Operator Theory
Advances and Applications
232

Michael Demuth
Werner Kirsch
Editors

A | Advancesin
P | Partial

D | Differential
E

Equations



%) Birkhauser



Operator Theory: Advances and Applications
Volume 232

Founded in 1979 by Israel Gohberg

Editors:

Joseph A. Ball (Blacksburg, VA, USA)

Harry Dym (Rehovot, Israel)

Marinus A. Kaashoek (Amsterdam, The Netherlands)
Heinz Langer (Vienna, Austria)

Christiane Tretter (Bern, Switzerland)

Associate Editors: Honorary and Advisory Editorial Board:
Vadim Adamyan (Odessa, Ukraine) Lewis A. Coburn (Buffalo, NY, USA)
Albrecht Bottcher (Chemnitz, Germany) Ciprian Foias (College Station, TX, USA)
B. Malcolm Brown (Cardiff, UK) J.William Helton (San Diego, CA, USA)
Raul Curto (Iowa, 1A, USA) Thomas Kailath (Stanford, CA, USA)

Fritz Gesztesy (Columbia, MO, USA) Peter Lancaster (Calgary, Canada)

Pavel Kurasov (Stockholm, Sweden) Peter D. Lax (New York, NY, USA)
Leonid E. Lerer (Haifa, Israel) Donald Sarason (Berkeley, CA, USA)
Vern Paulsen (Houston, TX, USA) Bernd Silbermann (Chemnitz, Germany)
Mihai Putinar (Santa Barbara, CA, USA) Harold Widom (Santa Cruz, CA, USA)

Leiba Rodman (Williamsburg, VA, USA)
Ilya M. Spitkovsky (Williamsburg, VA, USA)

Subseries
Linear Operators and Linear Systems

Subseries editors:

Daniel Alpay (Beer Sheva, Israel)

Birgit Jacob (Wuppertal, Germany)

André C.M. Ran (Amsterdam, The Netherlands)

Subseries
Advances in Partial Differential Equations

Subseries editors:

Bert-Wolfgang Schulze (Potsdam, Germany)
Michael Demuth (Clausthal, Germany)
Jerome A. Goldstein (Memphis, TN, USA)
Nobuyuki Tose (Yokohama, Japan)

Ingo Witt (Gottingen, Germany)



Michael Demuth
Werner Kirsch

Editors

Mathematical Physics,
Spectral Theory and
Stochastic Analysis

Advances in
Partial
Differential
Equations

mo U >

X Birkhduser



Editors

Michael Demuth Werner Kirsch

Institut fur Mathematik Fakultat fur Mathematik und Informatik
TU Clausthal Fernuniversitit Hagen
Clausthal-Zellerfeld Hagen

Germany Germany

ISBN 978-3-0348-0590-2 ISBN 978-3-0348-0591-9 (eBook)

DOI 10.1007/978-3-0348-0591-9
Springer Basel Heidelberg New York Dordrecht London

Library of Congress Control Number: 2013938259
Mathematics Subject Classification (2010): 35Pxx, 47XX, 60Hxx, 81Qxx

© Springer Basel 2013

This work is subject to copyright. All rights are reserved by the Publisher, whether the whole or part of the
material is concerned, specifically the rights of translation, reprinting, reuse of illustrations, recitation,
broadcasting, reproduction on microfilms or in any other physical way, and transmission or information
storage and retrieval, electronic adaptation, computer software, or by similar or dissimilar methodology now
known or hereafter developed. Exempted from this legal reservation are brief excerpts in connection with
reviews or scholarly analysis or material supplied specifically for the purpose of being entered and executed
on a computer system, for exclusive use by the purchaser of the work. Duplication of this publication or parts
thereof is permitted only under the provisions of the Copyright Law of the Publisher’s location, in its current
version, and permission for use must always be obtained from Springer. Permissions for use may be obtained
through RightsLink at the Copyright Clearance Center. Violations are liable to prosecution under the
respective Copyright Law.

The use of general descriptive names, registered names, trademarks, service marks, etc. in this publication
does not imply, even in the absence of a specific statement, that such names are exempt from the relevant
protective laws and regulations and therefore free for general use.

While the advice and information in this book are believed to be true and accurate at the date of publication,
neither the authors nor the editors nor the publisher can accept any legal responsibility for any errors or
omissions that may be made. The publisher makes no warranty, express or implied, with respect to the
material contained herein.

Printed on acid-free paper

Springer Basel is part of Springer Science+Business Media (www.birkhauser-science.com)


http://www.birkhauser-science.com

Contents

Preface ... e

M.S. Ashbaugh, F. Gesztesy, M. Mitrea, R. Shterenberg and G. Teschl
A Survey on the Krein—von Neumann Extension, the Corresponding
Abstract Buckling Problem, and Weyl-type Spectral Asymptotics
for Perturbed Krein Laplacians in Nonsmooth Domains .............

M. Demuth, M. Hansmann and G. Katriel
Eigenvalues of Non-selfadjoint Operators: A Comparison
of Two Approaches ............oiiiiiiii e

P. Ezner
Solvable Models of Resonances and Decays ...................co.o...

M. Gebert and P. Mdiller
Localization for Random Block Operators ...........................

T. Ichinose
Magnetic Relativistic Schrodinger Operators and Imaginary-time
Path Integrals ...... .. e

Y. Pinchover
Some Aspects of Large Time Behavior of the Heat Kernel:
An Overview with Perspectives ............ ... ...






Preface

This volume contains survey articles on various aspects of operator theory and
partial differential operators. These papers are meant as self-contained introduc-
tions to specific fields written by experts for non specialists. They are accessible
for graduate students and young researchers but — we believe — they are also of
interest to scientists already familiar with the respective area.

The topics covered range from differential operators on abstract manifolds to
finite difference operators on a lattice modeling some aspects of impure supercon-
ductors. All of them share a view towards applications in physics.

The idea to collect these contributions arose during a conference organized by
D. Mayer, I. Witt and one of the editors in Goslar (Germany) in September 2011.
But, instead of collecting highly specialized articles on most recent research as for
conference proceedings our focus was on introductory aspects and readability of
up-to-date contributions.

During the Goslar conference mentioned we also had the opportunity to cel-
ebrate the 65th birthday of Michael Demuth. It gives me a great pleasure to wish
him here once more many happy years to come.

October 2012 Werner Kirsch

FernUniversitét in
Hagen (Germany)
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A Survey on the Krein—von Neumann
Extension, the Corresponding Abstract
Buckling Problem, and Weyl-type Spectral
Asymptotics for Perturbed Krein Laplacians
in Nonsmooth Domains

Mark S. Ashbaugh, Fritz Gesztesy, Marius Mitrea,
Roman Shterenberg and Gerald Teschl

Dedicated with great pleasure to Michael Demuth
on the occasion of his 65th birthday

Abstract. In the first (and abstract) part of this survey we prove the uni-
tary equivalence of the inverse of the Krein—von Neumann extension (on the
orthogonal complement of its kernel) of a densely defined, closed, strictly pos-
itive operator, S > eIy for some € > 0 in a Hilbert space H to an abstract
buckling problem operator.

In the concrete case where S = —Algse () in L2(Q;d"z) for Q C R"
an open, bounded (and sufficiently regular) set, this recovers, as a particular
case of a general result due to G. Grubb, that the eigenvalue problem for the
Krein Laplacian Sk (i.e., the Krein—von Neumann extension of S),

Skv =M, A#0,
is in one-to-one correspondence with the problem of the buckling of a clamped
plate,
(=AYu=A—=A)uin Q, X#0, wuec HQ),
where u and v are related via the pair of formulas
u=Sp' (A, v=A"'(=A)u,

with Sr the Friedrichs extension of S.

Based upon work partially supported by the US National Science Foundation under Grant Nos.
DMS-0400639 and FRG-0456306 and the Austrian Science Fund (FWF) under Grant No. Y330.
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This establishes the Krein extension as a natural object in elasticity the-
ory (in analogy to the Friedrichs extension, which found natural applications
in quantum mechanics, elasticity, etc.).

In the second, and principal part of this survey, we study spectral prop-
erties for Hgi o, the Krein—von Neumann extension of the perturbed Laplacian
—A +V (in short, the perturbed Krein Laplacian) defined on C§°(2), where
V is measurable, bounded and nonnegative, in a bounded open set Q C R"
belonging to a class of nonsmooth domains which contains all convex domains,
along with all domains of class C™", r > 1/2. (Contrary to other uses of the
notion of “domain”, a domain in this survey denotes an open set without
any connectivity hypotheses. In addition, by a “smooth domain” we mean
a domain with a sufficiently smooth, typically, a C°°-smooth, boundary.) In
particular, in the aforementioned context we establish the Weyl asymptotic
formula

#{j € N[ Ak.a; <A} = (27) "0a|Q A2 + O /2)/2) a5 X - oo,

where v, = ©"/?/T'((n/2) + 1) denotes the volume of the unit ball in R™, |2
denotes the volume of 2, and Ak o,;, j € N, are the non-zero eigenvalues of
Hg o, listed in increasing order according to their multiplicities. We prove this
formula by showing that the perturbed Krein Laplacian (i.e., the Krein—von
Neumann extension of —A + V defined on C§°(Q2)) is spectrally equivalent
to the buckling of a clamped plate problem, and using an abstract result
of Kozlov from the mid 1980’s. Our work builds on that of Grubb in the
early 1980’s, who has considered similar issues for elliptic operators in smooth
domains, and shows that the question posed by Alonso and Simon in 1980
pertaining to the validity of the above Weyl asymptotic formula continues to
have an affirmative answer in this nonsmooth setting.

We also study certain exterior-type domains Q = R"\K, n > 3, with
K C R"™ compact and vanishing Bessel capacity Bz,2(K) = 0, to prove equality
of Friedrichs and Krein Laplacians in L?(; d™z), that is, —Algse (o) has a
unique nonnegative self-adjoint extension in L?(Q; d"z).

Mathematics Subject Classification (2010). Primary 35J25, 35J40, 35P15; sec-
ondary 35P05, 46E35, 47A10, 47F05.

Keywords. Lipschitz domains, Krein Laplacian, eigenvalues, spectral analysis,
Weyl asymptotics, buckling problem.
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1. Introduction

In connection with the first and abstract part of this survey, the connection between
the Krein—von Neumann extension and an abstract buckling problem, suppose that
S is a densely defined, symmetric, closed operator with nonzero deficiency indices
in a separable complex Hilbert space ‘H that satisfies

S > ely for some € > 0, (1.1)

and denote by Sk and Sp the Krein—von Neumann and Friedrichs extensions of
S, respectively (with Iy the identity operator in H).

Then an abstract version of Proposition 1 in Grubb [97], describing an in-
timate connection between the nonzero eigenvalues of the Krein—von Neumann
extension of an appropriate minimal elliptic differential operator of order 2m,
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m € N, and nonzero eigenvalues of a suitable higher-order buckling problem (cf.
Example 3.5), to be proved in Lemma 3.1, can be summarized as follows:

There exists 0 # v € dom(Sk) satisfying Sxv = Av, A#0, (1.2)
if and only if
there exists a 0 # u € dom(S*S) such that S*Su = ASu, (1.3)

and the solutions v of (1.2) are in one-to-one correspondence with the solutions u
of (1.3) given by the pair of formulas

U = (Sp)flSKv, v=A"1Su. (1.4)

Next, we will go a step further and describe a unitary equivalence result going
beyond the connection between the eigenvalue problems (1.2) and (1.3): Given S,
we introduce the following sesquilinear forms in H,

a(u,v) = (Su, Sv)y, u,v € dom(a)= dom(S), (1.5)
b(u,v) = (u,Sv)y, u,v € dom(b) = dom(S). (1.6)

Then S being densely defined and closed, implies that the sesquilinear form a is
also densely defined and closed, and thus one can introduce the Hilbert space

with associated scalar product
(u,V)w = alu,v) = (Su, Sv)y, u,v € dom(S). (1.8)

Suppressing for simplicity the continuous embedding operator of W into H, we
now introduce the following operator T" in W by

(w1, Twe)w = a(wy, Tws) = b(wy, ws) = (wy, Swa)y, wi,ws € W. (1.9)

One can prove that T is self-adjoint, nonnegative, and bounded and we will call
T the abstract buckling problem operator associated with the Krein—von Neumann
extension Sk of S.

Next, introducing the Hilbert space H by

H = [ker(S*)]* = [T — Peer(s)|H = [Tt — Prer(sie)] H = [ker(Sk)]*,  (1.10)

where Py denotes the orthogonal projection onto the subspace M C H, we intro-
duce the operator

S {WHIH’ (1.11)

w — Sw,

and note that S € B(W, 7-7) maps W unitarily onto H.
Finally, defining the reduced Krein-von Neumann operator Sk in H by

§K = SK‘[kcr(SK)]J- in 7:[\, (1.12)

we can state the principal unitary equivalence result to be proved in Theorem 3.4:
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The inverse of the reduced Krein—von Neumann operator S K in H and the
abstract buckling problem operator T' in W are unitarily equivalent,

~

(Sx) ™' =315 (1.13)

In addition,
~ B - -
(Sx) " =Us[ISI'SISI7'](Us) ™. (1.14)
Here we used the polar decomposition of .S,

S =Us|S|, with |S|=(5S)"/? > eIy, e >0, and Us € B(H,H) unitary,
(1.15)
and one observes that the operator |S|~1S|S|™! € B(H) in (1.14) is self-adjoint
in H.

As discussed at the end of Section 4, one can readily rewrite the abstract
linear pencil buckling eigenvalue problem (1.3), S*Su = ASu, A # 0, in the form
of the standard eigenvalue problem |S|~1S[S|™'w = A~tw, A # 0, w = |S|u, and
hence establish the connection between (1.2), (1.3) and (1.13), (1.14).

As mentioned in the abstract, the concrete case where S is given by S =
—A|C(c]>c(g) in L2(£2;d"x), then yields the spectral equivalence between the inverse

of the reduced Krein—von Neumann extension S x of S and the problem of the
buckling of a clamped plate. More generally, Grubb [97] actually treated the case
where S is generated by an appropriate elliptic differential expression of order 2m,
m € N, and also introduced the higher-order analog of the buckling problem; we
briefly summarize this in Example 3.5.

The results of this connection between an abstract buckling problem and the
Krein—von Neumann extension in Section 3 originally appeared in [30].

Turning to the second and principal part of this survey, the Weyl-type spectral
asymptotics for perturbed Krein Laplacians, let —Ap o be the Dirichlet Laplacian
associated with an open set  C R", and denote by Np q(\) the corresponding
spectral distribution function (i.e., the number of eigenvalues of —Ap o not ex-
ceeding \). The study of the asymptotic behavior of Np o()) as A — oo has been
initiated by Weyl in 1911-1913 (cf. [189], [188], and the references in [190]), in
response to a question posed in 1908 by the physicist Lorentz, pertaining to the
equipartition of energy in statistical mechanics. When n = 2 and €2 is a bounded
domain with a piecewise smooth boundary, Weyl has shown that

prg()\) = Lijr‘ A+ O()\) as A\ — o0, (116)
along with the three-dimensional analogue of (1.16). (We recall our convention to
denote the volume of 2 C R™ by |€2|.) In particular, this allowed him to complete
a partial proof of Rayleigh, going back to 1903. This ground-breaking work has
stimulated a great deal of activity in the intervening years, in which a large num-
ber of authors have provided sharper estimates for the remainder, and considered
more general elliptic operators equipped with a variety of boundary conditions.
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For a general elliptic differential operator A of order 2m (m € N), with smooth co-
efficients, acting on a smooth subdomain 2 of an n-dimensional smooth manifold,
spectral asymptotics of the form

Np.a(A;\) = (2r)™" ( / da / d§> A/@m) L O(AM=D/Em) ag A — oo,
Q af(z,8)<1

(1.17)
where a%(z, &) denotes the principal symbol of A, have then been subsequently
established in increasing generality (a nice exposition can be found in [6]). At
the same time, it has been realized that, as the smoothness of the domain (2
(by which we mean smoothness of the boundary of Q) and the coefficients of
A deteriorate, the degree of detail with which the remainder can be described
decreases accordingly. Indeed, the smoothness of the boundary of the underlying
domain  affects both the nature of the remainder in (1.17), as well as the types
of differential operators and boundary conditions for which such an asymptotic
formula holds. Understanding this correlation then became a central theme of
research. For example, in the case of the Laplacian in an arbitrary bounded, open
subset © of R™, Birman and Solomyak have shown in [40] (see also [41], [42], [43],
[44]) that the following Weyl asymptotic formula holds

Np.a(\) = (27) ", |Q A2 + O(A"/Q) as A — oo, (1.18)

where v,, denotes the volume of the unit ball in R™, and || stands for the n-
dimensional Euclidean volume of €. (Actually, (1.18) extends to unbounded 2
with finite volume |Q|, but this will not be addressed in this survey.) On the
other hand, it is known that (1.18) may fail for the Neumann Laplacian —Ay q.
Furthermore, if @ € (0, 1) then Netrusov and Safarov have proved that

Q € Lip,, implies Np o(\) = (27) "0, |Q| A™/2 + O()\("fa)/Z) as A — oo,

(1.19)
where Lip, is the class of bounded domains whose boundaries can be locally
described by means of graphs of functions satisfying a Holder condition of order «;
this result is sharp. See [149] where this intriguing result (along with others, similar
in spirit) has been obtained. Surprising connections between Weyl’s asymptotic
formula and geometric measure theory have been explored in [57], [109], [128] for
fractal domains. Collectively, this body of work shows that the nature of the Weyl
asymptotic formula is intimately related not only to the geometrical properties of
the domain (as well as the type of boundary conditions), but also to the smoothness
properties of its boundary (the monographs by Ivrii [112] and Safarov and Vassiliev
[167] contain a wealth of information on this circle of ideas).

These considerations are by no means limited to the Laplacian; see [58] for
the case of the Stokes operator, and [39], [45] for the case the Maxwell system
in nonsmooth domains. However, even in the case of the Laplace operator, be-
sides —Ap o and —Ap o there is a multitude of other concrete extensions of the
Laplacian —A on C§°(£2) as a nonnegative, self-adjoint operator in L?(Q;d"z).
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The smallest (in the operator theoretic order sense) such realization has been in-
troduced, in an abstract setting, by M. Krein [124]. Later it was realized that in
the case where the symmetric operator, whose self-adjoint extensions are sought,
has a strictly positive lower bound, Krein’s construction coincides with one that
von Neumann had discussed in his seminal paper [183] in 1929.

For the purpose of this introduction we now briefly recall the construction of
the Krein—von Neumann extension of appropriate L?(;d"x)-realizations of the
differential operator A of order 2m, m € N,

A= > a.()D%, (1.20)

0<al<2m
DY = (=i0/0x1)* - (—i0/0xpn)*™, a=(0q,...,an) € N{, (1.21)
aa(-) €C¥(Q), C™(Q) = (] C*Q), (1.22)

keNp

where ) C R” is a bounded C°*° domain. Introducing the particular L?(Q;d"x)-
realization A. o of A defined by

Acou= Au, u € dom(A.q):=C5(Q), (1.23)

we assume the coefficients a, in A are chosen such that A; o is symmetric,
(u, Acyg’u)[/z(g;dnw) = (AC’QU, ’U)Lz(Q;an), u,v € CgO(Q), (124)

has a (strictly) positive lower bound, that is, there exists kg > 0 such that
(1, Aot 2 ctna) = o il 2agyanays 4 € CE(Q), (1.25)

and is strongly elliptic, that is, there exists x; > 0 such that
a®(x,€) := Re < Z aa(m)fo‘) > ki €7, zeQ, £ ER™ (1.26)
|| =2m

Next, let Amin,0 and Amax.o be the L?(Q; d"x)-realizations of A with domains (cf.
(6], [100})
dom(Apin.0) = HZ™(Q), (1.27)
dom(Amax,0) == {u € L*(Q;d"z) | Au € L*(Q; d"x)}. (1.28)
Throughout this manuscript, H*(2) denotes the L?-based Sobolev space of order
s € Rin Q, and H(Q) is the subspace of H*(R™) consisting of distributions
supported in Q (for s > 1, (s — 1) ¢ N, the space H(f2) can be alternatively

described as the closure of C§° () in H*(2)). Given that the domain € is smooth,
elliptic regularity implies

(Amin,Q)* = Amax,Q and AC,Q = Amin,Q- (129)

Functional analytic considerations (cf. the discussion in Section 2) dictate that the
Krein—von Neumann (sometimes also called the “soft”) extension Ax o of Acqo
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on C§°(Q) is the L?(Q;d"x)-realization of A.q with domain (cf. (2.10) derived
abstractly by Krein)

dom(Ag,) = dom (Ac,q) +ker ((Ac0)*). (1.30)

Above and elsewhere, X+Y denotes the direct sum of two subspaces, X and Y,
of a larger space Z, with the property that X NY = {0}. Thus, granted (1.29), we
have

dom(AKQ) = dOm(AmimQ) —|— keI‘(Amax7Q)

: 1.31
= H3™ () + {u € L*(9;d"x) | Au =0 in Q}. (1.31)

In summary, for domains with smooth boundaries, Ax o is the self-adjoint real-
ization of A, with domain given by (1.31).

Denote by 7ju = (’yf\,u) the Dirichlet trace operator of order m € N

0<j<m—1
(where v denotes the outward unit normal to ©Q and yyu := J,u stands for the
normal derivative, or Neumann trace), and let Ap o be the Dirichlet (sometimes

also called the “hard”) realization of A.q in L*(Q;d"z) with domain
dom(Ap o) := {u € H™(Q) [ypu=0}. (1.32)

Then Ak o, Ap,q are “extremal” in the following sense: Any nonnegative self-
adjoint extension A in L?(Q;d"z) of A.q (cf. (1.23)), necessarily satisfies

Ao <A<Apq (1.33)

in the sense of quadratic forms (cf. the discussion surrounding (2.4)).

Returning to the case where A, o = —A|C(c]>c(g), for a bounded domain €2 with
a C'°°-smooth boundary, 912, the corresponding Krein—von Neumann extension
admits the following description

— Ak ou:=—Au,

1.34
u € dom(—Ag,q) = {v € dom(—Anax,0) | Y8V + Mp N alypv) = 0}, ( )

where Mp n,q is (up to a minus sign) an energy-dependent Dirichlet-to-Neumann
map, or Weyl-Titchmarsh operator for the Laplacian. Compared with (1.31), the
description (1.34) has the advantage of making explicit the boundary condition
implicit in the definition of membership to dom(—Ak o). Nonetheless, as opposed
to the classical Dirichlet and Neumann boundary condition, this turns out to be
nonlocal in nature, as it involves Mp n o which, when 2 is smooth, is a boundary
pseudodifferential operator of order 1. Thus, informally speaking, (1.34) is the
realization of the Laplacian with the boundary condition

Oyu = 0, H(u) on 09, (1.35)

where, given a reasonable function w in 2, H(w) is the harmonic extension of the
Dirichlet boundary trace v%w to Q (cf. (4.15)).

While at first sight the nonlocal boundary condition ynv+Mp na(ypv) =0
in (1.34) for the Krein Laplacian —Ag o may seem familiar from the abstract
approach to self-adjoint extensions of semibounded symmetric operators within
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the theory of boundary value spaces, there are some crucial distinctions in the
concrete case of Laplacians on (nonsmooth) domains which will be delineated at
the end of Section 6.

For rough domains, matters are more delicate as the nature of the boundary
trace operators and the standard elliptic regularity theory are both fundamentally
affected. Following work in [89], here we shall consider the class of quasi-convez
domains. The latter is the subclass of bounded, Lipschitz domains in R™ charac-
terized by the demand that

(i) there exists a sequence of relatively compact, C?-subdomains exhausting the
original domain, and whose second fundamental forms are bounded from
below in a uniform fashion (for a precise formulation see Definition 5.3),

or

(ii) near every boundary point there exists a suitably small § > 0, such that the
boundary is given by the graph of a function ¢ : R*~! — R (suitably rotated
and translated) which is Lipschitz and whose derivative satisfy the pointwise
H'Y2-multiplier condition

n—1

Z ka aksojHHl/?(Rnfl)
= (1.36)

n—1
<8 fillme@n-ry,  froos fao1 € HV2®R™Y),
k=1

See Hypothesis 5.7 for a precise formulation. In particular, (1.36) is automatically
satisfied when w(V,t), the modulus of continuity of Vi at scale t, satisfies the
square-Dini condition (compare to [140], [141], where this type of domain was

introduced and studied),
1
w(Ve;t)\2 dt
/0( s ) . <o (1.37)

In turn, (1.37) is automatically satisfied if the Lipschitz function ¢ is of class C1"
for some r > 1/2. As a result, examples of quasi-convex domains include:

(i) All bounded (geometrically) convex domains.

(ii) All bounded Lipschitz domains satisfying a uniform exterior ball condition
(which, informally speaking, means that a ball of fixed radius can be “rolled”
along the boundary).

(iii) All open sets which are the image of a domain as in (4), (¢¢) above under a
C11-diffeomorphism.

(iv) All bounded domains of class C1" for some r > 1/2.

We note that being quasi-convex is a local property of the boundary. The phi-

losophy behind this concept is that Lipschitz-type singularities are allowed in the
boundary as long as they are directed outwardly (see Figure 1 on p. 43). The
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key feature of this class of domains is the fact that the classical elliptic regularity
property
dom(—Apg) C H*(Q), dom(—Angq)C H*(Q) (1.38)

remains valid. In this vein, it is worth recalling that the presence of a single re-
entrant corner for the domain € invalidates (1.38). All our results in this survey
are actually valid for the class of bounded Lipschitz domains for which (1.38)
holds. Condition (1.38) is, however, a regularity assumption on the boundary of
the Lipschitz domain ) and the class of quasi-convex domains is the largest one
for which we know (1.38) to hold. Under the hypothesis of quasi-convexity, it has
been shown in [89] that the Krein Laplacian —Ag q (i.e., the Krein—von Neumann
extension of the Laplacian —A defined on C§°(€2)) in (1.34) is a well-defined self-
adjoint operator which agrees with the operator constructed using the recipe in
(1.31).

The main issue of this survey is the study of the spectral properties of Hg g,
the Krein—von Neumann extension of the perturbed Laplacian

—A+V on C§°(9), (1.39)

in the case where both the potential V' and the domain € are nonsmooth. As
regards the former, we shall assume that 0 <V € L*(Q;d"z), and we shall assume
that Q@ C R™ is a quasi-convex domain (more on this shortly). In particular, we
wish to clarify the extent to which a Weyl asymptotic formula continues to hold
for this operator. For us, this undertaking was originally inspired by the discussion
by Alonso and Simon in [14]. At the end of that paper, the authors comment to
the effect that “It seems to us that the Krein extension of —A, i.e., —A with
the boundary condition (1.35), is a natural object and therefore worthy of further
study. For example: Are the asymptotics of its nonzero eigenvalues given by Weyl’s
formula?” Subsequently we have learned that when €2 is C*°-smooth this has been
shown to be the case by Grubb in [97]. More specifically, in that paper Grubb
has proved that if Nx q(A; \) denotes the number of nonzero eigenvalues of Ax o
(defined as in (1.31)) not exceeding A, then

Q € C*™ implies Ngo(A; ) = Ca X ™4+ O (A=) a5 ) — 00, (1.40)
where, with a®(x,¢) as in (1.26),

Can = (2#)7"/ d"x/ d"¢ (1.41)
Q a%(z,£)<1
and
1 2
0= max{2 €, +TZ _q }, with € > 0 arbitrary. (1.42)

See also [143], [144], and most recently, [102], where the authors derive a sharpening
of the remainder in (1.40) to any 6 < 1. To show (1.40)—(1.42), Grubb has reduced
the eigenvalue problem

Au = Au, uedom(Axq), A >0, (1.43)
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to the higher-order, elliptic system

A?v =X Av in Q,

YE"w =0 on 98, (1.44)
veC>®(Q).

Then the strategy is to use known asymptotics for the spectral distribution func-
tion of regular elliptic boundary problems, along with perturbation results due
to Birman, Solomyak, and Grubb (see the literature cited in [97] for precise refer-
ences). It should be noted that the fact that the boundary of 2 and the coefficients
of A are smooth plays an important role in Grubb’s proof. First, this is used to en-
sure that (1.29) holds which, in turn, allows for the concrete representation (1.31)
(a formula which in effect lies at the start of the entire theory, as Grubb adopts
this as the definition of the domains of the Krein—von Neumann extension). In
addition, at a more technical level, Lemma 3 in [97] is justified by making appeal
to the theory of pseudo-differential operators on 99, assumed to be an (n — 1)-
dimensional C*° manifold. In our case, that is, when dealing with the Krein—von
Neumann extension of the perturbed Laplacian (1.39), we establish the following
theorem:

Theorem 1.1. Let Q@ C R"™ be a quasi-conver domain, assume that 0 < V €
L>(Q;d"x), and denote by Hk o the Krein—von Neumann extension of the per-
turbed Laplacian (1.39). Then there exists a sequence of numbers

0<Ak01<Ako2< - <Akaj <Akoj+1 <o (1.45)

converging to infinity, with the following properties.

(i) The spectrum of Hk o is given by

o(Hro) = {0} U {Aka,}jen (1.46)
and each number Mg o j, 7 € N, is an eigenvalue for Hi o of finite multiplic-
ity.

(ii) There exists a countable family of orthonormal eigenfunctions for Hy o which

span the orthogonal complement of the kernel of this operator. More precisely,
there exists a collection of functions {w;};en with the following properties:

w; € dOm(HK7Q) and Hyg ow; = Ak o, jw;, 7 €N, (1.47)
(wjvwk)L2(Q;d”w) = 04,k jvk € N7 (148)
L*(Q;d"x) = ker(Hg o) @ lin.span{w;}en,

(orthogonal direct sum).

(1.49)

If V is Lipschitz then w; € HY?(Q) for every j and, in fact, w; € C>®(Q)
for every j if Q is C*™ and V € C>*(Q).
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(iii) The following min-maz principle holds:

A min ( ma ( =4+ V)u”%z(ﬂ;d"r) ))
K,Q,5 — X s
/ W, subspace of Hz(Q2) \ 0FueW; ||VUH%L2(Q;d”m))” + HV1/2UH2 (Q;dna)

72
dim (W) =j
jEN.
(1.50)
(iv) If
0<Apo1<Apa2<---<Apga;<Apaj+ < (1.51)

are the eigenvalues of the perturbed Dirichlet Laplacian —Apq (i.e., the
Friedrichs extension of (1.39) in L?(Q;d"x)), listed according to their mul-
tiplicities, then

0<Apa;<Araj, JEN, (1.52)
Consequently introducing the spectral distribution functions
Nxao\):=#{j eN|Axqa,; <A}, Xe{D K}, (1.53)
one has
Nka(A) < Npa(A). (1.54)

(v) Corresponding to the case V. = 0, the first nonzero eigenvalue /\3?’)971 of
—Ak o satisfies

2
0 0 0 n“ 4+ 8n + 20 0
)‘(D,)Q,Q < )‘EK,)QJ and )‘EK,)Q,z < (n+2)2 EK,)QJ- (1.55)
In addition,

"~ (0 0 4 0 0 0
ZA(K,)Q,jJrl <(n+ 4)>\(K,)sz,1 R 4()\5(,)9,2 - >‘(K,)Q,1) <(n+ 4))‘5(,)9,17 (1.56)
J=1

and

o) © 2 _ 4n+2) o~ o) O]

0 0 0 0 0
()‘K,sz,kﬂ_)‘K,Q,j) < n2 ()‘K,Q,k+1_>‘K,Q,j)>‘K,Q,j keN. (1~57)
=1 =1

Moreover, if Q) is a bounded, convexr domain in R™, then the first two Dirichlet
eigenvalues and the first nonzero eigenvalue of the Krein Laplacian in Q

satisfy
0 0 0
Aplaa € Aan S 4Ap - (1.58)
(vi) The following Weyl asymptotic formula holds:
Ni.a(N) = (21) v, | QA2+ O(AN=/2)/2) g5 X — o0, (1.59)

where, as before, v, denotes the volume of the unit ball in R™, and |Q| stands
for the n-dimensional Fuclidean volume of €.
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This theorem answers the question posed by Alonso and Simon in [14] (which
corresponds to V' = 0), and further extends the work by Grubb in [97] in the sense
that we allow nonsmooth domains and coefficients. To prove this result, we adopt
Grubb’s strategy and show that the eigenvalue problem

(—A+V)u=Au, uedom(Hggq), A>0, (1.60)
is equivalent to the following fourth-order problem
(—A+ V)Y 2w=A(-A+V)w in Q,
ypw = yyw =0 on 9, (1.61)
w € dom(—Apax)-
This is closely related to the so-called problem of the buckling of a clamped plate,
—A?w=XAw in Q,
ypw = yyw =0 on 909, (1.62)
w € dom(—Apax),

to which (1.61) reduces when V' = 0. From a physical point of view, the nature
of the later boundary value problem can be described as follows. In the two-
dimensional setting, the bifurcation problem for a clamped, homogeneous plate in
the shape of 2, with uniform lateral compression on its edges has the eigenvalues
A of the problem (1.61) as its critical points. In particular, the first eigenvalue of
(1.61) is proportional to the load compression at which the plate buckles.

One of the upshots of our work in this context is establishing a definite
connection between the Krein—von Neumann extension of the Laplacian and the
buckling problem (1.62). In contrast to the smooth case, since in our setting the
solution w of (1.61) does not exhibit any extra regularity on the Sobolev scale
H*(Q), s > 0, other than membership to L?(£;d"x), a suitable interpretation of
the boundary conditions in (1.61) should be adopted. (Here we shall rely on the
recent progress from [89] where this issue has been resolved by introducing certain
novel boundary Sobolev spaces, well adapted to the class of Lipschitz domains.)
We nonetheless find this trade-off, between the 2nd-order boundary problem (1.60)
which has nonlocal boundary conditions, and the boundary problem (1.61) which
has local boundary conditions, but is of fourth-order, very useful. The reason is that
(1.61) can be rephrased, in view of (1.38) and related regularity results developed
in [89], in the form of

(A +V)2u=A(-A+V)u in Q, ue HQ). (1.63)

In principle, this opens the door to bringing onto the stage the theory of generalized
eigenvalue problems, that is, operator pencil problems of the form

Tu = \Su, (1.64)

where T and S are certain linear operators in a Hilbert space. Abstract results of
this nature can be found for instance, in [133], [156], [175] (see also [129], [130],
where this is applied to the asymptotic distribution of eigenvalues). We, however,
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find it more convenient to appeal to a version of (1.64) which emphasizes the role
of the symmetric forms

a(u,v) = /Qd"x (~A+V)u(=A+ V), wu,ve HZQ), (1.65)

b(u, v) 5:/d"xVu~Vv+/ A"z V2u V', w0 e H3(Q), (1.66)
Q Q

and reformulate (1.63) as the problem of finding u € HZ(Q2) which satisfies
a(u,v) = Ab(u,v) v € HF(Q). (1.67)

This type of eigenvalue problem, in the language of bilinear forms associated with
differential operators, has been studied by Kozlov in a series of papers [118], [119],
[120]. In particular, in [120], Kozlov has obtained Weyl asymptotic formulas in
the case where the underlying domain € in (1.65) is merely Lipschitz, and the
lower-order coefficients of the quadratic forms (1.65)—(1.66) are only measurable
and bounded (see Theorem 9.1 for a precise formulation). Our demand that the
potential V' is in L°°(Q); d"z) is therefore inherited from Kozlov’s theorem. Based
on this result and the fact that the problems (1.65)—(1.67) and (1.60) are spectral-
equivalent, we can then conclude that (1.59) holds. Formulas (1.55)-(1.57) are
also a byproduct of the connection between (1.60) and (1.61) and known spectral
estimates for the buckling plate problem from [27], [28], [31], [60], [110], [150], [152],
[153]. Similarly, (1.58) for convex domains is based on the connection between
(1.60) and (1.61) and the eigenvalue inequality relating the first eigenvalue of a
fixed membrane and that of the buckling problem for the clamped plate as proven
in [151] (see also [152], [153]).

In closing, we wish to point out that in the C*°-smooth setting, Grubb’s
remainder in (1.40), with the improvement to any 6 < 1 in [102], [143], [144], is
sharper than that in (1.59). However, the main novel feature of our Theorem 1.1
is the low regularity assumptions on the underlying domain €2, and the fact that
we allow a nonsmooth potential V. As was the case with the Weyl asymptotic
formula for the classical Dirichlet and Neumann Laplacians (briefly reviewed at
the beginning of this section), the issue of regularity (or lack thereof) has always
been of considerable importance in this line of work (as early as 1970, Birman and
Solomyak noted in [40] that “there has been recently some interest in obtaining
the classical asymptotic spectral formulas under the weakest possible hypotheses.”).
The interested reader may consult the paper [44] by Birman and Solomyak (see
also [42], [43]), as well as the article [63] by Davies for some very readable, highly
informative surveys underscoring this point (collectively, these papers also contain
more than 500 references concerning this circle of ideas).

We note that the results in Sections 4-6 originally appeared in [89], while
those in Sections 7-11 originally appeared in [29)].

Finally, a notational comment: For obvious reasons in connection with quan-
tum mechanical applications, we will, with a slight abuse of notation, dub —A
(rather than A) as the “Laplacian” in this survey.
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2. The abstract Krein—von Neumann extension

To get started, we briefly elaborate on the notational conventions used throughout
this survey and especially throughout this section which collects abstract material
on the Krein—von Neumann extension. Let H be a separable complex Hilbert space,
(-, )3 the scalar product in H (linear in the second factor), and Iy the identity
operator in H. Next, let T be a linear operator mapping (a subspace of) a Banach
space into another, with dom(7") and ran(7T") denoting the domain and range of T'.
The closure of a closable operator S is denoted by S. The kernel (null space) of T is
denoted by ker(T"). The spectrum, essential spectrum, and resolvent set of a closed
linear operator in H will be denoted by o(-), oess(+), and p(-), respectively. The
Banach spaces of bounded and compact linear operators on H are denoted by B(H)
and B (H), respectively. Similarly, the Schatten—von Neumann (trace) ideals will
subsequently be denoted by B,(H), p € (0,00). The analogous notation B(X7, Xs),
Boo (X1, Xa2), ete., will be used for bounded, compact, etc., operators between two
Banach spaces X} and X5. Moreover, X} < X5 denotes the continuous embedding
of the Banach space X into the Banach space X5. In addition, U; + Uy denotes
the direct sum of the subspaces U; and Uy of a Banach space X; and Vi & V5
represents the orthogonal direct sum of the subspaces Vj, j = 1,2, of a Hilbert
space H.

Throughout this manuscript, if X denotes a Banach space, X* denotes the
adjoint space of continuous conjugate linear functionals on X, that is, the conjugate
dual space of X (rather than the usual dual space of continuous linear functionals
on X). This avoids the well-known awkward distinction between adjoint operators
in Banach and Hilbert spaces (cf., e.g., the pertinent discussion in [71, p. 3, 4]).

Given a reflexive Banach space V and T € B(V,V*), the fact that T is self-
adjoint is defined by the requirement that

V<u,TU>v* = = <TU,U>V = V<U,TU>]}*, u,v €V, (21)

where in this context bar denotes complex conjugation, V* is the conjugate dual
of V, and (-, - )y« stands for the V, V* pairing.
A linear operator S : dom(S) C H — H, is called symmetric, if

(u, Sv)y = (Su,v)y, u,v e dom(S). (2.2)

If dom(S) = H, the classical Hellinger—Toeplitz theorem guarantees that S €
B(H), in which situation S is readily seen to be self-adjoint. In general, however,
symmetry is a considerably weaker property than self-adjointness and a classical
problem in functional analysis is that of determining all self-adjoint extensions
in H of a given unbounded symmetric operator of equal and nonzero deficiency
indices. (Here self-adjointness of an operator S in H, is of course defined as usual
by (§ )* =S .) In this manuscript we will be particularly interested in this question
within the class of densely defined (i.e., dom(S) = H), nonnegative operators (in
fact, in most instances S will even turn out to be strictly positive) and we focus
almost exclusively on self-adjoint extensions that are nonnegative operators. In
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the latter scenario, there are two distinguished constructions which we will briefly
review next.

To set the stage, we recall that a linear operator S : dom(S) C H — H is
called nonnegative provided

(u,Su)yy >0, u € dom(S). (2.3)

(In particular, S is symmetric in this case.) S is called strictly positive, if for some
e >0, (u,Su)y > el|lullj;, v € dom(S). Next, we recall that A < B for two
self-adjoint operators in H if

dom(|A‘1/2) 5 dom(\B\l/z) and
(|A‘1/2u’ UA|A‘1/2U)’H < (|B|1/2U, UB|B|1/2U)H7

where Uc denotes the partial isometry in H in the polar decomposition of a densely
defined closed operator C' in H, C = Uc|C|, |C| = (C*C)*/2. (If in addition, C
is self-adjoint, then Uc and |C| commute.) We also recall ([75, Section 1.6], [114,
Theorem VI1.2.21]) that if A and B are both self-adjoint and nonnegative in H,
then

0< A< B ifand only if (B+aly) ' < (A+aly)" ! foralla>0, (2.5)
(which implies 0 < A2 < BY/?) and
ker(A) = ker (A1/2) (2.6)

(2.4)

u € dom (|B|1/2),

(with C 1/2 the unique nonnegative square root of a nonnegative self-adjoint oper-
ator C' in H).

For simplicity we will always adhere to the conventions that S is a linear,
unbounded, densely defined, nonnegative (i.e., S > 0) operator in H, and that S
has nonzero deficiency indices. In particular,

def(S) = dim(ker(S* — 2Iy)) € NU {0}, 2z € C\[0,00), (2.7)

is well known to be independent of z. Moreover, since S and its closure S have the
same self-adjoint extensions in H, we will without loss of generality assume that
S is closed in the remainder of this section.

The following is a fundamental result to be found in M. Krein’s celebrated
1947 paper [124] (cf. also Theorems 2 and 5-7 in the English summary on page
492):

Theorem 2.1. Assume that S is a densely defined, closed, nonnegative operator
in H. Then, among all nonnegative self-adjoint extensions of S, there exist two
distinguished ones, S and Sg, which are, respectively, the smallest and largest
(in the sense of order between self-adjoint operators, cf. (2.4)) such extension.
Furthermore, a nonnegative self-adjoint operator Sisa self-adjoint extension of S
if and only if S satisfies

Sk <5< Sp. (2.8)

In particular, (2.8) determines Sk and Sp uniquely.
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In addition, if S > eIy for some € > 0, one has Sg > ely, and

dom(Sr) = dom(S) + (Sr) ™! ker(S*), (2.9)
dom(Sk) = dom(S) + ker(S™), (2.10)
dom(S*) = dom(S) 4 (Sr) ! ker(S*) + ker(S*)
= dom(SF) + ker(S™), (2.11)
i particular,
ker(Sk) = ker ((Sk)'/?) = ker(S*) = ran(S)*. (2.12)

Here the operator inequalities in (2.8) are understood in the sense of (2.4)
and hence they can equivalently be written as

(Sp+aly)™* < (§+aIH)71 < (Sg +aly)™! for some (and hence for all) a > 0.
(2.13)

We will call the operator Sk the Krein—von Neumann extension of S. See
[124] and also the discussion in [14], [23], [24]. It should be noted that the Krein-von
Neumann extension was first considered by von Neumann [183] in 1929 in the case
where S is strictly positive, that is, if S > el for some € > 0. (His construction
appears in the proof of Theorem 42 on pages 102-103.) However, von Neumann
did not isolate the extremal property of this extension as described in (2.8) and
(2.13). M. Krein [124], [125] was the first to systematically treat the general case
S > 0 and to study all nonnegative self-adjoint extensions of S, illustrating the
special role of the Friedrichs extension (i.e., the “hard” extension) Sg of S and the
Krein—von Neumann (i.e., the “soft”) extension Sk of S as extremal cases when
considering all nonnegative extensions of S. For a recent exhaustive treatment of
self-adjoint extensions of semibounded operators we refer to [22]-[25].

For classical references on the subject of self-adjoint extensions of semi-
bounded operators (not necessarily restricted to the Krein—von Neumann exten-
sion) we refer to Birman [37], [38], Friedrichs [79], Freudenthal [78], Grubb [94],
[95], Krein [125], Straus [173], and Visik [182] (see also the monographs by Akhiezer
and Glazman [10, Sect. 109], Faris [75, Part III], and the recent book by Grubb
[100, Sect. 13.2]).

An intrinsic description of the Friedrichs extension Sg of S > 0 due to
Freudenthal [78] in 1936 describes Sp as the operator Sy : dom(Sr) C H — H
given by

Sru = S*u,
u € dom(Sp) := {v € dom(S*) | there exists {v;};en C dom(S), (2.14)

with lim [jv; — ][ =0 and ((v; — vk), S(vj — vg))x — 0 as j,k — co}.
j—o0
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Then, as is well known,
Sp >0, (2.15)
dom ((SF)I/Q) = {v € H | there exists {v;}jen C dom(5), (2.16)

with lim [Jv; — v[|s =0 and ((v; — vk), S(v; — vk))n — 0 as j, k — oo},
j—o0

and
SF = S*‘dom(s*)ﬂdom((SF)l/z)' (217)
Equations (2.16) and (2.17) are intimately related to the definition of Sg via
(the closure of) the sesquilinear form generated by S as follows: One introduces
the sesquilinear form

QS(f7g) = (f7Sg)7"l> f7g€d0m(QS) :dom(S) (218)
Since S > 0, the form gg is closable and we denote by Qg the closure of gg.
Then Qg > 0 is densely defined and closed. By the first and second representation
theorem for forms (cf., e.g., [114, Sect. 6.2]), Qg is uniquely associated with a
nonnegative, self-adjoint operator in 7. This operator is precisely the Friedrichs
extension, Sy > 0, of S, and hence,

Qs(f.9) = (f,Srg)n, [ € dom(Qs), g € dom(Sp),
dom(Qs) = dom ((Sr)"/?).

An intrinsic description of the Krein—von Neumann extension Sx of S > 0
has been given by Ando and Nishio [16] in 1970, where Sk has been characterized
as the operator Sk : dom(Sk) C H — H given by

Sku = S*u,

u € dom(Sk) := {v € dom(S*) | there exists {v;}jen C dom(S), (2.20)

(2.19)

with lim |[Sv; — S*v|ly = 0 and ((v; — vk), S(v; — vi))u — 0 as j, k — oo }.
j—o0

By (2.14) one observes that shifting S by a constant commutes with the
operation of taking the Friedrichs extension of S, that is, for any c € R,

(S + C]H)F = Sr + cly, (221)

but by (2.20), the analog of (2.21) for the Krein—von Neumann extension Sk fails.
At this point we recall a result due to Makarov and Tsekanovskii [134], con-
cerning symmetries (e.g., the rotational symmetry exploited in Section 11), and
more generally, a scale invariance, shared by S, S*, Sg, and Sk (see also [105]).
Actually, we will prove a slight extension of the principal result in [134]:

Proposition 2.2. Let p > 0, suppose that V,V =1 € B(H), and assume S to be a
densely defined, closed, nonnegative operator in H satisfying

VSVt = uS, (2.22)
and

VSVt = (V*)TLSV* (or equivalently, (V*V) 1S(V*V) = S). (2.23)
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Then also S*, Sg, and Sk satisfy

(V*V)TIS*(V*V) = 8*, VSVl =puS*, (2.24)
(V*V)LSp(V*V) = Sp, VSpV™! = uSp, (2.25)
(V*V) 'Sk (V*V) = Sk, VSgV ™= uSk. (2.26)

Proof. Applying [185, p. 73, 74], (2.22) yields VSV~! = (V*)"1SV*. The lat-
ter relation is equivalent to (V*V)~1S(V*V) = S and hence also equivalent to
(V*V)S(V*V)~1 = S. Taking adjoints (and applying [185, p. 73, 74] again) then
yields (V*)715*V* = V.§*V~1L; the latter is equivalent to (V*V)~18*(V*V) = §*
and hence also equivalent to (V*V)S*(V*V)~! = S. Replacing S and S* by
(V*V)=LS(V*V) and (V*V)~18*(V*V), respectively, in (2.14), and subsequently,
in (2.20), then yields that

(V*V)LSp(V*V) = Sp and (V*V) 'Sk (V*V) = Sk. (2.27)
The latter are of course equivalent to
(V*V)Sp(V*V) ™t = Sp and (V*V)Sg(V*V) ™! = Sk. (2.28)

Finally, replacing S by VSV~! and S* by VS*V~! in (2.14) then proves
VSEV~! = uSp. Performing the same replacement in (2.20) yields V.SV ~—1 =
,uSK. O

If in addition, V' is unitary (implying V*V = I), Proposition 2.2 immedi-
ately reduces to [134, Theorem 2.2]. In this special case one can also provide a
quick alternative proof by directly invoking the inequalities (2.13) and the fact
that they are preserved under unitary equivalence.

Similarly to Proposition 2.2, the following results also immediately follow
from the characterizations (2.14) and (2.20) of S and Sk, respectively:

Proposition 2.3. Let U: Hi — Ha be unitary from Hy onto Ho and assume S to be
a densely defined, closed, nonnegative operator in Hi with adjoint S*, Friedrichs
extension Sg, and Krein—von Neumann extension Sk in Hip, respectively. Then
the adjoint, Friedrichs extension, and Krein—von Neumann extension of the non-
negative, closed, densely defined, symmetric operator USU ' in Ha are given by

[USUTN* =UuS* U™, [USU ' p=USpU™, [USU g =USxU™!
(2.29)
in Ha, respectively.
Proposition 2.4. Let J C N be some countable index set and consider H =
EBjeJ'Hj and S = @jeJ S;, where each S; is a densely defined, closed, non-

negative operator in H;, j € J. Denoting by (S;)r and (Sj)k the Friedrichs and
Krein—von Neumann extension of S; in H;, j € J, one infers

S =S, k= S)r, Sk =EP (S)x- (2.30)

JjeJ JjeJ JjeJ
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The following is a consequence of a slightly more general result formulated
in [16, Theorem 1]:

Proposition 2.5. Let S be a densely defined, closed, nonnegative operator in H.
Then Sk, the Krein—von Neumann extension of S, has the property that

S’U)H|2
dom ((Sk)'/? {UE’H sup |, < 400 ¢, 2.31
(( K) ) vEdom(S) (U7SU)H ( )
and
2
H(SK)l/QuHiL: sup ((, Sv)u] u € dom ((Sk)'/?). (2.32)

vedom(S) (’U,S’U)H ’

A word of explanation is in order here: Given S > 0 as in the statement of
Proposition 2.5, the Cauchy—Schwarz-type inequality

|(u, Sv)x|* < (u, Su)y (v, Sv)3, u,v € dom(S), (2.33)
shows (due to the fact that dom(S) < H densely) that
u € dom(S) and (u,Su)y =0 imply Su = 0. (2.34)

Thus, whenever the denominator of the fractions appearing in (2.31), (2.32) van-
ishes, so does the numerator, and one interprets 0/0 as being zero in (2.31), (2.32).

We continue by recording an abstract result regarding the parametrization of
all nonnegative self-adjoint extensions of a given strictly positive, densely defined,
symmetric operator. The following results were developed from Krein [124], Visik
[182], and Birman [37], by Grubb [94], [95]. Subsequent expositions are due to
Faris [75, Sect. 15], Alonso and Simon [14] (in the present form, the next theorem
appears in [89]), and Derkach and Malamud [65], [135]. We start by collecting our
basic assumptions:

Hypothesis 2.6. Suppose that S is a densely defined, symmetric, closed operator
with nonzero deficiency indices in H that satisfies

S > ely for some e > 0. (2.35)

Theorem 2.7. Suppose Hypothesis 2.6. Then there exists a one-to-one correspon-
dence between nonnegative self-adjoint operators 0 < B : dom(B) C W — W,
dom(B) = W, where W is a closed subspace of Ny := ker(S*), and nonnega-
tive self-adjoint extensions Spw > 0 of S. More specifically, Sr is invertible,
Sg > ely, and one has

dom(Sp,w) = {f + (Sp) " (Bw+n) +w|
f € dom(S), w € dom(B), n € Non W1,
SB,W = S*‘dom(SB,Wﬁ (236)
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where W denotes the orthogonal complement of W in Ny. In addition,

dom ((Sgyw)l/z) = dom ((SF)I/Q) + dom (81/2) (2.37)
[(S5w)" 2+ 9)lly, = [1(52)  2ully, + [| B2, (2.38)
u € dom ((SF)I/z), g € dom (Bl/z),
mmplying,
ker(Sp w) = ker(B). (2.39)
Moreover,
B < B implies Sg w < S5 (2.40)
where
B: dom(B) CW =W, B: dom(B) CW — W,
(2.41)

dom() WCW= dom(B).

In the above scheme, the Krein—von Neumann extension Sk of S corresponds
to the choice W = Ny and B = 0 (with dom(B) = dom (B'/2) = Ny = ker(S*)).
In particular, one thus recovers (2.10), and (2.12), and also obtains

dom ((Sx)'/?) = dom ((Sr)/?) + ker(S*), (2.42)
H(SK)l/Q(u +g)Hi = H(SF)1/2UH§-L’ u € dom ((Sp)'/?), g € ker(S*). (2.43)
Finally, the Friedrichs extension S corresponds to the choice dom(B) = {0} (i.e.,

formally, B = c0), in which case one recovers (2.9).

The relation B < B in the case where W ; W requires an explanation: In
analogy to (2.4) we mean

(|B|1/2u,UB|B|1/2u)W < (\E\l/zu, UE\E\l/zu)W, u € dom (\E\l/z) (2.44)
and (following [14]) we put
(IB|Y?u, Ugs|B|Y?u)yy = oo for u € W\ dom (|B|*/?). (2.45)

For subsequent purposes we also note that under the assumptions on S in
Hypothesis 2.6, one has

dim(ker(S™ — z1y)) = dim(ker(S™)) = dim(Np) = def(S), z € C\[e,00). (2.46)

The following result is a simple consequence of (2.10), (2.9), and (2.20), but
since it seems not to have been explicitly stated in [124], we provide the short proof
for completeness (see also [135, Remark 3]). First we recall that two self-adjoint
extensions S1 and Sy of S are called relatively prime if dom(S;) N dom(Sz2) =
dom(S).

Lemma 2.8. Suppose Hypothesis 2.6. Then Sp and Sk are relatively prime, that is,
dom(Sp) Ndom(Sk) = dom(S). (2.47)
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Proof. By (2.9) and (2.10) it suffices to prove that ker(S*)N(Sp)~! ker(S*) = {0}.
Let fo € ker(S*) N (Sg)~tker(S*). Then S*fy = 0 and fo = (Sr) " 1go for some
go € ker(S*). Thus one concludes that fy € dom(Sp) and Srfo = go. But Sp =
S*|d0m(SF) and hence g9 = Spfo = S*fo = 0. Since gy = 0 one finally obtains
fo=0. 0

Next, we consider a self-adjoint operator
T:dom(T)CH—-H, T=T" (2.48)
which is bounded from below, that is, there exists a € R such that
T > aly. (2.49)

We denote by {E7(A)}aer the family of strongly right-continuous spectral pro-
jections of T, and introduce, as usual, Er((a,b)) = Er(b_) — Er(a), Er(b-) =
s-limg g Ep(b—€), —00 < a < b. In addition, we set

pr,j = inf {\ € R| dim(ran(Er((—o0,\)))) > j}, j€N. (2.50)
Then, for fixed k € N, either:

(i) prk is the kth eigenvalue of T' counting multiplicity below the bottom of the
essential spectrum, oess(T"), of T,

or,
(ii) prk is the bottom of the essential spectrum of T,
pri =nf{A € R| X € gess (1)}, (2.51)
and in that case pr x40 = pir i, £ € N, and there are at most k—1 eigenvalues
(counting multiplicity) of T' below pr .

We now record a basic result of M. Krein [124] with an important extension
due to Alonso and Simon [14] and some additional results recently derived in [30].

For this purpose we introduce the reduced Krein-von Neumann operator Sk in the
Hilbert space (cf. (2.12))

H = [ker(S)]* = [T = Pror(s)]H = [T = Prersi)] 1 = [ker(Sic)]*,  (2.52)
by
Skt = Skl er(se ) (2.53)

= Sk[I1 — Prer(si)] 0 [ — Prer(si)|H

. 2.54
= [l — Prer(si))SEIH — Prer(sx)] 1[I — Prer(sio)|H, (2:54)

where Pye,(s,) denotes the orthogonal projection onto ker(Sg ) and we are alluding
to the orthogonal direct sum decomposition of H into

H= Pkcr(SK)H @ [IH - Pkcr(SK)]%' (255)
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We continue with the following elementary observation:

Lemma 2.9. Assume Hypothesis 2.6 and let v € dom(Sk ). Then the decomposition,
dom(Sk) = dom(S) + ker(S*) (¢f. (2.10)), leads to the following decomposition of

/1]7
v =(Sp) " 'Skv +w, where (Sr) ' Skv € dom(S) and w € ker(S*).  (2.56)

As a consequence,
~ 1 B
(Sk) = It — Prer(sl(Sr) Iy - Prer(sio)l- (2.57)

We note that equation (2.57) was proved by Krein in his seminal paper [124]
(cf. the proof of Theorem 26 in [124]). For a different proof of Krein’s formula
(2.57) and its generalization to the case of non-negative operators, see also [135,
Corollary 5].

Theorem 2.10. Suppose Hypothesis 2.6. Then,
€< pspj Shg, ;o JEN (2.58)

In particular, if the Friedrichs extension Sgp of S has purely discrete spectrum,
then, except possibly for A = 0, the Krein—von Neumann extension Sk of S also
has purely discrete spectrum in (0,00), that is,

Oess(SF) = 0 implies 0ess(Sk)\{0} = 0. (2.59)
In addition, let p € (0,00) U {0}, then
(Sp — 20I3) " € By(H) for some zy € C\[g,0)
implies (S — zI3) "Iy — Pier(sx)) € Bp(H) for all z € C\[e, 00).

In fact, the (P(N)-based trace ideals B,(H) of B(H) can be replaced by any two-sided
symmetrically normed ideals of B(H).

(2.60)

We note that (2.59) is a classical result of Krein [124], the more general
fact (2.58) has not been mentioned explicitly in Krein’s paper [124], although it
immediately follows from the minimax principle and Krein’s formula (2.57). On the
other hand, in the special case def(S) < oo, Krein states an extension of (2.58) in
his Remark 8.1 in the sense that he also considers self-adjoint extensions different
from the Krein extension. Apparently, (2.58) in the context of infinite deficiency
indices has first been proven by Alonso and Simon [14] by a somewhat different
method. Relation (2.60) was recently proved in [30] for p € (0, c0).

Concluding this section, we point out that a great variety of additional results
for the Krein—von Neumann extension can be found, for instance, in [10, Sect. 109],
[14], [16]-[18], [19, Chs. 9, 10], [20]-[25], [30], [49], [65], [66], [75, Part III}, [76],
[77], [82, Sect. 3.3], [89], [97], [102], [103], [105]-[108], [116], [117, Ch. 3], [126],
[127], [148], [160], [168]-[170], [172], [178], [179], [181], and the references therein.
We also mention the references [72]-[74] (these authors, apparently unaware of the
work of von Neumann, Krein, Vighik, Birman, Grubb, Strauss, etc., in this context,
introduced the Krein Laplacian and called it the harmonic operator, see also [98]).
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3. The abstract Krein—von Neumann extension and its connection
to an abstract buckling problem

In this section we describe some results on the Krein—von Neumann extension
which exhibit the latter as a natural object in elasticity theory by relating it to an
abstract buckling problem. The results of this section appeared in [30].

We note that (2.59) is a classical result of Krein [124], the more general
fact (2.58) has not been mentioned explicitly in Krein’s paper [124], although it
immediately follows from the minimax principle and Krein’s formula (2.57). On the
other hand, in the special case def(S) < oo, Krein states an extension of (2.58) in
his Remark 8.1 in the sense that he also considers self-adjoint extensions different
from the Krein extension. Apparently, (2.58) has first been proven by Alonso and
Simon [14] by a somewhat different method. For a great variety of additional
results on the Krein—von Neumann extension we refer to the very extensive list of
references in [25], [29], and [106].

Next, we turn to the principal result of this section, the unitary equivalence of
the inverse of the Krein—von Neumann extension (on the orthogonal complement
of its kernel) of a densely defined, closed, operator S satisfying S > eIy for some
e > 0, in a complex separable Hilbert space H to an abstract buckling problem
operator.

We start by introducing an abstract version of Proposition 1 in Grubb’s paper
[97] devoted to Krein—von Neumann extensions of even order elliptic differential
operators on bounded domains:

Lemma 3.1. Assume Hypothesis 2.6 and let X\ # 0. Then there exists 0 # v €
dom(Sk) with

Skv=2Av (3.1)
if and only if there exists 0 # u € dom(S*S) such that
S*Su = ASu. (3.2)

In particular, the solutions v of (3.1) are in one-to-one correspondence with the
solutions u of (3.2) given by the formulas

u=(Sp) ' Skv, (3.3)
v=\"1Su. (3.4)
Of course, since Sx >0, any A # 0 in (3.1) and (3.2) necessarily satisfies A > 0.

Proof. Let Sxv = Av, v € dom(Sk), A # 0, and v = u + w, with u € dom(S) and
w € ker(S*). Then,

Srv =M < v=A19v=A"1Su=2""'9u. (3.5)
Moreover, © = 0 implies v = 0 and clearly v = 0 implies ©u = w = 0, hence v # 0
if and only if u # 0. In addition, u = (Sg)~!Skv by (2.56). Finally,
Aw = Su — Au € ker(S™) implies

3.6
0=AS"w = S*"(Su— Au) = S*Su— AS*u = S*Su — ASu. (36)
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Conversely, suppose u € dom(S*S) and S*Su = ASu, A # 0. Introducing v =
A~1Su, then v € dom(S*) and

S*v = A"18*Su = Su = \v. (3.7)
Noticing that
S*Su = ASu = AS*u implies S*(S — A3 )u = 0, (3.8)
and hence (S — Ay )u € ker(S™*), rewriting v as
v=u-+A"S — Ay)u (3.9)
then proves that also v € dom(Sk), using (2.10) again. O

Due to Example 3.5 and Remark 3.6 at the end of this section, we will call
the linear pencil eigenvalue problem S*Su = ASu in (3.2) the abstract buckling
problem associated with the Krein—von Neumann extension Si of S.

Next, we turn to a variational formulation of the correspondence between the
inverse of the reduced Krein extension S x and the abstract buckling problem in
terms of appropriate sesquilinear forms by following the treatment of Kozlov [118]—
[120] in the context of elliptic partial differential operators. This will then lead to
an even stronger connection between the Krein—von Neumann extension Sk of S
and the associated abstract buckling eigenvalue problem (3.2), culminating in a
unitary equivalence result in Theorem 3.4.

Given the operator S, we introduce the following sesquilinear forms in H,

a(u,v) = (Su, Sv)y, u,v € dom(a) = dom(S), (3.10)
b(u,v) = (u,Sv)y, u,v € dom(b) = dom(S). (3.11)

Then S being densely defined and closed implies that the sesquilinear form a shares
these properties and (2.35) implies its boundedness from below,

a(u,u) > *|ull3;, u € dom(S). (3.12)

Thus, one can introduce the Hilbert space W = (dom(S), (-, -)y) with associated
scalar product

(u,v)w = a(u,v) = (Su, Sv)y, u,v € dom(S). (3.13)
In addition, we denote by ¢y the continuous embedding operator of VW into H,
w W — H. (3.14)

Hence we will use the notation
(w1, w2)w = albywwr, tyws) = (Stywy, Stywwa)y, w1, we €W, (3.15)

in the following.

Given the sesquilinear forms a and b and the Hilbert space W, we next define
the operator T in W by

(wl, ng)w = CL(Lle, LwT’wg) = (SLle, SbwT’wg)H

3.16
= b(Lle, wag) = (wal, SLng)H, w1, W € W. ( )
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(In contrast to the informality of our introduction, we now explicitly write the
embedding operator tyy.) One verifies that T" is well defined and that
(w1, Twa)w| < [owwr |3 Sowwsl < e Hwillwllwallw, w1, ws €W, (3.17)
and hence that
0<T=T*€BW), |[T|sw)<e " (3.18)
For reasons to become clear at the end of this section, we will call T' the abstract
buckling problem operator associated with the Krein—von Neumann extension Sk
of S.
Next, recalling the notation H = [ker(S*)]* = [Ty — Paer(s+)|H (cf. (2.52)),
we introduce the operator

5 {W%IH’ (3.19)
w — Supyw,
and note that N R
ran (S) = ran(S) =, (3.20)

since S > eIy for some € > 0 and S is closed in H (see, e.g., [185, Theorem 5.32]).
In fact, one has the following result:

Lemma 3.2. Assume Hypothesis 2.6. Then Se B(W, ﬁ) maps YW unitarily onto H.

Proof. Clearly S is an isometry since
ngH;Q = ||SLWwH?—L = |wllw, weW. (3.21)
Since ran (§) — H by (3.20), S is unitary. O
Next we recall the definition of the reduced Krein—von Neumann operator

Sk in 7 defined in (2.54), the fact that ker(S*) = ker(Sx) by (2.12), and state
the following auxiliary result:

Lemma 3.3. Assume Hypothesis 2.6. Then the map
[I3 — Prer(s+)] : dom(S) — dom (Sk) (3.22)

18 a bijection. In addition, we note that
[I3¢ — Prer(s=)] Sku = Sk [T — Prer(s=)|Ju = Sk [T — Prer(s)]u

= [IH — Pker(s*)]Su = Su € 7?, u € dom(S).

Proof. Let u € dom(S), then ker(S*) = ker(Sk) implies that [Iyy — Pier(s+)|u €
dom(Sk) and of course [IH — Pker(s*)]u € dom (§K) To prove injectivity of the
map (3.22) it suffices to assume v € dom(S) and [IH — Pkcr(s*)]v = 0. Then
dom(S) > v = Per(s+)v € ker(S*) yields v = 0 as dom(S) N ker(S*) = {0}. To

prove surjectivity of the map (3.22) we suppose v € dom (§ k). The decomposition,
u=f+ g with f € dom(S) and g € ker(S*), then yields

u = [In — Peer(s+)|u = [Tt — Prex(s)] f € [Tt — Prex(s+)] dom(S) (3.24)

and hence proves surjectivity of (3.22).

(3.23)
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Equation (3.23) is clear from

Sk [T — Prer(s+)] = [T — Prex(s+)| Sk (3.25)
= [IH - Pkcr(S*)]SK [IH - Pkcr(S*)] . U
Continuing, we briefly recall the polar decomposition of S,
S ="UslS|, (3.26)
with
S| = (S*S)Y/? > eIy, e >0, Us € B(H,H) is unitary. (3.27)

At this point we are in position to state our principal unitary equivalence
result:

Theorem 3.4. Assume Hypotheszs 2.6. Then the inverse of the reduced Krein—von

Neumann extension SK inH = [ — Per(s= ]7—[ and the abstract buckling problem
operator T' in W are unitarily equivalent, in particular,
(Sx) ™' =31(5)". (3.28)

Moreover, one has
(Sx) ™" = Us[ISI71SIS| 7 (Us) L, (3.29)

where Ug € B(’H,?—Al) is the unitary operator in the polar decomposition (3.26) of
S and the operator |S|71S|S|™1 € B(H) is self-adjoint in H.

Proof. Let wy,ws € W. Then,
(wr. (8) ™ (Sx) ' 8u),y = (Sun. (Sx) ™' Bun)
) Swl,Swg) ((SK> ISLle,ng)ﬁ
S\K)i [I’H — Pker(s*)]sbw'lUl,S\wQ)ﬁ by (323)
)'S

Sk [Ir — Prex(s+))twwi, Swz) 5 again by (3.23)

IH Pkcr(S )]wa1,§w2)ﬁ

wy, Tws) by definition of T in (3.16), (3.30)

w
yields (3.28). In addition one verifies that

(§w1, (§K)71§w2) =
H

(wl,ng)W
wal,SLWwQ)H

S| 1S |ewws, SIS| 7S owws),,,
|Slowws, [18]7181S17H][S|ewws),,

( SLle, US‘ 1S‘S| 1](Us) SLng)

(
(
(
(

H
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= (Sowwr, Us[|S|71S[S| 7] (Us)*Suwwa) ,,
= (Sw1, Us[|SI7SIS| ] (Us)* Swa) 5 » (3.31)
where we used |S| = (Ug)*S. O

Equation (3.29) is of course motivated by rewriting the abstract linear pencil
buckling eigenvalue problem (3.2), S*Su = ASu, A # 0, in the form

ATLS*Su = ATH(S*9)2[(S*S)2u] = S(S*S)~2[(S*S) ] (3.32)
and hence in the form of a standard eigenvalue problem
1S|71S)|S| " lw = A w, A #0, w=|S|u. (3.33)

We conclude this section with a concrete example discussed explicitly in
Grubb [97] (see also [94]-[96] for necessary background) and make the explicit
connection with the buckling problem. It was this example which greatly moti-
vated the abstract results in this note:

Example 3.5. ([97].) Let H = L?(Q;d"z), with  C R™, n > 2, open, bounded,
and smooth (i.e., with a smooth boundary 92), and consider the minimal operator
realization S of the differential expression . in L?(Q2;d"z), defined by

Su = Su, (3.34)
u € dom(S) = H3™(Q) = {v € H*"(Q) | v =0,0<k <2m—1}, meN,
where

S = Y a.()D% (3.35)

0<|a<2m
D% = (=i0/0x1)* - - - (—i0/0xp)*", a = (aq,...,an) € Ny, (3.36)
aq(’) €C™(Q), C™(Q) = () C*Q), (3.37)

keNg

and the coefficients a,, are chosen such that S is symmetric in L?(R"; d"x), that
is, the differential expression .# is formally self-adjoint,

(Yu,v)Lz(Rn;dnx) = (u,yv)Lz(Rn;d%), u,v € Cgo(Q), (338)
and . is strongly elliptic, that is, for some ¢ > 0,
Re( > aa(x)§a> >cle)P™, zeQ, £ eR (3.39)
|a]=2m

In addition, we assume that S > elp2(q,qny) for some € > 0. The trace operators
v are defined as follows: Consider
) {COO(Q) — C=(09)
Vi

3.40
u +— (8,’§u)\39, ( )
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with 0,, denoting the interior normal derivative. The map 4 then extends by con-
tinuity to a bounded operator

i H(Q) = H7F=W29Q), s> k4 (1/2), (3.41)
in addition, the map
Y = (yore ) s HAQ) = [ HTF02(00), s>r+(1/2), (342)

k=0
satisfies

ker (v7)) = H3(Q), ran (v)) = [ #*~" /2 (69). (3.43)
k=0
Then S*, the maximal operator realization of . in L?(2;d"x), is given by

S*u=Su, uedom(S*)={vel*Qd"z)|SveL*Qd"x)}, (3.44)
and S is characterized by
Spu=Su, wuedom(Sp)={veH™Q)|nv=00<k<m-—1}. (3.45)

The Krein—von Neumann extension Sk of S then has the domain

dom(Sk) = HF™ () + ker(S*), dim(ker(S*)) = oo, (3.46)
and elements u € dom(Sk) satisfy the nonlocal boundary condition
INU = Pyp v =0, (3.47)
You = (YoUy « -, Ym—1%), YNU= (YU, ..., Yom—1u), u € dom(Sk), (3.48)
where
m—1
Py =z s [T H7F2(09)
k=0
2m—1
— H H*=7=(/2)(9Q) continuously for all s € R, (3.49)
Jj=m

and 'ygl denotes the inverse of the isomorphism -z given by

Yp 1 ZY — Wi‘[l H*~k=1/2) (90, (3.50)
k=0
Z% ={ue H*(Q) | Zu=0in Q in the sense of
distributions in D'(Q)}, s €R. (3.51)
Moreover one has
(g)_l = LW[IH - PWD,’YN’YD](E\K)_l, (352)
since [Ty — Py, ynYp)dom(Sk) € dom(S) and S[Iy — Py, yyYDJv = Av, v €

dom(Sk).
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As discussed in detail in Grubb [97],
Uess(SK) = {0}7 U(SK) N (07 OO) = Ud(SK) (353)

and the nonzero (and hence discrete) eigenvalues of Sk satisfy a Weyl-type asymp-
totics. The connection to a higher-order buckling eigenvalue problem established
by Grubb then reads

There exists 0 # v € dom(Sk) satisfying Sv =AM in Q, A#0 (3.54)
if and only if

F2u=1Fuin Q, N#0,

(3.55)
yeu=0,0<k<2m-—1,

there exists 0 # u € C*°(Q) such that {

where the solutions v of (3.54) are in one-to-one correspondence with the solutions
u of (3.55) via
u= Sz S, v=\1Su. (3.56)

Since Sg has purely discrete spectrum in Example 3.5, we note that Theorem
2.10 applies in this case.

Remark 3.6. In the particular case m = 1 and . = —A, the linear pencil eigen-
value problem (3.55) (i.e., the concrete analog of the abstract buckling eigenvalue
problem S*Su = ASu, A # 0, in (3.2)), then yields the buckling of a clamped plate
problem,

(=A)u=\N~-A)u in Q, AN#0, uec H (), (3.57)
as distributions in H~2(Q). Here we used the fact that for any nonempty bounded
open set @ C R", n € N, n > 2, (—A)™ € B(H*(Q), H*~2™(Q)), k € Z, m € N.
In addition, if ) is a Lipschitz domain, then one has that —A: H}(Q) — H~1(Q)
is an isomorphism and similarly, (—A)%: HZ(Q2) — H~2(Q) is an isomorphism.
(For the natural norms on H¥(2), k € Z, see, e.g., [142, p. 73-75].) We refer,
for instance, to [36, Sect. 4.3B] for a derivation of (3.57) from the fourth-order
system of quasilinear von Kéarman partial differential equations. To be precise,
(3.57) should also be considered in the special case n = 2.

Remark 3.7. We emphasize that the smoothness hypotheses on 92 can be relaxed
in the special case of the second-order Schrodinger operator associated with the
differential expression —A + V, where V € L*(Q;d"x) is real valued: Following
the treatment of self-adjoint extensions of S = (=A + V)|gz(q) on quasi-convex
domains 2 introduced in [89], and recalled in Section 6, the case of the Krein—von
Neumann extension Sk of S on such quasi-convex domains (which are close to
minimally smooth) is treated in great detail in [29] and in the remainder of this
survey (cf. Section 7). In particular, a Weyl-type asymptotics of the associated
(nonzero) eigenvalues of Sk, to be discussed in Section 9, has been proven in [29].
In the higher-order smooth case described in Example 3.5, a Weyl-type asymptotic
for the nonzero eigenvalues of Sk has been proven by Grubb [97] in 1983.
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4. Trace theory in Lipschitz domains

In this section we shall review material pertaining to analysis in Lipschitz domains,
starting with Dirichlet and Neumann boundary traces in Subsection 4.1, and then
continuing with a brief survey of perturbed Dirichlet and Neumann Laplacians in
Subsection 4.2.

4.1. Dirichlet and Neumann traces in Lipschitz domains

The goal of this subsection is to introduce the relevant material pertaining to
Sobolev spaces H*(§2) and H"(9€) corresponding to subdomains © of R", n € N,
and discuss various trace results.

Before we focus primarily on bounded Lipschitz domains (we recall our use
of “domain” as an open subset of R™, without any connectivity hypotheses), we
briefly recall some basic facts in connection with Sobolev spaces corresponding to
open sets Q C R™, n € N: For an arbitrary m € NU {0}, we follow the customary
way of defining L2-Sobolev spaces of order +m in 2 as

H™Q) :={u e L*(Q;d"z) | 0%u € L*(Q;d"z), 0 < |a| < m}, (4.1)

H™™(Q) = {u e D (Q)

U= Z 0%Uq, with u, € L3(Q;d"z), 0 < |a| < m},
0<lal<m

(4.2)

equipped with natural norms (cf., e.g., [2, Ch. 3], [137, Ch. 1]). Here D’(2) denotes
the usual set of distributions on 2 C R™. Then we set

H{*(Q2) := the closure of C§°(Q2) in H™(2), m € NU{0}. (4.3)
As is well known, all three spaces above are Banach, reflexive and, in addition,
(H(9)" = H-™(9). (1.4)

Again, see, for instance, [2, Ch. 3], [137, Ch. 1].

We recall that an open, nonempty set {2 C R™ is called a Lipschitz domain
if the following property holds: There exists an open covering {O;}1<;j<n of the
boundary 99 of Q such that for every j € {1,..., N}, O; N Q coincides with the
portion of O; lying in the over-graph of a Lipschitz function ¢; : R"™! — R
(considered in a new system of coordinates obtained from the original one via a
rigid motion). The number max {||V;|| Lo mn-1;gn-151yn-1 |1 < j < N} is said to
represent the Lipschitz character of €.

The classical theorem of Rademacher on almost everywhere differentiability of
Lipschitz functions ensures that for any Lipschitz domain 2, the surface measure
d"'w is well defined on 9 and that there exists an outward pointing normal
vector v at almost every point of 2.
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As regards L?-based Sobolev spaces of fractional order s € R, on arbitrary
Lipschitz domains Q2 C R", we introduce

mn Iy 2 S
0y = [ @€ [TEOP A+ 1) <00}, (05)
H*(Q) := {u € D'(Q) |u="Ulq for some U € H*(R")} = Ro H*(R"),  (4.6)
where Rg denotes the restriction operator (i.e., RoU = Ulq, U € H*(R™)), S'(R™)
is the space of tempered distributions on R™, and U denotes the Fourier transform

of U € §'(R™). These definitions are consistent with (4.1), (4.2). Next, retaining
that 2 C R™ is an arbitrary Lipschitz domain, we introduce

H§(Q) == {u e H*(R") |supp(u) C Q}, seR, (4.7)

H¥(R") = {U € S'(R")

equipped with the natural norm induced by H*(R™). The space H§ () is reflexive,
being a closed subspace of H*(R™). Finally, we introduce for all s € R,

H*(2) = the closure of C5°(2) in H*(Q), (4.8)
H;(Q) = Rq Hj(9). (4.9)

Assuming from now on that  C R™ is a Lipschitz domain with a compact
boundary, we recall the existence of a universal linear extension operator Egq :
D'(2) — S'(R™) such that Eq : H*(2) — H*(R™) is bounded for all s € R,

and RoFo = Ipsq) (cf. [163]). If CT(‘)’—O\(E) denotes the set of C§°()-functions
extended to all of R™ by setting functions zero outside of 2, then for all s € R,
C5 () — H§(2) densely.

Moreover, one has

(H3(Q) =H*(Q), sck (4.10)
(cf., e.g., [113]) consistent with (4.3), and also,
(H*(Q)" = Hy*(Q), seR, (4.11)

in particular, H*(f2) is a reflexive Banach space. We shall also use the fact that
for a Lipschitz domain 2 C R™ with compact boundary, the space H*({2) satisfies

H*(Q) = H3(Q) if s> -1/2, s¢ {1 +No}. (4.12)
For a Lipschitz domain 2 C R™ with compact boundary it is also known that
(H3(Q) = H*(Q), —-1/2<s<1/2. (4.13)

See [176] for this and other related properties. Throughout this survey, we agree
to use the adjoint (rather than the dual) space X* of a Banach space X.

From this point on we will always make the following assumption (unless
explicitly stated otherwise):

Hypothesis 4.1. Let n € N, n > 2, and assume that ) # Q C R" is a bounded
Lipschitz domain.
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To discuss Sobolev spaces on the boundary of a Lipschitz domain, consider
first the case where 0 C R” is the domain lying above the graph of a Lipschitz
function p: R"~! — R. In this setting, we define the Sobolev space H*(9S) for
0 < s < 1, as the space of functions f € L2(9€;d" 'w) with the property that
f(@' p(a")), as a function of 2’ € R"!, belongs to H*(R""1). This definition
is easily adapted to the case when €2 is a Lipschitz domain whose boundary is
compact, by using a smooth partition of unity. Finally, for —1 < s < 0, we set

H(0Q) = (H*(09))", -1<s<0. (4.14)

From the above characterization of H*(9) it follows that any property of Sobolev
spaces (of order s € [—1,1]) defined in Euclidean domains, which are invariant un-
der multiplication by smooth, compactly supported functions as well as composi-
tion by bi-Lipschitz diffeomorphisms, readily extends to the setting of H*(99) (via
localization and pullback). For additional background information in this context
we refer, for instance, to [71, Chs. V, VI], [93, Ch. 1].

Assuming Hypothesis 4.1, we introduce the boundary trace operator 7%, (the
Dirichlet trace) by

19 C(Q) = C(99), Yhu = ulon. (4.15)
Then there exists a bounded, linear operator yp
yp: H*(Q) = H=/2(5Q) — L2(00;d"'w), 1/2<s<3/2, (416)
yp: HY2(Q) — H'75(00) — L*(0%d"'w), €< (0,1)

(cf., e.g., [142, Theorem 3.38]), whose action is compatible with that of 4% . That
is, the two Dirichlet trace operators coincide on the intersection of their domains.
Moreover, we recall that

yp: H*(Q) — H*~/2(5Q) is onto for 1/2 < s < 3/2. (4.17)

Next, retaining Hypothesis 4.1, we introduce the operator vy (the strong
Neumann trace) by

y~ =v-ypV: HTHQ) = L2(09;d" 'w), 1/2<s<3/2, (4.18)

where v denotes the outward pointing normal unit vector to 0f2. It follows from
(4.16) that yu is also a bounded operator. We seek to extend the action of the
Neumann trace operator (4.18) to other (related) settings. To set the stage, assume
Hypothesis 4.1 and observe that the inclusion

L HO(Q) = (H™(Q)", s> —1/2, r>1/2, (4.19)
is well defined and bounded. We then introduce the weak Neumann trace operator

n: {ue H1/2(Q) |Aue H*(Q)} — H*'(09), s€(0,1), so>—1/2,
(4.20)
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as follows: Given u € H**1/2(Q) with Au € H*(Q) for some s € (0,1) and
so > —1/2, we set (with ¢ as in (4.19) for r :=3/2 — s > 1/2)

(p, ANu)1—s = H1/2-5(Q) (VO, V’LL>(H1/275(Q))* + ms/2-s(q) (P, L(AU)>(H3/275(Q))*,
(4.21)
for all ¢ € H'=5(0Q) and & € H3/?>~%(Q) such that yp® = ¢. We note that the
first pairing in the right-hand side above is meaningful since

(H1/2fs(Q))* = HY%(Q), se(0,1), (4.22)

that the definition (4.21) is independent of the particular extension ® of ¢, and
that 4y is a bounded extension of the Neumann trace operator vy defined in
(4.18).

For further reference, let us also point out here that if  C R™ is a bounded
Lipschitz domain then for any j, k € {1,...,n} the (tangential first-order differen-
tial) operator

0/07j 1 = v;O — v 0; : H*(0Q) — H*1(09), 0<s<1, (4.23)

is well defined, linear and bounded. Assuming Hypothesis 4.1, we can then define
the tangential gradient operator

HY(09) — (L0 d"tw))"

Vian : n of
Fo Vianf = (Zk:l vk aTkj)lSan

. feHY0N). (4.24)

The following result has been proved in [139].

Theorem 4.2. Assume Hypothesis 4.1 and denote by v the outward unit normal to
09). Then the operator

H*(Q) — {(g90,91) € H'(09) x L*(0Q;d"'w) |
Yo : Viango + g1V € (H1/2(6Q))n} (4.25)
u = you = (Ypu, YNU),

s well defined, linear, bounded, onto, and has a linear, bounded right-inverse. The
space {(go,91) € HY(0Q)x L*(0Qd"'w) | Viango+g1v € (HY2(0Q))" } in (4.25)
18 equipped with the natural norm

(90:91) = llgoll a0 + 1911l L2 (902am 1) + [ Viango + 917l (mr/200)yn - (4:26)
Furthermore, the null space of the operator (4.25) is given by
ker(v2) := {u € H*(Q) | ypu = yvu =0} = H3 (), (4.27)
with the latter space denoting the closure of C§°(Q) in H?(Q).
Continuing to assume Hypothesis 4.1, we now introduce

NY2(0Q) := {g € L*(09;d"'w) | gv; € H'/?(09), 1 < j < n}, (4.28)
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where the v;’s are the components of v. We equip this space with the natural norm
n
9l n1r2a0) = Z 9l 1200 (4.29)
j=1

Then N'/2(09) is a reflexive Banach space which embeds continuously into
L2(09Q; d"~1w). Furthermore,
NY2(00) = HY/?(9Q) whenever Q is a bounded C" domain with r > 1/2.
(4.30)
It should be mentioned that the spaces H'/2(99) and N/2(99) can be quite
different for an arbitrary Lipschitz domain 2. Our interest in the latter space
stems from the fact that this arises naturally when considering the Neumann trace
operator acting on

{ue H*(Q)|vpu=0} = H*(Q) N Hj (), (4.31)
considered as a closed subspace of H2(f2) (hence, a Banach space when equipped

with the H?-norm). More specifically, we have (cf. [89] for a proof):

Lemma 4.3. Assume Hypothesis 4.1. Then the Neumann trace operator yn con-
sidered in the context

vt H2(Q) N HE(Q) — NY2(09) (4.32)
is well defined, linear, bounded, onto and with a linear, bounded right-inverse. In
addition, the null space of yn in (4.32) is precisely H3(SY), the closure of C§°(£2)
in H*(Q).

Most importantly for us here is the fact that one can use the above Neu-
mann trace result in order to extend the action of the Dirichlet trace operator
(4.16) to dom(—Apax,q), the domain of the maximal Laplacian, that is, {u €
L2(Q;d"x) | Au € L?(Q;d"x)}, which we consider equipped with the graph norm
u = Jullp2(@udng) + | Aul|p2(anay- Specifically, with (N1/2(99))" denoting the
conjugate dual space of N'/2(9€2), we have the following result from [89]:

Theorem 4.4. Assume Hypothesis 4.1. Then there exists a unique linear, bounded
operator

Ap  {u € L*(Qd"z) | Au € L*(Q;d"z)} — (NY/2(0Q))" (4.33)
which is compatible with the Dirichlet trace introduced in (4.16), in the sense that,
for each s > 1/2, one has

Apu = ypu for every u € H*(Q) with Au € L*(Q;d"x). (4.34)
Furthermore, this extension of the Dirichlet trace operator in (4.16) allows for the
following generalized integration by parts formula

N1/2(00) (YNW, ADU) (N1/2(90)) = (Aw, u)L2(Qudne) — (W, AU) p2(Qang),  (4.35)

valid for every u € L*(Q;d"z) with Au € L*(Q;d"z) and every w € H*(Q) N
HLQ).
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We next review the case of the Neumann trace, whose action is extended to
dom(—Apax,). To this end, we need to address a number of preliminary matters.
First, assuming Hypothesis 4.1, we make the following definition (compare with
(4.28)):

N32(09) == {g € H(09Q) | Viang € (H'?(0))"}, (4.36)

equipped with the natural norm
9l verzo0) = 9l 2 (00:dn—1w) + [ Viangll 200y (4.37)

Assuming Hypothesis 4.1, N3/ 2(09Q) is a reflexive Banach space which embeds
continuously into the space H!(9Q;d" w). In addition, this turns out to be a
natural substitute for the more familiar space H3/2(99) in the case where Q is
sufficiently smooth. Concretely, one has

N32(0Q) = H*?(09), (4.38)

(as vector spaces with equivalent norms), whenever € is a bounded C*" domain
with 7 > 1/2. The primary reason we are interested in N3/2(99) is that this space
arises naturally when considering the Dirichlet trace operator acting on

{ue H*(Q) | ynvu =0}, (4.39)

considered as a closed subspace of H%(Q) (thus, a Banach space when equipped
with the norm inherited from H?(€2)). Concretely, the following result has been
established in [89].

Lemma 4.5. Assume Hypothesis 4.1. Then the Dirichlet trace operator yp consid-
ered in the context

Vo {u € H*(Q) |ynu =0} — N32(09) (4.40)

is well defined, linear, bounded, onto and with a linear, bounded right-inverse. In
addition, the null space of yp in (4.40) is precisely H3(Q), the closure of C§° ()
in H?(Q).

It is then possible to use the Neumann trace result from Lemma 4.5 in order to
extend the action of the Neumann trace operator (4.18) to dom(—Apax0) = {u €
L2?(Q;d"x) | Au € L($; d"x)} As before, this space is equipped with the natural
graph norm. Let (N3/2(9Q))" denote the conjugate dual space of N3/2(92). The
following result holds:

Theorem 4.6. Assume Hypothesis 4.1. Then there exists a unique linear, bounded
operator

A {u € L*(Qd"z) | Au € L*(Q;d"x)} — (N3/2(0Q))" (4.41)

which is compatible with the Neumann trace introduced in (4.18), in the sense that,
for each s > 3/2, one has

ANu = ynu for every u € H*(Q) with Au € L*(Q;d"z). (4.42)
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Furthermore, this extension of the Neumann trace operator from (4.18) allows for
the following gemeralized integration by parts formula

N3/2(6Q) <7Dwﬁ1vu>(N3/2(39))* = (w, A'U/)LZ(Q;dnm) — (Aw, u)LQ(Q;dnm)7 (4.43)
valid for every u € L?(Q;d"x) with Au € L?*(Q;d"x) and every w € H*(Q) with
yvw = 0.

A proof of Theorem 4.6 can be found in [89)].

4.2. Perturbed Dirichlet and Neumann Laplacians

Here we shall discuss operators of the form —A + V' equipped with Dirichlet and
Neumann boundary conditions. Temporarily, we will employ the following assump-
tions:

Hypothesis 4.7. Let n € N, n > 2, assume that  C R" is an open, bounded,
nonempty set, and suppose that

Ve L>®(Q;d"x) and V is real valued a.e. on ). (4.44)

We start by reviewing the perturbed Dirichlet and Neumann Laplacians Hp o
and Hy o associated with an open set 2 in R™ and a potential V satisfying Hy-
pothesis 4.7: Consider the sesquilinear forms in L?(Q;d"x),

Qp.a(u,v) = (Vu, Vo) + (u, Vo), u,v € dom(Qp.a) = Hy (), (4.45)
and
Qn.alu,v) = (Vu, Vo) + (u,Vv), u,v € dom(Qn.q) = H'(Q). (4.46)

Then both forms in (4.45) and (4.46) are densely, defined, closed, and bounded
from below in L?(£2; d"x). Thus, by the first and second representation theorems for
forms (cf., e.g., [114, Sect. VI.2]), one concludes that there exist unique self-adjoint
operators Hp o and Hy o in L?(Q2;d"x), both bounded from below, associated
with the forms @ p .o and Qn q, respectively, which satisfy

Qp.a(u,v) = (u,Hp qv), u € dom(Qp,a), ve dom(Hpq), (4.47)

dom(Hp o) C dom (|Hp,q|"/?) = dom(Qp,a) = Hg (%) (4.48)
and

Qna(u,v) = (u, Hv qv), u € dom(Qn,q), v € dom(Hy q), (4.49)

dom(Hy,q) C dom (|Hy,|"/?) = dom(Qn,a) = H' (). (4.50)

In the case of the perturbed Dirichlet Laplacian, Hp. o, one actually can say a bit
more: Indeed, Hp o coincides with the Friedrichs extension of the operator

Heou=(—A+V)u, uedom(H.q):=C5(Q) (4.51)
in L2(Q;d"x),
(Heo)r = Hp o, (4.52)
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and one obtains as an immediate consequence of (2.19) and (4.45)

Hpou=(—-A+V)u, uedom(Hpgq)={veH()|Ave L*Q;d"z)}.
(4.53)
(We also refer to [71, Sect. IV.2, Theorem VII.1.4].) In addition, Hp o is known
to have a compact resolvent and hence purely discrete spectrum bounded from
below.

In the case of the perturbed Neumann Laplacian, Hy o, it is not possible
to be more specific under this general hypothesis on €2 just being open. However,
under the additional assumptions on the domain 2 in Hypothesis 4.1 one can be
more explicit about the domain of Hy o and also characterize its spectrum as
follows. In addition, we also record an improvement of (4.53) under the additional
Lipschitz hypothesis on :

Theorem 4.8. Assume Hypotheses 4.1 and 4.7. Then the perturbed Dirichlet Lapla-
cian, Hp o, given by

Hpou=(—A+V)u,
u € dom(Hp o) = {v e H'(Q) | Av € L*(Q;d"z), ypv = 0 in H/?(9Q)} (4.54)
={ve Hy(Q)|Av e L*(Q;d"z)},
is self-adjoint and bounded from below in L*(Q;d™x). Moreover,
dom ([Hp.o'/2) = HA(®). (4.55)

and the spectrum of Hpq, is purely discrete (i.e., it consists of eigenvalues of
finite multiplicity),

Uess(HD,Q) = (. (456)
If, in addition, V > 0 a.e. in Q, then Hp q is strictly positive in L?(Q; d"z).

The corresponding result for the perturbed Neumann Laplacian Hy o reads
as follows:

Theorem 4.9. Assume Hypotheses 4.1 and 4.7. Then the perturbed Neumann
Laplacian, Hn o, given by

Hyou=(-A+V)u, (4.57)
u € dom(Hy,0) = {v € H'(Q) | Av € L*(Q;d"z), Iyv = 0 in H/2(09)},
is self-adjoint and bounded from below in L?(2;d"x). Moreover,
dom (|Hy o|"?) = H'(Q), (4.58)

and the spectrum of Hpy q, is purely discrete (i.e., it consists of eigenvalues of
finite multiplicity),

Oess(Hn,0) = 0. (4.59)
If, in addition, V > 0 a.e. in Q, then Hy q is nonnegative in L*(Q;d"x).
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In the sequel, corresponding to the case where V = 0, we shall abbreviate
7AD752 and — AN’Q, (460)

for Hp o and H o, respectively, and simply refer to these operators as, the Dirich-
let and Neumann Laplacians. The above results have been proved in [84, App. A],
[90] for considerably more general potentials than assumed in Hypothesis 4.7.

Next, we shall now consider the minimal and maximal perturbed Laplacians.
Concretely, given an open set 8 C R™ and a potential 0 < V € L*°(Q;d"z), we
introduce the maximal perturbed Laplacian in L?(Q; d"z)

Hmax,Qu = (_A + V)’LL,
u € dom(Hmax,0) := {v € L*(d"z) | Av € L*(Q;d"x) }.

We pause for a moment to dwell on the notation used in connection with the
symbol A:

(4.61)

Remark 4.10. Throughout this manuscript the symbol A alone indicates that the
Laplacian acts in the sense of distributions,

A:D(Q) = D(Q). (4.62)

In some cases, when it is necessary to interpret A as a bounded operator acting
between Sobolev spaces, we write A € B(H*(2), H*~2(Q)) for various ranges of
s € R (which is of course compatible with (4.62)). In addition, as a consequence of
standard interior elliptic regularity (cf. Weyl’s classical lemma) it is not difficult
to see that if O C R is open, u € D'(Q) and Au € L} (Q;d"z) then actually

u € HE_(Q). In particular, this comment applies to u € dom(Hmax,0) in (4.61).

In the remainder of this subsection we shall collect a number of results,
originally proved in [89] when V' = 0, but which are easily seen to hold in the more
general setting considered here.

Lemma 4.11. Assume Hypotheses 4.1 and 4.7. Then the maximal perturbed Lapla-
cian associated with Q and the potential V' is a closed, densely defined operator for

which
H§ () € dom((Hinax,0)") (4.63)
- {u € L*(Q;d"x) | Au € L*(Q;d"z), ypu = yu = O}. )

For an open set Q@ C R™ and a potential 0 < V' € L>(Q;d"x), we also bring
in the minimal perturbed Laplacian in L?(Q;d"z), that is,

Hupinou == (=A+V)u, u € dom(Hpin,0) = HZ(Q). (4.64)
Corollary 4.12. Assume Hypotheses 4.1 and 4.7. Then Hyin,q s a densely defined,
symmetric operator which satisfies
Huin,o € (Hmax,0)" and Hpax,0 C (Hmina)"- (4.65)
Equality occurs in one (and hence, both) inclusions in (4.65) if and only if

H{(Q) equals {u € L*(Q;d"x)| Au € L*(Q;d"x), pu =Fnvu=0}.  (4.66)
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5. Boundary value problems in quasi-convex domains

This section is divided into three parts. In Subsection 5.1 we introduce a distin-
guished category of the family of Lipschitz domains in R™, called quasi-convex
domains, which is particularly well suited for the kind of analysis we have in mind.
In Subsection 5.2 and Subsection 5.3, we then proceed to review, respectively,
trace operators and boundary problems, and Dirichlet-to-Neumann operators in
quasi-convex domains.

5.1. The class of quasi-convex domains

In the class of Lipschitz domains, the two spaces appearing in (4.66) are not nec-
essarily equal (although, obviously, the left-to-right inclusion always holds). The
question now arises: What extra properties of the Lipschitz domain will guarantee
equality in (4.66)7 This issue has been addressed in [89], where a class of domains
(which is in the nature of best possible) has been identified.

To describe this class, we need some preparations. Given n > 1, denote by
MH'Y2(R™) the class of pointwise multipliers of the Sobolev space H'/2(R™).
That is,

MHY?(R") := {f € Li,o(R") | My € B(H'*(R™))}, (5.1)

where My is the operator of pointwise multiplication by f. This space is equipped
with the natural norm, that is,

| fllaeerre ey = [IMf B2 @ny)- (5.2)
For a comprehensive and systematic treatment of spaces of multipliers, the reader
is referred to the 1985 monograph of Maz’ya and Shaposhnikova [140]. Following

[140], [141], we now introduce a special class of domains, whose boundary regularity
properties are expressed in terms of spaces of multipliers.

Definition 5.1. Given § > 0, call a bounded, Lipschitz domain Q C R"™ to be of
class MHg/Z7 and write

o0 e MH?, (5.3)
provided the following holds: There exists a finite open covering {O;}1<j<n of
the boundary 99 of Q such that for every j € {1,...,N}, O; N Q coincides with
the portion of O; lying in the over-graph of a Lipschitz function ¢, : R*~1 — R
(considered in a new system of coordinates obtained from the original one via a
rigid motion) which, additionally, has the property that

V; € (MHY2R™)" and ||@;ll(arm/z@n-1yn < 6. (5.4)
Going further, we consider the classes of domains
MHY? = | JMH;?, MH)? = ( MH;?, (5.5)
6>0 §>0

and also introduce the following definition:
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Definition 5.2. We call a bounded Lipschitz domain 2 C R™ to be square-Dini,
and write

09 € SD, (5.6)

provided the following holds: There exists a finite open covering {O,;}1<j<n of
the boundary 99 of Q such that for every j € {1,..., N}, O; N Q coincides with
the portion of O; lying in the over-graph of a Lipschitz function ¢, : R*™1 — R
(considered in a new system of coordinates obtained from the original one via a
rigid motion) which, additionally, has the property that the following square-Dini

condition holds,
1 2
dt (w(Vej;t)
/0 ; < /2 < o0. (5.7)
Here, given a (possibly vector-valued ) function f in R~

w(f;t) :==sup{|f(z) — fW)||z,y eR*', Jx—y[ < t}, te(0,1), (58)

is the modulus of continuity of f, at scale t.

From the work of Maz’ya and Shaposhnikova [140] [141], it is known that if
r >1/2, then

QeC = QeSD=Qec MH)? = Qe MHY>. (5.9)

As pointed out in [141], domains of class M H;é % can have certain types of vertices
and edges when n > 3. Thus, the domains in this class can be nonsmooth.

Next, we recall that a domain is said to satisfy a uniform exterior ball con-
dition (UEBC) provided there exists a number r > 0 with the property that

for every z € 99, there exists y € R, such that B(y,r) N Q =0

5.10
and z € 9B(y,r) N IN. (5.10)

Heuristically, (5.10) should be interpreted as a lower bound on the curvature of
00. Next, we review the class of almost-convex domains introduced in [146].

Definition 5.3. A bounded Lipschitz domain Q C R” is called an almost-convex
domain provided there exists a family {2} scn of open sets in R™ with the following
properties:

(i) 09 € C% and Q C Q for every £ € N.

(ii) Q¢ /" Qasl — oo, in the sense that €y C Qg1 for each £ € Nand (J,c Qe =
Q.

(ili) There exists a neighborhood U of 9 and, for each ¢ € N, a C? real-valued
function p; defined in U with the property that p, < 0 on U Ny, pe > 0 in
U\, and py vanishes on 9. In addition, it is assumed that there exists
some constant C; € (1,00) such that

O < |Vpe(z)| <Cy, 2 €9, LEN. (5.11)
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(iv) There exists C2 > 0 such that for every number ¢ € N, every point x € 9y,
and every vector £ € R™ which is tangent to 90y at x, there holds

(Hess (po)€, &) > —Cal¢P, (5.12)
where (-, -) is the standard Euclidean inner product in R™ and
>pe
Hess (p¢) := ( > , (5.13)
O0x;0xy, 1< k<n

is the Hessian of py.

A few remarks are in order: First, it is not difficult to see that (5.11) ensures
that each domain €2, is Lipschitz, with Lipschitz constant bounded uniformly in /4.
Second, (5.12) simply says that, as quadratic forms on the tangent bundle 79,
to 0, one has

Hess (p¢) > —Cs I,,, (5.14)

where I, is the n x n identity matrix. Hence, another equivalent formulation of
(5.12) is the following requirement:

;0T

Z 9 pe §i&e = —Co ZSJQ-, whenever p, =0 and Z 8?— & =0. (5.15)
isk=1 j=1 =17

We note that, since the second fundamental form 11, on 9 is IT, = Hess py/|Vpe|,
almost-convexity is, in view of (5.11), equivalent to requiring that I, be bounded
from below, uniformly in .

We now discuss some important special classes of almost-convex domains.

Definition 5.4. A bounded Lipschitz domain 2 C R"™ satisfies a local exterior ball
condition, henceforth referred to as LEBC, if every boundary point xg € 92 has
an open neighborhood O which satisfies the following two conditions:
(i) There exists a Lipschitz function ¢ : R®~! — R with ¢(0) = 0 such that if D
is the domain above the graph of ¢, then D satisfies a UEBC.
(ii) There exists a C11 diffeomorphism Y mapping O onto the unit ball B(0,1)
in R™ such that Y(xo) =0, Y(ON) = B(0,1)ND, T(O\Q) = B(0,1)\D.

It is clear from Definition 5.4 that the class of bounded domains satisfying a
LEBC is invariant under C*! diffeomorphisms. This makes this class of domains
amenable to working on manifolds. This is the point of view adopted in [146],
where the following result is also proved:

Lemma 5.5. If the bounded Lipschitz domain 2 C R™ satisfies a LEBC' then it is
almost-convex.

Hence, in the class of bounded Lipschitz domains in R™, we have
convex = UEBC == LEBC = almost-convex. (5.16)

We are now in a position to specify the class of domains in which most of our
subsequent analysis will be carried out.
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Definition 5.6. Let n € N, n > 2, and assume that 2 C R™ is a bounded Lipschitz
domain. Then 2 is called a quasi-convex domain if there exists d > 0 sufficiently
small (relative to n and the Lipschitz character of ), with the following property
that for every z € 0N there exists an open subset 2, of 2 such that 9QN9<, is an
open neighborhood of z in 02, and for which one of the following two conditions
holds:

(i) Q, is of class MH(;l/2 if n > 3, and of class C1" for some 1/2 < r < 1 if
n=2.
(ii) Q. is an almost-convex domain.

Given Definition 5.6, we thus introduce the following basic assumption:

Hypothesis 5.7. Let n € N, n > 2, and assume that 2 C R™ is a quasi-convex
domain.

Informally speaking, the above definition ensures that the boundary singu-
larities are directed outwardly. A typical example of such a domain is shown in
Figure 1 below.

FIGURE 1. A quasi-convex domain.

Being quasi-convex is a certain type of regularity condition of the boundary
of a Lipschitz domain. The only way we are going to utilize this property is via
the following elliptic regularity result proved in [89].

Proposition 5.8. Assume Hypotheses 4.7 and 5.7. Then
dom (Hp,) C H*(), dom (Hy,0) C H*(Q). (5.17)

In fact, all of our results in this survey hold in the class of Lipschitz domains for
which the two inclusions in (5.17) hold.

The following theorem addresses the issue raised at the beginning of this
subsection. Its proof is similar to the special case V = 0, treated in [89].

Theorem 5.9. Assume Hypotheses 4.7 and 5.7. Then (4.66) holds. In particular,
dom(Hpina) = H3(Q)

={ue L*(Qd"z)| Au € L*(Q;d"z), pu =Fyu =0}, (5.18)

dom(Hmax,0) = {u € L*(Qd"x) | Au € L*(Q;d"z)}, (5.19)
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and
Hmin,Q = (Hmax,ﬂ)* and Hmax,ﬂ = (Hmin,ﬂ)*~ (520)

We conclude this subsection with the following result which is essentially
contained in [89)].

Proposition 5.10. Assume Hypotheses 4.1 and 4.7. Then the Friedrichs extension
of (A +V)|cge () in L?(Q;d"x) is precisely the perturbed Dirichlet Laplacian
Hp q. Consequently, if Hypothesis 5.7 is assumed in place of Hypothesis 4.1, then
the Friedrichs extension of Huyin in (4.64) is the perturbed Dirichlet Laplacian
Hpgq.

5.2. Trace operators and boundary problems on quasi-convex domains

Here we revisit the issue of traces, originally taken up in Section 2, and extend
the scope of this theory. The goal is to extend our earlier results to a context that
is well suited for the treatment of the perturbed Krein Laplacian in quasi-convex
domains, later on. All results in this subsection are direct generalizations of similar
results proved in the case where V' =0 in [89].

Theorem 5.11. Assume Hypotheses 4.7 and 5.7, and suppose that z € C\o(Hp q).
Then for any functions f € L*(Q;d"x) and g € (N'/2(02))* the following inho-
mogeneous Dirichlet boundary value problem

(—A+V —2)u=fin Q,
u € L*(Q;d x), (5.21)
Apu =g on OF,

has a unique solution uw = up. This solution satisfies
lubllL2(@anz) + [ANUD I (vs/2(00))« < CoUlfllL2(ana) + 9]l (N1200))) (5:22)
for some constant Cp = Cp(Q,V, z) > 0, and the following regularity results hold:

g € H'(8Q) implies up € H3?(Q), (5.23)

g €vp(H*(Q)) implies up € H*(Q). (5.24)
In particular,

g =0 implies up € H*(Q) N H}(Q). (5.25)

Natural estimates are valid in each case.
Moreover, the solution operator for (5.21) with f =0 (i.e., Ppoyv, : g —
up) satisfies

Ppyg’vyz = [’YN(HD,SZ — 2152)71] * S B((Nl/Z(aQ))*, L2(Q; dnfﬂ)), (526)
and the solution of (5.21) is given by the formula
up = (Hp,o — ZIQ)_lf — [ny(prg — zIQ)_l]*g. (5.27)
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Corollary 5.12. Assume Hypotheses 4.7 and 5.7. Then for every z € C\o(Hp q)
the map

Ap : {u € LA d"2) | (A +V - 2)u=0inQ} — (N'/2(5Q))" (5.28)
is an isomorphism (i.e., bijective and bicontinuous).

Theorem 5.13. Assume Hypotheses 4.7 and 5.7 and suppose that z € C\o(Hn q).
Then for any functions f € L*(Q;d™x) and g € (N3/2(02))* the following inho-
mogeneous Neumann boundary value problem

(—A+V —2z)u=fin Q,

u € L*(Q;d x), (5.29)
ANU = g on 0L,

has a unique solution uw = uy. This solution satisfies
lunll2(@sanz) + [ADun | (3172 00))« < ON(IfllL2(am2) + 19l (w372 (a0)+)  (5-30)
for some constant Cy = Cn(,V, z) > 0, and the following reqularity results hold:
g € L2(0; d"*w) implies uy € H>?(Q), (5.31)
g€y (H?*(Q)) implies uy € H*(). (5.32)

Natural estimates are valid in each case.
Moreover, the solution operator for (5.29) with f = 0 (i.e., PNnav, : g —
un) satisfies

Pnoyv,:= [vp(Hna—2I0) 7] € B(N*/2(09))", L*(Q; d"z)), (5.33)
and the solution of (5.29) is given by the formula
uN = (HN,Q - ZIQ)_lf + ['YD(HN,Q — ZIQ)_I]*g. (5.34)

Corollary 5.14. Assume Hypotheses 4.7 and 5.7. Then, for every z € C\o(Hn ),
the map

vt {u € L*(Q;d"z) ’ (-A+V —2)u=0 inQ} — (N?’/Q(aﬂ))* (5.35)
is an isomorphism (i.e., bijective and bicontinuous).

5.3. Dirichlet-to-Neumann operators on quasi-convex domains

In this subsection we review spectral parameter-dependent Dirichlet-to-Neumann
maps, also known in the literature as Weyl-Titchmarsh and Poincaré—Steklov op-
erators. Assuming Hypotheses 4.7 and 5.7, introduce the Dirichlet-to-Neumann
map Mp y.av(z) associated with —A +V — z on {2, as follows:

(N2(00))" — (N3/2(09))",

€ C\o(H , 5.36
[ = —3nup, : \o(Hpe) ( )

Mp.nav(z): {

where up is the unique solution of
(~A+V —2)u=01inQ, wue€ L*Q;d"z), ypu = f on 9. (5.37)
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Retaining Hypotheses 4.7 and 5.7, we next introduce the Neumann-to-Dirichlet
map My p.ov(z) associated with —A +V — z on (2, as follows:

(N32(09))" — (NV2(00)),

N z € C\o(Hn q), (5.38)
g+ YDUN,

Mny.pav(z): {

where u is the unique solution of
(~A+V —2)u=01inQ, wue L*(Q;d"z), Ynu =g on 0. (5.39)

As in [89], where the case V = 0 has been treated, we then have the following
result:

Theorem 5.15. Assume Hypotheses 4.7 and 5.7. Then, with the above notation,
Mp nav(z) € B(NY2(0Q))", (N3/2(0Q))*), z€C\o(Hpg),  (5.40)
and
Mp nav(z) =9n[ww(Hpa — zIQ)_l]*, z € C\o(Hpgq). (5.41)
Similarly,
My.p.ayv(z) € B(N*2(0Q))*, (N/?(09))*), z€C\o(Hna),  (5.42)

and
My pav(z) =p[vp(Hna —2Ia)"t]", z€C\o(Hyga) (5.43)
Moreover,
My pov(z)=—-Mpnav(z)™', 2€C\(c(Hpa)Uo(Hna)), (5.44)
and

[MD,N,Q,V(Z)]* = Mp nao,v(z), [MN,D,Q,V(Z)]* = Mp,p,o,v(z). (5.45)

As a consequence, one also has
Mp nov(z) € B(N¥2(0Q), NY/?(09)), z¢€ C\o(Hp,), (5.46)
My, p.ov(z) € B(NY2(0Q), N3%(8Q)), z€C\o(Hna) (5.47)
For closely related recent work on Weyl-Titchmarsh operators associated
with nonsmooth domains we refer to [86], [87], [88], [89], and [90]. For an extensive
list of references on z-dependent Dirichlet-to-Neumann maps we also refer, for

instance, to (7], [11], [15], [35], [48], [50], [51], [52], [53], [65], [66], [84]-[90], [99],
[101], [158], [164], [165], [166].

6. Regularized Neumann traces and perturbed Krein Laplacians

This section is structured into two parts dealing, respectively, with the regularized
Neumann trace operator (Subsection 6.1), and the perturbed Krein Laplacian in
quasi-convex domains (Subsection 6.2).
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6.1. The regularized Neumann trace operator on quasi-convex domains

Following earlier work in [89], we now consider a version of the Neumann trace
operator which is suitably normalized to permit the familiar version of Green’s
formula (cf. (6.8) below) to work in the context in which the functions involved
are only known to belong to dom(—Anax,q). The following theorem is a slight
extension of a similar result proved in [89] when V = 0.

Theorem 6.1. Assume Hypotheses 4.7 and 5.7. Then, for every z € C\o(Hp q),
the map

™V, {u € LA d"x); Au € L (Qd"x)} — NY2(0Q) (6.1)
given by
TNV U = ANu+ Mp nov(z)(Apu), we L*(Qd"z), Aue L*(Q;d"z), (6.2)
s well defined, linear and bounded, where the space
{ue L?(d"x) | Aue L*(Q;d"z)} (6.3)

is endowed with the natural graph norm w — ||ul| 12 (uane) + [|Au||L2(0dn2) - More-
over, this operator satisfies the following additional properties:

(i) The map Tn.v.- in (6.1), (6.2) is onto (i.e., Ty, (dom(Hmax.0)) = N/2(59)),
for each z € C\o(Hp,q). In fact,

v, (H*(Q) N HF(Q)) = NY2(0Q) for each z € C\o(Hp,q). (6.4)
(ii) One has
™wv.=8Hpa—2I0) ' (-A—2), z€C\o(Hpgq). (6.5)
(iii) For each z € C\o(Hp,q), the kernel of the map Tn,v,, in (6.1), (6.2) is
ker(Tnv..) = HZ(Q)4+{u € L*(Q;d"2) | (~A+V — 2)u=0 in Q}. (6.6)
In particular, if z € C\o(Hp.q), then
Tnv,2u =0 for every u € ker(Hpyax,0 — 21a). (6.7)

(iv) The following Green formula holds for every u,v € dom(Hyax,o) and every
complex number z € C\o(Hp,o):

((7A +V - Z)U, U)Lz(Q;d”I) - (ua (7A +V - Z)U)L2(Q;d”$)

= TN1/2(89Q) (TN,V,zUﬁD@(Nl/z(aQ))* + N1/2(00) <TN7V,ZU7:Y\DU>(N1/2(OQ))*'
(6.8)
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6.2. The perturbed Krein Laplacian in quasi-convex domains

We now discuss the Krein—von Neumann extension of the Laplacian 7A| o ()
0

perturbed by a nonnegative, bounded potential V in L?(Q;d"z). We will conve-

niently call this operator the perturbed Krein Laplacian and introduce the following

basic assumption:

Hypothesis 6.2. (i) Let n € N, n > 2, and assume that ) # Q C R™ is a bounded
Lipschitz domain satisfying Hypothesis 5.7.
(ii) Assume that

Ve L*(Q;d"x) and V >0 a.e. in Q. (6.9)

Denoting by T the closure of a linear operator T' in a Hilbert space H, we
have the following result:

Lemma 6.3. Assume Hypothesis 6.2. Then Hyino is a densely defined, closed,
nonnegative (in particular, symmetric) operator in L*(Q;d"x). Moreover,

(-A+V = Hunin,0- (6.10)

Moz

Proof. The first claim in the statement is a direct consequence of Theorem 5.9.
As for (6.10), let us temporarily denote by Hy the closure of —A + V defined on
C§°(€2). Then

there exist v € L3(Q;d"x) and u; € C§°(Q),
u € dom(Hy) if and only if ¢ j € N, such that u; - v and (—=A+ V)u; — v
in L3(Q;d"z) as j — oc.
(6.11)
Thus, if u € dom(Hy) and v, {u;}jen are as in the right-hand side of (6.11), then
(—A + V)u = v in the sense of distributions in €, and
0 =Apu; = Fpu in (N2(0Q))" as j — oo, (6.12)
0 =9nu; = Anu in (Nl/Q(aﬂ))* as j — 0o, .
by Theorem 4.4 and Theorem 4.6. Consequently, v € dom(Hpax o) satisfies ypu =
0 and Yyu = 0. Hence, u € HZ(Q) = dom(Hpin o) by Theorem 5.9 and the current
assumptions on €. This shows that Hy € Hmin,o. The converse inclusion readily
follows from the fact that any u € HZ(Q) is the limit in H?(Q2) of a sequence of
test functions in . O

Lemma 6.4. Assume Hypothesis 6.2. Then the Krein—von Neumann extension
Hgq of (A 4V in L?(Q;d"z) is the L*-realization of —A + V with
domain

dom(Hg ) = dom(Hupin,o) +ker(Hmax.0)

= HJ(Q)+{ue L*(%d"z)| (~A+V)u=0in Q}.

g

(6.13)
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Proof. By virtue of (2.10), (5.20), and the fact that (—A+V')|ce () and its closure,
Hyin,a (cf. (6.10)) have the same self-adjoint extensions, one obtains
dom(Hg ) = dom(Humin ) + ker((Hmin,a)*)
= dom(Hmin,0) + ker(Hmax.0)
= H3(Q) +{ue L*(d"z) | (-A+V)u=0in Q}, (6.14)
as desired. g

Nonetheless, we shall adopt a different point of view which better elucidates
the nature of the boundary condition associated with this perturbed Krein Lapla-
cian. More specifically, following the same pattern as in [89], the following result
can be proved.

Theorem 6.5. Assume Hypothesis 6.2 and fir = € C\o(Hpq). Then Hx q . in
L2(Q;d"x), given by

Higq.u:=(—A+V —2)u,

6.15
u € dom(Hg q,,) := {v € dom(Hmax,0) | 7N,v,2v = 0}, ( )

satisfies

(Hr0,:)" = Hr 0.z, (6.16)
and agrees with the self-adjoint perturbed Krein Laplacian Hix o = Hg o0 when
taking z = 0. In particular, if z € R\o(Hp,q) then Hg q . is self-adjoint. More-
over, if z <0, then Hg o . is nonnegative. Hence, the perturbed Krein Laplacian
Hy q is a self-adjoint operator in L?(Q2;d"x) which admits the description given
in (6.15) when z =0, and which satisfies

Hi o >0 and Huino C Hi,o © Hmax,0- (6.17)

Furthermore,
ker(Hg o) = {u € L*(d"z) | (-A + V)u =0}, (6.18)
dim(ker(Hg o)) = def(Hmin) = def (A + V) Cg"(ﬂ)) = 00, (6.19)
ran(Hg o) = (A + V)HZ(Q), (6.20)
Hy o has a purely discrete spectrum in (0,00), oess(Hr o) = {0},  (6.21)

and for any nonnegative self-adjoint extension S of (A +V)|gg(q)y one has (cf.

(25)), )
Hgo <S<Hpg. (6.22)

The nonlocal character of the boundary condition for the Krein—von Neu-
mann extension Hg o
TN,V,0V = :y\NU =+ MpyNyg’V(O)’U = 07 v e dOIIl(HK’Q) (623)

(cf. (6.15) with z = 0) was originally isolated by Grubb [94] (see also [95], [97])
and Mp n,q,v(0) was identified as the operator sending Dirichlet data to Neumann
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data. The connection with Weyl-Titchmarsh theory and particularly, the Weyl—
Titchmarsh operator Mp y.q,v(z) (an energy-dependent Dirichlet-to-Neumann
map), in the special one-dimensional half-line case = [a,00) has been made
in [180]. In terms of abstract boundary conditions in connection with the the-
ory of boundary value spaces, such a Weyl-Titchmarsh connection has also been
made in [67] and [68]. However, we note that this abstract boundary value space
approach, while applicable to ordinary differential operators, is not applicable to
partial differential operators even in the case of smooth boundaries 9 (see, e.g.,
the discussion in [35]). In particular, it does not apply to the nonsmooth domains
studied in this survey. In fact, only very recently, appropriate modifications of the
theory of boundary value spaces have successfully been applied to partial differ-
ential operators in smooth domains in [35], [50], [51], [52], [158], [159], [164], [165],
and [166]. With the exception of the following short discussions: Subsection 4.1
in [35] (which treat the special case where  equals the unit ball in R?), Remark
3.8 in [50], Section 2 in [164], Subsection 2.4 in [165], and Remark 5.12 in [166],
these investigations did not enter a detailed discussion of the Krein-von Neumann
extension. In particular, none of these references applies to the case of nonsmooth
domains 2.

7. Connections with the problem of the buckling of a clamped plate

In this section we proceed to study a fourth-order problem, which is a perturbation
of the classical problem for the buckling of a clamped plate, and which turns out
to be essentially spectrally equivalent to the perturbed Krein Laplacian Hg o :=
Hyg 0.

For now, let us assume Hypotheses 4.1 and 4.7. Given A\ € C, consider the
eigenvalue problem for the generalized buckling of a clamped plate in the domain
QCR"”

u € dom(—Apax.0),
(—A+V)2u=A(—A+V)u in Q,
Apu =0 in (NY2(09))",
Avu=0 in (N3/2(69))",

where (—A+V)?u := (—A+V)(—Au+Vu) in the sense of distributions in 2. Due
to the trace theory developed in Sections 4 and 5, this formulation is meaningful.
In addition, if Hypothesis 5.7 is assumed in place of Hypothesis 4.1 then, by (4.66),
this problem can be equivalently rephrased as

u € H3(Q),
(—A+V)2u=A(—A+V)u in Q.

(7.1)

(7.2)

Lemma 7.1. Assume Hypothesis 6.2 and suppose that u # 0 solves (7.1) for some
A € C. Then necessarily A € (0,00).
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Proof. Let u, A be as in the statement of the lemma. Then, as already pointed out
above, u € HZ(2). Based on this, the fact that Au € dom(—Apaxn), and the
integration by parts formulas (4.21) and (4.35), we may then write (we recall that
our L? pairing is conjugate linear in the first argument):

>‘U|VU||%L2(Q;dnx))n + ||V1/2UH%L2(Q;d”a:))”] = AU, (A + V)u)r2(,dna)
= (W, A=A+ V)u)p2ouara) = (U (A +V)*0) 126 guy
= (u, (-A+ V)(-Au+ Vu))r2(9anz) = (A + V)u, (A + V)u)r2(0;dm2)
=[[(-A+ V)UH%?(Q;d"m)' (7.3)
Since, according to Theorem 5.11, L?(Q;d"z) > u # 0 and Ypu = 0 prevent u
from being a constant function, (7.3) entails
(=2 + V)ullF2(g,4n0)
IV gy + VYU g
as desired. O

>0, (7.4)

Next, we recall the operator Pp g v, introduced just above (5.26) and agree
to simplify notation by abbreviating Pp o v := Pp.qv,0. That is,
Ppay = [w(Hpo) ']" € B(NV?(09))", L*(;d"x)) (7.5)
is such that if u := Pp q v g for some g € (N1/2(8Q))*, then
(A +V)u=0in £,
u € L*(Q;d"x), (7.6)
Apu = g on Of.
Hence,
(=A+V)Ppayv =0,

~ ~ 7.7
AnPp.ov = —Mp nav(0) and YpPpaoyv = I(N1/2(50)) (.7

with I y1/2(90))- the identity operator, on (N1/2(00))".

Theorem 7.2. Assume Hypothesis 6.2. If 0 # v € L?(Q;d™x) is an eigenfunction
of the perturbed Krein Laplacian H g corresponding to the eigenvalue 0 # A € C
(hence A > 0), then

u:=v— Pp.av({pv) (7.8)
is a nontrivial solution of (7.1). Conversely, if 0 # u € L?(Q2;d"x) solves (7.1)
for some X\ € C then X is a (strictly) positive eigenvalue of the perturbed Krein
Laplacian Hyg o, and

vi= A=A+ V) (7.9)
is a monzero eigenfunction of the perturbed Krein Laplacian, corresponding to this
eigenvalue.
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Proof. In one direction, assume that 0 # v € L2(;d"x) is an eigenfunction of
the perturbed Krein Laplacian Hg o corresponding to the eigenvalue 0 # A € C
(since Hg, o > 0 — cf. Theorem 6.5 — it follows that A > 0). Thus, v satisfies

v € dom(Hmax,0), (—A+V)v=Av, 7n,v,0v=0. (7.10)

In particular, ypv € (1\71/2(<9Q))>k by Theorem 4.4. Hence, by (7.5), u in (7.8) is a
well-defined function which belongs to L?(£2;d"x). In fact, since also (—A+V)u =
(—A+V)v € L3(Q;d"z), it follows that u € dom(Hpax.q). Going further, we note
that

(“A+VPu=(-A+V)(~A+V)u=(—A+V)(-A+ V)

(7.11)
CAA+ V)= A (—A 4 V)
Hence, (—A + V)?u = A (=A + V)u in Q. In addition, by (7.7),
Apu =Apv —Ap(Pp.a,v(Apv) =Fpv —Apv =0, (7.12)

whereas

Avu =Anvv —AN(Pp.a,v(Apv) = nv+Mp n.av(0)(Fpv) = Tn vov =0, (7.13)

by the last condition in (7.10). Next, to see that u cannot vanish identically,
we note that v = 0 would imply v = Pp o v (pv) which further entails Av =
(A +V)v = (A +V)Ppay(Hpv) = 0, that is, v = 0 (since A # 0). This
contradicts the original assumption on v and shows that u is a nontrivial solution
of (7.1). This completes the proof of the first half of the theorem.

Turning to the second half, suppose that A € C and 0 # u € L?(Q;d"z) is a
solution of (7.1). Lemma 7.1 then yields A > 0, so that v := A"} (-=A + V)u is a
well-defined function satisfying

v € dom(Hpax,0) and (—A+V)v = A7 (=A+V)?u = (~A+V)u = Av. (7.14)

If we now set w := v —u € L?(;d"z) it follows that

(FA+VI)w=(-A+V)v—(—A+V)u=Av—Av =0, (7.15)
and
ANW =NV,  ApW = Ypu. (7.16)
In particular, by the uniqueness in the Dirichlet problem (7.6),
w = PD,Q,V(:Y\DU)~ (717)
Consequently,
v =Anvw = AN (Pp,o,v(Ypv) = —=Mp N 0,v(0) (YD), (7.18)

which shows that
TN,V,0V = ’/}/\N’U + MD,N,Q,V(O)(aDU) =0. (719)

Hence v € dom(Hg ). We note that v = 0 would entail that the function u €
HZ(R) is a null solution of —A + V| hence identically zero which, by assumption,
is not the case. Therefore, v does not vanish identically. Altogether, the above
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reasoning shows that v is a nonzero eigenfunction of the perturbed Krein Laplacian,
corresponding to the positive eigenvalue A > 0, completing the proof. g

Proposition 7.3.

(i) Assume Hypothesis 6.2 and let 0 # v be any eigenfunction of Hx o corre-
sponding to the eigenvalue 0 # \ € o(Hg,q). In addition suppose that the
operator of multiplication by V satisfies

My € B(H?*(Q),H*(Q)) for some 1/2 < s < 2. (7.20)
Then u defined in (7.8) satisfies
ue HY%(Q), implying v e HY?(Q). (7.21)

(ii) Assume the smooth case, that is, OQ is C*° and V € C*(R2), and let 0 # v be
any eigenfunction of Hy q corresponding to the eigenvalue 0 # X € o(Hg q).
Then u defined in (7.8) satisfies

u € C*(Q), implying v e C(Q). (7.22)

Proof. (i) We note that u € L2?(Q;d"x) satisfies Yp(u) = 0, Fy(u) = 0, and
(A +V)u=(-A+V)v =X e L*;d"z). Hence, by Theorems 5.9 and 5.11,
we obtain that u € H3(Q). Next, observe that (—A + V)?u = Xv € L*(Q;d"x)
which therefore entails A?u € H*~2(Q) by (7.20). With this at hand, the regularity
results in [157] (cf. also [5] for related results) yield that u € H>/2(Q).

(ii) Given the eigenfunction 0 # v of Hg o, (7.8) yields that u satisfies the
generalized buckling problem (7.1), so that by elliptic regularity u € C*°(Q2). By
(7.9) and (7.10) one thus obtains

proving (7.22). =

In passing, we note that the multiplier condition (7.20) is satisfied, for in-
stance, if V' is Lipschitz.

We next wish to prove that the perturbed Krein Laplacian has only point
spectrum (which, as the previous theorem shows, is directly related to the eigen-
values of the generalized buckling of the clamped plate problem). This requires
some preparations, and we proceed by first establishing the following.

Lemma 7.4. Assume Hypothesis 6.2. Then there exists a discrete subset Ag of
(0, 00) without any finite accumulation points which has the following significance:
For every z € C\Aq and every f € H=2(Q2), the problem

u € H3 (),
{(—A f VA4V —2)u=f in Q, (7.24)

has a unique solution. In addition, there exists C = C(Q,z) > 0 such that the
solution satisfies

lull z2) < Cllfllz-2(0)- (7.25)
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Finally, if z € Aq, then there exists u # 0 satisfying (7.2). In fact, the space
of solutions for the problem (7.2) is, in this case, finite dimensional and nontrivial.

Proof. In a first stage, fix z € C with Re(z) < —M, where M = M(Q,V) > 0is a
large constant to be specified later, and consider the bounded sesquilinear form

av,2(+, ) :H5(Q) x HF(Q) — C,
aV,Z(uv U) L= ((7A + V)’LL, (7A + V)U)L2(Q;d”a:) + (V1/2u7 V1/2’U) L2(Qdna)
—Z (Vu, V/U)(L2(Sz;dnm))n7 u,v € Hg(Q) (726)

Then, since f € H~2(Q) = (H3())", the well-posedness of (7.24) will follow with
the help of the Lax-Milgram lemma as soon as we show that (7.26) is coercive. To
this end, observe that via repeated integrations by parts

2
av,s(u,v) Z /d 8sc]8xk Z/ " 833]

(7.27)
+ / d"x ’V1/2u| +2Re (/ d”mAuVu), u € C5e(Q).
Q Q
We note that the last term is of the order
O(HVHL‘”(SZ;d”r)||AUHL2(Q;d”m)||u||L2(Q;d”r)) (7.28)

and hence, can be dominated by
ClIV | Lo (@ana) [ellulFraay + (42) THlullZo @uana ] (7.29)

for every € > 0. Thus, based on this and Poincaré’s inequality, we eventually
obtain, by taking € > 0 sufficiently small, and M (introduced in the beginning of
the proof) sufficiently large, that

Re(ay,.(u,u)) > C||u||§p(g), u € Cr(Q). (7.30)
Hence,

Re(aV7z(u>u)) 2 CH“H%I?(Qy u € Hg(Q)v (7'31)
by the density of C§°(2) in HZ(Q). Thus, the form (7.27) is coercive and hence,
the problem (7.24) is well posed whenever z € C has Re(z) < —M.

We now wish to extend this type of conclusion to a larger set of z’s. With
this in mind, set
Ay, = (mA+V)(-A+V —zlg) € B(HF(Q),H *(Q), z€C. (7.32)

The well-posedness of (7.24) is equivalent to the fact that the above operator is
invertible. In this vein, we note that if we fix zg € C with Re(zp) < —M, then,
from what we have shown so far,

Ay, € B(H (), H(2)) (7.33)
is a well-defined operator. For an arbitrary z € C we then write

Av: = Av,z[Igz() + By, (7.34)
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where Ip2 (q) is the identity operator on HZ(£2) and we have set
By. = Ay, (Av: — Avz,) = (20 — 2)AyL (FA+ V) € Boo (HF (). (7.35)

SinceC 3 2z — By, € B(Hg (Q)) is an analytic, compact operator-valued mapping,
which vanishes for z = zg, the Analytic Fredholm Theorem yields the existence of
an exceptional, discrete set Ag C C, without any finite accumulation points such
that

(Inz) + Bv.:) "' € B(H3 (), z€C\Aq. (7.36)
As a consequence of this, (7.33), and (7.34), we therefore have
Ayl € B(H?(Q),H3(©), z€C\Aq. (7.37)

We now proceed to show that, in fact, Ag C (0,00). To justify this inclusion, we
observe that
Ay, in (7.32) is a Fredholm operator, with
Fredholm index zero, for every z € C,

due to (7.33), (7.34), and (7.35). Thus, if for some z € C the operator Ay, fails to
be invertible, then there exists 0 # u € L?(Q2;d"x) such that Ay _u = 0. In view
of (7.32) and Lemma 7.1, the latter condition forces z € (0, 00). Thus, Aq consists
of positive numbers. At this stage, it remains to justify the very last claim in the
statement of the lemma. This, however, readily follows from (7.38), completing
the proof. O

(7.38)

Theorem 7.5. Assume Hypothesis 6.2 and recall the exceptional set Ag C (0,00)
from Lemma 7.4, which is discrete with only accumulation point at infinity. Then

o(Hga) = Ao U{0}. (7.39)

Furthermore, for every 0 # z € C\Aq, the action of the resolvent (Hg o — zIg) ™"
on an arbitrary element f € L?(Q;d"z) can be described as follows: Let v solve

{v € H3(Q), ) (7.40)
(A+V)(=A+V =2 = (—A+V)f € H2(Q),

and consider
wi=2z"(-A+V —2)v— f] € L*(Q;d"2). (7.41)
Then
(Hio—zlo) "' f = v +w. (7.42)
Finally, every z € Ag U {0} is actually an eigenvalue (of finite multiplicity,

if nonzero) for the perturbed Krein Laplacian, and the essential spectrum of this
operator is given by

Uess(HK,Q) = {0} (743)
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Proof. Let 0 # 2z € C\Aqg, fix f € L?(Q;d"x), and assume that v, w are as in
the statement of the theorem. That v (hence also w) is well defined follows from
Lemma 7.4. Set

w:=v+w eHF(Q)+{n € L*(%xd"z) | (-A+V)np=0in Q}
= ker (7n,v,0) < dom(Hmax,0), (7.44)
by (6.6). Thus, v € dom(Hpmax,q) and 7y v,ou = 0 which force v € dom(Hg q).
Furthermore,
[ullL2(@ana) + 1AU]| L2(@iam2) < CllfllL2(0idm2), (7.45)
for some C' = C(9,V,z) > 0, and
(—A+V —2u=(-A+V —-2)v+ (-A+V —2)w
=(A+V =20+ 2 (-A+V = 2)[(-A+V —2)v — f]
=(-A+V -2+ 2z (A+V)[(-A+V —2)v—f] - [(-A+V — 2)v — f]
=f+2 A+ V)(-A+V —2)v— (A +V)f] =, (7.46)

by (7.40), (7.41). As a consequence of this analysis, we may conclude that the
operator

HKﬂ —zlg : dOIIl(HKyg) - Lz(Q; dnl‘) — Lz(Q; dnl‘) (747)
is onto (with norm control), for every z € C\(Aq U {0}). When 2z € C\(Aq U {0})

the last part in Lemma 7.4 together with Theorem 7.2 also yield that the operator
(7.47) is injective. Together, these considerations prove that

O'(HK’Q) C Aq U {0} (748)

Since the converse inclusion also follows from the last part in Lemma 7.4 together
with Theorem 7.2, equality (7.39) follows. Formula (7.42), along with the final
conclusion in the statement of the theorem, is also implicit in the above analysis
plus the fact that ker(Hg o) is infinite dimensional (cf. (2.46) and [145]). O

8. Eigenvalue estimates for the perturbed Krein Laplacian

The aim of this section is to study in greater detail the nature of the spectrum of
the operator Hi o. We split the discussion into two separate cases, dealing with
the situation when the potential V' is as in Hypothesis 4.7 (Subsection 8.1), and
when V =0 (Subsection 8.2).

8.1. The perturbed case

Given a domain €2 as in Hypothesis 5.7 and a potential V' as in Hypothesis 4.7, we
recall the exceptional set Ag C (0, 00) associated with € as in Section 7, consisting
of numbers

0<Ar,01 < Ako2 << Ak <Ak 41 <o (8.1)
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converging to infinity. Above, we have displayed the \’s according to their (geo-
metric) multiplicity which equals the dimension of the kernel of the (Fredholm)
operator (7.32).

Lemma 8.1. Assume Hypothesis 6.2. Then there exists a family of functions
{u;}jen with the following properties:

u; € Hg(Q) and (*A + V)QUJ' = )\Kyg’j(*A + V)Uj, JjE N, (82)
(A +V)uy, (=A + V)ug) r2(ane) = djk,  Jik €N,

=Y (A +V)u, (= A+ V)uy) 2 uanay g, u € Hy (), (8.4)
j=1

with convergence in H?(Q).
Proof. Consider the vector space and inner product
Hy = HF(Q), [u,v]n, = /Qd"x (—A+V)u(-A+V)v, u,veHy. (85)
We claim that (HV, [-, ']Hv) is a Hilbert space. This readily follows as soon as
we show that
ull zr2(0) < CII(=A + V)ullL2(uane), € H(Q), (8.6)

for some finite constant C' = C'(2,V) > 0. To justify this, observe that for every
u € C§°(€2) we have

/d” \u|2<02/d" 895
J
2
< n _ n 2 .
_CZ/d &kal /demu\, (8.7)

where we have used Poincaré’s inequality in the first two steps. Based on this, the
fact that V is bounded, and the density of C§°(2) in HZ(f2) we therefore have

[ull 2(0) < C(H(—A + V)ullp2(ane) + ||u||L2(SZ;d”m))7 u e H (), (8.8)
for some finite constant C = C(2, V) > 0. Hence, the operator
—A+V € B(HF(Q), L*(Q;d"x)) (8.9)

is bounded from below modulo compact operators, since the embedding HZ(£2) <
L2(Q;d™z) is compact. Hence, it follows that (8.9) has closed range. Since this
operator is also one-to-one (as 0 € o(Hp q)), estimate (8.6) follows from the Open
Mapping Theorem. This shows that

Hy = HZ(Q) as Banach spaces, with equivalence of norms. (8.10)

Next, we recall from the proof of Lemma 7.4 that the operator (7.32) is invertible
for A € C\Agq (cf. (7.37)), and that Ag C (0, 00). Taking A = 0 this shows that

(—A+ V)2 = ((—A+ V)"t € B(H?(Q), HF () (8.11)
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is well defined. Furthermore, this operator is self-adjoint (viewed as a linear,
bounded operator mapping a Banach space into its dual, cf. (2.1)). Consider now

Bi=—(-A+V)2(-A+V). (8.12)
Since B admits the factorization
2 AV, gy CCATVT
B:Hy(Q)) —— L*(Q;d"x) — H =(Q) —— H5(Q), (8.13)

where the middle arrow is a compact inclusion, it follows that
B € B(Hy) is compact and injective. (8.14)
In addition, for every u,v € C§°(2) we have via repeated integrations by parts

[Bu,v]y, = —((—A + V)(—A + V)2 (A +V)u, (A + V)v)

L2(Qsdn )
—((“A+ V)2 (=A+ V)u, (- A+V)%)L2(Q;d%)
~((CA+V)u, (A + V)2 (A +V)™0) 1 unn
(A +V)u,v)r2(0dna)
—(Vu, Vo) (22(0anz))m — (Vl/zu, Vl/zv)m(ﬂ;dnm). (8.15)

Consequently, by symmetry, [Bu, v]y, = [Bv,uly, , u,v € C§°(2) and hence,

[Bu, vy = [Bv,ulp, u,v € Hy, (8.16)
since C§°(2) — Hy densely. Thus,
B € Boo(Hy) is self-adjoint and injective. (8.17)

To continue, we recall the operator Ay from (7.32) and observe that
(~A+V)2Ay, =1Iy, — 2B, zcC, (8.18)

as operators in B (Hg (Q)) Thus, the spectrum of B consists (including multiplic-
ities) precisely of the reciprocals of those numbers z € C for which the operator
Av,. € B(H3(Q), H2(Q)) fails to be invertible. In other words, the spectrum of
B € B(Hv) is given by

o(B) = {(Aai) e (3.19)
Now, from the spectral theory of compact, self-adjoint (injective) operators on
Hilbert spaces (cf., e.g., [142, Theorem 2.36]), it follows that there exists a family
of functions {u;}en for which

u; € Hy and Bu; = ()\K7Q7j)71u]‘, J €N, (8.20)

[wj, uklpy =0k, Gk EN, (8.21)

U= Z[u>uj]7‘lv uj, uE€ Hy, (822)
j=1

with convergence in Hy . Unraveling notation, (8.2)-(8.4) then readily follow from
(8.20)~(8.22). 0
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Remark 8.2. We note that Lemma 8.1 gives the orthogonality of the eigenfunc-
tions u; in terms of the inner product for Hy (cf. (8.3) and (8.5), or see (8.21)
immediately above). Here we remark that the given inner product for Hy does not
correspond to the inner product that has traditionally been used in treating the
buckling problem for a clamped plate, even after specializing to the case V = 0.
The traditional inner product in that case is the Dirichlet inner product, defined by

D(u,v) = / d"z (Vu,Vv)en, u,v € Hy(Q), (8.23)
Q

where (-, -)cn denotes the usual inner product for elements of C", conjugate linear
in its first entry, linear in its second. When the potential V' > 0 is included, the
appropriate generalization of D(u,v) is the inner product

Dy (u,v) = D(u,v) +/ d"zVuv, wu,ve Hy(Q) (8.24)
Q

(we recall that throughout this survey V is assumed nonnegative, and hence that
this inner product gives rise to a well-defined norm). Here we observe that orthog-
onality of the eigenfunctions of the buckling problem in the sense of Hy is entirely
equivalent to their orthogonality in the sense of Dy (-, -): Indeed, starting from the
orthogonality in (8.21), integrating by parts, and using the eigenvalue equation
(8.2), one has, for j # k,

0= [uj, uklp, = / A"z (—A+V)u; (A +V)u, = / d"ruj (—A+V)2uy
Q Q

= )\k/ d"zuj (A +V)up = g {D(uj,uk) +/ d"z Vu, uk]
Q Q
= X\ Dy (uj,ug), u,ve H2(Q), (8.25)

where Ay is shorthand for Ag o of (8.1), the eigenvalue corresponding to the
eigenfunction uy, (cf. (8.2), which exhibits the eigenvalue equation for the eigenpair
(uj, A;)). Since all the A;’s considered here are positive (see (8.1)), this shows that
the family of eigenfunctions {u;};en, orthogonal with respect to [, ]y, , is also
orthogonal with respect to the “generalized Dirichlet inner product”, Dy (:,-).
Clearly, this argument can also be reversed (since all eigenvalues are positive),
and one sees that a family of eigenfunctions of the generalized buckling problem
orthogonal in the sense of the Dirichlet inner product Dy (,-) is also orthogonal
with respect to the inner product for Hy, that is, with respect to [-, -]z, . On the
other hand, it should be mentioned that the normalization of each of the wg’s
changes if one passes from one of these inner products to the other, due to the
factor of A\, encountered above (specifically, one has [ug, ur]y, = g Dy (ug, ur)
for each k).

Next, we recall the following result (which provides a slight variation of the
case V =0 treated in [89)]).
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Lemma 8.3. Assume Hypothesis 6.2. Then the subspace (—A+V) HZ(Q) is closed
in L?(Q;d"x) and

L*(;d"z) = ker(Hy max,0) @ [(—A + V) HF (Q)], (8.26)
as an orthogonal direct sum.

Our next theorem shows that there exists a countable family of orthonor-
mal eigenfunctions for the perturbed Krein Laplacian which span the orthogonal
complement of the kernel of this operator:

Theorem 8.4. Assume Hypothesis 6.2. Then there exists a family of functions
{w;}jen with the following properties:

w; € dom(Hg ) N HY?(Q) and (8.27)
Hg ow;j = A0 jwj, Aroj >0, €N,
(wj, we)2(0anz) = Oj.k> Jo K €N, (8.28)
L*(Q;d"x) = ker(Hg ) @ lin.span{w;};en (orthogonal direct sum). (8.29)
Proof. That w; € H'/?(Q), j € N, follows from Proposition 7.3(i). The rest is a
direct consequence of Lemma 8.3, the fact that

ker(Hymax,0) = {u € L*(%d"z) | (-A+ V)u =0} = ker(Hg 0), (8.30)
the second part of Theorem 7.2, and Lemma 8.1 in which we set w; := (—A+V)y;,
jeN O

Next, we define the following Rayleigh quotient
(=2 + V)ullF2(g,4ns)

, O#ueH3(Q). (831)
HVUH%LZ(Q;d"m))" + HVUZU”%Z(Q#”E) i

Ry olu] ==

Then the following min-max principle holds:

Proposition 8.5. Assume Hypothesis 6.2. Then

AK Qi = min ( max RKQU>, i € N. 8.32
whd W, subspace of HZ(2) \ 0ZUEW; ’ [ } J ( )
dim(W;)=j

As a consequence, given two domains €2, Q as in Hypothesis 5.7 for which Q C §~2,
and given a potential 0 <V € L*>®(Q)), one has

0< XK,Q,J- <Akqj, JEN, (8.33)

where V = I7|52, and Ak 0, and XKQ r j € N, are the eigenvalues corresponding

to the Krein—von Neumann extensions associated with 2,V and (NZ, XN/, respectively.
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Proof. Obviously, (8.33) is a consequence of (8.32), so we will concentrate on
the latter. We recall the Hilbert space Hy from (8.5) and the orthogonal family
{u;} en in (8.20)—(8.22). Next, consider the following subspaces of Hy,

Vo :={0}, Vj:=lin.spanfu;|1<i<j}, jeN. (8.34)
Finally, set
V ={ueH||[u,uly, =0,1<i<j}, jeN. (8.35)
We claim that
)\K’QJ' = min RK’Q[U] = RKyg[Uj], jeN. (8.36)
07éu€VjJ;1

Indeed, if j € N and u = 220:1 Crug € Vf;l, then ¢y = 0 whenever 1 <k < j —1.
Consequently,
2

=> lal>  (837)

L2(Q;dnx) k=3

Z cr(—A+ V)uy

k=j

H(_A + V>uH2Lz(Q;d”w) -

by (8.3), so that
||VUH%L2(SZ;d”m))” + HV1/2UH%2(Q;d”m) = ((=A + V)u,u) L2 (;dm0)

= (iCk —A-i—V)uk,u)

L2(Q;dmx)
= Z AK,Q.k) 1Ck(_A+V)2uk,u)
k=j L2(Q;dmx)

NERANgERT

)\ng 1ck(A+V)uk,(A+V)u>
L2(Qdnx)

<Z )\ng 1Ck(A+V)uk,ZCk(A+V)Uk)
L2(Q;dnx)

k=j k=j

g <&

o0
Z/\Kﬂk ) Her? < (Ak,0.) 12\01@\2
k=j

= ()\K,Q,jrl (A + V)UHLQ(Q;d"x)’ (8.38)
where in the third step we have relied on (8.2), and the last step is based on
(8.37). Thus, Rk o[u] > Ak,o,; with equality if u = u; (cf. the calculation leading
up to (7.4)). This proves (8.36). In fact, the same type of argument as the one just
performed also shows that

AKQ) = O;HED‘(/ Riolu]l = Rix.olu;], jeN. (8.39)
J

Next, we claim that if W} is an arbitrary subspace of H of dimension j then

Ak, < Oénaﬁ/] Ry Q[ ] jeN. (8.40)
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To justify this inequality, observe that W; N VJJ; 1 # {0} by dimensional consider-
ations. Hence, if 0 # v; € W; N Vﬁ;l then

AKQ) = 0#32\1/15 R olu] < Rialv;] < o;gg)évj Ry olul, (8.41)

establishing (8.40). Now formula (8.32) readily follows from this and (8.39). O

If 2 C R" is a bounded Lipschitz domain denote by
0<Apo1<Apa2<---<Apa,;<Apaj+1 < (8.42)

the collection of eigenvalues for the perturbed Dirichlet Laplacian Hp o (again,
listed according to their multiplicity). Then, if 0 <V € L*°(Q;d"z), we have the
well-known formula (cf., e.g., [64] for the case where V' = 0)

Ap.aj = min ( max RD,Q[U]), jEN, (8.43)
W subspace of H}(Q) \0FueW;
dim(W;)=j

where Rp q[u], the Rayleigh quotient for the perturbed Dirichlet Laplacian, is
given by

_ HVUH%Lz(Q;d”m))” + HVI/QUH%?(Q;d”r)

Rp.alu] := , 0£ueHH(Q). (8.44)

HUH%Q(Q;d"m)
From Theorem 2.10, Theorem 4.8, and Proposition 5.10, we already know that,
granted Hypothesis 6.2, the nonzero eigenvalues of the perturbed Krein Laplacian
are at least as large as the corresponding eigenvalues of the perturbed Dirichlet
Laplacian. It is nonetheless of interest to provide a direct, analytical proof of this
result. We do so in the proposition below.

Proposition 8.6. Assume Hypothesis 6.2. Then
0< AD’QJ < )\Kyg’j, ] € N. (845)

Proof. By the density of C§°(2) into HZ(2) and H}(Q), respectively, we obtain
from (8.32) and (8.43) that

Ao = inf ( sw Riol), (8.46)
W, subspace of Cgo(Q) O#MEWJ
dim(W,)=j
ADq,j = inf ( sup RD@[U]), (8.47)
W; subspace of C§°(2) \ 0£ue W,
dim(W;)=j

for every j € N. Since, if u € C§° (),
Hvu||%L2(Q;d”$))” + ||V1/2u‘|%2(ﬂ;d”x) = ((_A + V)U,U)L2(Q;dnm)
< (=A+ V)ul L2 (uana) llull L2 (dn ). (8.48)
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we deduce that

Rpalu] < Rk qlu], whenever 0 # u € C;°(Q). (8.49)
With this at hand, (8.45) follows from (8.46)—(8.47). O
Remark 8.7. Another analytical approach to (8.45) which highlights the connection
between the perturbed Krein Laplacian and a fourth-order boundary problem is as

follows. Granted Hypotheses 4.1 and 4.7, and given A € C, consider the following
eigenvalue problem

u € dom(—Amax,0), (—A+V)u € dom(—Anax,a),
(—A+V)2u=A(-A+V)u in Q,
Yp(u) =0 in (N1/2(8Q)) 7 (8.50)
p((—A +V)u) =0 in (N1/2(8Q)) .
Associated with it is the sesquilinear form

Gva(-, ) HxH—C, H:=HQ)NHQ),

aya(u,v) == (A +V)u, (A +V)v)r2(qana) + (Vl/zu, Vl/zv)

- (Vu,Vv)(Lz(Q;an))n, u,v € ﬁ,

L2(Q;dnx)

(8.51)
which has the property that

u e H satisfies ay.x(u,v) = 0 for every v € H if and only if u solves (8.50).
(8.52)
We note that since the operator —A + V : H%(Q) N HE(Q) — L*(Q;d"z) is an
isomorphism, it follows that u +— [[(=A + V)ul|z2(q;ans) is an equivalent norm
on the Banach space ﬁ, and the form ay (-, -) is coercive if A < —M, where
M = M(Q,V) > 0is a sufficiently large constant. Based on this and proceeding as
in Section 7, it can then be shown that the problem (8.50) has nontrivial solutions if
and only if A belongs to an exceptional set KQJ/ C (0, 00) which is discrete and only
accumulates at infinity. Furthermore, u solves (8.50) if and only if v := (=A+V)u
is an eigenfunction for Hp o, corresponding to the eigenvalue A and, conversely,
if u is an eigenfunction for Hp o corresponding to the eigenvalue A, then u solves
(8.50). Consequently, the problem (8.50) is spectrally equivalent to Hp o. From
this, it follows that the eigenvalues {Ap o ;}jen of Hp o can be expressed as

Apgj=  min ( max Ry qlu ) i €N, 8.53
D W; subspace of # \ 0FuEW; Kﬂ[ } J ( )
dim(W;)=j

where the Rayleigh quotient Rk ofu] is as in (8.31). The upshot of this represen-
tation is that it immediately yields (8.45), on account of (8.32) and the fact that
HZ(Q) C H.



64 M.S. Ashbaugh et al.

Next, let © be as in Hypothesis 4.1 and 0 <V € L*°(Q;d"x). For A\ € R set
NxaoA) =#{j e N|Axqo; <A}, Xe{D K}, (8.54)
where #S denotes the cardinality of the set S.
Corollary 8.8. Assume Hypothesis 6.2. Then
Nk.ao(A) < Npa(d), AeR. (8.55)
In particular,
Nia(\) = ONY?) as X — oco. (8.56)

Proof. Estimate (8.55) is a trivial consequence of (8.45), whereas (8.56) follows
from (8.42) and Weyl’s asymptotic formula for the Dirichlet Laplacian in a Lip-
schitz domain (cf. [40] and the references therein for very general results of this
nature). O

8.2. The unperturbed case

What we have proved in Section 7 and Section 8.1 shows that all known eigenvalue
estimates for the (standard) buckling problem

u€ HE(Q), A%u=-\Au in Q, (8.57)

valid in the class of domains described in Hypothesis 5.7, automatically hold, in
the same format, for the Krein Laplacian (corresponding to V' = 0). For example,

(0)

we have the following result with A, i J € N, denoting the nonzero eigenvalues

of the Krein Laplacian —Ag o and Ag,)ﬂ,y j € N, denoting the eigenvalues of the
Dirichlet Laplacian —Ap o:

Theorem 8.9. If QO C R” is as in Hypothesis 5.7, the nonzero eigenvalues of the
Krein Laplacian —Ag q satisfy

)\(0) < n? 4+ 8n + 20 ()

K,Q.2 = (n +2)2 K,Q,1 (8.58)
0 4 0 0 0

> N < 1+ N, - o 40 = Adan) < (N 1. (8.59)
j=1

k k

0 0 ’/L + 2 0

Z ()\%)97’”‘1 B A(Kv)“’ﬂ) = Z K Q Jp1 — AKO J)A(K,)Q,j’ k eN,
Jj=1 j=1

(8.60)

Furthermore, if jn—2y/2,1 15 the first positive zero of the Bessel function of first
kind and order (n—2)/2 (¢f. [1, Sect. 9.5]), v, denotes the volume of the unit ball
in R™, and |Q| stands for the n-dimensional Euclidean volume of Q, then

22/nj2 U2/n
(n—2)/2,1°"1 0 0
|Q2/n < )‘g),)sz,z < )‘g(,)ﬂ,r (8.61)
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Proof. With the eigenvalues of the buckling plate problem replacing the corre-
sponding eigenvalues of the Krein Laplacian, estimates (8.58)—(8.60) have been
proved in [26], [27], [28], [60], and [110] (indeed, further strengthenings of (8.59)
are detailed in [27], [28]), whereas the respective parts of (8.61) are covered by
results in [122] and [150] (see also [31], [47]). O

Remark 8.10. Given the physical interpretation of the first eigenvalue for (8.57),
it follows that )‘gg,)ﬂ,p the first nonzero eigenvalue for the Krein Laplacian —A o,
is proportional to the load compression at which the plate © (assumed to be as
in Hypothesis 5.7) buckles. In this connection, it is worth remembering the long-
standing conjecture of Pélya—Szeg0, to the effect that amongst all plates of a given
area, the circular one will buckle first (assuming all relevant physical parameters
to be identical). In [31], the authors have given a partial result in this direction
which, in terms of the first eigenvalue )\(Ig)ﬂ , for the Krein Laplacian —Ag o in a
domain 2 as in Hypothesis 5.7, reads o
2/n

22/nj2 v
0 (n—2)/2,1%"M 0
AW 1 > i = Ao, (8.62)

where Q% is the n-dimensional ball with the same volume as Q, and

en = 22" (jtn-2)/2.1/dnj21])> =1 = (4 —log4)/n+ O(n~>*) = 1 as n — oo.
(8.63)
This result implies an earlier inequality of Bramble and Payne [47] for the two-
dimensional case, which reads

)\(0) 27Tj3,1

. .64
K,Q,1 > }Xrea(52) (8 6 )

Given that (8.58) states a universal inequality for the ratio of the first two
nonzero eigenvalues of the Krein Laplacian, that is, of the buckling problem, it is
natural to wonder what the best upper bound for this ratio might be, and the shape
of domain that saturates it. While this question is still open, the conjecture that
springs most naturally to mind is that the ratio is maximized by the disk/ball,
and that in n dimensions the best upper bound is therefore ]'(2n+2)/2’1/j721/271 (a
ratio of squares of first positive zeros of Bessel functions of appropriate order).
In the context of the buckling problem this conjecture was stated in [26] (see
p. 129). This circle of ideas goes back to Payne, Pdlya, and Weinberger [154,
155], who first considered bounds for ratios of eigenvalues and who formulated
the corresponding conjecture for the first two membrane eigenvalues (i.e., that the
disk/ball maximizes the ratio of the first two eigenvalues).

Before stating an interesting universal inequality concerning the ratio of the
first (nonzero) Dirichlet and Krein Laplacian eigenvalues for a bounded domain
with boundary of nonnegative Gaussian mean curvature (which includes, obvi-
ously, the case of a bounded convex domain), we recall a well-known result due to
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Babugka and Vyborny [34] concerning domain continuity of Dirichlet eigenvalues
(see also [55], [56], [62], [80], [171], [186], and the literature cited therein):

Theorem 8.11. Let 2 C R"™ be open and bounded, and suppose that Q,, C £,
m € N, are open and monotone increasing toward €2, that is,

Oy CUn1 CQ meN, [ Q=0 (8.65)
meN
In addition, let —Ap.q, and —Apq be the Dirichlet Laplacians in L*(Qpm; d"x)
and LQ(Q; d"z) (cf. (4.47), (4.53)), and denote their respective spectra by

0 0
~Apa,) = Ao, i fan MEN, and o(-Apa) = (A0} oy (8:66)

Then, for each j € N,
lim A5 =20 (8.67)

m—0o0
Theorem 8.12. Assume that Q C R™ is a bounded quasi-convex domain. In addi-
tion, assume there exists a sequence of C*-smooth domains {Q,}men satisfying
the following two conditions:

(i) The sequence {Qm tmen monotonically converges to Q0 from inside, that is,

Oy CUn1 CQ meN, [ Q=0 (8.68)
meN

(ii) If G, denotes the Gaussian mean curvature of OQ,, then

Gm >0 for all m € N. (8.69)

Then the first Dirichlet eigenvalue and the first nonzero eigenvalue for the Krein
Laplacian in Q satisfy

2O
< gf“ < 4. (8.70)

A
D.O,1

In particular, each bounded conver domain @ C R™ satisfies conditions (i) and (ii)
and hence (8.70) holds for such domains.

Proof. Of course, the lower bound in (8.70) is contained in (8.45), so we will con-
centrate on establishing the upper bound. To this end, we recall that it is possible to
approximate  with a sequence of C°°-smooth bounded domains satisfying (8.68)
and (8.69). By Theorem 8.11, the Dirichlet eigenvalues are continuous under the
domain perturbations described in (8.68) and one obtains, in particular,
0

Tim AP 1= AP (8.71)
On the other hand, (8.33) yields that /\gg’)Q1 < A(I?,)Qm,l' Together with (8.71), this
shows that it suffices to prove that

)‘g?ﬂm,l < 4/\55),)9,”71, m € N. (8.72)
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Summarizing, it suffices to show that

Q C R™ a bounded, C*°-smooth domain, whose Gaussian mean

8.73
curvature G of 91 is nonnegative, implies )‘(I((),)Q,l < 4)‘(D0,)Q,1' ( )

Thus, we fix a bounded, C'*° domain 2 C R™ with G > 0 on 02 and denote by u;
the (unique, up to normalization) first eigenfunction for the Dirichlet Laplacian
in Q. In the sequel, we abbreviate A\p := )\ Q 1 and A = )\(K)Q 1- Then (cf. [92,
Theorems 8.13 and 8.38)),

up € C®(Q), wiloa=0, w1 >0inQ, —Au; =Apu; in Q, (8.74)
and f )
d"z |Vuy|

Ap = "9 . 8.75

b fQ drx |uqp|? ( )

In addition, (8.36) (with j = 1) and u? as a “trial function” yields

Jod"z|Au?)?
Jodrz |V (ui)?
Then (8.73) follows as soon as one shows that the right-hand side of (8.76) is
less than or equal to the quadruple of the right-hand side of (8.75). For bounded,
smooth, convex domains in the plane (i.e., for n = 2), such an estimate was
established in [151]. For the convenience of the reader, below we review Payne’s
ingenious proof, primarily to make sure that it continues to hold in much the
same format for our more general class of domains and in all space dimensions
(in the process, we also shed more light on some less explicit steps in Payne’s
original proof, including the realization that the key hypothesis is not convexity
of the domain, but rather nonnegativity of the Gaussian mean curvature G of its
boundary). To get started, we expand

(A(u))? = 4[Abuy = 22p wf|Vur | + [V '], [V(u])]” = 4ui|Vua?, (8.77)
and use (8.76) to write

d"ruf Jo dm | Vuq|*
A < A2 Jo ! —2) @ 8.78
= (fg drz ui|Vuy|? o Jo drzuf|Vu|? (8.78)

Ak < (8.76)

Next, observe that based on (8.74) and the Divergence Theorem we may write
/ d"z [3u|Vu, > — Ap uf] = / d"z [3u|Vuy | + uiAu | = / d"z div (uf Vuy)
Q Q Q
= / d" wulo,uy =0, (8.79)
a0
where v is the outward unit normal to 99, and d"'w denotes the induced surface

measure on JS2. This shows that the coefficient of A2, in (8.78) is 3\, so that

Jo d™ x| Vuy |*

A < A 0 h 0= .
Kk < Ap +0, where fﬂdnxuﬂVulP

(8.80)
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We begin to estimate 6 by writing

/ d"z |Vu |* = / d"z (Vuy) - (|Vui [*Vuy) = —/ d"xuy div(|Vauy |*Vuy )
Q Q Q

= —/ d"z [(uy Vuy) - (V|Vui|?) = Ap uf|Vu|?], (8.81)
Q

so that
Jo d"x (uy Vuy) - (V[Vuq|?)
fﬂ d"x u?|Vus |2
To continue, one observes that because of (8.74) and the classical Hopf lemma (cf.
[92, Lemma 3.4]) one has d,u; < 0 on 0. Thus, |Vui| # 0 at points in £ near
09Q2. This allows one to conclude that
Vu

=Ap — 0. (8.82)

1
v=— near and on 0f). 8.83

By a standard result from differential geometry (see, for example, [69, p. 142])
div(v) = (n—1)G on 99, (8.84)

where G denotes the mean curvature of 0.
To proceed further, we introduce the following notations for the second de-
rivative matrix, or Hessian, of u; and its norm:

a2u1 n 1/2
Hess(uy) := <a$ja$k)1§j7k<n7 [Hess(uy)| := (j;l |3j3ku1|2> . (8.85)

Relatively brief and straightforward computations (cf. [123, Theorem 2.2.14]) then
yield

div(v Zaj < Oy > = |Vuy| " [~ Auy + (v, Hess(uy )v)]
j=1
= |V | (v, Hess(u1)v) on 99 (8.86)

(since —Au; = Apug = 0 on 99Q),

Z yjyk8k< % “1|) (8.87)

7,k=1
= —| V1| v, Hess(u1)v) + |V || (v, Hess(u; )v) = 0,
and finally, by (8.86),

8, (|Vur]?) Z v;8;[(Opur)?] = 2 Z v; (Ous) (9;0us)

Jk=1 j,k=1
= —2|Vuy (v, Hess(u1 )v) = —2|Vuy [Adiv(v)
= —2(n—1)G|Vui|> <0 on 09, (8.88)

given our assumption G > 0.



On the Krein—von Neumann Extension 69

Next, we compute
/ d"z [|V(|Vui|*)]? = 2Ap [Vu [* 4 2| Vuy [*[Hess(u1) %]
Q
= / d"z div(|Vui PV(|Vu |?)) = / d" o (|Vu PV ([Vuy [?))
Q a0
:/ d"'w |V [0, (|Vul|?) <0, (8.89)
a0
since 9, (|Vu1|?) <0 on 99 by (8.88). As a consequence,
2\p / d"z |Vu |t > / d"z [|V(|Vui*)]* + 2|Vus |*[Hess(u1)|?]. (8.90)
Q Q

Now, simple algebra shows that |V(|Vu1|?)[? < 4|Vu1|?[Hess(u;)[? which, when
combined with (8.90), yields

AN
P /d"m|Vu1|4z/d"sc\V(\Vul\Q)F. (8.91)
3 Q Q

Let us now return to (8.81) and rewrite this equality as
/ d"z |Vu|* = 7/ d"z (uy Vuy) - (V|Vu[* — Ap w1 V). (8.92)
Q Q

An application of the Cauchy—Schwarz inequality then yields

2
(/ d"z Vu1|4) < (/ d"xui Vu1|2> (/ d"z|V|Vui|* — Ap u1Vu12> .
Q Q Q

(8.93)
By expanding the last integrand and recalling the definition of § we then arrive at

Jad'z mVu) - (VIVaP)Y | (fodz[VITulP)PEY oo
de”xuﬂVm\Q de"xuﬂVmP o

Upon recalling (8.82) and (8.91), this becomes

02 < )\QDZ)\D<

4\ 10X
9% < X2 —22p(\p — 0) + 3D0 =A% 4 3D0. (8.95)
In turn, this forces 8 < 3\p hence, ultimately, Ax < 4Ap due to this estimate and
(8.80). This establishes (8.73) and completes the proof of the theorem. O

Remark 8.13. (i) The upper bound in (8.70) for two-dimensional smooth, convex
C* domains € is due to Payne [151] in 1960. He notes that the proof carries over
without difficulty to dimensions n > 2 in [152, p. 464]. In addition, one can avoid
assuming smoothness in his proof by using smooth approximations €2,,, m € N,
of ) as discussed in our proof. Of course, Payne did not consider the eigenvalues
of the Krein Laplacian —Ag o, instead, he compared the first eigenvalue of the
fixed membrane problem and the first eigenvalue of the problem of the buckling
of a clamped plate.
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(ii) By thinking of Hess(u1) represented in terms of an orthonormal basis for R
that contains v, one sees that (8.86) yields

8u1 -1 82u1 - 8u1 _182U1
ol o \ow) o’

(the latter because dui/0v < 0 on 9 by our convention on the sign of u; (see
(8.74))), and thus

() = |

(8.96)

82U1 aul
=—(n—-1
31/2 (TL )g 8u
For a different but related argument leading to this same result, see Ashbaugh and
Levine [32, pp. I-8, I-9]. Aviles [33], Payne [150], [151], and Levine and Weinberger

[132] all use similar arguments as well.

on 0N. (8.97)

(iii) We note that Payne’s basic result here, when done in n dimensions, holds
for smooth domains having a boundary which is everywhere of nonnegative mean
curvature. In addition, Levine and Weinberger [132], in the context of a related
problem, consider nonsmooth domains for the nonnegative mean curvature case
and a variety of cases intermediate between that and the convex case (including
the convex case).

(iv) Payne’s argument (and the constant 4 in Theorem 8.12) would appear to
be sharp, with any infinite slab in R™ bounded by parallel hyperplanes being a
saturating case (in a limiting sense). We note that such a slab is essentially one-
dimensional, and that, up to normalization, the first Dirichlet eigenfunction u; for
the interval [0, a] (with a > 0) is

u1(z) = sin(mz/a) with eigenvalue \ = 72 /a?, (8.98)
while the corresponding first buckling eigenfunction and eigenvalue are
u1(2)? = sin?(rz/a) = [1 — cos(2rx/a)]/2 and 4\ = 47%/a’. (8.99)

Thus, Payne’s choice of the trial function u?, where u; is the first Dirichlet eigen-
function should be optimal for this limiting case, implying that the bound 4 is best
possible. Payne, too, made observations about the equality case of his inequality,
and observed that the infinite strip saturates it in 2 dimensions. His supporting
arguments are via tracing the case of equality through the inequalities in his proof,
which also yields interesting insights.

Remark 8.14. The eigenvalues corresponding to the buckling of a two-dimensional
square plate, clamped along its boundary, have been analyzed numerically by sev-
eral authors (see, e.g., [8], [9], and [46]). All these results can now be naturally
reinterpreted in the context of the Krein Laplacian —Ag o in the case where
Q= (0,1)? C R2. Lower bounds for the first k¥ buckling problem eigenvalues were
discussed in [131]. The existence of convex domains €, for which the first eigen-
function of the problem of a clamped plate and the problem of the buckling of
a clamped plate possesses a change of sign, was established in [121]. Relations
between an eigenvalue problem governing the behavior of an elastic medium and
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the buckling problem were studied in [111]. Buckling eigenvalues as a function
of the elasticity constant are investigated in [115]. Finally, spectral properties of
linear operator pencils A — AB with discrete spectra, and basis properties of the
corresponding eigenvectors, applicable to differential operators, were discussed, for
instance, in [156], [175] (see also the references cited therein).

Formula (8.56) suggests the issue of deriving a Weyl asymptotic formula for
the perturbed Krein Laplacian Hg o. This is the topic of our next section.

9. Weyl asymptotics for the perturbed Krein Laplacian
in nonsmooth domains

We begin by recording a very useful result due to V.A. Kozlov which, for the
convenience of the reader, we state here in more generality than is actually required
for our purposes. To set the stage, let 2 C R™, n > 2, be a bounded Lipschitz
domain. In addition, assume that m > r > 0 are two fixed integers and set
n:=2(m-—r)>0. (9.1)

Let W be a closed subspace in H™(2) such that Hj*(Q2) C W. On W, consider
the symmetric forms

a(u,v) := Z / d"x an,p(x)(0%u)(x)(0%)(x), wu,veEW, (9.2)
0<|al,|8l<m 9
and
b(u,v) = > / A" bo 5 () (3%u) () (%) (x),  u,v € W. (9.3)
0<|al,|Bl<r
Suppose that the leading coefficients in a( -, -) and b( -, - ) are Lipschitz functions,
while the coefficients of all lower-order terms are bounded, measurable functions

in Q. Furthermore, assume that the following coercivity, nondegeneracy, and non-
negativity conditions hold: For some Cj € (0, c0),

a(u,u) 2 CO||u||2Hm(Q)7 ueW, (9.4)
Y bap(@) P £0, z€Q, 40, (9.5)

la|=|B|=r

b(u,u) 20, ueW. (9.6)

Under the above assumptions, W can be regarded as a Hilbert space when equipped
with the inner product a(-, -). Next, consider the operator T' € B(W) uniquely
defined by the requirement that

a(u, Tv) = b(u,v), u,ve W. (9.7)
Then the operator T is compact, nonnegative and self-adjoint on W (when the
latter is viewed as a Hilbert space). Going further, denote by

0< < (T) < gy (T) < -+ < (T), (9-8)
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the eigenvalues of T listed according to their multiplicity, and set
N\ W,a,b) :=#{j e N|y;(T) > A"}, A>0. (9.9)
The following Weyl asymptotic formula is a particular case of a slightly more

general result which can be found in [119].

Theorem 9.1. Assume Hypothesis 4.1 and retain the above notation and assump-
tions on a(-, ), b(-, ), W, and T. In addition, we recall (9.1). Then the distri-
bution function of the spectrum of T introduced in (9.9) satisfies the asymptotic
formula

N W, a,b) = wapo A1+ ONP=1/2D/M) g5 X — o0, (9.10)

where, with dw,_1 denoting the surface measure on the unit sphere S"~! = {¢ €
B[ |e] =1} in R,

1 n S ol ba s (@27 ] 7
o d dun -
Wa,b,Q2 n(271')"/§2 ! /|§|_1 wn-1(8) [Zal—ﬁl—maa,ﬁ($)§a+ﬁ
(9.11)

Various related results can be found in [118], [120]. After this preamble, we
are in a position to state and prove the main result of this section:

Theorem 9.2. Assume Hypothesis 6.2. In addition, we recall that
NK7Q()\) = #{] eN ‘ )\K7Q7j < )\}, AER, (912)

where the (strictly) positive eigenvalues { Ak . ;}jen of the perturbed Krein Lapla-
cian Hy o are enumerated as in (8.1) (according to their multiplicities). Then the
following Weyl asymptotic formula holds:

Ni.a(N) = (21) v, | QA2+ O(A"=(/2)/2) g5 X — o0, (9.13)

where, as before, v, denotes the volume of the unit ball in R™, and |Q| stands for
the n-dimensional Fuclidean volume of 2.

Proof. Set W := H2(Q) and consider the symmetric forms

a(u,v) = / A"z (A +V)u(-A+V)v, wu,veW, (9.14)
Q

b(u,v) := / d"zVu - Vv +/ A" VY2u V2%, ww e W, (9.15)
Q Q

for which conditions (9.4)—(9.6) (with m = 2) are verified (cf. (8.6)). Next, we
recall the operator (—A + V)2 := ((—A + V)?)~! € B(H2(Q), HZ(Q)) from
(8.11) along with the operator

B € Boo(W), Bu:i=—(—A+V)2(-A+V)u, ueW, (9.16)
from (8.13). Then, in the current notation, formula (8.15) reads a(Bu,v) = b(u, v)
for every u,v € C§°(Q). Hence, by density,

a(Bu,v) = b(u,v), u,v € W. (9.17)
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This shows that actually B = T, the operator originally introduced in (9.7). In
particular, T is one-to-one. Consequently, Tu = pu for w € W and 0 # u € C, if
and only if u € HZ(S2) satisfies (—A+V)"2(—A+V)u = pu, that is, (—A+V)?u =
p=(=A + V)u. Hence, the eigenvalues of T are precisely the reciprocals of the
eigenvalues of the buckling clamped plate problem (7.6). Having established this,
formula (9.13) then follows from Theorem 7.5 and (9.10), upon observing that in
our case m =2, r =1 (hence n = 2) and wep.0 = (27) "0, 8. O

Incidentally, Theorem 9.2 and Theorem 7.5 show that, granted Hypothesis
6.2, a Weyl asymptotic formula holds in the case of the (perturbed) buckling
problem (7.1). For smoother domains and potentials, this is covered by Grubb’s
results in [97]. In the smooth context, a sharpening of the remainder has been
derived in [143], [144], and most recently, in [102].

In the case where Q C R? is a bounded domain with a C°-boundary and
0 <V e C*®(Q), a more precise form of the error term in (9.13) was obtained in
[97] where Grubb has shown that

Q
Nrgao(\) = ‘47T| A+ O0(N3) as A — oo, (9.18)

In fact, in [97], Grubb deals with the Weyl asymptotic for the Krein—von Neumann
extension of a general strongly elliptic, formally self-adjoint differential operator
of arbitrary order, provided both its coefficients as well as the underlying domain
Q CR" (n > 2) are C*°-smooth. In the special case where {2 equals the open ball
B,(0; R), R > 0, in R", and when V = 0, it turns out that (9.13), (9.18) can be
further refined to

NI(?,)BTL(O;R) (A)= (27")_TL1)721R71>‘H/2 - (271-)—("—1)@”71 [(n/4)vy, JrUnfl]Rn_l)‘(n_l)/Q

+O()\("_2)/2) as A— 0o, (9.19)

for every n > 2. This will be the object of the final Section 11 (cf. Proposition
11.1).

10. A class of domains for which the Krein and Dirichlet
Laplacians coincide

Motivated by the special example where Q = R?\{0} and S = —Agee (R2\{0})
in which case one can show the interesting fact that Sp = Sk (cf. [12], [13, Ch.
1.5], [83], and Subsections 11.4 and 11.5) and hence the nonnegative self-adjoint
extension of S is unique, the aim of this section is to present a class of (nonempty,
proper) open sets Q = R*"\ K, K C R™ compact and subject to a vanishing Bessel
capacity condition, with the property that the Friedrichs and Krein—von Neumann
extensions of 7A|Cg°(9) in L2(Q; d"z), coincide. To the best of our knowledge, the

case where the set K differs from a single point is without precedent and so the
following results for more general sets K appear to be new.
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We start by making some definitions and discussing some preliminary results,
of independent interest. Given an arbitrary open set 2 C R™, n > 2, we consider
three realizations of —A as unbounded operators in L?(;d"z), with domains
given by (cf. Subsection 4.2)

dom(—Amax,0) == {u € L*(d"x) | Au € L*(Q;d" )}, (10.1)
dom(—Ap.g) := {u € Hy(Q) | Au € L*(Q;d"x)}, (10.2)
dom(—A.q) = CF(Q). (10.3)

Lemma 10.1. For any open, nonempty subset 0 C R™ n > 2, the following state-
ments hold:

(i) One has
(_AQQ)* = _Amax,ﬂ~ (104)
(ii) The Friedrichs extension of —A.q is given by
(=Aco)r =—Apga. (10.5)
(ili) The Krein—von Neumann extension of —A.q has the domain
dom((—Ac0)k) = {u € dom(—Anax,0) | there exists {u;}jen € C5°(Q) (10.6)

with lim ||Auj — Au||12(0anz) = 0 and {Vu;}jen Cauchy in L*(Q;d"x)"}.
j—o0

(iv) One has
ker((—Aco)k) = {u € L?(Q;d"x) ‘ Au=0 1in Q}, (10.7)

and

ker((—A¢q)r) = {0}. (10.8)

Proof. Formula (10.4) follows in a straightforward fashion, by unravelling defini-
tions, whereas (10.5) is a direct consequence of (2.14) or (2.19) (compare also with
Proposition 5.10). Next, (10.6) is readily implied by (2.20) and (10.4). In addition,
(10.7) is easily derived from (2.12), (10.4) and (10.1). Finally, consider (10.8). In
a first stage, (10.5) and (10.2) yield that

ker((—Ac0)r) = {u € Hy(Q) | Au=0in Q}, (10.9)
so the goal is to show that the latter space is trivial. To this end, pick a function
u € H () which is harmonic in €2, and observe that this forces Vu = 0 in .
Now, with tilde denoting the extension by zero outside 2, we have u € H(R"™)

and V(u) = Vu. In turn, this entails that 4 is a constant function in L?(R; d"x)
and hence u = 0 in 2, establishing (10.8). O

Next, we record some useful capacity results. For an authoritative extensive
discussion on this topic see the monographs [3], [137], [174], and [191]. We denote
by Ba,2(E) the Bessel capacity of order a > 0 of a set E C R™. When K C R" is
a compact set, this is defined by

Baa(K) == inf {||fI72@nanz) | 9o * f > 1 on K, f >0}, (10.10)
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where the Bessel kernel g, is defined as the function whose Fourier transform is
given by

ga(8) = (2m) (14 €))7/, £eR™ (10.11)
When O C R" is open, we define
B 2(0) :=sup {Bg,2(K) | K C O, K compact }, (10.12)

and, finally, when F C R" is an arbitrary set,
Bo2(E) :=inf {By2(0)| O D E, O open }. (10.13)

In addition, denote by H* the k-dimensional Hausdorff measure on R", 0 < k < n.
Finally, a compact subset K C R” is said to be L?-removable for the Laplacian
provided every bounded, open neighborhood O of K has the property that

there exists u € L?(0;d"x)
u € L*(O\K;d"z) with Au =0 in O\K imply { so that H’O\K: u and
Au=0in O.
(10.14)

Proposition 10.2. For a > 0, k € N, n > 2 and E C R", the following properties
are valid:

(i) A compact set K C R"™ is L?-removable for the Laplacian if and only if
Byo(K) = 0.

(i1) Assume that Q C R™ is an open set and that K C Q) is a closed set. Then the
space C°(Q\K) is dense in H(Q) (i.e., one has the natural identification
HE(Q) = HE(Q\K)), if and only if By 2(K) = 0.

(iii) If 2 < n and H"2%(E) < +o0 then B, 2(E) = 0. Conversely, if 2a < n
and By 2(E) = 0 then H"=207¢(E) = 0 for every € > 0.

(iv) Whenever 2a > n then there exists C = C(a,n) > 0 such that By 2(E) > C
provided E # ().

See, [3, Corollary 3.3.4], [137, Theorem 3], [191, Theorem 2.6.16 and Remark
2.6.15], respectively. For other useful removability criteria the interested reader
may wish to consult [59], [136], [162], and [177].

The first main result of this section is then the following:

Theorem 10.3. Assume that K C R™, n > 3, is a compact set with the property
that

By 5(K) =0. (10.15)
Define Q := R™\K. Then, in the domain §, the Friedrichs and Krein—von Neu-
mann extensions of —A, initially considered on C§°(Q), coincide, that is,

(_AC,Q)F = (_AC,Q)K~ (1016)

As a consequence, —A\Cgo(g) has a unique monnegative self-adjoint extension in
L2(Q; d™x).
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Proof. We note that (10.15) implies that K has zero n-dimensional Lebesgue

measure, so that L?(Q;d"z) = L?*(R";d"z). In addition, by (iii) in Proposition

10.2, we also have By 2(K) = 0. Now, if u € dom(—A.q)k, (10.6) entails that

u € L*(Q;d"x), Au € L*(Q;d"z), and that there exists a sequence u; € C§°(Q),

j € N, for which

Au; — Au in L*(;d"x) as j — oo, and {Vu,;};en is Cauchy in L?(Q;d"x).

(10.17)

In view of the well-known estimate (cf. the Corollary on p. 56 of [137]),

[Vl 2% ®nsanay < CnllVlL2@®nsdng), v € C°(R™), (10.18)
where 2* := (2n)/(n — 2), the last condition in (10.17) implies that there exists
w € L¥ (R";d"z) with the property that

uj — w in L¥ (R";d"z) and Vu; — Vw in L*(R™;d"z) as j — co. (10.19)
Furthermore, by the first convergence in (10.17), we also have that Aw = Au in
the sense of distributions in Q. In particular, the function

fi=w—ue L* (R";d"z) + L*(R"; d"z) — L} (R";d"z) (10.20)

satisfies Af = 0 in Q@ = R™\ K. Granted (10.15), Proposition 10.2 yields that K
is L2-removable for the Laplacian, so we may conclude that Af = 0 in R”. With
this at hand, Liouville’s theorem then ensures that f = 0 in R™. This forces u = w
as distributions in €2 and hence, Vu = Vw distributionally in €. In view of the
last condition in (10.19) we may therefore conclude that u € H*(R") = H}(R™).
With this at hand, Proposition 10.2 yields that u € Hg(£). This proves that
dom(—Acq)x € dom(—A.o)r and hence, (—Acq)x € (—A¢q)r. Since both
operators in question are self-adjoint, (10.16) follows. O

We emphasize that equality of the Friedrichs and Krein Laplacians necessarily
requires that fact that inf(o((—Acq)r)) = inf(o((—Ac,0)k)) = 0, and hence rules
out the case of bounded domains Q C R, n € N (for which inf(c((—A¢q)r)) > 0).

Corollary 10.4. Assume that K C R™, n >4, is a compact set with finite (n — 4)-
dimensional Hausdorff measure, that is,

H"HK) < +o0. (10.21)
Then, with Q := R"\K, one has (=Ac0)r = (—Ac)K, and hence, —A|gs(q)
has a unique nonnegative self-adjoint extension in L*(Q2;d"x).

Proof. This is a direct consequence of Proposition 10.2 and Theorem 10.3. g

In closing, we wish to remark that, as a trivial particular case of the above
corollary, formula (10.16) holds for the punctured space

Q:=R"\{0}, n>4, (10.22)

however, this fact is also clear from the well-known fact that 7A|C(?O(Rn\{0}) is

essentially self-adjoint in L?*(R";d"z) if (and only if) n > 4 (cf., e.g., [161, p. 161],
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and our discussion concerning the Bessel operator (11.118)). In [83, Example 4.9]
(see also our discussion in Subsection 10.3), it has been shown (by using different
methods) that (10.16) continues to hold for the choice (10.22) when n = 2, but
that the Friedrichs and Krein—von Neumann extensions of —A, initially considered
on C§°(Q) with Q as in (10.22), are different when n = 3.

In light of Theorem 10.3, a natural question is whether the coincidence of the
Friedrichs and Krein-von Neumann extensions of —A, initially defined on C§°(f2)
for some open set 2 C R”, actually implies that the complement of {2 has zero
Bessel capacity of order two. Below, under some mild background assumptions on
the domain in question, we shall establish this type of converse result. Specifically,
we now prove the following fact:

Theorem 10.5. Assume that K C R"™, n > 4, is a compact set of zero n-dimensional
Lebesgue measure, and set Q := R"\K. Then

(7AC7SZ)F = (7AC’Q)K implies Bgyg(K) =0. (1023)
Proof. Let K be as in the statement of the theorem. In particular, L?(); d"z) =
L?(R";d"x). Hence, granted that (—A. o)k = (—A¢q)r, in view of (10.7), (10.8)
this yields

{ue L*(R™d"z)| Au=0in R"\K} = {0}. (10.24)
It is useful to think of (10.24) as a capacitary condition. More precisely, (10.24)
implies that Cap(K) = 0, where

Cap(K) :=sup {

ey (Au, D gn)| | lull L2@@nanzy < 1 and supp(Au) C K }.

(10.25)
Above, £(R™) is the space of smooth functions in R™ equipped with the usual
Frechét topology, which ensures that its dual, £'(R™), is the space of compactly
supported distributions in R™. At this stage, we recall the fundamental solution
for the Laplacian in R™, n > 3, that is,

I'(n/2)
2(2 — n)mn/2|g|n—2’
(T'(+) the classical Gamma function [1, Sect. 6.1]), and introduce a related capacity,
namely

E,(z) := x € R™\{0} (10.26)

Cap*(K) = Sup{ 5’(R”)<f> 1>5(R”) ‘ f € gl(Rn)7 (10 27)
supp(f) C K, || En * fllL2®nanz) < 1} .
Then
0 < Cap,(K) <Cap(K)=0 (10.28)

so that Cap,(K) = 0. With this at hand, [104, Theorem 1.5 (a)] (here we make
use of the fact that n > 4) then allows us to strengthen (10.24) to

{ue L (R d"z) | Au=0in R"\K} = {0}. (10.29)

loc

Next, we follow the argument used in the proof of [138, Lemma 5.5] and [3, The-
orem 2.7.4]. Reasoning by contradiction, assume that Bg 2(K) > 0. Then there
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exists a nonzero, positive measure y supported in K such that go x u € L?(R™).
Since ga(7) = ¢, En(x) +o(|2|?>~") as |x| — 0 (cf. the discussion in Section 1.2.4 of
[3]) this further implies that E, xpu € L2 _(R™; d"z). However, E,, x i is a harmonic

loc
function in R™\ K, which is not identically zero since
le |z|""2(Ep * ) (z) = cuu(K) > 0, (10.30)
so this contradicts (10.29). This shows that By 2(K) = 0. O

In this context we also refer to [82, Sect. 3.3] for necessary and sufficient
conditions for equality of (certain generalizations of) the Friedrichs and the Krein
Laplacians in terms of appropriate notions of capacity and Dirichlet forms.

Theorems 10.3-10.5 readily generalize to other types of elliptic operators
(including higher-order systems). For example, using the polyharmonic operator
(—=A)¢, ¢ €N, as a prototype, we have the following result:

Theorem 10.6. Fiz ¢ € N, n > 2(+1, and assume that K C R™ is a compact set of
zero n-dimensional Lebesque measure. Define Q := R"\ K. Then, in the domain {2,

the Friedrichs and Krein—von Neumann extensions of the polyharmonic operator
(=A)!, initially considered on C§°(Y), coincide if and only if Boe2(K) = 0.

For some related results in the punctured space Q := R™\{0}, see also the
recent article [4]. Moreover, we mention that in the case of the Bessel operator
hy, = (—d?/dr?)+(v*—(1/4))r=2 defined on C§°((0, 0)), equality of the Friedrichs
and Krein extension of h,, in L?((0, 00); dr) if and only if v = 0 has been established
in [134]. (The sufficiency of the condition ¥ = 0 was established earlier in [83].)

While this section focused on differential operators, we conclude with a very
brief remark on half-line Jacobi, that is, tridiagonal (and hence, second-order fi-
nite difference) operators: As discussed in depth by Simon [169], the Friedrichs
and Krein—von Neumann extensions of a minimally defined symmetric half-line
Jacobi operator (cf. also [49]) coincide, if and only if the associated Stieltjes mo-
ment problem is determinate (i.e., has a unique solution) while the corresponding
Hamburger moment problem is indeterminate (and hence has uncountably many
solutions).

11. Examples

11.1. The case of a bounded interval (a,b), —co < a < b < oo, V =0
We briefly recall the essence of the one-dimensional example Q = (a,b), —00 <
a < b < oo, and V = 0. This was first discussed in detail by [14] and [81, Sect. 2.3]
(see also [82, Sect. 3.3]).

Consider the minimal operator —A i, (4,5) in L?((a,b); dz), given by

"
(% )

- Amin,(a,b)u = -
u € dom(—Apin, () = {v € L*((a,b); dx) |v,0" € AC([a, b]); (11.1)

v(a) =v'(a) = v(b) =/ (b) = 0; v € L?((a,b); dz)},
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where AC([a,b]) denotes the set of absolutely continuous functions on [a, b]. Evi-
dently,

A - (11.2)
~Smin,(a,b) = T 5 o s 11.2
4% e ((a.b))
and one can show that
_Amin,(a,b) > [F/(b — a)]QILz((a’b);dm). (11.3)
In addition, one infers that
(_Amin,(a,b))* = _Amax,(a,b)7 (114)
where
- Amax,(a,b)u = _uN7
u € dom(—Ama&(a,b)) = {v € Lz((a,b);dx) | v,v" € AC([a, b)); (1L5)

v" € L*((a,b);dz) }.
In particular,
def(—Amin,(a,p)) = (2,2) and ker((—Amin,(a,p))*) = lin. span{1, z}. (11.6)

The Friedrichs (equivalently, the Dirichlet) extension —Ap (4 5) Of —Amin,(a,5)
is then given by

—Ap (g pu=—u",
u € dom(—Ap (ap) = {v € L*((a,b);dz) | v,v' € AC([a,b]); (11.7)
v(a) =v(b) = 0; v" € L*((a,b); dx)}.

In addition,

o(=Ap (ap) = {7272 (b — a)"*}jen, (11.8)
and
dom ((_AD,(a,b))l/Z) - {v € L*((a,b); dz) ’v € AC([a,b]); (11.9)
v(a) = v(b) = 0; v € L*((a,b);dx)}. '
By (2.10),
dOIIl(*AK7(a,b)) = dOIIl(*Amim(a’b)) + keI‘((*Amim(a’b))*), (1110)
and hence any u € dom(—Ak (4,4)) is of the type
U= f + 1, f € dom(_Amin,(a,b))7
r—a (11.11)

o) = u(@) + o)~ u(@] (51 ). 2 € (@)
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in particular, f(a) = f'(a) = f(b) = f'(b) = 0. Thus, the Krein—von Neumann
extension —Ag (4,5) 0f —Apin (a,p) 18 given by
—Ag (apu = *UN,
u € dom(—Ag (1)) = {v € L*((a,b); dz) ’v v € AC([a,b]); (11.12)
v'(a) =v (b) = [U(b) —v(a)l/(b—a); v" € L*((a,b); dz)}.

Using the characterization of all self-adjoint extensions of general Sturm—Liouville
operators in [187, Theorem 13.14], one can also directly verify that —Ag (, ) as
given by (11.12) is a self-adjoint extension of —Apin,(a,b)-

In connection with (11.1), (11.5), (11.7), and (11.12), we also note that the
well-known fact that

v,v" € L*((a,b);dzx) implies v' € L?((a,b);dx). (11.13)

Utilizing (11.13), we briefly consider the quadratic form associated with the
Krein Laplacian —Ag (q,)- By (2.42) and (2.43), one infers,

dom ((7AK (a, b))1/2) = dom ((7AD (a b))l/Z) + ker((fAmin,(a,b))*% (1114)
1 2 1/2, 112
H AK( b) / u+g HLZ((a b);dx) H AD,(a,b)) / uHLQ((a,b);dI)
= ((u+9), (u+9))12((a,bysa) — l9(0)g'(b) — g(a)g'(a)]
= ((u+9)", (u+9)) 12((abyde) — [[u(d) + 9(0)] = [u(a) + g(a)]|*/(b - a),
u € dom ((—ADy(ayb))l/z), g € ker((=Amin,(a,p))").  (11.15)
Finally, we turn to the spectrum of —Ag (4.4). The boundary conditions in

(11.12) lead to two kinds of (nonnormalized) eigenfunctions and eigenvalue equa-
tions

W(k,z) = cos(k(x — [(

[(a+0)/2])), ksin(k(b—a)/2) =0,
ki (ap); = @G +D7/(b—a (11.16)

)a j:71a173a57"'a
and

¢(k,r) = sin(k(z — [(a +b)/2])), k(b—a)/2=tan(k(b—a)/2),
ka0 = 0, J7 < krcany; < (G +1)m j =2,4,6,8,..., (11.17)
Zli)rgo[kl(,(a,b),% —(2t+1D)rm/(b—a))]=0.

The associated eigenvalues of —Ag (4,5 are thus given by

o(—Ak,(ap) ={0}U {kf(,(a,b),j}jeN, (11.18)

where the eigenvalue 0 of —Ag (,p) is of multiplicity two, but the remaining
nonzero eigenvalues of —Ag (45 are all simple.
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11.2. The case of a bounded interval (a, b), —co < a < b < oo,
0 <V € L'((a,b); dz)

The general case with a nonvanishing potential 0 < V € L!((a,b);dz) has very
recently been worked out in [61]. We briefly summarize these findings next.

Suppose T = —dd; +V(z), z € (a,b), and Hyyip (a,5), defined by
Hyin,(a,p)t = —u" 4+ Vu,
u € dom(Hyyin (a,p) = {v € L*((a,b);dx)| v, v € AC([a, b]);
v(a) = v'(a) = v(b) =v'(b) = 0; (11.19)
[—v" + V] € L*((a,b); dz)},
is strictly positive in the sense that there exists an € > 0 for which
(t, Hunin, (a,0)0) 22 (a,b):dz) = ENUllT2(apyinys @ € dOm(Hpnin (o)) (11.20)

Since the deficiency indices of Hpin,(a,p) are (2,2), the assumption (11.20) implies
that

dim(ker(Hy, (4.0))) = 2- (11.21)

As a basis for ker(H*. (a b)), we choose {u1(-), uz2(+)}, where ui(-) and ua(-) are
real valued and satisfy

ui(a) =0, wi(b) =1, wa2(a)=1, wu(b)=0. (11.22)

The Krein-von Neumann extension Hy (q,5) Of Huin,(a,p) in L?((a,b);dr) is

defined as the restriction of H;im(a,b) with domain

dom(Hy, (4,5)) = dom(H i (a,p)) + ker(H; ). (11.23)

min,(a,b)

Since H (q) is a self-adjoint extension of Hin (a,p), functions in dom(Hx (4,5))
must satisfy certain boundary conditions; we now provide a characterization of
these boundary conditions. Let u € dom(H (a,)); by (11.23) there exist f €
dom(H i, (a,p)) and 7 € ker(H} ’b)) with

min, (a
u(x) = f(z) +n(x), x€la,b]. (11.24)
Since f € dom(Hyin,(a,b)),
fla) = f'(a) = f(b) = f'(b) =0, (11.25)
and as a result,
u(a) =n(a), u(b) =n(b). (11.26)

Since 1 € ker(H*

min,(a,b)

n(z) = c1u1(0, z) + coue2(0,z), =z € [a,b], (11.27)

), we write (cf. (11.22))

for appropriate scalars ¢, co € C. By separately evaluating (11.27) at £ = a and
x = b, one infers from (11.22) that

n(a) =c2, ()= cu. (11.28)



82 M.S. Ashbaugh et al.

Comparing (11.28) and (11.26) allows one to write (11.27) as
(@) = ub)ur (z) + ula)us(z), € [a,b]. (11.29)
Finally, (11.24) and (11.29) imply
u(@) = f(@) + ulb)ui (z) + u(a)us(z), = € [a,b), (11.30)
and as a result,
o (@) = f'(z) + ub) (z) + ula)ub(x), € [a,b]. (11.31)

Evaluating (11.31) separately at © = a and z = b, and using (11.25) yields the
following boundary conditions for wu:

u/(a) = uB)h (a) + u(a)ub(a), w'(b) = u(d)u(B) + u(@)uy(h).  (11.32)

Since v} (a) # 0 (one recalls that ui(a) = 0), relations (11.32) can be recast as

u(b)\ _ u(a)
<Ul(b)> = Fx (u'(a)) R (11.33)
where
o ) |
Fkuu@(mmmxw—wwmx@ mwﬂ' (11.34)
Then Fx € SLa(R) since (11.34) implies
det(Fy) = —Z:?EZ; —1. (11.35)

Thus, Hk (a,), the Krein—von Neumann extension of Hyyiy, (4,4) explicitly reads
Hg (apyu = —u" +Vu,

u € dom(H (a,p)) = {v € L*((a,b);dx) | v, v' € AC([a, b]); (11.36)

(vy) =7 (00 1o vt e ean}

Taking V' = 0, one readily verifies that (11.36) reduces to (11.12) as in this
case, a basis for ker(H* ) is provided by

min,(a,b)

0 r—a 0 b—x
ui” (2) = 5

= p_g U (x):b_a, x € [a,b]. (11.37)

The case V = 0 and —d?/dx? replaced by —(d/dz)p(d/z), with p > 0 a.e., p €
Li ((a,b);dz), p~' € L*((a,b); dz), was recently discussed in [76].
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11.3. The case of the ball B,,(0; R), R > 0,inR",n > 2,V =0
In this subsection, we consider in great detail the scenario when the domain €2
equals a ball of radius R > 0 (for convenience, centered at the origin) in R™,

Q=B,0;R)CR", R>0,n2>2. (11.38)

Since both the domain B, (0; R) in (11.38), as well as the Laplacian —A are in-
variant under rotations in R™ centered at the origin, we will employ the (angu-
lar momentum) decomposition of L?(B,(0; R);d"x) into the direct sum of tensor
products

L*(B,(0; R);d"z) = L*((0, R); ™" Ydr) ® L*(S"; dw, 1)

- @ Hoe,(0,R)5 (11.39)
£€Ng
Hoeo,r) = L*((0,R); 7" dr) @ Kny, €€ No, n>2, (11.40)

where S"71 = 9B,(0;1) = {z € R"||z| = 1} denotes the (n — 1)-dimensional
unit sphere in R”, dw,_; represents the surface measure on S"~ !, n > 2, and
K¢ denoting the eigenspace of the Laplace—Beltrami operator —Agn-1 in
L2(S™ 1 dw,_1) corresponding to the fth eigenvalue ki, of —Agn-1 counting
multiplicity,

Fne =Ll +n —2),

(204+n—2T(l+n—2) (11.41)

i = = Aan ¢, ) 2
dim(/C,y ¢) T+ 1)T(n — 1) dne, €Ny, n>2

(cf. [147, p. 4]). In other words, K, ¢ is spanned by the n-dimensional spherical
harmonics of degree ¢ € Ny. For more details in this connection we refer to [161,
App. to Sect. X.1] and [187, Ch. 18].

As a result, the minimal Laplacian in L?(B,(0; R); d"z) can be decomposed
as follows

0
= Auin, B, (0s8) = —Alcz(B.0:r) = P Hﬁ,z,min ® Ik, . ( |
£eNy 11.42

dom(—Amnin, B, (0:r)) = Hj(Bn(0; R)),

where Hfﬁ;,min in L2((0, R); 7"~ tdr) are given by
d? —-1d n
1'(7,(2 min — < 2 " + & 27£> s V4 S NO. (1143)
" dr r dr % ) o ((0,R))
Using the unitary operator U,, defined by
L?((0,R);r"~'d L%((0,R); d
Un: (( ) )’r /r) - (( ) )’ T)’ . (11.44)
¢ = (Ung)(r) =" D20(r),
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it will also be convenient to consider the unitary transformation of HT(LOZ min
given by

hglov)zymin = Uanl(,)z,minUrjlﬂ Le N07 (1145)
where
2
0) _d (n—1)(n—-23)
Py 0,min = dr2 + A2 , 0<r<R,

dom (h(oz),min) = {f € L*((0, R);dr) | f, f' € AC([e, R]) for all € > 0;
f(R-)=f(R-) =0, fo=0; (11.46)

(—f"+[(n—=1)(n—3)/4)r~2f) € L*((0, R);dr)}

for n = 2,3,

S),)e,min _ _5:2 n 4Kn o + (71;21)(”—3)7 0<r<R

dom () uia) = {F € L*((0, R);dr) | f. ' € AC([e, R]) for all £ > 0;
FR)=F(R)=0; (1147)

(—f" + [fne + ((n = 1)(n = 3)/4)]r~2f) € L*((0, R): dr) }

for{eN,n>2and {=0,n > 4.

In particular, for £ € N, n > 2, and £ = 0, n > 4, one obtains

() d? 4o+ (n — 1)(n —3)
hn,@.min = - dr2 + 492
' r r C5((0.R)) (11.48)

for{eN,n>2 and £ =0,n > 4.

_ . (0) )
On the other hand, for n = 2,3, the domain of the closure of hn,o,min‘cgo((o,R)) is

5O

mo.min)» and in this case one obtains for

strictly contained in that of dom (

- 2 ~1)(n—3
By amin = ( 4 (=D )> . n=2,3, (11.49)
dr 4r Ce°((0,R))
that
2
2o __ & (n=1)(n-3)
Py 0.min = ~ a2 + A2 , 0<r<R,
dom (?Lg%’min) = {f € L*((0, R);dr) | f, ' € AC([e, R]) for all € > 0;

f(R-)=f'(R-) =0, fo=fo=0; (11.50)
(=f"+1(n = 1)(n—3)/4r=2f) € L*((0, R); dr)}.
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Here we used the abbreviations (cf. [54] for details)

. {limrw[rlﬂ In(r)]~1f(r), n=2,

f(04), n =3,
(11.51)
= lim,.jo 7~ Y2[f(r) + for'/?In(r)], n =2,
0 f/(OJr)a n = 3.

(0)

n,£,min

x ? (n—1)(n-3)
O _ _

( n,O,mln) dr? + 4r2 ’

(

b)) = {f € L*((0,R);dr) | f, ' € AC([e, R)) for all € > 0; (11.52)
(

We also recall the adjoints of h which are given by

0<r<R,

fo=0; (=f" +[(n—1)(n—3)/4r2f) € L*((0, R);dr)} for n =2,3,
. @ dkpg+(n—1)(n—3
( g?,%,min) = _d,r,2 + et (77;17,2 )(n )’
dom (A} 1in)") = {f € L*((0, R);dr) | £, f' € AC([e, R))for all £ > 0; (11.53)
(—=f" + [fne + ((n = 1)(n = 3)/4)]r2f) € L*((0, R); dr) }
for{eN,n>2and {=0,n > 4.

0<r<R,

In particular,
A0

n,f,max

= (hggz,min
(0)

n,¢,min

ane € RU{o0},

)", €Ny, n>2. (11.54)

All self-adjoint extensions of h

families h(o)

are given by the following one-parameter

nﬂe’an,Z’
2
o __d (n=1)(n-3)
h"VO,Oén,o - 7d’l“2 + 42 s O<r< R,

dom (hg%,an,o) = {f € L*((0, R);dr) | f, f' € AC([e, R]) for all € > 0;
f(R)+anof(R-) =0, fo=0;  (11.55)
(—f"+[(n—=1)(n—3)/4)r~2f) € L*((0, R);dr)} for n=2,3,
2
(0) _d 4kne+ (n—1)(n —3)
P one = = g2 + A2 , 0<r <R,
dom () . ) = {f € L*((0, R);dr) | f, f' € AC([e, R]) for all & > 0;
F(R-) +anef(R-) =0 (11.56)
(=f" + [Fne + ((n = 1)(n = 3)/4)]r72f) € L*((0, R); dr) }
for{eN,n>2and {=0,n > 4.
Here, in obvious notation, the boundary condition for a,, = oo simply repre-
sents the Dirichlet boundary condition f(R_) = 0. In particular, the Friedrichs or
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is given by A that is, by

n,l,007

Dirichlet extension h( )5 p of )

n,f,min

hi%,p = —5:2 + (n= 14):;1 - 3), 0<r<R, (11.57)
dom (A}, ) = {f € L*((0,R):dr) | f, f' € AC(le,R]) for all e > 0; f(R_) =0,
fo=0; (—f"+[(n—1)(n —3)/4r%f) € L*((0, R);dr)} for n =2,3,
P = —;fi g At (Z;l)(n 3 0<r<n (11.58)
dom (k) ) = {f € L*((0,R); dr) | f, ' € AC([e, R]) for all € > 0; f(R_) = 0;
(—f" 4 [Fne + ((n = 1)(n = 3)/4)]r2f) € L*((0, R); dr) }
for{eN,n>2and {=0,n > 4.

To find the boundary condition for the Krein—von Neumann extension hiloz i of

h;o)e min> that is, to find the corresponding boundary condition parameter oy, ¢ x

n (11.55), (11.56), we recall (2.10), that is,

dom (hg)}’K) = dom (h(o) ) T ker ((hﬁ?% i) ) (11.59)

n,¢,min

By inspection, the general solution of

d*> dkpe+ (n—1)(n—3)
< d,r.2 + 4’}"2 >1/’(7') - Oa r 6 (O7R), (1160)
is given by
w(,r,) — ATZJr[(nfl)/Q] + BT*Z*[(H73)/2]’ A’B c (C’ re (O,R) (1161)

However, for £ > 1, n > 2 and for £ = 0, n > 4, the requirement v € L?((0, R); dr)
requires B = 0 in (11.61). Similarly, also the requirement ¢y = 0 (cf. (11.52)) for
£=0,n=2,3, enforces B=101in (11.61).

Hence, any v € dom (hiloz K) is of the type

u=f+mn, fedom(h(o)

n,l mm)

n(r) = u(R_)T£+[(n71)/2]7 rel0,R), (11.62)

A

in particular, f(R_) = f'(R-) = 0. Denoting by au, ¢,k the boundary condition

7)&  one thus computes

IS

parameter for A

W(R-) _n'(R-)

= Wk~ op(ry A= D/2/R (11.63)
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Thus, the Krein—von Neumann extension hglo’%’ x of hg?% min 18 given by
2
o _ d (n—1)(n-23)
Po, = dr2+ A2 , 0<r<R,
dom (h 5% k) ={f €L*((0,R);dr)| f, f' € AC([e, R]) for all € > 0;
f(R-) = [(n—1)/2]R" f(R_) =0, fo = 0; (11.64)
(=f"+[(n = 1)(n = 3)/4]r=*f) € L*((0, R); dr)} for n = 2,3,
2
o _ d 4kn o+ (n—1)(n —3)
hn[K d’f‘2+ 42 , 0<r <R,
om (hY) ;) = {f € L*((0, R);dr) | f. f' € AC([e, R]) for all £ > 0;
F'(R-) = [0+ ((n = 1)/2)]R7 f(R-) = 05 (11.65)

(=" + [Fne + ((n = 1)(n = 3)/4)]r2f) € L*((0, R); dr) }
foreN,n>2and £ =0,n>4.

Next we briefly turn to the eigenvalues of hglo)é D

(11.60), the solution ¥ of

d? 4k, n—1)(n—3
( a2 ’H(W . )Z)w(w) =0, re(0,R), (11.66)

satisfying the condition v (-, z) € L2((0, R);dr) for £ = 0, n > 4 and 1(z) = 0 (cf.
(11.52)) for £ =0, n = 2,3, yields

W(r z) = ATI/QJH[(TL,Q)/Q] (21/27"), AeC, re(0,R), (11.67)

Here J,(-) denotes the Bessel function of the first kind and order v (cf. [1, Sect.
9.1]). Thus, by the boundary condition f(R_) = 01in (11.57), (11.58), the eigenval-
ues of the Dirichlet extension hfy)@y p are determined by the equation ¢ (R_, z) = 0,

and hence by

and h;o)e - In analogy to

JlJr[(n,g)/Q] (21/2R) =0. (11.68)
Following [1, Sect. 9.5], we denote the zeros of J,(:) by jux, k¥ € N, and hence

obtain for the spectrum of hio)g o

(0) _ 1) _ f:2 —2
(hne D) = {An,Z,D,k keN {]Z+[(n—2)/2],kR }keN’ teNo, n>2. (11.69)
Each eigenvalue of hfy)@y p is simple.
Similarly, by the boundary condition f/(R_)—[(+((n—1)/2)]R" f(R_) =
n (11.64), (11.65), the eigenvalues of the Krein—von Neumann extension hs)’)e’ 5 are
determined by the equation

V(R z) = [0+ (n = 1)/2)](R, 2) = —Az PRV Ty () (z'/°R) = 0 (11.70)
(cf. [1, Eq. (9.1.27)]), and hence by
22 004 (ny2y (212 R) = 0. (11.71)
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Thus, one obtains for the spectrum of hio)e K

0 0) . _
o (W) 1) = {0} U A, ki tien = (03U {52 /o kR 2 iens £ € Noy n>2.
(11.72)
Again, each eigenvalue of h( %K is simple, and n(r) = Crttln=1/21 ¢ e C, repre-

sents the (unnormalized) eigenfunction of hi )5 x corresponding to the eigenvalue 0.

Combining Propositions 2.2-2.4, one then obtains

7Amax,Bn(0;R) = (7Amin,Bn(0;R))* = @ (H'r(L(,)g,min)* ® I’Cn,e’ (1173)
£ENg
—Ap B, (0:R) = @ 4D®IKI,L@7 (11.74)
£€Ng
~Ap,om =P H k@I, ., (11.75)
£E€Ny

where (cf. (11.42))

HE) e = (HO) )" = Ut (0 i) Uny £ € N, (11.76)

H) = U by pUny £ € No, (11.77)

H{) i = Uy b0y Uny £ € No. (11.78)

Consequently,
o(=Ap,B,(0:R)) {An ¢.D k}eeNO,keN

= {21208 periy pere (11.79)

Oess(—Ap, B, (0:r)) = 0, (11.80)
o(~Ak,B.0;m) = {0} U {)\s)@,K,k}ZGNO,kGN

= {0} U {5ty 6 B2} pery e (11.81)

dim(ker(~Ag,p, (0;r))) = 00, Tess(— Ak, 5, (0;r)) = {0} (11.82)

By (11.41), each eigenvalue A;%D’k, k € N, of =Ap p, (0;r) has multiplicity d ¢

and similarly, again by (11.41), each eigenvalue )‘S),)Z,K,M k € N, of —Ak B, (0;r)

has multiplicity d, ¢.

Finally, we briefly turn to the Weyl asymptotics for the eigenvalue count-
ing function (8.54) associated with the Krein Laplacian —Ag p, (o;r) for the ball
B,(0;R), R > 0, in R®, n > 2. We will discuss a direct approach to the Weyl
asymptotics that is independent of the general treatment presented in Section 9.
Due to the smooth nature of the ball, we will obtain an improvement in the re-
mainder term of the Weyl asymptotics of the Krein Laplacian.
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First we recall the well-known fact that in the case of the Dirichlet Laplacian
associated with the ball B,,(0; R),
0 -n ny\n —(n— n— n—
N oV = @m) 02 RAY2 — (2m) =" Do,y (n/4)v, RPIACD/2
+O(AN"=/2) as X — oo, (11.83)

with v, = 7/2/T((n/2) + 1) the volume of the unit ball in R™ (and nwv,, repre-
senting the surface area of the unit ball in R™).

Proposition 11.1. The strictly positive eigenvalues of the Krein Laplacian associ-
ated with the ball of radius R > 0, B,(0;R) C R", R > 0, n > 2, satisfy the
following Weyl-type eigenvalue asymptotics,

NI(?,)JBn(O;R) (A)= (ZW)inerLRnAn/Q - (QW)i(nil)Unfl [(n/4)vy, JrUnfl]Rnil)‘(nil)/Z
+O(AN"2/2) s A — 0. (11.84)
Proof. From the outset one observes that
)‘Elo,)z,p,k < )‘Elo,)e,K,k < /\Ezo,)z,p,kﬂa te N, keN, (11.85)
implying
0 0
N}Q)BH(O;R) () < NI(D,)Bn(O;R)(A)’ AER. (11.86)

Next, introducing

N,(A) = {

the largest k € N such that jikR_2 <A,

i ) AER, (11.87)
0, if no such k > 1 exists,

we note the well-known monotonicity of j,  with respect to v (cf. [184, Sect. 15.6,
p. 508]), implying that for each A € R (and fixed R > 0),

N (A) <N, (A) for v/ > v >0. (11.88)
Then one infers

(0) _ (0) _
ND,BH(O;R)()‘) - Z dn%N’(nﬂ)*lM()‘)’ NK,BH(O;R)(A) - Z dn,f/\/(n/2)+f()‘)'
£eNg 2eNy

(11.89)
Hence, using the fact that

dn,l = dn—l,( + dn,é—l (1190)
(cf. (11.41)), setting d,,,—1 =0, n > 2, one computes

N,(jo’)Bn(O;R)(A) = Z dne—1 Ninj2)—1+¢(N) + Z dn—1,6 Nnj2)—1+¢(N)

LeN £eNg
< Z e Ninjay1e(A) + Z dn—1,0 N((n—1)/2)-1+¢(N)
€N €N
_ ar(0) (0)
= N0y N T Np g, 01 (A (11.91)
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that is,
(0) (0) (0)
ND7Bn(0;R)()\) < NKan(O;R)()\) + ND7Bn71(0;R) (\). (11.92)
Similarly,
0
NJ(D,)Bn(o;R)()‘) = ZZI; dne-1 Nmj2)—140(A) + ZXN: dn—1,0 Ninj2)—14¢(N)
€ €No
> Z dnyg./\/.(n/g)_;,_g(/\) + Z dn—l,Z/\/((n—l)/Q)-&-é(/\)
£eNg £€Ng
_ @ (0)
= NKan(O;R)()\) + NK,Bn,l(o;R) (N, (11.93)
that is,
(0) (0) (0)
ND7Bn(0;R)()\) > NKan(O;R)()\) + NKBMI(O;R) N, (11.94)
and hence,

(0) (0) o %
Nic s, 0 < Nps, 0N = N, 0m V] < Np g, 0 (M) (11.95)
Thus, using
(0) (0) o
0< [Npp,0:mN) = Nicp, 0mN] <N (11.96)
— O(,\("_l)/2) as A — 00,

one first concludes that [N(DO)BH(O,R) N -NY 5
and hence using (11.83),

N o) = @m) 2R + O(A"1/2) as A — oo, (11.97)

(A)] = 0(A"=1/2) as X — oo,

This type of reasoning actually yields a bit more: Dividing (11.95) by A(»~1)/2,

and using that both, Nl()o,)Bn,l(o;R)(A) and NI(?,)Bn,l(o;R)(A) have the same leading
asymptotics (2r)~(""Vp2 _ RPINMTD/2 a5 X — o0, one infers, using (11.83)
again,

(0) _ ny(0) (0) (0)
NK,Bn(O;R) (>‘) - ND,Bn(O;R) (>‘) - [ND,B,L(O;R) (>‘) - NK,BH(O;R) ()‘)]
=N 0N = (2m) D2 RATIAMTD/2 4 (A (nm1/2)

= (ZW)*nUiRnAn/Z _ (271.)7(7171)””71 [(n/4)vn +Un71}Rnfl)\(n71)/2
+o(A=H/2) as A= o0, (11.98)

Finally, it is possible to improve the remainder term in (11.98) from 0()\("*1)/2)
to O()\(”_2)/2) as follows: Replacing n by n — 1 in (11.92) yields

(0) (0) (0)
ND7Bn71(O;R)()\) < Nk, 1 (0:R) A+ ND7Bn72(0;R)()\). (11.99)
Insertion of (11.99) into (11.94) permits one to eliminate NI(?)BWI(O_R) as follows:
(0) (0) (0) (0)
ND,Bn(O;R)(A) = NK,Bn(O;R)(A) + ND,Bn,l(o;R)()‘) —Np B, 0:R) (), (11.100)
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which implies

(0) (0) (0)
[ND,B,L(O;R)()‘) - ND,BH,I(O;R) ()‘)] < NK,BH(O;R)()‘) (11.101)
(0) (0) (0) :
< [ND,Bn(O;R)()‘) - ND,Bn,l(o;R)()‘)] + D,Bn,g(o;R)O‘)7
and hence,
0 0 0 0
0< NI({,)Bn(O;R)(A) - [N(D,)Bn(O;R)(A) - N(D,)Bn—l(O;R)(A)] < NI(D,)Bn,g(O;R)()\)'
(11.102)
Thus, N\*) () — [N (A) = N V)] = O(A®=2/2) ag X —
» *VYK,B,, (0;R) D,B,(0;R) D,B,,—1(0;R)
oo, proving (11.84). O

Due to the smoothness of the domain B, (0; R), the remainder terms in
(11.84) represent a marked improvement over the general result (9.13) for domains
Q satisfying Hypothesis 6.2. A comparison of the second term in the asymptotic re-
lations (11.83) and (11.84) exhibits the difference between Dirichlet and Krein—von
Neumann eigenvalues.

11.4. The case @ = R™"\{0}, n =2,3,V =0
In this subsection we consider the following minimal operator —Ai, gn\{0} in
L?(R*;d"x), n = 2,3,
A o = _ > =2 3. :
A in R7\ {0} A]CSO(R”\{O}) >0, n=2,3 (11.103)

Then

Hp g\ (o) = Hiro\(oy = — A,

11.104
dom(prRz\{O}) = dom(HKsz\{o}) = HQ(R2) if n=2 ( )

is the unique nonnegative self-adjoint extension of —Ai, g2\ o} in L*(R?; d2x)
and

Hpgs\{oy = Hprs\ {0} = —A,
dOIn(HF’RS\{O}) = dOHl(HD’RS\{O}) = H2(R3) if n= 3,

— 0 — 0 .
HK,R3\{O} = HN,R3\{O} =U lhé,J)V,RJrU &) @ U 1héyﬂ)§+U if n=3, (11.106)
£eN

(11.105)

where Hp gs\ (0} and Hy s\ (o} denote the Dirichlet and Neumann' extension of
—Apin,re\ {0} 10 L*(R3; d®x), respectively. Here we used the angular momentum

IThe Neumann extension HN,R3\{0} of —Apin,rn\ {0}, associated with a Neumann boundary
condition, in honor of Carl Gottfried Neumann, should of course not be confused with the Krein—
von Neumann extension HK,]R{B\{O} of —Ain,Rn\ {0}
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decomposition (cf. also (11.39), (11.40)),
L*(R"™;d"z) = L*((0,00); 7" tdr) @ L*(S"*; dw, 1)

_ @ Hont.(0.00): (11.107)
LENy
Hye,(0,00) = L2((0,00); 7" dr) @ Ky, € € Ny, n=2,3. (11.108)
Moreover, we abbreviated Ry = (0, 00) and introduced
d2
0
((),])V,]RJr = _d’l"27 r >0,

dom (hg?gv,&) ={f € L*((0,00);dr) | f, f' € AC([0, R]) for all R > 0; (11.109)

£(04) = 0; £ € L2((0,00); )}
2
o _ d Ll+1)
h(,]R+ - _d’r’2 + 7‘2 ) r> 07
dom (hyy ) = {f € L*((0,00);dr) | f, ' € AC([0, R]) for all R > 0; ~ (11.110)
— "+ e+ 1)r2f € L*((0,00);dr)}, £€N.
The operators hg)u)h lcee((0,00)), £ € N, are essentially self-adjoint in L2((0, 00); dr)
(but we note that f € dom (hg?ﬂ)h) implies that f(04) = 0). In addition, U in
(11.106) denotes the unitary operator,
[ E2(0,00):1%r) = L2((0, 00);dr).
' flr) = UF)(r) =rf(r).

As discussed in detail in [83, Sects. 4, 5], equations (11.104)—(11.106) follow from
Corollary 4.8 in [83] and the facts that

(11.111)

—(2/m)In(2) + 21, n=2,
(u+7 MHF,R”\{U}7N+ (Z)u+)L2(Rn§dn$) = {1(22')1/2 + 17 n = 37 (11112)
and
(Ut ME, o oy N (2)U4) L2(R3020) = i(2/2)"? - 1. (11.113)
Here
N, = lin.spanf{u, },
y pantur}, . (11.114)
uy (z) = Go(i,2,0)/[|Go(, -, 0) || L2(rnsana), © € R™\{0}, n = 2,3,
and W
(32 1/20,. _ =92
Golz,a,y) = 4 10, G Ple—yl), ey, n=2, (11.115)
e eyl f(4n|x —y|), x#y,n=3

denotes the Green’s function of —A defined on H?(R"), n = 2,3 (i.e., the integral
kernel of the resolvent (—A — z)~1), and H(gl)(~) abbreviates the Hankel function
of the first kind and order zero (cf., [1, Sect. 9.1]). Here the Donoghue-type Weyl—
Titchmarsh operators (cf. [70] in the case where dim(AN,) = 1 and [83], [85],
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and [91] in the general abstract case where dim(Ny) € NU {oo}) Mu, pn. (o).
and M, 4n\ 0.4y are defined according to equation (4.8) in [83]: More precisely,
given a self-adjoint extension S of the densely defined closed symmetric operator
S in a complex separable Hilbert space M, and a closed linear subspace N of
Ny = ker(S* — ily), N C N, the Donoghue-type Weyl-Titchmarsh operator
Mg \ () € B(N) associated with the pair (S,N) is defined by

Mg \r(2) = Pn(28 + Ing)(S — 2I3) "' Py,

_ (11.116)
= zIv + (14 2*)Pxn(S — 2I%) ' Py, 2z€C\R,

with Iy the identity operator in A" and Py the orthogonal projection in H onto N.
Equation (11.112) then immediately follows from repeated use of the identity
(the first resolvent equation),

/ an/Go(ZL xz, x/)GO(ZQ’ ‘Tl’ O) = (Zl - 22)71 [GO(Zla Z, O) - GO(Z27 xz, O)L
T #£0, 21 # 29, n=2,3, (11.117)
and its limiting case as x — 0.
Finally, (11.113) follows from the following arguments: First one notices that

[ = (@/dr®) + ar™?]| e (0 0oy (11.118)

is essentially self-adjoint in L?(Ry;dr) if and only if a > 3/4. Hence it suffices
to consider the restriction of H,, rs\{o} to the centrally symmetric subspace
Hs,0,(0,00) Of L*(R?; d*z) corresponding to angular momentum ¢ = 0 in (11.107),
(11.108). But then it is a well-known fact (cf. [83, Sects. 4, 5]) that the Donoghue-

type Dirichlet m-function (u, Mg, A (2)uy)L2(R3;a3z), satisfies

(Uts MH, s oy Ny (R)U4) L2(R35020) = (uo,+>th%’R+ Moy (Buo,4+) L2 (R sar);

=i(22)2 41, (11.119)
where
Noy = linspan{ug 4}, o (r) == "7 /[2Im(z1/2Y/2, r >0,  (11.120)
and M, o) (z) denotes the Donoghue-type Dirichlet m-function correspond-
0,D,Ry V0, +
ing to the operator
2
o __d
hy pr, = a2 T 0,

dom (b)) = {f € L*((0,00);dr) | f. f' € AC([0, R]) for all R > 0; (11.121)
f(04) =05 e Lz((0,00>;d7“)},
Next, turning to the Donoghue-type Neumann m-function given by

(s MEy 0 10y N+ (2)U4) L2 (83 0%0)
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one obtains analogously to (11.119) that

(s M s g0y N5 (2)Ut) L2 @3052) = (Vo405 My (2)u0,4) 2 (R sar)s

0,N,R;’
(11.122)

where M, o) (z) denotes the Donoghue-type Neumann m-function corre-

0,N,Ry No,+
sponding to the operator h(()oj)\, R, D (11.109). The well-known linear fractional
transformation relating the operators Mhé%,m ,N0,+(Z) and th,)av,m ,N0,+(Z) (cf.
[83, Lemmas 5.3, 5.4, Theorem 5.5, and Corollary 5.6]) then yields

(o, My (2)U04) 128 5ar) = i(2/2)"? =1, (11.123)
) e ’

verifying (11.113).

The fact that the operator T = —A, dom(T) = H?(R?) is the unique non-
negative self-adjoint extension of —A;, g2\ (0} in L?(R?; d*z), has been shown in
[12] (see also [13, Ch. 1.5]).

11.5. The case & = R™\{0}, V = —[(n — 2)?/4]|z|72, n > 2
In our final subsection we briefly consider the following minimal operator
Hmin,]R"\{O} in LQ(Rn; dnfﬂ), n > 2,

Hmin,]R”\{O} = (7A - ((TL - 2)2/4)‘1:‘72)’030(Rn\{0}) > 07 n = 2. (11124)

Then, using again the angular momentum decomposition (cf. also (11.39), (11.40)),

L*(R";d"z) = L*((0,00); 7" tdr) ® L*(S" ; dw, 1) = @ Hon,0,(0,00)5
LeNy
(11.125)

Hot,0,00) = L2((0,00); 7" Hdr) ® Kpp, € € No, n > 2, (11.126)
one finally obtains that
HF,]R”\{O} = HK,R”\{O} = U_1h07R+U (&) @U_lhnl’]RJrU, n > 2, (11127)
£eN

is the unique nonnegative self-adjoint extension of Hin rn\ (o} in L2(R"; d"x),
where

2 1
hO7R+:7dT2747“2’ r >0,
dom(hor, ) = {f € L*((0,00);dr) | f, ' € AC([e, R]) for all 0 < € < R;
fo=0; (=f" = (1/4)r2f) € L*((0,00);dr)}, (11.128)
d2 4:‘6”7( -1
hn,Z,R+ = 7d7"2 47"2 ) r> 07

dom(hp e, ) = {f € L*((0,00);dr) | f, f' € AC([e, R])for all 0 < & < R;
(=f" + [fne — (/D] 2f) € L*((0,00);dr)}, €N, n>2. (11.129)
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Here fy in (11.128) is defined by (cf. also (11.51))
fo= 11?01[41/2 In(r)] =L f(r). (11.130)

As in the previous subsection, h, ¢r, \050((0,00)), £ €N, n > 2, are essentially self-
adjoint in L?((0,00); dr). In addition, ko, is the unique nonnegative self-adjoint
extension of o g, [cee((0,00)) i L?((0,00); dr). We omit further details.
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Abstract. The central problem we consider is the distribution of eigenvalues
of closed linear operators which are not selfadjoint, with a focus on those
operators which are obtained as perturbations of selfadjoint linear operators.
Two methods are explained and elaborated. One approach uses complex anal-
ysis to study a holomorphic function whose zeros can be identified with the
eigenvalues of the linear operator. The second method is an operator theoretic
approach involving the numerical range. General results obtained by the two
methods are derived and compared. Applications to non-selfadjoint Jacobi
and Schrodinger operators are considered. Some possible directions for future
research are discussed.
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1. Introduction

The importance of eigenvalues and eigenvectors is clear to every student of math-
ematics, science or engineering. As a simple example, consider a linear dynamical
system which is described by an equation of the form

uy = Lu, (1.1)

where u(t) is an element in a linear space X and L a linear operator in X . If we can
find an eigenpair v € X, A € C with Lv = Av, then we have solved (1.1) with the
initial condition u(0) = v: u(t) = e*v. If we can find a whole basis of eigenvectors,
we have solved (1.1) for any initial condition u(0) = uy by decomposing ug with
respect to this basis. So the knowledge of the eigenvalues of L (or more generally,
the analysis of its spectrum) is essential for the understanding of the corresponding
system.

The spectral analysis of linear operators has a quite long history, as everybody
interested in the field is probably aware of. Still, we think that it can be worthwhile
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to begin this introduction with a short historical survey, which will also help to
put the present article in its proper perspective. The origins of spectral analysis
can be traced back at least as far as the work of D’Alembert and Euler (1740-
50’s) on vibrating strings, where eigenvalues correspond to frequencies of vibration,
and eigenvectors correspond to modes of vibration. When the vibrating string’s
density and tension are not uniform, the eigenvalue problem involved becomes
much more challenging, and an early landmark of spectral theory is Sturm and
Liouville’s (1836-1837) analysis of general one-dimensional problems on bounded
intervals, showing the existence of an infinite sequence of eigenvalues. This natu-
rally gave rise to questions about corresponding results for differential operators
on higher-dimensional domains, with the typical problem being the eigenvalues
of the Laplacian on a bounded domain with Dirichlet boundary conditions. The
existence of the first eigenvalue for this problem was obtained by Schwartz (1885),
and of the second eigenvalue by Picard (1893), and it was Poincaré (1894) who ob-
tained existence of all eigenvalues and their basic properties. Inspired by Poincarés
work, Fredholm (1903) undertook the study of the spectral theory of integral op-
erators. Hilbert (1904-1910), generalizing the work of Fredholm, introduced the
ideas of quadratic forms on infinite-dimensional linear spaces and of completely
continuous forms (compact operators in current terminology). He also realized
that spectral analysis cannot be performed in terms of eigenvalues alone, develop-
ing the notion of continuous spectrum, which was prefigured in Wirtinger’s (1897)
work on Hill’s equation. Weyl’s (1908) work on integral equations on unbounded
intervals further stresses the importance of the continuous spectrum. The advent
of quantum mechanics, formulated axiomatically by von Neumann (1927), who
was the first to introduce the notion of an abstract Hilbert space, brought self-
adjoint operators into the forefront of interest. Kato’s [31] rigorous proof of the
selfadjointness of physically relevant Schrodinger operators was a starting point
for the mathematical study of particular operators. In the context of quantum
mechanics, eigenvalues have special significance, as they correspond to discrete
energy levels, and thus form the basis for the quantization phenomenon, which in
the pre-Schrodinger quantum theory had to be postulated a priori. In recent years,
non-selfadjoint operators are also becoming increasingly important in the study
of quantum mechanical systems, as they arise naturally in, e.g., the optical model
of nuclear scattering or the study of the behavior of unstable lasers (see [8] and
references therein).

As this brief sketch! of some highlights of the (early) history of spectral theory
shows, eigenvalues, eigenvectors, and the spectrum provide an endless source of
fascination for both mathematicians and physicists. At the most general level one
may ask, given a class € of linear operators (which in our case will always operate
in a Hilbert space), what can be said about the spectrum of operators L € C?
Of course, the more restricted is the class of operators considered the more we

IThe interested reader can find much more information (and detailed references) in Mawhin’s
account [37] on the origins of spectral analysis.



Eigenvalues of Non-selfadjoint Operators 109

can say, and the techniques available for studying different classes € can vary
enormously. For example, an important part of the work of Hilbert is a theory
of selfadjoint compact operators, which in particular characterizes their spectrum
as an infinite sequence of real eigenvalues. Motivated by various applications, this
class of operators can be restricted or broadened to yield other classes worth
studying. For example, the study of eigenvalues of the Dirichlet problem in a
bounded domain is a restriction of the class of compact selfadjoint eigenvalue
problems, which yields a rich theory relating the eigenvalues to the geometrical
properties of the domain in question. As far as broadening the class of operators
goes, one can consider selfadjoint operators which are not compact, leading to
a vast domain of study which is of great importance to a variety of areas of
application, perhaps the most prominent being quantum mechanics. One can also
consider compact operators which are not selfadjoint (and which might act in
general Banach spaces), leading to a field of research in which natural sub-classes
of the class of compact operators are defined and their sets of eigenvalues are
studied (see, e.g., the classical works of Gohberg and Krein [21] or Pietsch [38]).

One may also lift both the assumption of selfadjointness and that of compact-
ness. However, some restriction on the class of operators considered must be made
in order to be able to say anything nontrivial about the spectrum. The classes
of operators that we will be considering here are those that arise by perturbing
bounded or unbounded (in most cases selfadjoint) operators with no isolated eigen-
values by operators which are (relatively) compact, for example operators of the
form A = Ag + M, where Ag is a bounded operator with spectrum o(Ag) = [a, ]
and M is a compact operator in a certain Schatten class. More precisely, we will
be interested in the isolated eigenvalues of such operators A and in their rate of
accumulation to the essential spectrum [a, b]. We will study this rate by analyzing
eigenvalue moments of the form

> (dist(\ [a,b]))?,  p>0, (1.2)

A€oq(A)

where 04(A) is the set of discrete eigenvalues, and by bounding these moments in
terms of the Schatten norm of the perturbation M.

It is well known that the summation of two ‘simple’ operators can generate
an operator whose spectrum is quite difficult to understand, even in case that
both operators are selfadjoint. In our case, at least one of the operators will be
non-selfadjoint, so the huge toolbox of the selfadjoint theory (containing, e.g., the
spectral theorem, the decomposition of the spectrum into its various parts or the
variational characterization of the eigenvalues) will not be available. This will make
the problem even more demanding and also indicates that we cannot expect to
obtain as much information on the spectrum as in the selfadjoint case. At this
point we cannot resist quoting E.B. Davies, who in the preface of his book [8] on
the spectral theory of non-selfadjoint operators described the differences between
the selfadjoint and the non-selfadjoint theory: “Studying non-selfadjoint operators
is like being a vet rather than a doctor: one has to acquire a much wider range of
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knowledge, and to accept that one cannot expect to have as high a rate of success
when confronted with particular cases”.

In our previous work, which we review in this paper, we have developed and
explored two quite different approaches to obtain results on the distribution of
eigenvalues of non-selfadjoint operators. One approach, which has also benefitted
from (and relies heavily on) some related work of Borichev, Golinskii and Kupin
[5], involves the construction of a holomorphic function whose zeros coincide with
the eigenvalues of the operator of interest (the ‘perturbation determinant’) and the
study of these zeros by employing results of complex analysis. The second is an
operator-theoretic approach using the concept of numerical range. One of our main
aims in this paper is to present these two methods side by side, and to examine
the advantages of each of them in terms of the results they yield. We shall see that
each of these methods has certain advantages over the other.

The plan of this paper is as follows. In Chapter 2 we recall fundamental con-
cepts and results of functional analysis and operator theory that will be used. In
Chapter 3 we discuss results on zeros of complex functions that will later be used
to obtain results on eigenvalues. In particular, we begin this chapter with a short
explanation why results from complex analysis can be used to obtain estimates on
eigenvalue moments of the form (1.2) in the first place. Next, in Chapter 4, we
develop the complex-analysis approach to obtaining results on eigenvalues of per-
turbed operators, obtaining results of varying degrees of generality for Schatten-
class perturbations of selfadjoint bounded operators and for relatively-Schatten
perturbations of non-negative operators. A second, independent, approach to ob-
taining eigenvalue estimates via operator-theoretic arguments is exposed in Chap-
ter 5, and applied to the same classes of operators. In Chapter 6 we carry out a
detailed comparison of the results obtained by the two approaches in the context of
Schatten-perturbations of bounded selfadjoint operators. In Chapter 7 we turn to
applications of the results obtained in Chapter 4 and 5 to some concrete classes of
operators, which allows us to further compare the results obtained by the two ap-
proaches in these specific contexts. We obtain results on the eigenvalues of Jacobi
operators and of Schrodinger operators with complex potentials. These case-studies
also give us the opportunity to compare the results obtained by our methods to
results which have been obtained by other researchers using different methods.
These comparisons give rise to some conjectures and open questions which we be-
lieve could stimulate further research. Some further directions of ongoing work re-
lated to the work discussed in this paper, and issues that we believe are interesting
to address, are discussed in Chapter 8. A list of symbols is provided on page 160.

2. Preliminaries

In this chapter we will introduce and review some basic concepts of operator
and spectral theory, restricting ourselves to those aspects of the theory which are
relevant in the later parts of this work. We will also use this chapter to set our
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notation and terminology. As general references let us mention the monographs
of Davies [8], Gohberg, Goldberg and Kaashoek [19], Gohberg and Krein [21] and
Kato [33].

2.1. The spectrum of linear operators

Let H denote a complex separable Hilbert space and let Z be a linear operator
in 7. The domain, range and kernel of Z are denoted by Dom(Z), Ran(Z) and
Ker(Z), respectively. We say that Z is an operator on H if Dom(Z) = 3. The
algebra of all bounded operators on 3 is denoted by B(H). Similarly, C(H) denotes
the class of all closed operators in H.

In the following we assume that Z is a closed operator in H. The resolvent
set of Z is defined as

p(Z):={\ € C: \— Z is invertible in B(H)}? (2.1.1)

and for A € p(Z) we define
Rz(\):=(\—2)"1. (2.1.2)
The complement of p(Z) in C, denoted by o(Z), is called the spectrum of Z. Note
that p(Z) is an open and o(Z) is a closed subset of C. We say that A € 0(Z) is an

eigenvalue of Z if Ker(A — Z) is nontrivial.
The extended resolvent set of Z is defined as

5(2) ::{ p(Z)U {0}, if Z € B(H)

_ (2.1.3)
p(Z), if Z ¢ B(H).

In particular, if Z € B(H) we regard p(Z) as a subset of the extended complex
plane C = CU{oo}. Setting Rz (c0) := 0 if Z € B(H), the operator-valued function

Rz : A+ Rz(/\),

called the resolvent of Z, is analytic on p(Z). Moreover, for every A € p(Z) the
resolvent satisfies the inequality || Rz ()| > dist(\,0(Z))~!, where ||.|| denotes the
norm of B(H)? and we agree that 1/00 := 0. Actually, if Z is a normal operator
(that is, an operator commuting with its adjoint) then the spectral theorem implies
that
|Rz(\)|| = dist(\,0(2))7Y, e p(2). (2.1.4)
If A € 0(Z) is an isolated point of the spectrum, we define the Riesz projection
of Z with respect to A by

1

- 21

PN =, [ Bzudn (2.1.5)
gl

where the contour 7 is a counterclockwise oriented circle centered at A\, with suffi-

ciently small radius (excluding the rest of o(Z)). We recall that a subspace M C H

2Note that here and elsewhere in the text, we use A\ — Z as a shorthand for \I — Z where I
denotes the identity operator on H.
3We will use the same symbol to denote the norm on K.
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is called Z-invariant if Z(M N Dom(Z)) C M. In this case, Z|y denotes the re-
striction of Z to M NDom(Z) and the range of Z|5; is a subspace of M.

Proposition 2.1.1 (see, e.g., [19], p. 326). Let Z € C(H) and let A € o(Z) be
isolated. If P = Pz (\) is defined as above, then the following holds:

(i) P is a projection, i.e., P?> = P.
(ii) Ran(P) and Ker(P) are Z-invariant.
iii) Ran(P) C Dom(Z) and Z|gan(p) s bounded.
(P)
(iv) 0(Zlran(p)) = {A} and o(Z|kex(p)) = 0(Z) \ {A}.

We say that Ao € 0(Z) is a discrete eigenvalue if )¢ is an isolated point of
0(Z) and P = Pz()o) is of finite rank (in the literature these eigenvalues are also
referred to as “eigenvalues of finite type”). Note that in this case \g is indeed an
eigenvalue of Z since {A\o} = 0(Z|gan(p)) and Ran(P) is Z-invariant and finite
dimensional. The positive integer

mz()\o) = Rank(Pz()\o)) (216)

is called the algebraic multiplicity of A\g with respect to Z. It has to be distinguished
from the geometric multiplicity, which is defined as the dimension of the eigenspace
Ker(Ao — Z) (and so can be smaller than the algebraic multiplicity).

Convention 2.1.2. In this article only algebraic multiplicities will be considered and
we will use the term “multiplicity” as a synonym for “algebraic multiplicity”.

The discrete spectrum of Z is now defined as
oa(Z) :={A € 0o(Z): \is a discrete eigenvalue of Z}. (2.1.7)

We recall that a linear operator Zy € C(H) is a Fredholm operator if it has
closed range and both its kernel and cokernel are finite dimensional. Equivalently,
if Zy € C(H) is densely defined, then Zy is Fredholm if it has closed range and
both Ker(Zy) and Ker(Zf) are finite dimensional. The essential spectrum of Z is
defined as

Oess(Z) :={N € C: A\ — Z is not a Fredholm operator }.4 (2.1.8)

Note that oess(Z) C 0(Z) and that oess(Z) is a closed set.
For later purposes we will need the following result about the spectrum of
the resolvent of Z.

Proposition 2.1.3 ([13], p. 243 and p. 247, and (8], p. 331). Suppose that Z € C(H)
with p(Z) # 0. If a € p(Z), then

o(Rz(a)) \ {0} ={(a =N : A e a(Z)}.

4For a discussion of various alternative (non-equivalent) definitions of the essential spectrum we
refer to [12]. We note that all reasonable definitions coincide in the selfadjoint case.
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The same identity holds when, on both sides, o is replaced by cess and o4, respec-
tively. More precisely, \o is an isolated point of o(Z) if and only if (a — Xo) ™! is
an isolated point of o(Rz(a)) and in this case

Pz(Mo) = Prya)((a—X)™).

In particular, the algebraic multiplicities of Ao € 04(Z) and (a—Xo) ™! € d4(Rz(a))
coincide.

Remark 2.1.4. We note that 0 € o(Rz(a)) if and only if Z ¢ B(H). Moreover, if
7 € C(H) is densely defined, then

0e O'(RZ((I)) ~ 0e Uess(RZ(a))'

The following proposition shows that the essential and the discrete spectrum
of a linear operator are disjoint.

Proposition 2.1.5. If Z € C(H) and A is an isolated point of 0(Z), then A € 0ess(Z)
if and only if Rank(Pz (X)) = co. In particular,

Oess(Z) Nog(Z) = 0.

Proof. For Z € B(H) a proof can be found in [8], p. 122. The unbounded case can
be reduced to the bounded case by means of Proposition 2.1.3. O

While the spectrum of a selfadjoint operator Z can always be decomposed as
U(Z) = Uess(Z) Uad(Z)> (219)

where the symbol U denotes a disjoint union, the same need not be true in the non-
selfadjoint case. For instance, considering the shift operator (Zf)(n) = f(n + 1)
acting on [2(N), we have 0es(Z) = {z € C: |z| =1} and 0(Z) = {2z € C : |z| <
1}, while 04(Z) = 0, see [33], pp. 237-238. The following result gives a suitable
criterion for the discreteness of the spectrum in the complement of gess(Z).

Proposition 2.1.6 ([19], p. 373). Let Z € C(H) and let Q C C\ 0ess(Z) be open and
connected. If QN p(Z) £ 0, then o(Z)NQ C o4(2).

Hence, if  is a (maximal connected) component of C \ ges5(Z), then either
(i) Q C o(2) (in particular, QN oy(Z) = 0), or
(i) QN p(Z) # 0 and QN o(Z) consists of an at most countable sequence of
discrete eigenvalues which can accumulate at oess(Z) only.

A direct consequence of Proposition 2.1.6 is

Corollary 2.1.7. Let Z € C(H) with 0ess(Z) C R and assume that there are points
of p(Z) in both the upper and lower half-planes. Then 0(Z) = 0ess(Z) U oa(Z).

We conclude this section with some remarks on the numerical range of a linear
operator and its relation to the spectrum, see [24], [33] for extensive accounts on
this topic. The numerical range of Z € C(H) is defined as

Num(Z) := {{Zf, f): f € Dom(Z),| f|| = 1}. (2.1.10)
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It was shown by Hausdorff and Toeplitz (see, e.g., [8] Theorem 9.3.1) that the
numerical range is always a convex subset of C. Furthermore, if the complement
of the closure of the numerical range is connected and contains at least one point
of the resolvent set of Z, then ¢(Z) C Num(Z) and

IRz(a)| < 1/dist(a, Num(Z)), a € C\ Num(Z). (2.1.11)

Clearly, if Z € B(H) then Num(Z) C {X : |\ < || Z||}. Moreover, if Z is normal
then the closure of Num(Z) coincides with the convex hull of 0(Z), i.e., the smallest
convex set containing o(Z).

2.2. Schatten classes and determinants
An operator K € B(H) is called compact if it is the norm limit of finite rank
operators. The class of all compact operators forms a two-sided ideal in B(H),
which we denote by 8. (H). The non-zero elements of the spectrum of K € 8, (H)
are discrete eigenvalues. In particular, the only possible accumulation point of the
spectrum is 0, and 0 itself may or may not belong to the spectrum. More precisely,
if H is infinite dimensional, as will be the case in most of the applications below,
then gess(K) = {0}.

For every K € 8 (H) we can find (not necessarily complete) orthonormal
sets {¢n} and {¢,,} in K, and a set of positive numbers {s,(K)} with s;(K) >
s2(K) > --- >0, such that

Kf= an W f Un)on,  fEH (2.2.1)

Here the numbers s, (K) are called the singular values of K. They are precisely
the eigenvalues of | K| := v/ K*K, in non-increasing order.

The Schatten class of order p (with p € (0,00)), denoted by 8,(H), consists
of all compact operators on H whose singular values are p-summable, i.e.,

K e8,(3) & {sn(K)}€IP(N). (2.2.2)

We remark that §,(3() is a linear subspace of 8 (3() for every p > 0 and for
p > 1 we can make it into a complete normed space by setting

K5, = [[{sn(E)} - (2.2.3)

Note that for 0 < p < 1 this definition provides only a quasi-norm. For consistency
we set [|K|[s., == [[K]-
For 0 < p < ¢ < oo we have the (strict) inclusion 8,(H) C 84(H) and

1K]ls, < [[K]]s,- (2.2.4)

Similar to the class of compact operators, 8,(H) is a two-sided ideal in the
algebra B(H) and for K € §,(H) and B € B(H) we have

IKBls, < K5, IBI and |BK|s, < |BIIKls,  (225)
Moreover, if K € 8§,(3) then K* € 8§,(H) and [|K*|s, = || K]|[s,-
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The following estimate is a Schatten class analog of Holder’s inequality (see
[20], p. 88): Let K1 € 8,(H) and Ky € §4(H) where 0 < p,q < co. Then K1 K5 €
8, (H), where =1 =p~t + ¢!, and

1K1 EKls, < [[Kills, [[Kzlls, -

While the singular values of a selfadjoint operator are just the absolute values
of its eigenvalues, in general the eigenvalues and singular values need not be related.
However, we have the following result of Weyl.

Proposition 2.2.1. Let K € 8§,(H), where 0 < p < 00, and let A1, Ae, ... denote its
sequence of nonzero eigenvalues (counted according to their multiplicity). Then,
for anyn >1

Sl <D sn(E)P. (2.2.6)

In the remaining part of this section we will introduce the notion of an infinite
determinant. To this end, let K € §,,(3), where n € N, and let A1, Ag, ... denote
its sequence of nonzero eigenvalues, counted according to their multiplicity and
enumerated according to decreasing absolute value. The n-regularized determinant
of I — K, where I denotes the identity operator on H, is

Hk-eN(l — k), fn=1
n—1 M\ .
erN (1 —Ax)exp (ijll j’“)} , ifn>2.

Here the convergence of the products on the right-hand side follows from (2.2.6).

It is clear from the definition that I — K is invertible if and only if det,, (I —
K) # 0. Moreover, det,,(I) = 1. Since the nonzero eigenvalues of K7 Ky and Ko K3
coincide (K1, K3 € B(H)) we have

detn(I — KlKQ) = detn(I — KQKl) (228)

if both KKy, KoKy € Sn(j‘f)

The regularized determinant det, (I — K) is a continuous function of K.
If Q c Cis open and K(\) € 8,(H) is a family of operators which depends
holomorphically on A € Q, then det,, (I — K(\)) is holomorphic on Q. For a proof
of both results we refer to [43].

We can define the perturbation determinant for non-integer-valued Schatten
classes as well: Since 8,(H) C 8,1 (H) where [p] = min{n € N : n > p}, the
[p]-regularized determinant of I — K, K € 8§,(H), is well defined, and so the above
results can still be applied. Moreover, this determinant can be estimated in terms of
the pth Schatten norm of K (see [11], [43], [18] ): If K € 8,(H), where 0 < p < o0,
then

det, (I — K) := (2.2.7)

[detry (I — K)| < exp (T, K, ) (22.9)

where I, is some positive constant.
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2.3. Perturbation theory

The aim of perturbation theory is to obtain information about the spectrum of
some operator Z by showing that it is close, in a suitable sense, to an operator
Zy whose spectrum is already known. In this case one can hope that some of the
spectral characteristics of Z; are inherited by Z. For instance, the classical Weyl
theorem (see Theorem 2.3.4 below) implies the validity of the following result (also
sometimes called Weyl’s Theorem).

Proposition 2.3.1. Let Z, Zy € C(H) with p(Z) N p(Zo) # 0. If the resolvent differ-
ence Rz(a)—Rz,(a) is compact for some a € p(Z)Np(Zp), then Oess(Z) = 0ess(Z0).

Remark 2.3.2. If Rz(a) — Rz,(a) is compact for some a € p(Z) N p(Zp), then
the same is true for every a € p(Z) N p(Zy). This is a consequence of the Hilbert
identity

Rz(b) — Rz,(b) = (a — Z)Rz(b)(Rz(a) — Rz,(a))(a — Zo)Rz,(b),
valid for a,b € p(Z) N p(Zy).

Combining Proposition 2.3.1 and Corollary 2.1.7 we obtain the following
result for perturbations of selfadjoint operators.

Corollary 2.3.3. Let Z, Zy € C(H) and let Zy be selfadjoint. Suppose that there are
points of p(Z) in both the upper and lower half-planes. If Rz(a)— Rz, (a) € Soo(H)
for some a € p(Z) N p(Zy), then 0ess(Z) = 0ess(Zo) C R and

0(Z) = 0ess(Zo) U ca(Z). (2.3.1)

In the following we will study perturbations of the form Z = Zy + M, under-
stood as the usual operator sum defined on Dom(Zy) N Dom(M ). More precisely,
we assume that Zy € €(H) has non-empty resolvent set and that M is a relatively
bounded perturbation of Zy, i.e., Dom(Zy) C Dom(M) and there exist r,s > 0
such that

IMFI| < rlfll + sl ZofIl

for all f € Dom(Zy). The infimum of all constants s for which a corresponding r
exists such that the last inequality holds is called the Zp-bound of M. The operator
Z is closed if the Zy-bound of M is smaller than one. Note that M is Zy-bounded
if and only if Dom(Zy) C Dom(M) and M Rz, (a) € B(H) for some a € p(Zp), and
the Zo-bound is not larger than inf,c,z,) [|M Rz, (a)||. The operator M is called
Zy-compact if Dom(Zy) C Dom(M) and MRz, (a) € 8o (H) for some a € p(Zy).
Every Zy-compact operator is Zy-bounded and the corresponding Zy-bound is 0.
Moreover, if M is Zy-compact and Z; is Fredholm, then also Zy + M is Fredholm
(see, e.g., [33], p. 238). The last implication is the main ingredient in the proof of
Weyl’s theorem:

Theorem 2.3.4. Let Z = Zy+ M where Zy € C(H) and M is Zy-compact. Then
UCSS(Z) = UCSS(ZO)-



Eigenvalues of Non-selfadjoint Operators 117

Remark 2.3.5. As noted above, Weyl’s theorem and Proposition 2.1.3 show the
validity of Proposition 2.3.1.

If Zy is selfadjoint and M is Zy-compact, then p(Z) has values in the upper
and lower half-plane (see [8], p. 326). Moreover, if a € p(Z) N p(Zy), then Rz(a) —
Rz, (a) € 8oo(H) as a consequence of the second resolvent identity

Rz(a) — Rz,(a) = Rz(a)M Rz, (a). (2.3.2)
So Corollary 2.3.3 implies that ess(Z) = 0ess(Zo) and 0(Z) = Gess(Zo) U 04(Z).

2.4. Perturbation determinants

We have seen in the last section that the essential spectrum is stable under (rela-
tively) compact perturbations. In this section, we will have a look at the discrete
spectrum and construct a holomorphic function whose zeros coincide with the dis-
crete eigenvalues of the corresponding operator. Throughout we make the following
assumption.

Assumption 2.4.1. Zy and Z are closed densely defined operators in H such that

() p(Zo) N p(Z) # 0.
(i) Rz(b) — Rz, (b) € 8,(H) for some b € p(Zo) N p(Z) and some fized p > 0.
(it)) o(2) N p(Zo) = 0a(Z).

Remark 2.4.2. By Proposition 2.3.3, assumption (iii) follows from assumption (ii) if
Zy is selfadjoint with 04(Zp) = 0 and if there exist points of p(Z) in both the upper
and lower half-planes. If Zy and Z are bounded operators on J then the second
resolvent identity implies that assumption (ii) is equivalent to Z — Zy € 8,,(H).

We begin with the case when Zy, Z € B(3(): Then for \g € p(Zy) we have
(M —Z)Rz,(No) =1—(Z = Zo)Rz, (o),
so Ao € p(Z) if and only if I — (Z — Zy)Rz,(No) is invertible. As we know from
Section 2.2, this operator is invertible if and only if
detr,1 (I = (Z — Zo)Rz,(Mo)) # 0.

By Assumption 2.4.1 we have o(Z) N p(Zy) = 04(Z), so we have shown that
Ao € 04(Z) if and only if Ag is a zero of the analytic function

dZ% : p(Zo) » €, dL7 () :=detr)(I — (Z — Zo)Rz,(N)). (2.4.1)
For later purposes we note that d%%°(c0) = 1.

Next, we consider the general case: Let a € p(Zy) N p(Z) where Zy,Z satisfy
Assumption 2.4.1. Then Proposition 2.1.3 and its accompanying remark show that
0q(Rz(a)) = o(Rz(a)) N p(Rz(a)),

so we can apply the previous discussion to the operators Rz, (a) and Rz(a), i.e.,
the function

a0 () = dety (I = [Rz(a) = Rz (0)][() = Rz (@) (24.2)
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is well defined and analytic on p(Rz,(a)). Moreover, since A € p(Zp) if and only
if (a —A)7! € p(Rz,(a)) (which is again a consequence of Proposition 2.1.3 and
Remark 2.1.4), we see that the function
270 (N) i= dh D (@ - n)7h (2.4.3)
is analytic on p(Zp) and
dZ%(\) =0 < (a—AN)"'€oi(Rz(a) < Ne€au(2).
Note that, as above, we have dZ:%°(a) = 4z @)z (a)(oo) =1
We summarize the previous discussion in the following proposition.
Proposition 2.4.3. Let a € p(Zo) N p(Z), where Z, Zy satisfy Assumption 2.4.1,
and let d, = d%%0 : p(Zy) — C be defined by (2.4.1) if a = oo and by (2.4.3) if

a # oo, respectively. Then d, is analytic, dqo(a) =1 and X € 04(Z) if and only if
dqo(A) = 0.

We call the function d, = d?%° the pth perturbation determinant of Z by
Zy (the p-dependence of d, is neglected in our notation). Without proof we note
that the algebraic multiplicity of A\g € 04(Z) coincides with the order of )y as a
zero of d,, see [25], pp. 20-22.

Remark 2.4.4. Our definition of perturbation determinants is an extension of the
standard one (which coincides with the function do,), see, e.g., [21] and [45].

We conclude this section with some estimates.

Proposition 2.4.5. Let a € p(Zo)Np(Z), where Z, Zy satisfy Assumption 2.4.1, and
let d, : p(Zo) — C be defined as above. Then, for A # a,

da(V] < exp (T ll[Rz(@) = Bzy(@llla =N 7' = Ry @) 7'IE,) . (244)
where T'), was introduced in estimate (2.2.9).
Proof. Apply estimate (2.2.9). O

Proposition 2.4.6. Let Z, Zy € B(H) satisfy Assumption 2.4.1. Then for X € p(Zy)
we have

ldoe V)] < exp (T,1(Z = Zo) Rz, WG, ) - (2:4.5)
If, in addition, Z — Zy = My Ms where My, My are bounded operators on H such
that MaRz,(a)My € 8,(H) for every a € p(Zy), then for X € p(Zy) we have
[doe V)] < exp (Tyl| MaRz, WML, ) - (2.4.6)
Proof. Estimate (2.4.6) is a consequence of estimate (2.2.9), the definition of d
and the identity
detm (I*(Z*ZO)RZO (/\)) = detm (I*MlMQRZO ()\)) = detm (I*MQRZO ()\)Ml),

which follows from (2.2.8). Estimate (2.4.5) follows immediately from the definition
of d and estimate (2.2.9). O
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Remark 2.4.7. While the non-zero eigenvalues of M1 MRz, (a) and MyRz,(a)M;
coincide, the same need not be true for their singular values. In particular, while
(Z — Zy)Rz,(a) € 8,(H) is automatically satisfied if Z, Zy € B(H) satisfy As-
sumption 2.4.1, in general this need not imply that MyRz,(a)M; € 8,(H) as
well.

3. Zeros of holomorphic functions

In this chapter we discuss results on the distribution of zeros of holomorphic func-
tions, which will subsequently be applied to the holomorphic functions defined by
perturbation determinants to obtain results on the distribution of eigenvalues for
certain classes of operators. We begin with a motivating discussion in Section 3.1,
introducing the class of functions on the unit disk which will be our special focus
of study. In Section 3.2 we consider results that can be obtained using the classical
Jensen identity. In Section 3.3 we present the recent results of Borichev, Golinskii
and Kupin and show that, for the class of functions that we are interested in, they
yield more information than provided by the application of the Jensen identity.

3.1. Motivation: the complex analysis method for studying eigenvalues

We have seen in Section 2.4 that the discrete spectrum of a linear operator Z
satisfying Assumption 2.4.1 coincides with the zero set of the corresponding per-
turbation determinant, which is a holomorphic function defined on the resolvent
set of the ‘unperturbed’ operator Z,. Moreover, we have a bound on the ab-
solute value of this holomorphic function in the form of Propositions 2.4.5 and
2.4.6. Thus, general results providing information about the zeros of holomorphic
functions satisfying certain bounds may be exploited to obtain information about
the eigenvalues of the operator Z. This observation is the basis of the following
complex-analysis approach to studying eigenvalues.

As an example, we consider the following situation: Zy € B(H) is assumed
to be a selfadjoint operator with

U(ZO) = Uess(ZO) = [a,b}, (3.1.1)

where a < b, and
Z =Zy+ M,

where M € 8§,(H) for some fixed p > 0. Given these assumptions, the spectrum
of Z can differ from the spectrum of Zy by an at most countable set of discrete
eigenvalues, whose points of accumulation are contained in the interval [a, b]. More-
over, o4(Z) is precisely the zero set of the pth perturbation determinant d = d%;%°
defined by

d:C\[a,b] - C,  d(\) =detr(I — MRz,(\)).
It should therefore be possible to obtain further information on the distribution of
the eigenvalues of Z by studying the analytic function d, in particular, by taking
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advantage of the estimate provided on d in Proposition 2.4.6, i.e.,
log [d(\)| < Ty MRz, (VI . AeC\[a,b], (3.1.2)

as well as the fact that d(co) = 1. Note that the right-hand side of (3.1.2) is finite
for any \ € C\ [a,b], but as A approaches [a,b] it can ‘explode’. A simple way
to estimate the right-hand side of (3.1.2) from above and thus to obtain a more
concrete estimate, is to use the identity

Rz, (A = [dist(X, 0(Z))] ", (3.1.3)
which is valid since Zj is selfadjoint, and the inequality (2.2.5) to obtain
r g,

log[d(A)| < dist(\, o(Zo))P"

(3.1.4)
The inequality (3.1.4) is the best that we can obtain at a general level, that is
without imposing any further restrictions on the operators Zy and M. However,
as we shall show in Chapter 7.1, for concrete operators it is possible to obtain
better inequalities by a more precise analysis of the 8,-norm of MRz, (A). These
inequalities will take the general form

C

log d(A)] < / ;
Og| ( )| = diSt(A,O’(ZO))a/ dist()\7a)31 diSt(A,b) 2

(3.1.5)
where o’ and 31, B are some non-negative parameters with o’ + 8] + 85 = p. Note
that (3.1.5) can be stronger than (3.1.4) in the sense that the growth of log |d())]
as A approaches a point ¢ € (a, b) is estimated from above by O(]\ — C|*“l), which
can be smaller than the O(|]A — ¢|7?) bound given by (3.1.4) (since o/ < p if
B1 + B4 > 0). A similar remark applies to A approaching one of the endpoints
a,b (since, e.g., o/ + B < p if 85 > 0). As we shall see, such differences are very
significant in terms of the estimates on eigenvalues that are obtained.

The question then becomes how to use inequalities of the type (3.1.4), (3.1.5)
to deduce information about the zeros of the holomorphic function d(.). The study
of zeros of holomorphic functions is, of course, a major theme in complex analysis.
Since the holomorphic functions d(.) which we will be looking at will be defined on
domains that are conformally equivalent to the open unit disk D, we are specifically
interested in results about zeros of functions h € H(ID), the class of holomorphic
functions in the unit disk. Indeed, if @ C C is a domain which is conformally
equivalent to the unit disk, we choose a conformal map ¢ : D —  so that the
study of the zeros of the holomorphic function d : 2 — C is converted to the study
of the zeros of the function h = do ¢ : D — C, where, denoting by Z(h) the set of
zeros of a holomorphic function h, we have

Z(dla) = ¢(Z(h))-

If co € , we can also choose the conformal mapping ¢ so that ¢(0) = oo, which
implies that h(0) = 1.
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This conversion involves two steps which require some effort:

(i) Inequalities of the type (3.1.4) and (3.1.5) must be translated into inequalities
on the function h € H(D).

(ii) Results obtained about the zeros of h, lying in the unit disk, must be trans-
lated into results about the zeros of d.

Regarding step (i), it turns out that inequalities of the form (3.1.5), and
generalizations of it, are converted into inequalities of the form

Klw|”
N >
(1 — |w|)~ Hj:l jw — &%

where §; € T := 0D and the parameters in (3.1.6) are determined by those appear-
ing in the inequality bounding d(\) and by properties of the conformal mapping
¢. Note that this inequality restricts the growth of |h(w)| as |w| — 1 differently
according to whether or not w approaches one of the ‘special’ points &;. Since
functions obeying (3.1.6) play an important role in our work, it is convenient to
have a special notation for this class of functions. First, let us set

(TV)u i={(&1,.. ., éN) €TV 16 #¢,1<i<j< N}, NEeN. (3.1.7)

log |h(w)| < w e D, (3.1.6)

Definition 3.1.1. Let o, 7, K € Ry := [0,00). For N € Nlet § = (B1,...,An) € RY
and € = (&,...,€x) € (TV),. The class of all functions h € H (D) satisfying h(0) =
1 and obeying (3.1.6) (for this choice of parameters) is denoted by M(c, 3, v, E, K).
Moreover, we set M(a, K) = M(a,a,O,g,K) where 5 € TV is arbitrary, that is
functions satisfying

K
log |h(w)] < , web.
(1 — fw[)*

Remark 3.1.2. Throughout this chapter, whenever speaking of M(c, 5, v, 5 K) we
will always implicitly assume that the parameters are chosen as indicated in the
previous definition.

Remark 3.1.3. We have the inclusions
Ma, .7, € K) € Mo, 5,7, £ K')
ifa<a,y>+"and K < K’, and
Mo 7, & K) € Mo, B9, K - 2201 71)
if B; < B for1<j<N.

Thus, our aim is to understand what information on the set of zeros of h
is implied by the assumption h € M(a,g,%g,K ). This information will then
be translated back into information about the set of zeros of the perturbation
determinant d()), that is about the eigenvalues of Z.
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3.2. Zeros of holomorphic functions in the unit disk: Jensen’s identity

The zero set of a (non-trivial) function h € H (D) is of course discrete, with possible
accumulation points on the boundary T. In other words, Z(h) is either finite, or it
can be written as Z(h) = {wy};2,, where |wy| is increasing, and
lim (1 — |wg|) = 0. (3.2.1)
k—o0
While in this generality nothing more can be said about Z(h), the situation changes
drastically if we restrict the growth of |h(z)| as z approaches the boundary of the
unit disk. A basic result which allows to make a connection between the boundary
growth of a function h € H(D) and the distribution of its zeros is Jensen’s identity
(see [40], p. 308). Denoting the number of zeros (counting multiplicities) of h in
the disk D, = {w € C: |w| < r} by N(h,r), this result reads as follows.

Lemma 3.2.1. Let h € H(D) with |h(0)| = 1. Then for r € (0,1) we have

" N(h,s) r 1 [ 0
/0 Das= Y log’w‘:%_/o log |h(re)| df. (3.2.2)

wez (h),Jw|<r

Note that the left equality is immediate, while the right equality is the real
content of the result.

As a simple application of Jensen’s identity, consider the case in which h €
H> (D), the class of functions bounded in the unit disk, with ||h||s denoting
the supremum. Then the right-hand side of (3.2.2) is bounded from above by
log(||7]|s), so that we can take the limit 7 — 1— (noting that the left-hand side
increases with r) and obtain

Z log

weZ(h)

1
< log(||h]|).
o < Bl

We may also bound the left-hand side of this inequality from below, using log |w| <
|w| — 1, to obtain
> (1 —wl) < log([|h])- (32.3)
weZ(h)

Obviously the convergence of the sum in (3.2.3), known as the Blaschke sum,
is a much stricter condition on the sequence of zeros than (3.2.1). However, the
functions h arising in the applications we make to the perturbation determinant
will generally not be bounded, so the Blaschke condition (3.2.3) cannot be applied.
We will now assume that h € M = M(a,g,'y,g,K) and derive estimates on the
zeros of h, by using Jensen’s identity in a more careful way.

We will use the following proposition, derived from Jensen’s identity. For that
purpose we denote the support of a function f : (a,b) C R — R by supp(f), i.e.,

supp(f) = {z € (a,b) : f(z) # 0}.
Moreover, by fi = max(f,0) and f- = —min(f,0) we denote the positive and
negative parts of f, respectively (note that we will use the same notation for
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the positive and negative parts of a real number as well). In addition, we denote
the class of all twice-differentiable functions on (a,b) whose second derivative is
continuous by C?(a, b).
Proposition 3.2.2. Let ¢ € C?(0,1) be non-negative and non-increasing, and sup-
pose that lim,_,1 p(r) = lim,_,1 ¢’(r) = 0, supp ([r¢’(r)]")_ C [0,1) and

[

sup ([r¢'(r)]")_ < .
0<r<1

If h € H(D), with |h(0)| =1, then

1 1 , , 27 :
Z e(|w|) = 2#/0 dr [re (r)}/o dflog |h(re'?)|.5 (3.2.4)

weZ(h)
Remark 3.2.3. We are mainly interested in the choice p(r) = (1 —r)?, with ¢ > 1;
other possible choices are p(r) = (—log(r))? and ¢(r) = (r~! — )9, respectively.
Proof of Proposition 3.2.2. Let 0 < r < 1. We restate Jensen’s identity:
" N(h 1 [ ,
/ ds (h, 5) = / dflog |n(re®)). (3.2.5)
0 S 21 0

Multiplying both sides of (3.2.5) by [r¢'(r)]’ and integrating with respect to r
leads to

1 1 27 )
/ dr [rcp’(r)}’/ df log |h(re®)|
271' 0 0

/Oldr [r(p’(r)}’/ords NUSL’S) (*)/Olds N(l;’s) /:dr [re' (r)]f

:—/Olds ¢ (s)N(h, s) :/Ooo dt L(llt (e‘t)} N(h,e™"). (3.2.6)

The application of Fubini’s theorem in (x) is justified by the assumptions made
on ¢. We can reformulate the right-hand side of the last equation as follows

[ | e voen = [Ta S hete)]

weZ(h),|lw|<e—t

- % [ aheen] = ¥ cun

wez(h) wez(h)
The last equation together with (3.2.6) yields the result. O

We can now derive a Blaschke-type result on the zeros of a function h € M
(see Definition 3.1.1). In the result below, C(a, 3, €, 7) denotes a constant depend-
ing only on the parameters «, 5, {, 7, which can in principle be made explicit but
would yield expressions too unwieldy to be of much use. As usual, when such a
constant appears in two equations, or even on two lines of the same equations, it

50f course, both sides of (3.2.4) may be (simultaneously) divergent.
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may take different values, but we do take care to always indicate the parameters
on which the constant depends.

Theorem 3.2.4. Let h € M(oz,g,O,g,K). Then for every 7 > 0 we have

> @ fu)tretmas @it < Oa, §,€, 7K. (3.2.7)
weZ(h)
Proof. For ¢ > 1 let ¢(r) = (1 — r)9. Since
[re' (1)) = a(1 =7)7"2(rg — 1)

2m
we obtain from Proposition 3.2.2 and our assumptions, using that [ log |h(re?)|d0
0

is non-negative,

1 _ 2 )
S atuhr= g [ M0 [ astog e

weZ(h)

g (' (rq=1) [T :
< / dr / df log |h(re®)|
27 J1/q (1=r)2=a j,
_ Kalg-1) /1 1 2m do
T 2m g (L=r)?mate Jo H;v:1 |rei® — &|P

7 & N 1 2
-1 1 df
< KCF.8alg-1) / dr o / LU a2y
2 = Sig o (L= o fret? = g1
Standard calculations show that, as r — 1—
. O o), if8>1,
do )
et —glp O(-log(l—r)), ifB=1, (3.2.9)

0(1), if < 1.

Therefore the integrals on the right-hand side of (3.2.8) will be finite whenever
g > 1+ a+max;(8; — 1)+, and the result follows. O

3.3. A theorem of Borichev, Golinskii and Kupin
A different inequality on the zeros of h € M(a, 3.0, 5, K) was proved by Borichev,
Golinskii and Kupin [5].

Theorem 3.3.1. Let h € M(a,g,O,f_;K), where {: (é1,..., Ex) € (TN), and

—

8= (P1,...,0n) € Rﬁ. Then for every T > 0 the following holds: If a > 0 then

N
> @ = [w)* ] lw — &P+ < O, 8,6, 7K. (3.3.1)
weZ(h) 7=1
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Furthermore, if « = 0 then

N
S @—tfw) []lw=g|® 1 <C(B,€ 1)K, (3.3.2)

weZ(h) Jj=1

To see the advantage of (3.3.1) over (3.2.7), consider a convergent subsequence
{we}2, € Z(h). The limit point & satisfies |{| = 1, and (3.2.7) ensures that the
sum

D> (1= wi])" < o0 (3.3.3)
k=1
whenever
n>1+a+ m]ax(ﬁj —1)4. (3.3.4)

As for (3.3.1), it gives us different information according to whether £ = &; for
some 1 < j < N or whether £ € 9D is a ‘generic’ point. For sequences {wg}32,
converging to generic points (§ # &;) the product term in (3.3.1) will be bounded
from below by a positive constant along the sequence, so that we can conclude that
(3.3.3) will hold whenever n > a + 1, obviously a less restrictive condition than
that provided by (3.3.4), except in the case when 3; < 1 for all j, in which the
two conditions are the same. When £ = ;+ for some 1 < j* < N, the summands
in (3.3.1) will be bounded from below by a positive constant multiple of

(1 - ‘wk‘)a+1+r|wk — & |(ﬁj*—1+‘f’)+ > (1 _ ‘wk|)a+1+7+(51*—1+7)+_

Therefore, if 3+ > 1, (3.3.1) implies that (3.3.3) will hold whenever n > a+1+8;-,
a less restrictive condition than (3.3.4) since it does not involve the maximum of
all 8;’s. If B;» < 1, (3.3.1) implies that (3.3.3) will hold whenever n > a + 1, also
a less restrictive condition except in the case where all ; < 1forall 1 <j <N,
in which it is the same condition.

We thus see that the theorem of Borichev, Golinskii and Kupin [5] provides
sharper information about the asymptotic distribution of the zeros than Theorem
3.2.4. Therefore, in our applications, Theorem 3.3.1 will provide more precise in-
formation about the distribution of eigenvalues, and it is this result which will be
used. It should be noted that, unlike Theorem 3.2.4, the proof of Theorem 3.3.1
is not an application of Jensen’s identity, and requires less elementary function-
theoretic arguments.

Remark 3.3.2. We should also note that Theorem 3.3.1 has been generalized in
several ways: to subharmonic functions on the unit disk [14], and to holomor-
phic functions on more general domains [23], [15]. We will return to this topic in
Chapter 8.

In the following, however, we will make one improvement to Theorem 3.3.1,
which is useful when considering applications to eigenvalue estimates. We consider
functions h € M(«, 8,7, &, K) with 4 > 0, which have the property that

log |h(w)| = O(|w|"), as|w| — 0.
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Of course these functions are included in M(c, ﬁ, 0, 5, K), so that Theorem 3.3.1
holds for them. We will show that, for this class of functions, the sum on the
left-hand side of (3.3.1) can be replaced by

N

1 — |w a+1+T1 - .
> (1= fwl) [T w— @1+ (3.3.5)
j=1

|w]
weZ(h)

for a suitable choice of x = z(y) > 0. It should be noted that since we always
assume h(0) = 1, the zeros of h will always be bounded away from 0, so that
(3.3.1) implies that the sum (3.3.5) is finite. The point, however, is to obtain a
bound on this sum which is linear in K, like the bound in Theorem 3.3.1. This
linearity is important in the applications.

We first estimate the counting function N (h,r) for small r > 0.

Lemma 3.3.3. Let h € M(a,g,v,g,K). Then for r € (0, ;] we have
N(h,r) < C(a, B, Kr. (3.3.6)
Proof. Let 0 < r < s < 1. Then,

N(hr) IS/N(h,r)dtS IS/N(h,t)dtS 1S/N(h,t)dt'
lOg(T) r t log(r) T t lOg(T) 0 13

Jensen’s identity and our assumptions on h thus imply that
1 1 27 .
N(h,r) < log |h(se™®)|do
7)< sy |, o8I
1 Ks7 1 0 1
y / 1. do.
0g(2) (L= s)r2m Jo L Jsen — g1

Choosing s = 57 (i.e., s < %) concludes the proof. O

<
— 1

The information offered by the previous lemma can immediately be applied
to obtain the following result.

—

Lemma 3.3.4. Let h € M(a,ﬁ,'y,g,K). Then for every e > 0 we have
1 .
> < C(o, B,7,§ e)K. (3.3.7)

|w|(7_5)+
weZ(h),|w|<]

Proof. For v < ¢ the left-hand side of (3.3.7) is equal to N(h,1/2), so in view of
Lemma 3.3.3 we only need to consider the case v > €. In this case, we can rewrite
the sum in (3.3.7) as follows:

1
1 |w]| 1
> upe=t-9 ¥ [Tann

wez(h) wez(h) Y0
Jw|<3 Jw|<3

=(y—¢) [/020115 t”‘l—EN(h,l/Q)Jr/:odt I EN (R Y
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Using Lemma 3.3.3 and the fact that v > ¢ we conclude that

2
| ateen iy < o donox
0

Similarly, using that ¢ > 0, Lemma 3.3.3 implies that

/ dt " 1EN (bt < C K/ dtt=17¢
2
C(a, 8,7, ¢)

This concludes the proof. O

The next theorem (which first appeared in [28]) combines the previous lemma with
Theorem 3.2.4 to provide the desired bound on the sum in (3.3.5).

Theorem 3.3.5. Let h € M(a,ﬁ,’y,f,K), where 5: (é1,..., &x) € (TV), and
8= (P1,...,0n) € Rf. Then for every e, 7 > 0 the following holds: If o > 0 then

1— at+1+71 N I~ g
3 (1 —fwl) [Ilw-&l#4 < Cla,B,7.6e, 7K. (3.3.8)

weZ(h) ‘w‘(’ksh Jj=1

Furthermore, if a« = 0 then

w 14r . N
2 |w|(w|s| H‘ =D < 0(F, 7,66, 1K (3.3.9)

weZ(h)
Proof. Since the sum on the left-hand side of (3.3.8) is bounded from above by

N

1 o -
> w|(1=2)+ +Ce) > (= w) ] w0

weZ(h),|w|<3 weZ(h),|w|>3 Jj=1

we see that the proof of (3.3.8) is an immediate consequence of estimate (3.3.1) and
Lemma 3.3.4. The proof of (3.3.9) is analogous starting from estimate (3.3.2). O

4. Eigenvalue estimates via the complex analysis approach

Applying the results obtained in the previous two chapters we derive estimates on
the discrete spectrum of linear operators satisfying Assumption 2.4.1. In particular,
we present precise estimates on the discrete spectrum of perturbations of bounded
and non-negative selfadjoint operators, respectively. Some of the material in this
section is taken from [25].
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4.1. Bounded operators — a general result

Throughout this section we make the following

Assumption 4.1.1. Zy and Z are bounded operators in H, satisfying
(i) M =2 —2Zy € 8,(H) for some p > 0.
(i) 0a(Z) =0(Z) N p(Zy).
(ill) My and Ms are two fized bounded operators on H such that M = M1 Ms and
MsRz,(a) My € 8,(H) for every a € p(Zy).
(iv) p(Zo) is conformally equivalent to the unit disk, that is there exists a (neces-
sarily unique) mapping ¢ : D — p(Zy) with $(0) = oco.

Remark 4.1.2. We note that, if assumption (i) holds, assumption (iii) will automat-
ically hold if we take My = I, My = M. However, sometimes other factorizations
of M will yield stronger results, and for an arbitrary factorization M = M; Ms it
is not true that (i) implies (iii).

As we have seen in Section 2.4, the perturbation determinant
d=d%?% : p(Zo) = C,  d%7(\) =det,)(I — (Z — Zo)Rz,(N))

has the property that its zero set coincides with the discrete spectrum of Z, and
d(oco0) = 1. We recall that, by (2.2.8),

detr1(I = (Z — Zo)Rz,(N)) = detp) (I — MaRz,(\) M),
and estimate (2.4.6) showed that for A € p(Zy) we have
O] < exp (T | Mz Rz, ()M, ) (4.1.1)
where the constant I', was introduced in (2.2.9). Thus if we can show that, for
suitable parameters v, K, o, &5, 35,
Kluw[?

MQR ) Ml p N )
[ 2o (P(w)) Mg, (17‘ Do TTzy [w — €15

weD, (4.1.2)

then we obtain
I'pK|w|Y

(1= [w)) [Ty [w— &%

In other words, do ¢ € M(a, 5, v, E, I',K). Therefore Theorem 3.3.5 can be applied
to d o ¢ and in this way we obtain the following result.

log |(d o ¢)(w)| <

Proposition 4.1.3. Suppose (4.1.2) holds, where «, B;,v, K are non-negative and
& €T are pairwise distinct. Then for every e,7 > 0 the following holds: If o > 0
then

o a 147
> “b . H|¢ _gBTHE <CK, (413)

|(r= 6)
A€oq(Z) ‘d) "
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where C' = C(a,g,fy,g,a,T,p) and each eigenvalue is counted according to its
multiplicity. Moreover, if @ = 0 then the same inequality holds with o + 1 4+ 7
replaced by 1.

Remark 4.1.4. It remains an interesting open question whether (4.1.3) is still valid
when 7 = 0 and € = 0, respectively. At the moment, even for the specific choices
of Zy considered below, we are neither able to answer the corresponding question
in the affirmative nor to provide a suitable counterexample.

Convention 4.1.5. In the remaining parts of this article, let us agree that whenever
a sum involving eigenvalues is considered, each eigenvalue is counted according to
its (algebraic) multiplicity.

The previous result is very general but not very enlightening. To obtain useful
information using Proposition 4.1.3 we need to do two things:

e Obtain estimates of the form (4.1.2) for the operator of interest.

e Obtain estimates from below on the sum on the left-hand side of (4.1.3)
in terms of simple functions of the eigenvalues, so as to obtain interesting
information on the eigenvalues.

Carrying out both of these steps requires us to impose restrictions on the
spectrum of the unperturbed operator Z, thus enabling us to express the mapping
¢ explicitly. In the next subsection we will concentrate on the case that Zj is self-
adjoint, so that its spectrum is real. There are, however, various other options for
treating various classes of operators. We now demonstrate one of them.

Example 4.1.6. Let Zy € B(H) be normal. Assume that o(Zy) = 0ess(Z0) = D,
and let Z = Zy + M where M € 8,(H) (so with the notation above we have
Z — Zy = My M,, where My = I and My = M). Note that 04(Z) = o(Z) D" by
Proposition 2.1.6. A conformal map ¢ : D — p(Zp), mapping 0 onto oo, is given by
d(w) = w™!, and we have MaRyz, (w™ )My = MRz, (w™!). The spectral theorem
for normal operators implies that

Rz, (w™ )| = dist(w™", T)~" = Jw|(1 — |w])~,
so we obtain
MRz, (d(w))lls, < M5 w1 —|w])™", weD.

Hence, applying Proposition 4.1.3 with a =~ = p, 3 = 0 and K = ||M||§p7 we
conclude that for 7 € (0,p) (choosing ¢ = 7)

_ 1\pt+1+7 _ |1 pt+1l+7
Z (‘)\| 1)++ _ Z (1 |¢ ()‘)|) SC(p,T)HMng-

1+271 -1 —T
Aeoq(Z) ‘)\| Aeoq(Z) ‘gb ()\)|P

Remark 4.1.7. Actually, we will show below that the estimate in the previous
example can be improved considerably using our alternative approach to eigenvalue
estimates (see Example 5.2.4).
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4.2. Perturbations of bounded selfadjoint operators
Throughout this section we assume that Ay € B(H) is selfadjoint with o(A4y) =
[a,b],® where a < b, and that M = M; M € 8,(H) for some p > 0, where M; and
Ms are bounded operators on H satisfying

MR Ay (M) My € 8,(H), X € p(Ao). (4.2.1)
In particular, Ag and A = Ag+ M satisfy Assumption 2.4.1 by Remark 2.4.2 (with
Zy = Ap and Z = A, respectively), and we have

a(A) = [a,b] Uay(A).

Let us define a conformal map ¢; : D — C \ [a, b], mapping 0 onto co, by setting

o1 (w) = b ; a(w +wt+2)+a, weD. (4.2.2)

To adapt Proposition 4.1.3 to the present context we will need the following ele-
mentary but crucial inequalities, see Lemma 7 in [28].

Lemma 4.2.1. For w € D let ¢1(w) be defined by (4.2.2). Then

b—alw? — 1|1~ |w]) (b—a)(1+v2) [w? = 1|(1 - |w])
8 w| 8 |wl

< dist(¢1(w), [a,b]) <

In the following, we derive estimates on o4(A) given the assumption that for every
A€ C\ [a,b] we have

A= al?]x = b|?
dist(\, [a, b))
where o, K € Ry, 8 € R and a > 23. Of course, one could imagine different as-
sumptions on the norm of MaR 4, (\)Mj, e.g., a different behavior at the boundary

points a and b, but the choice above is sufficiently general for the applications we
have in mind.

[MaRa,(N)Mis, < K (4.2.3)

Theorem 4.2.2. With the assumptions and notations from above, suppose that
MsRa,(\)M; satisfies estimate (4.2.3) for every A\ € C\ [a,b]. Let 7 € (0,1)
and define

m = a+l4T

o= (a—28-1+7);. (424)
Then the following holds: If o > 0 then
1 Ui
s A o g —a PR (425)

nr—n2 —
2

Aeoq(A) (16— Alla = AJ)

Moreover, if a« = 0 then the same inequality holds with m, replaced by 1.

61n this section we are changing notation from Zg to Ag (and from Z to A), the reason being
the specific choice we make for the spectrum of Ag. A similar remark will apply in Section 4.4.
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Proof. We consider the case a > 0 only. As above, let

h—
)\:(bl(w): 4a(w+w71+2)+a, UJED
Then a short computation shows that
b—alw+ 12 b—alw—1J?
4w 4wl

Using the last two identities and Lemma 4.2.1, the assumption in (4.2.3) can be
rewritten as

la — Al = and |[b— )= (4.2.6)

Cla, K jw]* =27

(6 — @)= (1 = ful)eluw? 102
Let ¢,7 > 0 and let 7,72 be defined by (4.2.4). Then Proposition 4.1.3 implies
that

[MaRa,(A\)Millg < (4.2.7)

L— o ()™
3 (1 =ler (M)

C(O[7 67 &, T, p)K
67 (V)02 |

o o -1 <

(4.2.8)
A€oy (A)

Restricting 7 to the interval (0,1) and setting e = 1 — 7, the last inequality can
be rewritten as

(=107 O™ | ye g = ClasBmp)K 1
X e OIS L (029
By (4.2.6) we have
4
@O -1=, 1 eriiA a2 (4210
and by Lemma 4.2.1, we obtain
_ 8 |67 ()] dist (A, [a, b])
Lo N > !
R TR (Y
B 2 dist(A, [a, b))
T (14 v2) (A alA - bl i
Inserting (4.2.11) and (4.2.10) into (4.2.9) concludes the proof. O

Remark 4.2.3. The left- and right-hand sides of (4.2.11) are actually equivalent
(meaning that the same inequality, with another constant, holds in the other di-
rection as well), so no essential information gets lost in this estimate.

Remark 4.2.4. A nice way to illustrate the consequences of the finiteness of the
sum in (4.2.5) is to consider sequences {\;} of isolated eigenvalues of A converging
to some \* € [a, b]. Taking a subsequence, we can suppose that one of the following
options holds:

(i.a)  A* =a and Re(\;) <a. (i.b) A*=band Re(\x) > 0.
(ilL.a) A* =a and Re(\x) > a. (ii.b) A* =band Re(\;) < b.
(i) A € (a,b).
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It is sufficient to consider the cases (i.a), (ii.a) and (iii) only. In case (i.a), since
dist(\, [a,b]) = |A\x — al, (4.2.5) implies the finiteness of >, [A\y — a|(M+72)/2
showing that any such sequence must converge to a sufficiently fast. Similarly,
in case (ii.a), (4.2.5) implies the finiteness of ), IAk‘EZI(()’\’T!:;/Q' Finally, in case
(ili), we obtain the finiteness of ), [Im(Ax)|", showing that the sequence must
converge to the real line sufficiently fast.

Theorem 4.2.2 still relies on a quantitative estimate on the 8,-norm of the operator
MR 4, (A\)Mj. In particular applications, one wants to choose the decomposition
M = MM, so as to obtain an estimate on MaR4,(A)M; as strong as possible
(we will indicate this process when considering Jacobi operators in Chapter 7.1).
Let us note, however, that we can always take the ‘trivial’ decomposition M; = I
and M = M, and use the bound

I
MRA, N5 <||IM|E |Ra, (NP < P
IR VI, < IMIE, IRag I < o

so that we obtain the following estimates.

Corollary 4.2.5. Let Ag € B(H) be selfadjoint with o(Ag) = [a,b] and let A =
Ao + M where M € 8,(3). Then for T € (0,1) the following holds: If p > 1 — 7
then

dist(\, [a, )71+ B
g T <cC b— MR . 4.2.12
)\Gad(A)

Moreover, if 0 <p <1—7 then

dist(\, [a, b pHlt+T _
Z (|b/\|1(/2|([1])\)|1/2> < C(pﬂ_)(b_a) p||M||§p~ (4'2'13)
A€oq(A)

Proof. Apply Theorem 4.2.2 with My = I, My = M, K = HMng, o = p and
B=0. O

Remark 4.2.6. In view of estimate (4.2.13), we should mention that in general it
is not possible to infer the finiteness of the sum

> < dist (), [a, b]) >W’ where < 1, (4.2.14)

b — A[1/2]a — \1/2
A€o (Ao+M)

from the mere assumption that M € 8,(J) for some p > 0. Indeed, if Ay is the free
Jacobi operator, then for every v < 1 we can construct a rank one perturbation
M such that the sum in (4.2.14) diverges, see Appendix C in [25].

Remark 4.2.7. We note that a slightly weaker version of the previous theorem has
first been obtained by Borichev, Golinskii and Kupin [5] in the context of Jacobi
operators. They used Theorem 3.3.1 instead of Theorem 3.3.5 in its derivation,
which resulted in a constant on the right-hand side depending on the operator A
in some unspecified way.
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We will return to Corollary 4.2.5 in Chapter 6, where we will compare it with
some related results obtained via our alternative approach to eigenvalue estimates,
which will be described in Chapter 5.

4.3. Unbounded operators — a general result

We are now interested in applying similar considerations to the study of eigenvalues
of unbounded operators. Throughout this section we make the following

Assumption 4.3.1. Zy and Z are operators in H satisfying

(i) Z,Zy € C(H) are densely defined with p(Zy) N p(Z) # 0.

i) Rz(b) — Rz,(b) € 8,(H) for some b € p(Zo) N p(Z) and some p > 0.
i) 04(Z) =a(Z) N p(Zy).

) p(Zo) is conformally equivalent to the unit disk. More precisely, there exists
a conformal mapping ¥ : D — p(Zy) with ¥(0) = a, where a is some fixed
element of p(Zy) N p(Z).

The analysis of the discrete spectrum of Z is quite similar to the analysis
made in Section 4.1, with the only difference that the discrete spectrum of Z now
coincides with the zero set of the perturbation determinant

% p(Zo) = €, dF 7 (N) = detpy) (I-[Rz(a)~Rz,(a)][(a=A) "' =Rz, (a)] 1),

compare Section 2.4. In particular, we can use the same line of reasoning as in
Section 4.1 to obtain the following result.

Proposition 4.3.2. Suppose that for some non-negative constants K, o, 3;,v and
some pairwise distinct §; € T we have for every w € D

Klw[”
(1= Jw))e TIL, fw — &1
Then for every e, T > 0 the following holds: If o > 0 then

(1o )
2 oo

I[Rz(a) = Rz, (a)][(a — 9 (w)) ™" = Rz, (a)] '[I§, < (4.3.1)

N

[Tl = &|B =17+ < C(a, 8,7, € 6,7 p)K.
Ae€oy(Z) j=1

Moreover, if « = 0 then the same inequality holds with o + 1 + 7 replaced by 1.

Remark 4.3.3. If Z = Zy+ M where M is Zy-compact, then we can use the second
resolvent identity (2.3.2) to obtain

[Rz(a) = Rz,(a)][(a — $(w) ™" = Rz,(a)] ™" = (a — ¥(w))Rz(a) MRz, (1) (w)),

so in order to satisfy the conditions of the last proposition we need a good control
of the 8,-norm of M Rz, (1(w)). We will return to this topic in the next section.

We can obtain a more “explicit” version of Proposition 4.3.2 using Koebe’s distor-
tion theorem, see [39], page 9.
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Theorem 4.3.4. Let ¢ : D — ¢(D) be conformal. Then

1 .

7 @I = Jw]) < dist(p(w), dp(D)) < 2/ (w)|(1 = |wl) (4.3.2)
for w e D.

Corollary 4.3.5. Suppose that (4.3.1) is satisfied for some non-negative constants
K, a,B;,7 and some pairwise distinct £ € T. Then for every e, ™ > 0 the following
holds: If a > 0 then

di . 9o )\ a+1+'r
3 oz OV Ty - g0 <o

Aeoq(Z)

(4.3.3)

where C = C(a, 8,7,&,¢,7,p). Moreover, if o = 0 then the same inequality holds
with o + 1 + 7 replaced by 1.

Proof. Use Proposition 4.3.2 and the fact that, by Koebe’s distortion theorem, for
X € p(Zy) = (D) we have

Adist (1, 9p(Z0)) > (1~ [0~ (D! (™ (V)] > 1 dist (1, 9p(Z0)).
Now note that 9p(Zy) = do(Zp). O

4.4. Perturbations of non-negative operators

In this section we assume that Hy is a selfadjoint operator in H with o(Hp) =
[0,00), and H € C(H) is densely defined with

Ry(u) — Ry, (u) € Sp(j{) (4.4.1)

for some u € p(Hp) N p(H) (which we assume to be non-empty) and some fixed
p € (0,00). In particular, by Remark 2.4.2, Hy and H satisfy Assumption 2.4.1
(with Zy = Hy and Z = H, respectively) and we have

o(H) = [0,00) Ucq(H).

Remark 4.4.1. Given the above assumptions we could use Corollary 4.3.5 to derive
a quite explicit estimate on the discrete eigenvalues of I in terms of the §,-norm of
Ry (u) — R, (u), see [25] Theorem 3.3.1. However, we decided against presenting
this estimate in this review since it is weaker than an analogous estimate we can
obtain using our alternative approach to eigenvalue estimates (see Theorem 5.3.1).

Actually, in the following we will restrict ourselves to a less general but much
simpler situation: We will assume that H = Hy + M where M is Hy-compact and
MRy, (u) € 8,(H) for some (and hence all) u € p(Hp). Moreover, we will assume
that there exists w < 0 such that

{N:Re(N) <w} C p(H) (4.4.2)
and that there exists Cy(w) > 0 such that for every A with Re(\) < w we have
C
IRa)] < ) (143)

1= Re(x) — o
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Remark 4.4.2. The existence of some w with the above properties is actually
implied by the Hp-compactness of M (see, e.g., the discussion in [25] Section
3.3). If the operator H is m-sectorial with vertex v < 0, then we can choose w = v
and Cy(w) = 1. For instance, the Schrodinger operators considered in Chapter 7.2
will be m-sectorial.

Now let us fix some ¢ < w and choose b > 0 such that a = —b%. For later
purposes let us note that a conformal mapping ¢; of D onto C \ [0, 00), which
maps 0 onto a, is given by

B V=A—b

s =a (7Y wit =Y 0

Here the square root is chosen such that Re(v/—A) > 0 for A € C\ [0,00). In
particular, we note that ¢;(—1) =0 and 97 (1) = co.

In the following, we will derive a first estimate on o4(H) (which will not use
estimate (4.4.3)) given the quantitative assumption that for every A € C\ [0, 00)
we have

1+w
1—w

(4.4.4)

KA
MRy, (N|§ <
||RH(CL) RH()( )”Sp — dlSt()\7 [0700))047

where «, K are non-negative and 8 € R (note that the values of the constants
might also depend on the choice of a).

(4.4.5)

Theorem 4.4.3. With the assumptions and notation from above, assume that the
operator Ry (a)M Ry, ()\) satisfies assumption (4.4.5). Let e,7 > 0 and define

m=a+l+r,

n3 = (2p—3a+28)1 —1+7)4,
= (p—¢)t.
Then the following holds: If o > 0 then
dist (A, [0, C)O))171 (s o
> _— s < Cla| 2P PR A K (4.4.7)

seoqemy 1AL 2 ([AL+ faf)n=mF 2 T A — af

where C = C(«, B,p,e,7). Furthermore, if « = 0 then the same inequality holds
with m replaced by 1.

Remark 4.4.4. The parameter ’71'57’3 —p+a— [ is positive, as a short computation
shows.

Proof of Theorem 4.4.3. We consider the case o > 0 only. Let A = ¢1(w) =
a(}1T™)? and note that
daw

Pr(w) —a= (1—w)?
Together with assumption (4.4.5), the last identity implies that
PlaPlwlP Kl (w)]?

91 (w) = al’||Rer(a) M Ry (1 (w))[[§ < 11— w2 dist(sr (), [0, 00))

(4.4.8)
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Since ¥ (w) = 4(‘;(_1;;@,), we obtain from Theorem 4.3.4 that

1+ w|(1 — fwl)
1 —wf?
Using this inequality and the definition of v¢; we see that the right-hand side of
(4.4.8) is bounded from above by
4pK‘a|p—a+6 Jw|P

(1= fwl)o 1+ w]o=29]1 — wfzr—sars2s°
Applying Corollary 4.3.5, taking Remark 4.3.3 into account, we thus obtain that
for e,7 > 0,

dist(A SHYoym
D ’%f?lﬁﬁ PO ) el () = 1 < Clalp o,
A€oq(H) 1

dist (41 (w), [0,00)) > [al

(4.4.9)
where C' = C(a, 3,p, €, 7). Recall that 171 (\) = y:i;g where b = /—a. Since
—b
—1y/ ) =
and y
1 _2b 1 2 _>\
A -1= , A +1= ,

’(/}1 () \/7)\+b ’(/}1 () \/7)\+b

estimate (4.4.9) implies that
Z n1—n2 diSt()\7 [07 OO))nl < C|a‘p—a+6— "13"3 K.

Neoy(H) IA| T2 |V = b|2mtnztns—na) /X — p|na
We conclude the proof by noting that

A —al
V=a—tl V= +b]
Remark 4.4.5. Analogous to our discussion in Remark 4.2.4, let us consider the
consequences of estimate (4.4.7) for the discrete spectrum of H in a little more
detail. To this end, let {\r} be a sequence of isolated eigenvalues of H converging to
some \* € [0, 00). Taking a subsequence, we can suppose that one of the following
options holds:

(i) A*=0and Re(\;) <0 (i) A*=0and Re(M\g) >0 (iii) A* >0.
In case (i), since dist(Ag, [0,00)) = |Ak|, (4.4.7) implies the finiteness of

(m+n2)/2
> Pl :

so any such sequence must converge to 0 sufficiently fast. Similarly, in case (ii),
(4.4.7) implies the finiteness of >, |Im(A\g)|™ [Ag| =M =72)/2 and in case (iii) we
obtain the finiteness of >, |Im(Ag)|”, which shows that any such sequence must
converge to the real line sufficiently fast. Estimate (4.4.7) also provides infor-

and  [V-A+b] < (A2 +b) <2(]A| + a2 O
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mation about divergent sequences of eigenvalues. For example, if {\;} is an in-
finite sequence of eigenvalues which stays bounded away from [0, 00), that is,
dist(Ag, [0,00)) > 6 for some § > 0 and all k, then (4.4.7) implies that

1
2., A |@Gmtna)/2 = OO
which shows that the sequence {\;} must diverge to infinity sufficiently fast.

Estimate (4.4.7) provides us with a family of inequalities parameterized by
a < w. By considering an average of all these inequalities, i.e., by multiplying both
sides of (4.4.7) with an a-dependent weight and integrating with respect to a, it
is possible to extract some more information on o4(H). Of course, in this context,
we have to be aware that the constants and parameters on the right-hand side of
(4.4.7) may still depend on a. We can use the estimate (4.4.3) to get rid of this
dependence.

Theorem 4.4.6. Let w < 0 and Cy = Co(w) > 0 be chosen as in (4.4.2) and (4.4.3),
respectively, and assume that for all A € C\ [0, 00) we have

KI|\P
MR, (M5, < dist(A’|[O’ o))’
where K >0, « >0 and B € R. Let 7 > 0 and define
m =-a+pf+r,
m=a+1l+r, (4.4.11)
2 = ((a=28)4 —1+7).
Then the following holds: If w < 0 then

(4.4.10)

. m »
> [0 00) Lmrm S CL‘;{_{ (4.4.12)
eagery A2 7 (AL Jw|) ™ 72
If w =0 then for s >0
dist(\, [0, 00))™ dist (A, [0, 00))™ < CCgK
Z ‘)\|6+1+2T |>\‘,6’+182‘r — sT
A€oq(H),IA|>s A€oq(H),|N<s
(4.4.13)

In both cases, C = C(«, B,p, 7). Moreover, if « = 0 then in (4.4.12) and (4.4.13)
we can replace m by 1.

Proof. By (4.4.3) we have, for a < w, |Ru(a)|| < Cola —w|™!, so (4.4.10) implies
that . A7
CYK A
R MRy, (N|E < 7° .
|| H(a) Ho( )”.Sp = |(l _ w‘p dlSt(A, [07 OO))a
For e,7 > 0, let n;, where j =1, ...,4, be defined by (4.4.6). Then Theorem 4.4.3
implies that
> dist(, 0, 00))™ _ GC(apipe DK

n1—"n2 n2+n3

reoncm) A2 (A4 fa)m=mt P2 N —alms T af

(4.4.14)

mgns 7p+a*ﬁ‘a B w‘p .
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Setting ¢ = 7 and using that |A — a| < (|A] + |a|) the last inequality implies that
Z dist(\, [0, 00))™ < C{Cla, B,p,7)K

nm1—m2

eoacry 1AL 2T (A + la)™

To simplify notation, we set r = |a|(> |w]|), C = C(«a, B, p, T),

. 4.4.15
+n2;n3 — |a‘n1;n3_p+a_6|a7w|p ( )

:771+773 N2 + M3
2 2

Note that ¢1, 2 > 0. Now let us introduce some constant s = s(w). More precisely,
we choose s = 0 if |w| > 0 and s > 0 if w = 0. Then we can rewrite (4.4.15) as
follows

1 -pta—-3 and  pa=m+

. N o1 — 14T (0 _ P D
5 dist (X, [0, 00)) ™7 (r—lwhr _ CiCK (4.4.16)

semmimy TR (A )RR (s )2 T ri=T(s )27

Next, we integrate both sides of the last inequality with respect to r € (Jw|, 00).
We obtain for the right-hand side

/°° dr rlws Wl >0ands=0 (4.4.17)
lw 71T (s +7)2T |l YY) w=o0ands>o0. -

sT 7

Integrating the left-hand side of (4.4.16), interchanging sum and integral, it follows
that

dr nL—n2 27
| xeoar) A2 (AL T)P2(s +7)

dist(\, [0 m oo _ Pp1—1+T
= 2 0,00 / dr (: Mif . (4.4.18)
reogirry Al Wl AL+ 7)#2(s+7)

/°° dist(, [0, 00))Mrer =7 (r — |w])P
\

We note that the finiteness of (4.4.18) is a consequence of (4.4.17) and (4.4.16).
Substituting ¢ = |§\‘_+|‘|’:|J|, we obtain for the integral in (4.4.18):

dr 9
W (A[+7)22(s +7)27

_ 1 = PION + )t + oo
- et Jo

(IA] + o] t+ 122 [(JA] + [w]t + |w] + s]*7
1 OOd tPre1—1+7
> t
= (Al + fwl)gmer-p / (t+ 1)#2[(IA] + [w])t + ] + s]27

C(a’lB’p7T)

> . 4.4.19
Z (M + lolye=er-2=7 max((A] + ], s + ]2 (4.4.19)

It remains to put together the information contained in (4.4.16)—(4.4.19) and to
evaluate the constants (for instance, 3 — p1 —p—7 = ’71‘5’72 +no — 27). O



Eigenvalues of Non-selfadjoint Operators 139

5. Eigenvalue estimates — an operator theoretic approach

In this chapter we will present our second approach for studying the distribution of
eigenvalues of non-selfadjoint operators, based on material from [26]. As compared
to the complex analysis method this approach is quite elementary but, as we will
see, still strong enough to improve upon some features of the former method.

5.1. Kato’s theorem

The estimate we are going to present in Section 5.2 will be a variant of the following
classical estimate of Kato.

Theorem 5.1.1 ([32]). Let Z, Zy € B(H) be selfadjoint and assume that Z — Zy €
8p(H) for some p > 1. Then there exist extended enumerations {z;} and {2} of
the discrete spectra of Z and Zy, respectively, such that

>z =2 <12~ Zol,. (5.1.1)

J

Here an extended enumeration of the discrete spectrum is a sequence which
contains all discrete eigenvalues, counting multiplicity, and which in addition might
contain boundary points of the essential spectrum. An immediate consequence of
Kato’s theorem is

Corollary 5.1.2. Let Z, Zy € B(H) be selfadjoint and assume that Z — Zy € 8§,,(H)
for some p > 1. Then

> dist(h,0(20))” < |1 Z = Zo|[% - (5.1.2)
A€oq(Z)

As it stands, Kato’s theorem (and its corollary) need not be correct if (at
least) one of the operators is non-selfadjoint. Indeed, even in the finite-dimensional
case it can fail drastically.

Example 5.1.3. Let 3 = C? and for a > 0 define

0 1 0 1
ZO:(O o)’ Z:(a 0)'
Then 04(Zo) = {0}, 04(Z) = {Va, —Va}, |Z = Zo|g, = a” and
> dist(), 0a(Z))” = 2a”/%.

Aeoq(Z)

Here for small a the quotient of left- and right-hand side in (5.1.2) can become
arbitrarily large.

On the other hand, Kato’s theorem is known to remain correct if Zy, Z and
7 —Zy are normal [2] or if Zy, Z and Z—Z are unitary [4], provided a multiplicative
constant 7/2 is added to the right-hand side. Inequality (5.1.2) remains valid if Zj



140 M. Demuth, M. Hansmann and G. Katriel

and Z (but not necessarily Z — Zj) are normal, but only if p > 2 [6]. Moreover,
the slightly weaker estimate

> dist(h,0(20))" < Gyl Z - Zol (5.1.3)
A€o4(Z)

where the constant C), is independent of Zy and Z, holds provided that Zj is
selfadjoint and Z is normal [3].

The case of most interest to us is the case where Zj is selfadjoint (and its
spectrum is an interval) and Z is arbitrary. In the next section we will show that
in this case inequality (5.1.2) does indeed remain correct. As we will see, this will
be a simple corollary of a much more general estimate.

Remark 5.1.4. Recently it has been shown [27] that for p > 1 estimate (5.1.3)
remains valid if Zj is selfadjoint and Z is arbitrary, even without the additional
assumption that o(Zp) is an interval. We will come back to this result in Chapter 8.
5.2. An eigenvalue estimate involving the numerical range

The following theorem provides an estimate on the eigenvalues of Z given the mere
assumption that Z — Z is in 8, (). In particular, it does not require that Zj is
selfadjoint, normal or something alike.

Theorem 5.2.1 ([26]). Let Zy,Z € B(H) and assume that Z — Zy € 8,(H) for
some p > 1. Then
> dist(\ Num(Z))” < [|Z = Zo|[§ - (5.2.1)
)\Gad(Z)

The proof of this theorem will be given below.

Remark 5.2.2. It is interesting to observe that estimate (5.2.1) remains valid for
p € (0,1) if Zy and Z are selfadjoint. This is in contrast to Kato’s theorem, which
will not be correct in this case. We refer to [26] for a proof of these statements.

Since the closure of the numerical range of a normal operator coincides with
the convex hull of its spectrum, the following corollary is immediate.

Corollary 5.2.3. Let Zy,Z € B(H) and assume that Z — Zy € 8,(H) for some
p > 1. Moreover, let Zy be normal and assume that o(Zy) is convex. Then
> dist(h0(20))” < |1 Z = Zo|[% - (5.2.2)
)\Gad(Z)

In particular, as mentioned above, this corollary applies if Zj is selfadjoint
and the spectrum of Zj is an interval.

Example 5.2.4. Let us take a second look at Example 4.1.6, where Zy € B(H) was
normal with 0(Zy) = 0ess(Zp) = D and Z = Zy + M with M € §,(3H) for some

p > 1 (in particular, o4(Z) C Dc). The previous corollary then implies that

S (A - vP < M3

Aeoq(Z)
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which is stronger than the corresponding estimate obtained in Example 4.1.6 via
the complex analysis approach.

Remark 5.2.5. A version of Corollary 5.2.3 for unbounded operators will be pro-
vided in Section 5.3.

The proof of Theorem 5.2.1 relies on the following characterization of
Schatten-p-norms, see [44] Proposition 2.6.

Lemma 5.2.6. Let K € 8,(H), where p > 1. Then

K2 = sup {zmm }

E’L} {f1

where the supremum is taken with respect to arbitrary orthonormal sequences {e;}
and {f;} in H.

Proof of Theorem 5.2.1. Let A = {A1,...,A\,} be an arbitrary finite subset of
c4(Z) and let

Pz(A) =Pz(M)+ ...+ Pz(\n)

be the corresponding Riesz-Projection. Then N := Rank(Pz(A)) is the sum of the
(algebraic) multiplicities of the A;’s and, invoking Schur’s lemma, we can find an
orthonormal basis {e1,...,en} of Ran(Pz(A)) such that

Ze; = zj1e1 + zigea + ...+ zji€; i=1,...,N, (523)

where the z;;’s are the eigenvalues in A, counted according to their multiplicity
(in other words, the finite-dimensional operator Z|gan(p,(a)) has upper-triangular
form). Applying Lemma 5.2.6 to this particular sequence {e;} we obtain

||Z Z()Hp >Z Z ZO ezyez Z| Z617 z Z0617 z>‘ .

i=1

But (Ze;,e;) = z; and (Zpe;,e;) € Num(Zp), so the previous estimate implies
that

> dist(A, Num(Z0))? < [|Z = Zoll§ ,

AEA
where each eigenvalue is counted according to its multiplicity. Noting that the
right-hand side is independent of A concludes the proof of Theorem 5.2.1. O

Remark 5.2.7. The method of proof of Theorem 5.2.1 can also be used to recover
another recent result about the distribution of eigenvalues of non-selfadjoint oper-
ators, by Bruneau and Ouhabaz [7, Theorem 1]. Let H be an m-sectorial operator
in H with the associated sesquilinear form h(u,v) and let Re(H) denote the real
part of H, i.e., the selfadjoint operator associated to the form 1/2(h(u,v)+h(v,u)).
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For simplicity, let us suppose that Dom(H) C Dom(Re(H)). Then, assuming that
the negative part Re(H)_ of Re(H) is in 8,(H), we obtain as above that

> HRe(H)es, ei) — (Re(H)yeiseq)|” < || Re(H)_|[§ |

i=1
where {e;} is a Schur basis corresponding to a finite number of eigenvalues (\;);
of H with Re();) < 0. Since (Re(H)e;,e;) = Re()\;) and (Re(H)iei,e;) > 0
this estimate implies that Zf\il |Re(A)|P <||Re(H)-— ||§p and so we arrive at the
estimate

> [Re(M)|P < | Re(H)- 5, (5.2.4)
AEoq(H),Re(N)<0

the result of Bruneau and Ouhabaz.

5.3. Perturbations of non-negative operators

With the help of resolvents we can transfer the eigenvalue estimates of the pre-
vious section to unbounded operators. To make things simple, we will only study
perturbations of non-negative operators.

Theorem 5.3.1. Let Hy € C(H) be selfadjoint with o(Hp) C [0,00). Let H € C(H)
and assume that a € p(H)N(—00,0). If Ru(a) — Ry, (a) € 8,(H) for somep > 1,
then

Z dist(A, [0, 00))?

<8 — . 3.1
Al o = S0 = R el (05

A€oq(H

Remark 5.3.2. If we restrict the sum on the left-hand side of (5.3.1) to eigenvalues
in the right half-plane, then the estimate remains valid without the additional
constant 8” on the right-hand side, see [26, Theorem 3.1].

Proof. Applying Corollary 5.2.3 to Z = Ry(a) and Zy = Ry, (a) we obtain
> dist(u,0(Re, (a)? < ||Ru(a) — Ry ()5 -
neoa(Ru(a))

The spectral mapping theorem and the assumption o(Hy) C [0,00) imply that
(R, (a)) C [a~1,0], so applying the spectral mapping theorem again we obtain

> dist((a— 27" (a1, 0) < |Ru(a) — Ruy(a)|5 .
Aeoa(H)

All that remains is to observe that

. L 1 dist(), [0, 00))
dlst((a—)\) ,|a 70]) > 8 A+ al(IA] + [a])

see the proof of Theorem 3.3.1 in [25]. O
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In applications to, for instance, Schrédinger operators, estimates on the Schat-
ten norm on the right-hand side of (5.3.1) will take a particular form, namely, we
will have that

1Rz (a) — Re (a)l[§, < Colal = (la] — |w]) ™

for some constants a, 8 > 0, Cy > 0, w < 0 and every a € (—oo,w) (compare
this with (4.4.5) and (4.4.10)). Note that «, 8 and Cy may depend on p but not
on a. In particular, in this case Theorem 5.3.1 provides us with a whole family of
estimates (i.e., one estimate for every a < —w) and we can take advantage of this
fact by taking a suitable average of all these estimates, similar to what we have
done in the derivation of Theorem 4.4.6. This is the content of the next theorem.

Theorem 5.3.3. Let Hy € C(H) be selfadjoint with o(Hy) C [0,00) and let H €
C(H) with (—oo,w) C p(H) for some w < 0. Suppose that for some p > 1 there
exist a, 8 > 0 and Cy > 0 such that for every a < w we have

IRH(a) = Ruy(@)][§, < Colal=*(a] = w])~7. (5.3.2)
Then for every T > 0 the following holds: If w < 0 then
diSt()‘7 [07 OO))p -7
S o s < CoClaBr el (5.3.3)
Aeoq(H)

If w =0 then for s >0
dist(A, [0, 00))P dist(A, [0, 00))? _T
Z A|[—a—B+2ptr + Z |\ B+2p—r g2r < Cos 7C(a, B, 7,p). (5.3.4)
Aoy (H) A€oy (H)
[A|>s IAI<s

Proof. From Theorem 5.3.1 and our assumption we obtain

dist(A, [0, 00))P o _
NIRRT C TR
)\GD’d(H)

which we can rewrite as (also using the triangle inequality |a + A| < |a| + |A])

dist(\, [0, 00))P|al* "7 (a| — |w|)?
3 (A, [0, 00))"|al (la| = |wl)

< 8P(C, —147 —27
(Al + la])22(s + [a])2" < 8"Co|al (s+1al)~=",

A€oq(H)

where we choose s = 0 if |w| > 0 and s > 0 if w = 0. Integrating with respect to
r := |a| we obtain

) PO T (p — |w])® o 1
dist(A, [0 p d < Cp8P d .
X A0 [ e SO [ e
A€oq(H)

As in the proof of Theorem 4.4.6 we can estimate the integral on the left from
below by
C(a, B,p,7)
(Al + |wme=P+2=T max(|A| + |wl, s + [w])?7
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and the integral on the right is equal to

Tloljlf, |w] >0and s =0
C(r)

sT 7

w=0and s > 0.
Putting everything together concludes the proof. g

6. Comparing the two approaches

Above we have developed two quite different approaches for obtaining inequalities
involving the eigenvalues of non-selfadjoint operators. One is based on applying
complex-analysis theorems on the distribution of zeros of holomorphic functions
to perturbation determinants (Chapter 4), and the other relies on direct operator-
theoretic arguments involving the numerical range (Chapter 5). We now wish to
compare the results obtained by the two methods, in order to understand the
strengths and limitations of each approach.

We consider only the case in which Ay is a bounded self-adjoint operator, with
0(Ag) = [a,b], and A = Ag+M, where M € 8,(F(). Corollary 4.2.5, obtained using
the complex-analysis approach, tells us that, when p > 1 and for any 7 > 0 we
have

dist(), [a, B])7+1+7 e
> Ny S Cwmb o, 6.1)
Aeaa(A)
and that when p < 1l,and 0 <7 <1 —p,
dist(A, [a,0])  \*TT _
2 (bAlMAw < Clp, )b —a)~ " || Mg, (6.2)

)\GD’d(A)

Corollary 5.2.3, obtained using the numerical range approach, tells us that

D dist() [a,b])” < (M. (6.3)
Aeoq(A)

Clearly a good feature of (6.3), as opposed to (6.1), is the absence of a constant
C on the right-hand side. An optimal value of the constant C(p,7) in (6.1) is
not known, and though explicit upper bounds for such an optimal value could be
extracted by making all the estimates used in its derivation explicit, the resulting
expression would be complicated, and there is little reason to expect that it would
yield a sharp result.

We now compare the information that can be deduced from these inequalities
regarding the asymptotic behavior of sequences of eigenvalues.

(i) Assume first that p > 1. To begin with consider a sequence of eigenvalues
{A\x} with Ay = A\* € (a,b) as k — oo. Then |\ — a| and |\, — b| are bounded
from below by some positive constant, hence we conclude from (6.1) that the
sum Y po dist(Ag, [a, b])PT1F7 is finite, for any 7 > 0. However, (6.3) implies the
finiteness of Y - ; dist(Ag, [a, b])?, obviously a stronger result.
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If we consider a sequence {\;} with A\ — a, then (6.1) implies

i dist(Ag, [a, b])PH1H7

<
la — Myl 0

k=1
for any 7 > 0. However, since |A\; — a| > dist()g, [a, b]), so that

is p+l
dist()\k’ [a’ b])p > dlSt(/\k, [a’ b])

| Ak — al
(6.3) implies the stronger result
2. dist(Ag, [a, b])PH?
Z e — af < 00.
k=1

Thus, we have established the superiority of (6.3) over (6.1).
(ii) Let us examine the case 0 <p < 1,0 < 7 < 1 — p. Corollary 5.2.3 is not
valid for p < 1, but we can use the fact that 8,(3) C 8;(H) to conclude that

> dist(\ [a,8]) < [ M]s,. (6.4)
)\GD’d(A)

Considering a sequence {\;} of eigenvalues with A\, — A\* € (a,b) as k — oo, (6.2)
implies Y2 | dist(Ag, [a, b])PT+7 < oo, which is weaker than the result

> dist(Ax, [a, b]) < oo
k=1
implied by (6.4).
However, considering a sequence {\x} of eigenvalues with A\, — a as k — oo,
(6.2) gives

0o . R
S (A iy 0
Pt Ak — a2

This result does not follow from (6.4). To see this, take a real sequence with A\, < a,
so that |A\x — a| = dist(Ag, [a,b]). Then (6.5) becomes

o0
Zdist()\k, [a,b]) 2 PHHT) < oo,
k=1
which is stronger than the result given by (6.4) since p + 7 < 1 implies that
sp+1+7) <1
Summing up, we have seen that in nearly all cases Corollary 5.2.3, proved by
the numerical range approach, provides sharper information on the asymptotics
of eigenvalue sequences than provided by Corollary 4.2.5, proved by the complex
analysis approach, the sole exception being the case p < 1 when considering a
sequence of eigenvalues converging to an edge of the essential spectrum.
This, however, is not the end of the story. Corollary 4.2.5 which we have
been discussing, is only the simplest result that we can obtain using the complex
analysis approach. We recall that Theorem 4.2.2, which provides inequalities on
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the eigenvalues assuming an estimate on the quantity ||[M2R AO()\)M1||§p, where
My, My are a pair of operators with M;Ms = M. Corollary 4.2.5 was obtained
by taking My = I, Ms = M. As we shall see in Chapter 7.1, in an application to
Jacobi operators, by choosing a different decomposition M = M; M> one may use
Theorem 4.2.2 to obtain stronger results than those provided by Corollaries 4.2.5
and 5.2.3.

We may thus conclude that if one is considering a general bounded operator of
the form A = Ay + M, with Ay selfadjoint, 0(Ao) = [a,b], and M € §,(3), p > 1,
and the only quantitative information available is a bound on the norm [|M||s,,
then the best estimate on the discrete spectrum of A is provided by the numerical
range method. If, however, one is dealing with specific classes of operators of the
above form which have a special structure which allows to perform an appropriate
decomposition M = M;M; and estimate ||M2RAO()\)M1H§p, one can sometimes

obtain stronger results using the complex analysis approach (Theorem 4.2.2).

Remark. What has been said in the last paragraph applies also to the case of
unbounded operators, as we will see in our discussion of Schrédinger operators in
Chapter 7.2.

7. Applications

In this chapter we will finally apply our abstract estimates to some more concrete
situations. Namely, we will analyze the discrete eigenvalues of bounded Jacobi op-
erators on [2(Z) and of unbounded Schrédinger operators in L?(R), respectively.

7.1. Jacobi operators

In this section, which is based on [28], we apply our general results on bounded
non-selfadjoint perturbations of selfadjoint operators to obtain estimates on the
discrete spectrum of complex Jacobi operators.

The spectral theory of Jacobi operators is a classical subject with many
beautiful results, though by far the majority of results relate to selfadjoint Jacobi
operators. Using our results, we are able to obtain new estimates on the eigenvalues
of non-selfadjoint Jacobi operators which are nearly as strong as those which have
been obtained in the selfadjoint case. The techniques, however, are very different, as
previous results for the selfadjoint case have been obtained by methods which rely
very strongly on the selfadjointness. This example thus gives a striking illustration
of the utility of our general results in studying a concrete class of operators.

Another interesting feature of these results is that they provide an example
in which the results proved by means of the complex-analysis approach of Chapter
4 are (in many respects) stronger than those we can obtain at present using the
operator-theoretic approach of Chapter 5. This is in contrast with the case of
‘general’ operators, for which, as we have discussed above, the operator-theory
approach provides results which are usually stronger.
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Given three bounded complex sequences {ay }rez, {bk }rez and {ci }rez, we define
the associated (complex) Jacobi operator J = J(ak,bk,ck) : 1>(Z) — 12(Z) as
follows:
(Ju)(k) = ap_1u(k — 1) + bpu(k) + cru(k + 1), u e 1*(Z). (7.1.1)
It is easy to see that J is a bounded operator on [?(Z) with
[7]| < sup ax| 4 sup [bx| + sup |ck|.
k k k

Moreover, with respect to the standard basis {0k }rez of 1%(Z), i.e., dx(j) = 0 if
j # k and (k) = 1, J can be represented by the two-sided infinite tridiagonal
matrix

a b1 a
a1 by c

In view of this representation it is also customary to refer to J as a Jacobi matriz.

Example 7.1.1. The discrete Laplace operator on [%(Z) coincides with the Jacobi
operator J(1,—2,1). Similarly, the Jacobi operator J(—1,2 + di,—1) (d € C)
describes a discrete Schrodinger operator.

In the following, we will focus on Jacobi operators which are perturbations of the
free Jacobi operator Jy = J(1,0,1), i.e

(Jou)(k) = u(k — 1) +u(k +1), u€l*Z). (7.1.2)
More precisely, if J = J(ag, b, c) is defined as above, then throughout this section

we assume that J — Jy is compact.

Proposition 7.1.2. The operator J — Jy is compact if and only if
lim ap= lim ¢z =1 and lim b, =0. (7.1.3)

Proof. 1t is easy to see that J — Jy is a norm limit of finite rank operators, and
hence compact, if (7.1.3) is satisfied. On the other hand, if J — Jy is compact then
it maps weakly convergent zero-sequences into norm convergent zero-sequences. In
particular,

|2 |k|—o00

107 = Jo)dkll7> = lar — 11 + [bx|* + |ex—1 — 1 0
as desired. m

Let F :[2(Z) — L*(0,2m) denote the Fourier transform, i.e.,

(Fu) \/2 Z esz

T kez
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Then for u € [2(Z) and 6 € [0,27) we have
(FJou)(0) = 2cos(0)(Fu)(6), (7.1.4)
as a short computation shows. In particular, we see that Jy is unitarily equivalent
to the operator of multiplication by the function 2 cos(f) on L?(0,27), and so the
spectrum of Jy coincides with the interval [—2,2]. Consequently, the compactness
of J — Jy implies that
o(J) = [-2,2]Uaa(J),

i.e., the isolated eigenvalues of J are situated in C\ [—2, 2] and can accumulate on
[—2, 2] only.

Our aim is to derive estimates on o4(.J) given the stronger assumption that
J —Jy € 8, (for simplicity, in this section we set 8, = 8,(1*(Z)). To this end, let
us define a sequence v = {vy }rez by setting

Vg = max (\ak_l — 1|, lak — 1], bkl lck—1 — 1|, ek — 1|) (7.1.5)

Clearly, the compactness of J—Jj is equivalent to v converging to 0. Moreover, for
p > 1 we will show in Lemma 7.1.3 below that J — Jy € §,, if and only if v € IP(Z),
and the §,-norm of J — Jy and the IP-norm of v are equivalent. If p € (0, 1), then
the 8,-norm of J — Jy and the [P-norm of v are still equivalent in the diagonal case
when a; = ¢, = 1. In general, however, we only obtain a one-sided estimate.

Lemma 7.1.3 ([28], Lemma 8). Let p > 0. Then
17— Jolls, < 3ol (7.1.6)
Moreover, if p > 1 then
672 )lvllw < |7 = Jolls,- (7.1.7)
From the above estimate and Corollary 4.2.5 we obtain
Theorem 7.1.4. Let 7 € (0,1). If p > 1 — 7 then

dist(\, [—2, 2])P+1+7
3 (A [-2,2])

A2 — 4] < C(r,p)llvl7 - (7.1.8)

A€oq(J)
Moreover, if p € (0,1 — ) then

. . p+1+7
Z (dlst()\,[ 2,2])) < C(r.p)olf. (7.1.9)
)

A2 — 4)1/2
Aeog(J
Remark 7.1.5. A slightly weaker version of the previous theorem has first been
obtained by Golinskii, Borichev and Kupin, compare Remark 4.2.7.
In addition, Corollary 5.2.3 implies
Theorem 7.1.6. If p > 1 then

> dist(h, [<2,2)P < |o|l7 . (7.1.10)
)\GD’d(J)



Eigenvalues of Non-selfadjoint Operators 149

As was already discussed in Chapter 6, the result of Theorem 7.1.6 is stronger
than that of Theorem 7.1.4 in the case p > 1. However, we now show that both
of these results can be considerably improved, when p > 1, by a more refined
application of Theorem 4.2.2. The following theorem is our main result on the
discrete eigenvalues of Jacobi operators. Its proof will be presented below.

Theorem 7.1.7. Let 7 € (0,1). If v € IP(Z), where p > 1, then

dist(), [-2, 2))P+ ,
> el Sl (r111)
)\Eo'd(J)
Furthermore, if v € I1(Z) then
dist(\, [=2,2))1H7
S ORI o, (7.1.12)
A2 — 4|21

A€aa(J)

Let us compare the previous theorem with Theorem 7.1.4 and 7.1.6, respectively.
To begin, we note that a direct calculation shows that for 7 > 0, A € C\ [-2, 2]
and p > 1 we have

dist(), [-2,2)7F 147 _ dist(, [-2, 2747
A2 — 4 N PCIPTVE

Moreover, if A € C\ [-2,2] and |A| < ||J||, then

dist(X, [—2,2])2+ dist(X, [—2,2])1+7

<C J
A2 — 4| <C(r||J1) A2 74‘%_,’_1

Hence, inequalities (7.1.11) and (7.1.12) provide more information on the discrete
spectrum of J than inequality (7.1.8), i.e., Theorem 7.1.7 is stronger than Theorem
7.1.4.

The advantage of Theorem 7.1.7 over Theorem 7.1.6 can be seen by con-
sidering sequences of eigenvalues {A;} converging to an endpoint of the spec-
trum. If Ay — 2 as & — oo, Theorem 7.1.6 implies the convergence of the
sum Y p; |A — 2[P, while Theorem 7.1.7 implies the convergence of the sum
o2 [Ak — 2[P~2 %7, which is strictly stronger when 7 < 1.

It should be noted, however, that Theorem 7.1.7 does not subsume Theorem
7.1.6, since for sequences A\, — (—2,2), Theorem 7.1.7 only implies the convergence
of > 02 |A& — 2|PT7 for any 7 > 0, which is weaker than the convergence of
> rey | Ak — 2|P given by Theorem 7.1.6.

Problem 7.1.8. In view of the previous discussion it is natural to conjecture that a
result implying both Theorem 7.1.6 and 7.1.7 is true, namely the inequality obtained
by setting T =0 in (7.1.11):

dist(A, [—2,2])P
> Ee i <o (7.1.13)
AEO’d(J)
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However, we have not been able to prove such a result, and it remains an open ques-
tion. We note here that in the case of selfadjoint J, (7.1.13) was proved by Hun-
dertmark and Simon [30]. It was then partly extended to the non-selfadjoint case
by Golinskii and Kupin [22], who considered eigenvalues outside a diamond-shaped
region avoiding the interval [—2,2]. We can therefore consider Theorem 7.1.7 as a
near-generalization of the results of Hundertmark and Simon (and Golinskii and
Kupin), and it would be interesting to understand whether the gap between our re-
sult (with 7 > 0) and their results (T = 0) can be closed for general non-selfadjoint
Jacobi operators.

Proof of Theorem 7.1.7. Some of the technical results needed will be quoted with-
out proofs, for which we will refer to [28].

Let the multiplication operator M, € B(I?(Z)) be defined by M,8; = vydy,
where the sequence v = {v;} was defined in (7.1.5). Furthermore, we define the
operator U € B(I%(Z)) by setting

Ubk, = uy, 0k—1 + uldk + uf Spi1,

where (using the convention that ) = 1)

up = f;vkl_lvi, up = ZZ and uZ‘ = \/a;k-i-lik'
It is then easily checked that
J = Jo = My2UM,1/2, (7.1.14)
where v!/2 = {vk/ }. Moreover, the definition of {vy} implies that

lup [ <1, Jul|<1 and |uf| <1,

showing that ||U]] < 3.

We intend to prove Theorem 7.1.7 by an application of Theorem 4.2.2. Since
we have seen above that J — Jyg = M,1/2UM,1/2, we will apply that theorem
choosing (with the notation of that theorem) M; = M,1/2 and My = UM,1/2, and
so we need an appropriate bound on the Schatten norm of UM 1,2 R j, (A\) M,1/2.

Lemma 7.1.9. Let v € [P(Z), where p > 1. Then the following holds: if p > 1 then

Cmlvl
UM, 1/2R5,(AN) M . 7.1.15
|| /2 Jo( ) /2Hs = dlst( [ ])p 1‘)\2_4‘1/2 ( )
Furthermore, if v € [Y(Z), then for every e € (0,1) we have
V||
|UM,1/2R o (A) M2 | cElvl (7.1.16)

s, < dist(\, [—2, 2])| A2 — 4|(1—2)/2

The proof of Lemma 7.1.9 will be given below. First, let us continue with
the proof of Theorem 7.1.7. To this end, let us assume that v € [P(Z) and let
us fix 7 € (0,1). Considering the case p > 1 first, we obtain from (7.1.15) and
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Theorem 4.2.2, with o =p—1, f = —1/2 and K = C(p)||v||},, i.e., ;1 = p+ 7 and
2 =p— 1+,
Z dlSt(}\, [*272])p+7

|>\2 o 4|1/2 < C(p7 T)H'UHZ,.

A€oq(J)
Similarly, if p = 1, then we obtain from (7.1.16) and Theorem 4.2.2 that, for
e € (0,1) and 7 € (0,1),

dist(), [—2, 2])1+=+7
3 (A [-2,2])

|>\2 _ 4|(1+5)/2 < C(%7E)HUHZI'

A€aq(J)

Choosing € = 7 = 7/2 concludes the proof of Theorem 7.1.7. g

It remains to prove Lemma 7.1.9. In the following, let v € [P(Z) where p > 1.
To begin, we recall (see (7.1.4)) that

(FJof)(0) =2cos(O)(Ff)(0), [fel*(Z), 0€l0,2m),
where F' denotes the Fourier transform. Consequently, for A € C\ [—2, 2] we have
Ry, (\) = F' M, F,

where M,, € B(L?(0,2m)) is the operator of multiplication by the bounded func-
tion

gx(0) = (A —2cos(0))™, 6<€0,2m). (7.1.17)
Since gy = |ga|'/? - R lga|*/?, we can define the unitary operator

T =F "My, g F
to obtain the identity
HUle/zRJO(A)lemugp = ||UMv1/2F_1M\g)\\1/2FTF_1M|9A\1/2FM111/2ng-

Using Hoélder’s inequality for Schatten norms (see Section 2.2), and recalling that
IU|| < 3, we thus obtain

1UM 172 Ry (A) My /2 |f§ ) < 3P||Mv1/2F*1M|gA‘1/2F||§2p||F*1M|9A|1/2FMUI/2||g2p
:3p||Mv1/2F71M|gAP/zF”éZp. (7118)

For the last identity we used the selfadjointness of the bounded operators M,/2
and F‘lM‘g”l/gF and the fact that the Schatten norm of an operator and its
adjoint coincide.

To derive an estimate on the Schatten norm on the right-hand side of (7.1.18),
we will use the following lemma (see [28], Lemma 10). Here, as above, M, €
B(1*(Z)) and My, € B(L*(0,27)) denote the operators of multiplication by a se-
quence u = {u,, } € [*°(Z) and a function h € L*(0,27), respectively.

Lemma 7.1.10. Let ¢ > 2 and suppose that w = {um} € 19(Z) and h € L>(0,27).
Then
| M, F~ My F|s, < (2m) 9 ullza||h]| £a- (7.1.19)
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Remark 7.1.11. For operators on L?(R?) an analogous result is well known, see
Lemma 7.2.8 below.

Since p > 1 (and so 2p > 2), the previous lemma and (7.1.18) imply that

1UM 172 Ry (N Mo 2[5, < C(p)| My /2 F~ Myg, 2 FlIsE < Co)l[vllf l9a170-
(7.1.20)
The proof of Lemma 7.1.9 is completed by an application of the following result
([28], Lemma 9).

Lemma 7.1.12. Let A € C\ [-2,2] and let gy : [0,27) — C be defined by (7.1.17).
Then the following holds: If p > 1 then
C(p)
P, < .
lgalz, < dist(\, [2,2])P~1|\2 — 4]1/2
Furthermore, for every 0 < e <1 we have
lorlz < o
M= Gist(a, [-2, 2))5| A2 — 4]a—e)/2”
Remark 7.1.13. In this section we have finally seen why it was advantageous to
formulate Theorem 4.2.2 in terms of estimates on MaRa4,(A)M7 (see (4.2.3)) in-
stead of estimates on M R4, () (where A = Ag+ M = Ay + M1 Ms). Without this

decomposition the estimates in Theorem 7.1.7 could have been proved for p > 2
only, due to the restriction to such p’s in Lemma 7.1.10.

(7.1.21)

(7.1.22)

7.2. Schrédinger operators
In the following we consider Schrodinger operators H = —A+V in L?(R%), where
V € LP(R?) is a complex-valued potential with
p>1, ifd=1
p>1, ifd=2 (7.2.1)
p>9, ifd>3.
More precisely, H is the unique m-sectorial operator associated to the closed,
densely defined, sectorial form

&(f,9) = (VF,Vg)+ (Vf g), Dom(€) = WH*(R?),
In particular, there exists w < 0 and 6 € [0, 7) such that

o(H) C Num(H) C {\:|arg(A —w)| < 0} (7.2.2)
and so (2.1.11) implies that
IREN)|| < |Re(\) —w|™!,  Re(N) < w. (7.2.3)

Remark 7.2.1. We note that for V € LP(RY) with p > 2 if d < 3 and p > d/2 if
d > 4 the multiplication operator My , defined as
(My f)(z) = V(z)f(x), Dom(My)={feL*:VfeL,

is relatively compact with respect to —A (see Lemma 7.2.9), so in this case
the operator H coincides with the usual operator sum —A + My defined on
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Dom(—A) = W?22(R%). Here, as usual, —A is defined via the Fourier transform F
on L?, ie., —A = F_1M|k|2F.

It can be shown that the resolvent difference (—a — H)™' — (—a + A)~! is
compact for a > 0 sufficiently large, so Corollary 2.3.3 implies that the spectrum
of H consists of [0,00) = o(—A) and a possible additional set of discrete eigenval-
ues which can accumulate at [0,00) only. A classical result in the study of these
isolated eigenvalues for selfadjoint Schrodinger operators are the Lieb—Thirring
(L-T) inequalities, which state that for V =V € LP(R?) with p satisfying (7.2.1)
one has .

Yo PR <Cld)| V-, (7.2.4)
Aeoq(H),A<0
where V_ = —min(V,0) denotes the negative part of V. These inequalities were
a major tool in Lieb and Thirring’s proof of the stability of matter [36] and the
search for the optimal constants C(p, d) remains an active field of current research.
We refer to [35, 29] for more information on these topics.

In recent times, starting with work of Abramov, Aslanyan and Davies [1],
there has also been an increasing interest in analogs of the L-T-inequalities for non-
selfadjoint Schrédinger operators. For instance, Frank, Laptev, Lieb and Seiringer
[17] considered the eigenvalues in sectors avoiding the positive half-line. By re-
duction to a selfadjoint problem (essentially doing what was sketched in Remark
5.2.7) they showed that for p > d/2+ 1 and x >0

Z IAP~2 < C(p,d) (1 + i) | Re(V)_+iIm(V)||},. (7.2.5)

A€aa(H),| Tm(A)|2x Re(X)

Remark 7.2.2. By a suitable integration of inequality (7.2.5) one can obtain an
estimate on all discrete eigenvalues of H, see Corollary 3 in [9]. We will not discuss
this result in this review.

Concerning eigenvalues accumulating to [0,00) Laptev and Safronov [34]
proved the following result: If Re(V) > 0 and V € LP(R?) for p > 1if d = 1
and p > ‘21 if d > 2 then

Im(A P
2 <)\|+ 1?2 )JL 1) < C(p,d)[[ Im(V)|I7,. (7.2.6)
A€o q(H),Re(N)>0

Finally, let us also mention the recent work of Frank [16], which provides conditions
for the boundedness of the eigenvalues of H outside [0, 00), and the related works
of Safronov [41, 42].

Now let us have a look at what kind of L-T-inequalities we can obtain from
Theorem 4.4.6 and 5.3.3, respectively, and how these inequalities will compare to
each other and to the inequalities (7.2.5) and (7.2.6). We note that the results to
follow can be regarded as refinements of our earlier work [9] (see also [25]).

We start with an application of Theorem 4.4.6, where we require the stronger
assumption that My is (—A)-compact (see Remark 7.2.1 above).
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Theorem 7.2.3. Let H = —A+V be defined as above and let w < 0 be as defined
n (7.2.2). We assume that V € LP(R?) with p > 2 if d <3 and p > d/2 if d > 4.
Then for 7 € (0,1) the following holds: (i) If w < 0 and p > d — T then

dist(, [0, 00))P+ i
S P < el VI (727
st A + o)
(ii) If w < 0 and p < d — 7 then
dist Pt .
) [0, |”d o <Ol TV (7.2.8)

+7
reoatmy M2 (A + [w])
(iii) If w = 0 then for s >0

3 p+T 3 p+T
Z dist(\, [0, 00)) n Z dist(\, [0, 00)) < C(d,p,7)s VI,

A5 +27

)\ d 2T
Aeoa(H) N> reoa(miai<s  AIZs

(7.2.9)

Before presenting the proof of Theorem 7.2.3 let us consider what can be
obtained by applying Theorem 5.3.3 in the present context. Here, as compared
to Theorem 7.2.3, we don’t need the relative compactness of My but can (al-
most) stick to the more general assumption (7.2.1). However, now we require that
Re(V) > w for some w < 0, which was not necessary in the previous result.

Remark 7.2.4. Note that Re(V) > w is a sufficient but not a necessary condition
for Num(H) being a subset of {A : Re(\) > w}.

Theorem 7.2.5. Let H = —A 4+ V be defined as above, where we assume that
V € LP(RY) withp > 1 ifd =1 and p > d/2 if d > 2. In addition, we assume that
Re(V) > w for w < 0. Then for 7 > 0 the following holds:

(i) If w <0 then

> dist (A, [0700)):’ < C(d,p,7)|w| 7| Re(V)_ +iIm(V)|2,.  (7.2.10)

Ae€og(H) (1Al + ‘WD;+
(ii) If w =0 then for s>0
dist(A, [ dist(A, [0,
> o ( ‘s Ty b C;‘Z)) < Cs~7||Re(V)_ +iIm(V)|[%,,
Aeaa(H) ‘)‘| Aeoa(H) Rk
[A>s [A|<s

(7.2.11)
where C = C(d, p, 7).

As the reader might already have guessed, the comparison of the estimates
obtained in the previous two theorems and the estimates (7.2.5) and (7.2.6) is a
quite complex task, requiring the analysis of a variety of different cases. However,
we think it is better not to be too pedantic here, and so will restrict ourselves to
a broad sketch of what is going on.
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The first thing that is apparent is that the previous two theorems provide
estimates which are not restricted to certain subsets of eigenvalues, as was the
case with the estimates (7.2.5) and (7.2.6). Concerning the LP-assumptions on V,
Theorem 7.2.5 and estimate (7.2.6) are less restrictive than the other two results;
on the other hand, both Theorem 7.2.5 and estimate (7.2.6) require an additional
assumption on the real part of the potential. Concerning the right-hand sides of
the inequalities, estimate (7.2.5) stands out, since it is the only estimate which
depends on H only through the LP-norm of the potential V', all other estimates
also depending on w = w(H). Whether this w-dependence is indeed necessary if
one is considering all eigenvalues of H, not restricting oneself to eigenvalues outside
sectors, is one among the many open questions on this topic.

Concerning the amount of information on the discrete eigenvalues that can
be obtained from the different results, one has to distinguish between sequences
of eigenvalues converging to some point in (0,00) and to 0, respectively, quite
similarly to the case of Jacobi operators where we also had to distinguish between
interior and boundary points of the essential spectrum. Suffice it to say that here,
as in the Jacobi case, Theorem 7.2.3 (to be obtained via the complex analysis
approach) is weaker than Theorem 7.2.5 (to be obtained via the operator-theory
approach) concerning sequences of eigenvalues converging to some interior point
of the essential spectrum [0, 00), whereas each of the results can be stronger than
the other if one is considering eigenvalues converging to the boundary point 0,
depending on the parameters involved.

Problem 7.2.6. All of the above results seem to suggest that the most natural gen-
eralization of the selfadjoint L-T-inequalities to the non-selfadjoint setting would
be an estimate of the form

dist(A, [0, 00))P
g st jd V' < e ayvi,, (7.2.12)
ACog(H) [Al2

with p satisfying Assumption (7.2.1) (this is particularly true of the above estimates
in case that w = 0, just formally set T = 0). The validity or falsehood of estimate
(7.2.12), without any additional assumptions on V, can justly be regarded as one
of the magjor open problems in this field (see also [10]).

It remains to present the proofs of Theorem 7.2.3 and Theorem 7.2.5. Both will
rely on estimates on the 8,-norm of operators of the form My (A + A)~!. Since
A+ A)"! = F~ 1M, F, where

Ex(z) = (A —|z[*)7!, z€RY (7.2.13)

as in the case of Jacobi operators this estimate will be reduced to an estimate on
the LP-norm of the bounded function k). We will need the following three lemmas.
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Lemma 7.2.7. Let d > 1. Then for A € C\ [0,00) and ky as defined in (7.2.13) the
following holds: If p > max(d/2,1) then

A2

P < :
IExIIZe < C:d) gict 3 10, 00) )1

(7.2.14)

Proof. For the elementary but quite lengthy proof we refer to [25], page 103. O

The next result has already been hinted at in the study of Jacobi operators
(see Lemma 7.1.10). See Simon [44], Theorem 4.1, for a proof.

Lemma 7.2.8. Let f,g € LP(R?) where p > 2. Then the operator M;F~'M,F is
in 8,(L?(RY)) and

IMpF M F|s < 2m) "I f I llgll 7.

Combining the previous two lemmas, we obtain a bound on the 8,-norm of
Mw A+ A)~L.

Lemma 7.2.9. Let W € LP(R?) where p > 2 if d < 3 and p > d/2 if d > 4. Then
for X € C\ [0,00) we have

e
MO+ A < O dIWE, ]

L7 dist (A, [0, 00))P~1" (7.2.15)

We are now prepared for the

Proof of Theorem 7.2.3. We apply Theorem 4.4.6 with H = —A + My and Hy =
—A, taking estimate (7.2.3) into account. With the notation of that theorem we
obtain from the previous lemma that « = p — 1,8 = ‘21 —1,Cp =1 and K =
C(p,d)||V|]%,. All that remains is to compute the constants 79,71 and 7, appearing
in Theorem 4.4.6, treating the cases p > d—7 and p < d— 7 separately (and noting
that by assumption 7 € (0, 1)). O

The proof of Theorem 7.2.5 is a little more involved.

Proof of Theorem 7.2.5. First of all we note that using an approximation argument
it is sufficient to prove the theorem assuming that V € L°(R?), the bounded
functions with compact support, see [26, Lemma 5.4] for more details. In particular,
in this case H = —A + My since My is (—A)-compact.

So in the following let V € L (RY) with Re(V) > w (w < 0) and let H =
—A+ My and Hy = —A + Mge(v), - We are going to show that for a < w and
p>lifd=1orp> ‘21 if d > 2 we have

[1RH(a) = Ruo(a)lls, < C(p,d) Re(V)- +ilm(V)||7. (7.2.16)

lalP=% (Ja] — [w])? |

If this is done an application of Theorem 5.3.3 will conclude the proof.
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As a first step in the proof of (7.2.16) we use the second resolvent identity to
rewrite the resolvent difference as

Ry(a) = Rigy(a) = (a — H) " (—a — A)/?*(—a — A)il/QM\WP/?Msign(W)
MlW‘l/Q(_a - A)_I/Q(—CL - A)I/Q(a — Ho)_l,
where
W =—Re(V)_+:¢Im(V) and sign(W)=W/|W]|.

Note that —A —a > —a > 0. We will show below that (—a — A)Y?(a — Hy)~! is
bounded on L%(R%) with

I(—a — A)2(a — Ho) ™! < |a|7V/2. (7.2.17)
Moreover, we will show that for the closure of (a+H)~*(a—A)'/2, initially defined
on Dom((—A)Y/?) = WH2(R9), we have

|a‘1/2

I(a — H)=H(—a— A)/2] < (7.2.18)

lal — o]’

Hence, using Holder’s inequality for Schatten norms, the unitarity of Mg,y and
the fact that the Schatten norm of an operator and its adjoint coincide we obtain

[Ru(a) — Ruy(a)lls,
< (la| = [w]) P [(=a = A) "2 My /2 Maign(w) My /2 (—a — A)_1/2H§p
< (la| = [w)) 7P| Myyyprr2(—a — )72 (7.2.19)

Since p > 1 and p > d/2 we can then apply Lemma 7.2.8 and Lemma 7.2.7 to
obtain

M2 (=a = A) V20 = | Myyp2 P ka2 FISE
< @2m) YW kel < Cp, )W ][5 ,]al¥/27P. (7.2.20)

Remark 7.2.10. The validity of the last estimate for p = 1 and d = 1 (which is not
contained in Lemma 7.2.7) is easily established.

The estimates (7.2.19) and (7.2.20) show the validity of (7.2.16). It remains
to prove (7.2.17) and (7.2.18). To prove (7.2.18), let f € L?*(R?) with || f| = 1.
Then

I(—a —2)2(a—H*)7'f|?
=—(f,(a=H)"'f) =(V(a— H") "' f.(a— H") ' ).
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Since Re(V) > w we obtain

I(~a = 2)2(a—H*)7 f|?

= —Re((f,(a = H)7'f)) =Re((V(a— H*)"'f,(a = H") 7' f))
< —Re({f,(a = H*)7'f)) + |wlll(a = H*) " f]?
<|l(a = H) 7Y + lwlll(a — H*) =
< 1 ]
~ dist(a, Num(H*))  dist(a, Num(H*))?
1 jwl |al
= . 7.2.21
= Jol ~l * (lal = o)? ™ (lal - u)? (722
But (7.2.21) implies (7.2.18) since
(0= )" (—a— )2 = [(~a = &) (a— H) )"
The proof of (7.2.17) is similar (and even simpler) and is therefore omitted. O

8. An outlook

In this final section we would like to present a short list of possible extensions of
the results discussed in this paper, and of some open problems connected to these
results which we think might be worthwhile to pursue.

1. The majority of results in this paper dealt with non-selfadjoint perturba-
tions of selfadjoint operators, with a particular emphasis on the case where
the spectrum of the unperturbed operator is an interval. This choice of op-
erators was sufficient for the applications we had in mind, but there are also
two more intrinsic reasons for this restriction. Namely, in this case the closure
of the numerical range and the spectrum of the unperturbed operator coin-
cide, which was necessary for a suitable application of the operator-theoretic
approach. Moreover, given this restriction the (extended) resolvent set of the
unperturbed operator is conformally equivalent to the unit disk, which was
important for the complex analysis approach.

Recent developments suggest that the restriction to such operators is not
really necessary and that both our methods can be applied in a much wider
context. Concerning the operator-theory approach this is a consequence of the
fact that estimate (5.1.3) remains valid (for p > 1) for arbitrary perturbations
of selfadjoint operators (see [27]), without any restriction on the spectrum of
the selfadjoint operator (i.e., it does not need to be an interval). Concerning
the complex analysis approach it follows from the fact that our main tool, the
result of Borichev, Golinskii and Kupin (Theorem 3.3.1) has been generalized
to functions acting on finitely connected [23] and more general domains [15].
These new results will allow to analyze a variety of interesting operators (like,
e.g., periodic Schrodinger operators perturbed by complex potentials), and
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they also lead to the question of the ultimate limits of applicability of our
methods.

. We have seen that neither of the two methods for studying eigenvalues devel-
oped in this paper subsumes the other, in the sense that each method allows
us to prove some results which cannot, at least at the present stage of our
knowledge, be obtained from the other. One may thus wonder whether there
is some ‘higher’ viewpoint from which one could obtain all the results which
are derived by the two methods. Since our two methods seem to rely on dif-
ferent ideas, it is not at all clear what such a generalized approach would
look like.

. In Chapter 7 we have applied our results to Jacobi and Schrédinger operators.
Many opportunities exist for applying the results to other concrete classes
of operators, e.g., Jacobi-type operators in higher dimensions, systems of
partial differential equations, composition operators and so on. Each appli-
cation might involve its own technical challenges, which might be interesting
in themselves.

. Many questions remain as to the optimality or sharpness of our results. Such
questions are, of course, relative to the precise class of operators considered,
and we refer particularly to Problem 7.1.8 regarding Jacobi operators and
to Problem 7.2.6 regarding Schrodinger operators. Moreover the question of
optimality can be understood in two senses. In the narrow sense, for a partic-
ular inequality we want to know that it cannot be strengthened with respect
to the values of the exponents appearing in it. To obtain this it is sufficient
to construct a single operator for which the distribution of eigenvalues is ex-
actly as implied by the inequality, and no better. In a wider (and much more
difficult) sense, one would like to know whether some inequalities completely
characterize the possible set of eigenvalues of operators of a particular class of
operators. To show this, one must construct, for each set of complex numbers
satisfying the inequality, an operator in the relevant class which has precisely
this set of eigenvalues — that is solve an inverse problem. Techniques for con-
structing operators of certain classes with explicitly known spectrum would
thus be very valuable.

. Another direction which should be interesting and challenging is the general-
ization of results of the type considered here to operators on Banach spaces.
The notions of Schatten-class perturbations, of infinite determinants and of
the numerical range, which are all central for us, have generalizations to Ba-
nach spaces, so that one can hope that at least some of our results can be
generalized. This might lead to further information on concrete classes of
operators.

. It should be mentioned that in spectral theory and its applications, the dis-
tribution of eigenvalues is only one aspect of interest, and one would also like
to learn about the corresponding eigenvectors. In the case of non-selfadjoint
operators, the eigenvectors are not orthogonal, and we do not have the spec-
tral theorem which ensures that the Hilbert space is a direct sum of subspaces
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corresponding to the discrete and the essential spectrum. We would like to
know more about the eigenvectors and the subspace generated by them.

A related direction somewhat removed from our work, but with which poten-
tial connections could be made, is the numerical computation of eigenvalues
of operators of the type that have been considered here. How should one go
about in obtaining approximations of eigenvalues of non-selfadjoint opera-
tors which are relatively compact perturbations of an operator with essential
spectrum, and can some of the ideas used in our investigations (e.g., the per-
turbation determinant and complex analysis) be of use in the development
of effective algorithms and/or in their analysis?

of important symbols

(.)+ — positive and negative part of a function/number

(., .y — scalar product

B(H) — bounded linear operators on H

C(H) — closed linear operators in H

C — extended complex plane

D — unit disk in the complex plane

da,d? %0 d,,d% % — perturbation determinants (Section 2.4)

Dom(.) — domain of an operator/form

(—A) - Laplace operator in L?(R9)

H — a complex separable Hilbert space

H (D) — holomorphic functions in the unit disk

Ker(.) — kernel of a linear operator

My, M, — operator of multiplication by V,v in L?(R%),1%(Z)

M, M(c, 3,7,€, K) — subclass of H(D) (see Definition 3.1.1)

N (h,r) — number of zeros of h € H(D) in the closed disk of radius r
around the origin

[|.lls, — Schatten-p-norm

Num(.) — numerical range of a linear operator

Py, Pz(\) — Riesz projection

Ran(.) — range of a linear operator

Rank(.) — rank of a linear operator

Rz(A\) = (A — Z)~! — the resolvent

R — the interval [0, c0)

p(.), p(.) — (extended) resolvent set of a linear operator

Soo(H) — compact linear operators on H

8p(3) — Schatten class of order p

a(.),04(.), 0ess(.) — spectrum (discrete, essential) of a linear operator

T — unit circle in the complex plane

(TV), — subset of TV (see Definition 3.1.7)

U — a disjoint union

Z(.) — zero set of a function
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Solvable Models of Resonances and Decays

Pavel Exner

Abstract. Resonance and decay phenomena are ubiquitous in the quantum
world. To understand them in their complexity it is useful to study solvable
models in a wide sense, that is, systems which can be treated by analytical
means. The present review offers a survey of such models starting the classical
Friedrichs result and carrying further to recent developments in the theory of
quantum graphs. Our attention concentrates on dynamical mechanism under-
lying resonance effects and at time evolution of the related unstable systems.

Mathematics Subject Classification (2010). Primary 81Q80; Secondary 35Q40,
81Q35, 81U15.

Keywords. Open systems, resonances, decay law, complex scaling, perturba-
tion theory, solvable models, contact interactions, quantum graphs, geometric
scatterers.

1. Introduction

Any general physical theory deals not only with objects as they are but also has
to ask how they emerge and disappear in the time evolution and what one can
learn from their temporary existence. In the quantum realm such processes are
even more important than in classical physics. With few notable exceptions the
elementary particles are unstable and also among nuclei, atoms and molecules
unstable systems widely outnumber stable ones, even if the lack of permanence is
a relative notion — it is enough to recall that the observed lifetime scale of particles
and nuclei ranges from femtoseconds to geological times.

It is natural that the quantum theory had to deal with such temporarily
existent objects already in its nascent period, and it did it using simple means
suggested by the intuition of the founding fathers. As time went, of course, a
need appeared for a better understanding of these phenomena even if there was no
substantial doubt about their mechanism; one can cite, e.g., a critical discussion of
the textbook derivation of the ‘Fermi golden rule’ [Fe, lecture 23] in [RS, notes to

The project was partially supported by the Czech Science Foundation project P203/11/0701.
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Sec. XIIL.6], or the necessarily non-exponential character of decay laws [Ex, notes
to Sec. 1.3] which surprisingly keeps to puzzle some people to this day.

The quest for mathematically consistent description of resonance effects
brought many results. It is worth to mention that some of them were rather prac-
tical. Maybe the best example of the last claim is the method of determining reso-
nance poles using the so-called complex scaling. It has distinctively mathematical
roots, in particular, in the papers [AC71, BC71, Si79], however, its applications
in molecular physics were so successful that people in this area refer typically to
secondary sources such as [Mo98] instead giving credit to the original authors.

Description of resonances and unstable system dynamics is a rich subject
with many aspects. To grasp them in their full complexity it is useful to develop
a variety of tools among which an important place belongs to various solvable
models of such systems. Those are the main topic of the present review paper
which summarizes results obtained in this area over a long time period by various
people including the author and his collaborators. As a caveat, however, one has
say also that the subject has so many aspects that a review like this one cannot
cover all of them; our ambition is to give just a reasonably complete picture. We
also remain for the moment vague about what the adjective ‘solvable’ could mean
in the present context; we will return to this question in Section 5 below. Finally, as
it is customary in a review paper we will not give full proofs of the claims made;
we typically sketch arguments leading to a described conclusion and we always
provide a reference to the source where the full information can be found.

2. Preliminaries

Before starting the review it is useful to recall some notions we will need frequently
in the following. Let us start with resonances. While from the physics point of view
we usually have in mind a single phenomenon when speaking of a resonance in a
quantum system, mathematically it may refer to different concepts.

We will describe two most important definitions starting from that of a re-
solvent resonance. A conservative quantum system is characterized by a family of
observables represented by self-adjoint operators on an appropriate state Hilbert
space. A prominent role among them is played by its Hamiltonian H, or operator
of total energy. As a self-adjoint operator it has the spectrum which is a subset of
the real line while the rest of the complex plane belongs to its resolvent set o(H)
and the resolvent z + (H — 2)~! is an analytic function on it having thus no sin-
gularities. It may happen, however, that it has an analytic continuation, typically
across the cut given by the continuous spectrum of H — one usually speaks in this
connection about another sheet of the ‘energy surface’ — and that this continuation
is meromorhic having pole singularities which we identify with resonances.

An alternative concept is to associate resonances with scattering. Given a
pair (H, Hy) of self-adjoint operators regarded as the full and free Hamiltonian
of the system we can construct scattering theory in the standard way [AJS, RS],
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in particular, we can check existence of the scattering operator and demonstrate
that it can be written in the form of a direct integral, the corresponding fiber
operators being called on-shell scattering matrices. The latter can be extended to
meromorhic function and resonances are identified in this case with their poles.

While the resonances defined in the two above-described ways often coincide,
especially in the situations when H = —A+V is a Schréodinger operator and Hy =
—A its free counterpart, there is no a priori reason why it should be always true; it
is enough to realize that resolvent resonances characterize a single operator while
the scattering ones are given by a pair of them. Establishing equivalence between
the two notions is usually one of the first tasks when investigating resonances.

In order to explain how resonances are related to temporarily existing objects
we have to recall basic facts about unstable quantum systems. To describe such
a system we must not regard it as isolated, rather as a part of a larger system
including its decay products. We associated with the latter a state space H on
which unitary evolution operator U : U(t) = e~ *H! related to a self-adjoint Hamil-
tonian H acts. The unstable system corresponds to a proper subspace H, C H
associated with a projection E,. To get a nontrivial model we assume that H,, is
not invariant w.r.t. U(¢) for any ¢ > 0; in that case we have ||E,U®)y] < |||
for ¢ € H, and the state which is at the initial instant ¢ = 0 represented by the
vector 1 evolves into a superposition containing a component in Hi describing
the decay products. Evolution of the unstable system alone is determined by the
reduced propagator

Ve V(t) = EuU(t) T\ Hu,
which is a contraction satisfying V (¢)* = V(—t) for any ¢ € R, strongly continuous
with respect to the time variable. For a unit vector ¢ € H, the decay law
Py Py(t) = V(Y[ = |EU @) (2.1)
is a continuous function such that 0 < Py (¢) < P,(0) = 1 meaning the probability
that the system undisturbed by measurement will be found undecayed at time ¢.

Under our assumptions the reduced evolution cannot be a group, however,

it is not excluded that it has the semigroup property, V(s)V (¢t) = V(s + ¢) for all

s,t > 0. As a example consider the situation where H, is one-dimensional being
spanned by a unit vector ¢y € H and the reduced propagator is a multiplication by

olt) = (b, U(8)) = / M, E)

where Efl = Eg(—o0, \] is the spectral projection of H. If ¢ and H are such that
S -1

the measure has Breit-Wigner shape, d (1), Efy) =) [(A=Xo)?+ iI'?] "dA for

some \g € R and T' > 0, we get v(t) = e~ *0!=Tlt/2 giving exponential decay law.

Note that the indicated choice of the measure requires o(H) = R; this conclusion

is not restricted to the one-dimensional case but it holds generally.

Theorem 2.1 ([Si72]). Under the stated assumptions the reduced propagator can
have the semigroup property only if o(H) = R.
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At a glance, this seems to be a problem since the exponential character of the
decay laws conforms with experimental evidence in most cases, and at the same
time Hamiltonians are usually supposed to be below bounded. However, such a
spectral restriction excludes only the exact validity of semigroup reduced evolution
allowing it to be an approximation, possibly a rather good one. To understand
better its nature, let us express the reduced evolution by means of the reduced
resolvent, RY, (z) := EyRy(2) } Hy. Using the spectral decomposition of H we can
write the reduced propagator as Fourier image,

V(t) = /R e MAFY (2.2)

for any ¢ € H,, of the operator-valued measure on R determined by the relation
F(—o00,A] := EuEiH)}”Hu . By the Stone formula, we can express the measure as

A2
P Al 4 FOw )} = st [ [Ri(vin) — Rig(e—im)]
the formula simplifies if the spectrum is purely absolutely continuous and the
left-hand side can be simply written as F'(A1, A2).

The support of F(-)u is obviously contained in the spectrum of H and the
same is true for supp F = Uwe”i—tu supp F'(-)¢, if fact, the latter coincides with
o(H) [Ex76].

In view of that the reduced resolvent makes no sense at the points £ € supp F
but the limits s lim, o4 RY (§ £in) may exist; if they are bounded on the interval
(A1, A2) we may interchange the limit with the integral. Furthermore, since the
resolvent is analytic in p(H) = C\ o(H) the same is true for R};(-). At the points
of supp F' it has a singularity but it may have an analytic continuation across it;
the situation is particularly interesting when this continuation has a meromorphic
structure, i.e., isolated poles in the lower half-plane. For the sake of simplicity
consider again the situation with dim 4, = 1 when the reduced resolvent acts as
a multiplication by ¥ (z) and suppose its continuation has a single pole,

A
u = 2.3
=, e (23)
for Imz > 0, where A # 0, f is holomorphic, and 2, := A, — i}, is a point in the
lower half-plane. Since 7} (A—in) = r};(A+1in), the measure in question is
A 1 1 1
dFy = — dA I A)dA
AT om ()\zp )\zp) + T m f(A)dA,

and evaluating the reduced propagator using the residue theorem we get

o(t) = Ae” et 4 ! / e Im f(\)dA, (2.4)
™ JRr

which is close to a semigroup, giving an approximately exponential decay law with
I' = 26, if the second term is small and A does not differ much from one. At the
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same time, the presence of the pole in the analytic continuation provides a link to
the concept of (resolvent) resonance quoted above.

The main question in investigation of resonances and decays is to analyze
how such singularities can arise from the dynamics of the systems involved. A
discussion of this question in a variety of models will be our main topic in the
following sections.

3. A progenitor: Friedrichs model

We start with the mother of all resonance models for which we are indebted to Kurt
O. Friedrichs who formulated it in his seminal paper [Fr48]. This is not to say it
was recognized as seminal immediately, quite the contrary. Only after T.D. Lee six
years later came with a caricature model of decay in quantum field theory, it was
slowly recognized that its essence was already analyzed by Friedrichs; references
to an early work on the model can be found in [Ex, notes to Sec. 3.2].

The model exists in numerous modifications; we describe here the simplest
one. We suppose that the state Hilbert space of the system has the form H :=
C @ L*(R") where the one-dimensional subspace is identified with the space H,,
mentioned above; the states are thus described by the pairs (?) with a € C and
f € L?*(R*). The Hamiltonian is the self-adjoint operator on H, or rather the
family of self-adjoint operators labelled by the coupling constant g € R, defined by

Hy=Hy+gV, HQ(?) = ( Ao 9(5’;) ) : (3.1)

gav

where )\ is a positive parameter, v € L?(R") is sometimes called form factor, and
Q is the operator of multiplication, (Qf)(&) = £f(£). This in particular means that
the continuous spectrum of H covers the positive real axis and the eigenvalue )\ is
embedded in it; one expects that the perturbation gV’ can move the corresponding
resolvent pole from the real axis to the complex plane.

To see that it is indeed the case we have to find the reduced resolvent. The
model is solvable in view of the Friedrichs condition, FEqV Eq = 0 where Eq is
the projection to Hq := L?(R*), which means that the continuum states do not
interact mutually. Using the second resolvent formula and the commutativity of
operators I, and Ry, (z) together with E, + Eq = I we can write Ey Ry, (2)Ey as

EuRHO (Z)Eu - gEuRHo (Z)EuVEuRHg (Z)Eu - gEuRHo (Z)EUVEdRHg (Z)EU ;
in a similar way we can express the ‘off-diagonal’ part of the resolvent as
EdRHg (Z)Eu == *gEdRHo (Z)EdVEuRHg (Z)Eu 5

where we have also employed the Friedrichs condition. Substituting from the last
relation to the previous one and using (Hyo— z)EyRp,(z) = E, together with the
explicit form of the operators Ho, V', we find that Ry (2) acts for Imz # 0 on
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H, = C as multiplication by the function

e pl(z) = (er)\o + g /Ooo “z’(f)'; d/\>_1 . (3.2)

To make use of this result we need an assumption about the form factor, for
instance

(a) there is an entire f : C — C such that [v(\)|? = f()\) holds for all A € (0,00);

for the sake of notational simplicity one usually writes f(z) = |v(2)|? for nonreal
z too keeping in mind that it is a complex quantity. This allows us to construct
analytic continuation of rp(-) over o.(Hy) = R to the lower complex half-plane
in the form r(z) = [z + w(z, g)] !, where

w(, g) == o+ ¢2T(N) — mig* o(N[* ... A>0

o] 2
w(z,9) = /\0+gz/0 |:(§)|€

and I()) is defined as the principal value of the integral,

o [TOP e () O
=7 | Agdf-—sgr&(/o +A+E> W e

the analyticity can be checked using the edge-of-the-wedge theorem.

These properties of the reduced resolvent make it possible to prove the mero-
morphic structure of its analytic continuation. Resonances in the model are then
given by zeros of the function z — w(z,g) — z. An argument using the implicit-
function theorem [Ex, Sec. 3.2] leads to the following conclusion:

(3.3)
d¢ —2mig?lv(2)]> ... Imz<0

Theorem 3.1. Assume (a) and v(Xg) # 0, then r(-) has for all sufficiently small
lg| exactly one simple pole z,(g) := A\p(g) — i0p(g). The function z,(+) is infinitely
differentiable and the expansions

Ap(9) = Xo+9°I(No) +0(g"),  d5(9) = mg*lv(Xo)* + O(g"), (3.4)
are valid in the vicinity of the point g = 0 referring to the unperturbed Hamiltonian.

To summarize the above reasoning we have seen that resonance poles can
arise from perturbation of eigenvalues embedded in the continuous spectrum and
that, at least locally, their distance from the real axis is the smaller the weaker
is the perturbation. Moreover, one observes here the phenomenon called spectral
concentration: it is not difficult to check that the spectral projections of H, to the
intervals I, := (Ao — Bg, Ao — Bg) with a fixed 8 > 0 satisfy the relation

s ;13%) Eyg,(I;) = Ey.

Friedrichs model also allows us to illustrate other typical features of resonant
systems. We have mentioned already the deep insight contained in the Fermi golden
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rule, which in the present context can be written as

d
Le(g) = 2mg | (Vibu, B3 Po(Ho)V b )

)

A=Xo

where {Ego)} is the spectral decomposition of Hy and P.(Hy) the projection to
the continuous spectral subspace of this operator. To realize that this is indeed
what we know from quantum-mechanical textbooks, it is enough to realize that
we use the convention A = 1 and formally it holds E/(\O)PC(HO) = |A)(A]. Using
the explicit form of the operators involved we find

d A
Pelo) = 2m0® gy [ WOF de|_ = 2mg* ).

which is nothing else than the first nonzero term in the Taylor expansion (3.4). On
the other hand, a formal use of the rule may turn its gold into brass: a warning
example concerning the situation when the unperturbed eigenvalue is situated at
the threshold of o.(Hy) is due to J. Howland [Ho74], see also [Ex, Example 3.2.5].
Recent analysis of near-threshold effects in a generalized Friedrichs model together
with a rich bibliography can be found in [DJN11].

Resonances discussed so far have been resolvent resonances. One can also
consider the pair (Hy, Hp) as a scattering system. Existence and completeness of
the wave operators is easy to establish since the perturbation gV has rank two.
What we are interested in is the on-shell S-matrix: if v is piecewise continuous and
bounded in R one can check [Ex, Prop. 3.2.6] that it acts as multiplication by

S(A) =1+ 2mig? lim |v()\)|? g (A +ie) .
e—0+

If v satisfies in addition the assumption (a) above, the function S(-) can be ana-
lytically continued across RT. It is obvious that if such a continuation has a pole
at a point z, of the lower complex half-plane, the same is true for rj(-), on the
other hand, it may happen that a resolvent resonance is not a scattering resonance,
namely if the continuation of |v(-)|* has a zero at the point 2.

Finally, the model can also describe a decaying system if we suppose that at
the initial instant ¢ = 0 the state is described by the vector ((1)) which span the one-
dimensional subspace H,,. The main question here is whether one can approximate
the reduced evolution by a semigroup in the sense of (2.4); a natural guess is that
it should be possible in case of a weak coupling. Since the reduced resolvent is of
the form (2.3) we can express the corresponding measure, calculate the reduced
propagator according to (2.2) and estimate the influence of the second term in
(2.4). This leads to the following conclusion, essentially due to [De76]:

Theorem 3.2. Under the stated assumptions there are positive C, gy such that
Cg?

t
holds for all t > 0 and |g| < go with A := [1 — g*I'(2,)] "', where I(z) is the
integral appearing in the second one of the formulae (3.3).

lu(t) — Ae™ ! <
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The simple Friedrichs model described here has many extensions and in no
way we intend to review and discuss them here limiting ourselves to a few brief
remarks:

(a) Some generalization of the model cast it into a more abstract setting, cf. for
example [M096, DR07, DJN11]. Others are more ‘realistic’ regarding it as a
description of a system interacting with a field, either a caricature one-mode
one [DE87-89] or considerably closer to physical reality [BFS98, HHHO08] in a
sense returning the model to its Lee version which stimulated interest to it.

(b) Friedrichs model clones typically use the simple procedure — attributed to
Schur or Feshbach, and sometimes also to other people — we employed it to
get relation (3.2) expressing projection of the resolvent to the subspace Hy;
sometimes it is combined with a complex scaling.

(¢) While most Friedrichs-type models concern perturbations of embedded eigen-
values some go further. As an example, let us mention a caricature model of
a crystal interacting with a field [DEHO04] in which the unperturbed Hamil-
tonian has a spectral band embedded in the continuous spectrum half-line
referring to states of a lower band plus a field quantum. The perturbation
turns the embedded band into a curve-shaped singularity in the lower com-
plex half-plane with endpoints at the real axis. One can investigate in this
framework decay of ‘valence-band’ states analogous to Theorem 3.2, etc.

(d) The weak-coupling behavior described in Theorem 3.2 can be viewed also
from a different point of view, namely that the decay law converges to a
fixed exponential function as g — 0 when we pass to the rescaled time ¢ =
g~ 2t. This is usually referred to as van Howve limit in recognition of the
paper [vH55]; the first rigorous treatment of the limit belongs to E.B. Davies,
cf. [Da].

4. Resonances from perturbed symmetry

The previous section illustrates the most common mechanism of resonance emer-
gence, namely perturbations of eigenvalues embedded in the continuum. A typical
source of embedded eigenvalues is a symmetry of the system which prevents tran-
sitions from the corresponding localized state into a continuum one. Once such
a symmetry is violated, resonances usually occur. Let us demonstrate that in a
model describing a Schrodinger particle in a straight waveguide, perturbed by a
potential or by a magnetic field, the idea of which belongs to J. Nockel [N692].

4.1. Nockel model

We consider two-dimensional ‘electrons’ moving in a channel with a potential well.
The guide is supposed to be either a hard-wall strip © := R x S with S = (—a, a),
or alternatively the transverse confinement can be modelled by a potential in which
case we have S = R. The full Hamiltonian acting on H := L?(12) is given by

H(B,\) = (—i0y — By)* + V(x) — 2+ W(y) + A\U(z,y); (4.1)
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if ) is a strip of width 2a the transverse potential W may be absent and we
impose Dirichlet conditions at the boundary, |y| = a. The real-valued functions V'
describing the well in the waveguide — or a caricature quantum dot if you wish
— and W are measurable, and the same is true for the potential perturbation
U; further hypotheses will be given below. The number B is the intensity of the
homogeneous magnetic field perpendicular to €2 to which the system is exposed.
The unperturbed Hamiltonian H(0) := H(0,0) can be written in the form
hV @ I + I ® h" which means its spectrum is the ‘sum’ of the corresponding
component spectra. If the spectrum of the transverse part h"V is discrete the
embedded eigenvalues can naturally occur; we are going to see what happens with
them under influence of the potential perturbation A\U and/or the magnetic field.
Let us first list the assumptions using the common notation (z) := v/1+22.
(a) limjyo W(x) = +o00 holds if S =R,
(b) V #0and |V(x)| < const (z)~27 for some ¢ > 0, with [ V(z)dz <0,
(c) the potential V extends to a function analytic in My, :={z € C: |argz| <
ap} for some ag > 0 and obeys there the bound of assumption (b),
(d) |U(z,y)| < const (z) =27 holds for some & > 0 and all (z,y) € Q. In addition,

it does not factorize, U(z,y) # Ui(x)+U2(y), and U(-,y) extends for each
fixed y € S to an analytic function in M,, satisfying there the same bound.

The assumption (a) ensures that the spectrum of K"V := —32+W (y), denoted
as {v;}52,, is discrete and simple, vj1 > v;. The same is true if S = (—a, a) when
we impose Dirichlet condition at y = Za, naturally except the case when W
grows fast enough as y — 4a to make the operator essentially self-adjoint. The
assumption (b) says, in particular, that the local perturbation responsible for the
occurrence of localized states is short-ranged and non-repulsive in the mean; it is
well known that in this situation the longitudinal part A" := —9% + V() of the
unperturbed Hamiltonian has a nonempty discrete spectrum,

1 < pg <o <puny <0,

which is simple and finite [Si76, BGS77]; the corresponding normalized eigenfunc-
tions ¢, n =1,..., N, are exponentially decaying.

To be able to treat the resonances we need to adopt analyticity hypotheses
stated in assumptions (c) and (d). Note that in addition to the matter of our in-
terest the system can also have ‘intrinsic’ resonances associated with the operator
LY, however, the corresponding poles do not approach the real axis as the per-
turbation is switched off. In addition, they do not accumulate except possibly at
the threshold [ACT1], and if V' decays exponentially even that is excluded [Je78,
Lemma 3.4].

Since o.(h") = [0, 00), the spectrum of the unperturbed Hamiltonian consists
of the continuous part, o.(H(0)) = 0ess(H(0)) = [v1,00), and the infinite family
of eigenvalues

op(H(0)) = {ptn+v;: n=1,...,N, j=1,2,...}.
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A finite number of them are isolated, while the remaining ones satisfying the
condition p,+v; > vy are embedded in the continuum; let us suppose for simplicity
that they coincide with none of the thresholds, u, + v; # v}, for any k.

To analyze the resonance problem it is useful to employ the transverse-mode
decomposition, in other words, to replace the original PDE problem by a matrix
ODE one. Using the transverse eigenfunctions, h"V'x; = v;x;, we introduce the
embeddings J; and their adjoints acting as projections by

T PR < LAY, Gf=foy,
T L) = LAR), (T 9)(@) = (x5, 9(%.)) s
then we replace H (B, A) by the matrix differential operator { H;x (B, A)}3%_, with
Hji(B, ) := T H(B,XNJk = (=02 + V() +v;) 6 + Uir(B, A,
Ujn(B,A) = 2iBm|) 0, + B?m|}) + /\Ujk(x) :

where m$}) == [ y"x; (y)xk(y) dy and Ui (z) := [ Uz, y)x, (y)xk () dy.

4.2. Resonances by complex scaling

Nockel model gives us an opportunity to illustrate how the complex scaling method
mentioned in the introduction can be used in a concrete situation. We apply here
the scaling transformation to the longitudinal variable starting from the unitary
operator

So: (Sow)(x,y) = P’z y), OER,

and extending this map analytically to M, which is possible since the transformed
Hamiltonians are of the form Hy(B, \) := SpH(B, \)Sp ™ = Hy(0)+Uy (B, \) with

Hp(0) = —e™2002 = 07 + Vi(a) + W (y), (4.2)
where Vy(z) := V(e?*) and the interaction part
Uy(B, \) := 2ie "By d, + B> + \Us(z, )

with Up(z,y) := U(e’®,y). Thus in view of the assumptions (c) and (d) they con-
stitute a type (A) analytic family of m-sectorial operators in the sense of [Ka| for
[Tm 6| < min{cg, 7/4} . Denoting Ry(z) := (Hg(0) — 2)~! one can check [DEMO01]
that

edo (B, N Ro (v1 + pn = D)l < e(|B| +|BJ* + [A]) (4.3)
holds for [Im 8| < min{ag,7/4}, and consequently, the operators Hy(B, ) also
form a type (A) analytic family for B and A small enough. The free part (4.2) of
the transformed operator separates variables, hence its spectrum is

o (He(0) = | J{vj+o ()}, (4.4)
j=1
where b} = —e72992 + Vj(x). Since the potential is dilation-analytic by assump-

tion, we have a typical picture: the essential spectrum is rotated into the lower
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half-plane revealing (fully or partly) the discrete spectrum of the non-selfadjoint
operator hz)/ which is independent of 8; we have

U(h’g) :6729R+ U {,Uzl,...,,lLN} U {plap27"'}7 (45)

where p, are the ‘intrinsic’ resonances of hY. In view of the assumptions (c) and
tn+vj # vy, for no k, the supremum of Im pj, over any finite region of the complex
plane which does not contain any of the points v is negative, hence each eigenvalue
1tn +v; has a neighbourhood containing none of the points pj + ;. Consequently,
the eigenvalues of Hy(0) become isolated once Im 6 > 0. Using the relative bound-
edness (4.3) we can draw a contour around an unperturbed eigenvalue and apply
perturbation theory; for simplicity we shall consider only the non-degenerate case
when pp, + vj # pns + vy for different pairs of indices.

We fix an unperturbed eigenvalue eg = p, 4+ v; and choose § = i3 with a
B > 0; then in view of (4.4) and (4.5) we may chose a contour I' in the resolvent
set of Hyp(0) which encircles just the eigenvalue eg. We use the symbol Py for the
eigenprojection of Hyp(0) referring to eg and set

g ._ 1/ Ro(z) .
0 27t Jr (eg — 2)P

for p = 0,1,..., in particular, Séo) = —Py and Rg(z) = Sél) is the reduced
resolvent of Hy(0) at the point z. The bound (4.3) implies easily

Jeto(B. 0S| < D (aist(r, 0)) (18] + 1B+ |A)

with some constant ¢ for all Im0 € (0,a0) and p > 0. It allows us to write the
perturbation expansion. Since eg = pi, + v; holds by assumption for a unique pair
of the indices, we obtain using [Ka, Sec. I1.2] the following convergent series

e(B,X) = fin + v+ Y em(B,N), (4.6)
m=1
where e, (B,A) =30 (_sl)m Tr [T, Us(B, A)S(gpi). Using the above

estimate we can estimate the order of each term with respect to the parameters. We
find en, (B, A) = 3", O (B'A™7), in particular, we have e,,(B) = O(B™), and
em(X) = O(A™) for pure magnetic and pure potential perturbations, respectively.

The lowest-order terms in the expansion (4.6) can be computed explicitly. In
the non-degenerate case, dim Py = 1, we have ]™(B, \) = Tr (Us(B, \) Py). After
a short calculation we can rewrlte the expression at the right-hand side in the form
2iBm\) (¢n, @) + B*m'? + X(¢n, Ujjdn). Moreover, i (¢n, 8),) = (6n,i0sy) is
(up to a sign) the group ve1001ty of the wavepacket, which is zero in a stationary
state; recall that eigenfunction ¢, of hY is real valued up to a phase factor. In
other words,

ey (B, ) = Bz/sf G (W)* dy + A/ U(z,y) |on(z)x;(y)]* dedy  (4.7)

Rx.S
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with the magnetic part independent of n. As usual in such situations the first-order
correction is real valued and thus does not contribute to the resonance width.
The second term in the expansion (4.6) can be computed in the standard
way [RS, Sec.XII.6]; taking the limit Im @ — 0 in the obtained expression we get
n - A AN
b (BA) == (L{jk(B,)\)gi)n, ((theo + v —i0) ) L{jk(B,)\)gbn) . (48)
k=1
We shall calculate the imaginary part which determines the resonance width in the
leading order. First we note that it can be in fact expressed as a finite sum. Indeed,
ke, := max{k : eg— vy > 0} is finite and nonzero if the eigenvalue eq is embedded,
otherwise we set it equal to zero. It is obvious that Ry := ( (hvfeo + kaiO)fl)
is Hermitian for k& > k., hence the corresponding terms in (4.8) are real and
Eeq
Im e} " ( =3 Ujk(B, N én, Im R )Uji (B, X)) -
k=1
The operators Im Ry, can be expressed by a straightforward computation [DEMO01].
To write the result we need w(z) := [I + |V[/2(=02 — z)’l\V\lﬂsgn(V)]fl, in
other words, the inverse to the operator acting as
1% 1/2 ) ,

@)@ = 1@+ 1IN [ @ s v s
2V/z R
We also need the trace operator 7g : H! — C which acts on the first Sobolev space

W2 as 18¢ = ¢p(oV/E) for 0 = + and E > 0 where ¢ is the Fourier transform
of ¢. Armed with these notions we can write the imaginary part of the resonance
pole position up to higher—order terms as

Imeén B,A) Z Z 2\/€O—Vk eo—ka(QO*Vk+iO)ujk(BvA)¢"|2 (4.9)
k=lo=%

keg
ZZ \/eo_yk{ —2B2 D |77, w(eo—vi+i0)g, |
k=10=+

+ 2)‘Bm(1) Im ( eofuk (eO_Vk+ZO)¢n eofuk (eo_yk'i_io)Ujkgbn)

)\2
=7} |7 wleo—viti0) Upnda|” | + O(B%) + O(B2),

where as usual f(E + i0) = lim._,o4 f(E + ic). Let us summarize the results:

Theorem 4.1. Assume (a)—(d) and suppose that an unperturbed eigenvalue e =
tn + v > vy is simple and coincides with no threshold vy,. For small enough B
and A the Néckel model Hamiltonian (4.1) has a simple resonance pole the position
of which is given by the relations (4.6)—(4.8). The leading order in the expansion
obtained by neglecting the error terms in (4.9) is the Fermi golden rule in this case.
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The symmetry in this example is somewhat hidden; it consists of the fac-
torized form of the unperturbed Hamiltonian H(0) which makes it reducible by
projections to subspaces associated with the transverse modes. It is obvious that
both the potential perturbation — recall that we assumed Uz, y) # U1 (z)+Uz(y) —
and the magnetic field destroy this symmetry turning thus embedded eigenvalues
coming from higher transverse modes into resonances. At the same time, the de-
scribed decomposition may include other, more obvious symmetries. For instance,
if the potential W is even with respect to the strip axis — including the case when
S = (—a,a) and W = 0 — the unperturbed Hamiltonian commutes with the trans-
verse parity operator, ¥(z,y) — ¥(z,—y), and the transversally odd states are
orthogonal to the even ones so embedded eigenvalues arise.

Nockel model is by far not the only example of this type. We limit our-
selves here to quoting one more. Consider an acoustic waveguide in the form of
a planar strip of width 2a into which we place an axially symmetric obstacle;
the corresponding Hamiltonian acts as Laplacian with Neumann condition at the
boundary, both of the strip and the obstacle. Due to the axial symmetry the odd
part of the operator gives rise to at least one eigenvalue in the interval (O, 1(2)2)
which is embedded into the continuous spectrum covering the whole positive real
axis [ELV94]. If the obstacle is shifted by ¢ in the direction perpendicular to the
axis, such an eigenvalue turns again into a resonance for the position of which one
can derive an expansion in powers of ¢ analogous to Theorem 4.1, cf. [APV00].

5. Point contacts

The resonance models discussed in the previous two sections show that we should
be more precise speaking about solvable models. The question naturally is what we
have finally to solve when trying to get conclusions such as formulae for resonance
pole positions. In both cases we have been able to derive weak-coupling expansions
with explicit leading terms which could be regarded as confirmation of the Fermi
golden rule for the particular model. One has to look, however, into which sort
of problem the search for resonances was turned. For the Friedrichs model it was
the functional equation w(z,g) = z with the left-hand side given by (3.3), and
a similar claim is true for its clones, while in the Nockel model case we had to
perform spectral analysis of the non-selfadjoint operator! Hy(B, \).

Not only the latter has been more difficult in the above discussion, the dif-
ference becomes even more apparent if we try to go beyond the weak-coupling
approximation. Following the pole trajectory over a large interval of coupling pa-
rameters may not be easy even if its position is determined by a functional equation
and one have to resort usually to numerical methods, however, it is still much eas-
ier than to analyze a modification of the original spectral problem. Recall that for
the Friedrichs model pole trajectories were investigated already in [H658] where

1The same is true also for most ‘realistic’ descriptions of resonances using complex scaling, in
particular, in the area of atomic and molecular physics — see, e.g., [RS, Sec. XIIL.6] or [Mo98].
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it had been shown, in particular, that for strong enough coupling the pole may
return to the (negative part of the) real axis becoming again a bound state.

In the rest of this review we will deal with models which are ‘solvable’ at least
in the sense of the Friedrichs model, that is, their resonances are found as roots
of a functional — sometimes even algebraic — equation. In this section we will give
examples showing that this is often the case in situations where the interaction
responsible for occurrence of the resonances is of point or contact type.

5.1. A simple two-channel model

The first model to consider here will describe a system the state space of which
has two subspaces corresponding to two internal states; the coupling between them
is of a contact nature. To be specific, one can think of a system consisting of a
neutron and a nucleus having just two states, the ground state and an excited one.
Their relative motion can be described in the Hilbert space L?(R3) @& L?(R?); we
suppose that the reduced masses is the two channels are the same and equal to ;
so that the Hamiltonian acts on functions supported away from the origin of the
coordinates as —A and —A 4 E, respectively, where E > 0 is the energy difference
between the ground and the excited states.

Before proceeding further, let us note that the above physical interpretation
of the model coming from [Ex91] is not the only possible. The two channels can
be alternatively associated, for instance, with two spin states; this version of the
model was worked out in [CCF09], also in dimensions one and two.

To construct the Hamiltonian we start from the direct sum Ay = Ap1 @
Ap,2 where the component operators act as Ap1 := —A and Ago := —A + E,
respectively, being defined on W22(R3 \ {0}). It is not difficult to check that Ay
is a symmetric operator with deficiency indices (2,2); we will choose the model
Hamiltonian among its self-adjoint extensions. The analysis can be simplified using
the rotational symmetry, since the components of Ag referring to nonzero values
of the angular momentum are essentially self-adjoint, and therefore a nontrivial
coupling is possible in the s-wave only. As usual we pass to reduced radial wave
functions f: f(r) := r(r) ; we take H = H1 B Ho with H; := L*(RT) as the state
space of the problem. The construction starts from the operator Hy = Hy 1 ® Ho,2,
where

d? d?

Hy1: Hy o

1= e Hooi=— g+ B D(Hog) = Wit (RY),

which has again deficiency indices (2,2) and thus a four-parameter family of self-
adjoint extensions. They can be characterized by means of boundary conditions:
for each matrix A = (‘; Z) with a,b € R and ¢ € C we denote by H4 the
operator given by the same differential expression as Hy with the domain D(H 4) C
D(HE) = W22(RT) @ W22(R™") specified by the conditions

f1(0) = afi(0) +cf2(0),  f2(0) = ef1(0) + bf2(0); (5.1)



Solvable Models of Resonances and Decays 179

it is easy to check that any such H 4 is a self-adjoint extension of Hy. There may be
other extensions, say, with decoupled channels corresponding to a = oo or b =
but it is enough for us to consider ‘most part’ of them given by (5.1).

If the matrix A is real the operator H 4 is invariant with respect to time
reversal. The channels are not coupled if ¢ = 0; in that case H4 = H, & H,
where the two operators correspond to the s-wave parts of the point-interaction
Hamiltonians H,, and Hgg in the two channels [AGHH] with the interaction
strengths o := [ and 8 := 41;, respectively, and its spectrum is easily found. To
determine o(H 4) in the coupled case, we have to know its resolvent which can be
determined by means of Krein’s formula using the integral kernel Gp(r,r'; k) =

. ikl | _giklr—r| m|rr\ P
diag(® e oin ' , i ), where x := vk2—E, of the operator Hp

with Dirichlet decoupled channels The kernel of (H4—2)~! for 2 € p(H4) equals

(b—iﬁ) ezk(r-‘rT ) _ Ce(ikr-{-nr’) )

/. _ /. -1
G_A(T’, r ,k) - GD(Tv r 7k) + D(k) ( _ Eei(nr-&-kr’) (a—ik‘) ein(r—&-r’)

where as usual k := /z and D(k) := (a—ik)(b—ir) — |c|?.

It is straightforward to check that pole singularities of the above the resolvent
can come only from zeros of the ‘discriminant’ D(k). In the decoupled case, i.e., if
c=0and Ay = (‘5 2), the expression factorizes, and consequently, it vanishes iff

k = —ia or k = —ib. Several different situations may arise:

e If a < 0 the operator H,4, has eigenvalue —a?

function f(r) = v/—2a (egr) while for a > 0 the pole now corresponds to a
zero-energy resonance or an antibound state

e If b < 0, then H 4, has eigenvalue E—b? corresponding to f(r) = /—2b (GST),
otherwise it has a zero-energy resonance or an antibound state.

corresponding to the eigen-

The continuous spectrum of the decoupled operator covers the positive real axis
being simple in [0, E) and of multiplicity two in [E, 00). We are interested mainly
in the case when both a, b are negative and b> < F; under the last condition the
eigenvalue of Hy is embedded in the continuous spectrum of H,.

Let us next turn to the interacting case, ¢ # 0. Since the deficiency indices
of Hy are finite, the essential spectrum is not affected by the coupling. To find the
eigenvalues and/or resonances of H 4, we have to solve the equation

a—ik) ( b—iv/k2—E ) |c|?. (5.2)

It reduces to a quartic equation, and can therefore be solved in terms of radicals;
for simplicity we limit ourselves to the weak-coupling case when one can make the
following conclusion [Ex91].
Theorem 5.1.

(a) Let oy (HAO) be simple, —a® # E—b?, then the perturbed first-channel bound/

antibound state behaves for small |c| as
2alc|? a’?—E—bJ/a?2+ E
erfe) = —a2+ T VEEE ot 0(ef).
b+Va*+E  \/a24 E (b+ vVa?+ E)
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In particular, zero-energy resonance corresponding to a = 0 turns into an
antibound state if H a, has an isolated eigenvalue in the second channel, b <
—VE, and into a bound state otherwise.

(b) Under the same simplicity assumption, if H 4, has isolated eigenvalue in the
second channel, b < —/E , the perturbation shifts it as follows

2b|c|? V+E—a/b2-F
a+V?—E  \/)2_F(a+ Vb?>—E)

On the other hand, if H 4, has embedded eigenvalue, —VE <b <0, it turns
under the perturbation into a pole of the analytically continued resolvent with

ex(c) =E — b2+ 5 le[* +0(el) .

2ab|c|?

_ 2 4

Rees(c) = E —b +a2_b2+E+(9(\c| ),
2b|c|?>VE — b2 A

Imes(c) = 2t B + O(|e]®).

(¢) Finally, let H 4, have an isolated eigenvalue of multiplicity two, b=—+/a2+ E,;
then under the perturbation it splits into

2a*+ 4a2E+E?

2 3
vatary v 147+ Olel”).

e12(c) = —a® F 2v/—av a2+ E e +
The model can be investigated also from the scattering point of view. Since
the couplings is a rank-two perturbation of the free resolvent, the existence and
completeness of the wave operators Q4 (H.4, Ha,) follow from Birman-Kuroda
theorem [RS, Sec. X1.3]. It is also easy to check that the scattering is asymptotically
complete, what is more interesting is the explicit form of the S-matrix. To find it
we look for generalized eigenfunctions of the form f(r) = (e7*" — Ae®", Bei“’")T
which belong locally to the domain of H 4. Using boundary conditions (5.1) we
find
(a+ik)(b—ik) — |c|? 2ike
A= 5yk)= B= .
If the second channel is closed, k? < E, the scattering is elastic, |A] = 1. We
are interested primarily in the case when H 4, has an embedded eigenvalue which
turns under the perturbation into a resonant state whose lifetime is

2_ b2 E
T(c) = — “ i
4b|c|2v/ E—b2
inspecting the phase shift we see that it has a jump by 7 in the interval of width of
order 2Imes(c) around Reez(c). More specifically, writing the on-shell S-matrix
conventionally through the phase shift as Sp(k) = €% (%) we have
k(b+VE—E?)
a(b +VE—k?2) — |c|?

(1+0(cP) ;

do(k) = arctan (mod 7).
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The resonance is then seen as a local change of the transmission probability (and
related quantities such as the scattering cross section), the sharper it is the closer
the pole is to the real axis. This is probably the most common way in which
resonances are manifested, employed in papers too numerous to be quoted here.

On the other hand, if the second channel is open, k2 > E, the reflection
and transmission amplitudes given above satisfy |A|*> + ¥ |B|*> = 1. The elastic
scattering is now non-unitary since B # 0 which means that the ‘nucleus’ may
now leave the interaction region in the excited state. The said relation between
the amplitudes can alternatively be written as |So1-1(k)[* + |So152(k)]? = 1
which is a part of the full two-channel S-matrix unitarity condition.

The model also allows us to follow the time evolution of the resonant state,
in particular, to analyze the pole approximation (2.4) in this particular case. The
natural choice for the ‘compound nucleus’ wave function is the eigenstate of the
unperturbed Hamiltonian,

0
ffr)=v-2b ( ebr> . (5.3)
Using the explicit expression of the resolvent we find

lc|? + (a—ik)(b+ik)

(fa (H.A*k )7 f) = (b+7;:‘€)2 [|C‘2 — (a—ik‘)(b—iﬁ)] '

The reduced evolution is given by (2.2); using the last formula, evaluating the
integral by means of the residue theorem and estimating the remainder we arrive
after a straightforward computation to the following conclusion [Ex91].

Theorem 5.2. Assume a # 0 and —/E < b < 0. The reduced propagator of the
resonant state (5.3) is given by

. 2(|lal—a)b ;2 ib a2
t) = zkgt o 2 ikt ik5t
val®) {e i [(a2—b2+E)2e Jr\/E—bQ(a—i\/E—bQ)2e

4b -7 > 2267z2tdz )
+ T o Ti/4 /O (z2+ia2)(z2—i(E—b2))2 ]} (1+O(|C‘ ))

and the decay law s

2(la|—a)b iRt

_ 2(Imes)t 2
Pu(t) = {e (Ime2)t _ 9)¢>Re (@—b2+ E)?

ib
+
VE—b2(a —ivVE—b?)2

4b 72 el 2267221& dz
i(kjt—m/4) ) )
" T ‘ /0 (22+1ia2)(22 —i(E—1?))? ] } ( + O(|¢| )) )

where e = e;(c) =: k:J2 , 5 =1,2, are specified in Theorem 5.1.

62(Im e2)t
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Hence we have an explicit formula for deviations from the exponential decay
law. Some of its properties, however, may not be fully obvious. For instance, the
initial decay rate vanishes, P4(0+) = 0, since Im (f, (Ha—\)"1f) = O(A~%/?)
as A — oo, cf. Proposition 6.1 below. On the other hand, the long-time behavior
depends substantially on the spectrum of the unperturbed Hamiltonian. If H 4,
has an eigenvalue in the first channel, then the decay law contains a term of order
of |c[*, which does not vanish as t — oo; it comes from the component of the
first-channel bound state contained in the resonant state (5.3).

The last name fact it is useful to keep in mind when we speak about an
unstable state lifetime. It is a common habit, motivated by the approximation
(2.4), to identify the latter with the inverse distance of the pole from the real axis as
we did above when writing T'(c). If the decay law is differentiable, however, —P4(t)
expresses the probability density of decay at the instant ¢ and a simple integration
by parts allows us to express the average time for which the initial state survives
as Ty = fooo P4 (t) dt; this quantity naturally diverges if lim;_, o Pa(t) # 0.

5.2. K-shell capture model: comparison to stochastic mechanics

The above model has many modifications, we will describe briefly two of them. The
first describes a B-decay process in which an atomic electron is absorbed by the
nucleus and decays through the reaction e+p — n+v with a neutrino emitted. One
usually speaks about a K-shell capture because the electron comes most often from
the lowest energy orbital, however, from the theoretical point any orbital mode
can be considered. We assume again spherical symmetry and take H = H1 & Ha
with H; := L*(RT) as the state space. The first component refers to the (s-wave
part of) atomic wave function, the other is a caricature description of the decayed
states; we neglect the fact that neutrino is a relativistic particle.

The departing point of the construction is again a non-selfadjoint operator
of the form Hy = Hp 1 @ Hp,2, the components of which act as

1 d2 1 d?

Hyq:=— Vi Hyo :=—
0.1 2m dr? +Velr), 0,2 2M dx?

—E (5.4)
with the domains D(Hp1) = {f € W223(R") : uw(R;—) = u(R;+) = 0} for fixed
0 <Ry < Ry <--- < Ry — we add the requirement f(04) = 0 if the angular
momentum ¢ = 0 — and D(Hpo) = {W?2[R") : f(0+) = f'(0+) = 0}. Here as
usual Vp(r) =V (r) + “(%1) and the potential is supposed to satisfy the conditions

2mir2

lim V(r) =0, limsup rV(r)=v< o0,

r—00 r—0
under which the operator Hy is symmetric with deficiency indices (N 4+ 1, N +1).
Of all its self-adjoint extensions we choose a subclass that (i) allows us to switch
off the coupling and (ii) couples each sphere locally to the other space. The adjoint
operator H{ acts again as (5.4); the extensions H (a) described by a = (aq,...,an)
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are specified by the boundary conditions

N
v (Rj+) —u'(Rj—) =a;f'(0+), j=1,...,N and Zdju(Rj) =— An; f(0+);
j=1

it is easy to see that under them the appropriate boundary form vanishes, the
channels are decoupled for a = 0, and the Hamiltonians H, are time-reversal
invariant.

To solve the resonance problem in the model we have to find the resolvent of
H (a) which can be again done using Krein’s formula. We will describe the resolvent
projection to the ‘atomic’ channel referring for the full expression and the proof
to [ET92]. We introduce the kernel

1
Gl(ras; kZ) = W(Uk uk) Uk(T‘<)Uk(T>) ’

where as usual r< := min{r, s}, r~ := max{r, s}, and the functions wuy, vy are
solutions to —,! w” +Vu = 2’“; u such that u,(0+) = 0 and vy, is L? around oo,
and furthermore, W (v, ug) := vg(r)ul (r) — vi,(r)ug(r) is their Wronskian.
Before stating the result, let us mention that the model can also cover the
situation when the electron can be absorbed anywhere within the volume of the
nucleus approximating this behavior by a family of equidistant spheres with R; :=
jR/N, 5 = 1,...,N, where R is the nucleon radius. Let a : [0,R] — R be a
bounded piecewise continuous function understood as ‘decay density’, and take
H(a") corresponding to aév = K a(]ﬁ). On a formal level, the limit N — oo
leads to an operator describing the two channels coupled through the boundary

conditions

M

however, we limit ourselves to checking the strong resolvent convergence [ET92].

R m
W(r) = a(r) ' (04) / a(s)u(s)ds = — " F(0+4).

Theorem 5.3. The projection of the resolvent (H(a)—z)~! to the ‘atomic’ channel
s an integral operator with the kernel

Gi(r,s:2) + ZN: ikMajarGi(r, Ry 2)G1 (B, s:2)
o o m— kM va,zz1 a;a1G1(Ry, Ri; 2)

The projections of (H(a™) — 2)~1 converge as N — oo to operator with the kernel

ikM ¢r (1) Pr ()

Gi(r,s;2z) + ,
1t ) m — ikM fOR fOR a(r)a(s)Gy(r,s; z)drds

where ¢y, 1= fOR a(s)G1(-, 8;2) ds, in the strong resolvent sense.

The singularities correspond to zeros of the denominators in the above ex-
pression. As an example, consider the ‘atom’ with Coulomb potential,

v oL+1)

r 2mr? ’

Ve(r) = v<0,
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which has in the decoupled case, a = 0, poles at k, = —"Z”, n=12....
The Green function GG; can be expressed in terms of the standard Coulomb wave
functions Yuem (1,9, ©) = Rpe(r)Yem (9, ¢). To analyze weak-coupling behavior of
the poles, we restrict ourselves to two cases, a surface-supported decay when N = 1
and a volume-supported decay with a constant ‘density’ when a(r) = a is a constant

function on [0, R]. We put &, := \/2mE - (":?)2 and introduce the form factor

B () R Ry(r) .. surface-supported decay
(1) ==

fOR 7 Rye(r)dr . volume-supported decay
A straightforward calculation [ET92] then yields the shifted pole positions,

2 2 -
(@) =™ _ jl a*mr, 3 (20 +1)! B, (R)* + O(a®) .

2m 2n
We are interested particularly in the situation where the unperturbed eigenvalue

is embedded, n > \/ ng, when k,, is real and the coupling shifts the pole into the

lower complex half-plane giving rise to the resonant state with the lifetime
8a*(B,(R))~*

0
meny3 (204 1)! +0(a).

T(a) =
In the case of the real decay, of course, all the unperturbed eigenvalues are em-
bedded and the K-shell contribution is dominating. It has the shortest lifetime
since R,¢(0) is nonzero for £ = 0 only and myR < 1, typically of order 1074, so
the form factor value is essentially determined by the wave function value at the
origin.

The K-shell capture model allows us to make an important reflection con-
cerning relations between quantum and stochastic mechanics. The two theories are
sometimes claimed to lead to the same results [Ne] and there are cases when such a
claim can be verified. The present model shows that in general there is a principal
difference between the two. One can model such a decay in stochastic mechanics
too considering random electron trajectories and summing the decay probabilities
for their parts situated within the nucleus. The formula is given in [ET92] and we
are not going to reproduce it here; what is important that the total probability
is expressed as the sum of probabilities of all the contributing processes. In the
quantum-mechanical model discussed here, on the other hand, one adds the ampli-
tudes — it is obvious from the form factor expression in case of a volume-supported
decay — and the total probability is the squared modulus of the sum.

5.3. A model of heavy quarkonia decay

Let us finally mention one more modification of the model, this time aiming at
description of decays of charmonium or bottomium, which are bound states of
heavy quark-antiquark pairs, into a meson-antimeson pair. Such processes are
known to be essentially non-relativistic; as an example one can take the decay
" (3770) — DD where the D meson mass is ~ 1865 MeV /c*, thus rest energy of
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the meson pair is two orders of magnitude larger than the kinetic one released in
the decay.

If the interaction responsible for the decay is switched off the quark and
meson pairs are described by the operators
1 1

Aj — Ajo + Vi(|Zj1 = Zjal) + 2myc?

Ho o om —
0.7 2mj 2mj

where m; and mo are the quark and meson masses, respectively. As before we
separate the center-of-mass motion and use the rotational invariance. Adjusting
the energy threshold to 2msoc? we can reduce the problem to investigation of self-
adjoint extensions of the operator H(gé) = H(g? @ H(g’g) on L?(Ry,00) & L?(Ra, )
defined by

o 1 42 L(l+1)

3T Ty + Vj(ry) + my1? +2(mj —mg)c

2

with D(H(E’ZJ)-) = C§°(Rj,0). Let us list the assumptions. We suppose that the
quarks can annihilate only they ‘hit each other’, R; = 0, while for mesons we allow
existence of a hard core, R, = R > 0. One the other hand, the mesons are supposed
to be non-interacting, V5 = 0; this may not be realistic if they are charged but it
simplifies the treatment. In contrast to that, the interquark potential is confining,
lim, o V1 (r) = oo; we also assume that Vi € Li_ and a finite lim, o4 Vi(r)
exists.

To couple the two channels the deficiency indices of Hée) have to be (2,2);
since we have put Ry = 0 it happens only if £ = 0 and we drop thus the index /¢
in the following. We will not strive again to describe all the extensions and choose
a particular one-parameter family: the domain of the extension H, will consist of
functions f € W22(R*) & W22(R, co) satisfying the conditions
ma _
[0)=af(R), fo(R)= i a f1(0), (5.5)
with a € C. In the decoupled case, a = 0, we get Dirichlet boundary condition in
both channels as expected; for a € R the Hamiltonian is time-reversal invariant.

As the first thing we have to find the resolvent of H,, in particular its pro-
jection to the quark channel. In analogy with the previous section we can write its
integral kernel Go(r, s; z) in terms of two solutions of the equation

(_1d2

m; dr?

VA () + 20m1 —ma)e?) f(r) = 2£(7)

for z ¢ R such that ©(0) = 0 and v is L? at infinity. Krein’s formula helps again;
by a straightforward computation [AESS94] we get
—ikma|al?v(r; 2)v(s; 2)

Galrysi2) = Golrsiz) + 0 )\ D(vas2)
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where the denominator is given by

m

D(v,a;2) == v(0;2) — ikla|® > v/(0;2).

mi
The singularities are again determined by zeros of the last expression. One can work
out examples such a natural confining potential, V4 (r) = ar + Vo + 2(ma— m1)c?,
and its modifications, in which the resonance width can be expressed through
the value of the quark wave function at the origin. This appears to be the case
generally.

Theorem 5.4. [AESSQ4] Under the stated assumptions, the quarkonium decay width
s given for the nth s-wave state by

m
Tn(a) = 87kn G [af*[¢n(O) +O(lal®) . k= VmiE.,  (5.6)
1

provided the bound-state energy E,,, adjusted by the difference of the rest energies,
is positive; 1, (0) is the value of the corresponding wave function at the origin.

Note that while we have assumed the quark potential to be below bounded
at the origin, the assumption can be relaxed. The theorem holds also for potentials
with sufficiently weak singularity, in particular, for the physically interesting case
of a linear confinement combined with a Coulomb potential.

6. More about the decay laws

Let us return to the time evolution of unstable systems, in particular, to properties
of the decay laws. In addition to the elementary properties mentioned together with
the definition (2.1) we know so far only that in the weak-coupling situation they
do not differ much from an exponential function coming from the leading term
of the pole approximation. This says nothing about local properties of the decay
laws which is the topic we are going to investigate in this section.

Historically the first consequence of non-exponentiality associated with the
below bounded energy spectrum concerned the long-time behavior of the decay
laws; already in [Kh57] it was observed that a sharp energy cut-off leads to the
O(t*‘?’/ 2) behavior as t — oo, and other examples of that type followed. Moreover,
it is even possible that a part of the initial state survives the decay; we have seen
a simple example at the end of Sec. 5.1 and another one will be given in Sec. 9
below. Here we concentrate on two other local properties of decay laws.

6.1. Initial decay rate and its implications

The first one concerns the behavior of the system immediately after its preparation.
Exponential decay has a constant decay rate which, in particular, means it is
nonzero at ¢ = 0. This may not be true for other decay laws. We note, for example,
that Py is by definition an even function of ¢, hence if the (two-sided) derivative
Pw(O) exists it has to be zero. This happens for vectors from the form domain of
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the Hamiltonian: we have |(¢,e~*#%))|2 < Py(t) < 1 which leads easily to the
following conclusion [HE73].

Proposition 6.1. If ¢ € Q(H) the decay law satisfies Pw(OJr) =0.

The importance of this result stems from the peculiar behavior of unstable
systems subject to frequently repeated measurements knows as quantum Zeno
effect, namely that in the limit of permanent measurement the system cannot
decay. This fact was known essentially already to von Neumann and Turing, in
the context of unstable particle decay it was first described by Beskow and Nilsson
[BN67] followed by a serious mathematical work [Fr72, Ch] which elucidated the
mechanism. It became truly popular, however, only after the flashy name referring
to Zeno's aporia about a flying arrow was proposed in [MS77]. Since then the effect
was a subject of numerous investigations, in part because it became interesting
also from experimental and application points of view. However, since Zeno-type
problems are not the subject of this survey we limit ourselves to quoting the review
papers [Sch04, FP08] as a guide to further reading, and will discuss the topic only
inasmuch it concerns the initial decay rate.

Suppose that we perform on an unstable system a series of measurements
at times ¢/n, 2t/n, ..., t, in which we ascertain that it is still undecayed. If the
outcome of each of them is positive, the state reduction returns the state vector
into the subspace H, and the resulting non-decay probability is

My (t) = Py(t/n) Py, (t/n) - Py, ,(t/n),

where ;41 is the normalized projection of e*"Ht/"i/;j on H, and Yy = ¥, in
particular, M, (t) = (Py(t/n))™ if dim X, = 1 and all the vectors ; coincide with
¥ up to a phase factor. Since lim,, o (f(t/n)™ = exp{—f(0+)t} holds whenever
£(0) = 1 and the one-sided derivative f(04) exists, we see that Py (04) = 0 implies
the Zeno effect, M (t) := lim, oo M,(¢t) = 1 for all ¢ > 0, and the same is true if
dim H,, > 1 provided the derivative Pw (0+4) has such a property for any 1 € H,.
At the same time the above simple argument suggests that an opposite sit-
uation, an anti-Zeno effect, is possible when P¢(0+) is negative infinite; then
M(t) = 0 for any ¢ > 0 which means that the decay is accelerated and the un-
stable system disappears once the measurement started. The possibility of such a
behavior was mentioned early [CSM77], however, the attention to it is of a recent
date only — we refer again to the review work quoted above. Before proceeding
further we have to say that the two effects are understood differently in different
communities. For experimental physicists the important question is the change
of the observed lifetime when the measurement are performed with a certain fre-
quency, on the other hand a theoretical or mathematical physicist typically asks
what happens if the period between two successive measurements tends to zero.
Let us return to the initial decay rate. It is clear we have to estimate 1 — Py /(¢)
for small values of #, which we can write as 2Re (¢, By (I —e %)) — || By (I —
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e "H)3)||2, or alternatively cast it using the spectral theorem into the form

4/ n2 M d||Ef1/;||2 H/ —ixt/2 g Al 5 4 WEy

— 00

2

where the non-decreasing projection-valued function A — E¥ = Ey((—o0,\])
generates spectral measure Fy of the Hamiltonian H. By the Schwarz inequality
the above expression is non-negative; we want to find tighter upper and lower
bounds.

To this aim we choose an orthonormal basis {x;} in the unstable system
subspace H, and expand the initial state vector as ¢ = 3~ c;x; with > [c; 2 =1
The second term in the above expression can then be written as
2

. At
e /2 gin 5 d(xm,EfXj) ,

G

where dw;(A) == d(x;, E¥ xx) are real-valued measures symmetric with respect
to interchange of the indices. Since the measure appearing in the first term can be
written as d||Ef||? = > ik Cjckdwjk (), the decay probability becomes

At
1— Pyt —4chck{/ sin? 5 dwjk ()
. t o0
72/ eI/ sin); dwjm (X) /

; t
eiht/2 gin ¥ dwkm(u)} ;
o 2
if dim #, = oo the involved series can easily be seen to converge using Parseval’s
relation. Using next the normalization [ fooo dw;x(A) = 0 we arrive after a simple
calculation [Ex05] at the formula

1— Py(t) = zzcjck/ / )t dwjm N dwpm (). (6.1)

Jjkm

Consider first an upper bound. We fix a € (0,2] and use the inequalities |z|* >
|sinz|* > sin? 2 together with |A — p|® < 2%(|\|* + |u|®) to infer that

1*P¢’ <210‘2ch/ / A = il dewjim (A)dewrom (1)

jkm

=< QZCM/ / (A 4+ 1l ®) dwjm (A dwrm (1) < 4(H|)y
Jjkm
which means that 1 — Py (t) = O(t®) if ¢ € Dom (| H|*/2). If this is true for some
o > 1 we get Py(0+) = 0 which a slightly weaker result than Proposition 6.1.
Note also that if dim#H,, = 1 and the spectrum of H is absolutely continuous
there is an alternative way to justify the claim using the Lipschitz regularity,

since P(t) = |@(¢)|? in this case and & is bounded and uniformly a-Lipschitz iff
Jp w1+ [A%) dX < .
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A lower bound is more subtle. We use the inequality ‘ sin (AE”)t ‘ > CIA— plt
which holds with a suitable C' > 0 for A\, u € [—1/t, 1/t] to estimate (6.1) as follows

1/t l/t
1— Py(t) > 2C2t2/ / ? (¢, dEY EydET )
1/t J—1/t
1/t l/t
= 402t2{ / — ) (v, dEYE dEqu)}
—1/tJ -1/t

= 4% { (v, B, Buy ) — || PHL 2}

where Hy denotes the cut-off Hamiltonian, HFEgy(Ax) with Ay := (=N, N).
Dividing the expression at the right-hand side by ¢t and choosing t = N~!, we
arrive at the following conclusion.

Proposition 6.2. The initial decay rate of ¥ € H, satisfies P,p (04+) = —o0 provided
((HY EuEr(An))y — |[PHNY|?) ™" = o(N) holds as N — oc.

To illustrate how does the initial decay rate depend on spectral properties of
the decaying state, consider an ezample in which dim H, = 1, the Hamiltonian is
bounded from below and 1 from its absolutely continuous spectral subspace is such
that d(v, Ef4¢) = w(\) d\ where w(\) =~ cA™? as A — 400 for some ¢ > 0 and
8> 1. If B > 2, Proposition 6.1 implies Pw(OJr) = 0. On the other hand, one can
easily find the asymptotic behavior of the quantity appearing in Proposition 6.2:
fiVN w(A) dA tends to one, while the other two integrals diverge giving

/]IVVAde(A) /]:dw(A) - (/]JVVAdw(A)>2 ~ 3:3NM _ <2f5>2N“ﬁ

as N — 400, and consequently, P(O—f—) = —oo holds for 8 € (1,2). This shows
that the exponential decay — which requires, of course, o(H) = R by Theorem 2.1
— walks a thin line between the two extreme initial-decay-rate possibilities. Let us
remark finally that while ‘Zeno’ limit is trivial for the exponential decay, it may
not exist in other cases with § = 2; in [Ex, Rem. 2.4.9] the reader can find an
example of such a distribution with a sharp cut-off leading to rapid oscillations of
the function ¢ — (¢, e~*74)) which obscure existence of the limit.

6.2. Irregular decay: example of the Winter model

Now we turn to another decay law property. In the literature it is usually tacitly
assumed that Py (-) is a ‘nice’, i.e., sufficiently regular function, typically by dealing
with its derivatives. Our aim is to show that this property cannot be taken for
granted which we are going to illustrate on another well-known solvable model of
decay.

An inspiration comes from the striking behavior of some wave functions in
a one-dimensional hard-wall potential well observed in [Be96, Th]. The simplest
example concerns the situation when the initial function is constant (and thus
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not belonging to the domain of the Dirichlet Laplacian): it evolves into a steplike
¥ (z,t) for times which are rational multiples of the period, t = ¢T with ¢ = N/M,
and the number of steps increases with growing M, while for an irrational ¢ the
function ¢(x, t) is fractal with respect to the variable . One may expect that such
a behavior will not disappear completely if the hard wall is replaced by a singular
potential barrier. It was illustrated in a ‘double well’ system [VDS02]; here we
instead let the initial state decay into continuum through the tunneling.

Decay due to a barrier tunneling is among the core problem of quantum
mechanics which can be traced back to Gamow’s paper [Ga28]. The model in
which the barrier is a spherical §-shell is usually referred to as Winter model after
the paper [Wi61] where it was introduced. A thorough analysis of this model can
be found in [AGS87]; it has also various generalizations, we refer to [AGHH] for a
bibliography. The Hamiltonian acting in L?(R?®) is of the form

Ho=-A+ad(fl—R), a>0,

with a fixed R > 0; as usual we employ rational units, i = 2m = 1. For simplicity
we restrict our attention to the s-wave part of the problem, using the reduced wave
functions ¥ (7, t) = \/}m r~L¢(r, t) and the corresponding Hamiltonian part,

2

dr?
we are interested in the time evolution, (7, t) = e~ Haty)(7 0) for a fixed initial
condition ¥ (7, 0) with the support inside the ball of radius R, and the correspond-
ing decay law Py (t) fo |p(r, t)|*>dr referring to H, = L*(Bgr(0)).

It is straightforward to check [AGS87] that H, has no bound states, on the
other hand, it has infinitely many resonances with the widths increasing logarith-
mically with respect to the resonance index [EF06]; a natural idea is to employ
them as a tool to expand the quantities of interest [GMM95]. In order to express
reduced evolution in the way described in Section 2 we need to know Green’s
function of the Hamiltonian h, which can be obtained from Krein’s formula,

(ha — E)) 7, 0") = (ho — k*) 7 (r, r") + Mk) @ (1)@ (1),
where @ (r) := Go(r, R) is the free Green function with one argument fixed, in
particular, ®;(r) = ; sin(kr)e™% holds for r < R, and A(k) is determined by
o-interaction matching conditions at » = R; by a direct calculation one finds

(0%
Ak)=— .
*) 14 (1 — e2ikR)

hoy = — + ad(r — R);

Using it we can write the integral kernel of e~e! as Fourier transformation,
u(t,r,r’) = [ p(k,rr") —ik*t 9k 4k, where the explicit form of the resolvent gives
2k sin(kr) sin(kr’)

ko) = .
plk, 7, 7) 7(2k2 4 202 sin® kR + 2kasin 2kR)

The resonances understood as poles of the resolvent continued to the lower half-
plane appear in pairs, those in the fourth quadrant, denoted as k,, in the increasing
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order of their real parts, and —k,,; we denote S = {k,, —kn, kn, —k, : n € N}. In
the vicinity of &, the function p(-,r,7’) can be written as

i v (r)op (1)

o k2o X,

p(k,r,1") =
where v, (1) solves the differential equation hov, (r) = k2v,(r) and x is locally ana-
lytic. Tt is not difficult to see that the function p(-, r, ') decreases in every direction
of the k-plane, hence it can be expressed as the sum over the pole singularities,

1
E,r,r') = - Res; p(k,r, v’
plkorr’) =%~ Respplkirr’)
kes
and the residue theorem implies ) ;¢ Res; p(k,r,7") = 0. Using these relations

and denoting k_,, := —k,, with v_,, being the associated solution of the equation
Hov_pn(r) = k2, v_n(r), we arrive after a short computation [EF07] at

u(t,r, ") =Y M(kn, t)on (r)vn(r')

nez
with M (kn,t) =} eln erfc(uy,) and u, := —e~""/*k,\/t, leading to the decay law

Py(t) = CnCiluM (kp,t)M (K1, 1)

n,l

with C,, := fOR é(r,0)v,(r)dr and I, := fOR v, (r)0(r) dr; in our particular case
we have v, (1) = v/2Q,, sin(k,r) with the coefficient Q,, equal to

—9ik2 1/2
(2kn + a?2Rsin 2k, R + asin 2k, R + 2k,aR cos 2knR> ’

These explicit formulae allow us to find Py (¢) numerically. Let us quote an example
worked out in [EF07] in which R = 1 and o = 500; the initial wave function
is chosen to be constant, i.e., the ground state of the Neumann Laplacian in
L?(Bg(0)) which corresponds to ¢(r,0) = R=%/2v/3r x(o,5)(7) .

The respective decay law is plotted in Figure 1; we see that it is irregular
having ‘steps’, the most pronounced at the period T = 2R?/7 and its simple
rational multiples. This is made even more visible from the plot of its logarithmic
derivative (for numerical reasons it is locally smeared, otherwise the picture would
be a fuzzy band). It is reasonable to conjecture that the function is in fact fractal.

Let us add a few heuristic considerations in favor of this conjecture concerning
the behavior of the derivative in the limit @« — co. We can write the wave function
as ¢(r,t) = >, ¢, exp(—ik2t)v,(r) where resonance position expands for a fixed n
around ko := nm/R as ky X kn,o — kn,o(@R) ™ + kpo(aR) "% —ik3 o(0*R)~". In

the leading order we have v, (r) ~ \/ 2 sin(k,,7) and the substantial contribution to

the expansion of ¢(r,t) comes from terms with n < [~ #] for some 0 < ¢ < 1/3.
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FIGURE 1. Decay law for the initial state ¢(r,0) = R~3/2,/3r; the inset
shows its logarithmic derivative averaged over intervals of the length
approximately 7'/200.

The derivative of the decay law Py o(-) can be identified with the probability
current through the sphere, Py o (t) = —2Im (¢' (R, t)¢(R,t)). To use it we have to
know the expressions on the right-hand side; using the above expansion we find

]2 - n k21— 2) oy kno Kio
¢(R7t)~\/R;(1) epe ik ot(1=dr)e= a2n t — iy

and a similar expansion for ¢'(R,t) with the last bracket replaced by k. We
3 . ¥ .
observe that Y > | exp (—22’;}%1&) ko~ R (ézt)(3+1)/3 a2U+D/3T holds for j >

™

—1 where on the right-hand side we have denoted I; := fooo e 2 dx = ;)F (jgl ).
Using this result we can argue that the decay law regularity depends on

the asymptotic behavior of the coefficients c¢,. Suppose for simplicity that it is
power-like, ¢, = (’)(k;}%) as n — oo. If the decay is fast enough, p > 1, we
find that |Py ()] < consta®3=4/3" — 0 holds as a — oo uniformly in the
time variable. The situation is different if the decay is slow, p < 1. Consider the
example mentioned above leading to the decay law featured in Figure 1 where
cn = (—1)"HL gﬁ Since the real parts of the resonance poles change with «, it

is natural to look at the limit of Pzp,a(ta) as o — oo at the moving time value
to :=t(1 4+ 2/aR).
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For irrational multiples of T' we use the fact [BG88] that the modulus of

22:1 ™"t is for an irrational ¢ bound by C' L'~¢ where C, e depend on ¢ only. In
combination with the estimate, 7 | anbn, < 3707 |30 aj by — bp| we find

> .kz Qki,ot - .
§ e knot o7 a2r k’IJ'LO 5 const a2/3(]+175)
n=1

)

and consequently, Py o(to) — 0 as a — oco. Assume next that t = o T with
p,q € N. If pq is odd then S (t) := ZL 1 gimn’t repeatedly retraces according to

n=
[BG8S] the same pattern, hence Py o (to) — 0 — an illustration can be seen in Fig. 1
at the half-period. On the other hand, for pg even |SL(t)| grows linearly with L,
and consequently, limq,_, oo Pd,’a(ta) > 0. For instance, a direct computation [EF07]
yields the value at the period, limgy o0 P¢7Q(Ta) = 73?/3 ~ —0.77.

As the last remark in this section, we note that there is a relation between
a lack of local regularity of the decay law and the ‘anti-Zeno’ property of Propo-
sition 6.2; both occur if the energy distribution of the decaying state has a slow
enough decay at high energies. The connection is no doubt worth of further explo-

ration.

7. Quantum graphs

Many quantum systems, both spontaneously emerging in nature and resulting from
an experimentalist’s design, no doubt intelligent one, have complicated geometrical
and topological structure which can be conveniently modeled as a graph to which
the particle motion is confined. Such a concept was first developed for the purpose
of quantum chemistry [RS53], however, it became a subject of intense investigation
only at the end of the 1980’s when tiny graph-like structures of semiconductor
and other materials gained a prominent position in experimental physics. The
literature on quantum graphs is vast at present; we limit ourselves with referring
to the proceedings volume [EKKST] as a guide for further reading.

Quantum graphs are usually rich in resonances; the reason, as we see below, is
that their spectra often exhibit embedded eigenvalues which, as we know, are typi-
cally sources of resonance effects. Before we turn to the review let us briefly mention
that while describing real-world quantum system through graphs is certainly an
idealization, they can be approximated by more realistic ‘fat-graph’ structures in a
well-defined mathematical sense; from our point of view here it is important than
such approximations also include convergence of resonances [EP07].

7.1. Basic notions

As a preliminary, let us recall some basic notions about quantum graph models we
shall need in the following. For the purpose of this review, a graph I' consists of a set
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of vertices V = {X; : j € I}, a set of finite edges? L = {L;, : (X;,X,) € Iz C 1T x
I}, and a set of infinite edges, sometimes also called leads, Loo = {Ljoo : X; € Ic}
attached to them. The index sets I, I Io labeling the vertices and the edges of
both types are supposed to be at most countable.

We consider metric graphs which means that each edge of I' is isomorphic
to a line segment; the notions of finiteness or (semi)infiniteness refer to the length
of those segments. Without loss of generality we may identify the latter with
the intervals (0,[;), where [; is the jth edge length, and (0, c0), respectively. As
indicated, we regard I' as the configuration space of a quantum system and with
the above convention in mind we associate with it the Hilbert space

H= @ r)e @ IA0,x),
Liel Ljoo€Loo
the elements of which are columns W = ({f;: £; € L}, {gj : Ljoo € Loo})T.

For most part of this section we will suppose that the motion on the graph
edges is free, i.e., governed by the Hamiltonian which acts there as — dd; with
respect to the arc-length variable parametrizing of the particular edge. In such a
case we have a limit-circle situation at the edge endpoints, hence in order to make it
a self-adjoint operator, we have to impose appropriate boundary conditions which
couple the wave functions at the graph vertices. One of the possible general forms
of such conditions [GG, Ha00, KS00] is

(U; — ), +i(U; + )T, =0, (7.1)

where U; are unitary matrices, and ¥; and \Il; are vectors of the functional values
and of the (outward) derivatives at the vertex X;; in other words, the domain of
the Hamiltonian consists of all functions on I' which are locally W22 and satisfy
conditions (7.1). It is easy to see that the conditions (7.1) ensure vanishing of the
appropriate boundary form, namely
deg X;

> @t — Utin)(0) = 0

k=1
with U; = {¢j,} and ¥, = {9}, }, or, in physical terms, conservation of the
probability current at the junction. Note that coupling we have introduced here is
local connecting boundary values in a single vertex X; only.

Since handling Hamiltonians of graphs with a complicated topology may be
cumbersome, one can simplify treatment of such cases using a trick proposed first
in [Ku08]. It consists of replacing I with the graph I'g in which all edge ends meet in
a single vertex as sketched in Figure 2; the actual topology of the original graph I'
will be then encoded into the matrix which describes the coupling in such a ‘grand’
vertex. Denoting N = £ and M = § L, we introduce the (2N + M )-dimensional

2We assume here implicitly that any two vertices are connected by not more than a single edge
and that the graph has no loops, which is possible to do without loss of generality since we are
always able to insert ‘dummy’ vertices into ‘superfluous’ edges.



Solvable Models of Resonances and Decays 195

In

FI1GURE 2. The model Iy for a quantum graph I with N internal finite
edges and M external leads.

vector of functional values by ¥ = (07 ... \IJ{V)T and similarly the vector of
derivatives U’ at the vertex; the conditions (7.1) can be concisely rewritten as
coupling on I'y characterized by (2N + M) x (2N + M) unitary block-diagonal
matrix U, consisting of the blocks Uy, in the form

(U -1V +i(U+1)¥ =0; (7.2)

it is obvious that one can treat the replacement as a unitary equivalence which
does not alter spectral properties and preserves the system resonances (if there are

any).

7.2. Equivalence of resonance notions

In Section 2 we made it clear how important it is to establish connection between
different objects labeled as resonances. Let us look now how this question looks
like in the quantum graph setting. Let us begin with the resolvent resonances. One
can write the resolvent of the graph Hamiltonian [Pal0], however, it is sufficient
to inspect the spectral condition encoded in it and its behavior in the complex
plane.

We employ an external complex scaling in which the external part are the
semi-infinite leads where the functions are scaled as gjo(z) = ¢’/2g;(ve’) with
an imaginary 6; as usual this rotates the essential spectrum of the transformed
(non-selfadjoint) Hamiltonian into the lower complex half-plane and reveals the
second-sheet poles. In particular the ‘exterior’ boundary values, to be inserted into
(7.2), can be for g;(z) = ¢; ¢’** written as g;(0) = e=%/2g;9 and g}(0) = ike~%/2g;q
with an appropriate gjo. On the other hand, the internal part of the graph is left
unscaled. Choosing the solution on the jth edge in the form f;(x) = a;sinkz +
bj cos kx we easily find its boundary values; for x = 0 it is trivial, for z = [; we
use the standard transfer matrix. This allows us to express both (f;(0), f;(1;))*
and (f}(0), —f}(I;))" through the coefficients a;,b;, cf. [EL10] and note the sign
of fi(l;) reflecting the fact that the derivatives entering (7.2) are outward ones.



196 P. Exner

Inserting these boundary values into the coupling condition we arrive at the system

aq ai
bl bl
as asg
(U - 1)Cy (k) - +ik(U + I)Cy (k) - =0, (7.3)
e 2g14 e 2g14
676/29M0 676/29M0

where we have set Cy (k) = diag (C\ (k), C2 (k), ..., C\™ (k), Intx ) and Cy =
diag (CSV(k), CSP (k), ..., CSN) (k), iTnrwar) with

j 0 1 j 1 0
Cl(J)(k) - < sinkl; coskl; ) ’ Céj)(k) - ( —coskl; sinkl; ) ’

and Ip;« s being the M x M unit matrix. The solvability condition of the system
(7.3) determines eigenvalues of the scaled non-selfadjoint operator, and mutatis
mutandis, poles of the analytically continued resolvent of the original Hamiltonian.

Looking at the same system from the scattering point of view we use the same
solution as above on the internal edges while on the leads we take appropriate
combinations of two planar waves, g; = cje_“”: + dje“”. We look for the on-shell
S-matrix S = S(k) which maps the vector of amplitudes of the incoming waves
¢ = {en} into the vector of amplitudes of the outgoing waves d = {d,}, and ask
about its complex singularities, det S~! = 0. This leads to the system

aq ai
bl bl
as az
(U — DOy (k) ) +ik(U + I)Cy(k) b: —0;
N N
c1+dp di —c1
ey +dy dy — ey

eliminating the variables a;, b; one can rewrite it as a system of M equations
expressing the map S~'d = ¢. The condition under which the latter is not solvable,
which is equivalent to our original question since S is unitary, reads

det [(U — I) C1(k) + ik(U + I) Co(k)] = 0, (7.4)

however, this is nothing else than the condition of solvability of the system (7.3).
This is the core of the argument leading us to the following conclusion [EL10].

Theorem 7.1. The notions of resolvent and scattering resonances coincide for
quantum graph Hamiltonians described above.
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Before proceeding further, let us mention one more way in which the reso-
nance problem on a graph can be reformulated. To this purpose we rearrange the
matrix U permuting its rows and columns into the form U = (5; gi), where U; is
the 2N x 2N square matrix referring to the compact subgraph, Uy is the M x M
square matrix related to the exterior part, and Us and Us are rectangular matrices
of the size M x 2N and 2N x M, respectively, connecting the two. The system

(7.3) can then be rewritten by elimination of the lead variables [EL10] as

(U(k) = I)F 4+ i(U(k) +I)F' =0, (7.5)
where F := (f1,..., fan)?, and similarly for F”, are the internal boundary values,
and the effective coupling matrix appearing in this condition is given by

Uk)=U1 — (1 — k)U2[(1 — k)Us — (k + 1)I) 7 Us.. (7.6)

In other words, we have been able to cast the problem into the form of spectral
question for the compact core of the graph with the effective coupling replacing
the leads by the non-unitary and energy-dependent matrix (7.6).

7.3. Line with a stub

Next we will present several simple examples. In the first one I' is a line to which
a segment is attached at the point z = 0. The Hilbert space is thus H := L*(R) &
L?(0,1) and we write its elements as columns v = (£ ) To make the problem more
interesting we suppose that the particle on the stub is exposed to a potential; the
Hamiltonian acts

(Ho)(x) = =f"(x),  (Hi)a(z) = (—u" + Vu)(z),

outside the junction, where V € L{ (0,1) having finite limits at both endpoints

of the segment so — if the domain consists of functions vanishing in the vicinity
of the junction — the corresponding deficiency indices are (3,3). The admissible
Hamiltonians will be identified with self-adjoint extensions which, as before, can
be conveniently characterized by appropriate boundary conditions. We will not
explore all of them and restrict our attention to a subclass of those having the line
component of the wave function continuous at the junction, namely

f(O0+) = f(0-) = f(0),  w(0) =bf(0)+ cu'(0),

f(04) = f'(0-) = df(0) = bu'(0),  u(€) =0;
at the free end of the stub we fix the Dirichlet condition. The coefficient matrix IC =
(dbfb) is real; we restrict our attention to time-reversal invariant dynamics. The
operator specified by the conditions (7.7) will be denoted as Hy. The parameter b
controls the coupling; if b = 0 the graph decomposes into the line with a point inter-

(7.7)

action at x = 0 and the stub supporting the Schrodinger operator h, := — dd; +V
with Robin condition «(0) = cu’(0) at the junction referring again to = = 0.

Let us begin with the scattering. To find the on-shell S-matrix we use the
standard Ansatz, f(r) = e**® 4+ e~ and te’** on the line for x < 0 and = > 0,
respectively, while on the stub we take u(z) = Su;(x) where u; is a solution to
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—u" + Vu = k?u corresponding to the boundary conditions u;(l) = 0, unique up
to a multiplicative constant. Using the coupling conditions (7.7) we find

—2ik(cul, — u 2! culy —u
tlk) = Qk;ﬁxmdm% k) == A@;ﬁ;é) o

where 2ikD(k) := b?u}(0) + (d — 2ik)(cuj — u)(0); it is easy to check that these
amplitudes satisfy [t(k)|? +|r(k)|*> = 1. We note that Hx can have also an isolated
eigenvalue; this happens if D(ik) = 0 with x > 0. If b = 0 such an eigenvalue exists
provided d < 0 and equals — }le ; it remains isolated for |b| small enough.

It is also not difficult to find the resolvent of Hyx.. The tool is as usual Krein’s
formula; we choose for comparison Hy, corresponding to Ky = 0. In that case the
operator decomposes, the kernel of line part being Gy (z,y; 2) = 2"k e™*17=yl where

uo(z<)ue(z>)
W (wo,ur)

above, ug is similarly a solution corresponding to the condition uo(0) = cug(0), and
W (ug,u;) is the Wronskian of the two functions. The sought kernel then equals

(H/C - Z)il(l‘7y) = (H’CO - Z)il(xay) + Z Ajk(k)FJ(‘T)Fk(y) )
j=1,2
where the vectors F; can be chosen as Fy(z) := (Rl(g"’o)) and Fy(x) = (ul(()m));
note that the stub part vanishes at x = 0. The coefficients are obtained from the
requirement that the resolvent must map any vector of H into the domain of H;

a straightforward computation [ES94] gives

2u), cul, —u ug(0)~1 c 2
M) =" Z(OHg((k)e PO ) - ZD(?L) (0” d;kb)’

together with Aj2(k) = A21(k) = bD(k)~!. We see, in particular, that the coeffi-
cient denominator zeros in the complex plane coincide with those of the on-shell
S-matrix as we expect based on Theorem 7.1 proved above.

In the decoupled case, b = 0, the expression for D(k) factorizes giving rise
to eigenvalues of the operator h. introduced above which are embedded in the
continuous spectrum of the line Hamiltonian; the coupling turns them generally
into resonances. In the case case of weak coupling, i.e., for small |b| one can solve
the condition D(k) = 0 perturbatively arriving at the following conclusion [ES94].

k := /z as usual; the stub part is — , where u; has been introduced

Proposition 7.2. Let k,, refer to the nth eigenvalue of h. and denote by x, the
corresponding normalized eigenfunction; then for all sufficiently small |b| there is
a unique resolvent pole in the vicinity of k,, given by

ib%x7,(0)*

fon (b) = ky — ,
®) i, (2ky, + idl)

+00%).

This gives, in particular, the inverse value of resonance lifetime in the weak-
coupling case, Im z,,(b) = ib*x’,(0)%(2k,, + id)~! + O(b*). The simple form of the
condition D(k) = 0 allows us, however, to go beyond the weak coupling and to
trace numerically the pole trajectories as the coupling constant b runs over the
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reals. Examples are worked out in [ES94] but we will not describe them here and
limit ourselves with mentioning an important particular situation.

It concerns the case when the motion in the stub is free and the decoupled
operator is specified by the Dirichlet boundary condition, i.e., V" =0and ¢ = d = 0.
The condition D(k) = 0 can then be solved analytically. Indeed, the embedded

eigenvalues are k2 with k, := "7 and the equation reduces to tank( = —@2
solved by
nm 7 —b?
S < V2
kn(b) = (2n—1)m i b2_9 (78)
0TIl o> V2

Hence the poles move with the increasing |b| vertically down in the k-plane and
for [b| > /2 they ascend, again vertically, returning to eigenvalues of Neumann
version of h. as [b] — oo. An important conclusion from this example is that poles
may disappear to infinite distance from the real axis and a quantum graph may
have no resonances at all, as it happens here for |b| = /2.

7.4. Regeneration in decay: a lasso graph

Let us next describe another simple example, now with a lasso-shaped I' consisting
of a circular loop of radius R to which a half-line lead is attached. This time we shall
suppose that the particle is charged and the graph is placed into a homogeneous
magnetic field of intensity B perpendicular to the loop plane?. The vector potential
can then be chosen tangent to the loop with the modulus A = é BR = f, where
® is the flux through the loop and L is its perimeter. With the convention we use,
e =c=2m = h =1, the natural flux unit is hec = 27, so we can also write A = f%
where ¢ is the flux value in these units. The Hilbert space of the lasso-graph model
is H := L%(0, L) & L*(R"); the wave functions are written as columns, ¢ = (’}ﬁ)

To construct the Hamiltonian we begin with the operator describing the free
motion on the loop and the lead under the assumption that the graph vertex is
‘fully disconnected’, in other words Hoo = Higop(B) @ Hhalt-line, Where

. d 2 d?
Hloop(B) = ( - de + A) ) Hhalf—linc = 7dl‘2

with Dirichlet condition, u(0) = u(L) = f(0) = 0 at the junction. The spectrum

. . T . . iAx
of Hioop is discrete of multiplicity two; the elgenfun;:tlons Xn(z) = ¢ g S (;lf%)
withn = 1,2,... correspond to the eigenvalues (271‘3) which are embedded into the

continuous spectrum of Hpaigiine covering the interval [0, 00); note that the effect
of the magnetic field on the disconnected loop amounts to a unitary equivalence,
Hioop(B) = U— A Hioop(0)Ua where (Uau)(z) := e 4%u(x).

Restricting the domain of H, to functions vanishing in the vicinity of the
junction we get a symmetric operator with deficiency indices (3,3). We are going

3The assumptions of homogeneity and field direction are here for simplicity only, in fact the only
thing which matters in the model is the magnetic flux through the loop.
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to consider a subclass of its self-adjoint extensions analogous to (7.7) characterized
by three real parameters; the Hamiltonian will act as

Hapo(B) (;ﬁ) _ <_u~_ 2 ?3,+ A2u>

on functions from VVliCQ(F) continuous on the loop, u(0) = u(L), which satisfy
£(0) = wu(0) + pf'(0),  w'(0) —v'(L) = au(0) — wf'(0), (7.9)
for some a, i, w € R the latter being the coupling constant. This includes a partic-

ular case of d-coupling corresponding to 4 = 0 and w = 1 in which case the wave
functions are fully continuous,

u(0) =u(L) = f(0), u'(0) —u'(L)+ f'(0) = af(0); (7.10)

in the fully decoupled case we have o = 0o as the notation suggests. For simplicity
we will write H, 0,1 = H,. Note that in general the vector potential enters the
coupling conditions [KS03] but here the outward tangent components of A at the
junction have opposite signs so their contributions cancel mutually.

Let us start again with scattering, i.e., the reflection of the particle traveling
along the half-line from the magnetic-loop end. To find the generalized eigenvec-
tors, Ho 0 (B)Y = k%, we use u(z) = e~ "% sin(kz+v) and f(z) = e~ 24y eike
as the Ansatz; using the coupling conditions (7.9) we get after a simple algebra

() = (14 ikp) [o— 2 (cos® — coskL) | + iw?k

(1 —ikp) [o— 2 (cos® — coskL) | —iw?k
for the reflection amplitude. The Hamiltonian Hy, ;. (B) can have also isolated
eigenvalues but we shall skip this effect referring to [Ex97]. On the other hand,
it is important to mention that there may exist positive eigenvalues embedded in
the continuous spectrum even if w # 0. In view of (7.9) it is possible if u(0) =
uw'(0)—u/(L) = 0, hence such bound states exist only at integer/half-integer values
of the magnetic flux (in the natural units) and the corresponding eigenfunctions
are the x,,’s mentioned above with even n for ¢ integer and odd n for ¢ half-integer.

Next we find the resolvent of H, , ., (B) using again Krein’s formula to com-
pare it to that of H., with the kernel

CiA(e_wy SNk sink(zs — L) sinkx. etkr>
di iA(z—y) SI BT < > < '
a8 (e k sinkL ’ k

The sought resolvent kernel can then be written as

Ga,,u,w (x7 Y; k) = Goo(xa Y3 k) + Z /\jf(k)Fj (I)Ff(y) )

j =1

where the deficiency subspaces involved are chosen in the form

Fi(z) = (ng)) . By(a) = (6?“)
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with w(z) = e'4® e Wsinkesink(@-L) anq the coefficients Aje(k) given by [Ex97]

sinkL
Ny 1—iuk o 2k COS‘;;;"LSM —a] —w?
11 — D(k) ) 22 — D(k)
together with Ao = o1 = —D‘(’Jk), where
cos® — coskL
D(k)=D k) = (1 —ipk) |2k —a| —iw’k.
(k) = D(a, peoi k) = (1 — igk) o —al —w

In the case of a d-coupling, in particular, the coefficients acquire a simple form,
Nji(k) = =D(k)™1, 4,1 = 1,2. As expected, the denominator D(k) determining
the singularities is the same as for the on-shell S-matrix. A simple form of the
condition D(k) = 0 allows us to follow the pole trajectories, both with respect to
the coupling parameters and the flux ®. At the same time, knowing the resolvent of
He .0 (B) we can express the decay law for states supported at the initial moment
t = 0 on the loop only; we will not go into details and refer the reader to [Ex97]
where the appropriate formulae and plots are worked out.

Let us just mention one amusing feature of this model which can be regarded
as an analogue of the effect known in particle physics as regeneration in decay
of neutral kaons and illustrates that intuition may misguide you when dealing
with quantum systems. Consider the lasso graph with the initial wave function
u on the loop such that z + €A%y (x) has no definite symmetry with respect to
the connection point z = 0. If the flux value ¢ is integer, the A-even component
represents a superposition of embedded-eigenvalue bound states mentioned above,
thus it survives, while the A-odd one dies out. Suppose that after a sufficiently
long time we decouple the lead and attach it at a different point (or we may have
a loop with two leads which may be switched on and off independently). For the
decay of the surviving state the symmetry with respect to the new junction is
important; from this point of view it is again a superposition of an A-even and
an A-odd part, possibly even with same weights if the distance between the two
junctions is iL.

7.5. Resonances from rationality violation

The above simple examples illustrated that resonances are a frequent phenomenon
in quantum graph models. To underline this point we shall describe in this sec-
tion another mechanism giving rise to resonances, this time without need to change
the coupling parameters. The observation behind this claim is that quantum-graph
Hamiltonians may have embedded eigenvalues even if no edges are disconnected
which is related to the fact that the unique continuation principle is generally not
valid here and one can have compactly supported eigenfunctions. Indeed, eigen-
functions of a graph Laplacian are trigonometric functions, hence it may happen
that the graph has a loop and the vertices on it have rationally related distances
such that the eigenfunction has zeros there and the rest of the graph ‘does not
know’ about it. Let us present briefly two such examples referring to [EL10] for
more details.
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7.5.1. A loop with two leads. In this case I' consists of two internal edges of
lengths I, l5 and one half-line attached at each of their endpoints, corresponding to
the Hilbert space is L2(RT) @ L2(RT) @ L2([0, [1]) @ L?([0, I5]); states of the system
are correspondingly described by columns ¢ = (g1, g2, f1, f2)T. The Hamiltonian
H is supposed to act as negative Laplacian, ¢ — —1)” | separately on each edge.
We consider coupling analogous to (7.7) assuming that the functions of Dom H
are continuous on the loop, f1(0) = f2(0) and f1(I1) = f2(l2), and satisfy

F1(0) = a1 (f1(0) + £5(0) +7191.(0), fi(lh) = =y (Fi(1) + f3(12)) + 7292(0) ,
91(0) = 11 (f1(0) + f3(0)) + a1 'g1(0), 92(0) = —v2(f{(1) + f3(l2)) + &3 ' 95(0) ,

for some «;, &;, v; € R. Since we want to examine behavior of the model with
respect to the lengths of internal edges, let us parametrize them as I3 = I(1 —
A), l2 = I(1 + X) with A € [0,1]; changing A thus effectively means moving one
of the connections points around the loop from the antipolar position for A = 0
to merging of the two vertices for A = 1. Due to the presence of the semi-infinite
leads the essential (continuous) spectrum of H is [0, 00). If we consider the loop
itself, it has a discrete spectrum consisting of eigenvalues k2 where k,, = ™" with
n € Z. The corresponding eigenfunctions have nodes spaced by fl for n #£ 0, hence
H has embedded eigenvalues if the leads are attached to the loop at some of them.
If the rationality of the junction distances is violated these eigenvalues turn
into resonances. The condition determining the singularities can be found in the
same way as in the previous examples; it reads
4k> 1 N 1
Pr(k)Ba(k) Pr(k) — Ba(k)
where ;1 (k) == a; ' + 11’?;&'; . One can solve it perturbatively but also to find
numerically its solution descritbing pole trajectories as A runs through [0, 1]. The
analysis presented in [EL10] shows that various situations may occur, for instance,
a pole returning to the real axis after one or more loops in the complex plane — an
example is shown in Figure 3 — or a trajectory ending up in the lower half-plane
at the endpoint of the parameter interval.

sinkl(1 — \)sinkl(1 + X) — sin® kl—i—k:[ }sin%l:o,

7.5.2. A cross-shaped graph. We add one more simple example to illustrate that
the same effect may occur even if the graph has no loops. Consider a cross-shaped
I' consisting of two leads and two internal edges attached to the leads at one
point; the lengths of the internal edges will be Iy = I(1 — A) and Iy = I(14 X). The
Hamiltonian acts again as —d?/dz? on the corresponding Hilbert space L?(R*) &
L?(RT) & L2([0,11]) & L3([0,12]) the elements of which are described by columns
v = (91,92, f1, f2)*. For simplicity we restrict our attention to the ¢ coupling at
the vertex and Dirichlet conditions at the loose ends, i.e., f1(0) = f2(0) = ¢1(0) =
92(0) and f1(l1) = f2(l2) = 0 together with the requirement

f1(0) + £2(0) + g1(0) + g5(0) = af1(0)
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FiGURE 3. Trajectory of the resonance pole in the momentum plane
starting from kg = 27 corresponding to A = 0 for [ = 1 and the coeffi-
cients values 041_1 =1, dl_l = -2, 7 =1, a2_1 =0, 072_1 =1,v =1,
n=2.

for a € R. In the same way as above we can derive resonance condition in the form
ksin 2kl + (« — 2ik) sinkl(1 — A) sinkl(1 4+ A) = 0, or equivalently

2k sin 2kl + (a — 2ik)(cos 2kI\ — cos2kl) = 0.

Asking when the solution is real we note that this happens if the real and imaginary
parts of the left-hand side vanish. We find easily that it is the case if A = 1—2m/n,
No © m < n/2, while if this rationality relation is violated the poles move into
the lower half-plane. The condition can be again solved numerically giving pole
trajectories for various parameter values; in addition to the possibilities mentioned
above we can have trajectories returning to different embedded eigenvalues — an
example shown in Figure 4 calls to mind the effect of quantum anholonomy [Ch98|
— as well as avoided trajectory crossings, etc., see [EL10] for more details.

7.5.3. Local multiplicity preservation. Let us turn from examples to the general
case and consider an eigenvalue k3 with multiplicity d of a quantum-graph Hamil-
tonian H which is embedded in the continuous spectrum due to rationality rela-
tions between the edges of I'. We consider graphs I'. with modified edge lengths
I = lo(n; + ¢;) assuming that n; € N for j € {1,...,n} while n; may not be an
integer for j € {n+1,..., N} where N := f£. The analysis of the perturbation is
a bit involved, see [EL10] for details, leading to the following conclusion.

Theorem 7.3. Let I' be a quantum graph with N finite edges of the lengths ;,

M infinite edges, and the coupling described by the matrix U = (g; gi), where

U, corresponds to the coupling between the infinite edges. Let kg > 0 correspond
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FIGURE 4. Resonance pole trajectory for « = 1 and n = 2.

to a pole of the resolvent (H — k3)™1 of multiplicity d. Let T be a geometrically
perturbed quantum graph with edge lengths lo(n;+¢;) described above and the same
coupling as T'. Then there exists an g9 > 0 such that for all £ € U, (0) the sum of
multiplicities of the resolvent poles in the vicinity of ko is d.

8. High-energy behavior of quantum-graph resonances

Now we will look at quantum-graph resonances from a different point of view and
ask about asymptotics of their numbers at high energies. Following the papers
[DP11, DEL10] we are going to show, in particular, that it may often happen that
this asymptotics does not follow the usual Weyl’s law. Following the standard
convention we will count in this section embedded eigenvalues among resonances
speaking about the poles in the open lower half-plane as of ‘true’ resonances.

8.1. Weyl asymptotics criterion

It is useful for our purpose to rewrite the condition (7.5) in terms of the expo-
nentials e?*’s and e~%*! using for brevity the symbols ef = e and et =

Hj—vzle]i = "V where V = Z;;l l; is the size of the finite part of I'. The

condition then becomes

F(k) := det {;[(UI) + E(U+I))Ey (k) + ;[(U—I) — k(U+1)]E2(k)

+k(U+D)Es+ (U—=1)Es + [(U—~1I) — k(U+1I)]diag (0, . ..,0, Inrxr) } -0,
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where E;(k) = diag (Ei(l),Ez@),...,Ei(N),O,...,O), 1 = 1,2,3,4, are matrices
consisting of N nontrivial 2 x 2 blocks

g _ (0 0N g (0 0N g (10 g (01
1 —iejej’Q ie; e ) 00/ Fi 00/

and a trivial M x M part. To analyze the asymptotics we employ the usual counting
function N(R, F) defined for an entire function F(-) by

N(R,F) =#{k: F(k) =0 and |k| < R},

where the algebraic multiplicities of the zeros are taken into account. With the
above spectral condition in mind we have to apply it to trigonometric polynomials
with rational-function coefficients. We need the following result [DEL10] which is
a simple consequence of a classical theorem by Langer [La31].

Theorem 8.1. Let F(k) = Y.""_ a.(k) e, where a,(k) are rational functions of
the complex variable k with complex coefficients, and o, € R, 09 < 01 < -++ < 0.
Suppose that limg_, oo ao(k) # 0 and limg_,o an, (k) # 0. There exists a compact set
Q C C, real numbers m, and positive K., r =1,...,n, such that the zeros of F(k)
outside Q) lie in one of n logarithmic strips, each one bounded between the curves
—Imk + m, log|k| = £K,. The counting function behaves in the limit R — co as

NR,F)="""""R+00).
s

To apply this result it is useful to pass to effective energy-dependent coupling
(7.6) which makes it possible to cast the spectral condition into a simpler form,

F(k) = det { ; (U (k) — I) + k(U (k) + I)|Ey (k) (8.1)

+;[(U(k) —I) — k(U(k) + D) Ey(k) + k(U(k) + 1) Es + (U (k) — 1)E4} =0,

where Ej are the nontrivial 2V x 2N parts of the matrices E;, the first two of
them being energy-dependent, and I denotes the 2N x 2N unit matrix. Then we
have the following criterion [DEL10] for the asymptotics to be of Weyl type.

Theorem 8.2. Assume a quantum graph (U, Hy) corresponding to T' with finitely
many edges and the coupling at vertices X; given by unitary matrices U;. The
asymptotics of the resonance counting function as R — oo is of the form

N(R,F) = QZVR+ o),

where the effective size of the graph W satisfies 0 < W <V := Zjvzl ;. More-
over, W <V holds if and only if there exists a vertex where the corresponding

energy-dependent coupling matrix Uj(k) has an eigenvalue %_T_,lz or %fﬁ for all k.
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To prove the theorem one has to realize that o, = V and o9 = —V, hence
the asymptotics is not of Weyl type iff either the senior or the junior coefficient
in expression of F(k), i.e., those of e*, vanish. By a straightforward computation
[DEL10] we find that they equal (;)N det [(U (k) — I) + k(U (k) + I)], respectively,
and therefore they vanish under the condition stated in the theorem.

Before proceeding further, let us mention that the asymptotic number of
resonances is not the only thing of interest. One can investigate other asymptotic
properties such as the distribution of resonance pole spacings; quantum graphs are
known to be a suitable laboratory to study quantum chaotic effects [KoS03].

8.2. Permutation-symmetric coupling

Let us first look what the above criterion means in a particular class of vertex
couplings which are invariant with respect to permutations of the edges connected
at the vertex. It is easy to see that such couplings are described by matrices of
the form U; = a;J + b;I, where a;, b; are complex numbers satisfying |b;| = 1
and |b; + ajdeg X;| = 1; the symbol J denotes the square matrix all of whose
entries equal to one and I stands for the unit matrix. Important examples are the
d-coupling analogous to (7.10), with the functions continuous at the vertex and
the sum of outward derivatives proportional to their common value, corresponding

to U; = dvfia J — I, where d; is the number of edges emanating from the vertex
J J

X; and «; € R is the coupling strength, and the d;-coupling corresponding to

U; = — d__2i5v J + I with 8; € R for which the roles of functions and derivatives
J J

are interchanged. The particular cases a; = 0 and §; = 0 are usually referred to
as the Kirchhoff and anti-Kirchhoff condition, respectively.

Consider a vertex which connects p internal and ¢ external edges. For matrices
of the form U; = a;J + b;I it is an easy exercise to invert them and to find the
effective energy-dependent coupling; this allows us to make the following claim.

Theorem 8.3. Let (', Hy) be a quantum graph with permutation-symmetric cou-
pling conditions at the vertices, U; = a;J 4 bjI. Then it has a non-Weyl asymp-
totics if and only if at least one of its vertices is balanced in the sense that p = q,
and the coupling at this vertex satisfies one the following conditions:

() fn=fn, ¥Ymn<2p, S f =0, e, U= L Japxap — Topxap »
(b) f;n = f;u Ym,n < 2p, Zif:l i = 0, e, U= *;J2px2p +I2px2p~

In other words, if the graph has a balanced vertex there are exactly two situations
when the asymptotics is non-Weyl, either if the coupling is Kirchhoff — which is
the case where the effect was first noted in [DP11] — or if it is anti-Kirchhoff.

8.2.1. An example: a loop with two leads. To illustrate the above claim let us
return to the graph of Example 7.5.1. It is balanced if the two leads are attached
at the same point. Changing slightly the notation we suppose that the loop length
is [ and consider the negative Laplacian on the Hilbert space is L?(0,1)® L?(RT)®
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L?(R*) with its elements written as (u, f1, f2)" defined on functions from W;*(T")
satisfying the requirements u(0) = f1(0) and u(l) = f2(0) together with

au(0) = u'(0)+ f1(0)+B(—u/ (1) + £5(0)),  au(l) = B(u'(0)+ f1(0)) = (1) + £5(0)

with real parameters a and (; the choice § = 1 corresponds to the ‘overall’ §-
coupling of strength «, while 8 = 0 decouples two ‘inner-outer’ pairs of mutually
meeting edges turning I' into a line with two J-interactions at the distance [. In
terms of the quantities e* = e***! the pole condition can be written [DEL10] as

g ia?et + 4kaB — ifa(a — 4ik) + 4k*(B% — 1)] e~

4(82 — 1) + ala — 4i) =0

The coefficient of e™ vanishes iff o = 0, the one in the second term for 8 = 0 or
if |8] # 1 and o = 0, while the coefficient e~ does not vanish for any combination
of o and B. The graph has thus a non-Weyl asymptotics iff « = 0. If; in addition,
|8] # 1, then all resonances are confined to a circle, i.e., the graph has zero ‘effective
size’. The only exceptions are the Kirchhoff condition, 8 = 1 and a = 0, and its
anti-Kirchhoff counterpart, 5 = —1 and a = 0, for which one half of the resonances
is asymptotically preserved, in other words, the effective size of the graph is ;l .
We can demonstrate how a ‘half’ of the resonances disappears using the
example of the J-coupling, 8 = 1. The resonance equation in this case becomes

—asinkl + 2k(1 4 isin kl — cos kl)
o —4i

A simple calculation shows that the graph Hamiltonian has a sequence of embedded
eigenvalues k% with k = 27{”, n € Z, and a family of resonances given by solutions

to el = —1 + 4{1’“ . The former do not depend on «, while the latter behave like
1.1
Imk = ~ In +0(1), Rek=nr+0(a),
@

as a — 0, hence all the ‘true’ resonances escape to the imaginary infinity in the
limit, in analogy with the similar pole behavior described by relation (7.8).

8.3. The mechanism behind a non-Weyl asymptotics

One naturally asks about reasons why graphs with balanced vertices and Kirch-
hoff/anti-Kirchhoff coupling have smaller than expected effective size. A simple
observation is that if such a vertex has degree one, then Kirchhoff coupling between
an external and internal edge is in fact no coupling at all, hence the internal edge
can be regarded as a part of the lead and the effective size is diminished by its
length. We are going to show that this remains true in a sense also when the degree
is larger than one.
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FIGURE 5. Graph with a balanced vertex.

8.3.1. Kirchhoff ‘size reduction’. A graph with a balanced vertex can be always
thought as having the shape sketched in Figure 5: with a vertex X7 which connects
p internal edges of the same length [y and p external edges; if the internal ones
have different lengths we simply add a needed number of ‘dummy’ vertices. We
will suppose that the coupling at A} is invariant with respect to edge permutations
being described by a unitary matrix v = aJapx2p + blapxap; the coupling of the
other internal edge ends to the rest of the graph, denoted here as Iy, is described
by a ¢ x ¢ matrix U®, where ¢ > p (which may express also the topology of T'y).

To find how the effective size of such a quantum graph may look like we
employ the following property which can be derived easily from coupling condition

(7.2).

Proposition 8.4. Let I' be the graph described above with the coupling given by
arbitrary UV and U . Let further V be an arbitrary unitary px p matriz, V) =
diag (V, V) and V? := diag (I(g—p)x(a—p), V') be 2p x 2p and q x q block diagonal
matrices, respectively. Then H on T' is unitarily equivalent to the Hamiltonian
Hy on the graph with the same topology and the coupling given by the matrices
[V tgMy ) gnd [V 1TV )| respectively.

Application to the couplings described by vl = aJopxop + blapxap at A is
straightforward. One has to choose the columns of V' as an orthonormal set of eigen-
vectors of the corresponding p X p block aJpxp+bI,%p of UM the first one of them
being \}p (1,1,...,1)T. The transformed matrix [V)]"1UM V1) decouples then
into blocks connecting only the pairs (v;, g;). The first one of these, corresponding
to a symmetrization of all the u;’s and f;’s, leads to the 2 x 2 matrix Usyxy =
apJaxa + blay o, while the other lead to separation of the corresponding internal
and external edges described by Robin conditions (b — 1)v;(0) +i(b+ 1)v};(0) =0
and (b—1)g;(0) +i(b+1)g}(0) = 0 for j = 2,...,p. We note that it resembles the
reduction procedure of a tree graph due to Solomyak [SS02].

It is easy to see that the ‘overall’ Kirchhoff/anti-Kirchhoff condition at A}
is transformed to the ‘line’ Kirchhoff/anti-Kirchhoff condition in the subspace of
permutation-symmetric functions, leading to reduction of the graph effective size
as mentioned above. In all the other cases the point interaction corresponding
to the matrix apJaxa + blaxo is nontrivial, and consequently, the graph size is
preserved.
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FIGURE 6. A polygonal balanced graph.

8.3.2. Global character of non-Weyl asymptotics. The above reasoning might lead
one to the conclusion that the effect discussed here is of a local character. We
want to show now that while this is true concerning the occurrence of non-Weyl
asymptotics, the effective size of a non-Weyl quantum graph is a global property
because it may depend on the graph I' as a whole.

We will use an example to justify this claim. We shall consider the graph
I',, with an integer n > 3 which contains a regular n-gon, each edge of which has
length [. To each of its vertices two semi-infinite leads are attached, cf. Figure 6.
Hence all the vertices of I';, are balanced, and if the coupling in them is of Kirchhoff
type the effective size W,, of the graph is by Theorem 8.3 strictly less than the
actual size V,, = nf. It appears, however, that the actual value of the effective size
depends in this case on the number n of polygon vertices.

Since all the internal edges have the same length, the system has a rotational
symmetry. One can thus perform a ‘discrete Floquet’” analysis and investigate cells
consisting of two internal and two external edges; the wave functions at the ends
of the former have to differ by a multiplicative factor w such that w™ = 1. After a
simple computation [DEL10] we conclude that there is a resonance at k? iff

—2(w? 4 1) + dwe* = 0. (8.2)

The ‘Floquet component’ H,, of H has thus effective size W, = %l ifw?+1#40
while for w? + 1 = 0 we have no resonances, W,, = 0. Summing finally over all the
w with w™ = 1 we arrive at the following conclusion.

Theorem 8.5. The effective size of the graph I',, with Kirchhoff coupling is

—_— snl if n#0 mod 4
" Jn-2)l ifn=0 mod4

Note that if one puts w = e? in (8.2) the resonance poles behave according to

k= } (z In(cos ) + 27rn)
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where n € Z is arbitrary, hence they escape to imaginary infinity as 6 — i;ﬂ'. Of
course, the Floquet variable is discrete, § = 2Zj, 7 =0,1,...,n—1, nevertheless,
the limit still illustrates the mechanism of the resonance ‘disappearance’; it is
illustrative to look at the behavior of the solutions for large values of n.

8.4. Non-Weyl graphs with non-balanced vertices

Now we are going to show that there are many more graphs with non-Weyl asymp-
totics once we abandon the assumption of permutation symmetry of the vertex
couplings. For the sake of brevity, we limit ourselves again to a simple example.
In order to formulate it, however, we state first a general property of the type of
Proposition 8.4 above. Specifically, we will ask what happens if the coupling ma-
trix U of a quantum graph is replaced by W—1UW, where W is a block diagonal

matrix of the form )
_( e®lx, O
= (78 W)

and Wy is a unitary ¢ x ¢ matrix. The following claim is obtained easily from (7.2).

Proposition 8.6. The family of resonances of a quantum-graph Hamiltonian Hy
does not change if the original coupling matriz U is replaced by W —1UW.

Let us turn now to the example which concerns the graph investigated in
Section 7.3, a line with a stub of length [, this time without a potential. Changing
slightly the notation we use the symbols f; for wave function on the two half-lines
and u for the stub. The function from the domain of any Hamiltonian Hy are
locally W22 and satisfy the conditions u(l) + cu’(I) = 0 with ¢ € RU {oc} and

(U = 1) (u(0), £1(0), f2(0))" +i(U +I) (' (0), f{(0), £3(0))" = 0.
We split I into two parts in a way different from Section 7.3 choosing the coupling

described by Uy := diag (((1) é), ew) which gives two half-lines with the conditions

u(l) + cu/(I) = 0 and f2(0) + cot '5 f4(0) = 0, respectively, at their endpoints; the
first part consists of the half-line number one and the stub joined by Kirchhoff
coupling. It is obvious that such a graph has at most two resonances, and thus a
non-Weyl asymptotics. We now replace Uy by Uy = WU W with

1 0 0
W=10 rele1 V1 —r2eiez
0 \/1 — r2eiPs  _peilp2tes—er)

for some r € [0, 1] and obtain for every fixed value of ¢ and ¢ a three-parameter
family of coupling conditions described by the unitary matrix

0 relet V1 — r2eie2
Uy = re” i1 (1 —17r2)et —rv/1 — r2e~ (= +e1—¢2)
V1—r2e72 /1 — p2ei¥Feimen) r2e

each of which has the same resonances as Uy by Proposition 8.6. The associated
quantum graphs are thus of non-Weyl type despite the fact that their edges are
connected in a single vertex of I" which is not balanced.
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Note that among these couplings one can find, in particular, the one men-
tioned above in connection with relation (7.8); choosing ¢ = 7w and ¢ = 0, and
furthermore, ¢; = @o = 0 and 7 = 27'/2, we get the conditions

f1(0) = f2(0),  u(0) = V2£1(0),  f1(0) = f5(0) = —V2u/(0),
or (7.7) with b = V2 and ¢ = d = 0. Similarly, such conditions with b = —v/2 and
c¢=d =0 correspond to ¢; = 2 =7 and r = 271/2, hoth these quantum graphs
have no resonances at all. This fact is easily understandable, for instance, if we
regard the line with the stub as a tree with the root at the end of the stub and

apply the Solomyak reduction procedure [SS02] mentioned above.

8.5. Magnetic field influence

Let us finally look how can the high-energy asymptotics be influenced by a mag-
netic field. We have encountered magnetic quantum graphs already in the example
of Section 7.4, now we look at them in more generality. We consider a graph T’
with a set of vertices {X;} and set of edges {€;} containing N finite edges and M
infinite leads. We assume that it is equipped with the operator H acting as — dd;
on the infinite leads and as —( ¢l +94;(z))? on the internal edges, where A; is
the tangent component of the vector potential; without loss of generality we may
neglect it on external leads because one can always remove it there by a gauge
transformation. The Hamiltonian domain consists of functions from I/Vlif (T") which
satisfy (U; — I)W; +i(U; + I)(¥) +iA;¥;) = 0 at the vertex Xj. As before it is
useful to pass to a graph I’y with a single vertex of degree (2N + M) in which the
coupling is described by the condition

(U—-DY+i(U+I)(V+iA¥) =0,

where the matrix U consists of the blocks U; corresponding to the vertices of I'
and the matrix A is composed of tangent components of the vector potential at
the vertices, A = diag (A1(0), —A1(l1), ..., An(0), —An(IN),0,...,0).

Using the local gauge transformation 1;(z) + 1;(2)e™ (®) with y,(z) =
Aj(z) one can get rid of the explicit dependence of coupling conditions on the
magnetic field and arrive thus at the Hamiltonian acting as — dd; with the coupling
conditions given by a transformed unitary matrix,

(Ua—DU+i(Usa+ DV =0, Uq:=FUF (8.3)
with F = diag (1,exp (i®1),...,1,exp (i®x),1,...,1) containing magnetic fluxes
o, = folj Aj(x)dz. Furthermore, one can reduce the analysis to investigation of
the compact core of I' with an effective energy-dependent coupling described by
the matrix Ua (k) obtained from Uy in analogy with (7.5).

To answer the question mentioned above we employ another property of the
type of Proposition 8.4. This time we consider replacement of U by V~'UV where
V = (‘61 ‘92) is unitary block-diagonal matrix consisting of a 2N x 2N block V;
and an M x M block Va; resonances are again invariant under this transformation.
With respect to the relation between U and Ua we get the following result [EL11].
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Theorem 8.7. A quantum graph with a magnetic field described by a vector potential
A is of non-Weyl type if and only if the same is true for A = 0.

In other words, magnetic field alone cannot switch a graph with non-Weyl
asymptotics into Weyl type and vice versa. On the other hand, the magnetic field
can change the effective size of a non-Weyl graph. To illustrate this claim, let us
return to the example discussed in Section 7.5.1, a loop with two external leads
Kirchhoff-coupled to a single point, now we add a magnetic field. It is straightfor-
ward to check [EL11] that the condition determining the resonance pole becomes

—2cos® 4 el =0,

where @ is the magnetic flux through the loop. The graph is non-Weyl as the term
with e*! is missing on the left-hand side; if ® = +7/2 (mod ), that is, for odd
multiples of a quarter of the flux quantum 27, the /-independent term disappears
and the effective size of the graph becomes zero.

The conclusions of the example can be generalized [EL11] to any graph with
a single internal edge: if the elements of the effective 2 x 2 coupling matrix satisfy
|t12(k)| = |tz21(k)| for any kK > O there is a magnetic field such that the graph
under its influence has at most finite number of resonances.

9. Leaky graphs: a caricature of quantum wires and dots

A different class of quantum graph models employs Schrédinger operators which
can be formally written as —A — ad(x —I') where I' € R is a graph; one usually
speaks about ‘leaky’ graphs. Their advantage is that they can take into account
tunneling between different parts of the graph as well as its geometry beyond just
the edge lengths. A survey of results concerning these models can be found in
[Ex08]. In particular, even a simple I like an infinite non-straight curve can give
rise to resonances [EN03], however, one needs a numerical analysis to reveal them.

9.1. The model

Instead we will describe here a simple model of this type which can be regarded
as a caricature description of a system consisting of a quantum wire and one or
several quantum dots. The state Hilbert space of the model is L*(R?) and the
Hamiltonian can be formally written as

—A—ad(x—3)+ Y Bid(x —yW),
=1

where a > 0, ¥ := {(z1,0); z; € R}, and I := {y17_, C R?\ . The formal
coupling constants of the two-dimensional § potentials are marked by tildes to
stress they are not identical with the proper coupling parameters 3; which we shall
introduce below. Following the standard prescription [AGHH] one can define the
operator rigorously [EK04] by introducing appropriated boundary conditions on
S UIL Consider functions ¢ € W2(R2\ (SUIL))NL? continuous on ¥. For a small

loc
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enough p > 0 the restriction ¥ [¢,, to the circle C,; :={qg € R? : |¢ — yI| = plis
well defined; we say that 1 belongs to D(H, ) iff (92, +02))¢ on R?\ (X UII)
belongs to L? in the sense of distributions and the limits

=) ==l T Q) = T T, +E:(0)Ingl, i= 1,0,
EZ(’(/})(xl) = a:z¢(331>0+) - a3U2’(/}(‘CU170_)7 QEW)(”?I) = ¢(33170)

exist, they are finite, and satisfy the relations

2rBiZi(Y) = Q(¥), Es@)(r1) = —aQs()(z1), (9.1)

where 8; € R are the true coupling parameters; we put 5 = (S1,...,5,) in the
following. On this domain we define the operator H, g : D(Hq,5) — L*(R?) by

Hopt(x) = —Ay(z) for zeR?\ (TUID).

It is now a standard thing to check that Ha, p is essentially self-adjoint [EK04]; we
shall regard in the following its closure denoted as H,, g as the rigorous counterpart
to the above-mentioned formal model Hamiltonian.

To find the resolvent of H,, 5 we start from R(z) = (—A—z)~! which is for any
z € C\ [0, 00) an integral operator with the kernel G (z,z) = ,} Ko(v/—z|z—1'|),
where Ky is the Macdonald function and z — +/z has conventionally a cut along
the positive half-line; we denote by R(z) the unitary operator with the same kernel
acting from L?(R?) to W22(R?). We need two auxiliary spaces, Ho := L?(R) and
H1 := C", and the corresponding trace maps 7; : W22(R?) — H,; which act as

oY i =Pls, nY=¢ln= (U1 oy, my ),
respectively; they allow us to define the canonical embeddings of R(z) to H;, i.e.,
Rir(2) =R(2): L = H;, Rupi(z) = [Rip(2)]*: H; — L?,

and Rj;(z) = 7;Rri(2) : H; — H;, all expressed naturally through the free Green’s
function in their kernels, with the variable range corresponding to a given H;. The
operator-valued matrix I'(z) = [I';;(2)] : Ho & H1 — Ho © H1 is defined by

I'ij(2)g := —Ryj(2)g for i#j and geH;,
Foo(Z)f = |:Oé71 - RO()(Z)] f if f S 7‘[0,
I (2)p = |:531 (2)0k — G- (y™),y D) (1=01) L P forp ey,

where sg,(2) = fi+s(2) :== B+ 5. (In \2/12 — (1)) and —4(1) is the Euler number.
For z from p(H,, ) the operator I'(z) is boundedly invertible. In particular, T'g(z)
is invertible which makes it possible to employ the Schur reduction procedure one
more time and to define the map D(z) : H1 — Hi by

D(z) =T'11(2) = T10(2)Loo(2) " 'To1(2) - (9.2)
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We call it the reduced determinant of T'; it allows us to write the inverse of T'(z)
as [['(2)]7!: Ho ® H1 — Ho © Hy with the ‘block elements’ defined by

F Z)]aol = FO()(Z)71 + F00(2)71F01(Z)D(Z)ilrlo(z)roo(z)il 3
Jor = —Too(2) 'Toi(2)D(z) ",
Jio = =D(2)"'T1o(2)To0(2) "

in the above formulae we use the notation I';;(z2)~! for the inverse of I';;(2) and
[I‘(z)];1 for the matrix elements of [['(z)] 7.

Before using this to express the resolvent R, g(2) := (Hap — 2)~ ' we intro-
duce another notation which allow us to write R, g(z) through a perturbation of
the ‘line only’ Hamiltonian H, describing the system without the point interac-
tions, i.e., B; = o0, i = 1,...,n. By [BEKS94] the resolvent of Hy, is equal to

Ra(2) = R(2) + Rro(2)Tog Ror(2)
for € C\[—;a?,00). We define the map Ra;z1(2) : H1 — L*(R?) by Raji1(2)¢ =
Ro(2)¢ I and Raar(z) @ L*(R?) — Hy as its adjoint, Ra.r1(2) == R, (2).
The resolvent difference between H, g and H, is then given by Krein’s formula

[AGHH]. A straightforward computation [EK04] yields now the following result.

Theorem 9.1. For any z € p(Hq,g) with Imz > 0 we have

1

Rap(2) = R(2)+ Y Rui(2)[[(2)];;'RjL(2) = Ra(2)+Rair1(2) D(2) "Rasir(2) .
i,j=0

The obtained resolvent expressions allow us to investigate various spectral prop-

erties of the operator H, g [EK04]; here we concentrate only on those related to

the subject of the paper, namely to perturbations of embedded eigenvalues.

9.2. Resonance poles

The mechanism governing resonance and decay phenomena in this model is the
tunneling between the points and the line. This interaction can be ‘switched off’
if the line is removed, in other words, put to infinite distance from the points.
Consequently, the ‘free’” Hamiltonian H g = Hy g has the point interactions only.
It has m eigenvalues, 1 < m < n of which we assume

1
—4a2<e1<---<em<0, (9.3)
i.e., that the discrete spectrum of [}ﬁ is simple and contained in (the negative
part of) 0(Hy) = 0ac(Ha,g) = [—,a? 00); this can be always achieved by an

appropriate choice of the configuration of the set II and the coupling parameters .
Let us specify the interactions sites by their Cartesian coordinates, y(9 = (ciyaq).
It is also useful to introduce the notations a = (ay,...,a,) and d;; = |y — y)|
for the distances between the point interactions.
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Resolvent poles will be found through zeros of the operator-valued function
(9.2), more exactly, through the analytical continuation of D(-) to a subset Q_ of
the lower half-plane across the segment (— iaQ, 0) of the real axis, in a similar way
to what we did for Friedrichs model using formula (3.3). For the sake of definiteness
we employ the notation D(-)(), where I = —1,0, 1 refers to the argument z from
Q_, the segment (— 111042, 0), and the upper half-plane, Im z > 0, respectively. Using
the resolvent formula of the previous section we see that the first component of
the operator-valued function D(-)() is an n x n matrix with the elements

o Ko(dgev/~2) + 003 + 1/27(n v~z - (1))

for all the [. To find an explicit form of the second component let us introduce

Ti1n(2)P = —(1— 6

. . i(z—t)2(la, |+ a.
(et) = ia (a—2i(z —t)1/?) ==t (lail+lasl) St
Hij(Z, T 95 t1/2(2’7t)1/2

Ci—C]')

and ,u?j()\,t) := limy, 04 i (A + in,t). Using this notation we can rewrite the
matrix elements of (T'1oT 5 T'o1)" () appearing in (9.2) in the following form,

0

> :ui'(>‘7t)

o =p [T . e (et
4

e iJ >t
o0 =1 [, Dt - Dgas(e) or =11
o t—z— ja?

where P indicates again principal value of the integral, and
(1o Ntlas ; 2012 (0
() = —a(las|+]a;])/2 Gi(z+a®/4) " (ci—c))
ga,z] (Z) . (Z + a2/4)1/2 e e .
Using these formulae one has to find zeros of det D(-)(~1: we shall sketch the ar-
gument referring to [EK04, EIK07] for details. We have mentioned that resonances

are caused by tunneling between the parts of the interaction support, hence it is
convenient to introduce the following reparametrization,

b(a) = (by(a),...,by(a)) with b;(a) := e lulvV=e

and to put n(b(a),z) := det D(2)(=1). Since the absence of the line-supported
interaction can be regarded as putting the line to an infinite distance from the
points, it corresponds to b = 0 in which case we have 7(0, z) = det I'1;(z) and the
zeros are nothing else than the eigenvalues of the point-interaction Hamiltonian
flﬁ, in other words, 7(0,¢;) = 0, i = 1,...,m. Then, in analogy with Sec. 3, we
have to check that the hypotheses of the implicit-function theorem are satisfied
which makes it possible to formulate the following conclusion.

Proposition 9.2. The equation n(b,z) = 0 has for all the b; small enough exactly
m zeros which admit the following weak-coupling asymptotic expansion,

zi(b) = € + O(|b]) +iO(|b]) where |b] := max bi .
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This result is not very strong, because it does provides just a bound on the
asymptotic behavior and it does not guarantee that the interaction turns embedded
eigenvalues of Hp into true resonances. This can be checked in the case n = 1
[EK04] but it may not be true already for n = 2. The simplest example involves a
pair of point interactions with the same coupling placed in a mirror-symmetric way
with respect to X. The Hamiltonian can then be decomposed according to parity,
its part acting on functions even with respect to X has a resonance, exponentially
narrow in terms of the distance between the points and the line, while the odd one
has a embedded eigenvalue independently of the distance. On the other hand, if
the mirror symmetry is violated, be it by changing one of the point distances or
one of the coupling constants, the latter turns into a resonance and one can derive
a weak-perturbation expansion [EK04] in a way similar to those of Section 4.1.

Let us also note that the explicit form of the resolvent given in Theorem 9.1
makes it possible to find the on-shell S-matrix from energies from the interval
(—}1042,0), that is, for states travelling along the ‘wire’, and to show that their
poles coincide with the resolvent poles; for m = 1 this is done in [EK04].

9.3. Decay of the ‘dot’ states

The present model gives us one more opportunity to illustrate relations between
resonances and time evolution of unstable systems, this time on bound states
of the quantum ‘dots’ decaying due to tunneling between them and the ‘wire’.
By assumption (9.3) there is a nontrivial discrete spectrum of H s embedded in
(—}1042, 0), and the respective eigenfunctions are

i=1
where in accordance with [AGHH, Sec. I1.3] the coefficient vectors d\/) € C™ solve
the equation T'y;(¢;)d) = 0 and the normalization condition ngbl(-j) | =1 gives
m i—1
‘d(j)|2 + 2Re ZZ dE])d,(f)(qSZ(»]),qﬁ,(j)) —1.
i=2 k=1

In particular, d¥) = 1if n = m = 1; if m > 1 and the distances between the points
of II are large, the natural length scale being given by (—ej)_l/ 2 the cross terms
are small and the vector lengths |d\)| are close to one.

Let us now identify the unstable system Hilbert space H, = F,L?(R?) with
the span of the vectors 1, ...,1,,. The decay law of the system prepared at the
initial instant ¢ = 0 at a state ¢ € H, is according to (2.1) given by the formula

Py(t) = [|Bye™ = nty2,

We are particularly interested in the weak-coupling situation which in the present
case means that the distance between ¥ and II is a large at the scale given by
(—em)_l/ 2. Let us denote by E; the one-dimensional projection associated with
the eigenfunction v, the one can make the following claim [EIK07].
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Theorem 9.3. Suppose that H, g has no embedded eigenvalues. Then, with the
notation introduced above, we have in the limit |b] — 0, i.e., dist (X,1I) — oo

HEj efiHa,thpj _ efizjtij N 07
pointwise in t € (0,00), which for n =1 implies |Py, (t) — e*™ =t — 0 as |b] — 0.

Let us add a couple of remarks. The result implies more generally that for
large values of dist (X, II) the reduced evolution can be approximated by a semi-
group. On the other hand, despite the approximately exponential decay in the case
n = 1 the lifetime defined as Ty, = [~ Py, (t) dt diverges; the situation is similar to
those mentioned is Sections 3 and 5.1: the operator H, g has a bound state which
is not exactly orthogonal to vy for b # 0, cf. [EK04], hence lim;_, o Py, (t) # 0.
Furthermore, the decay of the ‘dot’ states in this model offers a possibility to com-
pare the ‘stable’ dynamics, i.e., evolution of vector in H, governed e *Hs? with
the Zeno dynamics obtained from e~*7=.5! by permanent observation. cf. [EIK07]
for details. Finally, let us finally mention that a related model with a singular
interaction in R® supported by a line and a circle and resonances coming from a
symmetry violation has been investigated recently in [Kol2].

10. Generalized graphs

In the closing section we will mention another class of solvable models in which
resonances can be studied, which may be regarded as another generalization of the
quantum graphs discussed in Section 7. What they have in common is that the
configuration space consists of parts connected together through point contacts. In
the present case, however, we consider parts of different dimensions; for simplicity
we limit ourselves to the simplest situation when the dimensions are one and two.

10.1. Coupling different dimensions

To begin with we have to explain how such a coupling can be constructed. The
technique is known since [ES87], we demonstrate it on the simplest example in
which a half-line lead is coupled to a plane. In this case the state Hilbert space

is L2(R™) @ L?(R?) and the Hamiltonian acts on its elements (Jf”f“‘d) (belonging

locally to W?22) as (72‘%;?:9), to make such an operator self-adjoint one has
to impose suitable boundary conditions which couple the wave functions at the
junction.

The boundary values to enter such boundary condition are obvious on the
lead side being the columns of the values 9icaqa(0+) and ., ,(0+). On the other
hand, in the plane we have to use generalized ones analogous to those appearing in
the first relation of (9.1). If we restrict the two-dimensional Laplacian to functions
vanishing at the origin and take an adjoint to such an operator, the functions in
the corresponding domain will have a logarithmic singularity at the origin and the
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generalized boundary values will be the coefficients in the corresponding expansion,

1
'(/Jplane(x) = _27'(' Lo(wplane) In ‘SL" + Ll(wplane) + 0(‘56‘) ;

using them we can write the sought coupling conditions as

wl/ead (OJF) = Aicad (OJF) + ZWC’LO(qpplaHC) s
Ll(d}planc) == Cwlcad(0+) + DLO (wplanc) 5

where A, D € R and C' is a complex number, or more generally

) () =

with appropriately chosen matrices A, B in analogy with (7.2), however, for our
purpose here the generic conditions (10.1) are sufficient.

(10.1)

As in the case of quantum graphs the choice of the coupling based on the
probability current conservations leaves many possibilities open and the question
is which ones are physically plausible. This is in general a difficult problem. A
natural strategy would be to consider leads of finite girth coupled to a surface
and the limit when the transverse size tends to zero. While for quantum graphs
such limits are reasonably well understood nowadays [Gr08, EP09, CET10, EP13],
for mixed dimensions the current knowledge is limited to heuristic results such as
the one in [ES97] which suggests that an appropriate parameter choice in (10.1)
might be

A= b B:\/27T, c= Y De_mp, (10.2)
2p p V2mp

where p is the contact radius. At the same time, other possibilities have been con-

sidered such as the simplest choice keeping just the coupling term, A = D = 0, or

an indirect approach based on fixing the singularity of the Hamiltonian Green’s

function at the junction which avoids using the coupling conditions explicitly

[Ki97].

While the example concerned a particular case, the obtained coupling con-
ditions are of a local character and can be employed whenever we couple a one-
dimensional lead to a locally smooth surface. In this way one can treat a wide class
of such systems, in particular to formulate the scattering theory on configuration
spaces consisting of a finite numbers of manifolds, finite and infinite edges — one
sometimes speaks about ‘hedgehog manifolds’ — cf. [BGO3].

Before turning to an example of resonances on such a ‘manifold’ let us men-
tion that while the system of a plane and a half-line lead considered above has at
most two resonances coming from the coupling, one can produce an infinite series
of them if the motion in the plane is under influence of a magnetic field. The same
is true even if Laplacian is replaced by a more complicated Hamiltonian describing
other physical effects such as spin-orbit interaction — cf. [CE11].
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10.2. Transport through a geometric scatterer

Let us look in more detail into an important example in which we have a ‘geometric
scatterer’ consisting of a compact and connected manifold 2, which may or may
not have a boundary, to which two semi-infinite leads are attached at two different
points x1, x2 from the interior of 2. One may regard such a system as a motion on
the line which is cut and the loose ends are attached to a black-box object which
can be characterized by the appropriate transfer matrix, (;L,((%i))) = L(Zj,((%:))). To
find the latter one has to fix the dynamics: we suppose that the motion on the
line is free being described by the negative Laplacian, while the manifold part of
the Hamiltonian is Laplace-Beltrami operator on the state Hilbert space L?(£2) of
the scatterer; they are coupled by conditions (10.1) with the coefficients indexed
by j = 1,2 referring to the ‘left’ and ‘right’ lead, respectively.

We need the Green function G(., .; k) of the Laplace—Beltrami operator which
exists whenever the k2 does not belong to the spectrum. Its actual form depends
on the geometry of € but the diagonal singularity does not: the manifold {2 admits
in the vicinity of any point a local Cartesian chart and the Green function behaves
with respect to those variables as that of the Laplacian in the plane,

1
G(xay;k)zi T ln‘x7y|+0(1)7 “T*y|*>0

2
Looking for transient solutions to the Schrodinger equation at energy k2, we note
that its manifold part can be written as u(z) = a1G(z,x1; k) + a2G(z, x2; k),
cf. [Ki97], which allows us to find the generalized boundary values

s
Lo(z;) ==, In(w;) = a;€(x;, k) + ag—; G(1, 22; k)
for j = 1,2, where we have employed the regularized Green function at x;,
In |z—x|
k)= 1 G ik I 10.3
§(zj; k) ILH;J (z, 255 k) + o ( )

Let u; be the wave function on the jth lead; using the abbreviations u;, u; for
its boundary values we get from the conditions (10.1) a linear system which can
be easily solved [ETVO01]; it yields the transfer matrix in terms of the quantities
Zj = ;17]7 + & and A = g2— Z1Z,, where & := £(z;;k) and g := G(w1,22; k).
The expression simplifies if the couplings are the same at the two junctions; then
det L = 1 and the transfer matrix is given by

1 Zy+ A -25
g\ 2o AZ+22) - SN ANtz )

From here one can further derive the on-shell scattering matrix [ETV01], in par-
ticular, the reflection and transmission amplitudes are
_ Loy + ik(LQg*Lll) + k%L1 _ 2ik )
Loy — ik(Log+L11) — k?Lig’ Loy — ik(Log+L11) — k2L’
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they naturally depend on k through ¢ and g, and satisfy |r|?+[¢|?> = 1. To find these
quantities for a particular 2 we may use the fact that it is compact by assump-
tion, hence the Laplace—Beltrami operator on it has a purely discrete spectrum.
We employ the eigenvalues, {\,}52;, numbered in ascending order and with the
multiplicity taken into account, corresponding to eigenfunctions {¢,}22; which
form an orthonormal basis in L?(£2). The common Green function expression then

gives

i ¢n Ty ¢n 1‘2)
ot Ap— k2 ’

while the regularized value (10.3) can be expressed [ES97] as

> ()2 1

wrt) = 3 (L - ) e,
n=1

where the series is absolutely convergent and the constant ¢(€2) depends on the

manifold G. Note that a nonzero value of ¢(£2) amounts in fact just to a coupling

parameter renormalization: D, has to be changed to D;+ 2mc(9).

Several examples of such a scattering has been worked out in the literature,
mostly for the case when  is a sphere. If the coupling is chosen according to
(10.2) and the leads are attached at opposite poles, the transmission probability
has resonance peaks around the values \,, where the transmission probability is
close to one, and a background, dominating at high energies, which behaves as
O(k=2(Ink)~1), cf. [ETVO1]. Similar behavior can be demonstrated for other cou-
plings at the junctions [Ki97]; the background suppression is faster if the junctions
are not antipolar [BGMP02]. Recall also that this resonance behavior is manifested
in conductance properties of such systems as a function of the electrochemical po-
tential given by the Landauer-Biittiker formula, see, e.g., [BGMP02].

10.3. Equivalence of the resonance notions

Let us return finally to a more general situation? and consider a ‘hedgehog’ con-
sisting of a two-dimensional Riemannian manifold 2, compact, connected, and
for simplicity supposed to be embedded into R?, endowed with a metric g,s, to
which a finite number n; of half-line leads is attached at points z;, j =1,...,n
belonging to a finite subset {z;} of the interior of Q; by M = > .n; we de-
note the total number of the leads. The Hilbert space will be correspondingly
H = L2(2/lg do) & @71, L2RY).

Let Hy be the closure of the Laplace-Beltrami operator —g~1/20,.(g'/2¢"*0,)
defined on functions from C§°(Q); if 9Q # O we require that they satisfy there
appropriate boundary conditions, either Neumann/Robin, (9, + ) floa = 0, or
Dirichlet, f|sn = 0. The restriction H)), of Hy to the domain {f € D(Hy) : f(z;) =

4Considerations of this section follow the paper [EL13]. Similarly one can treat ‘hedgehogs’ with
three-dimensional manifolds, just replacing logarithmic singularities by polar ones.
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0, j =1,...,n} is a symmetric operator with deficiency indices (n,n). Further-
more, we denote by H; the negative Laplacian on L2(R$)) referring to the ith
lead and by H] its restriction to functions which vanish together with their first
derivative at the half-line endpoint. The direct sum H' = Hy® H| & --- ® H), is
obviously a symmetric operator with deficiency indices (n + M,n + M).

As before admissible Hamiltonians are identified with self-adjoint extensions
of the operator H' being described by the conditions (7.2) where U is now an (n+
M) x (n+ M) unitary matrix, I the corresponding unit matrix, and furthermore,
U = (Lii(f)s- -, L1n(f), f1(0), ..., fo(0)T and is ¥’ the analogous column of
(generalized) boundary values with L; ;(f) replaced by Lo ;(f) and f1(0) by f7(0),
respectively. The first n entries correspond to the manifold part being equal to the
appropriate coefficients in the expansion of functions f € D(H) the asymptotic
expansion near x;, namely f(z) = Lo ;j(f)Fo(z,z;) + L1;(f) + O(r(x,z;)), where

@2z, ;)

27
with r(x, z;) being the geodetic distance on §2; according to Lemma 4 in [BG03] ¢
is a continuous functions of = with ¢;(x;,z;) = 1. The extension described by such
conditions will be denoted as Hy. We are naturally interested in local couplings;
in analogy with considerations of Section 7.1 we can work with one ‘large’ matrix
U and encode the junction geometry in its block structure.

Another useful thing we can adopt from the previous discussion is the possi-
bility to employ conditions (U; (k) —I)d;(f)+i(U;(k)+1)c;(f) = 0 on the manifold
Q itself with the effective, energy-dependent coupling described by the matrix

Uj(k) = Urj — (1 = k)Uz;[(1 — k)Usj — (k + 1)1 7 Us,

Fo(z,z;) = Inr(z,z;)

at the jth lead endpoint, where U;; denotes top-left entry of U;, Uy; the rest of
the first row, Us; the rest of the first column and Uy; is nj x n; part corresponding
to the coupling between the leads attached to the manifold at the same point.

To find the on-shell scattering matrix at energy k2 one has to couple solutions
aj(k)e”™** + b;(k)et*® on the leads to solution on the manifold and to look at
the continuation of the result to the complex plane. On the other hand to find
the resolvent singularities, we can again employ the complex scaling and to find
complex eigenvalues of the resulting non-selfadjoint operator. In both cases we
need the solution on the manifold; modifying the conclusions of [Ki97] mentioned
above we can infer that it has to be of the form f(z, k) = >27_, ¢;G(x,25; k),

Consider first the scattering resonances. Denoting the coefficient vector of
f(x, k) as ¢ and using similar abbreviations a for the vector of the amplitudes of
the incoming waves, (a1(k),...,anm(k))T, and b for the vector of the amplitudes
of the outgoing waves, one obtains in general a system of equations,

A(k)a + B(k)b + C(k)c = 0,

in which A and B are (n + M) x M matrices and C is (n + M) X n matrix the
elements of which are exponentials and Green’s functions, regularized if necessary;
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what is important that all the entries of the mentioned matrices allow for an
analytical continuation which makes it possible to ask for complex k for which the
above system is solvable. For k3 ¢ R the columns of C (ko) are linearly independent
and one can eliminate ¢ and rewrite the above system as

A(ko)a+ B(ko)b =0,

where A(ko) and B(ko) are M x M matrices the entries of which are rational
functions of the entries of the previous ones. If det A(ky) = 0 there is a solution
with b = 0, and consequently, kg should be an eigenvalue of H since Imky < 0
and the corresponding eigenfunction belongs to L?, however, this contradicts to the
self-adjointness of H. Next we notice that the S-matrix analytically continued to
the point ko equals —B(ko) ' A(ko) hence its singularities must solve det B(k) = 0.

On the other hand, for resolvent resonances we use exterior complex scaling
with argd > argkgy, then the solution aj(k)e_“” on the jth lead, analytically
continued to the point k = kg, is after the transformation by Uy exponentially
increasing, while b;(k)e?*® becomes square integrable. This means that solving in
L? the eigenvalue problem for the complex-scaled operator one has to find solutions
of the above system with a = 0 which leads again to the condition det B(k) = 0.
This allows us to make the following conclusion.

Theorem 10.1. In the described setting, the hedgehog system has a scattering res-
onance at kg with Imky < 0 and k:g ¢ R iff there is a resolvent resonance at k.
Algebraic multiplicities of the resonances defined in both ways coincide.
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Abstract. We continue the investigations of Kirsch, Metzger and the second-
named author [J. Stat. Phys. 143, 1035-1054 (2011)] on spectral properties
of a certain type of random block operators. In particular, we establish an
alternative version of a Wegner estimate and an improved result on Lifschitz
tails at the internal band edges. Using these ingredients and the bootstrap
multi-scale analysis, we also prove dynamical localization in a neighbourhood
of the internal band edges.
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1. The model and its basic properties

Random block operators arise in several different fields of Theoretical Physics.
In this paper we are concerned with those that are relevant to mesoscopic disor-
dered systems such as dirty superconductors. In this context, block operators are
used to describe quasi-particle excitations within the self-consistent Bogoliubov-
de Gennes equations. It turns out that such block operators fall in 10 different
symmetry classes [AZ97]. As in the previous paper [KMM11], we will consider one
particular symmetry class, class C1, and refer to [KMM11] for further discussions
and motivations.

Given some Hilbert space H, we write £(#H) for the Banach space of all
bounded linear operators from H into itself. In this paper we are concerned with
the Hilbert space H? := (2(Z¢) @ ¢*(Z%), the direct sum of two Hilbert spaces of
complex-valued, square-summable sequences indexed by the d-dimensional inte-
gers Z®. We also fix a probability space (2, F,P) with corresponding expectation
denoted by E.
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Definition 1.1. In this paper a random block operator is an operator-valued random
variable
0 — L(H?)

H:

e T <Hw BY > (1.1)

BY _H¥
with the following three properties:
(i) For P-a.e. w € Q the operator H¥ := Hy + V* € L(I*(Z%)) is the discrete
random Schrodinger operator of the Anderson model. More precisely, Hy
stands for the negative discrete Laplacian on Z?, which is defined by

(Hoy)(n) := — > [Y(m) = (n)] (1.2)

mezZd: Im—n|=1

for every v € (?(Z?) and every n € Z?. We always stick to the 1-norm
d
In| =351 Injl of n=(n1,...,na) € 7.
The random potential is induced by a given family (w +— V¥),,cza of
i.i.d. real-valued random variables on {2 with single-site measure py of com-

pact support in R. Thus, the multiplication operator given by
(V<) (n) := Vi (n) (1.3)

for every ¢ € £2(Z%) and every n € Z% is well defined and bounded for P-a.e.
w € Q. Also, H¥ is self-adjoint and bounded for P-a.e. w € Q.

(ii) For P-a.e. w € ) the operator B* € L(¢*(Z%)) is the multiplication operator
induced by the family (w — BY),cza of i.i.d. real-valued random variables
on () with single-site measure up of compact support in R.

(iii) The family of random variables (V},),cze is independent of the family
(Bn)nGZd~

Remarks 1.2.

(i) Conditions (i) and (ii) in Definition 1.1 imply that the random block operator
H is P-a.s. self-adjoint and bounded.

(ii) Block operators of the form (1.1) have a spectrum that is symmetric around
0, i.e., E € R belongs to the spectrum o(IH*), if and only if this is also true
for —E [KMM11, Lemma 2.3].

(iii) The random block operator H is ergodic with respect to Z9-translations, see
[KMM11] for more details. Therefore, standard results imply the existence
of a non-random closed set ¥ such that o(H) = ¥ holds P-a.s. [K89, K08,
CL90, PF92]. This non-randomness also extends to the components in the
Lebesgue decomposition of the spectrum.

In order to count eigenvalues we introduce a restriction of random block operators
to bounded regions of space Z%. Given L > 0 we write Ay :=] — L/2, L/2["NZ?
for the discrete cube of “length L” about the origin and Ay (n) :=n + Ay for its
shifted copy with centre n € Z<.
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Definition 1.3. Given a cube Ay, C Z?, we define the finite-volume Hilbert space
H2 = (?(AL) ® (*(AL) and the finite-volume random block operator

Q — L(H2)
]HAL = ]HL : Hw Bw s (14)
w . L
wr— HY = <B“’ —Hf)
where Hy, := Hy + V and Hy, is the discrete Laplacian on Ay with simple
boundary conditions. Its matrix entries are given by Ho r(n,m) := (dp, Hodm)

for n,m € A, with (0,),cz¢ denoting the canonical basis and (-, ) the canoni-
cal scalar product of £2(Z%). The random multiplication operators V and B are
restricted to £2(Ar) in the canonical way.

Remarks 1.4.

(i) The operator HY is well defined, bounded and self-adjoint for P-a.e. w € .
(ii) Simple boundary conditions are sufficient for most of our purposes here. We
refer to [KMM11] for other useful restrictions of such types of block operators.

We write | M| for the cardinality of a finite set M and introduce the normal-

ized finite-volume eigenvalue counting function
1

Ny, (E) = 2AL| ’O‘(IHL) ﬂ] — OO,E} ‘ = 2AL| tl"Hz}J [1]700,E](]HL)]> (15)
which is a non-negative random variable for every E € R. Here, 15 stands for
the indicator function of a set G and try for the trace over some Hilbert space
H. The existence and self-averaging of the macroscopic limit of Ny, (E) is also a
consequence of ergodicity.

1

Lemma 1.5 ((KMM11, Lemma 4.8]). There exists a (non-random) right-continuous
probability distribution function N : R — [0, 1], the integrated density of states of
H, and a measurable subset Qo C Q of full measure, P() = 1, such that

N(E) = lim Ny (E) = lim E[Ny, (E)] (1.6)
L—o0 L—o0
holds for every w € o and every continuity point E € R of IN.

Since o(H) = X holds P-a.s., one can ask for the precise location of this almost-sure
spectrum. A partial answer is given by

Lemma 1.6 ([KMM11, Lemma 4.3]). Consider the random block operator H of
Definition 1.1. Then we have P-a.s.

{#VE2+52: Eco(H),peswp(up)} Coll) C[-rr],  (17)
where 1 1= SUPpe oy | E] + SUPgesupp(up) 18-

We say that an interval |aq, as[, where a1,as € R with a1 < ag, is a spectral
gap of a self-adjoint operator A, if a1, as][ N 0(4) = @ and ay,a2 € o(4). In
order to determine the spectral gap of H, we will combine the above lemma with
a deterministic result.
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Lemma 1.7 ([KMM11, Prop. 2.10]). Consider the random block operator H of
Definition 1.1. Then we have for P-a.a. w € Q:

(i) If there exists X > 0 such that inf supp py > A, then
cl)YN] =\ A[=2. (1.8)
(i) If there exists B > 0 such that inf supp up > 3, then
o(H) ] - 8, 8] = 2. (1.9)
(iii) If there exist A, B > 0 such that inf supp py > A and inf supp ug > 8, then
o(H) N ] — /A2 4 62, /A2 4 52 = 2. (1.10)
Remark 1.8. Lemmas 1.6 and 1.7 together provide the following two statements.

(i) If A := infsupppuy > 0 and 0 € supp pup, then | — A, A[ is P-a.s. a spectral
gap of H around 0.

(i) If X\:=infsupppy >0 and §:=infsuppup >0, then | — /A2 42,/ 4 2]
is P-a.s. a spectral gap of H around O.

For completeness and later use we review the main result of [KMM11], which
is a Wegner estimate for the operator H. In the next section we provide a new
variant of this result. We write || f|| 5, for the total variation norm of some function
f:R—=R

Theorem 1.9 (Wegner estimate [KMM11, Thm. 5.1]). Consider the random block
operator H of Definition 1.1 and assume that at least one of the following condi-
tions is met.

(1) There exists A > 0 such that inf supp py > X\ and py is absolutely continuous
with a piecewise continuous Lebesque density ¢y of bounded variation and
compact support.

(2) There exists 8 > 0 such that inf supp ug > 8 and pp is absolutely continuous
with a piecewise continuous Lebesque density ¢p of bounded variation and
compact support.

Then the integrated density of states N of H is Lipschitz continuous and has a
bounded Lebesgue derivative, the density of states D := dIN/dE.

Furthermore, if hypothesis (1) holds, then we have for Lebesgue-a.a. E € R
that

|E|+1
p(E) <2 oy, (111)
In case of hypothesis (2), we get the estimate
|E|+1
D(E) <2 5 l¢sll 5y (1.12)

for Lebesgue-a.a. E € R.
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2. Results

In this section we present the results of this paper. All proofs are deferred to
subsequent sections. We start with a variant of Theorem 1.9.

Theorem 2.1 (Wegner estimate). Consider the random block operator H of Defini-
tion 1.1 and assume that inf supp puy > 0 and inf supp up > 0. Assume further that
the single-site measures py and pp are both absolutely continuous with piecewise
continuous Lebesque densities ¢v, ¢p of bounded variation and compact support.
Then the integrated density of states IN is Lipschitz continuous with a bounded
Lebesgue derivative D = dIN/AE satisfying

D[l < 2(llov gy + llolsy )- (2.1)
Remarks 2.2.

(i) As compared to the hypotheses of the Wegner estimate from [KMMI11] in

Theorem 1.9, the above result constitutes an improvement in that neither
H nor B have to be bounded away from 0. The price we have to pay is
that both operators are required to be non-negative and that both probability
distributions are assumed to be sufficiently regular.

(ii) As compared to the results of Theorem 1.9, we note that the present Wegner
estimate is uniform in energy.

(iii) After completing this work, A. Elgart informed us that he can obtain a Weg-
ner estimate for H which does not require assumptions on the supports of
wy or pup [E12].

Next we consider the spectral asymptotics of the integrated density of states
IN of H at the internal band edges.

Theorem 2.3 (Internal Lifschitz tails — upper bound). Consider the random block
operator H of Definition 1.1. Assume that A\ := infsuppuy > 0 and that the
support of the measure y consists of more than a single point. Assume further
that one of the following conditions is met
(1) §:=infsupp s > 0,
(2) B :=supsupppup <0,
(3) 0 € supp pp, in which case we set 5 := 0.
Then we have
In [In [N(y/A2 + 82 4+ €) = N(V/22 + 82)]|
lim sup < —a (2.2)
N0 Ine
with o = d/2 in all cases except the case A =0 and B # 0, where a = d /4.

Remarks 2.4.

(i) An analogous result holds when approaching the upper edge of the lower
band —\/)\2 + /32 from below.

(ii) There is no conflict in the definition of 8 in Theorem 2.3 if several of the
conditions (1)—(3) hold, because this case is only possible with 8 = 0.
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(iii) If A > 0 or B # 0, then £,/A\2 + 32 are the endpoints of the spectral gap
of H; see Remark 1.8. To apply this remark in the case (2), use also unitary
equivalence of (% 5 ) and (_153 :g).

(iv) Theorem 2.3 is a generalization of [KMM11, Thm. 6.1] which applies only to
A>0and 8=0.

A (mostly) complementary lower bound is provided by

Theorem 2.5 (Internal Lifschitz tails — lower bound). Consider the random block
operator H of Definition 1.1. Assume that X\ := inf supp py > 0 and that one of the
cases (1)=(3) in Theorem 2.3 applies. Assume further the existence of constants
C,k > 0 such that for all sufficiently small n > 0 the bounds

pv (MNA+nl) >Cn* and  pp(]8—n,8+n]) = Cn* (2.3)

hold. Then we have

In [In [N(y/A% + 82 4+ ¢) = (V22 + 82)]|
lim inf

eN\0 Ine

> —d/2. (2.4)

Remarks 2.6.

(i) Taken together, Theorems 2.3 and 2.5 imply that the random block opera-
tor H exhibits Lifschitz tails at the edges of its spectral gap with Lifschitz
exponent d/2 for all values A > 0 and 8 € R.

(ii) Even in the case A = 8 = 0, the block operator H exhibits Lifschitz tails
with Lifschitz exponent d/2 at energy zero. We note that there is no internal
spectral edge at energy zero in this case.

(iii) In the case A = 0 and S # 0 we believe that the correct value of the Lif-
schitz exponent is d/2 (rather than d/4), as given by the lower bound in
Theorem 2.5.

Finally, we turn to the Anderson localization of H in a neighbourhood of the
internal band edges. The following notion will be useful for the formulation of the
result.

Definition 2.7. Given a bounded operator A on the Hilbert space H? and n,m €
74, we introduce its 2 x 2-matrix-valued matrix element

((5)(5)) €6)2 ()

A(n,m) := . (2.5)

() (0)) €6) ()
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Here (-,-) stands for the canonical scalar product on the Hilbert space H?2. We
also fix some norm || - ||2x2 on the vector space of complex-valued 2 x 2-matrices.

Theorem 2.8 (Complete localization). Consider the random block operator H of
Definition 1.1 and assume the hypotheses of Theorem 2.3. Assume further the
hypotheses of Theorem 1.9 or Theorem 2.1. Then there exist constants 0 < ( < 1,
C¢ > 0 and an energy interval I := [—a,a], where a > 0, such that I No(H) # @
holds P-a.s. and

¢ (Ifslup<1 H(II(H)JC(H))(WW)sz) < Ceelnmml’ (2.6)

for all n,m € Z%. The supremum in (2.6) is taken over all Borel functions R — C
that are pointwise bounded by 1.

Remark 2.9.

(i) The choice of the matrix norm || - ||2x2 is not crucial here. It can be replaced
by any other matrix norm on the space of 2 x 2 matrices.

(ii) Our proof of the theorem relies on the bootstrap multi-scale analysis of Ger-
minet and Klein [GKO01]. In fact, the general formulation of the bootstrap
multi-scale analysis in [GKO01] allows an immediate and straightforward ap-
plication to the present setting of random block operators. An alternative
proof of localization has been carried out previously in [ESS12]. It adapts the
fractional-moment method to rather general k x k-block operators for k > 2
and applies in the strong-disorder regime. We would like to advertise the sim-
plicity of extending the bootstrap multi-scale analysis to our block-operator
setting.

(iii) Further equivalent characterizations of the region of complete localization
can be found in [GK04, GKO06].

The RAGE Theorem leads to the following well-known corollary of Theorem 2.8.

Corollary 2.10 (Spectral localization). Under the assumptions of Theorem 2.8
there is only pure point spectrum in I, that is

o(H) N T = opp(H) N T (2.7)

holds P-a.s., and the eigenfunctions of H associated with eigenvalues in I decay
exponentially at infinity.

3. Proof of the Wegner estimate

The following proof of Theorem 2.1 is close to the one given in [KMM11], the main
difference being Lemma 3.1 below.

Proof of Theorem 2.1. In order to stress the dependence of the finite-volume op-
erator on the families of random variables V := (V,,),,cz¢ and B := (By,)pezd, We
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use the notation Hy, = Hy,(V, B) whenever appropriate. Since
P (all eigenvalues of Hy, are non-degenerate) = 1, (3.1)

see, e.g., [KS80, Prop. II.1], we infer from analytic perturbation theory that for P-
a.e. (V, B) the distinct eigenvalues E; = E;(V, B), j = 1,...,2|AL|, of H.(V, B),
which are ordered by magnitude, are all continuously differentiable (separately in
each V,, and each B, for n =1,...,|Az|) in the point (V, B). For the time being
we fix E > 0 and € > 0 with 3¢ < E. Consider a switch function p € C*(R), i.e., p
is continuously differentiable, non-decreasing and obeys 0 < p < 1, with p(n) =1
for n > e and p(n) = 0 for n < —e. Monotonicity gives the estimate

2|AL
tr32 [1p—cpae (HL)] < > [p(Bj — E+2¢) — p(E; — E — 2¢) ]
j=1
E+2e¢  2/AL]
D IR (3.2)
E—2¢ j=1

We infer from the chain rule that

o 9
> <6Vn + aBn) p(E;(V,B) - n)
et 5 5 (3.3)

=0/ (E;(V,B)=n) > (3Vn + 8Bn)Ej(V’B)

neAL

for all j, all n and P-a.a. (V, B). Unlike the standard Anderson model, the eigen-
values E;(V, B) are neither monotone in the V,,’s nor in the B,,’s, but the choice of
e ensures that only positive eigenvalues contribute to the j-sum in (3.2). Therefore
we apply Lemma 3.1 to (3.3), and estimate p’ in (3.2) according to

JEVB )< S (g 40 JABEB ). @)

neAL

Taking the expectation of (3.2) and using its product structure, we obtain
E{ tryg2 [Lg—c mre(Hr)] }

S/Eb::jedﬁ ZL /RMLl( H d,UV(Vk)dNB(Bk)>

keAL (3'5)

X Z; (a?/ +agn>p(Ej(V,B)7]).
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Each term of the n-sum in the previous expression can be rewritten as

/R?ALI2< H d“V(Vk)dﬂB(Bk))

kEAL: k#n
2|AL|
X [/Rdug( /duv Z 8V V,B) —n) (3.6)
2/AL|

+/Rduv(V /duB Z@B J(ViB) —n)|.

Functions like X,, — F(X,,) := Z?:Al” p(E;(V,B)—n), where X stands for V
or B, are non-monotone in general. But analytic perturbation theory ensures that
F € CH(R). Moreover, |F(z)— F(2')] < 2 for all 7, 2" € R by a rank-2-perturbation
argument. Therefore, Lemma 5.4. in [KMM11] implies

2|AL|

Janx(x, Z&X V.B) ) <2 oxll (37)
for both X =V and X = B. Thus, we conclude from (3.5)—(3.7) that

E{ trrs [Up—emra()] } < 8cldel (v Iy + 10815 )  (3:8)

for every E > 0 and every 0 < € < FE/3. This bound and dominated conver-
gence establish Lipschitz continuity of the integrated density of states IN on R+
with Lipschitz constant 2 (||¢v | gy, + ¢8| 51)- But due to the symmetry of the
spectrum, see Remark 1.2(ii), this extends to R\ {0}. Furthermore, since IN is a
continuous function on the whole real line R — which follows from standard argu-
ments as in [K08, Thm. 5.14] — this yields Lipschitz continuity on R with the same
constant. O

One of the main estimates in the previous proof is provided by the following
deterministic result.

Lemma 3.1. Assume that Hy, > 0, By, > 0 and let E(V,B) > 0 be a simple
eigenvalue of Hy(V, B). Then we have

> (8\6/n + agn) E(V,B) > 1. (3.9)

neAr

Proof. Let ¥ = (11,1%2) be a normalized eigenvector corresponding to the eigen-
value E = E(V, B) of the operator Hy, = H(V, B), i.e., (¢1,91) + (2,102) =1
and

Hpyn + Bye = Ev,

Buy — Hydby = Evps. (3.10)
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The Feynman-Hellmann formula for a non-degenerate eigenvalue and (3.10) imply

0 0
3 (3‘/3' +<9Bj>E

JEAL

= E ((1,91) — (2, ¥2) + (Y1, 92) + (12, ¢1))

= (Y1, Hpr + Bapa) — (B — Hpabe, ha) + (Y1, By — Hpaa)
+ (12, Hpth1 + Bipa)

= (Y1, Hepn) + (o, Hpwo) + (b1, Bin) + (2, Bip) .

In the last step we used that the operator Hy, is a real symmetric matrix and,
therefore, the eigenvector ¥ can be chosen to be real. Since B > 0, we have

(Y1, BYn) + (2, Bipa) > (Y1, Bb2) + (2, Bir) . (3.12)

This and Hy, > 0 yield the lower bound
(1, Hupn + Bia) + (2, By — Hpho) = E ((¥1,91) + (2, 42)) = B (3.13)
for the r.h.s. of (3.11). O

(3.11)

4. Proof of Lifschitz tails

In this section we prove Theorems 2.3 and 2.5.
The idea behind the proof of Theorem 2.3 is to estimate the integrated density
of states of H in terms of the integrated density of states of the operator

H(B) = (; f’},) , (4.1)

on H?, where 3 is as in Theorem 2.3 and 1 denotes the unit operator on ¢?(Z%).
This is useful because we explicitly know the relation between the spectra of H(5)
and H, and because the discrete Schrodinger operator H of the Anderson model
exhibits Lifschitz tails at the edges of its spectrum. For the lower spectral edge of
H the upper Lifschitz-tail estimate is summarized in the next lemma, for a proof
see, e.g., [CLI0, PF92, K89].

Lemma 4.1 (Upper Lifschitz-tail estimate for H). Let H be the discrete random
Schrddinger operator of the Anderson model as in Definition 1.1. Assume in ad-
dition that the single-site probability measure py is not concentrated in a single
point. Then, the integrated density of states Ny of the operator H obeys

In|In [Ng (X + €)]| d

li < - 4.2
mEP e STy (42)

where X\:=infsuppuy =info(H) is the infimum of the almost-sure spectrum of H.
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The remaining arguments needed for the proof of Theorem 2.3 are all deter-
ministic. The next lemma, which is a particular case of [T08, Thm. 1.9.1], provides
a variational principle for the positive spectrum of the finite-volume block opera-
tor Hy,.

Lemma 4.2 (Min-max-max principle). Given A, B and D self adjoint operators
on H = 1?>(AL) with A > —D, define the block operator A := (A B ) on H>.

B —-D
Then

(i) there are precisely |Ar| eigenvalues of A, A1, ..., ANz, |, with \j > supo(—D)
and

(ii) the eigenvalues A; > supo(—D), j =1,...,|AL|, ordered by magnitude and
repeated according to their multiplicity, are given by

2

N \/<<f7Af> ;r <g,D9>) +|(f, Bg)|? }

This variational characterization will serve to relate the positive spectrum
of Hy, to that of Hy(83), which is the restriction of H(8) to H? in analogy with
Definition 1.3. Finally, we relate the spectrum of Hy(8) to that of its diagonal
block H,.

Lemma 4.3 ([KMM11, Prop. 3.1]). The spectrum of Hy () is given by
o(HL(B)) = {+VE2+p%: Eco(Hp)}. (4.4)

Now we are prepared for the

A; = min  max max { (4.3)

VCe3(AL): fFEV: ger®(Ap):
dimv=j [IflI=1 = jg|=1

Proof of Theorem 2.3. Since H > 0 we have Hy, > 0 and can apply Lemma 4.2.
Setting f = g there and noting that P-a.s. 5 = inf (| B|), we infer
Az min - max /(f Hof)? + (f, Bf)?

T vceA(Ap): fEV:
dim V=j llfll=1

>  min max \/<f,HLf>2+ﬁ2
VCce?(Ar): feEV:
dimv=; [Ifll=1 (4.5)

1/2

2

= min max (f, H + 52

<VC132(AL); fev:<f Lf>> p
dimv=; [fll=1

for every j = 1,...,|AL|. We denote the positive eigenvalues of Hy(8) by 0 <
p1 < -+ < pjay |- The min-max principle for Hy, and Lemma 4.3 then imply

Aj 2 1 (4.6)
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for every j = 1,...,|AL|. Symmetry of the spectra of Hy and Hy(5), see Re-
mark 1.2(ii), the strict positivity Hy, > info(H) = A > 0 and Lemma 1.7(iii)
imply

1
N, (VA2 + 82) = Ny, 5) (VA2 + 82) = . (4.7)
Setting E := \/A2 + 2 + ¢ for € > 0, Equations (4.7) and (4.6) give the estimate
Ny, (E£) — Np, (\/)‘2 + BQ)
< Nit, () () = Nig, () (VA% + 52)

= 2‘/1\L‘ ’{MEU(HL(,B)) VRS [\/)\2+ﬁ2>E[H

(4.8)
= 2‘[1\12‘ H{ieo(HL): fi€ ] VE? - 32}
_ ;NHL(\/EQ - p2),

where we have used Lemma 4.3 for the second equality. Therefore we get in the
limit L — oo and using Lemma 4.1

In | In [IN(\/A% + 52 4 €) = N(y/A2 + 52|

lim sup

N0 Ine
tn [1n Ve ([(/32 + 82+ 02 - 2]?))
< lim sup
N0 Ine (4.9)
In|ln N
= lim sup n [In H(i“"g)\
o Elne
d
< _
= To¢
with € = 1 in all cases except the case of A =0 and 8 # 0, where £ = 2. -

In the remaining part of this section we turn to the lower bound for Lifschitz tails.

Proof of Theorem 2.5. We use the Dirichlet-Neumann bracketing. Therefore we
define, following [KMM11, Def. 4.6], the Dirichlet-bracketing restriction of the

block operator as
HP B
Hf = ( BL —H£V> , (4.10)

where HY and HP denote the restriction of H to the cube Ay, L € N, with Neu-
mann, respectively Dirichlet boundary conditions on the Laplacian; for a precise
definition see [K08, Sect. 5.2]. Setting HP := HP — A1, B := B — 31 and using
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Lemma 4.2, we obtain for the jth positive eigenvalue, j =1,...,|AL|,
HPfy — (g, HY
)\j(ﬂ?) _ min max max <fa Lf> <ga Lg>
Ve (Ar): FEV: get®(Ar):llgl=1 2
dimV=; [flI=1 (4.11)

+\/( AP+ Lg>)+,ﬁ+<f7§g>‘z}.

The elementary inequality
VO a2+ (B+b)2< VN4 +a+b (4.12)

holds for every a,b > 0 and A, 5 € R.
Together with the estimate |3 + (f, Bg)| < |8] + (, B2 f)1/2 ] this yields

7D 2 \1/2
MED) S VX484 min 2y {FHPD + (BP0 (@)
dim V=j =

On the other hand, (4.11) implies
N (HP) > /A2 + 52 (4.14)

for every j =1,...,|AL]|.

From this and Lemma 4.2 we conclude that E []N]H{ (V2 + B2)] = 1/2. Simi-
larly, using the symmetry of the spectrum and continuity of the integrated density
of states (cf. the proof of [K08, Lemma 5.13]), we obtain IE[]N(\/)\2 +82)] =1/2.
These two equalities and the estimate IN(E) > IE[]N]HJLr (E)] for every E € R
[KMM11, Lemma 4.8(ii)] yield

\/)\2+52+6 \//\QJFBZ
> E[Ngs (VA2 + 82 + €)] — E[INys (VA + 52)]

> 2\/1 | </\1 (HD) € [V/A2 + 82,/ X2 + 32 + e[) (4.15)
o B /
2 g0, B (W0 HEO) + (0, B2 < o)

for every L € N, € > 0 and every normalized test function v € [2(Ap).

Following [K08, Sect. 6.3], we choose ¢ := delqul(n), where ¢ (n) == 5 —

In]eo for n € Ar. This implies (¢, H{ ¢) < ¢oL~? with some constant ¢y > 0.
Next we choose L to be the smallest integer such that

col™? < ¢/2 (4.16)
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and estimate
P((w, HPY) + (0, B26)'/2 < )
> P (0, (V = M)w) + (0, (B — A1)%0)% < ¢/2)

(4.17)
> ]P’(V neAr: Vin)—A<e/d and |B(n) — §) < 6/4)
= (v (WA +e/aD} ™ s (18— /4,84 /ap )™
The theorem now follows with (4.15) and the assumption (2.3). O

5. Proof of localization

Our proof relies on the bootstrap multi-scale analysis introduced in [GKO01], which
yields complete localization in a rather general setting. Apart from one natural
adaptation for multiplication operators — see below — we are only left to check
whether the assumptions on the random operator are fulfilled by our model. We
start with some notions.

Definition 5.1. We introduce the boundary of a cube A C Z¢ by
ON:={(n,m) €ZXZ": In—m|=1,neA, m¢éA or n¢ A, meA}, (5.1)

its inner boundary by

O'A:={neA:3Im¢A such that [n — m| =1} (5.2)
and its outer boundary by

9°A == {n & A:3m € A such that [n —m|=1}. (5.3)
We write Ay C Ag if A7 C Ay x As. Furthermore for A; © As C Z% we define the
boundary operator Fﬁf =T's, on £?(Ay) in terms of its matrix elements

-1, (n,m) € 04,

0, (n,m) € (Ag x Ag) \ OA;. (5.4)

(0n, LAy O ) = {

We lift 'y, to a bounded operator on £?(As) @ £(A3) by setting
]FAl = FAl D (7FA1). (5.5)

In contrast, given subsets A C A’ C Z¢, we lift the multiplication operator 1 on
?2(A), corresponding to the indicator function of A, to the sum space £2(A') @
22(N) by setting

Tp =15 D 1p. (56)
In slight abuse of notation we also write 1,, := 1y, for n € Z¢. Finally, given
an energy E ¢ o(H,), we use the abbreviation Gy (E) := (Hy — E)~" for the
resolvent of Hy.
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Proof of Theorem 2.8. We apply [GK01, Thm. 3.8] on the Hilbert space H?, with
the random operator H and with 1 playing the role of the multiplication operator
xa in [GKO1]. The deterministic Assumptions SLI and EDI will be checked in
Lemmas 5.2 and 5.3 below. We note a slight structural difference between the
statement of Lemma 5.3 and the EDI-property in [GKO01]: the factor ||[1gop¥] in
(5.12) evaluates ¥ outside the cube A. However, this factor plays only a role in
the proof of Lemma 4.1 in [GKO01], and Eq. (4.3)—(4.4) in that proof show that
this difference is irrelevant.

The next important hypothesis of Theorem 3.8 in [GKO01] is the Wegner
Assumption W, which follows from Theorem 1.9 or 2.1 for our model with b =1
(more precisely from the finite-volume estimates — e.g., (3.8) — in the proofs of those
theorems). The remaining assumptions IAD, NE and SGEFE are obviously correct
because we work with a discrete model with i.i.d. random coupling constants.
Finally, the initial-scale estimate follows from Theorem 5.5 below, see also Remark
3.7 in [GKO1].

Having collected all the aforementioned properties, Corollary 3.12 of [GKO01]
implies that the claim of Theorem 3.8 in [GKO1] holds for all energies in some
interval I := [—a, a], where a > /A2 + 2 so that I overlaps with the almost-sure
spectrum of H according to Lemma 1.6. The claim of Theorem 3.8 in [GKO01] then
reads

2 —In—ml¢

E( sup [[1,1()f@ )Ly, | < Cee "™ (5.7)
[Iflle<1

for all n,m € Z%. Here, ||A| s is the Hilbert-Schmidt norm of an operator A on

H2. To get to our formulation in (2.6) we remark that

ALy |5 = [[A(n,m)]|2x2, (5-8)

where, on the right-hand side, we use the notation introduced in (2.5), and || - ||2x2
stands for the Hilbert—Schmidt norm of a 2 x 2-matrix. Replacing the latter by any
other norm on the 2 x 2-matrices as in (2.6), merely requires a possible adjustment
of the constant C¢. O

Next we deal with the deterministic assumptions required by the bootstrap
multi-scale analysis. The first one is a consequence of the geometric resolvent
equation (5.11).

Lemma 5.2 (SLI). Let Ay T Ax © As. Then we have for E ¢ (o(Hp,) U o (Hy,))
the inequality
Loins Gas (E)La, [| < [[Toin, Gas (E)Loon, [| [[Toin, Gas (E)Ia [, (5.9)
where v > 0 depends only on the space dimension d and the norm s the operator
norm.
Proof. The identity
]HAs = (IHAz @ ]HAS\A2) + ]FA2 (5'10)
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and the resolvent equation imply
15ip,Ga, (E)1y, = —15ipn, Ga, (E)TA, G, (E) 1y,
= —Loin, Gay (E) oo p, Ta, Loin, Ga, (E) LA,

where we used that 'y, 1z, = Lgop, ', 15ip,. Taking the norm and observing
that v := ||I'a, || depends only on the space dimension d, yields the statement. [0

(5.11)

A similar argument proves

Lemma 5.3 (EDI). Let ¥ be a generalized eigenfunction of H with generalized
eigenvalue E and let v be the constant from the previous lemma. Then we have for
any A such that E ¢ o(Hp) andn € A

[T Ul < [[LnGa(E) Lol [Tooa W] - (5.12)
Proof. We infer from (5.10) with A3 = Z¢ and Ay = A that

(]HA ©® ]HZd\A — E)\I/ = —IzV. (5.13)
Since E ¢ o(Hy) and n € A, this implies 1,,¥ = —1,GA(E)IT'A¥. The identity
1AT) =15:4T A1 504 and taking norms finishes the proof. O

The remaining part of this section is concerned with the verification of the
initial-scale estimate.

Definition 5.4. Let § > 0 and E € R. A cube Ap C Z%, L € 6N, is (0, E)-suitable,
if E¢o(Hg) and
Mo, Gay (B)La,,l < L7 (5.14)

Theorem 5.5 (Initial estimate). Consider the random block operator H of Defini-
tion 1.1 and assume the hypotheses of Theorem 2.3. Then there exist constants
0 > d and p > 0 such that for every length L € 6N sufficiently large the following
holds: there exists an energy ar, > /N2 + 52 such that

P(Ayp is (0, E)-suitable) > 1 — L7 (5.15)
for every energy E € [—ay,ar].

We use Lifschitz tails at the internal band edges to prove Theorem 5.5. Lif-
schitz tails arise from a small probability for finding an eigenvalue close to the
spectral edge. This mechanism also yields the high probability for the event in
(5.15). As in the proof of Lifschitz tails for H in Section 4, we will reduce this to
a corresponding statement for H.

Lemma 5.6 (Lifschitz-tail estimate [K08, Eq. (11.23)]). Let H be the discrete ran-
dom Schrédinger operator of the Anderson model as in Definition 1.1. Assume in
addition that the single-site probability measure py is not concentrated in a single
point and let \ := inf supp uy be the infimum of the almost-sure spectrum of H.
Then, given any C,p > 0, we have for every L € N sufficiently large

P(info(Hy) < A+ CL7Y?) < (5.16)

e
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As a second ingredient for the initial-scale estimate we need some natural
decay of the Green function of Hy,.

Lemma 5.7 (Combes—Thomas estimate). For L € N consider the finite-volume
block operator Hy, of Definition 1.3. Fix E € R with dist(E,c(H)) > § for some
§ €10,1]. Then we have for all n,m € Z% that

4
11,Ga, (BE) Ly, < 5 e (0/12d) [n—m| (5.17)

Proof. We have patterned the lemma after [K08, Thm. 11.2], and its proof follows
from a straightforward adaptation to random block operators of the proof there.
Details can be found in [G11]. O

We are now ready for the

Proof of Theorem 5.5. Fix 6 > d, let L € 6N, set ay := \/)\2 + B2+ L7 Y2 and
pick any E € [—ar,ar]. Assuming that the event

inf o(|H|) > ag, + L™/? (5.18)
holds, then the Combes—Thomas estimate yields
112G, (E)Ly, | < 4V/Le In=ml/(24VL) < 4/, o= VE/(484) (5.19)

for allm € O'Ar and allm € A, s3- Thus, provided L is sufficiently large, the event
(5.18) implies that the cube A is (6, E)-suitable. Negating this implication, we
conclude

P(Az is not (0, E)-suitable) < P(info(|Hz|) < ar + L_1/2). (5.20)

The symmetry of the spectrum and the ordering (4.6) of the eigenvalues of the
operators Hy, and Hy(8) gives

P(Az is not (6, E) -suitable)
< P(info(|HL(8)|) < ar + L™'/?)
< B(info([HL(B)) < /(A + OL-1/2)2 4 p2)
=P(info(Hy) <A+ CL™Y?),

(5.21)

where C' > 1 is some L-independent constant, and the equality in the last line
relies on Lemma 4.3. The claim now follows from Lemma 5.6. O
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Magnetic Relativistic Schrodinger Operators
and Imaginary-time Path Integrals

Takashi Ichinose

Abstract. Three magnetic relativistic Schrodinger operators corresponding to
the classical relativistic Hamiltonian symbol with magnetic vector and electric
scalar potentials are considered, dependent on how to quantize the kinetic en-
ergy term /(& — A(x))2 + m2. We discuss their difference in general and their
coincidence in the case of constant magnetic fields, and also study whether
they are covariant under gauge transformation. Then results are reviewed on
path integral representations for their respective imaginary-time relativistic
Schrodinger equations, i.e., heat equations, by means of the probability path
space measure related to the Lévy process concerned.
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1. Introduction

We consider the quantized operator H := H 4 + V corresponding to the symbol of
the classical relativistic Hamiltonian

V(€= A@)2+m?+V(z), (&,z) e RT x RY, (1.1)

for a relativistic spinless particle of mass m under influence of the magnetic vector
potential A(x) and electric scalar potential V() being, respectively, an R%valued
function and a real-valued function on space R%. This H is effectively used in
the situation where one may ignore quantum-field theoretic effects like particles
creation and annihilation but should take relativistic effect into consideration.
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Throughout, the speed of light ¢ and the constant h := h/2m, the Planck’s constant
h divided by 27, are taken to be equal to 1.

If the vector potential A(z) is absent, i.e., A(z) is a constant vector, we can
define H as H = Hy+V, where Hy := v/—A + m?2 with —A the Laplace operator
in R? and V is a multiplication operator by the function V(). We can then realize
not only these Hy and V but also their sum Hy + V' as selfadjoint operators in
L?(R%), so long as we consider some class of reasonable scalar potential functions
V(z). However, when the vector potential A(x) is present, the definition of H
involves some sort of ambiguity. In fact, in the literature there are three kinds
of quantum relativistic Hamiltonians dependent on how to quantize the kinetic
energy symbol /(& — A(z))2 +m?2 to get the first term H4 of H, the kinetic
energy operator.

In this article, we will treat these three quantized operators H1) = HS) +V,
H® = Hf) +V and H® = H1(43) + V corresponding to the classical relativistic

Hamiltonian symbol (1.1) which have the following kinetic energy parts H 1(41)7 H f)

and Hj(f’). At first here, at least in this introduction, we assume for simplicity that
A(x) is a smooth R%valued function which together with all its derivatives is
bounded and that V(z) is a real-valued bounded function.

The first two HE) and Hf) are to be defined as pseudo-differential operators
through oscillatory integrals. For a function f in C§°(R%) put

2
(Hﬁll)f ’ 27T //Rded ey \/(€ A<x;ry>) +m2f(y)dyd£’

(1.2)
(H(2)f = (omyi //RdXRd pi@—y):

x \/ (¢~ / AL~ 0) +09)d0) " +m? f(y)dyde.  (1.3)

The third HI(L‘S) is defined as the square root of the nonnegative selfadjoint operator
(—iV — A(z))? + m? in L2(RY):

HY = \/(=iV — A(2))? + m2. (1.4)

Hgl) is the so-called Weyl pseudo-differential operator defined with “mid-point
prescription” treated in Ichinose-Tamura [ITa-86], Ichinose [12-88, 3-89, 6-95]. H f)
is a modification of H{" given by Iftimie-Mantoiu—Purice [IfMp1-07, 2-08,3-10]
with their other papers. However, H A) does not seem to be defined as a pseudo-
differential operator corresponding to a certain tractable symbol. Indeed, so long
as it is defined through Fourier and inverse-Fourier transforms, the candidate of its
symbol will not be /(€ — A(z))2 + m2 of (1.1). The last H®) is used, for instance,
to study “stability of matter” in relativistic quantum mechanics in Lieb—Seiringer
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[LSe-10]. Needles to say, we can show that these three relativistic Schrodinger
operators H)| H?) and H®) define selfadjoint operators in L*(R%).

Then, letting H be one of the magnetic relativistic Schrédinger operators
HO H® H® with HY, HY, H in (1.2), (1.3), (1.4), consider the following
imaginary-time relativistic Schrodinger equation, i.e., maybe called heat equation
for H —m:

gtu(m,t) = —[H —mlu(z,t), t>0, zcR™L (1.5)
The solution of the Cauchy problem with initial data u(x,0) = g(z) is given
by the semigroup u(z,t) = (e "H="lg)(z). We want to deal with path integral
representation for each e*t[H(j)’m]g (j = 1,2,3). The path integral concerned is
connected with the Lévy process (e.g., [[kW2-81/89], [Sa2-99], [Ap-04/09]) on the
space D, := D,([0,00) — R?) dependent on each x € R?, of the “cadlag paths”,
i.e., right-continuous paths X :[0,00) > s = X(s) € R? having left-hand limits
and satisfying X (0) =x. As our probability space (2, P) which is a pair of space
Q and probability P, though here and below not mentioning a o-algebra on 2, we
take a pair (D,, \;) of the path space D, and the associated path space measure
Az on D, a probability measure whose characteristic function is given by

e tV/E+m2—m] :/ XD EgN (X)), t>0, £eRL (1.6)
«([0,00)=R4)
We will suppress use of the word “random variable” w € €.

The aim of this article is to make review, mainly from our results, first on
some properties of these three magnetic Schrodinger operators as selfadjoint op-
erators, for instance, that they are different in general from one another but to
coincide when the vector potential A(x) is linear in x, in particular, in the case
of constant magnetic fields, and bounded from below by the same greatest lower
bound, with study of whether they are gauge-covariant, mainly based on [12-88, 3-
89, 4-92, 8-12], [ITs1-92], [[Iw-95], and next on Feyman—Kac—It6—type path integral
representations for their respective imaginary-time unitary groups, i.e., real-time
semigroups mainly based on [ITa-86], [I7-95], [HILo1-12, 2-12]. It will be of some
interest to collect them in one place to observe how they look like and different,
though all the three are basically connected with the Lévy process.

In Section 2 we give precise definition of the three magnetic relativistic
Schrédinger operators and in Section 3 more general definition, studying their
properties. In Section 4 path integral representations for the semigroups for these
three magnetic relativistic Schrédinger operators are given accompanied with ar-
guments about heuristic derivation. At the end a summary is given so as to be
able to compare the three path integral formulas obtained.

The content of this article is an expanded version of the lecture with almost
the same title given by the author at the International Conference on “Partial Dif-
ferential Equations and Spectral Theory” organized by M. Demuth, B.-W. Schulze
and I. Witt, in Goslar, Germany, August 31-September 6, 2008. A brief note with
condensed content on the subject with sketch of proofs also is written in [19-12]
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and a rather informal introductory paper of expositary character in [110-12]. For
one of the recent references on the related subjects we refer to [LoHB-11]. T hope
the present work will give a little more extensive survey to give reviews.

2. Three magnetic relativistic Schrodinger operators

In Section 1, we introduced, though rather roughly, the three magnetic relativistic
Schrédinger operators H(!) = HS) +V, H® = Hf) +V, HO = HE‘B) +V corre-
sponding to the classical relativistic Hamiltonian symbol (1.1). In this Section we
are going to give more unambiguous definitions of them and study their properties.
The difference lies in how to define their first terms on the right, kinetic energy

operators HI(;), Hf), f’), corresponding to the part /(€ — A(z))2 + m? of the
symbol (1.1).

2.1. Their definition and difference

For simplicity, it is assumed here as in Section 1 that the vector potential A :
R? — R? is a C* function and the scalar potential V : R? — R is a function
bounded below. The space of the C'*° functions with compact support and the space
of rapidly decreasing C> functions in R¢ are denoted respectively by C5°(R?)
and S(RY).

The definition of HS), f) as pseudo-differential operators in (1.2), (1.3)
needs the concept of oscillatory integrals. If the symbol a(n,y) satisfies for some
mo € Z and 19 > 0 that for any multi-indices o := (a1,...,aq), 8 := (B1,-..,B4)
of nonnegative integers there exist constants C, s such that

10705 a(m,9)| < Cap(L+ [n*)™/2(1+ ly )72,
then the oscillatory integral (e.g., [Ku-74, Theorem 6.4, p. 47])

OS*// e~"VMa(n,y)dydn := lim // e~ W\ (en, ey)a(n, y)dydn
RéxRY €20+ /) JRaxRrd

(2.1)
exists, where x(n,%) is any cutoff function in S(R? x R?) such that x(0,0) = 1.
The existence of the limit on the right-hand side of (2.1) is independent of the
choice of cutoff functions x, and shown by integration by parts as follows. First
note that

(=i,)Pe™ ¥ = ()P, (<id,) eV = (—y)e VT,
so that

()2 (=0, )P e = e (y)TH (i) 2 TV = 7,
where

() = @+, )= QA+ Y2, (=i0,)* = (1= 4,), (=i0,)* = (1~ Ay).



Magnetic Relativistic Schrodinger Operators 251

Then the above note with integration by parts shows the integral before the limit
e — 0+ taken is equal to

//6”'y'”<n>’21<*i3y>21(X(sn,sy)a(n,y))dydn
://6’”'”(@/)’21/(%3&2”[<?7>’21<*i5y>2l(x(677,6y)a(n,y))]dydn-

In the integral on the right above, if the positive integers [ and I’ are so taken
that —20+mgy < —d, —2U'+79 < —d, then (y>_2ll<—i&7>2ll(<n>_21<—i8y>2la(n,y))
becomes integrable on R? x R%. Therefore taking the limit £ — 0+, we see by the
Lebesgue dominated convergence theorem this integral converges to

/ / ()2 (i) () (—idy)*a(n, y)) dydn,

which implies existence of the integral Os- f f e~ "a(n, y)dydn, showing existence
of the oscillatory integral (2.1).

For HS) in (1.2) we have the following proposition.

Proposition 2.1. Let m > 0. If A(x) is in C®(R%; R%) and satisfies for some T > 0
that

07 A(2)] < Cp(x)" (2.2)

for any multi-indices 3 with constants Cg, then for f in C5°(R?) the Weyl pseudo-
n
i

differential operator H,’ in (1.2) exists as an oscillatory integral and further is
equal to a second expression; namely, one has

(H D) = o005 ] | Rdedei@-M\/ (c=a("3)) +me s

(2.3)
1 i(x—y)- z+y
_ (271_)(1 OS*/ /RdXRde ( ) (§+A( 2 )) \/52 + m2 f(y)dydf (24)

Proof. We give only a sketch of the proof, dividing into the two cases m > 0 and
m = 0, where note that in the former case the symbol ((£ — A(z))* + m2)1/2 has
no singularity, but in the latter case singularity on the set {(¢,2) € R x R%; |¢ —

A(z)| = 0}

(a) The case m > 0. First we treat the oscillatory integral (2.3). Note that
10202 (€ — A(@))? + m2)"*| < Cap(€)(@)™, and hence (9202 [((€ — A(x))?
12
m?)"” f@)]| < Caple)ia)".

Since f is taken from C§°(R?), we may take a cutoff function which is only
dependent on the variable ¢ but not y, i.e., x € S(RY) with x(0) = 1. Then we
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have by integration by parts as seen before this proposition,

1 .
HO () = 1 // i(e—y)€
( A f)(l') 5~1>I(1),1+ (27T)d RdXRde

. X(ef)\/(é A ("5 e s
= tm (271T)d / /Rded e
< (€) (i, (X(sé)\/ (= ("57)) +me ) e

If we take [ sufficiently large, (¢)~2/(—i0,)* (\/(f — A(m;y))2 +m? f(y)) becomes

integrable on R% x R? for fixed x, so that as e — 0+, by the Lebesgue dominated
convergence theorem we have

(HY ) () = (2;)d / /R e (2.6)

x (€)7(=i0,)™ (\/ (f -4 (”” N y))2 +m? f(y) ) dyds..

This proves existence of the second oscillatory integral (2.3) for HS) when m > 0.
Similarly, we can show existence of the second oscillatory integral (2.4). This shows
the first part of the proposition.

To show the second part, i.e., coincidence of the two expressions (2.3) and
(2.4), first suppose that A(z) is C5°. In the integral of the second member of (2.5),

we make the change of variables: £ = ¢ + A(””‘gy/), y = 1y, where we note the

oo uh| = 1. Then it (= the right-hand side of (2.5)) is equal, with

&', y rewritten as &, y again, to

[ 4 (1) s

-t f e smi (o4 ()

X \/€2 4 m2 @) ACT )f(y)] dydg

(2.5)

Jacobian ’

where we have integrated by parts when passing from the left-hand side to the
right. Note that, since the factor (&) =2 (—id,)* (\/52 + m? 6"(I’y)"4(z;y)f(y)> in

the integrand on the right-hand side is integrable on R? x R for [ sufficiently
large with x fixed, we can take the limit € — 04. So the right-hand side turns out



Magnetic Relativistic Schrodinger Operators 253

to be equal to
~ lim // o€ (€)72 i), ) ((e€) /€2 + m2 AT p(y) ) dyde

5—>0+
: i(z—vy)- i(x—v)- z+y
=Elgg+//e D (e6)V/E2 +m2 eV ALY f(y)dyde
—: Os- / / e (EHACEN) g2 4me f(y)dye. (2.7)
RexR4

Here the second equality is due to integration by parts. This shows coincidence of
(2.3) and (2.4) for A € C°(R%; RY).

Next, we come to the general case where A € C°(R%; R?) satisfies (2.2).
For this A(z) there exists a sequence {4, (z)}2°; C C5°(R% R%) which converges
to A(z) in the topology of C=(R%; RY), i.e., the A, (z), together with all their
derivatives, converge to A(z) as n — oo uniformly on every compact subset of
R? Then we have seen above the coincidence of the two expressions (2.3) and

2.4) for the Weyl pseudo-differential operators H ) corresponding to the symbol
Y A, g Y

(€= An(y)*+ m2)1/2. Therefore, observing (2.6) and (2.7) with A,, in place of
A, we obtain

//ei<w—y>'5<g>—2l<fiay>2l \/<g — A, <x;y))2 +m? f(y) | dyd§

= (2m)(HY) f)(2)
://ei(mfy)-§<£>f2l<_iay>21(\/52+m2 ez‘(m—y)An(I;y)f(y))dydf_

Then we see with the Lebesgue convergence theorem that as n — oo, the first
member and the third converge to (2.3) and (2.4), respectively, showing the coin-
cidence of (2.3) and (2.4) in the general case.

(b) The case m = 0. For our cutoff function x(¢), take it from C§°(R?) and
require further rotational symmetricity such that 0 < x(&) < 1 for all £ € R?
and x(¢§) = 1 for [¢] < J; = 0 for [¢] > 1. Put xn(§) = x(¢/n) for positive
integer n. Then split the symbol | — A(x)] into a sum of two terms: |{ — A(z)| =
hy (67 SC) + h2(£7 SL’),

hi(€ @) =xn(§ — A@)[€ — A@)],  ha(§2) = [1 - xal§ — A(@))]I€ — A(2)]-
Although then the symbol h; (€, z) has singularity, the corresponding Weyl pseudo-
differential operator can define a bounded operator on L?(R%) well, and so there is
no problem. The one corresponding to the symbol ho(€, x), which has no more sin-
gularity, is a pseudo-differential operator defined by oscillatory integral, to which

the method in the case (a) above will apply. This ends the proof of Proposi-
tion 2.1. O
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For Hg) (1.3), we can show the following proposition in the same way as
Proposition 2.1.

Proposition 2.2. Under the same hypothesis for A(x) as in Proposition 2.1, for f

in C§°(RY) the pseudo-differential operator Hf) in (1.3) exists as an oscillatory
integral and further is equal to a second expression; namely, one has

(Hf)f)(x) - (271T)dos/ /Rdedei(miy).E 28)

y \/(S - /01 A((1 - 0)z + 9y)d9)2 +m? f(y)dyds,

= 1 OS,// ei(mfy)-(ngfOlA((179)m+0y)d9)
(2m) RdxRd

X /€2 +m2 f(y)dyde. (2.9)

In the following, let us gather here, for our three magnetic relativistic Schrodinger

operators HI(L‘), H 2 Hf), all their definition for up to the present. The most
general definition Wlll be given in Section 3.

Definition 2.3. For A € C>°(R?; R?) satisfying condition (2.2), HE) is defined as
the pseudo-differential operators (2.3) and/or (2.4).

Definition 2.4. For A € C>~(R%; R?)) satisfying condition (2.2), Hf) is defined as
the pseudo-differential operators (2.8) and/or (2.9).

The definition of Hf’) encounters a situation totally different from the pre-
vious HS) and Hf) case. We need nonnegative selfadjointness of the operator
(—=V — A(z))? in L?(R%), which can be considered as nothing but the nonrela-
tivistic magnetic Schrodinger operator for a particle with mass m = ; Of course,
if A e C*R%RY), (—V — A(z))? becomes a nonnegative, selfadjoint operator.
However, more generally, it is shown by Kato and Simon (see [CFGKS, pp. 8-
10]) that if A € L2 (R4 RY), C5°(RY) is a form core for the quadratic form for
(—=V — A(z))? in L2(R%), so that by the well-known argument (e.g., [Kat-76, VI,
82, Theorems 2.1, 2.6, pp. 322-323]) there exists a unique nonnegative, selfad-
joint operator in L?(R?) associated with this quadratic form with form domain
{u € L2(RY); (-V — A(x))u € L*(R%}. One may take it as (—V — A(x))2. Then
its square root \/(—iV — A(x))2 4+ m? exists as a nonnegative, selfadjoint operator
in L2(R%). This give the following definition for HS’).

Definition 2.5. If for A € L2 (R%R?), H1(43) is defined as the square root:
HY .= \/(—iV — A(2))? + m? (2.10)
of the nonnegative selfadjoint operator (—iV — A(z))? +m? in L%(RY).
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We note that this HEXS) does not seem to be defined as a pseudo-differential
operator corresponding to a certain tractable symbol. So long as pseudo-differential
operators are defined through Fourier and inverse-Fourier transforms, the candi-

date of its symbol will not be /(& — A(z))2 +m2. The H1(43) is used, for instance,
to study “stability of matter” in relativistic quantum mechanics in Lieb—Seiringer
[LSei-10]. An kinetic energy inequality in the presence of the vector potential for

the relativistic Schrodinger operators H,(41) and Hj(f’) as well as the nonrelativistic
Schrédinger operator (2m)~1(—iV — A(z))? was given in [[6-93].

Needles to say, we can show that not only HS’) but also HE) and Hf) define
selfadjoint operators in L2(R%). They are in general different from one another
but coincide with one another if A(x) is linear in 2. We observe these facts in the
following.

Proposition 2.6. HI(L‘D, Hf) and H( ) are in general different.

Proof. First, one has H o # H ) for general vector potentials A, because we have

("Hy 7é/ Alz + 0(y — 2))d6.

Indeed, for instance, for d = 3, taking A(z) = (A1(x), Az(x), As(z)) = (0,0,23),
we have

T3 + x3y3 + Y3

| s+ 00— 2)d0 = [ (o -+ 00 —a)2an = T

2
3 + Y3 T+y
=A .
Next, to see that HI(;) =+ Hf’ and HA #* H(S), one needs to show (e.g.,
[Ho-85, Section 18.5, pp. 150-152]), for some g € C°°(R3), respectively, that

(2717)6////@i<mz><<+z-<2y).n [(CA(”T;Z»ZW 1o
JemaCe)en]

9(y)dzdldydn # [(—=V — A(x))? + m?]g(x),
and that

ame [ ] [ Je (e /A<w+9<z—x>>de)2+m2r/2

< [(n- / Az 46y - 2))) +m?] g()dzdCaydn £ [(-V - A@)? + mPg(x).

Here the integrals with respect to the space variables above and below are oscilla-
tory integrals.
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The former for Hgl) was shown by Umeda—Nagase [UNa-93, Section 7, p.851].
Indeed, putting p(z,£) = /(€ — A(x))2 + m2, they verified the (Weyl) symbol

(pop)(z, &) of (H)? satisfy (see [UNa-93, Lemma 6.3, p. 846]; [Ho-pp.151-152])
that

1 . z
(pop)(z,§) = oo // //W(”"”Op(ﬂ: + o &= mp(a — g,é — n)dydndzd(

- 1)6// //6i(x—z+y/2)'(C—€)+i(z—x+y/2)'(n—5)
27
r+z+y/2 r+z—y/2
><p( 5 / 7C>p( 5 / ,1 | dzdCdydn

# (6= Ax))? +m?.

The latter for Hﬁf) will be shown in a similar way. O

Theorem 2.7. If A(x) is linear in z, i.e., if A(x) = A-x with A being any d x d
real symmetric constant matrix, then HS), Hf) and Hﬁf) coincide. In particular,
this holds for constant magnetic fields with d = 3, i.e., when V x A(x) is constant.

Proof. Suppose A(z) = A - x. First, we see that HI(;) = Hf) because we have

1 1 1
/ A0z + (1 -0 0z + (1 —0)y )d0:/ A-(y+0(x—y))do
0 0 0
=AY =AY
2 )

which turns out to be “midpoint prescription” to yield the Weyl quantization.

To see that they also coincide with HEXS), we need to show that (HI(;))2 =
(—iV — A(z))? +m?2. To do so, let f € C3°(R%) and note (A)T = A, then we have,
with integrals as oscillatory integrals,

! 1 i(x—z)- A2 4Li(z—)- i z+
= L [ i

X \/n? + m%z + m2f (y)dzdndydg

//// —n+) gilz- (n+A %)~y (§+AY)]
2d

X /N2 A+ m2\/€2 + m2f (y)dzdndyé

1 . - .
= 5 — 7'[1"'("7%"‘42 )7?4'(5“""42 )]
(2m) [ [onree

V2 A+ m2V/E2 4 m2 f (y) dndyde .
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(HY ) (@) o L [ [t e i ey ) py) dyag
- (27r)d / / e AT m?) f(y) dyde
2711' d // (e EF AT (€2 4 m?) f(y) dyde
1 i(rx—y)- +
= (@2m) //e( D= A" 7))+ m? f(y) dyds.

The last equality is due to the fact that symbol (¢ — A(z))? + m? is polynomial of
&, so that the corresponding Weyl pseudo-differential operator is equal to (—iV —
A(z))? + m?. O

2.2. Gauge-covariant or not

Among these three magnetic relativistic Schrédinger operators HS), Hf) and
HS’), the Weyl quantized one like HE‘I) (in general, the Weyl pseudo-differential
operator) is compatible well with path integral (e.g., Mizrahi [M-78]). But the pity
is that, for general vector potential A(z), HE) (and so H™M) is not generally
covariant under gauge transformation, namely, there exists a real-valued function
p(x) for which it fails to hold that HY) g, = e H{ e %,

However, Hf) (and so H®)) and Hj(f’) (and so H®)) are gauge-covariant,
though these three are not in general equal as seen in Proposition 2.6. The gauge-
covariance of the modified H 1(4 ) in contrast to H (" in Ichinose-Tamura [ITa-86] was
emphasized in Iftimie-Mantoiu—Purice [[fMP1- 07 2-08, 3-10]. There, in particular,
n [IMP1-07], they also compared our three magnetic Schrodinger operators to
observe the following facts.

Proposition 2.8. Hf)

and Hj(f’) are covariant under gauge transformation, i.e., it
holds for j = 2,3 that Hﬁf}rvw = eiWHX)efw for every ¢ € S(R?). But HI(L‘U is

in general not covariant under gauge transformation.

Proof. First, to see the assertion for Hf’) = /(=iV — A(z))2 + m2, put K4 =
(—iV — A(x))? + m2, so that H) = K,'/%. As (fiV — A(z))? is a nonrela-
tivistic magnetic Schrédinger operator Wlth mass 2, being a nonnegative selfad-
joint operator on L?(RY), and gauge-covariant, so is K. Therefore it satisfies
Katve = WK e " for every o(z).

It follows that (Kayv,/?)? = (e®Ka'?e)(e!¥ K 4/%e~1#), whence
KA+V¢1/2 = ¢ K 4'/%¢7% because e'¥ K 4/2¢~% is also nonnegative selfadjoint.

This means that HS’J)FWP = ei‘pHE’)e*w, ie., HS’) is gauge-covariant.
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Next, for Hf), by the mean-value theorem
1
o)~ o) = [ (= 2) - (Ve)(o + 8y — )b
0

— [ =0 (T~ 0)r + o).
Hence

. 1 . 1
H® —ie _ // i(z—y)-(E+[1 A((1—0)z+0y)d0)
( A€ f)(l') (27T)d RéxRA e 0
X /€2 + m2 em @i [g (@=)-(Ve)(A=0)+0y)d0 () gy G

1 —ip(x i(x—y)- 1 —0)x
= (2m)° (@) / / i@V (645 (A+VR)(A1=0)a+0y)d0) | /¢2 4 12 f(y)) dydg
RixR4

= e PO H o, ().

Finally, we show non-gauge-invariance of HI(;). To this end, we are going to
use a second expression for Hgl) as an integral operator to be given in the next
section, (3.7) in Definition 3.7. Then we show that it does not hold for all ¢ that

Hgllvw = e“"HS)e—w or that, taking A = 0. Indeed, suppose that
p. [ eI fa ot y) — @) n(ay)
ly|>0
— #p, /| EENE )~ N @)nGy
y[>0

=p.v. / [e= et =2(@)) £z + y) — f(z)] n(dy).
[y|>0

However, the second equality cannot hold, because it does not hold for all ¢ that
plx+y) =) =y- (Ve)(z+3). O

3. More general definition of magnetic relativistic Schrodinger
operators and their selfadjointness

In this section, we want to give the most general definition of HS), Hﬁf) and Hf)

which do not appeal to the pseudo-differential operators.

)

3.1. The most general definition of HS), Hf) and Hf)

First we concern H S) and Hf). The starting point is the Lévy—Khinchin formula

for the conditionally negative definite function \/ &2 +m? — m, which has an inte-
gral representation with a o-finite measure n(dy) on R\ {0}, called Lévy measure,
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2
which satisfies [ ., lf“wn(dy) < oot
VE +m2 —m = _/ (€€ — 1 — iy - €1y <y lnldy) (3.1)
{ly|>0}
— _ lim (€€ — 1Jn(dy) = —p.v. / (€€ — 1Jn(dy).
0t S|z ly|>0

Here I{j,|<1} is the indicator function of the set {|y| < 1} in R4, i.e., Iyjy<1y(2) =
1,1if |z] < 1, and = 0, if |z| > 1. Though the Lévy measure n(dy) is m-dependent,
we will suppress explicit indication of m-dependence so as to make the notation
simpler. n(dy) has density so that n(dy) = n(y)dy. The density function n(y) is
given by

o\ ([d+1)/2 K gi1)/2(m
2(271')( / (T;\(zi/fl(vz‘lyl) . m >0,
n(y) = r(3) (3.2)

F(d+1)/2 |y|d+1 s m =0,

where I'(7) is the gamma function, and K, (7) the modified Bessel function of the
third kind of order v, which satisfies 0 < K, (1) < C[r~* vV 7~-/2]e"7, 7 > 0 with
a constant C' > 0.

To get (3.2) recall (e.g., [ITa-86, Eq. (4.2), p. 244]) the operator e~ {IV=A+m?=m]
has integral kernel ko(x — y,t), where

(d+1)/2 te™ K (m(Jy[*+t%)"/?)
2(;77) ((T;|12)_/~_2;2)(d+1)/4 s m > 0,
ko(y7t) = F(d;rl) . (33)
r(d+1)/2 (|y|2442)(@+1)/2 m =0,

and use that fact (e.g., [[kW1-62, Example 1]) that * (f’t) dy converges to n(dy) =
n(y)dy, as measures on R%, as t — 0+ . Note that the both the expressions on the
right-hand side of n(y) in (3.2) and ko (y,t) in (3.3) are continuously connected as
m — 0+, because K, (1) = F(;) (2)"(1+ 0(1)) as 7 — 0+

We shall denote by Hy = v/—A 4 m?2 not only the linear operator of L?(R?)
into itself with domain H'(R?) but also the linear map F~ /€2 + m2F of S'(R%)
into itself as well as of the Sobolev space H*(R?) into H**'(R?), where F and
F~! stand for the Fourier and inverse Fourier transforms. Now for f € S(R?), put

f = Ff. The inverse Fourier transform of f (&) multiplied by (3.1) becomes
(Hof)(x) = (VA +m?2f)(x) (34)
—mfle) = [ (fe+y) = 1)~ Ty Vaf@ln(ds).
{ly[>0}
Now to treat H 1(41)7 let f € C§°(R?) and consider, for each fixed x, the function

foiy s @A) gy,
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which also belongs to Cg°(R?). Replace f in (3.4) by f., then we get

(Hof,)(x) = mf(x) — / [ ACHD £z 4 y) — f(a) (3.5)

{lyl>0}
— Iy<1y ¥ - (Vo —iA(x)) f (2)] n(dy).

On the other hand, notice that the left-hand side of (3.5) is written by use of the
Fourier transform

- ooe i(o—y)-€
(Hof)w) = 1,05 [ [ e e e p dyde

. 5— i(z—y)-(§+A("EY)
C / /RR o ) Ve +m? f(y)dyde.

the last member of which is nothing but the second oscillatory expression (2.4) for
(H S) f)(z). Thus we have obtained the identity

(Hofo)(z) = (HY () (3.6)

for all f € C5°(R?). This may be paraphrased “apply H1(41) to f amounts to be the
same thing as apply Hy to f,”. Thus we are lead to a new definition of HI(;):

(HD —mf)a) = — / T ) — )

— Iy <13y (Vo — iA(2)) f ()] n(dy)

~ _ lim =A@+ f(z 4 y) — f(2)] n(dy)

0% Jly|>r
= — p.v./ [e_iy'A(I+g)f(x +y) — f(ac)] n(dy).  (3.7)
ly|>0

This expression makes sense for A(x) being more general functions than C*°.
In fact, it can be shown with the Calderén—Zygmund theorem that the singular
integral on the right-hand side of (3.7) exists pointwise in a.e. x as well as in the
L? norm, if A € LZ(RY% RY) for some § > 0 such that f0<|y|<1 |[A(z + %) —

loc

A(x)|ly|~4dy is L2 .. Note that (3.7) reduces itself to (3.4) if A(x) = 0.

loc*
For Hf), we can do it in the same way. Indeed, take f € C5°(R?) to consider,

for x fixed, the function
foiy o ei(w—y)'folA((I—Q)x+9y>d9f(y)

)

which belongs to C§°(R?). Replacing f in (3.4) by f. we obtain the relation
(Hofz)(z) = (Hf)f)(x), namely, a new definition for Hf), as follows:

(HP —mlf)() = — /| BNy f(2)

— Iy <13y (Vo — iA(x)) f(2)]n(dy)
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= — lim [e7ivJo ACHODD f (1) — f(2)] m(dy)

r=0F Sy >
= — p.v./ [efiy'folA(m+0y)daf(x +y) — f(x)] n(dy). (3.8)
ly|>0

Now we are in a position to consider the most general definition for the first
two magnetic relativistic Schrodinger operators H(Y) = HS) +V and H® =

Hf) + V with both general vector and scalar potentials A(z) and V (z). Assume
that

A€ LEP(RY) for some § > 0and V e LL_(RY), V(z) >0 ae., (3.9)

loc

or
A e LEP(RY) for some § > 0and V € LE (RY), V(z) >0 ae. (3.10)

loc loc

Then, first, if A and V satisfy (3.10), we can see again with the Calderén—
Zygmund theorem that the singular integrals on the right-hand side of (3.7) and
(3.8) exist pointwise in a.e. x as well as in the L? norm.

Next, if A and V satisfy (3.9), multiply (3.7) and (3.8) with u(x) and inte-
grate them by dz, then we can reach the following quadratic forms h(") and h(?),
respectively:

hO) = hOfu,u] = Y fu, ]
1 .
= (P [ [ e A ) ()Pt sy
|lz—y|>0

+ /V(x)\u(x)|2dx = B + P [u] ; (3.11)

R[] = h®[u,u] = B, [u, 4]

= (s L [ [ e e,
|z—y|>0
— u(y)*n(z — y)dazdy)

+ / V(@) |u(z)Pde = b [u] + h{P[u) (3.12)

with form domains Q(h\)) = {u € L*(R%); h[u] < oo}, j = 1,2. We can see
with [Kat-76, VI, §2, Theorems 2.1, 2.6, pp. 322-323] that under the assump-
tion (3.9) for A(x) and V(z), there exist unique nonnegative selfadjoint opera-
tors HU) = HE{)J}V (form sum), j = 1,2, such that h9)[u,v] = (HWu,v) for
u,v € Cg°(RY).

We expect that the condition (3.10) (resp. (3.9)) is minimal to assure that
HU) (resp. h1)) defines a linear operator (resp. quadratic form) in L?(R?) with
domain (resp. form domain) including C§°(R%), so long as V(z) is nonnegative.
Then we can show the following results under the assumptions (3.10) and (3.9).
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Theorem 3.1. ([ITs2-93]])

() If A(z) and V(z) satisfy (3.9), for each j = 1,2, h'9) is a closed form with
form domain Q(hVY)) including C$°(R?Y) as a form core, so that the min-
imal symmetric form hnZin defined as the form closure of h\W)|C$(RY) x
Cs°(RY) coincides with h'9) . Therefore there exists a unique selfadjoint oper-
ator HY) = ng)J.rV (form sum) with domain D(HY)) corresponding to the
form hO) such that h9) [u,v] = (HWwu,v) for u € D(HWY), v € Q(hVY).

(i) If A(z) and V(x) satisfy (3.10), for each j = 1,2, HU) = ng) +V (operator
sum) is essentially selfadjoint on C§°(RY) and the closure of HY), denoted
by the same HY) again, is bounded from below by m.

The proof of statements in Theorem 3.1 for H® and AV were first given
under less general assumption in [I3-89], [14-93] and [ITs1-92] and completed as in
the present form in [ITs2-93], while that for H®) and h(?) given in [IfMP1-07, 2-08,
3-10] for vector potentials A(x) which are C* functions of polynomial growth as
|z| — oo.

Thus we are led to more general definitions, not only for the two magnetic
relativistic Schrodinger operators HE) and Hf) than the ones in Definitions 2.3
and 2.4, but also for the two general relativistic Schrodinger operators H) and
H®) with both vector and scalar potentials A(x) and V().

Definition 3.2. If A(x) and V (z) satisfy (3.10), for j = 1,2, HU) is defined as the

closure of the operator sum of the integral operator ng‘j) in (3.7), (3.8) and the
potential V().

Definition 3.3. If A(x) and V() satisfy (3.9), for j = 1,2, HU) is defined as the
selfadjoint operator H() = Hﬁp%V associated with the closed form h(9) which is
the sum of the two closed forms hg) and hg) as in (3.11) and (3.12).

Next, we come to Hf). If 0 < 6§ < 1, condition “A € LH‘S(Rd;Rd)77 in

loc

(3.9) for A is slightly more general than condition “A € L2 _(R%; R%)” used to

loc

give the definition for Hf) in Definition 2.5. As Theorem 3.1 (ii) says that when
A € LIPREGRY), (—iV — A(z))? + m? can define a nonnegative selfadjoint
operator in L2(RY), so we are led to the following more general definition than

the one in Definition 2.5.

Definition 3.4. If A(z) and V() satisfy (3.9), H®) is defined in L?(R?) as the form
sum of the square root of the nonnegative selfadjoint operator (—iV — A(z))? +m?
and V:

H® =HY § V= /(~iV - A@)2+m2 + V (3.13)

Thus, with Definitions 3.2, 3.3 and 3.4, we are now given more general defi-
nition of the three relativistic Schrodinger operators H), H®2) H®) concerned,
corresponding to the classical relativistic symbol (1.1) with both vector and scalar
potentials A(x) and V(z).
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It is appropriate here to refer, for comparison, to the corresponding results for
the nonrelativistic magnetic Schrodinger operator HVNf := HY R +V := ;(—iv —
A(x))? + V(z). In fact, as already mentioned in Section 2.1, one can realize HV %
as a selfadjoint operator defined through the quadratic form with form domain
including C§°(R?) as a form core when

Ac L} (RY and Ve Ll (RY), V(z) >0 ae., (3.14)

loc
which was proved by Kato and Simon (see [CFKS-87, pp. 8-10]). This was also

proved by Leinfelder—Simader [LeSi-81], who further gave a definitive result that
it is essentially selfadjoint on C§°(R%) when

Ac L} (RY), divAd € L2 (RY) and V € L} (RY), V() > 0ae.  (3.15)

loc loc loc

The proof of Theorem 3.1 will be carried out by mimicking the arguments
used by Leinfelder—Simader [LeSi-81]. First the statement (i) is proved. Then the
idea of proof of the statement (ii) consists in showing that, when A(x) and V(z)
satisfy (3.10), Cg°(R?) is also an operator core of the selfadjoint operator H ()
obtained through the form h(}) in the statement (i). We refer the details of the
proof to Ichinose-Tsuchida [ITs2-93].

Remarks. 1°. For the scalar potential V € L2 (R?) having negative part: V(z) =

loc
Vi(x)=V_(x) with Vi (z) > 0 and Vi (2)V_(z) = 0 a.e., it will be possible to show
the theorem, if V_ () is small in a certain sense [i.e., relatively bounded / relatively

form-bounded with respect to v/—A +m?2 or HX) (j = 1,2) with relative bound
less than 1], but we content ourselves with such V as in (3.9) and (3.10). The main
point of Theorem 3.1 is in treating the Hamiltonian with vector potential A(z) as
general as possible.

2°. Nagase-Umeda [NaU1-90] proved essential selfadjointness of the Weyl pseudo-
differential operator Hgl) in (2.3).
3°. When A(z) is in L2 (R%; R?) and

loc

/0<| <1 ly - (Al +y/2) — A2))|ly|“dy is in L, (RY), (3.16)

it can be shown [ITs1-92] (cf. [13-89]) that Kato’s inequality holds for H'" in (3.7):
If u € L2(RY) with H{"u € LL (R, then the distributional inequality

Re((sgnu)[H — mlu) > [V/=A +m? — m] |u| (3.17)
holds, where (sgnu)(z) = u(z)/|u(z)| for u(x) # 0; = 0 for u(z) = 0. In particular,

if A(z) is Holder-continuous, then A(x) satisfies condition (3.16). To show (3.17),

one has to use the expression (3.7) for ng‘l)f instead of (2.3). For the detail see
[Its1-92, Theorem 3.1] (cf. [I3-89, Theorems 4.1, 5.1]).

In the same way, Kato’s inequality also for Hﬁf) will be shown with the
expression (3.8) instead of (2.8): If u € L?(R%) with Hf)u € Ll (RY), then the
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distributional inequality

Re((sgn u)[Hf) —mju) > [\/—A +m?2 —m] |u] (3.18)
holds. Also for Hf), we expect to have a distributional inequality like

Re((sgn u)[Hf’) —mju) > [\/—A +m?2 —m] |ul. (3.19)

However, the problem will be open. Although it can be shown [HILo2-12] (cf.
[HILo1-12]) that inequality (Diamagnetic inequality)

(f, e MRl f) < (1], Y= A=l ) (3-20)

holds for all f € L2(R%), which (cf. [S1-77], [HeScUh-77]) is equivalent to an

abstract version of “Kato’s inequality” for HI(L‘S), the distributional version (3.20)
is a stronger assertion. Here and throughout this article, (-, -) in (3.20) is the
physicist’s inner product (f, g) of the Hilbert space L?(R%), which is anti-linear in
f and linear in g.

Finally, we are going to see the three magnetic relativistic Schrodinger oper-

ators HS), Hf) and HI(L‘S) are bounded from below by the same lower bound, as
in the following theorem.

Theorem 3.5. _
HY >m,  j=1,2,3 (3.21)

Proof. First, it is trivial for HI(L‘S), as also seen from (3.12), for instance. Next to

see for HI(;), take u € C5°(R?) in Kato’s inequality (3.17) above. Multiply both
sides by |u(x)| and integrate them in x, then we have

(u, [HY —mu) > (Jul, [V ~A +m2 —m] |ul),

where we note that |u(x)| is in the Sobolev space H!(R?), so that the right-hand
side above exists finite and nonnegative. So the assertion follows. In the same way
it will be shown for H 1(42). O

Remark. In the above proof, the sharp lower bound (3.21) for Hgl) and Hf) has
been obtained with their integral operator expressions (3.7) and (3.8). It does
not seem to be obtained by pseudo-differential calculus from their expressions
(2.2)/(2.3) and (2.8)/(2.9), but instead then probably only a bound such as ng) >
m — ¢ for some 0 > 0 (cf. [Ho-85, Section 18.1]).

3.2. Selfadjointness with negative scalar potentials

We have seen above that our relativistic Schrédinger operators with nonnegative
scalar potentials assume analogous aspects on selfadjointness problem with the
nonrelativistic Schrodinger operator. In this subsection we shall observe that, as
for negative scalar potentials unbounded at infinity, the former makes a remarkable
contrast with the latter, bearing an aspect closer to the Dirac operator (cf. Chernoff
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[Ch-77]), though the relativistic Schrédinger equation i 3, (x,t) = [Ho —m]p(, t)
has not the finite propagation property.

For comparison, first we refer to the result for the nonrelativistic Schréodinger
operator —A + V(x) + W(z) in L?(R%) by Faris-Lavine [FaLa-74] (or [RS-75,
Theorem X.38, p. 198]): Assume that the real-valued scalar potentials V' and W
obey the following conditions: Let V be in L} (R?) for some p > (d/2) V2 (p >
2 when d = 4), and let W be in L (R) and satisfy W(z) > —c1|z|> — ¢z for some
constants ¢, ¢z, then —A + V() + W (z) is essentially selfadjoint on C5°(R?).

Now we consider the magnetic relativistic Schrodinger operator HV) = H 1(41) +
V + W, assuming the following conditions: Let A be in leot‘s(Rd; R?) for some
§ > 0 and satisfies (3.16), and V in L2 (R?) which is relatively bounded with
respect to Hy = v/—A +m? with relative bound < 1. Let W be in L?_(R%).
Assume further with constants a > 0, 0 <b <1 ¢ >0 that

A(z) is bounded by a polynomial of || and W (x) > —cexplalz|'7?], (3.22)
or
A(z) is bounded and W (z) > —ce®®!, (3.23)
Note that condition (3.22) or (3.23) allows W (x) to decrease exponentially at
infinity with respect to |z|'~% or |z|.
Then we have the following result in [Iw-94] and [IIw-95] for the magnetic
relativistic Schrodinger operator H(Y) = Hgl) + V + W. The former work used,

for the operator HS), the pseudo-differential operator expression in Definition 2.3
with (2.3), while the latter the integral operator expression connected with Lévy
process in Definition 3.2 with (3.7). The latter result is sharper than the former.

Theorem 3.6. ([IIw-95]) With the above assumption on A(x), V(x) and W(z),
HD .= Hﬁll) +V + W is essentially selfadjoint on C3°(R?).

Example. For 0 < Z < (d — 2)/2, d > 3, the operator HI(;) — Z/|z| + W (z) with
Holder-continuous A(x) and locally square-integrable W (x) satisfying (3.22) or
(3.23) is essentially selfadjoint on C§°(RY).

Proof of Theorem 3.6. (Sketch) First, using that V' is Hp-bounded with relative
bound < 1, we show that HE) +V is a symmetric operator with domain C§°(R?)
bounded from below.

Next, we use Kato’s inequality (3.17) for HS) to show that if W(x) > 0 is
in L2 _(RY), the range of R+ H1(41) +V + W is dense for R > 0 sufficiently large,
i.e., that HS) + V + W is essentially selfadjoint on C$°(R?).

Then we apply the arguments used by Faris-Lavine [FaLa-74]. The following

lemma will be needed on the commutators of HS) with the square roots of the
exponential functions in (3.22) and (3.23) bounding W (x) from below.

Lemma 3.7. If A(x) and V(x) satisfy (3.22) (resp. (3.23)), then, for (x) =
expl(a/2)(1 4+ 22)=9/2] with a > 0 and 0 < b < 1 (resp. Y(x) = exp[(a/2)(1 +
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22)V2] with 0 < a/2 < m), there exists a constant C > 0 such that
1 o}
I, wlull < Clldull,  we CF(RY),
where [Hgl),w] = Hﬁll)l/} - ngl).
The proof of Lemma 3.7 is omitted and referred to [I[Tw-95].

We continue the proof of Theorem 3.6. Choose a nonnegative constant K such
that K > 2C and V(z)+ K (z)? > 0 a.e., where C and 1) are the same constant
and the same function as in Lemma 3.7. Let N = H®) 4+ 3Ky? = HS) +V+
W + 3K4?, which is, as has been seen above, essentially selfadjoint on C§°(R?).
The closure of N is denoted by the same N. Then N satisfies N > 2K1? and has
Cs°(RY) as its operator core. To prove essential selfadjointness of H (1 we have
only to show that ||[HMu|| < ||Nul|| for u € C§°(R%) and that +i[H, N] < 3CN
as the quadratic forms. This can be shown with the aid of the above lemma.

Finally we end the proof with the following note. When A(x) and V' (z) satisfy
(3.23), the above lemma appears to restrict the lower bound function Cedl*l by
0 < a/2 < m, but it is not so. To see this, for the moment only here we write HS)
in (3.7) as ng‘l)m so as to manifest its m-dependence. Then recall [I4-92, Theorem
2.3] that the difference Hﬁll)m — S’)m, is a bounded operator for all m, m’ > 0.
Therefore, if it is shown that ng‘l)m + V 4+ W is essentially selfadjoint for some

m > 0, then it follows by the Kato—Rellich theorem that so is H 5117) +V + W for

m/’

every m’ > 0. O

Results similar to Theorem 3.6 will hold for H® and H®).

4. Imaginary-time path integrals for magnetic relativistic
Schrodinger operators

It is well known that the solution u(x,t) of the Cauchy problem for the heat

equation % u(x,t) = [;A - V(x)}u(z,t) with initial data u(z,0) = g(x) can be
represented by path integral, called Feynman—Kac formula (e.g., [RS-75, Theorem

X.68, p. 279], [Demuth—van Casteren [DvC-00], Theorem 2.5, p. 61):
) = (Vg ) = [ VB (B0)) e (B). (41)
C5([0,00)—R%)

where, for each x € R, yu, is the Wiener measure on the space C,([0,00) — R9)
of the Brownian paths which are continuous functions B : [0, 00) — R satisfying
B(0) = . The stochastic process concerned is called Wiener process. As féA +V
is a nonrelativistic Schrodinger operator with scalar potential V(z) with mass 1,
so the heat equation can be thought to be imaginary-time Schrédinger equation,
because it is the equation to be obtained by starting from (real-time) Schrodinger
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Im
A
: > R
0 > Re
— it
complex t-plane

FIGURE 1. From real time t to imaginary time —it

equation igtqp(x,t) = | — A + V(2)|¢(z,t), next rotating it by —90° from real
time ¢ to imaginary time —it in complex ¢-plane (see Figure 1) (cf. [I15-93, Section
4, p. 23]) and then by formally putting w(z,t) := ¢(x, —it), however, without
seriously thinking about its meaning.

For a general nonrelativistic Schrédinger operator with vector and scalar
potentials A(z) and V(x), HN .= HYE +V := [ (—iV — A(x))? + V (), there is
also a path integral representation, called Feynman—Kac—Ito formula (e.g., Simon
[S2-79/05]), for the solution w(z,t) = (e_tHNRg)(m) of the Cauchy problem for
the imaginary-time nonrelativistic Schrodinger equation, i.e., corresponding heat
equation jtu(x,t) = —HNEy(z,t) with initial data u(z,0) = g(z):

_,yNR
(e7" "g) (@)
_ / e—[i fot A(B(s))dB(s)—i-; fot divA(B(s))ds+f0t V(B(S))ds]g(B(t))d,Uq(B)
C([0,00)—R4)

_ / ¢~ 10 i AGB)odB(s)+ 1 V(B&)s) o B(1)) dpuo (B), (4.2)
Cy([0,00)—R%)

where fg A(B(s))dB(s) is Ito’s integral and fot A(B(s)) o dB(s) the Stratonovich
integral. In other words, we can say that these formulas (4.1) and (4.2) are repre-
senting the nonrelativistic Schrodinger semigroups e~t=38+V] and e—tH" ",

In this section, we consider the same problem for the three magnetic relativis-
tic relativistic Schrodinger operators H(W), H?) and H®). In Section 4.1 we give
path integral representations for their respective semigroups, and in Section 4.2
we discuss how these formulas are be able to be deduced through some heuristic
consideration.
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4.1. Feynman—-Kac-It6 type formulas for magnetic relativistic
Schroédinger operators

Let H be one of the magnetic relativistic Schrodinger operators H), H®) | HG) in
Definitions 2.1, 2.2, 2.3 or Definitions 3.2, 3.3, 3.4. In the same way as in the non-
relativistic case, rotating (real-time) relativistic Schrodinger equation ¢ gtz/J(sc, t) =
[H —m]yp(x,t) by —90° from real time ¢ to imaginary time —it in complex ¢-plane
(ct. [I5, Section 4, p. 23]), we arrive at the imaginary-time relativistic Schrédinger
equation, i.e., the corresponding “heat equation” for H — m [formally putting

u(z, t) ==z, —it)]:

)
{ o, 0@ t) = —[H = mlu(,0), >0,

4.3
u(z,0) = g(x), r € RY. (43)

The semigroup u(z,t) = (e~ g)(z) gives the solution of this Cauchy problem
as well. We want to deal with path integral representation for each et ¥ —m] g
(j = 1,2,3). The relevant path integral is connected with the Léuvy process (e.g.,
Tkeda—Watanabe [TkW2-81/89], Sato [Sa2-99], Applebaum [Ap-04/09]) on the
space D, = D,([0,00) — R?), with each x € R%, of the “cadlag paths”, i.e.,
right-continuous paths X : [0,00) > s — RY having left-hand limits and with
X (0)==. The associated path space measure is a probability measure \,, for each

r € R on D,([0,00) — R?) whose characteristic function is given by

e tV/E+m2—m] :/ XD EGN (X)), t>0, £€RL (4.4)
D ([0,00)—R?)

This path integral formula with measure A, was effectively used by [CaMS-90]
to get asymptotic behavior of eigenfunctions for relativistic Schrodinger operator
without vector potential. It also, together with the Feyman-Kac formula (4.2) with
Wiener measure pu,, was powerfully used in [ITak1-97, 2-98] to estimate in norm
the difference between the Kac transfer operator e ~*V/2e~tH4¢=tV/2 and the non-
relativistic and/or relativistic Schrodinger semigroup e~ *#4+V) by a power of ¢, in
the case that Hy4 is a nonrelativistic magnetic Schrédinger operator HY' % and/or
a free relativistic Schrédinger operator Hy = v/ —A + 1 — 1 with mass m = 1.

We are going to start on task of representing the semigroup e t#-™lg by
path integral. Before that, let us note that when the vector potential A(x) is
absent, we can represent u(z,t) by a formula looking similar to the Feynman—Kac
formula (4.1) for the nonrelativistic Schrédinger equation:

u(i t) = (e~ IV Sm TV ml gy () / e I3 VKGNS (X (1)), (X).
D4 ([0,00)—=R1)
(4.5)

Now, when the vector potential A(x) is present, let us treat each case for
HWY H® and H®), separately.

(1) First consider the case for H(!) := HI(;) + V in Definition 3.3 with condition
(3.9) on A(z) and V(z).
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—t[H(l)

To represent e —mlg by path integral, we need some further notations

from Lévy process.
For each path X, Nx(dsdy) denotes the counting measure on [0, 00) x (R4
{0}) to count the number of discontinuities of X(-), i.e.,

Nx((t,t']| xU):=#{s € (t,t']; 0 £ X(s) — X(s—) e U} (4.6)
with 0 <t <t and U C R?\ {0} being a Borel set. It satisfies

/D Nx (dsdy) d\;(X) = dsn(dy).

Put
Nx(dsdy) = Nx (dsdy) — dsn(dy), (4.7)

which may be thought of as a renormalization of IV X (dsdy). Then any path X €
D, ([0, 00) — R%) can be expressed with N,(-) and Nx(-) as

t+ t+
-z 7/ / yNx (dsdy) / / yNX (dsdy)
ly|>1 0<|y|<1

_ /O v /y>0 yNx (dsdy). (4.8)

Then we have the following path integral representation for e~ ) —m] g.

Theorem 4.1. ([ITa-86], [I7-95]) Assume that A(z) and V(x) satisfy condition
(3.9). Then

[ H® _pm, _sM (X
g = [ ) ), (19)
2 ([0,00)—

t+ y
SO(X; ) —z/ / )+ )~yNX(dsdy)
jyl>1 2

+¢/Ot /o<|y|<1 4 (X(s)—i— g) — A(X(s))] -y dsn(dy)
+/OtV(X(s))ds

i/j /y>OA<X(s)+ YY)y N (dsdy) (4.10)
+¢/0t /y>0 (4 (x(9)+ g) — A(X(5))] -y dsn(dy)

+/0 V(X (s))ds.
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Here it is easy to see the second equality in the expression (4.10) for
SMW(X;x,t), as well as in (4.8). We note also that, in (4.10), the integral in the
third term of its second member is also written as the principal value integral:

/Ot /0<|y|<1 [A (X(S) * g) - A(X(S)} -y dsn(dy)

B /075 s p.v./0<|y|<1 A (X(S) + g) ynldy),

and the same is valid for the second term of its third (last) member.

Proof of Theorem 4.1. We shall show first the case that both A and V' are bounded
and smooth, precisely, 4 € C°(R%4R?) and V € C°(R% R), where, for [ an
positive integer, Cp° (R R!) is the Fréchet space of the R!-valued C™ functions
in R? which together with their derivatives of all orders are bounded. Then we
shall show the general case where they satisfy condition (3.9). Our proof follows the
spirit of the proof of [RS-75, Theorem X.68, p. 279] and [S2-79/05]. Representing
the set Q of “random variables w” by the path space D,([0,00) — R?), we are
suppressing use of “random variable w” by identifying it with path X.

I. The case that A € C°(R%GRY) and V € C°(R% R).
Introduce a bounded operator T'(t) on L2(R?) by
W) = [ tole -yt C5) e (5 )ig gy
R
= [ e =gt U8 om0 C0hggpay - @

where ko(z — y,t) is the integral kernel of e~t[V=2+m*=ml in (3 3) which is non-
negative and satisfies ko(—x,t) = ko(x,t). Then we can rewrite T'(t) as

(T(t)g) (x) = / A O) OV () xara(x) . (412)

x

Do partition of [0,t]: 0 =ty <t1 <--- <ty =1, t; —t;—1 =t/n, and put

Sn(zo, ... Tn) == Z'ZA(IH; Y @ —a) + Y V(IJ”?+ i );, (4.13)
j=1

Jj=1

where z; = X(t;) (1 =0,1,2,...,n); e =20 = X(to) = X(0), y =2, = X(t,) =
X (t). Substitute these n+1 points z; = X (¢;) on the path X (-) into S, (o, ..., zn
to get

Sp(X) = Sn(X(to), ..., X (tn)) (4.14)
t

= iiA(X(tj—l)Q‘i‘X( j)) (X (tj1)— X () + iV<X(tj_1)2+X(tj)):L |
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Then we have

n times

-~ 7 N,
(T(t/n)”g) (x) = /Rd : '/Rd H ko(zj—1 — $Uj7t/n)e_S”(””O"“’I”)g(xn)dm ceeeodxy,
j=1

:/ eI X g(X (1)) dAs (X)), o = . (4.15)
Dy

Before we continue further the proof of Theorem 4.1, we show the following
proposition which refers to the convergence of the left-hand side of (4.15).

Proposition 4.2. T'(t/n)™ converges strongly to e~tH®—ml i L*(R%) asn — oo.

Proof. Since the operators T'(t/n)™ are uniformly bounded, we have only to show
that T'(t/n)"g is convergent to the limit in L?(R%) for ¢ in the domain D[H™M] =
HY(R?) of HY. We have with M = sup,ga|V (7)|

n - (1)—1’TL
|1T(t/n)"g — e~ M —mg)|

- j— —(t/n @ _m]\ _—(n—j n —-m
= ||ZT(t/n)J LT (t/n) — e~ t/mIH Ne~(n=d)#/mH-m] g
j=1

—(t/n W _m]y, —s[HY —m
<&M sup nl[(T(t/n) — e~ /WITmml)e=s T =mlg)
0<s<t

which we can show tends to zero uniformly on each bounded t-interval in [0, 00)
as n — oo. To see this, we show first that (d/dr)(T(7)g) converges to —[H —m]g
in L2, as 7 | 0. Indeed, we have by (3.4)

/ (V=D +m2 — mlko(z — g, 7)) ACE) 0=V () g 4y qy

//||>0[k0(x+zy’7)ko(xy’T)I{z<1}Z'mGo(Iy,T)}n(dz)

w =i A5 )=V (75) 7

S e  RAE Y
zZ|>

— (ko(sc =y, 7) = If|zj<13 2 - Vako(z — y,T))
X eiiA(I;y)‘(yfm)*v(zzy)'rg(y)}n(dz)dy,
where we have changed the variable z —y =: —y and then rewritten y for ¢’ again.

Then noting that Vi ko(z — y,7) = —Vyko(z — y,7) and integrating by parts in
the variable y, we see that the above integral converges to

_ / >0[6iz.A(r+§)g(x +2) = g(x) = I{jsj<13 2 - Vag(2)]n(dz),
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as 7 — 40, because then ko(x — y,7) — é(x — y). It follows that, as 7 — 40,

(6(97'T(T)g> )= _/|y|>0 K[\/ Ay +m? —m] + V(x+y)k0(x _y’T)}

x A3 ) v () g )y

converges to

- / >0 [eim(“;).zg(x +2) — g(x) — Ij;j<12 - Vog(x)|n(dz) — V(z)g(x)

= (~[H" —m]g)(x).
Thus we see that for h € D[H®)]
| [T (t/n) — e~ /MU

=n o [T(7) — efT[H(le]]th
o OT

[ (2 ) e
0
(;TT(T) + [H(l) - m]efT[H(l)fm])hH

converges to zero as n — 0o. Moreover, this convergence is uniform on compact
subsets in ¢t > 0 as n — co. Noting D[HM] is a Hilbert space D[H ()] with graph
norm of HY) — m, we see by uniform boundedness principle that the sequence
{n(T(t/n)—e (t/”)[H(l) —ml)}ec | is, as a family of bounded operators of the Hilbert

space D[H(* )] into L2(R), uniformly bounded for all n and on every fixed compact
subset in ¢ > 0. Consequently, it converges to zero uniformly on compact subsets

of the Hilbert space D[H™M]. The map [0,] > s e=slHM—m] ¢ D[HWM] is
continuous, so that {e’S[H(l)*m}g; 0 < s <t} is a compact subset of D[H)]. This
shows Proposition 4.2. O

<t sup
0<r<t/n

We continue the proof of Theorem 4.1, 1.
To see the convergence of the right-hand side of (4.15), put

ZA( ““ D) - X)), @)

n

ZV( +X( ))(tj —tj-1). (4.18)

First, for S,2(X) in (4.18), it is evident that for each X € D,, Sn2(X)
converges to fot V(X(s))ds, i.e., the last term of the second member of (4.10), as
n — oo.
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Next, to see the convergence of S,1(X) in (4.17) to the sum of the other
three terms in the same (second) member of (4.10) which involve A(-), we rewrite
by Itd’s formula [TkW2-81/89, Chap. II, 5, Theorem 5.1] (cf. (4.8)) the summand
in Sp1(X) as

a( 0 X ")-(X(tan(tjfl))

/ /y>0{ )+X(tj;1)+yf\y\zl(y))

X (X (5=) = X (tj-1) + yly>13(v))
B A(X(S_) +X(tj—1)) . (X(sf) X(tjl))} NX(dey)

2
Jr/t"* {A(X(s)+X(tj1)+yf|y|<1(y))

t;i—1 J|y|>0 2
X (X(s=) = X(tj—1) + ylgy <13 ()

B A(X(s—) +2X(tj—1)) (X (s—) — X(t;- 1))} Nx (dsdy)

Jr/ 1 y>0{ s) + X (t; 21)+y1\y\<1( ))

x (X (s) = X(tj—1) + yI{y <13 (v))
—A(X( s)+ X (t— )) ] (X(S)—X(tj—l))

2
en @) [(;@ ) (KXY (- x1,0)

ty- A(X(s) +2X(tj1)ﬂ } dsn(dy).

Then, taking n = 2* so that t; = 27kt 5 =0,1,...,2% we can see for each
X € D, that as k — 00, S,1(X) converges to the sum of the first, second and third
terms in the second member of (4.10). Thus S, (X) in (4.14)/(4.16) converges to
the second member of (4.10), therefore S (X;2,t). As a result, by the Lebesgue
dominated convergence theorem the right-hand side of (4.15) converges to the
right-hand side of (4.9).

II. The general case where A(z) and V(z) satisfy condition (3.9).
Choose a sequence {A;} in Cf°(R%GRY) with |Ag(x)] < |A(x)| which is
convergent to A(z) in L;;7° and pointwise a.e., and a sequence {V4} in C3°(R% R)
with 0 < Vi (z) < V(z) which is convergent to V(z) in Li . and pointwise a.e., as

loc
k — oo. Then by (4.9), (4.10) we have

(eft[H,(ﬁl)—m]g)(l,):/ B*Sk(X@’t)g(X(t))d)\m(X)’ (4.19)
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where Si(X;x,t) (though here with superscript (1) removed, for notational sim-
plicity) is the S (X; 2,t) in (4.10) with Ay and V; in place of A and V, and ngl)

is the selfadjoint operator associated with the form h(l) = 541) v, in (2.5). We shall
k

show both sides of (4.19) converge to those of (4.9) as k — oo.
As far as the left-hand side of (4.19) is concerned, by [ITs2-93, Lemma 3.6],

H ,El) converges to H() in the strong resolvent sense, and by [Kat-76, IX, Theorem

2.16, p.504], {exp[ft(H,il) —m)]g}32, converges to exp[—t(H™ —m)]g, uniformly
on each bounded t-interval in [0, 00), in L? and, if a subsequence is taken, point-
wise a.e.

To see convergence of the right-hand side of (4.19), we shall show that
{exp[—Sk(X;z,t)]}72, converges for a.e. x and Ag-a.e. X, as k — oo, and its

limit can be written as e=5" (Xi#:t) Put
4
(X2, t) ZS”th S(l)(x,t):ZS<j>(X;x,t).
j=1
We show each exp[fS,iﬁ(X; x,t)] (j =1,2,3,4) converges for A\;-a.e. X.

(i) There exists a Borel set K; in R? of Lebesgue measure zero such that
|A(x)]| is finite and Ag(x) — A(z) for z € K;. Then for each (s,y) with 0 < s <t
and |y| > 1,

Gi(s,y) == {X € Dy; X(s—) +y/2 € K1}

has \,-measure zero, because

/ dr;(X) = ko(s,z — z)dz = 0.
G(s,y) Ki—y/2

Therefore by the Fubini theorem
G1:={(X,s,y) € Dy x (0,t] x {|y| > 1}; X(s—)+y/2€ K1}

has [dA; x dsn(dy)]-measure zero, because

///IGl $,y)dAgdsn(dy) = / / dsn(dy)/ dX(X) =0,
ly|>1 G1(s:y)

where I, (X, s,y) is the indicator function for the set G;. It follows again by the
Fubini theorem that for A -a.e. X,

G1(X) :=A{(s,9) € (0,8] x{Jy[ = 1}; X(s—) +y/2 € K1}

has Nx (dsdy)-measure zero, since

/D () / /G o Noxlasdy) = /D A(X) / /G g donta).

Therefore for A\ -a.e. X, as k — oo,

Ap(X(s=) +y/2) = A(X(s—) +y/2), Nx (dsdy) — a.e.,
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and the integral S]S)(X; x,t) exists, being a finite sum because X (s) has at most
finitely many discontinuities s with the jump |X(s) — X(s—)| exceeding a given
positive constant. By the Lebesgue dominated convergence theorem, for A\;-a.e. X,
S,i”(X;x,t) — S (X;2,t) and hence exp[fS,iU(X; z,t)] — exp[—S (X 2, t)].

(ii) For n > 0 let 0,,(X) = inf{s > 0; |X(s—)| > n}. Then for A\;-a.e. X,
lim;, o 0, (X) = 00. For k, [ integers put Ay(x) = Ag(x) — Aj(z), and

Gy = {(X,5,y) € Do x (0,8] x {0 < |y| < 1}; | A (X (s—) +9/2) -yl > 1}
and for each X € D,
GEH(X) = {(s5,9) € (0,1] x {0 < |y < 1}; [Au(X (s—) +/2) -y| > 1}.
The complements of G5! in the set D, x (0,¢] x {0 < |y| < 1} and G§'(X) in the
set (0,¢] x {0 < |y| < 1} are denoted by (G4)¢ and (GA!(X))¢, respectively. Then

we have, for n fixed and for an arbitrary compact subset K of R? with Lebesgue
measure | K|,

/dx/ 1S (X 2,8 A on(X)) = S (X2t A on(X))]dAe(X)
K D,
< /K dz /D | / /G sy T 0N AR (X (5 +/2) -y Noc(dsdy) 02 (X)

sl [ 1] Rem oo AuC =) + /) yRx (dsdy) dn,(X)
K Dy (GEH(X))e

z/ Ifldx+/ IYdz.
K K

For It we have

/Ifldng dx/ dAz(X)
K K x

<[ /G o Toa ) A (X (5) + 9/2) 31N dscy) + ()
fx
<2 do [ an0) [ [ Toeon@lAu) + /) ol dsnldy)
K - GEY(X)
t
< 2/daz/ / dsn(dy)/ |Awi(z +v/2) -y Pko(s,x — 2)dz
0 Jo<|yl<1 [z]|<n

< 2n5t/ |Akl(z)\1+6dz,
|z]<n+1

with ng = f0<‘y‘<1 ly|**°n(dy), where in the second inequality we have used that
|Ap (X (s) +y/2) - y| > 1 on G5 (X).
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For I§! we have

(55" = | dra(X) Tio, (0 ()| At (X () + 9/2) - y[*dsn(dy)
Ds (G5 (X))e
< [ i) [ [ oo A 6) + u/2)- i dsn)
Ds (GEH(X))e

t
— [ [ dsntn) [ At g2y (s 2z,
0 Jo<yl<1 |z]<n

where the inequality is due to that |4 (X (s) +y/2)-y| < 1 on (G5 (X))°. Hence

1/2
[ st < fagya)
t
= |K|Y/? (/dm/ / dsn(dy)
0 Jo<]y|<1

1/2
< e /2ol k(s - 2)d:)
[z|<n

1/2
< (|K|nst)'/? (/ Akl(z)1+5dz> )
|z]<n+1
Thus we have

/dm/ 1S (X2, t A on(X)) = S (X2t A 0p(X))]dAn(X)
K x

g/ Ifldx+/ IHda
K K

|z|<n+1 |z

which tends to zero as k,l — oo. Since K is arbitrary, it can be seen, by passing
to a subsequence, for a.e. z, that as k — o0, {S,f)(X;x,t A on(X))}32, con-
verges to a limit in L' with respect to A, and, by passing to a subsequence,
for \,-a.e. X. This limit is what is to be denoted by S®(X;z,t A 7,(X)). Fur-
ther, since lim, o 05, (X) = 00 for A\ -a.e. X, we see that {S,i2> (X;z,t)}52, con-
verges to a limit for \,-a.e. X, which is to be denoted by S (X;x,t), and hence
exp[—Sli2> (X;x,t)] = exp[—S? (X, t)].

(iii) We can show with the theory of singular integrals that

a(x) = p.v. /0<y<1 Az +y/2) - yn(dy)

1/2
Akl(2)1+6d2> ,

|[<n-+1

exists pointwise a.e. in x, while

ax(z) ::/ (Ak(z+y/2)—Ar(x))-y n(dy) :p-V-/ Ap(z+y/2)-yn(dy)
0<]y|<1

0<]y|<1
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exists for every z, and that as k — oo, ax(x) converges to a(x) in Lllot‘s. With the
same o, (X) as in (ii), we have, for n fixed,

/ dx/ 1S3 (X2, t A on(X)) = S (X2t Ao (X)) HdAL (X)
R4 D,

= [ae [arc0] [ oo o (9)an (X(5)) — an(X(s)))ds| T

< [ar fanco([ ds)§ | o con@len(X(s) = (¥ (s s
<t /d:c /Ot ds /|Z|<n ((an(2) — ar(2))|* ko (s, 2 — 2)dz
< lto /$<n \(ar(x) — a(x)|*T0dx — 0, k1 — oo,

where in the first inequality we have used the Holder inequality. Similarly to
(ii), it can be seen, by passing to a subsequence, for a.e. z, that as k — oo,
{Sli3> (X;2,t Aon(X))}22, converges to a limit in L1*° with respect to A, and,
by passing to a subsequence, for A\;-a.e. X. This limit is what is to be denoted
by SN (X;2,t A0, (X)). Further, since lim,, o 0, (X) = 00 for Ay-a.e. X, we see
that {S,i?’) (X;z,t)}52, converges to a limit for Ag-a.e. X, which is to be denoted
by SG(X;z,t), and hence exp[fS,i?’) (X;z,t)] — exp[-S®(X;x,1)].

(iv) The proof will proceed in the same way as the proof of [S2-79/05, II,
Theorem 6.2, p. 51]. We may suppose that Vi(z) 1+ V(z) pointwise a.e. There
exists a Borel set K4 in RY of Lebesgue measure zero such that V,,(x) 1 V() for
x ¢ Ky. Then for 0 < s <'t,

Ga(s,y) ={X € Dy; X(s) € K4}
has A\;-measure zero. Therefore by the Fubini theorem
Gy ={(X,s) € D, x (0,t]; X(s) € K4}
has [dA; X ds]-measure zero, so that for \;-a.e. X,
Gi(X) ={s € (0,¢]; X(s) € K4}

has Lebesgue measure zero. It follows by the monotone convergence theorem
that for A\;-a.e. X, S,<L4>(X;33,t) — S (X;z,t) and hence exp[—Sf;l)(X;x,t)] —
exp[—S (X; x,t)]. This proves Theorem 4.1. O

(2) Next we come to the case for H(?) := Hj(f) +V in Definition 3.3 with condition
(3.9) on A(z) and V(z).
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Theorem 4.3. [IfMP1-07, 2-08, 3-10] The same hypothesis as in Theorem 4.1.

{H® _m 5@ Xz
et g - [ S 060 (X (1)) dAg (X), (4.20)
[Ooo)%Rd)

SP(X;x,t) /H_ /|y|>0 / X(s 7)+9y)d9>~yﬁx(dsdy) (4.21)

i / / / (3)-+09)d0 — A(X(s))] - ydsn(dy)

+/0 V(X (s))ds.

The proof of Theorem 4.3 can be done in exactly the same way as that of
Theorem 4.1. Indeed, we have only to replace A(X (s—)+ ¥)-y by (fo1 A(X(s—)+
Oy)dh)-y . We will not repeat it here.

(3) Finally, we consider the case for the operator defined, in Definition 3.4, with
the square root of a nonnegative selfadjoint operator, H(®) := HI(L‘S) +V.

On the one hand, we can determine by functional analysis, namely, by the-
ory of fractional powers (e.g., Yosida [Y, Chap. IX, 11, pp. 259-261]) e~ tHY) —m]
from the nonnegative selfadjoint operator S := (—iV — A(x))? + m? =
2Hi,VR’1 + m? where HY % stands for the magnetic nonrelativistic Schrodinger
operator ,(—iV —A(z))? with mass 1 without scalar potential. Indeed, we have

—t[Hﬁf”—m]g _ e™ [ fe(k)e " g dr, t>0,
0, t=0
. o+ico /2
(2mi) =1 [TTI0 ezt gy g >0, 4
— o—100 ~22
filw) { 0 k<0 (o>0. P

This equation (4.22) may provide a kind of path integral representation for
—t[H
e A

—mlg with the Wiener measure fi,:
(e~ g) )
= emt/ dk fi(k)e "™
0

X/ —[i 0 " A(B(s))odB(s) +f B(S))ds]g(B(2KJm))dM$(B),
Ca([0 oo)%Rd)

2

though with an undesirable extra dx-integral, by substituting the Feynman-Kac—
It6 formula (4.2) with V = 0, i.e., for etHa’ —mlg with t = 2k into e—*(S—m") =
e~2:HA™" in the integrand of (4.22).

Then if we would use this further to represent e_t[H(S)_m]g for V # 0, we
might apply the Trotter—-Kato product formula

e tH® —m] _ i (e—wn)[Hif)—mJ6—<t/n)V)n
n—oo

, (4.23)
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for the sum H®) —m = (Hﬁxg) —m) + V to express the semigroup e~ tHP —m] 4q

a “limit”, where convergence of the right-hand side usually takes place in strong
operator topology as indicated. However it is not clear whether this procedure
could further yield a path integral representation for e ~*[# @ —m] g.

In passing, let us insert a comment on the convergence of the Trotter—Kato

product formula (4.23). It is now known that the convergence takes place even
in operator norm, so long as the operator sum (Hj(f’) —m) + V is selfadjoint on

the common domain D[Hf’)} N D[V] by the recent results in Ichinose-Tamura
[IT1-01], Ichinose-Tamura—Tamura—Zagrebnov [[TTaZ-01] and also even pointwise
convergence of the integral kernels in [IT2-04, 3-06] (cf. [I18-99]).

On the other hand, it does not seem possible to represent e‘t[H(S)]_m]g by
path integral through directly applying Lévy process as we saw in the cases for
e~ tHD =mD g and et =g because HS’) does not seem to be explicitly ex-
pressed by a pseudo-differential operator corresponding to a certain tractable
symbol. It was in this situation that the problem of path integral representation
for e—tH ™! —m] g was studied first by DeAngelis—Serva [DeSe-90] and DeAngelis—
Rinaldi-Serva [DeRSe-91] with use of subordination /time-change of Brownnian
motion, and then by Nagasawa [N1-96, 2-97, 3-00]. Recently it has been more

extensively studied by Hiroshima—Ichinose-Lérinczi [HILo1-12, 2-12] (cf. [LoHB-

11]) not only for the magnetic relativistic Schrédinger operator HE‘B) but also for

Bernstein functions of the magnetic nonrelativistic Schrédinger operator and even
with spin. In this connection, the problem on nonrelativistic limit was studied in
[I1-87], [Sal-90], [N1-97].

To proceed, let us explain about subordination (e.g., [Sa2, Chap.6, p. 197,
[Ap-04/09, 1.3.2, p. 52]). Subordination is a transformation, through random time
change, of a stochastic process to a new one which is a non-decreasing Lévy process
independent of the original one, what is called subordinator. The new process is
said to be subordinate to the original one.

As the original process, take B!(t), the one-dimensional standard Brownian
motion, so that B! = B1(.) is a function belonging to the space Cy([0, c0)—R.) of
real-valued continuous functions on [0, 00) satisfying B!(0) = 0 and

2 el
s = / B g (BY),
Co([0,00)—R)

where p§ is the Wiener measure on Cy([0, 00)—R). Let m > 0 here, and for each
B! and t > 0, put

T(t) = T(t,B') := inf{s > 0; B(s) + ms = t}. (4.24)

Then T = T(-) is a monotone, non-decreasing function on [0, 00) with 7°(0) = 0,
belonging to Dg([0,00) —R) and so becoming a one-dimensional Lévy process,
called inverse Gaussian subordinator for m > 0 and Lévy subordinator for m = 0.
This correspondence defines a map 7' of Cy([0,00)—R) into Dy([0,00)—R) by
TB'(-) = T(-, B"). Let 1 be the probability measure on Dy([0,00)—R) defined
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by 1(G) = s (T'G) first for cylinder subsets G C Dy([0,00) = R) and then
extended to more general subsets.

Proposition 4.4. (e.g., [Ap-04/09, Example 1.3.21, p. 54, and Exercise 2.2.10, p.
96; cf. Theorem 2.2.9, p. 95]) The probability measure vy satisfies

67t[\/2cr+m2fm] _ / efT(t)Jdl/o(T), o>0. (4.25)
Do([0,00)—R)

Proof. The proof will be not selfcontained, and need some basic facts about martin-
gale and stopping time (e.g., [IkW2-81/89], [Sa2-99], [Ap-04/09], [DvC-00], [LoHB-
11]). T'(t,B') = T(t) is a stopping time and then B(T'(t)) is a stopped random
variable belonging to Dy([0, 00)—R). Then we see that, for § € R,

Mg(t) — eeBl(t)f 10%t

is a continuous martingale with respect to the natural filtration of Brownian motion
Bl(t). Further,

Mg((TBl)(t) A n) _ 6Bl(T(t)/\n)7§92T(t)/\n

is also a martingale. Then by Doob’s optional stopping theorem [Ap-04/09, Theo-
rem 2.2.1, p. 92], for each ¢t > 0, positive integer n and 6 > 0, we have

/ Mo((TB)(0) A (B = | Ma((FB)(0) A (B)
Co([0,00)=R) Co([0,00)=R)

- / /B0 g8 (Bl = 1.
Co([0,00)—R)

For each positive integer n and ¢t > 0, put Q,,; := {B' € Cy([0,00) = R); T(t) =
(TBY)(t) < n}. Then

/ My(FBY)(t) A n)dud (BY)
Co(]0,00)=R)

/ My((TBY)(t) An)dus (B Mg (TBY)(t) A n)dus (BY).
Qn

Since, for BY(t), (T'BY)(t) = T(t) > n implies B*(t) < t — mn, so that

e—;ezn/ eeBl(")d,uOS(Bl)
Q

n,tc

IN

[, MalTBY@) A (5"

—102n+0(t—mn
< e 2 ( )7
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which, for § > 0, tends to zero as n — oco. It follows by the monotone convergence
theorem and (4.24) that

-~ My((TBY)(t) A n)dyss (BY)
Co([0,00)—R)
= Jim [ M8 0 Amau§ (8 = [ Mo((TBY)(t))dus (BY)
Qe Co([0,00)—R)

_ / (OVmlt—(FBY (] 102(TBY) (1) g, (1Y,
Co([0,00)—R)

whence
e 0t — / e—;9(9+2m)(f31)(t)dug(31)
Co([0,00)—R)
:/ e—§9(9+2m)T(t)dV0(T)_
Dy ([0,00)—R)
Taking 0 = v/20 +m2 — m yields the result, showing Proposition 4.4. O

This proposition implies that the characteristic function of the measure vy is
given by

V(o) — / ¢TOrdyy(T),  peR, (4.26)
D()([0,00)*)R)
Vmt + 4p? —m? V2p -
Vip) = - ’
V2[(m? + /m* 4+ 4p2) V2 +v/2m]  (m? + \/mt + 4p?)1/2
21/2p? V2p

- i
[(m2 4+ /m* + 4p2)1/2 +V2m](m2 + /m* +4p2)  (m2 + /m* + 4p2)1/2

To see this, first analytically extend /20 + m? to the right-half complex plane z :=
o+ip, 0 >0, p€ R, and next we have V(—p) = lim,_, 10 \/2(c +ip) +m2 —m,
of which the right-hand side is to be calculated. Then (4.26) follows with p replaced
by —p. [cf. Using a subordinator T'(¢) slightly different from (4.24), in [19-12, (4.18),
(4.19), (4.20), p.335] there are given a little different formulas corresponding to
(4.25) and (4.26), V(p). However, it contains an error; “p?” in the expression for
V(p) there should be replaced by “4p?”.]

Now we are in a position to give a path integral representation for e~*# (3)*m]g.

Theorem 4.5.

—t{H® _m _5® (BT
g @) = [ [ gy € ETEGBT ) dia (B (T),
X Do ([0,00)—R)

(4.27)
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i

T(t) T(t)
SCNB,T;x,t) :i/o A(B(s))dB(s) + 2/0 divA(B(s))ds
Jr/OV(B(T(s)))ds,

T(t) ¢
iy / A(B(s)) o dB(s) + / V(B(T(s)))ds, (4.28)
0 0
where ju, is the Wiener measure on Cy([0,00) — RY) with characteristic function

2 .
exp [—tm } = / e BO=2)¢q,, (B). (4.29)
2 Co([0,00)—R4)

Remark. We note that for every pair (B, T) € C,([0,00) — R%) x Dy([0,0) — R)
the path B(T(s)) in this theorem belongs to D, ([0, 00) — RY), because it is right-
continuous in s € [0, 00) and has left-hand limit. The characteristic function of the
product p, X vy of the probability measures is calculated with (4.29) as

/ /Cz([ovooHRd) e BI04y (B)dvo (T)
X Do ([0,00)—R)

2
- / exp [ 1)) ] doo(T) = e~ WVIeP4meon - (430)
Dy ([0,00)—R)

thus coinciding with (4.4), the characteristic function of the measure A;. This im-
plies that these two processes on the two different probability spaces (Cy ([0, c0) —
R?) x Dy([0,00) = R), ptz X 1) and (D,([0,00) — R?), \;) are identical in law,
i.e., have the same finite-dimensional distributions, in fact, for 0 < t; <t < --- <
tp <ocoandn=1,2,3,...,

//Cg;([O,OO)*)Rd)ei[(B(T(tl))71:).El+(B(T(tZ))im)4§2+4“+(B(T(tn))71:).&-”] dpio(B)dvo(T)
X Dg([0,00)—R)

:/ X (01 =) &1+ (X (t2) =) ot (X (0n)=2)€0] gy (X)
«([0,00)>R)

= etV et bn 2 4m2 —m] o~ (ta—t1) [/ |62+ 46 |2 +m2 —m)]
% e~ (tn—tn=1)[y/|€n|2+m?—m]

Therefore the former process may also be considered basically a Lévy process,
but it is not clear whether one can rewrite the right-hand side of (4.27) as a
process on the probability space (Dm([O7 o) — RY), )\m), replacing the function
SGNB,T;x,t) of B, T, x, t in (4.28) with some function else of X, x, t appropri-
ately written in terms of the Lévy space path X in D, ([0,00) — R%).

Proof of Theorem 4.5. We give only a sketch. The detail is referred to [[HLol-12,
Theorem 3.8, p. 1250013-14, with ¥ (o) = v/20 + m2 —m]. We use Proposition 4.4

and the Feynman-Kac-It6 formula (4.2). Note that HI(L‘S) = \/ 2HYE + m? with
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m > 0. By the spectral theorem for the nonnegative selfadjoint operator H4't, we

have HYE = / odE(o), where E(-) is the spectral measure associated
Spec(HY )

with HY . Then for f, g € L*(R%)
- (3) —m — oT+m<—m
(et mg) — | e VRt (£, 4B (0)g).
Spec(HY ®)

Here we are using the physicist’s inner product (f, g), which is anti-linear in f and
linear in g. By Proposition 4.4 and again by the spectral theorem,

@) ~T(t)o
(et mlg) — | J, e~ O7duy(T) (1, dE(o)g)
Spec(HY ) J Do ([0,00)—>R)

- / (. O ) duo (T).
Do ([0,00)—R)

Applying the Feynman-Kac-It6 formula (4.2) (for the case V = 0) to e~ TWHL"
in the third member, we have

i H®
(f, e~ tHa —mlg)

-/ dn(r) [ daf®(0) [
Do ([0,00)—R) R4 Cz([0,00)—=R?)
x e AWEDABE) g BT (1)) )djae (B)

71 T(t) s)o s
:/Rddxf / / (0rmoymey €0 ABEDABE g(B(T(2))) dpo (B)dvo(T),

><D0( 0,00)—R)

where note B(0) = x. This proves the assertion when V = 0.

When V' # 0, with partition of [0,¢]: 0 = tg < t1 < -+ < t, = ¢, t; —
tj—1 = t/n, we can express e~ tHP =m]g — et —m)+V] by the Trotter-Kato
formula (4.23). Rewrite the product of these n operators by path integral with

respect to the product of two probability measures vo(T') - p(B) and note that
T(0)=T(to)=0, B(0)=B(T(ty)) ==, then we have

(f, (e —(t/m)[H —m] ,~(t/m)V )"9)
/ dx/ dvy(T )/ f(B(0))
Rd Do ([0,00)—R) Cx([0,00)—R7)
¢TI Jr ) ABEABE) S VBT o (B(t,)) dua(B).

We see that, as n — oo, the left-hand side converges to (f, e‘t[H(a)_m}g)7 and the
Lebesgue theorem shows the right-hand side converges as integral by the product
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measure dx X vo(T) X pu.(B), so that we obtain
(f, (e~ g
= / 4f(@) [ fo oy mny €= ET0GBEO)) di (B)dn (D).

X D ([0,00) *)R

H® _

Hence or similarly we can also get (4.27)/(4.28) with f removed in the above inner
products. O

4.2. Heuristic derivation of path integral formulas

After a brief introduction to path integral, we discuss, for the solution of the
imaginary-time magnetic relativistic Schrodinger equation (4.3), how to heuris-
tically derive its path integral formulas (4.9)/(4.10) in Theorem 4.1, (4.20)/(4.21)
in Theorem 4.3 and (4.27)/(4.28) in Theorem 4.5.

4.2.1. What is path integral? It is a fabulous technique invented by Feynman in his
Princeton 1942 thesis (see [Fey2-05]) and his 1948 paper [Fey1-48] to give alter-
native formulation of quantum mechanics. Its like has never been made before or
since. In fact, though it is not mathematically rigorous, because of the universality
of its idea, it has now come to prevail over all the domains in quantum physics.
It is interesting to note, as he himself wrote in [48], that he came to the idea,
“suggested by some of Dirac’s remarks ([Dil-33, 2-35], [Di3-45]) concerning the re-
lation of classical action to quantum mechanics.” It is a special kind of functional
integral like

/gés(x)pm (4.31)

on space of paths X : [0,¢] 3 s — X (s) € R? with respect to a ‘measure’ D[X] on
the space of these paths, where we are restoring the physical constant 2 = 2}; (h >
0: Planck’s constant). S(X) is time integral of the Lagrangian L(X (s), X (s)) where
X(s) = L X(s):

which is an important quantity in classical mechanics, called action along the
path X, having physical dimension of Planck’s constant h so that S(;( ) becomes
dimensionless.

We have in mind the nonrelativistic-quantum-mechanical motion of a particle
in space R? under influence of the scalar potential V'(x). In the previous sections,
we let the particle have the special mass m = 1, but in this section, for a while,
assume it to have general mass m > 0 so that we can see where m appears in the fol-
lowing description of its dynamics. Thus consider the Cauchy problem for the non-
relativistic Schrédinger equation for this particle with initial data ¥ (z,0) = f(z):

h2

ihaatw(sc,t) = |- QmA + V(SU):|’(/}(§(}7t)7 t>0, zeR% (4.32)
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The solution is expressed as

(e, t) = / K (. t:9,0)f (4)dy,

where K(z,t;y,0) is integral kernel, called fundamental solution or propagator.
Feynman writes down this important quantity K (z,t;s,y) as an ‘integral’

K(z,t;y,0) = erSIDIX], (4.33)

/{X:X(O)—y,xm—w}
where in the present case L(X(s), X(s)) = ?X(s)z — V(X (s)), so that S(X) is
given by

S(X) = /O [?X(sf —V(X(s))|ds. (4.34)

D|[X] stands for a uniform ‘measure’, if it exists, on the space of paths X (+) starting
from position y in space at time 0 to arrive at position x in space at time t, formally
to be given by the infinite product of continuously-many number of the Lebesgue
measures dX (1) on space R? for each individual 7:

D[X] := “constant” x H dX (7).
0<r<t
im g ( (Stt -1 : :

27Th(&)) with 6t being some
infinitesimal quantity of time, if one dares to try to write it, wondering what it
means at all, but one may infer something from around (4.37) below. The right-
hand side of (4.33) is what is called Feynman path integral or, nowadays simply,
path integral.

To explain this, Feynman put the following Two Postulates which turn out
to be equivalent to get the above expression (4.33) for K(x,t;y,0), so that, for
[, g€ L*(RY),

Here the “constant” should be something like (

(Fb(1)) = (foe H I dmatVIgy = / / @)K (2,859, 0)g(y)dady.

Feynman’s Two Postulates

(i) K(x,t;y,0) is the total probability amplitude for the event that the particle
starts from position y at time 0 and arrives at position = at time ¢. If ¢[X]
stands for the probability amplitude for the event that it does this motion
along each individual path X (-), K(z,t;y,0) is the sum of the ¢[X] over all
these paths X (-):

K(z,t;y,0) = > [X]. (4.35)
{X: X(0)=y,X (t)=z}
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(ii) The contribution ¢[X] from each X (-) to the total probability amplitude
K (x,t;y,0) is given by

o[X] = CerSX), (4.36)

where C' is a constant independent of path X.

These two postulates can be paraphrased: In quantum mechanics there rules
the Principle of Democracy that each individual path X (-) contributes to the total
probability amplitude K (x,t;y,0) with equal weight (absolute value in mathemat-
ics) and its personality is expressed by its phase (argument in mathematics).

In this respect, in classical mechanics there does not rule Principle of Democ-
racy, because the particle takes a particular path between two space-time points
(y,0) and (x,t) which makes the action S(X) stationary, called classical trajec-
tory. It is the path determined by Euler-Lagrange equation or, in the present case,
Newton’s equation of motion: mj; X(s)=-VV(X(s)).

The most important characteristic feature of these postulates lies in equation
(4.36), which says that the amplitude ¢[X] is proportional to the phase en¥(X),
The phrase “proportional to” is that which Feynman determined to substitute
for what Dirac had meant by the phrase “analogous to” in [Dil-33, 2-35], [Di3-
45] far before Feynman, by showing after his own analysis and deliberation that
indeed this exponential function could be used in this manner directly (see Preface
of [FeyHi-65]).

In classical mechanical circumstances, i is so small compared with other
physical quantities that one may ignore and think of it as zero. The amazing thing
is that this ‘integral’ (4.33) can let us see how the transition is going to classical
mechanics as /i tends to zero. Namely, when A tends to zero, if the stationary
phase method should be valid for this ‘integral’ (4.33), then the ‘integral’ would
turn out to receive the most crucial contribution from the path which makes the
action S(X) stationary, i.e., the classical trajectory (mentioned above) and its
neighboring paths.

4.2.2. How to make it mathematics? Here we refer, among others, only to two
methods; one is by finite-dimensional approximation, and the other by imaginary-
time path integral. In fact, it is by the first method that Feynman himself confirmed
his idea of path integral. He calculated K (x,t;y,0) by time-sliced approximation,
making partition of the time interval [0,¢]: 0 =1t) < t1 < --- <t, =¢, (t; —tj—1 =
t/n), xj == X(t;), zo = X(0) =y, z, = X(t) = z, as the limit of

Jimayn—iexp{ it S [ (TR = Vi) day -

Jemayexp{ 3250 5 (75,2 ey - <o dwgaday,
(4.37)
as n — 00, to ascertain it to satisfy the Schrodinger equation (4.32). Note that

pt . do,
the denominator of the right-hand side of (4.37) is equal to (%Zh” )2

m

Kn(z,t;y,0) =
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The second method is the one which the present article is mainly concerning.
We note with (4.33) that the solution ¢ (z,t) of the Schrédinger equation (4.32)
turns out to be given by a heuristic path integral

dla,t) = | K(x,t;y,0)f(y)dy = / en (X (0)DIX].  (4.38)
R4 {X: X (t)=z}

However, one should know that the ‘measure’ D[X] itself in general does not exist
in this situation as a countably additive measure. Therefore we cannot go further.
But if we rotate everything by —90° : ¢ — —it (real-time ¢ to imaginary-time
—it) in complex t-plane (see Figure 1), i.e., if we go from our Minkowski space-
time to Fuclidian space-time, the situation will change. Before actually doing it, for
simplify put A = 1. Then, as our rotation also converts ds to —ids, so does it X(s) =
d)flis) toiX(s) = d_Xi((i‘? [where we don’t mind thinking of “X (—is)” as X (s) again],
so that iS(X), the action S(X) in (4.3) multiplied by i = \/—1, is converted to time
integral of the Hamiltonian: ffg[ng(s)erV(X(s))]ds. Simultaneously, our (real-
time) Schrodinger equation (4.32) is converted to the imaginary-time Schrodinger
equation, i.e., heat equation [where writing u(z,t) for ¢ (z, —it)]:

0 1
atu(:r:,t) = [QmA - V(sc)} u(z,t), t>0, xR (4.39)
Now we are going to get to the so-called Feynman—Kac formula. To this end, we
replace the paths used so far by the time-reversed paths Xo(s) := X (t—s), 0 < s <
t, so that Xo(0) = X(t) =z, Xo(y) = X(0) =y. Then K(x,t;y,0) is changed to

KB (2, £y, 0) = / e~ J313 Xo(sP 4V (Xo(Dldspx,].  (4.40)
{Xo: Xo(0)=2,Xo(t)=y}

where the superscript “E” is attributed to “Euclidian”, and K (z,t;y,0) should

become the integral kernel for the heat equation (4.39). In passing we quickly

insert here: if one were to follow the first method by Feynman as (4.37), one could

also define K¥(z,t;y,0) as the limit as n — oo of

Jomaynexp{= L T2 [y ()2 + Vi) Yy - dapa

Kf(x,t;y,O) = n— Toiq—
f(Rd)neXP{*,tLZj:ol Y (7, )P ey dry g dy,

)

(4.41)
where ¢t; —t;_1 = t/n(j = 1,2,...,n); z; = Xo(tj), 0o = X0(0) = z, z, =
Xo(t) =y.

We infer from (4.40) that the solution of the Cauchy problem for (4.39) with
initial data u(x,0) = g(x) should be given by the following path integral

u(x, t) = " K" (x,t;,0)g(y)dy

:/ e~ Jo15 Xo(9)*+V (Xo()lds g X (1)) D[X]. (4.42)
{X(): XQ(O):I}
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Here we have tacitly identified the two ‘integrals’:

[ o)~ [ oimi
R4 {Xo:Xo(O):m,Xo(t):y} {X():X(](O):m}

Needless to say, when the scalar potential V (z) is absent, K ¥ (x,t;y, 0) becomes the

heat kernel (277: 4/ e ‘m’yV, which is obtained as the inverse Fourier transform
of the left-hand side of (4.29), or by calculating the integrals (4.41) and taking the

t d n
limit n — oo. Note that the denominator of (4.41) is equal to (2;" )2 By (4.40)
we also see it have the following heuristic expression on the right-hand side

2
e~ g} |I_y|

_ — [t mXo(s)%ds
= e Jo 2 D[Xo]
(2?2 /{X Xo(0)=2,Xo(t)=y}

Remarkable is that Wiener, already around 1923, had constructed, for each
individual z € R%, a countably additive measure u, with m = 1 (but of course
valid for every m > 0) on the space C, := C,([0,00) — R%) of the continuous
paths (Brownian motions) B : [0,00) 3 s — B(s) € R? starting from B(0)=z at
time ¢ = 0. Further p, is a probability measure on C, with characteristic function
(4.29), and now is called Wiener measure.

Around 1947, Kac, who had been at Cornell University as Feynman and
heard his lecture at the Physics Colloquium, struck upon the very idea of using
the Wiener measure to represent the solution wu(z,t) of the Cauchy problem for
the heat equation (4.39) (with m = 1) with initial data u(z,0) = g(x) as a first
mathematical rigorous, genuine functional integral

t
u(z,t) = /KE(x,t;y,O)g(y)dy:/ e~ Jo VIBEs g(B(1))dp, (B),
C,([0,00)—R%)
(4.43)

the same formula as (4.1) already mentioned at the top of this section. This is the
Feynman—Kac formula [Kac-66/80] mentioned in advance. Thus, identify the path
Xo(-) appearing on the right-hand side of (4.40)/(4.42) with the continuous path
B(+) in the space C,([0,00) — R?), then the Wiener measure j, turns out to be
constructed from the factor “e~ /o ¥ B(=)*ds D[B]” (with m = 1) on the right-hand
side of (4.40)/(4.42).

4.2.3. The case for relativistic Schrodinger equation. We begin with the relativistic
Schrodinger equation for a relativistic particle of mass m with positive energy in
an electromagnetic field:

ihaatz/}(sc,t) = [H —my(x,t), t>0, xR (4.44)

where H is one of the relativistic Schrodinger operators H"), H2) and H®) corre-
sponding to the classical symbol /(€ — A(z))2 +m?2 + V(z). This equation (4.44)
was already briefly mentioned at the top of Section 4.1. However, here for the
moment we go with the quantization “¢ — —iAV” with & recovered, but not
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“¢ — —iV” used there. In this case it is more appropriate to use the method of
phase space path integral or Hamiltonian path integral (Feynman [Fey-65, p. 125],
Garrod [G-66], Mizrahi [M-78]):

/gés(i)‘)D[E}D[X} (4.45)

with a ‘measure’ D[Z]D[X] on the space of phase space paths (2, X), pairs of
momentum path Z(s) and position path X (s) on the phase space R? x R?, and
with action written with each pair (Z(s), X(s)). Then, under this circumstance,
the previous path integral (4.31), (4.33) in the nonrelativistic case is also called
configuration path integral.

The solution ¢ (z,t) of the Cauchy problem for (4.44) with initial data
Y(z,0) = f(z) can be written as ¢(z,t) = [K(x,t;y,0)f(y)dy with integral
kernel K(z,t;y,0) called fundamental solution or propagator. Then the method
of phase space path integral or Hamiltonian path integral assumes K(z,t;y,0) to
have the following path integral representation:

K(z,t;y,0) = / enSEEXENDEIDIX]. (4.46)
{(E,X); X(0)=y,X (t)=z, Z: arbitrary}

Here the action S(Z, X ) along the phase space path (Z, X) is given by

¢
(2 X) = / [2() - X(9) — (VIE) ~ AX ()2 +m2 —m + V(X(s)))]ds,

’ (4.47)

where X(s) = J X(s) in the same way as in the nonrelativistic case (4.34).

DI[E|D[X] is a uniform ‘measure’, if it exists, on the space of phase space paths

(5,X) :[0,1] > s (E(s),X(s)) € R x R? with X(0) = y, X(t) = 2, but =

being unrestricted and so arbitrary, formally to be given by the infinite product

of continuously-many number of the Lebesgue measures d=(7)dX (1) (precisely,
divided by (27)9) on phase space R?? = R? x R? for each individual 7:

DEDIX] = [] da(gf))g(ﬂ
o<r<t

In this ‘integral’ (4.46) we make the transform of variables (paths): Z'(s) =
E(s) — A(X(s)) and X'(s) = X(s), where we note the formal Jacobi determi-
nant g((EE,(Fg);((Z)))) of this transform is 1. Write Z(s) for Z'(s) and X (s) for X'(s)
again, then (4.46) becomes

K(ati.0) = | (4.48)
{(E,X); X(0)=y,X (t)=z, Z: arbitrary}
« e 5 [EEHAX ) X ()= (VEERrm2=m V(X () |ds pm)p x].
We want to find a path integral formula for the solution of the imaginary-time

magnetic relativistic Schrédinger equation (4.3). For simplicity we put & = 1 as
before. We go from real time ¢ to imaginary time —it. This procedure also converts
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ds to —ids and so X (s) = JX(s) to iX(s) = d_)i((i‘? [where we don’t mind thinking
of “E(—is), X(—is)” as Z(s), X (s), respectively, again]. Then we replace the phase
space paths used so far by the time-reversed phase space paths: Xo(s) := X (¢t —
s), Zo(s) :==E( —s), 0 <s <t,sothat Xo(0) = X(¢) =z, Xo(y) = X(0) =y.
As a result, (4.46) is changed to

K¥(z,t;9,0) = (4.49)

/{(EO,XO)' Xo (0)—I Xo(t)=y, E: arbitrary}
xeds [1Z0 (A0 () Ko ()= (V202 +m? —m 4V (Xo(a)) ] ds iz, 1 X .
At this final stage we rewrite Zg(s), Xo(s) as Z(s), X(s) again. Thus we have

heuristically arrived, for the solution u(x,t) of the Cauchy problem for (4.3) with
initial data u(x,0) = g(x), at the following path integral representation:

u(xz,t) =(e —t[H- m]g /KE x,t;y,0)g(y)dy

/ i [i(EE+AX () X (5) = (VEE)24m2—m+V (X (5))) ] ds
(X (0)=c}

x g(X (1)) P[E|DX]
_ / oJi [ () X () =V (X ()] ds
X (0)==}
x els [2) X ()= (VEErRme=m)]ds o x (\DEDIX].  (4.50)
Now we ask whether our path integral formulas, (4.9)/(4.10) in Theorem 4.1,
(4.20)/(4.21) in Theorem 4.3 and (4.27)/(4.28) in Theorem 4.5, can be well derived
or at least well inferred from this formal expression of ‘integral’ (4.50). First of

all, if both the vector and scalar potentials A(z) and V' (z) are absent, (4.50) is
reduced to

u, ) = (e tV=A4mi=mlg) ) / Kol — . D)g(y)dy

_ / ols [=6)r X~V tm2=m)ds o () \DIEIDIX],  (4.51)
X(0)=)

where ko(z — y,t) is the integral kernel of the semigroup e~ lV=A+m?=m] i (3 3),
and, similarly to the nonrelativistic case, we have identified the two ‘integrals’:
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Noting that the second and/or third member of (4.50) is equal to

/ g(X(1)dAs (X),
D, ([0,00)—R4)

we see that the factor

exp{/ot [ZE(S) X (s) — (\/5(3)2 +m?2 — m)}ds}D[E]D[X] (4.52)

turns out to be identified with the probability measure A\, (4.4) introduced in
Section 4.1, connected with the Lévy process concerned. Next, we shall see that,
since there is no problem for the factor e~ Jovx ()45 the problem lies only in
how to interpret and understand the factor

i Jo A(X(8)-X (s)ds _ H i) AX(s) X (s)ds

Jj=1

)

when dividing the time interval [0,¢] into n equal small subintervals [tg,t1], ...,
[tn—1,tn] with t; = jt/n,j = 0,1,2,...,n, in fact, whether, for small interval

ts .
[tj—1,t;] or large n, the factor e e A(X(s))'x(s)ds can allow a good approximation

to be suggested by the obtained path integral formulas for H®)| H2) and H®),
(1) First we consider the case for H (1) by approximating the factor

exp [i/tj A(X(s)).X(s)ds} by exp [@'A<X(tj71)2+X(tj)).(X(tj)fx(tj,l))}

i1

on each subinterval [t;_1,¢;] (“midpoint prescription”). Then the last member of
(4.15) is expected to be the limit n — oo of

n times
- -~ ~

/ . / (ei Sy @)+ AC I (X (1)~ X (t-1))
R2d R2d
7 d=( (t;)

e byt eV O e, ) TT
Jj=1

n times

- ~
_ / N / (ez‘Z;;l (E(t)-(X(£)~ X (tj-1)— (/€2 +m2—m) L]
R2d R2d

. X(tp_1)+X(ty) X(tp_1)+X(ty)
et S ACT T (X () =X (8- =V (T );])

H E ] 1 dX ] 1)7 X(O):X(to)zx. (4.53)

Jj=1
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Then putting &; = Z(t;), z; = X (¢;) makes (4.50) equal to

n times
~

=~ n
/ e / H pi(@i—wj—1)-& g [\/E3+m2—m] |
R2d R2d

X exp {zi [A(Il*l;r xl) Az —x—1) — 1/(%1712Jr xl);)}}
I=1
x g(n) ﬁ (1(2]7?)? , Ty = 2x. (4.54)

Performing all the d¢; mtegrals yields

ntlmcs
/ / ko(xo — x1,t/n)ko(x1 — x2,t/m) - -+ - ko(Xp—1 — Tp, t/n)
Rd
X exp{ - Z {iA(xlfl;r xl) (xp—1 —xp) + ‘/(961712Jr IZ):L)}

X g(xpn)dxy -+ - day, Ty =, (4.55)

where ko (z, t) is the integral kernel of e~fIV=2+m*=ml iy, (3 3) Note that (4.55) is

the same as the second member of (4.15), which was shown in Proposition 4.2 to
converge to e tH ) —m] g. Therefore we may think that the expression (4.9) with
(4.10) is heuristically connected with (4.50) in the limit n — oo of the expression
(4.55) which should be the path integral formula for e*t[H(l)*m]g in Theorem 4.1.

(2) Next we consider the case for H(?) by approximating the factor

exp [z /t v A(X(s)) .X(s)ds}

by
1
exp [i [ A((1=0)X(t)) + 0X(t;-1)) - (X(t)) ~ X (t51))ad]

0
on each subinterval [t;_1,%;]. The same arguments as in (1) above will show the
expression (4.20) with (4. 21) is also heuristically connected with (4.50), leading to
the path integral formula (4.20) with (4.21) for e_t[H(z)_m]g in Theorem 4.3.
(3) Finally, we come to the case for H®). Indeed, (4.27)/(4.28) is a mathematically

rigorous, beautiful path integral but it does not seem to be one which can be
heuristically deduced from the formal expression of ‘integral’ (4.50). We could not

think the factor exp [z f:jil A(X(s)) - X(s)ds| can allow a good approximation to
be suggested by (4.27)/(4.28) for H®). Tt is because Hf’) does not seem to be

so explicitly well expressed by a pseudo-differential operator defined through a
certain tractable symbol as H1(41) and Hf).
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5. Summary

Finally, we will collect here, as summary, the three path integral representation
formulas in Theorems 4.1, 4.3, 4.5 so as to be able to explicitly see how they are
x-dependent. To do so, we replace the z-dependent path space D, = D, ([0, 00) —
RY) / C, = C,([0,00) — RY) (with probability measure A\, / p.) by the z-
independent path space Dy = Dy([0,00) — R?) / Cy = C([0,00) — R?) of the
paths X (s) / B(s) starting from 0 in space R? at time s = 0 (with probability
measure g / fip), respectively. Namely, in the path integral representation for-
mulas in these three theorems, we make change of space, probability measure and
paths by translation x:

Dy, — Do, Ay — do, X(s) = X(s)+x
Cy — Co, piz — pio, B(s) — B(s) +z, B(T'(s)) — B(T'(s)) + =,

(1.9) s (1)) = e SN G(X (1) + ) dro (X),
Do ([0,00)—R4)

SW(X;x,t) —2/t+/|| . +33+2) -y Nx (dsdy)
+z//y>0 Ytz + 2) A(X(S)—l—:c)}-ydsn(dy)

+/O V(X (s)+x)ds;

(4.20) : (e~ =mg) () = / ST 4(X (1) + ) ddo(X),
Do ([0,00)—R4)

SA(X;a,t) /t+/>0 / X(s f)+x+0y)d9> -y Nx (dsdy)

+z//y>0 UA s) + 1z + 0y)do — A(X ()}-ydsn(dy)

+/ V(X (s) + x)ds;
(4.27) : (e H1H- //co( 0,00)>R)

x Do ([0,00)—=R)
_s® z,
SUUBTwt) o( B(T(t))4x) dpso(B)dvo(T),

T(t o T(t)
SG)N(B,T;x,t) / +x)-dB(s) + ; / divA(B(s)+x)ds
0 0

+ tV(B(T( ))+x)ds,
0
T(t

)+ x)odB(s) + /0 V(B(T(s)) + x)ds.

(=)
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1. Introduction

The large time behavior of the heat kernel of a second-order parabolic operator
has been extensively studied over the recent decades (see for example the following
monographs and survey articles [6, 11, 17, 18, 20, 25, 29, 37, 54, 55, 57, 59, 62, 63,
64], and references therein). The purpose of the present paper is to review a variety
of developments in this area, and to point out a number of their consequences.
Our attention is mainly focused on general results in general settings. Still, the
selection of topics in this survey is incomplete, and is according to the author’s
working experience and taste. The reference list is far from being complete and
serves only this exposé.

Let P be a general linear, second-order, elliptic operator defined on a domain
M C R? or, more generally, on a noncompact, connected, Riemannian manifold
M of dimension d > 1. Denote the cone of all positive solutions of the equation
Pu=0in M by Cp(M). The generalized principal eigenvalue is defined by

Ao =X (P, M) :=sup{A\ € R | Cp_r(M) # 0}.

Throughout this paper we always assume that A\g > —o0.
Suppose that A\g > 0, and consider the (time-independent) parabolic operator

Lu = 0yu+ P(z,05)u (x,t) € M x (0,00). (1.1)

We denote by Hp (M x (a,b)) the cone of all nonnegative solutions of the parabolic
equation

Lu=0 in M x (a,b). (1.2)
Let kM (x,y,t) be the positive minimal heat kernel of the parabolic operator

L on the manifold M. By definition, for a fixed y € M, the function (x,t) —
kM (z,y,t) is the minimal positive solution of the equation

Lu=0 in M x (0,00), (1.3)

subject to the initial data d,, the Dirac distribution at y € M. It can be easily
checked that for A < Ag, the heat kernel kﬁ,{ » of the operator P— X on M satisfies
the identity

kpla(,y,t) = NEp (2,y,1). (1.4)
So, it is enough to study the large time behavior of K} Ao+ and therefore, in most

cases we assume that \o(P, M) = 0. Note that the heat kernel of the operator P*,
the formal adjoint of the operator P on M, satisfies the relation

M (z,y,t) = kM (y, z,1).

Here we should mention that many authors derived upper and lower Gaussian
bounds for heat kernels of elliptic operators on M := R%, or more generally, on
noncompact Riemannian manifolds M. As a prototype result, let us recall the
following classical result of Aronson [6]:
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Example 1.1. Let P be a second-order uniformly elliptic operator in divergence
form on R? with real coefficients satisfying some general boundedness assumptions.
Then the following Gaussian estimates hold:

2
Cy(4mt) =4 exp <C2 @ ty| - w1t> <K (w,y.1)
Rt
< Cs(4mt) =2 exp (04 & ; vl + wgt) Y(z,y,t) € R? x RY x R

However, since Gaussian estimates of the above type in general are not tight
as t — oo, such bounds do not provide us with the exact large time behavior of
the heat kernel, let alone strong ratio limits of two heat kernels.

In spite of this, and as a first and rough result concerning the large time
behavior of the heat kernel, we have the following explicit and useful formula

M
lim log kp t(x, Y, t)

t—o0

= o (1.5)

We note that (1.5) holds in the general case, and characterizes the generalized
principal eigenvalue Ag in terms of the large time behavior of log k¥ (z,y,t). The
above formula is well known in the symmetric case, see for example [31] and [27,
Theorem 10.24]. For the proof in the general case, see Corollary 6.1.

To get a more precise result one should introduce the notion of criticality.
We say that the operator P is subcritical (respectively, critical) in M if for some
x # y, and therefore for any x # y, x,y € M, we have

/ k¥ (x,y,7)dT < 00 (respectively, / EM(x,y,7)dr = oo) . (L.6)
0 0

It follows from the above definition that, roughly speaking, the heat kernel of a
subcritical operator in M “decays” faster as ¢ — oo than the heat kernel of a
critical operator in M. This rule of thumb will be discussed in Section 8.

If P is subcritical in M, then the function

G¥(z,y) := /000 EM (z,y,7)dr (1.7)

is called the positive minimal Green function of the operator P in M.

It follows from (1.5) that for A < Ag, the operator P — A is subcritical in M.
Clearly, P is subcritical (respectively, critical) in M, if and only if P*, is subcritical
(respectively, critical) in M. Furthermore, it is well known that if P is critical in
M, then Cp(M) is a one-dimensional cone, and any positive supersolution of the
equation Pu = 0 in M is in fact a solution. In this case, the unique positive
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solution ¢ € Cp(M) is called Agmon ground state (or in short ground state) of the
operator P in M [1, 48, 54]. We denote the ground state of P* by ™.

The following example demonstrates two prototype behaviors as ¢t — oo of
heat kernels corresponding to two particular classical cases.

Example 1.2.
1. Let P = —A, M = R?, where d > 1. It is well known that Ao(—A,Rd) =
and that the heat kernel is given by the Gaussian kernel. Hence,

AR (2, ,) = KR (2,9, 1)

1 —lz -yl —d/2
o (47Tt)d/2 oxXp < 4t > t:oo t / tjoo 0.
So, the rate of the decay depends on the dimension, and clearly, —A is crit-
ical in R? if and only if d = 1,2. Nevertheless, the above limit is 0 in any
dimension.

2. Suppose that P is a symmetric nonnegative elliptic operator with real and
smooth coefficients which is defined on a smooth bounded domain M € R?,
and let {¢,}52, be the complete orthonormal sequence of the (Dirichlet)
eigenfunctions of P with the corresponding nondecreasing sequence of eigen-
values {A,}52 . Then the heat kernel has the eigenfunction expansion

kp! (x,y,t Ze "o () pn (y)- (1.8)

Hence,

MM (2, y,t Ze(*o M on(@)en(y) 2 wo(a)po(y) > 0.

Therefore, the operator P — )¢ is critical in M, t~!log kf‘){Ao (z,y,t) T 0,

— 00
but kf‘){Ao does not decay as t — oo.

3. Several explicit formulas of heat kernels of certain classical operators are
included in [10, 20, 27], each of which either tends to zero or converges to a
positive function as ¢t — oo.

The characterization of \g in terms of the large time behavior of the heat
kernel, given by (1.5), provides us with the asymptotic behavior of log kM
t — oo but not of k¥ itself. Moreover, (1.5) does not distinguish between critical
and subcritical operators. In the first part of the present article we provide a
complete proof that

lim e
t—o0

always exists. This basic result has been proved in two parts in [48] and [51], and
here, for the first time, we give a comprehensive and a bit simplified proof (see also
[5, 12, 28, 29, 32, 54, 60, 62, 66] and references therein for previous and related
results).

Mt (@, y,t)
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We have:

Theorem 1.3 ([48, 51]). Let P be an elliptic operator defined on M, and assume
that Ao(P, M) > 0.

(i) The subcritical case: If P — X\ is subcritical in M, then
: Aot .M _
tlig.loe kP (.’Iﬁ,y,t) = 0.

(ii) The positive-critical case: If P — A\ is critical in M, and the ground states
@ and ©* of P — \g and P* — \g, respectively, satisfy o*¢ € L*(M), then

lim kM (2, g 1) = pla)etly)
AL BB = e () az
(iii) The null-critical case: If P — \q is critical in M, and the ground states ¢ and
©* of P— X\ and P* — \o, respectively, satisfy p*¢ ¢ L*(M), then

Jim e kR (z,y, 1) = 0.

Moreover, for A < Ao, let G%Ii)\(x, y) be the minimal positive Green function
of the elliptic operator P — X on M. Then the following Abelian-Tauberian relation
holds

Jim Y (2,,8) = lim (o = NGH (2,0). (L9)

The outline of the present paper is as follows. In Section 2 we provide a short
review of the theory of positive solutions and the basic properties of the heat
kernel. The proof of Theorem 1.3 is postponed to Section 5 since it needs some
preparation. It turns out that the proof of the null-critical case (given in [51]) is the
most subtle part of the proof of Theorem 1.3. It relies on the large time behaviors
of the parabolic capacitory potential and of the heat content that are studied in
Section 3, and on an extension of Varadhan’s lemma that is proved in Section 4
(see Lemma 4.1). Section 6 is devoted to some applications to Theorem 1.3. In
particular, Corollary 6.7 seems to be new.

The next two sections deal with ratio limits. In Section 7, we discuss the
existence of the strong ratio limit

k! (x,y,1)
t—00 k‘f:\,/[ (.’170, X0, t)

(Davies’ conjecture), and in Section 8 we deal with the conjecture that

kp (2,y,t)

=0 v s & ]\47 1.10
O kM (2, 1) DY (1.10)

where Py and P are respectively subcritical and critical operators in M. Finally,
in Section 9 we discuss the equivalence of heat kernels of two subcritical elliptic op-
erators (with the same o) that agree outside a compact set. Unlike the analogous
question concerning the equivalence of Green functions, the problem concerning
the equivalence of heat kernels is still “terra incognita”. Solving this problem will
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in particular enable us to study the stability of the large time behavior of the heat
kernel under perturbations.

The survey is an expanded version of a talk given by the author at the con-
ference “Mathematical Physics, Spectral Theory and Stochastic Analysis” held in
Goslar, Germany, September 11-16, 2011, in honor of Professor Michael Demuth.
We note that most of the results in Sections 3—6 originally appeared in [48, 51],
those of Section 7 appeared in [52], while those in Sections 8-9 originally appeared
in [24].

2. Preliminaries

In this section we recall basic definitions and facts concerning the theory of non-
negative solutions of second-order linear elliptic and parabolic operators (for more
details and proofs, see for example [54]).

Let P be a linear, second-order, elliptic operator defined in a noncompact,
connected, C3-smooth Riemannian manifold M of dimension d. Here P is an ellip-
tic operator with real and Holder continuous coefficients which in any coordinate
system (U;x1,...,2q) has the form

d
P(2,0;) = — > aij(2)0:0; +Zb )0; + ¢(x), (2.1)

1,j=1
where 9; = 9/0x;. We assume that for every € M the real quadratic form

d

Z 5746]’ (fla v agd) € Rd (22)

is symmetric and positive definite.

Throughout the paper we always assume that \o(P, M) > 0. In this case we
simply say that the operator P is nonnegative in M, and write P > 0 in M. So,
P > 0in M if and only if the equation Pu = 0 admits a global positive solution
in M. We note that in the symmetric case, by the Agmon-Allegretto-Piepenbrink
theory [1], the nonnegativity of P in M is equivalent to the nonnegativity of the
associated quadratic form on C§°(M).

We consider the parabolic operator L

Lu = u; + Pu on M x (0,00), (2.3)
and the corresponding homogeneous equation Lu = 0 in M x (0, 00).

Remark 2.1. We confine ourselves mainly to classical solutions. However, since the
results and the proofs throughout the paper rely on standard elliptic and parabolic
regularity, and basic properties and results of potential theory, the results of the
paper are also valid for weak solutions in the case where the elliptic operator P is
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in divergence form

d d d
Pu=— Z 0; Z aij(2)du + ubi(z) | + Z bi(x)0u + c(z)u, (2.4)

i=1 j=1 i=1
with coefficients which satisfy standard local regularity assumptions (as for exam-
ple in Section 1.1 of [44]). The results are also valid in the framework of strong
solutions, where the strictly elliptic operator P is of the form (2.1) and has locally
bounded coefficients; the proofs differ only in minor details from the proofs given

here.

We write 1 € Qs if Q5 is open, Q; is compact and Q1 C Qs. Let f,g € C(Q)
be nonnegative functions; we use the notation f =< g on € if there exists a positive
constant C such that

Clg(x) < f(z) < Cg(x) for all z € Q.

Let {M;}32, be an evhaustion of M, i.e., a sequence of smooth, relatively
compact domains in M such that My # 0, M; € M;;; and U2 M; = M.
For every j > 1, we denote M; = M \ cl(M;). Let Mo, = M U {oc} be the
one-point compactification of M. By a neighborhood of infinity in M we mean a
neighborhood of co in M, that is, a set of the form M \ K, where K is compact
in M.

Assume that P > 0 in M. For every j > 1, consider the Dirichlet heat kernel
kﬁ\fj (x,y,t) of the parabolic operator L = d; + P in M;. So, for every continuous
function f with a compact support in M, the function

u(et)i= [ (.0 ) dy
solves the initial-Dirichlet boundary value problems
Lu=0 in M; x (0, 00),
u=0 on JdM; x (0,00), (2.5)
u=f  on M; x {0}

By the generalized maximum principle, {kyj (z,y,t)}52, is an increasing sequence
which converges to k¥ (z,y,t), the positive minimal heat kernel of the parabolic
operator L in M.

The main properties of the positive minimal heat kernel are summarized in

the following lemma.

Lemma 2.2. Assume that P > 0 in M. The heat kernel kM (z,y,t) satisfies the
following properties.

1. Positivity: kM (z,y,t) >0 for allt > 0 and x,y € M.
2. For any A < \g we have
kpa(@,y,t) = NER (2,4, 1). (2.6)
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3. The heat kernel satisfies the semigroup identity

R e O ) dz = kY (ot 4 7) Ve > 0, and € M.
Q

(2.7)
4. Monotonicity: If My C M, and Vi > Vs, then

M M M M
KMy <M and kM <EM.

5. For any fivzed y € M (respectively x € M), k¥ (z,y,t) solves the equation
up + P(z, 0 )u = 0 (respectively uy + P*(y, 0y)u = 0) in M x (0, 00).

6. Skew product operators: Let M = My x Ms be a product of two manifolds,
and denote x = (x1,x2) € M = My X Ms. Consider a skew product elliptic
operator of the form P := Py ®Is+ 11 ® Py, where P; is a second-order elliptic
operator on M; satisfying the assumptions of the present paper, and I; is the
identity map on M;, i = 1,2. Then

k‘y(ﬂ?,y,t) = kgl (-’171>y17t)k§\9422(372>y27t)' (28)

7. Eigenfunction expansion: Suppose that P is a symmetric elliptic operator

with (up to the boundary) smooth coefficients which is defined on a smooth

bounded domain M. Let {p,}52 o be the complete orthonormal sequence of the

(Dirichlet) eigenfunctions of P with the corresponding nondecreasing sequence

of eigenvalues {A\n}52y. Then the heat kernel of P in M has the eigenfunction
expansion

kp! (@,y,t Ze "o () pn ()- (2.9)
8. Letv € Cp(M) and v* € Cp«(M ) Then [48, 49]
| 0wy <o), and [ K @d <o), (210)
M M

Moreover, (by the mazimum principle) either [, k¥ (z,y,t)v(y)dy < v(x)
Jor all (z,t) € M x (0,00), or [}, k¥ (2, y,t)v(y)dy = v(z) for all (z,t) €
M x (0,00), and in the latter case v is called an invariant solution of the
operator P on M (see for example [21, 26, 48, 54]).

Remark 2.3.

1. If there exists v € Cp(M) such that v is not invariant, then the positive
Cauchy problem

Lu=0,u>0 onM x (0,00), u(z,00=0 xz€M

does not admit a unique solution.

2. An invariant solution is sometimes called complete. If the constant function is
an invariant solution with respect to the heat operator, then one says that the
heat operator conserves probability, and the corresponding diffusion process
is said to be stochastically complete [27].
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Definition 2.4. Let w be a positive solution of the equation Pu = 0 in M \ K,
where K € M. We say that w is a positive solution of the equation Pu = 0 of
minimal growth in a neighborhood of infinity in M if for any v € C(cl(M;)) which
is a positive supersolution of the equation Pu = 0 in M7 for some j > 1 large
enough, and satisfies w < v on M, we have w < v in M} [1, 48, 54].

In the subcritical (respectively, critical) case, the Green function G¥ (-, y)
(respectively, the ground state ¢) is a positive solution of the equation Pu = 0 of
minimal growth in a neighborhood of infinity in M. Recall that if A < Ag, then
P — X is subcritical in M. In particular, if P is critical in M, then Ag = 0.

Next, we recall the parabolic Harnack inequality. Denote by Q(zo, to, R, 0)
the parabolic box

Q(zo,t0, R, 0) == {(z,t) € M xR | p(z,x0) < R,t € (to,to + OR?)},
where p is the given Riemannian metric on M, and 6 > 0. We have:

Lemma 2.5 (Harnack inequality). Let u be a nonnegative solution of the equation
Lu =0 in Q(xo,to, R, ), and assume that § > 1 and 0 < R < Ry. Then

u(zo,to + R?) < Cu(z,to + OR?) (2.11)

for every p(z,z9) < R/2, where C = C(L,d, Ro,0). Moreover, C' varies within
bounded bounds for all > 1 such that 0 <e < (0 —1)"! < M.

Let v € Cp(M) and v* € Cp«(M). Then the parabolic Harnack inequality
(2.11), and (2.10) imply the following important estimate

kljgl(x>y7t) <a (y)v($)> and kljgl(x7y>t) < CQ(CC)U*(y) (212)

for all 2,y € M and ¢t > 1 (see [48, (3.29-30)]). Recall that in the critical case,
by uniqueness, v and v* are (up to a multiplicative constant) the ground states ¢
and ¢* of P and P* respectively. Moreover, it is known that the ground state ¢

(respectively, ¢*) is a positive invariant solution of the operator P (respectively,
P*) in M. So,

/MkPMu,y,t)so(y)dy:so(x), and /M KM (2,9, 00" () dz = o7 (). (2.13)

We distinguish between two types of criticality.

Definition 2.6. A critical operator P is said to be positive-critical in M if p*¢ €
LY(M), and null-critical in M if p*¢ ¢ L*(M).

Remark 2.7. Let 1 be the constant function on M, taking at any point x € M the
value 1. Suppose that P1 = 0. Then P is subcritical (respectively, positive-critical,
null-critical) in M if and only if the corresponding diffusion process is transient
(respectively, positive-recurrent, null-recurrent). For a thorough discussion of the
probabilistic interpretation of criticality theory, see [54].
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In fact, in the critical case it is natural to use the well-known (Doob) h-
transform with h = ¢, where ¢ is the ground state of P. So,

1
P?u:=  P(pu) and therefore kM, (z,y,t) = EM (2,9, t)p(y).
¥

1
p(x)
Clearly, P¥ is an elliptic operator which satisfies all our assumptions. Note
that P% is null-critical (respectively, positive-critical) if and only if P is null-critical
(respectively, positive-critical), and the ground states of P¥ and (P¥)* are 1 and
©*p, respectively. Moreover,

lim kM (z,y,t) =0 if and only if  lim kM (x,y,t) = 0.
t—o00 t—o0
Therefore, in the critical case, we may assume that
P1 =0, and P is a critical operator in M. (A)

It is well known that on a general noncompact manifold M, the solution of the
Cauchy problem for the parabolic equation Lu = 0 is not uniquely determined (see
for example [30] and the references therein). On the other hand, under Assumption
(A), there is a unique minimal solution of the Cauchy problem and of certain
initial-boundary value problems for bounded initial and boundary conditions. More
precisely,

Definition 2.8. Assume that P1 = 0. Let f be a bounded continuous function on
M. By the minimal solution u of the Cauchy problem

Lu=0 in M x (0,00),
u=f onM x {0},

we mean the function
u(et)i= [ k¥ (o.0f) dy, (2.14)
M

Note that (2.10) implies that w in (2.14) is well defined.

Definition 2.9. Assume that P1 = 0. Let B € M; be a smooth bounded domain
such that B* := M \ cl(B) is connected. Assume that f is a bounded continuous
function on B*, and g is a bounded continuous function on 9B x (0,00). By the
minimal solution u of the initial-boundary value problem

Lu=0 in B* x (0,00),
u=g ondB x (0,00), (2.15)
u=f on B*x {0},

we mean the limit of the solutions u; of the following initial-boundary value prob-

lems
Lu=0 in (B*NM,;) x(0,00),

u=g on 9B x (0, 00),
u=0 on OM; x (0,00),
u=f on (B*NM;)x{0}.
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Remark 2.10. It can be easily checked that the sequence {u,} is indeed a converg-
ing sequence which converges to a solution of the initial-boundary value problem
(2.15).

Next, we recall some results concerning the theory of positive solutions of
elliptic equations that we shall need in the sequel.
The first result is a Liouville comparison theorem in the symmetric case.

Theorem 2.11 ([53]). Let Py and Py be two symmetric operators of the form
Pju = —mj 'div(m; A;Vu) + Vju  j=0,1, (2.16)
defined on L*(M,mqdz) and L*(M,my dz), respectively.
Assume that the following assumptions hold true.
(i) The operator Py is critical in M. Denote by ¢ € Cp,(M) its ground state.
(ii) P1 >0 in M, and there exists a real function ¢ € HL (M) such that ¢4 # 0,
and Pty <0 in M, where uy(x) := max{0,u(z)}.
(iil) The following matrix inequality holds
(V)% (2)my (2) AL (z) < Co?(z)mo(x) Ao () for a.e. x € M, (2.17)
where C' > 0 is a positive constant.

Then the operator Py is critical in M, and 1 is its ground state. In particular,

diHle1 (M) =1 and )\o(Pl,M) =0.

In the sequel we shall also need to use results concerning small and semismall
perturbations of a subcritical elliptic operator. These notions were introduced in
[46] and [43] respectively, and are closely related to the stability of Cp(§2) under
perturbation by a potential V.

Definition 2.12. Let P be a subcritical operator in M, and let V' be a real-valued
potential defined on M.

(i) We say that V' is a small perturbation of P in M if

M M
lim { sup / G (2, Z)Q;(z)‘GP @y gty (2.18)
J=oo | wyeM; Sy Gp (z,v)
(ii) V is a semismall perturbation of P in M if for some xzg € M we have
M M
lim ¢ sup / G (20, ZB\LV(Z)‘GP (z9) dz » =0. (2.19)
IO | yeMy M; Gp (Io’y)

Recall that small perturbations are semismall [43]. For semismall perturba-
tions we have

Theorem 2.13 ([43, 46, 47]). Let P be a subcritical operator in M. Assume that
V =V, —V_ is a semismall perturbation of P* in M satisfying V_ # 0, where
Vi(x) = max{0, £V (z)}.

Then there exists ag > 0 such that P, := P 4+ oV is subcritical in M for all
0 < a < agy and critical for a = ay.
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Moreover, let p be the ground state of P+ agV and let yo be a fixed reference
point in My. Then for any 0 < a < aq
L)DXCTV]\P{X(ﬂUO) in Mf7

where the equivalence constant depends on «.

3. Capacitory potential and heat content

Our first result concerning the large time behavior of positive solutions is given
by the following simple lemma that does not distinguish between null-critical and
positive-critical operators.

Lemma 3.1. Assume that P1 = 0 and that P is critical in M. Let B := B(x0,0) CC
M be the ball of radius § centered at xo, and suppose that B* = M \ cl(B) is con-
nected. Let w be the heat content of B*, i.e., the minimal nonnegative solution of
the following initial-boundary value problem

Lu=0 in B* x(0,00),
u=0 on dB x (0,00), (3.1)
u=1 on B* x {0}.
Then w is a decreasing function of t, and lims oo w(x,t) = 0 locally uniformly
m B*.
Proof. Clearly,
w(z,t) = / kB (x,y,t) dy < /M EM (z,y,t)dy = 1. (3.2)

It follows that 0 < w < 1 in B* x (0,00). Let £ > 0. By the semigroup identity
and (3.2),

wlat o) = [ 1 e (/ kﬁ*u,z,t)kﬁ*(z,y,e)dz) dy

= / kB (z,2,t) (/ kB (2,y,¢) dy) dz (3.3)
< /* kB (z,2,t) dz = w(x, t).

Hence, w is a decreasing function of ¢, and therefore, lim; o, w(z,t) exists. We
denote v(x) := lims_, o w(x,t). Note that the above argument shows that even in
the subcritical case w is a decreasing function of t.

For 7 > 0, consider the function v(z,t;7) := w(x,t + 7), where t > —7.
Then v(z,t;7) is a nonnegative solution of the parabolic equation Lu = 0 in
B* x (—7,00) which satisfies © = 0 on 0B x (—7,000). By a standard parabolic
argument as 7 — 0o, any converging subsequence of this set of solutions converges
locally uniformly to a solution of the parabolic equation Lu = 0 in B* x R which
satisfies u = 0 on 9B x R. Since lim,_,oc v(z,t;7) = lim, o0 w(z, 7) = v(x), the
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limit does not depend on ¢, and v is a solution of the elliptic equation Pu = 0 in
B*, and satisfies v = 0 on 0B. Furthermore, 0 < v < 1.

Therefore, 1 — v is a positive solution of the equation Pu = 0 in B* which
satisfies u = 1 on 9B. On the other hand, it follows from the criticality assumption
that 1 is the minimal positive solution of the equation Pu = 0 in B* which satisfies
u =1 on 0B. Thus, 1 <1 — v, and therefore, v = 0. O

Definition 3.2. Let B := B(x0,d) CC M. Suppose that B* = M \ cl(B) is con-
nected. The nonnegative (minimal) solution

v(z,t) =1 —/ KB (z,y,t) dy

is called the parabolic capacitory potential of B*. Note that v is indeed the minimal
nonnegative solution of the initial-boundary value problem

Lu=0 in B* x (0,00),
u=1 on dB x (0,00), (3.4)
u=0 on B* x {0}.
Corollary 3.3. Under the assumptions of Lemma 3.1, the parabolic capacitory po-

tential v of B* is an increasing function of t, and lim;_,o v(z,t) = 1 locally uni-
formly in B*.

Proof. Using an exhaustion argument it is easily verified that

vat) =1 [ K () dy = 1= (a0, (35)
where w is the heat content of B*. Therefore, the corollary follows directly from
Lemma 3.1. O

4. Varadhan’s lemma

Varadhan’s celebrated lemma (see, [62, Lemma 9, p. 259] or [54, pp. 192-193])
deals with the large time behavior of minimal solutions of the Cauchy problem
with bounded initial data (assuming that P1 = 0). It turns out that the limit
as t — oo of such solutions might not exist, but, under further conditions, the
spacial oscillation of the solution tends to zero as t — oco. In the present section
we slightly extend Varadhan’s lemma (Lemma 4.1). This extended version of the
lemma is crucially used in the proof of the null-critical case in Theorem 1.3.
Varadhan proved his lemma for positive-critical operators on R? using a
purely probabilistic approach (ours is purely analytic). Our key observation is
that the assertion of Varadhan’s lemma is valid in our general setting under the
weaker assumption that the skew product operator P := P ® I + I ® P is critical
in M := M x M, where I is the identity operator on M. Note that if P is critical
in M, then P is critical in M. On the other hand, if P is positive-critical in M,
then P is positive-critical in M. Moreover, if P is subcritical in M, then by part
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(i) of Theorem 1.3, the heat kernel of P on M tends to zero as t — oco. Since
the heat kernel of P is equal to the product of the heat kernels of its factors (see
Lemma 2.2), it follows that if P is subcritical in M, then lim; EM(z,y,t) = 0.
Consider the Riemannian product manifold M = M x M. A point in M is
denoted by Z = (z1,22). By Py,, i = 1,2, we denote the operator P in the variable
. So, P = Py, + Py, is in fact the above skew product operator defined on M.
We denote by L the corresponding parabolic operator.

Lemma 4.1 (Varadhan’s lemma [51]). Assume that P1 = 0. Suppose further that
P is critical on M. Let f be a continuous bounded function on M, and let

ulr, 1) = /M KM (2. 0)f (y) dy

be the minimal solution of the Cauchy problem with initial data f on M. Fiz
K cC M. Then

lim sup J|u(xy,t) — u(za,t)] = 0.

t—00 z1,22€K
Proof. Denote by u(Z,t) := u(x1,t) —u(xe,t). Recall that the heat kernel k(Z, 7, t)
of the operator L on M satisfies

kM (z,7,t) = kM (21, y1, kM (22, y2, 1) (4.1)

B /M ke (21,91, f (1) dys - /M kp (w2, y2,t) f(y2) dys
= /M /M ky(:m,y1,t)ky(x27y27t)(f(yl) — F(y2)) dy1 dys
:/1\71 kM (2,3, (f(y1) — f(y2)) dg.

Hence, @ is the minimal solution of the Cauchy problem for the equation Lw = 0
on M x (0,00) with the bounded initial data f(z) := f(z1) — f(x2), where z € M.

Fix a compact set K CC M and zp € M \ K, and let ¢ > 0. Let B :=
B((z0,20),0) CC M\ K, where K = K x K, and § will be determined below. We
may assume that B* = M \ cl(B) is connected. Then % is a minimal solution of
the following initial-boundary value problem

Li=0 in B* x (0, 00),
a(Z,t) = u(xy,t) — u(ze,t)  on OB x (0,00), (4.2)
w(z,0) = f(z1) — f(z2) on B* x {0}.

We need to prove that lim;,~ @(Z,t) = 0.
By the superposition principle (which obviously holds for minimal solutions),
we have
w(z,t) = ur(Z,t) + uz(Z,t) on B* x [1,00),
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where u; solves the initial-boundary value problem

Luy =0 in B* x (1,00),
ui(Z,t) = u(xy,t) —u(re,t) on dB x (1,00), (4.3)
u1(Z,0) =0 on B* x {1},

and ug solves the initial-boundary value problem
Lus =0 in B* x (1, 00),
u2(Z,t) =0 on 9B x (1, 00), (4.4)
u2(Z,0) = u(x1,1) —u(r2,1) on B* x {1}.
Clearly, |u(Z,t)| < 2| f|lec on M x (0,00). Note that if # = (x1,22) € OB, then

on M, distps(z1,x2) < 24. Using Schauder’s parabolic interior estimates on M, it
follows that if ¢ is small enough, then

|a(z,t)| = |u(z1,t) — u(ze,t)| <e on dB x (1,00).
By comparison of u; with the parabolic capacitory potential of B*, we obtain that
lui(Z,t)| < e <1 —/ kB (z,9,t — l)dg) <e in B* x (1, 00). (4.5)

On the other hand,

lua (2, 8)] < 2\|f\|w/ RO (2,90 1)dy i B*x(Loo).  (46)
B*
It follows from (4.6) and Lemma 3.1 that there exists T > 0 such that
lug(z,t)| <e forallze K andt > T. (4.7)
Combining (4.5) and (4.7), we obtain that |u(z1,t) —u(z2,t)| < 2e for all z1, 25 €
K and t > T'. Since ¢ is arbitrary, the lemma is proved. O

5. Existence of lim;_, o, e’k (z, y, t)

The present section is devoted to the proof of Theorem 1.3 which claims that
limy 00 e’\otkf‘f (x,y,t) always exists. Without loss of generality, we may assume
that Ao = 0. For convenience, we denote by k the heat kernel kX of the operator
P in M.

Proof of Theorem 1.3. (i) The subcritical case: Suppose that P is subcritical in Q.
It means that for any z,y, € M we have

/OO k(x,y,t)dt < co. (5.1)

Let z,y € Q be fixed, and suppose that k(z,y,t) does not converge to zero as
t — 0o. Then there exist an increasing sequence t; — 00, tj41 —t; > 1, and € > 0,
such that k(z,y,t;) > ¢ for all j > 1. Using the parabolic Harnack inequality
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(2.11), we deduce that there exists C > 0 (C may depend on z,y, <, and P) such
that

tj+1
/ k(xz,y,t)dt > Ce Vi > 2. (5.2)

tj
But this contradicts (5.1).

(ii) The positive-critical case: Let P be a critical operator in M and let
ti}22, C R be a sequence such that ¢, — oo, and define:
7J5=1 J

ug(z,y,t) = k(z, y,t +15).
Fix xo,y0 € M. By (2.12) we have

ui(@0.0) < cilp)p(@), (us(@o,,t) S c2l@0)e’®),)  (53)

forallz € M (y € M) and t € R and j > J(t). Using the parabolic Harnack
inequality and a standard Parabolic regularity argument we may subtract a sub-
sequence of {u;} (which we rename by {u;}) that converges locally uniformly to
a nonnegative solution u(x,y,t) of the parabolic equations

Lu=0u+ P(z,0;)u=0, Lu=0u+Ply,d)u=0 in M xR.
Moreover, u satisfies the estimates
U(I’,yo,t) < Cl(yo)(p(I) V(I,t) €M x R7 (54)
u(zo,y,t) < ca(zo)p™(y)  V(y,t) € M xR
Using the semigroup property we have for all ¢,7 > 0
/ k(z,z, T)k(z,y,t+t;)dz = / k(z,z,t +t;)k(z,y,7)dz
M M (5.6)
=k(z,y, 7+t +t;)
for all j > 1. On the other hand, by (2.13), the ground state ¢ is a positive
invariant solution. Consequently, for any z € M and 7 > 0, k(z,-,7)p € L*(M).

Similarly, for all 7 > 0 and y € M, p*k(-,y,7) € L'(M). Hence, by estimates (5.3)
and the Lebesgue dominated convergence theorem, we obtain

/ k(x,z,T)u(z,y,t)dz :/ u(x, z, )k(z,y,7)dz = u(x,y, 7 + t), (5.7)
M

M
where u(x,y,t) = lim; o k(z,y,t + ;). In particular, for 7 = ¢; and t = —t; we
have

/ k(z, z,tj)u(z,y, —t;)dz = / u(z, z, —t;)k(z,y,t;) dz = u(z,y,0)  (5.8)
M M

Invoking again estimates (2.12), and (5.4)—(5.5), we see that the integrands in (5.8)
are bounded by C(z,y)p(2)p*(2). Recall our assumption that o(z)¢* (z) € L*(M),
hence, the Lebesgue dominated convergence theorem implies

/ u(z, z,0)0(z,y,0)dz :/ iz, z,0)u(z,y,0)dz = u(z,y, 0), (5.9)
M M
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where
U(z,y,t) = lim u(z,y,t—t;), (5.10)
J—00
and again we may assume that the limit in (5.10) exists.

On the other hand, by the invariance property (2.13), and estimates (2.12),
we get

/ u(z, z, 7)p(2) dz = p(x), / ©*(2)u(z,y,t)dz = ™ (y). (5.11)
M M

In particular u(z,y,t) > 0. It follows from the Harnack inequality and (5.9) that
G(x,y,t) is also positive and we have

] it 00tz 0) deplo)dy = [ ul.006tu) dy. (5.12)

Consequently, (5.11) and (5.12) imply that

/ W(z, z,0)p(z) dz = p(x). (5.13)
M

Define integral operators

Uf(x):= /M u(x, z,0) f(z)dz, U*f(y) = /M (z,y,0)f(2)dz. (5.14)

By (5.9) and (5.13) we see that ¢(z) and u(z,y,0) (as a function of x) are positive
eigenfunctions of the operator U with an eigenvalue 1, and for every z € M,
u(z,y, 0) is a positive eigenfunction of U* with an eigenvalue 1. Moreover, for every
x € M, u(z,-,0)p € L*(M) and for every z,2z € M, u(z,-,0)u(-,2,0) € L*(M).
Consequently, it follows [48, Lemma 3.4] that 1 is a simple eigenvalue of the integral
operator U. Hence,

u(z,,0) = By)p(). (5.15)
By (5.11) and (5.15) we have
/M o (2)B(y)plz) dz = / " (2)ulz v, 0)dz = " (y). (5.16)

M

Therefore, we obtain from (5.15) and (5.16) that 5(y) = I o2 (wy)(z) de
M
Thus,

p(z)e*(y)
hm k(fE y7 ) - U(l‘,y,O) = ’
j—o0 [y p(2)e*(2) dz
and the positive-critical case is proved since the limit in (5.17) is independent of
the sequence {t;}.

(5.17)

(iii) The null-critical case: Without loss of generality, we may assume that
P1 =0, where P is a null-critical operator in M. We need to prove that

. M o
tli)rgo kP (I,y,t) =0.
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As in Lemma 4.1 (Varadhan’s lemma), consider the Riemannian product
manifold M := M x M, and let P = P,, + P, be the corresponding skew product
operator which is defined on M.

If P is subcritical on M, then by part (i), lim; s l_cg

kM (z,5,t) = kM (@1, y1, )M (22,92, 1),

it follows that lim; o0 kM (z,y,t) = 0.

Therefore, there remains to prove the theorem for the case where P is critical
in M. Fix a nonnegative, bounded, continuous function f # 0 such that p*f €
LY(M), and consider the solution

o(z,t) == /M kY (2, 8) £ () dy.

Let t,, — oo, and counsider the sequence {v,(x,t) := v(x,t + t,)}. As in part (ii),
up to a subsequence, {v,} converges to a nonnegative solution u € Hp(M x R).
Invoking Lemma 4.1 (Varadhan’s lemma), we see that u(z,t) = a(t). Since
u solves the parabolic equation Lu = 0, it follows that a(t) is a nonnegative
constant a.
We claim that o = 0. Suppose to the contrary that > 0. The assumption
that ¢*f € L'(M) and (2.13) imply that for any ¢ > 0

/M o (y)v(y,t) dy = /M ©*(y) (/M k3 (y, 2, t) f(2) dZ> dy
-/ ( IR dy) 6= [ PEiEd < (513)

On the other hand, by the null-criticality, Fatou’s lemma, and (5.18) we have

00 = /M o*(2)adz = /M ¢*(2) lim v(z,ta)dz

n—oo

< lim inf /M e (2)v(z,t,)dz = / ©*(2)f(2)dz < oo.

n—roo M

(z,9,t) =0, and since

Hence o = 0, and therefore

lim EM (x,y,t) f(y)dy = tlim v(x,t) = 0. (5.19)

t—o00 M

Now fix y € M and let f := k¥ (-,y,1). Consider the minimal solution of the
Cauchy problem with initial data f. So, by the semigroup property we have

u(z,t) ::/ kp' (x,2,0)f(2) dz :/ kp' (z,2,)kp (2,9,1) dz = kp' (z,y,t + 1).
M M

In view of (2.12) (with v = 1) and (2.13), the function f is bounded and satisfies
fo* € LY(M). Therefore, by (5.19) lim;_, o u(z,t) = 0. Thus,

. M I T M — 1; —
tllgolo kP (I,y,t) - tll)rgo kP (l‘,y,t+ 1) - tll)I{.loU(fE,t) - O
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The last statement of the theorem concerning the behavior of the Green
function G¥_, (z,y) as A — Ao follows from the first part of the theorem using a
classical Abelian theorem [58, Theorem 10.2]. O

6. Applications of Theorem 1.3

We discuss in this section some applications of Theorem 1.3 and comment on
related results. First we prove (1.5), which characterizes A\ in terms of the large
time behavior of log k¥ (z,vy,t).

Corollary 6.1 ([24]). The heat kernel satisfies

M
lim IOg kP (l‘, Y, t)

t—o0

= —Xo(P, M) x,y € M. (6.1)

Proof. The needed upper bound for the validity of (6.1) follows directly from
Theorem 1.3 and (1.4).

The lower bound is obtained by a standard exhaustion argument and The-
orem 1.3 (cf. the proof of [27, Theorem 10.24]). Indeed, let {M;}32; be an ez-
haustion of M. Recall that since M; is a smooth bounded domain, the operator
P — X\o(P, M;) is positive-critical in M. Therefore, Theorem 1.3, and the mono-
tonicity of heat kernels with respect to domains (see part 4 of Lemma 2.2) imply
that

log kM log kp (2, y,t
liming 08P (B0t 5 ) loekp @y t) by
t—o0 t t—o0 t
Since lim; 00 Ag(P, M;) = Ao(P, M), we obtain the needed lower bound. O

We now use Theorem 1.3 to strengthen Lemma 4.1. More precisely, in the
following result we obtain the large time behavior of solutions of the Cauchy prob-
lem with initial conditions which satisfy a certain (and in some sense optimal)
integrability condition.

Corollary 6.2 ([51]). Let P be an elliptic operator of the form (2.1) such that
Xo > 0. Let f be a continuous function on M such that v*f € L*(M) for some
v* € Cp«(M). Let

u@¢)=/Lk¥@%%ﬂf@ﬁm

be the minimal solution of the Cauchy problem with initial data f on M. Fiz
K cCc M. Then

Jim sup fu(z, 1) — F(o)] = 0
where

o(x) if P is positive-critical in M,

0 otherwise.
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Proof. Since v*f € L'(M), estimate (2.12), and the dominated convergence theo-
rem imply that

lim u(e,t) = lim [ KM (2, 0)f(y) dy = / lim [£Y (2. 0)/ ()] dy.

t—o0 t—o00 M Mtﬁoo
and the claim of the corollary follows from Theorem 1.3. (]
Assume now that P1 = 0 and [}, EM(- y,t)dy = 1 (ie., 1 is a positive

invariant solution of the operator P in M). Corollary 6.2 implies that for any
j > 1and all z € M we have

S w7 (Y) dy
lim kp (z,y,t)dy =< [, 0% (y) dy

t—o0 M*
J

if P is positive-critical in M,

1 otherwise.

Suppose further that P is not positive-critical in M, and f is a bounded continuous
function such that liminf, . f(z) =€ > 0. Then

lim inf/ ¥ (z,y,t) f(y)dy > e. (6.2)
t—o0 M

Hence, if the integrability condition of Corollary 6.2 is not satisfied, then the large
time behavior of the minimal solution of the Cauchy problem may be compli-
cated. The following example of W. Kirsch and B. Simon [34] demonstrates this
phenomenon.

Example 6.3. Consider the heat equation in R?. Let R; = ¢’ and let

flz) =2+ (-1) if Rj< sup |z < Rj41, j> 1.
1<i<d

Let u be the minimal solution of the Cauchy problem with initial data f. Then
for t ~ RjRj11 one has that u(0,t) ~ 2 + (—1)?, and thus u(0,t) does not have a
limit. Note that by Lemma 4.1, for d = 1, u(z, t) has exactly the same asymptotic
behavior as u(0,t) for all x € R.

In fact, it was proved in [56] that for the heat equation on R?, the following
holds: for any bounded function f defined on R?, the limit

. d
lim kHEA(% y,t) f(y) dy

t—o00 R4

exists, if and only if the limit

1
lim / ) dy
2% 1B R)| Jowm

exists. Moreover, the values of the two limits are equal. For an extension of the
above result see [31]. We note that such a theorem is false if the average value of
f is taken on solid cubes.
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The next three corollaries concern elliptic operators on manifolds.

Corollary 6.4 ([12]). Let M be a noncompact complete Riemannian manifold, and
denote by A the corresponding Laplace—Beltrami operator. Then

. E M _
ZO = thgn ka(‘Tai%t) =0 (63)
if and only if M has an infinite volume.

Proof. If M has a finite volume, then —A is positive-critical in M, and by Theo-
rem 1.3, we have £y = (VOI(M))_1 > 0.

Suppose now that M has an infinite volume. If A\g > 0, Corollary 6.1 implies
that ¢y = 0. On the other hand, if A\g = 0, then since u = 1 is a positive harmonic
function which is not in L?(M), the uniqueness of the ground state implies that
—A is not positive-critical in M. Hence, by Theorem 1.3 we have £y = 0. O

Before studying the next two results we recall three basic notions from the
theory of manifolds with group actions.

Definition 6.5. Let G be a group, and suppose that G acts on M. For any real
continuous function v and g € G, denote by v9 the function defined by v?(z) :=
v(gx). Let R* =R\ {0} be the real multiplicative group.

1. A nonzero real continuous function f on M is called G-multiplicative if there
exists a group homomorphism v : G — R*, such that

flgz) =~(9)f(x) Vg€ G,ze M.

2. A G-group action on M is compactly generating if there exists K € M such
that GK = M (see [38]).
3. The operator P is said to be G-equivariant if

P9 = (Plu])! Vg eG.

Corollary 6.6 (cf. [12]). Suppose that a noncompact manifold M is a covering of a
compact Riemannian manifold, and consider the Laplace—Beltrami operator A on
M. Then

0:= lim e™'kM, (z,y,t) = 0. (6.4)

t—o00

In particular, —A — \g is not positive-critical in M.

Proof. Suppose that £ > 0. By Theorem 1.3, the operator —A — Ag is positive-
critical in M, and in particular, the ground state ¢ is in L?(M). The uniqueness
of the ground state implies that ¢ is G-multiplicative, where G is the deck trans-
formation. But this contradicts the assumption that ¢ € L2, since G is an infinite
group. U

The following corollary deals with manifolds with group actions and general
equivariant operators, without any assumption on the growth of the acting groups.
It generalizes Corollary 6.6, and seems to be new.
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Corollary 6.7. Let M be a noncompact manifold, and let G be a group. Suppose that
G acts on M, and that the G-group action on M is compactly generating. Assume
that P is a G-equivariant second-order elliptic operator of the form (2.1) which is
defined on M. Suppose further that any nonzero G-multiplicative C**-function is
not integrable on M. Then

0:= lim e™'k} (z,y,t) = 0. (6.5)

t—o0

Proof. Suppose that £ > 0. By Theorem 1.3, the operator P— )\ is positive-critical
in M. In particular, dimCp_y,(M) = dimCp»_»,(M) = 1. By the uniqueness of
the ground state, it follows that the corresponding ground states ¢ and ¢* are
G-multiplicative. Therefore, their product pp* is also G-multiplicative, and we
arrived at a contradiction since by our assumption a nonzero G-multiplicative
C?“-function is not integrable on M. O

Remark 6.8.

1. Corollary 6.7 clearly applies to the case where M is a regular covering of
a compact Riemannian manifold, and G is the corresponding deck transfor-
mation. In fact, in the critical case, by [38, Theorem 5.17], the product of
the ground states is a positive G-invariant function, and therefore it is not
integrable on M.

2. Corollary 6.7 applies in particular to the case where P is defined on R, and
P is Z%-equivariant (that is, P has Z?-periodic coefficients). In this case it is
known that P — Ag is (null)-critical if and only if d = 1, 2. For further related
results, see [38].

Finally, let us introduce an important subclass of elliptic operators P such
that P — A\ is positive-critical in M.

Definition 6.9. Assume that P is symmetric and P — Ao is positive-critical in
M with a ground state ¢ satisfying the normalization condition |¢[/z2(ar) = 1.
Let TA!(t) be the corresponding (Dirichlet) semigroup on L?(M) generated by P.
We say that TA!(t) is intrinsically ultracontractive if for any ¢ > 0 there exists a
positive-constant C} such that

0 < e™EM(z,y,t) < cpl@)p(y) Yo,y e M.

Example 6.10. If M is a smooth bounded domain and P := —A, then the semi-
group TH!(t) is intrinsically ultracontractive on L2(M). Also, let M := R and
P:= —A+ (1 +|z]?)*/?, where a € R. Then TA!(¢) is intrinsically ultracontrac-
tive on L%(M) if and only if o > 2 (see also [20, 44] and references therein).

It turns out that in the intrinsically ultracontractive case the rate of the con-
vergence (as t — 00) of the h-transformed heat kernel is uniformly exponentially
fast.

Theorem 6.11 ([20, Theorem 4.2.5]). Assume that P is symmetric and subcritical
in M, and suppose that TH (t) is intrinsically ultracontractive on L*(M). Then
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there exists a complete orthonormal set {p;}52, in L?(M) such that po = ¢, and
for any j > 0 the function ¢; is an eigenfunction of the Friedrichs extension of the
operator P with eigenvalue X\j, where {)\;} is nondecreasing. Moreover, the heat
kernel has the eigenfunction expansion (2.9), and there exist positive-constants C
and § such that

e)\gt k‘y(x7 Y, t)

1‘§C’e_5t Ve,y e M,t > 1.
po(x)po(y)
Furthermore, for any € > 0 the series

ky(%%t) _ - e—)\nt‘pn(x)@n(y)
wo(x)po(y) 2 eo(x)eo(y)

converges uniformly on M x M X [g,00).

n=0

Remark 6.12. Murata [45] proved that if T3/ (¢) is intrinsically ultracontractive on
L?(M), then 1 is a small perturbation of P in M. In particular, for any n > 0
the function ¢, /o is bounded, and has a continuous extension up to the Mar-
tin boundary of M (with respect to P) [50]. On the other hand, an example of
Bafiuelos and Davis in [7] gives us a finite area domain M C R? such that 1 is a
small perturbation of the Laplacian in M, but the corresponding semigroup is not
intrinsically ultracontractive.

Remark 6.13. In the null-recurrent case, the heat kernel may decay very slowly as
t — 0o, and one can construct a complete Riemannian manifold M such that all
its Riemannian products M7, j > 1 are null-recurrent with respect to the Laplace—
Beltrami operator on M7 (see [19]).

7. Davies’ conjecture concerning strong ratio limit

Having proved in Section 5 that lim;_, o e’\otkf‘f (z,y,t) always exists, we next ask
how fast this limit is approached. It is natural to conjecture that the limit is
approached equally fast for different points x,y € M. Note that in the context of
Markov chains, such an (individual) strong ratio limit property is in general not
true [13]. The following conjecture was raised by E. B. Davies [22] in the selfadjoint
case.

Conjecture 7.1 (Davies’ conjecture). Let Lu = u; + P(x, 0, )u be a parabolic oper-
ator which is defined on a noncompact Riemannian manifold M, and assume that
Ao(P, M) > 0. Fiz a reference point xy € M. Then

i FP (@ 00)

50 ! [’ ; . ].
erists and is positive for all x,y € M.

The aim of the present section is to discuss Conjecture 7.1 and closely re-
lated problems, and to obtain some results under minimal assumptions. Since, the
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conjecture does not depend on the value of Ay, we assume throughout the present
section that A\g = 0.

Conjecture 7.1 was recently disproved by G. Kozma [35] in the discrete set-
ting:

Theorem 7.2 (Kozma [35]). There exists a connected graph G with bounded weights
and two vertices x,y € G such that

lim k(z,z,n)

n—oo k(y,y,n) (7.2)

does not exist, where k is the heat kernel of the lazy random walk such that the
walker, at every step, chooses with probability 1/2 to stay in place, and with prob-
ability 1/2 to move to one of the neighbors (with probability proportional to the
given weights).

In addition, Kozma indicates in [35] how the construction might be carried
out in the category of Laplace-Beltrami operators on manifolds with bounded ge-
ometry. As noted in [35], the bounded weights property in the graph’s setting is
the analogue to the bounded geometry property in the manifold setting, a property
that in fact was not assumed in Davies’ conjecture. We note that in Kozma’s exam-

Zgzzg is bounded between two constants that are independent of ¢.

ple the ratio
Nevertheless, as we show below, there are many situations where Conjec-

ture 7.1 holds true.
Remark 7.3.

1. Theorem 1.3 implies that Conjecture 7.1 holds true in the positive-critical
case, therefore, we assume throughout the present section that P is not
positive-critical.

2. We also note that if P is symmetric, then the conjecture holds if

dime,)\O (M) = 1, (73)

(i.e., in the “Liouvillian” case) see [4, Corollary 2.7]. In particular, it holds
true for critical selfadjoint operators. It also holds for the Laplace—Beltrami
operator on a complete Riemannian manifold of dimension d with nonnega-
tive Ricci curvature [22].

3. Recently Agmon [2] obtained the exact asymptotics (in (z,y,t)) of the heat
kernel for a Z?-periodic (non-selfadjoint) operator P on R?, and for an equi-
variant operator P defined on abelian cocompact covering manifold M. In
particular, it follows from Agmon’s results that Conjecture 7.1 holds true
in these cases. Note that in these cases (and even in the case of nilpotent
cocompact covering) it is known [38] that

dim Cp_x, (M) = dim Cp-_x, (M) = 1. (7.4)

4. For other particular cases where the conjecture holds true see [4, 10, 14, 15,
22, 65].
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Remark 7.4. It would be interesting to prove Conjecture 7.1 at least under the
assumption

dime,)\O(M):dime*,)\o(M) :]., (75)

which holds true in the critical case and in many important subcritical (Liouvillian)
cases. For a probabilistic interpretation of Conjecture 7.1, see [4].

Remark 7.5. Let t, — oco. By a standard parabolic argument, we may extract a
subsequence {t,, } such that for every z,y € M and s <0

M
_ lim FP @8+t

k=00 kP ($07y0>tnk)
exists. Moreover, a(-,y,) € Hp(M x R_), and a(z,-,-) € Hp-(M x R_). Note

that in the selfadjoint case, we can extract a subsequence {t,, } such that the limit
function « satisfies a(-,y,-) € Hp(M x R) [52].

a(x,y,s) : (7.6)

Remark 7.6. Consider the complete two-dimensional Riemannian manifold M
that is constructed in [49]. Then M does not admit nonconstant positive har-
monic functions, Ag(—A, M) = 0. Nevertheless, the heat operator does not admit
any Ag-invariant positive solution. In particular, M is stochastically incomplete
(this construction disproves Stroock’s conjecture concerning the existence of a Ag-
invariant positive solution).

On the other hand, since M is Liouvillian, Remark 7.3 implies that Conjecture
7.1 holds true on M. Hence, the limit function

(7.7)

(which equals to the constant function 1) is not a Ap-invariant positive solution.
Compare this with [22, Theorem 25] and the discussion therein above Lemma 26.
In particular, it follows that the function

KM(z,z,t)
w(z) :=sup ’1§t<oo
(@) {\/Ky(foyioyt)

is not slowly increasing at infinity in the sense of [22].

Suppose that P is symmetric (and A\, = 0). Using (2.9) and a standard
exhaustion argument, it follows [22] that for a fixed x € M, the function ¢ —
kM (z,z,t) is a nonincreasing log-convex function, and therefore, a polarization

argument implies that the following strong ratio property holds true.
kY t

lim Pj(\f’y’ T 1 VayeM seRr (7.8)

t—oo  kp (:)37 Y, t)

In the nonsymmetric case, Corollary 6.1 and the parabolic Harnack inequality
imply:
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Lemma 7.7 ([52]). For every xz,y € M and s € R, we have that
kY t kY t
lim inf Pj(\f’y’ +5) <1 < limsup Pj(wx,y, + )
t—00 kP ('737y7t) t—o0 kP ('737y7t)
In particular, if im0 [k (2, y,t + 8)/kM¥ (z,y,t)] exists, it equals to 1.
Remark 7.8. If there exist xg,yg € M and 0 < sg < 1 such that

kM ¢
M(x07 Yo, 50) = lim sup P (Ji()’ Yo, + 80)
t—o0 kP (x07y07t)

then by the parabolic Harnack inequality, for all z,y,z,w € K CC M, t > 1, we
have the following Harnack inequality of elliptic type:

S S
k}\’/[(szvt) < Clky(x()ay07t+ 20) < C2ky(x0ay07t7 20) < CSky(xvyvt)' (711)

00, (7.10)

Similarly, (7.10) implies that for all z,y € M and r € R:

lim inf kp (@t +7)
t—o0 kPM(‘TOa Yo, t)
EM t
< limsup PM(x’y’ +7) = M(z,y,r) < oo.
t—o0 kp ($0790>t)

Note that (7.10) is obviously satisfied in the symmetric case, and consequently
(7.11) holds true [20, Theorem 10].

0 <m(z,y,r) :

It turns out that the validity of the strong limit property (7.8) (in the non-
symmetric case) implies the validity of Davies’ conjecture if in addition (7.5) is
satisfied. We have:

Lemma 7.9 ([52]).

(a) The following assertions are equivalent:
(i) For each z,y € M there exists a sequence s; — 0 of negative numbers
such that for all j > 1, and s = s, we have
kY t
lim ©P B HIES) (7.12)
t—oo (z,y,t)
(ii) The ratio limit in (7.12) exists for any x,y € M and s € R.

kY (z,y,tn+s)
kM (20,20,tn)

does not depend on s and has the form u(z,y), where u(-,y) € Cp(M)
for everyy € M and u(z,-) € Cp« (M) for every x € M.

(b) If one assumes further that (7.5) is satisfied, then Conjecture 7.1 holds true.

Moreover, Conjecture 7.1 holds true if M g R? is a smooth unbounded domain, P
and P* are (up to the boundary) smooth operators, (7.12) holds true, and

dim CH(M) = dimC%. (M) = 1, (7.13)
where C%(M) denotes the cone of all functions in Cp(M) that vanish on OM.

(iil) Any limit function u(z,y,s) of the quotients with t, — 0o
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Proof. (a) By Lemma 7.7, if the limit in (7.12) exists, then it is 1.

(i) = (ii). Fix zo,y0 € M, and take so < 0 for which the limit (7.12) ex-

ists. It follows that any limit solution u(x,y,s) € Hp(M x R_) of a sequence

kP (2,y,tnts)

EM (20,y0,tn)

So, u(xo, yo, ) is so-periodic. It follow from our assumption and the continuity of

u that u(zg, yo, -) is the constant function. Since this holds for all z,y € M and wu,
it follows that (7.12) holds for any =,y € M and s € R.

} with ¢, — oo satisfies u(zo, yo, s + s0) = u(xg, yo, s) for all s < 0.

(i) = (iil). Fix y € M. By Remark 7.5, any limit function u of the sequence
M
ko (w’y’t”ﬁ)} with t,, — oo belongs to Hp(M x R_). Since

EM (z0,20,tn)
K (z,y,t+s) kY (x,yt) k¥ (z,y.t+s)
ky(mo,mo,t) kM (20, T0,t) ky(sc,y,t)
(7.12) implies that such a u does not depend on s. Therefore, u = u(x,y), where
u(,y) € Cp(M) and u(z,-) € Cp«(M).
(iii) = (i). Write
EM(z,y,t+ s) B EM(z,y,t + s) kM (20, z0,1)
k' (2,y,t) kp! (zo,z0,t)  kp! (2, y,1)

kgl (xvyvtn"l‘s)
k¥ (x0,20,tn)

solution in Hp(M x R_). By our assumption, we have

(7.14)

(7.15)

Let t,, — oo be a sequence such that the sequence { } converges to a

kY tn kY tn
lim PN[(SU7:U7 + S) — 1 ]\f (l’,y, ) — u(:c,y) > O7
n—oo ki (20,0, tn)  n—oc kp (2o, To, tn)
which together with (7.15) implies (7.12) for all s € R.
(b) The uniqueness and (iii) imply that Z}Ié((a;:;::)) u’éigz*gl), where u €
Cp(M) and u* € Cp~(M), and Conjecture 7.1 holds. O

Remark 7.10. Assume that one of the assumptions of part (a) of Lemma 7.9 is

kgl (w,y,tn-i-s)
EM (z0,20,tn)

is of the form a(z,y), where for every y € M, the function a(-,y) € Cp(M), and
a(x,-) € Cp«(M) for every x € M. But in general, a(x,y) does not need to be a
product of solutions of the equations Pu = 0 and P*u = 0, as is demonstrated in
[15], in the hyperbolic space, and in [52, Example 4.2].

satisfied. Then by the lemma, any limit function of the sequence {

In the null-critical case we have:

Lemma 7.11 ([52]). Suppose that P is null-critical, and for each x,y € M there
exists a sequence {s;} of negative numbers such that s; — 0, and

kM t
liminf " F J(\fy 9 5 (7.16)
t—o0 ky (gg7 v, t)

fors=s;,7=1,2,.... Then Conjecture 7.1 holds true.
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M
Proof. Let u(x,y,s) be a limit function of a sequence {:}/D\A((Zf;:js))} with ¢, —
P sZ0ytn

oo and s < 0. By our assumption, u(z,y,s + s;) > u(z,y,s), and therefore,
us(x,y,8) < 0 for all s < 0. Thus, u(-,y,s) (respect., u(z,-,s)) is a positive
supersolution of the equation Pu = 0 (respect., P*u = 0) in M. Since P is crit-
ical, it follows that u(-,y,s) € Cp(M) (respect., u(z,-,s) € Cp-(M)), and hence
us(x,y,s) = 0. By the uniqueness, u equals to wfigi:gi), and Conjecture 7.1

holds true. O

The large time behavior of quotients of the heat kernel is obviously closely
related to the parabolic Martin boundary (for the parabolic Martin boundary
theory see [16, 23, 45]). The next result relates Conjecture 7.1 and the parabolic
Martin compactification of Hp(M x R_).

Theorem 7.12 ([52]). Assume that (7.10) holds true for some xo,y0 € M, and
so > 0. Then the following assertions are equivalent:

(i) Conjecture 7.1 holds true for a fived xo € M.
(ii)

t—o0 ky(xhyht) ’
exists, and the limit is positive for every x,y,x1,y1 € M.
(iii)
k' (2,,1) , and lim by (2,9,1) (7.18)
t— 00 ky(ghy’t) t— 00 ky(x’x’t)

exist, and these ratio limits are positive for every x,y € M.

(iv) For anyy € M there is a unique nonzero parabolic Martin boundary point g
for the equation Lu = 0 in M x R which corresponds to any sequence of the
form {(y, —tn)}22, such that t, — oo, and for any x € M there is a unique
nonzero parabolic Martin boundary point T for the equation uy + P*u = 0
in M x R which corresponds to any sequence of the form {(xz,—t,)}22, such
that t,, — oc.

Moreover, if Conjecture 7.1 holds true, then for any fivedy € M (respect., x € M),
the limit function a(-,y) (respect., a(x,-)) is a positive solution of the equation
Pu = 0 (respect., P*u = 0). Furthermore, the Martin functions of part (iv) are
time independent, and (7.12) holds for all x,y € M and s € R.

Proof. (i) = (ii) follows from the identity

ky(xayﬂt) o kPM(‘Tay7t) (kPM(xhylat))

ky(l’hyht) - ky(x()wr(bt) ky(x()wr(bt)

(i) = (iil). Take #1 = y1 =y and z1 = y1 = z, respectively.

(ili) = (iv). It is well known that the Martin compactification does not depend
on the fixed reference point xg. So, fix y € M and take it also as a reference point.
Let {—t,} be a sequence such that ¢, — oo and such that the Martin sequence
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kM (x,y,t+
k}]\Dl (yvyatn
any t we have

;) } converges to a Martin function K }JXI (z,9,t). By our assumption, for

kM t+tn kM
lim 1;/1(5671/7 +in) = lim IX/I(x’y’T) =b(z) >0,
n—oo kP (y7yat+tn) 70 kP (y7ya7)

where b does not depend on the sequence {—t,}. On the other hand,

EM(y,y,t+tn)
lim F 7 " :KM(y,gj,t) = f(t).
n—oo kM (y,y,t,) £

Since
kp (z,y,t +t0) K (zyt+ta) kp(y,y.t+tn)
E (y,tn) kYot +ta) kY (y,y,tn)
we have
Kp (2, 9,t) = b(x) f ().

By separation of variables, there exists a constant A\ such that
Pb—Xb=0 onM, f'+Xf=0 onR, f(0)=1.

Since b does not depend on the sequence {—t,}, it follows in particular, that A does

not depend on this sequence. Thus, lim, s, kgw(féyy;t;) = f(t) = e *. Lemma 7.7
¥y,
implies that A = 0. It follows that b is a positive solution of the equation Pu = 0,
and
EM (2,y,t —7)
KM¥(z,g,t)= lim P 7% = b(x). 7.19
P ( ) oo ky(y,y, 77_) ( ) ( )
The dual assertion can be proved similarly.

(iv) = (i). Let K3 (z,9,t) be the Martin function given in (iv), and s > 0
such that K (zo,7,s0/2) > 0. Consequently, K3 (z,7,s) > 0 for s > sy. Using
the substitution 7 = s + sg we obtain

. ky(%ny) . kjf\’/[(x>y78+80) kPM(y7y7s) ky($0>y73+280)
lim = lim v M M
T kP (.’170,.’1}0,7‘) =00 kP (y7y78) kP ($0>y73+230) kP (.’170,.’1}0,8-’-80)
_ KJPV(‘T’ g? SO)K%‘ (‘TOa Y, 50)
Ky(x0a3j7 250)
The last assertion of the theorem follows from (7.19) and Lemma 7.9. O

Finally we mention a problem which was raised by Burdzy and Salisbury [9]
for P = —A and M C R%.

Question 7.13 ([52]). Assume that A9 = 0. Determine which minimal functions
(in the sense of Martin’s boundary) in Cp(M) are minimal in Hp(M x R_). In
particular, is it true that in the critical case, the ground state ¢ is minimal in

HP(M X R,)?
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8. Comparing decay of critical and subcritical heat kernels

In this section we are concerned with the large time behavior of the heat kernel k¥
with regards to the criticality versus subcriticality property of the operator P.
Since for any fixed 2,y € M, x # y, we have that k¥ (z,y,-) € L*(R;) if and only
if P is subcritical, it is natural to conjecture that under some assumptions the
heat kernel of a subcritical operator Py in M decays (in time) faster than the heat
kernel of a critical operator Py in M. Hence, our aim is to discuss the following
conjecture in general settings.

Conjecture 8.1 ([24]). Let Py and Py be respectively subcritical and critical oper-
ators in M. Then

EM (z,y,t
lim * ) _ 0 (8.1)
t—o0 kPO( 7yat)

locally uniformly in M x M.

Conjecture 8.1 was stimulated by the following conjecture of D. Krejcitik and
E. Zuazua [36]:

Let Py and Py be, respectively, selfadjoint subcritical and critical operators
defined on L*(M,dz). Then

H67P+t||L2(M,Wda;)—>L2(M,dx) _

lim 0 (8.2)

t—oo [l 0| L2 (ar, W de) - L2(M,de)

for some positive weight function W.

Remark 8.2. Theorem 1.3 implies that Conjecture 8.1 obviously holds true if Py
is positive-critical. Moreover, by Corollary 6.1 the conjecture also holds true if
Ao(Py, M) > 0. Therefore, throughout this section we assume that Ag(Py, M) = 0,
and Fp is null-critical in M.

Example 8.3. In [41] M. Murata obtained the exact asymptotic for the heat kernels
of nonnegative Schrodinger operators with short-range (real) potentials defined
on RY, d > 1. In particular, [41, Theorems 4.2 and 4.4] imply that Conjecture 8.1
holds true for such operators.

The following theorem deals with the symmetric case.

Theorem 8.4 ([24]). Let the subcritical operator Py and the critical operator Py be
symmetric in M of the form

Pu = —m~'div(mAVu) + Vu. (8.3)

Assume that Ay and Ay, the sections on M of End(T'M), and the weights
m4 and mg, corresponding to Py and Py, respectively, satisfy the following matriz
mequality

my(x) At (z) < Cmo(z) Ao () for a.e. x € M, (8.4)
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where C' is a positive constant. Assume further that for some fixed y; € M there
exists a positive constant C satisfying the following condition: for each r € M
there exists T'(x) > 0 such that

ki (z,y1,t) < Ckpy (w,91,t)  VE>T(x). (8.5)
Then u
EM (2, y,t
lim f\’;( Y )zo (8.6)
t—o00 kpo( , 7t)

locally uniformly in M x M.

Proof. Recall that in light of Remark 8.2 we assume that Ag(Py, M) = 0. Suppose

to the contrary that for some xg,y9 € M there exists a sequence {t,} such that
t, — 0o, and

kM Zo, Yo, ty

lim ’f\;( )k > 0. (8.7)

n—oo kPO (‘TOa 2/07 tn)

Consider the sequence of functions {u,}>2 ; defined by
k%(xay(ﬁtn + S)

re M, seR.
k%(l”o,yo,tn)

Un(x, 8) =

We note that

( ) k%(xay(ﬁtn + S) kFA{r (‘ToayOatn)
up(x,s) = .
" kfj\{i (‘Tan(htn) k%(x()ay07tn)

Therefore, by assumption (8.7) and Remark 7.5 it follows that we may subtract a
subsequence which we rename by {u,} such that

lm wu,(x,s) = uy(x,s),
n— oo

where uy € Hp, (M x R) and uy 2 0.
On the other hand,

k% (‘Tay()atn)

k% (SC(), Yo, tn)

k% (‘Tay()atn)

= Un(x,s .
’ﬂ( )k% (I,yo,tn +5)

vp () 1=
By our assumption, Ao(Py, M) = 0 and Py is symmetric, therefore (7.8) implies
that
li kfj\’{r (x7y07tn) .
m . =1
n—o0 lcP+ (z,90,tn + )

Therefore,
nh~>H;o ’Un(l') = nh~>n;o un(xa S) = U+(l‘, 5)7
and u4 does not depend on s, and hence uy is a positive solution of the elliptic
equation Pyu = 0 in M and we have
kM Z, Yo, t
lim P )

= uy(x). 8.8
n—oo k! (0, y0,tn) +@) ®.8)
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On the other hand, by Remark 7.3 we have
lim - = =
n— 00 kPo (:L‘O,yo,tn) (,0(.%'0)

where ¢ is the ground state of Fp.
Combining (8.8) and (8.9), we obtain

" kf{r (z,y0,tn)
lim ]‘CPJr (-73>y0>tn) — lim ’f]\p/g (%0,Y0,tn) _ u+(x) (8 10)
n—oo kpl(2,y0,tn)  n—oo | i (@yostn) ug(x) .
k%} (£0,Y0,tn)

On the other hand, by assumption (8.5) and the parabolic Harnack inequality

there exists a positive constant C; which depends on Py, Py, yo,y1 such that
Cr 'kl (z,yo,t — 1) < kpl (3,41, 1) (311)
< CkM (z,y1,t) < CO1kM (2,90, t +1) Vo € M,t > T(2).

Moreover, by (7.8) we have

k%(x7y07t_1) kPMO(‘TayO7t+1)

M =1, and M
t—o0 kP+($7y07t) t—o0 kpo(x>y07t)
Therefore, (8.11) and (8.12) imply that there exists Cy > 0 such that
k% (2,90,t) < Cokp (.90, t) Ve e M,t > T(x). (8.13)
Consequently, (8.10) and (8.13) imply that
uy () < Coup(z) = Cop(x) Vo e M.

=1 VzeM. (812

Therefore, using (8.4) we obtain
(up)*(x)my (2) Ay (2) < Cop?(x)mo(x) Ao () for a.e. z € M, (8.14)

where Cy > 0 is a positive constant. Thus, Theorem 2.11 implies that P, is critical
in M which is a contradiction. The last statement of the theorem follows from the
parabolic Harnack inequality and parabolic regularity. O

By the generalized maximum principle, assumption (8.5) in Theorem 8.4 is
satisfied with C' = 1 if Py = Py + V, where Py is a critical operator on M and V'
is any nonnegative potential. Note that if the potential is in addition nontrivial,
then P, is indeed subcritical in M. Therefore, we have

Corollary 8.5 ([24]). Let Py be a symmetric operator of the form (8.3) which is
critical in M, and let Py := Py + V1, where V) is a nonzero nonnegative potential.
Then

EM (z,y,t
lim i) _ (8.15)
t—o0 kPO( 7yat)

locally uniformly in M x M.
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Next, we discuss the nonsymmetric case. We study two cases where Davies’
conjecture implies Conjecture 8.1. First, we show that in the nonsymmetric case,
the result of Corollary 8.5 for positive perturbations of a critical operator Py still
holds provided that the validity of Davies’ conjecture (Conjecture 7.1) is assumed
instead of the symmetry hypothesis. More precisely, we have

Theorem 8.6 ([24]). Let Py be a critical operator in M, and let Py = Py +V,
where V is any nonzero nonnegative potential on M. Assume that Davies’ conjec-
ture (Congecture 7.1) holds true for both kpy and k%r. Then

EM (z,y,t
lim F]’W*( Y ):o (8.16)
t—o0 kPO(gg7y7t)

locally uniformly in M x M.

Proof. Recall that in light of Remark 8.2 we assume that \o(P;, M) = 0. Suppose
to the contrary that for some xg,yo € M there exists a sequence {t,} such that

t, — oo and
kB (0,0, tn
lim ’]’W*( 0:v0-fn) e (8.17)
n—0o0 kpo($07y0>tn)

Consider the functions v; and vy defined by

k%(fﬂ,yo,t) k%(m7y07t)

vy (z,t) == , vz, t) := xeM,t>0.
k% (IanOat) k%(Ian07t)
By our assumption,
Jim v (. 0) = up(e), lim vg(et) = up(a),

where uy € Cp, (M) and ug € Cp,(M).
On the other hand, by the generalized maximum principle

kfj\fi (x7y07t)

< (8.18)
kPMO (I, Yo, t)
Therefore,
kﬁ;i (m,yo,tn)
k¥ (z0,y0,tn) kY @owortn) KB (2,90, tn)
Iy o = v <1. (8.19)
kPO (205 Y05 tn) kY (z.y0,tn) kPO (2, y0,tn)
kﬂp{) ($07y07tn)
Letting n — oo we obtain
Kuy(z) < up(z) x € M. (8.20)

It follows that v(z) := ug(z) — Kuy(z) is a nonnegative supersolution of the equa-
tion Pyu = 0 in M which is not a solution. In particular, v # 0. By the strong
maximum principle v(z) is a strictly positive supersolution of the equation Pyu = 0
in M which is not a solution. This contradicts the criticality of Py in M. O
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The second nonsymmetric result concerns semismall perturbations.

Theorem 8.7 ([24]). Let Py and Py = Py +V be a subcritical operator and a
critical operator in M, respectively. Suppose that V is a semismall perturbation of
the operator PY in M. Assume further that Davies’ conjecture (Conjecture 7.1)

holds true for both kpy and k%r and that (8.5) holds true. Then
EM (x,y,t

lim f\’;( vt) _ 0 (8.21)

t—00 kpo(gg7y7t)

locally uniformly in M x M.

Proof. Recall that we (may) assume that A\g(Py, M) = 0. Assume to the contrary
that for some xg,yo € M there exists a sequence {t,,} such that ¢, — co and

kL (20, Yo, tn

lim ’f\;( 00 tn) ey (8.22)

n—o0 kp (20, Yo, tn)

Consider the functions v and vy defined by

k%(fﬂ,yo,t) k%(m7y07t)

vy (x,t) = . vo(x,t) = xeM,t>0. (823)
k% (IanOat) k%(x()ay07t)
By our assumption,
tll)rgo vp(z,t) = uy(z), tli)rgo vo(,t) = uo(z),

where uy € Cp, (M) and ug € Cp,(M).
On the other hand, by assumption (8.5) we have for ¢t > T'(z)

kgﬁ (z,y0,t)

kpL(z,y0.t) kRl (2,y1,t) AT k¥ (,y0,1) NRACHTN) (524
k%(l‘,yo’t) k%(xayht) k%(m,yo,t) N kfj\{i(xaylat) k%(xay()at) ' .
ki (2,y1,t)
By our assumption on Davies’ conjecture, we have for a fixed x
k‘]/\:'{r ($7y07t) ui(yo) . kPMO (I7y1’t) uEk)(yl)
M = * I M - * 3 (8.25)
t—o0 kP+ ($7 Y1, t) ’lL+ (yl) t—o0 kPO (:E7 Yo, t) uO (yO)

where v’ and ug are positive solutions of the equation Pfu = 0 and Fju = 0 in
M, respectively. By the elliptic Harnack inequality there exists a positive constant
C1 (depending on P}, Py, yo,y1 but not on x) such that
u} (yo) < ug(y1)
wiy) © T ugyo)
Therefore, (8.24) and (8.26) imply that

kFA{r (I7y07tn)
k%(xay()atn)

for n sufficiently large (which might depend on x).

< 0. (8.26)

<20C% (8.27)
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Therefore,

kf\-{r (,90,tn)
k%(wo,yo,tn) ky+($0:y07tn) _ kPM+ (337y07tn)

X B
M M M
kpo(m07y07tn) kpo(a:,yo,tn) kpo(x7y0>tn)
kf\% (z0,90,tn)

<20C%. (8.28)

Letting n — oo and using (8.22) and (8.23), we obtain
Ku, (z) < 20C%uq(x) x€M. (8.29)
On the other hand, since V' is a semismall perturbation of P} in M, Theorem 2.13
implies that ug(x) =< G% (z,y0) in M \ B(yo,d), with some positive 0. Conse-
quently,
uy(x) < CQGI\}f+ (x,y0) x € M\ B(yo,0) (8.30)
for some Cy > 0. In other words, u, is a global positive solution of the equation
Piu = 0 in M which has minimal growth in a neighborhood of infinity in M.

Therefore u4 is a ground state of the equation Pru = 0 in M, but this contradicts
the subcriticality of Py in M. ]

9. On the equivalence of heat kernels

In this section we study a general question concerning the equivalence of heat ker-
nels which in turn will give sufficient conditions for the validity of the boundedness
condition (8.5) that is assumed in Theorems 8.4 and 8.7.

Definition 9.1. Let P;, i = 1,2, be two elliptic operators of the form (2.1) that are
defined on M and satisfy \o(P;, M) =0 for i =1,2. We say that the heat kernels
k% (z,y,t) and k% (z,y,t) are equivalent (respectively, semiequivalent) if

kpl < kL on M x M x (0,00)
(respectively, k%(~,y0, ) = k%(,yo, Y on M x (0,00) for some fixed yo € M).

There is an intensive literature dealing with (almost optimal) conditions un-
der which two positive (minimal) Green functions are equivalent or semiequivalent
(see [3, 43, 46, 50] and the references therein). On the other hand, sufficient con-
ditions for the equivalence of heat kernels are known only in a few cases (see
[39, 40, 67]). In particular, it seems that the answer to the following conjecture is
not known.

Conjecture 9.2 ([24]). Let Py and Py be two subcritical operators of the form (2.1)
that are defined on a Riemannian manifold M such that Py = P» outside a compact
set in M, and \g(P;, M) =0 fori=1,2. Then k% and k‘% are equivalent.

Remark 9.3. Suppose that P; and P, satisfy the assumption of Conjecture 9.2.
B. Devyver and the author proved recently that there exists C' > 0 such that

CT'GY _\(z,y) <GP _\(z,y) < CGY _\(z,y) Vz,ye M, and A<0. (9.1)
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Clearly, by (1.7), the above estimate (9.1) is a necessary condition for the validity
of Conjecture 9.2.

It is well known that certain 3-G inequalities imply the equivalence of Green
functions, and the notions of small and semismall perturbations is based on this
fact. Moreover, small (respectively, semismall) perturbations are sufficient condi-
tions and in some sense also necessary conditions for the equivalence (respectively,
semiequivalence) of the Green functions [43, 46, 50]. Therefore, it is natural to
introduce an analog definition for heat kernels (cf. [67]).

Definition 9.4. Let P be a subcritical operator in M. We say that a potential V' is
a k-bounded perturbation (respectively, k-semibounded perturbation) with respect
to the heat kernel kM (z,y,t) if there exists a positive constant C' such that the
following 3-k inequality is satisfied:

t
/ / EM (2, 2,t — 8)|V(2)|kM (2,y,s)dzds < CkM (z,y,t) (9.2)
0o Jm
for all z,y € M (respectively, for a fixed y € M, and all z € M) and ¢ > 0.

The following result shows that the notion of k-(semi)boundedness is natu-
rally related to the (semi)equivalence of heat kernels.

Theorem 9.5 ([24]). Let P be a subcritical operator in M, and assume that the
potential V is k-bounded perturbation (respectively, k-semibounded perturbation)
with respect to the heat kernel kM (z,y,t). Then there exists ¢ > 0 such that for any
le| < ¢ the heat kernels kY, .y (x,y.t) and kY (x,y,t) are equivalent (respectively,
semiequivalent).

Proof. Consider the iterated kernels
kp'(x,y,t) == t (—1) M .
Jo Jarkp (x z,t — s)V(2)kp! (2,y,5)dzds  j > 1.
Using (9.2) and an induction argument, it follows that

ST lel [k (@ y, 1) < (1+ Cle| + C2lef? + -+ ) kM (2, 9.t)
j=0

= kM t
1—C|E| P (I7ya )

provided that |¢| < C~!. Consequently, for such ¢ the Neumann series

S (o) b (@, y.1)
J=0

converges locally uniformly in M x M xR to k:f\)ﬂgv (x,y,t) which in turn implies
that Duhamel’s formula

t
k}l\g—l—EV(l‘?yat) :ky(l‘7yat) 75/ / k}l\g(l‘?'zvt75)V(Z)k}7\34+5V(Zay75) dzds
0 JM
(9.3)
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is valid. Moreover, we have
1
M M
kP+5V($7y>t) S 1— C|€| kP (.’lﬁ,y,t).

The lower bound
Cikp (@,y,t) < kplyey (@9, 1)
(for || small enough) follows from the upper bound using (9.3) and (9.2). O

Corollary 9.6 ([24]). Assume that P and V satisfy the conditions of Theorem 9.5,
and suppose further that V is nonnegative. Then there exists ¢ > 0 such that for any
€ > —c the heat kernels kf\g/f+av(x,y,t) and kM (z,y,t) are equivalent (respectively,
semiequivalent).

Proof. By Theorem 9.5 the heat kernels k%—av (z,y,t) and kM (z,y,t) are equiva-
lent (respectively, semiequivalent) for any || < c.
Recall that by the generalized maximum principle,
kM oy (m,y,t) < kY (z,y,t) Ve > 0. (9.4)

On the other hand, given a potential W (not necessarily of definite sign), and
0 < a <1, denote P, := P+ aW, and assume that P; > 0 in M for j = 0, 1.
Then for 0 < @ <1 we have P, > 0 in M, and the following inequality holds [47]

ke, (@,y,t) < [kpy (2,5, 8)] kg (2,9,0)]" Yo,y e M, t>0. (9-5)
Using (9.4) and (9.5) we obtain the desired equivalence kY, , = k' also for
e>c. O

Finally we have:

Theorem 9.7 ([24]). Let Py be a critical operator in M. Assume that V =V, —V_
s a potential such that Vo >0 and Py := Py +V is subcritical in M.

Assume further that V_ is k-semibounded perturbation with respect to the
heat kernel k% (z,y1,t). Then condition (8.5) is satisfied uniformly in x. That is,
there exist positive constants C' and T such that

k% (z,y1,t) < Ckpl (z,y1,t) Ve e M,t>T. (9.6)

Proof. By Corollary 9.6, the heat kernels k% (z,y1,t) and klj\{+v, (z,y1,t) are
semiequivalent. Note that Py + V_ = Py + V. Therefore we have

C™Ykp, (2, y1,t) < kP v (2,91,1)

:k%+V+(m,y1,t)Sk%(m,yl,t) Vo e M,t > 0. O
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