic functions of two complex variables.

In the present paper, we follow the approach presented in [9], where the third
author studied an analogue of a Cauchy type integral for the theory of the Moisil—
Theodoresco system of partial differential equations in the case of a piecewise
Lyapunov surface of integration.

The paper is organized as follows: In Section 2, we formulate a series of
theorems that cover basic properties of a pair of Cauchy type integrals for the
theory of the Cimmino system of partial differential equations in the case of an
Ahlfors—David regular surface of integration. The proofs of all of them can be found
in Section 4 in the form of direct consequences of the corresponding facts valid
for a slight modification of the hyperholomorphic function theory developed in [1].
Section 3 provides a detailed exposition of the Cimmino system in the terminology
of hyperholomorphic function theory.
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2. Cimmino system and Cauchy—Cimmino integrals

2.1. To facilitate access to the preliminary knowledge we collect here some defi-
nitions to be used in the sequel. Let E be a bounded subset of R* = C2 = C x C,
BC(E,R™),m € {2,4} be the class of R™-valued bounded continuous functions
on E. For ¢ € BC(E,R™) we define the modulus of continuity of ¢ as the non-
negative function wy(t),t > 0, by setting

wy(t) == | iu1|><t{\¢(m) -yl z,y€ E}.

Let v be a real number with 0 < v < 1. If

t
sup {w¢( ) } < 00,
0<t<diam E tv

then ¢ is Holder continuous with exponent v in E (Lipschitz continuous for v = 1).
The collection of Holder continuous function on E will be denoted by

t
C"(E,R™) := {p € BO(E,R™) : sup {u@,( >} <oo}, O0<v <1,
0<t<diam E tv

and for ¢ € CO(E,R™) let

Wy (T
H‘PHCOW(E,]RT") = |¢lloo + sup { fl,( )},
0<t<diam E

where ||¢||c is the sup norm.

We say (e.g., [3]) that a closed set E in R* is an Ahlfors-David regular set
(in short AD-regular) if there exists a constant ¢ > 0 such that for all z € E and
0 < r < diam E' there holds

It <HAENB(x,7)) < e,

where B(x,7) stands for the closed ball with center z and radius r and H? is the
3-dimensional Hausdorff measure.

The AD-regularity condition implies a uniform positive and finite bound on
FE for the upper and lower density. Moreover, we notice that such a condition
produces a very wide class of surfaces that contains the classes of surfaces classi-
cally considered in the literature: Liapunov surfaces, smooth surfaces and Lipschitz
ones.

Finally we would like to remark that AD-regular sets are not always rectifiable
in the sense of Federer [5] (see [8], Example 2 on p. 798), but if «y is a closed Jordan
curve in the complex plane which is AD-regular, then it is automatically rectifiable.

2.2. In what follows, Q stands for a bounded domain in R* with an AD-regular
boundary T, and introduce the temporary notation 2t = Q and Q= = R*\ Q+,
where both open sets are assumed to be connected.
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Let u,v : Q@ — C. We consider the following pair of integral operators

[ (& = 21)(no +ina) + (G — Z2)(n2 + ing)]u(C1, C2)
ol o), 22) = / 22(Gy — 212 +1G2 — 22 "

dH?3,

/ (G2 — 22)(no +in1) — (&1 — 21) (n2 + ing)]o(Cr, Go)
J 212(|C1 — 2112 + G2 — 22/%)?
(G

_ — z1)(no + in1) + (G2 — Z2)(n2 + in3)|v(C1, C2) 3
Kalu, v](z1,22) = F/ 2m2(|¢G1 — 212 + |[C2 — 22]?)? w

/ [(C2 — Z2)(no + in1) — (1 — 21)(ng + in3)]u(Ci, C2)
2m2([¢1 — 21| + |G — 22]2)?

+

dH?,
r
where (ng,n1,n2,n3) stands for the outward unit normal vector to the surface T
due to Federer [5]. The pair (Ky, K2) of integrals for (21, 22) € C? play the role of
an analog of a Cauchy type integral in theory of the Cimmino system of partial
differential equations. We call it the Cauchy—Cimmino type integrals.
Similarly the singular Cauchy—Cimmino integral operators are defined for-

mally as the pair (S1,Ss), of the following singular integrals taken in the sense of
Cauchy’s principal value

S1lu, v](z1, 22)

o [ UG = 21)(n0 + i) + (G2 — 22) (n2 +in3)][u(C1, G2) — u(z1,22)] ,, 3
- 2/ 272G — 1 + |G — 20]?)? ™
_ [(C2 — Z2)(no +iny) — (C1 — 21)(na + in3)][0(C1, &) — D21, 22)] ,, 3
QF/ 252(|Gy — 22 + [Ga — 22l?)? "
+ u(z1, 22),
Salu, v](z1, 22)
- [(¢1 = 21)(no 4 in1) + (G2 — Z2)(n2 + ins)][v((1, G2) — v(z1,22)] ) 3
- 2F/ 272(|G — 22 + [Ga — 2a?)? "
(G — Z2)(no +in1) — (G — 21)(n2 + ing)][a(Cr, G2) — (21, 22)] ., 5
+2/ 212 (|C1 — 21| + G2 — 22]?)? "

r
+ 'U(Zl7 Z2)'
We will now formulate the main results of the paper to be proved in the last

section.

Theorem 2.1 (Sokhotski—Plemelj formulas for the Cauchy—Cimmino type integrals
for Ahlfors—David regular surfaces). Let Q be a bounded domain in C* with AD-
reqular boundary T. Let (u,v) € CO(I',R?) x C%"(I',R?). Then the following
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limits exist:

(K1 [u, v](21, 22), Kalu, v](21, 22))

= (KF [, v](C1, o), K5 [u, 0] (C1, G2)),

moreover the following identities hold:

(K:it [u7 U](Ch C2)7 K:g: [u7 U}(Ch C2))
= (1, 0](G1, G2, S, v1(Gr, @) (G, ), (G, G,

for all ((1,¢2) €T.

Theorem 2.2 (Plemelj-Privalov type theorem for the Cimmino system). Let Q be
a bounded domain in C? with AD-reqular boundary I'. Then

(u,v) € CO(I',R?)x CO"(T',R?) = (S1[u, v], Sz[u,v]) € CO(T',R?)x C*¥(I",R?),
forO<v<1.

lim
QF5(z1,22)—(¢1,62) €T

Theorem 2.3 (Extension of a given pair of complex-valued Hélder continuous func-
tion on I up to a solution of the Cimmino system). Let Q2 be a bounded domain
in C? with AD-regular boundary I'. Then we have:

1. In order to a pair (u,v) € C%(T,R?) x C%*(I',R?) be a boundary value of
a solution of Cimmino system (U, V) into QF, it is necessary and sufficient
that

(u(<17 <2)7 U(Ch CQ)) = (81 [u7 ’U](Ch <2)7 82 [u7 U](Ch CQ))7 (<17 CQ) erl.

2. In order to a pair (u,v) € C%(I',R?) x CY¥([',R?) be a boundary value of
a solution of Cimmino system (U, V') into Q~, and vanishes at infinity, it is
necessary and sufficient that

(u(C1,C2),v(C1, G2)) = (=Sifu, v](C1, C2), —Salu, v](C1,¢2)), (C1,¢2) €T

Theorem 2.4 (On the square of the singular Cauchy—Cimmino operators). Let
Q be a bounded domain in C* with AD-regular boundary T, then for (u,v) €
Cov(T,R?) x COV(T',R?), the following formulas hold

‘512 [U, U] - 822 [ua U} = U,

S [u, v]Safu, v] + Salu, v]S1[u, v] = —v.

3. Quaternionic function theory: general information

In this section, we provide some background on quaternionic analysis needed in
this paper. For more information, we refer the reader to [6], [7].

3.1. Recall that the algebra H of real quaternions is an extension of the field R by
the imaginary units i, j, k in Hamilton’s classical notation. Throughout this paper,
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we denote the generators by e1 :=1i, ez := j, ez := k and unit element of H by eq
for convenience. This means

H:= {q =z + z1€1 + 20€y + x3€3; (T0, 71,20, x3) € R},
where e; (i = 1,2, 3) are subject to the multiplication table in H
eie; +eje; = —20;5, ejex =e3,
and the usual component wise defined addition. Then H = R*.
The quaternionic conjugation of ¢ = z¢ + x1€1 + z2e2 + x3€3 is given by
q:= X9 — T1€1 — To€e2 — T3e3.

We use the Euclidean norm |z| in H, defined by

lq| == /qq = \/:L% + 22 + 23 + 23,
We embed the usual complex linear space C? into the skew-field H by means of
the mapping that associates the pair

(21,22) = (2o + €121, 22 + €123)
with the quaternion

q= 21+ 20e2 =09+ €171 + ezxs + ezxz € H.
The above embedding means that the set of elements of the form
q=z1+2j, 21,22€C, j>=-1,

is endowed both with an obvious component-wise addition and with the associative
multiplication. In particular, the commutation rule is then: aj = ja for every
a € C, and the two quaternions ¢ = z1 + 29j and & = (1 + (2j are multiplied
according the rule:

1€ = (216 — 2202) + (2162 + 2201)5-
The quaternion conjugation gives:
21 + 227 = Z1 — 227
Note that the classical conjugation in C? is
(21, 22) = (21, 22).

In addition, |g|? := |21]? + |22|?. For the properties of the quaternions taken in the
form ¢ = z1 + z9j we refer the reader to [7, Appendix 2, pp. 216-217]. Topology
in C? is determined by the metric dist(¢, q) = |€ — q|.

3.2. Let the matrix
bo —by —by —bs
by  bo —b3z b2 4x4
B;(b) := R 3.1
) ba b3 by —by < (3.1)
bs —by b1 bo



On Cauchy Type Integrals Related to the Cimmino System 87

be the left regular representation of real quaternion b. Then H can be identified,
as a skew-field, with B; := {B;(b) | b € H}. Moreover, the left multiplication by
the real quaternion b corresponds to the multiplication by the matrix B;(b), i.e.,

To
x1
T2
T3

b~q<—>Bl(b)~

3.3. For continuously real-differentiable function f = Z?:o fiei + Q — H, the
operator

o . , 0 5 0
6m0+w 8.%‘1 +¢ 6m2+¢ 8.1‘3

associated to structural H-vector 1, i.e., 9 = (¢° = 1,91, 92, 43), with the condi-
tion

YD .=

PP + PP = 26,4,
(04 g is the Kronecker symbol) is called the Cauchy—Riemann—Fueter operator, see
[12] for more details.
A function f: Q — H is called left-y)-hyperholomorphic if

YDf =0. (3.2)
For the particular case of the standard structural H-vector

11Z) = 1;[}St = (17e17e27e3)7
equation (3.2) is equivalent to the following system for R-valued functions:

Ofo 0fi 0fx Ofs —0
O0xg Oxy Oxg Ox3 ’

0fo  0fi Ofx  Ofs
8.%‘1 + 63?0 - 8.1‘3 + 8332 o 07
Ofo  Oft  Ofr Ofs _
3x2 + 8:1:3 + 8x0 8951 B 07
Ofoc O0ft  Ofr  Ofs _
8x3 8:1:2 + 8951 + 8x0 =0

We call both systems (3.2), (C'F) the Cauchy—Fueter system. See [10] for a survey
of the theory of -hyperholomorphic functions along more classical lines.

(CF)

3.4. Let 6(q) = 47172 |q1|2 be a fundamental solution of the Laplace operator Acs =

éA]R4. Then a fundamental solution Ky, of the operator ¥ D is given by the formula

1

T
27T2|q‘4 BZ(VJ; ! Q)a q 7é Oa

3
o) = PDIBN0) = 5 gy D Vo =
k=0

where ¢ := {1,¢!, 2,93} and Vy := ( (1) 2 > , with a = (¢§)§’k:1
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Let oy := dzj) — z/Jlda?m + ’(/J2d$[2] — w?’dx[g], where dzr;; denotes, as usual
the differential form dxg A dr1 A des A drs with factor dzp omitted.
The quaternionic Cauchy type integral is given by the formula,

YOr[f](q) = / Kol — ) ou(€) F(6), g £ T.

Besides the quaternionic Cauchy type integral we also need its singular version

“Sp(f)(q) = 2 / K€ — 0) o0 (€) (F(€) — F(@) + f@), q €T

The integral above has to be taken in the sense of Cauchy’s principal value.

Note that if (no(&),n1(£),n2(§),n3(§)) is the outward unit normal to the
surface I at ¢ due to Federer [5], one has the possibility to establish (—1)*n(¢)dH?
as an alternative definition of dx(y) for AD-regular surfaces.

According to the identity oy (&) = ny (&) dH?, where ny, = no+1'ng +¢*ns+
13n3, we are in a position to specify the appearance of the unit normal vector to
the boundary in the definition of the quaternionic Cauchy type integrals. To this
end one has

YOrlf)(g) = / Ko (€ — q)np(€)F(€) dH®, & T.

In the same way, the singular Cauchy type integral, may be written as

Y Sp(f](g) =2 / K (€ — @) np(€)(F(€) — F(@)) dH® + F(q), q €T

For a deeper discussion of the basic properties of these quaternionic integrals for
the special structural H—vector ¢ = (1, e, es, —e3) over rectifiable surfaces we
refer the reader to [1, Section 3.

Investigation of the Cauchy—Cimmino type integrals requires us to consider,
as a crucial fact, to replace ¢ by ¢ := {1, e1, —es, es}. Following similar arguments
to those in [1, Theorem 3.43.7], we can recover the same results.

For the convenience of the reader we state the corresponding aforementioned
analogous results without proofs, thus making our exposition self-contained.

Theorem 3.1. Let ) be a bounded domain in R* with AD-reqular boundary I'. Let
f € CO(T,R*Y). Then the following limits exist:

(“Crf1(@) = *CEI11(6),

lim
Q*>g—cel

moreover the following identities hold:

SCEIANE) = P SrlfI(E) = £(©)
forall€ €T.
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Theorem 3.2. Let Q be a bounded domain in R* with AD-regular boundary T'. Then
f € CO(D,RY) = YSp[f] € CO(T, RY),
forO<v<1.

Theorem 3.3. Let Q be a bounded domain in R* with AD-regular boundary T'. Then
we have:
1. In order to a function f € C%V (T, R*) be z/?—hyperholomorphic ezxtendable into
Qt, it is necessary and sufficient that

F(&) ="Sp[f1(6), € €T.

2. In order to a function f € C%V (T, R*) be z/?—hyperholomorphic extendable into
Q™ and vanishes at infinity, it is necessary and sufficient that

F(&) =="Srlf1(¢), el
Theorem 3.4. If I is a AD-reqular surface, then for f € CO¥(I',R*), 0 < pu < 1

we have the following formula:

PS211€) = (&), €T, (3.3)

4. Proofs of the Theorems from Section 2

In this section, we prove all the theorems from Section 2 using the relations between
the theory of the Cimmino system and that of ¥-hyperholomorphic functions.

4.1. As it was pointed out by W. Tutschke (see [11]), the Cimmino system can be
obtained by using the quaternionic analysis in the following way.

Note that the substitution xg +— —t transforms the Cauchy—Fueter system
(CF) into the Cimmino system
—es

3 0 0 0 0
ipf— _
Df <a$0 +e1 axl ot +e3 6373) f 0. (41)

Equation (4.1) is equivalent to the following Cimmino system (compare with (1.1)):

Ofo , 0f2 O0fi Ofs

aIO + ot B 8951 B 6123 _07
Of  0h 0 Ofs _
Bxl 8x0 6123 ot ’ (42)
dfo + dfs 0fi _0fs _0
ot 6371 8.1‘3 63?0 ’
dfo n df1 n 0f2 n Ofs _o

63?3 ot 8.%‘1 63?0

The system (4.1) (or (4.2)) is deeply structural analogous to (C'F'), but the class
of solutions of the first system, unlike the last, contains all holomorphic mappings
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of two complex variables. Nevertheless, (4.1) can be studied along lines parallel to

the analysis of (3.2).

Using matrix (3.1), we can rewrite the equality YD f =0 as follows:

fo
B B ) o\ [ h
Bl + e — €2 +e3 =0
8330 8.%‘1 ot 8.1'3 f2 ’
I3
with
7] _ 0 7] _ 0
O oy O O
o _ _
Bl(a +61a *ezat+e3a )= % 0% Ogs  Og
o 1 €T3 Oz Oxs oxo oz
o 0 o o
Ox3 Oxa o1 Oxo
Thus
o 8 o 8
dz0 Oz dz2 dz3 fo
) B 5% 9% f
¢Df =0 = B 351 350 853 B 652 i —0.
Oxo Ox3 dzo oz 2
o 0 0 o f3
Ox3 Oxo oz Oz

4.2. Let ¢ = 21 + z2j € H and consider a complex form of the operator YD
associated to the structural vector ¢ = (1,e1, —ea, e3):
5 0 0
YD =2 —j .
{ 071 J 0%Zo }
Note that o o
YDYD =YD¥D = Ags,
; 0 0
YD =2 j .
{ 021 +J 0%o }
We check at once that, if f =u+vj with u= fog+1if; and v = fo +ifs
6glu + 3Z217 =0
agzu — (92117 =0.
From this it follows that the solution (u,v) of the Cimmino system (1.2) can be
thought as the ¥-hyperholomorphic function f.

The fundamental solution to the operator YD may be written in complex
form as

where

UDf =0 { (4.3)

' ) ) 1 Z1 + 22J
K:n = ¢D 9 =
5(z71+ 229) [Oa)(e1 + 229) = (J21]? + |22]%)2

1 BV (214 22))
= v 214,22 7é 0.
2r (| A+ |22?)? 7

In this way n,; may be decomposed into n; = (ng + iny) — j(n2 + ing).
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Using the presentation of the quaternionic Cauchy kernel 1C " and the normal
vector n,; in the complex form, we have:

o [u+ vj] = Ki[u, v] + Ka[u, v]], (4.4)
Y Sy [u+ vj] = S1[u, v] + Salu, v]j. (4.5)

Having disposed of this preliminary preparation we are now in the position to
proof our main results.

4.3. Proof of Theorem 2.1

Proof. Let (u,v) € Co(I',R?) x C%(I',R?), consider Ki[u,v],K2[u,v]. Then,
applying Theorem 3.1 for f = u +vj € C%”(I',R*) we can assert that there exist
J’C’Fi [f] and

SCEIAE) = ) [Psrife) = @)

for all £ = (1 + (24 € T'. Hence, using (4.4) it follows that there exist also IC1i [u, v]
and K [u, v]. Therefore the complex decomposition given by formulae (4.5) yields
that

(G, @) =[Sl 2](Gas ) £ (G, )

K3 Tul(G, G) = L [Salunvl(Gr, G) £ (61, G,
for all (¢1,¢2) €T O

4.4. Proof of Theorem 2.2
Proof. If (u,v) € CO¥(I',R?) x C%¥(I',R?), then f = u + vj € C%(I',R*). By
Theorem 3.2 we have ¥Sp[f] € C%¥(T',R*). Now recalling the relation (4.5) we

conclude that (S [u,v], Safu,v]) € CO(T',R?) x CO¥ (T, R?). O
4.5. Proof of Theorem 2.3
Proof. The proof is a direct consequence of Theorem 3.3. O

4.6. Proof of Theorem 2.4

Proof. The proof consists of taking into account Theorem 3.4 combined with a
straightforward calculation. O
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Abstract. In this paper we propose a classification to the linear-fractional
shifts and consider a class of paired singular integral operators with a shift
of that class. We show how the study of the this type of operators can be
reduced to the study of paired operators with, what we call, a canonical shift.
Some of the results obtained are used to construct explicit solutions for a class
of singular integral equations with a non-Carleman shift.
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1. Introduction

Let T denote the unit circle with the positive (anticlockwise) orientation, and
denote by T4 and T_ the interior and the exterior of T, respectively. On the
Lebesgue spaces L, := L,(T), p € (1,0), we consider the singular operator with
Cauchy kernel S, defined almost everywhere on T by

Sop(t) = (mi)~! / o(r)(r —t)"tdr, (1.1)

T
where the integral is understood in the sense of its principal value. The operator
S is a bounded linear involutive operator (S? = I, where I is the identity operator
on L,). Then it is possible to define in L, a pair of complementary projection
operators in L, by

1
Pi = 2(I:|:S)

Research supported by Centro de Andlise Funcional e Aplicagdes (CEAF), Instituto Superior
Técnico, under FCT project PEst-OE/MAT /UI4032/2011.
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and to decompose L, = L @ L., L = im Py and L, = im P_. We also set

[e]
L,=L,sC.
On the unit circle T we consider a linear-fractional shift «, i.e., the function
a: T — T is either of the form

alt) = e ;t_ﬂl, 6 cR, (1.2)
or
alt) = Z reT. (1.3)

The latter can be seen as the limit case of the first expression as |3| tends to
infinity and we will refer to it as a flip and the case 7 = 1 will be henceforth called
the canonical flip.

It is well known that, if |8] < 1, « given by (1.2) preserves the given ori-
entation of T, we will call it a forward shift, and when |3| > 1, « reverses the
given orientation of T, this will be referred as a backward shift. For our purposes
we also need to divide the linear-fractional shifts in two classes: Carleman and
non-Carleman shifts.

The shift is said to be of Carleman type if it satisfies the Carleman condition
for some n € N, that is

an(t)=t, teT,

where a; = a, ap = aoag_1,k =2,...,n. The least value of n € N for which the
above relation holds is then called the order of the shift. Otherwise, if « is not of
Carleman type, it will be referred as a non-Carleman shift.

We consider as the shift operator associated with the shift «, Uy : L, — Ly
one acting according to the rule

Uap(t) = p*()p(a(t)), teT, (1.4)

where the function p® is some function defined on T that will be specified later
whenever it will be needed, otherwise 4® = 1. Its inclusion here is related to the fact
that some known results about singular integral operators with shift are expressed
in terms of shift operators satisfying some additional properties, for instance, if «
is a Carleman shift of order n € N, then u® can be chosen so that U = I (see
Sections 2 and 3 for details).

Let o be a linear-fractional shift and U, the associated shift operator on L,
of the form (1.4). We consider singular integral operators with shift of the general
form

Ta, B, =AsPr + B, P_, (1.5)
with
Aoi= Yl Bai= S 0tk men, (1)
k=0 k=0

where ag, by € Lo, k= 0,m.
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The paper is organized as follows. In Section 2 we propose a classification
to the linear-fractional shifts based on the relative position of its fixed point on
the plane, on preserving or reversing the orientation of T and on being or not a
Carleman shift. In Section 3 we consider a class of paired singular integral opera-
tors with a linear-fractional shift. We show that the study of the this operator can
be reduced to the study of a similar paired operator with, what we call, a canon-
ical shift, by means of an anti-involutive operator. Some of the results obtained
are used, in the forthcoming section, to construct explicit solutions for a class of
singular integral equations with a non-Carleman shift.

2. Classification of linear-fractional shifts on T

It is difficult to classify a linear-fractional shift as a Carleman or non-Carleman,
when it is written in the form (1.2). For that reason we will use the idea of [4],
Chapter 1. The linear-fractional shift « has either one or two fixed points on C,
given as solutions of the second-order equation

Bt? — (e + 1)t + Be'? = 0. (2.1)

If || # |cos(§)|, the shift a has two distinct fixed points on C, henceforth

denoted by .. When || = | cos(9)| equation (2.1) has only one solution (although
a double one, if 8 # 0):

el +1

28

In the first place we will discuss the case when (1.2) has two distinct fixed
points.

ty = (2.2)

Proposition 2.1. If a has two distinct fized points ty € C\ T, then ty = t;l.

Proof. Suppose that t; € T, (T, denotes the interior of T) is one of the fixed
points of the shift function (1.2) and let ¢ be its symmetric point with respect to
T, t' = t1+. Taking into account that a(t) and a(t’) must be also symmetric with
respect to T, we get

alt') = ! b t.
alty)
Sot' =t_.
Clearly this argument also holds if the original fixed point belongs to T_, the
exterior of T, which completes the proof. O

In order to deal with a,,, n € N, the iterations of the shift function «, is
very useful to introduce the so-called multiplier of the transformation (see, for
instance, [4]):

eit‘) _ /Bt+

w= o r (2.3)
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Proposition 2.2. If the linear-fractional shift (1.2) has two distinct fized points t4
on C, then it admits the following representation
(t+ — wt,)t —+ ((A.) — 1)t+t7

W= bt -t (24)

Proof. By Viete’s Theorem, from (2.1), it follows that

67;0 + 1 /8619
ty +t_ = C ot =" (2.5)
B B

Using the first of these equalities and the definition of the multiplier w, we conclude

that
wt_ — t+

i0
= . 2.6
Tt —t (26)
On the other hand, by (2.6), the equality (2.3) is equivalent to
-1 . —1
g= w_ YT (2.7)
wt_ — t+ wt+ —t_
Taking into account the second formula in (2.5), we get
— D)tyt_
g W= Dtt (2.8)
wt_ — t+
Finally, from (2.6), (2.7) and (2.8) we can write the shift function (1.2) in the
desired form (2.4). O

Note that the above proof permits to write the multiplier w of the shift « in
the form »
Wit —t
w=" * (2.9)
67’02&_;,_ —t_
which can be useful. This results directly from (2.6), solving for w.
The statement of the last proposition holds true for 5 # 0. If 5 = 0 the shift
function « has the form
a(t) =wt, |w|l=1, (2.10)
with one fixed point ¢, = 0. In this case, we may consider that o has two fixed
points, the other one being the point at infinity: t_ = oo. With this convention the
shift  has two distinct fixed points on C whenever |B| # | cos(9)|, 6 € (-, 7).
For the iterations of the shift, we have
ty —wht_)t m—1)tet_
Otn(t):(+ w )+(w )+ ’ neN.
(I —wMt4writy —t_
Then, if (2.4) has two different fixed points, we conclude that « is a Carleman
shift if and only if
w" =1,
where n is the order of the shift.
It must be also remarked that the flip (1.3) is a second-order backward shift,
which admits the representation (2.4) with w = —1 and ¢4 = /7.
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Proposition 2.3. Suppose that the linear-fractional shift (1.2) has two distinct fized
points on C. Then the following holds for the multiplier (2.3) (or (2.9)):

(i) Ifty €T, then |w| = 1;

(ii) Ifty €T, then w € R.

Proof. From (2.6), we have

wt_ —ty  wty —1-
wty —t-  wt_ —ty’
which is equivalent to
lwPt_? —wt_ty —wt t + |t P = |wPte|? —wtit. —wtit + [t 2 (2.11)
According to Proposition 2.1, if t+ &€ T, then

1
ty = -
and (2.11) reduces to
(Jwl* = 1)(jt4+* — [t-1*) = 0,
which implies that |w| = 1.
On the other hand, from (2.11), if t1 € T, the following equality holds

(w - W)(t+t7 - t+t7) =0.

Then either ¢4 = —t_ or w = w. It is possible to show that always w = w, that is
w € R. In fact, If ¢4 = —¢_, taking into account (2.5), we have

ei0 = _17 t+5 = 6 )
ty
and, from (2.3), it follows that
1 -1-f
w= s = tg =w. ]
-1+ 6ty -1+ ty

Proposition 2.4. Under the condition |3] > |cos (g) |, the linear-fractional shift
(1.2) is a forward (backward) shift if and only if w > 0 (w < 0), where w is the
multiplier (2.3).

Proof. According to [4], the multiplier w is a solution of the equation
1 (ew — 1)2

w et (g 1)

w+

)

and, consequently,

w= 71\@\2 (m(g) + \/|/3|2 - cosz(g)>2.

Taking into account that (1.2) is forward (backward) shift if and only if |5] < 1
(I8] > 1), the result follows. O
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Proposition 2.5. If || > 1, the linear-fractional shift (1.2) is a Carleman shift if
and only if w = —1. In this case,

t—p
Bt—1
Proof. According to the last proposition w € R_, when || > 1. If « is a Carle-
man shift, since it is a backward shift, its order must be equal to two (see, for

instance, [5]). Thus, w? = 1 together with w € R_ implies that w = —1.
From (2.3) and the first equality of (2.5), is straightforward that e = 1. O

aft) = (2.12)

Finally, we will find the general form of linear-fractional shifts with just one
fixed point.
Proposition 2.6. If the shift function (1.2) has only one fized point t1 on C, then
_ 2wtyt— (wH1)t%

W+1)t—2, (2.13)

alt

where t; € T and |w| = 1.

Proof. As was already mentioned, if |3| = cos|9| # 0, then the shift (1.2) has only
one fixed point given by (2.2). Thus |t4+]| =1,

e’ +1 (e7®+1)ty

= , and, consequently, =
p=, - quently, f 9
Using the last two equations it is easy to see that o can be written in the
form (2.13) with w = €. O

We remark that the linear-functional (2.13) is a forward shift and thus, con-
sidering that a Carleman forward shift has not fixed points on T (see, for instance,
[5]), we conclude that in such case (1.2) is a non-Carleman forward shift.

In appendix A we constructed a table containing the main features of linear-
fractional shifts on T.

3. Reduction to the canonical cases

In this section our objective is to show that any singular integral operator with
a linear-fractional shift in L, can be reduced (by means of an invertible bounded
linear transformation) to a singular integral operator with a simpler shift, in the
same space.

These kind of relations between linear-fractional shifts were used by Baturev,
Kravchenko and Litvinchuk (see p. 8 in [2], see also p. 346 in [13]) and by Karelin in
[6]. In [6] the author considered a reduction to the shift a(t) = —t, on the real line.
The main goal of this section is to give a complete solution of this problem in the
case of the unit circle T, when the shift under consideration is linear-fractional.
Some of the results of the present section will be used in the next section to
construct the solutions of a singular integral equation with a non-Carleman shift.
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Another motivation to study this reduction problem is the following. It is
well known that, in the theory of the singular integral equations with shift, the
case where the shift is the canonical flip is the most important, either from the
point of view of the applications as well as from point of view of the mathematical
literature, where themes like Toeplitz plus Hankel operators are relatively well
developed.

We will refer as canonical shifts one of the following linear-fractional shifts:

— A rotational shift (the fixed points are 0 and co),
ft)=wt, weT, (3.1)
— A shift having +1 as fixed points,
(I+wt+1-—w
t) = R\ {1 3.2
0= g T we R\ (32)
— A shift having 1 as the unique fixed point,
2wt — (w+1
sy =20t
(w+1)t—2
Our goal is to show that, given a linear-fractional shift a there exist another
linear-fractional shift 1 such that

(3.3)

noa=fon, (3.4)

where f is one of the canonical shifts mentioned above. The passage from « to f
by means of 7 is called reduction to the canonical form, and 7 is then called the
reduction map.

Let us stress that from the above relation one can immediately deduce the
following assertions for the shifts o and f:

Both are forward or backward shifts.

Both are Carleman or non-Carleman shifts.

When they are Carleman shifts, the order is the same.

The number of fixed points is the same and 7(t+) are the fixed points of the
shift f.

e The fixed points ¢t and 7(ty), simultaneously, are in T or do not belong to T.

Keeping these ideas in mind, we obtain the reduction maps for each case. One
can use the complex function theory to obtain deductively such maps, for instance,
the very well-known result that states the following: Given two sets of three distinct
points in the extended complex plane, say {z1, 22, 23} and {wy, wa, w3}, there exists
a unique linear-fractional map g such that g(z;) = w;, j = 1,2,3. However, in
each of three the propositions below the proof can be made by straightforward
verification of (3.4).

Proposition 3.1. Let « be the linear-fractional shift (2.4), with

ty =t ty| <1,
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then « can be reduced to (3.1) using the reduction map
t(t—ty)
t) =
n(t) R
where t+ and w € T are, respectively, the fized points and the multiplier of «.

Proposition 3.2. If w € R\ {1} and tx € T are the fized points of (2.4), then «
can be reduced to (3.2) using the reduction map

0 = (tp +t )t —2tt_ 4ty —t_

= oty —t )ttt

Under the conditions of the previous proposition, when « is a backward

Carleman shift we have for the multiplier w = —1. Then, the canonical shit (3.2)

becomes the canonical flip (1.3) (7 = 1). So, according to the last proposition, any
Carleman backward shift can be reduced to the canonical flip.

(3.5)

(3.6)

Proposition 3.3. If the linear-fractional shift o has the form (2.13), where t; € T
is its unique fived point, then o can be reduced to (3.3) using the reduction map
- 2t —t3 —ty
(ty + 1)t — 2t
The next result show that the maps considered above exhaust all possible
cases.

(3.7)

Lemma 3.4. Let o be a linear-fractional of T. Then « can be reduced to one of
the canonical shifts (3.1), (3.2) or (3.3), using as reduction map the second-order
Carleman shift (3.5), (3.6) or (3.7), respectively.

Proof. From the results of Section 2 we conclude that, if & has not the form (2.10),
then either

1. « is of the form (2.4) with t+ ¢ T,
2. « is of the form (2.4) with t+ € T, or
3. «a is of the form (2.13) with ¢4 € T.

Consequently, using the previous propositions, we can affirm that always
exists a map 1 which reduces a to one of the canonical shifts. The map n has one
of the forms (3.5), (3.6) or (3.7). In all cases 7 is a second-order Carleman shift.

Moreover, in the cases 1 and 3, 7 is a forward shift. In the case 2 the map 7
given by (3.6) is a forward shift if and only if

‘2t+t, 7t+ +t7| < |t+ +t,|
O

Let « be a linear-fractional shift of the form (1.2) which is not a rotation and
consider its reduction to the canonical form f by means of the reduction map 7,
according to Propositions 3.1 to 3.3. Since in every case 7 is linear-fractional, its
derivative 1’ has no zeros and has a unique singular point, a double pole. Fix a
square root of it, which is a rational function and that we will henceforth denote
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by v, so v(t) = (n’(t))é, t € T, and consider the linear operator C, : L, — L,
(p € (1,00)), defined by the formula

Cop(t) =v(t) p(n(t), teT, € Ly, (3.8)

which clearly is bounded and invertible, with inverse given by
Crlo(t) =v(t) o(C(t), teT,pe Ly,

where ¢ = 7~ is the inverse function to n and #(t) = 1/(v({(t)), t € T. The trans-
formation C,, will be called reduction operator. Note that in each of the Proposi-
tions 3.1 to 3.3 n is a second-order Carleman shift and thus ¢ = 7 and C,, is an
anti-involutive operator, Cf] = —I. However, we will keep this general notation,
since other choices could be made for 7.

We show that the reduction operator either commutes or anti-commutes with
the singular integral operator with Cauchy kernel, depending on whether the re-
duction map is a forward or backward shift.

Proposition 3.5. Let a be a shift of the form (1.2) with 8 # 0, n the map that
reduces o to the canonical form, C,, the reduction operator (3.8) and S the Cauchy
singular integral operator (1.1) in Ly, p € (1,00). Then

SC, = +C,S.
where the plus or minus sign is taken depending on whether the reduction map n

is a forward or backward shift, respectively.

Proof. As previously mentioned for each case of Propositions 3.1 to 3.3, the re-
duction map 7 is a Carleman shift of order 2 and can be given the form (1.2) with
6 = 0. Then 7 coincides with its inverse and a simple computation shows that

v(n(€)n' (&) _ v(n(€))
n€) —n) €&

Then, for any ¢ € L, (p € (1,00)) and any ¢t € T, we have

_ L fv@em(n) 1 [ v (§)e(€)
seuett) = o [ = [ iy
1 t
=+ /T ’g();’;éf)) dé = £C, S0 (t),
where the sign + or — is taken as stated in the proposition. O

Now we study the influence of the shift operator associated with the shift o
on the reduction operator.

Proposition 3.6. Let v be a shift of the form (1.2), U, the associated shift operator
(1.4), n a map that reduces o to the canonical form and C, the corresponding
reduction operator (3.8). Then

UaCy = M,Cy Uy, (3.9)
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where M, denotes the multiplication operator by the function w, given by

(= 17 OV1a(0),

! (n(t))v(t)
Proof. The proof is straightforward using the definition of the operators (), U,
and Uy as well as the fundamental relation (3.4). For any ¢ € L, and any t € T,
we have

UaCyep(t) =

teT. (3.10)

pE@v(a(®)e((n o a)(t))= p* (E)v(a®)e((f o n)(t))
_ pe@vlalt)) _n

= w(®)(CyUsp)(1). 0

Using Propositions 3.5 and 3.6 we can reduce the study of the operator T4 p,
given by (1.5)—(1.6), to the study of a similar operator with a simpler shift, namely
one of the canonical forms given above (see (3.1) to (3.3)). We first consider forward
shifts, but we need to introduce some notation:

In what follows we shall use the following conventions of notation: for any
z € Lo, we put

T=uz0(,
where ( is the inverse function to 7. We put w(®) =1, ag = 1, and for any k € N
we define

k
w(k) = H WO Q1.
Jj=1

Proposition 3.7. Let « be a forward linear-fractional shift of the form (1.2) having
either only one fized point t4 € T or two fized points tyx € C\'T, n be a map that
reduces « to the canonical form f and C), the corresponding reduction operator on
Ly,p € (1,00). Then Cy, reduces the singular integral operator with shift o, Ta, B,
to a singular integral operator with canonical shift f. More precisely, putting

/Tf :i(/l\];U}c, Ef :igl;U}cv

k=0 k=0
with
ar = arw®, b= b,
we have
TZf,Ef = A}P+ + EfP, = Cyl_lTAa,BaCn-

Proof. With the convention of notation established before this proposition, for any
x € Lo, we have

C, txICy =ZI.
As pointed out in the proof of Lemma 3.4, if @ has only one fixed point t; € T or
two fixed points ¢+ ¢ T, then the reduction map 7 (which is given by (3.7) or by
(3.5), respectively) is a Carleman forward shift.
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From Proposition 3.5, it follows that
C, ' PLCy = Px.
On the other hand, based on the equality (3.9), we have
U2C, = UaMyCpUy = My, UoCpUys = My, MyCpUF = M, CyU7.
By induction one easily establishes that, for any k£ € N, there holds
ULCy = My, | -+ My, MyCyUF = My, CyUY

Then, for any x € Lo, we have

C, 'aULC, = TUY

where 7 := Zw(*). Putting everything together, one obtains successively
Cy'Ta,,B.Cy = CytAaCy Py + C ' BoCy P

=CM Y aUEC, P+ C7M Y b UEC, P
k=0 k=0

=Y aw W e UFPL+ O b U P
k=0 k=0

=N GUFP, + Y b UFP-
k=0 k=0
which completes the proof. (]

As a direct consequence, we have the following.

Corollary 3.8. Under the conditions of Proposition 3.7, if the function u® in the
definition of the shift operator U, in (1.4) is chosen so that w = 1, then the

coefficients Ay and By of the operator Tﬁf B, simplify to

m m
Ay ::ZEEU}“, By ::Zka}“,
k=0 k=0
respectively.

Now we consider the remaining forward shifts and backward shifts.

Proposition 3.9. Let o be a linear fractional shift of the form (1.2) having two
fized points t1 € T, n be a map that reduces o to the canonical form f and C,, the
corresponding reduction operator on Ly, p € (1,00). Then C, reduces the singular

integral operator with shift o, Ta,, B, , to a singular integral operator with canonical
shift f. More precisely, if

24t —ty +t| <[tr+t_|, then Ty 5 = Cy'Ta,,B.Ch,
and, if
2t —ty +to| > fto +t|, then T z = Cy'Ta,.B.Cy.
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Proof. The proof is similar to that of Proposition 3.7, but now we have two cases
to consider because the reduction map 7 (which is given by (3.6)) can be either a
Carleman forward or backward, depending on the position of the fixed points ¢,
and as it follows from Proposition 3.5, we have

c-p.C — P, if nis a forward shift,

n TEYT T Py if g is a backward shift.
As was mentioned in the proof of Lemma 3.4, if |2t4¢t_ — ¢4 +¢_| < [t4 +¢_|,
then 7 is a Carleman forward shift and similarly to the proof of Proposition 3.7,
we have

1
Cy TawB.Cy =Tz, 5,
However, if [2t4t_ —ty +¢_| > |[t4 + t_|, then 7 is a Carleman backward shift
and in such case, we have

Cy'Ta,,B,Cy = CytAaCyP- + C, 7' BoCyy Py

=2 a UfP—+ZkafP+ Tg, i,
k=0 k=0
which completes the proof. (]

Again, as a direct consequence, we have the following.

Corollary 3.10. Under the conditions of Proposition 3.9, if the function u® in the
definition of the shzft operator U, in (1.4) is chosen so that w = 1, then the

coefficients Af and Bf of the operator Tz LB, O of Tz LA simplify to

m
Ap:=>"@Uf, By:= Zka}“,
k=0 k=0
respectively.

As mentioned before in the case where the shift « in (1.2) is a Carleman shift
of order n (recall that, if it is a backward shift, then necessarily n = 2) we may chose
the weight u® in such a way that the associate shift operator satisfies U = I and,
moreover, it commutes or anti commutes with the operator S according to whether
it is forward or backward, respectively. According to the results in Section 2, since
in such case to the shift « can be given the form (2.4), if we take, for some ¢ € C:

N N ty —t_
pB =cl' )= T
then the above-mentioned properties are satisfied, that is U} = I and U,S =
+SU,, the sign taken as previously explained. Notice that, according to Proposi-
tion 2.5, we have w = —1, if a is a Carleman backward shift.

As a consequence of the fundamental relation (3.4), if « has two fixed points

ty € C and p® is given by (3.11), then the function w in (3.10) satisfies

teT, (3.11)

w=1,
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regardless of a being or not a Carleman shift. Therefore, either Corollary 3.8 or
Corollary 3.10 applies.

Of course, if « is Carleman backward shift, since it is necessarily of order 2,
it is enough to consider binomial coefficients (m = 1). In previous works of two
of the authors of the present paper (see [8], [9]) it was shown that the Fredholm
characteristics of a singular integral operator with a linear-fractional backward
Carleman shift and binomial coefficients (m = 1) can be studied by means of a
special factorization of a matrix function associated with it, which depends on the
shift. The above proposition provides another way of analysis of such operators,
namely one can first reduce the study of such operator to another one having as
shift the canonical flip (1.3) (7 = 1), these being usually called Toeplitz plus Hankel
operators (see [3], [1]). The main advantage of this procedure is that the study of
these last operators is more developed than the initial ones. Similar considerations
are also valid, for instance, for the case of Carleman forward shifts (see [10]) and
can also be used in the case of non-Carleman shifts, as we will see in the next
section.

4. Explicit solutions for a non-Carleman shift

The main purpose of this section is to show that some results of the Fredholm
theory of singular integral operators with a non-Carleman shift can be obtained
in particular cases.

Specifically we have in mind those non-Carleman linear-fractional shifts «a
having two fixed points on C, one in the interior and the other in the exterior
of the unit circle. According to Proposition 3.1, singular integral operators with
such shift can be reduced to singular integral operators with a rotational shift of
the form (3.1). The non-Carleman condition means that the constant w in (3.1)
is not a primitive root of the identity, i.e., w™ # 1,¥n € N. This particular case
is sometimes called irrotational shift in the literature. The corresponding shift
operator Uy is therefore defined as follows:

Usp(t) = p(wt), teT, w=e"? 6c0,2n), §/2r € R\ Q. (4.1)

Associated with the shift o we consider the weighted shift operator U, with
weight given by (3.11). The reduction operator C,, takes the form

\/t+t, —t2
Coplt)= ", o), teT, ¢ecl, (4.2)

where 7 is given by (3.5). As already said, with the above choices the function w
defined by (3.10) is such that w = 1, and so Corollary 3.8 applies, according to
which we have

T,Kf,éf = —CyT'a,,B.Cy,
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where
m m
Ap=Y aUf. By=) bUf,
k=0 k=0

ay = axon, gk = bron, k = 0, m, and it was used the fact that C, is an anti-involute
operator.

We first analyze the simpler operator Tgh B,
4.1. The case of an irrotational shift

In this part we consider singular integral operators with shift of the form

T:=Tc=P,+CP_:L, L,  with C=)» ¢U,
j=0

where U = Uy is the shift operator (4.1), m € N, and the coefficients ¢;, j = 1,m
are continuous functions on the unit circle, ¢; € C(T).

We note that the Fredholmness conditions for the operator T' can be studied
considering the matrix operator (see [11], [7], [12])

T=P,+CP_: LT~ L7,  with C=3¢I+&U,

where
Co O1x(m-1)
Co = ’
O(mfl)xl I
1 C2 Cm—1 Cm
Cm = )
—dm-—1 O(mfl)xl

I, denotes the m x m identity matrix and we suppose that the operators U, P
act componentwise.
The following result holds.

Proposition 4.1. The operator T' is a Fredholm operator on Ly, if and only if the
operator T' is a Fredholm operator on Ly'. In the affirmative case, dimkerT =
dimker T and dim coker T = dim coker 7.

Proof. As is known, the Fredholmness of a bounded linear operator T is preserved
under its multiplication by invertible operators and so are the numbers dim ker T’
and dim coker7T".

We multiply T on the right by the invertible operator

0 0 s 0 I

0 0 s I UP_
N = : :

0 1 .. Um3p_ ym—2p_

I UP. ... Um2p_ ymlip_
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Using UP_ = P_U, we obtain

Dy D, Dpo1 T
0 0 I 0
TN = 7
0 I 0 0
I 0 0 0
where
j—1
Dj =Y cm U P, j=1m-1.
k=0

The operator TN is Fredholm if and only if the operator T is Fredholm. Moreover,
the defect numbers of TN and T coincide. Since N is invertible the result follows.

O
4.2. Some particular coefficients

Now let us consider the particular case of the operator 7" when the coefficients are
first degree polynomials, which we rename as K, i.e.,

K=P,+ (ipjw) P_. (4.3)

j=0
where
p](t) = ajo —+ aj1t7 aj(),(ljl S C, ] = O,m, m e N (44)
We will study the kernel of the operator K. To this end, suppose that ¢ €
ker K and decompose ¢ = ¢4 + ¢_, p4 € L;, ¢ € L,. Then

o1+ (iijj><p— =0, (4.5)

=0
with

pr(t) =) owt", teTy, ¢eC
k=0

e_(t)=> @it teT_, o eC
k=1

Taking into account that, for any s = 0, n, there holds

o0 o0
psUp_ = as1o10™° + Z as1pppw” FFDsE=k 4 Z asoprw T,
=1 k=1

we arrive at the following equality

m [e%e]
P+ (1) + o1 Z apw ™ + Z (akpr+1 + brpr) k=0,
k=1 k=1
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where, we recall, w is given by (4.1) and

m
— —j(k+1
ap = E aj1w J(k+1)
=0

m
b = E ajowfjk.
Jj=0

Then the functions ¢4 are a solution of (4.5) if and only if

m
or(t) =—p1 Y apw™",
k=0

and
a1 + brpr = 0.
If ap, # 0, k € N, the general solution of the last equation is

k—lb
= (-1)k! ', keN
ok = (-1) <p1ll:[1al, N,

and, if ar = 0 for some k € N, then ¢ =0 for all £k € N.
So, we can state the following result.

Proposition 4.2. Let K be the operator defined by (4.3). Then the function ¢ =

ot +o_ € ker K if and only if ¢4 is given by (4.8) and the series

90—(75) = Z‘pkt_kv teT,
k=1

converges absolutely, where @y, is the sequence (4.9). In the affirmative case,

dimkerT = dimkerT and dim coker T = dim coker T.

(4.10)

Further we will do a deeply study of the series (4.10). Namely we establish
some sufficient conditions for its convergence or divergence. But first we need to

introduce some useful notation.

We write the complex numbers a,, in the exponential form
1 — _
al“’:|al“"elu ) .[1’717m7 V707]-7

and, using Euler’s formula, we compute

m m
9 L .
|bk‘ _ <§ :ajoe zgkﬂ) <§ ajoez]k0>
=0 =0

m—1 m

= lawl? +2> D lacollare| coslfso — bro + (r — 5)0k],
t=0

s=0 r=s+1
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and

m m
9 B -
|ak| _ (2 :a ij k+1)0> <§ :ajlezﬂw)
Jj=0

7=0
m m—1

= lanl*+2> Z |lasi||ar1|cos[fs1 — Or1 + (r — s)0(k + 1)],
t=0 s=0 r=s+1

where a;, and by, are given by (4.6) and (4.7).
Let us consider the functions of the real variable ¢

thl\ +2Z Z |as1| |art] coslfs1 — Op1 + (r — $)0(t +1)], (4.11)

s=0 r=s+1
and
Z\ato\ +22 Z |aso| |aro] cos[Bso — Br0 + (r — 5)6t]. (4.12)
s=0 r=s+1
Note that

a(k) = lax|*, b(k) =|bu|*, keN.

and it must be remarked that the functions b(t) and a(t) are periodic functions,
2

with period equal to 97T

Lemma 4.3. Let K be the operator defined by (4.3), a and b be the continuous real
periodic functions (4.11) and (4.12), respectively. If the condition

b(t)
B 1, 413
maxte[o,% } a(t)‘ < (4.13)
holds, then dimker K =1 and
ker K={p€ls:po=0pr+¢_}, (4.14)
where oy are given by (4.8) and (4.10).
b
Proof. From (4.13), it follows that || Moo Therefore, for any t € T_, we have
ag
Prt1| _ | bk <1
wrt agt .

By the D’Alembert criterion, the series (4.10) converges absolutely in T_. Thus,
according to the last proposition, dimker X' = 1 and the set ker K is given by
(4.14). O

Lemma 4.4. Let K be the operator defined by (4.3), a and b be the continuous real
periodic functions (4.11) and (4.12), respectively. If the condition

b(t)

at)] >

; (4.15)

IIllIl [0 2071—}

holds, then dimker K = 0.
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Proof. Let ¢ = minte [0’2077] alt) ‘ If ¢ > 1, then
‘SﬁkJrl e vm
prt apt| — ‘t|

and for ¢ € T_ such that 1 < |t| < v/m it follows that

‘Sﬁkﬂ <1

ot

Therefore, taking into account the D’Alembert criterion and Proposition 4.2, we
can affirm that dimker K = 0. |

Using Lemmas 4.3 and 4.4 we can state the following result.
Corollary 4.5. Let K be the paired operator on Ly
K =Py + (rol +1Uq + 12U + -+ + UM P_,

where U, is the weighted operator (1.4), with non-Carleman shift (2.4) and

ty —t_
(1-w)t+wty —t_"

(03

ILL:

The coefficients r;, j = 0,m, are the rational scalar functions

rit+rio
ri(t) ="’ (
&) ="
and let
' _t+7’j1 —|—t_7"j0 ' _t—le + 750
Pio= o PAT oy

Additionally, let a and b be the scalar functions (4.11) and (4.12). Then the fol-
lowing statements hold true:

(i) If the condition (4.13) holds, then dimker K =1 and
ker K = {opeLly:p=Chp, pckerK},
where K is the operator (4.3), ker K is the set (4.14) and Cy, is the operator
(4.2).
(i) If the condition (4.15) holds, then dimker K = 0.
Proof. The rational functions r;, j = 0,m, satisfy the equality r; = p; o7, where

p; are the first degree polynomials (4.4) and 7 is the map (3.5). Then the proof
can be completed taking into account that K = —C,KC,,. O
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Appendix
The table below contains the main features of linear-fractional shifts on T.
Properties of ~ Properties Properties Type Classific.  General
B and 6 of w of t4 of a of a Form
_ Lo t+ =0, Forward
B8=0 IneN:w'=1 t = oo Carleman Shift (2.10)
|w| = 17 t+ =0

) Non- Forward
=0 2.10
f wr#1,¥neN t_ =00 Carleman  Shift ( )

18] <|cos(?)| ImeNw'=1 ty=t=" Carleman Forward (2.4)

* Shift
1] < ] cos (g) | <|:u"| 7:'5 }:Vn eN b = t;l 1gglrrll_emaun gﬁ?fvtvard (2:4)
8= leos (§) ] kel = 1" N torard - (3.13)
UL wemwer L Ga ee
6] > 1 w=-1 ty €T Carleman l;}?i(;lgward 8111)2’)
18] > 1 WERN{-1} tLeT gglr"ll_eman lsl‘j‘i?t‘ward (2.4)
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Diffraction from Polygonal-conical Screens,
an Operator Approach
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Abstract. The aim of this work is to construct explicitly resolvent operators
for a class of boundary value problems in diffraction theory. These are formu-
lated as boundary value problems for the three-dimensional Helmholtz equa-
tion with Dirichlet or Neumann conditions on a plane screen of polynomial-
conical form (including unbounded and multiply-connected screens), in weak
formulation. The method is based upon operator theoretical techniques in
Hilbert spaces, such as the construction of matrical coupling relations and
certain orthogonal projections, which represent new techniques in this area of
applications. Various cross connections are exposed, particularly considering
classical Wiener—Hopf operators in Sobolev spaces as general Wiener—Hopf
operators in Hilbert spaces and studying relations between the crucial opera-
tors in game. Former results are extended, particularly to multiply-connected
screens.

Mathematics Subject Classification (2010). Primary 78A45; Secondary 47G30.

Keywords. Diffraction, plane screen, polygonal domain, conical domain, Diri-
chlet problem, Neumann problem, explicit solution, Wiener—Hopf operator,
Sobolev space, matrical coupling, orthogonal projector.

1. Formulation of problems and main results
Given a proper open subset ¥ C R?, we consider the domain Q defined by
Q=R3\T

. (1.1)
PF=Yx0={z=(21,22,0) e R® : &' = (21, 22) € X}.

This work was started during the Workshop on Operator Theory and Operator Algebras in
September 2012 at Lisbon.
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For convenience the boundary manifold T is closed (in R?) and the screen X is
open (a domain in R?). However, the two sets will be identified in some sense
(provided int clos ¥ = X). As a rule we assume ¥ # (), ¥ # R?, if nothing else is
said.

Problems of diffraction from a plane screen I' are often formulated in terms
of (or reduced to) the solution of the three-dimensional Helmholtz equation (HE)
in Q with Dirichlet or Neumann conditions on I'; briefly written as

(A+Ek)u=0 inQ 1.2)

Bu=g onTl =09Q. ’
Herein k is the wave number and we assume that Smk > 0 throughout this
paper (some parts are restricted to feek = 0). B stands for the boundary operator,
taking the trace or normal derivative of u on I'. We think of the weak formulation
looking for u € L?(§) with restrictions u* = u|n+ to the upper and lower half-
space 0F = {z € R® : +x3 > 0} that satisfy u* € H'(Q%) and the common
transmission conditions across the complement of X:

Y =R%\ %,
namely

+

- u_]‘$3:0 =0
ul — uy =[0ut/0r3 — Ou” /0x3]|sy—0 =0

ul —ug = [u
0~ o = on % (1.3)

according to the trace theorem and by help of representation formulas, see [20] and
Section 2 for details. In a sense, this is equivalent to state that the HE holds across
the complementary screen %’ [26]. The boundary data g are arbitrarily given in
the corresponding data space H'/2(X) or H~'/2(X), respectively (values of ¢ in
the boundary of ¥ do not matter in this space setting).

For convenience we study the (homogeneous) HE, since boundary value prob-
lems for the inhomogeneous HE Au = (A+k?)u = f can be “equivalently reduced”
under the present assumptions, see [40]. Hence the operator associated with the
boundary value problem (BVP) can be written as

Bo = Bliera @ HY(Q) — HF'/?(%) (1.4)

where H!(Q2) denotes the space of weak solutions of the HE in  and By denotes
the restriction of B to this space. We are looking for the inverse B, ! the so-called
resolvent operator.

Sometimes different data g* are prescribed on the two banks X% of the
screen corresponding to 3 = £0. This generalization is not very important from
the physical point of view (where g denotes the trace of the “incoming field”, e.g.),
but useful for understanding the structure of the problems. In this case the BVPs
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can be briefly written in the form

u € HY(Q)
Bou(gt)“ (if) on T =00 (1.5)

e in case of the Dirichlet problem: g is given in the space H'/2(X)? = H/2(¥)x
H'/2(X) with the compatibility condition that g* — ¢~ is extensible by zero
from ¥ to the full plane (corresponding to a3 = 0) within H/?(R?),

e in case of the Neumann problem: g is given in the space H~/?(%)? =
H-Y2(%) x H-Y2(Z) with the compatibility condition that g* — g~ be
extensible by zero from ¥ to the full plane (corresponding to z3 = 0) within
H~'/2(R?), see [20] for details.

where now

We express these compatibility conditions briefly by writing
g € HY2(2)?  respectively g € H™Y/?(%)2. (1.6)

In several publications the second compatibility condition is written in the form
gt +9= € H /(%) according to the convention that the normal derivative is
always taken with respect to the outer (or inner) normal, i.e., g~ = —9/dz3u on
Y7, in contrast to the present situation.

The question of “low regularity”, i.e., u € H'™¢ ¢ €]0,1/2[, could be included
from the beginning, but will be answered only at the end of Section 5, to keep the
notation short.

It is well known that all the above-mentioned BVPs are correctly posed pro-
vided ¥ is a strong Lipschitz domain (bounded) or special Lipschitz domain (un-
bounded) [20, 42]. This results from the use of Green’s formula (for uniqueness),
reduction to boundary integral or pseudo-differential equations, their Fredholm
property, an index formula and strong ellipticity (for existence). The fact that the
associated operator By : H'(Q) — H*Y/2(X) is a bounded, linear and bijective
operator acting in Hilbert spaces, implies (by the inverse mapping theorem) that
By ! is continuous.

The question is: Can we obtain an explicit formula of B 1 not only for
very special screens like half-planes and certain cones [25]7 In the present article
we shall admit solutions in closed analytical form or series expansion, as well as
infinite operator products which are strongly convergent. In this sense, the answer
will be positive for a surprisingly large class of problems and possibly not useless
in view of the capacity of modern computers.

Let us briefly look at the classes of domains ¥ C R? under consideration.
The following domain properties are crucial in what follows.

e First we shall assume the strong extension property [20, 23], i.e., for any
s € R, there exists a continuous extension operator which is left invertible by
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restriction:

(3 : H*(Z) — H*(R?)

(1.7)

ng% = IHS(Z).
Lipschitz domains (that are bounded and characterized by fulfilling the uni-
form cone property [18, 20]) and (unbounded) special Lipschitz domains in
the sense of [42] (of the form ¥ = {(x1,22) € R? : 29 > p(z1)} where ¢ is
uniformly Lipschitz continuous and rotations of this kind of domain) fulfil the
strong extension property. The existence of continuous extension operators
(1.7) guarantees the equivalence of By to operators which have the form of a
general Wiener—Hopf operator W (see Section 2), i.e., By = EWF where FE
and F' are linear homeomorphisms.

e Second we shall confine our considerations to domains with the property
int clos ¥ = 3, which is needed for a relaxed use of Sobolev spaces. Note
that this excludes “cracks” in the screen (also called “slit domains”) with
discontinuities across the cracks, which could be considered using more com-
plicated notation than H*(X) (in general, the notion of H*(X) with Lipschitz
domains ¥ is not suitable for that case, see [20], p. 110, and the introduction
of [15], for instance).

A domain ¥ with these two properties is said to be an E-domain. The prop-
erties are actually needed only for s = +1/2 in the basic results.

Further we shall work with an algebra A of open subsets ¥ C R? which
contains open half-planes, finite intersections and the interior of complements of
elements of A,.

Therefore we introduce the following.

Definition 1.1. A convex polygonal-conical domain (convex PCD) in R? is given

by
Y= ﬂ ¥; where X; are open half-planes. (1.8)
Jj=1,..., m
A polygonal-conical domain (PCD) in R? is given by
¥ = int U clos ¥; (1.9)
j=1,....m

where ¥; are convex PCDs which do not meet in a corner.

Remark 1.2. The following observations are obvious:

1. Convex PCDs are simply connected, PCDs may be multiply connected, both
possibly unbounded (cones are included).

2. PCDs are E-domains.

3. The set of PCDs (including ¥ = () and ¥ = R?) coincides with the minimal
set algebra As described above, since they allow a representation

¥ =R? \< N (R?\;-)) (1.10)

7j=1,..., m



Diffraction from Polygonal-conical Screens 117

where X; are convex PCDs. This results from the De Morgan formulas and
some elementary topological consideration.

4. The set of Lipschitz domains does not form a set algebra, because the intersec-
tion of two Lipschitz domains does not necessarily have the strong extension
property. Also special Lipschitz domains do not generate an algebra of sets
which have the strong extension property, for the same reason.

In order to describe the spaces for the boundary data in more detail, we
recall the definition of the usual Sobolev spaces H® = H*(R™) (sometimes named
Bessel potential or fractional Sobolev spaces) and of the Sobolev spaces H*(X),
Hg, H*(%), as well (sce, e.g., [16, 20]). Thus let

H® = H*(R") = {f €S :Ifl = (/Rn ’f(f)’2(€2 +1)Sd€>1/2 < 00} (L.11)

where £2 stands for |£]? and &’ = §'(R") denotes the Schwartz distribution space
and f(&) = Fosef(x) = [gn € f(x)dx the (n-dimensional) Fourier transform of
f € S extended to distributions f € §’. H® is a Hilbert space with inner product

(o= [ HOUOE@+10d | pueH®). (112)

The function \(€) = (€2 + 1)1/2, ¢ € R", will play a special role in what
follows, since it can be considered as a particular case of the square root of the
“Helmholtz symbol” (&) = A\ (&) = (€2 — k?)'/2 for k = i (the double notation
has historical reasons). We shall always choose branches, continuous in R™, such
that A\ () — 400 as [£] — +o00. It may be useful to consider the spaces H® as the
isometric images of the Bessel potential operators

A =F I\ . F:.L> - H , scR. (1.13)
The restriction operator which restricts a function or distribution on R™ to
an open subset ¥ will be denoted by rx. Thus H*(X) = rx(H?), and the norm in
H*(X) is defined by
1 ere () = mE 1£f |+

where £f stands for any extension of f to a distribution in H*. An equivalent norm
can be defined via the Sobolev—Slobodetski norm for s > 0 and via a duality for
s < 0. Furthermore, we denote by HE the (closed) subspace of H® which consists
of all distributions with support in the closure of ¥. By H 5(X) we denote the
space of all distributions which are the restrictions of distributions in H3, i.e.,
H*(X) = rg(H$). A norm is defined by

11177 = inf llo

where £y f stands for any extension of f to a distribution in H§ (which is unique
only for s > —1/2, see [14], pages 4-5, in which case the last infimum is redundant).
Notice that while H*(X) is always continuously embedded in H*(X), these two
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spaces coincide for s €] —1/2,1/2[. In various publications H*(%) is defined as the
set of H*(X) function(al)s that are extendible by zero to an element of H*(R™)
[18, 20]. For E-domains this definition is equivalent to the present one.

Now we are in a position to summarize the main result.

Theorem 1.3 (Main Theorem). Let ¥ be a PCD. Then the resolvent operator By
(see (1.4), (1.5)) for the Dirichlet or Neumann problem is explicitly given in terms
of infinite operator products (presented in Sections 4 and 5) which strongly con-
verge in the common (Bessel potential) norm of H*'/2(R?) for k = i and in
a modified equivalent norm for k € iR, respectively. In the remaining cases of
k € C, Smk > 0 the resolvent operator can be explicitly represented by (additional)
use of Neumann series.

The principle steps are: (1) to show operator equivalence of By with a bound-
ary pseudo-differential operator that has the form of a general Wiener-Hopf op-
erator (WHO), (2) to represent By ' in terms of a certain projector acting in
H*Y/2(R?), which depends heavily on the form of X, (3) for screens which are
convex PCDs, to give an explicit formula for these kind of projectors in case of
k € iR, choosing a topology where they are orthogonal and using a result of Hal-
mos [19] for the representation of the orthogonal projector onto the intersection
of closed Hilbert subspaces, (4) to reduce the case of arbitrary k with Smk > 0 to
the previous by approximation, and finally (5) to reduce the case of non-convex
screens to the case of convex screens by matrical coupling of associated WHOs
and the so-called geometric perspective of Ferreira dos Santos [30, 31] for general
WHOs, noting that not only complements of convex screens are admitted, but
arbitrary PCDs.

Some similar ideas appeared already in special situations or different settings,
see [15, 24, 25, 37, 39] and will be pointed out in the corresponding context.
However, some of the cited results are presented here with a new, more compact
proof, e.g., Theorem 3.5 and parts of Theorem 3.8 and of Theorem 3.10.

From the historical point of view, one can say, that the story started with the
solution of Sommerfeld’s half-plane problem [35] by modern Wiener—Hopf meth-
ods [26], contributions to the diffraction by a quarter-plane [11, 12, 25, 44] and
the discovery of relations with general WHOs [31, 37]. The present paper could be
regarded as an extension of [24] to non-convex, general polynomial-conical screens,
however with several new techniques that provide a deeper insight into the struc-
ture of this kind of BVPs. Finally it should be noticed that the present screen
problems are quite different from wedge diffraction problems in formulation and
structure.

2. Reduction to boundary pseudo-differential equations
and form of resolvent operators

For this step we need a precise notation of Wiener—Hopf operators in Sobolev
spaces. We shall use only a scalar version (the matrix analogue is evident).
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Definition 2.1. A Wiener—Hopf operator in Sobolev spaces (briefly referred to as
classical WHO) is given by

Wd),E =Ty A¢ : H£ — HS(E) (21)

where ¥ C R™ is a domain, r,s € R, Ay, = F'¢ - F is a convolution (translation
invariant) operator in R™ of order r — s, i.e., ¢9 = ¢A"7° € L (R"™).

Remark 2.2. Other popular notations of WHOs are the following. The “classical
WHO” acting on L?(R.) (or on LP(R,) etc. [22]) is given by

Wi) = af@)+ [ ke- i@y . 2>0 (22)
0
with a € C,k € L*(R). It can be briefly written as
W =riAgly : L*(Ry) — L*(Ry) (2.3)

where ¢ = a + Fk is the Fourier symbol of W [17, 29] and ¢y the zero extension
from L?(R,) to L?(R). This is easily generalized to an operator acting on L?(X),
3 C R™ by writing

W =reAgly: L*(X) — L*(%) (2.4)
and makes sense already, if ¥ is measurable. The direct generalization to Sobolev
spaces makes sense if the extension ¢y : H*(X) — H*(R"™) is well defined, e.g., for
Lipschitz or special Lipschitz domains . It can be written as

W = ryAgly : H(Z) — H5(X) (2.5)

defined by restriction (s > 0) or by continuous extension (s < 0), if s €] —1/2,1/2[.
In contrast, the “Eskin like notation” (2.1) makes sense for all s € R and arbitrary
domains ¥ [16, 28].

Another generalization will be important for our purposes, the notion of
“general WHOs”. That will be discussed in Section 3.

Now we come to the point where these operators appear in reality.

Theorem 2.3 (Representation Theorem for the Dirichlet problem). Assume that
¥ C R? be any (proper) open subset of R?, Q be given by (1.1) and QF = {z €
R3 : +x3 > 0}. Then the Dirichlet problem in Q (see (1.5)) is well posed if and
only if the following WHO is invertible:

Wyt g =1y Agr : Hy /2 — HY2(S). (2.6)
In this case, the solution of the Dirichlet problem is given by the formulas
Kp.o+ ug' in QF

o 3 (2.7)
Kpa-uy in

u=Kp.al(g1,92) = {

_ N - 1 —’L Tl 1,62) T3
Kp, Q+u0( )= ]:5’»—> e HE) Sug(f,) = (271.)2/ & Hent2) Ug (fl £2) de’
1

Kp.a-ug (x) = ngx/e )wsuo ) /]RZ e_i5/$/+t(51’52)””3u5(£17fg)df’

~ (20)?2
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+ 14 0 + I —-I
Uq _An—1 0 g _
() =1 (& aeawr )0 () o= (7 )
abbreviating 5/ = (51752) € RQa dgl = d€1d€2 s t(gl) = (512 + 5% - k2)1/2 ) r =
(z1,22) € R? and &'z’ = & 121 + Eaxa.

Proof. (Sketch) Based on ideas from [24] and [15] we see that a possible solution

is represented by the trace data uZ (in the entire plane z3 = 0), where ud — ug
is directly given and that ug +ug = A; ' (uf — uy) where uj — uj satisfies

a boundary pseudo-differential equation which has the form of a (generalized)
Wiener—Hopf equation on 3. If the WHO is invertible, the BVP is well posed,
since one can verify that the formulas represent linear homeomorphisms between
the data and the solution spaces. Conversely, if the BVP is well posed, the WHO
must be bijective. As a bounded linear operator, it is necessarily a homeomorphism
according to the inverse mapping theorem.

More details can be found in the context of Sommerfeld potentials (where X
is a half-plane) [14, 15]. Also BVPs for the Lamé equation have been solved in a
similar way already in [13]. O

Theorem 2.4 (Representation Theorem for the Neumann problem). Assume that
¥ C R? be any (proper) open subset of R?, Q be given by (1.1) and QF = {x €
R3 : +23 > 0}. Then the Neumann problem in ) (see (1.5)) is well posed if and
only if the following WHO is invertible:

Wiy =rs A HY? — HTVY2(5). (2.8)

In this case, the solution of the Neumann problem is given by the formulas

Kyo+rui in QF
u=K , = ’ 2.9
N7Q(gl g2) {’CNJZ U; m Q7 ( )
’ —1 —
Knawuf (o) = Fgl el (€)
t(&')
1 —i¢'x’ —t(&1 T -1 =
= (2m)2 /RQe &'’ —t(£1,€2) st(gl €Q)u1+(§17fg)dfldfg
/ ]_ -
— —1 xT —
Kna-ur () = Folu e L yur (€)
1 —i&'z! 1 X3 1 =
= omp /We €0 (€1, 62) PR GRALIES
+ -1 +
ui\ _ o1 (AW 0 g (I I
Proof. Conclusions are similar as before. O

Remark 2.5. Existence and uniqueness of a solution are known from [18, 43] in case
of Lipschitz domains and from [25, 38] in case of half-planes. Hence uniqueness is
trivial for convex PCDs and obvious for PCDs from (1.9).
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The uniqueness result follows also directly from the Green formula, while
existence can be shown with the Lax-Milgram Lemma (see, e.g., [9], Section 6.3).

On the other hand, by using the representation formulas of solutions with
layer potentials and Plemelji-Sokhotskii formulas, one reduces both, the Dirich-
let and the Neumann BVPs to boundary integral equations with positive defi-
nite symbol in the Bessel potential spaces where the operators act in the spaces
HY/2(2) — H-Y2(E) or HY/2(2) — HY2(2) (cf. (2.6) and (2.8)). Those can
also be studied with the help of results from [12] (lifting in the Bessel potential
spaces and pseudo-differential operators with locally sectorial symbols).

We shall see later (in the proof of Theorem 5.1) that the crucial terms in these
formulas A;-1 Wtj 5, and AtWtjzl can be interpreted as very particular extension
operators or operatbrs of the form of a composition II¢ where II is a particular pro-
jector and £ an arbitrary extension of a functional from H*'/2(X) to a functional
in H+1/2,

3. Some results on general Wiener—Hopf operators

A general Wiener—Hopf operator (also abbreviated by WHO) is given by
W = PQA‘PIX (3'1)

where A : X — Y is a bounded linear operator acting in Banach spaces and
P e L(X), P, € L(Y) are projectors, i.e., Pj2 = P;,j = 1,2. By convention, W is
regarded as an operator from P;X = im P; into P,Y = im P, although, P; acts
into Y, i.e., strictly speaking, not into P,Y" (cf. [27, Chapter III]). This convention
will be applied and referred to in the sequel for convenience (and following the
tradition). For practical reasons we enlarge the convention by identifying in some
formulas W with P, A P; as an operator acting between the full spaces. Occa-
sionally we will also consider W' as acting on the full space, i.e., we consider
PiW 1P, = P (P2 A|p,x) ! P,. This makes some formulas more compact.

The notation (3.1) was introduced in [10, 33], first in a symmetric setting
where X =Y and P, = P, = P for operators in Hilbert spaces, and later in the
asymmetric setting of (3.1) [36, 37]. Main objective in those publications was the
(generalized) inversion of W by an operator factorization of A (assuming that A is
invertible). Here we study a completely different (abstract) idea, presented by A.F.
dos Santos [30, 31], originally connected to more special applications [24, 25, 39].

3.1. Identification of general Wiener—Hopf operators

The connection between classical WHOs (2.1) and general WHOs (3.1) is given
via a continuous extension operator

E$ : H*(S) — H*(R") (3.2)



122 L.P. Castro, R. Duduchava and F.-O. Speck

provided it exists for ¥ C R™ (see Section 1), namely by the identification
X=H" , Y=H°
P X = Hy, , Pr=E5 s (3.3)
A=F'¢-F : H — H"

We observe, in the identification of a general WHO, that not the full defini-
tions of P; and P» are relevant but only im P; and ker P,. The domain dom W of
W is a complemented subspace of X and can be seen as the image of any projector
P with the same image im P = dom W = im P; (and arbitrary complement for
the kernel), i.e.,

PP =P , PP=P (3.4)
Further, if P, and II are projectors with the same kernel, then the following two
WHOs are equivalent:

W =P Alpx ~ W=IAlpx=TA|px (3.5)

because
P, =11 , PIl=~5. (3.6)
In the classical case, II reflects the variety of possible extension operators. In

Hilbert spaces we conclude easily the following interesting result:

Proposition 3.1. Let W = P, A|p,x be a general WHO (see (3.1)) where X, Y are
Hilbert spaces. Then

W~ W=IA|px (3.7)

where P and II are orthogonal projectors.

Proof. Tt is well known that the orthogonal projectors P onto P, X and II along
(I — P,)Y exist. Hence we have the equivalence relation

W = PAlp,x = PoIIA|px Plp,x = Polny WP\Plx

between W and W where the outer factors are bijective in the sense of the above-
mentioned convention. O

The foregoing result will be used in Section 4 for the construction of certain
non-orthogonal projectors (in the case k ¢ iR) based upon the knowledge of corre-
sponding orthogonal projectors with the same image (resulting from Lemma 4.2),
by an approximation argument.

Focusing on (generalized) inverses, we obtain in a similar way:

Proposition 3.2. Let W, W be general WHOs related by (3.4)—(3.6) and let W
IIY — PX be a generalized inverse of W. Then a generalized inverse of W is
given by

W= :Pl‘pXW7H|pzy. (38)

Proof. By verification WW~-W = W. O
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Clearly the statement includes the cases of one-sided invertibility, Fredholm-
ness, and invertibility that is needed in this paper.

Now, the identification of the general WHO W = P, Ay|p, x with the Eskin
type WHO is given by the equivalence relations

E%Wﬁg =W , Wd),g = T’ZW
Consequently, in case of invertible WHOs

Wos=WTEy | AW,5 =AW ES

which makes the connection with Theorems 2.3 and 2.4.

Another relationship between WHOs turns out to be very important in what
follows. Given a general WHO (3.1), where now A is assumed to be boundedly
invertible, and let the complemented projectors be denoted by Q1 = Ix — P; and
Q2 = Iy — P, respectively, we call

W, =Q1A g,y + @Y = 1 X (3.9)

the WHO associated with W. This notation was introduced in [10] for symmetric
and in [36] for asymmetric setting, respectively. In a different context (realization
theory, minimal factorization) it was called an “indicator” of W, thinking of various
possibilities of extending W to an operator matrix

A:<W ::) (3.10)

*

see [1, 2] for details.

3.2. A geometric perspective

Following an idea of A.F. dos Santos [30, 31] (which has roots in [10, 34] and
[24]) we study a “geometric relation” between AP; X and Q2Y . In contrast to the
existing literature we shall base this consideration upon the following result, which
seems to be still unpublished [2] but very efficient.

Lemma 3.3. Given two pairs of complementary projectors in Banach spaces, P,
Q1 =1-P € LX), P,, Q2 = I — P, € L(Y) and an invertible operator
A€ L(X,Y), the following operator factorization is valid:

<P2AP1 o> _ <P2AP1 o> ( P 0>
0 Q2)  \@Q2AP1 Q2) \—Q2AP1 Q2
_ (PQAPl PQAQ1> (P1 0 ) (3.11)
Q2AP; Q2AQ1) \ 0 Q1A7'Q '
P PlA_lQQ P 0
(0 Q2 > (Q2AP1 Q2> ’

Proof. The formula can be verified easily. O
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Remark 3.4. Note that the matrix operator on the left of (3.11) acts as
M:P X ®QY — PY ®QY =Y,

i.e., not from X into Y in contrast to the first factor of the second line. For the
first line of (3.11) we do not need the invertibility of A. It would be more adequate
to write PoA|p, x instead of P,AP; etc. We avoided this just for cosmetic reasons
(see the convention).

Theorem 3.5 (Ferreira dos Santos 1988). Let W be a general WHO, given by (3.1)
where A is injective. Then W is invertible if and only if APLX and Q2Y are
complemented subspaces of Y, in brief

APX ® QY =Y. (3.12)

If A is invertible we equivalently have
PX @ AT'Q.Y = X. (3.13)
Proof. Formula (3.12) is an interpretation of the first part of (3.11) if one takes

into account that P,bAP; + Q2 AP, = AP, and that the last factor in the first line
of (3.11) is invertible. The second conclusion (3.13) is then evident. O

Corollary 3.6. Let W = P A|p,x : PPX — P2Y be a general WHO with A : X —
Y being invertible. Assume that W is invertible (or, equivalently (3.12) holds).
Then the inverse W—': P,Y — P X can be represented by

Wt = A" M|p,y where I projects onto AP, X along QY

1 . 1 (3.14)
= PA™ '|p,y where P projects onto P, X along A~ QY .
Moreover, in this case these projectors are given by
I =AW'pP, , P=W'1PRA (3.15)

as operators acting in'Y and X, respectively.

Remark 3.7. For the symmetric setting (X =Y, P, = P, = P) Theorem 3.5 was
proved in [10]. There are further generalizations to the case where W is Fredholm,
e.g., see [30, 31]. Another generalization to the case where W is generalized invert-
ible might be possible by ideas of [37], we suppose. However, they are not needed
here.

The formulas (3.14) imply that P = A~'IIA, i.e., it obviously suffices to
construct one of the two projectors P and II in order to invert W.

3.3. Matrical coupling

Let us recall two definitions and a few known results. Two bounded linear operators
in Banach spaces S € L(X1,Y1), T € L(Xa2,Y>3) are said to be matrically coupled,
if there is an invertible operator matrix (with suitable entries %) such that

(S )=(:3)" (3.16)
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Two bounded linear operators in Banach spaces S and T are said to be
equivalent after extension, in brief

S AT, (3.17)

if there exist Banach spaces Z1, Zs and linear homeomorphisms F, F' such that

(5 0 )-2(0 o )F (3.18)

Example. Looking at Lemma 3.3 and Remark 3.4 we can interpret the first line
of (3.11) as

In fact, the relation presented in the first line of (3.11) may be viewed as
a particular form of an equivalence after extension relation since the extension is
made from one side only. Namely, we have there

W lg, ~ (AP|Q2), (3.20)

which is a so-called equivalence after one-sided extension. The equivalence after
one-sided extension concept, being stronger than the equivalence after extension, is
intimately related with the Schur coupling notion [5, 32]. Schur coupled operators
allow even more direct relationships between their null spaces and range spaces
than in the equivalence after extension relation (cf. [3, §2-3] for extra details and
still existing open problems within the Schur coupling theory).

We also would like to point out that in [46], Chapter 0 by S. Puntanen and
G.P.H. Styan, we may find a very pleasant historical introduction about the Schur
complement. There, the last formula of page 4 presents in fact an equivalence
after one-sided extension which yields a very direct proof of the famous Schur
(determinant) lemma [32].

Theorem 3.8 (Bart—Tsekanovsky 1991). Let S and T be bounded linear operators
in Banach spaces. Then S ~ T if and only if S and T are matrically coupled.

Remark 3.9. The importance of this theorem for us consists in the consequence,
that an inverse of T' can be computed from an inverse of S (and vice versa, if F~1
and F~1 are known). This is obvious from (3.18) but not from (3.16) — and was a
celebrated fact in the 1980s [1].

The sufficiency (“if”) part was already proved in [1], the necessity part (“only
if”) later in [4].

However it was observed in [2] that the sufficiency part in the symmetric case
(where X =Y, P, = P) is an interpretation of a well-known formula, see, e.g.,
[17, 29]

PAP +Q = (AP +Q)(I — QAP) = A(P 4+ A™'Q)(I — QAP)
= AP+ QA*Q)(I + PA*Q)(I — QAP).

In the asymmetric case, it is a consequence of the formula (3.11), which can be
regarded as a direct generalization of (3.21).

(3.21)
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At the end, the second (necessity) part of Theorem 3.8 is not so evident,
particularly the construction of a coupling relation from an equivalence after ex-
tension relation, see [4]. However the conclusion that is most important in our
applications can be proved independently and more directly as follows.

Theorem 3.10 (Speck 1985). Let S and T be bounded linear operators in Banach
spaces which are matrically coupled, i.e., S = W = PyA|lpx and T = W, =
Q1A Y g,y in the above notation. Further let V be a generalized inverse of W,
i.e., WVW =W. Then a generalized inverse of W, is given by

V* = QQ(A — AP1VP2A)|Q1)(. (322)

Proof. Formula (3.22) is a consequence of the first part of Theorem 3.8 (matrically
coupled operators are equivalent after extension) and formula (3.11) that implies:
a generalized inverse of W yields a generalized inverse of the matrix on the left
which yields a generalized inverse of the second factor of the second line which
yields a generalized inverse of W,. (I

An earlier detailed and independent proof can be found in [37], pp. 21-22.
Note that the present proof is constructive. In [37] the formula (3.22) was just
guessed and verified. Clearly it includes the cases of one-sided invertibility, Fred-
holmness, and invertibility that is needed here.

4. Construction of the projectors P and IT onto/along Hgt 1/2

In order to determine the WHO inverses needed in Theorem 2.3 and 2.4, we are
now going to calculate the corresponding projectors (related by Corollary 3.6).
Clearly all these operators exist and are unique as seen before in the introduction
and in Theorem 3.5.

For convenience let us recall the relevant notation. Actually there appear
various sceneries: (1) The abstract setting (with orthogonal and non-orthogonal
projectors), (2) the concrete realizations (of Section 3.1) where ¥ is an E-domain
(with two cases concerning the Dirichlet and the Neumann problem, respectively),
and (3) the special situations where ¥ has particular form (half-plane, convex
PCD, etc.). In the abstract setting we continue to consider the projectors

II onto AP, X along @Q2Y

4.1
P onto P X along AT'Q.Y (4.1)

where A € L(X,Y) is boundedly invertible, P, € L(X), P, € L(Y) arbitrary pro-
jectors and Q1 = Ix — P1, Q2 = Iy — P». Using partly the same letters (for iden-
tification) we further consider the following realization where ¥ is an E-domain,



Diffraction from Polygonal-conical Screens 127

s € R and
A=Ap. =F 't* - F: H'(R®) - H *(R?)
Py is any projector in H®(R?*) onto Hg (4.2)
P, is any projector in H *(R?) along Hy~ .
For the Dirichlet problem we have A = A;-1, i.e., s = —1/2, for the Neumann
problem A = A;, i.e., s = 1/2. However, many of the following considerations
work for general s € R.

The simplest case appears when ¥ is a half-plane and k£ = i. Here we obtain
formulas in closed analytical form and orthogonal projectors as follows:

Example. Consider the half-plane ¥ = R}, = {z € R? : z; > 0}, the (orthogonal)

projectors Py = lory : L*(R?) — L*(R?) onto L = L2, , P_ = I — Py and the
i+

Bessel potential operators [11, 12, 16] of order s € R:

Mo=dy o O - (arifgel) eew

A=Ay, AN(§) = <51 i\/§§+1> , E€ R
For any s € R we find the orthogonal projectors [7]
Py = AT°Py A% onto Hs
P® = AT*P_A° onto Hs,
Iy, = AZ°P;A* along Hy,
II* = A;°P_A% along Hs,.
Hence Py +1I° = Iys and P? +1I5 = Iys.

If we specify ¥ = R}, = {z € R? : z; > 0} and k =i in the second scenery,
then P, = P} and Py = I1° satisfy (4.2). If we specify moreover A = A2 in the
first scenery, then P = P, = P} and Il = P, = I * satisfy (4.1).

The projector £ory in L?(R?) coincides with the multiplication by the char-
acteristic functions y 4 of the half-space Ri - This observation can be generalized
to lors acting in the spaces H*(R?) if |s| < 1/2 provided ¥ is a Lipschitz domain
or an E-domain in R2, e.g., instead of the half-space R%,Jr.

4.1. Preliminaries
First we mention two facts which are independent of the choice of X. The first is

a consequence of (1.12), the second is known from [19].

Lemma 4.1. The projectors IL, P of (4.1) in the situation (4.2) are orthogonal with
respect to the inner product (1.12) if k = 1.

Proof. Orthogonality of the two projectors is equivalent to the fact that
(Avp,)_,=0 for @€ Hs, e Hg .
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It suffices to consider smooth, rapidly decreasing functions, which are dense in
these spaces, ¢ € Sy = {<p €S :suppyp C Z} and 1 € Syy. These must satisfy

¢(€) >28 IGE DL
A(€) (€2 +1)s

Now supp Agp C X for all ¢ € Sy with supp ¢ C X obviously holds if & = ¢, i.e.,
t= A O

[ Ass@uiris =0 where o= (

Lemma 4.2 (Halmos 1982, Problem 96). Given any Hilbert space H and orthogonal
projectors pi,pa,...,pm € L(H), the orthogonal projector onto imp; N imps is
given by the so-called infimum of the two projectors:
0o N
_ J— 1 J
piAps = [[(pip2) = Aim [1(1p2) (4.3)
j=1 j=1
which converges strongly. The orthogonal projector p onto imp; N --- N imp,, s
given by
P=pP1A-Apm = AL p; (4.4)
that is defined by iteration and represents an associative operation.
4.2. Case k = 1, convex PCDs
In this section we assume A; = A = A,, ie., k = i (see (1.13)) and use the
following brief notation. For any open half-plane ¥ C R? let
My : £ — R}, = {zeR*:z; >0} (4.5)

be the canonical linear transformation that transforms ¥ onto R? 4, le, by a
minimal dilation plus a rotation in the mathematical positive sense, say. Moreover
let

Jsf(x) = f(Msz) , z€XorazcR? (4.6)
for functions and distributions defined on ¥ or defined on R?, as well.
Theorem 4.3. Let ¥ be a convex PCD, i.e., ¥ = NJL,X; with half-planes ¥j C
R%j=1,...,m and s € R. Then the orthogonal projector Pg onto P X = H,
projects along A=**Hg,” and is given by

P = NjL Py,

_ . 4.7
P;j:JZijjJEj . j=1,...,m. (47)
The orthogonal projector 11 onto A** H$, projects along Q2Y = H3® and is given by
II5° = A* PE A%, (4.8)
Proof. As Hg, is a closed subspace of the Hilbert space H?, it is complemented
and the orthogonal projector onto Hs, exists and is unique. Lemma 4.2 implies

that the orthogonal projector onto Hg is given by formula (4.7).
Every projector ng projects along A‘2SHZ_,§. Since ¥ = () ¥;, the orthogonal

J

projector onto H$, projects along A~2*Hgy,”, because X' = int Xl
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The second part of the theorem with formula (4.8) is a consequence of the
first part, exchanging the roles of ¥ and X', of s and —s, and thinking of the
complementary projector (exchanging “onto” and “along”). (I

4.3. Case k = 1, arbitrary PCDs

Theorem 4.4. Let ¥ C Ay, ie., ¥ = int U,_, , clos¥; where 3; are convex
PCDs, and assume that s € R. Then the orthogonal projector Py, onto Hs, projects
along A_25H£,s, i.e., P§ =1—1I3, and is given by

Py =1 NPTl =1 = AT (1 - PY) (4.9)
with ng taken from Theorem 4.3 (representing each ¥; as intersection of half-
planes).

Proof. The assumption ¥ C Ay implies that ¥’ = ﬂ;"zl ¥’ where ¥ = R2 \
Y;. Looking at (4.9), b5 projects onto Hy, along A*QSHE_;. Hence I — P,
projects along Hy, onto A_QSHE_,f and A(] — ng) is the orthogonal projector
onto ((A™?*Hg°) = A2 (| Hg”, thus projecting along Hg,. This implies that Pg
as given by (4.9) projects orthogonally onto Hg. O

44. Case k € iR, ie.,, Rek =0, Imk >0

In this section we show that the previous results remain valid for k£ € iR if we
change the topology to another equivalent one. L.e., we remain in the same Hilbert
spaces but infinite series and infinite products converge in a different sense, with
respect to a modified norm.

Definition 4.5.
(@, V)i = (Afp, AiY)o

_ / Afe() - Aj(a) do (4.10)
_ / BE) D(E) €2 — K2)° de.

Proposition 4.6. For any k € C\ R, H>*(R") is a Hilbert space with norm

1/2
lells.e = (. 0) 207 (4.11)

that is equivalent to the norm of H*(R™).

Proof. Tt is a consequence of the fact that A; : H*(R") — L2?(R") is a linear
homeomorphism. O

Remark 4.7. Obviously we have H*(R") = H*(R"). The spaces H** (%), H**(X),
H;’k may be defined by analogy to the spaces where k = i. Evidently the analogue
of Proposition 4.6 holds for these spaces, as well.
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Remark 4.8. The spaces H*(R") = H**(R") and H**(R") are isomorphic for all
k € iR and the norms in these spaces are equivalent, because both of them are
isomorphic to L#(R™). The isomorphism is performed by the Fourier convolution
operator A, , = F lw,F with the symbol

2 ]{32 s
ws,k(g) = (552 +1 >

Proposition 4.9. For any domain X, any number n = 2,3,... and s € R the
subspaces A% H;k and Hg,s’k where ¥ = int (R? \ ¥) are orthogonal to each
other if k € iR,

which is invertible by A 1.
s,k

Proof. The algebraic decomposition
AZ SN L H PR = sk (4.12)

is clear from the case k = i, see Section 3.2. By definition Hy" and Hy*" are
closed subspaces and, for ¢ € H;k , Y€ Hf,s’k, we have

<At2$¢7 w>*s,k = <A§g07 At_sw>0
= [ € - 7B € - k) ag

which disappears for any such pair ¢, 1 if k? is real. O

(4.13)

Evidently, the analogue of Theorem 4.4 for k € iR, instead of k = i is valid,
as well.

Corollary 4.10. Let ¥ be a PCD, k € iR and s € R. Then the following orthogonal
projectors can be presented explicitly:

Py = If/\gnzlﬂs; :I—/\}"Zl([fpgj) onto Hs,

Py =1 — A;? Pg% A2 onto HS,

Iy, = A2 Pg® A7 along HS,

oo =1 — P along Hs,

where the decomposition of ¥ from Theorem 4.3 is used and the infinite products
converge in the sense of the norm (4.11).

4.5. Case Rek # 0, Smk > 0

Now a modification of the scalar product (4.10) does not help anymore. Thus
we shall use a different idea coming up from [24] to present the (non-orthogonal)
projectors H; 12 ete. by Neumann series approximation using the orthogonal pro-
jectors constructed before. Therefore we extend the notation by

Sx — the projector onto A;-»-Hg® along Hyy

s : —2s r7—s s (414)
$i — the projector onto AT Hg® along Hy,
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where the latter coincides with the first for £ = i and is orthogonal. Further
projectors can be defined and treated by analogy. So we have:

Pg . — the projector onto Hy, along Ay-2s Hg/’ (4.15)
Piy = 1T, |

which we employ basically for s = +1/2 and call them briefly II-projectors and
P-projectors.

Proposition 4.11. Abbreviate II = le/f Then the projector le/i is given by
Iy = A AW T W = HAe Al (4.16)
(using the convention) where the inverse WO_1 is given by a Neumann series.
Proof. The operator Wy = II A;—1 A1,z is invertible by a Neumann series, since
ReA;—1 A > 0 and IT is orthogonal, see [10, 24, 37].
The operator le/ i in (4.16) is obviously linear, bounded and idempotent,
hence it is a projector. Wy maps onto ITH/? = A‘ngl/Q, thus A,—1 AW, 1T

maps onto A;-1 Hy, 172, Finally its kernel is obviously Hg,* and the proof is com-

plete. O

The following result is analogous.

1/2

5T

Hilk/Q = A AT VVJ1 I ) Wy = 1 Ay A_1|HH*1/2 (4.17)

/2

Proposition 4.12. Abbreviate I1 = Ily, /~. Then the projector H;k s given by

(using the convention) where the inverse I/V(f1 is given by a Neumann series.

4.6. Equivalent constructions

Here we show that the construction of various involved operators is equivalent, i.e.,
they can be obtained easily from each other. As a matter of fact, this has nothing
to do with the form of 3 nor with Wiener—Hopf factorization, but with the features
exposed in Sections 3.2 and 3.3: the geometric perspective and matrical coupling.

Theorem 4.13. Let X be an E-domain. Consider the Dirichlet problem for ¥ (as
described in (1.3)—(1.5)) and the Neumann problem for X' (by analogy). Then the
two resolvent operators (see (2.7), (2.9)), the WHOs therein, and corresponding
P-projectors and Il-projectors (see (4.14), (4.15)) can be computed from each other.

Proof. Clearly each of the P-projectors yield the corresponding II-projector by
definition, see (4.15), and the corresponding WHO inverses by Corollary 3.6 which
yield the corresponding resolvent operators, see Theorem 2.3 and Theorem 2.4.
For clarity we summarize these very direct relations:

-1/2 -1/2 —1
PE,k =1- Hz',k = Wtfl,z

1/2 1/2

ry Ay-1 onto Hy along A.Hs)

Pé,/zk =1 - le/i = Wt,_zl/ s Ay onto H;P along Atlez_lm
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according to the WHO inverses (— appearing in)

W, %E = 1/ 2 A; ¢ — Dirichlet problem for X
Wtyzl, = 1/2 w Ai—1¢ — Neumann problem for X'

Herein ¢ denotes any extension operator from H'Y?(¥) into H'/?(R?) or from
H~Y2(%) into H~/2(R?), respectively.

Conversely, from the resolvent operators we obtain the corresponding projec-
tors and WHO inverses by composition with trace and symmetrization operators,

, W ! g U= ug — ug ete. (see Theorem 2.3 and Theorem 2.4).

Now the geometric perspective (see Theorem 3.5 and Corollary 3.6) implies
that the projectors in the above list are related by

P/? = AL A (4.18)

An alternative proof, instead of using (4.18), can be based upon the fact that
the two WHOs in the above scheme, Wt Ly and Wtjzl,, are matrically coupled (see
Lemma 3.3). Again the relationship with the resolvent operators is evident from
the representation formulas. (]

Exchanging the roles of ¥ and ¥’ we observe that the operators corresponding
to the Dirichlet problem for ¥’ and the Neumann problem for ¥ are related in a
similar way.

5. Explicit solution of the BVPs

We come to the final results in concrete form presenting the details of the proof
of Theorem 1.3.

Theorem 5.1. Let ¥ C R? be @ PCD and k € C, Smk > 0. The resolvent operators
for the Dirichlet and Neumann problems are given by Theorem 2.3 and Theorem
2.4, respectively, where

Wl =Add e =P /2 A s HYA (D) — H'? (5.1)

Wis = AT ISP o= PR AT O 0 HOY2(R) - HY? (5.2)

~1/2

with arbitrary extension operators ¢ into HY? or H , respectively, and the

projectors are also explicitly given in

Theorem 4.3 for convex PCDs and k = 1,

Theorem 4.4 for arbitrary PCDs and k = 1,

Corollary 4.9 for arbitrary PCDs and k € iR,

Proposition 4.10 for arbitrary PCDs, Smk > 0, the Dirichlet problem,
Proposition 4.11 for arbitrary PCDs, Smk > 0, the Neumann problem.

Proof. All that results directly from the previous as referred to. O
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Remark 5.2. There are few cases where the resolvent operators can be obtained in
closed analytical form (in a representation without infinite series and products).
Half-plane screens represent one of them, see Section 4. The possibility of applying
factorization methods to other screen problems with conical configurations is not
positively answered till now in the authors opinion (in contrast to wedge problems,
see [8, 14, 15, 41]).

Let us consider the special geometrical case where ¥ is a cone, moreover con-
nected and convex. V.B. Vasil’ev proposed in his book [44] to solve the diffraction
problem by use of a so-called wave factorization of the function t(¢) = (£2 — k?)1/2
into two factors, holomorphic in certain tube domains. However, looking at the
explicit form of the two factors, it turns out that they vanish within the corre-
sponding tube domains, see [44], pages 28—-29 and 38-39. This means that the given
factorization is not a wave factorization in the sense of the author’s own Definition
5.1 and therefore not helpful for the solution of the problem. The authors of the
present article do not know any other example from mathematical physics where
the method of wave factorization is applicable.

Other canonical screen problems such as the diffraction from a flat circular
disc (see [21, 45], for instance) end up with Fredholm integral equations and series
expansion, as well, but not with a solution in closed analytic form.

In view of the complexity of the derived formulas, some simplification can
be obtained for a screen that is complementary to a convex PCD by the following
corollaries. The idea is known as a sort of abstract Babinet principle [39].

Corollary 5.3. Let X be an E-domain. Assume that the inverse of Wix is known
(which provides the resolvent to the Neumann problem for ¥ by Theorem 2.4). Then
the Dirichlet problem for X' is uniquely solved by Theorem 2.4 where I/Vt_,l1 s 18
obtained from Theorem 3.10, substituting V = W;El and the corresponding other
terms.

Corollary 5.4. Let X be an E-domain. Assume that the inverse of Wi-1 5, is known
(which provides the resolvent to the Dirichlet problem for ¥ by Theorem 2.3).
Then the Neumann problem for X' is uniquely solved by Theorem 2.3 where Wt,_zl/
is obtained from Theorem 3.10, substituting V = Wtiﬁ,z and the corresponding
other terms.

We finish with a result on the low regularity of solutions to the BVPs.

Theorem 5.5. Let ¥ C R? be a PCD, Smk > 0 and € €]0,1/2].

L If g€ HY?**5(2)2 and u € H'(Q) is a solution of the Dirichlet problem for %,
then u € H'TE(Q), ie., ut € H'F(QF), see (1.2)(1.5). Moreover the resolvent
operator (2.7) restricted to these spaces represents a linear homeomorphism:

K5 @ HY*E(2)2 — H'TE(Q). (5.3)

1L Ifg € H'/2%5(%)? and u € H' () is a solution of the Newmann problem for ¥,
then u € H'TE(Q), i.e., ut € H'T5(QF), see (1.2)~(1.5). Moreover the resolvent
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operator (2.7) restricted to these spaces represents a linear homeomorphism:
o @ HTVPE(E)? = H1tE(Q). (5.4)

Proof. Following all the way long the foregoing construction of resolvent operators
we realize that there is no problem to include the parameter e €]0, 1/2[. Notice that
there is no compatibility condition in the second statement II since HY ey =
H~1/2+5(%) for € €]0,1/2]. O

6. Open problems

At the end we would like to formulate some unsolved problems that we found
interesting.

Problem 6.1. How can we treat other boundary conditions like impedance, oblique
derivative etc.? It is known that these BVPs lead to WHOs of the form Wy s =
ryAg where the Fourier symbol ¢ is more complicated and a matrical coupling
relation and orthogonal projectors can not be seen.

Problem 6.2. In non-Hilbert spaces W#%P we have no orthogonality. Is there any
alternative approach, perhaps working with sesquilinear forms (as a generalization
of the Halmos Theorem)?

Problem 6.3. Replacing the Helmholtz equation by the Lamé or Maxwell equa-
tions, can we obtain analogous results considering matrix WHOs?

Problem 6.4. Slit domains and cracks may be tackled by certain space modifica-
tions. Are there any interesting new results, techniques, applications?

Problem 6.5. Arbitrary convex screens could be formally treated by an infinite
product A2, P; considering ¥ as an intersection of infinitely many half-planes.
What about convergence?
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and Singular Operators on
Generalized Orlicz—Morrey Spaces
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Abstract. We consider generalized Orlicz—Morrey spaces Mg, (R™) including
their weak versions. In these generalized spaces we prove the boundedness
of the Hardy—Littlewood maximal operator and Calderén—Zygmund singular
operators with standard kernel. In all the cases the conditions for the bound-
edness are given either in terms of Zygmund-type integral inequalities on ¢(r)
without assuming any monotonicity property of ¢(r), or in terms of supremal
operators, related to ().
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Keywords. Generalized Orlicz—Morrey space; maximal operator; singular in-
tegral operators.

1. Introduction

Inequalities involving classical operators of harmonic analysis, such as maximal
functions, fractional integrals and singular integrals of convolution type have been
extensively investigated in various function spaces. Results on weak and strong
type inequalities for operators of this kind in Lebesgue spaces are classical and
can be found for example in [3, 41, 42, 44]. Generalizations of these results to
Zygmund spaces are presented in [3]. An exhaustive treatment of the problem of
boundedness of such operators in Lorentz and Lorentz—Zygmund spaces is given
in [2]. See also [10, 11] for further extensions in the framework of generalized
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Lorentz—Zygmund spaces. As far as Orlicz spaces are concerned, we refer to the
books [21, 23, 37] and note that a characterization of Young functions A for which
the Hardy-Littlewood maximal operator or the Hilbert and Riesz transforms are
of weak or strong type in Orlicz space L4 is known (see for example [5, 21]). In
[33, 44] conditions on Young functions A and B are given for the fractional integral
operator to be bounded from L4 into Lp under some restrictions involving the
growth and certain monotonicity properties of A and B (see also [5]).

Orlicz spaces, introduced in [34, 35], are generalizations of Lebesgue spaces
L,. They are useful tools in harmonic analysis and its applications. For example,
the Hardy—Littlewood maximal operator is bounded on L, for 1 < p < oo, but not
on L;. Using Orlicz spaces, we can investigate the boundedness of the maximal
operator near p = 1 more precisely (see [17, 18] and [5]).

In the study of local properties of solutions to of partial differential equa-
tions, together with weighted Lebesgue spaces, Morrey spaces My, x(R™) play an
important role, see [12]. Introduced by C. Morrey [29] in 1938, they are defined by
the norm

Y
T Xk ] PPt (L.1)

where 0 < A < n, 1 < p < co. Here and everywhere in the sequel B(x,r) stands
for the ball in R™ of radius r centered at x. Let | B(z, )| be the Lebesgue measure
of the ball B(z,r) and |B(x,r)| = v,r", where v, = |B(0,1)|.

Note that M,o = L,(R") and M, = Loo(R™). If A < 0 or A > n, then
M, » = ©, where O is the set of all functions equivalent to 0 on R".

We also denote by WM, » = WM, (R™) the weak Morrey space of all
functions f € WLY¢(R") for which

flwar, .= s 72 [ fllwe, (B < o
’ z€ER™, r>0

We refer in particular to [24] for the classical Morrey spaces. Observe that
Morrey spaces with 7* replaced by a function o(r) first appeared in [9] and [46];
we also refer to the survey paper [36] for more various definitions of generalized
Morrey spaces and note that study of classical operators of harmonic analysis in
generalized Morrey spaces started in [13], [14], [30], up to authors’ knowledge.

Last two decades there is an increasing interest to the study of variable ex-
ponent spaces and operators with variable parameters, in such spaces, we refer to
the recent books [6], [8] and surveying papers [7], [20], [22], [38].

Orlicz—Morrey spaces and maximal and singular operators in such spaces
were studied in [31], [32]. The most general spaces of such a type, Musielak—
Orlicz—Morrey spaces, unifying the classical and variable exponent approaches,
were studied in the recent paper [28], where potential operators were studied to-
gether with the corresponding Sobolev embeddings.

In this paper we study the maximal and singular operators in Orlicz—Morrey
spaces, introduced in a less generality, but advance in the following two directions:
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1) we make minimal assumptions on the functions defining the space avoiding
any kind of monotonicity or growth condition, required, for instance, in [30],
(31], [32],

2) we prove weak-type inequalities.

Our conditions for the boundedness are sufficient. We do not discuss their
necessity in this paper but hope to do that in another paper.
We define the generalized Orlicz-Morrey space Mg ,(R™) in question by the
norm
1 fllst0, = sup (@, )" | fllLa(Ber)-
FSING 0

>
where ¢(z,7) be a positive measurable function on R™ x (0,00) and ® a Young
function, but refer to Section 2 for all the precise definitions and comparison with
other norms.

The main purpose of this paper is to find sufficient conditions on general
Young function ® and functions 1, (2 ensuring that the operators under consider-
ation are of weak or strong type from generalized Orlicz-Morrey spaces Mg o, (R™)
into Mg, (R™). Our results for the maximal operator are presented in Section 4,
while Section 5 deals with singular integrals.

1.1. Operators under consideration
We study the following operators: the mazimal operator
1
M () = sup [ It
r>0 | B(,7)| /B2,
Calderon—Zygmund type singular operators; by this we mean operators bounded

in L2(R") of the form

Tf(x)= | K(z,y)f(y)dy,
R’n
where K (z,y) is a “standard singular kernel”, that is, a continuous function defined
on {(z,y) € R™ x R™: x # y} and satisfying the estimates

[K(z,y)| < Clz—y[™" forallz#y,

K(y)— K@) <c V7 os0 it fomyl>2y— 2,

‘I7y|n+0"
xr— &7 .
K(e.y) - K€y <0 1" y|n'+g, o> 0, if |z —y| > 2z €.

Our main results are obtained in Theorems 4.6 and 5.5, where we use re-
cent results presented in Theorems 2.11 and 2.12 to obtain a generalization of
known conditions for the boundedness of maximal and singular operators in Orlicz—
Morrey spaces, it is given in terms of conditions (4.8) and (5.7), respectively,
without any assumption of monotonicity type on the functions 1 and ¢y as, for
instance, used in [28], [31] and other sources.
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2. Some preliminaries on Orlicz and Orlicz—-Morrey spaces

Definition 2.1. A function @ : [0, +oo] — [0, 00] is called a Young function if ® is
convex, left-continuous, hri_lo(IJ(r) = ®(0) =0 and Er}rl O(r) = P(o0) = 0.
r— T ©

From the convexity and ®(0) = 0 it follows that any Young function is
increasing. If there exists s € (0, +00) such that ®(s) = +oo, then ®(r) = +oo for
r > Ss.

We say that ® € Ay, if for any a > 1, there exists a constant C, > 0 such
that ®(at) < C,®(t) for all t > 0. A Young function @ is said to satisfy the
Va-condition, denoted also by ® € Vo, if
21k<1>(kr), r >0,
for some k > 1. The function ®(r) = r satisfies the Az-condition but does not sat-
isfy the Va-condition. If 1 < p < oo, then ®(r) = rP satisfies both the conditions.
The function ®(r) = e¢” —r — 1 satisfies the Vy-condition but does not satisfy the
As-condition. The following two indices

O(r) <

of @, where ¢(t) is the right-continuous derivative of ®, are well known in the
theory of Orlicz spaces. As is well known,

Py < 00 <~ @EAQ,

and the function ® is strictly convex if and only if g > 1. If 0 < ¢ < po < o0,

e g decreasing on (0, 00).

o(t) . .
then is increasing and

tie

Lemma 2.2. ([21], Lemma 1.3.2) Let ® € Ay. Then there exist p > 1 and b > 1

such that
D(t2) - b®(t1)

th — f
for 0 < t; < ts.

Recall that a function @ is said to be quasiconvex if there exist a convex
function w and a constant ¢ > 0 such that

w(t) < O(t) < ew(ct), t € [0,00).
Let Y be the set of all Young functions ® such that
0<®(r) <400 for 0<r<+4o00 (2.1)

If ® € Y, then ® is absolutely continuous on every closed interval in [0, +00) and
bijective from [0, +00) to itself.

Definition 2.3 (Orlicz Space). For a Young function ®, the set

Ly(R™) = {f € LI°(R™) : /n O (k| f(x)])dx < +oo for some k > 0 }
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is called Orlicz space. The space LgC(R”) endowed with the natural topology is
defined as the set of all functions f such that fx, € Le(R™) for all balls B C R™.

Note that, Lgs(R™) is a Banach space with respect to the norm

||f||Lq>=inf{>\>0:/n<1>(|f()\x>|)da:§1}7

see, for example, [37], Section 3, Theorem 10, so that

/ <I>( |f ()] Yz < 1.
e MAfllze/ T
For a measurable set 2 C R", a measurable function f and ¢ > 0, let
m(Q, f, t) = {z € Q:|f(z)| > t}].
In the case 2 = R", we shortly denote it by m(f, t).
Definition 2.4. The weak Orlicz space
WLe(R") = {f € LY*(R") : || fllwr, < +o0}
is defined by the norm

I£lwe, =inf (3> 0+ swpaiom (], ¢) <1}.

For Young functions ® and ¥, we write & ~ W if there exists a constant
C > 1 such that

d(C™r) < U(r) < O(Cr) forallr >0

If ® ~ ¥, then Ly (R™) = Lg(R™) with equivalent norms. We note that, for Young
functions ® and ¥, if there exist C, R > 1 such that

Q(CTIr) <T(r) <®(Cr)  forre (0,R7Y)U(R,o0),

then ® ~ V.
For a Young function ® and 0 < s < 400, let

O (s) =inf{r>0:d(r) > s} (inf ) = +00).
If ® € ), then ®~! is the usual inverse function of ®. We note that
PO (r)) <r<dH®(r)) for 0 <r < +oo.
For a Young function ®, the complementary function 5(7’) is defined by

B(r) = { sup{rs — ‘P(jgs € [0,00)} i re [&s? (2.2)

The complementary function d is also a Young function and d=a. If O(r) =r,
then ®(r) = 0 for 0 < r < 1 and ®(r) = 400 for r > 1. If 1 < p < oo,
1/p+1/p =1 and ®(r) = r?/p, then ®(r) = ' /p/. If ®(r) = " —r — 1, then
&)(T) =(14r)log(l+7r)—r.
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Remark 2.5. Note that & € Vs if and only if d € Ao Also, if ® is a Young
function, then ® € V5 if and only if &7 be quasiconvex for some v € (0,1) (see,
for example, [21], p. 15).

It is known that
r<®Nr)® ' (r)<2r  forr>0. (2.3)
The following analogue of the Holder inequality is known, see [45].

Theorem 2.6 ([45]). For a Young function ® and its complementary function D,
the following inequality is valid

1f9llLiny < 2[fllLallglzg-
Note that Young functions satisfy the property
O(at) < ad(t) (2.4)
for all 0 < @ < 1 and 0 < ¢t < oo, which is a consequence of the convexity:

D(at) = P(at + (1 — )0) < ad(t) + (1 — @)®(0) = ad(1).
The following lemma is valid.

Lemma 2.7 ([3, 25]). Let ® be a Young function and B a set in R™ with finite
Lebesgue measure. Then

1
||XB||WL<I>(]R") - ||XB||Lq>(]R") - @_1 (‘B‘_l)

In the next sections where we prove our main estimates, we use the following
lemma, which follows from Theorem 2.6 and Lemma 2.7.

Lemma 2.8. For a Young function ® and B = B(z,r), the following inequality is
valid

1Fllzycz) < 20BI27 (1BI7) 11l za(m)-

Definition 2.9. (Orlicz-Morrey space). For a Young function ® and 0 < A < n, we
denote by Mg »(R™) the Orlicz-Morrey space, defined as the space of all functions
f € L¥(R") with finite quasinorm
1fllar . = sup @7 () Ifl LaBen)-
’ zER™, r>0
Note that Mg x|,_, = La(R").
We also denote by W Mg »(R™) the weak Morrey space which consists of all
functions f € WLR(R") for which
[fllware, = sup S () fllwre(Br) < o0
’ TER™, >0

where WLg(B(z,7)) denotes the weak Lg-space of measurable functions f for
which

||f||WLq>(B(a:,r)) = ||fXB(z,T> ||WL¢(R")~
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Definition 2.10 (Generalized Orlicz—Morrey Space). Let (x, ) be a positive mea-
surable function on R™ x (0, 00) and ® any Young function. We denote by Mg ,(R™)
the generalized Morrey space, the space of all functions f € L}I?C(R”) with finite
quasinorm

1flIMa,, = sup
FSING

>

Ow(am")‘1 1l La(B(2r))-

It may be easily shown that || f||as, , is a norm and Mg, is a Banach space, for
any Young function ®.

By WMg,,(R™) we denote the weak generalized Morrey space of all functions
f € WL%(R™) for which

Iflwnte, = sup @@, 1) " | fllwreB.r) < oo

zER™ r>0

If  satisfies the As-condition, then the norm || f||az, , is equivalent (see [28],
p. 416) to the norm

1£lag,., = inf {A> 05 sup la,r)! /B(“)q,<f()\$))dg;§1}.

zER™ r>0

The latter was used in [28, 31, 32, 39], see also references there.

Definition 2.10 recovers the spaces Mg » and W Mg » under the choice p(x,7) =
1/®@~!(r~*) and the spaces M, , and WM, ., under the choice ®(r) = 7.
The following statement was proved in [1] (see also [4]).

Theorem 2.11. Let 1 < p < oo and (¢1,p2) satisfies the condition

sup esssup inf @ (z,8)t7P < Cpolx,r)r P, (2.5)
r<t<oo t<s<oo

where C' does not depend on x and r. Then the mazimal operator M is bounded
from My, ., to My, ,, for p>1 and from My ,, to WM, ,,. Moreover, for p > 1

IM fllat, oy S fllaz, 5 and forp =1 (Mfllwns o S flIa g, -

The following statement, containing results obtained in [13, 14, 15, 27, 30]
was proved in [1] (see also [16]).

Theorem 2.12. Let 1 < p < oo and (¢1,p2) satisfies the condition

o dt
/ esssup inf @y (xz,s) 7P < C oz, r)r /P,
” t<s<oo t

where C' does not depend on = and r. Then the singular operator T is bounded
from M, ,, to My, forp>1 and from My, to WM ,. Moreover, for p > 1

1T flaty.c, SNty ys  and forp =1 T fllwarn,,, S [flan,, -
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3. Some supremal and Hardy type inequalities

Let v be a weight. We denote by L ., (0, 00) the space of all functions g(t), ¢ > 0
with finite norm
9012w 0 (0,00) = sup v(#)|g(t))|
>0
and Lo (0,00) = Leo,1(0,00). Let M(0, 00) be the set of all Lebesgue-measurable
functions on (0, 00) and 9T (0, 0o) its subset of all nonnegative functions on (0, 00).

We denote by 970, 00;1) the cone of all functions in 97 (0, 00) which are non-
decreasing on (0, c0) and

— + . R E —
A= {<p €M™ (0,00;1) : thgl+@(t) = O} :
Let u be a continuous and non-negative function on (0, c0). We define the supremal
operator S, on g € M(0, 00) by
(Sug)(t) = llugllLo(t,o0)s t € (0,00).
The following theorem was proved in [4].

Theorem 3.1. Let vy, vy be non-negative measurable functions satisfying 0 <
lvillL o t,00) < 00 for any t > 0 and let u be a continuous non-negative func-

tion on (0,00). Then the operator S, is bounded from Lo v, (0,00) t0 Lo 4,(0,00)
on the cone A if and only if

v2S4, (”7}1”2;(‘,00)) HL (0,00) < 00. (3.1)

We will use the following statement on the boundedness of the weighted
Hardy operator

wg(t) == /tOo g(s)w(s)ds, 0<t< oo,

where w is a weight.
The following theorem in the case w = 1 was proved in [4].

Theorem 3.2. Let vy, v2 and w be weights on (0,00) and vi(t) be bounded outside
a neighborhood of the origin. The inequality

sup s () Hy () < Csupur (Hg(1) (3.2)
t>0 t>0

holds for some C > 0 for all non-negative and non-decreasing g on (0,00) if and

only if

> d
B :=sup vg(t)/ w(s)ds < 0. (3.3)
t>0 t SUPs<r<oo V1 (7)

Moreover, the value C' = B is the best constant for (3.2).

Remark 3.3. In (3.2) and (3.3) it is assumed that | =0 and 0- oo = 0.
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Proof. Sufficiency. Suppose that (3.3) holds. Whenever F, G are non-negative
functions on (0,00) and F is non-decreasing, then

sup F(t)G(t) = sup F(t)sup G(s), t > 0. (3.4)
>0 >0 s>t

By (3.4) we have

* Sups<7’<oo vl( )
sup va(t)H, t) = supva(t g(s)w(s ds
2( ) w ( ) 2( )/t ( ) ( ) S p5<7—<oo vl( )

t>0 t>0
oo
d
< supv(t) / wis)ds supg(t) sup wvi(7)
t>0 t SUPS<T<OOU1(T) t>0 t<T<oo

° w(s)ds
= supva(t su t)vi(t
t>g 2( )/t SUPs<r<oo vy (7) t>lgg( Jou(®)

< B supg(t)vi(?),
>0

so that (3.2) holds with C = B.
Necessity. Suppose that the inequality (3.2) holds with some C' > 0. The function
() = ! L t>0
SUPy < r o0 V1(T)

is nonnegative and non-decreasing on (0, o). Thus

o d t
B= supvg(t)/ w(s)ds < C'sup vi(®) <C,
>0 ¢ SUD cr oo VI(T >0 SUPy <7 <00 V1(T)
which competes the proof. O

4. Boundedness of the maximal operator in the spaces Mg ,(R™)

In this section sufficient conditions on ¢ for the boundedness of M in generalized
Orlicz-Morrey spaces Mg, ,(R™) have been obtained.

Definition 4.1. The operator T is said to be of strong type (®, ¥) if there exists a
positive constant k such that

ITfllze <KIFlLa

for all f € Lo (R™).
The operator T is said to be of weak type (®,¥) if there exists a positive
constant k such that

{y eR™: [T f(y)| >t} < 1/¥ (k||ft||L >

for all ¢ > 0 and all f € Ly(R™).
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Necessary and sufficient conditions on ® for the boundedness of M in Orlicz
spaces Lg(R™) have been obtained in [19], Theorem 2.1 and [21], Theorem 1.2.1.
With Remark 2.5 taken into account, the known boundedness statement runs as
follows.

The strong estimate in the following theorem is well known, proved in fact in
[21], [5], although not stated directly in the form we need (they may be also derived
from the Lorentz—Shimogaki theorem (see [3], p. 154) on the boundedness of the
maximal operator on rearrangement invariant spaces and Boyd’s interpolation
theorem. So we present the proof only of the weak estimate.

Theorem 4.2. Let ® be a Young function. Then the mazximal operator M is bounded
from Ly (R™) to WLg(R™) and for ® € Vg bounded in Lo(R™).

Proof. To prove the weak estimate, we take f € Lg satisfying || f||L, = 1 so that
pa(f) == [gn ®(|f(2)])dz < 1. By Jensen’s inequality,

o (g [1s0lan) < g [ @s6a (a.1)

for all balls B. Using (4.1) and definition of the maximal operator, we have
(M f(x)) < M[(®o f)(2)]. (4.2)
Then by (4.2) and the weak (1,1)-boundedness of the maximal operator we get
Ho: Mf(z) >t} = {z: ®(Mf(x)) > ()} < [{z: M(®o f)(x) > 2()}|

c C 1
< 2 /R @S <y

since || fllL, = 1 and S®(t) > ®(f), C > 1. By the homogeneity of the norm
Il - llLs, we then have
1
(.t )
Clifllce

for every f € Lg, which completes the proof. O

{z: Mf(z)>t}] <

The following lemma is valid.

Lemma 4.3. Let f € LY(R") and B = B(x,r). Then

1
M < var) + sup t " £l 1. (Be.t))s 43
M fllLes) S N fllLe(B,2r) o1 (rn) sup £l 2y (Bt (4.3)
for any Young function ® € V4 and
1
M < o tn . 4.4
M fllwrem) S NfllzeB2r) + o1 (r) sup (FATHG:1%5) (4.4)

for any Young function ®.
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Proof. Let ® € Va. We put f = f1 + fa, where f1 = fxp(s2r) and fo = fx OB (a,2r)
and have

IMfllLoc) < IMfillas) + 1M fallLacs)
By the boundedness of the operator M on Lg(R™) provided by Theorem 4.2 we
have
1M fillLe)y S N fllLe(B@2r)-

Let y be an arbitrary point from B. If B(y,t)N G(B(x, 2r)) # 0, then t > r. Indeed,
if z € B(y,t)N G(B(x,?r))7 thent > |y —z| > |z —z|— |z —y| >2r—r=r.

On the other hand, B(y,t) N G(B(x, 2r)) C B(z,2t). Indeed, if z € B(y,t) N
l3(B(x,Zr)), then we get |z —z| <|y —z| + |z —y| <t +7r < 2t.

Hence
M fa(y) = sup |f(2)|dz
0 1B t)| JBy.nntB2r)
< 2" sup |f(2)]dz = 2" sup |f(2)|dz.
t>r |B(%,2t)| Jp(a,20 t>2r | B(x,t)] Jp(ap
Therefore, for all y € B we have
1
M fr(y) < 2" sup |f(2)]d=. (4.5)
t>2r |B(x,t)] Jp
Thus
1M Fla S 161 T 2)ld
fL' s z M
Ls(B Lo (B(z,2r)) Pd- (7" n) t>2’r ‘B l’ t ‘ Blat)

Let now ® be an arbitrary Young function. It is obvious that
M fllwres) < IMfillwees + 1M follwres)

for every ball B = B(x,r).
By the boundedness of the operator M from Lg(R™) to W Lg(R™), provided
by Theorem 4.2, we have

1M fillwre ) S 1fllLe(B.2r)
Then by (4.5) we get the inequality (4.4). O

Lemma 4.4. Let f € L(R") and B = B(x,r). Then
1 - —n
M fllLas) S &1 (1) ts;l%)r@ YE™) N e (Bt (4.6)

for any Young function ® € V4 and

IMfllweem) S sup O (t7) [ fll Lo(Bat)) (4.7)

1
o1 (T_n) t>2r

for any Young function ®.
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Proof. Let ® € V5. Denote

1 1
= sup
o1 (r—n) <t>2r |B(2, )] JB(a,1)

Ma i = | fllLo(Bz,2r)-

M lf(Z)le> ;

Applying Hoélder’s inequality provided by Lemma 2.8, we get

1 1
M < x 1 z x
LR g1y 2 1B, p) e Hlamen

1

<
~ @fl(r*"

sup @71t | Fll Lo Bat))-
) t>2r
On the other hand,
1

o1 () f;gprq’_l(t_n) 1l Lo (B(2,0)

1 —1(1—n
R i () SR O M lrapien) = Mo
Since | M f|| o) < Mi+Maz by Lemma 4.3, we arrive at (4.6). Finally, when ® is
an arbitrary Young function. the inequality (4.7) directly follows from (4.4). O

Corollary 4.5. [1] Let 1 <p < oo and f € L;OC(R"), B = B(zg,r), x0 € R™,r > 0.
Then, for 1 < p < oo

IM £z, (Bor) STP sup t o 1 fllL, (Blzo.t))
and for p =1
IMfllwer,(Bory ST Sup TNl 2y (Bo.t))-

Theorem 4.6. Let © be a Young function, the functions p1,p2 and ® satisfy the
condition

sup ess inf oy (2,5) @ ! (t") < C () o (r ), (4.8)
r<t<oo t<s<oo

where C' does not depend on x and r. Then the mazimal operator M is bounded
from Mg o, (R™) to WM o, (R™) and for ® € Vo, the operator M is bounded from
Mq’v‘Pl (Rn> to Mq’#’z(Rn)'

Proof. By Lemma 4.4 and Theorem 3.1 with u(r) = ®~1(r="), v1(r) = 1 (z,7) "1,

va(r) = @2(z,r)<13*1(rn) and g(r) = || fl| Lo (B(z,r)) We get

1
M f||as. < sup
|| ||MI>,<4>2 2€RM >0 L)02(337,,,)@—1 (7’_")

< sup pr(w,r)t 1l Lo(B @)
zER™ r>0

sup O (™) f 1 Lo (Bt

- ”f”M@,m )
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if ® € V5 and
1M Fl e, !
WMg, oy ~  SUD (e
T2 ek >0 P2 (@, )@ (r

< osup o oz r) T I f ey = 1 IMe
z€ER™ r>0

sup &1 (tfn) 1l LBt
) t>r

if ® is an arbitrary Young function. O

Remark 4.7. Note that, in the case ®(t) = ¥ from Theorem 4.6 we get Theorem
2.11.

In the case pi(x,r) = @71(1’41), wo(z,1) = @71(1’42) of Orlicz—Morrey

spaces from Theorem 4.6 we get

Corollary 4.8. Let ® be any Young function, 0 < A1, As < n and

wp T )

rt<oo @TL(ETM) T T 1 (rme) (4.9)

Then the mazimal operator M is bounded from Mg x, (R™) to W Mg x,(R™) and
for ® € Vy the operator M is bounded from Mg x,(R™) to Mg x,(R™).

5. Calder6n-Zygmund operators in the spaces Mg

In this section, sufficient conditions on ¢ for the boundedness of the operator T'
in generalized Orlicz-Morrey spaces Mg ,(R™) are obtained.

Sufficient conditions on ® for the boundedness of the operator 7' in Orlicz
spaces Lg(R™), as stated in the following theorem are known, see [21], Theorem
1.4.3 and [43], Theorem 3.3, and also [40]; in the next Theorem 5.2 we present the
proof of the corresponding weak estimate.

Theorem 5.1. Let ® be a Young function and T a singular integral operator. If
O € Ay Va, then the operator T is bounded on Lg(R™).

Theorem 5.2. Let ® be a Young function and T a singular integral operator. If
O € Ay, then the operator T is bounded from Lg(R™) to W Le(R™).

Proof. Let || f|lL, = 1. Fix A > 0 and put f = f1 + fa, where f; = xqj¢>x} - f and
fg = X{|f|§)\} . f We have

ITfI > A < HIT fu] > A2} + [T f2| > A/2}]
and
NS> A < [@LTful > A2} + T f2] > A/2}.
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By the weak (p, p)-boundedness of T, p > 1 we get

1
T . A <
(o N>ME, [

1
. < p
ITOcreny N> A S, /{mﬂ}fl :

Since f; € WL;(R™) and ‘1)5\)‘) is increasing, we have

SN |[{z e R" : [T f1(z)| > ;\}| S <I>§\/\) /Rn | f1(x)|dz

" e
{zeR™:| f(2)|>A}

< [ Ve = [ aqs@par

By Lemma 2.2 we have
A D(A
O(\) [{z € R" : |Tfa(z)| > 2}’ < )(\p) /]R | fo () [Pda:

PN
) )P
{z€R™:| f(z)|<A}

< [ wr i i = [ e

Thus we get

n. c 1
o e R TI@I> NI < g [ #(r@)de < h) C

v
Clifllzg

Lemma 5.3. Let ® be any Young function and f € L¢(R"), B = B(zo,7), To €
R™ r >0 and T a singular integral operator. Then

1 e dt
T < ot
I 10a5) S s ey [, I I5mimemn® ¢
when ® € Ay (Ve and

1 > o dt
I 110) S sy [, Wliatoranen® 6 3

2r

when & € As.

Proof. Let ® € Ay Vo first. With the notation 2B = B(xg, 2r), we represent f
as

f=h+fe h@)=FfWxsW), f0)=FY)xe,g ) (5.2)
and then
1T fllay <NTfillLes) + 1T f2llLa(s)-
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Since f1 € Le(R™), by the boundedness of T in Lg(R™) provided by Theorem 5.2,
it follows that

ITfill o8y S T fillLo@n) < CllfillLe@ry = CllfllLeen)-

Next, observe that the inclusions € B, y € c(2B) imply }|zo—y| < |[z—y| <
lzo — y|- Then we get

fy)l

C2p) \l’o —yln

|T fa(x |<C/

By Fubini’s theorem we have

fly o dt
foo IOy [ s nﬂdy
@2B) |70 =yl S2B) lzo—y|

/ / Wl / / ))ld dt
Y Y
2r J2r<|zo— y|<t tn—i—l 2r B(wo,t) gt

Applying the Holder’s inequality (see, Lemma 2.8), we get

@) o p
[’(23) ‘l’o *y|”dy < 2r HfHLq)(B(EO’t))||1||L5’(B(z°’t))t"+1
o 1 dt
= f 20,t) = 5.3
| 1l 5, PN CE)

oo 1/, Ot
~ [ et )

r

Moreover,

1 00 L dt
1T follLeB) S -1 (rn) /QT 11l o (Bo,t) @ (t )t' (5.4)

Thus

1 > dt
T < R ()
I at5) S 1) + gy [ 1T etotearn® ()

On the other hand, by (2.3) we get

. o [t ot
) o () /2 tnﬂg/zr@l(t )
and then

1 o0 Lt
[ flle@s) < o1 (rn) /2T £l Lo (Bwoen® " (t )t' (5.5)

Thus
1 o dt
T < (P_l t—n .
| f||L<1>(B) ~ <I>_1(7’_") /2T ||f||Lq>(B(Eo,t)) ( ) t
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Let ® € A,. By the weak boundedness of T on Orlicz space and (5.5) it
follows that:

1T fillwees) <IT fillwee®ey S 1f1llLe@n

1 0 L, dt (5.6)
= [Ifllzeen) < o-1(rm) /QT 11l Lo(Bo.ty® " (E7") .
Then by (5.4) and (5.6) we get the inequality (5.1). O

Corollary 5.4. [13, 14, 15] Let 1 <p < oo and f € L;OC(]R”), B = B(xo,r), zo €
R™ r >0 and T a singular integral operator. Then, for 1 < p < oo

o0

1T, (Bzow) STP / t7 0 Tl 2y (B oty dt

2r

and forp =1

1Tl 2By S ™ / Ul oo -

r

The following theorem contains Theorem 2.12 under the choice in the case
O(t) =tP.

Theorem 5.5. Let ® any Young function, ¢1,p2 and ® satisfy the condition

1 e dt
inf )Tt < 0. 5.7

xenzvlll,pmo ooz, 1)1 (Tfn) /T gssmt v1(z,8) ( ) , <X (5.7)
Then the operator T is bounded from Mg ,, (R™) to Ms ,,(R™) for ® € Ay NVy
and from Mg o, (R™) to WMg ,,(R™) for & € As.

Proof. By Lemma 5.3 and Theorem 3.2 with w(r) = @71“%)7 v1(r) = 1 (2, 7)1,

02(1) = sy A0 9() = |l LBy, we have

¢2($aT)(b
ITfllmg ., = sup 2@, ") NN fl Lo(Ber)
zeR™, r>0
1 * dt
S _sw / f e @ (T
vk, r>0 2(2, 1)@~ (r=) /. 1l Lo (Be.) ( )t
S sw @) I e S 1.,
z€R™, r>0
if® e AbNVsy and
ITflwrtsoy = s @2(1) TS lwLa B
zeR™ r>0
1 [ dt
S sup / f e @ ("
vk, r>0 @2(2, 1)@~ (r7) £l Lo B0 (™) "
S s (@) T e S 1Mo, -

zER™, >0
if ® € V. O
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Remark 5.6. The condition (4.8) is weaker than (5.7). Indeed, (5.7) implies (4.8):

oo, )@ (r ") 2 / ess inf 1 (z,7) @7 (") dt

t<T<o0 t
> /Oo ess inf @1 (z,7) @' (t77) dt
~ s t<T <00 ’ t
dt

2 ess inf <p1(x,7')/ et ;

s<T<00

~ 3 —1(.—n
~ ess inf g1 (z, 7)1 (s7),

where we took s € (r,00), so that

sup ess inf ¢ (z, 7)® ! (S_n) < pa(x,r)@! (T_n)'

s>r S<T<OO
On the other hand the functions ¢1 (z,t) = pa2(x,t) = oot (1t7 ) satisfy the condi-
tion (4.8), but do not satisfy the condition (5.7).

Corollary 5.7. Let ® be any Young function, 0 < A\, s < n and

fe%e] (I)fl tfn dt (pfl —n
/ () dt o @7 (5.8)
L ei(th) £ S 1)
Then for ® € Ag N Va, the singular operator T is bounded from Mg x, (R™) to
Mg, (R™) and for ® € Ag is bounded from Mg x, (R™) to W Mg »x,(R™).

Proof. Choose ¢1(z,7) = q)il(iikl), pa(z,7) = @71(;&) in Theorem 5.5. O
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Dedicated to Prof. Anténio Ferreira dos Santos

Abstract. We give necessary and sufficient conditions for the applicability
of the finite section method to an arbitrary operator in the Banach algebra
generated by the operators of multiplication and the convolution operators
with piecewise continuous generating functions on LP(R), 1 < p < oo using a
variation from the standard technique. We prove that it is possible to arrive
to this result using only strong-limit homomorphism and with considerable
simplification of the standard identification procedure for the local algebras.
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47B35, 47115, 47180, 65J10.

Keywords. Finite section method, Stability, Banach algebra, local principle.

1. Introduction

Given 1 < p < oo, let B := B(L?(R)) denote the Banach algebra of all bounded lin-
ear operators on the Lebesgue space LP(R). Let PC be the smallest C*-subalgebra
of L>(R) containing all piecewise continuous functions on IR, the one point com-
pactification of the real line, and let PC), stand for its Fourier multiplier analogue,
which is a Banach subalgebra of M,,, the Banach algebra of all Fourier multipliers
on LP(R). The Fredholm theory for the smallest Banach subalgebra of B(LP(R))
that contains all the convolution type operators aF~'bF where F is the Fourier
transform and a € PC, b € PC), is well known (see, for instance, [11, Chapter 5]).

The authors wish to thank Markus Seidel, without whom there would be no question to answer.
This work is partially supported by CEAF-IST, under Fundacao para a Ciéncia e Tec-
nologia (FCT)-funded project PEst-OE/MAT /UI4032/2011; Davor Dragicevi¢ was supported
by PhD FCT grant SFRH/BD/78247/2011; Guida Preto was supported by FCT grant
UTA-Est/MAI/0008/2009; Marcin Szamotulski was supported by PhD FCT grant SFRH/
BD/44616/2008 and the FCT-funded research project “New Geometry and Topology” PTDC/
MAT/101503/2008.
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Let Ry := (0,00) and R_ := (—00,0). For 7 € R, consider the operators

rao={ " L ST e=ror

acting on LP(R) with norm 1. Clearly, P, — I and Q. — 0 strongly as 7 — oo.
One says that the finite section method applies to an operator A € B(LP(R)) if
there exists a positive constant 79, such that for any 7 > 79 and any f € LP(R)
there exists a unique solution u., of the equation

Aru, = (P AP + Qr)ur = f (1.1)

and u, converges in the norm of LP(R) to a solution of the equation Au = f as
T — 00.

The above is equivalent to the stability of the sequence (A;);~o defined in
(1.1). We say that a sequence is stable if there is a 79 > 0 such that the elements
A, are invertible for 7 > 7y and the norms of the inverses are uniformly bounded.

We refer to the monographs by Gohberg and Feldman [2], Préssdorf and
Silbermann [7], Hagen, Roch and Silbermann [3, 4], Roch, Santos and Silbermann
[11] for a general theory of projection methods as well as for more specific issues
of the finite section method for convolution type operators and algebras generated
by them.

Roch, Silbermann, and one of the authors studied in [10] the applicability of
the finite section method for an arbitrary operator in the Banach algebra generated
by the operators of multiplication by piecewise continuous functions (PC) and by
the convolution operators with piecewise continuous Fourier multipliers (PC)).

The usual approach to analyze the applicability of the finite sections method
follows a general scheme to treat approximation problems. This scheme goes back
to Kozak [6] and Silbermann [13] and relates stability problems in numerical anal-
ysis with invertibility problems in suitably chosen Banach algebras. This scheme
can be summarized as follows (see also [11, Sections 6.1-6.3]). Let A be a set of
(generalized) sequences that contains all sequences of the form

(A,) = (P,AP, +Q,) (T €Ry). (1.2)

1. Algebraization: Find a unital Banach algebra £ containing A and a closed
ideal G of &€ such that the original problem becomes equivalent to an invert-
ibility problem in the quotient algebra £/G.

2. Essentialization: Find a closed unital subalgebra F of £ containing A such
that F/G is inverse closed in £/G and a closed ideal J of F containing G
such that J can be lifted. The latter means that one has full control about
the difference between the invertibility of a coset of a sequence (A;) € F in
the algebra F/G and the invertibility of the coset of the same sequence in
F/J. This control is usually guaranteed by a lifting theorem and involves
the use of a collection Wy, ¢ in some set T, of homomorphisms from F to B.

3. Localization: Find a unital subalgebra £ of F such that
(a) A, T C L;
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(b) L£L/J is inverse closed in F/J;

(c) the quotient algebra £/J has a large center.
Use a local principle to translate the invertibility problem in the algebra £/J
to a family of simpler invertibility problems in the local algebras.

4. Identification: Find conditions for the invertibility of the cosets of sequences
in A in the local algebras. Here one uses another collection of homomorphisms
H,,, indexed on the maximal ideal space used in the localization. In some cases,
like the points at “infinity”, the homomorphism was not known and other
techniques are usually used, such as the two projections theorem.

During a break in a workshop in Altenberg in 2011, Markus Seidel posed the
following question to one of the authors: “Would it be possible to use the second
family of homomorphisms (the H,, above) in the essentialization step? What would
happen then to the local algebras?”

The answer to his question is in this paper. It turns out that it is indeed
possible to use all homomorphisms in the essentialization step, but several technical
issues had to be resolved. This alternate procedure then simplifies considerably
the identification step. For instance, there is no need to apply the two-projections
theorem anymore. We will exemplify the use of the modified technique for the
problem treated in [10], that is, finite section method applied to operators in
the algebra of multiplication and convolution operators generated by piecewise
continuous symbol acting on the Lebesgue spaces LP(R), 1 < p < oo. In this
way we have a Banach algebra (and not the simpler C*-algebra) problem, but the
operators are relatively simple (i.e., no slowly oscillating generating functions and
no flip) so that the new techniques do not become obfuscated by technical detail.
But in fact, with the necessary adaptations, it is possible to use this modified
technique to treat larger algebras.

The paper is organized as follows. The next section are the basic definitions
and several results on the limits of certain sequences of operators that will be
needed later. Sections 3, 4 and 5 then follow the usual procedure regarding alge-
braization, essentialization and localization using the modified technique.

2. Notation and basic results

This paper follows closely the notation of [10]. As mentioned in the introduction,
we will consider the operators acting on the Lebesgue space LP(R), 1 < p < o0
and write the Fourier transform F on the Schwartz space of rapidly decreasing
infinite differentiable functions as

+oo
(Fu)(y) = / e 2Ty (1) da, y € R. (2.1)

— 00

Then its inverse is given by

+oo
(F~ 1) (z) = / Xy (y) dy, x €R. (2.2)



162 D. Dragicevié¢, G. Preto, P.A. Santos and M. Szamotulski

It is well known that the operators F and F~! can be extended continuously to
bounded and unitary operators on the Hilbert space L?(R) and that F extends
continuously to a bounded operator from LP(R) to L4(R) where ¢ :=p/(p — 1) if
1 < p <2 (see, for instance, [14, Theorem 74]).

Let M, denote the set of all Fourier multipliers, i.e., the set of all functions a €
L>°(R) with the following property: if u € L?(R) N LP(R), then F~'aFu € LP(R),
and there is a constant ¢, independent of u such that [|[F~'aFull, < c,lull,.
If a € M,, then the operator F~'aF : (L*(R) N L?(R)) — LP(R) extends con-
tinuously to a bounded operator on LP(R). This extension is called a (Fourier)
convolution operator , and we denote it by W°(a). The function a is also called
the generating function (or the symbol or presymbol) of W9 (a). The set M,, of
all Fourier multipliers forms a Banach algebra when equipped with the operations
inherited from L°°(R) and the norm

lallve, = W (@)l (e (2))- (2.3)

We call a function a € L*(R) piecewise constant (resp. piecewise linear) if
there is a partition —oco =ty < t; < --- < t, = 400 of the real line such that
a is constant (resp. linear) on each interval [tg,tx4+1]. Stetchkin’s inequality (see,
for instance, [1]) entails that the multiplier algebra M, contains the (non-closed)
algebras Cj of all continuous and piecewise linear functions on R and PCy of all
piecewise constant functions on R. Let C), and PC), denote the closures of Cj and
PCy in M, respectively.

We introduce now the building blocks for the homomorphisms. They are three
shifts.

For s, t € R and 7 € (0, 00), consider the operators
Us: LP(R) = LP(R),  (Usu)(z) = e u(z), (2:4)
Vs : LP(R) = LP(R),  (Vsu)(z) = u(z — ),
Z.: LP(R) = LP(R), (Zyu)(z):=71"YPu(z/7). (2.6)

Clearly, U1 = U_j, Vt_1 =V_4,and Z-! = Z_ -1, and these operators have norm
1. V} is an additive shift in the normal space, U is the corresponding additive shift
in the Fourier image space, and Z, is a multiplicative shift (in both the base space
and the Fourier image space).

The following simple results can be proved by writing the operators explicitly.

Lemma 2.1. If a € M, and s € R, then U_;W°a)Us = W°(ViaV_s) and
VsWO(a)V_g = WO (a). Moreover, if p=2 then

UF'=FW., FU=V_,F V,F'=FU, FVyu=UF.

Recall that a sequence (A,) with A, € B(X) tends weakly to an operator
AeB(X)asT— o0 if

(v, (A — A)u) - 0, for any fixedue X, ve X* (2.7)



On a Question by Markus Seidel 163

with (- ,-) standing for the duality product. When X is LP(R) and the sequence
is bounded, in order to check its weak convergence it is enough to show that, for
arbitrary a,b,c,d € R, with a < b and ¢ < d, one has

(X[e,a) (Ar — A)X[ap]) — O

since the linear combinations of characteristic functions form a dense subset of
LP(R). This fact will be used in the proofs below.

Lemma 2.2.
(a) The operators Vi and Us converge weakly to zero as s — t00.
(b) The operators ZX' converge weakly to zero as T — co.

Proof. The result for Z, and Vj are in [10, Lemma 2.2]. In the case of Us, consider
the characteristic function x[, 5 of an interval [a, b] of the real line, with b > a. We
observe that e~271%% is a periodic function with period 1/s and that the integral
over a full period of the function gives 0. Then for s large, it is easy to see that
there exist integers ki g, ko s such that

b . ki,s/s . b .
/(USX[a7b])($) dr = / e 2miTs gy = / e~ 2mizs .. + / e—2mizs ..
¥ 4 a k)21,;/5

with |k1 s/s—a|l — 0, |[b—Fka s/s| — 0, which means the value of the integral tends
to zero as s goes to infinity. Thus

<X[c,d], st[a7b]> —0 as s— o0

for any two characteristic functions of intervals of R, which implies by a density
argument that Us converge weakly to zero. ]

We will also need the following less trivial weak limits

Lemma 2.3. The following sequences tend weakly to 0 as T — oo, for fixed s,t € R.
(i) Z7Us, Z.Vs;

(ii) Z;lUSViT, Z:ViVir;

(i) Z-'UV,Z271, Z, VUi Zs;

(iv) Z7 UV, 271, Z, Ve UsZy

(V) Z,V_ Vo Z7Y, 2. Ve, Vi Z 7L

(vi) Z7 U U2y, ZV Vi ZE, for s # —t.

Proof. The weak limits of (i) come directly from Lemma 2.2 and the definition
(2.7) because Usu and Visu are fixed functions in LP(R). Take now a,b,c,d € R,
with @ < b and ¢ < d. To prove the first part of (ii) note that

(Z7 UV X (o) (@) = TV /P28y (ro F 7)

_ 1/p —2mirtxs
=7/ X[:ﬂ,gﬂ](m)-
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Now,

d
/ Tl/pe_%riq—xsij:l,ij:l](m) dx
c

|<X[c,d]7 Zfr_lUsViTX[a,b]> | =

d
STl/p/ X[:ﬂ,gﬂ](m)dm

<Tl/pb—a

= Tl/p_l(b— a) =0
since Xja 41 b4y is different from zero in a interval of length (b—a)/7 and p > 1.
For the second part of (ii) write
(ZViVir Xpap) (@) = 77 PX (01 (/7 — s F 7)
= 7 P X fr(at st r) e (b5t ()

and

d
|<X[c7d]7ZTVSV:|:TX[a,b]>| = / Tﬁl/pX[T(a-i—siT),T(b-‘rsiT)](x)vd‘r

<77 YP(d—¢) = 0.
The weak limits in (iii) are proved in the same way as those in (ii). Regarding
those in (iv),
(Z7 U Vir 27 X o) (@) = 72/Pe 2Ty 4y (720 F 7°)

2/p ,—27iTxs
e X[j2i1,j2i1](x)

and

d
| (Xiesd)s Z7 ' UsVir Z7 X)) | = / 7'2/1’@_2”””)([;2i1,jzi1](95)dm

d
S 7_2/17 / X[TaQ +1, 7_bQ +1] (x) dzx

a

< Tz/pb_2 =74P"2(b—a) =0
T

since X[ o 41, ¢ 41 is different from zero in a interval of length (b—a)/T? and p > 1.
Finally,T ’
(ZTV:FTUSZTX[G,b]>(m) = T_2/pe_2ﬂi(:iT)SX[a,b] (37/7'2 + 1)

2 —2mi(*+
=T /pe mi( T)SX[TQaZFTQ,szZFTQ] (I’)

d
|(X(e.d)s ZrVorUsZr X)) | = / TP ED o ey (2) da

d
< 7-72/p / X[r2aF72,72bF12] (I’) dz
c

<77 2P(d—¢) = 0.
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Assertion (v) is a direct consequence of Lemma 2.2 after writing
ZTV75V:|:7—ZT_1 = Vr(—s*7) and ZTV:FT‘/SZT_I = Vr(sF7)-
The weak limits in (vi) are proved in the same way as those in (v). Note that

ZUUZr = Ur (i) and Z: ViV ZT = Vigorsy. O

3. Algebraization

The algebraization step is not changed from the standard technique. We let € be
the set formed by all the sequences (A;) of operators A, € B such that

sup ||Ar|lB < oo.
TERY

The set £ with the operations

(A7) + (Br) = (Ar + Br),
(A7)(Br) == (A:Br),
AMAr) = (M4,) (Ae),

the identity element (), and the norm

I(Ar)lle := sup [|A-|5

TERY

forms a unital Banach algebra. The set G C & of sequences (G ) such that |G| —
0 when 7 — oo forms a closed two-sided ideal of £.

The product of the algebraization step is the following result (see, for instance,
[11, Theorem 6.2.2]:

Theorem 3.1. The sequence (A;) defined in (1.1) is stable if and only if the coset
(A;) + G is invertible in £/G.

4. Essentialization

We will say that a sequence of operators on a Banach space converges *-strongly if
it converges strongly and the sequence of the adjoint operators converges strongly
on the dual space.

Let F denote the set of all sequences A = (A;) € & for which there ex-
ist operators W¢(A), t € {—1,0, -1}, Hz 0)(A), Hisoy)(A), for ,y € R, and
H(s,00)+(A) € B such that following limits exist in the *-strong sense for the
sequences in the images of the algebra automorphisms (the limit operators that
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correspond to each homomorphism are indicated inside the square parenthesis):

lo : (A7) = (A7) [ Wo(A)];

Wi : (Ar) = (Ve A Ve,) [ 5 Wi (A)];

Hz,00)0 : (A7) = (Z Vo AV Z7Y) [ 5 Higoo)(A)]; (4.1)
Hicop).e : (Ar) = (Z7 U AUy Z2) [ Hiso ) (A)];

Hooomoto t (Ar) = (Z:Ver AV Z0Y) [ 5 Hoox (A)].

We represent the (operator) value of one of the above sequences at the point
7 by substituting the symbol “e” for 7.
The proof of the following result is the same as for Proposition 4.1 in [10]:

Proposition 4.1.

(i) The set F is a unital closed subalgebra of £. The strong limit mappings (4.1)
act as bounded homomorphisms on F, and the ideal G of F lies in the kernel
of each these homomorphisms.

(ii) The algebra F is inverse-closed in €, and the algebra F /G is inverse-closed

in&/G.

The algebra £/G is very large. The objective of the essentialization step is
to change the invertibility problem in £/G to a invertibility problem in the more
amenable algebra F/J, with some homomorphisms controlling the difference. For
that one uses a lifting theorem. We say that an homomorphism W; lifts an ideal
J if Ker Wy N J; is in the radical of F/G. The theorem reads as follows (see also
[11, Section 6.3]):

Theorem 4.2 (Lifting). For every element t of a certain set T, let J; be an ideal of
F which is lifted by a unital homomorphism Wy into B. Suppose furthermore that
W, (T) is an ideal of B. Let J stand for the smallest ideal of F which contains all
ideals Ji. Then an element a € F/G is invertible if and only if the coset a + J is
invertible in F/J and if all elements Wy(a) are invertible in 5.

To use this theorem, for each homomorphism W; to be used it is necessary to
find a suitable ideal J;. The known ideals are related the homomorphisms W_1 o 1
and give the ideal J used in [10]:

j = {(VTKlqu—) + (KO) + (Vf'rKflV‘r) + G: K717K07K1 € ]Ca G e g}

In order to be able to use the homomorphisms H, here, one needs to find
the corresponding ideals. Analyzing the structure of the algebra automorphisms,
the key observation is that it is possible to build such ideals using the inverse
of the automorphisms applied to the constant sequence set K C F. Let n €
{(z,0), (00,y), (00, 00)%x : 2,y € R}. Define

Ty = H, o (K).
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Specifying, we have

Teoo ={(VaZ'KZ;V_;)+G: K € K, G € G}; (4.2)

Ty ={U_Z,KZ7'U,)+G: K €K, G € G}; (4.3)

Tyt ={(Ver Z;'KZ: Vo) + G: K € K, G € G}. (4.4)

Please note that the automorphisms and their inverses have norm 1. Thus

H . (@) C g
For £ € {(x, ), (00,¥), (c0,00)£ : z,y € R} we obtain the following result,
usually known as the separation property of the strong limits.

Proposition 4.3. For every compact operator K the sequence J,) = H;{(K) belongs
to F and

W;(J,) =0, te{-1,0,1};
0 ) ;
)= { 12T

Proof. The case £ = n can be seen by direct computation. In the other cases,
the resulting sequence is of the form (Y;K X,), with Y; uniformly bounded, K
a compact operator, and X, tending weakly to zero as seen in Lemma 2.3. The
product K X, tends strongly to zero as a consequence of the uniform boundedness
principle (see, for instance, [11, Lemma 1.4.6]) and the results follow. O

It is also necessary to show that the sets J,, C F are ideals.

Proposition 4.4. Let n € {(z,0), (00,y), (c0,00)£ : z,y € R}. Then the sets J,
are closed two-sided ideals of F.

Proof. We will show that it is a left ideal. The proof for right ideal is similar, by

taking adjoints. Let A = (A;) € F. We have
(Ar)Hy o (K) = Hy g (Hpe(Ar)K)
= Hy o (Hpo(Ar) — Hy(A) + Hy(A))K)
= Ho s (Hpo (A7) = Hy(A)K) + H | (Hy(A)K) .

The sequence (H;o(A;) —H,(A))K is in G, so the first summand is in G. And
because H, (A)K is a compact operator, the coset corresponding to H, { (H,(A)K)
belongs to J,. The proof of the closedness is standard (see, for instance, [11,
Proposition 6.4.3]). O

Let now J be the smallest closed two-sided ideal of F containing the ideals
Ji, t € {—1,0,1} and the ideals J;,. We are thus now in the conditions to apply
the lifting theorem, and obtain:

Theorem 4.5. Let A € F. Then A is stable if and only if the operators Wi(A),
H,(A), with t € {—1,0,1}, n € {(z,00), (00,y), (00,00)£ : z,y € R} are invert-
ible, and the coset A + J is invertible in F/J.
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5. Localization

By including all homomorphisms in the previous step, there should be no new
information about invertibility in the “rump” algebra F/J, at least in the case
of sequences of finite section of convolution and multiplication operators. That is
what we want to show now. For that we introduce an inverse-closed subalgebra of F
which is a commutant modulo 7 with regards to constant sequences of convolution
and multiplication operators with continuous generating function.

Let £ be the set of all sequences in F that commute modulo J with the
constant sequences (fI), f € C(R), and (W°(g)), g € C,. Then we have the
following result, whose proof is also standard (see [5, Lemma 6.2]).

Proposition 5.1. Let the set L be as above. Then:

(i) The set L is a closed and inverse-closed subalgebra of F that contains J.
(ii) The algebra L/G is inverse-closed in F/G.

The cosets (fI) +J, f € C(R), and (W°(g)) + J, g € C,, form thus a
central subalgebra of £/J. The maximal ideal space of this subalgebra is the
subset (R x {oo}) U ({co} x R) of the torus R x R. Denote by Z,; the smallest
closed two-sided ideal of the quotient algebra £/7 that contains the maximal ideal
corresponding to the point (s,t), and denote by <I>£ . the canonical homomorphism
from £/J onto the quotient algebra L7, := (£/J)/Zs,;. Then we use Allan’s local
principle (see, for instance, [11, Theorem 2.2.2]):

Theorem 5.2. The element A+ T is invertible in L/ T if and only if for all (s,t) €
(R x {oo}) U ({00} x R) the cosets &Y (A + J) are invertible in LI,

At the point (00, 0), it can be shown that the coset @7  (x, +.J) belongs
to the center of the local algebra (see [10]), thus allowing a second localization into
two other local algebras, corresponding to (oo, 00)— and (0o, 00)+.

For n € {(x,00), (c0,¥), (00,00)+}, the strong limit homomorphisms H,, are
defined from F into B, with H, () = K. The following theorem relates the invert-
ibility (and Fredholm) property of the strong limits with invertibility in the local
algebras. Let D, C B be the set such that if A € D), then H, ((A) € L. Because £
is inverse-closed in £, it easy to see that the algebra D, is inverse-closed in B. In
fact, if A is invertible, then H, L(A™1) € £, but H; ((A™") is the inverse of H, | (A)
and so must be in £. But to obtain the result of Theorem 5.4 we need a stronger
result, namely that also the regularizers of Fredholm operators in D,, can be lifted
to a sequence in the sequence algebra L.

Proposition 5.3. Let A€ D, be a Fredholm operator with regqularizer B € B. Then
BeD,.

Proof. If B is a regularizer for A, we have that there exist compact operators K
and K’ such that BA— I =K and AB—1=K'.
Let A, :=H; ((A), B, := H, {(B) and K,, := H, |(K) for

ne {(377 00)7 (007 y>7 (o0, OO):E}
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The above implies B, A, — K,, = I. Now let O¢ o, with
£€{-1,0,1,(z,00), (00,y), (00, 00)%}

represent one of the automorphisms defined in (4.1).
If n = &, then O, ,(B,) = B is constant and there is nothing to prove.
Consider 7 # &. Then I = O¢ ;(B,))O¢ ~(A,) — O¢ - (K,,) for 7 > 0. Thus

[ullp = [1(Og,7(By)Og,r (Ay) = O - (Ky))ull,
< [|0¢,-(By)O¢ .~ (Ap)ull,, + [[Og, (Kyp)ul,
< B [10g,7 (Aq)ull, + [[O¢ - (Ky)ull, -
Passing to the strong limits, we obtain that ||ul|, < ||B||||O¢(Ay,)u|l hence O¢(A,)

has trivial kernel and closed image. Applying the same arguments for the adjoint
A7 one gets that Og(A;) = Og(A,)" has trivial kernel also. This implies that

O¢(A,) is invertible. Now we show that O¢ ,(B,) — O¢(A,)~".

1(O¢.»(By) — O¢(Ay) ™ ull,
= [|0¢.+(By)u — (Oc.~(By)O¢,7(Ay) — Oc.7(Ky))Oc (Ap) ™ ull,
<110+ (By)(I — O+ (Ay)Oc - (Ay) ™))l + [[Oe - (K7))Oc (Ay) ™ ul,
< IBIII(I = Oc.r(Ay)O¢.r(Ay)~))ullp + [|O¢ - (Kyy)) O (Ay) ™ il -

Since both terms tend to 0 as 7 — oo we get that O¢ - (B,) — O¢(A,)~?
The same argument when applied to B* shows that O¢ ,(B,)* — O¢(A;)~". This
proves that O¢(B,,) = O¢(A,)~, that is, the *-strong limits exist for n # £. We
conclude that B, € F.

Now, let C be one of the sequences that commute with elements of £ modulo
J. We have

CA,-ACeJ=B,CAB,-B,A,CB,cJ=B,C-CB, eJ,
which ends the proof. O

Theorem 5.4. Let A € L such that Hy(A) € Dy and ®; (H, | (H,(A))) = & (A).
Then

(i) if the coset ®; (A) is invertible in Ly then H,(A) is Fredholm in B;
(i) If Hy(A) is Fredholm in B, then the coset ®; (A) is invertible in Ly .

Proof. Part (i) is immediate because the homomorphism is unital. If H,(A) is
Fredholm, then there exist an operator B € B, K and K’ compact operators
such that H,(A)B = I + K and BH,(A) = I + K'. By the previous proposition,
B € D,,. Considering, for instance, the first equation, it is then possible to apply
the homomorphism H;l, to both sides and obtain

H,L(Hy(A)H, \(B)=1+J in L,

ne n,®
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with J € J. Now, using the canonical homomorphism gives
®; (H,, o (Hy(A))) &7 (H L (B)) = & (1)
7 (A) @7 (H, L(B)) = @7 (I)
which shows the right invertibility of (Dnj (A). The same reasoning can be applied
to obtain the left invertibility. ]

The above result answers the second part of Markus Seidel’s question. By
factoring out the compact-like ideals at the essentialization step, the new local
algebras can be thought as the Calkin counterpart to the usual local algebras.
Thus, invertibility in the new local algebras of an element <I>;]7 (A) is related to the
Fredholm property of the corresponding homomorphism H, (A), while the classical
result for the old local algebras would relate to the invertibility of H, (A).

It is possible now to give a final result on stability of sequences in L.

Theorem 5.5. Let A € L such that Hy(A) € D, and ®; (H, | (H,(A))) = & (A).
Then A is stable if and only if the operators W(A), H,(A), with t € {—1,0,1},
n € {(z,0), (00,y), (c0,00)x : z,y € R} are invertible.

As a particular case of the main result above, one can recover, for instance,
the results in [10]-[12]:

Corollary 5.6. Let A : LP(R) — LP(R) be an operator belonging to the algebra gen-

erated by operators of multiplication by piecewise continuous functions and convo-

lution operators with piecewise continuous multiplier generating functions. Then

the sequence A = (A;) := (P;AP; + Q) if and only if the following conditions

are fulfilled:

(i) The operators A and x Wx1(A)x, I + x.I are invertible;

(ii) The operators and x[—1,11H(c0,2)(A)X[=1,1] are invertible in LP([-1,1]) for

z eR.

Proof. One first has to check that the sequence (A,) belongs to £. That the se-
quence is in F comes from [10, Propositions 4.5-4.7] and [12, Lemma 2]. The
commutation modulo J with the sequences that define £ is given in [10, Propo-
sition 4.12]. On the other hand, the same propositions give that H,(A), n €
{(z,00), (00,¥), (00,00)£} are elements of the algebra generated by convolution
and multiplication operators, and so belong to D,,. The last condition one needs
to check in order to be able to apply Theorem 5.5 is that <I>;]7 (H;E (Hy(A))) =
<I>;]7 (A). This was exactly the main arguments in the proofs of Theorems 4.13 and
4.16 in [10].

Now, the operators in (i) and (ii) result from the direct application of the
homomorphims in Theorem 5.5 to the specific sequence A. Note that because
H(z,00)((Pr)) = I for z € R, Hiz o0)(A) = H(3 00)(A) and this operator is invertible
if A is invertible. The homomorphisms H (o oc)+(A) coincide in this case with
Ho,co © W1, as can be easily checked, and so the invertibility of Wiq(A) imply
automatically that of H( o)+ (A). O
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6. Concluding remarks

With this work we have tried to gain a deeper understanding of the role and
meaning of the strong limits that have been used since Silbermann’s pioneering
paper [13] and their relation to the “compact-like” sequence ideals to which they
need to be connected. This attempt was primed by Markus Seidel question on the
relation between the “lifting homomorphisms” and “localization homomorphisms”
that until now appeared like mathematical objects of different kinds. We have
succeeded in uniting them in a single concept, and, at the same time, understand
the necessary properties they need to have for obtaining the usual stability results.

In this case, the strong limits are related to sequence algebra automorphisms,
and the ideals result from the application of the inverses of these automorphisms
to the set of (the constant sequences of) compact operators. In principle, a similar
result can be obtained in the cases where the strong limits are given by matrix
operators, as in [8] or [9], but there can arise some technical difficulties due to the
fact that, in this case, the sequence algebra homomorphisms are not invertible in
the large sequence algebra £.
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Invertibility in Groupoid C*-algebras
Ruy Exel

Abstract. Given a second-countable, Hausdorff, étale, amenable groupoid G
with compact unit space, we show that an element a in C*(G) is invertible
if and only if Az(a) is invertible for every z in the unit space of G, where A,
refers to the regular representation of C*(G) on £2(G,). We also prove that,
for every a in C*(G), there exists some z € G(¥) such that ||a|| = ||Xz(a)]|.

Mathematics Subject Classification (2010). Primary 22A22; Secondary 46L05,
46L55.

Keywords. C*-algebras, induced representations, topological groupoids, amen-
able groupoids.

1. Introduction

The structure of certain C*-algebras is often best studied via large families of
*_representations. According to this point of view, one tries to deduce the proper-
ties of any given element of the algebra by means of the properties of its images
under the representations provided. Here we shall mostly be interested in invert-
1bility questions, and thus on families of representations of a given C*-algebra
which are large enough to determine when an element is invertible.

One of the first, and arguably also the most influential such result is the
Allan—Douglas local principle [1, Corollary 2.10], [4, Theorem 7.47], which asserts
that an element in a unital Banach algebra is invertible if and only if it is invertible
modulo certain ideals associated to the points of the spectrum of a given central
subalgebra. This principle has been generalized to nonlocal algebras (see [7] and
the references given there) and has successfully been applied to study Fredholm
singular integral operators with semi-almost periodic coefficients [3].

The present paper is an attempt to transpose the local-trajectory method of
[7] to the context of groupoid C*-algebras. Since invertibility only makes sense
on unital algebras, and since the C*-algebra of a groupoid is unital only when
the groupoid is étale and has a compact unit space, we restrict ourselves to this

Partially supported by CNPq.
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case (however our work suggests questions that might be relevant for more gen-
eral groupoids). To be precise, our main result, Theorem 2.10 applies to second-
countable, Hausdorff, étale, amenable groupoids with compact unit space. Given
such a groupoid G, we show that an element a in the groupoid C*-algebra C*(G)
is invertible if and only, for every x in the unit space of G, one has that A, (a) is
invertible, where \; is the regular representation of C*(G) on ¢3(Gy).

A crucial tool used to prove our main result is the theory of induced repre-
sentations started by Renault in [9, Chap. II, §2] and improved by Ionescu and
Williams in [5] and [6].

Since G is amenable, we have by [2, Theorem 6.1.4(iii)] that

lall = sup [[Az(a)]l, Va e C*(G). (1.1)
ze€G()
As a byproduct of our work we have found a small improvement of this result,
namely Corollary 3.3, below, which asserts that

lall = max [[Az(a)l], Va e C*(G), (1.2)
zeG©

which is to say that the supremum in (1.1) is in fact attained for every a. The
proof of this fact is a straightforward combination of Theorem 2.10 with a result
of S. Roch [10], which we carefully describe below.

Even though the invertibility question treated in Theorem 2.10 only makes
sense for groupoids with compact unit space, (1.2) applies to a wider context. A
sensible question to be asked at this point is therefore whether or not (1.2) holds
in the absence of the compactness hypothesis.

Dropping the assumption that G is amenable, it is well known that (1.1) holds
as long as we replace the full by the reduced groupoid C*-algebra. So it makes
sense to ask whether or not

lall = max [[Az(a)l], Vae Cr(G)? (1.3)
zeg(°>

Unfortunately we have not been able to answer any of these questions, which we
are then forced to leave as open problems.

Attaining the supremum is a well-known property of continuous functions on
compact spaces, so a proof of (1.3) could be obtained, at least in the case of a
compact unit space, should we be able to prove that the function

z = |[Az(a)]

is continuous for every a € C*(G). However sensible this appears to be, we have
not been able to determine its validity.

Last, but not least, I would like to thank Amélia Bastos and the members of
“The Center for Functional Analysis and Applications — CEAF” of the “Instituto
Superior Técnico de Lisboa” for bringing their work to my attention and also for
their warm hospitality during two visits there where many interesting conversations
on these topics took place and where the ideas for the present work developed. T
would also like to thank Jean Renault for helpful e-mail exchanges.
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2. Sufficient family of representations
Let A be a unital C*-algebra. The following concept appears in [10, Section 5].

Definition 2.1. A family % of non-degenerated representations (always assumed
to preserve the involution) of A is called sufficient if, for every a in A, one has that

a is invertible <= 7(a) is invertible for all 7 € Z.

Observe that the implication “=" is always true, so the relevant property
conveyed by this definition is the implication “<".

Proposition 2.2. The set of all irreducible representations of A is a sufficient family
of representations.

Proof. If a is a non-invertible element of A, then either a*a or aa* are non-
invertible. So we may assume, without loss of generality that a*a is non-invertible.
Let B be the closed *-subalgebra of A generated by a*a and 1, and let X be the
compact spectrum of B. Since a*a is non-invertible, there exists some point xg in
X such that a*a(zo) = 0, where the hat indicates the Gelfand transform.
The map
¢:be B blxg) €C

is therefore a pure state of B, which may be extended to a pure state ¥ on A.
Let m be the GNS representation associated to @, so that m is an irreducible
representation. If £ is the associated cyclic vector we have

I7(@)él|* = (m(a)¢, w(a)8) = (w(a*a)é,€) = (a*a) = ¢(a*a) = a*a(xo) = 0.
It follows that the operator m(a) is not injective and hence non-invertible. (|
> From now on we will be interested in the question of sufficiency for groupoid

C*-algebras. We therefore fix a second-countable, Hausdorff, étale groupoid G,
with source and range maps denoted by “s” and “r”, respectively.

Given z in the unit space GO of G, we shall use the following standard
notations:

Go ={y€G:s(y) =x},
G*={veG:r(y) ==}, and
G(x) =G, NG".

Consider the Hilbert space H, = ¢2(G,) and the regular representation A, of
C.(G) on H,, given by

A(PEL, = D FOER"), VfECLG), VEEH,, V€L,
,Y/,-Y//:,.Y
which is well known to extend to C*(G). For each v in G, let e, be the basis
vector of H, corresponding to 7.
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Proposition 2.3. For every v1 and v in G, and all f in C.(G), one has that

<)‘$(f>e’)'17e’)’2> = f(7271_1)~
Proof. We have

<)‘$(f)e’Yl7e’Yz> = )‘ e’Yl ya Z f e’Yl )

'Y =2

Z fy S b. O

Y=

Proposition 2.4. Let H be a closed sub—groupoid of G, viewed as a topological
groupoid with the relative topology. Then the following are equivalent:

(i) the restriction of the range map r to H, viewed as a mapping
Pl H— HO,

1S an open mapping,
(ii) H s étale.

Proof. Assuming (i), let v € H and choose an open set U C G such that r is a
homeomorphism from U onto the open set r(U) C G, Then U NH is open in
the relative topology of H and, by (i), we have that (U N'H) is open in H®). Tt is
then clear that r is a homeomorphism from U NH to r(U NH), showing that 7|
is a local homeomorphism and hence that  is étale. The converse is evident. O

>  From now on we fix a closed sub-groupoid ‘H C G, satisfying the equivalent
conditions above. We will denote the unit spaces of G and H as follows

X:=¢® and Y :=#O

Since H is closed in G and since Y = H N X, we see that Y is a closed subspace
of X.

Let us briefly describe the process of inducing representations from C*(H) to
C*(G), cf. [9, Chap. II, §2] and [6, Section 2]. Given a representation L of C*(H)
on a Hilbert space H, we want to produce a representation Indy L of C*(G) on
a Hilbert space Hyq - In order to do so, consider the closed subset of G given by

Gy =s 1 (Y)={y€G:s(y) €Y}
For ¢ and ¢ in C.(Gy), define (p, ), in C.(H), by

@)L= > etn (), Ve,
Y172=¢

It should be noticed that the above sum ranges over all pairs of elements ~; and
72 in G (as opposed to H), whose product equals ¢. In this case notice that both
(1) and s(72) lie in Y, so that 47 * and 5 indeed belong to the domain of ¢ and
1, respectively.

By [8, Theorem 2.8], one has that in fact C.(Gy) may be completed to a
right C*(H)-Hilbert module, which we will denote by M, the appropriate right
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multiplication being that which is described in [8, page 11]. It is therefore profitable
to view (-,-), as a C*(H)-valued map.

The space Hiyq 1., on which the induced representation will act, is then defined
to be the completion of

C.(Gy)® Hy,
relative to the inner-product

(p&ven = (L, p.)&n), VYo,u€Ce(Gy), YE&neHr.
One next gives C.(Gy) the structure of a left C.(G)-module by setting

(fre)) =Y f(m)e(), VfeCG), VoeCuGy), VvE€Gy.

Y1iY2=Y
Again by [8, Theorem 2.8], the above left-module structure may be extended to a
bounded multiplication operation
(a,z) € C*(G) Xx M — ax € M.

In order to define the induced representation one may either work with the
completion M described above or take the more pedestrian point of view of sticking
to compactly supported functions. Taking the latter approach, for f € C.(G) one
initially defines Ind$ L(f) on the dense subspace C.(Gy) ® Hy, C Hiar, by the
formula

Indj L(f) (¢ ® &) = (fxp) ®&, Ve €Ce(Gy), V&€ HL,
and then extend it by continuity to Hiyqr. This provides a *-representation of
C.(G) on Hiyng 1, which, in turn, may be extended to the whole of C*(G).

The resulting representation of C*(G) on Hiyg r, is denoted by Ind§ L, and is
called the representation induced by L from H up to G. For more details, see [9,
Chap. II, §2] and [6, Section 2].

>  Fix, for the time being, an element x € X.

We would now like to consider the question of inducing representations from
H := G(z) up to G. Observing that

Y =G6(x)® = {z},

we have that Gy = G,., which is a discrete topological space. Consequently C.(Gy )
is linearly generated by the set

{e5 v € Gy},

where e, denotes the characteristic function of the singleton {v}.

Proposition 2.5. Given 7,7 € G, we have that
57*17’7 Zf T(’Y) = T(r}/)7
(ey,eq7), =

0, otherwise,

where, for each h € G(x), we denote by &y, the characteristic function of the sin-
gleton {h}, viewed as an element of Cc(G(x)) C C*(G(x)).



178 R. Exel

Proof. We have, for every ¢ € G(x), that
(e er Q)= D ex(yi ey (r2) = [1v'=(

Y172=¢
where the brackets denote the Boolean value of the expression inside, with the
convention that a syntactically incorrect expression, e.g., when the multiplication
v~ 14/ is illegal, the value is zero.

Thus, when () = r(v'), we have that the product v~ 14/ is defined, evidently

giving an element of G(x) and, in this case,

<67767/>* =4 —ly7y
On the other hand, when r(y) # r(v'), we clearly have that (e, e), = 0. O

The following elementary result is included in order to illustrate a simple
example.

Proposition 2.6. Let A be the left-reqular representation of C*(G(z)) on l2(G(x)).
Then Indg(x) A is unitarily equivalent to A;.
Proof. For each element v € G,,, and each g € G(x), consider the element
Pr,g = €y @ ey € Ce(Gr) ® £2(G(x)) € Hinda-

We first claim that

(Prgspy.g) = [ro=v'a'], V7.7 €, V9,9’ € G(a). (2.1)
In fact, we have

<90'y,gv 907’,9’> = <6’Y ® er(’y), Cy ® 6T('y’)> = <A(<6’Y'7 6’Y>*)6T(’Y)’ eT(’Y/)> = (T)

Consequently, if r(y) # r(7’) we have by Proposition 2.5 that (¢4, 4.¢) = 0,
which proves (2.1) in this case. If 7(v) = r(’) then, again by Proposition 2.5, it
follows that

(1) = (A(6y-1y)egr €9) = (ey—1agreq) = [y r9=9'] = [19=v's'],
proving (2.1). In particular, this implies that
(Pv,9:0v.9') = (Prgas Py.g7)

and since the collection of all ¢, o evidently spans Hing a, we have that ¢, 4 =
P~g,z, and it is then clear that the mapping

€y > Py
extends to a unitary operator U : H, — Hipga. Given f € C.(G), we claim that
<U*(Indi A(f))Ue,, evl> = Aa(f)eyseyr), V7,7 € G, (2.2)

In order to verify it observe that the left-hand side equals
<Indf1 A(f)(@r,2), ‘Pv’,w> = <(f *€y) ® €g, €y ® ew’>
= <A(<ev’7f * ev>*)ew7 e$> = (<>)
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After checking that
frey=>_ fory ey,
n€Gy
we conclude that

(<>) = Z f ny- <A 67/,€n> )6:57 ea:>

N€EGs

Y. F (A1) es, ex)

n€Gs
r(y")=r(n)
> ST ey en) = SO TE ulfessen).

n€Gy
r(y)=r(n)

This proves (2.2), and taking into account that v and ~" are arbitrary, we conclude
that U*(Ind$, A(f))U = A\, (f), finishing the proof. O

Notice that there are two completions of C.(G,) which are relevant to us.
On the one hand M is the completion under the C*(G(x))-valued inner-product
(-,-),, and, on the other, H, is the completion for the 2-norm. These two spaces
are related to each other by the following.

Proposition 2.7. There is a bounded linear map

j:M — H,,
such that j(p) = ¢, for every ¢ € Cc(Gy).
Proof. Given ¢ € C.(Gs), notice that

lel3 =" eel) = (e, o). (1) < (e, 0).]

YEGa

c*(G()) ”QD”?\/[

This implies that the identity map on C.(G,) is continuous for ||-||as on its do-
main and the 2-norm on its codomain. The required map is then obtained by a
continuous extension. O

If ¢ € G(z), we have a well-defined bijective map

Y € Gz = ¢ € Ga,
and hence the map
R;:H, — H,
defined by
Re(§), =€(C), V€€ H,, Yy€EUy,,
is a unitary operator. It is also easy to see that R¢, o R¢, = R¢,¢,, which is to say
that R is a unitary representation of G(z) on H,.

This representation will play an important role in our next result, but before
stating it, we need to introduce a notation.
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Given any discrete group G, and any ¢ € G, the map
felCG)— f(¢)eC

is well known to extend to a bounded linear functional on C*(G), which we will
denote by

a€C*(G)—a(¢) eC.
Proposition 2.8. For every a € C*(G), every x,y € M, and every ¢ € G(z), we
have that

—

(,a9).(0) = (Ma(@B (i) i(x))-
Proof. Given f € C.(G), and ¥, ¢ € C.(G,), we have
(e f=). (= D e )(f=)) = Y. @ f(r)dlrs) =
T172=¢ Y1v2Y3=¢
With the change of variables “y; = v3¢~1” the above equals
c= DL e ()Y (%)

T1Y2Y5="
= D eV (R)R@)(3) = (f * Be(¥), o).
T1Y2Y5=T
This gives that
{0, f x9).(C) = (f * Re(¥), 0),
and the proof is concluded upon replacing
e f by the terms of a sequence {f,}, converging to a in C*(G(x)),
e © by the terms of a sequence {p,}, converging to z in M, and finally
e ¢ by the terms of a sequence {9, },, converging to y in M. O
Corollary 2.9. Given x € X, suppose that a is an element of C*(G) such that
Az(a) =0. Then
Indg,, L(a) =0,

for any representation L of C* (g(x)) which is weakly contained in A.
Proof. By Proposition 2.8, we deduce that
(,a9).(0) =0, Y(€G(z), Va,ye M.
Temporarily fixing  and y, we then deduce that A((ac7 ay>*) = 0, and hence that
L((z,ay).) =0, (2.3)

for any L as in the statement. Given f € C.(G), ¢,v € C.(G,) and &, € Hy,, we
have that

(Ind,, L(f)(e® &), v @n) = ((f* o) ®E b @n) = (L((W, f * @) )& n).
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Applying this for f ranging in a sequence {fy}, converging to a in C*(G(x)), we
conclude that

(2.3)
(Indg,, L(a)(p @ &), ¢ @n) = (L(($,ap),)ém) =" 0,

from where the conclusion follows easily. (I
We may now prove our main result:

Theorem 2.10. Let G be a second-countable, Hausdorff, étale groupoid, such that
GO is compact. Suppose moreover that G is amenable. Then {Ae}tzego is a suf-
ficient family of representations for C*(G). In other words, if a € C*(G) is such
that A (a) is invertible for every x in the unit space of G, then a is necessarily
invertible.

Proof. Suppose, by way of contradiction, that a is non-invertible. By Proposi-
tion 2.2 there exists an irreducible representation 7 of C*(G) such that m(a) is
non-invertible. Employing [5, Theorem 2.1] we have that, for some x € G there
exists an irreducible representation L of C* (g (x)) such that 7 and Indg(z) L share
null spaces.

Since G is amenable we have that G(x) is also amenable by [2, Proposition
5.1.1], and hence that L is weakly contained in the left-regular representation. We
may therefore employ Corollary 2.9 to conclude that

Ker (A\;) C Ker (Indg ,, L) = Ker (7).
By hypothesis a is invertible modulo Ker (\;), and hence it must also be invertible
modulo Ker (7), a contradiction. O

3. Strictly norming family of representations

A family % of representations of a C*-algebra A is often called norming, when

la]] = sup ||7(a)||, Va € A. (3.1)
TEF

As an example, the family {\;},cg© is norming for the reduced groupoid C*-
algebra C*(G), for every (non-necessarily amenable) groupoid G. Based on this
concept, let us give the following:

Definition 3.1. A family .# of representations of a C*-algebra A will be called
strictly norming when it is norming and, in addition, the supremum in (3.1) is
attained for every a in A.

The next result, due to Roch, relates strictly norming and sufficient families
in an interesting way. Its proof is included for the convenience of the reader and
also because it is slightly simpler than the proof given by Roch in [10].

Theorem 3.2 ([10, Theorem 5.7]). Let .# be a family of non-degenerated represen-
tations of a unital C*-algebra A. Then F is strictly norming if and only if it is
sufficient.
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Proof. Arguing by contradiction, suppose that % is sufficient, but there exists
a € A such that ||7(a)|| < ||al|, for all 7 in .#. Replacing a by a*a, we may assume
that a is positive. For every 7 in %, we then have that

a(m(a)) [0, ]|m(a)]] < [0, [lall)-
Setting b = a — ||al|, we then have by the spectral mapping theorem that
a(n(b)) = o(m(a) - |lall) = o (n(a)) — lla] < [ llal,0).
It follows that 0 ¢ o(m(b)), and hence that 7(b) is invertible for every 7 in %,
but, since |la|| belongs to the spectrum of a, we see that b is not invertible, a
contradiction.

To verify the “only if” part of the statement, let a be non-invertible. We thus
need to find some m € %, such that 7(a) is non-invertible.

Since a is non-invertible, then either a*a or aa™ is non-invertible. We suppose
without loss of generality that the former is true, that is, that the element ¢ := a*a
is non-invertible. We then have that

0€a(c)C[0,]cl]-
With b = ||¢|| — ¢, we conclude from the spectral mapping theorem that

llell € o) < llell = [0, llell] = [0, llell],

so ||b]] = ||¢||, and by hypothesis there exists m € .%, such that ||7(d)|| = ||¢||. Since
m(b) is positive, this implies that ||c|| lies in its spectrum, which is to say that
|lc|l — 7(b) is non-invertible, but

lefl = m(b) = m(c),
so 7(c) is non-invertible which implies that m(a) is non-invertible. O

Putting Theorem 2.10 and Theorem 3.2 together, we therefore deduce the
following important consequence:

Corollary 3.3. Suppose we are given a second-countable, Hausdorff, étale, amenable
groupoid G with GO compact. Then, for every a € C*(G), there exists v € G©),

such that
lall = [[Az(a)]l-
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Abstract. We show that if the Hardy—Littlewood maximal operator is bound-
ed on a separable Banach function space X(R") and on its associate space
X'(R™), then a pseudodifferential operator Op(a) is bounded on X (R™) when-
ever the symbol a belongs to the Hérmander class S;L’%pfl) with 0 < p < 1,
0 < § < 1 or to the Miyachi class S;ly(épfl)(%,n) with 0 < 6 < p < 1,
0 <d < 1, and s > 0. This result is applied to the case of variable Lebesgue
spaces LPO)(R™).

Mathematics Subject Classification (2010). Primary 47G30; Secondary 35505,
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Keywords. Pseudodifferential operator, Banach function space, variable Le-
besgue space, Hardy-Littlewood maximal operator, Fefferman—Stein sharp
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1. Introduction

We denote the usual operators of first-order partial differentiation on R™ by 0, :=
0/0,,. For every multi-index o = (a1, .., @,) with non-negative integers o, we
write 9% := 9g!...0g~. Further, put |a| := a1 + -+ + a,, and for each vector
&€ = (&,...,&,) € R, define £* := & ... 2. Let (-,-) stand for the scalar
product in R™ and |¢| := \/(£, &) for € € R™.

Let C§°(R™) denote the set of all infinitely differentiable functions with com-
pact support. Recall that, given v € C§°(R"), a pseudodifferential operator Op(a)
is formally defined by the formula

(Op(ayu)(z) = .

i(z—y,£)
oy L6 [ alwutnee ey

The author is partially supported by FCT project PEstOE/MAT/UI4032/2011 (Portugal).
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where the symbol a is assumed to be bounded in both the spatial variable z and
the frequency variable £, and satisfies certain regularity conditions.

An example of symbols one might consider is the Hérmander class Sg?(; in-
troduced in [16] and consisting of a € C*°(R"™ x R™) with

1007 al@, €)] < Cap(L+[¢)m A (2,6 e RY),

where
meR, 0<4,p<1

and the positive constants C, g depend only on o and 3. Along with the Hérmander
class S7%s, we will consider the generalized Hormander class 5275(%7 »') introduced
by Miyachi [29]. We will call S}'s(s, ') the Miyachi class of symbols. Its quite
technical definition is postponed to Subsection 2.1. Here we only note that symbols
in the Miyachi classes may lie beyond C°(R™ x R™) (that is, they are non-smooth,
in general).

Let f € L .(R™). For a cube Q C R", put

1

Here, and throughout, cubes will be assumed to have their sides parallel to the
coordinate axes and |Q| will denote the volume of Q). The Fefferman—Stein sharp
maximal operator f — f# is defined by

f#(z) == sup / |f(z) — foldz (x €R™),
Q3 ‘Q|

where the supremum is taken over all cubes ) containing z. Let 1 < ¢ < oco. Given

f e LL (R™), the gth maximal operator is defined by

1/q

@)= s (o [ 1f0Par) " e,
Q3z |Q‘ Q

where the supremum is taken over all cubes @) containing x. For ¢ = 1 this is the

usual Hardy-Littlewood maximal operator, which will be denoted by M.

The boundedness of pseudodifferential operators with smooth and non-
smooth symbols on the classical Lebesgue spaces LP(R") was studied by many
authors. We refer to the monographs by Coifman and Meyer [8], Kumano-go [21],
Journé [18], Taylor [37], Stein [36], Hormander [17], Abels [1] and also to the pa-
pers by Miyachi [29] and Ashino, Nagase, and Vaillancourt [5] for corresponding
results and further references.

Miller [27] proved the boundedness of pseudodifferential operators with sym-
bols a € 5(1)70 on the weighted Lebesgue spaces LP(R™ w) with 1 < p < co and
Muckenhoupt weights w € A,(R™). One of the key ingredients in his proof was
the pointwise estimate

(Op(a)f)*(2) < Co(Myf)(z) (z €R™), (1)
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where ¢ € (1,00) and Cy > 0 is independent of f € C§°(R™). Another ingredients
are the Fefferman—Stein inequality (see, e.g., [15, Theorem 5]) and self-improving
properties of Muckenhoupt weights. Further, estimate (1) and the boundedness
results for Op(a) on LP?(R"”,w) with p € (1,00) and w € A,(R™) were extended
to other classes of smooth and non-smooth symbols. We refer, for instance, to the
works by Nishigaki [33], Yabuta [38, 39, 40, 41], Miyachi and Yabuta [30], Alvarez
and Hounie [2], Alvarez, Hounie, and Pérez [3], Michalowski, Rule, and Staubach
[26] and the references therein.

Rabinovich and Samko [35, Theorem 5.1] proved the boundedness of pseudo-
differential operators with symbols a € 5(1)70 on so-called variable Lebesgue spaces
LPO)(R™) (see Subsection 3.1). Their proof did not rely on (1). Instead, they ob-
tained another (more precise) pointwise estimate for (Op(a)f)# (z) in the spirit of
[4]. Recently the author and Spitkovsky [19, Theorem 1.2] proved the bounded-
ness of Op(a) on variable Lebesgue spaces LP()(R™) for the symbols a € S;(p D
with 0 < p < 1 and 0 < ¢ < 1. That proof relies on (1) (obtained in [26]),
on the Fefferman—Stein inequality for variable Lebesgue spaces, and on a certain
self-improving property of the HardyLittlewood maximal function on LP()(R™).

The aim of the present paper is to extend the results of [19, 35] to the case
of so-called Banach function spaces. Our proof is based on estimate (1), on the
Fefferman—Stein inequality for Banach function spaces proved recently by Lerner
[23], and on a self-improving property of the Hardy—Littlewood maximal function
on Banach function spaces proved by Lerner and Pérez [25]. Note that our results
are true for all symbols classes admitting estimate (1). We choose here the classical
Hérmander classes S of smooth symbols and the Miyachi classes 7% (52, ) of
non-smooth symbols just as an illustration of the fact that the assumptlons on
smoothness of symbols imposed in [19, 35] can be essentially relaxed.

The set of all Lebesgue measurable complex-valued functions on R™ is denoted
by M. Let M™ be the subset of functions in M whose values lie in [0, c0]. The
characteristic function of a measurable set £ C R™ is denoted by xg and the
Lebesgue measure of E is denoted by |E].

Definition 1.1 ([6, Chap. 1, Definition 1.1]). A mapping p : M+ — [0, o0] is called a
Banach function norm if, for all functions f, g, f, (n € N) in M, for all constants
a > 0, and for all measurable subsets F of R", the following properties hold:

(A1) p(f) =0« f=0ae, plaf)=ap(f), p(f+g)<p(f)+p(9)
(A2) 0<g<fae = p(g) <p(f) (the lattice property),

(A3) 0< fn 1 fae = p(fn) Tp(f) (the Fatou property),

(Ad) |E| <00 = p(xp) < oo,

(A5) |E| <oco= [, f(x)dz < Cpp(f)

with Cg € (0,00) which may depend on F and p but is independent of f.

o ~— ~—

When functions differing only on a set of measure zero are identified, the set
X (R™) of all functions f € M for which p(|f]) < oo is called a Banach function
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space. For each f € X(R"™), the norm of f is defined by

1 x®ny = p(If])-

The set X (R™) under the natural linear space operations and under this norm
becomes a Banach space (see [6, Chap. 1, Theorems 1.4 and 1.6]).

If p is a Banach function norm, its associate norm p’ is defined on M™ by
gl =sw{ [ fgds s femt o<1} gear

It is a Banach function norm itself [6, Chap. 1, Theorem 2.2]. The Banach function
space X'(R") determined by the Banach function norm p’ is called the associate
space (Kéthe dual) of X(R™). The Lebesgue space LP(R™), 1 < p < oo, are
the archetypical example of Banach function spaces. Other classical examples of
Banach function spaces are Orlicz spaces, rearrangement-invariant spaces, and
variable Lebesgue spaces LP()(R™).

Note that we do not assume that X (R"™) is rearrangement-invariant (see [6,

Chap. 2]). Therefore, we are not allowed to use the interpolation theory to study
the boundedness of Op(a) on X (R™).

Theorem 1.2 (Main result). Let X (R™) be a separable Banach function space such
that the Hardy-Littlewood mazimal operator M is bounded on X (R™) and on its
associate space X'(R™). If a belongs to one of the following symbol classes:

(a) the Hormander class Szgpfl) with0< p<land0<4d§<1;
(b) the Miyachi class S;((Sp_l)(%, n) with0<§<p<1,0<6d<1, and » > 0;

then Op(a) extends to a bounded operator on X (R™).

The paper is organized as follows. Section 2 is devoted to the proof of The-
orem 1.2. First, we collect the main ingredients. We give the precise definition of
the Miyachi class S} (¢, »') in Subsection 2.1. The Fefferman-Stein inequality for
Banach function spaces is stated in Section 2.3. A certain self-improving property
of the Hardy—Littlewood maximal operator on Banach function spaces is discussed
in Subsection 2.4. Precise assumptions on our symbols guaranteeing (1) are stated
in Subsection 2.5. Finally, we assemble these ingredients in Subsection 2.6 and
prove Theorem 1.2.

In Section 3 we apply Theorem 1.2 to the case of variable Lebesgue spaces
LPO)(R™). In Subsection 3.1 we recall the definition and some basic properties of
variable Lebesgue spaces. In Subsection 3.2 we discuss the boundedness of the
Hardy-Littlewood maximal operator on LP()(R™). In particular, we recall that
M is bounded on LP()(R™) if and only if M is bounded on its associate space.
This allows us to simplify little bit the formulation of Theorem 1.2 for LP()(R™)
in Subsection 3.3.
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2. Proof of the main result

2.1. The Miyachi class

The following class of symbols was introduced by Miyachi [29] (see also [28, 30]).
If h € R™ and f is a function on R"™, then the first and the second differences are
denoted by

Ay (h)f(z) == f(z+h) = f(z),
AZ(h)f(x) == f(z +2h) — 2f(z + h) + f(2).
Let
meR, 0<§,p<1, x>0, »>0.
Let k and k' be nonnegative integers satisfying
E<x<k+1 K <<k +1.
The Miyachi class S} (s, »') consists of all functions a on R™ x R" such that the

derivatives 358?(1@7 €) exist in the classical sense for |3| < k and || < k" and the
following four conditions are fulfilled:

(i) if |B] < k and |a| < K/, then
0708 alw, &) < A(1+ [g)mHolrli=rlel,
(ii) if |8] = k and || <K', h € R, and |h| < (1 + |¢])7?, then
|A2(h)D20g a(x, §)| < A(L+ [¢)mHoxelelpF;
(i) if |8] <k and |a| =k, n € R™ and |n| < (1 +|£])? /4, then
| A1) 0 alw, )] < AL+ [¢])m 1= [y =K
(iv) if |8] = k and |a| = &', h,n € R", and |h] < (1+[€)70, [n] < (1 +[€])7/4,
then
A2 () A2 ()0 ale, &)] < A(L+ €)™ 707 ||~ F )~

Here the constant A is independent of the multi-indices «, 8 and the variables
z,&,h,n € R". The smallest such constant is denoted by ||a||m,p,s,5,5-
It is not difficult to see that if s < 3¢y and s < 3¢, then

STy C S5 (501, 501) C S)s(52,55)  and  ||allim,p,5,50,5, < CONSE] 10,5, 561 ,5¢! -

If 3¢ (resp. ') is not integer, then AZ(h) (resp. AZ(n)) can be replaced by A} (h)
(resp. Ag(n)). Tt should also be remarked that the assumptions |h| < (1 + [
and |n| < (1 + [£])?/4 can be replaced by h € R™ and |n| < (1 + |£])/4 if one
modifies the constant A.

2.2. Density of smooth compactly supported functions
Lemma 2.1. The set C§°(R™) is dense in a separable Banach function space X (R™).

The proof is standard. For details, see [20, Lemma 2.10(b)], where this fact
is proved for n = 1. The proof for arbitrary n is a minor modification of that one.
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2.3. The Fefferman—Stein inequality for Banach function spaces
Let Sp(R™) be the space of all measurable functions f on R™ such that

Hx e R : |f(z)| > A} < o0
for any A > 0. Chebyshev’s inequality
1
e R f@ > A <, [ 1F@Ide
R”'L
holds for every ¢ € (0,00) and A > 0. In particular, it implies that
U Z/®") c So(R™).
q€(0,00)
It is obvious that f# is pointwise dominated by M f. Hence, by Axiom (A2),
1F# ) x@n) < const||fl|xny for fe X(R")

whenever M is bounded on X (R™). The converse inequality for Lebesgue spaces
LP(R™), 1 < p < oo, was proved by Fefferman and Stein (see [15, Theorem 5] and
also [36, Chap. IV, Section 2.2]). The following extension of the Fefferman—Stein
inequality to Banach function spaces was proved in [23, Corollary 4.2].

Theorem 2.2 (Lerner). Let M be bounded on a Banach function space X (R™).
Then M is bounded on its associate space X'(R™) if and only if there exists a
constant Cy > 0 such that, for all f € So(R™),

11l eny < Colf7 1l x m-
2.4. Self-improving property of maximal operators on Banach function spaces
If 1 < g < oo, then from the Holder inequality one can immediately get that
(Mf)(x) < (Mgf)(x) (z€R").
Thus, the boundedness of any M, 1 < ¢ < oo, on a Banach function space X (R™)
immediately implies the boundedness of M. A partial converse of this fact, called
a self-improving property of the Hardy—Littlewood maximal operator, is also true.

It was proved in [25, Corollary 1.3] (see also [24] for another proof) in a more
general setting of quasi-Banach function spaces.

Theorem 2.3 (Lerner—Pérez). Let X (R™) be a Banach function space. Then M is
bounded on X (R™) if and only if My is bounded on X (R™) for some q € (1,00).
2.5. The crucial pointwise estimate
Theorem 2.4. If a belongs to one of the following symbol classes:

(a) the Homander class SZy(ffl) with0<p<land0<§<1;

(b) the Miyachi class S;((Sp_l)(%, n) with0<§<p<1,0<6<1, and » > 0;
then for every q € (1,00) there exists a constant Cyq > 0 such that

(Op(a)f)*(z) < Cq(Myf)(x) (z €R) 2)
for all f € C(R™).
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Part (a) was recently proved by Michalowski, Rule, and Staubach [26, The-
orem 3.3]. Their estimate generalizes the pointwise estimate by Miller [27, Theo-
rem 2.8] for a € S ; and by Alvarez and Hounie [2, Theorem 4.1] for a € S5 with
the parameters satisfying 0 < § < p < 1/2 and m < n(p — 1). Part (b) follows
from the estimate by Miyachi and Yabuta [30, Theorem 2.4].

Corollary 2.5. If the conditions of Theorem 2.4 are fulfilled, then Op(a)f € So(R"™)
for every f € C§°(R™).

Proof. By using the well-known LP-estimates for the sharp maximal function (see
[15, Theorem 5]) and for the maximal function My, one can show that if (2) holds
for all f € C§°(R™), then Op(a) extends to a bounded operator on LP(R™) for
q < p < oo. In particular, this implies that Op(a)f € So(R™) for every function
f e CgR™). O

2.6. Proof of Theorem 1.2

The presented proof is an adaptation of the proof of [19, Theorem 1.2]. Its idea
goes back to Miller [27]. Suppose f € C§°(R™). Then Op(a)f € So(R™) in view of
Corollary 2.5. By Lerner’s theorem (Theorem 2.2), there exists a constant Cx > 0
such that

10p(a) fllx(rny < Call(Op(a)f)* |l x (rm) 3)

Further, by the crucial pointwise estimate (Theorem 2.4), for every ¢ € (1, 00),
there is a constant C; > 0 such that

(Op(a)f)*(z) < Co(Myf)(z) (x €R")

Hence, by Axioms (A1) and (A2),

1(0P(@)./)* [l x@n) < Cql My fllx (an)- (4)

On the other hand, since M is bounded on X (R™), by the Lerner-Pérez theorem
(Theorem 2.3), there is a constant exponent g € (1,00) and a constant Cy > 0
such that

[ Maq fllx @y < Cgo Il x (®n)- ()
Thus, combining (3)—(5), we arrive at
| Op(a) fllx@ry < CyCqCop Il fll x ®m

for all f € C§°(R™). It remains to recall that, in view of Lemma 2.1, C§°(R") is
dense in X (R™) whenever X (R") is separable. Thus, Op(a) extends to a bounded
operator on the whole space X (R™) by continuity. (I
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3. Pseudodifferential operators on variable Lebesgue spaces

3.1. Variable Lebesgue spaces
Let p: R™ — [1,00] be a measurable a.e. finite function. By LP()(R™) we denote

the set of all complex-valued functions f on R"™ such that

LN = [ 1#@)/APds < o0

n

for some A > 0. This set becomes a Banach function space when equipped with
the norm

||f||p(.) ;= inf {)\ >0: Ip(.)(f/)\) < 1}.
It is easy to see that if p is constant, then LP()(R") is nothing but the standard
Lebesgue space LP(R"). The space LP()(R") is referred to as a variable Lebesgue
space.
We will always suppose that
1<p_:=essinfp(z), esssupp(z)=:p; < oo. (6)
TER™ zER™

Under these conditions, the space Lp(')(]R") is separable and reflexive, and its
associate space is isomorphic to LP'()(R™), where

1p(x) +1/p'(x) =1 (z €R")
(see, e.g., [9, Chap. 2] or [14, Chap. 3]).

3.2. The Hardy-Littlewood maximal function on variable Lebesgue spaces

By M(R™) denote the set of all measurable functions p : R™ — [1, 00] such that

(6) holds and the Hardy-Littlewood maximal operator is bounded on LP()(R™).
Assume that (6) is fulfilled. Diening [12] proved that if p satisfies

< c

~ log(e + 1/]x —yl)

for some ¢ > 0 independent of x,y € R™ and p is constant outside some ball, then

p € M(R"™). Further, the behavior of p at infinity was relaxed by Cruz-Uribe,

Fiorenza, and Neugebauer [10, 11], where it was shown that if p satisfies (7) and

there exists a poo > 1 such that

Ip(z) — p(y)| (z,y €R") (7)

p(z) — ool < (z € R") (®)

c
log(e + |z[)
with ¢ > 0 independent of € R", then p € M(R"). Following [14, Section 4.1],
we will say that if conditions (7)—(8) are fulfilled, then p is globally log-Hdélder con-
tinuous. The class of all globally log-Holder continuous exponents will be denoted
by Plog(Rn>.

Conditions (7) and (8) are optimal for the boundedness of M in the pointwise
sense; the corresponding examples are contained in [34] and [10]. However, neither
(7) nor (8) is necessary for p € M(R™). Nekvinda [31] proved that if p satisfies
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(6)—(7) and
/Rn [p(x) = poolct/P@ =Pl g < o0 (9)

for some po, > 1 and ¢ > 0, then p € M(R™). One can show that (8) implies (9),
but the converse, in general, is not true. The corresponding example is constructed
in [7]. Nekvinda further relaxed condition (9) in [32]. Lerner [22] (see also [14,
Example 5.1.8]) showed that there exist discontinuous at zero or/and at infinity
exponents, which nevertheless belong to M(R™). Thus, the class of exponents in
Plog(R™) satisfying (6) is a proper subset of the class M (R").

We will need the following remarkable result proved in [13, Theorem 8.1] (see
also [14, Theorem 5.7.2]).

Theorem 3.1 (Diening). We have p € M(R") if and only if p" € M(R™).
We refer to the recent monographs [9, 14] for further discussions concerning
the class M(R™).
3.3. Boundedness of pseudodifferential operators on variable Lebesgue spaces
Combining Theorem 1.2 and Theorem 3.1, we immediately arrive at the following.
Theorem 3.2. Suppose p € M(R™). If a belongs to one of the following symbol
classes:
(a) the Hormander class Szgpfl) with0< p<1land0<4d§<1;
(b) the Miyachi class SZ((SP_I)(%, n) with0<§<p<1,0<d<1, and » > 0;
then Op(a) extends to a bounded operator on LPC)(R™).
Part (a) of the above theorem was obtained by the author and Spitkovsky in
[19, Theorem 1.2]. Part (b) is new.
Corollary 3.3 (Rabinovich-Samko). Let p € P'8(R") satisfy (6). If a € S, then
Op(a) extends to a bounded operator on LPC)(R™).

Proof. This statement immediately follows from part (a) of the previous result
because P°8(R"™) is a (proper!) subset of M(R™). O

This result was proved in [35, Theorem 5.1].
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Abstract. Some estimates for the dimension of the kernel of the singular in-
tegral operator I — cUPy: L5 (T) — L5(T), with a non-Carleman shift are
obtained, where P is the Cauchy projector, U is an isometric shift operator
and c¢(t) is a continuous matrix function. It is supposed that the shift has a
finite set of fixed points and all the eigenvalues of the matrix ¢(t) at the fixed
points, simultaneously belong either to the interior of the unit circle T or to
its exterior. Moreover, we show that some of the obtained results can be used
in the case of an operator with a general shift.
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1. Introduction

Let T denote the unit circle and w be a homeomorphism of T onto itself, which
is differentiable on T and whose derivative does not vanish there. The function
w: T — T is called a shift function or simply a shift on T. By

wi(t) = wlwp—1(t)], wi(t) =w(t), we(t)=t, teT,
we denote the kth iteration of the shift, £ > 2, kK € N.

A shift w is called a (generalized) Carleman shift of order n € N\ {1} if
wp(t) =t, but wi(t) £t for k = 1,n — 1. Otherwise, if w is not a Carleman shift,
it is called a non-Carleman shift. In what follows we will consider six different
shifts, i.e., w = (,n, a, B,7,6: {, n and y are general shifts, in the sense Carleman
or non-Carleman shifts; «, 8 and ¢ are non-Carleman shifts having a finite set of

This research was supported by Fundagao para a Ciéncia e Tecnologia (Portugal) through Centro
de Analise Funcional e Aplicacées of Instituto Superior Técnico.
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fixed points {71, T2, ...,7s}, § > 1. Other properties of these shifts will be specified
later on whenever necessary.

On the Lebesgue spaces Ly (T), p € (1,00), we consider a shift operator U,,,
associated with a shift w, defined by

(Uup)(t) = uu()plw(®)], teT,

where the function u,, is chosen in such way that the following properties hold for
Ut

1) UUJ iS isometric, i'e'7 ||Uwg0||L" = ||g0||L"7 W= C7777 Q, ﬂar% 6

P P

ii) U,S = SU,, where S is the operator of singular integration with Cauchy
kernel (see bellow), w =7, 8,7, d.

In this paper, we consider the singular integral operator (SIO) with shift
T, : LI(T) = LI(T), w = (,n, v B, 7,3, defined by

T,=1-cU,Py; (1)

where [ is the identity operator, ¢ € C™*"(T) is a continuous matrix function, U,
is the isometric shift operator defined above,
1
2 (
are the mutually complementary projection operators and

(S)(t) = (i)~ /T o(7)(r — 1) ldr

is the operator of singular integration with the Cauchy kernel.
We note that for the SIO with shift of the form

T(Ay, As) = A1 Py + AP, 2)

Py = _(I+5)

where
A =a I +b0U,, Ay =asl+ bU,
and a1, ag, by, by € C™*"(T), the Fredholmness conditions and the index formulas
are known [7]. The Fredholm criterion can be formulated as follows: the operator
T(A1, Az) is Fredholm in L7 (T) if and only if the functional operators A; and
Ay are continuously invertible in L;‘(T). The spectral properties of the operator
T(A1, A2) have been less studied (see [3], [8], [9], [10] and [11]), even for the case
of a Carleman shift. For the case of a non-Carleman shift, the only works known
to the authors are [1], [12] and [13].
We can also write the operator T, defined by (1) in the form

T, = (I - cU,)Pys + P_.

So the question of Fredholmness of the operator T, is reduced to the question of
continuous invertibility of the operator I — cU,,.

1
LGiven a shift w, the property i) is always satisfied taking u,(t) = |w’(t)|» . To verify the property
ii) the function u., has to be chosen depending on the concrete shift w (see Section 3.2), which
is not always possible.



A Singular Integral Operator with Shift 199

We must say that, in general, in the case of a non-Carleman shift having a
finite set of fixed points {7y, 72,...,7s}, s > 1, the shift « and the corresponding
shift operator U, considered in Section 3 of this paper, the necessary and sufficient
conditions of invertibility for the operator I — cU,, can not be expressed in an
explicit form. A specificity of the conditions is expressed by a particular choice of
a, so-called, a-solutions of the homogeneous functional equation associated with
the operator I — cU, (see Sections 3.4.1-3.4.11, pp. 118-142, in [7]). The two
extreme forms of these conditions are:

Case 1. ole(r;)] C T4, j =1,
Case 2. olc(r;)] C T—, j =1,s, and detc(t) # 0 for all t € T;

here and below, T, and T_ denote the interior and the exterior of the unit disk,
o(g), p(g) and ||g||,, denote the spectrum, the spectral radius and the spectral
norm of a matrix g € C"*", respectively.

In [1] (see also Chapter 9 in [16]), on the Hilbert space Lo(T), an estimate
for the defect number dim ker T,, was obtained for the operator T, = I — cU, Py,
satisfying the condition |e(7;)| < 1 (the case 1, with ¢ € C(T)).

In [12], on the Hilbert space L (T), we obtained estimates for dim ker T,, for
the operator T,, = I — cU,P; (w = «, ) with matrix coefficient, satisfying one
of the two sets of Fredholmness conditions: the cases 1 (w = «) and 2 (w = f),
above. In [13], on the real line, analogous estimates were obtained, considering an
operator with polynomial coefficient relative to the shift operator, under conditions
corresponding to the matrix cases 1 and 2, above.

In the present paper we revisit the mentioned works [12] and [13]. We show
that some of the obtained results can be used in the case of an operator with a
general shift (Section 2). Then we review our results in [12] and [13]; we propose
new proofs and make some minor corrections (Section 3). Finally we formulate the
results on the scalar case and consider two examples (Section 4). The “auxiliary
results” are formulated on the Banach spaces LZ(T), p € (1,00), and the “main
results”, the estimates for dimkerT,,, on the Hilbert space L5(T). As far as we
know this work is the “state of art” of the research on “the very difficult question
related to the solvability theory of the SIO of type (2) with a non-Carleman shift”
(G.S. Litvinchuk in [16], p. XVI).

2. A SIO with a general shift

2.1. Estimate one

Let us begin considering a general shift ( : T — T, the associated isometric shift
operator U¢, and the SIO with shift defined by (1) (with w = ()

TC =1- CU<P+. (3)

The following results take place.
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Proposition 2.1. Let

N =1-aUPy, (4)
R=rP_+ (I —aU;)Py, (5)
M=1-rPr 'P.N7!, (6)

where N is an invertible operator; a,r € C™*™(T), the matriz function r is invert-
ible and satisfies the condition

P+’I":t1P+ :’I":t1P+. (7)
Then the following equality holds
dim ker R = dim ker M. (8)

Proof. Consider the invertible operator?, whose kernel is trivial,
X =(Py+Pr'P )N
We show that
RX =M.
Indeed we have
R=rP_+I1—-P_ —aU;Py =(r—I)P_+N
and so
RX =[(r—I)P_ + N])(Py + P_r 'P_)N~!
=rPr 'PN'—P oy 'P. N1+ NPLN'+ NP+ 'P_.N"!
=r(I—P)r'P.N'4+I-P N '=M.
Thus, the equality (8) follows. O
Theorem 2.1. Let Ty =1 —cU:Py, N=1—aU;Py and M =1 —rPr 'P_N"!
be the operators defined by (3), (4) and (6), respectively, and r an invertible ma-

triz satisfying the condition (7). Let a(t) = r(t)e(t)r=1[C(t)]. If the operator N is
invertible, then the following equality holds

dimker T, = dimker M. (9)

Proof. We can write T¢ as a product of the operators
Te=1—cUcPy =7 rP_ + (I —aU¢)PL](P- +1Py).

Both operators 7~'I and P_+7rP, are continuously invertible so that their kernels
are trivial. Then

dimker Ty = dimker R,
where R is the operator defined by (5). Now we apply Proposition 2.1. This im-
plies (9). O

2The inverse of the operator Py 4+ P_r~1P_ has the form
(Py+P_r P )y =(@"tP .+ P_+Pr P )rl
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Proposition 2.2. Let M be the operator defined by (6) and r a (n X n) polynomial
matriz satisfying the condition (7); let

Z max l; j, (10)

jln

where 1; j is the degree of the element r; ; of the polynomial matriz r. Then the
following inequality holds

dimker M < 1y (r). (11)
Proof. We have
pEker M & (I —rPir 'P_.N" YDp=0sp=rPr 'P_.N"p
Making use of (7) and Py = I — P_ we get
p= —P+7’P,1"_1P,N_1p,

which means that p belongs to the image of the finite-dimensional operator Py rP_,
ie, ker M C im PyrP_. It is easy to see that

dimim PyrP_ = [1(r).

From this fact follows the inequality (11). O

We can state the following result.

Theorem 2.2. Let Ty = I — cU:Py be the operator defined by (3) on the Hilbert
space LY (T), and r a polynomial matriz satisfying the conditions (7) and

I?ea% Hr(t)c(t)r*l[C(t)]”2 <1 (12)

Let R, be the set of all such matrices r, l1(r) be the number defined by (10) for
each matriz r and

I(c) = min {1, (r)}. (13)

reR.
If the set R. is not empty, then the following estimate holds
dimker T, < I(c).

Proof. We set a(t) = r(t)c(t)r—1[¢(t)]; with (12) we can show that the operator
defined by (4) is invertible. Indeed, since maxser [la(t)|, < 1, [[Uc|l,, = 1 and
[P+, =1, it follows that N = I —aU¢ P is an invertible operator whose inverse
is given by the Neumann series

N7'=T+aUcPy + (aUcPL)* + -+ .

Taking into account Theorem 2.1 and Proposition 2.2, the result follows. O
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2.2. Estimate two

The following result takes place.

Proposition 2.3. Let
A Ly(T) — Ly(T),
be a linear bounded operator, and
D =diag{D_,D,},
a diagonal matriz, where
D_ = diag{th,t*2 ... t*}, D, =diag{t™ t™2,... t™a},
kj <0, j=1,p, m;=>0, i=1,¢q p+qg=n.
The following inequalities hold

p
dimker(P_ + AP;) + Y _k; < dimker(DP_ + AP}), (14)
j=1
q
dimker(DP_ + AP;) < dimker(P_ + APy) + > m;. (15)
=1

Proof. Let E,, denote the (n x n) identity matrix,
D, = diag{D_,E,}, Dy =diag{E,,Dy};
and consider the left invertible operators
By =D\P_+Py, By=D,'P +P,.

Then we have
dim ker B; = dimker By = 0,

dim coker By = — i k;, dimcoker By = i m;.
j=1 i=1
The following equality holds ’

(DP_ 4+ AP.)By = (P- + AP.)B;4 (16)

= B’
where we denote
B=DiP_+ AP;,.

It follows from (16) that

dimker B < dimker(DP_- + APy )

and
dimker(DP_ + AP, ) < dimker B 4 dim coker By;
then
q
dimker B < dimker(DP_ + AP;) < dimker B + Z m;. (17)

i=1
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Moreover, also it follows from (16) that
dimker B < dimker(P_ + APy )

and
dim ker(P_ + AP, ) < dimker B 4 dim coker By;
then .
dimker B < dimker(P- + AP;) < dimker B — Z k;. (18)
j=1
Putting together (17) and (18) we obtain the inequalities (14) and (15). O

Consider now a shift 77 such that the corresponding shift operator U,, satisfies
the additional property

U,S = SUy; (19)
and the SIO with shift (1) (with w = n)
T, =1-cU,Py. (20)
Moreover we suppose that the matrix function ¢ € C™*"(T) has the property
dete(t) £#0, VteT. (21)

Under condition (21) the continuous matrix function ¢ admits the factorization in
Ly "™(T) (see, for instance, Theorem 1.1, p. 165, in [2]; see also [17])

c=c_Acy, (22)
where
e [L (], Gt e [LFM]TT, A =diag{t™},
»; € L, j = 1,n, with 511 > 560 > -+ > 3, and, as usual, L;‘ = P.L, and

L, = P_L, ® C. The integers »; are uniquely defined by the matrix function c
and are called its partial indices. It is assumed that

e (). (23)
We continue with the following result.

Theorem 2.3. Let T}, be the operator defined by (20), where c € C™*™(T) satisfies
the conditions (21), (22) and (23); then the following estimate holds

dimker 7}, < dimker(I — EU;1P+) + Z |71, (24)

5, <0

where ¢ = cycte (n-1).

Proof. We multiply T}, by the continuously invertible operator?,
Y =c_P_—c;'(n1)U,; ' Py

3The inverse of the operator Y has the form

cZ'Po— e (n-1)Uy Py
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We have

T,Y = (I — c-AcyUyPy)(c— P — ¢ (n-1)U, ' Py)
= c_A(DP_ + AP,),
where we make use of (19) and had denoted
D =A"! = diag{t—},
A=TI-cU ",
c=A""eTl e (no1) = cpe e (n-a).
As c_A is a continuously invertible operator, we get
dimker T, = dimker(DP_ + APy).
We have
DP_+ AP, =1-¢U,'P,.
The inequality (15) in Proposition 2.3, with m; = —s¢;, 3¢; < 0 (m; > 0), yields

the estimate (24). O

Now, supposing that the operator I — EUn_ 1P, is under the conditions of
Theorem 2.2, we can state the following result.

Theorem 2.4. Let T,, = I — cU, P} be the operator defined by (20) on the Hilbert
space LY (T), where ¢ € C™*"(T) satisfies the conditions (21), (22) and (23); and
r a polynomial matrix satisfying the conditions (7) and

ma (0@ o), < 1.

where ¢ = cycte; (n_1). Let Rz be the set of all such matrices r and I(C) the
number defined by (13) for the matriz ¢.
If the set Rz is not empty, then the following estimate holds

dimker T, <1(0) + > |21,

2;<0
where sx; € Z, j = 1,n are the partial indices of the matriz c.

Proof. Since the operators U, and U, L verify similar properties, the operator
I—cU; 1P, satisfies all the conditions of Theorem 2.2; thus

dimker(I — U, " Py) <1(c).

With (24) the result follows. O
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2.3. An operator with polynomial coeflicient relative to the shift operator
Now let us consider the SIO with shift of the form

K,=A,P, +P_:L,(T) — Ly(T), (25)
where
A, =1+ Zn: a; Uy,
i=1
a; € C(T), ¢ = 1,n, and U, is the shift operator satisfying the property (19).
Consider also the matrix operator (see [13], [7], and [14])
T, = AyPy + P_: L(T) — L(T), (26)

with

Ay =1+al,,

a0 = ay az te Anp—1 anp
—Ln—-1 O(nfl)xl

The following result holds

where

Proposition 2.4. Let K, and Tn be the operators defined by (25) and (26), respec-
tively. The operator K,, is a Fredholm operator on L,(T) if and only if the oper-

ator Ty, is a Fredholm operator on LZ(']I‘). In the affirmative case, dimker K, =

dim ker ﬁ, and dim coker K,, = dim coker ﬁ, .

Proof. This result is formulated in [13], Proposition 2.1, on the real line, consid-

o
ering the shift 5,(t) =t + pu, t € R = RU{oo}, p is a fixed real number. Since
U, Py = PLU,, we can prove this result on the unit circle, in a similar way. (]

Obviously the operator ﬁ, is a particular case of the operator T}, defined by
(20). Then, taking into account Proposition 2.4, Theorems 2.2 and 2.4 can be used
to study the operator Kj,.

3. A SIO with a non-Carleman shift

The estimate of the dimension of the kernel of the operator T,,, w = (,n, «, 3,7, 6,
is related with the construction of the polynomial matrix r (see Theorems 2.2 and
2.4); below we perform this task, in the case of a non-Carleman shift, w = a, 8,9,
under certain conditions for the operator T,: cases 1 and 2 mentioned in the
Introduction. Indeed, then we show that the set R. (Rg) introduced in Theorem
2.2 (Theorem 2.4) is not empty in case 1 (case 2).
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3.1. Case 1
On the Hilbert space L5(T), we consider the SIO

Ty =1 — cUyPy, (27)
with a non-Carleman shift « : T — T, which has a finite set of fixed points
{m1,72,...,7s}, s > 1; U, is the associated isometric shift operator.

The following results take place?.

Proposition 3.1. For every continuous matriz function d € C™*"™(T) such that

old(rj)] C Ty, j=1s, (28)
there exists a polynomial matriz r satisfying the conditions
£)d(t)r~[a(t 1 29
max||r()a(e)r (0], < (29)
and
P.rElp, =¢*p,. (30)

Proof. We consider only the case when max;cr ||d(t)|, > 1, because otherwise we
have simply r = E,,.
Let
pi = pld(r)], j=1,s.
Under condition (28) naturally we have that
pi<1, j=1,s.
Then, for each matrix d(7;) € C"*" satisfying the condition (28), there exists a
non-singular matrix B; € C"*™ such that (see, for instance, p. 316 in [4])
|Bjd(rj)B; ||, <1, j=1,s.

Now let B be the non-singular polynomial matrix, without zeros on the closure of
T, defined by (see, for instance, Sections 0.9.11 in [4] and 6.1 in [5])

B(t) = BlLl(t> + B2L2(t> +ot BsLs(t)7 (31)

where
S

[I¢-7)

i=1
Lj(t) = e , J=1s,
i=1
i#£]
are the Lagrange interpolating polynomials.
Then we define the continuous matrix function

b(t) = B(t)d(t)B~[a(t)]. (32)

4Proposition 3.1 substitutes Proposition 2.1 in [12].
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We represent the function b(¢) in the form

b(t) = u(t)o(t), (33)

where
u(t) € CNT), max u(t), = < 1, (34
and v(t) is a continuous real-valued function on T such that
v(t)>6 >0, teT, (35)
() <1, j=1,s. (36)

Proceeding analogously as in the proof of Lemma 2.1 in [1], we construct a con-
tinuous real positive function f(t) by the following way

F(t) = vla1 ()] + vla—i (O)ofa—a ()] + - + [ ] vla—w(®)),

k=1
where a_1[a(t)] = t, a_i(t) = a—1[a—g+1(?)].
Taking into account (35) we have
i >
inf{f(t)} =2 6 > 0. (37)

Moreover, due to conditions (35) and (36) and known properties of a shift function
a(t) (see, for instance, Lemma 2, p. 28, in [7]; see also Lemma 2.2, p. 23, in [15]),
the following inequality is valid for a sufficiently large m:
v[ja—k(t)] < 1. (38)
k=1
With (38) we can show that

fla@®)] > f()v(t). (39)

Now we introduce the function (see, for instance, Chapter IV in [6]; see also

Chapter 4 in [20])
1
g@)exp{%ﬂéiizlnﬂﬂdt}.

The function g(z) is continuous on T, analytic on T, and satisfies the following
properties
a) |g(t)| = f(t), vt € T;
b) g(2) #0,Vz € TUT,;
¢) ¢(t) can be uniformly approximated on the closure of T by a polynomial of
a finite degree with any prescribed exactness € (see, for instance, Volume 3,
Section 12, pp. 97-100, in [18]; see also Section IV.E.1, p. 78, in [6]); due to
property b) all the zeros of this polynomial belong to T_. Let so(t) be such
a polynomial and € < §; therefore

l9(8) — so(t)] < & < 6. (40)
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Then we consider
s(t) = Epnso(t).
Taking into account (33), (34), (37), (39), (40) and the property a) above,
we can estimate the norm of the function s(¢)b(t)s~![a(t)]. We have

mas [[s()p(0)s~ ()], < 7 [[s0(0)(0)55 @O oy

Compare with (2.9), p. 6, in [1]; from here, doing exactly as in [1], pp. 6-7, we
obtain

max”s(t) (t)s 1[a ||2

Finally, recalling (32) and setting r(t) = s(¢)B(t), we obtain the inequality (29).
Moreover, the polynomial matrix r(t) = s(¢t)B(t) = E,so(t)B(t) satisfies the con-
dition (30) (recall (31) and the property c) above). O

Theorem 3.1. Let T, = I — cU,Py be the operator defined by (27), where
c € C"*™(T) satisfies the condition (28). Then the following estimate holds

dimker T, <(c),
where [(c) is the number defined by (13) for the matriz c.

Proof. According to Proposition 3.1, there exists a polynomial matrix r such that
the conditions (29) and (30) are verified for the matrix c¢. Taking into account
Theorem 2.2, the result follows. O

3.2. Case 2

Now we consider a linear fractional non-Carleman shift preserving the orientation

onT ,
at +

t) = , teT, 41

pe =y (41)

where a,b € C are such that |a|*> — |b|> = 1. This shift has two fixed points, 7
and 73 °, given by the formula
a—a++/(a+a)—4

1,2 = % .

Obviously 71 # 72 if |Rea| # 1.

5We note that in the case of a linear fractional shift with two fixed points, 71 and 72, the matrix
defined by (31) in the proof of Proposition 3.1 has the simple form

t— 1o t—m11
B(t) = Bx + B2 .
L — T2 T2 —T1
In the case of a linear fractional shift having one fixed point (11 = 72 if |Rea| = 1, as we see

below) the matrix defined by (31) is simply
B(t) = By € C™*™.

o
To this case corresponds the shift on the real line 8,(t) =t +p, t € R = RU {00}, p is a fixed
real number; the shift §,-(¢) has the only fixed point at infinity.
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The shift 8(t) admits the factorization
B(t) = B (O)tS- (1),

where
1 at+0b
= . B-(t) = :
bt+a t
We see that the functions Sy, 5;1 are analytic in T+ and continuous in the closure
of T, respectively.

For the linear fractional shift 5(t), it is convenient to consider the isometric
shift operator

B+(t)

(Usp)(t) = B+ ()l B(1)], (42)
because Up satisfies the additional property
UgS = SUg.
Then we consider the operator (1) (with w = 5)
Ty = I —cUsPy : L2(T) — L(T), (43)
where we suppose now that ¢ € C™*™(T) has the properties
ole(rj)] C T_, =12,
[e(75)] j (44)
detc(t) #0, VteT.

The non-singular continuous matrix function ¢ admits the factorization (22) in
L5*™(T) and (23) is assumed. Then we apply Theorem 2.3 to the operator (43);
this implies the estimate

dimkerTp < dimker(I — EU§1P+) + Z |71, (45)
;<0
where ¢ = cyc e (B21).
Now we analyze the operator I — EUg 'p,.

We note that the matrices ¢(t) and ¢~1(¢) are similar at the fixed points of
the shift; indeed at 7, j = 1,2,
c= c+cflc;1.
We have that o[e(7;)] € T—; then
ole™ ()] =ole(m)] C Ty, j=1,2,

Therefore the operator I — EUﬁ_ 1P, satisfies all the conditions of Theorem 3.1;
thus

dim ker(J — EU§1P+) <l(e).
Finally, with (45) we get the following estimate.
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Theorem 3.2. Let Tg = I — cUgPy be the operator defined by (43), where ¢ €
C™*"™(T) satisfies the conditions (44), (21), (22) and (23). Then the following
estimate holds

dimkerTp < I(¢) + Z E71R

;<0
where 1(¢) is the number defined by (13) for the matriz ¢ = c+cflc;1(5,1) and
»j € Z, j = 1,n are the partial indices of the matriz c.

3.3. The case of an operator with polynomial coefficient relative
to the shift operator

Let ind f denote the Cauchy index of a continuous function f € C(T), i.e.,

ind f = 217r{arg F@) eers
as usual, Ind K denotes the index of a Fredholm operator K, i.e.,
Ind K = dimker K — dim coker K.
Now we consider the SIO with shift of the form
Kg = AgPy + P_: Ly(T) — Lo(T), (46)
where

Ag =T+ aU}, (47)
i=1
a; € C(T), i = 1,n, and Upg is the shift operator defined by (42).
We define the nth degree polynomials

A6 =14 ailr))E, €eT, j=12, (48)
=1

where 7 and 79 are the fixed points of the linear fractional shift (.
The invertibility of the operator (47) implies (see Section 3.4.12, pp. 142-145,
in [7])

A;(€) £0, €€T, j=1,2, (49)
and the equality between the Cauchy indices of the polynomials A; and As
ind A; = ind Ay =: ind A, (50)
where “=:" means “we denote”. Therefore
0<indA <n.

Consider also the matrix operator
Ty = AgPy + P-: L3(T) — L3(T), (51)
with

A5:[+GU57 (52)
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where

ay as v Ap—1 Qn,
= . 53
“ < —Ln-1 O(nfl)xl ) ( )

Now we define the polynomials
Aj(€) = det[E, +a(r;)€], €€T, j=12

The invertibility of the operator (52) implies (see Section 3.4.1, pp. 118-120,

in [7])
A& #0, EeT, j=1.2
and the equality
ind /L = ind /Tg =:ind A.
Therefore
0<ind A <n.
We note that

Aj(€) =A4;), €eT, j=12 (54)
Then
ind A = ind A =: ind A.
Furthermore, denoting by A;(a, 7;), the eigenvalues of the matrices a(7;), j = 1,2,
and by &;(7;) the roots of the polynomials A;(¢), j = 1,2, we have that
N, m) = ~&(ry), i=1n, j=12,

7

taking into account equality (54). Therefore we note that ind A coincides with the
number of the roots of the polynomials A;(¢§), j = 1,2, that are situated inside
the unit disk, or, equivalently, with the eigenvalues of the matrices a(7;), j = 1,2,
that are situated outside the unit disk.

Analogously to the matrix case, the necessary and sufficient conditions of
invertibility for the operator (47), and so the Fredholmness conditions for the
operator (46), can not be expressed in an explicit form. In the two extreme cases,
these conditions can be written in a simple form (see Section 3.5.1, pp. 148-151,
in [7]):

Proposition 3.2. [7] Let Kg be the operator defined by (46), A; (&), be the polyno-
mials defined by (48) and let (49) and (50) be fulfilled. The following assertions
hold:

i) Ifind A = 0, then the operator Kg is Fredholm and
Ind Kg = 0.

ii) Ifind A = n and a,(t) # 0 for all t € T, then the operator Kg is Fredholm
and

Ind K5 = ind a,*.
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Remark. If n = 1, then the conditions i) and ii) of Proposition 3.2 are not only suf-
ficient but also necessary for the Fredholmness of the operator Kg. This particular
case is treated in Corollaries 4.3 and 4.4 below.

Then we can state the following results.

Theorem 3.3. Let K be the operator defined by (46), the conditions of Proposition
3.2 be satisfied and a be the matriz function defined by (53). If ind A = 0, then the
following estimate holds

dimker K3 < i(a),
where l(a) is the number defined by (13) for the matriz a.

Proof. Since ind A = 0, i.e., ola(r;)] C T4+, j = 1,2, we can apply Theorem 3.1
to the matrix operator defined by (51). Taking into account Proposition 2.4, the
result follows. O

Theorem 3.4. Let K be the operator defined by (46), the conditions of Proposition
3.2 be satisfied and a be the matriz function defined by (53). If ind A = n and
an(t) # 0 for all t € T, then the following estimate holds

dimker K3 < l(a) + Z EZR
;<0

1

where l(a) is the number defined by (13) for the matrizx @ = aya™ a;l(ﬂ,l), a+

and s; € Z, j = 1,n are the external factors and the partial indices, respectively,
of the factorization (22) of the matriz a, and (23) is fulfilled.

Proof. As a,(t) # 0, we have that deta(t) # 0 for all ¢ € T; then the continuous
matrix function a admits the factorization (22).

Since ind A = n, i.e., ola(r;)] C T, j = 1,2, we can apply Theorem 3.2 to
the matrix operator defined by (51). With Proposition 2.4 we are done. g

Corollary 3.1. Let the conditions of Theorem 3.4 be satisfied; if n = 2, then the
following estimate holds

dimker K3 < I(@) + max(0, — ind az).

Proof. If n = 2 the matrix a has the form
_ a1 a9
(o),
0 1 A 0 .
1 0 ar —1
The partial indices s 2 of the factorization

al =byAb_,

We compute
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are equal to indag and 0 if indas < 1 (see pp. 147-148 in [17]). Obviously the
partial indices of the factorization

a=a_Aay,

are the same. Therefore negative partial indices are possible only if ind as < 0 and
it follows the result. O

4. On the scalar case

4.1. The case of a general shift

Let us formulate the obtained results for the operator (3) in the scalar case:
Te =1—cUcPy : Ly(T) — Lo(T). (55)

Corollary 4.1. Let Ty be the operator defined by (55); if there exists a polynomial
r of degree m, with zeros in T_,

s

rt)=1[E=2), Ml >1, k=1,m,

k=1
such that
[r@)e®)r[C@)]] <1, VteT, (56)
then
dimker Ty < m.
Proof. Follows from Theorem 2.2 with n = 1. (I

Now we consider the operator (20) in the scalar case:
T, =1—cU,Py : Lo(T) — Lo(T), (57)
where ¢ € C(T) has the property
c(t) #0, vteT. (58)
The continuous function ¢ admits the factorization in Lo(T)
c=c_t"cy, (59)
where
e Ly(T), ' e Li(T), »=inde.
It is assumed that
e (). (60)

Suppose that a polynomial matrix r, satisfying the condition (56) for the function
¢ and the shift 7, does not exist, but there exists such one that (56) holds for the
function ¢ = c+cflc;1(n_1). In this case we can state the following result.
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Corollary 4.2. Let T), be the operator defined by (57). Then the following estimate
holds

dimker T}, < m + max(0, —ind c),

where m is the degree of the polynomial r defined in Corollary 4.1 for the function
c= c+cflc;1(n,1) and ind ¢ is the Cauchy index of the function c.

Proof. Follows from Theorem 2.4 with n = 1. (I

4.2. The case of a non-Carleman shift
Consider the operator (27) on Lo(T), with ¢ € C(T),
To =1 — cUnPs. (61)
Corollary 4.3. For every continuous function ¢ € C(T) such that
le(j)l <1, j=15,

there exists a polynomial v of degree m, with zeros in T_,

rt)= [Tt =2 IAl>1, k=1,m,
k=1
such that
|T(t)C(t)7’_1[a(t)]| <1, VteT. (62)
Moreover

dimker T, < m,

where Ty, is the operator defined by (61).

Proof. [1]; follows from Theorem 3.1 with n = 1. O

Now consider the operator (43) on Lo(T),
Ty =1—cUsPy, (63)
where ¢ € C(T) satisfies the properties (58), (59), (60) and
le(r;)| >1, j=1,2.

Corollary 4.4. Let T be the operator defined by (63). Then the following estimate
holds

dimker Ty < m + max(0, — ind ¢),

where m is the degree of the polynomial r defined in Corollary 4.3 for the function
c= c+c_lcjrl(ﬂ,1) and ind ¢ is the Cauchy index of the function c.

Proof. Follows from Theorem 3.2 with n = 1. O
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4.3. Two examples

Example 1. Let us consider the following shift, a rotation on the unit circle,
v(t) =€, 6eco,2n], tecT.

6 6
Note that, if 5 € Q, then ~ is a Carleman shift, and if 5 € R\ Q, then v is a
T T

non-Carleman shift with an empty set of periodic points (a so-called ergodic shift).
The corresponding isometric shift operator is defined as follows

(U,0)(8) = o(eD).
Then we consider the SIO with shift on Ly(T), with ¢ € C(T),
T, =1—cU,P;. (64)
We recall the inequality (56)

r(t)et)r™ y(®)]] < 1,

e(®)] < |r Ol ®)] & e < [ @] =
o <|11 MM et < 11 o
Let
t=e® =cosx+isinz, x€]—mm,
and

Ae = pre'?" = prcosp +ippsing, ppr>1, ¢p €] —m7], k=1m.

Then we have

izy |2
le(e™)|” < T v(@, pr on), (65)
k=1
where we denote
1+ p? —2pg cos(z + 0 — o)
1+ p? — 2pi, cos(x — ¢p)

y($7 Pk, on) =
From Corollary 4.1 we can state

Corollary 4.5. Let T, be the operator defined by (64) and the conditions above be
satisfied. If there exist numbers

Pk, Pk - ,Dk>17 Pk 6}77"771-}7 k:17m7
such that the inequality (65) is fulfilled for all x €] — 7, 7], then

dimker %, < m.
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Suppose now that the function ¢ € C(T) satisfies the properties (58), (59)
and (60) and that the inequality (65) does not hold for the function ¢, but it is
fulfilled for the function ¢ = cyc™ el (v-1), Le.,

et )[* < TT (. v on). (66)
k=1

With Corollary 4.2, we can write

Corollary 4.6. Let T, be the operator defined by (64), where ¢ € C(T) satisfies the
properties (58), (59) and (60). If there exist numbers

Pk, Pk : Pk>17 Pk E}—’RH’TTL k:17m7
such that the inequality (66) is fulfilled for all x €] — m, 7], then
dimker T, < m + max(0, —ind ¢),

where ind ¢ is the Cauchy index of the function c.

Remark. As an illustrative example, let us consider r a first degree polynomial
and analyze the function |r=!(¢)r[y(t)]|. By Ipq, p,q = 0,1,2, we will denote the
length of the arc I'p4; we have that

v%wrh@ny{

<1, teTy
>1, teTy

where
PipUl' =T, I'ip=1I2 =m.
For instance, consider # = 1 and the function y;(z) = y(x;10;0), © €] — m,7);
we have that y1(—0,5) = y1(—0,5 4+ w) = 1, the minimum of y; is 0,824 (for
x = —1,821) and the maximum is 1,213 (for x = 1, 321).
So, given a function ¢ € C(T), coefficient of the operator defined by (64),
with
<1l, teln
t)| = o UTlge =T
e ={ S7 S TwUTe-T,
if g1 > [g2, we should try to apply Corollary 4.5, and, if I'g; < g2, the Corollary
4.6. Note that if I'g; = T, then dimkerT’, = 0 and the operator T is invertible.

Example 2. Let us recall the linear fractional non-Carleman shift defined by (41)
(see Section 3.2)

at+b

Bt) = :

bt +a

where a,b € C: |a]> = |b* =1, a = |a| e, b= |b| €™, pu,v €] — 7, 7]; this shift has
two fixed points, 71 and 7o. The associated shift operator is defined by (42)

U =, , el

eT

7
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Consider the SIO with shift on Lo(T),
Tg =1- CU5P+, (67)

where ¢ € C(T) is such that |¢(7;)] < 1, j =1, 2.
Proceeding analogously to that we did in the previous example, from the
inequality (62)
[r(t)e(t)r B <1,

we have
2 1 2 2 m | B(t) = Ae|?
e < [t OrBOI" = le@)” <], _, Pl
We set _
t=¢€" =cosx+isinz, =x€]—m7, 7,
and
Ak = pre'?* = ppcos o +ipsings, pr>1, @p€l—ma], k=1m.
Then
lete™)[* < TT_, 2@ o 00), (68)
where we denote
A
2(z, pry 1) = B’

A= (Ut pd)llal? + 16+ 2]al b cos( + i — )] — 2
x [2|a] [b] cos(r — i — v) + |a|® cos(z — or + 2u) + |b]? cos(z + or — 20)],

B = [L+ pj, = 2pg cos(x — gp)][Jal* + |b|* + 2al [b] cos(z + u — v)].
From Corollary 4.3 we can state
Corollary 4.7. For every continuous function ¢ € C(T) such that

e <1, j=12,
there exist numbers
Pkt pe>1, pp €l —ma], k=1m,
such that the inequality (68) is fulfilled for all x €] — m,7]. Moreover
dimker T, < m, (69)

where Ty is the operator defined by (67).

Suppose now that the function ¢ € C(T) satisfies the properties (58), (59),
(60) and

le(m)I>1, j=1,2 (70)
Corollary 4.4 and the considerations above yield the inequality
~ ixzy|2 m
jce)|” < TI,_, 2@ prson), (71)

where ¢ = cyc e (B21).
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Therefore we can write

Corollary 4.8. Let T be the operator defined by (67), where ¢ € C(T) satisfies the
properties (58), (59), (60) and (70). Then there exist numbers

Pks Pk : Pk>17 Pk E}—’RH’TTL k:17m7
such that the inequality (71) is fulfilled for all x €] — 7, 7]. Moreover
dimker Ty < m + max(0, — ind ¢),

where ind ¢ is the Cauchy index of the function c.

Remark. Again, as an illustrative example, consider the particular linear fractional
non-Carleman shift

2t+1
sy =Vl o
t+/2
which has two fixed points 71 = 1 and 7 = —1. The associated shift operator is
given by
1 V2t +1
U t = )
W) =, | o¥ < t+\/2>

and consider the SIO with shift on Lo(T),
Ts = I — cUsPy,

where ¢ € C(T) is such that |¢(7;)] < 1,5 =1,2.
The function z in the inequality (68) is given by

(@, pr, i)
(14 p2)(3+2v2cosx) — 2px[2v/2 cos py + 2 cos(x — i) + cos(x + px)]
[1+ p? — 2pj cos(z — )] (3 + 2v/2 cos x)

For instance, consider the function z1 (z) = z(x; 1,1; =), €] —7, w; note that the
minimum of z; is 1 (at the fixed points of the shift: 71 2 = +1 <+ = 0, £7). Then,
given a function ¢ € C(T), coefficient of the operator defined by (67), satisfying the
conditions of Corollary 4.7, we can simply take a power m of the function z;, such
that the inequality (68) holds. Evidently to get the best (optimal) estimate (69)
we have to carefully choose the functions z(x, px, @r), i.e., the roots Ay = pret#*
of the polynomial r. In [19] we constructed some examples which illustrate and
show that the estimate (69), in a certain sense, is sharp.
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Inequalities Against Equations?

Alois Kufner

Dedicated to Professor Anténio Ferreira dos Santos

Abstract. The close connection between equations and inequalities will be
illustrated on the example of the Hardy inequality.

Mathematics Subject Classification (2010). Primary 26D10; Secondary 26D15.

Keywords. Friedrichs’ inequality, Hardy’s inequality, Sturm-Liouville prob-
lem, spectral properties, variational eigenvalues.

1. No doubt, that there is a close, friendly and fruitful connection between (dif-
ferential) equations and (integral) inequalities. Here, we want to show, on some
simple examples, the symbiosis of these two phenomena and the way

(A) from inequalities to equations
and, vice versa,

(B) from equations to inequalities.

2. Everyone, who is dealing with differential equations, will need, after some
time, an appropriate inequality. Let us quote G.H. Hardy, who at his election for
President of the London Mathematical Society in 1926 told:

“All analysts spend half their time hunting through the literature for in-
equalities which they want to use and cannot prove.”

Example 1. The Friedrichs inequality
[ 1@k < ¢ [ 195 0
Q Q

with © a domain in RY holds for all functions f € C$°(£2) and is closely connected
with the spectral problem for the Laplace operator A:

—Af=\fonQ (2)

The author was supported by RVO: 67985840.
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with homogeneous Dirichlet boundary condition: The (best) constant C' in (1)
depends on ) and gives a lower bound for the spectrum,
1

A>
- C

This example illustrates the way (A): inequality (1) allows to describe the
properties of the solution of equation (2).

3. As far as concerns the opposite way (B), many inequalities can be formulated
as extrema of some functionals, e.g., of the type

b
ﬂw:/Fw%wm, 3)

which leads to the solution of a differential equation, namely the Euler-Lagrange
equation

oF d (OF

oy  dx (8y’ )
Even in the famous book “Inequalities” [1], there is a chapter entitled “Some

Applications of the Calculus of Variations”. The following example is taken from
this book.

Example 2. The inequality
1 92 1
/ Y (21:) dz < C’/ y'?(x)dz (4)
o T 0

can be investigated via the infimum of the functional
1 2
10 = [ e =" s
0

i.e., of the functional J from (3) with F(z,y,y") = Cy'? — zz, C > 4, for functions
y such that y’ € L?(0,1), y(0) = 0, y(1) = 1. The corresponding Euler-Lagrange
equation,

1
2+ Ay =0, A=
7Y+ Ay ) ok

has only one solution (up to a multiple constant), satisfying the conditions, namely

1 1 4
Y = g2te = \/]_
(z) =227, a 2 C

(since the second solution, Z(z) = z2~%, does not satisfy Z’' € L2(0,1)). We can

easily show that J(Y) = | %, , and

J(y) = /O1 (C’y'2 - yQ)d:z: > J(Y) >0

x2

implies (4).
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4. Here, we want to illustrate the connection between equations and inequalities
on the N-dimensional Hardy inequality

(f |f<m>|%<x>dx)l/q <of [ |Vf(a?)pv(a:)da:>1/p -

with Q C RY for functions f € C§°(£2); here the parameters p, g satisfy 1 < p,q <
00, and u = u(z), v = v(x) are appropriate weight functions, positive a.e. in Q.

Let us consider the spectral problem
—div(|VfIP2Vf-v) = N f]9%fu on Q (6)

with homogeneous Dirichlet boundary conditions on the boundary 902 of 2. As-
sume that there exists a weak solution of this problem, i.e., a function f on §2 such
that Vf € LP(Q,v) and that the integral identity

/ VP2V fuVgds = )\/ |f1972 fugdx
Q

holds for every g € C§°(Q2). If we choose g = f we obtain that

/|Vf|pvdxf /\f|qud:z:

and the Hardy inequality implies

a/p
/|Vf|pvdx§/\0q</ |Vf|pvd:1:) .
Q Q

If we take ¢ = p (or consider “normalized” functions f, i.e., such that
Jo IV f|Pvdz = 1), we obtain finally that

1
A>
ce
This allows to formulate the following proposition: If the Hardy inequality (5) for
p = q holds, then the spectrum of the boundary value problem (6) is bounded from

below.

Remark 1. This proposition is in accordance with the result from Example 1,
where the case p = ¢ = 2, u(xz) = v(x) = 1 was considered.

5. Much more information we can obtain, if we consider the one-dimensional case.
The analogue of the Hardy inequality (5) for the case N =1, Q = (a,b) reads

([ 1) e o [ @) ”p. -

We will consider this inequality for functions f € AC(a,b), for which it is [| /'[P, :=
f |/ (z)|Pv(z)dx < oo and which satisfy f(a) = 0. This set of functions, normed
by || f'|lp.0; will be denoted W, (a, b;v) and called a weighted Sobolev space.
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Let us recall (for details see, e.g., [2]) that the Hardy inequality (7) holds for
all f € W;}P(a,b;v) and for 1 < p < ¢ < oo if and only if

sup Ap(z) < oo (8)
z€(a,b)
where
b 1/q x , 1/p’
Ay (z) = </ u(t)dt> (/ v (t)dt) 9)
with p’ = pfl.

Inequality (7) tells that the imbedding of the weighted Sobolev space
I/I/Ll’p(a7 b;v) into the weighted Lebesgue space Li(a,b;u) is continuous,

Wé’p(a, b;v) < Li(a,b;u), (10)
if and only if, for 1 < p < ¢ < oo, condition (8) is satisfied. Moreover, the
imbedding (10) is compact if and only if, in addition, the conditions

a:l—i}gl-l- A]W (37) - a:li>Ill;l— AM (37) =0 (11)
are satisfied.

6. The connection between the Hardy inequality (7) and some differential equation
has been investigated by P.R. Beesack [3] (for 1 < p < ¢ < o0) and G.A. Tomaselli
[4] (for p = q). The corresponding result, whose proof can be found in [5, Theo-
rem 4.1], reads:

Theorem 2. Let be 1 < p < q < 00, u and v weights, v € AC(a,b), [7 1P (b)dt <
oo for x € (a,b). Then the Hardy inequality (7) holds for every f € WLl’p(a,b;v)
if and only if there is a number A > 0 such that the differential equation

di {”q/p(m)(ji)q/pl} + Mu(z)y " (z) = 0 (12)

has a solution y satisfying
y' € AC(a,b), y(x) >0, y'(x) > 0 for x € (a,b).

Now, let us denote, for s € R and r > 1,
br(s) := |s|""%s = |s|""'sgns.
We will consider the equation
—(0(@), (' (2)))' = (@) (y(x)) on (a,b) (13)
with homogeneous Dirichlet boundary conditions.
Definition 3. Equation (13) is for p,q # 2 nonlinear. For p = ¢ (# 2) it is called
halflinear, since it is homogeneous (with y, also cy is a solution) but not addi-

tive. — We say that equation (13) (or its eigenvalue A\) has the BD-property, if the
spectrum is bounded from below and discrete.
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Remark 4. Similarly as in the N-dimensional case (see Section 4 above) we can
show that the validity of the Hardy inequality (7) implies (in the case p = q) that
A> C}p, i.e., the boundedness of the spectrum from below. But in some cases, the
validity of the Hardy inequality is not only sufficient, but also necessary. Let us give

some examples, which show, what is necessary and sufficient for the BD-property.

Example 3. (i) In the paper of I.S. Kac and M.G. Krein [6] it was shown, that the
spectrum of the initial value problem

—y" = Ap(x)y, y(0) =0, ¥'(0) =1, z € (0,00) (14)

is bounded from below if there exists a constant C( such that

A(z) = :z:/ p(t)dt < Cy for every z € (0,00) (15)
(with lower bound 1/(4C))), and it is discrete if and only if
Ilgglo A(z) = 0. (16)

In this case, we have the equation (13) with (a,b) = (0,00), p = ¢ = 2,
v(z) = 1 and u(z) = p(x), and the function A(z) from (15) is the square of the
function Aps(x) from (9). Hence, we see that in this case the spectrum of (14) has
the BD-property if and only if the corresponding imbedding, realized by the Hardy
inequality, is compact. (Note that (16) is one of the conditions (11); the second is
satisfied automatically, if we suppose p € L(0,00).)

(ii) If we consider the Hardy inequality (7) for functions f which satisfy f(b) =0,
we have to replace the function Aps(x) from (9) by

At (@) = ( / zu(t)dt>1/q< /w bvl_p/(t)dt>1/p/ (17)

and replace Ay by Ay also in the criteria (8) and (11) of the continuity and
compactness, respectively, of the corresponding imbedding.

For the spectral problem
—(v(z)y') = My(z), z € (0,00), y(oo) =0, (18)

we have again equation (13) with (a,b) = (0,00), p = ¢ =2, u(xz) =1, and

~ B © 1
Az (z) = x/x o(t) dt.

Several authors have shown that the condition

* 1
lim m/ dt =0 (19)

T—00

is necessary and sufficient for the spectrum of (18) to have the BD-property.
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If we formulate the conjecture, that for the case p = q, the spectrum of the
halflinear equation (13) has the BD-property if and only if the corresponding imbed-
ding, described by the Hardy inequality, is compact, then the foregoing examples
confirm that this conjecture is true for p = 2.

7. The foregoing conjecture was confirmed for p > 1 in the following theorem,
which is in fact an extension of the Sturm-Liouville theory from the linear to the
halflinear case.

Theorem 5 (P. Drabek, A. Kufner [7]). Let us consider equation (13) on (0,00)
for p = q > 1 with boundary conditions y'(0) = 0, y(co) = 0 and with u(z) and
v(z) positive and continuous on [0, 00). Suppose that the function Ap(z) from (17)
satisfies

lim Ay (z) =0. (20)
Tr—r00
Then the set of all eigenvalues forms an increasing sequence {\,}°2, such that
A1 >0 and lim A\, = co. Every eigenvalue A\, is simple and the eigenfunction yy,

n—oo
corresponding to A, has exactly n — 1 zeros in (0,00). In particular, y1 does not

change sign in (0,00) and for n > 3, between two consecutive zeros of yn—1 there
is exactly one zero of yy,.

Remark 6. Note that condition (20) guarantees the compactness of the corre-
sponding imbedding. If condition (20) is violated, then examples show that there

is either no eigenvalue at all, or (if Apr(x) is bounded) we have a continuum of
eigenvalues, and the spectrum is bounded from below but not discrete.

Remark 7 (the case p # gq). By our knowledge, there is no analogous result
concerning the BD-property in connection with the Hardy inequality for nonlinear
equations.

Remark 8 (the higher-order case). There are also results about the BD-property
for higher-order differential equations. For example, in R.T. Lewis [8] it is shown
that the condition

T—00

<1
lim x%—l/ dt =0 (21)
x
is necessary and sufficient for the equation

(=)™ (w(2)y"™ (@)™ = Ay(z) on (0,00)
to have the BD-property. [Notice, that the special case n = 1 was considered in
Example 3 (ii) — see (18) and (19).]
This result is connected with the higher-order Hardy inequality

( /blf(x)qu(x)dx> <o / IO @) Po(a)d )/

Condition (21) guarantees (in the case (a,b) = (0,00), p = ¢ = 2 and u(z) = 1)
the compactness of the corresponding 1mbedd1ng.
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Remark 9 (the N-dimensional case). For the case N > 2, there are not simple
general criteria of the validity of the Hardy inequality (5). But we have a result
analogous to Theorem 1, even for the more general extended (nonisotropic) Hardy

inequality
(/Q |f(x)|qu(at)dx) 1 . C(Z/ ‘aml )dx) 1/p. o)

Inequality (22) holds for f € C§°(Q2) and for p = q, if there exists a solution y of
the partial diﬁerential equation

*Z ( ai

suchthaty;éo, Ba: #0 a.e. in .

e ) = ul@ly@P ) @9

Equation (23) can be considered as the Euler-Lagrange equation for the

functional
= [ (ol

(For details, see [5, Section 14.1].)

- |y|pu> dx.
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C*-Algebra Generated by Mapping
Which Has Finite Orbits

Alla Kuznetsova

Abstract. We consider the C*-subalgebra of the algebra of all bounded oper-
ators on Hilbert space of square-summable functions on some countable set.
The algebra being investigated is generated by a family of partial isometries.
These isometries satisfy the relations defined by a preassigned mapping on the
set. It is assumed that the mapping has elements with finite orbits. Under this
assumption the algebra we consider contains the subalgebra of compact oper-
ators and its quotient algebra is Z-graded. We consider the covariant system
associated with the quotient algebra and construct the conditional expecta-
tion onto the fixed point subalgebra. We prove that the quotient algebra is
nuclear and so is the algebra generated by mapping.

Mathematics Subject Classification (2010). Primary 46L99.

Keywords. C*-algebra, partial isometry, conditional expectation, covariant
system.

Introduction

In this paper we continue to investigate the algebra C7(X) which was introduced
in [7, 8]. The algebra is generated by finite or countable family of partial isometries
{Uy}. These are defined by the given mapping ¢ : X — X. In a simplest case
when ¢ is injection (not bijection) the C;(X) is isomorphic to the Toeplitz algebra.

Cuntz in [1] first considered the algebra 9, generated by a finite family
of noncommuting isometries Uy, Us, ..., U, whose range projections are summed
to the identity. Later in some papers (for instance, see [2]-[6]) authors regarded
the C*-algebras generated by different families of partial isometries whose range
and initial projections satisfy a specified set of conditions. The classical examples
of such algebras are given by the Cuntz—Krieger algebra [3] and Cuntz—Pimsner
algebra [4, 5].

Research partially supported by RFBR grant No 12-01-97016.
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In papers [7, 8] it was proposed the construction of C*-algebra C7;(X) gener-
ated by a finite family of partial isometries {U}7", (or by generator Ty, which is
a linear combination of these isometries). Their range and initial projections are
summed to the noncommuting projections defined by a preassigned mapping ¢ on
a countable set X.

Algebra C7,(X) generated by a countable family of partial isometries {Uy }72,
was considered in [11].

In [12] it was proposed the construction of C*-algebra 91,. The last is gen-
erated by a family of partial isometries {Uy}72 ; satisfying the same relations and
the multiplier algebra on ?(X).

In these papers the requirement on ¢ was that there is no element in X
with finite orbit. All analyzed C*-algebras are nuclear and Z-graded with AF-
subalgebra responding to zero.

In this paper the mapping ¢ need not satisfy the above-mentioned assump-
tion. We show that in general case C7;(X) is still nuclear and has nontrivial AF-
subalgebra but it is not Z-graded.

The paper is organized as follows. Section 1 is intended to give the main
notations and terminology. We briefly sketch the properties of the operator T,
and define C;(X). For the proofs we refer the reader to [8], [10], [11].

In Section 2 it is shown that C(X) contains the subalgebra of compact
operators. For the quotient algebra €7, we introduce the notion of monomial and
its index.

Section 3 is devoted to the study of structure of €7,. The last is Z-graded with
AF-subalgebra responding to zero. Also we construct the conditional expectation
to AF-subalgebra.

In Section 4 we consider the circle action on €. We prove that €7 is nuclear
and so is C(X).

1. The necessary information

Let ¢ : X — X be a mapping of a countable set X into itself. We will denote by
E, the preimage of the element y ({x € X : ¢(x) = y}). Let v(y) = card E,,. We
call an element y € X @-initial (initial for short) if v(y) = 0. We call an element
y € X -cyclic (cyclic for short) if there is an n € N such that " (y) = y.

The family of functions {e;},.y on X such that e;(y) = s, (0zy is the
Kronecker delta), forms an orthonormal basis in Hilbert space I>(X) = {f: X —
C: ¥ |f(@)]* < oo}

zeX
Mapping ¢ induces a mapping

T<P : {ez}xeX — {%}a:ex

given by Ti,e; = ey (y)- This mapping can be extended to a bounded linear operator
on [*(X) (we denote it by T}, again) if and only if the cardinalities of preimages
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are bounded in common under the action of mapping ¢, (T, f)(y) = > f(z). If
z€Ey,

this is not the case and the preimage’s cardinality is only bounded then T, can be
extended to a closed operator on [?(X). The algebras associated with mapping in
the latter case were considered in [11].
Represent X as the union of the disjoint sets X = {y € X : v(y) = k},
we suppose sup v(y) = m < oo. Correspondingly, the Hilbert space [2(X) can
yeX

be represented as the direct sum of pairwise orthogonal Hilbert spaces 12(Xy),
0 <k <m. If X}, = 0 we suppose I*(X},) = {0}. Note that T, T f = kf for every

[ € 1>(Xy). Therefore, T,T% = & kPy, where Py is the projection from [2(X)
k=1

onto 12(Xy).

Similarly, [?(X) can be represented as the direct sum of %, where
i ={f € P(X) : T}T,f = kf}if 1 <k < m. In case k = 0 the subspace I3
is defined as the orthogonal complement to all other [Z. It follows that T, oLy =
& kQp, where Qy is the projection from [?(X) onto 3.
p=1

The family of functions {e;},ex, forms an orthogonal basis in the subspace

I2(X) and the family of {g,}yex,, 9y = \}k > e, does so for 3.
T€Ey

Introduce the operator of partial isometry Uy, k # 0, by setting Uy =
! T, Py. It can be easily checked that

Vk
e if ye Xy
U _ Y 9
k9y { 0, if y¢ Xs

gy, iy € Xy

Hence U,:ey:{ 0. if yé Xp

and T, = Uy + VoUy + -+ + vmU,,. Note that the family of partially isometric
operators {U}} satisfies the relations:

UU +UUs+ -+ U U =Q1+ Q2+ -+ Qm = Q;

Let C (X) be the uniformly closed subalgebra of the algebra of all bounded
operators on [2(X) generated by the operator T, Since the spectra of the operators
T,T7 and TZT, are finite sets, we conclude that operators P, and @ belong to
C(X) as well as the operator Uy. Therefore the C*-algebra C;(X) is generated
by the family of partial isometries {Up}}" ;.

We call an element from {Up}ir, U {Uf}7, the primary monomial. We
define -1 (or 1) to be the index of primary monomial which is an element of the
set {Up}i, (or {U;f},). We call V the monomial if it is any finite product
of primary monomials not identically zero. Clearly, the same monomial can have
different representations. We denote by d (V') the length of V' — the least quantity
of monomials in its representation.

Let {V'} be the family of all monomials of C7,(X). We can assume that {V'}
contains zero monomial, then {V'} is an involutive semigroup with zero element.



232 A. Kuznetsova

We call the elements z1, zo2 € X @-equivalent (equivalent for short) in the
kth-order if @F(z1) = ©¥(x2) = y. Let Ef = {z € X : ¢F(2) = y}, where k =
0,1,2,.... We assume E) = {y} and E} = E,. Since card E, <m, card Ef <m*
and if y; # yo, then E;jl N E{jz = (). Therefore, the Hilbert space [?(X) can be
represented as a direct sum of l2(E5) for each fixed &,

=P (E.

yeX

The lemma below was proved in [10]. It is still true for mapping with cyclic
elements (or elements with finite orbits) and will be useful later on. For this purpose
we adduce it in this paper.

Lemma 1.1. Assume that the monomial V' can be represented as a product of s
factors from the set {Up}pty and 1 factors from the set {U;}7"q. Then V maps
the subspace I>(E}) into lQ(E;j st for each k > s and Ve, is contained in the

Hilbert space lQ(Ekj(ly))

Proof. Let Upe, # 0 for some e, from l2(E?’j). Hence Uye, = \} €p(z)- Since
S E;j, we conclude that ¢(z) € El’j_l and U, maps lQ(E?’j) into l2(E?’JC b for all
p = 1,m. Similarly, Uje, = g, € [*(E}*!) if Uje, does not vanish, hence U} maps
12(EF) into [?(EFT!) for all p = 1,m.

Thus, if the monomial V' consists of s factors from {U,}7"; and [ factors
from {U;}r,, then it maps the subspace (*(EF) into I>(E}~5*!). To complete
the proof, note that from the definition of the set E;j it follows that the space
I?(EE~#*!) is the subspace of ZQ(EZj(ly)). Hence Ve, belongs to lQ(EZ*'(ly)) O

Let the monomial V' can be represented as a product of s; factors from the set
{Up}pq and 1y factors from the set {U,};L; as well as sy factors from {U,}7"
and [y factors {U,};L;. By Lemma 1.1, V moves the subspace lQ(E;j) into the
subspace [>(E}~51%11) as well as into [?(E}~*2+2) If there is no element with
finite orbit it immediately follows that —s; + 13 = —s2 + Is.

The indexr of monomial V| denoted by ind V, is defined to be the sum of
indices of primary monomials participating in it’s representation. In a case of
absence of cyclic elements Cj(X) can be graded over the index of monomial.
The subalgebra responding to zero (generated by monomials of zero index) is an
AF-algebra. One can imbed the unit circle into the group of automorphisms of
C%(X), thus there is a covariant system (C(X), ', x), in addition the fixed point
subalgebra is an AF-algebra. The reader can find the detailed presentation of these
results in [9, 10].

The purpose of the present work is to show that C7(X) is a nuclear C*-
algebra with nontrivial AF-subalgebra in case of mapping with cyclic elements,
and there is a covariant system associated with the last-mentioned mapping.
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2. Monomials in Q:*cp

Let ¢ : X — X be a mapping with cyclic element zg, i.e. ¢"(zg) = x for some
n > 1. We will denote by I'y, the orbit of the element xg. Let us associate the
oriented graph (X, ) with vertices in the points of X and edges (x, p(z)) with
a fixed mapping on the set. Without loss of generality we can assume (X, ¢) to
be connected (if it is not the case all arguments below are true for its connected
components). Therefore any two cyclic elements are in T',,.

The problem is that there may be a monomial V', which has two repre-
sentations: V. = U; Uj,...U; ; V. = U U ... Uj, where U; and U] are from

1)

P !
{Upt, U{U I, and ;::1 indU; # Sgl indU;". Hence in general case C5(X) is

not Z-graded.

Lemma 2.1. Let Vi be a monomial such that two representations exist: Vo =
P l

U]'-IUJ’-Q...U]'-p; Vo = USUL ... U, and Zl indU; # Zl indU;". Then Vj is an
S= s=

operator of finite rank.

Proof. Let us denote by n’ (n”) the number of elements from the set {Uy}, par-
ticipating in representation Vy and by m’ (m’) the ones from {U}}7* | correspond-
ingly. Note that m' —n’ #m” —n". Let F ={x € X : ¢"(z) € Ty, where r=
1+1+p+-cardly, }. It is obvious that F is a finite set. Consider the action of Vj on
ey for an arbitrary y from X \ F'. By Lemma 1.1, Ve, belongs to the Hilbert space

2(E™, ) aswell as to 2(E™,, ). But E™, NE™, ={since Vye, =0 for
o™ (v) e (y) o™ (v) e (y)
every y from X \ F. Therefore Vj is an operator of finite rank. O

From Lemma 2.1 it follows that if the cyclic elements exist, then semigroup
{V'} contains nontrivial subsemigroup of compact monomials {Vp}. Let {Vins} =

{Vi\{V}-

Corollary 2.2. Let monomial V' from {Vine} can be represented as
V=U,U,...Uj aswellas V=UU;..Uj.
k !

Then 3~ indU; = 3~ indU;’.

s=1 i s=1 °

Thus we can define the index of monomials from {Vi,¢}. Similarly to section
1 the index of V' € {Vint}, denoted by ind V, is defined to be the sum of indices of
primary monomials participating in it’s representation.

Let Fiy denote the set {x € X : pV(x) € Ty, }. It is obvious that Fyy is finite
and Fy C Fn41. There is no cyclic element in the set Xy = X \ Fiy for every N,
and for every V € {Viyr} and N there exists an x in Xy with Ve, # 0 (otherwise
V is a compact operator).

Let Py be a projection from [?(X) onto [?(Fy). Let us show that Py belongs
to O (X).
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Let Vo € {Vb}. Then the self-adjoint operator V,V; is diagonable hence
C;(X ) contains the finite-dimensional projections. Suppose Py is one of these pro-

jections. Consider the action of the operator PfT;k on [?(T',). By the properties
of T it is obvious that one can select such a k that

PiTi e, =0, if e, ¢ Ty, and PyT3 e, #0, if ey € Iy

One can check at once that the self-adjoint operator TWkaPfT;k = TS(,kaT;’C
moves the space 12(I'z,) = [2(Fp) onto itself. Therefore there is projection Py €
Ci(X).

©

Now consider the operator T.7Py. By construction
T;Po: 1*(Dyy) — P(FY).

Similarly we consider the operator T3 PyT;, and obtain projection P;. Continuing
in the same manner we deduce that projection Py belongs to C:,(X ) (and so
does Px).

Let V7 and V5 be monomials from {Viys} of different indices with length s
and n correspondingly. If we assume y € X to be an element with the property
©**"(y) € Xn,,, then, by Lemma 1.1,

(‘/163;7 V2€y) = O

The following assertion will be useful later on. Let B be a non compact
bounded operator on Hilbert space H and H,, be a finite-dimensional subspace of
the last generated by the vectors ey, ea, ..., e, of orthonormal basis {e;}$2; in H.
Then H = H,, ® H;- and

lim [P, BP; || > 0,
n— oo
the projection P;- : H — H;- here being orthogonal to P, : H — H,, (P;- +

Pn=1).
One can represent the operator B in a form

B = P,BP,, + PyBP; + Py BP, + Py BP;.
The first three are compact operators in contrast to the forth, therefore we deduce

lim ||B — P, BP,, + PnBP;- +PrBP,| =6 > 0.

n— oo

Corollary 2.3. Let Vi and Vo be monomials from {Vins} of different indices. Then
Vi — V5 is not a compact operator.

By Lemma 2.1 it follows that C7(X) contains the compact operators. Let
J, be an ideal of compact operators. If C7;(X) is irreducible then J, coincides
with K (I(X)) — the set of all compact operators on [?(X). In general case J, =
K(I*(X))NC}(X). Throughout the paper, K denotes a compact operator in

Cy(X).
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We denote by €7 the quotient algebra of C7;(X) over J,,. The image of partial
isometry U under the canonical mapping

Co(X) — &

will be denoted by Wj,. It is obvious that the images of some partial isometries can
be zero. Let {W;}icr (I is a subset of integers from 1 to m depending on mapping
) be non zero images of operators {U;}7 . Since W; W/ is an image of projection
P; not equal to zero and under the canonical mapping the projection is moved
either into zero or into projection, then W;W; is a projection in €, hence the
family {W;}ier is the family of partial isometries which generates the C*-algebra
€, (because the family {U;}/"; generates Cj(X)).

As before, we will call the finite product of elements from {W; };ie1 U{W; }icr
the monomial. The family {W} of all monomials in €7, together with zero monomial
forms the involutive semigroup {W} with zero element.

The index of monomial W = W; W[ ... W] is defined to be the number

k
indW = Z indWj , where indW; ==£1,

s=1
in accordance with W]fs being from {W;};cr or {W;}ier correspondingly.

Lemma 2.4. The index of monomial W does not depend on its representation as
a product.

Proof. Assume this is not the case. We consider the monomial W to have the
representation

W=W W, .. W, aswellas W=W W, . W[

(IR

and
k

!
> ind W # > ind W/
s=1 s=1
Then in the preimage of W there exists an operator V from C%(X) such that from
the one hand

V=U,U,...Uj
and from the other
V=UU;.. U+K.
Here U} and U]’ are preimages of W/ and W,”. Since W # 0, V' is not compact
operator in C7;(X). We have
u,u;, ..Ul —(ULUL U+ K) =V =V =0.

But from Corollary 2.3 the difference U; U7, ... U] —U; U/’ ... U] is not compact
operator. The proof is complete. O
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3. Structure of the algebra Q:;

Let €7, ,, denote the closed linear subspace in € generated by monomials of in-
dex n.

Lemma 3.1. The following conditions hold:
1) [ s 7n+s;

ol e = “omdel

2) €&, ,NC,  ={0}, if n#s.
Proof. The proof of the first statement immediately follows from the definition of
the index of monomial. Let us prove the second by contradiction. Let C’:,:n be the
preimage of €7, |, under the canonical mapping of C:,(X ) into €7, There is no loss
of generality in assuming

& one,, #1{0}

Then there exists a nonzero element

AeCy,NCy

@,
which one of the preimages of some nonzero element of &, , N €7 ,,. Since A is not
compact,
lim |PRAPx| =€ > 0.
N—o0

The preimages of monomial W from €7 contain the monomial V' € {Vi}
from C:;(X). The primary monomials Uj, and U}, i, j = 1, m, participating in rep-
resentation of V, are the preimages of the elements W;, and Wi, i,5=1m"<m
in representation of monomial W. By Corollary 2.2,

indW =ind V.

Therefore there exist elements
l k
A = Za;Vi’ +K' e C;/,O and A"’ = Za;’Vj” + K" e C;/’n
i=1 j=1

such that . .
A=A < & A al <

in addition indV/ = 0 = s" —n' for all i = 1,/ and ind V" = n = s" —n" for all
j =1,k. Then
7
lim [|PAAPE| > lim |[PYAPE| — lim [Pr(A— APy >e— =€
N —oco N— oo N —o0 8 8
Similarly,
Te

[PEA"PR] > .

lim
N —oc0
K’ and K" are compact, which gives

l
Py (Z a;V;> Px

i=1

li NAPy| = li
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and
k
lim [|PyA"Py| = lim ||Py [ Y o)V | Py
N —o0 N —o0 -
Jj=1
l

k
Let N > 2% n;+ > (s] +n}). Consider the Hilbert space
i=1 j=1

Hy= B P*E))
yEX\Fn

From the definition of EZJ/V , it follows that if Py is projection onto the space
I2(X \ Fy), then P35 is projection onto Hy. N is chosen to be such that for all
y from X \ Fy the space [>(E}) is invariant in [?(X) for linear combination of

k
monomials of index zero and the linear combination Y o//V/" moves I>(E}Y) onto
j=1
(E}*#) (follows from Lemma 1.1). Hence

l

1yt
E :az‘/z |HN
=1

Using the relations above and taking into account that operators A" and A”

= sup
yEX\Fn

l
DV ey |-

i=1

!
are not compact, Psyy; is projection onto Hy which is invariant for > o/ V; as well
i=1

k
as the every I>(E]Y), and Y o//V/” moves the latter into the subspace I*(E, **)
j=1

(the subspaces being orthogonal to each other), we obtain

€

>[4 = A" > lim [|[PyA'Py — Py A Py
4 N—oc0
1 k

: 1 Iyt 1 1 "y 1
Jim |\ Py, (Z aﬂé) Piv = Pan | 2_afV" | Pay

i=1 j=1

l k
lim  sup ||| Pay (Zaé%’) Pan = Pan | 2V | Pan | lieey)

N=20yeX\Fy i=1 j=1

v

l
> 1 L AV 1
= Nl_I}lo yes)?\PFN Pin <; %Vz> Pin |12(Eg)
! 3e
= 1 1 ! 1
Jim || Py, (ZlaV> Piw|| > -

a contradiction. The lemma is proved. (]
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An important consequence is:

Corollary 3.2. Let B from &, have the form

B= i B,

k=—n
where By, from < k- Then for all k
1Bl < [1B]-

Proof. Let us consider an element B € €7 and an arbitrary element A € C7(X)
from the coset [B]. We can write the latter in a form

A=PNAPN + PnAPx + Py APN + Py APx.
it is obvious that Py APx € [B].
For every A € [B], ||B|| < ||All. From the other hand, for all € > 0 there is
an operator Ag such that ||Ao|| < || B]| + ¢, which gives

1Bl < lim [[PyAPx[ = lim [[Py(Ao + K)Py||
N—oc0 N—oc0

< lim ||[PxAoPx| + lim |PHEPx|
N — o0 N — o0

= lim [PxAoPx| < [[Aoll < Bl +¢,
N—o0

and finally that
1B = lim [[PyAP].
— 00

Assertion being proved follows from the concluding inequalities of Lemma’s 3.1
proof. (]

In [10] it was shown that under the assumption of absence of cyclic elements
the monomials of index zero generate AF-algebra C7, ;. We now show that there
exists a nontrivial AF-subalgebra of C;(X) even in case we refuse this assumption.
Actually, if there are cyclic elements for ¢ then, by Lemma 2.1, C%(X) contains
the algebra of compact operators as well as the algebra generated by all monomials
of zero index from {Viys}, we denote the latter by C:,,o. Then C:;O + J, is closed
subalgebra of C;(X) and, clearly, AF-algebra. Hence the quotient algebra (C:;,O +
Jo)/Jp = €5 o is AF-algebra.

From Lemma 3.1 and arguments mentioned above it immediately follows the
theorem:

Theorem 3.3. C*-algebra €, is Z-graded with AF-subalgebra responding to zero.

Remind that the conditional expectation from C*-algebra 2( to C*-subalgebra
B is, by definition, the completely positive contracting mapping 6 : 2l — B such
that 0(B) = B and 0(B1ABy) = B16(A)B for all B,By,Bs € B and A € 2
([13], [14]). In other words the conditional expectation is a projection of norm 1.
Tomiyama proved in [15] that the inverse statement is true ([13], [16]).
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Lemma 3.4. In &, there is a conditional expectation onto the subalgebra €, .

Proof. Define a mapping

P:E, — &0,

on a set being dense everywhere by P( > Ak) = Ay, where Ay € C;,k and

k=—n

Ap € € 5, and extend it by continuity.

In [11, Theorem 3] it was proved that C(X) generated by a finite family
of partial isometries is unital. It is clear that C7 , contains the unit, hence, by
Corollary 3.2, |P|| = 1. O

4. Covariant system associated with C7,(X)

In this section, in much the same way as in [10], we construct the covariant system
associated with C7(X) in general case.

Define € -valued function W on the unit circle for every monomial W from
semigroup {W}:

W(ew) — iind Woyy,

Tillls we obtain the family of functions on S?, we denote it by {I/IN/} It is clear that
{W} is a semigroup isomorphic to {W}. Let €, be a C*-subalgebra of C(S*, €7)
generated by the semigroup {W}. Since

W(ew“e“’) _ piind W‘%W(ew)
for all W from {Wh E’; is invariant with respect to the shifts by elements of S'.
Therefore we can define the covariant system

(€5, 8%, k),

where £ : ' — AutE:‘a is a group homomorphism generated by shift operators,

(5(¢*) B)(¢'*) = B((0+90).
Let

¢, ={B e, k(e")(B) =™ B}.

Theorem 4.1. C*-algebras E; and &, are isomorphic.

Proof. The mapping
B —» B(e™)
generates the continuous surjective *-homomorphism

©: QL — ¢
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Let B be a function from ker ® with Fourier series 3. B,. Then Y. B,(e)

n=—oo n=—oo

is Fourier series of the image B from ¢7,. By Corollary 3.2, én(eio) = 0. Since
En(ei0> _ emeBm

By, from &, ,, we obtain | By|| = 0. Hence B = 0 and ® is isomorphism. O

It follows that there is a covariant system (7, S ! k) isomorphic to (E’;, St k).

The action of a circle on C*-algebras was studied in details in [17, 18] It is
obvious that €7 , is the nt" spectral subspace for k. Summarizing all mentioned
above, we have the following theorem:

Theorem 4.2. If there are cyclic elements for ¢ then the last generates the covariant

system (C:;,Sl,n) with a semi-saturated action k and the fixed point subalgebra
&, o 1s AF-algebra.

Note that the conditional expectation constructed in previous section is the
one onto the fixed point subalgebra with respect to the action of the circle as a
group of automorphisms of & ([13, 11.6.10.4]).

Corollary 4.3. Algebra C3(X) is nuclear.

Proof. We first show that €7, is nuclear. &7, is a fixed point subalgebra with
respect to continuous action of compact group S' and AF-algebra by Theorem
3.3. Hence, by [[19], 4.5.2], €7 is nuclear. As far as J, is an ideal of compact
operators (AF-algebra), C(X) is nuclear C*-algebra ([13, IV.3.1.3]). O
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On Spectral Subspaces and Inner
Endomorphisms of Some Semigroup
Crossed Products
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Abstract. This note provides a look into some of the abstract properties of the
semigroup crossed product of a unital C*-algebra by an action consisting of
endomorphisms for which there is a left inverse. The objective is to describe
in general terms some of the relations between spectral subspaces for the
canonical coaction on the crossed product and certain eigenspaces of a time-
evolution on the crossed product. The present analysis is inspired by certain
constructions due to Cornelissen and Marcolli [2].
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Introduction

Semigroup crossed products as models for C*-algebras arising in number theory
were first considered by Laca and Raeburn in [8], with motivation provided by the
work in [1]. In employing techniques of the theory of semigroup crossed products
they were able to offer simplifications of the presentation of the reduced Hecke C*-
algebra in [1] and show that this algebra possessed a universal property. Similar
classes of semigroup crossed products were studied later by many authors, and
recently they appeared in work of Cornelissen and Marcolli [2].

The starting point in [2], from the point of view of semigroup crossed prod-
ucts, is common to many of the previous studies, and consists of a dynamical sys-
tem (A, S, «) where A is a unital C*-algebra, S is a semigroup with nice properties
(typically part of a lattice ordered group (G, S)), and « is an action of S by injec-
tive endomorphisms of A for which there is a left inverse. The interest in [2] is in
the crossed product A = A%, .S as part of a quantum statistical mechanical system
(A, o) arising from a time-evolution o; on A for ¢t € R. Cornelissen and Marcolli’s
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study of isomorphism of two quantum statistical mechanical systems (A, o) and
(A, 0’) associated to two number fields is heavily dependent on delicate number
theoretic facts and arguments. However some of the ingredients introduced along
the way pertain to the semigroup crossed product and may be looked at in general
terms. This is the objective of the present note. We study here relations between
the spectral subspaces of A xS associated to the canonical coaction of G and the
eigenspaces of a time evolution o on the crossed product. As application we iden-
tify inner endomorphisms (in the terminology of Cornelissen—Marcolli) of (A, o)
that are dagger inner endomorphisms of A x, S, where the dagger subalgebra is
another new ingredient introduced in [2]. A crucial aspect in [2] is preservation of
the dagger subalgebra under inner endomorphisms, and one of their results relies
on characterizing dagger inner endomorphisms as those inner endomorphisms pre-
serving the dagger subalgebra. It is a natural question whether it is possible to
identify in greater generality elements among the inner endomorphisms that are
dagger inner isomorphisms. We shall provide an affirmative answer to this question
under some suitable conditions.
I thank the referee for a number of useful comments and suggestions.

1. Semigroup crossed products

Suppose that S is a subsemigroup of a (discrete) group G containing the identity
element e and « : S — End(A) is an action of S by endomorphisms of a unital
C*-algebra A. The semigroup crossed product A x, S is the unital C*-algebra
generated by (the image of) a pair (ia,4g) in which i4 a *-homomorphism of A
and ig is a semigroup homomorphism of S satisfying the covariance condition

is(8)ia(a)is(s)” =ialas(a)) (1.1)

for all s € S and a € A; the pair (ia,is) is universal in the sense that any
pair (m, V) (into B(H) for some Hilbert space H) satisfying the analogue of (1.1)
factors through (i4,4g). If the system admits a pair (7, V') satisfying the covariance
condition with 7 injective, then i4 is injective. We shall assume henceforth that
14 18 injective.

We identify g in G with its image as a generating unitary inside C*(G). It is
known that there is a homomorphism i¢ from C*(G) into C*(G) ® C*(G), with
® denoting the minimal tensor product, such that ig : g — g ® ¢g. Recall that a
coaction ¢ of G on a unital C*-algebra A is an injective homomorphism § : A —
AxC*(G) which satisfies (doidg-(gy)od = (ida ®ig)od and span(d(A)(10C*(G)))
is dense in A® C*(G). We refer to [10] for basic properties of coactions of discrete
groups on C*-algebras.

With the notation of the first paragraph of this section, [7, Proposition 6.1]
(see also their Remark 6.2 which says that one can work with the minimal tensor
product), shows that there is a coaction ¢ of G on A X, S such that §(ia(a)) =
ia(a) ® e and 6(ig(s)) = ig(s) ® s fora € A and s € S.
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Proposition 1.1. The cosystem (A x4, S,G,d) is a mazimal coaction in the sense
of 4.

Proof. Let A be the Fell bundle associated to (A x4 S, G, ), and let C*(A) be
its full sectional C*-algebra. Then the universal properties of both algebras imply
that A x4 S = C*(A), and the result follows because C*(.A) with its canonical
coaction of G is a maximal coaction system. O

Let S be a cancellative semigroup with identity e. We say that S is right-
reversible (or S is an Ore semigroup) provided that Ss N Ss’ # () for any pair
s,s' € S. It follows that S embeds in its group of left quotients G = S—'S. If
SNS~t={e}, then v <,y —= yax~! € S is a right-invariant order on G. Note
that the right-reversibility condition ensures that any two elements s, s’ € S have
a common upper bound in S. In the next section we shall assume that there exists
a least upper bound for any two elements in S (and in G).

It is known that A X, S is the closed span of monomials ig(s)*ia(a)ig(s’)
for a € A and s,s" € S, see [6, 9]. The algebraic crossed product is

A %8 S = span{is(s)*iala)is(s’) | 5,8 € S,a € A}.

By extending the terminology from [2] for a certain class of semigroup crossed
products, the dagger subalgebra (A x, S) of A x, S is the algebra generated by
ia(A) and the isometries ig(s) for s € S. In this case, (Ax,S)" = span{i4(a)is(s) |
a€ A seS}

The next result was claimed in [9] without proof. We include some details of
the proof here because they will be useful later. Recall that the spectral subspace
at g € G for the coaction d on Ax, S is the space (AX,S), consisting of z € Ax, S
such that 0(z) =z ® g.

Lemma 1.2. The spectral subspaces corresponding to § are given by

(A %o S)) =span{is(s)*ia(a)is(s) 1 g =s""s s, € S,a € A}, (1.2)
for g € G. In particular, the fized point algebra (A x4 S)2 for § is
(A x4 S)° =span {is(s)*ia(a)is(s): s € S,a € A}. (1.3)

Proof. We prove first (1.3). Clearly span{is(s)*ia(a)is(s) : s € S,a € A} is
contained in (A x4 S).. For the other inclusion, let ¢ € (A x4 S)e. We may assume
c =35 is(sj) iala;)is(s)) for sj,s; € S and a; € A. Let Ag be the regular
representation of G (extended to C*(G)), and let i, denote the embedding of G
as unitaries in C;(G). The canonical trace 7 on C}(G) carries 15(5;15;) to 1 if
;15; = e and to zero otherwise. Since 6(c) —c®e = 0 in (4 xo 5) @ C*(G),
by applying (id ®7) o (id ®Ag) to the difference we get that the sum of terms
is(sj)*ia(a;)is(s}) in ¢ in which sj_ls;- # e is zero. This proves (1.3).

To prove the general case note that the right to left inclusion in (1.2) follows
from the definition of §. For the other inclusion let ¢ € (A x4 S), for some g € G.
Then c*c € (A xq S);(A x4 S)y, which is included in (A x4 S)e by [10, Lemma

S
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1.3]. Assume ¢ = 377 is(sj)*ia(ay)is(s}) for s;, s} € S and a; € A. To simplify
notation, let M; = is(s;)*ia(a;)is(s}). Then

~(Zan) ()
_ZM M+ M; M,

J#k
- Z%s Viaajon, (ay)is(s;) + 3 M; My
ik
we compute the second sum separately. For each pair (j, k) with 7,k = 1,.
and j # k we choose u(j k), v(j,k) € S such that Sjsk = u] 1 b Then wy ) =
U(j,k)S5 = V(j,k)Sk- Letting

b(j,k) Qus oy ( )aw(J k) (1)O‘U(j,k) (ak)

for j # k we obtain

CC*ZZS (s%) zAaosz( a;)is(s ZM M,

J#k

*ZZS (s%) zAaosz( a;)is(s +ZZS Ui k)8 ’- ) ia(bjx)is(v, )sk)
J7#k

Since c*c € (A X4 S)e, we obtain from two applications of (1.3) that
(ugims)) " v ks = €
for all j, k withj # k. Thus we must have (5;)*153,9,:15;C = e or, equivalently,

s; 15’ =5 sk for all j, k with j # k. This means that

/

g ::sj_ sj forallj=1,...,n
Then 6(c) =c®g=c®¢, sog:g’:sj_lsg» for all j. O

2. Semigroup dynamical systems with left inverses

Semigroup dynamical systems of the form (A, S, ) with S a right-reversible Ore
semigroup and « an action by injective endomorphisms of a unital C*-algebra A
are useful models of some C'*-algebras arising in number theory. In such examples,
the action a has a left inverse. To formalise this, a left inverse for « is an action

": S — End(A4) such that o o as = id and a5 o @, is multiplication by the
projection (1) for all s € S. We shall assume that «.(1) = 1 and as(1) # 1
for s € S\ {e}. If (A, S,, ') is such a system, then i4 induces an isomorphism
in:AS (A xq S)e, see, e.g., [9, Proposition 3.1(1)] (note that the properties
(ii)—(iv) are not needed for assertion (1) in that proposition). Note also that
o (a) =ig(s)*ia(a)ig(s) for all s € S and a € A. We next note that such systems

S
have a gauge-invariant uniqueness property.
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Proposition 2.1 (The gauge-invariant uniqueness property). Let S be an Ore semi-
group with enveloping group G = S~1S and o : S — End(A) an action of S on a
unital C*-algebra A for which there is a left inverse o : S — End(A). A surjective
homomorphism ¢ : A x4 S — C' is injective if and only if |;, () is injective and
there is a mazimal coaction n of G on C such that ¢ is §-—n-equivariant.

Proof. Since § is maximal, this follows from the gauge-invariant uniqueness theo-
rem for maximal coactions from [5, Corollary A.2]. O

Given a right-reversible semigroup S such that SNS~! = {e}, assume more-
over that for any two elements s, s’ € S there is § € S satisfying SsN Ss’ = S3.
Then the element 5 is the least upper bound of s, s’ with respect to the order <.
We denote § = sV, s, and refer to S as being right-lattice ordered whenever any
two elements admit a V...

Suppose that S is right-lattice ordered. Let G = S~1S be its group of left
quotients. If z = s~ € G, then x <, t, so every element in G admits a right
upper bound in S. It is not true in general that any x € G admits a least upper
bound in S. Assume that every element in G admits a least upper bound in S
with respect to <,., in which case we refer to (G, S) as being right-lattice ordered.
Then similar to the argument of [3, Lemma 7], which deals with the case of left-
invariant orders, it follows that (G, S) is right-lattice ordered precisely when for
each g € G = S718, there is a unique pair of elements s, s’ € S such that:

1. s Ay 8’ = e (where A; denotes greatest lower bound in G with respect to the

left-invariant order » <; y <= z 'y € 9),

2. g=s5"1s, and

3. for any decomposition g = 27!

2 with 2,2’ € S we have s <, z and ¢’ <, 2/.
We denote g := s and g := s’ and refer to (¢g—, g+) as the minimal pair in S x S
associated to g.

Under these assumptions, the spectral subspaces admit a particularly nice
description.

Corollary 2.2. Assume that (A, S,a) is a dynamical system where A is unital,
(G, S) is right-lattice ordered, and « is an action by endomorphisms for which there
is a left-inverse o'. Then for each g € G with associated minimal pair (g—,g+) €
S x S we have
(A xq 8)g =span{is(g9-)"ia(a)is(g+) 1 a € A}.
Proof. By (1.2), it suffices to prove the left to right inclusion. Let z,z’ € S such
that ¢ = 27 12’. Then g_ <, z and g4 <, 2’ with 2(g_)"! = 2/(g4+)"! € S, and
the claim follows from the calculations
is(z)*ia(a)is(z') = is(g-)"is(2(9-) ") iala)is(2'(g4+) " is(g+)
=is(g-)"ia(al(, -1(a))is(g+)- .
Let (G, S) be a right-lattice ordered group and (4, S,«) a semigroup dy-
namical system with injective endomorphisms of the unital C*-algebra A. Let ¢
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be the canonical coaction of G on A %, S. Suppose that Ng : G — (0,00) is a
homomorphism, where (0, c0) has its multiplicative structure. The universal prop-
erty of A x4 S implies that there is a one-parameter group of automorphisms
o : R — Aut(A x4 S) such that

oi(is(s)*ia(a)is(s) = Na(s™ s ) is(s)*ia(a)is(s). (2.1)

We need to recall some terminology from [2]. A quantum statistical me-
chanical system (A, o) consists of a C*-algebra A with a one-parameter group of
automorphisms (a time evolution) o. An element ¢ € A is an eigenvector of o if

there is A € (0, 00) such that o;(c) = Aéc for all t € R. An endomorphism of (A, o)
is a *-homomorphism ¢ : A — A such that ¢ o 0y = g, 0 for all t € R.

Definition 2.3 ([2, Definition 1.8]). Suppose that (A,o) is a quantum statistical
mechanical system. An inner endomorphism of (A, o) is an endomorphism ¢ of
(A, o) such that there exists u an isometry in .4 and an eigenvector of o for which
o(x) = uzu* for all x € A.

To simplify notation, we let A denote the space of eigenvectors ¢ of o such
that o¢(c) = Ac for all t € R. By (2.1), (A %4 S), C (A xq S) ey forallg e G.
The next couple of results present partial converses to this inclusion.
Remark 2.4. Suppose (G, S) is a right-lattice ordered group, (4,5, «) is a semi-
group dynamical system with a left inverse o/, and o is a time-evolution on A x, .S
given as in (2.1). Let (A x,9) be the dagger subalgebra of A, S. Suppose that S
is abelian. We claim that every inner endomorphism of (Ax .S, o) preserves the clo-
sure of the dagger subalgebra. To see this, assume first that u = ig(s)*i(b)ig(s’)
and z = ia(a)is(p) € (A x4 S)T. Then

wan = ia (0, (b (@)ap (e (1)5))is () € (A 20 S)1.

By continuity, we have u(A x4 S)Tu* C (A x4 S)T for any isometry u € A x4 S,
showing the claim.

There is no reason to expect in general that an endomorphism of (A %, S, o)
that preserves the dagger subalgebra necessarily must be an inner endomorphism.
In [2, Definition 1.8], a dagger inner endomorphism of (A, o) is an inner endomor-
phism of the form ¢(r) = uru* for all z € A, where u € (A x, 5)' is an isometry
and an eigenvector of . We make the following slight modification of this notion.

Definition 2.5. A dagger inner endomorphism of (A, o) is an inner endomorphism ¢

such that for some u € (A X, S)T which is an eigenvector of o we have ¢(z) = uzu*
for all z € A.

In the proof of [2, Proposition 10.1], it is observed that for the particular
systems under consideration, inner endomorphisms that preserve the dagger sub-
algebra coincide with the dagger inner endomorphisms. Thus a natural question is
whether it is possible to identify in greater generality elements among the inner en-
domorphisms that are dagger inner isomorphisms. We shall provide an affirmative
answer to this question under some suitable conditions.
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Assume that the homomorphism Ng which induces the time evolution in
(2.1) satisfies the following two conditions:

Homl. Ng(S) C N\ {0}, and
Hom2. Ng(s) and Ng(s') are co-prime whenever s,s" € S\ {e} and s \; ' = e.

Lemma 2.6. Suppose (G, S) is a right-lattice ordered group, (A, S, &) is a semigroup
dynamical system with a left inverse o', and o is the time-evolution on A X, S
associated to a homomorphism Ng that satisfies (Homl) and (Hom2).

Let c € (Axq S)N (A X S)7, /. where m,n are positive integers such that
m,n are coprime. If c*c € (A Xy S)e, then there is g € G with Ng(g+) = m and
Na(g-) =n such that ¢ € (A x4 S),.

Proof. From the hypothesis we have oi(c) = (Z“)itc. Suppose first that ¢ =
Z;']:1 is(sj)*iala;)is(s;) for s, s € S and a; € A. As in the proof of (1.2), the
assumption that c¢*c € (A x4 S). implies that there is g € G such that g = sj_ls;-
for all j = 1,...,J. By Corollary 2.2, we may assume ¢ € ig(g—)*ia(A)is(g9+),
where g = (g_)"'g, is the minimal decomposition of g such that g_ A; gy = e.
Then o¢(c) = (Ng((9-)"tg4))%c, and thus Ng(g-)"*Ng(g+) = m/n. By (Hom2),
we must have Ng(g—) = n and Ng(g+) = m, and the lemma follows. O

As a consequence of Lemma 2.6, it follows that the set of fixed-points of o
is exactly i4(A).

Corollary 2.7. We have ia(A) = (A x4 5)].

Proof. Clearly the set of fixed-points of o; is a C*-subalgebra of A x, S that
contains i4(A) by the definition of 0. Let u € A x, S be a unitary such that
ot(u) = u. Lemma 2.6 implies that there are s,s’ € S with Ng(s) = Ng(s') and
sN; s’ = e such that u € ig(s)*ia(A)is(s’). This in connection with (Hom?2) forces
s = s’ = e and the corollary follows. O

In examples, a system of the form (A, S, a, ') often has an additional feature.
Denoting vs 1= ig(s) for s € S, assume that

vivs = vsv% when s A; s’ =ein S. (2.2)
Assuming (2.2), it follows that for every a € A, we have
ia(oy(as(a))) = viialas(a)vy = vivsiala)vivs
= vsv5ia(a)vg vt =ia(as(a (a))).
Thus (2.2) says that the actions a and o' satisfy the identity
al, o as = ag o al, whenever s,s" € S with s A\ s' =e. (2.3)

Note that the converse is valid, too: applying (2.3) to @ = 1 and writing out the
identity using the isometries v gives (2.2).
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Lemma 2.8. Assume that the actions a and o' satisfy (2.3) and as(1) are central
projections in A for alls € S. Let u € Ax, S be an isometry with u € (A an)Zn/n
for positive integers m,n such that m,n are coprime. Then n = 1 and there exists
s" € 8 such that Ng(s') = m and u € (A x4 S)s . In particular, u belongs to the

closure of (A x4 S)T.

Proof. By Lemma 2.6, we may assume that u = ig(s)*ia(a)ig(s’) for s,s € S
with Ng(s) =n, Ng(s') =m and s A; s’ = e. Then

uwru=is(aly(a*as(1)a))
=ia(cy (os(1)a*a)) since as(1) is central
= ia(aly o as 0 ag(a”a))
=ialasoal, oal(a*a))) by (2.3).

The assumption u*u = 1 implies that a,(a’) = 1 for a’ = o, 0a/,(a*a), from which
we infer that o' = o/ (as(a’)) = o} (1) = 1. Thus as(1) = 1, which necessarily
implies that s = e, and in particular that n = 1. The lemma follows. (]

Theorem 2.9. Suppose (G,S) is a right-lattice ordered group, (A,S,a) is a semi-
group dynamical system with a left inverse o, and o is the time-evolution on
A X4y S associated to a homomorphism Ng that satisfies (Homl) and (Hom?2).
Assume further that « and o' satisfy (2.3) and as(1) are central projections in A
foralls € S.

Then every inner endomorphism of (A x4 S,0) corresponding to a positive
rational eigenvalue of the time evolution is a dagger inner endomorphism.

Proof. Assume that ¢ is an inner endomorphism of the form ¢(x) = uzu* for
T € A x4y S, where u € (A x, S)g for some rational g. Writing ¢ = m/n for
m,n € N, n # 0, m,n co-prime, it follows from Lemma 2.8 that u is in the closure
of (A x4 S)T, as claimed. O

Given systems (A, S,«) and (B, R, () where (G,S) and (K, R) are right-
lattice ordered, assume o/ is a left-inverse for « such that o, (1) = 1, as(1) is central
in A for all s € S and a,a’ satisfy (2.3), and similarly 3’ is a left-inverse for 3
such that 8/.(1) = 1, 5,(1) are central in B for all r € R and 3, 8’ satisfy (2.3). Let
Ng : G — (0,00) and Ng : K — (0,00) be homomorphisms satisfying (Hom1)—
(Hom?2), and let o and 7, respectively, be the time evolutions on Ax, S and BxgR
given as in (2.1). Suppose that ¢ : A x4 S — B Xg R is an isomorphism such that
pooy =1 0¢for all t € R. The first observation is that ¢l;, () :i4(A) — ip(B)
is an isomorphism. Indeed, since ¢(ia(a)) is a fixed point of 7, it follows that
¢(ia(a)) € ip(B) by Corollary 2.7. Hence ¢(ia(A)) C ip(B), and the opposite
direction is similar using the inverse ¢~1.

Let y € (A x4 S)% where Ng(s) = m for some positive integer m > 1. The
equivariance of ¢ with respect to o and 7 shows that ¢(y) € (B leg R)N(BxgR)I,.
Thus by Lemma 2.6 there is r € R with Ng(r) = m such that ¢(y) € (B xg
R)E. Tt is not clear in general that an isomorphism ¢ as above will preserve the
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dagger subalgebras. In the situation of [2], it is part of the assumptions that an
isomorphism between (A, o) and (B, 7) preserves the dagger subalgebras. In the
present setup, the following partial result holds true.

Corollary 2.10. If ¢ is an isomorphism of quantum statistical mechanical systems
(Axqy S,0) and (B xg R, T) as above, then for every m > 1, ¢ is an isomorphism

O (Axa )TN (A%, S, — (Rxg RN (B xgsR);,.
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Ut-Majorization on R"™ and its Linear
Preservers

Asma Ilkhanizadeh Manesh and Ali Armandnejad

Abstract. Let M,, be the set of all n x n real matrices. A matrix R € M,, with
nonnegative entries is called row stochastic if Re = e, where e = (1,...,1)" €
R™. For z,y € R", we say that x is upper triangular majorized by y (written
as T <yt y ) if there exists an upper triangular row stochastic matrix R such
that * = Ry. In the present paper, some properties of ut-majorization are
investigated. Also, the structure of all linear functions 7' : R™ — R" preserving
(resp. strongly preserving) ut-majorization with additional condition Te1 # 0
(resp. with no condition) will be characterized.

Mathematics Subject Classification (2010). Primary 15A04; 15A21; Secondary
15A51 .

Keywords. Linear preserver, strong linear preserver, row stochastic matrices,
ut-majorization.

1. Introduction

Majorization is a topic of much interest in various areas of mathematics and sta-
tistics. In recent years, this concept has been attended specially. A matrix R with
nonnegative entries is called row stochastic if the sum of every row of R is 1.
The following notation will be fixed throughout the paper: R™ for the set of all
nx1 (column) real vectors; R% for the collection of all n x n row stochastic up-
per triangular matrices; {ey,...,e,} for the standard basis of R"™; Alay,..., o]
for the submatrix of A with aq,q, as (i,j) entry, where A = (a;;) € M, and
{aq,...,ar} € {1,2,...,n}; Ny for the set {1,...,k} C N; P(n) for the set of
all n X n permutation matrices; A* for the transpose of a given matrix A; [T for
the matrix representation of a linear function 7' : R® — R"™ with respect to the
standard basis.

Let ~ be a relation on R™. A linear function T : R™ — R" is said to be a
linear preserver (or strong linear preserver) of ~, if Tx ~ Ty whenever z ~ y (or
Tz ~ Ty if and only if z ~ y).



254 A. Ilkhanizadeh Manesh and A. Armandnejad

Let z,y € R™. Then z is said to be left matrix majorized by y, denoted
x < y, if x = Ry for some row stochastic matrix R. In [4] and [5], the authors
described the structure of all linear functions T : R™ — R"™ preserving left matrix
majorization as follows.

Proposition 1.1. Let T : R™ — R"™ be a linear function. Then T preserves <, if and
only if Tx = (al + bQ)x for all x € R™, where Q € P(n), Q@ # I, and a and b are
real numbers such that ab < 0, and, if n # 2, ab=0. In case n # 2, al +bQ = cP,
for some ¢ € R and some P € P(n) and, hence, Tx = dPx for some d € R.

Proposition 1.2. A linear function T : R™ — R™ strongly preserves <; if and only
if there exist an n X n permutation matriz P and a nonzero real number a such
that Tx = aPx for all x € R™.

In this paper, we define the relation <,; on R™ and characterize all linear
functions preserving ut-majorization with additional condition Te; # 0 and linear
functions strongly preserving ut-majorization on R™. Some types of majorization
and their linear preservers are presented in [1], [2], [3] and [6].

2. Ut-majorization on R™

In this section, first we state an equivalent condition for <,; on R™ and afterwards
obtain some facts for finding the structure of all (strong) linear preserver of this
relation on R™.

Definition 2.1. For z,y € R", it is said that x is ut-majorized by vy, denoted
x < v, if there exists R € RY! such that = Ry.

For a subset A C R™ the convex hull of A is the following set:

Co(A) := {ZAiai|meN7 Ai>0, Y Ni=1, a; €A, ieNm}.

i=1 i=1
Note that if A C R is compact, then Co(A) = [min A, max A]. The following
remark gives an equivalent condition for ut-majorization on R™.
Remark 2.2. Let z = (z1,...,2,)", v = (y1,.--,yn)" € R™. Then x <, y if and
only if

x; € Co{yiy ..., ynt, Vi € N,.

The following set-theoretic representation of <; and <,; on R? may be of
interest. Suppose that a < b, then

{(z,y)" : (z,y)" <¢ (a,b)'} = [a,b] x [a, ],
{(@,9)": (2,9)" <ue (a,0)"} = [a,] x {b}.

We use the following lemmas to prove the main results.
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Lemma 2.3. Let T : R® — R" be a linear preserver of <. Assume S : R*~! —

R" 1 is a linear function such that [S] = [T][2,3,...,n]. Then S preserves <u; on
R,

Proof. Let ' = (xa,...,2,), 9 = (y2,...,yn)! € R* Landlet 2’ <, v'. Then, by
Remark 2.2, z := (0,22,...,7,)" <ut v := (0,y2,...,yn)" and hence Tx <,; Ty.
This implies that Sz’ <,: Sy’. Therefore, S preserves <,; on R*~1, O

Lemma 2.4. Let T : R™ — R"™ be a linear preserver of <u:. Then [T] is an upper
triangular matrix.

Proof. Let [T] = [a;;]. Use induction on n. For n = 1, there is nothing to prove. If
n = 2, then we only to prove that as; = 0. Set x = e and y = 2e;. Since x <yt Y,
it implies that Tz <.+ Ty. So a1 = 2a2; and hence as; = 0. For n > 2, assume
that the matrix representation of every linear preservers of <,; on R*! is an
upper triangular matrix. Let S : R*~! — R"~! be the linear function with [S] =
[T][2,3,...,n]. By Lemma 2.3, the linear function S preserves <,; on R"~1. The
induction hypothesis insures that [S] is an n — 1 X n — 1 upper triangular matrix.

So it is enough to show that as; = a3z; =+ = a1 = 0. Put x = e; and y = es.
Then x <y Yy and hence T'x = (Clll7 a1, ...,0n—-11, anl)t <ut ((112, as2, O, - 7O)t =
Ty. By Remark 2.2, it implies that ag; = a41 = -+ = a,1 = 0. So it is enough to

show that az; = 0. Assume that ag; # 0. Set « = ey and y = (72>, 1,0,...,0)". So
@ <yt y and hence Tz <+ Ty. It follows that ag; € Co{0} and so az; = 0, which
is a contradiction. Thus as; = 0 and hence the induction argument is completed.

Therefore, [T] is an upper triangular matrix. O

The following theorem characterizes the linear functions 7' : R” — R™ pre-
serving ut-majorization with additional condition Te; # 0.

Theorem 2.5. Let T : R™ — R” be a linear function. Assume [T| = [a;j], and
Tey # 0. Then T preserves <. if and only if
ail 0 0 ... 0 0 A1n
0 as2 0 ... 0 0 A2n
0 0 ass ... 0O 0 a3n
T]=1 . ) . ) ) ) ,

O O O e O An—1n—1 Anp—1n

0 0 0 ... 0 0 Ann
such that a11 + a1n = @22 + a2 = -+ = Ap—1n—1 + Gn_1n = Gnn, and the finite
sequence (0,a11,a92,...,an—1n—1) 18 monotonically increasing or decreasing.

Proof. 1t is clear that T preserves <, if and only if oT preserves <, for all a €
R\ {0}. So we may and shall assume without loss of generality that, a;; = 1. First,
suppose T preserves <,;. The result is trivial for n = 1. Suppose that n = 2. By
Lemma 2.4, it is enough to show that a11 + a1z = ags. Let y = ((age —a12)/a11, 1)
and z = (1,1)%. Thus z <4 y and hence Tx = (a11+a12, aze)’ <ur (a2, a22)t = Ty.
Therefore, aj; + a2 = asz. Now assume that n > 2. By Lemma 2.4, [T is an upper
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triangular matrix. We show that a;; = 0 whenever 2 < j < n — 1. Assume that
there is some j (2 < j <n—1) such that a;; # 0. Let € = szl Choose z1,y1 € R
such that 1 — |a1;| < y1 < 1 < min{0, €, €agj, €as;, . .., €a;;}. Set & = x1e; and
y = yie1 + €e;. Since y; < x1 < ¢, it follows that x <y y and, hence T'x <y T'y.
This implies that

z1 € Co{y1 + |aijl, €azj, €as;, . . ., €a;;,0};

a contradiction. Therefore, a1; = 0, whenever 2 < j <n — 1.
Now, we prove aga > 1. Since €1 <yt €2, Ter <yt Tes and so 1 € Co{0, azs}. Thus
azs > 1.

Let S : R"™! — R"™! be the linear function with [S] = [T][2,3,...,n]. By
Lemma 2.3, S preserves <,; on R* 1. Since ags > 0, it follows from the induction
hypothesis that,

a2 0 0o ... 0 0 agn
0 az3 0 ... O 0 asp
[S] — . . . . : . ,
O O O [N O An—1n—1 Anp—1n
0 0o 0 ... 0 0 Ann
a2+agn = a33+a3y, = - = Un—1n—1+0n—1n = Gnn, and (0, aze, ass, ..., dn—1n-1)
is monotone. Thus, by the previous discussion,
1 0 o ... 0 0 A1in
0 ag 0 ... 0 0 A2n
0 O ass ... O 0 a3n
T)=1. . . . . ,
O O O e O Ap—1n—1 Anp—1n
0 0 0o ... 0 0 Gnn
Since (0,a22,...,0,—1n—1) is increasing and age > 1, it follows that the finite
sequence (0,1, a29,...,an—1n,—1) is increasing. It remains to prove 1 + a1, = apny.

If 14 a1y # ann, then choose € € R\ {0} such that 1+ a1, € Co{l+ain+e€,ann}
Set z = (1,...,1)  and y = (1 +¢,1,...,1)". Thus <, y and hence Tz <, Ty.
It follows that 1+ a1, € Co{l+ €+ ain, ann}, which is a contradiction. Therefore,
1+ A1n = Gnn-

To prove the sufficiency, we proceed by induction on n. Clearly, the assertion
holds for n = 1. Assume it holds in any space of dimension at most n — 1. Let
= (21, ., 2a) 9= (Y1, -, yYn)! € R" and let z <y y. Since z,, = yy, it is easy
to see that

t
Tx = (371 + G1nYn, 2222 + A2nYny - - s On—1n—1Tn—1 + An—1nYn, annyn)

and

Ty = (yl + A1nYn, @22Y2 + A2nYn,y -+ -y An—1n—1Yn—1 + An—1nYn, annyn)t-
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Let S : R"~1 — R"~! be the linear function with [S] = [T][2,3,...,n]. Put 2’ =

(r2,...,x,)t and ¥’ = (y2,...,yn)t. Then 2’ <, y" and hence

SI, - (a221:2 + aoanYnsy -+ yGn—1n—1Tn—1 + An—1nYn, annyn)t
and

Sl// = (a22l/2 + @2nYny - -5 On—1n—1Yn—1 + An—1nYn, ann:‘/n)t-

By induction hypothesis, Sz’ <,; Sy’. To prove Tz <,; Ty it is enough to show
that

1+ a1nYn € Co{yi + a1nYn, @22Y2 + G20Yn, - - - s An—1.n—1Yn—1 + Gn—1,nYn, CnnYn -
Write x1 = s1y1+- - -+ Sp¥yn with ZZ si=1lands; > 0fori=1,2,...,n. Note that
0<ti=p2i <lfori=1,2,...,n-1 and Yt < S s < 1. Then 0 < 8, ==
1—t;—tg——tp_1 <land x1 +ai,yn, = Z;:ll ti(aiiyi + ainyn) + tnnnyn. O

Corollary 2.6. If T' : R™ — R"™ is a linear preserver of <y: such that Te; # 0,
then rank[T] > n — 1.

As a consequence of Proposition 1.1, one can show that for n > 3 every linear
preserver of left matrix majorization on R™ has rank 0 or n. But the following
example demonstrates that this is not true for ut-majorization on R”. In fact it
shows that for every k € N,, there exists a linear preserver of <,; of rank k.

0 0

Example. Let k € N,,. Put A = (0 I

— R" by Tz = Ax.

> € M,,, where I € My, and define T : R™

We need the following lemma to prove the last result of the paper.

Lemma 2.7. Let T : R™ — R”™ be a linear function that strongly preserves <.
Then T is invertible.

Proof. Let x € R™ and let Tz = 0. Since Tz = T0 and T strongly preserves <z,
T <4t 0. So £ = 0. Therefore, T is invertible. O

The following theorem characterizes all the linear functions 7' : R® — R"
which strongly preserve ut-majorization.

Theorem 2.8. A linear function T : R™ — R™ strongly preserves <y if and only
if there exist a,b € R such that a,a+ b # 0, and

a 0 0 ... 0 O b
0O a O ... 0O b
0 0 a ... 00 b
7] = : (2.1)
0 0 O 0 a b
0 0 O 0 0 a+bd
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Proof. First, assume T strongly preserves <,:. By Lemma 2.7, T is invertible and
hence T'e; # 0. Now, by applying Theorem 2.5,

a1 0 0 ... 0 0 A1n
0 as2 0 ... 0 0 A2n
0 0 ass ... O 0 a3n
=1 . . . . ) ,
O O O e 0 Ap—1n—1 Anp—1n
0 0 0o ... 0 0 Ann
where a1 + a1y = @22 + A2y =+ = Ap—1n—1 1+ OGn—1n = Ann 7£ O, and the finite
sequence (0, a1, a22,---,an_1n—1)" is monotone. By a simple calculation, one can
show that
L0 o0 ... 0 0 ~Gin
ail A11Ann
o ' 0 ...0 0 —azn
as2 a22ann
0 0 1 0 0 0
ass
[ =
0 0 0 e 0 anfinfl anifll::llgnn
0 0 o ... 0 0 ajm

Since T strongly preserves <., the operator 7! is a linear preserver of <,; and
hence (0, al , al s )t is monotone, by Theorem 2.5. On the other hand
11 22 n—1ln—1
(0,a11,a22,...,0n_1,_1)" is monotone and thus aj; = aze = -+ = ap_1n_1, as
desired.
Conversely, assume that there exist a,b € R such that a,a + b # 0 and (2.1)

holds. It easy to see that

200 00 Loty

0 (11 0 00 a(;};b)

0.0 ; . 00 iy
77 =

0.0 0 .. 0 5 ,Ghy

00 0 00 !
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Then both of T and T—! preserve <, by Theorem 2.5, and therefore, T strongly
preserves <. O

In view of Proposition 1.1, for n > 3 it is easy to see that every invertible
linear preserver of <; is strong. But the following example shows that this is not
true for <.

1 0 2

Example. Let A = [0 2 1]. Define T : R® — R3 by Tz = Ax. It is clear
0 0 3

that T is invertible and, by Theorem 2.5, T preserves <,:. But T is not strong,

by Theorem 2.8.
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Arithmetic Aspect of C*SL(2)

Sérgio Mendes

Abstract. Let G = SL(2, F) where F is a local field of characteristic zero.
We use R-groups to study the reducibility of the unitary principal series of
G. We show how the arithmetic of F' has implications on the topology of
the tempered dual of G and on the structure of the underlying reduced C*-
algebra.

Mathematics Subject Classification (2010). Primary 22E50; Secondary 46L80.

Keywords. Local field, special linear group, Artin symbol.

1. Introduction

Let F' be a local field with characteristic zero. Artin reciprocity studies the fi-
nite extensions F/F such that the Galois group Gal(E/F) is commutative. Many
aspects of the arithmetic of the field F' are encoded in reciprocity laws [17].

The unitary principal series representations of the special linear group
SL(n, F) consists of the representations unitarily induced from a continuous uni-
tary character of the upper triangular group. Unlike the case of the general linear
group GL(n, F) where these representations are always irreducible, for SL(n, F')
reducibility may occur, see [7, 8].

In this article we consider the case of SL(2) over a local field. To study re-
ducibility, the direct analytic approach of [8] (see also [21] for a modern survey)
consists of computing explicitly intertwining operators. And those operators de-
pend on the residue characteristic. For instance, the case of Q2 is absent from
[8, 21] (see [21, p. 46] for a comment on the difficulty of computing intertwining
operators for SL(2,Q32)). The case of the archimedean local fields R and C, are
also analytically dealt differently. Although an intricate theory, R-groups [9, 12]
have the advantage of being a tool that works for any local field of characteristic
zero, including Q2 and the archimedean fields. Since, as far as we know, there is no
notion of R-groups in positive characteristic, we exclude the case of local function
fields. See [16] for an account of SL(2) over a local function field.
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Intense research has been made to study the topology of the dual spaces of
C*-algebras, particularly reduced group C*-algebras, see Connes’ book [3] and [5],
[10], [11], [13], [14], [16], [18], [19], [20], [22]. It is well known that the arithmetic
of the ground field is related with the topology of the dual space. In [15], Plymen
and the author uncovered a relationship between the topological K-theory of the
tempered dual of GL(n, F') and some arithmetic invariants of F', where F is a
finite Galois extension of Q.

The unitary principal series representations for SL(2,Q),) are (unitarily) par-
abolic induced from characters of Q, see §3. When the character is quadratic,
the induced representation is reducible. The principal series representations de-
compose as a direct sum of two irreducible components [8, 21]. We prove this
result (Theorem 3.10) by using R-groups.

The tempered dual Irt*(G) of G = SL(2,Q,) has a topology, called the
hull-kernel topology. Let G denote the union of the irreducible unitary principal
series and the irreducible components of the reducible unitary principal series.
Then, G C Irr*(G). The parameter space Q has also a natural topology [19, 20].
The hull-kernel and the natural topology coincide [19]. The tempered dual fails
to be Hausdorff as a consequence of G admitting reducible representations. We
illustrate this with the unitary principal series representations of G = SL(2, F') for
F =Qp,R and C. If F' = C, the unitary principal series representations are always
irreducible. If F' =R or Q, reducibility may occur. The link with the topology of
the dual space and the arithmetic of the ground field is the following: quadratic
characters are attached to quadratic extensions F/F via class field theory. The
Artin symbol (., E/F) : F* — Gal(E/F) can be used to manufacture a quadratic
character, and all the quadratic characters of F'* are of this form. In §4 we show
how the arithmetic of F influences the topology on the tempered dual of SL(2, F')
(Theorem 3.10 and §4.2).

The reducibility of the principal series of SL(2, F') has also implications in
the structure of the reduced C*-algebra 2 = C*SL(2, F'). In fact, the arithmetic of
F' determine the existence of sub-C*-algebras of 2 which are the crossed product
of a commutative algebra by a finite group (the R-group to be precise) [10, 13].
As a result, 2 has noncommutative summands. We explain this relationship in the
main result of §5, Theorem 5.2.

Our intention in this work is to show that even for a simple example as
SL(2), the arithmetic of the ground field already influence the structure of the
underlying C*-algebra. By working with both archimedean and nonarchimedean
fields we intend to illustrate with the example of SL(2) the Lefschetz principle
as formulated by Harish-Chandra, which says whatever is true for real reductive
groups is also true for p-adic groups.

I would like to thank Roger Plymen for a valuable exchange of emails and
the referee for several constructive comments. The title is, of course, borrowed
from [13].
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2. Local fields

Let F be a local field with zero characteristic. Then F' is one of the archimedean
fields R and C, or it is nonarchimedean, i.e., a finite extension of the field Q, of
p-adic numbers, where p is a prime number. We will not consider local fields with
positive characteristic, i.e., finite extensions of the field of Laurent series Fp,((z)).
If F' is nonarchimedean we denote by |.|p the absolute value on F. The ring of
integers is denoted by 0 and p C o denotes its maximal ideal. An element w € p
such that p = wo is called a uniformizer. v denotes a normalized valuation on F
so that v(w) = 1 and v(F) = Z U {oc}. The group of units is denoted by 0*. The
residue field is kr = 0/p, and #kr = p/. The valuation and the absolute value are
related by |z|p = ¢~¥(®), for every z € F.

When F' = Q, we use the standard notation. Z, is the ring of integers, pZ,
its maximal ideal, p is a uniformizer and Z; is the group of units. The residue
field of Q,, is F, = Z,,/pZ,. When F = Q, we write simply | | := | |¢ instead of
the common notation | |,,.

The group F* is a locally compact, Hausdorff topological abelian group.
There is a canonical isomorphism of topological groups

F* ~ (@) x 0" ~7Z x 0*. (2.1)
The group 0* is compact. In particular,
Q) ~(p) xZy ~ZLxL. (2.2)
There is also a canonical isomorphism for archimedean fields
R* ~Ryg x Z/2Z (2.3)
and
C*~RyoxT (2.4)

where T = {z € C: |z| = 1} is the unit circle.

Definition 2.1. A quasi-character of Q is a continuous group homomorphism
X : Q) — C*. A character is a unitary quasi-character.

The set of characters of Q) will be denoted (@;j/\ and is called the Pontryagin
dual of Q). Note that Q" is an abelian group under pointwise multiplication.
From 2.2, a character of Q may be written as

X" u) = 2" x* (u), (2.5)
where z = p*@u, z € T, u € Z) and x* € Z;".
Definition 2.2. A character x € Q, A is called unramified if it is trivial when

restricted to Z;, i.e., x* =

Definition 2.3. A character x € Q;’\ is called quadratic if x? = 1 and x # 1.

Note that x € QX is quadratic if and only if x € (Q)/Q)?)" and x # 1.
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The central result of local class field theory is Artin’s reciprocity law, see
[17]. Let E be a finite Galois extension of Q,. The local reciprocity law is an
isomorphism of topological groups

Artg g, 1 Q) /Ng g, (E*) — Gal(E/Q,)", (2.6)
where Ng /g, is the norm map and Gal(E/Q,) is the abelianization of Gal(E/Q,).
Composing with the canonical morphism we obtain a map
Q) = Q) /Ng g, (E*) = Gal(E/Q,)*.

We denote the composition map by

z = (2, E/Qp),
and call (z, £/Q,) the Artin symbol associated with E/Q, and x.

Remark 2.4. (Archimedean reciprocity) There is also an archimedean reciprocity
law. The field C is algebraically closed and therefore does not have nontrivial finite
extensions. The only nontrivial finite extension of R is C/R, and we have an Artin
symbol
R* — Gal(C/R),z + (z,C/R)
with kernel
Ner(C*) ={z.2:2€C} ={|2|*: 2 € C} = Rs,.
Hence
R* /Nc/r(C*) ~R* /Ry =~ Z/2Z = Gal(C/R).

As a consequence of Artin’s reciprocity, if E/Q), is a finite extension then the
index (Q) : Ng/qg,(E£)) is finite. In general, it divides [E : Qp], being equal if
and only if the extension is abelian. Moreover, if we fix an algebraic closure Q,

of Qy, there is a one-one correspondence between finite abelian Galois extensions
E/Qp, Qp C E C Q,, and open subgroups of Q) with finite index

E+— Ngjq,(E).

See [17] for more details.

Quadratic extensions of Q. When p is odd, we have
2 ~
Q) /Qy* ~Z/27 x /2.

Therefore, there are exactly three quadratic extensions of @, up to isomorphism,
one for each nontrivial class in Q; / Q;? These quadratic extensions are given by
Qp(va), for a € {€,p, ep}, where € € ZS\ZX? is the smallest nonquadratic residue
of p, ie., (;) = —1, where (p) is the Legendre symbol. The extension Q,(+/€) is
unramified. The remaining extensions, Q,(,/p) and Q,( /€p), are totally ramified.

Quadratic extensions of Q2. In this case, we have

Q) /Q)? ~ Z/27 x 1.)2Z x L) 2.
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As a consequence, there are exactly seven quadratic extensions of Q2, up to iso-
morphism, one for each nontrivial class in Q3 /Q5?. We may choose the following
representatives of the nontrivial equivalent classes:

{—1,+2, 45, +10}.

Q2(v/5) is the (unique) quadratic unramified extension of Qa, up to isomorphism.
The remaining extensions

Q2(V—1), Q2(V—5), Q2(V2), Q2(V10), Q2(V—2), Q2(v—10)
are totally ramified.

Proposition 2.5. Let Q,(y/a) be a quadratic extension of Qp, where a is a nontrivial
class in Q; /Q;? The quadratic character assigned by local class field theory to

Qp(Va) is precisely the Artin symbol (., Qp(v/a)/Qp) associated with Qp(v/a), with

kernel
Na, (vay/a, (@p(va)*).

Proof. Let Qp(v/a)/Q, be a quadratic extension. The reciprocity law for local
fields yields an isomorphism

Q, /N, (vay g, (Qp(va)) = Gal(Qy(Va)/Qp) ~ Z/2Z.

Let pu2(C) = {£1} denote the group of roots of unity. Then, composing the Artin
symbol with the isomorphism Z/27Z ~ us(C), we obtain a quadratic character y,
which we still denote by xq = (., Qp(v/a)/Qp) O

Example. (Quadratic characters of Q; for odd p)
Let z = p"u € Q,, with n € Z and u € Z. The quadratic character associated
with the unramified quadratic extension Q,(+/€)/Q, is given by

(P"u, Qp(v€)/Qp) = (—1)".

Note that (n — (—1)") is the unique quadratic character of the group (p) ~ Z. The
quadratic extension Q,(,/p)/Q, has an associated quadratic character given by

el = (1),

where (p) is the Legendre symbol and u denotes the class of u € Z,; in F. For
Qp(y/er)/Qp, the associated quadratic character is

0@/ = (-1 ().
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3. Unitary principal series

Let G = SL(2,Q,). We define the following subgroups of G.
The Borel subgroup, given by

B:{(g a?);ae@;,be@p},

The maximal torus

a 0
T{(O a_1>:a€Q;}2Q;,
and the subgroups

N:{((l) i):be(@p}z@p and N:{(i ?)ZCEQP}ZQP.

Note that N and N are normal in B. The product B = NT is called the Levi
decomposition of B. Now, every character of T' (which is, in fact, a character of
Q, since T~ Q;) may be extended trivially to B, also denoted by x, by setting

x(an) = x(a),
for any a € T and n € N. Note that x is well defined since N is a normal subgroup.
Definition 3.1. The set of all representations which are unitary induced to G from

representations of B that arise in this way is called the unitary principal series
representations of G and is denoted

7(x) = Ind§ x.
Z > , is defined in the sepa-
as follows:

The representation 7 (), corresponding to g = (

~ A 9

rable Hilbert space L?(N) (identified with L?(Q,)

axr + ¢

m(x)(9)f(z) = f(ba:+d

with x € Q" and f € L*(Q,).

>X(b:1: +d)|bz +d| ™,

Remark 3.2. Since y is unitary it can be shown that the induced representation
Indg X is also unitary.

Remark 3.3. The definition of the unitary principal series of SL(2) over R and C
is analogous. See [14] for the real case. For F' = C, |bz + d|~! should be replaced
by |bz + d| 72, see [6].

Let x € Q. We will use the theory of R-groups to study the reducibility
of m(x). As we will see, the representation 7(x) is reducible if and only if x is
quadratic. The reducibility of the unitary principal series of SL(2,R) was handled
n [14], and for SL(2,Q,), odd p, in [8]. The case of SL(2,Q2) could be handled
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in a similar analytic way (see [8, p. 198]), but presents more difficulties, see [21, p.
46]. The use of R-groups is independent of the residue characteristic and applies
to archimedean fields also.

Let W = W(T) = N¢g(T)/T denote the Weyl group of T, where Ng(T) is
the normalizer of T'in G. Then, W = Z/2Z = (w).

Given x,n € Q" the representations 7(x) and 7(n) are unitarily equivalent
if and only if x =7 or x =71, see [8, p. 163] and [19, p. 411].

The Weyl group acts on 7" simply by permuting the elements:

-1
w.(‘é a?):(ao 2)7(16@;. (3.1)

Hence, it acts on Q' by inverting the elements, and on its unitary dual Q;A. Since
Q)" ~T x Z;", a character x € Q" will split as a pair x = (z,x*) € T x Z;".
The action of W on Q;j’\ is as follows

wx = ("1 . (3.2)
We have [12, p. 351]

nd$ y ~ Ind% wy.

Denote by W, = {w € W : wx = x} the isotropy subgroup of x in W. It is
known (by Bruhat theory) that the length of the composition series of Indg X is
bounded by |W, | [12, p. 352].

Remark 3.4. It follows from the above discussion that Ind$ y is irreducible if
W, = {1}. Moreover, since W = Z/2Z, if Ind§ x is reducible it has at most two
irreducible components.

Gelbart and Knapp studied in detail the problem of reducibility of the unitary
principal series of SL(n) over a nonarchimedean field with characteristic zero, see
[7]. Their results were extended further by Goldberg [9]. We will apply these results
to the case of G = SL(2). In order to understand the reducibility of 7(x) = Ind$ ¥,
one should look into the commuting algebra Endg(Indg X). An important tool to
understand this commuting algebra is a finite group R(x), the so-called R-group,
introduced by Knapp-Stein, see [12, p. 363] and [9, p. 81]. In fact, it is known
that the commuting algebra Endg(Indg x) has a basis of operators parametrized
by R(x), see [7, p. 315], [12, p. 365].

We will use the framework and notation as in [9]. Let &(G) denote the
equivalence classes of irreducible square integrable representations of G. These
representations are called discrete series. The discrete series are tempered hence
we have & (G) C Irr*(G), where Irr’(G) denotes the tempered dual of G.

Now, let G = SL(2,Q,) and let G = GL(2,Q,). Let T C SL(2,Q,) denote
the maximal torus. Then the elements of £5(T") are the characters of 7'~ Q. The



268 S. Mendes

maximal split torus T of G is

~ a 0
T{( 8 a2>:a17a2€<@§}2@§><@§7

and an element of Eg(f) is a character y of T, which in fact is a product ¥ = x1x2

aq 0 6,1’:

of two characters x1 and x2 of Q. If we denote an element g = ( 0 a
2

simply by g = (a1, az), then X(a1,a2) = x1(a1)x2(az).

The Weyl group W = Z/2Z acts also on & (T), the set of characters of T*

w.X(a1,az2) = %(%(1)7 aw(2))~

Let x € &(T'). We will now manufacture a particular character of T associ-
ated with x. By [9, p. 82] Theorem 1.6(c), there is an element

my € &(T), (3.3)
such that m|r D x.

Definition 3.5. The character 7, € E(T') takes the form m, = x1Xx2, where x1 = x
and x2 =1 is the trivial character.

The representation Indg x is equivalent to the restriction of the representa-
tion Ind% Ty

Remark 3.6. We are using two different notations here. On one hand, w(x) =
Indg X denotes the unitary principal series induced by a character x of Q,. On

the other hand, 7, € EQ(T) denotes the character of T’ defined above.

As in [9, p. 85], we denote m, ® n o det by m, ® 1, where 7 is a character of
Q, and det is the determinant. We will use a realization of the R-group due to
Goldberg. Define the following subgroups of Q;j/\:

L(my) = {n € Q" : my ® n ~ wry, for some w € W},
X(m)={ne Q;A DTy @1 2 Ty}
Definition 3.7. The R-group of x is given by
R(x) = L(my)/ X (my).
(See [9, p. 87], Theorem 2.4.)

Remark 3.8. For unitary principal series of SL(2,Q,), the formula is even simpler.
In fact,

X(m)={neQ" :my@n=m}={neQ;" :xn=x}={1}.

Therefore, for unitary principal series of SL(2,Q,), R(x) ~ L(my). (See Remark
on [9, p. 87].)
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The following lemma is a particular case of Keys’ result [12, p. 365], adapted
to SL(2).
Lemma 3.9. Let x € Q<". Then,
(a) The number of inequivalent irreducible components of Indg X s equal to the
order of R(x);
(b) The multiglicity of each irreducible component of Indg X 18 equal to 1;
(¢) Endg(IndZ x) =~ C[R(x)]-

Proof. Tt follows from [12, p. 365], Corollary 1. (a) follows from the fact that R(x)
is abelian (R(x) C W = Z/2Z), and so the number of conjugacy classes equals the
order of R(x). O

We may now use the R-groups to study the reducibility of the unitary princi-
pal series of SL(2,Q,). We emphasize that the result is independent of the prime p.

Theorem 3.10. Let x be a character of Q). Then, R(x) = Z/27Z if and only if
X 1s quadratic, in which case m(x) = Indgx is reducible. Moreover, in case of

reducibility, the representation w(x) = Indg x decomposes into a direct sum with
precisely two irreducible components

m(x) =7 (x) &7 (x).
Proof. Let x be a character of Q. The isotropy subgroup of x in W is
W, ={weW:wx=x}
Since

t=xex’=1,

WX =X X
we conclude the following:
If x is not quadratic then W, = {1}. Since the length of the composition
series of Ind% x is bounded by [W,| it follows that Ind x is irreducible.
If x is quadratic then W, = Z/2Z. From Remark 3.8, we have only to compute

L(my). Then, for g = (a1,a2) € T,
(my @ n)(ar, a2) = (w.my)(a1, a2) < x(a1)n o det(ay, az) = x(az)
& n(araz) = x~(a1)x(az) © nlaraz) = x(araz).
Therefore, R(x) = (x) ~ Z/2Z and Ind$ y is reducible by Lemma 3.9. From
Remark 3.2, the representation is unitary and so it is semisimple. From Remark

3.4, we conclude that 7 () decomposes into a direct sum of precisely two irreducible
components,

) =7 (x) &7 (0.
Finally, suppose x = 1 is trivial. Then, W, = Z/2Z. We have, for g =
((Il,az) € 717
(m1 @ n)(a1,a2) = (w.m)(a1, a2) < 1(a1)n o det(ar,az) = 1(az)
= ’17(Cl1a2) =1.
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And so
R(1) ~ L(m) = {1}.
We conclude from Lemma 3.9 that (1) = Ind% (1) is irreducible for G = SL(2,Q,).
0

Now, we use the theory of R-groups to discuss the reducibility of the unitary
principal series of SL(2) over archimedean fields.

The case of SL(2,C). The multiplicative group C* has no nontrivial characters
of finite order. Hence, R(x) = {1} and Ind$ x is irreducible for every character of
C*. In fact, this result holds not only for SL(2,C) but for every Chevalley group
over C, see [12, p. 353].

The case of SL(2,R). The field F = R has only one nontrivial finite extension,
C/R, which is quadratic. Therefore, R* has only one nontrivial quadratic charac-
ter, given by

sgn(z) = x/|z|,
or, in the notation of Section 2, sgn(z) = (z, C/R), where (., C/R) is the archimed-
ean Artin symbol. It follows R(sgn) = Z/27 and

7(sgn) = IndS (sgn) = 7 (sgn) & ™t (sgn).

For any other character x of R*, R(x) = {1} and n(x) = Ind%(x) is irreducible.
Note that this result also holds other Chevalley groups over R, see [12, p. 353].

4. The tempered dual

The tempered dual Irr’(G) of G = SL(2, F) comprises the discrete series and the
irreducible components in the unitary principal series. This is a consequence of the
Plancherel theorem of Harish-Chandra, which is valid for any local field F.

Let F' be nonarchimedean. There is a Bernstein decomposition [1, 2]

m'(G) = || WGy (4.1)
s€B(G)
where the index set B(G) is called the Bernstein spectrum of G. For G = SL(2, F),
a point s of the Bernstein spectrum corresponds to either supercuspidal represen-
tations or parabolically induced representations of G. For the latter, the only ones
we will consider, a point s in B(G) is of the form s = [T, x]@, where T = F* is
the standard maximal torus of F' and x is a character of F'*.

In [20], Plymen described the topology on the tempered dual Irr*(G) of a
reductive p-adic group. It has a canonical topology, called the hull-kernel topology,
see [5]. Let A = C(G) denote the reduced C*-algebra of G (see next section for
the definition of C*(@)). The C*-dual 2 may be identified with the tempered dual
of G [4]:

A~ Irr () (4.2)
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Let G be the union of the irreducible unitary principal series and the irre-
ducible components of the reducible unitary principal series. Hence G C Irr*(G).

According to [20], 2 = C}(SL(2,Q,)) is a C*-direct sum of certain fixed
C*-algebras. Let 2p C 2 denote the sub-C*-algebra which correspond to unitary
principal series. Then, Ap ~ G’>. We conclude that 2p is a C*-direct sum indexed
by characters of Q.

The space Q;/\ is given the Pontryagin dual topology, so that (@;/\ has count-
ably many components. Each component is a circle in its Euclidean topology.
Recall that the Weyl group W = Z/27Z acts on Q;f’\.

Definition 4.1. The parameter space of the unitary principal series is the space
Q= QMW = (T x Z;")/W

with the quotient topology.

4.1. Extended quotient

In order to understand the parameter space we introduce the concept of extended
quotient, which is central in a recent geometric conjecture due to Aubert, Baum
and Plymen, see [1, 2].

Let I be a finite abelian group and let X be a compact Hausdorff topological
space. Suppose I' is acting on X as continuous automorphisms of X. Define

X ={(y,z) el x X : vz = z}.
Then I acts on X:
a(y,z) = (aya™ ', az), with (v,2) € X,a €T.
Definition 4.2. The extended quotient, denoted X//T, is defined to be
X//T = X/I.
Thus the extended quotient is the ordinary quotient for the action of I' on

X. The extended quotient always contains the ordinary quotient. The projection
I'x X - X, (v,2) — z induces a map

0:X//T - X ,T(y,z) =Tz
called the projection of the extended quotient on to the ordinary quotient.

In [19], Plymen proved that the topology on G and the quotient topology
on the parameter space Q coincide. The connected components of Q have been
identified with extended quotients T//W, see [1, 2]. For G = SL(2,Q,) it has been
proved that, for any s = [T, x]c € B(SL(2,Q,)), there is a natural bijection

Irr' (G)* = T//Ws. (4.3)

W, is trivial if and only if the character y associated with s = [T, x]¢ is
nonquadratic and ramified. Otherwise, Wy = Z/2Z is the Weyl group of SL(2).
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Therefore, the extended quotient T//W is either T or a disjoint union of the
ordinary quotient with two isolated points

T//Ws=T/WuU{-1} U{1}.
We now describe bijection (4.3).

Case 1: 5 = [T, x|, x ramified and x? # 1. Then W, = {1}. Let £ be an unramified
character of T'. Then, there is a natural bijection

" (G)° 2T, n(éx)— &(w)

Case 2: s = [T,x], x ramified and x2 = 1. Then W, = Z/2Z. Let € be the
unique quadratic unramified character of T. Let (7 (), 7~ (X)) denote the pair of
irreducible constituents of () and (7 (ex), 7~ (ex)) denote the pair of irreducible
constituents of m(ex). There is a bijective map

I (G)* = T/ /W,
given by
() & # 1, 7(&x) = &(w) € T/Ws
(i) £€=1, (7" (x), 7 (x)) = 1 € T//W;
(ii) € = e, (T+(ex), 7 (ex)) ~ —1 € T/ /W,
Case 3: s = [T, x], x unramified. Then W, = Z/27Z. Let trivg, Ste denote, respec-

tively, the trivial representation and the Steinberg representation of G. There is a
bijective continuous map which is not a homeomorphism

Irr' (G)* = T/ /W,
defined by
(i) & # 1, m(€x) — &(w) € T/W;
(ii) E=1, (triVG7Stg) —1e T//W5
(ili) E=¢, (7T (e), 7 (6)) — —1 € T//Ws
We conclude the following result on the tempered dual corresponding to
induced elements.

Theorem 4.3. There is a Bernstein decomposition of the parameter space as a
disjoint union
5=[Tx]

where each connected component is an extended quotient. The extended quotient is
as follows:

(a) a circle, if x is a non quadratic and ramified character of Q) ;

(b) a closed semi-circle with two double-points, if x is a ramified quadratic char-

acter Q) ;
(¢) a closed semi-circle with one double-point, if x is an unramified character

of Q.
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Along the lines of [19], we will now give a portrayal of the extended quotients,
i.e., of the topology in the tempered dual associated with induced elements.

The quadratic characters (., Q,(y/p)/Qp) and (., Q,( /ep)/Q,) pair together
in the same semi-circle, since

(VB QI = (- QulVer)/ Qs = ()
where ( ) is the Legendre symbol.
The unramified quadratic character (.,Q,(v/€)/Q,) and the trivial character
x = 1 belong to the same semi-circle, since

(- Qe = 1.

Let 7(xa) denote the unitary principal series associated with the quadratic
character xq = (., Qp(v/a)/Qp). When p is odd, we have

™ Xp Xep

The double points in the above picture correspond to the irreducible con-
stituents (77 (xa), 7~ (Xa)) of m(X4a), i-e., to quadratic characters. There are count-
ably many nonquadratic characters and their contribution to Q is a disjoint union
of countably many unit circles.

When p = 2, if we choose representatives {—1,+2, +5, £10} to represent the
quadratic extensions of Q2, we have:

ISV YaVYeY

X10 7(; XlO

There are countably many nonquadratic characters and their contribution
to Q is with a disjoint union of countably many unit circles. The existence of
nontrivial quadratic characters is responsible for the failure of the tempered dual
to be Hausdorff.

4.2. The archimedean case

As far as we know, the geometric conjecture [1, 2] has not been even stated for
reductive real or complex groups.
For G = SL(2,C) we have the following result: the space G coincides with

the all tempered dual

G =Tt (SL(2,C)).
The unitary principal series representations of SL(2,C) are parametrized by char-
acters

(v,p) € C*" ~Z x R,
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modulo the action of the Weyl group W = Z/27Z. Each character (v,pu) € Z x R
determines an irreducible unitary principal series representation (v, ). The only
equivalence relation is the following

7(v, 1) = 7(—v, —p).
Therefore,
Q=C"")(Z)2Z) ~ {0} x [0,00) U{1} x RU{2} x RU{3} xRU---.
The space Q is a disjoint union of an half-line and countably many real lines

R R R

[0, 00)

{0} {1} {2} {3}

There are no nontrivial quadratic characters of C*. The tempered dual of
SL(2,C) is Hausdorff.

The unitary principal series representations of SL(2,R) are parametrized by
characters

(v,p) € R*N ~Z/27 x R,

modulo the action of the Weyl group W = Z/27Z. Here, unlike the complex case,
the representation w(—1,0) is reducible and decomposes as a direct sum

m(—=1,0) =7 (-1) d 7t (-1).
The irreducible representations {7~ (—1),7"(—1)} are called “limits of discrete
series”. Therefore, we have a disjoint union
Q=RN(Z)2Z) ~ {+1} x [0,00) U {—1} x [0, c0).

Here, +1 and —1 denote the trivial and the nontrivial character of Z/27Z, respec-
tively. The space Q is a disjoint union of two half-lines, one of them with a double
point.

[0, 00) [0, 00)

of{+1} ool 1}

The group R* has a unique quadratic character sgn(.) = (., C/R), responsible
for the double point in Q. As a consequence, the tempered dual Trr*(SL(2, R)) fails
to be Hausdorff.
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5. The C*-algebra C*SL(2)

Let F' be either Q,, R or C. The reducibility of the unitary principal series of
SL(2,F) has also implications in the structure of the reduced C*-algebra 2 =
CrSL(2, F). The arithmetic link is the following: depending on F' having quadratic
extensions, the C*-algebra 20 has summands which are not commutative. Quite
explicit, these summands are crossed products of a commutative algebra by a
finite group. The finite group is precisely the R-group, see [13] and [10]. Note
that this fits into the framework of noncommutative geometry [3], where a well-
known dictionary relates the topological property of a space being Hausdorff with
the algebraic property of the algebra of continuous functions on that space being
commutative.

We start by recalling the definition of a reduced group C*-algebra. The defini-
tion works for any locally compact group. We choose a left invariant Haar measure
on G and form the Hilbert space L?(G). The left regular representation \ of L!(G)
on L?(G) is given by

AUN(R) = [ *h,
where f € LY(G),h € L?*(G) and * denotes the convolution. The C*-algebra
generated by the image of A is the reduced C*-algebra C}(G).

The C*-algebra 2 = C*SL(2, F) was studied in full detail independently by
Plymen [19] and Tadi¢ [22] for F' nonarchimedean, by Mili¢i¢ [14] for F' = R, and
by Fell [6] for F' = C. In [13], Plymen and Leung have determined the structure of
those fixed-algebras whose duals contains a particular class of representations of
SL(£), with £ prime. In [10], Plymen and Jawdat extended those results for SL(N)
with N not necessarily prime.

Let K denote the C*-algebra of compact operators on some separable Hilbert
space H. We now define the notion of stably isomorphic C*-algebras (See [3, p. 152]
for more details).

Definition 5.1. A C*-algebra 2 is said to be stable if A ® K ~ 2. We call A ®
the stabilization of 2. Two C*-algebra 2 and 9B are called stably isomorphic (or
stably equivalent) when 2A® K ~ B @ K.

We now quote a result of Plymen and Leung on the structure of the reduced
C*-algebra of SL({). The standard maximal torus T of SL(¢) is a minimal Levi
subgroup and contributes to the reduced C*-algebra, see [13, p. 256], Theorem 2.5.
Part of that contribution is given by a noncommutative component. Quite explicit,
Leung and Plymen proved in [13, Theorem 5.4] that the reduced C*-algebra of the
p-adic group SL(¢) admits ¢ direct summands stably isomorphic to

C(T*/T) x Z/VZ.

Now, consider the case of SL(2,Q,). The above quotient becomes T?/T.
Let (21 : 22) € T?/T be a homogeneous coordinate, with |z1| = |2z2| = 1. Since
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(21 : z2) ~ (21/22 : 1), there is a homeomorphism
T?/T=T, (2:1) 2.
Therefore, by [13, Theorem 5.4], the reduced C*-algebra of SL(2,Q,) admits sum-
mands stably isomorphic to
C(T?/T) x Z/27 = C(T) x Z/27Z.

The number of such summands is determined by pairs of Artin symbols,
which correspond to tamely ramified quadratic extensions of the ground field. For
odd p there is only one pair

(- Q(vP)/Qp) 5 (- Qu(Vep)/Qp).

Although Leung and Plymen considered only the case of odd residue charac-
teristic, the result can be extended to Q2. There are three pairs of Artin symbols

(- Qa(vV=1)/Q2) , (-, Q2(v=5)/Q2).
(- Q2(V2)/Q2) , (., Q2(V10)/Qy).
(,Q2(vV-2)/Q2) , (.,Qa2(v/—10)/Q2).

Note that 2Ip contains also countably many commutative summands of the
form C(T), which correspond to irreducible representations 7(x) induced by non-
quadratic and nontrivial characters x of Q;, and also the contribution of the
unitary unramified principal series representations (see Remark 5.3 bellow).

We now concentrate on the case when the ground field F' is archimedean. Let
X denote a locally compact Hausdorff topological space and denote by Cp(X) the
C*-algebra of complex-valued continuous functions on X, vanishing at infinity, i.e.,
for each £ > 0 there is a compact subset K C X such that |f(z)] <e,Vr € X\K.

For SL(2,R), the C*-algebra 2 p is noncommutative and is stably isomorphic
to the following C*-direct sum (cf. §4.2)

Ap ~s Co(R/(Z/2Z)) & Co(R) x Z/2Z,

where ~; means stably isomorphic.
The noncommutative summand Cy(R) x Z/2Z corresponds to the unique
nontrivial quadratic extension of R and so is induced by the archimedean Artin

symbol (.,,R/C).

The remaining case is the complex group SL(2, C), where all the contribution
for the tempered dual comes from the unitary principal series representations. In
other words, Ap = 2.

The C*-algebra 2 is stably isomorphic to the following commutative C*-
direct sum (cf. §4.2)

A~ Co([0,00)) & | P Co(R)

n>1
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In this case, there is no noncommutative summand since there is no quadratic
extension of C.

Putting together sections 3, 4 and the present section, we have the following
rather general result for C*SL(2) over any local field F' of zero characteristic.

Theorem 5.2. Let F' be a local field of characteristic zero. Let Ap denote the sub-
C*-algebra whose tempered dual corresponds to the unitary principal series rep-
resentations. Then, the Artin symbol determine the existence of noncommutative
summands in Ap, depending on whether or not F' admits quadratic extensions.

Remark 5.3. Denote the sub-C*-algebra of CSL(2,Q,) corresponding to the uni-
tary unramified principal series representations by 2. This is called the spherical
C*-algebra of SL(2,Q,). According to [11, p. 113], for SL(2,Q,), «As can be be
identified with the fixed-point algebra

2, = C(T, K)".
Surprisingly, for more general p-adic groups, 2l has a very subtle structure. Even
without realizing the spherical C*-algebra as a crossed product (modulo Morita

equivalence), Kamran and Plymen where able to compute its K-theory for any
split, simply connected, almost simple p-adic group, see [11, Theorem 3.1].

References

[1] A.-M. Aubert, P. Baum, and R.J. Plymen, The Hecke algebra of a reductive p-adic
group: a geometric conjecture. Aspects Math. 37 (2006), 1-34.

[2] A.-M. Aubert, P. Baum, and R.J. Plymen, Geometric structure in the representation
theory of p-adic groups II. Contemporary Math. 543 (2011), 71-90.
[3] A. Connes, Noncommutative geometry. Academic Press, New York, 1994.
[4] J. Dixmier, C*-algebras. North-Holland, 1977.
[5] JM.G. Fell, The dual spaces of C*-algebras. Trans. Amer. Math. Soc. 94 (1960),
365-403.
[6] JM.G. Fell, The structure of algebras of operator fields. Acta Math. 106 (1961),
233-280.
[7] S.S. Gelbart and A.W. Knapp, Irreducible constituents of principal series of SLx (k).
Duke Math. J. 48 (2) (1981), 313-326.
[8] M. Gelfand, M.I. Graev, and LI. Pyatetskii-Shapiro, Representation theory and
Automorphic Functions. Saunders, Philadelphia, 1969.
[9] D. Goldberg, R-groups and elliptic representations for SL,. Pacific J. Math. 165
(1994), 77-92.
[10] J. Jawdat and R.J. Plymen, R-groups and geometric structure in the representation
theory of SL(N). J. Noncommut. Geom. 4 (2010), 265-279.
[11] T. Kamran and R.J. Plymen, K -theory and the connection indez. Bull. London Math.
Soc. 45 (2013), 111-119.

[12] D. Keys, On the decomposition of reducible principal series representations of p-adic
Chevalley groups. Pacific J. Math. 101 (1982), 351-388.



278 S. Mendes

[13] C.W. Leung and R.J. Plymen, Arithmetic aspect of operator algebras. Compositio
Math. 77 (1991), 293-311.

[14] D. Mili¢ié, Topological representations of the group C™-algebra of SL(2,R). Glas.
Mat. 6 (1971), 231-246.

[15] S. Mendes and R.J. Plymen, Base change and K -theory for GL(n). J. Noncommut.
Geom. 1 (2007), 311-331.

[16] S. Mendes and R.J. Plymen, L-packets and formal degrees for SLy(K) with K a local
function field of characteristic 2, arXiv:1302.6038 [math.RT].

[17] J. Neukirch, Algebraic Number Theory. Springer-Verlag, Berlin, 1999.

[18] R.J. Plymen, The reduced C*-algebra of the p-adic group GL(n). J. Funct. Anal. 72
(1987), 1-12.

[19] R.J. Plymen, K-theory of the reduced C*-algebra of SL2(Qp). In “Lecture Notes in
Mathematics, Volume 1132”, Springer-Verlag, New York (1985), 409-420.

[20] R.J. Plymen, Reduced C*-Algebra for Reductive p-adic Groups. J. Funct. Anal. 88
(1990), 251-266.

[21] P.J. Sally, An Introduction to p-adic Fields, Harmonic Analysis and the Represen-
tation theory of SLs. Lett. Math. Phys. 46 (1998), 1-47.

[22] M. Tadi¢, The C*-algebra of SL(2,k). Glas. Mat. 7 (1982), 249-263.

Sérgio Mendes

ISCTE - IUL

Av. das Forgas Armadas
1649-026, Lisbon, Portugal

e-mail: sergio.mendes@iscte.pt


mailto:sergio.mendes@iscte.pt

Operator Theory:
Advances and Applications, Vol. 242, 279-306
(© 2014 Springer Basel

Inequalities and Convexity

Lars-Erik Persson and Natasha Samko

Dedicated to Professor Anténio Ferreira dos Santos

Abstract. It is a close connection between various kinds of inequalities and
the concept of convexity. The main aim of this paper is to illustrate this fact
in a unified way as an introduction of this area. In particular, a number of
variants of classical inequalities, but also some new ones, are derived and
discussed in this general frame.
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1. Introduction

Different kinds of inequalities are very important in various areas of mathematics
and its applications. Today the knowledge about inequalities has been developed
to be an independent area with many papers, Journals, conferences and books
(see, e.g., [6], [13], [18], [20], [21], and the references given there). Moreover, there
are also some books fully or partly devoted to convexity techniques (see, e.g., [14],
[22], [28], and the references given there). These areas are of independent interest
but there are also a huge numbers of examples how these subjects have supported
each other in the further developments of these areas but also of other areas within
mathematical sciences and even in other more applied areas.

Already G.H. Hardy, J.E. Littlewood and G. Polya in their classical book [13]
clearly understood the crucial role of convexity to develop the theory of inequali-
ties. Our intention with this paper is to complement and on some points further
develop the content of this book. The main idea is to further explain and use the
crucial role of convexity (Jensen’s inequality), to further develop and explain the
rich area of inequalities in an elementary and unified way.

The work was partially supported by CEAF under FCT project PEst-OE/MAT /UI4032/2011.
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As an example of the importance of inequalities we mention the following
classical sentence by G.H. Hardy in his Presidental address at the meeting of the
London Mathematical Society in November 8, 1928: “All analysts spend half their
time hunting through the literature for inequalities which they want to use and
cannot prove”. Our hope and main aim is that this paper can help these researchers
to find what they are looking for, e.g., by directly finding the inequality and if not
to give powerful ideas and hints to be able to derive even inequalities not explicitly
stated in our paper.

It is maybe a matter of fate that Hardy himself never discovered that also
his famous inequality (6.1) (after a simple substitution) in fact follows directly
from Jensen’s inequality. Moreover, also his first powerweighted versions of his
inequality is a consequence of the same simple technique. And maybe even more
remarkable is that “all” powerweighted Hardy inequalities (for p = ¢) are, in fact,
equivalent to the simple inequality

[ L) s rofezn ay

which easily follows from Jensen’s inequality. Moreover, also a number of other
classical inequalities (including those by Carleman, Pélya—Knopp etc.) follows di-
rectly from this fact.

We pronounce that all inequalities derived in this paper are sharp.

The content is organized as follows: In Section 2 we point out a number of
elementary inequalities which follow more or less directly from convexity (Young’s
inequality. Clarcson’s discrete inequality, two fundamental inequalities [6], etc.). In
Section 3 we reformulate Jensen’s inequality as an equivalence theorem connected
to the concept of convexity. In the next sections the following inequalities are
derived and analyzed by using convexity arguments from Sections 2-3.

Section 4: Classical Holder’s inequality and various variants of this inequality
(including a version for infinite many Lebesgue spaces).

Section 5: Classical Minkowski’s inequality and various variants of this in-
equality (including an integral version of Fubini type).

Section 6: Some classical inequalities (by Hardy, Carleman and Pélya—Knopp).

It is also pointed out that all these inequalities (via substitutions and limit
arguments) can be derived from the same basic inequality (1.1), which, in turn,
follows from Jensen’s inequality. In particular, these calculations show that “all”
powerweighted Hardy inequalities are in fact equivalent because they are equivalent
to this basic inequality.

Section 7: Some more Hardy type inequalities including variants with finite
intervals involved (a precise equivalence result is proved, and thus improving and
making the statements in Section 6 more clear).

Section 8 is reserved for some further results and final remarks. It is shortly
mentioned how also interpolation theory is closely related to the concept of con-
vexity. This fact is further explained and developed in [25]. As an example there
we just derive Young’s integral inequality (including a limit case) via interpolation
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and convexity. We also mention a fairly new idea that Jensen’s inequality can be
“refined” if convex functions are replaced by superquadratic functions. We point
out that in particular our technique and this fact implies a new refined Hardy
type inequality with “breaking point” p = 2 (for p = 2 we even get a new integral
identity). This is in contrast to usual Hardy type inequalities where the “breaking
point” is p = 1.

2. Convexity — some elementary inequalities

Let I denote a finite or infinite interval on R, . We say that a function f is convex
on [if for0 <A< 1, and all z,y € I,

FIA =Nz +Ay) < (A =N f(z) + Af(y)-
If the inequality holds in the reversed direction, then we say that the function f
is concave.
Moreover, we say that the function f is midpoint convex on [ if, for all

z,y €1,
f <x + y) < f@ + )
2 2
There are many well-known facts concerning convex functions, see, e.g., the book
[22] by C.P. Niculescu and L.E. Persson. Here we just mention a few introductory
but useful facts:

x It follows directly from the definition of convexity that if f is convex on
I = [a, b], then, for all z € [a, b],

fa) < fla)+ 70 7O ) (2.1)

x Assume that f(z) is continuous on I. Then
a) f is convex if and only if it is midpoint convex,
b) f is convex if and only if

fl@+h)+ f(x—h)—2f(x) >0.

Example 1. The function f(x) = 2P,p > 1,z > 1, is an elementary example of a
convex function and as we will see later on this simple fact implies, e.g., the Hardy
inequality (see (6.1)). And since this function is convex also when p < 0 this
inequality holds also for p < 0, a fact which was also not noted by Hardy himself.
Another elementary example of convex function is f(z) = e® and by using this
function in a similar way we obtain a “trivial” proof of the Pélya—Knopp inequality
(6.4), see Examples 23 and 25, and Remark 6.4.

But there are also many non-trivial examples of convex functions which have
been important for the development. We will here only present one example which
we will use later, namely the following one by M. Riesz which was crucial when
he proved his convexity theorem, which was very important when interpolation
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theory was initiated via the famous Riesz—Thorin interpolation theorem, see, e.g.,
the book [7] by J. Bergh and J. Lofstrom.

Example 2. Let a and b be complex numbers. Then the function

(la+ 0"/ + |a — b|1/*)*
(Iaf'/# + [b]1/2)"

is convex on the triangle T: 0 < a < g < 1.

f(a B) = log max

We shall now present some useful elementary inequalities, which follow di-
rectly from convexity, sometimes combined by some other argument from calculus.

Example 3. Let a,b > 0. Then
a? + b < (a+b)? <207 HaP +bP), p> 1,
20" HaP +0P) < (a+b)P <aP +bP,0<p < 1.

Proof. The function f(u) = u? is convex when p > 1 and concave when 0 < p < 1.
Hence,

b\? PP
if p > 1, then (a; ) < ;r , ie., (@a+b)P < 2P (P +bP),

and

b\ P Py pp
if0<p<1,then(“+ ) > @t

2 2
We may without loss of generality assume that b < a. Consider the function

f) = A +8)P =7, [t = b/d]

, ie., (a4 b)P >2071(a? +bP).

and note that

f'(t) =p(L+ )" —ptr~.
Hence f'(t) > 0 for p > 1 and f'(t) <0 for 0 < p < 1. Moreover, f(0) = 1 and
we conclude that

b\? b\?
f(t)20forp21<:>(1+ ) —1—(> >0forp>1
a a

& al + b < (a+Db)P forp>1,

and
b\? b\"
fE)<0for0<p<l& (1+a> -1- (a> <0 forO0<p<1
S (a+b)P <a?+V° forO<p<1. O
Remark 2.1. The inequalities in Example 3 can be unified as follows
c1(a? +b7) < (a+b)P < ca(a? +b7),p > 0, (2.2)

where ¢; = min{2P~!, 1} and ¢z = max{2?~! 1}. When (2.2) holds for some
positive numbers ¢; and cq, we also write (a + b)? ~ (a? + bP). This equivalence
notion can be generalized to more general situations in a natural way.



Inequalities and Convexity 283

By using induction we can generalize Example 3 as follows:

Example 4. Let aq,as,...,a, be positive numbers. Then

Example 5. (Two fundamental inequalities). If x > 0 and « € R, then

o _ —1>
{x ar+a—1>0 for a>landa<0 (2.3)

2 —ar+a—-1<0 for O0<a<l.

Remark 2.2. In the book [6] E.F. Beckenbach and R. Bellman called (2.3) “A
fundamental relationship” (see page 12). In particular, they showed later in the
book that several well-known inequalities follow directly from (2.3), e.g., the AG-
inequality, Holder’s inequality, Minkowski’s inequality, etc. In [6] it was given two
different proofs of (2.3) but in view of the main argument in this paper we mention
another “proof” namely that (2.3) follows directly from the fact that the function
f(z) = x“ is convex for & > 1 and a < 0 and concave for 0 < a < 1. In fact, if
f(x) = 2%, then the equation for the tangent at x = 1 is equal to y = a(x — 1) + 1
and (2.3) follows directly. Moreover, this proof shows that we have equality in both
inequalities in (2.3) if and only if 2 = 1 for all a.

Example 6 (Discrete Young inequality). For any a,b > 0,p, ¢ € R\ {0}, 117 + (11 =1,
it yields that

X
ab<® +7 ifp>1 (2.4)
p q
and
a? b
ab > p+q,ifp<1,p7é{0}. (2.5)

Proof. In fact, (2.4) follows directly from (2.3) applied with z = § and o = 11) (the
case 0 < a < 1) and (2.5) follows from (2.3) in the same way by instead applying

(2.3) in the cases a > 1 and «a < 0. O

Remark 2.3. Another proof of (2.4) is obtained by directly using the fact that
f(z) = e” is convex:

ab:elnab _ e;lnaerélan < ]‘elna” + 1elnb‘1 _ 1ap+ lbq.
p q p

By using the same argument and induction (cf. also Proposition 3.1) we obtain
the following generalization of Young’s inequality (2.4): Let a; > 0,p; > 1,n =
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L,2,...,n,n€Zp,n>23" pl_ = 1. Then

n n

It seems not to be possible to derive a similar generalization of (2.5).

Example 7 (A generalization of (2.3)). Our simple proof of (2.3) gives directly
the following more general result: Let ®(z) be a convex function on R, which is
differentiable at x = 1. Then

P(x) — D' (1) + @'(1) — (1) > 0. (2.6)
If instead ®(z) is concave, then (2.6) holds in the reverse direction.
Another way to understand and generalize (2.4) is as follows:

Example 8 (Generalized discrete Young inequality). Let ®(x) be a continuous and
strictly increasing function for z > 0 and ®(0) = 0. The inverse of ® is denoted
U (draw the figure of the situation). By examining the areas in this figure we see
that

a b
abg/o @(x)d:z:+/0 U (y)dy. (2.7)

Inequality (2.4) is obtained by applying (2.7) with ®(z) = zP~!,p > 1. This
argument also shows that we have equality in (2.7) exactly when b = ®(a), in
particular we have equality in (2.4) exactly when b = aP~!. It seems not to be
possible to have some similar generalization of inequality (2.5).

We finish this section by showing that also another useful inequality follows
from convexity via Example 2.

P

Example 9 (Discrete Clarkson inequality). Let a,b € R;1 < p < 2 and ¢ = ol

Then
(la+b]7 + |a — b|9)"/® < 24 (JafP + [b]P) /7. (2.8)

The inequality is sharp, i.e., 2'/¢ can not be replaced by any smaller number.

Proof. Consider the convex function f(«, ) defined in Example 2. By using the
parallelogram law

la +b* + |a —b* = 2(|a* + |b]*) (2.9)
we see that f(1/2,1/2) = } log2. Moreover, we easily find that f(0+,0+) = log2
and f(0+,1—-) =0.

The linear function g(«, 8) that coincides with f(«, 8) at the points (1/2,1/2),
(0,0) and (0,1) is g(e, B) = (1 — B)log2. Moreover, the convexity implies that
fla,8) < g(a,8) = (1 = B)log2, and by choosing § = 1/p,1 < p < 2, and
a=1—=1/q we obtain that

(la -+ 0|2+ [a — b|7)"/

log
(lal? + [blr) /7

1
< " log2 = log2'/¢
q
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and (2.8) is proved. Finally, we note that by putting a = b in (2.8) we have equality
in (2.8). The proof is complete. O

Remark 2.4. We see that in the case p = ¢ = 2, we have even equality in (2.8) via
the parallelogram law (2.9) and in the other extreme case when p — 1 we have

max(|a + b|, |a — b]) < (|a| + b)), (2.10)
which is just the triangle inequality. Hence, (2.8) is just some “interpolated” in-
equality between these two extreme cases. This argument can be formalized to a
formal proof by considering the operator T : (a,b) — (a + b,a — b) and note that
it maps ¢3 — £3 with norm v/2 (see (2.9)) and ¢3 — ¢2_ with norm 1 (see (2.10))
and the usual Riesz—Thorin interpolation theorem (see [7]) gives the result.

Remark 2.5. Inequality (2.8) is fundamental for proving Clarkson type inequalities
and its applications to uniformly convex spaces. Moreover, by combining (2.8)
with other convexity inequalities we obtain more general inequalities, which are
also important for applications.

3. Convexity = Jensen’s inequality

Proposition 3.1. (Discrete Jensen inequality). Letn € {2,3,...} and let a = {ay}}
be a sequence of positive real numbers. If ®(x) is convex on an interval including
a, then, for \g > 0,5}, A\x = 1, it yields that

P (i )\kak> < i)\k‘l)(ak). (3.1)
k=1 k=1

Proof. In fact, for n = 2 it is just the definition of convexity and for n = 3 it
follows by using the definition two times:

A A
<I)(/\1a1 + )\2(12 + )\1(13) = (P (/\1a1 —+ (Al —+ AQ) |:)\2 _’_2)\3 ag + )\2 f)\?) a3]>

A2 A3
<AP(ar) + (A2 + A3)® as + a
< AN®(ar) + (A2 + A3) (/\2+)\32)\2+)\33>
< )\1@((11) + )\2@((12) + )\3<I>(a3).
The proof follows by repeating this argument and formalize it via induction. [
Of course the above argument shows that in fact the discrete Jensen in-

equality is equivalent to the definition of convexity. We shall now continue by
reformulating the classical Jensen inequality

@ ( / fdu> < [ et (3.2)

where p(2) =1, as a more general form of such an equivalence statement.
Here and in the sequel we let u denote a positive measure on a o-algebra in
a set €.
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Theorem 3.2. Let f be a real p-measurable function on  such that —oo < a <
f(z) <b< 400 forallx € Q and ® be a function on I = (a,b). Then the following
conditions are equivalent:

(i) ® is conver,
(i) the inequality

o r )< b apau (3.3)
(M(Q)/ﬂ ) M(Q) Q

holds for all measures such that 0 < p(Q) < oco.

Proof. (ii)=(i): Apply (3.3) with the measure p defined as the point mass 1 —
A (0<A<1)at zand A at y for x,y € I and we find by (3.3) that

O((1— N +Ay) < (1 — () + A0 (y),

i.e., ¢ is convex.
(i)=(ii): It is obviously sufficient to prove (3.3) with the restriction u(2) =1, i.e.,
that (3.2) holds. First we note that since ® is convex (cf. (2.1)) it yields that
O(t) = B(s) _ P(u) — (1)
t—s - u—1
whenever a < s <t <u <b.
Let t = [, fdu. Then a <t <b.
Put 8 = supremum of all quotients to the left in (3.4) for fixed u € (¢,b).

Hence q)(ti:f(s) < 8 so that ®(s) > ®(t) + B(s — t).
Thus, for all € Q (with s = f(x)) it yields that

(f(x)) — @(t) — B(f(x) — 1) = 0.
We integrate and get that

®(f@)dn— [ ®(0dn=5 [ (1) -
Q
/Qcp 2))dp — B(t) 5/f du+ﬂ/tdu
/Q O(f (x))dp — <I>( /Q fdu> 8 /Q f(@)dp + B /Q F(x)dp
-/ ‘P(f(fv))du@< / fdu> > 0.

The proof is complete. (]

(3.4)

Remark 3.3. The arguments in the proof of (i)=(ii) are the same as those in most
Functional Analysis books but the formulation of Theorem 3.2 as an equivalence
theorem is important and done for our further purposes.

Our proof of Theorem 3.2 shows that we also have the following characteri-
zation of concave functions:
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Theorem 3.4. Let f and ® be defined as in Theorem 3.2. Then the following con-

ditions are equivalent:

(iii) @ is concave,

(iv) the inequality (3.3) holds in the reversed direction for all measures pn such
that 0 < () < oo.

Remark 3.5. If Q = Ry,n = 2,3,..., u =Y ;_, M0y (0 is the unity mass at
t=k), \g >0and > ;_, A, = 1, then Jensen’s inequality (3.2) coincides with the
discrete Jensen inequality (3.1), with f(k) = ai. Moreover, if ® is concave, then
Theorem 3.4 shows that (3.1) holds in the reversed direction.

The original forms of Jensen’s inequality traces back to his original papers
[15] and [16] from 1905-06.

4. Various variants of Holder’s inequality via convexity

As usual, the space L, = L,(),0 < p < 0o, consists of all functions f on € such
that

1/p
I fllz, == (/ flpdu> < o0, if 0 < p < oo,
Q
and

[fllze :=esssup|f(z)] < oo, if p=oo.
e

Example 10 (Hélder’s inequality). Let p > 1 and 11) + ; = 1. Then

1fglle, < Ifllz,llgllz,,

i.e.,
1/p 1/q
Jgotan < ([[1sran) ([ lalran) (4.)
Q Q Q
Proof 1. First we let | follz, = |lgollz, = 1 and use convexity of the exponential
function via Young’s mequahty (2.4) and find that

/|f090|dﬂ< /|f0\pdu+ /|90|qdlt* : q'1:1-

Apply this inequality with fo = I fHL and gg = and (4.1) is proved. O

HQHLq

Another even more direct convexity proof is the following one:

Proof 2. We may without loss of generality assume that 0 < [, [g|dy < oo and
apply Jensen’s inequality (3.2) with the convex function ®(u) = u® to obtain that

1 P -1
(.fﬂ lgldp /sz|fg|d'u> = </ﬂ 9dﬂ) /ﬂ|f\p|g|du,
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1-1/p 1/p
d d Plgld .
/QIfQI y< (/Qg u) (/Qfl 1 u)

Put |f|lg|"/? = | f1| and |g|"/9 = |g1| and we find that

[ gt < ( / |f1pdu> " ( / g1qdu)l/q

We just change notation and (4.1) is proved. O

i.e., that

Remark 4.1. It is easy to use the first proof to find (all) cases of equality in
Hélder’s inequality namely when g(z) = (f(z))?~! (see Example 8). In particular,
this means that the following important relation

1/p
([1ran) " s [ if1odn 42
Q Q

yields for each p > 1, where supremum is taken over all ¢ > 0 such that fQ pldp =
1. This technique is example of a technique called quasi-linearization.

Example 11 (Holder’s inequality — the reversed form). Let 117 + é =1,0<p<1.

Then y y
p q

d rd 4 . 4.3

/Q\fg\ uZ(/QIf u) </ﬂg u) (4.3)

Proof. Note that the function ®(u) = u? is convex also for p < 0. Therefore as in
the second proof of Holder’s inequality we find that (with the same notation)

p—1
(/Qlflgldu> /\fll”du (/ 91qdu> .
1/p 1/q

/Q\flglwduz (/Qfll”du> (/Q g1qdu>

for p < 0 (and 0 < ¢ < 1) and, hence, by interchanging the completely symmetric
roles of p and ¢ and change notation we obtain (4.3) and the proof is complete. [

Hence

We shall now formulate a more general result, which includes Examples 10
and 11 as special cases.

Example 12 (H6lder’s inequality — completely symmetric form). Let p, ¢ and r be
real numbers # 0 such that 11) + ; = i Then

, 1/p 1/q
(/ﬂ £l du> S(/ﬂlf”du) (/QIQI"du>

ifp>0,g>0,r>00rp<0,¢g>0,r<0o0rp>0,g<0,r <0, and

</ﬂ |fg|rd“>i - </Q 'fpd“)l/p (/Q gqclu)l/q
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ifp>0,g<0,r>00rp<0,g>0,7r>00rp<0,qg<0,7r<0. (Whenever some
parameter is negative we assume that the involved function is strictly positive.)

Proof. The casep > 0,q > 0,7 > 0. First we note that the convexity of the function
f(u) = e* implies that

F(a(t)]" = exp(r(in |£(8)] + In]g(t)))
— exp (p WlfOP + | g<t>q) < I+l

By now integrating and discussing as in the proof of the special case r = 1 (see
Proof 1 of Example 10) we obtain (a).
The case p > 0,qg < 0,7 > 0. By using the estimate we just have proved we

find that
—q 1/—q
du) ;

([1swra)” = ([ 1swar o)
(f1swra)”™ ([ rorman) " < ([ wowora)

1/r 1
< ([ lrwstoran) (fﬂ o
which means that (b) holds.

By symmetry we see that (b) holds also for the case p < 0, ¢ > 0, r > 0.
For the cases p < 0,¢ > 0,7 < 0.and p > 0,q < 0,r < 0, we use the obtained
results with r, p, ¢ replaced by —r, —p, —q, respectively, and obtain that

( / £(2) ’”du) (/ f(t)lg(t) d“>/
<(Lltol )/ (Lol ")

which means that (a) holds.
The proof of the case p < 0,q < 0,7 < 0 is similar. O

ie.,

1
(t)

f g(t)

Another well-known generalization of Example 10 is the following:

Example 13 (Hé6lder’s inequality for n— LP spaces). Let p1,p2,...,pn,n =2,3,...,
be positive numbers such that pll + 1712 + -+ pl = 1. Then

1/p1 1/pn
/Q|f1f2"'fn|du§ (/ﬂfﬂpldu) "'(/anIP"du> . (4.4)

The proof follows by just using (4.1) and induction or by using directly the
discrete Jensen inequality (3.1) and discussing as in Proof 1 of (4.1).
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Remark 4.2. Note that if we put 1/p = 6,0 < 6 < 1, and replace |f| by |f|? and
lg| by |g|*~%, then Holder’s inequality (4. 1) can be written

Lot ([ fldu> (f gdu> , (45)

where 0 < 0 < 1.

Remark 4.3. If @ and b are positive numbers, then the number a'~%0?,0 < 6 < 1,
is a geometric type mean of the numbers a and b (for ¢ = 1/2 we have the usual
geometric mean). Moreover, the geometric mean of a positive function f over an
interval [0,b] is defined as follows

Gy :=exp <11)/0 lnf(t)dt) .

Accordingly to the Remarks 4.2 and 4.3 it is tempting to think that Example
14 can be generalized to the case with infinite many L? spaces (cf. (4.7) below)
and in fact this is also true. The reader shall here think of that the functions
fi(x),t € (0,b), belongs to the space L), where p(t) is sufficiently “smooth” so
the involved integrals make sense.

Example 14 (A Holder inequality for infinite many functions involved). Let p(t)
be positive on [0, ] and let p be defined by

1 1 ("1
- b/o p(t)dt. (4.6)

1 P 1/p
( / (epr / loglft(w)ldt> du)
Q 0
Lo 1/p(t)
< exp / log ( / Ift(w)l”(”du> dt.
b 0 Q

Remark 4.4. If weput b=1,0=qp < a1 <azx < ---<a, =1, =aj41 —a;,i =
1,2,...,n, ft(z) = fi(x) for a; < t < a;y1,4 = 1,2,...,n, then p(t) = al_,i =
1,2,...,n, so (4.7) reads

/ (H'f”) i < H ([ 1)

where Y1 | a; = 1, which is a generalization of (4.5) and equivalent to (4.4).

Then

(4.7)

Remark 4.5. Inequality (4.7) was stated and proved in a little different form in the
paper [23] by L. Nikolova and L.E. Persson, where they used the theory of inter-
polation between infinite many Banach spaces. However, here we shall finish this
section by presenting another proof, which shows that also (4.7) follows essentially
from Jensen’s inequality (convexity).
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Proof. To prove (4.7) first we note that it is sufficient to prove that

p
1 [t
Iy ::/ (exp /loglgt(z)dt> dp < 1, (4.8)
Q b Jo
where fi(@)
t
g = gi(z) =
(foy fe(@)lP®dp) 70
Since

p

b
p 1
:exp/ log | g¢ (x p(t) dx
0 l90(=)| p(t) b

1 b
exp, [ loglar(e)lde
0

the function ®(u) = e* is convex and, by (4.6), fob pf’t) idt = 1, we can use Jensen’s

inequality to obtain that

1 b
(epr/ log ¢ (« dt) /\gt )P p)dt
0

Hence, by integrating and using Fubini’s theorem and (4.6), we find that

</ (ZZ [ 'gt(x)p“)pgwdt)d [ ] (o)

p 1
/o bpn) ™ =1

and (4.8) is proved. The proof is complete. a

5. Various variants of Minkowski’s inequality via convexity
The standard variant of Minkowski’s inequality reads:

Example 15 (Minkowski’s inequality). If p > 1, then

|f + g[Pdu Upé | f[Pdp l/er lg|Pdp W- (5.1)
(otran) =< (fran) "+ ( foran)

Remark 5.1. The inequality (5.1) can be written

If+allz, < Ifllz, + l9llz,@

which is the triangle inequality in L, (€2)-spaces. This is the crucial property that
the spaces L,({2) are normed spaces, even Banach spaces, for p > 1.

Proof 1. By the triangle inequality and Hoélder’s inequality we have that
LU+ alrau= [ 15 +ar71f +aidus [ 17 +a 7 61+ o

- /Q 1+ gl Fldp+ /Q 1+ gIPgldy
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(o) " (s (o) (forvor)”
(/Qf+g|”du> ql(/QLdeM) p*(/glgl”du> p].

Hence
1-1/q 1/p 1/p
Pd Pd Pd
([irvara) < ([1rrac) ([ talan)

and since 1 — 1/¢g = 1/p we obtain (5.1). O

Proof 1 is the most common proof in Functional Analysis books but we
present here also another proof of (5.1), which is easier to generalize and which is
a special case of a general technique called quasi-linearization. In our case we do
this linearization by using (4.2).

Proof 2. The fact that we have equality in Holder’s inequality means that

1/p
( / fl”du> = sup [ |fledie
Q ©>0.J0

(see (4.2)), where supremum is taken over all ¢ such that for ¢ = p/(p — 1)

1/q
(/ gaqdu) =1.
Q

Hence, by the usual triangle inequality for numbers and an obvious estimate, we
have that

1/p
(/ f+g|”du> = sup/ |f + gledu < sup/(lf\w+ lgle)dp
Q ©>0JQ ©>0JQ

1/p 1/p
<sw [ iflodntsw [alean= ([ 150as) o+ ([lara) . o
$>0JQ ©>0JQ Q Q

A generalization of (5.1) reads:

Example 16 (Minkowski’s inequality for n functions fi, fa, ..., fn). Ilf p > 1,
n=2,3,..., then

1/p 1/p 1/p
(/|f1+f2+"'+fn|pd/~t> S(/|f1pdu> +-~-—|—</fn|pdu> .
Q Q Q

The proof of this inequality follows by generalizing Proof 2 above of (5.1) in
an obvious way or simply by using induction and (5.1).

Next we shall present Minkowski’s inequality for infinite many functions
K, (z) = K(z,y), which usually is called Minkowski’s integral inequality.
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Example 17 (Minkowski’s integral inequality). Let —oco < a <b < o00,—00 < ¢ <
d < o0, and let K(z,y) be measurable on [a,b] X [¢,d].
If p > 1, then

1/p

</ab </ch(x7y)dy>de> 1/p < /Cd </abKP(x7y)da:> dy. (5.2

Proof. Let p > 1. We use again the quasi-linearization idea from (4.2) and obtain
that
1/p

Iy = </ab </CdK(w,y)dy>pdz> Zg%/abw(x) /ch(Ly)dydL

where the supremum is taken over all measurable ¢ such that f; el(x)de =1,q =
p/(p — 1). Hence, by using the Fubini theorem and an obvious estimate, we have
that

[ozsup//sz d:z:dy</ <sup/ny >dy
>0 c >0

1/p

_ /Cd (/b Kp(at,y)dx> dy.

For p = 1 we have even equality in (5.2) because of the Fubini theorem, so the
proof is complete. O

Next we shall consider a special case of Example 17, which is useful, e.g.,
when working with mixed-norm L, spaces and we need some estimate replacing
the Fubini theorem. More exactly, we put

_ [ k(@) e )V P (2), a <y <z,
K(m,y)—{o , x<y<b,

where k(z,y),¥(y) and ¥o(z) are measurable so that Minkowski’s integral in-
equality (5.2) can be used. Under this assumption we have the following:

Example 18 (Minkowski’s integral inequality of Fubini type). If p > 1,—oc0 < a <

b < oo, then
(/ab </; k(x,y)\lf(y)dy>p\110(x)dx>
< /ab (/yb kp(a?,y)\llo(a?)dat> 1/p‘1’(y)dy.

Remark 5.2. With the same proof as above we can also formulate more general
forms of the estimates (5.2) and (5.3) by replacing the measures dz and dy by
general measures du(x) and du(y), respectively, and thus, e.g., also cover cases
with double sums instead of double integrals.

1/p

(5.3)
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In particular, we have the following discrete variant of (5.3):

Example 19. Let p > 1 and let {apc}; >, {br}32; and {cx}72, be positive se-

quences. Then
r o /e 1/p
(Z (Z aubg> Ck> < (Z aizck> by. (5.4)
=1 \k=¢

k=1

Remark 5.3. In the same way we can prove the following associate variants of (5.3)

and (5.4):
p 1/p
(/ab </: k(I,@J)\P(y)dy) \Ijo(x)dx>
</ b ( / ' kp(x,y)\lfo(x)d:z:) Y ),

1/p o ) 1/p
(Z (Z aubg> Ck> < (Z aizck> by.
k=1 = =1 1

6. Some classical inequalities (by Hardy, Carleman and
Pélya—Knopp) via convexity

respectively,

The main information in this and the next section is mainly taken from the recent
paper [27] (cf. also [26]) by L.E. Persson and N. Samko. But the formulation of
some crucial results are different and put to this more general frame.

Example 20 (Hardy’ s inequality (continuous form)). If f is non-negative and p-
integrable over (0, c0), then

[ () a< () [ rwin por oo

Example 21 (Hardy’s inequality (discrete form)). If {a, }|° is a sequence of non-
negative numbers, then

Z( ZCH) —<pp1>p§a£7 p>1 (6.2)

n=1

Remark 6.1. The dramatic more than 10 years period of research until Hardy
stated in 1920 (see [10]) and proved in 1925 (see [11]) his inequality (6.1) was
recently described in [19]. It is historically clear that Hardy’s original motivation
when he discovered his inequalities was to find a simple proof of Hilbert’s double
series inequality, so first he even only considered the case p = 2.
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Remark 6.2. Tt is clear that (6.1) = (6.2), which can be seen by applying (6.1) with
step functions. This was pointed out to Hardy in a private letter from F. Landau
already in 1921 and here Landau even included a proof of (6.2).

Example 22 (Carleman’s inequality). If {a,}]" is a sequence of positive numbers,

then
Z Yay - an < e Z . (6.3)
n=1 n=1

Remark 6.3. This inequality was proved by T. Carleman in 1922 (see [8]) in con-
nection to this important work on quasianalytical functions. Carleman’s idea of
proof was to find maximum of "1 (a; ---a;)'/* under the constraint > | a; =
1,n € Z,. However, (6.3) is in fact a limit inequality (as p — o) of the inequalities
(6.2) according to the following:

1/p

i

oo n p oo
Zl (izlazl/p> < (pp]_)pzlaru D> L.

Moreover, when p — oo we have that

1 n D n 1/n P
Zag/p — Hai and ( P ) — e.
[t i=1 p—1

In view of the fact that Carleman and Hardy had a direct cooperation at
that time (see, e.g., [9]) it is maybe a surprise that Carleman did not mention this
fact and simpler proof in his paper.

Replace a; with a
that

in the Hardy discrete inequality (6.2) and we obtain

Example 23 (The Pélya—Knopp inequality). If f is a positive and integrable func-
tion on (0, 00), then

/OOO exp (; /0 w lnf(y)dy> dr<e /O h flx)da. (6.4)

Remark 6.4. Sometimes (6.4) is referred to as the Knopp inequality with reference
to his 1928 paper [17]. But it is clear that it was known before and in his 1925
paper [11] Hardy informed that G. Pdlya had pointed out the fact that (6.4) is in
fact a limit inequality (as p — oo) of the inequality (6.1) and the proof is literally
the same as that above that (6.2) implies (6.3), see Remark 6.3. Accordingly,
nowadays (6.4) is many times referred to as the Pélya—Knopp inequality and we
have adopted this terminology.

All inequalities above are sharp, i.e., the constants in the inequalities can not
be replaced by any smaller constants.

In particular, the discussion above shows that indeed all the inequalities (6.1)—
(6.4) are proved as soon as (6.1) is proved. Our next aim is to present a really simple
(“miracle”) proof of this inequality via convexity, but first we need the following:
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Basic observation 6.5. We note that for p > 1 it yields that

(! mf(y)dy pdxé ﬁ ’ Oofp(:v)dx, (6.5)
fo G wm) = (20)

=
/OOO <916 /Oxg(y)dy)p dj < 1~/Ooog”(x)d;, (6.6)

where f(z) = g(z'=/?)z=1/?. In fact, consider (6.5) (= (6.1)) and we find that:

(P ’ 1)” /O°° frieyde= (p . 1)” /ooo gp(xl—l/P)d;

:( P )P-H /oogp(y)dy
p—1 0 Yy’
and

[ e () (L
() ),

According to the Basic observation 6.5 we have proved (6.1) (and thus also
(6.2)-(6.4)) as soon as (6.6) is proved and here is the (“miracle”) proof of (6.1):
By Jensen’s inequality and Fubini’s theorem we have that

[ o) e [ (3 )
:/Ooogp(y)/yoo ;lfdy:/ooogp(y)dyy.

Remark 6.6. Since the function ®(u) = u? is convex also when p < 0 this simple
proof shows that (6.1) in fact also holds for p < 0, a fact which was not noted by
Hardy himself.

Remark 6.7. In 1927 G.H. Hardy himself (see [12]) proved the first weighted version
of his inequality (6.1) namely the following: The inequality

/OOO (i /0”” f(y)dy>px“da? < (pfa)p/ooo £7(2)a"da (6.8)

holds for all measurable and non-negative functions f on (0,00) whenever a <

which proves this statement.

(6.7)

Hardy obviously believed that this was a generalization of (6.1) but, in fact,
by making the substitution

p—l—a _  _ l+a

@) =gt » )= »
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and calculations like in the Basic observation 6.5 we see that also (6.8) for any
considered « is equivalent to (6.6).

Remark 6.8. There exists also an associate variant of (6.8), namely the following:

/Om <glc/:of(y)dy) :z:a"d:z:§<ao+1_ ) / ()2 da, (6.9)

which holds for all measurable and non-negative functions on (0, co) whenever o >
p—1,p > 1. In fact, also this inequality is equivalent to the basic inequality (6.6)
$0, in particular, (6.8) and (6.9) are equivalent (with the relation ag = —a—2+2p
as we will see later on). Moreover, since the function ®(u) = u? is convex also for
p < 0 it yields that

a) (6.8) holds also in the case p < 0, > p — 1,
b) (6.9) holds also in the case p < 0,9 < p — 1,

and these inequalities are equivalent also then.

Finally, we note that since the function ®(u) = u? is concave for 0 < p < 1
it yields that (6.8) and (6.9) hold in the reversed direction for 0 < p < 1 with the
same restrictions on « and ag.

This important remark is a special case of a more general statement (Propo-
sition 7.3) proved and discussed in detail in our next section.

7. More Hardy type inequalities via convexity

The same convexity argument as that in the proof (see (6.7)) of the basic inequality
(6.6) shows that we have the following more general statement:

Example 24. Let f be a measurable function on R and let ® be a convex function
on Dy = {f(x)}. Then

Lre (G [ rwan) < [Tatre) )

If @ instead is positive and concave, then the reversed inequality holds.
In fact, by Jensen’s inequality and Fubini’s theorems we have that

[T o) < [ o

= [ et / ;dxdy: | et

If ® is concave, then the only inequality holds in the reverse direction.

Example 25. Consider the convex function ®(u) = e* and replace f(y) with
In f(y). Then (7.1) reads

[on ([ o) < [0 2
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By now making the substitution f(x) = xg(z) we transform (7.2) to the inequality

/Ooo exXp <glc /Ox lng(y)dy> de < e/ooo g(z)dz,

i.e., we obtain another proof of the Pélya—Knopp inequality (6.4) without going
via the limit argument mentioned in the Remark 6.4.

It is also known that the Hardy inequality (6.1) holds for finite intervals, e.g.,

- /0Z <31: /O“" f(y)dy>pd:v < <pf 1>p/0Z fP(@)de, p>1, (7:3)

holds for any £,0 < ¢ < oo, and the constant (pﬂ) is still sharp also for ¢ < co.
But the inequality (7.3) can be improved to the following:

/OZ (91: /Oz f(y)dy>pdx§ (pgl)p/;fp(x) {1 @)p] iz, (7.4)

where p > 1 or p < 0.

This fact is a special case of the more general result (Proposition 7.3) we next
aim to prove and discuss. As a preparation of independent interest we first state
the following generalization of our previous basic inequality (6.6):

Lemma 7.1. Let g be a non-negative and measurable function on (0,€),0 < £ < oo.
a) If p<0 orp>1, then

[ ([ o) < [ (-7 (1.5

(In the case p < 0 we assume that g(x) > 0,0 <z < {.)
b) If 0<p <1, then (7.5) holds in the reversed direction.
c¢) The constant C =1 is sharp in both a) and b).

Proof. By using Jensen’s inequality with the convex function ®(u) = u?,p > 1 or
p < 0, and reversing the order of integration, we find that

/OZ (; /Ozg(y)dy>p d; < /OZ;/Oxgp(y)dyd; /Ofgp(y) </yz ;2dx> "
- /Ofgp(y) <21/ - 2) dy = /Ofgp(y) (1 B @2) c;y

The only inequality in this proof holds in the reversed direction when 0 < p <1
so the proof of b) follows in the same way.
Concerning the sharpness of the inequality (7.5) we first let £ < oo and

assume that
L x D L
1 dxr z\ dr
<C- P — .
/(I/ g(y)dy) T<c /ng:)(l ) (7.6)
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for all non-negative and measurable functions g on (0, £) with some constant C,0 <

C < 1.Let p>1ande >0 and consider g.(z) = ¢ (for the case p < 0 we assume

that —1 < € < 0). By inserting this function into (7.6) we obtain that
C>(Ep+1)(e+1)77,

so that, by letting ¢ — 04 we have that C' > 1. This contradiction shows that the
best constant in (7.5) is C' = 1. In the same way we can prove that the constant
C = 1 is sharp also in the case b). For the case £ = oo the sharpness follows
by just making a limit procedure with the result above in mind. The proof is
complete. ([

Remark 7.2. For the case { = oo (7.5) coincides with the basic inequality (6.6)
and, thus, the constant C' = 1 is sharp, which, in its turn, implies the well-known

P
fact that the constant C' = pfl) in Hardy’s inequality (6.1) is sharp for p > 1
and as we see above this holds also for p < 0.

Moreover, since also the weighted variants (6.8) and (6.9) are equivalent to
the basic inequality (6.6) via substitutions we conclude that also these constants

are sharp in all considered cases.
We are now ready to formulate our main result in this section.

Proposition 7.3. Let 0 < ¢ < oo, by =1/¢, a,a9 € R and let p € R\ {0} be a fired
number and f be a non-negative function.

a) Let f be a measurable function on (0,]. Then

[ ([ s s
ot e e

holds for the following cases:
a;) p>l,a<p-—1,
as) p<0,a>p—1.
b) For the case 0 < p < l,a < p — 1, inequality (7.7) holds in the reversed
direction in both cases a1) and ag).
c) Let f be a measurable function on [¢,00). Then

o) 1 o0 P
/ZO (m / f(y)dy> 20ds
p b > aop EO a0+p17p
o) [ (57 o

holds for the following cases:

(7.8)

c1) p>1,a0>p—1,
c2) p<0,a9<p-—1.
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d) For the case 0 < p < 1,a9 > p — 1 inequality (7.8) holds in the reversed
direction in both cases c1) and c3).

e) All inequalities above are sharp.

f) Let p > 1 or p < 0. Then, the inequalities (7.7) and (7.8) are equivalent for
all permitted a and ag because they are in all cases equivalent to (7.5) via
substitutions.

g) Let 0 < p < 1. Then, the reversed inequalities (7.7) and (7.8) are equivalent
for all permitted a and ag.

Remark 7.4. The formal relation between the parameters a and ag is that a =
2p — ap — 2, but this is not important according to f) and g).

Proof. First we prove that (7.7) in the case (a1) in fact is equivalent to (7.5) via
the relation

flx)=g (mpigil) .

In fact, with f(z) =g (mpigil) 2= and £y = Lr—a-1, in (7.7) we get that

p Lo x ;
P 1 dx
( e ) [ G T
p a 0 T P 0 €
p+1 L y 4
p 1 dy
p a o \YJo Yy

Since we have only equalities in the calculations above we conclude that (7.5) and
(7.7) are equivalent and, thus, by Lemma 7.1, a) is proved for the case (a1).

For the case (as) all calculations above are still valid and, according to Lemma
7.1, (7.5) holds also in this case and a) is proved also for the case (as).

For the case 0 < p < 1,a < p — 1, all calculations above are still true and
both (7.5) and (7.7) hold in the reversed direction according to Lemma 7.1. Hence
also b) is proved.
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For the proof of ¢) we consider (7.7) with f(x) replaced by f(1/x), with a
replaced by ag and with ¢ replaced by ¢y = 1/¢:

[ sama) s N
Pt p=ao
< (plp a0> ; fP(1/x)x [1— (Z) 1 dx.

Moreover, by making first the variable substitution = 1/s and after that y = 1/x,
we find that left-hand side of (7.9) is equal to

Lo oo p 0o 0o P
(L) e [ 00
_ > 1 > f(S) )P —ap—2+2p
_/z (y/y 2 ds | vy dy

> 1 > P P 2p—ap—2
= 9" W) | v dy,
1 Y Jy
and, by using the substitution y = 1/x, we obtain that right-hand side of (7.9) is
equal to
p o p=ao—1
p —a ey oo -
( . )/ P (y)y "[1—(> 1y2dy
p—1—ao 14 Y
p o] / p-aep—l
b —ag— v
:( . ) / 9" (y)y* e 2[1—( ) ]dy.
p—1—ao ¢ Y

Now replace 2p—ag—2 by a and g by f and we have that ag = 2p—a—2,p—1—ag =
a+ 1 — p. Hence, it yields that

[ o) e (12 e ()

and, moreover,

(7.9)

[Put 7 = g(s)]

52

a<p—1l&e&2p—a-2<p—-1l&a>p-—1.

By changing notation and using the symmetry between the parameters, we find
that c¢) with the conditions (c¢1) and (cz) are in fact equivalent to a) with the
conditions (a1) and (ag), respectively, and also ¢) is proved. (The formal relation
between the parameters is a = 2p — ag — 2 and ¢y = 1/¢.)

The calculations above hold also in the case d) and the only inequality holds
in the reversed direction in this case so also d) is proved.

Finally, we note that the proof above only consists of suitable substitutions
and equalities to reduce all inequalities to the sharp inequality (7.5), or the reversed
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inequality (7.5), and we obtain a proof also of the statements e) and f) according
to Lemma 7.1. The proof is complete. O

8. Some further results and final remarks

Remark 8.1. Our presented simple convexity technique to prove powerweighted
Hardy inequalities can be useful for several generalizations. We only present here
the following generalization of our fundamental inequality (7.5) for the case of
piecewise-constant p(z) :

Example 26. Let
Po, 0 <z < 17
= 8.1
o) ={ P05 (5.
where pg,p1 € R\ {0}. Let 0 < £ < 00, and let p(x) be defined by (8.1). Then, for
every non-negative and measurable function f,

/ol s f(t)dt)p(x) LSt /oe(f @ (1-5) o

rmacfor- | @ - (F@) da.

whenever p(z) > 1 or p(x) < 0 (for the case p(x) < 0 we also assume that
f(x) >0.)
For the case 0 < p(x) < 1 inequality (8.2) holds in the reversed direction.
The constant C' =1 in front of the first integral is sharp.

Remark 8.2. The proof of this and more general statements of this type can be
found in [27]. Note that for the case po = p1 = p (8.2) coincides with (7.5).
Hence, our inequality (8.2) is a genuine generalization not only of (7.5) but also
of all Hardy type inequalities we have derived from (7.5) in this paper (see, e.g.,
Proposition 7.3).

Remark 8.3. We have already mentioned that convexity was very important when
modern interpolation theory was initiated (see Example 2 and [7]). Hence, it is
not surprising that interpolation theory is also very important tool when proving
inequalities. The main aim of [25] is to illustrate and develop this close connec-
tion between Convexity, Interpolation and Inequalities. Here we just mention the
following example:

Example 27 (Young’s integral inequality). Consider the convolution operator T’
defined by

+o0
Tf(z) = / K(z — ) f(y)dy = k * f(2).

If ke L, = L,(—00,+00) and f € L, = Ly(—00,+00), where 1 < p < ' =
r/(r — 1), then k* f € L,, where 1/¢+ 1/p—1/r" and

1k fllz, < kL 1f]lz,- (8.3)
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Proof. By our variant of Minkowski’s inequality we have that

ITfllz, <Kl f]L,
and, by Holder’s inequality,

ITfllzwe < MKl 1Nz, -

This means that T : Ly — L, and T : L — Lo with norm ||k||z, in both
cases. By interpolating between these two situations with the usual relation for
the parameters in intermediate spaces we obtain (8.3) and the proof is complete

(ct. [7], p. 6). O

Remark 8.4. Note that this argument of proof does not work for the case r = 1
(so that p = ¢) but this limit case holds also, which can be seen by just using a
direct convexity argument.

Example 28. If f € L,,1 <p < o0, and g € Ly, then f * g € L and, moreover,
I *glle, <lgllz, I fllz,

Proof. We shall prove that
p 1/p +o0 400 1/p
dx) < [ i ([ o)

</+: ‘/:o fW)g(z —y)dy

The cases p = 1 and p = oo are trivial so we assume that 1 < p < oco. First we
note that, by Holder’s inequality, for each z € R we have that

+oo +oo
|f *g(x)| = ‘/ fy)g(z —y)dy S/ LF)llg(x — )P gl — y)[ /7" dy

— 00

< ([ vorse—va) " ([ wa-nim)”

We now take the L, norm of both sides and use Fubini’s theorem to obtain
that

17wl < ot (v ([ tote— i) )

, +oo 1/p
= (llgllz)"” <||g||L1>””(/_ f(y)l”dy> = lgllellfll, O

Remark 8.5. We claim that also a number of other classical and new inequalities
can be derived and understood in this uniform way via convexity and interpolation.
For further information concerning this we refer to [25].

We shall finish this section by shortly discussing the possibility to change the
concept of convexity a little and thus be able to prove some refined versions of
classical inequalities.

In this connection we mention that the following concept of super-quadratic
(sub-quadratic) function was introduced in 2004 by S.Abramovich et al. in [2]:
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Definition 8.6. [2, Definition 2.1]. A function ¢ : [0,00) — R is superquadratic
provided that for all x > 0 there exists a constant C, € R such that

ey) —ox) —e(ly—z|) = Ce (y — )
for all y > 0.
We say that f is subquadratic if —f is superquadratic.
Remark 8.7. It is easy to see that the function f(u) = u? is super-quadratic for
p > 2 and sub-quadratic for 1 < p < 2.
In the paper [2] the authors proved the following remarkable refinement of

Jensen’s inequality for super-quadratic functions:

Theorem 8.8. Let (2, i) be a measure space with u(2) = 1. The inequality

o ([ 16u0) < [ otrepas- [ o (|7 / FE)au(s)| ) duts) (5.9

holds for all probability measures p and all nonnegative p-integrable functions f if
and only if ¢ is super-quadratic. Moreover, (8.4) holds in the reversed direction if
and only if ¢ is sub-quadratic.

In view of Remark 8.7 we have the following important special case of The-
orem 8.8:

Example 29. Let (2, 1) be a measure space with p(Q2) = 1. If p > 2, then

([ r61n)" < [ sorants - [ | / F(s)i(s)| duts) (89

holds and the reversed inequality holds when 1 < p < 2 (see also [1, Example 1,
p. 1448]).

By now using the same technique as in our previous sections but with this
refined Jensen inequality (see Example 29) we can obtain for example the following
refined Hardy type inequalities (the details in the calculations can be found in the
paper [24] by J. Oguntuase and L.E. Persson).

Example 30. Let p > 1, kK > 1, 0 < b < oo, and let the function f be locally
b

integrable on (0, b) such that 0 < [2P~* fP(2)dz < oco.
0

(i) If p > 2, then

/Obx—’f (/omf(t)dt>pdx+k;1/ob/tb‘kp1 (;)1_ 0

1 /[® S ke
_x/ pieyd] ot (8.6)
0

() LG o

(ii) If 1 < p < 2, then inequality (8.6) holds in the reversed direction.
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Remark 8.9. Note that (8.6) with b = co means that if p > 2, then the classical
Hardy inequality for & > 1 can be refined by adding a second term on the left-hand
side. In fact, this factor is so big that the inequality holds in the reversed direction
for 1 < p < 2 so that, in particular, for p = 2 we have the following identity:

1

/Omx’“ </Ozf(t)dt)2d:z:+k21/000/:0(1:1 (;) o £(t)

1 xr 2 _1 _1 2 2 o0
- x/o f(t)dt) a2 Rt gy = (k1> /O 2k 2 (2)da.

Remark 8.10. As we have seen the “normal” behaviour in Hardy type inequalities
is that the natural “breaking point” (the point where it reverses) is p = 1 but in
the refined Hardy inequality (8.6) the “breaking point” is p = 2. Further research
in this direction can be found in recent papers by S. Abramovich and the present
authors (see [3], [4] and [5]).
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On a Question by M. Seidel and
the Answer by D. Dragicevi¢ et al.

Steffen Roch

Dedicated to Prof. Anténio Ferreira dos Santos

Abstract. According to [1], Markus Seidel asked whether certain homomor-
phisms which identify local algebras can be also viewed as lifting homomor-
phisms. The authors of [1] give an affirmative answer in the context of concrete
Banach algebras. The purpose of this short note is to show that this question
always has an affirmative answer, with the meaning of “always” explained
below.

Mathematics Subject Classification (2010). Primary 65R20; Secondary 46199,
47N40.

Keywords. Lifting theorem, central localization, strong limit homomorphism.

Introduction. To keep the paper simple and short, we consider the Hilbert space
setting only. In principle, all notions can be adapted to the setting of separable
reflexive Banach spaces as well, and the basic arguments remain valid in this
context.

Given a sequence of separable Hilbert spaces H,, with identity operators I,
write F for the set of all bounded sequences (A, )nen of operators A, € L(H,).
Provided with pointwise defined operations and the supremum norm, F becomes
a C*-algebra, and the set G of all sequences (G,,) € F with |G| — 0 is a closed
ideal of F. A basic task of numerical analysis is, for a given unital C*-subalgebra
A of F which contains G, to examine the stability of sequences (A,) in A or,
equivalently, the invertibility of the coset (4,) + G in F/G.

This task is usually performed in two steps: a lifting step, which provides us
with a C*-subalgebra F T of F which contains A, and with a closed ideal 7 of F J
which contains G, such that the invertibility of a coset (A,) + J can be lifted by
a family of lifting homomorphisms and such that the quotient 77 /J possesses a
sufficiently large C*-algebra C in its center, and a second, localization, step where
localization over C is employed in order to study invertibility in 7 /7. The basic
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tools of these steps, the lifting theorem and the local principle by Allan—Douglas,
are briefly described in the following paragraphs.

A basic technical ingredient employed in both steps are strong limit homo-
morphisms. These are defined in terms of a sequence E := (F,) of isometries E,
on H, with values in an Hilbert space H?, i.e., it is ErE, = I,, and we assume
that the projections E, E converge strongly to the identity operator IZ on HE.
Note that the latter requirement ensures the separability of H?. Let F¥ be the
set of all sequences A = (A,,) in F for which the limits

WE(A) :=slimE,A,E and s-limE,A:E!

exist in the strong operator topology (in which case we call (E,, A, E) a *-strongly
convergent sequence). Then F¥ is a closed unital subalgebra of 7, W¥ is a unital
*-homomorphism from F¥ to L(H¥), and the set

JE = {(E}KE, +G,): K € L(H?) compact, (G,) € G}
is a closed ideal of FE.

Lifting. Let now {E'}icr be a family of sequences E* = (E!) of isometries as
above and with the additional property that

E3(EL)* — 0 weakly as n — oo whenever s # t. (1)

For t € T, we put W; := WE' and T = jEt, We further set Fr := ﬁteT}"Et
and write Jr for the smallest closed ideal of Fr which contains all ideals J; with
t € T. The condition (1) implies that J; N J; = G whenever s # t (use Theorem
5.51 in [2]). We therefore refer to (1) as the ideal separation condition.

Theorem 1 (Lifting theorem). (Theorems 5.37 and 5.51 in [2]). Let the family
{E'}er satisfy the ideal separation condition (1). Then a sequence A € Fr is
stable if and only if the operators Wi(A) are invertible for every t € T and if the
coset A + Jr is invertible in Fr/Jr.

Localization. Let A be a closed unital C*-subalgebra of F. In many circumstances,
one is able to find a family {E'};c7 of sequences of isometries which satisfy the
ideal separation condition (1) and for which

e AC Fr and
e the quotient algebra (A + Jr)/Jr has a non-trivial center C.

In this setting, it is an evident idea to use central localization in order to study
the invertibility of a coset A + Jr in (A + Jr)/Jr (equivalently, in Fr/Jr). The
context of the general central localization theorem by Allan and Douglas is as
follows. We are given a unital C'*-algebra B and a C*-subalgebra C of the center of
B which contains the unit element. For every maximal ideal s of the commutative
C*-algebra C, let Iy denote the smallest closed ideal of B which contains s, and
write @4 for the canonical homomorphism from B to B/Is. In this context the
following holds.
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Theorem 2 (Allan-Douglas). An element b € B is invertible in B if and only if
D, (b) is invertible in B/I, for every maximal ideal s of C.

The question. Applying the local principle in order to study invertibility in (A +
Jr)/Jr requires to study the local algebras ((A + Jr)/Jr)/Is, where s € S, the
maximal ideal space of C. We suppose that this can be done again by a family of
strong limit homomorphisms {F*},cg, i.e., for every s € S, there is a sequence
Fs = (F?) of isometries such that

o A+ Jr CFI, Jr Cker WE, and

e the quotient mapping W' /Jr : A + Jr + W¥ (A) has the ideal I, in
its kernel, and the quotient mapping (W*"/J7)/I, is injective on ((A +
Jr)/Ir)/Is (thus, a coset (A + Jr) + Is in ((A+ Tr)/Jr)/Is is invertible
if and only if the operator W¥" (A) in invertible on H").

We thus have two families of strong limit homomorphisms: one which provides
us with the lifting mechanism, and one which identifies local algebras. Markus
Seidel’s question was if one can include both families into a large family which
still satisfies the conditions of the lifting theorem, and how this would affect the
structure of the local algebras.

The answer. We formulate the first part of Seidel’s question in a slightly more
general way. Suppose we are given two families of strong limit homomorphisms:
one defined by a family { E*};cr of sequences of isometries which satisfies the ideal
separation condition (1), and one by a family {F*®},cs of sequences of isometries
with J7 C ker WF" for all s which satisfies the following point separation condition

e for every pair of distinct points s, so € S, there is a sequence A € A such

that W™ (A) = I and WF™(A) = 0.
It is clear that a family which allows identification of the local algebras satisfies
this condition (the algebra of the Gelfand transforms of a commutative C*-algebra
separates the points of the maximal ideal space).

The only thing we have to check is if the family {E'}er U {F*}cg satisfies
the ideal separation condition (1). We employ the following elementary observation
for sequences (A,), (B,) of bounded linear operators:

1. If A,, = A strongly and B,, — B weakly, then B, A, — BA weakly.
2. If A7 — A* strongly and B, — B weakly, then A, B,, — AB weakly.
3. If A, — 0 strongly and (B,,) is bounded, then B,A, — 0 strongly.

Let E = (E,) and F = (F,,) be sequences in {E'}icr U {F*}ses.

We distinguish between three cases.

Case 1: E, F € {E*};cr. Then (1) holds by assumption.

Case 2: E € {E'}tecr and F € {F*}scs. Then the ideal J lies in ker W
by assumption. Hence, F,, E K E, F — 0 strongly for every compact operator K.
This implies the weak convergence of E,F) to zero as in the proof of Theorem
5.51 in [2]. Taking adjoints we get the weak convergence of F,, E to zero as well.
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Case 3: E, F € {Fs}scs. By the point separation condition, there is a sequence
A = (A,,) such that E, A, E* — I and F,A,F} — 0 *-strongly. In particular,
with Y, := F,,E},

E A E! = En(FF)AW(FF ) E: =Y F LA FrY, — 1 (2)
*-strongly. Since Y,,Y,) = F,EXE, F} = F,F — I and F, A, F; — 0 *-strongly,
we conclude that Y, Y, F, A, F¥ — 0 *-strongly.

Suppose that Y,, = Y weakly for some operator Y. From Observation 2 and
(2) we then conclude that V,,Y,* F,, A, F'Y;, — 0 weakly. On the other hand, we can
use Observation 3 to conclude from (2) that Y, Y,*F, A, F}Y, — Y, — 0 strongly.
Hence, Y,, — 0 weakly. The same argument shows that whenever a subsequence
of (Y;,) converges weakly, then it converges weakly to zero.

It remains to show that the sequence (Y},) indeed converges weakly to 0.
Suppose it does not. Then there are vectors x € H¥, y € H¥ and an € > 0 such
that | (Y, x, y)| > € for all elements in an (infinite) subsequence (Y;,) of (Y,). A
standard diagonal argument yields that this subsequence has a weakly convergent
subsequence!, which then converges weakly to zero as shown before. Contradiction.

In particular, we have seen that the point separation property implies the
ideal separation property. Thus, whenever the combination of lifting theorem and
local principle makes sense, the first part of Seidel’s question has an affirmative
answer (the general answer to the second part is already in [1]).
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IChoose dense countable subsets Hp C HF and Hrp C HY and let n +— (2(n), y(n)) be a
bijection from N onto Hr X Hp. Set Ykm) := Yp, . For every n > 1, choose a subsequence
(Yk(n))kzl of (Yk(nfl))kzl such that (Yk(n)x(n), y(n)) converges as k — oo. Set Zj, := Yk(k).
Then (Zy) is the desired subsequence.
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Abstract. We prove that all compact operators acting on LP(R) belong to
the algebra generated by the operator of multiplication by the characteris-
tic function of the positive half-axis and by the convolution operators with
continuous generating function. This result, together with the similar clas-
sical result on the algebra generated by the operators of multiplication and
the singular integral operator, is then used to prove that certain ideals of
compact-like operator sequences in infinite products of Banach algebras are
included in the algebra generated by convolution and multiplication operators
and the finite section projection sequence.
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Keywords. Finite sections method, compact operator, sequence algebra, se-
quence of compact type.

1. Introduction

In [10], we studied the finite sections method for operators which are composed
by operators of multiplication by a piecewise continuous function, operators of
(Fourier) convolution by a piecewise continuous Fourier multiplier, and by a certain
flip operator. This class of operators is extremely large; some prominent members

The authors wish to thank Guida Preto, who read the manuscript and gave suggestions for its
improvement.

This work was partially supported by CEAF-IST, under FCT project PEst-OE/MAT/UI
4032/2011.
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of this class are Toeplitz plus Hankel operators on Hardy spaces H?, and Wiener—
Hopf plus Hankel operators on Lebesgue spaces LP. The techniques we used to
tackle the stability problem for these operators were of algebraic nature; for exam-
ple the stability of a sequence is equivalent to the invertibility of an associated ele-
ment in a suitably constructed Banach algebra (some details will be given below).

At some point in [10] we needed that certain sequences with very special
properties (the sequences of compact type, mentioned in the title of the paper)
belong to our algebra and form a closed ideal there. Roughly speaking, the only
reason why we needed these sequences was to be able to factor them out. That’s
why we decided not to spend much time with them; we just made our algebra a
little bit larger by including all desired and needed sequences by hand. Although
this practice was successful, we were not satisfied with it. The question remained
if the enlargement of the algebra was really necessary, or if the needed sequences
were already contained in the smaller original algebra.

Questions of this type occur frequently in operator theory and numerical
analysis. For a concrete example, suppose we are interested in the Fredholm theory
of singular integral operators al + bS. Here I is the identity operator, a and b are
operators of multiplication by (say, continuous) functions, and S is the singular
integral operator »

1 u(y
(Sru)(zx) := i /F e dy, zel, (L.1)
with the integral understood in the sense of the Cauchy principal value. It is well
known that this operator is bounded on LP(T') if 1 < p < oo and if T is the unit
circle T in the complex plane C or the real line R, for instance.

Since the Fredholm property of a bounded operator A on LP(T") is equivalent
to its invertibility modulo the ideal of the compact operators on LP(T'), and since
invertibility problems are typically studied in algebras which should not be too
large, this leads naturally to the question: Is the ideal of the compact operators
contained in the smallest closed algebra which contains all operators al + bS we
are interested in? In this setting, the answer is well known and turns out to be
YES, and the following is a (well-known) prototype of the results we will meet in
this paper.

Theorem 1.1. The ideal of the compact operators on LP(T) is contained in the
smallest closed algebra which contains all singular integral operators al + bS with
a, b continuous on I' if I' =T and continuous on the one point compactification of

I ifT =R.

So we decided to tackle the above-mentioned problem again, and after some
efforts we were indeed able to show that the original algebra was already large
enough to include all needed sequences. On the way to this result we will encounter
a lot of results in the same spirit, both in the context of operator theory and of
numerical analysis.

Throughout this paper, we let 1 < p < oco. Moreover, for a Banach space
X, we denote the Banach algebra of all bounded linear operators on X by B(X)
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and the set of the compact operators on X by K(X). If A is a non-empty subset
of B(X) then algA and closalgA stand for the smallest subalgebra and for the
smallest closed subalgebra of B(X) which contain all operators in A, respectively.

We are grateful to Peter Junghanns for stimulating discussions and for bring-
ing the reference [6] to our attention.

2. On the unit circle T

We start our tour on the unit circle T in the complex plane C. Let Pr stand for
the algebra of all trigonometric polynomials on T. We write the elements of Pr as

S hi fec

r=—00

where only a finite number of the f, do not vanish. Throughout what follows we
suppose that o € R is such that

1
0< +a<l (2.1)

Let LP(T, «) denote the space of all Lebesgue-integrable functions f on T with

1/p
1l = ( / FOPR t|apdt) < oo,

Lemma 2.1. The following statements hold:
(i) Pr is dense in LP(T, «).
(ii) The operator

Pr:Pr — Pr, Z frt"— ZthT

rT=—00

extends to a bounded linear operator on LP(T,a).
(i) Let m € Z. The operator

M, : Pr — Pr, filﬁﬂr» fi.ﬁf+m

r=—00 r=—00
extends to a bounded linear operator on LP(T, ), the operator of multiplica-
tion by t™.

Assertions (i) and (ii) are taken from [2, 1.44 and 5.9], whereas (iii) is evident
since [t"| = 1. We denote the extensions of the operators in (ii) and (iii) by Pr
and M, again and remark that || M5 1 (1r(1,a)) = 1 for m € Z.

For u,v € Pr, consider the operator

KU:,PT_>,P']IU f’—><f7u>’U
where (f,u) := [1 f(t)u(t) |dt|.
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Lemma 2.2. K, , € alg {qu7 ML} for u,v € Pr.
Proof. Tt is sufficient to prove the assertion for u(t) = t* and v(t) = #!, with
k,l € Z. For these u,v and for f € Pr, we have
Kuof = (fouyv = (f, M{1) M1 = (M, f,1) M[1

which implies that

Kuw=MK11M"; = (M{)' K1 1(M",)F, (2.2)
where 1 refers to the constant function ¢ +— 1 on T. Further,

Ki1=Pr— M{PrM",. (2.3)

The identities (2.2) and (2.3) imply that K, € alg{Pr, ML} for all k,l € Z,

whence the assertion follows. O

Since Pr is dense in LP(T,a) and in (LP(T,«))* = LY(T, —«), with 1/p +
1/q = 1, by Lemma 2.1, the operators K, ,, with u,v € Pr, span a dense subset
of K(LP(T,«)). So we conclude the following result from Lemma 2.2 (see also [1,
Lemma 8.23], where this result is proved in a more general setting).

Theorem 2.3. K(LP(T,)) C closalg { Pr, M1, } = closalg {Pr,C(T)I}.

3. From T to R
Given p € (1,00), we now specify a := 1 — 2/p. Note that then
l<p<ooel<l/p<lel<l-1/p<lesi<l/pta<l

for this special value of «. Hence, the pair (p, ) satisfies (2.1). The basic obser-
vation to pass from T to R is given by the following lemma, whose proof can be
found in [5, Chapter 1, Theorem 5.1] and [7, page 56]. Similar operators (which
leave the natural orientations of R and T invariant, in contrast to the B*! below)
are also used in [2, Section 9.1].

Lemma 3.1. The operator
1 t+1
B:LM®) > L(T,0), (Bo)(H)=, 1w(it+1> (teT)
is bounded and invertible. Its inverse is given by

B™': LP(T,a) — LP(R), (BY)(s):= 2iiw<5+%> (s €R).

s — s—1i
Assertion (i) of the following lemma is evident; assertion (ii) is proved in [7,
page 56], [5, Chapter 1, Theorem 5.2] and [1, pages 370-371], with the difference

that the authors of the first mentioned reference arrive at B~1SrB = +Sg (with
a plus sign). For that reason, we sketch the proof here.
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Lemma 3.2.
(i) BT'MIB =: ME is the operator of multiplication by the function s +
(5THYm for every m € Z;

s—i

(ii) B~1S1B = —Skg.

Proof. As already mentioned, we only prove the second assertion. First note that

2 p(irt))
B7'SrBy)(s) = . / U d 3.1
(5 BOO = o) Jy o - 1w — o) oy
We substitute i**1 =, respective z = 1, and
dv  (t—1i)—(t+i) -2
dt (t—1)2 C(t—1i)2

Note that if ¢ moves on R from 0 to 400, then z moves on T in the clockwise
direction. Since the standard orientation on T is the counter-clockwise one, this
gives a minus sign. Thus, (3.1) becomes

_ -2 o(t) —2i

1

(B~ StBy)(s) = . /R(tﬁ _q)(tH _ s+ dt
t—i i

m(s —1) ) =) (t—1)?
_ 4 ©(t)
(s —1i) /R (t+i—(t—i)(t+i— D) a

_4i o(t)
o7 /R t+i—(t—1)((t+i)(s—1) = (s+1)(t—1)) d

I
o Jg 2i(is — it — it +is)

:$/@@m:4%Mﬂ 0

im Jgt—s
Corollary 3.3. With Pr := (I 4+ Sr)/2 and Qr := (I — Sr)/2, one obtains
B 'PrB=Qgr, B 'QrB= Px.

The following is just a translation of the corresponding results on T stated
in Lemmas 2.1 and 2.2 and in Theorem 2.3.

Lemma 3.4.
(i) The set Pg := B~ 1Py is dense in LP(R).
(ii) For u,v € Pr the operator Ky, : Prx — Pr,f — (f,u)gv belongs to
alg {QRv MEI}
(iii) K(LP(R)) C closalg {Qr, MX, }.
Let J : LP(R) — LP(R) denote the flip operator (Jf)(t) := f(—t). It is well
known that
JPrJ = Qr, JQrJ = Fr (3.2)
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and easy to check that
tane = () = (1) e
—s—1i s—1i
whence
JMEJ = ME ~ form € Z. (3.3)
Summarizing Lemma 3.4 (iii) and (3.2)—(3.3) we arrive at the next stop of our
tour.

Theorem 3.5. K(LP(R)) C closalg { Pr, M%, } = closalg {PR, C’(R)}

Here, R stands for the compactification of the real line by one point co.

4. From R to R by Fourier transform

The next step will lead us to a statement which can be viewed as the Fourier-
symmetric version of Theorem 3.5. We define the Fourier transform for functions
in the Schwartz space by

(Fu)(y) = / e 2Ty (x) de, yER. (4.1)
Then its inverse is given by
(F~1o)(z) = / My (y)dy,  x €R. (4.2)

It is well known that F and F~! extend continuously to bounded and unitary
operators on the Hilbert space L?(R), which we denote by F and F~! again.
Thus, if A is a bounded operator on L?(R), then the composition F~1AF is well
defined, and it is bounded on L?(R) again.

We call an operator A € B(L?(R)) a p-Fourier multiplier if F~*AFu € LP(R)
whenever u € L*(R) N LP(R) and there is a constant ¢, such that ||[F~tAFul|, <
cpllullp for all w € L2(R) N LP(R). If A owns this property, then the composition
F~1AF extends continuously to a bounded operator on LP(R). We denote this
extension by A and call it the Fourier image of A. For some general facts on
these operators, see [10].

It is well known that Pg and MY, are p-Fourier multipliers for every p €
(1, 00) (note that the functions s — (*7!)™ have bounded total variation on R; so
they are Fourier multipliers by Stechkin’n inequality, see [2, 9.3 (e)]) and that P’
is the operator of multiplication by the characteristic function of [0, c0). It makes
thus sense to consider

alg { B, (ME)"} = alg {X I, (ME)"}.
By Lemma 3.4(ii), this algebra contains all operators Kf;v with u, v € Pr (here

we only use the algebraic properties of the mapping A ~ AF). Since
Kf;vap = (Fp,u) F™lv = <Lp, F71u> Fly= Kp-1y, p-149,
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it follows that Kiv = Kp-1,, rp-1,, and we conclude that
Kp-1y,p-1, € alg{X4 I, (M)} foru,v € Pg. (4.3)

It would follow from this line that closalg {X+ I, (MR)HF } contains all compact
operators if we would know that the linear span of {KF—luJ:‘—lv tu,v € ’PR} is
dense in K(LP(R)). This, on its hand, would be clear if we would know that F~1Pg
is dense in LP(R), for every p € (1,00). We are going to show this now.
Recall that Pg = B~1Pr is generated by the functions
S ! ,<5+?> , mEZ.
s—i\s—1i

The inverse Fourier transforms of these functions can be calculated using residue
calculus (see the theorem in [9, Section 14.2.1]). What results is the known fact
that '~ 1Pg consists of all functions of the form

r(t) = { e tpi(t)  if t<0

4.4
e ?mpy(t) if >0 (44)

where p; and py are (algebraic) polynomials. The functions in (4.4) are dense in
L'(R) (see [4, Section 1.8]). We need the same property for LP(R) with p > 1. It
is clearly sufficient to prove this for the semi-axes considered separately.

Lemma 4.1. {7 % f(t) : f a polynomial} is dense in LP(R™) for p > 1 and a > 0.

Proof. The result is essentially stated in [6]. The argument runs as follows. Rescal-
ing we can assume that a = 1. Because C§° is dense in LP(R™), it suffices to show
that every function in C§° can be approximated in the LP norm by functions of
the form e~ f(¢) with f a polynomial. So let u € C§°. Then e'u is still in C§°. If
now II,, denotes the set of all polynomials of degree less than or equal to n then,
by [6, 2.5.32],

pienrfn le'u — f“LP(R+787,,) < Cw(efu,1/y/n), (4.5)

where w is a (certain) module of continuity introduced in [6]. Since
lefu — f”m(w,eft) = |[(e"u - f)eitHLP(RJr) = Ju— eitpHLP(RJr)

and w(e'u,1/y/n) — 0 as n — oo, the estimate (4.5) indeed implies the desired
density result. O

Corollary 4.2. The following holds for every p € (1,00):
(i) F~1Pg is dense in LP(R);
(ii) span{Kp-1, p-1, : u,v € Pr} is dense in K(LP(R)).

We already mentioned that every operator of multiplication by a continuous
function a with bounded total variation on R is a Fourier multiplier. We denote
the closure in the norm of B(LP(R)) of the set of all operators (al)f" with a of
this form by W°(C,), in accordance with the notation in [10]. Thus, W9(C,) is a
closed subalgebra of B(LP(R)). The following is then an immediate consequence
of the preceding corollary.
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Theorem 4.3. K(L?(R)) C closalg {X; I, (ME,)"'} = closalg {X, I, W(C,,)}.

This is the end point on the operator theory side of our tour. We would not
like to stop without mentioning that there is a lot of results of the same spirit in
the literature; see, e.g., [2, 9.9] and [8, Proposition 3.3.1].

5. On the side of numerical analysis

Now we turn to the side of numerical analysis. First we introduce an algebra the
role of which is comparable with that of the algebra B(LP(R)) in operator theory.
Let € denote the set of all bounded functions A : (0,00) — B(LP(R)), and write
A; for the value of A € £ at 7 € (0,00). Sometimes we will also use the notation
(A;)r>o0 in place of A. Provided with pointwise defined operations and the norm
[Alle:= sup ||AT||B(LP(F))7
T€(0,00)

£ becomes a Banach algebra, and the set G of all functions G € £ for which
lim; o0 [|G+|| = 0 forms a closed two-sided ideal of £. Every operator A €
B(LP(R)) gives rise to a constant function 7 — A in £ which we denote by A
again. The importance of the quotient algebra £/G stems from the following ele-
mentary, but basic, observation: a function A = (A;) € £ is stable in the sense
of numerical analysis if and only if the coset A + G is invertible in £/G (see, for
instance, [12, Section 6.2]).

To state our results we need some more notation. For s € R, let (Vyu)(z) :=
u(x — s) be the operator of shift by s on LP(R), and let Us be the operator of
multiplication by the function z + e=2™%%, For 7 > 0 let P, denote the operator
of multiplication by the characteristic function of the interval [—7, 7], set Q. :=
I — P;, and define R,, S; and S_; by

ufr—z) i O<z<rT

(Rru)(x) =< u(-7—2) if —7<z<0 , (5.1)
0 if |z|>7
0 if |zl<T
(Sru)(z) =% w(lx—7) if z>71 | (5.2)
ulx+71) if x<-—7
S A oa

These operators are bounded and have norm 1 on every LP(R). If X+ denotes the
characteristic function of the positive (negative) semi-axis of R, then

XePr = Xa Vi Xe Ve Xo = X Vi X Ve = Vi X Ve X (
XiRr = X3 Ve Xa T = Xo Vi X5 J, (
XiSr = Vi Xad, (
XaS_p = XaVor (
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Further we adopt our earlier notation and let now clos alg M stand for the small-
est closed subalgebra of £ which contains all sequences in the subset M of £.
(There will be no confusion because if M consists of constant sequences only, then
closalg M also consists of constant sequences and can, hence, be identified with a
subalgebra of B(L?(R)).)

The sequences in Theorems 5.1, 5.2 and 5.3 below are the “compact type
sequences” addressed to in the title of the paper.

Theorem 5.1. Let K1, Ky, K3 € K(LP(R)). Then the sequence (K7 + V_,KoV; +
VrK3V_r)rso belongs to the algebra closalg {X+ I, W°(Cy), (Pr)r>0}-

Proof. Let K € K(LP(R)). Then K € closalg {X+1,W%(C,)} by Theorem 4.3.
Hence, and because the operators in WO(C),) are shift invariant,

(V_r KV;)rs0 € closalg { (Vo X1 V; ) rs0, WO(Cp) }
= closalg {(X[,T,oo))r>07 W0(0p>}
= closalg {(PT + X+ Qr)r>o0, WO(Cp)} .

Similarly,
(Ve KV_7)rs0 € closalg { (Ve X4 Vor ) 750, WO(Cp) }
= clos alg {(X[T,OO))T>O’ WO(CP)}
= closalg {(X+QT)T>07 WO(Cp)} ,
which implies the assertion. (]

Theorem 5.2. Let K1, Ko, K3, K4 € K(LP(R)). Then the sequence
(RrK1R: + Ry K2S— 7 + S- K3Ry + S; KuS_7)750
belongs to the algebra clos alg{J, X1, WO(Cp)7 (PT)T>0}.
Proof. First consider (R, KR;)r~o with K compact. Write this sequence as
(R X+ KX+ R:)+ (R X+ KX_-R;) + (R X-KX4+R;) + (R-X- KX_R,).
By (5.5)—(5.7), the latter is equal to
X4 VXS JKJIX-V_ X I)+ (X4 VaX- JK X, VX T)
+ (X Vo Xe JKIX-V_ X T) + (X Vo X JKIXL VX ) (58)
The first and the last sequence in (5.8) are of the form
Xe Vo KA Vo X I) and (X-V_ KoV, X_1I), (5.9)
with Ky :=X_JKJX_ and Ky := X+ JKJX+ compact. These sequences are in
closalg {X+I,W°(Cyp), (Pr)rs0} -
by Theorem 5.1. The second sequence in (5.8) can be written as

(JX_V_ Xs KIXG VX T) = (JX_V_. K3V, X_1I)
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with K3 := X; KJX4 I compact. Again by Theorem 5.1, this sequence is in
closalg {J, X I, W°(C,), (Pr)r>0} -

Similarly, the third sequence in (5.8) is in this algebra. Thus, the assertion is proved
for the sequences (R, K R;). The other sequences can be treated similarly. ]

Theorem 5.3. Let K1, Ko, K3, K4 € K(LP(R)). Then the sequence
(REK\RE + REK,SY 4+ SEK3RE + SEK,SE )0
belongs to the algebra closalg {J, Pg, C(R), (PTF)}

Proof. Let K be a compact operator. Again starting from Theorem 3.5, we get
K € closalg {P]R7 C(]R)} and, since the operators in C'(R) commute with the U,

(U_sKU,)ss0 € closalg {(U_SPRUS)S>O, C(R)} .

Now, from
U_yPrU, =U_W(X:)U, = FTUWW XLV F
= WO(X[s,00))
= WO ) WO (X(~00,~5] + Xls,00))
= QY = P(1 - P)),

we conclude that (U_;KUs)sso € closalg {PR, C(R), (PTF)} Similarly, the se-

quence (UsKU_;)s>0 belongs to this algebra. We now continue as in the proof of
the previous theorem to get the assertion. (I

6. Why we need these results

We will now briefly indicate where and why the results of Theorems 5.1, 5.2 and
5.3 are useful.

We say that a bounded function A : (0, 00) — B(LP(R)) converges *-strongly
if it converges strongly as 7 — oo and if the adjoint function A* (which takes
the value A* at the point 7) converges strongly on the dual space as 7 — oo.
The *-strong limit of A is denoted by s-lim* A. Let now £ be the set formed
by all bounded functions A. With pointwise-defined sum and product, and the
supremum norm, £ becomes a Banach algebra which contains the ideal G of all
operator-valued functions converging (in the operator norm) to zero as 7 — oo.
The quotient algebra £/G is an example of a “suitable constructed Banach algebra”
that was referred in the Introduction. In fact, a bounded sequence of operators is
an element of £ and its stability is equivalent to invertibility of the corresponding
coset in £/G.

Unfortunately, it is not possible to characterize invertibility in the very large
algebra £/G. So one tries to find smaller algebras where invertibility can be tackled.
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One way is to consider additional families of strong limits, generated through
(auto)morphisms over £. These strong limits highlight properties of the operator
function, and its existence defines a subalgebra with a rich ideal structure and
whose elements are, in some sense, nicer. Of course, care must be taken so that
the concrete operator functions (i.e., sequences) we are interested belong to this
smaller algebra.

Let {W; ¢ }1eT be a family of algebra automorphisms with the following prop-
erties:

1. 0 €T, and Wy, is the identity automorphism;

2. |[Wiel| =1 for every t € T;

3. Wie(A)* =W, o(A*) for every A € £ and t € T;

4. s-lim* Wy o (WS L(A)) =0 for every A € € and ¢ # s.

s,
Define now F as the set of all functions A € £ with the property that, for
every t € T, the function W, .(A) converges *-strongly, and set

Wt (A) = s—lim* Wt,. (A)

The set F is a closed and inverse-closed subalgebra of £ that includes the ideal G,
the mappings W; act as bounded homomorphisms on F, and the ideal G is in the
kernel of each of these homomorphisms [11, Proposition 4.1]. Moreover, the sets

T =W, o(K)+6, (6.1)

where K is the ideal of compact operators, are closed two-sided ideals of F. The
relation between the ideals J; and the algebra F can be seen as the analogue of
the relation between K and B(LP(T")).

Moreover, given a suitable choice of the strong limits family (equivalently, of
the morphisms), defining the ideal 7 as the smallest ideal containing all ideals J;
and using a lifting theorem (see, for instance, [12, Section 6.3]) it is even possible
to completely characterize invertibility for (interesting) elements of F with the
invertibility of the images of associated strong limit homomorphisms. This happens
when invertibility of cosets in F/J already follows from the invertibility of those
images. An example of the procedure, using the above notation is presented in [3].
When the chosen strong limits family does not completely characterize stability,
further steps must be performed to characterize invertibility in F/J, using, for
instance, the two projections theorem to identify local algebras that result after
applying local principles to a suitable subalgebra of F/J (as was done in [10]
and [11]).

For a more concrete setting, given a family of operators in B(L?(R)) and a
sequence of projections P, with complementary projections @, := I — P; such
that s-lim* P, = I, that generate an algebra A € F, one tries to find a suitable
family of compatible automorphisms {W; ¢ }+eT so that it is possible to characterize
invertibility in F /G, and thus the stability of the related operator sequences. If the
family of operators belongs to the subalgebra of multiplication and convolution
operators on LP(R) generated by piecewise continuous functions, and if P, =
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X(—r,711, the operator of multiplication by the characteristic function of the interval
[—7, 7], then the relevant automorphisms W; o are

Woe : (A,) > (A,);
Woia: (A) > (Vo AV,
Wie: (A7) = (VoA V. ,)

(see [11]). This simple picture changes if one also wants to consider Hankel op-
erators. Then it is necessary to include the flip operator (Ju)(z) := u(—=x) into
the family of operators. But because the (constant) sequence (J) is not included
in the algebra F defined by the above family of automorphisms, a more complex
construction is necessary.

Instead of considering only automorphisms in £ we consider now also a ho-
momorphism between the algebras £ and £2*2 given by

Wie: (Ar) o <[§ } A, [R sT]> (6.2)
(see [10]). In this regard note that
(R, 5] [f } —R.R.+ 5,5, =P, +Q, =L

It is also possible to consider the projection P! := F~1P, F associated with the
Fourier finite section method. In this case, the homomorphism is defined as [10]:

whosan e ([ ] 4 s7). (63)

Summarizing, the results in Section 5 show that the ideal [J; defined by (6.1)
using the inverse of (6.2) applied to K?*?2 belongs to the subalgebra of F generated
by the constant sequences of the singular integral operator and the operators of
multiplication by continuous functions, and the non-constant projection sequence
(P;). The same holds in the Fourier-symmetric setting, that is, the ideal Jj’
related to (6.3) is generated by convolution operators with continuous symbol by
the operator of multiplication by the characteristic function of the positive half-
axis, and by the projection sequence (PL).

Note that we have not proved that the ideal G belongs to the algebra
closalg { PC(R), W°(PC)), J, (P;), (PF)}. Thus, Theorems 5.2 and 5.3 do not im-
ply that the ideals J; and J{ belong to that algebra. But the ideal G can be
explicitly introduced and then be factored out, because one is usually interested
in invertibility on £/G. In any case, we have

Jo/G, /G, TG C closalg {PC, PC,, J,(Pr), (PTF)ag} /G-
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Abstract. The so-called Chen modification of the Liouville fractional integrals
(LFI) allows to study LFI of functions which may have arbitrary behaviour
at both —oo and +oo. We develop a similar approach for dilation invari-
ant Hadamard fractional integro-differentiation on R;. We introduce several
types of truncation of the corresponding Marchaud form of fractional Chen—
Hadamard fractional derivatives and show that these truncations applied to
Chen-Hadamard fractional integral of a function f in L{ (R4) or LP(Ry)
converge to this function in LP-norm, locally or globally, respectively. In the
local case, we admit functions f with an arbitrary growth both at the origin
and infinity.
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Keywords. Fractional integral, fractional derivative, Hadamard fractional inte-
gro-differentiation, Marchaud fractional derivatives, truncation of Marchaud
derivatives.

1. Introduction

The fractional integro-differentiation introduced by J. Hadamard [5], is applied to
functions defined on the half-axis R} and is dilation invariant, i.e., it commutes
with the operator

(I f) (x) = f(tx), t>0.

Hadamard fractional integration of order o > 0 is realized in the form
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For properties of the Hadamard fractional integro-differentiation we refer to Sec-
tion 18 in the book [8]. After the book [8] appeared, further advances in the study
of Hadamard constructions have been made in [1], [2], [3], [6], [7]-

As can be seen from (1.1), the construction of the Hadamard fractional in-
tegration may be applied only to functions vanishing at the origin (in the case
of the left-hand-sided integral) or at infinity (in the case of the right-hand-sided
integral), similarly to the case where the Liouville fractional integrals are applied
to functions vanishing at the corresponding infinity.

A modification of the Liouville fractional integrals which may be applied to
functions with an arbitrary behaviour at both infinities, suggested by Y.W. Chen
in [4], was developed in [9], [10], where the inversion of this modification with
LP-densities was obtained by means of the Chen-Marchaud type constructions. In
this paper we develop a similar approach to the corresponding Chen-Hadamard
type fractional integrals and Chen—-Hadamard—Marchaud fractional derivatives.

In Section 2 we present necessary definitions and various auxiliary prop-
erties of the Hadamard—Chen fractional integro-differentiation, and in Section 3
we propose different methods of “truncation” of the Marchaud—Hadamard—Chen
fractional derivative. In Section 4, which is central in a sense from the point of
view of the technique of the proofs, we we prove integral representations for trun-
cated fractional derivatives applied to fractional derivatives of functions in LP,
and in Section 5 we prove the main results: the correspondingly defined conver-
gence of truncated Chen—Hadamard fractional derivatives generates inversion of
Chen-Hadamard fractional integrals of functions in LP.

In the sequel, by L} (R4 ) we denote the space of functions f on R, whose
restrictions on an interval (a,b) are p-integrable on (a,b) for all 0 < a < b < o0,
which will be equipped with the natural topology of convergence in LP-norm on
any such interval.

z* x>0,

We also use the standard notation rq =
0, z<0.

2. On Hadamard—Chen fractional integro-differentiation

We will also need the Hadamard fractional differentiation in the Marchaud form:

DS f(z) := - a) /f 1+a . (2.1)
and
D @) = 1"y / fl m " (2.2)

see [8], p. 332.
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2.1. Main constructions

Definition 2.1. Let 0 < ¢ < oo be any fixed point and o > 0. We refer to
(&
1 (t) dt
iy J (hﬁ)l*“ Y, 0<z<e,
x x

2.3
w(t) dt (2:3)

x
1
F(a)f(lnz)l’“ L, c<x<oo,
c t

as the Hadamard—Chen fractional integral of order «, or Chen-type modification

of the Hadamard fractional integrals.

Note that the Chen-type modification of Liouville fractional integrals was
studied in [9)].
In the notation

(Peyp) () = pet(x) = { (), =>c,

0, z<c
(Pe-p) (@) = pe-(2) = { ?p’@), . i .

the fractional integration (2.3) has the form
(See)(@) = (0% pet) (@) + (SL e ) (2),
or in the operator form
Q¢ =9GPy + Q%P =P SGPy + P._Q%P._,

so that the operators 3% possess the semi-group property

B, ,, — xatpB
‘gc ‘SCQD - ‘fc ®

for p € L (R4) and o > 0,8 > 0.
The Hadamard—Chen fractional differentiation is then correspondingly de-

fined as

1

@) = (37 @) = 1

when 0 < a < 1, and for a > 1 we put

d ]
(D21)(a) = (DD ) ) = fignta = ) (1) DI,
x
where a = [a] 4+ {a}. Making use of the Marchaud form for Hadamard fractional
differentiation (see [8], formula (18.58)), we arrive at the following Marchaud type
form for the differentiation (2.4)
max(z,c)
/(=) a / flz) = f(t) dt
Frl-a)|m®® T(l-a) o)t ot

min(z,c) t

(D2 f)(z) = (2.5)



328 St. Samko and M.U. Yakhshiboev

for 0 < o < 1, at the least for “nice” functions f, so that (DS f) (x) = (DS f) (x)
for such functions. In terms of the left- and right-hand-sided Marchaud forms
(2.1)—(2.2) of the Hadamard fractional differentiation in has the form

1
ap f(@) = feg(at) = fo(at™t) dt N
Dcf ].*O[ / |1 t|1+04 t _D+fC++D7fc—. (26)
0

As is known, when applied to “not so nice” functions, for instance, to fractional
integrals of LP-functions, the Marchaud construction should be interpreted as the
limit of the corresponding truncations of the hypersingular integral in these con-
structions. The appearance of the point ¢ € (0,00) in our constructions, which
breaks the invariance with respect to dilations, leads to certain problems in these
interpretation. We consider this question in the next section.

3. On different approaches to truncation of the fractional
derivative (2.6)

Since the construction (2.6) contains the truncations f.i of the function f it-
self, related to the point ¢, we have to co-ordinate the truncation of the integral
with those of the function. It may be done in different ways. We consider several
ways, the first one made with a constant step in the truncation of the integral,
and second one with this step depending on the point = (more precisely, on the
distance |Inz —In¢|). The first way might be called “quasi-convolution dilation
invariant” by the reason which will be clear below. One more modification of
“quasi-difference” approach to truncation will be also considered.

3.1. Quasi-convolution truncation
Let 0 < p< 1. For 0 < a <1, we put

_ f(@) = for(at) = fo(at™") dt
cl pf 1—0[ / \lnt\HO‘ t (31)

+,17pfc+ + @,’1,;)](‘0_,

where D¢ ;_, are the corresponding truncations of the Hadamard-Chen-Mar-
chaud derivatives (2.1) and call the constructions (3.1) Hadamard-Chen—Mar-
chaud truncated fractional derivative. For “not so nice” functions f we put by
definition

DSf = hm Dc1 of
The components DY ;_, fex in (3.1), can be explicitly written:

f(z) a

rl-a) |2* Tra-a) Ya1-p(2), (3.2)

i,l—pri =



Chen—-Hadamard Fractional Integro-Differentiation 329

where
xp
J A r> 0
yapl@) =4 & ) (3.3)
o f(z){ E— 1a:| c<r<€
a | (n}) (nz)* |’ P’
and
T RS
Y_gpla) =S » (3.4)
f(z)

1 1
o |:(ln‘1))a(h’1;)a:|7 C,D<ZZ:<C.
The equalities (3.3)—(3.4) actually mean that D¢ ;_ fcx have been built as the
corresponding truncations of Hadamard—Marchaud derivatives of the function f(x)
continued as identical zero from one of the portions (0, ¢), (¢, 00) to another one.
We can also rewrite this truncation in the form

DY, f= f(z)
ST (1 - a) 7
o 2] _t stgn(an
«@ ¢ f(ai)—f(a:e t sign(= C)) ( . (35)
+ I'(l—a) 1nf‘1) tlta dt, = ¢ cp, p) ,
0, T e (cp, ;) .

Note that so introduced truncation “quasi commutes” with the dilation op-
erator Il5 in the following sense:

Dy L f =1LsDgs 1, f- (3.6)

3.2. Truncation in dependence on ’1n ﬁ’

We will see that for the Chen type constructions it is natural and convenient to
introduce also a truncation depending on the distance |[lnz — Inc|. Namely, we
denote

1
p =0z 7’111 ’111 , where <p<l,
e

and introduce the following truncation:
D¢ ~f, x>c
« — c+ 1-pJ>
Dcl pf { cfl pf7 T <c (37>

where
f(z)

D1 —a)|m 2o T Ve

?i,l—ﬁf =

and

P
Yy p(x / f 1+a Lit = / fz) = Flay) dy, x>, (3.8)

A (ln 1>1+a y
s Y
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/f 1+a /f 1+;) W opce (39

Y

Under this way (3.7)7(3.8) of truncation one does not need a separate definition
of the functions ¢+ 5(z) on an interval cp < = < ;, small as p — 1, i.e., we do not
use the zero continuation of the function f(z) but deal with proper values of the
function f(x) on the semi-axis.

This truncation does not have the quasi-commutation property (3.6). Note
also that

Yip T>C a m I flz)—f (me_t sign(In @)) ]
{ Yop x<c  T(l-a) / fta t.

[In =] :
Then we define
(D f) (z) = im(Dg,_;f)(z). (3.10)
p—1

It is clear that definitions (2.1) and (3.10) coincide on sufficiently nice func-
tions f(z). In the sequel, we will study their coincidence in the case of “not so
nice” functions.

3.3. Modification of the “quasi-convolutive” truncation

As mentioned above, in (3.3)—(3.4) we used the zero continuation of the function
f(x) when necessary. Such a method is natural in the study of left-sided or right-
sided fractional differentiation, when the functions are given only unilaterally from
the initial point (in our case point ¢). In our consideration the function f(x) is
given on the whole semi-axis, and it is more natural to have truncations with the
use of its proper values instead of the zero continuation.

Such a truncation is provided by (3.7)—(3.9). On the other hand, it is not well
suited to dilations on R4 since it has no property (3.6). By this reason, together
with the above two constructions, we introduce also the following truncation

‘ln

. f(m) / f et sign(mfc))
Do, f = dt, (3.11
e1-pf I'l-—a) ‘ln e ’ 1 — ) tHO‘ ( )

for all € (0, 00) where both the cases ’ln p ’ > In ;1) and ‘ln p ’ <In ; are admitted.
This way of truncation achieves both the goals, i.e., it satisfies the quasi-
commutation condition (3.6) and does not use the zero continuation, leads to
more complicated integral representations for truncated derivatives of fractional
integrals, this complication having place on the “small” interval cp < x < ;
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4. Integral representations for truncated fractional derivatives

By

Se(X) ={f: f(&) = (SCe) (@), (x) € X},
we denote the range of the Hadamard—Chen fractional integration operator over
a function space X. We will work with the space X = L}  (R;). In the next
statements we provide integral representations of different truncated fractional
derivatives of functions in such a range % (L}  (Ry)).

Lemma 4.1. The operator S, o > 0 is continuous in the space Lj, (R4),1<p <
oo and admits the estimate

1886l <Clels, ..., when (ab)>e (4.)
whereO<a<b<oo7a*:min(a7 b) b*—max(b ‘f) and C = C(a,b,c;p, ).

Proof. We consider only the case a < ¢ < b, the case ¢ ¢ (a,b) is easy. We have

b 1 P p
S < o( wy dy e
¢ PllLr(a,b) I'(a
(1
{ P Y

—1
n /F so(:vy ) dy A

Therefore,

1 aldy b
192 lintaiy < pig /( DS et

=
Qe

After the substitutions zy = ¢ and zy~!

LornN oy [
y
[q¥e? < 1 Pd
1956l 0 < iy [ (1)) oy reteras
; ey
L1\ d ;
Y p
+F(oz)a/<1ny> y' e a/go(n)| &1
c Y

from which (4.1) follows. O

=1, we have

R
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Lemma 4.2. Let 1 < p < o0 and 0 < a < 1. The truncated fractional derivative

D¢, _,f has the following representation for functions f =S¢y, ¢ € LY (Ry):

(D21, f) (x) = /K+ () et (xp?) + @ (xp™¥)] dy

T(wap)
= /Ki(y)w(wys’ig“(m?))dy,

[}

where r(z,p) = [In 7| /In ;1),

simnaTyd —(y—1)%

Eily) =" y

€Li(Ry) and /K;f(y)dy =1 (4.2)

Proof. For 0 <t <1 we have
fc+(1:) - chr(xt) + fc,(:v) - fci(;z:t_l)

= <ln 1) ) Zka(y) (et (@tY) + pe(xt7Y)] dy,

where ) )
Y, 0<y<l,
kO& = a— a—
) F(a){y T-(y-D*h y>1
It is known that ko (y) € L1 (R4) and [ ko(y)dy = 0, see [8], p. 124. From (3.8)
0
we obtain
p 9]
1 dt _
D¢y, f= 1 —a) /ln . / (Y) [@et (@t?) + pe_(xt™Y)] dy
0

after the substitutions In 1 = ¢ and y€ = 7. Hence

oo oo d
Zl_pf: 1—a / per(@e) F o (we )] /ka (2) fg
0 In !
t
«
= F(l_a>0/[soc+(xp)+soc O/ka ds

which proves the lemma. Properties (4.2) of the function k, (t) are known (see [8],
p. 125). O
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Corollary 4.3. Let 1 < p < 00 and 0 < o < 1. The truncated fractional de-
rivative D¢, _;fhas the following representation for functions f(z) = (S¢¢)(x),
"2} S Lloc (R+).’

Doy f = /K* (2p"™ %) dy.

Actually, it suffices to replace In ! 0 by p = |ln p | ln; in Lemma 4.2.

Lemma 4.4. Let 1 < p < oo and 0 < a < 1. The truncated fractional derivative

Dgy_, f,0 < p <1, of fractional integrals f = Sg¢ with ¢ € LY . (Ry), has the
followmg representation

t b

B - / K ity 50 ) a, a
for the case cp < x < ¢ o where
In @
sin am et 0<t< ‘11;; )
Kc ($7p; t) = (l—t)"‘ ‘ln:c
T mi <t<l
b

Proof. For f(x) = (3%, ¢)(x) we have

 f(et) = 1 o(r) dr 1 / o(r) dr
o) = fat) = / ey s “O‘L/t o rye

when ¢ < z < ;, and

T i o(r) dr 1 i (1) dr
@ =1 = o [T v [ L

1 “ T
rt—1 (hl o )

when ¢p < x < c. Hence, after the substitutions 7 = zt¥,7 = xt~Y, we obtain

s - s =" | [ [

and
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We substitute this into the following expressions of the truncated derivatives

f f(xt) dt c
L)0-‘v-p : 1+a t’ T < p7

tldt
/f (2t™7) x> cp,

t’
and get
- 1 2
1 1 dt olar) dr o(xT) dr
SD"F P( ) 21 1\ l—« 1\ 1—« ’
F(OL) In t lnﬂ_ T lnT T
;e () e (1)
; 1 @
() 1 / 1 dt / o(zr™1) dr / o(zr™t)  dr
— r) = — —
P (@) ) n*! ¢ A [_M! S
: s () T )

with the substitution ¢¥ = 7 taken into account. Changing the order of integration
on the right-hand side, we arrive at

@ ! /( )dT] miI\" gt
Phiplt) = I(«) T lni tln21

i dr [ (. Inl
—1, 4T n_
— TT 1-—
/” )r/< In |
P P

1

Substitution 112 7 = & gives the following representation
t

In 1

c

1 In g 1

B 1 p(zT)dr d¢ i T)dT
90+,P(x) - 71-\(04) / Tln;l_ é—l—a 7/ Tln;l_ / )
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and
1n71_
1 In & i 1
() 1 /go(:l:/r) dr / dé /(p(ZE/T) dr / d¢
_(z)=— - .
P I'(«) Tlni fl-o Tlni (1=-¢l-«
z In i 14 In i
In 1 1n/17
Further we obtain
lnac"'
In 1
f@ v | e, [ —ye
T) = o dy + / xzp¥)dy |
P+.p() o) " ar(a) O/ yla WY y p(zp¥)dy
In ©
In 1
In ;
1n/17 - 1
fa) 1 /@(py) [y
_plz)=— o dy + d
¥ 1P( ) OL(IHC) OéF(OZ) J yl_a Y . y Qo(py) Y
P
With the notation r(z, p) = ‘E T we can also rewrite the last formulas in the form
fa) ) r(z,p)
_ xT a—1 ( ysign(ln i)) d
Soi’p(x) « |ln“c’|a + ol'(a) [ / Y AN Y

1

A

(z,p)

0

(1 - y)a S0($py sign(ln i)
Y

)4

for cp <z < 7. From (3.11) we obtain

chx,lfpf = T

1

v/
r(,p)

for cp < < 7, which proves

(1—-a)l(«a)

(z,p)

/ ya_lQD (mpysign(a:—c)) dy
0
)

1

|

(1 - y>a Lp(l'py sign(z—c)
Y

(

(4.3).



336 St. Samko and M.U. Yakhshiboev
5. The inversion theorem in terms of “quasi-convolution”
truncated fractional derivatives

Theorem 5.1. Let f(z) = (S¢)(z), where ¢ € LP(Ry), 1 <p < o0, 0 < a < 1.
Then

p(x) = (D f)(@),
where (D% f)(x) is interpreted as
Def= tm  (D2_,f) @)
(LP(R+))

Proof. Theorem 5.1 is proved by means of the representation proved in Lemma 4.2.
By that representation we have

Dgy_,f—p= /Ki(t) [Pt (@) + pe—(@p™") — (1)) dt.
0
Hence by the Minkowski inequality we obtain

102 f =l < / K5 (1) [[per (2p') + pe— (a0 (@) — 0 (t)]| ,, dy
0

< [ K0 (et = @], + loter™) = ola)],,) di -0
0

as p — 1, in view of mean continuity of functions f € LP and the Lebesgue
dominated convergence theorem. (I

Theorem 5.2. Let f(z) = (S%p)(z), where o € L, . (Ry),1 <p< oo, 0 <a<1.
Then

(D)) = Tim Dgy_f = p(z).

p—1-0

in the topology of the space LY (R.).

loc

Proof. Making use of Lemma 4.2, we get

In ®
c

1
P

(D21) @) = el = [ KW o (a0720) ()]

0

In
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for |ln ”é| > 1In ;1), while for |ln ”C”| <In ;1), according to (3.5), we have

(De1-pf) (2) — o(a) =

max(z,c)
1 / p(eay™') dy
r(-a)r() ()" [y

Let (a,b) be any interval on R containing the point ¢. We have

min(z,c)

HD?,lfpf*QDHLp(a,b)
fo%e) b
L
oI {

Hence
HDglfpf o 90||Lp(a,b)
i 1
< / KL ()] ||6+ <ln Yy )so(:vﬂy) — ()
0 ¢ P

e 1
+/ KXo (ln Ty yln > olxp™) — p(x)
0 ¢ p

where d = sinor (1 —l—( )P ) The passage to the limit in the above estimate is

dy
Le(;.b)

dy +d ol poiey <) s
L?(a,cp) £r(ens)

now justified by the Lebesgue dominated convergence theorem. ([

Theorem 5.3. Let f(x) = (I&¢)(x), where ¢ € LP(Ry) or LY (Ry), 1 < p < oo,
0<a<l,¢>0. Then

(D2f) @) = tim (D21 ) (@) = ola),
in the topology of the space LP(Ry), or L} (Ry), respectively.

Proof. We consider the case where ¢ € LP(R). The proof for the space L] .(R.)
follow the same lines.
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The proof is prepared by Lemma 4.4. Since

(02 )= 02 ) ) e o [o]
we have

2210t =]

@) S 1D%-pf =l o ey T HD(‘il,pf - ¢’

< HDgl—pf - <p||Lp(R+) + HDgl—pf - 90’

Lo(en.:)

LP(CP’;) M ”SD”LP(CP’;)'

Here the first term on the right-hand side tends to zero by Theorem 3.5,
the same is obvious for the third one. To estimate the middle term, in view of
the symmetry, we will consider this term with integration only along the integral
(c,¢/p), estimation along the left interval (cp, ¢) being similar. By (4.3) we have

1
) < K(z, p; !
L R | L
In £ /1n }7 1 1
<d H / t* Lo(xph)dt +d / (1 —1)* " o(ze")dt
0 Lo((ec/))  ||mz/m} t Ly((exc/o)

=1+ 127

where d = Sina”. For I; by the Minkowski inequality, we obtain

1 c/p p 1/p
L < d/ t“l{/ dx} dt
t—1

0 c
! 1 —1¢ * tp
o Rl T R = s
0 c

T 1
0 (In"/In " —t i
+(nc/np )w(w)

C

-y
For I3, with the changes p! = (””) and In ¥ = i ln; give:

1
1
I < CH/ (1 =) p(zp")dt
lni/ln 1 t

Lr(c,c/p)

o | 2 a Y P ! 1/p
SC{/ ’/ (1_1/) <p<c<1> >dy c(1> lnldi} .
LA z p y| \p pz

Applying the Minkowski inequality, we get

b [oo [ [o0 N : 1/p
mee(om))" [HUJCG) NG SHY
r) N Y P p) =z y

and then the change ¢ (;) T = ¢ yields

1/p
e ¢ 1 _ 1 dy
I SC’/ / _ Per—y~leTimud
= { )V elere I oww-ve
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<C/Oo /Cl T S ey 0
> L2 ) o ¥ y(yfl)l/P = U3l[PILy(cp,e)

as p — 1, which completes the proof. O
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Poisson Geometry
of Difference Lax Operators
and Difference Galois Theory

Michael Semenov-Tian-Shansky

Abstract. We discuss the lift of Poisson structures associated with auxiliary
linear problems for the differential and difference Lax equations to the space
of wave functions. Due to a peculiar symmetry breaking, the corresponding
differential and difference Galois groups become Poisson Lie Groups.
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1. Virasoro algebra and its Galois extension

The study of Poisson structures on the spaces of differential and difference opera-
tors is motivated by applications to non-linear equations of Lax type which arise as
compatibility conditions for linear differential and difference equations. Our first
object to discuss is the space of second-order Schrodinger differential operators on
the line. This space carries a natural Poisson structure (in fact, even several com-
patible ones, but we shall not dwell upon that), such that spectral invariants of a
second-order differential operator form a maximal involutive family. This Poisson
structure admits several descriptions; perhaps the most straightforward one is the
identification of the space of Schrédinger operators on the line with a hyperplane
in the dual space of the Virasoro algebra. Recall that the dual space of any Lie
algebra carries a natural Poisson bracket, called the Lie-Poisson bracket, and its
symplectic leaves are the coadjoint orbits of the associated Lie group. The Vira-
soro algebra is a central extension of the Lie algebra Vect S! of vector fields on
the circle S* = R/Z. The elements of Vect S! are linear differential operators on
the line with periodic coefficients of the form &5 = f 9,, f € C*°(S!') with the Lie
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bracket

€5+ &gl = Eu(rg):  Where w(f, g)=fg—4d'f. (1.1)
The dual space of smooth linear functionals on Vect S! consists of quadratic differ-
entials F, = udz?, u € C°°(S'); the action of a linear functional F, on a vector
field is given by the coupling

Fuey) = [tudt ) = [ufdn (1.2)

The Lie group which corresponds to Vect S* is the group Diff S! of diffeomorphisms
of the circle; its adjoint and coadjoint representations correspond to the standard
change of variables for a vector field and for a quadratic differential, respectively.
We have

Ad*¢-F, = (6" F, = ¢'(2) 2u(e (z)) da?. (1.3)
According to a fundamental theorem of Gelfand and Fuchs, the second cohomology
group of Vect S! is one-dimensional; it is generated by the 2-cocycle

&y, &) = /f”’gda?. (1.4)

The central extension of Vect S associated with the cocycle (1.4) is called the
Virasoro algebra. Commutation relations in the Virasoro algebra are frequently
written with the help of a standard basis in the complexified Lie algebra of vector
fields,
& = ie'k°9,, k € Z;

Remark 1.1. Vector fields &y, &1,£-1 generate the Lie algebra sl(2,C); since this
algebra is simple, the restriction of the Gelfand—Fuchs cocycle to this algebra
is trivial. It is convenient to modify the cocycle (1.4) in such a way that this
restriction is identically zero. The modified cocycle is given by

m&xw=/ww—fmm. (15)

With these conventions the commutation relations in the Virasoro algebra take
the form

[€ky &) = (K — D&t + € (K> — k)Spt10- (1.6)

The coadjoint representation of the Virasoro algebra is in fact a representa-
tion of the quotient algebra Vect(S!) and integrates to the group Diff S*.

Proposition 1.1. The coadjoint representation of Diff S on

Vir = Veet(S1)*+ R

is given by
Ad* ¢ (Fy, e) = ((gb*l)*Fu +eS(p~Hda?, e) , (1.7)
where gb/// 3 (¢//)2
S(¢) = o 2 (0)? (1.8)

is the Schwarzian derivative of ¢.
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The Schwarz derivative of a function ¢ is identically zero if and only if ¢
is a fractional linear transformation; thus the additional term in (1.7) vanishes
precisely on the projective group PSL(2,R) C Diff St.

The complicated formula (1.7) is related to the change of variables in an
auziliary linear problem. Namely, consider the Schrodinger equation with periodic
potential on the line,

Hyp = =" +up = 0. (1.9)
Let us denote by €2, the space of degree o densities on the line. We shall regard
the Schrodinger operator as a mapping

Hy: Q10 — Q3)0,

i.e., we assume that under the change of variables ¢ the wave function transforms
according to the rule

% _1

Y= P =(¢') 2909, (1.10)

and H,1 acquires an extra square of derivative. This transformation law is in fact
the only one possible in order to preserve the form of the Schrédinger equation.

Lemma 1.2. Under the change of variables ¢ the potential in the Schrédinger equa-
tion goes to (¢')*u(p(z)) — 3.S().

We conclude that the space H of Schrodinger operators may be identified
with a hyperplane in the dual space of the Virasoro algebra (with central charge
e = —1/2); accordingly, this space carries a natural Poisson structure, the Lie—
Poisson bracket of the Virasoro algebra. This bracket is completely characterized
by the Poisson bracket relations for linear functions on A which, by definition,
coincide with the commutation relations in the Virasoro algebra and are explicitly
given by formula (1.6).

The space H is precisely the phase space for the celebrated KdV hierarchy.
The Hamiltonians for the KdV equation and its higher analogs are spectral in-
variants of Schrodinger operator; explicitly they are expressed as integrals of local
densities which are polynomial in v and its derivatives. The question which we
shall address in this section is the existence of a natural Poisson structure on the
space of wave functions, i.e., the solutions of the Schrédinger equation. This ques-
tion is of practical interest in applications to a family of KdV-like equations. Its
particular interest lies in the rather non-trivial character of the answer.

For a given u the space V' = V,, of solutions of the Schrodinger equation is
2-dimensional and for any two solutions ¢, ¢ their wronskian W = ¢ip' — ¢'v) is
constant. Any w € V may be regarded as a non-degenerate quasi-periodic plane
curve (the non-degeneracy condition means that w A w’ is nowhere zero). There
exists a matrix M € SL(2,R) (the monodromy matrix) such that, writing elements
of V as row vectors w = (¢, ),

w(z + 2mn) = w(x)M"™, n€Z.

It is useful to pass to the corresponding projective curve with values in RP; ~ S*.
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Theorem 1.3 ([8]).
(i) Any pair of linearly independent solutions of the Schriodinger equation defines
a non-degenerate' quasi-periodic projective curve v : R — RP; such that
Az +27) = A(x)M.
(ii) Conversely, any such curve uniquely defines a second-order differential on
the line with periodic potential; any two projective curves associated with a
given Schridinger equation are related by a global projective transformation.

Without restricting the generality we may fix an affine coordinate on CP;
in such a way that oo corresponds to the zeros of the second coordinate 1 of
the point on the plane curve; with this choice  is replaced with the affine curve
x — n(x) = ¢(x)/v(x). The potential u may be restored from 7 by the formula

u=35(n), (1.11)

where S is the Schwarzian derivative.

We may regard the space of wave functions as a kind of extension of the space
of potentials. In fact, there is an interesting class of non-linear evolution equations
of KdV type which can be defined on this space. These equations are related to
each other by differential substitutions. At the top of this tower of “KdV-like
equations” is the “Schwarz—KdV equation”

Nt = S(10)Na,

. . . . . s .. . . antc
This equation has got a peculiar invariance property: if 7 is its solution, so is bt

forall g = (%) € SL(2). The original KAV equation holds for u = }S(n) which is
PSL(2)-invariant. Other KdV-like equations are related to differential invariants
of various subgroups of PSL(2).

In the spirit of elementary variational calculus we may associate observables
for various KdV-like equations with densities which are rational functions of 1, ¥
and its derivatives. In the language of differential Galois theory (which was first
applied to the study of KdV-like equations by G. Wilson [11]), we define the
differential field F = C(t1,12) as a free algebra of rational functions in an infi-
nite set of variables ¢, ¥2, Y1, Y5, Y, ¢y, ... with a formal derivation O such that

877/11(") = wi("ﬂ). A differential automorphism is an automorphism of C(1)1, 12) (as
an algebra) which commutes with 9. All differential automorphisms are induced
by linear transformations (¢1,%¢2) = (¢1,%2) - g, g € GL(2,C). Automorphisms
which preserve the wronskian W = v} — 1){1)2 belong to G = SL(2). Observ-
ables for the KdV equations form its differential subfield generated by the potential
u = 35(1h1/12) which may be characterized as the subfield of invariants of the
differential Galois group G = SL(2) which acts on wave functions. Different sub-
groups of G give rise to intermediate subfields of F. Let Z = {£1} be the center

of Gand N, A, B = AN its standard subgroups (nilpotent, split Cartan & Borel).

LA parameterized curve v : R — RP; is called nondegenerate if its velocity is nowhere zero.



Poisson Geometry of Difference Lax Operators 345

The subfields of invariants form a tower of extensions

C(n)

It is easy to see that each subfield of invariants is a free differential algebra gener-
ated by a single function (a differential invariant of the corresponding subgroup),

C{p,9)? =Cly), n=0/y, Clp* =Clp), p=1n'/n, C)N =C(0), 0=1,
CnB =C), v=n"/n,Cn¥Y=Clu), u=S(n). The tower of compatible
integrable KdV-like equations associated with subgroups of PSL(2) is represented
in the diagram of the tower of KdV-like equations below.

p=n"/n 0=n

u=S(n)

ot = pezz  3(2/P)z  $()a v=n""/n’ 0y = Ouzx  3(02/0)a

T~

v=p+p'p_ 1 v=6'/0

T~

v

Vyxx 6112 v

u=v' v2

T T

Ut = Uggr + 6uug ‘

As already mentioned, the KdV equation is Hamiltonian with respect to
the Poisson bracket associated with the Virasoro algebra. It is natural to expect
that there is a Poisson structure on all levels of the extension tower such that all
KdV-like equations are Hamiltonian and all differential substitutions are Poisson
mappings. However, the extension of the Virasoro—Poisson bracket to upper levels
of the tower proves to be non-trivial, since all arrows go in the ‘wrong’ direction:
Poisson brackets cannot be pulled back.? The final result looks somewhat fancy,
since it incorporates a peculiar symmetry breaking: it is possible to define the

2An alternative idea is to use the symplectic form [11], but this option also leads to unexpected
obstructions, due to the monodromy of the wave functions.
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appropriate Poisson brackets, but they are not G-invariant. More precisely, the
differential Galois group G = SL(2) becomes a Poisson Lie group and all relevant
Poisson brackets are Poisson covariant. We shall recall the main definitions related
to Poisson Lie groups in the next section; here we simply quote the final formulae
for the Poisson brackets [7] which give the Poisson bracket relations for the evalu-
ation functionals on our phase space which assign the value u(z) to the function
u (by an abuse of language, which is generally adopted in the physics literature,
we do not distinguish these evaluation functionals and their values on u)?:

{n(z),n(y)} = n(x)* = n(y)* — sign(z — y) (n(z) — n(y))*. (1.12)

For 6 = 7 we have

{6(x),6(y)} = 2sign(z — y)0(z)0(y).
For v = Jn"/n = }0'/6 we have

{v(@),v(y)} = 30'(x —y). (1.13)
For u = jv' —v? = S(n) we have
{u(),u(y)} = 36" (@ —y) +8'(x — y) [u(z) + u(y)]. (1.14)

In these formulas sign(z — y) is the distribution kernel of the operator 29, ! and
8’ (x — y) is the distribution kernel of 9.

It is easy to see that (1.14) is precisely the Lie—Poisson bracket for the Vira-
soro algebra (formula (1.14) gives the Poisson bracket relations for the evaluation
functionals, while (1.6) gives Poisson brackets for the functionals &, which assign
to u its Fourier coefficients).

The potential v, which satisfies the modified KdV equation, is associated with
the factorized form of the Schrédinger operator

D? +u=(D+v)(D —v), (1.15)

which implies the relation v = v/ — v? called Miura transform.

2. First-order difference operators

The choice of the Poisson structure for the wave functions becomes more trans-
parent if we pass to first-order matrix differential operators and then to difference
operators, which are the main subject of the present paper. Let us recall that
the space of first-order matrix differential operators on the line carries a natu-
ral Poisson structure (sometimes called the Schwinger—Poisson structure); indeed,
it may be identified with the dual space of the canonical central extension of
the associated loop algebra. The passage to the case of second order (or, more
generally, nth-order) scalar differential operators is the subject of the so-called
Drinfeld-Sokolov theory [3]. Its starting point is the well-known equivalence of a

3Formula (1.12) was introduced independently in the study of zero modes of the Liouville model
by Faddeev and Takhtajan [5]
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second-order differential equation to a matrix 2 x 2 first-order equation. Drinfeld
and Sokolov proved that the Poisson—Virasoro algebra associated with second-
order differential operators arises from that for matrix 2 x 2 1st-order differential
operators by Hamiltonian reduction. The analogue of the Drinfeld—Sokolov theory
for first-order difference operators is more complicated (and less widely known).
The study of difference operators starts with the definition of suitable Poisson
structures. Poisson structures on the space of first-order matrix difference opera-
tors are not quite easy to describe; they are also much less canonical than in the
differential case, since the choice of such a structure depends on the choice of a
classical r-matrix. For abstract difference operators this choice is largely arbitrary.
However, in the special case of higher-order scalar difference operators this choice
is in fact very rigid, so that there are no free parameters left. The next question
which will be of primary interest for us in the present paper is the extension of
the Poisson structure originally defined on the space of difference operators to the
space of ‘wave functions’, i.e., of solutions of difference equations. We shall discuss
the generalized Drinfeld-Sokolov theory in Section 5. In the present section we
discuss abstract first-order difference equations. We start with the definition of
abstract difference operators.

Let G be a Lie group equipped with an automorphism 7 Let G = G™ be the
group of “quasi-constants”, G = {g € G;¢" = g}. We suppose, in addition, that
the Lie algebra g of G is equipped with a non-degenerate invariant inner product
and that the induced automorphism of g is orthogonal.

Three basic examples are constructed as follows:

1. G = GV is the group of functions on the lattice I' = Z with values in G =
GL(n) and with pointwise multiplication, and 7 is the translation, g7 = gp+1.

2. G is the group of functions on the line with values in G = GL(n), and T is
the shift, g7 (z) = g(z + 1).

3. G is the group of functions with values in G = GL(n) which are meromorphic
in the punctured complex plane C*, and 7 is the dilation automorphism,
97(2) = g(gz), with ¢ € C, [q| < 1.

The “auxiliary linear problem” reads:
Y7t = L. (2.1)

The natural action of G on itself by left multiplication induces gauge trans-
formations for L:
g: g, Lw g"Lg L. (2.2)
The quasi-constants act by right multiplications, ¥ — h and leave L invariant. We
shall call ‘potentials’ L in the auxiliary linear problem (2.1) difference connections.
Solutions of the auxiliary linear problem will be called wave functions.
In the case of first-order differential equations the space of potentials carries
a natural Poisson structure (the Lie-Poisson bracket of the central extension of
the loop algebra) and gauge transformations are Hamiltonian. The case of first-
order difference operators is more complicated: now the set of potentials is a group



348 M. Semenov-Tian-Shansky

manifold and the gauge action is not Hamiltonian. Rather, the gauge group must
be treated as a Poisson group and the gauge action becomes a Poisson action. The
choice of the Poisson bracket on the gauge group represents an extra structure;
its choice is further restricted (and becomes partially or totally rigid) when we
pass from the first-order matrix difference operators to nth-order scalar difference
operators. Let us recall that a Poisson group G is a Lie group equipped with a
multiplicative Poisson structure. i.e., a Poisson bracket such that the multiplication

m:GxG—=G

is a Poisson mapping. An action G x M — M of G on a smooth Poisson manifold
M is called a Poisson action if the mapping

GXM—=>M:(g,x)—g-x

is Poisson. In both definitions it is assumed that the Cartesian products G x G,
G x M are equipped with the product Poisson structure. In typical cases, the
Poisson structure on a Lie group G is given by the Sklyanin bracket associated with
a classical r-matrix. We shall assume that the Lie algebra g of G is equipped with
a non-degenerate invariant inner product; in this case we may regard a classical
r-matrix as a skew-symmetric linear operator » € End g; the Sklyanin bracket of
smooth functions ¢, € C*°(G) is given by

{0.0} =5(r(Vo), Vi) = 5(r(V5), Vi), (2.3)
where Vg, Viﬁ are left and right gradients of ¢ defined by

(Vo(2), &) = (4),_y0(e"x), (Vi(2), & = (1), dlxe’).

The Jacobi identity for the Sklyanin bracket imposes strong restrictions on the
choice of r; a sufficient condition is the famous classical Yang—Baxter identity

[rX,rY]—r(rX, Y]+ [X,rY]) = —-[X,Y], X, Y e€g. (2.4)

Ezample. Let Py, P_, Py be the complementary projection operators associated
with the decomposition of matrices into upper triangular, lower triangular and
diagonal parts. Then r = Py —P_ € End sl(n) satisfies (2.4) and is skew-symmetric
with respect to the inner product (X, Y) = tr XY. This r-matrix defines the so-
called standard Poisson structure on G = SL(n). In the special case n = 2 one
can show [7] that the projective action

an +c

T by 4 d

of SL(2) equipped with the standard Poisson structure on the space of wave func-
tions 1 = 11 /12 with the bracket (1.12) is a Poisson group action.

Let us now fix an r-matrix R defining a multiplicative Poisson bracket on the
gauge group G acting by gauge transformations (2.2) on the space of difference
connections.
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Theorem 2.1 ([9]). There exists a unique Poisson structure on the space C of differ-
ence connections which makes the gauge action (2.2) a Poisson action. Explicitly,
this structure is given by

{e. v}, = 5 (R(Ve), V) + 5, (R(V'9),V'Y)
—(Te Ry (V'9),Y) = (Ro77 1 (Vi) , V'Y),
where Ry = J(R + Id).

The key feature of the bracket (2.5) is the presence of two terms of ‘mixed
chirality’ (left gradients coupled to right gradients) which also contain the auto-
morphism 7 and its inverse.

Our main goal will be now to extend the Poisson structure to the space of
wave functions in a way which is consistent with the bracket (2.5) on the space
of difference connections. An appropriate class of Poisson structures which are
compatible with the expected covariance properties are the so-called affine Poisson
structures; they are defined by the formula

{flaf2} = §<Z(Vf1),Vf2> + ;<T’(V}1), 3‘2>7 (26)

where [ and r are two (a priori, different) r-matrices. We denote by G(7) the
Lie group G equipped with this Poisson structure. Let G, G™ be two copies of G
equipped with the Sklyanin bracket associated with [ and 7, respectively. It is easy
to check that the action

G x G % G — G (g 4, h) — gibh

is Poisson; in other words, G("") may be regarded as a principle homogeneous space
for the left action of G' and the right action of G”. Remarkably, in the category
of Poisson spaces principle homogeneous spaces for left and right actions are not
unique: one can vary the choice of Poisson structure.

At first glance, the choice of left and right r-matrices in (2.6) is totally free.
One condition which links them comes from the Yang-Baxter equation: to ensure
the Jacobi identity for the bracket (2.6) both [ and r must satisfy the Yang-Baxter
identity (2.4) with the same normalization of the r. h. s.* We shall see now that the
choice of I and r which is compatible with the Poisson structure (2.5) on the space
of difference connections is very rigid; both [ and r are fixed completely, although
their roles are very different.

Let us write

{flan}l: é(l(vf1)7vf2>v {flan}r: §<T(v/fl)7v/fz> (27)
(Note that separately these brackets do not necessarily satisfy the Jacobi iden-
tity.) Let us study first the ‘left’ bracket. Let us choose Fi, F5 € C®(G); let
fi() = FL(@ ™Y1, fa(w) = Fo(y™1). We denote by X1, Xo, X7, X} left and
right gradients of Fi, Fy, respectively.

(2.5)

40ne can replace —[X, Y] in the r.h.s. of (2.4) by its multiple, e.g., by rescaling r, which
does not affect the Jacobi identity for (2.3); for the bracket (2.6) such rescaling must be done
simultaneously for [ and 7.



350 M. Semenov-Tian-Shansky

Proposition 2.1. Left bracket on G admits reduction to the space C of difference
connections. The quotient bracket is given by

{F, BY (0w o= {1, o} (0) (2.8)
= {U(X1), Xao) + S(U(X]), X3) — S{loT7H(X1), Xb) — Ym0 l(X]), X2). (2.9)

Formula (2.8) resembles (2.5) (with [ = R), but differs from it in some crucial
terms: in fact, it contains [ everywhere rather than /1, as in (2.5). This difference
is very important; as expected, when [ satisfies (2.4), the bracket (2.8) does not
satisfy the Jacobi identity. The remedy should come from the contribution of the
right bracket, however, at first glance this seems impossible: indeed, since right
gradients are not right-invariant, the right bracket {fi, f2}" depends in principle
on 7 and not on the combination ¥7¢~!. Explicitly, we have:

Proposition 2.2. The right bracket of f1, f2 is given by
{f1, f2}" (¥) = {1 = 7)r(1 = 771 )AdY ' X], Ad(¥7) 1 X). (2.10)

The proof of (2.10) is based on the following simple formula for the right
gradient of f.

Lemma 2.2. The right gradient of f : 1 +— F(7~1Y) is given by

Vi) =" -1DAdy ' Xp = (' = 1)Ad(YT) ' Xp. (2.11)
Theorem 2.3. The mapping ¥ — ™~ is Poisson if and only if
A-mpr@Q-r)=r—7" (2.12)

We shall assume that r commutes with 7; in that case (2.12) amounts to

I e (2.13)
The Lie algebra g admits an orthogonal decomposition g = Im(1 — 7) @ go,

where go = Ker (1 — 7) is the subalgebra of quasi-constants. It is clear that on

go condition (2.12) is void, so it is important to define r on the subspace g’ =
Im(1-7) Cg.

2r—T1-r—1-T7"

Proposition 2.3. The restriction of v to g’ is the Cayley transform,

r=01+7)(1-7)"% (2.14)
Proof. 1t is clear that if r = (1 + 7)(1 — 7)7!, condition (2.12) is satisfied. Since
1 — 7 is invertible on g, the converse is also true.

We now come up to the check of condition (2.12). The mapping 1 +— ¥71)~*
is Poisson if and only Advy, Ad(y") disappear in the r. h.s. of (2.10). Let us assume
that (2.12) holds. Since Ady~1 X! = Ad(¢7) "1 X;, i = 1,2, we get

2{fi. f2} () =((r —771) - Ady 7' X7, Ad(y7) 7' X2)

= (7-Ad YT XTAAWPT) T Xo) — (77 A7) T X, AdyTHXG)

= (Ad(y™) "t -7 X7, Ad(wT) T XD — (Ady i X, Ady )

= <T : X{a X2> - <X1,T ' Xé>’

(2.15)
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At the final stage, to get rid of the operators Ad(¢") !, Adyy~! we used the invari-
ance of the inner product. It is clear that this argument is reversible, and hence
condition (2.12) is necessary and sufficient.

Let us note that (2.15) provides precisely the two terms which were missing
in the left bracket (2.8) in order to convert it into the correct Poisson bracket (2.5)
on the space of difference connections.

So far we did not discuss the Jacobi identity for the right bracket. Note that
the condition imposed on r amounts to a linear equation in the vector space End g.
This condition is already quite rigid, so there is not too much space for maneuver.

Proposition 2.4. (i) Operator (2.14) on g’ satisfies the classical Yang—Bazter iden-
tity (2.4). (i) Put

(X, Y], =5 (P X, Y]+ [z,7Y]), X,Yeg. (2.16)
Then [X,Y], € ¢’ and formula (2.16) defines the structure of a Lie algebra on g'.
Proof. Suppose that X, Y e Im(1—7), X = (1 —7)§,Y = (1 — 7)n. Then
20X, Y], =[(1+7)6, (L —7)n] + [(L = 7)&, (1 + 7)1
= [&nl + [7&n] = (& ] = [7& ] + [§,n] = [7&,m] + [§, 7n] — [7€, 7]
=2(1—7)[&, 7).
Hence r ([rX,Y] + [z,rY]) = 2(1 4+ 7)[&, n]. On the other hand,
[P X, Y]+ [ X Y] = [+ 7)6 A+ )] + [(1 - 7)1 — 7))
(A +7)&n] + 1670 + [7& 0] + (L + 7)[§, 1] — [§, 7] = [7€, 7]
= 2(1+ )&, 7. 0

3. Exchange r-matrices and singular integrals

Let us start with the following simple example. In the lattice case (Example 1
on page 347) the functional equation (2.13) may be solved explicitly. We identify
linear operators acting in the Lie algebra g' with their kernels, i.e., elements of
o' ® g" with the help of the invariant inner product in g. We denote t € g ® g the
Casimir element (the kernel of the identity operator in g). Set

r(n,m) = %te(n —m) + g, (3.1)
where
1, n>0,
e(n) = signn = 0, n=0,
-1, n<O.

and rg € g ® g is a constant r-matrix independent of n, m. The automorphism
7 acts on r(n,m) by translation of n, 7" (n,m) = r(n + 1 — m); clearly, we have
e(n+l1—m)—e(n—m) =0(n+1—m), e(n—1—m)—e(n—m) = §(n—1—m), where
d(n—m) is the Kronecker delta. The constant r-matrix 7 is chosen so as to satisfy
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the classical Yang-Baxter identity. Instead of r¢ one can introduce %4 = 1 (ro +t).
One has:
0r+ +9_ =1, om_ —Or_ =1+,
and the r-matrix (3.1) may be rewritten as
r(n,m) ="ry0(n —m) +°r_0(m — n), (3.2)

where
1, n>0,

b(n) = {0 n<0.

Poisson algebra with this r is usually called lattice exchange algebra.

This example is in fact quite similar to the continuous case. Let C(g) be the
space of connections on the line with values in a Lie algebra g equipped with a non-
degenerate invariant inner product. C(g) may be identified with (a hyperplane in)
the dual space of the central extension of the current algebra C*°(R; g) and hence
carries a natural Poisson structure (the so-called Schwinger—Poisson bracket). The
current group C*°(R; G) acts on C(g) by gauge transformations,

g:L—Adg-L+0,9-g". (3.3)

Let W (g) be the space of wave functions, i.e., of G-valued solutions of the differ-
ential equation

0z = L.
Gauge transformations act on W(g) by left translations, g : ¢ — g - ). We want
to equip W(g) with a Poisson structure such that the natural mapping

W(g) = C(g) : 1+ Optp - p~"

is Poisson. Since the gauge action (3.3) is Hamiltonian with respect to the natural
Poisson structure on C(g), the Poisson structure on W(g) should be left-invariant.
In complete analogy with (3.1) let choose this Poisson structure in the following
form:

{¥1(2), ¥2(y)} = Y1 (x)Y2(y)ri2(z — ), (3.4)
where
r(@—y)=r 0z —y)+r-0(y — ) (3:5)
and ry,7_ € g ® g have the same meaning as above. (Here and in the sequel we
freely use the tensor notation for the kernels of our Poisson operators.) With this
choice we get the Poisson brackets for L(z) = ' (x)y = (z):
62
- dxdy

_ Lla(z/(%%ru)ﬂ}flﬂ/;l + Ly Lontbariathy 4y

{Li(z), L2(y)} (Y1vari2) ¥y "yt — Lo 8833 (b1epori2)hy eyt

(3.6)

Taking into account that

rp(r —y) = —ry(z —y) =td(z —y), i, (x —y) = —td'(x —y),  (3.7)
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we get, after several remarkable cancellations based on the identity

Or+ O =t

and on the standard properties of the Casimir element ¢:

{L1(2), La(y)} = [t, La(2) — La(y)]d(z — y) — 8" (z — v), (3.8)

i.e., the correct Schwinger—Poisson structure on C(g). The bracket (3.4) is called
the (continuous) exchange bracket. The kernel (3.2) may be written equivalently
as r(z —y) = yte(x —y) 4 ro; of course, e(x — y) is the distribution kernel of 9.
In other words, 7 is an extension of the partially defined operator 9, !.

It is instructive to rewrite the r-operator (3.2) in the Fourier representation.
Setting as usual

1 o .
X (k) = 271'/ X (z)e e dg,

we get, using the standard Fourier transform of step function,
A L[ X(K)
X(z) =1ro(X(0 .p- T dk 3.9
PX(@) = ro(XO) + vy [ e an, (39)

or, equivalently,

1 [~ Xk , 1> X(k)
X(z) =° R gk | 49 r_ kT qk 3.10
rX(e) ="ry (m o k+i0° >+ "\ wi) o k—i0° » (3:10)

where we assume that the finite-dimensional r-matrices “r. are acting pointwise
on the values of the integral. In other words, the exchange r-matrix is a regularized
singular integral operator; the finite-dimensional r-matrix is necessary to correctly
regularize the zero Fourier modes.

When 7 is a translation operator, g7 (z) = g(x + 1), the Cayley transform
r = (1+7)(1—7)"! is again a singular integral operator which is formally given by

(rf)(z) = 2;, [ h cotan(k/2) f(k)e™ dk. (3.11)

For f € C§°(R; g) we set

Fz)= Y flz+n);

n=—oo

clearly, F'is 1-periodic and hence lies in the kernel of 1 — 7. In order to regularize
(3.11) we use the standard decomposition of cotan(k/2) into simple fractions and
the Poisson formula

F(x) = Z f(2mn)e e,

n=—oo
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The proper way to regularize (3.11) is given by the formula

(rf)(z) ="ry 1 | oo K (k) cotan(k + 10)¢** dk
(271'1 /_oo ) 5.12)

1 R .
+ 0 <2 ) / X (k) cotan(k — i0)e’*® dk) ,
R

in complete analogy with (3.10). Using the Sokhotsky and Poisson formulas. we
can rewrite (3.12) in equivalent form:

oo

(rf)(x) =ro(F(z)) + \/.p.217T / cotan(k/2) f (k)e™® dk, (3.13)

— 00
where 7( is acting pointwise in the subspace of quasiconstants.
In the g-difference case, when ¢7(z) = g¢(gz), the Cayley transform r =
(1+7)(1—7)~! is completely characterized by its distribution kernel given by the
formal series

o0
r(z,2') =rd(z/z"), where 4(z/7) = Z (z/2")"
n=-—oo
is the Dirac delta function. Set z/z’ = t; we get
o0 o0
1+4q" 1+4q" 1+q¢ ™
N — n __ n n
CEIEND SRR D LTS
n=—o00,n#0 n=1
o0 o0 qn
= th—t" 2 th—t"
EIRED SN
n=1 n=1
t4+1 = ¢
= 2 th—tT").
ERS) SRR
n=1
Put z = e'*,2' = €' ; we get a Fourier series expansion of 7(z,2’) on the unit
circle,
1 ="
r(z,2') = ; cotan(z — 2'/2) + 4i ; g sinn(z — z'). (3.14)

It is easy to see that the r.h.s. is essentially the logarithmic derivative of Jacobi’s
theta function 6; (the difference is due to the fact that in the standard definition
the (quasi)-periods of 61 are 2 and ¢? = ?™" while in our case they are 27 and q).
Note also that r(z, 2") is not quite ‘elliptic’, since the logarithmic derivative of 6,
is invariant with respect to translations by 2747 only up to an additive constant.
If we regard (3.14) as the kernel of a singular integral operator on the unit circle,
its regularization may be achieved in the same way as above (now the only pole of
the kernel which lies on the unit circle is = 0 (other poles, which coincide with
the roots of #; are associated with the points of the multiplicative lattice ¢™).

Remark. As in rational and trigonometric case, the regularization introduces just
a finite-dimensional r-matrix r¢. This simple prescription is in fact perfectly in
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line with the difference Galois theory: according to a theorem of P. Etingof [4], the
difference Galois group associated with the difference equation ¢ (gz) = L(2)¢(z)
is a finite-dimensional; it consists of constant matrices (and hence is a subgroup of
the infinite-dimensional group of quasi-constants) and is generated by the values
of the associated Birkhoff transition matrix. This finite-dimensional group natu-
rally inherits the Poisson structure induced by the finite-dimensional r-matrix r.
Generically, this group coincides with the full special linear group SL(n).

4. Poisson brackets for the monodromy matrix

Let us return to the lattice case and assume that the ‘potential’ in the auxiliary
linear problem is N-periodic, L,+n = L,. We also assume that the gauge group
acting by left translations to consists of N-periodic functions on the lattice. In
that case the wave functions are of course only quasi-periodic, which leads to
the standard notion of monodromy. There are two definitions of the monodromy
matrix in this setting:

o M =9Yniy Loor

o M =1y Yn.
Of course, M and M are conjugate, but their transformation properties are very
different: M is invariant with respect to the right action of the group of quasi-
constants (generlcally, in the lattice case it coincides with the difference Galois
group), while M is gauge invariant. Hence M is adapted to reduction over the
subgroups of the gauge group (this reduction will be the main subject of sections
5, 6). On the other hand, we have obviously

N\
M = HnLn,

and hence the Poisson bracket relations for M are easily computable. Explicitly
we have:

Theorem 4.1. Let us assume that the space of difference connections on g* carries
the Poisson bracket (2.5) (with R =1). (i) Equip G with the Poisson bracket

{f1, f2}' (M) = (U(X1), Xa) + (UX7), X5) — (14 (X1), X5) — (I-(X1), Xo),
where as usual X1, Xo, X1, X} stand for left and right gradients of fi,fa2. The
mapping

G—G:(Ly)— M= HL

is Poisson. (ii) Gauge action of the gauge group (equipped with the Sklyanin bracket
associated with 1) on the monodromy by conjugation is Poisson.

By contrast, Poisson bracket relations for M depend mainly on r. Using the
explicit form of r described in (3.2) it is easy to prove the following assertion.
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Theorem 4.2. ~
(i) The mapping M : G — G : ¢ — wale is Poisson with respect to the dual
Poisson bracket on G associated with o,

{f1, f2}" (M) = }(ro(X1), X2) + } (ro(X]), X3)
= (r}(X1), X3) — (r2(X7), Xa).
(ii) We equip the group of quasi-constants (alias, the difference Galois group) with

the Sklyanin bracket associated with ro. The bracket (4.1) is Poisson covariant
with respect to the action of the difference Galois group by conjugation.

(4.1)

There is a simple way to reconcile the Poisson structures associated with two
alternative definitions of the monodromy matrix: just choose ro = [. This simple
choice eliminates the residual freedom in the definition of r (once [ is chosen) and is
almost satisfactory (we shall see that in applications to difference Drinfeld-Sokolov
reduction it has to be slightly modified).

5. Difference Drinfeld—Sokolov theory

So far the choice of the ‘left’ r-matrix remains arbitrary. There exists an important
special case in which this choice is totally rigid: this is the theory of higher-order
difference equations. Before passing to the study of difference operators we shall
briefly recall the treatment of the differential case. Recall that an nth-order dif-
ferential equation

D"¢+ up_1D" 'p 4+ up_o D" 2¢ + -+ u1 D + ugdp = 0 (5.1)
may be rewritten as a first-order matrix equation
Dy + Ly =0, (5.2)
where the column vector ¥ = (¢, ¢/, ..., ¢ )t and L is the companion matrix,
0 -1 0
0o 0 -1 0 .
L=1]... ... ... ... . (5.3)
0 0 0 -1
Uo Ul - Unpn—2 Unp—1

Without restriction of generality we may assume that tr L = u,,_1 = 0.

The assignment ¢ +— (¢,¢’,...,¢" D)t is in fact not canonical: we may
replace ¢(®) by its linear combination with all derivatives of smaller order. This
introduces the natural gauge group consisting of lower triangular (unipotent) ma-
trices. The gauge group acts freely on the set of potentials of the form

*x —1 0
* * =1 0

L= (5.4)
* * x* —1
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The set of companion matrices of the form (5.3) gives a (non-canonical)
global cross-section of gauge action, hence the space of scalar nth-order differential
operators may be identified with the quotient space over the action of gauge group;
the set of companion matrices (5.3) provides a model for this quotient space.
As noticed by Drinfeld and Sokolov, this description of higher-order differential
operator matches perfectly well with the Hamiltonian reduction. Let g be the Lie
algebra sl(n) equipped with the standard invariant inner product, (X, Y) = tr XY,
and ng its nilpotent subalgebras of upper (lower) triangular matrices. Note that
ny and n_ are set in duality by this inner product, so that n; ~ n*. Recall
that the space of first-order differential operators with potential L € C*° (R, g)
carries a natural Poisson bracket, the Lie-Poisson bracket of the central extension
of the loop algebra C*°(R,g) of the Lie algebra g, alias the Schwinger—Poisson
bracket which we have already briefly discussed in section 3 (formula (3.8)). The
action of the unipotent gauge group C*°(R, N_) is Hamiltonian and admits a
natural moment map p : C*(R,g) - C®(R,n_)* ~ C*(R,ny). The set Uy of
constrained potentials of the form (5.4) is the level set of the moment map g,
Ur = u~'(f), where

0 -1 0 0
o 0 -1 0 ..

F=1.0 (5.5)
0o 0 ... 0 -1
0 0 ... 0 0

is the standard nilpotent matrix (a principal nilpotent element of g) regarded as an
element of the dual space C*(R,n_)* ~ C*°(R,n;). An important point is that
f eng ~n* defines a character of the Lie algebra n_; this implies the important
technical property of the set of constraints which define the level surface (5.4): these
constraints are first class according to Dirac, i.e., their Poisson brackets vanish on
the level surface. As a result, the level surface Uy is invariant with respect to the
action of the entire gauge group C*°(R, N_) and its quotient is isomorphic to the
Hamiltonian reduced space (over the point f). For n = 2 the quotient Poisson
structure is precisely the Poisson—Virasoro algebra, for n > 2 this is the so-called
classical W-algebra.

After this brief reminder, we pass to the study of the difference case. In
complete analogy with (5.3), an nth-order difference equation

TG+ up T T G Uy T+ 9 =0 (5:6)
may be rewritten as a matrix first-order equation
T+ L =0,
where ¥ = (6,07, ..., ¢Tn71)t and L is a companion matrix, as in (5.3). This time,

however, L satisfies the normalization condition det L = 1 (rather than tr L = 0, as
in the differential case); hence we have ug = 1. This marks an important difference
with the differential case: the potential L admits a canonical factorization L = U's,
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where
0 -1 0 0
0 0 -1 0
5= (5.7)
0 0 0 -1
1 0 0 0
and U is a unipotent matrix,
1 0 0 0
0 1 0
U=1... ... ... ... ...]. (5.8)
0o ... ... 1 0
Ul Ug Un—1 1

Note that unlike f in (5.5) s is an invertible semi-simple matrix; this is in fact
a Cozxeter element, i.e., conjugation by s induces an outer automorphism of the
Cartan subgroup H C SL(n) consisting of diagonal matrices which is the product
of all simple reflections. The abelian unipotent group Ng C N_ of one-row matrices
of the form (5.8) is generated by the root vectors associated with the negative roots
which change sign under the Coxeter transformation.

The natural gauge group N_ associated with nth-order difference operators
consists again of functions with values in the unipotent group N_ C SL(n). The
constrained set of potentials which are gauge equivalent to L = U's are again given
by (5.4). One can prove that the gauge group acts freely on this set and that
matrices of the form L = Us, U € Ny, provide a global cross-section of the gauge
action.

The Poisson theory of nth-order difference equations starts with the choice of
an appropriate classical r-matrix. The Poisson structure on the space of difference
SL(n)-connections is given by (2.5) and is Poisson covariant with respect to the
action of the ‘big’ gauge group equipped with the corresponding Sklyanin bracket.
The counterpart of Hamiltonian reduction in our case is Poisson reduction. A
subgroup of the gauge group is called admissible if its invariants in the algebra of
functions form a Lie subalgebra with respect to the chosen Poisson bracket (i.e.,
the Poisson bracket of two invariant functions is again an invariant function). The
r-matrix should be chosen in such a way that the ‘little’ gauge group consisting of
functions with values in the unipotent group N_ C SL(n) is admissible. Let

g=n_+biny (5.9)

be the standard triangular decomposition in the Lie algebra g = sl(n). We denote
by h,n_,n, the Lie algebras of functions with values in h, n_, n (our choice of the
algebra of function corresponds to one of the three basic examples described on p.
347). We denote by Py, P_, Py the projection operators onto ny,n_, b parallel to
the complement in the decomposition (5.9); let P, P_,Pq be the corresponding
pointwise projection operators in g.
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Proposition 5.1. The subgroup N_ of the gauge group is admissible if and only if
the r-matriz R € Endg has the form

R=P, —-P_+p- Py, (5.10)
where p € Endh is a skew symmetric linear operator.

The residual freedom in the definition of the classical r-matrix, which is repre-
sented by the possibility to choose p € End h, is a well-known phenomenon which
goes back to [2]. In the present case it plays a crucial role.

The key condition which has now to be taken into account is the Poisson
properties of the constraint set (5.4). Unlike the differential case, in general these
constraints are now second class (i.e., their Poisson brackets computed according
to (2.5) do not vanish on the constraint surface). If this is the case, the description
of the space of difference operators as a quotient over the gauge group will be
inconsistent with our choice of the Poisson structure (the quotient will not be a
Poisson submanifold in the reduced manifold C/N_). Luckily, there is a smart way
to avoid this difficulty by an appropriate choice of p. Let Tx € End b be the linear
operator induced by the Coxeter element of the Weyl group; we shall denote by
the same letter its pointwise extension to h, Ts(f)(x) = T5(f(z)).

Theorem 5.1. The constraints (5.4) are first class with respect to the Poisson
bracket (2.5) on the space of difference connections if and only if

p=T+70T; NI —70T; 1)L (5.11)
In the special case when n =2 we have Ts = —1I and p= (I —7)(I + 7)1,

Once the r-matrix is chosen in this specific way, it is easy to compute the
Poisson bracket relations for the coefficients of the difference operator (5.6). The
corresponding Poisson algebra is called the deformed W-algebra (or, for n = 2, the
deformed Poisson—Virasoro algebra). We shall give explicit formulas only for the
deformed Virasoro case; the general case is treated similarly, but leads to rather
bulky expressions. It is technically convenient to start with an extended algebra
generated by the coefficients of the factorized operator

P tur+1l=(r+v)(r+v 1) (5.12)
Clearly, we have
u=v+ (.
The mapping v — v + (v™1)7 is the generalized Miura transform which replaces
ordinary Miura transform described in Section 1 (formula (1.15)). The main sim-
plification in the case when n = 2 is due to the fact that the Coxeter transform is

scalar, Ts = —1. As a consequence, in the g-difference case the correction term in
the definition of r-matrix amounts to a scalar function

ORI SN 0 (513)
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Note that ¢ is elliptic and the series (5.13) essentially coincides with the Fourier ex-
pansion of the Jacobi elliptic function dn (¢'/2z/2"). The Poisson bracket relations
for v is best written in form of he generating series,

{o(2) v(w)} = ¢ () v)o(w). (5.14)

Expressing u(z) by means of the g-Miura transform we then get:

{u(2), u(w)} zw(f)u(z)u(w)+5(u;q) 5(“’) (5.15)

2q

where, as usual,

d(z) = Z 2"

n=—oo

In the case of difference on the line the same calculations lead to the singular
kernel

1 > k\ /
oz —12') =vp. o / tan <2> etk@=2") g (5.16)
i

— 00

and to the Poisson bracket relations

{v(@),v(2")} = p(z — 2" )o(x)o(2’),

{u(z),u(@)} = o(x — 2 u(x)u(z") + 5(x — 2’ — 1) = §(z — 2’ +1). (5.17)

6. Difference Drinfeld-Sokolov theory. II.
The space of wave functions

We now come up to the extension of the deformed Poisson—Virasoro structure to
the space of wave functions. Fundamental solutions of the first-order linear prob-
lem ¢ = L are functions with values in G. By contrast, wave functions of a
scalar nth-order difference equation form an n-tuple (¢1,...,¢,) € C™\ {0}. Up
to a natural equivalence this set of wave functions defines a point in CP,_1. To
match these descriptions note that the gauge group N_ acts on wave functions by
left translations, n - ¢¥(x) = n(x)(x). The quotient space N_\G may be identi-
fied with the space of functions with values in the principal affine space N_\G.
The Cartan subgroup H C G normalizes N_ and hence there is a natural action
H x N_\G — N_\G and the associated pointwise action H x N_\G — N_\G.
When G = SL(2,C), the quotient HN_\G is isomorphic to the projective space
CP; and HN_\G is the space of projectivized wave functions of the second-order
difference equation.

In the general case, when the potential of the first order matrix difference
equation in canonical form L = Us as in (5.7-5.8), its matrix wave function v has
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the simple ‘Vandermonde’ form,

o1 o2 ... On,
p=| 4B 4 6.1)
o7 er L en

and is completely determined by its first row. Let Hy C H C SL(n) be the
1-dimensional subgroup consisting of degenerate diagonal matrices h = diag(t,
, t,s), deth = 1. Let M] be the centaliser of Hy in G = SL(n) and M its
maximal semisimple subgroup; let No C N_ be the unipotent subgroup defined
in (5.8). The subgroup Py = MyHoNy; C G is a maximal parabolic subgroup
which contains the standard Borel subgroup B = HN_. We regard MyNo\G as
an affine algebraic variety; its affine ring A(MoNp\G) is generated by the matrix
coefficients of the first row of the matrix g € G. Since MyNy D N, this affine ring
is canonically embedded into the affine ring of N_\G. The multi-scaling action
of the Cartan subgroup H on the affine ring A(N\G) induced by the natural
action H x N_\G — N_\G may be restricted to A(MyNy\G) and amounts to
the scaling action of the rank 1 subgroup Hy C H. The quotient MyHyNo\G is
isomorphic to the projective space CP,,_1; the associated space of functions with
values in MoHoNy\G is precisely the space of projectivized wave functions of the
n-th order difference equations (cf. [8], where the authors treat the case of n-th
order differential equations).
If we take and the natural projection G — MyNp\G assigns to this matrix
its first row. The natural idea is to endow G (and hence also its quotient N_\G)
with the Poisson structure such that the affine ring

A(MoNy\G) C A(N_\G)

inherits a Poisson structure compatible with that of the deformed W-algebra de-
scribed in the previous section.

Following the pattern described above in Sections 2 and 4, we chose the left
r-matrix as in (5.10); note that this r-matrix is slightly more general than those
considered, since it explicitly depends on 7. As a result, we must modify the choice
of the right r-matrix ry acting in the space of quasiconstants: we simply take

ro =Py — P_+poPy, where po= (I +T, (I -T;")"! (6.2)

(cf. formulae (5.10, 5.11) above). It is easy to see that with this choice of the right
r-matrix the Poisson properties of the monodromy matrix described in Theorem
4.1 are maintained. Note that for G = SL(2) we have py = 0 and hence the right
r-matrix coincides with the standard r-matrix on si(2).

We may regard the image of the Vandermonde map as a constrained set in
G; our condition on the choice of left r-matrix assures that the corresponding con-
straints are again first class; this allows to compute the quotient Poisson brackets
for the wave functions simply by computing the Poisson brackets in G and then
restricting them to the image of the Vandermonde map. This computation is par-
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ticularly easy in the sl(2) case and yields the exchange algebra Poisson brackets
relations for the wave functions of the second-order difference operator as described
in [7]. The details of this computation in the general case will be described in a
separate publication.
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1. Introduction

Morrey spaces introduced by Charles B. Morrey, jr. [20] in 1938 for the study
of regularity properties of solutions to differential equations, nowadays are widely
used not only in the theory of PDE, but also for the study of operators of harmonic
analysis. The boundedness of classical operators of harmonic analysis, such as
maximal, singular and potential type operators and others, in Morrey spaces were
investigated, for instance, in [1, 2, 3, 7, 22, 27, 8], see also references therein.

In 1992 T. Iwaniec and C. Sbordone [10] introduces a new class of function
spaces called grand Lebesgue spaces. Such spaces and their generalizations were
afterwards studied in [4, 6, 9, 11, 12, 13, 15, 16, 17] on bounded sets.

In [26] there were introduced such Grand Lebesgue spaces on sets of infinite
measure, where the “Grandization” of the space was made by introducing an
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additional parameter, corresponding to a weight introduced to control behaviour
of functions at infinity.

The ideas of [26] were further developed in the recent paper [30], where
there were introduce generalized Grand Lebesgue spaces, depending on a func-
tional parameter and studied the boundedness of Hardy—Littlewood maximal and
Calderén—Zygmund singular operators in such weighted Grand Lebesgue spaces.

Grand Morrey spaces were introduced in [18, 19] similarly to the approach for
Grand Lebesgue spaces on bounded sets, i.e., with “grandization” with respect to p.
Recently in [23] and [14] there were introduced more general Grand Morrey spaces
with “grandization” with respect both to p and A. and proved the boundedness of
some classical operators of harmonic analysis.

We generalize the notion of Grand Morrey spaces via the “grandization” of
weighed Morrey spaces with respect to p, A and also the weight function w.

The paper is organized as follows. In Section 2 we give some preliminaries on
generalized Grand Lebesgue spaces. In Section 3 we introduce generalized Grand
Morrey spaces Eg?,’,)‘ (Q, w). the main statements are contained in Sections 4 and
5. In Theorem 4.1 we prove, under some assumptions on the weight w, that lin-
ear operators are bounded from generalized Grand Lebesgue Lg)(Q7 w) space into
generalized Grand Morrey space Eg?;,)‘ (Q, w), if, roughly speaking, they have such
a property in the classical setting. In this “transference result” an essential role is
played by an interpolation theorem from Lebesgue to Morrey spaces with change of
weights, proved in [29]. By means of Theorem 4.1 in Section 5 we prove the bound-
edness of the Riesz potential operator from weighted generalized Grand Lebesgue
space to a weighted generalized Grand Morrey space, under some assumptions on
the weight.

Notation

C, ¢ are various absolute positive constants not depending on the involved vari-
ables. which may have different values even in the same line;
Q) is an open set in R™;
|A| is the Lebesgue measure of a measurable set A C §2; @ is an arbitrary cube
in R™ with sides parallel to coordinate planes;
w is a weight on Q, i.e., a non-negative locally integrable function with |{z €
Q:w(x) =0} =0;
B(z,r)={yeR™: |y —z| <r};
B(z,r) = B(z,7) N
— stands for continuous embedding;

We use the following notation

(9, w) = {f: 1l = ( /Q @) w(@)ds < oo); < oo}

for weighted Lebesgue spaces.
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2. Preliminaries

2.1. Generalized Grand Lebesgue spaces

The Grand Lebesgue space LP)(€) on a bounded set €, introduced in [10] is defined
by the norm

[fllo@) = sup er=e|f(@)llLr—=(@), 1 <p < oo (2.1)
0<e<p—1

For unbounded sets we base ourselves on the following generalization of weighted

Grand Lebesgue spaces introduced in [30].

Definition 2.1. Let 1 < p < 0o, 2 C R™ and w be a weight on (2. By the generalized
Grand Lebesgue space Lg)(Q7 w) we call the space, defined by the norm
11l 2> .y = D e I £1l Lr—=(,was)s (2.2)

where the weight a is suppose to satisfy the condition a € LP(Q, w).

2.2. Auxiliary lemmas

Let W(x) be the Lambert function, i.e., the solution of the equation W (z) x
eW (@) = x. Tt has two branches with domains in [-e~!, +00) and [—e~', 0) and
value in [—1,00) and (—oo, —1], respectively. In the sequel W stands for the first
of these branches.

Lemma 2.2. Letp>1,s >0 andt € [0, p—1). Then

(p_1)57 s < p1167p71
1 —
sup (xs)p—z = eW(*pse 1)/177 pile_pil < s < 16171
t<z<p—1
(ts)t/ (P=1), s> 1617 .

Proof. We have ((:135)1/(1”*“"));J =0 hert+ns+? -1=0e W(-—pse!) =
ffz < =1 = Tpax = 7W(7117)se*1)' Treating separately the cases 0 < Tpax < t,
t < Tmax <p—1and xpax > p— 1, we arrive at the statement of the lemma. O

By A,, 1 <p < oo, we denote the Muckenhoupt class of weights w satisfying
the condition

s (1 fyione) (i fyior1ae) <o

and by A(p,q), 1 < p,q < oo, we denote the Muckenhoupt—Wheeden class od
weights w satisfying the condition

s (1 fniar) (g o) <o

As is known, w € A(p, q) if and only if wr € Ajqa.
p
We will need the following lemma.
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Lemma 2.3. Let 1 < p < co and w € A(p,p*), where pl* = ; -7, 0<y < 117' If

v? € A(p — 6, (p — 8)*) for some § € (0,p — 1), then there exists a ¢ € (0,0) such
that wv® € A(p — ¢, (p —)*).

Proof. We have to show that

1 (p—e)™ (Pp*i:)*
Ay - = el »--
1Ay <Q| /Q[w(m)v(m) ] dm)

X (IC; /Q[w(x)u(x)s]—pildx>p_8_l < oo0.

From the assumption w € A(p,p*) by properties of Muckenhoupt weights there
exists a § > 1 such that w? € A(p,p*), i.e.,

3= g (i foto o) (g fpwer ) <o e

To estimate the factor A;, we use the Holder inequality with the exponent ¢ =

ZZ;IZ)E*) 0 > 1 and obtain

1 op* op* 1 ' (p—e)* ¥ (p—e*
A w(z)] » dx v(z)] »-< dx .
<Gy L) (3 Lo

For Ay we use the Holder inequality with the exponent 7 = ? ;f;l 6 > 1 (assuming
that e < P,;'). Then

p—1 p—e—1

‘MS<QLW@V*M)QQé[y@ﬂwin*’

Consequently
Ar- Ay < A0 A,

where

p—e—1

1 * (p—e)* vo-or (1 o -
Az = v(x)?] rp-e dx v(x)®| r-e-1dx
o= (11 Jy e )" (g feter) )

After easy transformations we arrive at
89 = (o fp@bas) (o) [p@)tas)
@l Jq @l Jo

rz( pme p)9’+ p*, s=p—eb —1.
p

where

(p—e) p*
This completes the proof after replacing 6’ by 6. O
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3. Generalized Grand Morrey spaces

3.1. Weighted Morrey spaces

Let 1 <p<oo,0< A< nwa weight on Q. The classical weighted Morrey space
denoted by L£P*(Q,w) is defined by the norm

DY
||f||£P*’\(Q,w) ‘= sup T P ||f||Lp(1§(z,r)7w)- (3.1)

zeld,r>

In the case A = 0 it recovers the weighted Lebesgue space LP(£2, w).
Examples with “limiting exponents” given below illustrate the inclusion of
power functions into Morrey spaces, see, for instance, [24, 25]:
1) [o 75 ¢ LP(R™), o] » € LPAR™), A > 0;
A—n
2) |z » " ¢ LPAB(0,1)), v > 0.
The following lemma on embedding of weighted Morrey spaces is proved by
means of the corresponding Holder inequality.

Lemma 3.1. Let 1 < p; < py < 00, 0 < Ay, Ao < n. If the weights w1 and ws on §)

satisfy the condition
1

A A P2\ p 1p P17 P2
K:= sup re n / (wl(y) >2 " dy < o0, (3.2)
z€Q,r>0 B(z,r) w2(y)p1

then
||f||£P1"\1(Q,w1) < K||f||£p2,xz (Qwz)" (3-3)
In the case p1 = pa, the condition (3.2) should be replaced by
K= sup 7™M sup wi(y) < oo.
zeQ,r>0 yGE(z,r) w2(y)

3.2. Riesz—Thorin-Stein—-Weiss LP (2, v) — L%*(§2, w)-interpolation theorem

In [28] there was proved an LP — LP-interpolation theorem for linear operators
with change of measure. We will use the following version of such a result, in terns
of change of weights, for operators from Lebesgue to Morrey spaces, proved in [29].

Theorem 3.2. Let p;,q; € [1,00) and v;,w;, © = 1,2, be weights on Q, and T a
linear operator defined on LP*(Q2,v1) U LP2(Q,va). If

ITFll zoiri (@) < Kill fllri @)

for all f € LPI(Q,v;), i = 1,2, then the operator T is bounded from LP(Q,v) to
LINQ,w), where p, q, A\ and the weights v,w are defined by

1 1-—t t 1 1-—t t A A1 A
= + 5 = + ) = (1 - t) +t )
p p1 P2 q q1 q2 q q1 q2
1-t) ? ¢P 1-t) ¢ t 9
U:UE )I’l 1}202’ w:’lUi )‘11 w2<12

and
1T £l ar () < K"K fllrw), 0<t<1. (3.4)
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3.3. Definition of generalized Grand Morrey spaces

We define generalized weighted Morrey spaces L£P*(€,w), making these spaces
grand with respect to p, A (as in [23, 14]) and also the weight w. The change of
the weight function w(z) is taken in the form w(x)[a(z)]® with a non-negative
function a(x), which is natural from the point of view of the usage of interpolation
technique.

Definition 3.3. Let 1 < p < 00, 0 < A < n, and w a weight on 2. The generalized
Grand Morrey space EZ?’J\(Q,UJ) is defined as the set of functions f : @ — R
having the finite norm

1
1 e =, 512 &I lersesre@was) (3.5)
where v is a real number and a is a non-negative function on €.

In the following lemma we show that the weighted Morrey space is contained

in such a weighted generalized Grand Morrey space under some natural assump-
tions on the choices of the function a and of the parameter v.

Lemma 3.4. Let p > 1. If a € LPA"P(Qw) and —"* < v < ;, then the

P
embedding
LPANQ,w) < LR, w) (3.6)
holds and
171205 g0y < Conaar s r (37)
where ) )
§ {@—mm&, lal < 1,6
p,a, v — _ —pllallPe?! _ 1
||a||£1€W( pllallz )/P7 ||a||12 > pile p—1,
llallz = ||a|| zpr-vp. In the case v = 0 the norm of the operator of this embedding
18 Cp,a,O-

Proof. We have
1
Hf”gg);}(gyw) = O<Sl<1p ) gr—e ||f||cpfswkfva(sz,was)-
: c<p—

Now we make use of Lemma 3.1 with
PL=D, P2=D—¢, Wi =w, wr =wa", A\ =\, g =\ — Ve,

‘We obtain

1 1

A—ve _ X peop
K= suprpw{[~ w@mwww}
z€Q,r>0 B(z,r)

0l 255 wny <00 0<e<p—T1.

Hence
1

”f”cg?;*(sz,w) < Ha”zg”\*”l’(ﬂ,w) O<Sup (5||a||12p,/\ﬂ/p(g7w)) o 11l 2> (02,9

e<p—1
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It remains to use Lemma 2.2 with ¢ = 0,2 = ¢ and s = ||a||][”:p,A,w(Q e
In the case v = 0 we have

1
||a||£§?(ﬁ(g,w) B 0<§1£—1 ev=<llall zr—<r(@wac)

1

p—e
1 _ —
= sup ercsup|r /\/ a’~fawdy
0<e<p—1 x,r B(z,r)

1 P
— - s
B o<§1£—1 = ”a”U’**(Qaw)

1 <
= Sup ¢gr-¢ ||a||Zp,EA(Q,w)”a”E?’ﬂ*(Q,w)
0<e<p—1

:CP7G70||G||£P1*(Q,w)~ O

The statement of the next lemma follows from the definition of the norm in
the generalized Grand Morrey space.

Lemma 3.5. If a € LPVP(Q, w), —”;)‘ <v< ;, then for every 0 <e <p—1
the embedding

LR Q,w) < L7527V (Q, wa)

1s valid.
By standard means the following lemma is proved.
Lemma 3.6. Eﬁ?,’,’\(Q, w) is a Banach space.

Note that the generalized Grand Morrey space coincides with the generalized
Grand Lebesgue space when A = v = 0:

L20(Q,w) = LD (Q, w).

Below we give examples illustrating inclusion of power-logarithmic functions
into generalized Morrey spaces Eg?;,/\(Q, w).

Example. Let 1 <p < oo and 0 < A <n. Then
a) o 7" € LPARM),
b) Jal ¥ ¢ L2AE R, Ve € (0,p— 1), W e (=72
A—n

o] 2" ¢ LR,

sV

)
)
d) |z| e 5110,)1’,)‘(9) in the case 2 is bounded,
e) |z 77" € LR, where a(z) = (1+|z]) 7.

C
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4. The boundedness of linear operators from generalized Grand
Lebesgue spaces to generalized Grand Morrey spaces

4.1. The main statement

In [30] under some assumptions on the weight w there was studied the boundedness
of linear operators in generalized Grand Lebesgue spaces Lg) (Q,w). The next
theorem represents a version of such a study for the case of linear operators from
generalized Grand Lebesgue spaces Lg) (Q, w) to generalized Grand Morrey spaces
LN, w).

Theorem 4.1. Let 1 < pg < p < o0 and A\, A9 € [0,n). Suppose that a linear
operator T

i) is bounded from the Lebesque space LP(Q,u) into the Morrey space LP(Q, v)
with the norm M,
ii) is bounded from the Lebesgue space LP°(S),uaP™P°) into the Morrey space
LPo:20 (Q wbP~PO) with the norm Ma, for some non-negative on § functions
a € LP(Q,u) and b € LPAYP(Q,v), v = 2:;‘3.
Then T is bounded from the generalized Grand Lebesgue space Lg)(Q, u) into
the generalized Grand Morrey space 55?;)‘(9, v) with the norm M < max{My, M>}.

Proof. We have

1
||Tf||£§?;*(g7v) = o<§l<15 ) er== ||Tfll gr-er-ve(oube) = max{A, B},

where
1
A= sup gpr—¢ ||Tf||£p—a,/\—ua(g’vba),
0<e<p—po
B= sup v |[Tf]lgoerve(aome)-

p—po<e<p—1

Estimation of A. By the assumptions of the theorem ||T'f||zr.x (0,0 <
Ml”fHLP(Q,u) and ||Tf||£P0”\0(Q,vbP*P0) < MZHfHLPO(Q,uaP*PO)- We make use of
the interpolation theorem 3.2 with
P1=@q1 =p, P2 =¢g2 =DPo, V1 = U, w1 =0, V2 =ua’" ", wy =",
A=A s = Ao

-1
and notation (1=f 4 ! =: p — ¢. We obtain that the operator T is bounded
p Po

from the space LP~5(, ua®) into the space LP~5A~VE(Q, vbf), v = 2~ e,

p—po’
1T 1l o-er—ve@,ube) < Kl fllr—2(2,uae)> (4.1)
and K = M|}~ MY%, where t = (oo}
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Consequently,

A< sup Mll_tMégpis ||f||Lp75(Q’uaE)
0<e<p—po

= Sup Mll_tM5||f||Lg>(Q w) :maX{MlaM2}”f”LP)(Q w)
0<e<p—po ’ a’ (35

Estimation of B. We apply Lemma 3.1 and obtain

1 1
T fll o=er-rve(@upe) < IIbIILSA VP(QZ T £l 7o r=vo-ro) (0,upr-r0))

so that

1 1
B < sup 5” N ”bHLSPA Er/p Q 2)||Tf||£Po A0 (Q,vbP—P0)
p—po<e<p—1

— 1 -7
= (p—po) »o ||b||,cppox—: p(sz )

1
X sup 5” N ||b||£p A=vp(Q,v) (p — po) ro ||Tf||LPo'**"<P*P0>(Q,ub?*m)
p—po<e<p—1

< it (e sw n)-a-a

0<p—po<p-—1 p—po<e<p—1

where we denoted h(e) := gre ||b||£p ()"
It remains to gather the estimates for A and B. (]

5. Application to the Riesz potential operator
Let
g [ e =ul* " iy 0 <a <
be the Riesz potential on 2 C R™. The following result is well known ([21]).

Theorem 5.1. Let Q=R", 0<a<n, 1 <p<n/a, ; = 117 — . The operator I*

is bounded from LP(R™,w) into LI(R™,w9/P), if and only if w € A(p, q).

The following theorem can be derived from Theorem 5.1. It gives us an ex-
ample of a bounded linear operator acting from a weighted Lebesgue space into a
weighted Morrey space.

1 a

Theorem 5.2. Let 0 < a<n, 1 <p<n/a, ; = — o, and w be a restriction to
Q of a weight in the class A(p,q). Then

11 fll o2 (@) < el fllr@w)

for A < pa, if Q is bounded and \ = pa, otherwise.
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Proof. By the Holder inequality with the exponent ¢/p, we get

1

D
DY
1% fll 2o x,w) = sup T {/ |Iaf|pw(l/)dy}
€N, 0<r<diamf) B(z,r)
A q—p
< sup rT e T ||Iaf||Lq(Q,wq/P)-
e, 0<r<diamf
To complete the proof, it remains to apply Theorem 5.1. (I
Theorem 5.3. Let 0 <a<n,1<p< 7, é = 11) — . Suppose that

1) we Alp,q),
2) a € LP(R",w) and a® € A(p — J,q5) for some § € (0,p — 1), where ;6 =
1 «
p—8  n-
Then the operator I¢ is bounded from the generalized Grand Lebesgue space

72 (R™, w) into the generalized Grand Morrey space 553&%(]&"710).

Proof. Tt suffices to show that the operator T' = I“ satisfies the conditions i)—ii)
of Theorem 4.1. The former follows by the assumption 1) and Theorem 5.2. The
latter follows by Lemma 2.3 and Theorem 5.2. ]
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