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Abstract

This is a follow-up of the chapter » The Reproducing Kernel Property and Its
Space: The Basics, which is the first part of the two-chapter project by the present
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author appearing in this handbook under the common title “The Reproducing
Kernel Property and Its Space.”

Introduction

The applications in question are:

spaces of holomorphic functions;
dilation theory.

The latter has been sketched very much due to the limited capacity of this chapter.
For more information, we refer to the introductory part of the chapter » The
Reproducing Kernel Property and its Space: The Basics appearing in this handbook.

Spaces of Holomorphic Functions
General Constructions

The following observation is basic.

Proposition 1. Let 2 C C? be an open set. Furthermore, let K be a positive-
definite kernel on $2 and H its Hilbert space §2. Then the following conditions are
equivalent:

e Forany z € §2, the function K, is holomorphic.
e Any function f € H is holomorphic.
o If (eq)q is an arbitrary basis in ‘H, then every e, is holomorphic.

If K satisfies any of the equivalent conditions of Proposition 1, it is called a
holomorphic kernel on §2 though it is holomorphic in the first variable and anti-
holomorphic in the second.

As long as d > 1, the multi-index is used; it is easy to be recognized in any
context, like that which follows. Let £2 be a subject to the following condition:

zeRandw e C? and |w;| < |z],1 <i <d,implyw € 2. (®)

In other words, £2 is the union of all polycylinders at O contained in it

Both polycylinders and the ball B(a; R) (at center a and radius R < +00) satisfy
(@), and this is enough for this survey (polydisc is preferred for polycylinders if they
are bounded).

Under (e) for any function f in O(£2) (O(£2) stands for the totality of all
holomorphic functions on 2 C C¢), there is a unique power series
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3 e, 2.1)

convergent to f(z) in every z € §2; in other words, this is a global expansion in the
whole of §2.

One of the most frequent ways of generating reproducing kernel couples based
on holomorphic functions is to follow the procedure (A), cf. [24]. The fact which is
isolated here concerns that and is included in the following:

Proposition 2. Let 2 be an open set in C? and . nonnegative measure on 2. The
inner product space

H2(1) E L2 (k) N O(R2),

with the norm || - ||12(,), is a Hilbert space if and only if for every z € §2 there is
¢, > 0 such that for any f € H*(u)

f QP <c /Q 1 00 p(dw), 22)

where c; is bounded on §2s which are compact.

Corollary 1. If the Radon—Nikodym derivative h of the part L, of u which is
absolutely continuous with respect to the 2d -dimensional Lebesgue measure my,
satisfies the condition

for every polydisc D(a,r), D(a,r) C 2, there is

C > O suchthat h > C on D(a,r) myq-almost everywhere,

then H?(w) is a Hilbert space with reproducing kernel.
Proposition 2 simplifies a lot if one starts from a closed subspace.

Proposition 3. Let 2 be an open set in C? and | nonnegative measure on £2.
Suppose

HC L) NOR)

is a closed subspace of L>(i). The Hilbert space H is a RKHS if and only if for
every z € §2 there is ¢; > 0 such that for every function [ € H the estimation (2.2)
holds.
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A Scheme

Let A stand for a set of indices. A® is the “s-time product” A x --- x A. Given a
family k = (ky)qeas of nonnegative numbers and a family ( fy)geas of functions in

O(2 x 2%) (2* £{z: z € 2}). Define the kernel

K@w E ) kefalz W), zweR. 2.3)

a €A’

The kernel K is positive definite if, in particular, for each o € A’

D Ak fulzi,2)) 20, (L) CC, (z)i C R (2.4)

i
and then

Zkafa(z,i) <400, z€X2

€A
is sufficient for (2.3) to be finite. Consequently, (2.4) leads to a reproducing kernel
couple (K, #H) such that, due to Proposition 1, members of H are in O(§2). This

procedure will be specified later on.
Notice that (2.4) is certainly satisfied if for each «

Ja(@ W) = g4(2)8a(W), g € O(2), z,we Q.

Kernels on Polycylinders
Think of the polycylinder

def

D=D@O,r),r =(r1,...,rq), foreveryi r; = 1 orr; = 4o00. (2.5)
Now k = (ky)qead is a family of nonnegative numbers such that

Z ko%7% < 400, z € D.

aEAd

The kernel K defined by (2.4) taking now the form

K@w)Z ) kadW®, zwe D, (2.6)

acAd
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is positive definite, and the monomials (kal/ ’z “) ., form an orthonormal basis

€A

(notice that Proposition 9 in [24] guaranties the polfynomials C[Z] are in H) of H,
the Hilbert space corresponding to K. According to Proposition 1, H is composed
of functions holomorphic on D. Even more, the Parseval identity yields

fer = NfIP=Dlalhky' <400, f=> awz @7
acAd acAd

The following is immediate.

Proposition 4. Let K be defined by (2.6) with k,’s being nonzero, and let H be
the corresponding Hilbert space. Moreover, let | be a nonnegative measure on C.
Then the mapping V:H — L*(1) defined as

Vpn = Pra

(subscript indicates the space to which the polynomial p belongs to) is an isometry

if and only if
/ PP udz) =k '8up, a B e A’
cd

Proposition 4 does not treat explicitly the question whether there is a relation
between D and supp . What becomes interesting in the sequel is to describe the
ingredient appearing in Proposition 4. For this, go back to Proposition 2.

Let D be as in (2.5). Set

[0, 1] ifr; =1
[0, +00) ifr; =400

def
P=0,x---x04, where o, =

and let v be a probability measure on P with finite moments, that is,

def

vaz/ r¥v(dr) < +oc foralla € A,
P

Because suppv C P,

1/n

. -
y A0 Vana) < T
where a[n, ] d:ef(O, ...,n,...,0) € A9 with n located at the i -th position (the limit

always exists as the sequence is logarithmically convex).
The moments of the measure p given as (x, stands for the characteristic
(indicator) function of the set p)
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def

1 . )
u(cr):(zT)d//[ . xo(riel, . . rget)ydtv(dr),
P J[02n
t=(tl,...,td),r=(r1,...,rd) (2.8)

are precisely
Ha,p dza/ 2 u(dz) = Vot Oap, o, B € AY.
cd
Now the kernel (2.6) is at hand if &k, 4 vz_al , namely,

K@w)Z Y v, zwe D. (2.9)

a€Ad

Let H be the corresponding Hilbert space. The aim is to identify H with a subspace
of L%(1n).

Lemma 1. Suppose the measure v is such that
D(R,...,R) C D implies v([R,+00)* N P) > 0. (2.10)

If i is defined by (2.8), then for an arbitrary function f € O(D) and an arbitrary
subset X of D, there is C > 0 such that

12
@l <c (/le(z)lzu(dz)) . zex, @.11)

provided the integral involved is finite.

Remark 1. The integral in (2.11) is finite at least in two cases which are the interest
here:

1° The measure v satisfies
v(P) =v([0,r)) x---x[0,74)), (2.12)

forany f € £2(u|p) = L*(1);
2° For f € O(£2) with open £2 containing the closure of D.

Theorem 1. Let v be such that (2.10) and (2.12) hold. If u is as in (2.8), then

H = H*() Z L2(1) N O(D).
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If v does not satisfy (2.12), another way to go around has to be chosen; point
2° of Remark 1 is going to help. Take 0 < ¢ < 1 and let f; the composition of f
with z > 1z, thatis, £;(2) 2 f(tz),z € D.If f isin O(D), then f, is in O(t~' D).
Therefore, if f = ) cad duZ® is in H, then f; is in H as well. Because f; =
3 end @t Z¥ and, due to (2.7) and (2.9),

1fille = D laalt v (2.13)
aeAd
This implies
lim [ fill3 = sup [[fillae = [1f [l (2.14)
r—>1— >l

Consequently, for f € O(D)

I fell 22y = Z laq 12 v, (2.15)

acAd

which compared with (2.13), yields f; € H and

I fellze = el c2)- (2.16)

Taking into account that f; € H and also that the right-hand side of (2.15) is equal
to || f; | %, one gets from (2.14) the equality

Tim | fill gy = 1/ I @.17)

On the other hand, if f € H, then,because D C t~' D, f; € O(t~' D). Applying
point 2° of Remark 1 (notice that it follows from (2.17) that the involved integral is
finite), one has

12
Iﬁ(Z)ISC(/DIﬁ(Z)IZM(dz)) Ciex

for every compact X contained in D. This entails that H; d=9f{ fii f € H}isaclosed
subspace of £?(i1) composed of holomorphic functions, which, by the way, is a
RKHS.

Some definitions:

1) 2 sup / f(DPuda).  f € OD).
O<t<l1JD

={f € L(D): I(f) < +o0},
1 2o E LNV f € L2(D, .

L3(D. p)
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If f € £2(D, j1), then from (2.16) and (2.14), one can derive f € H and

dim [ (rearu@a = s [ 1£6aPuEs = 151

O<t<l1

Remark 2. One has to distinguish H?(u) from just-defined H?(D, i1). The latter
could be different than the previous, because (2.12) may not hold; the measure p
may live out of D (however, if (2.12) is satisfied, then both notations H?(j) and
H Z(D, W) are exchangeable; from (2.17), one gets finiteness of the integral). Details
will appear later on.

Theorem 2. Let v be such that (2.10) holds. If i is defined as in (2.8), then the
space H corresponding to the kernel K defined by (2.9) coincides with H>(D, 1v).

Remark 3. Notice a kind of dichotomy depending on whether (2.12) is satisfied or
not. The choice is between Theorem 1 and Theorem 2.

Remark 4. The identification of the Hilbert space H with the kernel K defined
by (2.9) that is offered by Theorems 1 and 2 has the property that it replaces
the coefficient in the power series expansion by those appearing in the Fourier
expansion in H. More precisely,

f= Zaaz‘)‘, ze D,

a€Ad

for f € H*(D, 1) (or, equivalently, f € H>(D)) if and only if (\/Vay do)yepd €
02(A?), that is if

Z |a|§v2a < 400.

a€AY
If this happens
2 2 2 2
Y lal2vae = 1 Bpp, and D lalvs = 1 13-
a€Ad a€Ad

Kernels on the Ball

The temporary convention is either B stands for the ball B(0, 1) or for the whole
space C? which can be considered as a ball of infinite radius. The latter does not
differ from a polycylinder, but the kernel proposed here is unlike.

Remind that for two vectors z = (z1,...,z¢) and w = (wy,...,wy) in C¢

their inner product is as follows: (z, w)y dzelewl + -+ + zg4wy. Going back to the
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formula (2.3), consider s = 1 and take a sequence (k, )72, of nonnegative numbers
such that

o0
anz" < 400 either for |z| < 1 or forz € C.
n=0

Then the kernel K given by

K@w) =) ki((zw)a)". zweB 2.18)

is invariant under the group of unitary mappings of C?, that is,
K(Uz, Uw) = K (z,w) for an arbitrary unitar operator U on C¢.

For d = 1, the kernels (2.6) and (2.18) coincide.

The most interesting kernels of the form are (2.18) The above kernel can be
obtained from a formulae like (2.6), because the monomials are orthonormal in the
respective spaces; normalization determines the spaces accurately.

K B Kernel

(1 — {z.w)g)~@+D B(0,1) Bergman

1= {z.w)y) ™ B(0, 1) Cauchy, d = 1 Szeg6

(1—(z,w)a)~! B(0,1) d = 1 Szegd’s, otherwise Drury-Arveson
elema c? Segal-Bargmann

The first two kernels are presented in [15]; for the Segal-Bargmann space special
attention will be paid to later. The Bergman space is originated with d = 1 in [7]
while Segal-Bargmann’s (any d) is in [18] and [6]. Szg&’s (again d = 1) is in [25].

Bergman Space

This is the space O(D) N L*(B,w 'm,) (remind the standard notation:

DE{zeC: |z] <1} — the unit disc and TE{z € C: |z] = 1} — the circle). Its

kernel
K@zw)=(1-zw)" zweD

can be defined in several ways, for instance, from the normalization of the
monomials as (v/n + 1 Z")%2 . However, for f € H?*D)

o0
Ian|2
=4 =Y ez
n=0n +1 n
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In trying to monitor what happens in several variables, consider the polydisc first.
Let v = 297 my(dr), where my is d-dimensional Lebesgue measure on [0, 1]%. Its
moments are v, = 29((ay +2) -+ (g + 2))_1, a € A?. Defining 1 as in (2.8),
one can deduce that it is the restriction of the measure 7 ~¢my; to D<. According
to (2.9), the kernel K takes the form

d
1

KGzw) & ' =TT —zw)?2 zweD”

G %}d(al—i-l)”'(ad—}-l)zw E( awi) " nw

Because v satisfies (2.10) and (2.12), Theorem 1 is applicable, ensuring the Hilbert
space corresponding to K is nothing but H?(7~¢m,4). Notice the formula

2 |aoz|2 _ o
P =2 e @D [T 2wz

a€Ad a€Ad

On the other hand, the orthonormal basis in B(0, 1) C C¢ is given as

d'a! Ze c Ad
. bl (x 9
(d + |a)!

and therefore, the kernel is precisely (z, w) — (1 —z-w)~@+D _cf. [15].

Hardy Space

It is right time to consider another classical space. Here, the situation is more
delicate than in the Bergman case. Now it is more convenient to employ Theorem 2
instead of Theorem 1 as done before. The reason is (2.12) is not satisfied.

Referring to Theorem 2, take as v the point mass at x = 1, that is, v = §;. Now
M 1s nothing else than the Lebesgue measure on T, which is going to be denoted as
mr. i

According to Remark 4 to every f in H?(D, mz), there corresponds (af,f ) )n €
€2, such that f + (a/)7), is a unitary operator. On the other hand, given a =
(af,f ))n from £2, there is a function f @ in Lz(T), for which the sequence (af,f ) In
constitutes the sequence of Fourier coefficients (more precisely, (Z ”):ﬁioo is an
orthonormal basis in L?(T) with respect to which negative Fourier coefficients of f
vanish). In other words,

o0
fod Z a,Z" in the norm of L*(T).

n=0
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Denoting by H?(T) the image, that is, all the functions L?(T) obtained in this way,
another unitary operator appears. The carried-out diagram

62

7N
H*(T) H*(D, mx)

has to be completed at the bottom by another unitary, this time from H?(D, m7) to
H?(T). The steps in achieving this are as follows, cf. [12] for the tools.

The classical result quoted below makes an isometry H?(T) — H?*(D, mr).

Theorem 3. If f is in H?(T), then the function f defined as

I Y
f(reh d:fz_ f(@)P.(t —s)ds, 0<r<1,t€eR, (2.19)
Y -7
where
def 1—r? . .
P.(s)= ﬁ , P, is the Poisson kernel,
—2rcoss +r

is in H*(D, mr).

Surjectivity or in other words, the return from H?(D, mr) to H?(T) results from
Fatou’s theorem.

Theorem 4. If F is in H*(D, mt), then for almost every z in T
@)= lim F(rz)

exists and the function f belongs to H 2(T). Moreover; the relation between f and
f appearing in (2.19) holds.

Remark 5. The mapping
V:H*D,mr)> f — f € HXT)
materializes the unitary operator Proposition 4 mentions.

The diagram considered before now looks like
62

v N
HXT) <«— H?*D,mr)
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The kernel of the Hardy space is
(1-zw)7~", zweD,

and is, surprisingly, called after Szegd; this duality in names reflects complexity of
the above construction.
What about more variables? The kernels are:

1

(I—zw1) - (1 —zgwa)’
1

(1—z-w)d’

LW E D¢ (polydisc),

z,w € B(0, 1) (the ball).

Segal-Bargmann Space

This space is deeply settled in quantum optics. It can be introduced by means of
Proposition 1.

The starting point is the space £2(n % e %idz) = L*(C!, 7 %e **dz) of
functions on C? square integrable with respect to the Gaussian measure 7~¢ ¢ %%,
Take the holomorphic part of this space, that is,

7—[2(@‘1, —d o—22 4 )defo(cd) N EZ(n—d e—z-ZdZ)'

Because the Gaussian measure fits in Proposition 1, the resulting space
L2(C4, 74 e %7 d z) is a RKHS. The functions

€y:7— i, a € A4 (2.20)

Va!

constitute an orthonormal set in H?(C?, 7=¢ e=?dz). Let f be a function from
H?(C?, 7= e7*Zd z) orthogonal to (2.20). Developing it as in (2.1), one gets

/ Z CaZ eﬁ(z)e g, = 74 Z ca«/_/ ea(z)eﬁ(z)e “)dz

a€Ad acAd

which makes all the c4s zero. Thus, (ey), is complete, hence a basis in
H2(C?, =4 e7*2d z). The Zaremba formula defines the kernel as

K(z,w) = Z ZH(ZZW’ =eb  gwecd

eAd aeAd i=1
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The Segal-Bargmann space H2(C¢, 7~ e7**dz) is unitary equivalent to £2(R?)
by means of an integral transform. It is more convenient to define the inverse to the
transformation in question, that is, a mapping from £>(R?) to H2(C?, =% e *2dz)
by

n_d/4/ e 2CHENIVII gy dx, zeCd, ¢ e L2RY). 2.21)
R4
Formula (2.21) defines a unitary transformation of £2(R?) onto H?>(C?, 7% e=%%
d z), which transforms the bases as

hy = ey, € Ad,
where h, are Hermite functions

def

ho(x) = /2%l /T e 7 Hy(x), x€R

where H, are d-dimensional (product) Hermite polynomials. The image of

X = ﬂ—d/ e—%(ww_v-l—x-x)-l-«/iv_v-x
from L£2(R) via the transformation (2.21) is in H*(C?, 774 e7**dz) the kernel
function z - ™.

The inverse transformation is of integral form as well with the kernel being the
conjugate of (2.21).

Integrability of Positive-Definite Kernels

Let £2 be an open set in C? satisfying (@), K be a holomorphic kernel on £2 (cf.
Proposition 1), and ‘H the corresponding RKHS. Because (®) guarantees the Taylor
expansion, and by Proposition (9) from [24] does the polynomials are in . A couple
(H, K) (and each of its members) is called integrable, if there is a nonnegative
measure . on C¢ isometry V:H — £2(u) such that

VPQ = Psuppu> P EC[le---vzd]- (222)

Most of the spaces of holomorphic function is integrable; some (even of analytic in
nature) are not (warning!), cf. Dirichlet spaces.

Proposition 5. A couple (H,K) is integrable if and only if the (bi)sequence
(Ca,ﬂ)a,ﬂeAd

def

Cap Z(Z%.Z ). a.BeA? (2.23)
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is a complex moment sequence (for complex moment problem, refer to [11]), that is,
won C4 such that

Cap = /d 2P udz), a,peA’.
C

Because £2(u) is closed with respect to complex conjugation and H is not, the
following observation is not surprising.

Proposition 6. If a couple (H, K) is integrable, then

> Az 2P ) daphys 2 0. (Aap)ypeat C C. (2.24)
a,B.y.8eAd

The problem is in the fact that (2.24) is nothing but a necessary condition. Though
there are essential reasons behind like Hilbert’s example concerning positive
polynomials in two variables or Nelson’s type examples concerning commutativity
of essential self-adjoint operators, a direct construction is rather elaborate.

Example 1. This is based on [10] where further details can be found. Define a
mapping m:{0,1,2...}2 — {1,2...} as follows:
mi,j)=3G+)i+j+)+j+1 fori+;>4
m(0,0)=1, m(,2)=2, m2,1)=3, m(,1)=4, m(1,0)=5
m(0,1) =6, m(0,2)=7, m(3,0)=8, m(0,3)=0.

m is a bijection, and therefore,

brivi2j+1 =boiv12j = b2ipj+1 =0, brsj =gmijy, 1,j=0,1,...

wheregi =g, =g3=1,84 =4, g, =n!"*tD forn > 5.
One can check repeating the arguments of [10] that the sequence

m n
m n\. .. _.
Crmn =ZZ(I_)(1,)1’” """ bigjmn—i—j, m,n=0,1,...,

i=0 j=0

is positive definite in a sense which is close to (2.24), though it is not a complex
moment sequence.

Another example of this kind is in [8]; Dirichlet space, which follows, is not
integrable, but in this case, the necessary condition (2.24) fails to hold.

Now something productive. Consider d = 1, D = D or D = C and start with
the following:
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Proposition 7. Let H be a space of holomorphic functions on D C C and its kernel
K defined by (2.6), that is,

o0
K@w)ZY k"W, zwe D. (2.25)
n=0
The following conditions are equivalent:

(a) The couple (H, K) is integrable.
(b) Equation (2.24) holds.
(c) The sequence (Cimn)my,—o defined by (2.23) is of the form

Cmm =k 8pn, m,n=0,1,... (2.26)

and moreover,

N N
D kukabmba =00 D kubibnd =0, Gl C C.

m,n=0 m,n=0

(d) The sequence (Cmn)y,=o defined by (2.23) is as in (2.26) and there is a
nonnegative measure v on [0, +00) such that

+o00
k, :/ x"v(dx), n=0,1,...
0

The second case refers rather to Proposition 5 than to Proposition 7.

Theorem 5. (¢ )3, — is a complex moment sequence if there exists a function
w:{(m,n): m +n = 0} — C such that

Z w(m+q,n+ P)Am,nip,q >0, (Amn)minz0 CC

m+n>0
p+4q=0

and
Cmn =w(m,n), mn=0,1,...

The above theorem is in [19] where backward references can be found as well.
For integrable RKHSs, a kind of converse to a fact included in Proposition 21 of
[24] holds.
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Proposition 8. Let (H, K) be an integrable couple and the isometry V determined
by (2.22) be a multiplicative operator such that

SUP, equpp |V 0(2)| = sup,eq |@(2)|, if both suprema are finite (2.27)

If g is a multiplier of (H, K), then || My||3 < Sup,equpp . [9(2)]-
Together with Proposition 21 of [24], one has the following:

Corollary 2. If a couple (H, K) is as in Proposition 8 and K(z,7) > 0 for z € £2,
then ¢ is a multiplier if and only if sup_c |¢(2)| < +o0. Then

[Myll3 = sup |p(2)]. (2.28)
ZER

In the Hardy space case, though £2 and supp u are disjoint, the isometry V' from
Remark 5 satisfies condition (2.27). This is in fact a variant of Fatou’s theorem (cf.
[12]), which identifies bounded functions from H (D, mr) by its radial limits (as in
Theorem 4) with members of £%°(T), allowing the formally looking definition

def

H(T) =H(D) N L(T)
to make sense. Consequently, (2.28) looks like

[Myll2 = sup lp@)| = [|@llLoo ().
ZER

Integrability of RKHSs allows to characterize densely defined multipliers as in
the known theorem of Newman—Shapiro, cf. [13] and also [20].

In addition to the above integrability is a natural environment for considering the
so-called Bergman projections.

Dirichlet Spaces

The common meaning of Dirichlet space D is for holomorphic functions on D with
the following inner product

def

(f.8)p2m) = (01, 08)32(x—1mn) + {2 &) 22w mn)s
fig e H(D), 3f 0g € H: (7w "m»).



2 The Reproducing Kernel Property and Its Space: More or Less Standard. . . 47

The space D?(D) is complete. Like the spaces considered so far, it satisfies the basic
condition (A) from [24]. Its kernel is just

1
——log(l —zw), z,weD,
w

with an orthonormal basis (+/n 4+ 1 Z"),,. Moreover,

1 By = S+ Diaal’, f@ = au", zeD.
n=0 =0

The Dirichlet space is not integrable because (2.24) is not satisfied though the
kernel is of the form (2.25). This means that (2.28) does not hold.

Looking at all those spaces defined on D considered so far, one may conclude
that they belong to a one-parameter family of RKHS with norms defined as

o o
1 ey = D+ D Manl, f@) =) an?", z€D,
n=0 n=0

where s is a real parameter.
The close relative of D*(D) is a Sobolev space W[01], which is also an RKHS.

de Branges-Rovnyak Spaces

This is the whole family of spaces serving for building models of contraction. For ¢
in H (D), consider the kernel

gt 1 — ()P (W)

Ky(z,w) = o z,w € D.

Proposition 9. The kernel Ky is positive definite if and only if |¢(z)| < 1, z € D,
and this happens if and only if ¢ is a multiplier of H*(D, my) and | M| < 1.

If K stands now for the Szeg$ kernel, the obvious equality K — Ky =
K¢ (-)¢(—), by Schur’s lemma, yields

which makes it possible to apply any of the conditions in (e) of [24]. In particular,
one gets a contractive imbedding of the de Branges—Rovnyak space into the Hardy
one, the topic analyzed in [17].
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g-Spaces
Some definitions first. For x a positive integer and g € C, set
K, E14+q--+q"
Furthermore,
(@@=l (@qrE(1-a)(1—ag)(1-ag®) - (1-ag"™"). k=123....

def

With [n],! =[1], - - - [n]4 for n > 0 and [0],! £1, one has n]y! = (g.9)n(1 —g)7".
Moreover,

o0
ef
@:q)oo = [ [(1 —agh). g <1.

k=0

The q-exponential can be defined in two ways (both tend to the standard
exponential if ¢ — 1 and satisfy the Cauchy functional equation for g-commuting
variables).

k) ZEC(),
(qq)k 1

eq (Z) def Z

q(é)
« (¢ q)k

E (Z) def Z

s ZE(l)q—l, q;éO,

where

» {z |zl <1} gdylgl <1,
1 C otherwise.

Some details can be found in [4].
For |¢| < 1, one gets e,(z) = ((z,9)o0)) " and E;(z) = (2, ¢)oo- On the other
hand, from

4 Dr = (—1)"%, k=0.1,.... qg#0

the functions are related as

e)(z2) = E;~1(—2), z€w; q#0. (2.29)
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This is a kind of duality which allows to make a replacement

q<—q"

in some formulae.
The g-derivative D, defined as

w | LEZLED iz £ 0

Daf@= ) ifz=0

actson C[Z] as D,Z" = [n],Z"~" and
Dyey(z) = e4(z), DyE;(2) = Eq4(2).

Look how replacing the standard exponential by its ¢ version impacts the Segal—
Bargmann space.

The only kernel of the form (2.6) or, what is equivalent to, (2.18), and which
mimics the Segal-Bargmann space, is

K(z,w) de‘z [k]q =, (1 —q)zw) forzowe|l—q| 2w,  (2.30)

Now there are two possibilities, completely different: 0 < ¢ < 1 and g > 1, cf.
[22].

@ Consider the kernel (2.30) for 0 < g < 1. Then the operator Mz is bounded in
the corresponding RKHS and || Mz|| < (1 —¢)~"/2. The couple (K, H) is integrable
(cf. [3]) and the only measure is © = G my,

if |z = [¢"(1 —¢)7"]'"2,
k=0,+1,+2,...

0 otherwise

6™ =la7* (1 = @'PEg(—q(1 — q)|z]?)

These spaces realize a kind of interpolation between the Hardy space (¢ — 0+)
and the Segal-Bargmann one (¢ — 1—).
® The case g > 1 can be derived from that 0 < ¢ < 1, employing (2.29)

K@zw) ZE((1—q)zw), zwe|l—q| o, (2.31)
However, one can proceed in another way. Take 0 < g < 1, and after setting

w ¢" PO (1 - q)"
(@

)
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define the kernel K as

o0
K@wEY kW', zweC.
k=0

Then

K(z,w) = E;(q(1 —q)zw)

is just precisely equal to the kernel defined by (2.31) with ¢ replaced by 1 —¢q + ¢>.
With A4, Z([° e,(—(1—q)1) d1) ™ i B, Z(X12° o es(—(1—¢)g*)) ™", making use
of calculations included in [5] (see also [22]), one gets two measures u; = G; mo,
i = 1,2, where

G1() = - Age,(~(1 = @)l

and

o ™ L BgFe,(~(1 =zl iflzl = g%, k =0,£1,+2, ...
0

otherwise

determining two different in nature £?> spaces in which the same RKHS #
is contained. One of them, p; is absolutely continuous with respect to the 2-
dimensional Lebesgue measure, the other, w;, sits on a countable number of circles
tending to the origin and from the other side to infinity; needless to say that each
convex combination of these two (as well as weak limits) generates still another L?
“superspaces”. |)

Pick-Nevanlinna Interpolation Problem

A beautiful example of usefulness of the developed theory so far is in the
interpolation problem of Pick-Nevanlinna type, which goes back to the beginning
of the twentieth century. It can be stated as follows:

Given (z4)oea C D and (wy)gea C C, does there exist
A function ¢ € H(D) such that |¢(z)] < 1forz e D
And ¢(zy4) = wy forevery o € A?

The solution comes from Pick (A finite) and Nevanlinna (A arbitrary). The answer:
this is possible if and only if

1 —wewy: -
S N =0, (@) CA, (A) CC. (2.32)
7 1 2wle
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For more about this, look at [1,2]. Besides analytic solution, so to speak, there are
operator theoretic ones. Two of them are going to be outlined here.

Lifting Commutant Method

Notice that in (2.32), the appearing kernel is Szeg&’s; denote it by K. In the Hardy
space H*(D,mr), introduce the subspace Ha equal to clolin{K,: « € A} and
consider the operator R acting on (some) kernel functions as

R:Ha 3 K, = wo K, € H,y.

Condition (2.32) says that R is a contraction in . If T is an operator PMz|y,,
where M is the multiplication by the independent variable in #*(D, m) and P is
the orthogonal projection on Ha, then R commutes with 7*. Apply now the well-
known theorem on lifting commutant to the couple 7* (contraction) and R (operator
from the commutant of 7*). Because M is a coisometry, one gets an extension S
of R to the whole space H?(D, mr) which preserves the norm as well as commutes
with M. Thus, ||S|| < 1, because | R|| < 1. Now the culminating moment: because
S* commutes with Mz, it does so with every polynomial in Mz and consequently
with every Mk, (K, is a multiplier because it is bounded). Finally from Corollary 26
of [24] has S* = M, with ¢ = S*1. Therefore, ¢ € M(H?*(D,mr)) and
sup.cp |@(z)| < 1. A subtle calculation

(2e) = (@, Ko )12 0me) = (M1, Ko )220 mo)

= (S*1L K.))12@mr) = (1. SK2) 220 mp)
= (15 RKZu)'HA = Wq.

completes the argument. Basic references are in [16] and [9].

Korany-Sz.-Nagy Method

Another operator method, less known, is this proposed in [26]. The tool for that
consists in properties of resolvents of self-adjoint operators. In this way, the Pick—
Nevanlinna interpolation involving Hardy space on a halfplane (see [14] for more
details) comes out.

Elements of Dilation Theory

The previous section deals with the branch (A) encoded in [24] the present one
shows some possibilities which opens the subdivision (B). Much more details are
in Chapter 2 of [21] and extensions to C*~Hilbert modules as well as most of the
references can be found in [23].
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Operator Kernels and Their Generalizations

There is plenty of situations in which one considers kernels whose values are
operators (bounded and unbounded) rather than scalars. The most common example
is the kernel

K:X x X - B(H).

Positive definiteness of K means now

N

D AKX fi i) =0, xi...xn €X, fi.. fy €.

ij=1

An easy trick reduces this situation to the scalar case. Instead of the set X, consider
X x H; then (x, f,y,g) — (g, K(x,y)f)n becomes a scalar kernel; positive
definiteness of the new kernel will be sorted out immediately.

Declare, once and for all in this section, the following situation happens: given a
set X, a linear space £ and a kernel K on X x &; reorder variables of the kernel K
having it defined as K: X x X x £ x & — C. Moreover, assume that always

g+ K(x,y, f,g) is a linear function with fixed x, y € X and f € €.

Having in mind that the first variable from the previous section is now the “first-
third variable” group and the second variable is the “second-fourth variable” group,
positive definiteness of a scalar valued kernel reads as

N
Z K(xi,xj,]’,-, f])/\,A] > O, (xl,fl), . ,()CN,fN) € X x 5, Al, . ..AN e C.
ij=1
(2.33)
Symmetry of the kernel which satisfies the above condition of positive definiteness
means now

K(-xsysfsg):K(yvxvgvf)v )C,yEX, fsgegs

which in turn implies that with fixed x,y € X and g € &, the map f
K(x,y, f,g) is a linear function. As a result, positive definiteness in the sense
of (2.33) is equivalent to

N
> K(i.xj. fii f) =0, xi....xy€X. fi....fy €E. (2.34)
i.j=1

which becomes the certified definition of positive definiteness of kernels considered
here.
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Thus, H is a Hilbert space of functions on X x £ with reproducing kernel K: X x

XxEXE—->ConX xE,kernelfunctionsKx,fdzefK(-,—,x,f), (x,f)e X x€&
belonging to H and the reproduction property

F(x,f)=(F,K.ys), f€H xeX, feC&. (2.35)

From the general theory presented in [24], repeat the Corollary 6 of [24] giving
it a status of:

Theorem 6. If K is a positive-definite kernel on X x &, then there exists a Hilbert
space Handamap X x € 5 (x, f) — K, r € H such that

H =clolin{K, s: (x, f) € X x&},
K(x, f,y,8) = (Kyg, Kxg), (x, /), (y,8) € X xE.

For every x € X map £ 5 f +— K. s € H is linear. Space H is a Hilbert space
with reproducing kernel K on X x £ whose elements are functions F on X x &
which are antilinear in the second variable.

Dilations on Semigroups

Assume additional structure on the set X.

X = S is a (multiplicative) semigroup.

Since & is not assumed to be commutative, it is written, as usually, the multiplicative
notation for the semigroup operation. One can also consider X to be an arbitrary set,
and G a semigroup of the action on X, thatis, if s € S, then s: X — X, no difficulty
in carrying out alternative versions of the present investigations.

Assume that G is a unital semigroup, that is, there exists an element 1 € & such
that s1 = Is = s for every s € G. Kernel K will be called non-degenerate, if
K(1, f.1, f) = 0Oimplies f = 0. In case where £ is a normed space, say the kernel
K is isometric, if K(1, f.1, f) = | f||>. Putting

ViEs f - Ky eH, (2.36)

one obtains a linear map, which in case of non-degenerate kernel is an injection and
in case of isometric kernel is an isometry. Take u € S, and for F' € H, define a map
F,on X x & by

Fus,) € F(us, f), (s,1) € X x&, (2.37)
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and a linear space

def

D) ={F € H: F, € H}.

Define now two linear operators in H related to u € &. First of them, @ (u), by

def

D(@u) EDw), dW)FEF, F eDu).

The second, @,,, will be given by

def

D(®,) =Dk, P Z’, i Ky p = Z’, §iKus.fi» (5)i CG, (fi)i CE

is well defined if and only if

Y K =0 = ) &Ku. =0 (2.38)
Their basic properties are collected in the following:
Proposition 10. If (2.38) holds, then
(PWF, K. r) = (F, K. ), FeD), (5,f/) e X xGC (2.39)

and the operator ® () is closed. Moreover, & = @(u); D, is closable if and only
if ®(u) is densely defined, and then @, = ®(u)*.

Remark 6. The proof above implies that @ (u) is always closed.
Boundedness of the operators @(u) is determined by:

Proposition 11. @, is a well-defined operator, which is a bounded operator if and
only if there exists ¢(u) > 0 such that

N N
Z K(us;,us;, fi, fj) < c(u) Z K(si sj. fis f7),

ij=1 i,j=1

S1,...,9y € G, fl,...fNeg. (240)

In such cases, ® (1) is a densely defined bounded operator, and || Dy | = ||P(w)| <
c(u) and a posteriori (2.38) holds.

Have a look at algebraic properties of maps u > @(u) and u — @,.



2 The Reproducing Kernel Property and Its Space: More or Less Standard. . . 55

Proposition 12. Suppose that for eachn € S (2.38) holds. Then D(®,,) in invariant
on @y, that is, ®,D(®,) C D(®,), and the map u — D, is multiplicative, that is,

& F = O,Q,F, uvneS, F eDg.
The map u — @ (u) is anti-multiplicative, which here means that
PP F = d(o)F, uveS, F eD@u)d(v)).

Since all the ingredients are ready, it is time for the first and most general dilation
theorem.

Theorem 7. Let S be a unital semigroup, £ a normed space, and K a positive-
definite kernel on X x S which is isometric. Then, in the Hilbert space H with the
kernel K, one has formulae

H =clolin{®, f: ue &, fek&},
K(Sstsﬁg):(d)thsd)SVf)v (s,f),(t,g)e@xé‘,

where all the objects mentioned in the conclusion have been already defined.

Dilations on Semigroups with Involution

Enrich the structure of the semigroup S, assuming that it is a semigroup with an
involution or, alternatively, x-semigroup, that is, there exists a map © 3 s > s* €
© such that s** = s, (st)* = t*s*, and 1* = 1, the latter if & is unital. An
accompanying assumption is the kernel K to be invariant with respect to involution
in S in the sense that

K(us,t, f,g) = K(s,u*t, f,g), ws, 1€, f,geck. (2.41)

If S is unital, then

w(s, [ EK(s1, £8)

restores K and positive definiteness as in (2.34) takes the following form

N
Zw(s;‘si,f,-,fj)zo, S1,...,SN €S, fi,... fn €E. (2.42)

ij=1

Everything done in the preceding subsection applies here. However, because the
structure of S is now richer, some additional facts have to be pointed out.
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Proposition 13. Implication (2.38) is true, which means that for each n € S, an
operator @, is well defined. As a consequence,

foreachu € S, D, C D(®(w)) and &, = ®(u¥)|p,, (2.43)
an operator ®, is closable and ®, = ®(1)* = G (u*).

Note also that for semigroups with involution, much more can be said about the
boundedness condition (2.40).

Lemma 2. Let S be a unital *-semigroup. If the form w on (S, X) is positive
definite, then the following conditions are equivalent:

e Foreveryu € G, there exists c(1) = 0 such that the inequality (2.40) holds, that
is,

N
Z:\;:lw(sfu*usj,f,-,fj) <c) Y w(sts i f),

ij=1
S1,...,58 €3, f1,... fn €E&; (2.44)
e Foreveryu € G exists d (n) > 0 such that
wE*1*us, f, f) <dWw(s®s, £, f), s€&, feC&; (2.45)

e There exists a function a: S — Ry such that a(st) < a(s)a(t) for s,t € S
satisfying the following condition: for any f € &, there exists a constant C =
C (f) which allows for an evaluation

lo(u, f, )] < Ca(n), ues; (2.46)

e There exists a function a: S — Ry such that a(st) < a(s)a(t) for s and t such
that s = s* oraz t = t* satisfying the following condition: for every s,t €

S i f,g € & there exists a constant C = C(s,t, f, g) which allows for an
evaluation

lo(sut, f,g)| < Ca(un), u=u";
e Foreverys,te Gand f,g €&

limsup jw(s12't, £,g)7 " < +oo, 1= u*;

k—o00

e Foreverysy,...,sy € Sand f1,... fn €&
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lim ianN w(si1®s;, fi, f)2 ' < 4oo, u=nu* (2.47)
k—00 i,j=l 1 JrJis J] 9 . o

Corollary 3. If £ is a Hilbert space and w is positive definite, that is, (2.42) is
satisfied as well as it satisfies any of equivalent conditions of Lemma 2, then the are
operators @, and ® (1), u € S, and an isometry V such that

w() = V.V, seG. (2.48)

Remark 7. Formula (2.48) can be given in another, more suitable for a traditional
meaning of the word dilation, form:

w(s) = PPy, s€G,

where P is an orthogonal projection H onto Heg.

Subsequent Instances

This general scheme of dilating kernels contains among others the following
topics: Stinespring and Powers theorems, GNS construction, dilations on groups
(in particular, the Sz.-Nagy dilation theorem), dilations of positive operator valued
measures (Naimark’s dilation), normal extensions (including those of unbounded
operators, closely related to integrability of RKHSs already discussed in this
chapter), and more.

Acknowledgements The author was supported by the MNiSzW grant no. NN201 546438.

References

1. Agler, J., McCarthy, J.E.: Pick Interpolation and Hilbert Function Spaces. American Mathe-
matical Society, Providence (2000)

2. Agler, J., McCarthy, J.E.: The use of kernel functions in solving the Pick interpolation
problem. In: Alpay, D. (ed.) Operator Theory, chapter 3, pp. 59-72, Springer, Basel (2015).
doi:10.1007/978-3-0348-0692-3_67

3. Arik, M., Coon, D.D.: Hilbert spaces of analytic functions and generalized coherent states. J.
Math. Phys. 17, 524-527 (1976)

4. Andrews, G.E., Askey, V., Roy, R.: Special Functions. Cambridge University Press, Cambridge
(1999)

5. Askey, R.: Ramanujan’s extension of the gamma and beta functions. Am. Math. Mon. 87, 346—
359 (1980)

6. Bargmann, V.: On a Hilbert space of analytic functions and an associated integral transform
Commun. Pure Appl. Math. 14, 187-214 (1961)

7. Bergmann, S.: Uber die Entwicklung der harmonische Funktionen der Ebene und des Raumes
nach Orthogonalfunktionen. Math. Ann. 86, 238-271 (1922)



58

10.

11.
12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

F.H. Szafraniec

. Bisgaard, T.M.: An example of a positive semidefinite double sequence which is not a moment

sequence. Czechoslovak Math. J. 54, 273-277 (2004)

. Foias, C., Frazho, A.F.: The Commutant Lifting Approach to Interpolation Problems.

Birkhiuser, Basel (1990)

Friedrich, J.: A note on the two dimensional moment problem. Math. Nachr. 121, 285-286
(1985)

Fuglede, B.: The multidimensional moment problem. Expo. Math. 1, 47-65 (1983)

Hoffman, K.: Banach Spaces of Analytic Functions. Contemporary Mathematics, vol. 260, pp.
1-59. Prentice Hall, Englewood Cliffs (1962)

Rochberg, R., Weaver, N.: Noncommutative complex analysis and Bargmann-Segal
multipliers. Proc. Am. Math. Soc. 129, 2679-2687 (2001)

Rosenblum, M., Rovnyak, J.: Hardy Classes and Operator Theory. Oxford University Press,
New York/ Clarendon Press, Oxford (1985)

Rudin, W.: Function Theory in the Unit Ball of C". Springer, New York/Heidelberg/Berlin
(1980)

Sarason, D.: Generalized interpolation in H °°. Trans. Am. Math. Soc. 127, 179-203 (1967)
Sarason, D.: Sub-Hardy Hilbert Spaces in the Unit Disk. Wiley-Interscience, New York (1994)
Segal, LE.: Mathematical problems of relativistic physiscs. In: Kac, M. (ed.) Proceedings
of the Summer Seminar, Boulder, Colorado 1960. Lectures in Applied Mathematics, vol. II.
American Mathematical Society, Providence (1963)

Stochel, J., Szafraniec, FH.: The complex moment problem and subnormality; a polar
decomposition approach. J. Funct. Anal. 159, 432-491 (1998)

Szafraniec, FH.: Multipliers in the reproducing kernel Hilbert space, subnormality and
noncommutative complex analysis. Oper. Theory Adv. Appl. 143, 313-313 (2003)
Szafraniec, F.H.: Przestrzenie Hilberta z jadrem reprodukujacym. (Hilbert spaces with repro-
ducing kernel, in Polish). Wydawnictwo Uniwersytetu Jagiellonskiego, Krakow (2004)
Szafraniec, FH.: Operators of the g-oscillator. In: Noncommutative Harmonic Analysis with
Applications to Probability. Banach Center publications, vol. 78, pp. 293-307. Institute of
Mathematics, Polish Academy of Sciences, Warszawa (2007)

Szafraniec, FH.: Murphy’s Positive definite kernels and Hilbert C*-modules reorganized.
Banach Center Publications, 89, 275-295 (2010)

Szafraniec, FH.: The reproducing kernel property and its space: the basics. In:
Alpay, D. (ed.) Operator Theory, chapter 1, pp. 3-30, Springer, Basel (2015).
doi:10.1007/978-3-0348-0692-3_65

Szegs, G.: Uber orthogonale Polynome, die zu einer gegebnen Kurve der komplexen Ebene
gehoren. Mathematische Zeitschrift, 9, 218-270 (1921)

Sz.-Nagy, B., Kordnyi, A.: Operatortheoretische Behandlung und Verallgemeinerung eines
Problemkreises in der komplexen Funktionentheorie. Acta Math. 100, 171-202 (1958)


http://dx.doi.org/10.1007/978-3-0348-0692-3_65

	2 The Reproducing Kernel Property and Its Space:More or Less Standard Examples of Applications
	Introduction
	Spaces of Holomorphic Functions
	General Constructions
	A Scheme
	Kernels on Polycylinders
	Kernels on the Ball
	Bergman Space
	Hardy Space
	Segal–Bargmann Space
	Integrability of Positive-Definite Kernels
	Dirichlet Spaces
	de Branges–Rovnyak Spaces
	q–Spaces

	Pick–Nevanlinna Interpolation Problem
	Lifting Commutant Method
	Korány–Sz.-Nagy Method

	Elements of Dilation Theory
	Operator Kernels and Their Generalizations
	Dilations on Semigroups
	Dilations on Semigroups with Involution
	Subsequent Instances

	References


