Operator Theory:
Advances and Applications, Vol. 236, 11-41
(© 2014 Springer Basel

Non-negative Self-adjoint Extensions
in Rigged Hilbert Space

Yury Arlinskii and Sergey Belyi
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and prove the existence and uniqueness results for extremal non-negative bi-
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1. Introduction

In order to describe the main ideas and results of the current paper, we first recall
the notion of the rigged Hilbert spaces. A triplet Hy C H C H_ is a rigged
Hilbert space constructed upon a symmetric operator A in a Hilbert space H if
H, = Dom(A*) with an inner product defined by

(f.9)+ = (f.9) + (A"f, A"g), f,g € Dom(A"). (1.1)

and H_ is the space of all anti-linear functional on H4 that are continuous w.r.t.
Il - ||+ An extension theory of symmetric operators in rigged Hilbert spaces was
thoroughly covered in [7]. One of the objects of this theory is a self-adjoint bi-
extension A of a symmetric operator A whose definition is given below in Pre-
liminaries section. Throughout this entire article, by a non-negative operator in a
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rigged Hilbert space we understand an operator T such that (Tf, f) > 0 for all
f € Dom(T). In this paper we put our main focus on non-negative bi-extensions of
a non-negative symmetric operator. The theory of extensions of non-negative sym-
metric operators originates in the works of von Neumann, Friedrichs, and Krein
(see survey [12]). That is why most of the main results of the paper are given in
terms of the Krein—von Neumann and Friedrichs extensions of a given non-negative
symmetric operator that are described in details in Section 3. The existence con-
ditions for non-negative bi-extensions are presented in Section 4 and rely on the
concepts if disjointness and transversality of self-adjoint extensions that were in-
troduced in Preliminaries. Here we also give a descriptions of the non-negative
self-adjoint bi-extensions and associated closed quadratic forms. Section 5 is solely
dedicated to extremal self-adjoint bi-extensions and contains existence and unique-
ness results. The connections between non-negative self-adjoint bi-extensions and
boundary triplets is established in Section 6.

The results of the current paper complement and enhance the classical results
of the theory of extensions of non-negative symmetric operators as well as some
new developments of this theory in rigged Hilbert spaces discussed in [7], [8]. Ap-
plications of these results may be used in solving realization problems for Stieltjes
and inverse Stieltjes functions in infinite-dimensional Hilbert spaces similarly to
finite-dimensional cases treated in [13] and [14].

2. Preliminaries

For a pair of Hilbert spaces Hi, Ha we denote by [Hi, Ha] the set of all bounded
linear operators from H; to Hs. Let A be a closed, densely defined, symmetric
operator in a Hilbert space H with inner product (f,g), f,g € H.

Consider the rigged Hilbert space (see [15], [31]) H4 C H C H_, where H =
Dom(A*) and (f, g), is defined by (1.1). Note that by the second representation
theorem [20] we have

Dom(I + AA*)Y/? = H,, Ran(I + AA*)Y/? = H,
and
(f,9)4+ = (I + AA) 2 [ (1 + AA)2g), fogeH.
The Hilbert space H4 admits the following (+)-orthogonal decomposition

Hy =Dom(A)eN_; &N,
where 0Ny, := ker(A* — XI), Im X\ # 0 is the defect subspace of A. Denote

M=N_, PN,
and let
+ +  pt
PDom(A)’ Pm—i’ P‘ﬂi’ PEDT

be (+)-orthogonal projections in H4 onto Dom(A), M_;, N;, and M, respectively.
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Recall that H_ can be identified with the space of all anti-linear functional
on H, and continuous w.r.t. || - ||+. Let R be the Riesz—Berezansky operator (see
[7]) which maps H_ onto H4 such that (f,g) = (f, Rg)+ and [|Rg||+ = |lg||- for
all feHy, ge H_. Clearly

RIH = (I+AA")~L

Definition 2.1. Let A be a linear operator with Dom(A) dense in H4 and with
values in H_. Then the adjoint operator A* is defined as follows:

Dom(A*) ={ueHy:IveH_ | (u,Af)= (¢, f) for all f € Dom(A)},
A"y =),

It is easy to see RA* : Hy O Dom(A*) — H is the (+)-adjoint operator to
RA acting in H.

Definition 2.2. An operator A : Hi D Dom(A) — H_ is called a generalized
self-adjoint if Dom(A) is dense in Hy and A* = A.

Definition 2.3. A generalized self-adjoint operator 4+ D Dom(A) — H_ is called
self-adjoint bi-extension of a symmetric operator A if A D A.

The formula (see [9], [7])
. ; ; . 1.
A=A" 4R (s — P+ ;P;i) Ph=A"+R (s = 2A*> P (21)
establishes a one-to-one correspondence between the set of all self-adjoint bi-
extensions of A and the set of all (4)-self-adjoint operators S in 1.
Let A be a self-adjoint bi-extension of A and let the operator A in H be
defined as follows:

Dom(A) = {f € Hy : Af € H}, A= A]Dom(A).

The operator A is called a quasi-kernel of a self-adjoint bi-extension A (see [31]).
We say that a self-adjoint bi-extension A of A is twice-self-adjoint or t-self-adjoint
(see [7]) if its quasi-kernel A is a self-adjoint operator in H.

For the existence, description, and analog of von Neumann’s formulas for
bounded self-adjoint bi-extensions and (x)-extensions see [7] and references therein.
In what follows we suppose that A has equal deficiency indices. Recall that two
self-adjoint extensions A; and Ag of A are called disjoint if

Dom(A;) NDom(Ag) = Dom(A) (2.2)
and transversal if
Dom(A;) + Dom(Ag) = Dom(A*).

Note that it immediately follows from von Neumann formulas that two transversal
self-adjoint extensions are automatically disjoint.
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The following statements for two self-adjoint extensions A; and Ag of A are
evident:

Aj, Ap are disjoint <= Ran ((A1 — M)t — (Ag — )\I)_l) =My,
Ay, A are transversal <= Ran ((A; — AI)™" — (4o — AI)7') =9,

for at least one A € p(A1) N p(Ay).

Thus, if the deficiency numbers of A are finite (and equal), then two self-
adjoint extensions of A are transversal if and only they are disjoint.

Let A be a closed densely defined symmetric operator and let A; be its self-
adjoint extension. It has been shown in [2], [9] that any self-adjoint bi-extension
A of A such that A D A; is generated by a disjoint to A; self-adjoint extension Ay
of A via the formulas

Dom(A) = Dom(A;) + Dom(Ayp),
Af = A f —RYA*Psf, feDom(A),

where Pg is a skew projection operator in Dom(A) onto G parallel to Dom(A;)
and G is defined from the (+)-orthogonal decomposition

Dom(A4p) = Dom(A4) & G. (2.3)
The operator S corresponding to A in (2.1) is of the form

Sf = ;A*f, f € Dom(4;) & Dom(A)7 (2.4)

1
Sg = —2A*g, g € Dom(Ap) © Dom(A).
In particular,
Ag = (A* —R7'A*P})g, g€ Dom(Ap).
The following formula immediately follows from (2.3)
(Afmf) = (A1f17f1) + (A0f07f0> + 2Re (A1f17f0)7 (25)

where f = f1 + fo, fi € Dom(4;), ({ =0,1).
Let A be a self-adjoint bi-extension of A. We define a dual extension A’ on
Dom(A) by the formula

(8'f,9) = (A"f,9) + (f,Ag) = (Af.9), f,g € Dom(A). (2:6)
We note that A* € [Hy,H] C [Hy,H_] and the generalized adjoint of A* takes
the form [7]
(A*)* — A* —RVA*P (2.7)
It follows from (2.1) that if
i

2

A:A*+R‘1<S 5

P+ P ) Ph
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is a self-adjoint bi-extension of A, then A’ is of the form

A = A"+ R (—S P+ ;P;i) Py
So, if A is a self-adjoint bi-extension of A, then A’ is a self-adjoin bi-extension of
A as well. It was also shown in [2] that if A is a t-self-adjoint of A, then A’ is also
a t-self-adjoint bi-extension of A. Moreover, if Ais a quasi-kernel of A and A is
generated by a disjoint to A self-adjoint extension A, then the quasi-kernel of A’
coincides with A and A’ is generated by A. Clearly, (A')" = A.
Notice that from (2.6) and the inequality

2|(A*f, N < 2AFIHA I < IFIP + IAA1P = 111
we get

—FI2 < (AL, £+ (A f, ) < 1FI2

3. The Friedrichs and Krein—von Neumann extensions

Let 7|, ] be a sesquilinear form in a Hilbert space H defined on a linear manifold
Dom(7). The form 7 is called symmetric if 7[u,v] = 7[v,u] for all u,v € Dom(7)
and non-negative if 7[u] := 7[u,u] > 0 for all v € Dom(7).
A sequence {u,} is called 7-converging to the vector u € H [20] if
lim u, =« and lm  7[u, — ] = 0.
n— o0 n,Mm—00

The form 7 is called closed if for every sequence {u,} 7- converging to a vector u
it follows that w € Dom(r) and lim 7[u — u,] = 0. The form 7 is closable [20],
n—oo

i.e., there exists a minimal closed extension (the closure) of 7. We recall that a
symmetric operator B is called non-negative if

(Bf,f) >0, VYfecDom(B).
If 7 is a closed, densely defined non-negative form, then according to First Repre-
sentation Theorem [23], [20] there exists a unique self-adjoint non-negative oper-
ator T' in §), associated with T, i.e.,

(Tu,v) = 7[u,v] forall w e Dom(T) and forall v € Dom(r).
According to the Second Representation Theorem [23], [20] the identities hold:
Dom(7) = Dom(TY?), 7lu,v] = (T*?u, T'/?v).

Let B be a non-negative symmetric operator in a Hilbert space H. It is known
[20] that the non-negative sesquilinear form 75(f, g] = (Bf, g), Dom(7) = Dom(B),

is closable. Following the M. Krein notations we denote by B[, -] the closure of 7
and by D[B] its domain. By definition Blu] = Blu,u] for all u € D[B]. Because

Blu,v] is closed, it possesses the property: if

lim u, =u and lim  Bluy — um] =0,
n— 00 n,M—00
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then lim Blu — u,] = 0. For a densely defined B, the Friedrichs extension Br of

n—oo
B is defined as a non-negative self-adjoint operator associated with the form B[, ]
by the First Representation Theorem. If B is densely defined then, clearly,
Dom(Br) = D[B]NDom(B*), Bp = B*|Dom(Br).

The Friedrichs extension By is a unique non-negative self-adjoint extension having

the domain in D[B]. Notice that by the Second Representation Theorem [20] one
has

D[B] = D[Br] = Dom(BY?), Blu,v] = (BY *u, BY*v), u,v e D[B].

If B is non-densely defined, then its Friedrichs extension Bp is a non-negative
linear relation of the form (see [28])

Br = {<x, (Bo)px> , T € Dom((Bo)F)} @ (0,9),

where (By)p is the Friedrichs extension of the operator Bo = PDom(B)B in the

subspace Dom(B) and B = H © Dom(B).
The Krein—von Neumann extension is defined as follows [1], [16]:

Bi = ((B™Y)r)™,
where B! is the linear relation inverse to the graph of B.

Theorem 3.1 ([1]). The following relations describing D[Bk| and Bg[u] hold:

D[Bk] = {u €H: sup |(Bf,u)|2 < oo} ,
feDom(B) (Bf7f> (3 1)
Bylu] = (B DBy,

up .
feDom(B) (B.f7 f)

We note the equalities for an arbitrary non-negative self-adjoint operator B
in a Hilbert space H:

I(f,9)?
n(BY/?) = :

Ran(B'/%) = {g & renabs (B f) < oo,

(. 9)2

sup s
f€Dom(B) (va .f)

where B! is the Moore-Penrose inverse. The Krein-von Neumann extension
of a non-densely defined non-negative operator B is an operator (not just a lin-
ear relation) if and only if the domain D[Bk] is dense in $). According to [1] a
non-negative operator B is called positively closable if from nh_}ngo By, = g and

BV Ag)2 = g € Ran(B"/?),

lim (Bn, p,) = 0 follows ¢ = 0 ({¢,} € Dom(B)). Notice that a densely de-
n—oo
fined B is positively closable. A theorem of Ando and Nishio [1] states that B
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admits non-negative self-adjoint extensions, which are operators, if and only if B
is positively closable.

A non-negative self-adjoint extension B of B is called extremal [3], [5], [6] if
the relation

inf{(é(u — @), u— <p) P E Dom(B)} =0

holds for every u € Dom(B). A characterization of the Krein—von Neumann ex-
tension By is obtained in [5] and [6]: the Krein—von Neumann extension B is the
unique extremal non-negative self-adjoint extension of B having maximal domain
of its closed associated sesquilinear form.

Theorem 3.2. Let B be a non-negative self-adjoint extension of B. Then
Bx < B< Bp (3.2)

in the sense of quadratic forms. More precisely

D[B] C D[B] C D[Bk],

Blu] > Bg|u] for all w € D[B],
Blv] = Bv] for all v € DIB.
Besides,
D[B] = D|B|+(D[B] N N.), (3.3)

where N, is the defect subspace of B, z € C\ [0, +00).
For a densely defined non-negative B inequalities (3.2) in the equivalent form
(Bp+D) ' < (B+D)™' < (B +1)7"

and equality (3.3) for z < 0 were established by M. Krein [23]. For a sectorial
operator B with vertex at zero and for sectorial linear relations all statements of
Theorem 3.2 can be found in [5] and [6].

The next theorem gives a descriptions of all closed forms associated with
non-negative self-adjoint extensions of B.

Theorem 3.3 ([5]). If§ s a mon-negative self-adjoint extension of a non-negative
symmetric operator B, then the form

(Bu,v) — Bg[u,v], u,v € Dom(B)

is non-negative and closable in the Hilbert space D|Bk]. Moreover, the formulas

Blu,v] = Bglu,v] + 7[u,v], u,v € D[B]
give a one-to-one correspondence between all closed forms g[, || associated with
non-negative self-adjoint extensions B of B and all non-negative forms 7[-, -] closed

in the Hilbert space D[Bk]| and such that T[p] = 0 for all ¢ € D[B].



18 Yu. Arlinskii and S. Belyi

In addition, the closed forms associated with extremal extensions are closed
restrictions of the form Bkl -] on the linear manifolds M such that

D[B] € M C D[Bg].
The next theorem can be found in [29], [30], [6], [19].

Theorem 3.4. Let B be a bounded non-densely defined non-negative symmetric
operator in a Hilbert space H, Dom(B) = Hy. Let B* € [H,Ho| be the adjoint of
B. Put By = PHOB, N = H © Hy, where Py, is an orthogonal projection in H
onto Hg. Then the following statements are equivalent

(i) B admits bounded non-negative self-adjoint extensions in H;
B 2

(ii) sup || 7
rens (BS.f)
(ili) B*N C Ran(BL/?).

< o0y

Let B be a non-negative closed symmetric operator. Consider the symmetric
contractions
S=(I—-B)I+B)™,
defined on Dom(S) = (I + B)Dom(B). Notice that the orthogonal complement
9 = HoDom(S) coincides with the defect subspace M_; of the operator B. There
is a one-to-one correspondence given by the Cayley transform

B=(I-S)(I+9S""' S=(I-B({I+B™

between all non-negative self-adjoint extensions B (linear relations in general) of
the operator B and all self-adjoint contractive (sc) extensions S of S. As was
established by M. Krein in [23], [24] the set of all sc-extensions of A forms an
operator interval [S,, Sas]. Following M. Krein’s notations we call the endpoints
S, and Sy by the rigid and the soft extensions, respectively. They possess the
properties

inf (I +S,)(f =), (f—¢) =0,

@peDom(S)

inf (I =Su)(f =), (f —¢) =0,

peDom(S)

(3.4)

for all f € H. The operator interval [S,, Sas] can be parameterized as follows
1 1
S:sz+&J+26M—&m”XwM—&m”7 (3.5)

where X is a self-adjoint contraction in the subspace Ran(Sy; —S,)(C N).
Notice that for each S € [S,, Sa] the equalities (3.4) imply
inf  ((I+5)(f —¢),(f —9) = (S =5, f),

peDom(S)

inf . ((I_S)(f_QO),(f—(P):((SM—S)f,f), feH

peDom(S)

(3.6)
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Using the relation (see [23])

inf  ((I+8)(f =), (f —¢) = [|[PaI +S)2f]12,
peDom(S)

where
QO={geH:IT+595)"%*gen},
from (3.6) we get the equalities
(I +5)"/?Q =Ran((S — S.)"?),
(L +$)EVAL = ](S = 502 f11?, f € Ran((S — 5,)'%).

Let L be a bounded non-negative self-adjoint operator in the Hilbert space H and
let M be a subspace in H. The Krein shorted operator L [23], [1] is given by
the following definition

Ly =max{X <L |Ran(X) C M}.
It is shown in [23], that

(3.7)

Ly = LY?QLY?, (3.8)
where @ is an orthoprojection operator onto the subspace Ran(Q) = (L'/2)=1(M).
Moreover, [23]

(Laaf £) = il (LU =) f =), S €. (39)

Thus, from (3.6) we have
(I—FS)‘J{:S—S’“ (I—S)m:S]\/[—S.
The next result describes the sesquilinear form B[u, v] by the means of the fraction-

al-linear transformation S = (I — B)(I + B)~!. The following proposition can be
found in [7].

Proposition 3.5.
(1) Let B be a non-negative self-adjoint operator and let S = (I — B)(I + B)~!
be its Cayley transform. Then

D[B] = Ran((I + S)/?),
Blu,v] = —(u,v) + 2 ((I—!— S) =V 2u, (I + S)_l/Qv) , wu,v € D[B].
(2) Let B be a closed densely defined non-negative symmetric operator and let

B be its non-negative self-adjoint extension. If S = (I — B)(I + B)™!, § =
(I —B)(I+ B)™', then

D[B] = Ran(I + S,,)'/? + Ran(S — S,)"/2. (3.10)
We note that Ran(B'/2) = Ran((I — S)¥/?). Now let S, and Sy be the

rigid and the soft extensions of S. Then the Friedrichs and Krein-von Neumann
extensions of B are given by

Bp=(I-S,)I+8S,)"", Bx =~ Su)I +Su)™ "
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4. Non-negative self-adjoint bi-extensions

4.1. Disjointness and tranversality of non-negative self-adjoint extensions

Proposition 4.1. Let A be a non-negative closed densely defined operator. Then the
following statements hold true for a non-negative self-adjoint extensions A of A:

A is disjoint with Ap <= D[A] N H is dense in Hy,

A is transversal with Ap <= D[A] D H.

Proof. Using equality (3.3) in the form
D[A] = D[A]+ (M_, N D[A])
and the relation Dom(Ar) = D[A] N Dom(A*), we get that
D[A]NHy = Dom(Ap)+ (M_1 ND[A]), (4.1)
where D1y is the defect subspace of A. Taking into account the equality
H =Dom(Apr)+N_1,

we get that D[A] N H4 is dense in Hy if and only if M_; N D[A] is dense in N_;
and

DIAINH4 =Hy < N_1 CDIA]
Put
S=I-A)I+A), Sy=I-Ap)I+Ap), S=(I-A){I+A).
Then

S—S,=(A+D)"'—(Arp+1)"" (4.2)

Now the equality (see (3.10))
D[A] = D[A]4+Ran(S — §,)'/? (4.3)
implies the validity of the statements in the proposition. (|

From (4.2) and (4.3) we get the following equalities
D[A]NH, = Dom(Ar)+Ran(S — S,,)'/? = Dom(A)+Ran(S — S,,)'/2.
Notice that the equivalence
Ar and Ak are transversal <= Dom(A*) C D[Ak]

has been shown in [25] (see also [11]). The next statement provides one more
criteria for Arp and Ax to be transversal.

Proposition 4.2.

{A*\—1/2 4 £])2
Ar and Ak are transversal < sup 17+ AA ) Afll
fEDom(A) (A.fv .f)
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Proof. Let A be a non-negative self-adjoint extension of A. Since A'/2 is closed in
‘H, the closed graph theorem yields that
H, C D[A] = Dom(AY?) «— AY?21H, e [H,, H],
i.e., there exists a number ¢ > 0 such that
|AY2u)> = Alu] < c||u||2 forall we€ H.

Take A = Ag. Then for u € D[Ag] NH

2 e (Afuw)? (RASf,u)¢ |2
[|[AZ ul| = sup . = sup . .
febom(d) (Af ) jepomay (Af.f)
Hence
(RAf,u) 42 < || A ul? (Af, f).
Then
My CDlAk] <= (RAf,u)+|* < cllulZ (Af. f), Yu € Hy, Vf € Dom(A)
. RAf, u)4|? . .
— [RASE = sup FAE L if 1), v € Dom(d)
uEH ||u||+
IRAF(IZ
sup .
feDom(A) (A.fv .f)
Since
IRgl[3 = ||(I + AA*)"'2g|?, g € A,
we arrive at (4.4). O

Notice that due to Theorem 3.4 condition
(I + AA")=V2Af|12
sup .
fEDom(A) (A.fv .f)

means that the operator RA admits (4)-bounded (+)-self-adjoint non-negative
extensions. It is not difficult to show that

(I4+ AA*)"YV2Af = A(I + A*A)~Y2f,  f e Dom(A).

This relation implies that if A is positively definite, then Ap and Ag are transver-
sal. Indeed,

(I+AA")T2AS|P = [JA(T+ A" A)7V2 f()2 < C||fI* < m(Af, f), f € Dom(A).
Hence,
I+ Ade)=/2A g

sup . < 0.
feDom(A) (Af7 f)
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4.2. Non-negative self-adjoint bi-extensions

Existence. Let 1 C $ C $H_ be a rigged Hilbert space. If T is a non-negative,
densely defined in $4 and closed sesquilinear form in £, then there exists a
non-negative generalized self-adjoint operator T acting from Dom(T) into H_ as-
sociated with the form 7 in the following sense

(Tu,v) = Tlu,v] for all uw € Dom(T) and all v € Dom(T). (4.5)

Actually, due to the First Representation Theorem, there is a (4 )-non-negative
self-adjoint operator ¥ associated with the form 7 in $, i.e.,

(Fu,v)y = Tu,v] for all w € Dom(¥) and all v € Dom(T).

If J € [9-,94] is the Riesz—Berezansky operator, then T = J 1T satisfies (4.5).
If a non-negative form is defined on $ and is bounded in 4, then, clearly, the
associated non-negative self-adjoint operator belongs to [$4,$_].

IfT: 9, O Dom(T) — $H_ is a non-negative generalized self-adjoint operator
in the rigged Hilbert space H1 C  C H_, i.e, (Tf, f) > 0 for all f € Dom(T)
and ¥ = T*, then the sesquilinear form

E[fv g] = ({zfv g)v Dom(,TT) = DOHl(rS)

is closable in $;. We will denote by <[, -] its closure and by D[T] its domain.

Now we consider a closed non-negative symmetric densely defined operator
A. Let Hy C H C H_ be the rigged Hilbert space, where #; = Dom(A*) and (+)-
inner product is defined by (1.1). We are going to study non-negative self-adjoint
bi-extensions of the operator A. Clearly, the operator

B=RA
is non-densely defined in #4, (+)-bounded and (+)-non-negative. Each non-nega-

tive (+4)-self-adjoint extension B of B in M, which is an operator, determines a
non-negative self-adjoint bi-extension of A by the formula A = R~!'B. Since

1Bell+ = [IRApll4 = [|(I + AA") " Ap|ly = |1 + AA") 72 Apl], p € 4,

and (B, @)y = (Ap, @), we can use the Ando and Nishio theorem (see [1]) about
positively closable symmetric operator and get the following statement.

Proposition 4.3. A non-negative densely defined closed symmetric operator A ad-
mits non-negative self-adjoint bi-extension if and only if from

lim (I +AA*)"Y2Ap, =g and lim (Agn,on) =0

n— o0 n—oo

follows g = 0, where {p,} C Dom(A).
Theorem 4.4. Let A be a non-negative closed densely defined operator. The follow-
ing conditions are equivalent:
(i) A admits a non-negative self-adjoint bi-extension,
(i) A admits t-self-adjoint bi-extension with quasi-kernel Ag,
(iii) the Friedrichs and Krein—von Neumann extensions of A are disjoint.
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Proof. Clearly (ii)=-(i). Let us show that (iii)=-(ii). Suppose that the Friedrichs
extension Ar and the Krein—von Neumann extension Ax of the operator A are
disjoint. Then Dom(Ar) + Dom(Ag) is (+)-dense in H, or coincides with H
(when Ap and Ak are transversal). Then it follows that D[Ax]NH is (+)-dense
in ‘H4 or coincides with H. Clearly, the sesquilinear form

Aglu,v], wu,v € D[Ag]NH4,

is closed in H.. Because it is at least (4)-densely defined in A, there is an
associated self-adjoint non-negative operator Ax: Hy O Dom(Ax) — H_, ie.,

(Agu,v) = Ag[u,v] for allu € Dom(Ag) and for all v € D[Ag]NH4.

Because (Axu,v) = Ag|u,v] for all u € Dom(Ag) and all v € D[Ak], we get that
Axg D Ak, i.e., the quasi-kernel of A is Ax and therefore, Ax is t-self-adjoint
bi-extension of A.

Let us prove (i)=-(iii). Suppose that A admits non-negative self-adjoint bi-
extensions. Then the Krein—von Neumann extension By of the operator B=RA
in H4 is an operator. Due to the formula (3.1) the domain D[Bf] is at least dense
in H4. On the other hand since

(Bfow)+* _ |(Af,u)f?
(Bf. )+ (Af. 1)
from (3.1) we get
D|Bk] = D[Ak]NH4
and Bilu] = Ax[u] for all u € D[Ax] N H,. It follows from (4.1) that
D[AK] n H+ = Dom(ApH—(‘ﬂ_l n D[AK])

Therefore, the density of D[Ax]NH 4 implies the density of M_1 ND[Ak] in N_;.
Equality (3.10) yields that

Ran ((Ax +1)7' = (Ap +1)7') =Ny,
i.e., Ap and Ak are at least disjoint. O

Theorem 4.5.

1) Let A be a non-negative self-adjoint extension of A. Then there exists a t-self-
adjoint bi-extension A of A with quasi-kernel A if and only if A is disjoint
with AF.

2) If a non-negative self-adjoint extension A of A is disjoint with Ap, then t-self-
adjoint bi-extension A with quasi-kernel A and generated by Ap is associated
with the sesquilinear form Alu,v|, u,v € D[A] N H.

Proof. The form Afu,v] defined on D[A] N H is closed in H4. By Proposition
4.1 A is disjoint with Ap if and only if the linear manifold D[A] N H, is dense
in Hy in which case the non-negative sesquilinear form Afu,v], u,v € D[A] N H4
is closed in H.. The latter implies the existence of a non-negative self-adjoint
operator A : Hy O Dom(A) — H_ associated with Afu,v], u,v € D[A] N H.
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Since (Au,v) = Alu,v] for all u € Dom(A) and all v € D[A], we get that A D A,
i.e., the quasi-kernel of A is A and therefore, A is t-self-adjoint bi-extension of A.
Further we use the following equality (see [6])

Alp,u] = (@, A*u), ¢ € D[A], u € DIA]NH,.
Using (2.7) we get for all ¢ € Dom(Ap) and all u € D[A] N Hy:
Alp,u] = (9, A*u) = ((A°)' 0, u) = (A" — R™VA* P, u).
Hence, Dom(Ar) C Dom(A) and
Ap = (A* —RTA*Pf)p, ¢ € Dom(Ap).

Since Dom(A4) C Dom(A) and A is a t-self-adjoint bi-extension of A with quasi-
kernel A, we get

Dom(A) = Dom(A) + Dom(Ap).
Taking into account (2.3), we conclude that A is generated by Ap. (|

The following statement is an immediate consequence of Theorems 4.4 and 4.5.

Corollary 4.6 ([7]). The operator A admits non-negative self-adjoint bi-extensions
in [Hy,H-_] if and only if Ax and A are transversal.

It was announced in [26] that the transversality condition in Corollary 4.6 is
necessary (and sufficient for the case of finite deficiency indices) for the existence
of non-negative self-adjoint bi-extensions in [H,, H_].

Denote by P(A) the set of all non-negative self-adjoint bi-extensions of A.
As has been proved in Theorem 4.4 the set P(A) is nonempty if and only if Ap
and Ag are disjoint in which case the set P(A) contains the operator Ag with the
following properties:

1. the operator Ak is associated with the closed form Ag[u,v], u,v € D[Ag]N
H+, i.e.,

D|Ak]| =D[Ak]| NH,
Aglu,v] = Aglu,v], w € Dom(Ak), v e D[Ax]NHy,

2. the operator Ag is a t-self-adjoint bi-extension of A with quasi-kernel Ag
and generated by Ap,
3. P(A) > A= DJA] C D[Ak], Alu] > Ax[u] = Ax[u], u € D[A].

Thus, Ak is the minimal element of P(A) and is an analog of Krein—von Neumann
extension. The minimality property is a consequence of Theorem 3.2. Notice that
if A and Ap are transversal and the deficiency number of Ais infinite, then the
set P(A) contains + — — bounded and unbounded operators.

Let A; be a non-negative self-adjoint extension of A. Let P(A;) be the set of

all non-negative t-self-adjoint bi-extension of A with quasi-kernel A;. According
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to Theorem 4.5 the set P(A;) # 0 if and only if A; is disjoint with Ap. Using
Theorem 3.1, and the equalities

[(Avh, f)I?
D[A;] = ceH: su <00y,
4] {f hGDorrIl)(Al) (Aih, h)

(RAsh, £)+ 1 _ [(Arh, f)P?
(RALh,h)+— (Aih,h)

we get: if A; and Ap are disjoint, then the operator A1 i : Hy 2 Dom(A1x) — H_,
associated with closed in H 4 non-negative form A [u,v], u,v € D[A1]NH, is the
minimal element of the set P(A4;) in the sense of quadratic forms. According
to Theorem 4.5 this operator is generated by Ap. It is an analog of the Krein—
von Neumann type extension of A; in the rigged Hilbert space Hy C H C H-_.
The operator Ag is the minimal element of the sets P(Ax) and P(A). The next
theorem parameterizes the set P(A;).

7.f€%+7

Theorem 4.7. Let A be a non-negative closed symmetric operator with disjoint
non-negative self-adjoint extensions Ap and Ax. Suppose A is a t-self-adjoint bi-

extension of A with quasi-kernel A, and generated by Ag. Then A is non-negative
if and only if
Ap> A >0.

Proof. We will use (2.5)

(Af, f) = (Aif1, f1) + (Ao fo, fo) + 2Re (A1 f1, fo),
for f = fi+ fo, f1 € Dom(A;), fo € Dom(Ap). It follows that A; > 0 and Ag > 0.
Replacing f1 by Afi; and fy by pfo we have
IA(ALfr, 1) + |l (Ao fo, fo) + Ma(Avfr, fo) + uA(fo, Arfr) >0
for all A, u € C. Thus, the 2 x 2 matrix
((Alflafl) (A1f17f0)>
(fo, A1f1)  (Aofo, fo)

is non-negative. Hence

(ALf1, fo)|* < (A1, f1)(Aofo, fo)

and
[(A1f1, fo)l?
sup

A . .
fieDom(4;) (Arf1, f1) < (Ao fo, fo) (4.6)

This means that
fo € D[A1] and  Ai[f1] < (Aofo, fo) (= Aolfo])-
If {f2")};;°:1 C Dom(Ag) and Ag-converges to ¢ € D[Ag], then (4.6) yields

sup [(A1f1, @0)I? Aolioo]
freDom(Ar) (Arfi, f1) =
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Thus
D[Ao] C D[Al] and A1[<p0] < A0[<p0] for all ©wo € D[Ao],

i.e., Al S Ao.
Conversely. Suppose 0 < A; < Ag. Then for an arbitrary f; € Dom(A4;),
fo € Dom(Ap) we get

(A(f1+ fo), 1 + fo) = (A1 fr, f1) + (Ao fo, fo) + 2Re (A1 f1, fo)
— ||AY2 £1112 + 11 AS? fol |2 + 2Re (ALY f1, AL fo)
= 1A (fr + fol? + 1452 ol * — 1A% fol* > 0.
This proves the theorem. O

Let A; and Ay be two non-negative self-adjoint extensions of A. Consider a
form defined on Dom(A4;) x Dom(Ag) as follows

B(f1, fo) = (Avf1, f1) + (Ao fo, fo) + 2Re (A1 f1, fo), (4.7)
where f; € Dom(4,), (I =0,1). Let

b= I+ AV, Sion= (I~ A,
be the Cayley transform of A; for [ = 0,1. Then
fi=T+S)e,  Afi={—S)d, (=0,1). (4.8)
Substituting (4.8) into (4.7) we obtain a form defined on H x H
B(¢1,¢0) = |61 + doll* — (15161 + Sodol® — 2Re ((S1 — So)¢1,d0) . (4.9)
Let us set
F= ;(51 —5), G= ;(51 +So0), u= ;(¢1 +2), v= ;(¢1 — ¢o). (4.10)
Then
B(¢1, ¢o) = 4H (u,v) := ||[u|® + (Fv,v) — (Fu,u) — ||[Fv + Gu|®. (4.11)

Moreover, F' + G are contractive operators. From the above reasoning we conclude
that non-negativity of the form B(f1, fo) on Dom(A;) x Dom(A4y) is equivalent to
non-negativity of the form H(u,v) on H x H. The next statement is established
in [3], see also [7].

Proposition 4.8. The form H(u,v) in (4.11) is non-negative for all u,v € H if and
only if operator F defined in (4.10) is non-negative.

Proposition 4.8 can be used for another proof of Theorem 4.7 (see [3]).
Let A; and Ag be two disjoint non-negative self-adjoint extensions of A. We
say that Ay and Ag form an admissible pair (Ay, Ag) if

Ag> Ay = (Ai+D)7'>(A4+ D)7
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If S; = (I —A;)(I + A4;)71, j = 1,2, then the pair (4;, Ap) is admissible if and

only if ker(S; — Sp) = Dom(S) and S; > Sy. Let X;, 7 = 0,1 be self-adjoint
contractions in 91 such that

S = ;(SM +5u) + ;(SM — )2 (Shr = S,)'2
Then it follows from (3.5) that the pair of non-negative self-adjoint extensions
Aj=(I-S;)(I+S;)"',j=0,1is admissible if and only if
ker(X; — Xo) NRan((Sy — S,)/?) = {0} and X; — X, > 0.
Associated closed forms. The next statement describes Alu, v] (the closure of the

form (Af,f)), where A is a non-negative t-self-adjoint bi-extension of A with
quasi-kernel 4; and generated by Ay (compare with Theorem 3.3).

Theorem 4.9. Let (A, Ag) be an admissible pair and let A be a non-negative t-

self-adjoint bi-extension of A with quasi-kernel Ay and generated by Ag. Let Al -]

be the closure of the form (Af,g), f,g € Dom(A). Then

D[A] = Dom(A4;)+Ran ((Sl - 50)1/2) = Dom(A4p)+Ran ((Sl — 50)1/2> ,

Alu] = ||h)> = ||S1h 4+ w]]? + 2Re (h, w) + 2||(S1 — So) ™ ?w]||?

= Afu] + [[(S1 = So) 2wl P = [|(S1 = S,) V2w,
u= I+ S1)h+w, (4.12)
where Sy = (I — A)(I + A;), 1=0,1, h € H, w € Ran ((S1 — Sp)*/?).
Proof. Let f = f1 + fo, f1 € Dom(A;), fo € Dom(Ap). Then
(Af, f) = (Arf1, f1) + (Aofo. fo) + 2Re (A1 f1, fo).
Due to (4.9)
(Af, ) = B(¢1,60) = |61+ dol|* = [[S1é1 + Sodoll* — 2Re ((S1 — So)én, o) ,

where
¢ = ;(I‘FAl)fl, Sipr = ;(I_Al)fb fi=U+S)o, Atfi= (IS¢, 1 =0,1.
Represent f = f1 + fo = (I + S1)é1 + (I + So)¢o in the form
f=I+851)(p1+ ¢o) — (S1 — So)éo-
Then
(Af, F) = llé1 + doll> = 151(61 + d0) — (S1 — So)ol|®
2.2 (4.13)
—2Re (¢1 + @0, (S1 — So)do) + 2[[(S1 — So)™ " “ol|”.
Suppose that

lim f™ =uin H4, and ILm (A(f(") — f(m))7f(”) _ f(m)> —0.

n—oo
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We have
SO = (1 + 811" + 66”) = (S = So)ap”-
Due to the direct decomposition

H, = Dom(A;)+N_4

and inclusions {(7 + S1)(¢\™ + ¢™)} € Dom(A;), {(S1 — So0)o(™} € M_y, we get
that the sequences {(I+ 571)( §”) + ¢(()"))} and {(S1 — So)qbén)} converge in Hy. By
definition [Jw|[2 = 2[jw][2, Vw € N_;. Hence {(S; — So)¢}"} converges in . On
the other hand convergence of {(I + Sl)(¢§”) + ¢(()n))} in Hy yields convergence of
{8\ + ¢} in . Let

h= lim ( () 4 g8y in 7,
Dom(Ar) 3y = lm (I+5)(8{" +6§")) in M.
w' = lim (S1 = S0)¢("-
From nlergo(A(f(”) — flmy £ #(m)y = 0 and (4.13) we obtain that the sequence
{(S1 — So)l/ngén)} converges in H. Let
g = lim (S — So) /265"
Then w' = (S1 — Sp)'/?g. Set w = —w’. Thus
u=y+w,
where y = (I + S1)h € Dom(A;), w € Ran ((S; — Sp)'/?). We get that
Jim (AFC, F) = |[BI[® — ||S1h — (S1 — S0)!/?g][?
— 2Re (h, (S1 — 50)'/?g) + 2]lg]1”
=||h||* = [|S1h + w|* + 2Re (h, w) + 2|(S1 — So)~/2w]|?.
Now let us prove that the quadratic form
n(u) = ||h][* = [|S1h +w]|? + 2Re (h,w) +2]|(S1 — So) =/ ?wl|?,
w=(I+S1)h+w, heH,we Ran(S; — Sp)'/?
is non-negative and closed in H as defined on
Dom(n) = Dom(A4;)+Ran ((Sl - 50)1/2) .
Notice that the equality S; — So = 2(A1 + 1)~ —2(Ag + 1)~ ! yields
Dom(A;)+Ran ((Sl - 50)1/2) = Dom(Ap)+Ran ((Sl - 50)1/2) .
First we calculate A;[u] for u € Dom(A;)+(D[A1] NDT_1). Let us represent u as
w=(I+S)h+ I+ 5)"%w,
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where h € H,w € Q = {g € H : (I +51)"/?w € M_1}. Recall that by (3.7) and
(3.10) we have

Ran((Sy — 5,)Y?) = (I + S1)Y2Q = D[4, n9_,.

Using (3.5) we obtain

Asfu] = —[Jul* + 2/ + S1)~?ul?
—I(I + S1)h + (I + S)Y2w|2+ 2/|(I + 81)Y%h 4+ w]|?
— |11+ S)A|2 = |I(I + 81)Y?w||? = 2Re (I + S1)h, (I + S1)?w)
+2/|(I + S1)Y2R||? + 2||w|)® + 4Re (I + S1)Y/2h,w)
|RI[P = [1S1R][* = [|(1 + S1)'/?w||* = 2Re (S1h, (I + S1)"?w)
+ 2Re (h, (I + S1)Y%w) + 2||w]||?
= [|A]|? = |S1h + (I + S1)Y?w|? + 2||w||? + 2Re (h, (I + S1)Y%w).

Denoting w = (I 4 51)"/?w and using the equality (see (3.7)) ||(S1 — S,.) " ?w|| =
[|[(I 4 S1)~"?w||?, we arrive at the equality
Aiu] = [|h|]2 = ||S1h + w||? + 2Re (h,w) + 2[|(S1 — S,.) " w| > > 0.
Furthermore, since S; — S, > 51 — Sp, we get that
Ran((S1 — S,.)*/?) D Ran((S; — So)'/?)

and [|(S1 — So) ™' 2wl|? > ||(S1 — S,.)~*/2w]|? for all w € Ran((S; — Sp)'/?). So,

n(u) = Aru] +[/(S1 — So) ™ 2wl|® = [|(Sy = S5,) 7wl 2 0,

u € Dom(A;)+Ran((S; — So)*/?) > 0.

In addition, one can easily see that the right-hand side of (4.12) is closed on
Dom(A;)+Ran((S;—Sp)*/?) in H 4. Now we can conclude that (4.12) is valid. [

Define for A € P(A) the “dual” quadratic form
A'[u] = 2Re (A*u,u) — A[u], u € D[A]

and let
Al [u] = 2Re (A*u,u) — Ag[u], u € D[Ag] NHy. (4.14)
Recall that a linear operator T' in a Hilbert space § is called accretive [20] if
Re(Tf,f) > 0 for all f € Dom(T) and mazimal accretive (m-accretive) if it
is accretive and has no accretive extensions in ). The following statements are
equivalent [27]:
(i) the operator T is m-accretive;
(ii) the operator T is accretive and its resolvent set contains points from the left
half-plane;
(iii) the operators T' and T™* are accretive.
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Theorem 4.10. If Ar and Ax are disjoint, then each non-negative self-adjoint
bi-extension A of A possess the properties

D[A] C D[Ak], Afu] > Aglu], A'lu] < A%k[u], u e DIA]. (4.15)
In addition, if T is quasi-selfadjoint accretive extension of A (A cTcC A*), then
Aku] < Re(Tu,u) < Ak[u], u € Dom(T). (4.16)

Proof. As it follows from the proofs of Theorems 4.4 and 4.5 in H the Krein—
von Neumann extension of the operator B = RA coincides with the Krein-von
Neumann extension of the operator B’ = RAk. Therefore, using the minimality
of Ak among all non-negative self-adjoint extensions of A we arrive at (4.15).

It is established in [4] that for each quasi-self-adjoint accretive extension T'
of A one has

Dom(T) C D[Ak], Ax[u] <Re(Tu,u), u € Dom(T).

Using the above and (4.14) we get (4.16). O

Explicit expressions for non-negative t-self-adjoint bi-extensions. Evidently, the
linear manifold Dom(Ar) is a subspace in H_. Let 9 be the orthogonal com-
plement to Dom(A) in Dom(Ap) with respect to the inner product (-,-); and let
Mr = Hy © Dom(Ap). Then Mp = ApMp. Thus we have the (+)-orthogonal
decomposition .
Hy = Dom(A) @ Np @ Mp.
Let
Ny = Ran(A}?) NN
Clearly, A;é (Mo) € Dom(Ap). The following equalities take place
A* Ape = —e, e € Np,
ApAtg=—g, g Mp.
Theorem 4.11 ([11]). The condition Mo = {0} is necessary and sufficient for the
uniqueness of non-negative self-adjoint extension of A. Suppose Mg # {0}. Then
the formulas
Dom(A) = Dom(A) & (I + ApU)Dom(U),
A(x+h+ApUh) = Ap(x 4+ h) —Uh, x € Dom(A), h € Dom(U)
give a one-to-one correspondence between all non-negative self-adjoint extensions

A of A and all (4)-self-adjoint operators U in Np satisfying the condition
0<U<W;!

(4.17)

where WO_1 determines the operator inverse with respect to the (+)-non-negative
self-adjoint relation Wy in Mg associated with the (4)-closed in Mg non-negative
form

wolw,y] = (ALY, AL 2yy = (4320, A2 g) (AP0, ALy y € My,
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Here AE;UQ] is the Moore—Penrose pseudo-inverse. Operator A coincides with
the Krein—von Neumann non-negative self-adjoint extension Ag if and only if
U=w;".

Moreover,

e the extensions Ap and Ax are disjoint < Ny is dense in Ng,
e the extensions Ar and Ax are transversal <= g = Nr.

The associated with A closed form is given by the following equalities:

D[A] = D[A]+AFR(UY?), (4.18)
Alp + Aph] = ||AY? 0 — ATYPR|2 + U1 h) — woln], ¢ € D[A], h e R(UY?).
Let Ay and Ag be two non-negative self-adjoint extensions. From (4.17) and

(4.18) it follows that A; and Ay, determined by parameters U and Uy, respectively,
then

e A; and Ay are disjoint if and only if 91 is dense in 9N and ker(U; —Up) = {0},

o Ay < Ay if and only if U; > Uy,

e A; < Ap and A; and Aj are transversal if and only if Mg = Mg, Ran(U;) =
Np, Uy > Uy, and Ran(I — Uy *Up) = Np.

Denote by P&;F, P;}F the orthogonal projection in H 4 onto Np and Mp = ApMp.
Notice that

M= DN_; =Np & NMp.

Recall that each self-adjoint bi-extensions of A is of the form (2.1), where S is a
(4)-self-adjoint operator in 9.

Theorem 4.12. Suppose A and Ap are disjoint. Then
1. the operator Ak is of the form

Ag = A" —RVAp(P, + WoA" P ); (4.19)
2. the operator A = A* + R™Y(S — A*/2)P;§I belongs to P(A) if and only if
S Sic = —ArWoA'Ph, + , (AP, — ArPs, )
in the sense of quadratic forms; )
3. if Ay is a non-negative self-adjoint extension of A disjoint with A and if

Ap > A1, then the non-negative t-self-adjoint bi-extension of A with quasi-
kernel Ay and generated by Ay is of the form

. 1.
A=A"+R! <3— 2A*> P,
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where S is a (+)-self-adjoint operator in M given by
Dom(S) = (I + ArU;)Dom(Uy)+(I + ArUy)Dom(Uy)

1
S(I+ ApUy)e = 2(AF —Uy)e, e € Dom(Uy) , (4.20)

1
S(I+ ArpUo)g = (—Ar +Up)g, g € Dom(Up)
2

and Uy, Uy determine Ay and Ag in formulas (4.17). In particular, if Ag =
Ap, then

—1 4% 1 A *
§=—ApUT A PS + ) (APh, — ArPY,). (4.21)
Proof. From (4.17) we get the equality
Dom(A) © Dom(A) = (I + ApU)Dom(U)

for an arbitrary non-negative self-adjoint extension A of A. Then equalities (2.4)
yield (4.20). When Ay = Ap, we have Uy = 0. This gives the equality

f=0+ AFUl)(—Ul‘lA*)P;jQFf + (Pg, + Ul_lA*P;J}F)f.

Then by virtue of (4.20) we obtain (4.21). The case A; = Ax holds true if and
only if Uy = Wy I and leads to

. 1/.,
Sk = —ArWoA' P +  (A"Pg, — ArPf, ).

Then applying (2.1) we get (4.19). Statement (2.) follows from the fact that Ag
is the minimal element of P(A). O

5. Extremal non-negative self-adjoint bi-extensions

Let S be a symmetric contraction defined in subspace Dom(S). We call a sc-
extension S of S extremal if
inf (I —5%)"%(g—gs)|| =0, VgeH.
gs€Dom(S)

We can also offer an equivalent definition of an extremal sc-extension. Let 91 =
H © Dom(S). We call a sc-extension S of S extremal if (I — S?)n = 0, where
(I — S5%)y is the Krein shorted operator (see (3.8), (3.9)). The following equality
was proved in [10]

(I = 5% = (Sm = 8,) /2 (1 = X*)(Sw = )2, (5.1)

where X is corresponding to S (via formula (3.5)) contraction in Ran(Sas — S,.).
Formula (5.1) implies that S is extremal if and only if X is self-adjoint and unitary,
ie, X =X*and X? =1
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Now let A be a non-negative closed densely defined symmetric operator.
Recall (see Section 3) that a non-negative self-adjoint extension A of A is extremal
(3] if

inf  (A(h—¢),h—¢) =0, Vh e Dom(A).

peDom(A)
If
S=T-A)IT+ A7, S=T-AT+A)7" (5.2)
then (Ah, h) = ((I — S?)g, g) where g = (I + S)~'h. This yields
inf (A(h—¢),h—¢)= il [[(I=5%)"(g—gs)|?,
peDom(A) gs€Dom(S)

where Dom(S) = (I + A)Dom(A). Therefore, A is extremal non-negative self-
adjoint extension of A if and only if S is extremal sc-extension of symmetric
contraction S. The Friedrichs and Krein—von Neumann extensions are extremal.

Let A be a non-negative self-adjoint bi-extension of the symmetric operator
A. We call the operator A an extremal bi-extension if

inf . (A(f - @)uf - SO) = 07 Vf € DOID(A)
peDom(A)

In what follows we assume that the operators Arp and Ax are disjoint.

Theorem 5.1. A t-self-adjoint bi-extension A is extremal if and only if it is gener-
ated by an admissible pair (A1, Ag) of extremal non-negative self-adjoint extensions

of A.

Proof. Let Ay and Ag be the quasi-kernels of A and A’, respectively. Let also A
be an extremal self-adjoint bi-extension. It follows from (2.5) then that

(Afkafk) = (Akfk7f/c)7 vfk eDom(AIC)a k:071
Since A extends A; and is generated by Ay, it follows from (2.5) that

(Af, f) = (Arf1, f1) + (Ao fo, fo) + 2Re (A1 f1, fo) = B(f1, fo),

where f € Dom(A), f = fi1 + fo, fx € Dom(4g), k = 0,1. Applying (4.10) and
(4.11) we get

inf  (A(f—w),f—¢)= —inf H(z—hs,y)
peDom(A) hs€Dom(S) (5 3)
= inf  (llz—hs|]® = (2, F2) + (y, Fy) — [|Fy + Gz — hs)[?) . .
hs€Dom(S)

Since inf ;  cpyon (i) (A(fk — fa), fi — fa) = 0 for all fy € Dom(Ay), k = 0,1, the

operators A; and Ay are extremal non-negative self-adjoint extensions of A.
Hence, the extremality of A implies that the non-negative self-adjoint ex-
tensions A; and Ay are also extremal. Since A is a non-negative self-adjoint bi-
extension, then the pair (41, Ap) is an admissible extremal pair.
Conversely, let us assume that (A;, Ap) is an admissible pair of extremal non-
negative self-adjoint extensions of A. We are going to prove that the corresponding



34 Yu. Arlinskii and S. Belyi

non-negative self-adjoint bi-extension A with quasi-kernel A; and generated by A
is extremal. The corresponding (via (5.2)) to A; and Ag sc-extensions S; and
So are extremal. Also, the fact that (A1, Ag) is an admissible pair, implies that
S1— S0 >0.

Let

1 1
Sk = 2(5]\/[ + SN) + 2(SM — Su)l/sz(SM — Su)l/Q, k=0,1,

where Xy, £ = 0,1 are self-adjoint contractions in 9i. Since S, k = 0,1 are
extremal sc-extensions, then Xy, k = 0,1, are self-adjoint unitary operators and
hence P, = (I + Xi)/2, k = 0,1, are orthogonal projections. Also, X1 — Xo > 0
implies that P, — Py > 0 and Ran(P;) D Ran(FPy). Since X, = 2P, — I, k=0,1,
then

1 1
G= 2(SM + S + 2(SM — 8, )Y2(Py 4 Py — I)(Sa — S,)Y2,
and
F = (Sy — S,)Y2(Pr — Po)(Sar — S,)Y2.

Since I — (P, + Py — I)?> = P, — Py, then (5.1) implies that (I — G?)|0 = F.
Consequently, applying the definition of the operator (I — G?)[ 9 we obtain

F=(I-GHY?Pg(I — G*)'/?,
where Pg is an orthoprojection onto the subspace
He = (I — GHY2) "N} NnRan ((I — G*)Y/?).
Therefore,
H(z—hsy)=|lz—hs|® = (@,F2) + (y.Fy) = [|Fy+ G(a—hs)||?
=11 =G*)"2(@—ho)|? = | Pa(I = G*)2a|* + || Pa (I - G*)?y||?
— (I =G*)2Pa(I-G*)'?y|> —2Re((I - G*)/?Pe (I - G*) /2y, Gz — hy))
= (I =G*)2(x—ho)|* = |1Pa(I = G*)2a|® +||GPa(I - G*) /2y
~2Re (GPG(I—G2)1/2y,(I—G2)1/2(:c—h5))
=[I(1 =G*)"2(@—hs) = GPa(I = G*)2y|* || P (1 - G*) ||,
Thus, since (I — G?)*/2Dom(S) L Hg, then

inf  H(x — hs,y) = | Pa(I — G*)"%x — PoGPa(I — G2)/2y||?
hs€Dom(S) (54)
—|Pa(I = G*)?z||?, Va,y e M.
Since A; and A( are extremal non-negative self-adjoint extensions, then the defi-
nition of the functional H and (4.11) imply

inf  H(x— hg,x) =0, inf  H(x—hg,—x) =0,
hs€Dom(S) hs€Dom(S)
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for all z € H. Relation (5.4) yields

| Po(I — G*)Y%0 — PoGPa(I — G)Y2x|? — | Pa(I — G*)YV2%z||? =0,
and

| Po(I — G*)YV%0 4+ PoGPa(I — G)Y2x||? — | Pa(I — G*)Y2z||? =0,

for all z € H. Thus, PoGPq(I — G?)Y/2z = 0 for all x € H. Applying (5.4) again
we get
inf  H(x—hs,y) =0, Vr,y € H.

hs€Dom(S)
Now we can use (5.3) to confirm that
- inf (A(f = fa), f— fa) =0,
fa€Dom(A)

which means that A is an extremal non-negative self-adjoint bi-extension. O

Recall that the non-negative self-adjoint bi-extension A is associated with
the closed in Hy form Ag[u,v], u,v € D[Ag] N Hi. The quasi-kernel of Ak is
the Krein—von Neumann extension Ax and Ag is generated by Ap. Clearly, Ax
is extremal non-negative self-adjoint bi-extension of A.

Theorem 5.2.
(1) Let Ap and Ak be transversal. Then the operator Ai is the unique extremal
non-negative t-self-adjoint bi-extension.
(2) Let Ap and Ak be disjoint but not transversal. Then except Ay there exist
infinitely many extremal non-negative t-self-adjoint bi-extensions.

Proof. (1) Suppose that Ar and A are transversal. Let also A be an extremal
t-self-adjoint bi-extension with the quasi-kernel A; and A be the quasi-kernel of
A’. According to Theorem 5.1 for Sy, = (I — Ag)(I + Ax)~!, k =0,1 the following
relations hold

Sk =S, + (Snm — S,)Y2Pi(Sar — S,)Y?, k=01, (5.5)

where Py, k = 0,1, are orthoprojections in 91. Since A; and A( are disjoint, we
have ker((S; — Sp)[ 91 = {0}. But
ker((Sl — So) [‘ﬂ = ker((SM — SN>1/2(P1 — Po)(S]\/[ — Su)1/2[‘ﬂ)

Since Py —Py > 0, then Q = P1—F is an orthoprojection. Also, Ran(Sy—S,) =N
implies ker(P; — Py) = {0} or equivalently P; — Py = I. The latter yields P, = I
and Py = 0. Consequently, S1 = Sy, So = S, and the quasi-kernels of A and A’
coincide with Ar and Ag.

(2) Let Ap and Ag be disjoint but not transversal. Then Ran((Sa—S,,)'/?) #
9 and ker((Spyr — S,)/?) = {0}. We chose a subspace £ C N in a way that
£NRan(Sy — S,)1/2 = {0}. Let 9% be such that {0} C 0Ny C £. Let also P; be
an orthogonal projection operator on 91& 91, @ an orthoprojection on 916 £, and
Py =P, — Q. Then P, — Py = Q > 0 and ker(P;) N Ran(Sy — S,)'/? = {0}. Let
Sk, k = 0,1, be defined by (5.5). Hence, S; and Sy are extremal sc-extensions and
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Ay, k = 0,1 are extremal non-negative self-adjoint extensions of A and (A1, Ap)
is an admissible pair. Therefore, according to Theorem 5.1, if A D A; and A is
generated by Ag, then A is extremal t-self-adjoint bi-extension of A. It follows from
the construction of A that there is infinite number of these bi-extensions. O

6. Boundary triplets and self-adjoint bi-extensions

Let A be a closed densely defined symmetric operator in H with equal deficiency
numbers.

Definition 6.1 ([21]). The triplet II = {N,I'1,T'g} is called a boundary triplet for
A*if Nisa Hilbert space and I'g, I'y are bounded linear operators from the Hilbert
space H4 = Dom(A*) (with the inner product (1.1)) into A/ such that the mapping

I':.= <P0,P1> ZH+ —>N€BN7

is surjective and the abstract Green identity

(A*fa g) - (f7 A*g) =T1f,Tog)n — Tof,T1g) s
holds for all f, g € H.
It follows from Definition 6.1 (see [17], [18]) that the operators
Dom(Ay) :=ker['y, Ay := A" Dom(A4;), (k=0,1),
are self-adjoint extensions of A. Moreover, they are transversal, i.e.,
Dom(A*) = Dom(Ag) 4+ Dom(A4;).

Notice that if IT = {\,T';, T} is a boundary triplet for A*, then I' = {N, =y, T'; }
is the boundary triplet for A* too.

We are going to provide connections between self-adjoint bi-extensions and
boundary triplets [7]. The proposition below follows from Definition 6.1.

Theorem 6.2. Let A be a closed densely defined symmetric operator with equal
deficiency indices in the Hilbert space H. Suppose N is a Hilbert space, I'g,T'1 €
[H4, N, and the operator (T'o,T1) € [Hy, N@&N] is surjective. Then the following
statements are equivalent.

(i) I = {N,T1,T¢} is the boundary triplet for A*;
(ii) the sesquilinear form

w(f7 g) = (A*fv g) - (Fl.fv FOQ)N? .f7g € H+ = DOHl(A*) (61)

is Hermitian, i.e., w(f,qg) = w(g, f);
(iii) the sesquilinear form

w/(fa g) = (A*fa g) + (r0f7rlg>./\f7 fag S H-i- = DOIH(A*> (62)

1s Hermitian,



Non-negative Self-adjoint Extensions in Rigged Hilbert Space 37

If Hy € H C H_ is a rigged Hilbert space, N is a Hilbert space, and
I € [Hy,N], then by I'* we will denote the adjoint operator from [N, H_], i.e.,
(Th,g)n = (h,T%g) for all h € Hy and all g € N.

The following theorem [7] sets up the connection between boundary triplets
and t-self-adjoint bi-extensions.

Theorem 6.3. Let A be a closed densely defined symmetric operator with equal
deficiency numbers in the Hilbert space H. Consider the rigged Hilbert space H C
H C H_ generated by A.

1. Let T = {N,T'1,Tg} for A* be a boundary triplet for A*. Define operators A

and A’
A=A —TIT,, A= A" + T,
where T and Ty € [N, H_] are the adjoint operators to Ty and I'1, respec-
tively. Then A and A’ belong to [H,H_] and are t-self-adjoint bi-extensions
of A. Moreover,
AD Al, A’ D Ap.

2. If A is a t-self-adjoint bi-extension of A with quasi-kernel Ay and generated
by Ao, then there exists a boundary triplet I1 = {N,T'1,To} for A* such that
A" kerTy = Ay and A = A* —TJT;.

It is shown in the proof of Theorem 6.3 that the form w(f,g) in (6.1) cor-
responds to A, the boundary triplet II = {N,T'1,T¢}, and w(f,g) = (Af,g).
Similarly, w'(f, g) = (A’f, g), where w/(f, g) is defined in (6.2), and the boundary
triplet is II" = {N, =Ty, I'1 }.

Definition 6.4 ([3]). Suppose that A is a non-negative symmetric operator. A
boundary triplet I = {N,T'1,T¢} is called non-negative if

w(f, f) = (A f, f) — (C1f, Tof)a > 0 for all f € Hy.

The operator A = A — 'y T corresponding to the boundary triplet IT =
{N,T1,T¢} is [3] a t-self-adjoint non-negative bi-extension of A and belongs to
[(Hy, Hyl. If A is a positive-definite operator, then for the positive-definite self-
adjoint extension A we have H; = Dom(A*) = Dom(A)+ ker(A*). Consequently,
Ap and Ak are transversal. Let P be a projection in Hy onto Dom(A) parallel to
ker(A*), I = {N,T'k,T'} be a boundary triplet such that ker(I'x) = Dom(Ag),
Then

(A*fhf) - (FKfvrf)N = (AP.f7Pf)7 f € H-‘-;
i.e., {N,'k,T'} is a positive boundary triplet. The latter equality has been assumed
as the definition of a positive boundary triplet (the space of boundary values) in
the case of a positive-definite operator A in [22].

It was shown in [3] that a positive boundary triplet exists if and only if Ar and
Ag are transversal. The following theorem naturally follows from the preceding
discussion.
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Theorem 6.5. Let A be a closed densely defined non-negative symmetric operator
such that Ar and Ak are transversal. Then

1. to every mon-negative boundary triplet I = {N,T'1,To} there corresponds a
non-negative t-self-adjoint bi-extension A = Ax — Iyl

2. to every non-negative t-self-adjoint bi-extension A there corresponds (up to
equivalence') a non-negative boundary triplet.

Let IT = {N,I'p,I'x} be a non-negative boundary triplet such that
Dom(Ag) = kerT'k, and Dom(Ar) = ker I'g. In [3] this boundary triplet is called
basic. It is not hard to see that the corresponding to the basic boundary triplet
non-negative t-self-adjoint bi-extension

Ag=A* —T3Tk (6.3)
is such that the quasi-kernel of Ay is Ak. At the same time, A is the quasi-kernel
of the bi-extension Aj = A* + T'xI'p. It follows that Ay = Ag is the minimal
element of P(A). The following theorem is established in [3].

Theorem 6.6. Let I1 = {N,T'r, i} be a basic boundary triplet. Then a boundary
triplet Il = {/\N/', fl, fo} is non-negative if and only if

Iy = X(Tk — Bil'p), Ty = X*"'[(I + BoBy)T'r — BTk,

where By, By are non—migatz've bounded operators in H and X is a linear homeo-
morphism from H onto H.

Theorem 6.6 essentially provides us with another way to describe all non-
negative t-self-adjoint bi-extensions in [H,H_]. Namely, if 1 = {N,Tp, Tk} is a
basic non-negative boundary triplet, then the formula

A= A" —[05(I+ B1Bs) — T} Bo](Tx — BiT), (6.4)

where Bj, By are non-negative bounded operators in H, gives that description.
Formulas (6.3) and (6.4) yield the following expression for quadratic forms

(Af, f) = (Aof, f) +b(f, f), [eH,
where
b(f, f) = (BiLr f.Trf) + (BT f, Tk f) + (Bil'p f, B2BiL'r f)
—2Re (B1l'k f, Bal'k f)
= (|By*Trf|3 + 1By *(BiTr — T fII3-
For the corresponding dual self-adjoint bi-extension

A= A" + (T% —T3B1)((I + BoB1)TF — BoT'k),

ITwo boundary triplets {\,T'1,T0} and {/\7, I, fg} are called equivalent [3] if ker I'y, = ker Ty,
k=0,1.
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we have
(Af, f) = (AL F) = b(f, f),  Vf e,
Set
N =0Np, To=—-A"Pf , T1 =Py, .
One can easily check that {\,T'1,Ty} is a boundary triplet for A*. Clearly
ker(T'g) = Dom(Ap).
Calculating I' and '} one obtains
Iy =R ‘ApPy , I =R 'Py .

Using Theorem 4.11 we get that the domains of all non-negative self-adjoint ex-
tensions A of A takes the form

Dom(A) = {v € Dom(A*) : Tov = UT'1v},
where U is an arbitrary (+)-self-adjoint and non-negative operator in Mg, satis-
fying 0 < U < Wy*, and
Dom(Ag) = {v € Dom(A*) : Tov = Wy 'T'1v}.
Now suppose that Ap and Ak are disjoint (transversal). Then Wy is a densely de-

fined (everywhere defined) in 9t p and (+)-self-adjoint and we can rewrite Dom(Ag)
as

DOHI(AK) = ker(Fl — Wor()).
The operator
Ag = A* —=TF(T; — WoTy)

is t-self-adjoint bi-extension with quasi-kernel Ax and generated by Ap. This is
the minimal element of the set P(A). Then we get the explicit expressions for Ag
and A’ (cf. (4.19)):

Ag = A" =R Ap(P + WoA™ Py ),
Ay = A —RN(P§; — ApWoPs JA*Pgy, .
If Arp and Ak are transversal, then we set
Ip=To=—-A"Pf , Tx =T1—Wolo =Py +WoA* Py .

Consequently, we obtain that {Mp,Tx,Tp} is a basic boundary triplet for A*.
Applying (6.4) we get a complete description of the set of all t-self-adjoint non-
negative bi-extensions of A in [H,,H_] given by the following formula

A=A"—RAp(I + (Wo + B1)Ba) — Ba] [Py, + (Wo + B1)A* Py ],

where By and Bg are an arbitrary (+)-bounded and non-negative self-adjoint op-
erators in p.
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