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Abstract. We consider modulation space and spaces of Schatten—von Neu-
mann symbols where corresponding pseudo-differential operators map one
Hilbert space to another. We prove Holder-Young and Young type results
for such spaces under dilated convolutions and multiplications. We also prove
continuity properties for such spaces under the twisted convolution, and the
Weyl product. These results lead to continuity properties for twisted convo-
lutions on Lebesgue spaces, e.g., L?’w) is a twisted convolution algebra when
1 < p <2 and appropriate weight w.
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0. Introduction

The aim of the paper is to extend the results in [51] on various types of products in
pseudo-differential calculus to include convenient Banach spaces of Gelfand—Shilov
functions and distributions. The family of Banach spaces consists of (weighted)
Lebesgue spaces, modulation spaces and spaces of Schatten—von Neumann symbols
in the pseudo-differential calculus. The products concern the usual multiplication
and convolution, twisted convolution and the Weyl product. Especially we estab-
lish continuity properties for Lebesgue and modulation spaces under the twisted
convolution and the Weyl product, and prove Young type results for Schatten—von
Neumann symbols under the ordinary multiplication and convolution.

We recall that the composition of two Weyl operators corresponds to the Weyl
product of the two operator symbols on the symbol level, and the twisted convo-
lution appears when Weyl product is conjugated by symplectic Fourier transform.
(See Section 1 for the details.) Convolution and multiplication products appear
when investigating Toeplitz operators (also known as localization operators) in
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the framework of pseudo-differential calculus. More precisely, each Toeplitz oper-
ator is equal to a pseudo-differential operator, where the symbol of the pseudo-
differential operator is a convolution between the Toeplitz symbol and a rank one
symbol, which is an ordinary multiplication on the Fourier transform side. We
remark that Toeplitz operators might be convenient to use when approximating
certain pseudo-differential operators (see, e.g., [7, 44]), and in computation of ki-
netic energy in mechanics (cf. [31]).

The most of the questions here were carefully investigated in [51] in the case
when the involved spaces are defined by weights of polynomial type (see, e.g., [28]
for notations concerning the usual function and distribution spaces, and Section 1
for other notations). In particular, all function and distribution spaces in [51] stay
between .# and .#’. In the present paper we use the framework in [51], and extend
the results in [51] such that we permit general moderate weights. This implies
that the function and distribution spaces can be arbitrary close to Gelfand—Shilov
spaces of the form &7 and ¥f when s > 1, and their duals.

In several questions we may use similar arguments as in [51], while new
types of difficulties appear in other questions, when passing from the distribution
theory for Schwartz functions in [51], to corresponding theory for Gelfand—Shilov
functions.

In order to be more specific, let .77{ and 7% be modulation spaces which are
Hilbert spaces (see [52]). Also let .Z, (44, #4), p € [1,00], be the set of Schatten—
von Neumann operators of order p from 77 to .74, and let s;f’(%, %) be the
set of all distributions a € S} /Q(Rgd) such that the corresponding Weyl operators
Op“(a) belong to Z,(H4, 76).

In general it is not complicated to establish continuity properties for spaces
of the form s = s(J, 7) under the Weyl product and twisted convolution,
because such questions can easily be reformulated into questions of compositions
for Schatten—von Neumann operators on the operator level. It is more complicated
to find continuity relations for dilated multiplications and convolutions on the s’
spaces, because such products take complicated forms on the operator level. In
this situation we use certain Fourier techniques, similar to those in [44, Section 3]
and [51], to get convenient integral formulas. By making appropriate estimates on
these formulas in combination with duality and interpolation, we establish Young
type results for s’ spaces under such products.

For Lebesgue and general modulation spaces, the situation is different. In fact,
in contrast to spaces of Schatten symbols, it is complicated to find certain results
under the Weyl product and the twisted convolution, while finding Holder—Young
results under convolutions and multiplications are straightforward. For example,
continuity properties for modulation spaces under the Weyl product have been
investigated in, e.g., [23, 27, 30, 40, 51]. In Section 2 we extend these properties by
enlarging the family of weights in the definition of modulation and Lebesgue spaces.

In particular we prove that L%w) is an algebra under the twisted convolution, when

w(X) =eXl and ¢ > 0.
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For further considerations we recall some definitions. Let t € R be fixed and
let a € S;/2(R??). Then the pseudo differential operator Op,(a) with symbol a is
the continuous operator on Sy /5 ( R?), defined by the formula

Op (@) = n) [ [ al( =t + ty. 7w dyde. (01)

The definition of Op,(a) extends to each a € &, (R??), and then Op,(a) is con-
tinuous from & /2 (R?) to S{/Q(Rd). (Ct., e.g., [28] or Section 1.) If t = 1/2, then
Op,(a) is equal to the Weyl operator Op“(a) for a. If instead ¢t = 0, then the
standard (Kohn—Nirenberg) representation a(x, D) is obtained.

The modulation spaces were introduced by Feichtinger in [13], and developed
further and generalized in [14, 16-18, 22]. We are especially interested in the
modulation spaces M (pj(Rd) and W(’;’]‘)J(Rd) which are the sets of Gelfand—Shilov
distributions on R? whose short-time Fourier transform (STFT) belong to the
weighted and mixed Lebesgue spaces L}"{ (de) and L (RZd) respectively.
Here, and p, ¢ € [1, 00|, and we refer to (1 26) and (1.27) below for the definition
of the latter space norms. In contrast to [51], the weight function w here is allowed
to belong to Zg(R2?9), the set of all moderated functions on the phase (or time-
frequency shift) space R2%. We remark that the family &g contain all polynomial
type weights. It follows that w, p and ¢ to some extent quantify the degrees of
asymptotic decay and singularity of the distributions in M (pu’g and Wp 7 (We refer
to [15] for a modern description of modulation spaces.)

In the Weyl calculus of pseudo-differential operators, operator composition
corresponds on the symbol level to the Weyl product #, which on the symplectic
Fourier transform side corresponds to the twisted convolution *,. Sometimes, the
Weyl product is called the twisted product. A problem in this field is to find
conditions on the weight functions w; and pj, ¢; € [1, c0], for the mappings

(a1,a2) — a1#as and (a1, a2) — a1 %, as
on Sy /2 (R?%) to be uniquely extendable to continuous mappings from

Mpl#h (RZd) % Mpz,qz (RZd) to Mpo,qo (R2d)

(w1) (wo)
and from
WELSH R x W29 (R to W% (R™).
Here the modulation spaces M4 and Wpu’g are obtained by replacing the usual
STFT with the symplectic STFT in the definition of modulation space norms.
One part of such questions might be to find appropriate conditions on w; and
pj,q; € [1,00] such that

||a1 *o G,QHWva‘IO 5 ||a1||WP1741 ||CI,2||1/VPQ,£127 (02)
(wp) (w1) (w2)
when a; € 8y /2,j = 0,1,2. Here and in what follows we let A < B indicate A < ¢B,

for a suitable constant ¢ > 0, and we write A < B when A < B and B < A.
Important contributions in this context can be found in [23, 27, 30, 40, 43, 52],
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where Theorem 0.3’ in [27] and Theorem 6.4 in [52] seem to be the most general
results so far (see also Theorem 2.2).

The result for twisted convolution on modulation spaces which corresponds
to Theorem 0.3" in [27] and Theorem 6.4 in [52] is given by Theorem 0.1 below.
Here the assumptions on the involved weight functions and Lebesgue exponents
on the modulation spaces are

wo(X,Y) Sw(X-Y+Z Z>OJ2(Y — Z,X—&-Z)7 XY, 7 e Rgd, (0.3)
1 1 1 1 1 1

- == (=) (0.4)
b1 D2 Po q1 q2 qo

and

1 1 1 1 1 1 1 1 .
0< 4+ — <, <+ - . j=012 (0.5)
qgq 492 490 Pj 9 P1r P2 Po
Theorem 0.1. Let wy,wi,w2 € Zr(R*) satisfy (0.3), and that pj,q; € [1,00]
for 5 = 0,1,2, satisfy (0.4) and (0.5). Then the map (a1,a2) — a1 %, az on

S(R*) extends uniquely to a continuous map from W(plil')“ (R2%) x W(p:;iz (R%)

to ngj(;()m (R%), and for some constant C > 0, the bound (0.2) holds for every
a, € W&ﬁl (R*) and ay € ijgz(RZd).

In Section 2 we also consider the case when p; = ¢; = 2, and the involved
weights w;(X,Y) are independent of the Y-variable, i.e., w;j(X,Y) = wj(X). In
this case, W(ZMQ) agrees with L(zwj), and the condition (0.3) is reduced to

wo (X1 + X2) S wi(X1)wa(X2) (0.6)

Hence, Theorem 0.1 shows that the map (a1, as) — a1 *, a2 extends to a continuous
mapping from L(zwl) X L(2w2) to L? and that

(wo)?

lar*o azllzz S llaallez, llazliz, s (0.7)

(w1) )

holds when a; € wal)(de) and as € L%wz)(RQd). Here and in what follows,

p’ € [1,00] denotes the conjugate exponent to p € [1,00], i.e., p and p’ should
satisfy 1/p + 1/p’ = 1. The latter property is extended in Section 2 to involve
mixed weighted norm spaces of Lebesgue type. As a special case we obtain the
following generalization of (0.7).

Theorem 0.2. Let w; € Pr(R?*?), and let p; € [1,00] for j = 0,1,2 satisfy (0.6)
and
1 1 1 1
max ( , ,) < + — <1.
i=0.12\p; pi/ T pr p2 po

Then the map (a1,a2) — a1 *, az extends uniquely to a continuous mapping from

Lf;l)(RQd) X ijQ)(RQd) to Lfgg)(RQd), and

llax g azllro S llasllpes flazll e
(wg) (w (wa

5 ) (0.8)
(R2d>.

when a; € L

(wl)(RQd) and ay € L?

(w2)
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Theorem 0.2 and its extensions are used in the end of Section 2 to extend the
class of possible window functions in the definition of modulation space norms.

In Section 5 we establish Young type results for dilated multiplications and
convolutions for the spaces s) (w1, w2) = s, (J4, #3), when 7 for j = 1,2 is mod-
ulation space M(Zu’j)(Rd) = M(ij)(Rd) with appropriate weights w;. The involved

Schatten exponents should satisfy the Young condition

1 1 1
+ =1+, 1<pi,p,r<oo, (0.9)
P11 P2 r
and the involved dilation factors should satisfy
(D72 + (D)2t =1 (0.10)
or
(=147 + (-1)7283 = 1, (0.11)

when j1,j2 € {0,1}. The conditions for the involved weight functions are

(X1 + Xa2) S5, 1(01 X1)05, 2(t2X2),

w(X1 + X3) S wjy 1 (t1X1)wj, 2(62X3), 012)
where
wo,ik(X) =V16(X) =wi(X), Yor(X)=wir(X)="17,(X). (0.13)
With these conditions we prove
lav,e, * az,ta llsw(1/0,0) < Cllarllse, (10,00 lazllsw (102,025 (0.14)
lave azea e (1 /0.0) < Cllarllsy (w00 llazllse (1/0,0,): (0.15)

for admissible a1 and as. Here and in what follows we set a;; = a;(t-). More
precisely, in Section 5 we prove the following two theorems, as well as multi-linear
extensions of these results (cf. Theorems 0.3" and 0.4"), which generalize Theorem
3.3, Theorem 3.3’ and Corollary 3.5 in [44] and corresponding results in [51]. In
fact, these results in [44] follow by letting /4 = % = L? in Theorems 0.3’ and 0.4’

Theorem 0.3. Let p1,p2,7 € [1, 00] satisfy (0.9), and let t1,t2 € R\O satisfy (0.10),
for some choices of j1,j2 € {0,1}. Also let w,w;,9,9; € Pr(R>*?) for j = 1,2
satisfy (0.12) and (0.13). Then the map (ai,a2) — a1, * azy, on Sio(R??),
extends uniquely to a continuous mapping from
sZ’l(l/wl,ﬁl) X 81;2(1/002,192)
to s¥(1/w, V). Furthermore, (0.14) holds for some constant
C = Cglta|~>/Pr|ta| /P2,

where Cy is independent of a1 € s;fl(l/wl,ﬁl), as € s;;(l/wg,ﬁg), t1,t2 and d.
Moreover, Op" (a1, * az.,) > 0 when Op“(a;) > 0 for each 1 < j < 2.
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Theorem 0.4. Let p1,p2, 7 € [1,00] satisfy (0.9), and let t1,t2 € R\O satisfy (0.11),
for some choices of j1,j2 € {0,1}. Also let w,w;,9,9; € Pr(R>*?) for j = 1,2
satisfy (0.12) and (0.13). Then the map (a1, az) — a1, a24, on Sy/2(R??), extends
uniquely to a continuous mapping from

s;fl(l/wl,m) X s;‘;(l/wg,ﬁg)
to s¥(1/w, ). Furthermore, (0.15) holds for some constant
C = C2|ty|2/Pi|ty|~2/P2,
where Cy is independent of a; € sgl(l/wl,ﬁl), as € s;f;(l/wg,ﬁg), t1,to and d.

Some preparations to the dilated convolution and multiplication results in
Section 5 are given in Sections 3 and 4. In Section 3 we introduce the notion of
Gelfand—Shilov and Beurling tempered (quasi-)Banach and Hilbert spaces, and
prove certain properties. Especially we establish embedding properties between
such spaces, modulation spaces and Gelfand—Shilov spaces. These embeddings are
also used in [54], when establishing Schatten-von Neumann results for operators
with Gelfand—Shilov kernels. Furthermore we investigate certain relations for bases
in the Hilbert space case.

In Section 4 we consider dual properties for s;'(1, #3). Here 71 and 7
belong to a broad class of Hilbert spaces containing any M (2(3 space. More precisely,
assume that p < co. Then we prove that the dual for s;f’(jﬁ, %) can be identified
with sy’ (74, 73) for appropriate Hilbert spaces 7 and J# through a unique
extension of the L? form on & /5. (Cf. Theorem 4.8.) In the last part of Section 4
we show some properties on bases and Hilbert—Schmidt operators. We use these
results to establish estimates for generalized gamma functions evaluated in integer
points (cf. Example 3.6).

In the last section we apply the results in Section 5 to prove that the class
of trace-class symbols is invariant under compositions with odd entire functions.
Here we also show how Theorem 0.3 can be used to define Toeplitz operators with
symbols in dilated s} spaces, and that such operators fulfill certain Schatten—von
Neumann properties.

1. Preliminaries

In this section we introduce some notations and discuss basic results. We start by
recalling some facts concerning Gelfand—Shilov spaces. Thereafter we recall some
properties about pseudo-differential operators. Especially we discuss the Weyl
product and twisted convolution. Finally we recall some facts about modulation
spaces. The proofs are in general omitted, since the results can be found in the
literature.
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We start by considering Gelfand—Shilov spaces. Let 0 < h,s € R be fixed.
Then Ss ,(RY) consists of all f € C°(R?) such that

270 f (x))|

Iflls plal+1Blals Bls

n = SUp
is finite. Here the supremum should be taken over all a, 3 € N¢ and z € R¢.

Obviously Ss 5, < . is a Banach space which increases with h and s. Here
and in what follows we use the notation A — B when the topological spaces A
and B satisfy A C B with continuous embeddings. Furthermore, if s > 1/2, or
s =1/2 and h is sufficiently large, then S, j, contains all finite linear combinations
of Hermite functions. Since such linear combinations are dense in .%, it follows
that the dual (Ss ;) (R?) of Ss.n(R?) is a Banach space which contains ./ (R?).

The Gelfand-Shilov spaces Ss(R%) and ¥5(R?) are the inductive and projec-
tive limits respectively of S ,(R%). This implies that

SsRY) = [ JSan(R?) and T(RY) =[] Sen(RY), (1.1)
h>0 h>0

and that the topology for S;(R?) is the strongest possible one such that the in-
clusion map from Ss 5 (R?) to Ss(R?) is continuous, for every choice of h > 0.
The space X,(R?) is a Fréchet space with semi norms || - [|s, ,, h > 0. Moreover,
Ys(R%) # {0}, if and only if s > 1/2, and Ss(R?) # {0}, if and only if s > 1/2.
From now on we assume that s > 1/2 when considering ¥4(R%), and s > 1/2
when considering S, (R?)

The Gelfand-Shilov distribution spaces S.(R?) and ¥/, (R?) are the projective
and inductive limit respectively of S.(R?). This means that

SIRY) = [ S,RY) and LR = (] 8L, RY. (1.1)
h>0 h>0

We remark that in [20, 29, 34] it is proved that S’(R?) is the dual of S;(R?), and
Y (R?) is the dual of ¥,(R?) (also in topological sense).
For each € > 0 and s > 1/2 we have
S12(R?) =35,(RY) = S,(RY) < o4 (RY)

and Y, (R?) =S{(R) =X (RY) < Sf ,(R?).

(1.2)

The Gelfand—Shilov spaces are invariant under several basic transformations.
For example they are invariant under translations, dilations, tensor products and
under (partial) Fourier transformations.

From now on we let .% be the Fourier transform which takes the form

(FNE) = FlO =0 | e ds

when f € L'(R?). Here (-, -) denotes the usual scalar product on R%. The map
Z extends uniquely to homeomorphisms on .#/(R%), S/(R%) and X, (R%), and
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restricts to homeomorphisms on .7 (R%), S;(RY) and ¥,(R%), and to a unitary
operator on L?(R?).

It follows from the following lemma that elements in Gelfand—Shilov spaces
can be characterized by estimates of the form

@IS e and |F(Q) e (1.3)
The proof is omitted, since the result can be found in, e.g., [4, 20].
Lemma 1.1. Let f € Si/Q(Rd). Then the following is true:
(1) if s > 1/2, then f € Ss(R?), if and only if (1.3) holds for some & > 0;
(2) if s > 1/2, then f € S4(RY), if and only if (1.3) holds for each & > 0.
Gelfand—Shilov spaces can also easily be characterized by Hermite functions.
We recall that the Hermite function h, with respect to the multi-index o € N¢ is
defined by
ha(z) = w4 (—1)lel (2ol 1)1/ 2le*/2 (g —lel®y

The set {hq}ocne is an orthonormal basis for L2(R%). In particular,
F=Y caha, ca=(fha)r2ma, (1.4)

and
1fllz2 = [{catallz < oo,
when f € L?(R%). Here and in what follows, (-, -)z2(re) denotes any continuous
extension of the L? form on &) /5(R%).
The Hermite expansions can also be used to characterize distributions and
their test function spaces. More precisely, let p € [1,00] be fixed. Then it is well
known that f here belongs to .#(R?), if and only if

[{cala) Yallir < 00 (1.5)

for every t € R. Furthermore, for every f € .#/(R?), the expansion (1.4) still
holds, where the sum converges in .#’, and (1.5) holds for some choice of t € R,
which depends on f.

The following proposition, which can be found in, e.g., [21], shows that similar
conclusion for Gelfand—Shilov spaces hold, after the estimate (1.5) is replaced by

I{cae™™ Yol < oo. (1.6)
(Ct. formula (2.12) in [21].)
Proposition 1.2. Let p € [1,00], f € S{/QRd), s1>1/2, s9 > 1/2 and let co be as
n (1.4). Then the following is true:

(1) fes, (RY), if and only if (1.6) holds with s = sy for every t < 0. Further-
more, (1.4) holds where the sum converges in S, ;

(2) f e X, (RY), if and only if (1.6) holds with s = s for some t < 0. Further-
more, (1.4) holds where the sum converges in X, ;

1/2s
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(3) f €8s, (RY), if and only if (1.6) holds with s = sy for some t > 0. Further-
more, (1.4) holds where the sum converges in S, ;

(4) f € 35, (RY), if and only if (1.6) holds with s = sa for every t > 0. Further-
more, (1.4) holds where the sum converges in X, .

Next we recall some properties in pseudo-differential calculus. Let s > 1/2,
a € Ss(R??), and t € R be fixed. Then the pseudo-differential operator Op,(a)
in (0.1) is a linear and continuous operator on Ss(R?). For general a € S’ (R?9),
the pseudo-differential operator Op,(a) is defined as the continuous operator from
S:(R%) to S,(RY) with distribution kernel given by

Kau(z,y) = 2m)~2(F; a)(1 - )z + ty,z — ). (1.7)

Here .75 F is the partial Fourier transform of F(x,y) € S:(R??) with respect to
the y variable. This definition makes sense, since the mappings

Fo and F(z,y) = F((1 —t)z +ty,y — x) (1.8)

are homeomorphisms on S’(R??). In particular, the map a — K, is a homeo-
morphism on S’ (R2?9).

For any K € S, (R%%92) we let Tk be the linear and continuous mapping
from S,(R?) to S’ (R%), defined by the formula

(Tr f,9) L2(re2) = (K, 9 @ [)r2(metr+az).- (1.9)
It is well known that if ¢ € R, then it follows from Schwartz kernel theorem that
K + Tk and a — Op,(a) are bijective mappings from .7’ (R2?) to the set of linear
and continuous mappings from .7 (R?) to ./ (R?) (cf., e.g., [28]).

In this context we remark that the maps K — Tk and a — Op,(a) are
uniquely extendable to bijective mappings from S’(R29) to the set of linear and
continuous mappings from S,(R?) to S.(R?). In fact, the asserted bijectivity for
the map K +— Tk follows from the kernel theorem [32, Theorem 2.2], by Lozanov—
Crvenkovié¢, Perisi¢ and Taskovic. This kernel theorem corresponds to Schwartz
kernel theorem in the usual distribution theory. The other assertion follows from
the fact that the map a — K, ¢ is a homeomorphism on S.

In particular, for each a; € S,(R??) and t1,t2 € R, there is a unique ay €
S.(R?%) such that Op,, (a1) = Opy, (a2). The relation between ay and as is given by

Opy, (a1) = Opy, (az) Aand ag(x,§) = e/ PeLelg, (2. €). (1.10)
(Cf. [28].) Note here that the right-hand side makes sense, since it is equivalent to

~

dy = (2=t (=93, and that the map a — e™{*%)q is continuous on S.

Let t € R and a € S(R??) be fixed. Then a is called a rank-one element
with respect to t, if the corresponding pseudo-differential operator is of rank-one,
ie.,

Op(a)f = (f. f2)f1,  fe€S(RY), (1.11)
for some f1, fo € SL(R?). By straightforward computations it follows that (1.11) is
fulfilled, if and only if a = (27)%/ QW}I s Where W . is the t-Wigner distribution,
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defined by the formula

Wi (2,8 = F(fal+t-) falz — (1= 1)-))(), (1.12)
which takes the form

Wi, 1, (@,6) = (2m) /2 / folz+ty)fi(z — (1 — t)y)e “ve ay,

when f1, fo € Ss(RY). By combining these facts with (1.10), it follows that

— ei(trtl)(DdeW;l
2,f17

W, (1.13)
for each fi, fo € S/(R%) and t;,t, € R. Since the Weyl case is particularly impor-
tant, we set W, . =Wy, r, whent =1/2,i.e., Wy, f, is the usual (cross-) Wigner
distribution of f; and fo.

For future references we note the link

(Op;(a)f, 9)r2(ray = (2m) " (a, W ;) 12(R20),
aeS/(R*) and f,geS,(RY)

between pseudo-differential operators and Wigner distributions, which follows by
straightforward computations (see also, e.g., [10, 11]).

(1.14)

Next we discuss the Weyl product, twisted convolution and related objects.
Let s > 1/2 and let a,b € S.(R??) be appropriate. Then the Weyl product a#b
between a and b is the function or distribution which fulfills Op" (a#b) = Op*(a)o
Op®(b), provided the right-hand side makes sense as a continuous operator from
Ss(R%) to S.(R?). More general, if ¢t € R, then the product #, is defined by the
formula
Op; (a#b) = Opy(a) o Op,(b), (1.15)
provided the right-hand side makes sense as a continuous operator from Ss(R?)
to SL(RY).
The Weyl product can also, in a convenient way, be expressed in terms of the
symplectic Fourier transform and twisted convolution. More precisely, let s > 1/2.
Then the symplectic Fourier transform for a € S;(R??) is defined by the formula

(Ze)(X) =7 [ a(v)e?o ) ay,

where o is the symplectic form, given by
o(X,Y) = (y,6) —(z,m), X =(x.8 €R™ Y =(yn)cR™

We note that Z, = To (F @ (F 1)), when (Ta)(z, &) = 2%a(2¢, 2x). In par-
ticular, .%, is continuous on Sy(R??), and extends uniquely to a homeomorphism
on S'(R??), and to a unitary map on L?(R2?9), since similar facts hold for .7.
Furthermore, .#2 is the identity operator.

Let s > 1/2 and a,b € Ss(R??). Then the twisted convolution of a and b is
defined by the formula

(a %4 D)(X) = (2/7)¥/? / a(X = Y)b(Y)e2XY) gy, (1.16)
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The definition of %, extends in different ways. For example, it extends to a con-
tinuous multiplication on LP(R??) when p € [1,2], and to a continuous map from
S (R??) x S,(R??) to S’ (R2?). If a,b € S’ (R??), then a#b makes sense if and only

S

if a x, b makes sense, and then

a#b = (21) "2 %, (F,b). (1.17)

We also remark that for the twisted convolution we have
Folaxsb) = (Foa) %o b= 0%, (Fob), (1.18)
where a(X) = a(—X) (cf. [42, 44, 45]). A combination of (1.17) and (1.18) gives
Fo(a#th) = (27)"Y2(Fpa) %o (Fsb). (1.19)

In the Weyl calculus it is in several situations convenient to use the operator
A on S!(R?), defined by the formula
Aa(z,y) = (F5 'a)((y — 2)/2,—(x +y)), ae€SR™). (1.20)

Here and in what follows we identify operators with their distribution kernels. We
note that Aa(x,y) agrees with (27)%2K¥(—x,y), where K is the distribution
kernel to the Weyl operator Op”(a). If a € S;(R2?), then Aa is given by

Aa(z,y) = (27T)7d/2/a((y — x)/Q,g)e*i<m+y,§> dy.

In particular, the map a — Aa is bijective from S’ (R2?) to the set of linear and
continuous operators from Ss(R?) to S’(R?), since similar facts are true for the
Weyl quantization.

The operator A is important when using the twisted convolution, because for
each a,b € Ss(R*?) we have

A(a *, b) = Aa o Ab. (1.21)

(See [19, 42, 44, 45].)

In the following lemma we list some facts about the operator A. The result is
a consequence of Fourier’s inversion formula, and the verifications are left for the
reader.

Lemma 1.3. Let s > 1/2, A be as above, a, a1, az,b € S.(R??), where at least two
of a1, az, b should belong to S, (R??), and set U = Aa. Then the following is true:

(1) U= Aa, if a(X) = a(—X);
(2) JoU = AZ,a, where JgU (z,y) = U(—=z,y);
(3) A(Foa) = (2m)¥?0p“(a) and (Op“(a)f,g) = (2m)"¥/*(Aa,§ @ f) when
fr9 € S12(RY);
(4) the Hilbert space adjoint of Aa equals Aa, where a(X) = a(—X). Further-
more,
(a1 %o az,b) = (a1,b %, a2) = (az,a1 *5 ),

(a1 #5 a2) %o b = a1 *4 (a2 %, b).
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A linear and continuous operator from Ss(R?) to S’(R") is called positive
semi-definite (of order s > 1/2) when (T'f, f)r> > 0 for every f € S,(R%). We
write T > 0 when T is positive semi-definite or order s. A distribution a € S’(R?2?)
is called o-positive (of order s) if Aa is a positive semi-definite operator. The set
of all o-positive distributions on R*® is denoted by S/ , (R*?). Since S, increases
with s and that S;/, is dense in S, it follows that

SR =S (R*)(S(R™M), 2>
The following result is an immediate consequence of Lemma 1.3.
Proposition 1.4. Let s > 1/2 and a € S,(R??). Then
ae S;7+(R2d) < Aa >0 as operator < Op“(F,a) > 0.

We refer to [44, 45] for more facts about o-positive functions and distributions
in the framework of tempered distributions.

In the end of Section 5 we also discuss continuity for Toeplitz operators. Let
5>1/2,a € §(R*) and hy, hy € Ss(R%). Then the Toeplitz operator Tpy,, 1, (a),
with symbol a, and window functions h; and hs, is defined by the formula

(Tphl,hQ (a')flv f2> = (CL(2 . )Wf1,h17 szﬁz) (1'22>
when fi, f € Ss(R%). The definition of Tpp,, n,(a) extends in several ways (cf.,
e.g., [6, 26, 42, 44, 46, 49, 50, 52]).

In several of these extensions as well as in Section 5, we interpret Toeplitz
operators as pseudo-differential operators, using the fact that

Tpp, ny(a) = Op,(axu) when

1.23
u(X) = @r) W, (X)), (1.23)

h1, he are suitable window functions on R? and « is an appropriate distribution
on R?4. The relation (1.23) is well known when ¢t = 0 or t = 1/2 (cf., e.g., [6, 8,
38, 42, 44, 4648, 50]). For general ¢, (1.23) is an immediate consequence of the
case t = 1/2, (1.13), and the fact that

eit(D””’D@(a xu) = a* (eit(D””’DOu)

)

which follows by integration by parts.

Next we discuss basic properties for modulation spaces, and start by recalling
the conditions for the involved weight functions. Let 0 < w,v € LS (RY). Then w
is called moderate or v-moderate if

w(z+y) Swlx)vly), z,yeR (1.24)

Here the function v is called submultiplicative, if (1.24) holds when w = v. We note
that if (1.24) holds, then

v(=2) 7 Sw(e) S v(@).
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Furthermore, for such w it follows that (1.24) is true when
v(z) = Ceclel,
for some positive constants ¢ and C. In particular, if w is moderate on R%, then
el S w(a) 5 e,

for some constant ¢ > 0.

The set of all moderate functions on R? is denoted by Zx(R?). Furthermore,
if v in (1.24) can be chosen as a polynomial, then w is called of polynomial type, or
polynomially moderate. We let Z(R?) be the set of all polynomially moderated
functions on R%. If w(z, &) € Pr(R2?) is constant with respect to the x-variable
(&-variable), then we write w(§) (w(z)) instead of w(x, ). In this case we consider
w as an element in Zg(R2?) or in Zx(R?) depending on the situation.

Let ¢ € Si(RY) be fixed. Then the short-time Fourier transform Vyf of f €
S’ (R%) with respect to the window function ¢ is the Gelfand—Shilov distribution
on R??, defined by

Vof(z,&) = (FU(f ®¢))(x,&) = F(f ¢(- —x))(&),
where (UF)(x,y) = F(y,y — ). If f,¢ € Sq(R%), then it follows that

Vo f(2.€) = (2m) 2 / F)dly — 2)e 0 dy.

We recall that the short-time Fourier transform is closely related to the Wigner
distribution, because

Wi f (x,€) = 24> @0V, f (21, 2¢), (1.25)

which follows by elementary manipulations. In particular, Toeplitz operators can
be expressed by the formula

(Tpp, ny (@) f1, f2) = (aVi, f1, Vi, f2)- (1.22)’
Let w € Z(R*), p,q € [1,00] and ¢ € Sy /2(R?)\0 be fixed. Then the mixed
Lebesgue space L"! | (R??) consists of all F' € Li, .(R*?) such that ||F||L11’(q | <09,

(w) loc

and Ly{ ) (R2) consists of all F € L _(R2?) such that ||F||L§Ez , < 00. Here

1Pz, = ([ ([P gute.ora)™ )™ a2

and
17y, = ([ ([ utegr i)™ a) ™ am

with obvious modifications when p = oo or ¢ = oo. We note that these norms
might attain +oo.
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The modulation spaces M. &‘;(Rd) and W(’;’]‘)J(Rd) are the Banach spaces which
consist of all f € Si/Q(Rd) such that ||f||Méw)z < oo and ||f||W(p;z < oo respectively.
Here

[Fllazze = Vo Fllee o and  [fllwee = [Voflloze - (1.28)

We remark that the definitions of M. (pu’g(Rd) and W&‘)Z(Rd) are independent of the
choice of ¢ € Sy/2(R%) \ 0 and different ¢ gives rise to equivalent norms. (See
Proposition 1.5 below.) From the fact that

Vof(§, —2) = OV f(2,6), @) = b(—2), (1.29)
it follows that

FEWHRY = FeMPIRY),  wy€ —2)=w(@E).

For convenience we set M (pw) =M (pj)) , which agrees with W(’; ) = W(’;’)) . Fur-
thermore we set MP9 = M(pwg and WP9 = W(pw')l when w = 1.

The proof of the following proposition is omitted, since the results can be
found in [5, 12, 13, 16-18, 22, 46-49, 52]. Here we recall that p,p’ € [1, o] satisfy
/p+1/p' =1
Proposition 1.5. Let p,q,pj,q; € [1,00] for j = 1,2, and w,wr,ws2,v € Z(R??)
be such that v =0, w is v-moderate and wo < wy. Then the following is true:

(1) fe M&‘;(Rd) if and only if (1.28) holds for any ¢ € M(lv) (R%)\ 0. Moreover,

M(pu’g is a Banach space under the norm in (1.28) and different choices of ¢

give rise to equivalent norms;

(2) if p1 < p2 and g1 < go then

Ti(RY) < MV (RY) <= MY (RY) < 1 (RY).

(3) the L? product (-, )2 on S1/2 extends uniquely to a continuous map from
M (R™) x M(pll’/q;)(Rd) to C. On the other hand, if ||a|| = sup|(a,b)|, where
the supremum is taken over all b € Sy/2(R?) such that ol orr < 1, then

(/)

|1 and || - ||M€7<)1 are equivalent norms;

4) if p,q < oo, then Sy,2(R%) is dense in MPY(R%) and the dual space o
/ (w)

M&g(Rd) can be identified with Mg’/q;)(Rd), through the L*-form (-, -)p=.

Moreover, Sl/g(Rd) is weakly dense in M(pw’)q (R?) with respect to the L?-

form.

Similar facts hold if the M(pwg spaces are replaced by W(pw')l spaces.

Proposition 1.5 (1) allows us be rather vague concerning the choice of ¢ €
M(lv) \ 0 in (1.28). For example, if C' > 0 is a constant and &/ is a subset of &,
then ||al|pe < C for every a € &, means that the inequality holds for some

M( ) Yy ) q y

choice of ¢ € M (11}) \ 0 and every a € &/. Evidently, a similar inequality is true
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for any other choice of ¢ € M, (1v) \ 0, with a suitable constant, larger than C' if
necessary.

Remark 1.6. By Theorem 3.9 in [52] and Proposition 1.5 (2) it follows that

N MZIRY =R, ) MEIRY) =3[ (RY)
WEPE wEPR

More generally, let s > 1, and let P be the set of all w € Zx(R??) such that

W@ +y, &+ ) Swla, e W,

for some ¢ > 0. Then

[ MR = (R, U Mpi., (R = (R
weP weP
U MLiRY) =S,®RY  and () MEI, (RY) = S{(RY),
weP weP

and that

Ze(RY) = MES(RY) < So(RT)  and - S[(R) < M7, (RY) <= T{(RY).

(Cf. Proposition 4.5 in [9], Proposition 4. in [25], Corollary 5.2 in [35] or Theorem
4.1 in [41]. See also [52, Theorem 3.9] for an extension of these inclusions to broader
classes of Gelfand—Shilov and modulation spaces.)

We refer to Example 3.4 below and to [51, Remark 1.4] for other examples
on interesting modulation spaces.

We finish the section by giving some remarks on the symplectic short-time
Fourier transform. The symplectic short-time Fourier transform of a € S} /Q(de)

with respect to the window function ® € S] /Q(de) is defined by
Voa(X,Y) = Z,(a®(- — X))(Y), X,Y eR™.

Let w € Zp(R*). Then M (R%) and W&%(Rgd) denote the modulation
spaces, where the symplectic short-time Fourier transform is used instead of the
usual short-time Fourier transform in the definitions of the norms. It follows that
any property valid for M(I)S(Rgd) or W(’:’]‘)Z(Rgd) carry over to ./\/lﬁf)(RQd) and
WP 4(R?24) respectively. For example, for the symplectic short-time Fourier trans-

(w)
form we have
V. o(Fpa)(X,Y) = 27V Vpa(Y, X), (1.30)
(cf. (1.29)) which implies that

Fo MR ) = WP (RY),  wo(X,Y) = w(Y, X). (1.31)

(wo)



132 J. Toft

2. Twisted convolution on modulation spaces
and Lebesgue spaces

In this section we discuss algebraic properties of the twisted convolution when act-
ing on modulation spaces of the form W&%. The most general result corresponds to

Theorem 0.3’ in [27], which concerns continuity for the Weyl product on modula-
tion spaces of the form M? f. Thereafter we use this result to establish continuity
properties for the twisted convolution when acting on weighted Lebesgue spaces.
We will mainly follow the analysis in Section 2 in [51], and the proofs are similar.

In these investigations we need the following lemma, which is strongly related
to Lemma 4.4 in [43] and Lemma 2.1 in [27]. The latter results were fundamental
in the proofs of [43, Theorem 4.1] and for the Weyl product results in [27].

Lemma 2.1. Let s > 1/2, a; € S,(R??), ay € Ss(R?*?), &1,P5 € ¥, (R2) and
X,Y € R??. Then the following is true:

(1) if ® = 79P1 4Py, then ® € X (R??), and the map
Z 1 e27E) (Vg an)(X =Y + Z,Z) Va,a2)(X + Z,Y — Z)
belongs to L'(R2%), and
Vo (a1#a2)(X,Y)
— /e%“(z’y) Ve, a1) (X =Y + Z,Z) Va,a2)(X + Z,Y — Z)dZ;

(2) if ® =299y x, By, then ® € X4(R??), and the map
Z s 20 Z) Yy WX =Y + Z,Z) Va,a2)(Y — Z, X + Z)
belongs to L'(R2%), and
Vo (a1 x5 a2)(X,Y)
_ / 27X ZY) (Vo 0 V(X — Y + Z, Z) (Va,a2)(Y — 2, X + Z) dZ.
Proof. The L'-continuity for the mapping in (1) and (2) follow immediately from
Theorems 6.4 and 6.5 in [52]. The integral formula for Vg(ai#a2) in (1) then

follows by similar arguments as for the proof of [43, Lemma 4.4], based on repeated
applications of Fourier’s inversion formula. The details are left for the reader. This

gives (1).
The integral formula Vg (a1 *, a2) in (2) now follows from (1), (1.17), (1.18)
and (1.30). The proof is complete. O

For completeness we also write down the following extension of Theorem 0.3’
in [27]. Here the involved weight functions should satisfy

wo(X,Y) Swn(X =Y + Z, 2)n(X +2,Y — Z), X,Y,ZcR*, (2.1)
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and the exponent pj, g; € [1,00] satisfy (0.4) and

1 1 1 1 1 1 1 1 )
0< 4+ - L < 4+ -, j=0,1,2. (2.2)

PLoP2 Po PG @ @2 Qo

Theorem 2.2. Let w; € Pg(R*) and pj,q; € [1,00], j = 0,1,2, satisfy (0.4),
(2.1) and (2.2). Then the map (a1,az) — ai1#az on Si»2(R??) extends uniquely
to a continuous map from M{5 (R%) x M (R%) to ML (R24), and the
bound

||G,1#a2||MPquo 5 ||a1||Mp1,q1 ||a2||MP2¢12, (23)
(wg) (w1) (w2)

holds for every a1 € M7 (R??) and as € M (R%).

The proof of Theorem 2.2 is similar to the proof of [27, Theorem 0.3'], after
Proposition 1.9 and Lemma 2.1 in [27] have been replaced by Theorem 4.19 in [52]
and Lemma 2.1. The details are left for the reader.

We note that Theorem 0.1 is an immediate consequence of (1.31), (1.19) and
Theorem 2.2. Another way to prove Theorem 0.1 is to use similar arguments as in
the proof of Theorem 2.2, based on (2) instead of (1) in Lemma 2.1.

We are now able to state and prove mapping results for the twisted convo-
lution on weighted Lebesgue spaces. We start with the extension of Theorem 0.2
from the introduction.

Theorem 0.2". Let k € {1,2}, w; € Z(R>?) and let p;,q; € [1,00] for j =0,1,2
satisfy (0.6) and
1 1 1 1 1 1 1 1 1 1
.maX [ VAR v S + - ) + - S ]-a
J=0.12\Dp;j P; 45 q; pPr P2 Po @1 G2 Qo
Then the map (a1, a2) — a1 %, az extends uniquely to a continuous mapping from
[PLa (RQd) % [P2:92 (RQd) to LP0:90 (RQd) and
k,(w1) k,(w2) k,(wo) ’

lay *5 azllppoa0 S asllpzya llazlprz e (0.8)'

when a; € LZ?(’le)(RZd) and ag € LZ?(Zz)(RQd).

Remark 2.3. The condition of the Lebesgue exponents for Theorems 0.2 and 0.2’
in [51] should be the same as in Theorems 0.2 and 0.2’ respectively. In this context,
the results here extend corresponding results in [51].

For the proof we need the following lemma.
Lemma 2.4. Let w € Pr(R?*) be such that w(z,£) = w(x). Then

M, (RT) = WE,) (RY) = LT, (RY).

(w
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Proof. 1t is obvious that M(2 ) = W(Qw). We have to prove M(Qw) = wa). Let f €
S12(RY), ¢ € Si/2(RY) \ 0, and let v € PE(R?) be such that w is v-moderate.
Then (1.24) and Parseval’s formula give

113, = [[ 111600 — 2@ dsay

S [[ i@ Plot - ooty - o) dody = 1113,

Since Sy /5 is dense in L2 ) and in M(2 ) it follows that L% )< M?

(w)
In order to prove the opposite inclusion we note that ¢1v < ¢o, when ¢, ¢1 €

P are the Gauss functions ¢ (x) = e~l#I" and p2(x) = e*|“"|2/2. Hence (1.24)
and Parseval’s formula give

1912, 5 [[ 1101t~ 2w dody
< / F@)or(y — 2oy — 2)w(@) ] dady
< / P @)y — 2)eo(a)[? dady

~ [[17U6a( — )@@ dude < 1713y,

Hence M(zw) — L(zw)
The result now follows by combining these embeddings, and the proof is
complete. O

Proof of Theorem 0.2'. By duality we may assume that
1 1 1 1 )
pi Py 4 g
is attained when j = 0. Since W7,y = M, = L{,) when w(X,Y) = w(X), in view
of Lemma 2.4, the result follows from Theorem 0.1 in the case pg = p1 = p2 = 2.
Next we consider the case when the Young conditions
1 1 1 1 1 1
_|_

— =1 and + — =1 (2.4)
D1 D2 Do q1 q2 qo

max (

are fulfilled.
First we consider the case when po, g2 < 00, and we let a; € L’();’q)l (R%4) and

that az € S;/2(R??). Then

lar #5 asl| pro.a0 < (2/m) | |ar| * |az] | pro-a0 < lar||prvar [las] pp2es,  (2.5)
(wo) (wo) (w1) (w2)

by Young’s inequality and (0.6). The result now follows in this case from the fact
that Sy /5 is dense in Li)"” )2, when pa, g2 < oo0.
In the same way, the case p1,¢q1 < oo follows. It remain to consider when

p1,q1 < o0 and pa, g2 < oo are violated. By (2.4) we get p1 = ¢2 = oo and
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p2 = q = 1, or pp = g = 1 and po = q1 = oo, and it follows that Y +—
a1 (X — Y)ag(Y)e2 e (X:Y) ¢ L{,,) when a; € L)% (R%*) and ay € LS (R%),
and that (2.5) holds. This proves the result when (2.4) is fulfilled.

Next we let p; and g; be general. Then we may assume that p;,q; < oo
or pa2,qa < 00, since otherwise, the Young condition (2.4) must hold, which has

already been considered.

Therefore, by reasons of symmetry we may assume that p;,q; < oo, and
we let L{7} (R?¥) be the completion of Sj/5(R?*?). Then L (R%4) possess the
(complex) interpolation property

(E7 (R, (L7 (R2) ) = L7 (R2)
1-46 n 6 1 1-6 6 1

when

P2 P @ @ g
and p1,q1 < oo. (Cf. Chapter 5 in [2].) Hence, by multi-linear interpolation between
the case pg = p1 = p2 = 2 and the case (2.4) it follows that E%’;’ql *o L’]gf)’q? <

1) 2)
E?f)(’]q)o, and that (0.8)" holds when a1, az € Sy/s.

The result now follows for general a; € L?:)’Sl and ay € L](”f)’)qz by density
arguments, where ay is first approximated by elements in Sy, weakly, and there-
after a; is approximated by elements in &/, in the norm convergence. The proof

is complete. O

Corollary 2.5. Let w; € Zp(R*) for j =0,1,2 and p,q € [1, 0] satisfy (0.6), and
g < min(p,p’). Then the map (a1,a2) — a1 *, az extends uniquely to a continuous
; 2d 2d 2d 2d 2d
mapping from L’()wl)(R ) X L‘(ZWQ)(R ) or L‘(]wl)(R ) X waQ)(R ) to L’()WU)(R ).
In particular, if p € [1,2] and in addition wgy is submultitplicative, then
(L?wo)(de), *,) is an algebra.

We finish the section by using Theorem 0.2’ to prove that the class of per-
mitted windows in the modulation space norms can be extended. More precisely
we have the following.

Theorem 2.6. Let p,po,q,q0 € [1,00] and w,v € Pr(R>?*?) be such that py,qo <
min(p,p’,q,¢"), ¥ = v and w is v-moderate. Also let f € S{/Z(Rd). Then the
following is true:
(1) ifop e M(plf)’qo (R \ 0, then f € M&‘;(Rd) if and only if Vo f € Lf’?w)(de).
Furthermore, ||f| = ||V¢f||Lzla(q ) defines a norm for M(p’q(Rd), and different

w)
choices of ¢ give rise to equivalent norms;
(2) if o € W(’;")’q" (R4 \ 0, then f € W(’:‘)Z(Rd) if and only if Vuf € Lg”(lw)(RQd).
Furthermore, ||f| = ||V¢f||L§,(q ) defines a norm for W(’:‘)Z(Rd), and different

choices of ¢ give rise to equivalent norms.
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For the proof we note that (1.25) gives
Wy gl = Voflps,. when wo(e,€) =w(2.2¢)  (20)
for k=1,2.
Finally, by Fourier’s inversion formula it follows that if f1, g2 € S] /Q(Rd) and
fg,gl S LQ(Rd), then
Wiig1 %0 W g = (f27gl)L2Wf1,g2' (2.7)
Proof of Theorem 2.6. We may assume that py = ¢o = min(p,p’,q,q’). Assume
that ¢, € M[)* (R?) — L?(R%), where the inclusion follows from the fact that
Po,qo < 2 and v > ¢ for some constant ¢ > 0. Since ||V¢’(/J||Lzo(wq>o = ||Vw¢||L£0(>Q)o

when ¥ = v, the result follows if we prove that

Vo fllizpa, < (le) IV fllzzs, Vel ro ., (2.8)

k,(w) k,(w)

for some constant C' which is independent of f € Sl/Q(Rd) and ¢, € M(qu’)’q" (RY).
For reasons of homogeneity, it is then no restriction to assume that |||/ 2 = 1.

If p1 = p, p2 = po, 1 = ¢, g2 = qo, wo = w(2-) and vo = v(2- ), then Theorem
0.2" and (2.7) give

| ¢f||L£?w = ||Wf¢||Lk Loy Wi %0 W, ¢>||Lk L)
< IWyallizg, Wyl = 1Vefllipe, Vet o,
and (2.8) follows. The proof is complete. O

3. Gelfand—Shilov tempered vector spaces

In this section we introduce the notion of Gelfand—Shilov and Beurling tempered
(quasi-)Banach and Hilbert spaces, and establish embedding properties for such
spaces. These results are applied in the next sections when discussing Schatten—
von Neumann operators within the theory of pseudo-differential operators. The
results are also applied in [54] where decomposition and Schatten—von Neumann
properties for linear operators with Gelfand-Shilov kernels are established. We
remark that some parts of the approach here are somewhat similar to the first
part of Section 4 in [51], where related questions on tempered Hilbert spaces (with
respect to Schwartz tempered distributions) are considered.

We start by introducing some notations on quasi-Banach spaces. A quasi-
norm | - ||z on a vector space Z (over C) is a non-negative and real-valued
function || - || on % which is non-degenerate in the sense

[fllz=0 <= f=0, [fe%,
and fulfills
lafllz =l - fllez fe# acC

3.1
and  [f+gls < D(If]z +lgllz). foge B, (3-1)
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for some constant D > 1 which is independent of f, g € #. Then A is a topological
vector space when the topology for 4 is defined by || - || %, and 2 is called a quasi-
Banach space if Z is complete under this topology.

Let & be a quasi-Banach space such that

51/2(Rd) = B — Si/z(Rd)a (3.2)

and that S /»(R?) is dense in 2. We let % and %7 be the sets of all f € Si/2 (R%)

such that f € 2 and f € 2 respectively. Then 2 and A7 are quasi-Banach spaces
under the quasi-norms

£l = Ifllz and ||z = £l

respectively. Furthermore, Sy /2(R%) is dense in % and %7, and (3.2) holds after
% have been replaced by % or B". Moreover, if % is a Banach (Hilbert) space,
then % and 4" are Banach (Hilbert) spaces.

The L%-dual %' of 4 is the set of all p € S{/Q(Rd) such that

el = sup (e, flrz@ms|

is finite. Here the supremum is taken over all f € S;/2(R?) such that || f||lz < 1.
Let ¢ € #'. Since Sy, is dense in %, it follows from the definitions that the map
[ (¢, f)r2 from S o (R%) to C extends uniquely to a continuous mapping from
A to C.

From now on we assume that the (quasi-)Banach spaces B, By, B1, B2, - . .,
and the Hilbert spaces ¢, .74, 74,75, ... are “Gelfand-Shilov tempered” or
“Beurling tempered” in the following sense.

Definition 3.1. Let Z be a quasi-Banach space such that (3.2) is fulfilled.
(1) % is called Beurling tempered, or B-tempered (of order s > 1/2) on R, if
B, B — Y (RY), and X4(RY) is dense in Z and Z';
(2) Z is called Gelfand—Shilov tempered, or GS-tempered (of order s > 1/2) on
RY, if #, % — S'(R?), and S;(RY) is dense in both % and #';
(3) % is called tempered on R4, if #, %' — #'(R%), and .7 (R?) is dense in &
and %'

Remark 3.2. Let 2 be a quasi-Banach space such that (3.2) holds. Then it follows
from (1.2) and the fact that S/, is dense in S,, ¥, and ., when s > 1/2, that
the following is true:

(1) if s > 1/2 and £ is GS-tempered of order s, then Z is B-tempered of order
53

(2) if s > 1/2, & > 0 and A is B-tempered of order s+¢, then £ is GS-tempered
of order s;

(3) if s > 1/2 and £ is tempered, then £ is GS- and B-tempered of order s.
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We also note that Definition 3.1 (3) in the Hilbert space case might not be
the same as [51, Definition 4.1]. In fact, .# is a tempered Hilbert in the sense
of Definition 3.1 (3), is the same as both s and S’ are tempered in the sense
of [51, Definition 4.1].

For future references we remark that % and %" are GS-tempered (B-temp-
ered) quasi-Banach spaces, when 4 is a GS-tempered (B-tempered) quasi-Banach
space, and that similar facts hold when % is a Banach or Hilbert space.

In the following analogy of [51, Lemma 4.2] we establish basic properties in
the Hilbert space case.

Lemma 3.3. Let s > 1/2 (s > 1/2), and let S be a GS-tempered (B-tempered)
Hilbert space of order s on R%, with L?-dual 5¢'. Then the following is true:

(1) A is a GS-tempered (B-tempered) Hilbert space of order s, which can be
identified with the dual space of F through the L2-form;

(2) there is a unique map Ty from F€ to ' such that
(f> g)ﬁf = (T%ﬂfa g)LQ(Rd)a g€ H; (33)

(3) if T is the map in (2), {e;}er is an orthonormal basis in H and €; =
Topej, then Ty is isometric, {e;};er is an orthonormal basis in H' and

(g4, er)L2(ma) = 0j k-

Proof. We only prove the result when 5 is GS-tempered. The case when 7 is
B-tempered follows by similar arguments and is left for the reader.

First assume that f € 57, g € Sl/g(Rd), and let T,y f € ' be defined by
(3.3). Then T from S to 2" is isometric. Furthermore, since Sy, is dense in
€, and the dual space of S can be identified with itself, under the scalar product
of A, the asserted duality properties of 5’ follow.

Let {e;};er be an arbitrary orthonormal basis in %7, and let €; = Tpe;.
Then it follows that ||e;||, = 1 and

(ejex)rz = (ej,ex)e = 6j k-

Furthermore, if

fZZajem @ZZ%’% QZZBJ'BJ' and ’VZZﬁﬁj

are finite sums, and we set (¢, v) . = (f, )¢, then it follows that (-, - ) 5 defines
a scalar product on such finite sums in J#”, and that [|¢||%, = (¢,¢)w. By
continuity extensions it now follows that (¢, 7). extends uniquely to each p,~ €
A, and that the identity [|¢|%,, = (¢, ). holds. This proves the result. O

From now on the basis {¢;},er in Lemma 3.3 is called the dual basis of
{ej}jer
Example 3.4. Let /4 = H2(R%) and % = M(Zwo)(Rd) where wy € Zr(R%).

Then 7 is a tempered Hilbert space with dual 2% = H2_(R?). The space
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J is B-tempered (GS-tempered) of order s, when s < 1 (s < 1), and J& =
MZ%, (RY).
(1/wo)
We note that if ws(x,&) = (£)*, then M(Zws 0 = H2, and we refer to [51,

Example 4.3] for more examples on tempered Hilbert spaces.

In several situations, an orthonormal basis {e;} in a GS- or B-tempered
Hilbert space . might be orthogonal in L?(R%). The following proposition shows
that this is sufficient for {e;} being orthogonal in the dual ¢’ of 2.
Proposition 3.5. Let 9 be GS- or B-tempered Hilbert space on RY, {ej}32, and
{e0,j}32, be orthonormal bases for ' and L*(R?) respectively, and let {e;}52, €
A" be the dual basis of {e;}52,. Then the following is true:

(1) if ej = cjeo; for every j > 1 and some {c;}32, C C, then ; = (c;) 'eo j;
(2) if ej = cje; for every j > 1 and some {c;}32; C C, then ¢; > 0, and

{c;/gej};";l is an orthonormal basis for L?(R%);

(3) if ej = cjeo,j and €5 = djeq; for every j > 1 and some {c;}52; C C and

{d;}32, € C, then

cidj = lleojlle - lleojlloer = llejllLzllesllce = 1.
Proof. (1) We have
dj.k = (€5, ex)r = (€, 2r) 12 = ¢j(e0,4:€x) L2,
giving that
0k = cileoj,ex)r2 = (€05, CkER) L2 (34
Since {eg,;}32, is an orthonormal basis for L?, it follows from (3.4) that cyer =

€0k, and (1) follows.
(2) We have

1= (e ej)r = (ej,65) 2 = ¢j(ejr )2 = ¢5lej2e,
giving that ¢; > 0. Furthermore, if f; = c;/er, then

(fjs fr)pe = (cj /)P (ej ) p2 = (cj/ex) 2850 = G
Hence {f;}32, is an orthonormal basis of L?.

(3) By applying appropriate norms on the identities e; = cjeq; and, ¢; =
djeo ; and using the fact that e;, eg; and ¢; are unit vectors in 2, L? and 57’
respectively, we get

L= (ej,5)r2 = ¢jdj(eo 5, €0,5) L2 = ¢jd;,
and
lcil = llejllz = 1/lleojll e and  |ds| = llejllr2 = 1/lleo ;-
The assertion follows by combining these equalities. The proof is complete. O

Example 3.6. Let w € L (RY) be positive. Then w is called weakly sub-Gaussian

loc

type weight, if the following conditions are fulfilled:
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2 2 .
o ccl#l” < () < efl*l” ) for every choice of £ > 0;

e for some fixed R > 2 and some constant ¢ > 0, the relation
w(z +y)w(z —y) < w(x)?
holds when Re < |z| < ¢/lyl.

The set of all weakly sub-Gaussian weights on R? is denoted by L@% (R%), and is
a family of weights which contains &Zg(R?). (Cf. Definition 1.1 in [52].)
Now consider the modulation spaces M, (Zw) (R?), where w € @2) (R?9) satisfies

W($7f):OJO(T):OJO(TL...,Td), T‘JZI(%_ﬁf])I? ]:177d

(i.e., w(z, &) is rotation invariant under each coordinate pair (z;,&;)). Note that
the window function ¢(x) in the definition of modulation space norms with weights
in 222 is fixed and equal to the Gaussian 7=4/4e=171*/2 Then there is a constant
C > 0 such that

-1
O < hallaz, Iallas, < C. (35)

for every Hermite function h, on R%.
In fact, if # = M? ,, then it follows from Theorem 4.17 in [52] that ¢’ =

(w)’
M and that

2
(1/w)

1f |2 = 11f las fes

The statement is now a consequence of Proposition 3.5, and the facts that
{ha}aende and {ha/”ha”M(Qw)}aeNd are orthonormal bases for L? and M(Zw)7 re-

2
(1/w)’

spectively.

The relation (3.5) in combination with results in [52] can be used to establish
estimates for generalized gamma functions in integer points, in a similar way as
formula (30) in [24]. More precisely, let 2 be the Bargmann transform, and let
A% w)(Cd) be the weighted Bargmann—Fock space of all entire functions F' on C?
such that

1/2
||F||A(2);7rd/2 (/ |F(z)w(21/zz)|26|z|2d)\(z)) < oo0.
w Cd

(Cf., e.g., [1, 52].) Here we identify x + ¢ in C? with (z,¢) in R?¢, and d\(z) is

the Lebesgue measure on C%. Then (Uh,)(z) = 2%/(a!)!/2, and the map f +— U f

is isometric and bijective from M(Qw) to A%w), in view of Theorem 3.4 in [52].

Consequently, (3.5) is equivalent to
I(wo) . I(l/wo) = (Oz!)2, (36)
where

1.2
Ty = 71121152 :/Cd|22a|w0(|21|,...,|2d|)26 1= dA(z).
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By writing z; = 7;e%% in terms of polar coordinates for every j = 1,...,d,
and taking 7‘]2 and 6; as new variables of integrations, we get

L) = / t9(t)e” 1 g,
[0,00)4

where ¥(t1,...,tq) = wo(t}/Z, e ,tz/Z)Q and ||t| =t1+---+t4, t € [0,00)%. Hence
(3.6) is equivalent to

/ t9(t)e It gt - / te9(t) " te It gt < (al)?. (3.7)
[0,00)¢ [0,00)

In particular, the formula (30) in the remark after Theorem 3.7 in [24] hold for
the broad class @% of weights on R.

The following result concerns continuous embeddings of the form
MZ, (R — B, 2 — M{ ., (RY), (3.8)

when £ is a quasi-Banach space. Here J\J(2 ) belongs to the extended family of
modulation spaces in [52] and the weights w; are given by

wi(z, ) = etlal I, (3.9)
when s > 1/2 and ¢t € R.

Proposition 3.7. Let s > 1/2, and let w; be given by (3.9). Then the following is
true:

(1) if # is a GS-tempered quasi-Banach space on R of order s, then (3.8) hold
for every t > 0;

(2) if # is a B-tempered quasi-Banach space on R® of order s, then (3.8) hold
for some t > 0.

We first prove Proposition 3.7 in the case that % = .77 is a Hilbert space.
Thereafter, the general result will follow from this case and Proposition 3.8 below.

Proof of Proposition 3.7 when 9 = € is a Hilbert space. By Remark 1.6 it fol-
lows that
Se o ME,) = Ss, SL= M, < 5, (3.10)
when t > 0.
If s is GS-tempered, then it follows from these embeddings that M2 | <

(wr)
A, ' holds for every t > 0. Furthermore, by Theorem 4.17 in [52] it follows

that S; /o is dense in these Hilbert spaces, and that the dual of M, (QM) is given by
M{ -
Now if 7 is GS-tempered, then (3.10) gives
MZ, = 8s = H, A" Sy = Mpy,,y, t>0,
and (1) follows.
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In order to prove (2) we note that Theorem 3.9 and its proof in [52] implies
that the topology for ¥, is given by the semi-norms

f e Il = Wl £>0.

Hence

1floe S Uflarz, - and gl < llellasz o fr0 € M2,

hold for some choice of t = ¢y > 0, since ¥; — 5 and X, — . This gives

M(ZM )y < A and M(Q%) — . The assertion (2) now follows from these em-
0
beddings and duality. The proof is complete. O

With reference to the Hilbert spaces which occur in Example 3.6 we say that
a Hilbert space ¢ is of Hermite type, if {ha/||hal|ls#}a 1s an orthonormal basis
for A7,
(Sxf)(x) = f(xra), -+ Tr)) € A when feH
for every permutation m on {1,...,d}, and that ||Srfllse = |flloe for every
f € A an permutation 7.

Proposition 3.8. Let %, P> be quasi-Banach spaces which are continuously em-

bedded in Si/z(Rd). Then the following is true:

(1) if s > 1/2, Ss(RY) — %1 and B> — SL(RY), then there are GS-tempered
Hilbert spaces 76, and 56 of order s and of Hermite type such that

So(RY) < JA — By and By — H — S.(RY)

hold. Furthermore, 741 and 7 can be chosen such that 76 — SS/W (Rd) and

Sg/w(Rd) — St for every v € (0,1);

(2) if s > 1/2, B,(RY) — %, and %2 — Y. (R?), then there are B-tempered
Hilbert spaces 761 and ¢ of order s and of Hermite type such that

S (RY < 4 — B and By — A — YL(RY)

hold. Furthermore, 761 and 56 can be chosen such that 77 — ZS/W(Rd) and

Z;M(Rd) — 5 for every v € (0,1);

(3) if S(RY) — By and By — 7' (R?), then there are tempered Hilbert spaces
J6 and % of Hermite type such that

SRY) = A — B, and By — H — S (R
hold.

Proof. We only prove (1). The other assertions follow by similar arguments and
are left for the reader.

In order to prove (1) it is no restriction to assume that S, is dense %; by
replacing %, with the completion of S under the quasi-norm || - ||z, . Let f € %;.
Since % — S{/Q, it follows that

f= Z Calas
«
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where h,, is the Hermite function of order «v and its coefficients

ca =ca(f) = (f,ha)L2

Z lea|?e™l < oo,
[e%

satisfies

for every ¢ > 0.
The fact that S is continuously embedded in %; implies that for every integer
7 > 0 we have

Y 1/2s )
1£11%, < C;D77 ) Jea| el /7,
«

where the constant D > 1 is the same as in (3.1), and the constant C; > 1 is
independent of f (cf. formula (2.12) in [21]).
For every integer 7 > 1, let
N;j = sup{ |a]; C;j% ~temlol"™ /i > 13,
and define inductively
Ry =N; and Rj41 =max(R; +1,N;41), j>1.
Furthermore we set
Iy={a;|la|<Ri} and Ij={a;R;<|a|<Rj},
and we let m(a) = sup,¢, Crelel”” when a € Iy, and m(a) = ei’ ~1e2alV*/i

when o € I;, j > 1. We note that R; is finite and increases to co as j tends to oo.
Let 74 be the Hilbert space which consists of all f € S, such that

1l = (3 lealNPmie))

[

1/2

is finite. We shall prove that 777 satisfies the requested properties. Since
lim m(a)e‘clall/zs =0
|| =00

when ¢ > 0, it follows that S; is continuously embedded in J# . Furthermore, the
fact that m(a) = m(B) when |a| = |5| implies that f +— S;f is a unitary map on
s, for every permutation 7 on {1,...,d}.

It remains to prove that 77 is continuously embedded in #; and in S,/
when 0 < v < 1. Let f € S;, and let

fi= Z Ca(f)hom Jj=0.

DtGIj
Then

o ) I
=S h ealhy) ={ D€l nd 11120 = 11

>0 0, a gl >0
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This gives

j / 125 7\ 1/
17, S Do, < (3 leaPmi@) ™+ 32 (05 3 feaPel*/5)
J

acly j>1 acl;
1/2 1 1/2s /;
< ( > |ca|2m(a)) +y° ; ( 3 feal?e?e /2 /a)

acly i>1 acl;

1
< [l ol +Zj||fj||jf1~

j>1

1/2

Hence, by Cauchy—Schwartz inequality we get

1\ 1/2 1/2 1/2
1l < Mol + (32 ) (X 0513a) S (X Wl26) " = If 1l
Jj=1 J j>1 >0

which proves that ¢ — ;.
The inclusion 4 < S/, when v > 1 follows if we prove that

el < m(a), (3.11)

for every ¢ > 0. We claim that there is a constant Cy which is independent of j > 1
and « such that ‘
eclol*" < et 12l /i (3.12)

In fact, by applying the logarithm, (3.12) follows if we prove that for r =
1/2s <1 and constants mq, mz > 0, the function

h(u,v) = miu® + v " — mav?”
) 1 2

is bounded from below, when u,v > 1.

In order to prove this we let 0 < 71,72 < 1 be chosen such that v; > v and
Y1 + 72 = 1. Then the inequality on arithmetic and geometric mean-values gives
that ho(u,v) < h(u,v), where

ho(u,v) = w24 MM — 7" = vwr(uvzu—mv(%—v)r —m)),

for some m/ > 0. Since v; > 7, it follows that hg(u,v) tends to infinity when
u—+v — oo and u,v > 1. The fact that hg is continuous then implies that hg(u, v)
and thereby h(u,v) is bounded from below when u, v > 1, which proves that (3.12)
holds.

This gives

pclal™/? < Coej’?162lozll/25/j = Cym(a), ac€lj,

and (3.11) follows, which proves the first part of (1).

It remains to prove that 775 exists with the asserted properties. The fact that
P is continuously embedded in S, implies that for every j > 1, there is a constant
C; > 1 such that

1 aq1/2s
D leal?Cy e T < £,
«



Multiplication Properties in Gelfand—Shilov Calculus 145

Let y 1/25 /s
m(a) = j % T Ot MM,
j>1

and let J% be the set of all f € S, such that
1/2
1o = (3 lealPm(a))
«

is finite.

By the definition it follows that || f|l.e < || flle, when f € %o, giving that
P> is continuously embedded in 7%. Furthermore, if ¢ > 0, then it follows that

—clal!/2
lim =0,
|ae] =00 m(a)

which implies that 745 is a Hilbert space.

It remains to prove that S;/w — %% when 0 < v < 1, which follows if we
prove that
m(a) < eclel™” (3.13)
for every ¢ > 0. By the same arguments as in the last part of the proof we have

G |oll/28 s el 28
A L < Cpe clal

where C neither depends on j nor on «. This gives

o ad 1 1/28 /s v/ 2s 1 v/ 2s
m(a)ZE:J 277 e lol i < gelel E:‘erdal ,
i1 ST

and (3.13) follows. The proof is complete. O

The end of the proof of Proposition 3.7. We only prove (1). The assertion (2) fol-
lows by similar arguments and is left for the reader.

Let & be a GS-tempered quasi-Banach space. By Proposition 3.8 there are
GS-tempered Hilbert spaces 57 and % such that 54 — % — 5, and by
the first part of the proof it follows that M(QM) — I — M(Zl/Wt) for every t >
0, j = 1,2. The result now follows by combining these inclusions. The proof is
complete. O

4. Schatten—von Neumann classes and pseudo-differential operators

In this section we discuss Schatten—von Neumann classes of pseudo-differential
operators from a Hilbert space 77 to another Hilbert space 73, or more generally,
from a (quasi-)Banach space %, to another (quasi-)Banach space ;. Schatten—
von Neumann classes were introduced by R. Schatten in [36] in the case when
6 = ¢ are Hilbert spaces. (See also [39].) The theory was thereafter extended
in [3, 33, 37, 53] to the case when . is not necessarily equal to J%, and in
[3, 33, 39], the theory was extended in such way that it includes linear operators
from a Banach space %, to another Banach space %s. Furthermore, the definitions
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and some of the results in [3, 33, 39] can easily be modified to permit %; and %>
to be arbitrary quasi-Banach spaces.

We will mainly follow the organization in the second part of Section 4 in [51],
and we remark that there are several similarities between the proofs in this section,
and the proofs of analogous results in Section 4 in [51].

We start by recalling the definition of Schatten—von Neumann operators in
the (quasi-)Banach space case. We remark however that this general setting is not
needed for the main results in the present and next sections (e.g., Theorem 4.8
below). For the reader who is not interested in this general approach may therefore
assume that the operators act on Hilbert spaces.

Let %, and %2 be (quasi-)Banach spaces, and let T be a linear map from
HB1 to Bs. For every integer j > 1, the singular number of T of order j is given by

Uj(T) = Uj(‘@h f@%T) = inf ”T - T0||%1%.%27

where the infimum is taken over all linear operators Ty from %, to % with rank at
most j — 1. Therefore, 01(T) equals | T||2,—2,, and ¢, (T) is non-negative which
decreases with j.

For any p € (0, 00] we set

1Tz, = 1T 5, (81.22) = [{03(Pr, B2, T)} 51 v

(which might attain +o00). The operator T is called a Schatten-von Neumann
operator of order p from %y to %o, if [T, is finite, ie., {0;(%1, %2, T)}52,
should belong to [P. The set of all Schatten—von Neumann operators of order
p from B to HB, is denoted by S, = S,(%1,P2). We note that S (B1, B2)
agrees with B(%, %2), the set of linear and bounded operators from %) to %s,
and if p < oo, then #,(%1, %-) is contained in K(%A1, HAs), the set of linear and
compact operators from %; to %HBs. The spaces I,(H1, B2) for p € (0,00] and
K(%,,%,) are quasi-Banach spaces which are Banach spaces when %;, %, are
Banach spaces and p > 1. Furthermore, %5 (%1, %-) is a Hilbert space when %
and %, are Hilbert spaces. If %, = s, then the shorter notation .#,(%) is used
instead of .#,(%1, #2), and similarly for B(%1, B2) and K(%1, B2).

Now let A3 be an other Banach space (or quasi-Banach space) and let Ty
and Ty j be linear and continuous operators from %), to %41 such that the rank
of Tp 1, is at most jj for k = 1,2. If T is defined by

To=ToooTi +Tr0To1 —To20Tp1 =To20T1 + (T — To2) o To,1,
then
TooT) — Ty = (To —Toz2) o (Th — To,1),
and it follows that the rank of T} is at most j; + jo. Hence
Ojitjp1(TooTh) < [[Too Ty = To|| < || T7 — Toal - [|T2 — To 2|l

and by taking the infimum on the right-hand side of all possible Ty ; and Tp2 we
get
Ojitjat1(To 0 Th) < 0 41(T1)0s,11(T2),  j1.j2 2 0. (4.1)
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If B; = 5, j =1,2,3, are Hilbert spaces, then (4.1) can be improved into
oj+1(T2 0Ty) < 0jy1(Th)oj41(T2), j = 0. (4.1)

(Ct. [33, 39].)

In [33, 39], (4.1) is used to prove that if p1,ps,r € (0, 00] satisfy the Holder
condition 1/p1+1/ps = 1/r, and Ty, € I, (B, PBr+1), then TroTy € (B, Bs),
and

T2 o T |7, #1,25) < CrlThll.z,, (#1,20) 1 T2] 5, (%2, 25)- (4.2)

Here C, =1 when %;, j = 1,2,3 are Hilbert spaces, and C, = 21/7 otherwise. In
order to be self-contained we here give a proof of (4.2).

Let T' = T5 0 Ty. Since 09j42(T") < 02541 (T), it follows by letting ji; = jo = j
n (4.1) that

k>0 >0

1/r
<2/ (Z ojt1(T1)" o511 (T2)T)
j>0
1/p1 1/p2
<2 (Lo ) (Soar) =210, 1Tl
Jj=0 Jj=0
This gives (4.2).

If #;, j = 1,2,3 are Hilbert spaces, then the same arguments, using (4.1)’
instead of (4.1), shows that (4.2) holds for C, = 1. (Cf. [33] or Chapters 2 and 3
in [39].)

If %, and %5 are Banach spaces, then we note that ranks and norms for the
operators are invariant when passing from the operators to their adjoints. This
implies that T belongs to .%,(%1, %2), if and only if the adjoint T of T belongs
to I (%, AB,), and

175, (81,2) = T |7, (8,21

We recall that if 1 = 54 and %> = 575 are Hilbert spaces, then there is an
alternative way to compute the .#, norms. More precisely, let ON(44), k = 1,2,
denote the family of orthonormal sequences in J7;,. If T : 5] — 4 is linear, and
p € (0, 00], then it follows that

1/p
170y, = 0 (32T 85950017

(with obvious modifications when p = 00), where the supremum is taken over all
{f;} € ON(#) and {g,} € ON(43).

Let {e;} be an orthonormal basis in 44, and let S € #; (44 ). Then the trace
of S is defined as

tr oz S = Z(Sej,ej),%ﬁa
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and we recall that this is independent of the choice of the orthonormal basis {e;}.
For each pairs of operators Ty, Ty € o (A, 73) such that Ty o Ty € #(JA), the
sesqui-linear form

(T, T2) = (T, 12) 1.t = tr6 (15 © T)
of Ty and Ty is well defined. We refer to [3, 33, 39, 53] for more facts about
Schatten—von Neumann classes.

Next we define symbol classes whose corresponding pseudo-differential oper-
ators belongs to .#, for some p € (0, 00]. Therefore, let %y, By — 81/2 (R%) be GS-
or B-tempered (quasi-)Banach spaces, t € R be fixed and let p € (0,,00]. Then
we let s;‘(%’l,%’g) and s; (%1, B2) be the sets of all a € 81/2(R2d) such that
Aa € I,($1,B2) and Op,(a) € F,(HB,1, PB2) respectively. We also let sa“(%’l, PBs)
and sy 4(%1, %B2) be the sets of all a € S{/Q(de) such that Aa € (%1, %>) and
Op,(a) € K(PB1, PB2) respectively. These spaces are equipped by the (quasi-)norms

lalls. (1,22 = 10pe(a)ll.5,(81,2),  Nlallsaz,2.) = [ Aall s, (5, 2.,
lalls,,21,25) = lalls, oo(21.22) lallsp (2, 2.) = llallsa (2,,2.)-

Since the mappings a — Aa and a — Op,(a) are bijections from S{/Q(de)
to the set of linear and continuous operators from Sy /2 (R?) to S /o (R%), it follows

that a — Aa and a — Op,(a) restrict to isometric bijections from s:!(%1, %2)
and s; p(#1, B2) respectively to 7,(%1, A2). Consequently, the properties for
Ip(P$1,P2) carry over to s;‘(%’l, PBsy) and sy p(B1, $B2). In particular, if B = JA4
and %y, = 4 are Hilbert spaces, then the elements in sf(%, ) of finite rank
(i.e., elements of the form a € s1 (A, /%) such that Aa is a finite rank operator),
are dense in sf(%’i,%) and in s;‘(%, ) when p < oo. Similar facts hold for
s1p( A4, H5) and s, , (4, H3). Since the Weyl quantization is particularly impor-
tant in our considerations we also set

sy, =stp and sy’ =s;3, when t=1/2.

If wi,ws € ZE(R??), then we use the shorter notation sz‘j‘(wl,wQ) instead of
s;‘(M(le),M(sz)). Furthermore we set s (wy,w2) = s (R*) when wy = wy = 1.

In the same way the notations for 8&4, St,ps Sp St,p and sy’ are simplified.

Remark 4.1. Let A and 5% are Hilbert spaces. Then, except for the Hilbert—
Schmidt case (p = 2), it is in general a hard task to find simple characterizations
for .Z,(4, #5). Important questions therefore concern of finding convenient em-
bedding properties between Schatten—von Neumann classes and well-known func-
tion and distribution spaces. We refer to Remark 4.5 in [51], for examples on such
embeddings.

Remark 4.2. Let t,t1,t2 € R, p € [1,00|, %1, %P2 be GS- or B-tempered quasi-
Banach spaces on R? and let a,b € S /Z(Rgd). Then it follows by Fourier’s in-

Dz, Dg)

version formula that the map e is a homeomorphism on & /5 (R?%) which
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extends uniquely to a homeomorphism on S} /Z(Rgd). Furthermore, by (1.10) it
follows that e’(t2=#1){P=:De) yestricts to an isometric bijection from s;, ,(%1, Bs)
t0 Sty p(B1, B2).

The following proposition links s; ,(%1, %2), A(%’l, %) and other similar
spaces to each others. Here a”(z,§) = a(z, —¢) is the “torsion” of a € S} , (R%).

Proposition 4.3. Lett € R, %1, P> be GS- or B-tempered quasz Banach spaces in
R% a € SI/Z(RQd), and let p € (0,00]. Then s¥ (%1, %>) = s (%1, %), and the
following conditions are equivalent:

(1) [AS Sp (%1,%2)

2 9}a€ Sp (%1,%2)

(2)

(3) a€s, (%w@i),
(4) a” € 3?(%3%’5);
(5) a € s¥(%1, %a);
(6) a € sy (%, B);
(7

) e’(t 1/2)<D€’Dz>a € $1.p(%1, o).

Proof. Let a1 = %,a, as = a, a3 = a”, ay = a and a5 = a. Then the equivalences
follow immediately from Remark 4.2 and the equalities

(Op*“(a)f,g9) = (Op“(a1)f,g) = (f,0p"(az)g)
= (0p“(as)(z,D)f,g) = (Op“(as)f,4) = (f,0p"(as)3),

when a € Sl/Q(RZd) and f,g € S;/2(R?). (Cf. [51, Proposition 4.7].) The proof is
complete. O

In Remarks 4.4 and 4.5 below we list some properties for s; (%1, %2) and
s;‘(%, 4%). These properties follow from well-known Schatten—von Neumann re-
sults in [3, 39, 53], in combination with (1.15), (1.21), (4.2), and the fact that the
mappings a — Op,(a) and a — Aa are isometric bijections from s, ,(%1, %2) and
s;‘(%’l,%’g) respectively to %,(%1, %B2).

Remark 4.4. Let p,pj,q,7 € (0,00], t € R, %; be GS- or B-tempered quasi-Banach
spaces on RY, and let 7 be GS- or B-tempered Hilbert spaces on R%, j = 1,...,4.
Also let C, = 1 when %, ..., %, are Hilbert spaces, and C, = 2/ otherwise.
Then the following is true:

(1) the sets s p(H1,Bo) and s;4(%1, HB2), are quasi-Banach space which in-
creases with the parameter p. If in addition » < p < oo and p; < po, then
Stp( B, B) — s14(PB1, Ba), Str($1,P2) is dense in s (%1, %2) and in
st.4(%, B2), and

||a||31,,p2(@1,<932) < ||a||8t,p1 (B1,%2)s @ € st’OO(‘%h‘@Q)' (43)
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Moreover, if in addition p > 1 and %;, j = 1,2, are Banach spaces, then
St.p(B1, B2) and s;4(%, PB2) are Banach spaces;

(2) if B; = 5, j = 1,2, then equality is attained in (4.3), if and only if a is a
rank one element, and then ||al|s,  (,75) = (2m)~%2|| f1|| s || f2|l 7 » when a
is given by (1.12);
(3) if 1/py + 1/pa = 1/r, a1 € $4p, (%1, %B2) and az € St p, (B2, PBs3), then
ao#a1 € St (%1, PBs3), and
las#aills, . #:,25) < Crllaills, ,, (2,25 |a2lls, ,, (22,25 (4.4)

On the other hand, for any a € s (54, 743), there are elements a; €
St.p, (H,56) and ay € Spp, (55, 73) such that a = ag#a; and equality
holds in (4.4);

(4) if #1 — P, with dense embeddings and Bs — Ay, then s; p(Ba, B3) —
st,p(%lz <%4)
Similar facts hold when the s;, spaces and the product #; are replaced by s;‘
spaces and *,, respectively.

In the next remark we make some further conclusions on dual forms for
st.p(H4, ) and s;‘(%ﬂl, %) when 774 and 5% are Hilbert spaces. Here the forms
(*5 )sea(oa, ) and (-, 0)59((}%“%) are defined by the formulas

(a, b)St,z(ﬁfhﬁfz) = (Opy(a), Opt(b))ﬂz(ﬁﬁ,&fz% a,b € st,2(H1, H3)
and

(a7b)sé4(ﬁf1,ﬁf2) = (AG,, Ab)yz(%ﬁ,ﬁfz% G,,b € 5124(%7%)
We also recall that p’ € [1,00] is the conjugate exponent for p € [1,00], i.e.,
1/p+ 1/p’ = 1. Finally, the set {§° consists of all sequences in [*° which tends to

zero at infinity, and [} consists of all sequences {\;};cs such that \; = 0 except
for finite numbers of j € I.

Remark 4.5. Let p,p; € [1,00] for 1 < j <2, t € R, and let J4, 7% be GS- or
B-tempered Hilbert spaces on R?. Then the following is true:

(1) the form (-, -)s, ,(s4,5%) On st1(H4, H3) extends uniquely to a sesquilinear
and continuous form on s; (4, 96%) X s1/(JA, 56), and for every aq €
sep(FA, ) and ag € sy (HA, H3), it holds

(a1,a2)s, ,(0,00) = (a2, 01)s, 5 (o4,50)
(a1, a2)s, »(06,0m)| < llarlls, ,a,0m)llazlls, , 6,06) and
la1lls, (o4 ,) = sup [(a1,0)s, , A ,6)|;
where the supremum is taken over all b € s,/ (3, ) such that
1blls, (22, 0) < 1.

If in addition p < oo, then the dual space of s; (7, .74) can be iden-
tified with s; (74, #4) through this form;
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(2) if a € s 4(54, H5), then

o0
Op,(a)f =Y Ni(fs f5) 9 (4.5)

j=1
holds for some {f;}32; € ON(J4), {g;}52; € ON(5%) and non-negative
decreasing sequence A = {\;}%2, € [§°, where the operator on the right-

hand side of (4.5) convergences with respect to the operator norm. Moreover,
a € s4p(A, 75), if and only if A € [P, and then

lalls,., = l[Allw
and the operator on the right-hand side of (4.5) converges with respect to
the norm | - ||, . (4,);
(3) if 0 < 6 < 1 is such that 1/p = (1 — 0)/p1 + 6/p2, then the (complex)
interpolation formula
(St,m (4, %)7 St,p2 (A, %))[9] = St,p(%v j%)

holds with equality in norms.
Similar facts hold when the s;, spaces are replaced by 5;1 spaces.

In the sequel we assume that %; = ¢, j > 0, are Hilbert spaces. A problem
with the form (-, -);, ,(,7) in Remark 4.5 is the somewhat complicated struc-
ture. In the following we show that there is a canonical way to replace this form

with (-, -)p2. We start with the following result concerning polar decomposition
of compact operators.

Proposition 4.6. Lett € R, p € [1,00], S and 5 be GS- or B-tempered Hilbert
spaces on R? and let a € s, 4( /4, 73) (a € sf(%,%)) Then

— t —
0= AW, (a=3AW,) (4.6)
jeI jel
(with norm convergence) for some orthonormal sequences {p;}jer in 7 and
{gj}jer in b, and a sequence {\;}jcr € I§° of non-negative real numbers which

decreases to zero at infinity. Furthermore, a € s, ,(J4, 75) (a € sy (J4, 73)), if
and only if {\;}jer € 1P, and

lalls, ,(a.0m) = @) "2 {0 erlle (lallsaoa.om = I{A erlle)-

Proof. By Remark 4.5 (2) it follows that if f € S;/2(R?), then
Opy(a)f () = > Nl f) 95 (4.7)
jEI
for some orthonormal sequences {f;} in A4 and {g;} in %, and a sequence
{\;} € 1§° of non-negative real numbers which decreases to zero at infinity. Now
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let {¢;}jer be an orthonormal sequence in ¢ such that (¢;, fx)r2 = d;%. Then
(f, fi)sa = (f, ;) 12, and the result follows from (4.7), and the fact that

Opy (W, o )f = 1)~ 2(f,05) 1295 = 2m)~*(f, f) 95
The proof is complete. O

We have now the following.

Proposition 4.7. Let p € [1,00), and let 564 and 5% be GS- or B-tempered Hilbert
spaces on R2. Then the following is true:
(1) Sl/g(RZd) is dense in s p(IA4, 55), s;‘(%,jfg), se(I4, )
and sa“(%, H5);
(2) Si1/2(R2%) is dense in st,00(H4, #3) and st (4, #5) with respect
to the weak* topology.

Proof. By Proposition 4.6 it follows that any element in s; , (54, 7), s?(%, H5),
s (J4, 73) or in 3&4(%”1, %) can be approximated in norm by finite sums of the
forms in (4.6). The assertion (1) now follows from the facts that any ¢; and
g; can be approximated in norms by elements in 81/2(Rd)7 and that the map
(¢,9) = W, , is continuous from S1/2(R?) x 81/2(RY) to Sy j2(R?*).

The assertion (2) now follows from (1) and the fact that s, is weakly dense
in s¢,00, since .#; is weakly dense in 7. O

Next we prove that the duals for s; (7, 7) and 85 A4, #5) can be iden-
tified with sy, (], #5) and s,, A (!, A respectively through the form (-, - )rz.

Theorem 4.8. Lett € R, p € [1,00) and let J4, 5% be GS- or B-tempered Hilbert
spaces on R, Then the L? form on Sl/Q(de) extends uniquely to a duality between
st.p(FA, 7)) and sy (I, 7)), and the dual of s¢ (A, %) can be identified
with sy, (G, 563)) through this form. Moreover, if £ € sy ,(I4,75)* and a €
St (G, ) are such that £(b) = (a,b) 2 when b € s;,(JA, ), then

11l = Nlalls, . o .2)-

The same is true if the sy ,(JA, 7%) spaces are replaced by sﬁ(%,%’é)
spaces.

Proof. We only prove the assertion in the case t = 1/2. The general case follows by
similar arguments and is left for the reader. Let £ € s} W, H5)*. Since the map
b+ Op"(b) is an isometric bijection from s (%,%) to Sp(H4, 6), it follows
from Remark 4.5 (1) that for some S € .#, (jﬁ, %) and each orthonormal basis
{f;} € ON(44) we have

£(b) = tryn (S* 0 Op“ (b)) = Y _(Op“(b)f;, Sfj)e and
1l = 1512, (4 ,52)
when b € s WA, ).

(4.8)
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Now let b € s}, (A4, 7%) be an arbitrary finite rank element. Then

b= MWy p, and [bllswm.m = @m)72{\}Hw,

for some orthonormal bases {¢;} € ON(#7) and {g;} € ON(54%), and some
sequence {\;} € I}. We also let {f;} € ON(54) be the dual basis of {¢;} and
a the Weyl symbol of the operator Tz, o S o Tyy. Then a € sy (4, #) and
|a|| . (,2) = ||£]|. By straightforward computations we also get

0(b) = trom (5™ 0 Op” (b)) = Y _(Op" (B)f;, 5;)
= (2m) "2 " Ni(95. 1) = 2m) "2 " Xi(g;, 0p" (0)95) 12(Re)
27T —d Z )\ g;,tp;a L2(R2d) = (27T)_d(b, a)Lz(de).

Hence £(b) = (2m)~%(b, a) 2 (r22). The result now follows from these identities and
the fact that the set of finite rank elements are dense in s;/ (7, #3). The proof is
complete. O

An interesting question is wether Theorem 4.8 still holds after the Hilbert
spaces ¢, and 7 have been replaced by appropriate Banach spaces.

We finish the section by a side result on bases and Hilbert—Schmidt operators
on GS- or B-tempered Hilbert spaces.

Proposition 4.9. Let J¢; be GS- or B-tempered Hilbert space on R% for j =1,2,
and let T be a linear and continuous map from 4 to . Also let I = H5 ®
(7)) (Hilbert tensor product). If K is the kernel of T, then T € J5(4, 75),
if and only if Kp € €, and

IT||.7s (2, 0) = |1 K || e (4.9)

Proof. First assume that T' € %5(J4, #5), and let {e; 1 }72, be an orthonormal
basis for JZ; and set € = Txejk, j = 1,2. Then {e;}32, is an orthonormal
basis for 7,

Tei, = E Ak,1€2.1,
!

for some { Ay, }7%-; and
||T||3¢2(3f1,ﬁ%) = (1\T).p,(ot1,56) = trom (T" 0 T),
giving that

1T, ) = D I Teril5e = Y [Awal® (4.10)
k
Now let Ny, N2 > 0 be integers and set

Hy,ono(@y) = D > Malear®@eri)(@y) = Y Y Maeza(@)eri(y) € A

k<Np <N k<N I<No
We shall prove that Hy, v, has alimit H in J# as N1, Ny — oo, and that H = K.
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Since {e1,1}72, is an orthonormal basis for (J7)7, we get
[Hnowa M3 = D0 Y Pl
k<Np I<Ns
Hence (4.10) and the fact that T' € (s, 7) imply that the limits
HN: lim HN,N2 and H = lim HN

Ny —o0 N—o0o
exist in .77, and that
1HI%e =D wal® = 1T 00,0 (4.11)
k,l

In order to prove that H = Kp we let
f= cheLk € and g= Zd152,l €
k 1

be arbitrary, and we set
fn= Z cre1r, and gy = Z diea,;.
k<N I<N

Then ||f — fnlloa — 0 and [|g — gn ||y — 0 as N — co. Furthermore,

(TfNs 9N 2y = Y, D Macudi = (H, gny ® fn,)p2(reatan)-
k<N I<Ns

By letting N1, No — oo we get

(Tf,9)L2ra2) = (H, 9 @ f)2maz+ary-

Hence H = K, and (4.9) follows.

If instead Kp € 52, then it follows by similar arguments as in the first
part of the proof that (4.9) and the first equality in (4.11) hold with H = K.
Hence, the second inequality in (4.11) shows that T € #5(J4,.7%). The proof is
complete. O

5. Young inequalities for weighted Schatten—von Neumann classes

In this section we establish Young type results for dilated convolutions and multi-
plications on s’ (74, #3), when 4 and . are appropriate modulation spaces of
Hilbert type. Especially we prove multi-linear versions of Theorems 0.3 and 0.4.
We will mainly follow the analysis in Section 5 in [51], and the proofs are similar.
However, in order to be self-contained we here present proofs which are slightly
condensed, where, at the same time, some misprints have been corrected.

We need some preparations for stating the results. If we have N convolutions,
then the corresponding conditions compared to (0.9) is

p171+"'+pN71:N—1+7‘717 1§p17~-'7pN7T§OO' (09>/
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In the same way, (0.10) should be replaced by
(1) 72 4 (=12 =1, (0.10)’
and (0.11) by
(=172 4 (1M, = 1. (0.11)
The condition (0.12) of the involved weight functions is modified into
X1+ +Xn) SV, 00X Y nNENXN),

(0.12)’
w(Xy+ -+ Xn) Swja(tiXy) - wiy NENXN),
where
wok(X) = V1 k(X) = we(X),  Jok(X) = wik(X) = (X)) (0.13)'
With these conditions we shall essentially prove estimates of the form
lave, * - % anex llswjwn < Cllarllsy (w00 - llanllsy @ jwyox),  (0-14)
and
llat,e, - - anxllse 1 /we) < C'd||a1||sgl(1/w1,191) e llanllsy (jwnon)- (015)

Here and in what follows we let as and b; be given by as = a(t-) and by = b(t-)
when a,b € 81/2 and ¢t € R\ 0, and a;+ be given by a;; = a;(¢-) when a; € 81/2,
jeN,and t € R\ 0.
Theorem 0.3'. Let p1,...,pNn,r € [1,00] satisfy (0.9), and let t1,...,tx € R\
0 satisfy (0.10), for some choices of ji,...,jn € {0,1}. Also let w,w;, 9,9, €
Pr(R*) for j=1,...,N satisfy (0.12)" and (0.13)".

Then the map (a1, ...,aN) = a1, % - *an,ty 0N Sy/2 (R?4), extends uniquely
to a continuous mapping from

spr (L/wi,01) x--- x s (1/wn, UN)
to s¥(1/w, ). Furthermore, (0.14)" holds for some constant
C = O Il 2/ o] 2,

where Cy is independent of a1 € sy, (1/w1,01), ...,an € sy (L/wn,UN), t1,...,tN
and d.
Moreover, Op® (a1, *- - -*an,ty) > 0 when Op*(a;) > 0 for each 1 < j < N.

Theorem 0.4". Let pi1,...,pn,r € [1,00] satisfy (0.9), and let t1,...,tx € R\
0 satisfy (0.11), for some choices of ji,...,jn € {0,1}. Also let w,w;,9,9; €
Pr(R*) for j=1,...,N satisfy (0.12)" and (0.13)".
Then the map (a1,...,aN) ¥ Q14, -+ ANty ON Sl/Q(RQd), extends uniquely
to a continuous mapping from
spr (L/wi,01) x -+ x s (1/wn, Un)
to s¥(1/w, V). Furthermore, (0.15)" holds for some constant

C = Clfta|72/7% - Jtn | 72/75,
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where Cy is independent of a1 € sy, (1/w1,01), ...,an € sy (L/wn,UN), t1,...,tN
and d.

We need some preparations for the proofs. First we observe that the roles
of multiplications and convolutions are essentially interchanged on the symplectic
Fourier transform side, because

ﬁa(al*"'*aN):WdN(ﬁaal)"'(yaaN)a (51)

holds when a1, . ..,an € Si/2(R??). Hence it follows immediately from Lemma 1.3
and Proposition 4.3 that Theorems 0.3' and 0.4’ are equivalent to the following
two propositions. Here the condition (0.13)" should be replaced by

WQ,k(X) = 1917k-(—X) = wk(X), 1907k.(X) = OJLk.(—X) = ﬁk(X) (52)

We also recall that a € S, (R*¥), s > 1/2, if and only if the operator Aa is
positive semi-definite (cf. Proposition 1.4).

Proposition 5.1. Let p1,...,pn,T € [1,00] satisfy (0.9), and let t1,...,tn € R\
0 satisfy (0.10), for some choices of ji,...,jn € {0,1}. Also let w,w;,9,9; €
PR3 forj =1,...,N satisfy (0.12)" and (5.2). Then the continuity assertions
in Theorem 0.3 hold after the s) spaces have been replaced by s;l spaces.

Proposition 5.2. Let p1,...,pn,7 € [1,00] satisfy (0.9), and let ty,...,txy € R\

0 satisfy (0.11), for some choices of ji,...,jn € {0,1}. Also let w,w;, 9,9, €

PR3 forj=1,...,N satisfy (0.12)" and (5.2). Then the continuity assertions

in Theorem 0.4 hold after the s, spaces have been replaced by s;‘ spaces.
Moreover, if s > 1/2 and a; € S;+(R2d) N s;) (1/&)]7 ;) for every j =
N, then ary, - -any €S, (R*) Nsit(1/w, 19)

When proving Propositions 5.1 and 5.2 we need some technical lemmas, and
start with the following classification of Hilbert modulation spaces.

Lemma 5.3. Let w € Zg(R*) be such that w(z,y,&,n) = w(x,), ¢ € S1/2(RY)\0
and let F € Sl/Q(RQd) Then F € M if and only if

(w)”’

171 = ([[[ Walr oo gt P dodya) < e 53)

Furthermore, F — || F|| in (5.3) defines a norm which is equivalent to any M(Zw)
norm.

Proof. We may assume that ||¢||2 = 1. Let ® = ¢ ® ¢, and let % F denotes the
partial Fourier transform of F(x,y) with respect to the x variable. By Parseval’s
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formula we get
1F 152, :////|(V<1>F)(:v,y,§,77)W(x,§)|2dxdydgdn
://(//K'?(Fq’(' — (2,9) ) (€ mw(a, )2 dydn ) dads
- // (//K%(F(wz) O+ — ) ) (6= - y)(a, &) dydz) dudg
= [[([1(F 200 = 0) @t OF dz) e = |7,

where the right-hand side is the same as ||F|| in (5.3). The proof is complete. O

We omit the proof of the next lemma, since the result follows immediately
from [44, Lemma 3.2], and the fact that S/, — .7.

Lemma 5.4. Let s,t € R be such that (—1)7s72 + (=1)*t=2 = 1, for some choice
of j,k € {0,1}, and that a,b € Sy 2(R?*?). Also let Tj . for j € {0,1} and z € R?
be the operator on Sl/g(RZd), defined by the formula

(To,.U)(z,y) = (Th . U)(y,z) =U(x — z,y +2), UEe€ 81/2(R2d>.

Then
Aa(s-)*b(t-)) = (277)d/2|8t|_d/(Tj,sz(Aa))(S_l-)(Tk,—tz(Ab))(t_1~)dZ- (5.4)

We note that for the involved spaces in Theorems 0.3’ and 0.4’, and Propo-
sitions 5.1 and 5.2 we have

A AR2d A
sy (L/w, ) = s, (R™) < s, (w,1/9), when w,9>c, (5.5)

A
p

immediate consequence of Remark 4.4 (4) and the embeddings M

for some constant ¢ > 0, and similarly when s, is replaced by s;’. This is an

= MP? =

L? — M(Ql’?w) which are valid when w is bounded from below. In particular, if
Cp(R%) denotes the set of all continuous functions on R?, vanishing at infinity,
then

s (1/w,9) = s{H(R?*?) — Cp(R*) N.ZCp(R*) N L2 (R?Y),

(5.6)
when w,?d > ¢,

and similarly when s{! is replaced by s%¥. Here the latter embedding follows from
Propositions 1.5 and 1.9 in [45].

Proof of Proposition 5.1 in the case N = 2. We only consider the case j; = 1 and
jo =0, ie.,t2—52=1when t; = s and t, = t. The other cases follow by
similar arguments and are left for the reader. We start to prove the theorem in
the case p;1 = po = r = 1. By Propositions 4.6, 4.7 and a simple argument of
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approximations, it follows that we may assume that a; = u and as = v are rank
one elements in Sy, and satisfy

lullsar/w o) <C and  [[v]|ga(1 w0, < C,
for some constant C. Then Au = f1 ® fo, Av = g1 ® g2 and
[ fillazz, |l f2llar2

(¥1) (w1) S HUHS{‘(l/wl,ﬂl)v ||91||M2

(192)||92||M(2w2) < ||U||sf(1/m,192)7

for some vectors f1, f2, 91,92 € S1/2 such that

1fillass, , <C Ifallae, <Cr llnllae

(1) (92)

<G, gl <G,

for some constant C > 0.
Set

F(z,2z) = fa(x/s + sz)gi(x/t + tz),  G(y,2) = fi(y/s — sz)g2(y/t — t2).
It follows from (5.4) that
Alus s 0)(a,) = (20 st 0 [ P, 2)Gl,2) d

This implies that

el oy S 1510 [ IFC Dz, 1602, d=
< Jst| ™y - I, (5.7)
where

L= (// |V¢(F('az))(x,f)ﬁ(:v,ﬁﬂzdxdzd§)1/2
I, = (// |V¢(G("Z))(x7§)w($,f)|2dxdzd§) 1/2’

for some ¢ € Sy /2(R%) \ 0. Hence, I1 < ||F||M(219 ) and Iy < ||G||M(2 ) by Lemma
0 «“o

5'3a when wo(x7y7f7n) = OJ(.’I,',&) and 190(337%5777) = 19(%75)

We need to estimate ||F||M(219 ) and ||G||M(2 - In order to estimate ||F||M(219 )
0 «“0 0

(5.8)

we choose the window function ® € S; /»(R?*?) as
(I)(:U, Z) = ¢(x/3 + SZ)(;5(Z/t + tZ)a

for some real-valued ¢ € Sy /2(R?). By taking (x1/s + sz1, 21/t +t21) as new vari-
ables when evaluating Ve F, and using t =2 — s~2 = 1, it follows by straightforward
computations that

VaF(x,2,¢,¢) = (2m) ¢ // F(x1,20)®(x1 — 2,21 — 2)e” @08 =4=00 g 4z

= |st|7dV¢f2(s—1x + 52,5716 — (Stz)_lc)v¢g1(t71$ +tz,t7lE — (szt)flg“).
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Furthermore, by (0.12), (5.2) and the fact that =2 — s72 = 1, we obtain
I, &) =9((t7%2 +2) — (s %2 +2), (726 — (1) 72¢) — (7€ — (st) ()
Swi(s™le 452,87 — (st) OO (T e + 2t — (5%) ()
A combination of these relations now gives
Vo F(z,2,6 0)9(z,€)| < [st| "1 - Ja, (5.9)
where
Ji = Vafa(s™ o+ 52,571 — (st?) 1w (s 1o + sz, 571 — (st?) 7 10)
and
Jo = |Vegr(t 7 o+ t2, 671 — (%) 71O (t e+t t 7 — (7)) 71Q)).
By applying the L? norm and taking
sl sz, tTrrmatz, sTE—(stB) Tt —(sP)TI¢
as new variables of integration we get
1z, < st fellare lonllas, (5.10)
By similar computations it also follows that

1Gla, < 1t~ fillasz, lgallasz - (5.11)

(¥1) )

Hence, a combination of Proposition 4.6, (5.7), (5.8), (5.10) and (5.11) gives

—d
s * V|l sa (1 /w0y S |88 f1llar2

o I fellarz lorllase, loollass

(w2)
S |St|7d||u||s{‘(1/w1,191)HUHsf‘(l/wg,ﬁz)'

This proves the result in the case p;y = ps = r = 1.
Next we consider the case p; = oo, which implies that po = 1 and r = co.
Let a € si (1/wy,91) and let b, c € Sy /5(R??). Then

(as % by, c) = |s| 72 (a, by, * csp),

where b(X) = b(—X), so = 1/s and to = t/s. We claim that

bt * Csoll s @r 1/ S 187 /HPBN (1 o 02 €l st (10 (5.12)

Admitting this for a while, it follows by duality, using Theorem 4.8 that

”as * bt”sfo(l/w,ﬁ) g |82/t|2d8_4d||a'||s§o(1/w1ﬂ91)||b||sf(1/w2,192)7

which gives (0.14). The result now follows in the case py = r = oo and p2 = 1 from
the fact that S /5 is dense in s{*(1/ws,¥2). In the same way the result follows in
the case po = r = oo and p; = 1.

For general p1,pa2,r € [1,00] the result follows by multi-linear interpolation,
using Theorem 4.4.1 in [2] and Remark 4.5 (3).
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It remains to prove (5.12) when b,c € Sl/Q(RQd). The condition (0.10) is
invariant under the transformation (¢, s) — (o, so) = (t/s,1/s). Let

O=1/w, U=1/0, o =1/w,
51:1/19, Wy = Vg and 1;2:w2.
If X;=—(X+4Y)/sand Xy =Y/s, then it follows that
w(Xy + X2) S (—sX1)wa(tX2), V(X1 + X2) S wi(—sX1)02(tX2),

is equivalent to

X +Y) ST (—s0X)Da(toY), I(X+Y) SDi(—s0X)Da(teY).
Hence, the first part of the proof gives
Hbto * Cso”sf(wl,l/ﬁl) = ”bto * 080”5{‘(1/&,5)
S |50t0|_2d||b||sf(1/a,2,52)||E||S{\(1/al,51)
= |80t0|_2d||b||s‘14(l/ﬁg,wg)||E||sf(w,1/z9)
= |80t0|72d||b||s{\(1/w2,192)||51|s{‘(w,1/19)7
and (5.12) follows. The proof in the case N = 2 is complete. O

We need the following lemma for the proof of Proposition 5.1 in the general
case.

Lemma 5.5. Let p,ty,...,txy € R\ O fulfill (0.10)" and p=2 + (—1)I~t* = 1. For
t.=t;/p set

wo(X) =infwj, 1(¢1X1) - wjy_y No1(ty_1 XN-1) and

Do(X) = inf I, 1 (01X1) -+ Fj i, N—1(Ey 1 Xv—1),

where the infima are taken over all Xq,..., Xn_1 such that X = X1+ -+ Xn_1.
Then the following is true:

(1) wo, Yo € L@E(RQd),‘
(2) for each X1,... Xny_1 € R*® it holds

wo(X1+ -+ + Xn-1) Swjp 111 X1) - win N1 (v Xn—1),  and
Po(X1+ -+ Xn-1) <950 X1) - Fjn N1 (v 1 Xn1);

(3) for each X,Y € R>? it holds
WX +Y) Sw(pX)wn(tnY) and HX +Y) S do(pX)dn(tnY).

Proof. The assertion (2) follows immediately from the definitions of wg and g,
and (3) is an immediate consequence of (0.12)".
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In order to prove (1) we assume that X = X3 4+ --- 4+ Xy_1. Since wj, 1 €
Z5(R2?), it follows that

wo(X +Y) < wji 11 (X1 +Y)) - wjy_y N-1(ty 1 Xn-1)

< wjl,l(tlle) o 'ijfl,Nfl(th—lXNfl)v(Y)a
for some v € Zr(R??). By taking the infimum over all representations X =
X1 + -+ + Xn, the latter inequality becomes wo(X +Y) < wo(X)v(Y). This

implies that wy € ZE(R2?), and in the same way it follows that ¥y € Zr(R?9).
The proof is complete. O

Proof of Proposition 5.1 for general N. We may assume that N > 2 and that the
proposition is already proved for lower values on /N. The condition on t; is that
cltfz +-+ cNtN2 =1, where ¢; € {£1}. For symmetry reasons we may assume
that cltl_2 4+ 4 cN_lt]_\,Q_1 = p~2, where p > 0. Let t;- =1t;/p, wo and Iy be the
same as in Lemma 5.5, and let r; € [1,00] be such that 1/r; +1/py =14 1/7.
Then cl(t’l)_2 4t CN_1(t§v_1)_2 =1,7r; > 1since py <, and

1/pr+--+1/pn-1=N—-2+1/r.

By the induction hypothesis and Lemma 5.5 (2) it follows that

d(2N74)(

b=ayy *--xan_14,  =p ate, * ok an—1,ey_,)(/P)

oA
makes sense as an element in 7’ (1/wo,Yo), and

N-1
||b||s§1(1/w0,190) N H |t}|72d/p"||a||sgj(1/wj,ﬁj)-
j=1
Since 1/m 4+ 1/py = 14 1/r, it follows from Lemma 5.5 (3) that b, * an ., makes
sense as an element in s (1/w, ), and

[(ar,e, * -k an—1,t5_1) % aniyllsawe) = p 1N b, % an ey $A(1/w,9)
< Cullaallsa (1w - llanllsa (/o on)
where
N—-1 N
Oy = ptA=2N=2/r)|q | =2d/pn H It;I_Qd/pj = H |t;|724/Ps
j=1 j=1

This proves the extension assertions. The uniqueness as well as the symmetry
assertions follow from the facts that S;/; is dense in s;‘ when p < oo and dense in
54 with respect to the weak* topology, and that at most one p; is equal to infinity
due to the Young condition. The proof is complete. O

Proof of Proposition 5.2. The continuity assertions follow by combining Proposi-
tion 4.3, Proposition 5.1 and (5.1).

When verifying the positivity statement we may argue by induction as in
the proof of Proposition 5.1. This together with Proposition 1.4 and some simple
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arguments of approximation shows that it suffices to prove that asb; is positive
semi-definite when +s?> +¢> = 1, st # 0, and a,b € Sl/Q(RQd) are o-positive
rank-one element.

For any U € S; /2(R*®) we set

UO,Z(‘Ta y) = Ul,z(fya 7‘%) = U(fE +z,y+ Z)
Then Lemmas 1.3 and 5.4 give

A(asbt)(xv y) = (2/7r)d/2|8t|_d /(ACL)]"Z/S(SLIJ, Sy) (Ab)k,fz/t (t.’L‘, ty) dz,

for some choice of j,k € {0,1}. Since a,b € C are rank-one elements, it follows
that the integrand is of the form ¢, (z) ® ¢.(y) in all these cases. Consequently,
A(asb:) is a positive semi-definite operator. O

Remark 5.6. We note that the arguments and conclusions in Remark 5.7 in [51]
holds after &7 has been replaced by Zg.

6. Some consequences

In this section we explain some consequences of the results in previous section.
We omit the proofs since they are the same as corresponding results in Section 6
in [51], after the weight class & has been replaced by Zg. It follows for example
from Proposition 5.2, that s{(1/v,v) is stable under composition with odd entire
analytic functions, when v is submultiplicative,

Thereafter we explain how the definition of Toeplitz operators can be ex-
tended to include appropriate dilations of s}’ as permitted Toeplitz symbols.

We start by considering compositions of elements in s7(1/v,v) with ana-
lytic functions. In these considerations we restrict ourself to the case when v =
v € P5(R?*) is submultiplicative. We mnote that each element in s7(1/v,v)
is a continuous function which turns to zero at infinity, since (5.6) shows that
s1(1/v,v) = Cp(R??).

A part of these investigations concerns o-positive functions and distributions,
and it is convenient to let C (R??) denote the set of all continuous functions on
R4, which are o-positive (cf. [44]).

It follows that any product of odd numbers of elements in s{'(1/v,v) are
again in s{'(1/v,v). In fact, assume that ay,...,an € s7(1/v,v), |a| is odd, and
that t; = 1. Then it follows from Theorem 5.2 that a$* ---a%" € sft(1/v,v), and

« o d| o Oéj
la - a5 lap 1wy < Co ™ TT 03155100y (6.1)

for some constant Cy which is independent of o and d.

Furthermore, if in addition aq,...,an are o-positive, then the same is true
for af* --- a%". The following result is an immediate consequence of these obser-
vations.
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Proposition 6.1. Let ay,...,ax € si'(1/v,v), where v =19 € Pr(R*) is submul-
tiplicative, Cy is the same as in (6.1), and let Ry,..., Ry > 0. Also let f, g be odd
analytic functions from the polydisc

{Z S CN; |Z]| < CoRj}
to C, with expansions

f(z) = anza and g(z) = Z leal2®.

[e3

Then f(a) = f(a1,...,an) is well defined and belongs to si*(1/v,v), and
”f(a)”sf(l/v,v) < g(C()”al”sf(l/’u,v)a SRR COHCLN”sf(l/'U,U))'
If in addition ay,...,an € Cy(R??), then g(a) € Cy(R??).

For rank one elements we also have the following generalization of [44, Propo-
sition 4.10].

Proposition 6.2. Let v,v; € Pr(R??) are even, submultiplicative and fulfill v, =
v(-/V2). Also let u € s¥(1/w,w) be an element of rank one, and let a(X) =
|u(X/v/2)|?. Then a € s¥*(1/v1,v1), and Op™(a) > 0.

We finish the section by applying our results on Toeplitz operators (cf. (1.22)).
The following result, parallel to Theorems 3.1 and 3.5 in [53], generalizes [46,
Proposition 4.5].

Theorem 6.3. Let p € [1,00] and w,wy,d,9; € Pr(R?*) for j = 0,1,2 be such
that

W(Xl — X2) S wO(\/2X1)'L92(X2), 19(X1 — XQ) S 190(\/2X1)191(X2)
Then the definition of Tpy, ,,(a) extends uniquely to each a € 8{/2(R2d) and

hj € M(Zﬂj) Jor j =1,2 such that b= a(v2-) € s¥(1/wo, ), and

1 Tony e (@) yara, iy S 102 1o gz, IBallags, -

Furthermore, if h1 = hy and Op”(b) > 0, then Tpy,, j,(a) > 0.

Proof. Since W, p, € sy(1/91,92), the result is an immediate consequence of
(1.23) and Theorem 0.3. O
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Appendix

In this appendix we prove basic results for pseudo-differential operators with sym-
bols in modulation spaces, where the corresponding weights belong to &g. The
arguments are in general similar as corresponding results in [47, 50].

The continuity results that we are focused on are especially Theorems A.1-
A.3. Here Theorem A.1 is the extension of Feichtinger—Grochenig’s kernel theorem
for modulation spaces with weights in &g. This result corresponds to Schwartz
kernel theorem in distribution theory. The second result (Theorem A.2) concerns
pseudo-differential operators with symbols in modulation spaces, which act on
modulation spaces. Theorem A.3 gives necessary and sufficient conditions on sym-
bols such that corresponding pseudo-differential operators are Schatten—von Neu-
mann operators of certain degrees. Finally in Propositions A.4 and A.5 we establish
preparatory results on Wigner distributions and pseudo-differential calculus in the
context of modulation space theory.

Before stating the results we recall same facts on distribution kernels to
linear operators in the background of Gelfand—Shilov spaces. Let s > 1/2 and let
K € 8/(R%+42). Then K gives rise to a linear and continuous operator 7' = T
from S;(R%) to SL(R%), defined by the formula

Tf(LIJ) = <K(:I,‘, ')7f>7 (Al)

which should be interpreted as (1.9) when f € Si(R%) and g € S,(R%).

Before establishing the corresponding result for modulation with weights in
P, we present appropriate conditions on the involved weights and Lebesgue
exponent. The involved weights are related to each others by the formulas

WQ(xv 5)

Sw(r,y.&—n), z,¢&eR* ™ yneR™ (A.2)
w1 (ya 77)
or
wa(,8) w(z,y, & -n), x,&eR™ @, yneR™, (A2)
w1 (ya 77)
and

W(x>ya€>77) = WO((l - t)x + tyvtg - (1 - t)%f + nY— :E),
x? y? 5377 ERd’ (A'g)

or equivalently,
z,y,&n R (A.3)
We note that (A.2) and (A.3) imply

WZ(xa 5)

wi(y,n) Swol(l —t)z +ty, t&+ (1 —t)n,§ —n,y — ), (A.4)
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and that (A.2)" and (A.3) imply

w2 (l‘, 5)
w1 (ya 77)
The Lebesgue exponents of the modulation spaces should satisfy conditions
of the form

pr—1/pe=1/qn —1/qe=1-1/p—1/q, q<p2,¢2 <p, (A.5)

Xwo((l—t)$+ty7tf+(1—75)7775—7779—1’)7 (A4)/

or
p1 <p<ps, ¢ <min(p,p’) and gz > max(p,p). (A.6)

Theorem A.1. Lett € R, w; € Zr(R?%) for j =1,2 and w € P(R?*¥212d1) pe
such that (A.2)" holds. Also let T is a linear and continuous map from 81/2(Rd1>

to S; /Q(RdQ). Then the following conditions are equivalent:

(1) T estends to a continuous mapping from M} (R) to M )(RdQ);

(w1) (w2
(2) there is a unique K € M(‘f)(Rd”dl) such that (A.1) holds for every f €
SI/Z(Rdl);
(3) if in addition di = dy = d and (A.3) holds, then there is a unique a €
M2 (R*) such that T f = Op,(a)f when f € Sy, 2(RY).

(wo)
Furthermore, if (1)—(2) are fulfilled, then ||T||M(1 oM = ||K||M(oc

wq w9 w

in addition di = dg and T = Op,(a) in (3), then ||K||M(°:j) = ||a||pree

(wo)

. and if

Theorem A.2. Lett € R and p,q,p;,q; € [1,00] for j = 1,2, satisfy (A.5). Also
let wop € Pr(R* @ R??) and wy,ws € Pr(R??) satisfy (A4). If a € M&%(Rm),
then Opy(a) from Sy /o (RY) to S{/Q(Rd) extends uniquely to a continuous mapping
from MPY(R?) to MP>%(R?), and

(w1) (w2)

1 Ob(@) gz or s agznie S llallarz (A7)

Moreover, if in addition a belongs to the closure of Sy under the M(pu’)z)
norm, then Op,(a) : M(Tgl’()“ — M(pj;()” is compact.

Theorem A.3. Lett € R and p,q,p;,q; € [1,00] for j = 1,2, satisfy (A.6). Also
let wg € Z(R* @ R*) and wy,ws € Pr(R?*) satisfy (A.4)". Then

MERSH (R < sy p(wn, wa) = ME2ST (RP).

For the proofs we also need the following extensions of Propositions 4.1 and
4.8 in [49].
Proposition A.4. Let t € R, and let pj,q;,p,q € [1,00] be such that p < pj,q; <gq,
for 3 =1,2, and
1/p1+1/pp=1/q1+1/g2=1/p+1/q. (A.8)
Also let wy,ws € ZE(R?*) and wy € Z5(R?* @ R?*) be such that

wo((I =tz +ty, t&+ (1 —t)n, & —n,y — x) S wi(x, §wa(y,n). (A.9)
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Then the map (f1, f2) = W7}, 4, from Si/z(Rd) X Si/z(Rd) to Si/Q(RQd) restricts

to a continuous mapping from M(p(jl")h (R%) x M(pjz’;” (R%) to M(’:}z)(RQd), and

t
Wi gz S U llagzeo [l f2llagrz oo (A.10)

when f1, fo € S{/Q(Rd).

Proposition A.5. Let p € [1,00], w; € Pp(R*), j = 1,2, w € Pp(R¥M=2+24)

and let T be a linear and continuous operator from Sy o(R%M) to Si)2 (R%) with

distribution kernel K € S{/Q(Rdﬁ‘dl). Then the following is true:

(1) if d = do = d and wy € Pr(R* © R satisfy (A.3)', a € Si/Q(RQd)
and K = K, is given by (1.7), then K € M(’;)(RQd), if and only if a €

M(’;O)(RZd), and

1K llasz, < Nl

(2) if (A.2)" holds, then T € fg(M(zwl), M(QWQ)), if and only if K € M(%}J)(RdQ*Fdl)}
and then
T, = 1K Lag. (A11)

For the proofs we note that (A.9) is the same as

WO(xa fa 7, y) S w1 (iL’ - ty?f + (1 - t)W)WZ(x + (1 - t)yaf - t77) (Ag),
Proof of Proposition A.4. We only prove the result when p, g < oco. The straight-
forward modifications to the cases when p = 0o or ¢ = oo are left for the reader.
Let ¢1,¢2 € ¥1(RY) \ 0, and let & = W;n@z' Then Fourier’s inversion formula
gives

(Vq) (W;1 7f2))(x7 53 7]7 y)
= e WPz —ty, &+ (1= t)n) Fa(x + (1 — )y, & — tn),

where F; = Vy. f;. By applying the L%Z}q)—norm on the latter equality, and using

(A.9), it follows from Minkowski’s inequality that
1/ 1/q
Wi s, S (G Gall i) < ([ Han) ™.

where G; = |Fjw;|P, r =¢q/p > 1 and

r 1/r r
1) = ([ ([ ([6rw-on-96alw.e)s) ay) " a)"
Now let rj, s; € [1,00] for j = 1,2 be chosen such that
1/ri+1/ro=1/s1+1/s2 =1+ 1/r.

Then Young’s inequality gives

) < ([ 160 -9 b de)

|G2(7£)|

L™
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Hence an other application of Young’s inequality gives

1/q 1/
||Wﬁ1,f2||M(ﬁ;g) < (/H(n) dn) S (IG Lo |Gallraen) P

By letting p; = pr; and ¢; = g¢s;, the last inequality gives (A.10). The proof is
complete. O

Proof of Proposition A.5. (1) Let ®,¥ € S;/5(R??)\ 0 be such that
Then it follows by straightforward applications of Fourier’s inversion formula that

|(Vo Ka,0)(2,y,&m)| =< [(Vea) (1 = t)x +ty, 8 — (1 = t)n,E + 1,y — o).

The assertion now follows by applying the L’()w) norm on the last equality.
Next we prove (2). Let {f;} € ON(M2) and {hs} € ON(MZ2). Then

TN, = DT hidaez, )P =D 1K e @ fi)uz, wral” (A.12)
5k ik
Next we consider the operator T, = IM(Q ) ® Ry /9, where 9(z,§) = wi(z, =§),
w2
which acts from M(QWQ) ® M(zl/ﬁ) to M(2w2) ® M(Zﬁ) (Hilbert tensor products). Then
(A.12) gives
715, = I e o,
j

(w1)

_ T/ K 2 —||K 2 = ||K 2
1T K e o = 1K ons, = 1K

and the result follows. The proof is complete. O

Proof of Theorem A.1. Let T be extendable to a continuous map from M(lwl) (R%)
to ME’:J’Q)(R@). It follows from [32, Theorem 2.2] and Remark 1.6 that (A.1) holds

for some K € §} ), (R42%d1). We shall prove that K belongs to Mg,
From the assumptions and Proposition 1.5 (3) it follows that

(K 9® f)eal S 1l lollary, . (A13)

2)

when f € Sl/g(Rdl) and g € 81/2(Rd2). By letting ® = g ® f be fixed, and
replacing f and g with

fyn = e—z’(‘mf(. —y) and o = ei<"5)f(- — ),
(A.13) takes the form

(Vo K)(z,y,&m)| S [ fymllar

(w1)

192.¢ll a1 (A.13)

1 .
(1/w2)
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If v € P is chosen such that w; is v-moderate, and ¢ € Sy/2 \ 0, then

Falasy,, = [ [ 10V D= 0.¢ 4 mpen (.0 dede
S @iy, =l fllagy, = wrly, =n)-
In the same way we get
< wa(z, €)™
If these estimates are inserted into (A.13)’, we obtain

(VoK) (z,y, &, mw(x, y,6m)| S 1,

By taking the supremum of the left-hand side it follows that || K| wMes, < oo. Hence
K € Mg, and we have proved that (1) implies (2).

By straightforward computations it also follows that (2) gives (1). The details
are left for the reader.

The equivalence between (2) and (3) follows immediately from Proposition
A.5. The proof is complete. O

192.¢ll a1

(1/w2) ™

Proof of Theorem A.2. The conditions on p; and ¢; implies that

P EpLanph e <d 1p+1/ph=1/a+1/g=1/p"+1/q.
Hence Proposition A.4, and (A.4) show that

| ngMP o S I sz llgllyos .
wn) M)

when f € Mpl")J1 (R%) and g € M(pf/’iz)(Rd).
The continuity is now an immediate consequence of (1.14) and Proposition
1.5 (4), except for the case p = ¢’ = 0o, which we need to consider separately.
Therefore assume that p = oo, and ¢ = 1, and let a € Sl/Q(RZd). Then
p1 = p2 and g1 = ¢, and it follows from Proposition A.4 and the first part of the

proof that W? 0f € M(l/w ) and that (A.7) holds. In particular,

[Ope(a) £, Nl S W flazznanllgll ) ot ot
(1/W2)

and the result follows when a € S; /5. The result now follows for general a € M, (05 ;,
by taking a sequence {a;};>1 in Si /o, which converges narrowly to a. (For narrow
convergence see Theorems 4.15 and 4.19, and Proposition 4.16 in [52]).

It remains to prove that if a belongs to the closure of S;/, under M(pwq)
norm, then Op,(a) : M{)'§" — M(7§* is compact. As a consequence of Theorem
A.3, it follows that Op,(ap) is compact when ag € Syo, since Sy — M(lwo)
when wy € P, and that every trace-class operator is compact. The compactness
of Op,(a) now follows by approximating a with elements in S;/5. The proof is

complete. O
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Proof of Theorem A.3. The first embedding in
M(Ojoi = St,00 (W1, W2) = M)

follows from Theorem A.2, and the second one from Proposition 1.5 (2) and The-
orem A.l.

By Propositions 1.5 (3) and 4.7, Theorem 4.8 and duality, the latter inclusions
give

1,00
M(IWO) — 8.1 (w1, w2) = M5,

and we have proved the result when p = 1 and when p = oo. Furthermore, by
Proposition A.5 we have M(QWO) = $¢,2(w1,ws), and the result also holds in the case
p = 2. The result now follows for general p from these cases and interpolation.

(See, e.g., Proposition 5.8 in [52].) The proof is complete. O
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