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Preface

The High Dimensional Probability assemblage of probabilists grew out of a group
of mathematicians, who had a common interest in doing probability on Banach
spaces. There were nine International Conferences in Probability in Banach Spaces
beginning with Oberwolfach in 1975. An earlier conference on Gaussian processes
with many of the same participants as the 1975 meeting was held in Strasbourg,
France in 1973. The last Banach space meeting took place in Sandjberg, Denmark
in 1993. It was decided in 1994, that in order to reflect the widening interests of
the members of the group, to change the name of this conference series to the
International Conference on High Dimensional Probability.

The present volume is an outgrowth of the Sixth High Dimensional Probability
Conference (HDP VI) held at the Banff International Research Station (BIRS),
Banff, Canada, October 9-14, 2011. The scope and the quality of the contributed
papers show very well that high dimensional probability (HDP) remains a vibrant
and expanding area of mathematical research. Four of the participants of the first
Probability on Banach Spaces meeting-Jgrgen Hoffmann-Jgrgensen, Jim Kuelbs,
Mike Marcus and Jan Rosinski-have contributed papers to this volume.

HDP deals with a set of ideas and techniques whose origin can largely be
traced back to the theory of Gaussian processes and, in particular, the study
of their paths properties. The original impetus was to characterize boundedness
or continuity via geometric structures associated with random variables in high
dimensional or infinite dimensional spaces. More precisely, these are geometric
characteristics of the parameter space, equipped with the metric induced by the
covariance structure of the process, described via metric entropy, majorizing mea-
sures and generic chaining.

This original set of ideas and techniques turned out to be particularly fruit-
ful in extending the classical limit theorems in probability, such as laws of large
numbers, laws of iterated logarithm and central limit theorems, to the context of
Banach spaces and in the study of empirical processes.

Similar developments took place in other mathematical subfields such as con-
vex geometry, asymptotic geometric analysis, additive combinatorics and random
matrices, to name but a few topics. Moreover, the methods of HDP, and especially
its offshoot, the concentration of measure phenomenon, were found to have a num-
ber of important applications in these areas as well as in Statistics and Computer
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Science. This breadth is very well illustrated by the contributions in the present
volume.

Most of the papers in this volume were presented at HDP VI. The participants
of this conference are grateful for the support of the BIRS and the editors thank
Springer Verlag for agreeing to publish the resulting HDP VI volume.

The papers in this volume aptly display the methods and breadth of HDP.
They use a variety of techniques in their analysis that should be of interest to
advanced students and researchers. We have organized the papers into five general
areas: Inequalities and Convexity, Limit Theorems, Stochastic Processes, Random
Matrices and High Dimensional Statistics. To give an idea of their scope, we shall
now briefly describe them by subject area.

Inequalities and Convexity:

e Bracketing entropy of high dimensional distributions, by Fuchang Gao

e Slepian’s inequality, modularity and integral orderings, by Jorgen Hoffmann-
Jorgensen

e A more general maximal Bernstein-type inequality, by Péter Kevei and David
M. Mason

e Maximal inequalities for centered norms of sums of independent random vec-
tors, by Rafal Latala

e A probabilistic inequality related to negative definite functions, by Mikhail
Lifshits, René L. Schilling and Ilya Tyurin

e Optimal re-centering bound, with applications to Rosenthal-type concentra-
tion of measure inequalities, by losif Pinelis

e Strong log-concavity is preserved by convolution, by Jon A. Wellner

e On some Gaussian concentration inequality for non-Lipschitz functions, by
Pawel Wolff

Gao considers the family of all distribution functions on [0,1]? and obtains
bounds on the bracketing entropies of these classes for L, metrics with p > 1. These
bounds have important implications for rates of convergence of nonparametric
estimators in a number of statistical problems.

Jorgen Hoffmann-Jgrgensen proves a unified version of Slepian’s inequality
under minimal regularity conditions and points to the subtleties of the assumptions
of this inequality. This basically covers all forms of Slepian’s inequality known in
the literature. Then the author explores the connection of Slepian’s inequality to
integral orderings in general, and to the supermodular ordering in particular, and
also corrects some results in the theory of integral orderings.

Kevei and Mason show that under very weak assumptions a general version
of Bernstein’s exponential inequality for sums of random variables, which are not
necessarily independent, extends to a maximal version.

Latata proves a Lévy-Ottaviani type inequality for sums of independent ran-
dom variables with arbitrary centering. The vector case is explored and a modified
inequality proved in the Hilbert space framework.
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Lifshits, Schilling and Tyurin prove an inequality comparing the expectations
of a negative definite function applied to either the difference or the sum of two iid
random vectors. A particular case which involves lower powers of the Euclidean
norm is linked to bifractional Brownian motion.

Pinelis considers optimal bounds between expectations of a nonnegative func-
tion of centered and non-centered random variables. Applications to Rosenthal-
type concentration of measure inequalities are given.

Although it is well known that log-concavity of distributions is preserved
under convolution (addition of independent random variables), preservation of the
stronger notion of ultra log-concavity under convolution in the setting of integer-
valued random variables was first proved by Liggett (1997). Wellner’s paper shows
that a recent proof of Liggett’s result by Johnson (2007) carries over to a proof of
the preservation of strong log-concavity under convolution for real-valued random
variables.

Wolff’s paper establishes a concentration inequality for functions of a pair
of Gaussian random vectors. The bounded Lipschitz assumption present in the
classical Gaussian concentration inequality is now replaced by the boundedness of
second-order derivatives.

Limit Theorems:

e Rates of convergence in the strong invariance principle for non adapted
sequences: application to ergodic automorphisms of the torus, by Jérome
Dedecker, Florence Merlevede and Frangoise Pene

e On the rate of convergence to the semi-circular law, by Friedrich Gotze and
Alexandre Tikhomirov

e Empirical quantile CLT's for time dependent data, by James Kuelbs and Joel
Zinn

e Asymptotic properties for linear processes of functionals of reversible or nor-
mal Markov chains, by Magda Peligrad

Dedecker, Merlevede and Péne establish strong invariance principles for non-
adapted sequences and apply them to iterates of ergodic automorphisms of the
d-dimensional torus. Their main theorems are proved using an approximating mar-
tingale introduced by Gordin (1969).

Applying a bound for the Kolmogorov distance between distribution func-
tions via Stieltjes transforms, Gotze and Tikhomirov derive under side conditions
a rate of convergence in the semi-circular law.

Peligrad proves central limit theorems for linear processes of functionals of
reversible or normal Markov chains. The proofs are based on a result of Peligrad
and Utev (2006) concerning the asymptotic behavior of a class of linear processes
and spectral calculus.

Kuelbs and Zinn develop central limit theorems for quantitle processes defined
in terms of empirical processes of time dependent data. The key to their proofs is
an important extension of a method of Vervaat (1972).
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Stochastic Processes:

e First exit of Brownian motion from a one-sided moving boundary, by Frank
Aurzada and Tanja Kramm

e On Lévy’s equivalence theorem in the Skorohod space, by Andreas Basse-
O’Connor and Jan Rosinski

e Continuity conditions for a class of second-order permanental chaoses, by
Michael B. Marcus and Jay Rosen

Aurzada and Kramm give a short proof of the celebrated Uchiyama’s result
on the first exit time of Brownian motion from a moving boundary for the case
of decreasing boundary. As a consequence, a relatively simple proof of Uchiyama’s
result for monotone boundaries can now be obtained.

Basse-O’Connor and Rosinski present a new and simple proof of Lévy’s
Equivalence Theorem in the space of cadlag functions equipped with the Sko-
rohod topology. In the proof, the authors use their recent result on the uniform
convergence of jump processes, which removes major difficulties of working with
the Skorohod topology in this context.

Marcus and Rosen establish a sufficient condition for the continuity of perma-
nental fields. Permanental fields are defined by a real-valued kernel and a positive
parameter; when the kernel is symmetric and the parameter equals 1/2, a perma-
nental field becomes the second-order Gaussian chaos.

Random Matrices and Applications:

e On the operator norm of random rectangular Toeplitz matrices, by Radostaw
Adamczak

e Edge fluctuations of eigenvalues of Wigner matrices, by Hanna Déring and
Peter Eichelsbacher

e On the limiting shape of Young diagrams associated with inhomogeneous
random words, by Christian Houdré and Hua Xu

Adamczak’s paper presents sharp estimates on the operator norm of rect-
angular random Toeplitz matrices. The entries of the matrix are generated by
centered and independent random variables with moments of order strictly higher
than two.

Doring and Eichelsbacher obtain a moderate deviation principle for the eigen-
value counting function of a Wigner matrix in a interval close to the edge of the
spectrum. Possible extensions to other random matrix ensembles are briefly dis-
cussed.

Houdré and Xu obtain the limiting shape of the random Young diagrams
associated with an inhomogeneous random word as a multidimensional Brownian
functional. This functional has the same law as the spectrum of a Gaussian random
matrix.
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High Dimensional Statistics:

e Low rank estimation of similarities on graphs, by Vladimir Koltchinskii and
Pedro Rangel

e Sparse principal component analysis with missing observations, by Karim
Lounici

e High dimensional CLT and its applications, by Dragan Radulovic

Koltchinskii and Rangel study an estimation problem concerning similarities
defined on graphs. They study a class of modified least squares estimators with
complexity penalization based on both the nuclear norm and Sobolev type norms
of symmetric kernels on the graph, and provide upper bounds on Ls-errors of such
estimators.

Lounici studies sparse principal component analysis in a high dimensional
setting. This paper focuses on estimation of the first principal component in set-
tings involving data that is only partially observed, and provides both information
theoretic lower bounds an analysis of an estimation procedure based on a Bayes
Information Criterion (BIC) which achieves the lower bounds up to logarithmic
factors.

Radulovic investigates bootstrap methods for finite classes of functions F,
with finite cardinality k, increasing with the sample size n. He shows that such
classes have statistical applicability in testing situations even though they are not
Donsker classes of functions.

Christian Houdré
David M. Mason
Jan Rosinski

Jon A. Wellner
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Dedication

This volume is dedicated to the memory of our friend and colleague Wenbo Li, who
recently passed away in the prime of his life. He was a very talented, energetic and
vital force in our field. In addition to being an extremely dynamic and welcome
mover and shaker in probability theory activities worldwide, he was imbedded in
the heart and soul of the High Dimensional Probability meetings. He had actively
participated in all of them, and he had served on the organizing committee of the
HDP IV meeting. He had also been a member of the HDP VII meeting committee.
His enthusiastic and warm presence among us will be sorely missed.
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Bracketing Entropy of
High Dimensional Distributions

Fuchang Gao

Abstract. Let Fy4 be the class of probability distribution functions on [0, l]d,
d > 2. The following estimate for the bracketing entropy of F4 in the LP
norm, 1 < p < oo, is obtained:

log Njj(, Fas || - |5) = O(e ™" [log e“~1).
Based on this estimate, a general relation between bracketing entropy in the

LP norm and metric entropy in the L' norm for multivariate smooth functions
is established.

Mathematics Subject Classification (2010). Primary 41A25; Secondary 62G05.
Keywords. Bracketing entropy, metric entropy, high dimensional distribution.

1. Introduction

Given a probability measure x on [0, 1]%, d > 2, we denote by F),, the distribution
function of pu, that is

Fu(z1,22,...,2q) = p([0,21] X [0,22] X -+ x [0,24]),0 < z1,29,...,2q4 < 1.
Clearly, F,, belongs to LP([0,1]%) = L?([0,1]¢, B4, A) for all 1 < p < oo, where \ is
Lebesgue measure on the Borel sigma-field B, of [0, 1]¢. We denote

Fa={F.: p((0,1)7) = 1}.

The complexity of the function class F, is well known. For example, it is the main
object of an active research area in number theory, see, e.g., [1] and the references
therein.

In this paper, we are interested the bracketing entropy of Fy in the L? norm,
1 < p < 0. Recall that for a function class F in a space equipped with a metric
p, the e-bracketing entropy of F is defined as the quantity log Njj(e, F, p), where

Supported in part by a grant from the Simons Foundation (#246211).
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Np(e, F, p) is the minimum number of e-brackets need to cover F, that is,

N[](Ev]:7p) ::min{nzaflvf{K?"wfn?f s.t. p(fk?.fk Ufkvfk}

where the bracket [fx, f] is defined by
i fil={9€Fa: fu <9< f}

The class Fy is a natural and important object, and the question of studying
its bracketing entropy is motivated by its applications in statistics and probabil-
ity, where the bracketing entropy controls the rate of convergence of uniform limit
theorem, and is of central importance in design and analysis of statistical estima-
tors. In fact, the question of determining the bracketing entropy was motivated by
its application to rates of convergence of maximum likelihood estimators for high
dimensional interval censoring models [9].

Bracketing entropy is closely related to the metric entropy log N (e, F, p),
where N (e, F, p) is the minimal number of balls of radius ¢ in p-distance needed
to cover the function class F. It is clear that

N(e, F,p) < Njj(e, F, p).

However, a reverse inequality is not true in general. Of course, when p is dominated
by the || + || norm, the following relation is trivial:

Ny(e, Frp) < Npj(e, Fo - lloo) < N(e/2, F || lloo)- (1.1)

In fact, (1.1) is the primary tool to study bracketing entropy. For example, by us-
ing this relation, Nickl et al. [12] derived bracketing entropy estimates for Besov-
and Sobolev-type spaces; and earlier, van der Vaart [13] obtained results of this
type for multivariate functions that have bounded derivatives up to order |a| < k.
However, if the functions are not smooth enough, then (1.1) is no longer useful.
For example, for the class of block monotone functions [7]. In such cases, to esti-
mate bracketing entropy often requires constructive arguments, and thus is usually
more difficult to study than metric entropy. As an application of this work, we will
develop a general method to estimate the upper bound of bracketing entropy of
some multivariate function classes in the LP norm by the metric entropy of their
derivatives in the L' norm.

The problem of determining the metric entropy of d-dimensional distributions
is a longstanding open problem, even for the simplest case where p = 2. It is
observed in [3] that when p = 2, the problem is equivalent to the rate of the small
ball probability of d-dimensional Brownian sheets in the supremum norm. By using
an earlier result of Dunker et al. [4] on the small ball probability of d-dimensional
Brownian sheets, Blei et al. [3] proved that

log N (e, Fa, || - [l2) = O(¢ 7| loge|4~2). (1.2)

When d = 2, the estimate above is sharp. However, for d > 2, the best known
lower bound is Ce~!|loge|?~1*9 for some § > 0, which can be derived from the
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work of Bilyk and et al. [2]. We remark that this problem is also equivalent to the
longstanding open problem on the discrepancy of distribution in number theory,
see, e.g., [1].

When p # 2, the difficulty of the problem further increases. This is because
many familiar tools in Hilbert space are then no longer available. For example, in
[3] the upper bound estimate of log N(e, Fq, || - ||2) was obtained using Gaussian
processes and the Kuelbs-Li connection [11] between metric entropy and small ball
probability. When p # 2, there is no similar connection between log N (e, Fq, || - ||Ip)
and small ball probability of random processes that has been discovered.

In studying bracketing entropy, even fewer tools are available. For example,
the powerful tool of metric entropy duality and standard methods from Fourier
analysis are no longer applicable for bracketing entropy. Thus, it is not a surprise
that not much is known about the bracketing entropy log Nij(e, Fa, || - [|p)-

Of course, when d = 1, the problem is much simpler. In that case, the class
of probability distribution functions is the same as the class of non-decreasing
right continuous functions with range [0, 1], and the bracketing entropy estimate
is known, [10]. Specifically, [14, p. 159] contains a proof of the following upper
bound estimate

1OgN(€7]:17 ” : H;D) ~ IOgN[](Ev]:lv H : ”P) ~ 5717

where A ~ B means that there exist constants positive C; and C3 such that
C1A < B < CyA. A simple proof was given in [3]. In fact, for all m-monotone
functions, m > 1, and complete monotone functions on [0, 1], the metric entropy
and bracketing entropy estimates are known; cf. [5, 6, 8].

It is true that a probability distribution function on [0,1]? is block non-
decreasing, that is, non-decreasing in each variable. However, the class Mg of
d-dimensional block non-decreasing continuous functions on [0, 1]¢ is much larger
than Fy4. In fact, it is proved in [7] that for p # dil,

log Njj(e, Ma, || - [lp) ~ ™,
where a = max{d, (d — 1)p}; however, for F4, we are looking for an estimate of
the order
log() N (e, Fa || - ) ~ e *|loge|”
for some f.

In this paper, we will prove

Theorem 1.1. Let F; be the set of probability distributions on [0,1]%. For 1 <p <
oo and d > 2,

log Njj(e, Fa, || - [lp) = O™ log e~ 1).

In comparison with the metric entropy estimate (1.2) for F, in the case p = 2,
we see there is some discrepancy on the exponent of the logarithmic term. While
it is possible that our result is not optimal for d > 2, we believe that in the case
d = 2, our result is sharp. In other words, we believe the discrepancy is intrinsic.
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Note that many examples (such as Besov spaces) witness that when the function
class is smoother than the distribution functions, there is no discrepancy between
bracketing entropy and metric entropy. Thus, it becomes an interesting question to
determine if there is indeed any discrepancy for the class of distribution functions.

As an application, we show that Theorem 1.1 can be used to obtain bracketing
entropy estimate for classes of smooth functions using the metric entropy of their
derivatives in the L' norm. More precisely, we show that

Theorem 1.2. Let F be a class of smooth functions f on [0,1]? bounded by 1, d > 1.
Let H = {D*020d f 1 0 < aq,a,...,aq < 1, f € F}. Suppose

log N (g, H, || - [l1) < ¢(e),
where ¢ is a decreasing function on (0,1), then for any 0 < e < 1,
log Njj (e, F. || - 1) < K(d,p) - r(e) log r(e)*~Y,

where K (d,p) is a positive constant depending only on d and p, and r(e) is the
solution to the equation
B(er) = rllogr]20D.

Remark 1.3. Theorem 1.2 concerns the case d > 1. When d = 1, it was proved in
Gao and Wellner [8] that the estimate is

log Njj (e, || - [Ip) < K(d,p) - r(e),

where r(g) is the solution to the equation ¢(er) = r. While we do not further
study the sharpness of these estimates in this paper, we remark that at least for
all k-monotone functions on [0, 1], k =1,2,..., such estimates are sharp; see [8].

Results of this nature are very useful, because metric entropy in the L' norm
is much easier to estimate than bracketing entropy in the LP norm. We use the
following example to demonstrate the usefulness of Theorem 1.2.

Example. Let D, be the class of probability distribution functions with bounded
block monotone density, that is, all the functions in My := {DV11g: g € Dy}
are integrable and bounded monotone in each variable. Then according to Gao and
Wellner [7], log N (g, Mg, || - ||1) = O(¢~%). Thus, by Theorem 1.2, we immediately
obtain
d 2d(d—1)
log Njj (2, Das |- ) = O (7«1 1oge] "4 ),

foralld > 2 and 1 < p < oo. One may compare this estimate with that of the class
CY with ao = (1,1,...,1) — that is, a class of multivariate functions with bounded
derivative D1'1++1g. For the latter, van der Vaart [13] proved that the bracketing
entropy is of the rate e~ 1.

While we do not pursue statistics applications of our results in this paper,
we would like to point out that our estimate for the bracketing entropy can be
used to derive convergence rates of density estimators in statistics, such as MLE
estimators, cf. [7, 8, 14].
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2. Bracketing entropy estimate

To simplify the presentation, we first make some observations. Note that, if u is a
measure on [0, 1] such that 6 := u([0,1]%) < 1, then we can define a probability
measure

v=pu+(1-0)5u11,.1)

so that F,, = F,, on [0, 1]¢ except at (1,1,...,1). Thus, F; and the function class
= {F, : v([0,1]%) < 1} have the same bracketing number in the LP norm for
all 1 < p < oo, that is,

Niy(e, Fa |- llp) = Ny (e, Fas I - llp)- (2.1)
Next, we observe that if we define
Fi = {Fu: p([0,1)%) <1, u < A},

where ) is the Lebesgue measure on [0, 1]%, then F/ and F, have the same rate of
bracketing entropy. More precisely, we have

Lemma 2.1. For all0 <e <1,
log Nyj(e, F, | - [Ip) < log Nyj(e, Fa || - lp) < 2log Nyj(e/3, F3 || - llp)-

Remark 2.2. The idea of the proof of Lemma 2.1 is simple: by redistributing a point
mass to a nearby area in the upper right side of the point, we can approximate the
distribution function of a singular measure from below by a distribution function
that has a density. Approximation from above is done similarly. The detailed
verification is however somewhat tedious. Readers may choose to skip the proof
of Lemma 2.1. Though Lemma 2.1 can help readers to better understand the
definition of the cutting point in the proof of Theorem 1.1, the latter will be
presented without relying on Lemma 2.1.

Proof. In view of (2.1), we can replace the Njj(e, Fg,| - [|p) in the lemma by
Np(e, Fio |l - lp)- Then, the first inequality becomes trivial because F,] C F.

To prove the second inequality, we first show that for any F), € F4, and any
§ > 0, we can find measures v and v, on [—d, 146]¢ that are absolutely continuous
with respect to the Lebesgue measure, such that when restricted on [0, 1]¢, we have

F, <F,<F,, (2.2)

1Ev, = Foy |l oo,y < 2(2d6)"7. (2.3)

To see this, we write p = v+ )", ¢;j0,, where v < A, ¢; > 0 and z; = (x;(1), z;(2),
.o, zi(d)) € [0,1]% Because Y ¢; < wu([0,1]4) < 1, there exists N such that

SianC < (2d8)Y/P. For each 1 < i < N, let u; be the uniform measure on

x; + [0,6]¢ with total mass ¢;, and v; be the uniform measure on z; + [—6,0]?
with total mass ¢;. Further, we denote by uo the uniform measure on [1,1 + §]¢
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with total mass ), ¢;, and vg the uniform measure on [0, 0]¢ with total mass
> isn Ci- Now, we define

N N
vi=v+ Y uitu, va=v+ Y vt

i=1 i=1
It is then clear that v; and s are absolutely continuous with respect to the
Lebesgue measure on [—d, 1 +§]%. Furthermore, when restricted on [0, 1]¢, we have
F, <F,<F,.

Now, we estimate ||F,, — F}, | 1r([0,1¢)- For notational simplicity, we denote

Il - [Ize(jo,1)4y by || - |l for short, even if the function involved maybe defined in a
larger domain. Note that for each 1 <4 < N, and for all (t1,ta,...,tq) € [0,1]%,

0< F,,(t1,ta, ... ta) — Fu,(t1,ta, ..., tq) < c.
Furthermore, if t; < 2;(j) — 0 for all 1 < j < d, then
F,,(t1,te, ..., tq) = Fy,(t1,t2, ..., tq) = 0;
ift; > a;(j) + 6 for all 1 < j <d, then
Fu,(t1,to, ... tq) = Fy,(t1,t2, ..., ts) = ¢;.
Hence, forall1 <i < N

d 1 1 pxi(f)+6 pl 1
> /// // & = 245
P ; 0 0 Jai)—s Jo 0

i

||}7‘1)7 - F‘u,’,

Together with the relation
0< Foy— Fuy <> ¢ < (2d5)"/7
i>N

we obtain

-

HFV2 _Fl/1||pS ”FvL _Fui

p+HFvo _Fuo”p

i=1

ci(2d8)'/P 4 (2d8)M/P

M=

1
< 2(2d6)M7.

-
Il

This proves the statements (2.2) and (2.3).
Note that because v, and vy are not supported on [0,1]¢, F,, and F,, do not
belong to F//. However, if we define functions G; and G on [0, 1]¢ by

Gi(tr,ta, ... ta) = Fu, (1 +28)t1 — 6, (1 +28)ts — 0, ..., (1 + 28)tq — 0),

Gg(tl,tg,...,td) = Fy2((1 + 25)t1 -9, (1 + 25)t2 — 5,...,(1 + 25)td - 5),
for (t1,t2,...,tq) € [0,1]%, then G1, G2 € FY.
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Suppose F,/ can be covered by ;-brackets [g1,97],[92,95],- -, [9n,gx], then
there exists 7 and j such that G1 € [g;, 7] and G2 € [g), g;]. For 1 <k < N, define
fr and £ on [=d,1+ 6]¢ by

fk((l + 25)t1 -4, (1 + 25)t2 —6,..., (1 + 25)td — 5) = gk(tl,tg, .. ,td),

Fal(L420)t1 — 0, (1 +20)ta — 6,..., (1 +20)tq — 0) = gi(t1,ta, ..., td),
for (t1,ta,...,tq) € [0,1]% Then we have F,, € [f;, ff] and F,, € [£j, f;]. Thus,
restricted on [0, 1]¢, we have

fi SFlll SE}. SFIIQ Sf]*
That is, F, € [fi, f;]. Note that
”f; - fin < Hf; - FVsz + HFV2 - FV1 ”p + ||FV1 - fi”p

< Hf; - fj”p + HFV2 - FV1 Hp + ||fz* - fin

< (1+28)71lg; = gillp + | Fvs = Fuullp + (1 +26)%7] g7 = gill,

< (14 26)Pe/3 +2(2d6)V/P + (1 + 20)V/Pe /3,
where in the third inequality comes from changing variables, and the last inequality
follows from (2.3) and the fact that [|g; — gxll, < § for k = 4,5. In particular, if
we choose 0 small enough, we have || f; — fill, < e. That is, [f;, f;] is an e-bracket
that covers F),. Because F), € Fy is arbitrary, we conclude that Fg can be covered
by the following set of e-brackets:

(U S0 M = illp <1 <k, I< N}
restricted on [0, 1]%. Therefore,
Ny (e Fa - llp) < N2 = [Npy(e/3, F4, |- 1))

This implies the second inequality in the lemma. O

Now, we return to the proof of Theorem 1.1. Note that if for I = (a,b] x
[0,1]4=t € [0,1)% or I = [a,b) x [0,1]97! C [0,1] we denote

]:t,I = {Fyl] : Z/(I) S t},
then by changing variable in the integration and using (2.1), we have
Nyt = a) e, For, |- lp) = Niy(e, Fas [l - 1), (2.4)

and the same equality holds for metric entropy. Thus, for convenience, we will call
Ft.1 a compression of Fy4 onto I, and call the quantity ¢(b — a)l/ P its compression
factor.

This scaling property of compressions is key to our approach in this paper.
To explain how we will use this property. Let us consider a probability distribution
F on the unit square [0, 1]%. If we cut the square into two rectangles [0, }] x [0, 1]
and (},1] x [0,1], then the restriction of F on the left rectangle belongs to a
compression of Fa onto the left rectangle, while the restriction of F' on the right

rectangle is a function that belongs to a compression of F5 onto the right rectangle,
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plus a lower-dimensional distribution function (which is described fully in the
sentence following (2.10)). The scaling property of compressions then enables us
to do iteration, and relate the bracketing entropy of F» to that of a class of lower-
dimensional distributions (F7). In what follows, we will carefully develop this idea
in [0, 1]¢.

First, let us see how we should cut the cube [0, 1]%. There are a few ways we
can cut it. For example, we cut it into two identical rectangular boxes. However, for
the convenience of later iteration, the best way is to cut [0, 1]¢ into [0, ¢,,] x [0, 1]4~1
and (cy, 1] x [0,1]471, where the cutting point ¢, is defined by

¢, = inf{z € [0,1] : u([0, 2] x [0,1]%71) > h(z)},
where ,
1—x)t/P
hz) = | (1-2) .
2P+ (1 — )/
(If we use Lemma 2.1, we only need to consider the case when u([0,z]) is a

continuous function, in which case, ¢, is the unique solution to the equation
w([0,z] x [0,1]971) = h(x).) With the cutting point c,, defined this way, we have

p([0, ) X 0,197 Ny < hlcu)ey/?,
[1— ([0, ¢] x [0, 1147 H](1 =€) P < h(ey)ey/™.

(Note that in the first inequality, the interval is [0, ¢,,), not [0, ¢,]. Of course, this
makes no difference when p < \.)
It is straightforward to check that zv h(z) < 27 L, Indeed, because
1 (1 )1 1
1 TP —x)p
xph(x): 1 1= 1 1
xr+(1—2)r a2+ (1—x)" >

The inequality follows immediately from the convexity of the function a7, Thus,
u([0, c) x 0,147 )el/? <2727, (2.5)
(1= pu([0, €] [0, 11711 =) /P <270 (2.6)

The location of ¢,, depends on the specific distribution function F},, and could
be anywhere in [0, 1]. In order to obtain information about the location, we need
to divide Fy into distinct groups according to the location of c,. Let n be a large
positive integer to be determined later. For each F), € Fy, if ¢, < 1, then there
exists a unique k, 1 < k < n, such that ¢, € [kgl, ’;) Thus, if we define

k—1 k
ka{FHEFd: <c, < },k=1,2,...,n—1,
n n

and

gn:{F:uE]:d:nn SC/le}y

then, G, k =1,2,...,n form a partition of Fy.
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For each 1 < k < n, we denote

I, = {0, k- 1) x [0,1)471,
-1

Ty = {’“ k] x [0,1)471,
n n

Ky = <k1} x [0,1]971.
n

(I; and K, are empty sets.) When n is large, Jy is a thin slab. It separates the
two rectangular boxes I, and Kj.

For each F), € Gy, if we define p1q, 12, pt3 as the restriction of y on Iy, J;, and
K, respectively, then we can write

Fu=Fuln + Futply + Fule, + Fuipps i,
We denote
Iy = {Flh]-fk : FM € gk}v Tk = {FIJ«1+M21J1« : FIJ« € gk}v
Kr = {F:u:lek : F/L € gk}v M, = {FIM-HQIKIC : F:u € gk}7
where 7; and K,, are defined by {0}. If we denote Sy, = Zj, + J + K, + My, then
Gr C Sk, and consequently, Fy C Up_;Sy. Hence,
Ny(e, Fas |l - [lp) < Zk:l Ny (&, Ses || - ) (2.7)

Now, we take a closer look at Zy, J, Kr and M.
Firstly, for k = 2,3,...,n, by the definitions of I} and (2.5), we see that for
every F), € Gy,

(k) < pa ([0, ) x [0,1]471) < 275 7 H(k — 1) /m] /7.

Thus, Zj, is a subset of F; 1, witht = 2 p 1 [(k—1)/n]~'/P. That is, Zj is contained
in the compression of Fy; onto I with the compression factor 27» L, Hence, by
(2.4), for any 0 < n < 1,

_1_
N7 70, T Il - [lp) < Nyy(n, Fa, - ). (2.8)

The inequality trivially holds for the case k = 1.
Similarly, for k = 1,2,...,n — 1, and every F}, € Gy, by using definitions of
K}, and (2.6), we have

3(K) < [1= (0, 0] x 0,117 )] < 27071 — k/m] 1P
Thus, Ky, is a subset of Fs g, with s = 2_110_1[1—k/n]*1/p. That is, Ky, is contained

in the compression of Fy onto K with the compression factor 271, Hence, by
(2.4), for any 0 < n < 1,

_1_
N @77, K - 1) < Ny Fas - ) (2.9)
The inequality trivially holds for & = n.
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Secondly, because the functions in Jj are non-negative, bounded by 1, and
supported on J, the class Jj can be covered by a single bracket [0, 1, ]. Since Ji
is a thin slab of thickness 1/n, we have ||[1;, — 0|, = n~'/?. Thus, [0,1,,] is an
n~'/P_bracket, and consequently we have

Ny 2, Tl - [lp) = 1. (2.10)

Finally, M, can be viewed as a class of lower-dimensional distributions. In-
deed, if we define v on [0, 1]4~! such that for any Borel set in [0, 1]47!,

v(A) = (p1 + p2)([0, k/n] x A),
then for any (x1,x2,...,2q) € K,
Foitps(T1,22,. .. xq) = F (T2, 23, ..., Ta).
Thus, by using (2.1), we have for any §,n > 0,
Ny o, M | ) < Ny o Fioa - )
= N o0 Facr - ) (2.11)

Now we use (2.8), (2.9), (2.10) and (2.11) to estimate the number of brackets
needed to cover Si. For convenience, we denote

N] == N[](27;717771k7 || : Hp)7
_1_9
Nk = N2 2 0, K, || - llp),
_1_
Nas = Nj(27» 7o, My, | - [Ip)-
Suppose {[fufz*]}i\gl and {[g],gj*]}jv:fi are 27;*1n—brackets that cover Zj, and

Ky, respectively. Let [h,h*] = [0,1,,] be the n~»-bracket that cover Jj, and
{[mi, m] 3N be 2_11)_1577—brackets that cover My,. Define

By = {[fi+g; +h+m, f +g; +h" +mj]:
1<i<NnL1<j<Nj1<I< Ny}
Then, By, cover Si. Indeed, for any F), € Sy, we can write
F,=Fr+F;+Fx+Fy, Fr ey, Fy e Ty, Fx € K, Fr € M.
By the assumptions given above, we have some ¢, j and [ such that
FI € [fi?fi*]v FJ € [hvh*]v FK = [g]hg;]v FM S [mlvmﬂ'
Hence
F, € [fi+g;+h+mu, f7+gj + 1" +m].

To estimate the width of each bracket in By, we note that Zy, Jx and K+ My
have disjoint supports, so we can assume that the brackets cover them also have
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disjoint supports. Thus,
I(fi +95 0" +mi) = (fi+ g5 +h+mi)lp

* * * * 1/
= (Ilf7 = fillp + In* = Rl% + (g5 — g5) + (mf —m)|[3) "
1/p
n’ L »
<2P+1 + n + op+1 (1+9)
1+0
<
= 9 1,
provided that we choose § so that n=! < 27P=1(nd)P. Thus, By, are 1'2"‘5 7n-brackets
that cover Sk.
Since By contains N;Ng Ny brackets, by using (2.8), (2.9) and (2.11) we
have
1+6
Ny 5 0.8kl llp) < NINg Nas
2 _1_
< [Ny, Fau |l 1)) Npy(27 2~ am, Faz, | - [lp)- (2.12)
Now, we choose § = 711 and 7 = 9, := m2~™"F! where m is any positive integer
satisfying the inequality n=! < 27P~1(nd)P = 27P~1(2=m+1)P_ that is
1 -1
1<m<r:={0g2n J (2.13)
p
Then,

2 1,
N1 Sk - lp) < [N s Fas |- )] N 72 ™™, Facns |1 - lp)-

Therefore, for 1 < m < r, by using (2.7) we obtain the following iteration relation:

2 1 g,
N1, Fa |- 1p) < 0 [N, Fas |- )] N 272 ™™, Faza, |- lp)-

To find the bracketing entropy of Fg4, we take logarithm to this iteration relation,
then multiply it by 27, and denote

f(m) = 27m10gN[](77m+17]:d7 ” : |;D)7

we obtain
F(m) < f(m—1) + 27 logn +2 ™ log N|j(27» ™™, Fa_r. || - |l,),

which is valid for all 1 < m < r. Telescoping, and using the fact that f(0) = 0, we
obtain

f(r) <logn+ > 2 ™ log Nj(27» ™, Farv, || - [1).

m=1

Multiplying by 27, using the definition of f(r) and recalling 1, = r2="*!, we obtain
log Nij((r +1)27", Fa, [| - [I)
<2logn+2" Y 27" log N2 " Fae, | - p): (2.14)

m=1



14 F. Gao

By the definition of r in(2.13), we have logn < log,n < pr + p + 1. Hence,
log Npj((r+1)27", Fa, || - lIp)

g r - —m —1_m
<(pr+p+1)27+27> 27" log Nj(27» ™, Fac, || - [lp)- (2.15)
m=1
As mentioned in the introduction, it is known that there exists a constant C
depending only on p such that for all 0 < ¢ < 1,

log Njj(t, F1, || - [lp) < Cat ™"
Applying this to (2.15) for d = 2, we obtain,
log Nij((r +1)277, Fo, || - [lp) < (pr+p+1)2" + Cr2",

where C' is a constant depending only on p. For any 0 < € < 1, we choose r to be
the smallest integer such that (r 4+ 1)27" < e. Then, we have

log N{j(e, Fa, || - ||p) < Cae™'logel?. (2.16)
Note that by using (2.15) and induction, we immediately obtain
log Nij (e, Fa, || - [lp) < Cae™"[loge @Y,

where Cy is a constant depending only on p and d.

3. Bounding bracketing entropy using metric entropy

Estimating bracketing entropy is typically difficult. Unlike metric entropy for which
Fourier analytic methods are standard tools, for bracketing entropy, besides the
connection with the || « || norm that has been discussed in the introduction, few
tools are available. Based on our results in the previous section, here we develop
a useful general method to estimate bracketing entropy for smooth functions. We
say that a class F of multivariate functions on [0, 1]¢ is smooth if for each f € F
and for all 0 < ay, s, ...,aq < 1, the derivative

80t1+0t2+"'+0tdf

[e5] a9 (e %'}
0x{" 0xy? - - - 0xy

exists everywhere in [0, 1]%, and is integrable. Clearly, many functions fall into this
category. Theorem 1.2 stated in the introduction says that in order to estimate the
bracketing entropy of F in the LP norm, 1 < p < oo, one only needs to study the
metric entropy of its derivative H := {D*:@2% f . 0 < ay,09,...,00 < 1, f €
F} in the L' norm, which is much easier.

Now, we turn to the proof of Theorem 1.2.

Dalya27~~~:adf —

Proof of Theorem 1.2: We first estimate the bracketing entropy of the class G C F
consisting of all the functions in F that can be expressed as

T T2 Tq
g(xl,xg,...,xd) = / / / Dl’l""’lg(tl,tg,...,td)dtd"'dtgdtl. (3.1)
0 0 0
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By the assumption on the metric entropy of H, we can find a set of functions h;,
1<i<m=N(@EH,|" i) <e?® that forms an e-net of H in the Il - ]l1 norm.
For any g € G, Db1lg € H, so there exists h; such that [|[DVlg — hll; < e.
Of course, such h; may not be unique. We will always choose the one with the
smallest index . Thus, ¢ = i(g) is a mapping from G to {1,2,...,m}. Denote
Ttg = max{D"Y g — h; 0} and T~g = max{h; — DY11g 0}. Then, THg
and T~g are non-negative and have L' norms bounded by &, and T+ g — T~ g =
DVblg — h;. Now, for each 1 < k < m, we define

1 T2 ZTq
glj:{/ / / T*g(tl,tg,...,td)dtd'wdtgdtl:i(g)Zk,QEQ},
0 0 0
1 T2 xTq
gk:{/ / / T_g(tl,tg,...,td)dtd"'dtgdtlIi(g):k,gég}.
0 0 0
Then
GcC U (GF — Gy +Thy),
k=1
where

Ihi(xl,xg,..., / / / tl,tg,...,td)dtd"'dtgdtl.

This implies that for any n < ¢,
Ny, G0 -lp) < Y Np/2,68 - )N (/2,655 1 - l)-
k=1

A crucial observation is that for each 1 < k < m, g,j and G, are subsets of
{F, : u([0,1]%) < ¢} = eF}. Thus, by using (2.1), we have for all 1 <k <m

o 3

Ny, G Il ) < N eFap |l - lp) = N“(U’fd’ I 1lp)-

Hence
2
Ny .61 ) < m [N (L Fa - 1)
Applying Theorem 1.1, we then obtain

2(d—1)
€ €
g N 6.1 ) < 0(6) + Clpa)” 1085 | (32
where K (d,p) is a positive constant depending only on d and p. In particular, if

we choose 7 and ¢ so that
2(d—1)
€ €
CEM M
n n
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Then, we obtain

log N}(1,G. || - IIp) < K(d,p) - v(n)[log r(n)]*“= Y, (3.3)

where K(d,p) is a positive constant depending only on d and p, and r(n) is the

solution to the equation
o(rn) = rllog 124D,

This gives the estimate for the bracketing entropy of the subclass G. Note that the
functions in G has d-variables. For clarity, we denote G by Gg.

To estimate the bracketing entropy of F, we notice that for any f € F, we
can write

f =94+ ci-19a-1+ ci—29a—2 + -+ c191 + co,

where g; € G;, 1 < i < d, and the coefficients cg, c1,...,cq—1 are bounded. Since
for all 1 < i < d — 1, the bracketing entropy of G; has a lower order than

r(n)[logr(n)]?@V a standard argument shows that F and G4 have the same
rate of bracketing entropy. This finishes the proof of Theorem 1.2. O
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Slepian’s Inequality, Modularity
and Integral Orderings

J. Hoffmann-Jgrgensen

Abstract. Slepian’s inequality comes in many variants under different sets of
regularity conditions. Unfortunately, some of these variants are wrong and
other variants are imposing to strong regularity conditions. The first part of
this paper contains a unified version of Slepian’s inequality under minimal
regularity conditions, covering all the variants I know about. It is well known
that Slepian’s inequality is closely connected to integral orderings in general
and the supermodular ordering in particular. In the last part of the paper
I explore this connection and corrects some results in the theory of integral
orderings.
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1. Introduction

Throughout this paper, we let (2, F, P) denote a fixed probability space. If &k > 1
is an integer, we set [k] := {1,...,k}. If X = (Xy,...,X}) is a random vector
such that X1,..., X € L2(P), we let X; := X; — EX; denote the centered random
variables for i € [k] and we let ¥ = {o;¥} and II™ = {x;} } denote the covariance
matriz and intrinsic metric of X; that is:

o)y = E(X;X;) and ), == E(X; — X;)* Vi,j € [k].

ij
Note that 7y = o} + 075 — 2075 for all 4,j € [k] and that d(i,j) := Ty is a
Hilbertian pseudo-metric on [k].

It is well known that Slepian’s inequality is an important tool in the theory of
Gaussian processes. Let X = (X1,...,X;) and Y = (Y1, ...,Y%) be k-dimensional
Gaussian vectors with zero means. Slepian’s inequality comes in many variants;
see [2, 6, 7,9, 10, 12, 16, 18], but in essence it states that Ef(Y) < Ef(X) for all
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f:R* = R satisfying

2 2 ..
(agj?—ag)azagj(x)zo or (ﬂg—wg)aing(x)ZO Vi, j (1.1)

plus some regularity conditions. Condition (1.1) indicates that f should be suffi-
ciently smooth (at least twice differentiable), but Slepian’s inequality is often used
for indicator functions which are not even continuous. In most of the literature
the indicator case and the smooth case are treated separately. The most general
form of Slepian’s inequality is found in [7] and [9] where (1.1) is interpreted in the
sense of Schwartz distributions. However, Theorem 3.11 on p. 74 in [9] is false as
it stands:

Example A: Let k£ > 2 be an integer, let U, Uy, ...,U; be independent N(0,1)-
distributed random variables and set X = (U,...,U) and Y = (Uy,...,Ux). Then
X and Y are Gaussian random vectors such that o), = o7y and 02; =0<1=0}
for1 <i#j <1 Let D:={x € RF|az = = x;} denote the diagonal
in R* and set f = —1p. Since f = 0 Lebesgue a.e. we have Ef(Y) = 0 and

aa?faij = 0 in distribution sense for all 1 <4, j < k and since P(X € D) = 1, we
have Ef(X) = —1 showing that Theorem 3.11 on p. 74 in [9] fails in this case.
Many other counterexamples can be constructed in a similar manner.

This observation calls for a closer glance at the validity of Slepian’s inequality
and Section 2 of this paper will be devoted to establish a unified form of Slepian’s
inequality under minimal regularity conditions on f.

Slepian’s inequality is intimately connected with integral orderings in general
and the supermodular ordering in particular. If S and T are sets, we let 2° denote
the set of all subsets of S, we let T denote the set of all functions from S into T,
and we let B(S) denote the set of all bounded, real-valued functions on S. Recall
that (T, <) is a proset if T is a non-empty set and < is a relation on T such that
< s reflexive (t <t Vt € T) and transitive (t <u, u<v = t <v).

Let (S,.A) be a measurable space; that is, S is a non-empty set and A is a
o-algebra on S. Then we let M (S, A) denote the set of all A-measurable functions
from S into R and we let Pr(S,.A) denote the set of all probability measures on
(S, A). Let ® C M(S,.A) be a given set of functions. Then it is customary to define
the ®-integral ordering on Pr(S, A), denoted <g, as follows: u <¢ v if and only if
Jsddu < [godvfor all g € N L () N L' (v). Then <g is a relation on Pr(S, B)
which is reflexive but not transitive and exhibits strange properties:

Example B: Let S = R and let B denote the Borel o-algebra on R. Let & denote
the set of all increasing, convex functions ¢ : R — R.. Let u be a Borel probability
measure such that [ z% p(dz) = oo. Then ® N L'(p) is the set of all constant
functions and so we have y <¢ v and v <g p for all v € Pr(R, B). In particular, we
see that <g is not transitive and that the integral ordering <g is not a preordering.

To avoid such peculiarities, I shall introduce a slight modification of the
®-integral ordering. If ® C R®, we define the ®-integral ordering on Pr(S, A),
denoted =g, as follows u <g v if and only if [“ddu < [T ¢dv for all ¢ € @,
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where f* f du denotes the upper p-integral of f. Then (Pr(S,.4), <s) is a proset.
If (Q,F, P) is a probability space and X,Y,Z : (Q,F) — (S,.A) are measurable
functions, we let Pz(A) = P(Z € A) for A € A denote the distribution of Z and
we write X <g Y if Px =<¢ Py. Note that y <¢ v = p < v and that the
converse implication holds if ® C L!(u) N LY (v). In Section 3 we shall take a closer
look at integral orderings,

The classical stochastic ordering on R, usually denoted =g, is the integral
ordering induced by the indicator functions {1j, ) | @ € R}; that is u =<y v
if and only if p([a,00)) < v(]a,0)) for all a € R. More generally, let (S, <) be
a proset. Then we let In(S, <) denote the set of all increasing functions from S
into R and we say that A C S is an upper interval if 14 € In(S, <). We define
the stochastic ordering on S, denoted =g, to be the integral ordering induced by
indicators of upper intervals; that is, p <y v if and only if p*(A) < v*(A) for
every upper interval A C S. If u € S, we define the upper and lower intervals
[u,] :={s € S| s>u}and [*,u] :=={s €S |s <u} and we define the orthant
ordering, denoted =, to be the integral ordering induced by {1, . | v € S}; that
is, p Sor v if and only if p*([u, *]) < v*([u,*]) for all u € S.

Let £ > 1 be an integer. Then we let < denote the product ordering on
R*; that is, (z1,...,2%) < (y1,...,yx) if and only if 2; < y; for all i = 1,... k.

If z = (x1,...,2,) and y = (y1,...,yx) are vectors, we define the lattice infi-
mum and supremum as usual z Ay := (min(z1,y1), ..., min(zg, yx)) and 2 Vy =
(max(z1,y1), ..., max(zg,yx)), and we define [z,y] = {z € RF | z < z < y}.

We let B* denote the Borel o-algebra on RF. Let f : R* — R be a given func-
tion. Then we say that f is increasing (decreasing) if f is increasing (decreas-
ing) with respect to the product ordering <. We say that f is supermodular if
fl@)+ fly) < flxVvy) + fx Ay) for all 2,y € R, we say that f is submodular
if (—f) is supermodular, and we say that f is modular if f is supermodular and
submodular. We define the following function spaces

sm(R") = {f € M(R*,B") | f is supermodular }
m(RF) = {f € M(RF,B*) | f is modular } , bm(R*) = B(R*) nm(RF)
bsm(R") = B(R*) nsm(R¥) , ism(RF) = In(R*, <) nsm(R¥)

and we let <, <bm, =m, =bsm and =iy denote the integral orderings induced
by sm(R¥), bm(R¥), m(R¥), bsm(R¥) and ism(RF), respectively. If k& = 1, then
every function is supermodular and every increasing function is Borel measurable.
Hence, in all dimensions there exists non-measurable supermodular functions and
if £ > 2, there exists non-measurable increasing functions. However, in Prop.4.3
below we shall see that an increasing supermodular function is Borel measurable.

Let 1 be a Borel probability measure on R* and let Fy,...,F : R — [0,1]
denote the one-dimensional marginal distribution functions of p. Then

F(z1,...,xk) := min(Fy(x1),... Fg(zg))
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is a k-dimensional distribution function, and if A, is the associated Lebesgue-
Stieltjes measure, then Ap is a Borel probability measure on R* with the same
one-dimensional marginals as u. By a theorem of A.H. Tchen (see [19]), we have
ka fdu < ka fdAp for every supermodular function which is continuous, and
satisfies a certain (uniform) integrability condition. In Theorem 4.7, we shall see
that @ =<psm Ap. In the modern literature it is frequently claimed that p <¢n Ag
and that <g, coincide with <jgp; see for instance [10]. The following example
shows that both claims fail when k& > 3.

Example C: (see [17]). Let U be a strictly positive random variable with a one-sided
Cauchy distribution; that is, with distribution function F' given by:

F(z) = 2 arctan(z) if >0 and F(z)=0ifz <0

Since U is strictly positive, we may define V := [1] and W = §|U -V]. A
straightforward computation shows that U, V and W all have distribution function
F and so we have Fy(z) = Fy(z) = Fw(z) = F(z) and Fyuu(e,y,2) =
min(F(x), F(y), F(z)) for all z,y,z € R. By [19] and Theorem 4.7 below, we
have that (U, V,W) <psm (U,U,U) and (U, V,W) <ism (U,U,U). Set f(x,y,z) =
x4y — 2z. Then f is continuous, linear and modular and we have

FOUU)=0, fUV.W)=20UlLya+ §lwsy
0< f(UV,W)<2, Ef(UUU)=0<Ef({U,V,W)= 22,

Hence, we see that (U, V,W) L (U,U,U) and (U, V,W) £, (U,U,U) which
shows the integrability condition in Theorem 5 of [19] cannot be removed and
that p <psm ¥ does not imply u <y, v.

Let X = (X1,...,Xg) and Y = (¥7,...,Y}) be k-dimensional Gaussian vec-
tors with zero means and covariances {0 } and {0};} such that o}; = o} for all
1<i<kand 05 < afj(v for all 1 <4 # j < k. Let f be a supermodular, locally

2
1 <i# j < k. So it is tempting to infer that Slepian’s inequality implies Y <4, X.
However Slepian’s inequality only shows that Ef(Y) < Ef(Y) if f satisfies some
additional regularity conditions. It can be shown that Y <pq, X; see Theorem 2.8
and Theorem 4.7, but Example C shows that Y <y, X does not imply Y <, X
in general, and I don’t know if we really have Y <y, X if X and Y are Gaussian
vectors satisfying the above hypotheses. However, Theorem 2.8 and Theorem 4.8
shows that Ef(Y) < Ef(X) for a large classs of unbounded supermodular func-
tions. Section 4 is devoted the study of the modular orderings introduced above.

Lebesgue integrable function. Then we have > 0 in distribution sense for all

2. Slepian’s inequality

In this section I shall prove a general version of Slepian’s inequality where the
partial derivatives are understood in the sense of Schwartz distributions. The idea
is to approximate the function f : R¥ — R with infinitely often differentiable
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functions fi, fo,... satisfying Slepian’s inequality The approximating sequence
will taken as the convolution integrals f,,(z) = [ f " (y) dy where K C RF
is a compact starshaped set and g is a nonnegatlve mﬁmtely often differentiable
function satisfying {g # 0} C K and fK 9(y) dy = 1. Below we shall see that if f
is locally Lebesgue integrable, then f,, is an infinitely often differentiable function
inheriting many properties of f and that f,(x) — f(x) for all x in a large subset
of R*. However, this requires some preparatory definitions and lemmas.

Let S be a set and let x : S — [0,00] be a given function. If f € R?, we let
[|fllx := inf{c € Ry | |f(s)] < ck(s) Vs € S} denote the weighted sup-norm of
fe R® with the usual convention inf ) := co. If ® C RS is a set of functions, we
let . := &N Rf_ denote the set of all nonnegative functions in ®. If § and T’
are topological spaces and ¢ : S — T is a given function, we let C(¢) denote the
continuity set of ¢; that is, the set of all s € S such that ¢ is continuous at s.

Let k > 1 be an integer and set [k] := {1,...,k}. Welet eq,. .., e denote the
standard unit vectors in R*. If = (z1,...,2x) € R¥ and y = (y1,...,yx) € R,
we let (z,y) = Ele z;y; denote the inner product and we let ||z|| = (x,z)Y/?
denote the Fuclidian norm. We let \; denote the k-dimensional Lebesgue measure
on R*. We say that f : R* — R is locally bounded if f is bounded on every
compact subset of R*, we say that f is locally Ap-integrable if 1cf € L'(\i)
for every compact set C C RF, and we let L{ .(\) denote the set of all locally
A,-integrable functions.

Let f : R* — R be a given function. If i € [k] and ¢t € R, we let Al f(z) :=
f(z + te;) — f(x) for x € RF denote the usual difference operator. If € R,
we say that f is O-differentiable at x if ¢ ~ f(x + t) is differentiable at 0
and if so we let g’; (z) := limy_ot~ (f(x + t0) — f(z)) denote the directional 0-
derivative of f at z. In particular, we let gi (z) := lim; 0t~ 1 Al f(z) denote the
partial derivative whenever it exists. We say that f is partially differentiable at
x if the partial derivatives g j (x) exists for all ¢ € [k] and if so we let V f(x) :=
(gwfl (x),..., a ( )) denote the gradient of f. We say that f is 0-differentiable if f
is G—differentlable at all x € R* and we say that f is continuously 0-differentiable
if f is f-differentiable and = ~ gg (x) is continuous on RF. We say that f is
partially differentiable if f is partially differentiable at all 2 € R*. Recall that f is
Fréchet differentiable at x if the directional derivative g{; (z) exists for all # € R*
and gg (z) = (0, Vf(x)) for all & € R*. Recall that f is differentiable at x with
differential D € R¥ if limg_q ||0]| 7| f(x + 0) — f(x) — (D, )| = 0.

If 41,...,ip € [k], we let 8%1(?7{99% () denote the pth order partial derivative
whenever it exists. We let C°>°(RF) denote the set of all infinitely often differen-

tiable functions f : R* — R and if x : R¥ — [0, 00] is a nonnegative function we
let C°(RF¥) denote the set of all f € C°(R") satisfying

orf

1l < o0 and |5, 7%,

‘ < oo Vp>1Vig,..., i, € k]
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In particular, we let leo(Rk) denote the set of all bounded, infinitely often dif-
ferentiable functions with bounded derivatives of all orders. We let C°(R¥) de-
note the set of all f € C°°(R¥) with compact support and we let  denote the
usual inductive limit topology on C%(RF); see [13]. We let D(RF) denote the set
all Schwartz distributions; that is, the set of all w-continuous linear functionals
¢ : CX(RF) = R.If ¢ € D(RF), we Write C > 0 if and only if {(¢) > 0 for all
¢ € CX(RF);. If f € LL (A\g), then f = Jar f( r)dx for ¢ € CZ2(RF)
defines a Schwartz distribution correspondlng to f and 1f 11, ..., ip € [k], then

O @)= (-1 [ 1(a) 5, 75, (0)do for o € CEZ(RY)

Rk

defines a Schwartz distributions, which corresponds to the “the partial derivative”
orf
8.7)7;1 8T,p .
Recall that K C R¥ is starshaped if 0 € K and az € K for all z € K and all
0 < a <1. Let K CR* be a bounded, starshaped Borel set and let z € R* be a

given vector. Then we say that f is continuous at x along K if
lim {sup fz+¥)— f(x)|} ~0 (2.1)
n—oo yEK
and we let C¥(f) denote the set of all x € R¥ satisfying (2.1). If 0 belongs to the
interior of K, then continuity along K coincides with ordinary continuity. We say
that f is right continuous at x if f is continuous at z along the unit cube [0, 1]%,
say that f is left continuous at x if f is continuous at x along the negative unit
cube [—1,0]*.
Let K C R* be a bounded, starshaped Borel set. Then we say that f is
approzimately continuous at x along K if f is locally Ag-integrable and

Jm [ 1+ ) = s@)ldy=o. (22)

We let CE(f) denote the set of all # € R” satisfying (2.2). Let f € L{. (\x) be a
Borel function. By the Fubini-Tonelli theorem, we see that Cali)( f) is a Borel set
containing C¥ (f) and by Theorem I11.12.8 p. 217 in [1] we have \x(R* \ CE (f)) =
0.

If f,g : R¥ — R are Ay-measurable and [5, | f(z— y) ( )| dy < o0 for allz €
R*, we say that the convolution exists and we let (fxg)(x ka —y) g(y) dy
denote the convolution of f and g.

Lemma 2.1. Let f : R¥ — R be a locally \,-integrable function and let g : R —
R be a bounded Lebesgue measurable function with compact support. Then the
convolution h(z) := (f * g)(x) exists and is continuous on R* and if 0 € RF is a
given vector, we have

(1) If f is O-differentiable and 8f € Li .(\), then h is continuously 0-different-

iable and we have ‘gg (z) = (80 xg)(z) Vo € RF.
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(2) If g is - diﬁerentiable and 9 is bounded, then h is continuously 0-different-
iable and we have 9 ( )= (f* 9)(x) Vz e RF.
(3) If f and g are 0- dzﬁerentmble, g’; € Li (M) and gg is bounded, then we

have
| i@ sy == [ ) o) dy

Proof. Set B, := {x € R¥ | ||z|| < r} for r > 0. Since g is bounded with compact
support, there exist a,p > 0 such that |g(z)| < a for all x € R* and g(z) = 0 for
all x ¢ B,,. Since f is locally Ag-integrable and |f(z—y) g(y)| < a|f(z—y)|[15,(y),
we see that the convolution h(z) = (f x g)(x) exists for all z € R*. Let r > 0 and
x € B, be given. Then f, := flp_,, € L'(A\) and we have f,(z —y)g(y) =
f(z—y)g(y) for all y € R*. Hence, we have (f, x g)(z) = h(z) for all € B, and
by Theorem 1.1.6 p. 4 in [14], we have that f,. g is continuous on R*. Hence, we
see that h is continuous on R*.

Suppose that f is 6-differentiable and that ¢ 89 € Lloc()\k) Let z € RF be
given. By the argument above we have that the convolutlons * g and | 29 | *1p,
exist and are continuous on R* for all » > 0. Let x € RF be glven By the Fubini-
Tonelli theorem and locally boundedness of | ae' * 1p,, there exists a Ag-null set
N, such that s ~ ag (x —y + s0) is locally A;- mtegrable on R for all y ¢ N, and
we have

/(ae *g)(z + s0) dS—/ dS/ o (z—y+s0)g(y)dy

:/Rk dy/o g’g(w—y—ksﬁ)g(y}ds.

Let y € RF\ N, be given and set F}, , (s) := f(z—y+s6). Then F, , is differentiable
with derivative F) ,(s) = g’g (x —y +s0) and F,  is locally Ai-integrable. By
a classical theorem of Denjoy and Banach (see Thm. IX.4.5 p. 271 and Thm.

IX.7.4 p. 284 in [15]), we see that F, , is absolutely continuous with Lebesgue
derivative F, . In particular, we have F ,(t) — fo »y(8) ds and since

Jrr Fry(s) g(y) dy = h(z + s0), we have

[ Groasstds = [ (o)~ Fuyf0) o) dy = hGa +16) — h(a)
0 R*

Since ag * g is continuous, we see that h is continuously 6#-differentiable with

gg (z) = (ag xg)(z) for all x € R*. Thus, (1) is proved and (2) follows in the same
manner. Applying (1) and (2) on f(y) and g(—y) with = 0, we obtain (3). O

Lemma 2.2. Let f : RF — R be a locally \,-integrable function and let K C R* be
starshaped, bounded Borel set. Let g € C3°(R¥) be given such that {g # 0} C K

and [ 9(y)dy = 1. Set g, (x) := n* g(—nzx) and f,(z) := (f * gn)(x) for n > 1
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and x € RF; see Lemma 2.1. Let p > 1 and iy, ... ,ip € [K] be given integers and
let us define

r(x) = sup [+l Ve eR e, =sw |y, 75, 1)
yeK
Then 0 < cy,,...5, < 0o and we have

(1) fn € C®(RF) and f,(z) = flx+ V)gly)dy Yo e R* Vn > 1.
Rk

@) 02ty 5a, @ = (=1 | @+ 1) 5,700, @)y Vo €RF V2 1.

aflfil 8’1‘1:0

(3) [fn(2)] < K(x) and Iagcf3 T (@) < ciyiynPR(z) Vo€ RF Vn > 1.

amLp

(4) lim fu(z) = f(z) Yo € CL(f).
(5) lim {sup / |f(z+ Y (x)|dx} =0 for all compact sets C C RF.
n—oo yEC

(6) If f is bounded with compact support, we have

lim [ [(fa(z) = f(2))o(2)lde =0 Vo € Lio (Ar)

n—oo Rk

Proof. (1)~(2): Note that g, gn, G = o by, and Gy = aq«a ggT are infinitely
iy O, i

often differentiable with compact supports and we have
Gn(z) = (1) n**P G(—nzx).
So by Lemma 2.1 we see that f, € C®°(RF) and that , 9"/ (2) = f+G,.

8’1‘ 8'13,
Hence, we see that (1)—(2) follows from the substitution z = —z

(3) Let n > 1 be given. Since K is starbhaped we have [f(z + Y)| < k()
for all (z,y) € R* x K and since g > 0 and [, g(y) dy = 1, we sce that ( ) follows
from (1)—(2).

(4): By (1), we have |fn(z) — f(z)] < a [, |f(x+Y) = f(x)|dy where a :=
sup,e e 9(y). Since a < 0o, we see that (4) holds.

(5): Let 7, ¢ > 0 be given and set B, := {z € R* | ||z|| < r}. Since f €

Li (M), we have f, :==1p,, f € Ll(/\k) By Theorem 1.1.5 in [14], there exists
0 <0 < 1such that [g,.|fr(z +u) — fr(x)|dz < e for all ||u]| < 4. Let z,y € B,
and n > § be given. Since |[Y|| <6 <1, we have z € B, and 2+ Y € B,;1 and
so we have f(z) = f.(z) and f(z + Y) = fr(z + ?). Hence, we have

| @t - r@lae< [ i) - ol <

r

for all n > § and all y € B,.. Since r > 0 is arbitrary, we see that (5) holds.
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(6): Suppose that f is bounded with compact support. Then

b:= sup |f(z)] < o0
zeRF
and there exists r > 0 such that {f # 0} U {g # 0} C B,. By (1), we see that
{fn # 0} C By, and that |f,(z)| < blp, (z). By (4), we see that f,(z) — f(x)
Ag-a.e. and so we see that (6) follows from Lebesgue’s convergence theorem. [

Lemma 2.3. Let f : RF — R be a locally \,-integrable function and let K C R* be
a starshaped bounded Borel set. Let g e C‘X’(Rk) be given such that {g # 0} C K
and [, 9(y)dy = 1 and set fn(x) = [ f( Yg(y)dy forn > 1 and x € R¥;
see Lemma 2.2

Let A = {a;;} be a (k x k)-matriz and let H* denote the set of all twice

partially differentiable functions h : RF — [0, 00) with compact support such that h,

g;l and 838}’ are locally \-integrable for all i,j € [k] and ZZ 1 E; @i 52 8%
is bounded. Let €1,01,€2,02,... > 0 be positive numbers such that ¢, — 0 and

Op — 0 Then the following four statements are equivalent:

(1) Z Zaw@gf>0

i=1j=

Mw

k
Za”/f Ol (r)dx >0 VheHA.

i=17=1

awa?ézj( z) >0 VzeRFvVn>1.

'M?r
M=

@
I

-
<.
I

-

(3)

4)

In partzcular we have

k
z GAT AN F(2) >0 Mp-ace. Vn > 1

I\Mx-

(5) If f is convex and A is nonnegative definite, then Z Z a;;0i f >0
i=1j=

and if f is twice partially differentiable and f, am, and s 8f are locally -

integmble for all i,j € [k], then we have

(6) ;:1]2 a;;0i;f >0 < ZZ:UE aij aq« 8T () >0 Ag-ae.
Proof. Set ¢ = Zle 25:1 a;; i f, Fo(z) = Ez 1 ZJ 1 @i 8213;’; () and
gn(x) = n* g(—nz) for all z € R* and all n > 1.

(1) = (2): Suppose that ¢ > 0 and let h € HA be given. Set H(x) =
Zle 2?21 a;j 8.2»28};? (z). By Lemma 2.2 and local \g-integrability of h and H, we
have that the convolutions h,, := hxg, and H, := Hxg, exist and satisfies (1)-(6)
in Lemma 2.2. Since h is nonnegative with compact support, we have h,,, H, €
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C2(R¥) and h,, > 0 and by Lemma 2.1, we have H, = }, ; aij 822}5; Since
¢ >0, we have 0 < ((h ka fH, d\g for all n > 1. Recall that H is bounded
with compact support and that f is locally Ag-integrable. So by Lemma 2.2.(6)
applied to the pair (f,v) := (H, f), we have [, fH d\y = limy, o ((hn) > 0.

(2) = (3): Suppose that (2) holds and let # € R* and n > 1 be given. Set
Gne(y) = gn(x —y) for y € RF. By Lemma 2.1, we have

02 fn _ gy _ a
Ox;0x; (Z‘) - R f(y) 89:1-ng dy / f 89:19an )

and since g,, € H*, we see that (2) implies (3).
(3) = (4): Suppose that (3) holds and let n > 1 and u,v > 0 be given. Since
fn € C®(RF), we have

AFAT fo(z / ds/ 8‘3 g’; (z + se; +tej)dt Vo € RF.

So by (3) we have >, a;; AYA] fr(z) > 0 for all z € R* and by Lemma 2.2.(4)
we have that f,, — f )\k -a.e. Hence, we see that (3) implies (4).

(4) = (1): Suppose that (4) holds. As above, we see that (4) implies F,(z) > 0
for all x € R*. Let h € C2(R¥), be given and set H = Doi Qi afzahT Then we
have ((h ka fH d\, and observe that H is bounded with compact support.
So by Lemma 2.1.(3) and Lemma 2.2.(6) we have

¢(h) = lim fo(@)H(z)dz = lim E,(z)h(x)dz > 0.
n—oo [pk n—oo [pk
Hence we see that (4) implies (1).

(5): Suppose that f is convex and A is nonnegative definite. Let n > 1 be a
given integer. By nonnegativity of g, we see that f, is convex and infinitely often
differentiable. Let x € R* and n > 1 be given and set b;; = aijg’;j (x) for i, j € [k].
Then B = (b;;) is the Hessian of f,, and since f, is convex, we have that B is a
nonnegative definite (k x k)-matrix. By Schur’s product theorem (see Thm. 7.5.3
p. 458 in [5]) we have that the Hadamard product (c;;) = (as; bi;) is nonnegative
definite. In particular, we have

5 % eu k@ = ¥ Y

i=17=

HM»

Hence, we see that (5) follows from the equivalence of (3) and (1).

(6): Suppose that f is twice partially differentiable such that g $fz and afzafmj

are locally Ag-integrable for all i,j € [k]. Then F' := )7, - a; af;’;j belongs to
Li (M) and by Lemma 2.1 we have

0= 3 R [ 10,75, e = [ Flajote)ds v € CxRE)
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Since F' > 0 Ag-a.e. if and only if [p, Féd, > 0 for all ¢ € C2(RF),, we see
that (6) holds. O

Lemma 2.4. Let f : R¥ — R be a locally \i-integrable Borel function and let
{aij hi<ij<k be a (k x k)-matriz. Let 6 = (01,...,0;), b = (b1,...,bx) and ¢ =
(c1,...,cx) be a given vectors. If there exist functions h : RF — R and ¢ : R — R
satisfying f(z +t0) = h(x) +(t) for all v € R¥ and all t € R, then we have

(1) f(x—i—t@) flz )—l—’yt Vo € RFVte R where v := f(0) — £(0).
(2) E Zawawf Z Z(aw + bit); +¢;0:)0; f -

i=1j=1 i=1j=

Proof. (1): Set ¥o(t) = (t) (0) for all ¢ € R.. Since f(x) = h(z) + ¥(0), we
have f(z +t0) = f(x) + 1o(t) and so we have

Yols +1) = f(s0+10) = f(0) = f(s8) + 1o (t) = f(0) = Yo(s) + 1o(t)

for all s,t € R. Since f is Borel measurable and v (t) = f(¢ ) f(O), we see that
1o is a Borel function satisfying 1y(0) = 0 and o (s + t) = ¥o(s) + ¥o(t) for all
s,t € R. So by [11] we have ¥g(t) = ~t for all t € R where v = (1) = f(6) — f(0).
Since f(z +t0) = f(x) + ¥o(t), we see that (1) holds.

(2) Let g € C°° (Rk) be a nonnegative function with [, g(y)dy = 1 and
set fn(x) = [gu f( ) g(y) dy for all z € R* and all n € N (see Lem. 2.2). Then
fn € C’DO (RF) and by ( ), we have f,(z + t0) = fn(x) + vt. In particular, we see
that v = 8f" 5 (z) = Zle 0; gf"( ) for all z € R*. Hence, we have

k
> S tes k0= X o { L0 @)} =0 vee RS

j=li= j=1
In the same manner we see that Zle Z?Zl 30 a(z g’; () = 0 for all z € R¥ and
so we see that (2) follows from Proposition 2.3. O

Lemma 2.5. Let ¢,¢) : R = R be absolutely continuous functions with Lebesgue
derivatives ¢(t) and ¥(t). Set .(t) = [ [h(s)|ds for t > 0 and .(t) =
fioo |1/)(s)| ds fort < 0. If (¢,) satzsﬁes the following condition

(1) eL'n), ¢ €L (M) and lim P(2) =0= lim ¢(x)

then d) - and ¢ - 1/1 are A-integrable and we have

2) [ Za's(s)w(s) as—— [ Z¢><s>w<s> ds

Proof. Since w is Ap-integrable and lim, 1 ¥ (z) = 0, we have

t):/;w(s)d8=—/too¢(s)d8



30 J. Hoffmann-Jgrgensen

for all t € R. In particular, we see that |¢(t)] < ¢.(¢) for all £ € R and so by (1)
we have ¢(t) 1 (t) € L'()\). By the Fubini-Tonelli theorem, we have

| 1ot = sl < [ dt/ 19()9(0)| ds
/ ds/ (t)|dt = /Ooo|<b(s)lw*(s)ds<oo

and in the same manner, we see that f_ooo lp(t) — ¢(0)] - [¢p(t)] dt < oc. Since

P € LY(\), we see that ¢(t)4(t) € L*(\). So by the Fubini-Tonelli theorem we
have

/ODQ d(t)(t) dt = —/OOO dt /too d(t)h(s) ds = _/ODQ ds /0 S(t)s) dt

= [ 060) ~ i) s = —60)0) [~ o) (s)ds
0 0

In the same manner, we see that f_ooo d(t) Y(t) dt = ¢(0)h(0) — fi)oo o(t) ¥ (t) dt.
Adding the two equalities we obtain (2). O

Lemma 2.6. Let (Up,Us,...,Us) be a (k + 1)-dimensional Gaussian random vec-
tor with mean zero and set U := (Uy,...,U) and 0 := (04,...,0;) where 0; :=
E(UoU;) fori =1,...,k. Let h : RF — R be a 0-differentiable Borel function
satisfying E|\Ugh(U)| < 0o and E gZ(U)| < 00. Then we have

(1) E{Uh(U)} = E{3;(U)}.

Proof. Set 02 = EUZ. If 02 = 0, then we have Uy = 0 a.s. and so we have § = 0
and gg (z) = 0 for all z € R*. Hence, we see that (1) holds if 6% = 0. So suppose
that 02 > 0 and set ¢,(t) := h(z +t0) for all t € R and all z € R*. Then ¢, is
differentiable on R with derivative ¢’ (t) = g’; (z +t0). Let us define

B={zeR"| [3 |90 (z+10)]e~ (@02t < o0}

and set Vy := 072Uy and V := (Vi,...,V}) where V; = U; — 6;V, for i =

., k. Then we have Vo ~ N(0,072) and E(V,V;) = 0 for all 1 < i < k. Since
(Vo, V1, ..., Vi) is Gaussian with mean zero, we see that Vy and V' are independent
and since U =V + V0 and gg (U) € LY(P), we see that P(V € B) =

Let z € B be given and set ¢(t) := —e=(0%/2 for all t € R. Then we have
W (t) = o2te=(D°/2 and 1, (t) = e=@)°/2 where 1, (t) is defined as in Lemma
2.4. Since z € B, we see that ¢/, is locally A-integrable on R. So by Theorem
IX.4.5 p. 271 and Theorem IX.7.4 p. 284 in [15] we have that ¢, is absolutely
continuous on R with Lebesgue derivative ¢/, and that (¢.,) satisfies condition
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(1) in Lemma 2.5. Hence, we have that ¢/, 1) and ¢, ¢’ are A\;-integrable and

/R (2 + t0)ote= (oD /2q4 = /q&z /(;S

:/ B2+ th)e” (D" 24t.
R

Recall that Vy and V are independent with U = V 4 Vp6 and Vo ~ N(0,072).
Since Uph(U) € L'(P) and 2% (U) € L(P), we have P(V € B) = Py(B) = 1 and

E(Uoh(U)) = o E{Voh(V + V0)}

- J;w/ Py (dZ)/ h(z + t0)0>te= (024t
B R

= A /B Py (dz) /R Oz +t0)e= @D /2 at
= E(54(V +Vo8)) = E(54(U))

which proves the lemma. O

Lemma 2.7. Let Z = (Zy,...,Zy) be an n-dimensional Gaussian random vector
with mean zero and a non-zero covariance matriz L% = {a -}. Let X denote the
largest eigenvalue of % and let v denote the multiplicity of the eigenvalue \. Let
r denote the rank of X% and let ¢ : [0,00) — [0,00) be an essentially increasing
Borel function (see the remark below). Then A > 0 and 1 < v < r < n and we
have

(1) /Oootrw(t)ez&ﬁ dt < 0o = E¢(|Z]|) < oo

2) Eo(|Z]]) < o = / (1+ 1) 1(t)e= 57 dt < oo,
(3) E¢(||Z]]) < oo = Jc> 0 so that ¢(t) < c(1+1t)2 " exp(,t?) V& > 0.

Remark. We say that ¢ : [0,00) — [0,00) is essentially increasing if there exists
C > 0 such that ¢(s) < C(1+¢(t)) forall 0 < s <t

Proof. Since »Z #0,wehave A\ >0and 1 <v <r <n. Let vy,...,v, € R" be
an orthonormal basis of eigenvectors of ¥Z ordered such that A\; > Ao > --- >\,
where )\; is the eigenvalue associated to v;. Then we have A = A; > A, > 0 for
1<i<wvand \; =0forr < i <n.Set U; := )\;1/2<Z,vi> fori=1,...,r.
Then Uy, ..., U, are independent N (0, 1)-distributed random variables such that
7 = 22:1 )\}/QUi v; a.s. and ||Z]]? = Z:ﬂ \U? as. Let 1 < d < r be a given
integer and set U? = (Uy,...,Uy).

Recall that 27%/2T(¢)~1 is the (d — 1)-dimensional volume of the (d — 1)-
dimensional unit sphere {u € R | ||u|| = 1}; see (8.43.9) p. 60 in vol. 2 of [3]. So
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by (8.24.1) p. 27 in vol. 2 of [3] with T'(z) = ||z||, we have
Bo(VAIU|) = (2@*%’/ S(VA|z||)e 2 171" 4o
R4

> _ _ 142 > _ _ 1 82
= 2d/2%(g)A td 1¢(t\/)\)6 20 gt = (2>\)d/22F(§)/0 sd 1¢(8)€ 225 ds.

Since ||Z]]* = Yi_; NU?, we have A||U”|]? < ||Z]]*> < A||U"||* and since ¢
is essentially increasing, there exists a constant C' > 0 such that 0 < ¢(s) <
C (1 + ¢(t)) for all 0 < s < t. In particular, we have

(VAU < C(L+o(12]) » $(IZ1]) < C(L+ o(VAIUT]))

and since ¢(t) < C(1+¢(1)) for 0 <t <1 and (1+¢)V~t <2v71¢~1fort > 1,
we see that (1) and (2) follow from the equality above. Since ¢(s) < C (1 + ¢(1))
for all £ > s, we have

¢(8>(1+s)”‘1/00 et dt < C/Ooo(l+t)”—1(1+¢(t))e—zgt2dt

S

and so we see that (3) follows from (2) and Exercise 2.51 p. 148 in vol. 1 of [3]. O

Theorem 2.8 (Slepian’s inequality). Let k > 1 be an integer and let X = (X,

Xi) and Y = (Y1,...,Y%) be Gaussian random vectors with zero means and
covariance matrices EX = {a }oand XY = {o};}. Let K C R* be a bounded,
starshaped Borel set with non- empty mnterior. Let ¢ : [0,00) — [0,00) be an es-

sentially increasing Borel function and let f : R¥ — R be a locally \j-integrable
Borel function satisfying

(1) P(X € CiL(f)) =1=P(Y € Cii(f))-
(2) Eo(IX1) + E¢([[Y]]) < oo and 522|f(33+5y)| < c¢(||zl]) vz € R¥

for some positive numbers ¢,d > 0. Then E|f(X)| < co and E|f(Y)| < co and we
have

(3) 3 (0% — o) 0y >0 = Ef(Y) < Ef(X).

i=1j=1
Set e = (1,1,...,1) and suppose that there exist functions h : R¥ — R and
¥ : R — R such that f(x + te) = h( ) 4+ (t) for all (t,x) € R x RF. Set
7755- = E(X; — X;)? and 71'3; = E(Y; = Y;)? for all i,j € [k]. Then we have

E ok E ok
4) X X (i —75)0if =23 Y (off — o)y f.

i=1j=1 i=1j=1

E ok
() 21 Zl(WZ 5)0if >0 = Ef(Y) < Ef(X).

i=1j=

Proof. Since K is starshaped, we have 0 € K. Hence, by (2), we have |f(z)| <
co(llz]l) and E|f(X)] < 0o and BIf(Y)[ < co.

So suppose that Zz 1 ZJ 1 05055 f > 0, where 6;; = U;)J( — 0} Y and let

me show that Ef(Y) < Ef(X). Without loss of generality we may assume that
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X and Y are independent. If X =Y = 0 a.s. then (3) holds trivially. So let us
assume that P(X # 0) + P(Y # 0) > 0 and set é(t) '= SUP,eg,q #(5). Then b
is increasing with ¢ < ¢~5 and since ¢ is essentially increasing, there exists C' > 0
such that ¢(t) < C (1 + ¢(t)) for all ¢ > 0. Let ¢,d > 0 be chosen according to
(2). Replacing (¢, K) by (cq@, 0K') we may, without loss of generality, assume that
¢ is increasing and that |f(x + y)| < ¢(||z||) for all z € R* and all y € K. Let
Ax and Ay denote the largest eigenvalues of Y x and Yy, respectively, and set
A = max(Ax, \y) and k(z) = ¢(||z||) for # € R*. Then A > 0 and by (2) and

Lemma 2.7 there exists b > 0 such that ¢(t) < b(1 4 t) exp(,} t2) for all ¢ > 0.

Let 0 < r < 1 and n € N be fixed for a while. Since K has non-empty interior,
there exists g € CZS(R*) such that g > 0, {g # 0} € K and [, g(y)dy = 1. Set
fa(x) = Jgx fx+Y) g(y) dy for € R* (see Lemma 2.2). By Lemma 2.2 we have
that f, € C°(R¥) and that (f,) satisfies (1)-(6) in Lemma 2.2. Since 0 < r < 1

and ¢(rt) < b(1 + rt) exp(gitz) we have

(i) A= E{ (1 VA4 I )0 (- VI |Y||2)} <.

Let z,y € R* be given and set U, ,(t) = r(t'/22 + (1 — t)1/2y) and V, ,(t) =
frn(Ugy(t)) for t € [0,1]. Then U, , and V, , are continuous on [0, 1] and continu-
ously differentiable on (0, 1) with derivatives

Uly() = 56720 = (=07 Py =, (11— 112
Vi) = (Usy(8), Vu(Usy (1))
for all 0 < ¢ < 1. By the Cauchy-Schwartz inequality, we have

Uz O < et 2|z + (1 =) 2yl < r/[l2l|? + [ly]> ¥0 <t <1

! T 2 2
102,01 <, 4y Vil + [lyll> Yo <t<1.

In particular, we see that V, , is absolutely continuous on [0, 1] and so we have
1

(i) fo(rz) = fu(ry) = Vay(1) = Vay(0) :/0 Viy(t) dt.

Let 0 < t < 1 be given and let us define U(¢) = (Ui (t),...,Ux(t)) := Ux,v(t) and
V() == Vx y(t). Since V'(t) = (U'(t), Vfn(U(t))), we have

U@ < rIXIE+ Y2 L V@< 100 1V L0
VO < e,y VIXIE+ Y2

Set ¥, = 7’22 (01j,...,0k;) and hj(x) = giz (z) for z € R¥ and 1 < j < k. Since
fn € CZ(RF), we have h; € C(RF) and since |hj(z)| < ||V fn(z)|| and k(z) =
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o(||x]|), we have

U7 ()] < U O IV £U) < [V Falls - [0 O] ST D)
o ()] < 1951 IV @D < 19511 1WA - ST D)]).

Hence, by (i) we see that U}(t) h; (U (t)), gg§ (U(t)) and V'(t) are P-integrable and

1 1
/E|V’(t)|dt§AHan||K/ L gt < oo
0 0 V't

(1-t)

So by (ii) and the Fubini-Tonelli theorem, we have

1
(iii) Efp(rX) — Ef,(rY) = / EV'(t) dt.
0
Since X and Y are independent Gaussian random vector with zero means, we see
that (Uj(t),U1(?), ..., Uk(t)) is a (k+1)-dimensional Gaussian random vector with
zero mean and E(UJ(t) U;(t)) = T; ;5. So by Lemma 2.6 we have

B{Uj0h;(U®)} = B{ o5 (W)} = E{zow oo, U <t>>}

and by Proposition 2.3, we have Zle 2?21 05 8?%5; (z) > 0 for all € R¥. Since

VI(t) = (U'(t), VI (U (1) = éUJ‘(t)hj(U(t))

we see that EV'(¢t) > 0 for all 0 < ¢ < 1 and so by (iii) we have Ef,(rY) <
Efn(rX) for all n € N and all 0 < 7 < 1. Since ¢ is increasing and sup, ¢ | f(z +
)| < o(||z]]), we have |fn(rz)] < ¢(||z]|) for all 0 < r < 1, all # € RF and all
n € N; see Lemma 2.2. So by (2), continuity of f,, and Lebesgue’s convergence
theorem, we have

Ef(Y) = lim Bf,(rY) < lim Ef,(rX) = Ef, ()

for all n > 1. By (1) and Lemma 2.2, we have f,(z) — f(x) (Px + Py)-a.s. and
recall that |f,(z)| < ¢(]|z|). So by (2) and Lebesgue’s convergence theorem, we
have
Ef(Y) = lim Efo(Y) < lim Efu(X) = Ef(X)
n—oo n—oo

which completes the proof of (3).

Suppose that there exist functions h : R¥ — R and 1/) R —> R such that
f(z +te) = h(z) +(t) for all (t,2) € R x R¥. Note that 75 = 7r =0 and

Y Y Y _ X Y X
my — iy =207y —0i) + (03 — o5y ) + (07— 07%)

Hence, we see (4)—(5) follow from (3) and Lemma 2.4. O
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Remark 2.9. (a): Condition (1) is a weak smoothness restriction on f. Note that
condition (1) holds if f is right or left continuous and since Rk\CaII()(f) is a Ag-null
set, we see that (1) holds if % and ¥¥ are non-singular. However, Example A in
introduction shows that some smoothness condition on f is needed.

(b): Condition (2) is a growth condition on f. Let a, ¢ > 0 be positive numbers
and let ¢ : [0,00) — [0, 00) be an essentially increasing function satisfying Ev (e +
X)) + Ev(e+ ||Y]]) < oo and [f(z)| < at)(||z]|) for all z € RE. Since K is
bounded and v is essentially increasing, it follows easily that f satisfies condition
(2) with ¢(t) := (e +t).

(c): Let Ax denote the largest eigenvalues of ¥, let vx denote the multiplic-
ity of Ax and let rx denote the rank of the covariance matrix £¥X. Let p > 0 be a
given number and set ¢(t) = (14 ¢) P e2x #* for all t > 0. By Lemma 2.7, we have
p>rx = E¢(]|X|]) < o = p > vx. Since, the Slepian inequality implicitly
requires finiteness of E|f(X)| and E|f(Y)|, we see that the growth condition (2)
is close to be optimal.

(d): Let ¢ : [0,00) — R be an increasing convex function and set Q(x) :=
maxi<; j<k |7; — x| and f(z) = p(Q(x)) for all z = (z1,...,7x) € R*. Fernique
(see Theorem 2.1.2 p. 18 in [2]) has shown that =)} < w5 Vi,j € [k] implies
Ef(Y) < Ef(X). Note that 75 = 71X = 0 and f(x + te) = f(x) for all (t,z) €
R x RF and in Corollary 4.5 below, we shall see that 0i; f <0 for all ¢ # j. Hence,
we see that (5) is an extension of Fernique’s version of Slepian’s inequality.

3. Integral orderings

In this section we shall study an extension of the integral ordering to the set
of finitely additive contents. Let (S,.A, 1) be a content space; i.e., A C 2° is an
algebra on the set S and u : A — [0, 00] is a finitely additive set function satisfying
w(@)=0.If D C S, welet u*(D) = infaca a>p p(A) denote the outer content of
D. We let TM (1) denote the set of all totally p-measurable real-valued functions
(see Def. I11.2.10 p. 106 in [1]), and we let L' (1) denote the set of all u-integrable
functions (see Def. I11.2.17 p. 112 in [1]). If f, f1, fa, ... € RS, we write f,, —* f if
w(|f—fnl >¢) = 0foralle > 0 (see Lem. I11.2.7 p. 104 in [1]). If f,g: S — R, we
write f < g pra.e. if u*(f > e+g) = 0 for all e > 0. Note that u*(f > ¢g) = 0 implies
f < g p-a.e. and the converse implication holds if x is a measure. If f : S — R,
we let

[Ffdu = inf{ [cpdp|¢ec L'(w), f < p-ae } (infl:= o)

[, fdp:=sup{ [godp | ¢ € L'(n),¢ < f p-ae. } (supf:=—o0)
denote the upper and lower u-integral of f; see [4]. We say that & C RS is uniformly
p-integrable if for every e > 0 there exists h € L'(u) such that [*(|¢| —h)T du < e

for all ¢ € ®. If 11 is a measure and ® C L(u), then the reader easily verifies that
uniform integrability as defined here coincides with the usual definition of uniform
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integrability; see for instance, (3.22.34) p. 187 in vol. 1 of [3]. Let f, f1, fo,... € R®
be given functions. Then we write f <, liminf f, if and only if

pAN{S > 1}) <liminf p"(AN{fn > s}) Vs <t VA€ A

We define A° := {A € A| u(A) < oo} and we write limsup f, <, f if and only if
limsup p*(AN{fn > t}) <p (AN{f>s}) Vs<tVAe A

n—oo

Recall that L'(u) € TM(u) and if ¢ € TM(u), then we have
(3.1) (f—=fa)t =2 0= f <, liminf f,, = (f + ¢) <, liminf(f,, + o).
(3:2)  (fa— )T =" 0= limsup f, <, f = limsup(fn + ¢) <u (f + ).

Set fi«(s) = liminf, o fn(s) and f*(s) = limsup,_, ., fn(s) for all s € S. If
(S, A, p) is a measure space, then we have

(3.3)  f« <, liminf f,.
(3.4) If f1, f2,... are p-measurable, then limsup f, <, f*.

If £ C 2% we let W(S, L) denote the set of all functions f : S — R such that
for all y > x there exists a set L € LU {0}, S} satisfying {f >y} C L C {f > x},
and we let W (S, £) denote the set of all functions f : S — [0, 00) such that for all
y > x > 0 there exists a set L € LU{0} satisfying {f >y} C L C {f > z}. We say
that ® C RS is (1)-stable if sup,,~; ¢, € ® for every increasing sequence (¢,) C ®
satisfying sup,,~; ¢n(s) < oo for all s € S, and we say that ® is sequentially closed
if for every pointwise convergent sequence ¢1,¢s,... € ® we have ¢ € & where
@(s) = limp 00 Pp(s) for all s € S. We let L4 denote the set of all sets of the form
U2, L,, for some increasing sequence (L,) C LU {0} and we let £ denote the
set of all sets of the form N2, L,, for some decreasing sequence (L,) C LU{0}. If
feWwW(S, L), then we have

(3.5) {f>t}eLly Vt>infses f(s), {f >t} € Ly Vit >infseq f(s).

If £ is a o-algebra on S, then W (S, L) = M(S, £). If S is a topological space and
L is the set of all open (closed) subsets of S, then W (S, £) is the set of all lower
(upper) semicontinuous functions. If (S, <) is a proset and L is the set of all upper
intervals, then W (S, £) = In(S, <).

Lemma 3.1. Let S be a non-empty set and let & C Ri be a (1)-stable, convex cone.
Let J C R be an interval with interior J° and let h : J — R be a continuous,
increasing, convex function such that inf,cyh(x) = 0. Let f : S — J be a given
function satisfying (f — clg)t € ® for all c € J°. Then we have ho f € ®.

Proof. Let a = inf J and b = sup J denote the endpoints of J. If a = b, then the
lemma holds trivially. So suppose that a < b and set 0.(t) = (t —¢)* for all t € J
and all ¢ € R. Let I denote the convex cone generated by {6, | ¢ > a} and let us
define

ho(t) =sup{y(t) | v € I',v(s) < h(s) Vse J} Vte
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Then hg is an increasing, convex function satisfying 0 < ho(t) < h(t) for all t € J
and since hg is lower semicontinuous on J, we have that hg is continuous on J.
Let a < ¢ < b be given. Since h is convex, we have that the right-hand derivative
r = limg hi@ T)fg(c) exists and is finite and satisfies h(c) +r (z — ¢) < h(z) for all
x e J. Set v(z) := (h(c) + 7 (z —¢))* for all x € J. If r = 0, we have h(z) > h(c)
for all x € J and since infze s h(x) = 0, we have h(c) = 0 = () for all z € J.
If r > 0, we have v = 76, where u = ¢ — ") and since infycsh(z) = 0 and

c+ h(T) h(e) > x > a for all x € J, we have u > a. Hence, in either case, we
have ~ €T and ~v(z) < h(z) for all z € J. Since y(c) = h(c ) > ho(c), we have
ho(c) = h(c) for all ¢ € J° and so by continuity of h and hg, we have h = hyg.

By Lindel6f’s theorem there exist 1,72, . .. € I' such that h(x) =sup,,;>; yn(x)
for all 2 € J. Set hy,(z) = max(y1(x), ..., Vn(2)) for 2 € J and n > 1. Note that T
is the set of all increasing, continuous, convex, piecewise linear functions v : J — R
satisfying inf,c; v(x) = 0. In particular, we see that h,, € T and that h,,(z) T h(x)
for all z € J. By assumption, we have 6. o f € ® for all ¢ € J° and since 6, = 0
for ¢ > b and @ is an (1)-stable convex cone, we have yo f € ® for all y € I'. In
particular, we have hy, o f € ® for all n > 1 and since hy,(f(s)) T h(f(s)) for all
s €S, wehave ho f € ® O

Lemma 3.2. Let (S, A, i) be a content space and let f, f1, fo,...: S — R be given
functions. If {f;7) | n > 1} is uniformly p-integrable, then we have

(1) limsup fn, <, f = limsup [~ fodp < [* fdp.
n— oo
If {f,7) | n > 1} is uniformly p-integrable, then we have
(2) f <, liminf f,, = [ fdu < liminf [* f,dp.
n—oo

Proof. Suppose that limsup f, <, f and that {f; | n > 1} is uniformly u-
integrable. If [* f du = oo, then (1) holds trivially. So suppose that [~ fdu < oo
and let ¢ € L'(u) be given function satisfying f < ¢ p-a.e. Set g = f — ¢
and ¢, = fn, — ¢. Let € > 0 be given. Since g < fI + ¢, we see that (g,")
is uniformly p-integrable. Hence, there exists 1 € L'(u) such that 1 > 0 and
[ (gt —¢)tdu < § for all n > 1. Since ) € L} ( ), there exist positive numbers
8, ¢ > 0 such that fs Y A)dp < § and [¢(1 tdp < 5. Since p* (v > §) < oo,
there exists F' € A such that {¢ > §} C F and ,u( ) < co. Let n > 1 be given.
Since S\ F C {¢ < §} and g7 <+ (g, — )", we have
S ls\rgfdu < [T AS)du+ ["(gf —v)dn < 5 +5 =

Set hy, = 1p g and Q,(t) = p*(hy, >t) for t € Ry and n > 1. Let t > 0 be given.
Since f < ¢ p-a.e., we have p*(g > t) = 0 and by (3.2) we have limsup g, <, g.
Since {h,, >t} = Fﬁ {gn >t} and u(F) < oo, we have Q,(¢t) — 0 for all ¢ > 0.

Let n > 1 be given Then we have 0 < h,, < gt < (g7 — )" + 1 and so by
Theorem 2.1.(7) in [4] we have

| @ude= [ hadus [at -t ans [vausss [ o
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Since 0 < h < g;, we have (h, —c¢)" < (g; —¢)" + (¢ — ¢)* and so by Theorem
2.1.(7) in [4] we have

/Qn t)dt = /Qnt+cdt /(h o)t du

_/(gi )t du+/s(w—c)+du< +o=¢

Since 0 < hy, < g7 < (g7 — )" + ¢, we have hy, A6 < (g — )T + (¢ Ad) and
so by Theorem 2.1.(7) in [4] we have

/OéQn(t)dtZ/*(hn/\é)du</*(g;f_¢)+du+/*w+/\5)dﬂ<g.

Hence, for every € > 0 there exist positive numbers ¢, § > 0 satisfying

oo &

sup/ Qn(t)dt < oo | sup/ Qn(t)dt <e, sup/ Qn(t)dt <e.
n>1J0 n>1 n>1

Since @, is decreasing, it follows easily that {Q,, | n > 1} is uniformly A;-integrable

and recall that @, (t) — 0 for all ¢ > 0. Hence, by the Dunford-Pettis theorem (see

(3.23) p. 189 in [3]) we have

*

0= lim Qn(t)dt = lim hy d

n—oo 0 n— oo

and since g;" = hy, + 1g\p g;f, we have

S fndp < [qddu+ [“gf dp < [gopdu+ [Thndp+ ["1s\pg, dp.
Since f Ls\r gt dp < e for all n > 1, we have
limsup [*fodp < [q¢pdu+e Ve > 0.
n—oo

Letting ¢ | 0, we see that limsup [* f, du < [ @du for all ¢ € L () with f < ¢
p-a.e. Taking infimum over ¢, we obtain (1).

Suppose that f <, liminf f, and that {f,, | n > 1} is uniformly integrable.
Let ¢ > 0 be given. Then there exists ¢ € L'(u) such that ¢ > 0 and [*(f; —
P)tduy < eforallm > 1.Set g = f+ ¢ and g, = fn + ¢ and let us define
Q) =p (g>t) and Q,(t) = u*(gn > t) for t € R and n > 1. By (3.1), we have
Q(t) < liminf Q,(s) for all 0 < s < t and so we have Q(t) < liminf @,(t) for all
t € C(Q)N(0,00). Since @ is decreasing, we have R\ C(Q) is at most countable.
Hence, by Theorem 2.1.(7) in [4] and Fatou’s lemma we have

/ g dp = / Q(t) dt < liminf Qn( dt—hmmf/
0

n—oo

Since g, = (=fn — )" < (f, — @), we have (see Thm. 2.1.(5) in [4])
f g du=["gndp+ [ g7 du < e+ [“gndp
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and since ¢ € L'(u) and f = g + ¢, we have
[ fdu < [Tg" dp+ [sbdp < liminf([" g7 dp+ [gdp)
< . . * —_ . . * .
< 5+hnn_1>1£f(f Indp + [s& dp) 5—|—hnllrr_1>1or<1>ff fndp
Letting ¢ | 0, we obtain (2). O
Theorem 3.3. Let (S, A1, u) and (S, Aa,v) be content spaces and let us define

A={feRS| ["fau< [*fav}, L={LCS|u"(L)<v'(L)}.
Let f,g € R® be given functions. Then we have

(1) feAandge ANLY(v) = af +g€ A VaeR,.

(2) f (nls)eA vneN = feA.

(3) v(S) <oo, v(S)<u(S) and (f +nlg)T €A VneN = feA.
(4) Wi(S, E)CAandzf,u() v(S) < oo, then W(S,L) C A

()

5) If f1,fa,... € A are given functions such that (f, | n > 1) is uniformly

p-integrable, (f;F | n > 1) is uniformly v-integrable, f <, liminf f, and
limsup f,, <, f, then we have f € A.
(6) If p is a measure and [, fdp > —oo, then {h € A | h > f} is (T)-stable.

Let J C R be an interval with interior J° such that f(S) C J and let G : J — R be
an increasing, continuous, convex function such that inf,e; G(x) = 0. If (S, A1, p)
and (S, Aa,v) and (T, B,n) are measure spaces and A := Ay N As, then we have
(7) If u, v and n are o-finite and h € L*(u®@n) N LY (v ® ) is a given function
such that h(-,t) € AVt € T and h( ) E Ll( ) Vs € S, then we have
h" e AN LY(u) N LY (v) where h"(s fT
(8) If f € M(S,A) and (f —clg)" € A Ve e Jo, then GOf €A.

(9) If © C M (S, A) is sequentially closed, {¢p~ | ¢ € ®} is uniformly p-integrable
and {¢T | ¢ € ®} is uniformly v-integrable, then AN® is sequentially closed.

Proof. (1): Let f € A and g € AN L'(v) be given functions and let a > 0 be a
nonnegative number. Then we have (see [4]):

[Haf+g9)dp<a [ fdut["gdp<a [ fdv+ [ggdv < [*(af +g)dv

which proves (1).
(2) is an immediate consequence of Theorem 2.1.(6) in [4] and since

fV(-nlg)=(f +nlg)" —nlg,

we see that (3) follows from (1) and (2).

(4): Let f € WS (S, L) be given. Let y > = > 0 be given. Since ) € L, there
exists L € L such that {f > y} C L C {f > z}. Hence, we have p*(f > y) <
pw* (L) < v*(L) < v*(f > x) for all 0 < z < y and so we have p*(f > z) <
v*(f > x) for all x € Ry \ D where D is the set of all discontinuity points of
y ~ p*(f > y). Since y ~ p*(f > y) is decreasing, we have that D is at most
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countable and so by Theorem 2.1.(7) in [4] we have

/*fdu:/ooou*(f>t)dt§/ooou*(f>t)dt:/*fdu

which proves the first inclusion in (4). So suppose that u(S) = v(S) < oo and let
f e W(S, L) be given. Since {0, S} € L, we have (f +nlg)™ € W;(S,L£) C A for
all n > 1 and so by (3) we have f € A which completes the proof of (4).

(5): Suppose that the hypotheses of (5) hold. Then we have f* fndu <
f* fndv and so by Lemma 3.2 we have

[ fdu Slirginff*fnduglirginff*fndl/glimsupf*fndl/g [ fdv
n oo n o0 n—oo

which proves (5).

(6): Suppose that p is a measure and [, fdu > —oo. Let (h,) € A be an
increasing sequence such that h; > f and h, T h € R®. Since [, fdp > —o0, we
have f* f~dp < oo and since 0 < h,, < h] < f~, we see that {h,, | n > 1} is
uniformly p-integrable. Since h,, < h and h, € A, we have [~ h,du < [*h,dv <
f* hdv for all n > 1 and by (3.3), we have h <, liminf h,,. So by Lemma 3.2, we
see that [“hdu < [ hdv which proves (6).

(7): Suppose that the hypotheses of (7) hold. Since h € L*(p®n)NL ' (v®@n),
there exists a n-null set N C T such that h(-,t) € L*(u) N L (v) for allt € T\ N.
Since h(-,t) € A, we have [¢h(s,t) u(ds) < [qh(s,t)v(ds) for all t € T\ N and
by the Fubini-Tonelli theorem we have h” € L'(u) N L!(v) and

Jsh" dp = fT\Nn(dt)fSh(s, t) u(ds) < fT\Nn(dt)fSh(s, t)v(ds) = [Gh"dv.

Hence, we see that h7 € AN LY (u) N LY(v).

(8): Suppose that f € M(S,As) and (f — clg)™ € A for all ¢ € J°. Set
® = ANM(S, As). By (1) and (6), we have that ® is an (1)-stable cone. Let
¢, € @ be given and let me show that ¢ + ¢ € A. If f*(¢ + ) dv = oo, this is
evident. So suppose that [*(¢ + ) dv < oo. Since 1 > 0, we have [ ¢dv < oo
and since ¢ is nonnegative and v-measurable, we have ¢ € L(v), So by (1) we
see that ¢ 4+ 1 € ®. Hence, we see that ® is an (1)-stable convex cone containing
(f —clg)t € A for all ¢ € J° and so by Lemma 3.1 we have Go f € & C A.

(9): Suppose that the hypotheses of (9) hold and let h € R and (h,) C
AN®N M(S,A) be given functions satisfying h,,(s) — h(s) for all s € S. Since
® is sequentially closed, we have h € ® N M(S,.A). By (3.3)-(3.4), we have h <,
liminf h,, and h <, limsup h,, and since {h; | n > 1} is uniformly p-integrable
and {h;7 | n > 1} is uniformly v-integrable, we have h € A by (5). O

Theorem 3.4. Let A C M(RF B¥) be a non-empty set, let k : R¥ — [0,00] be a
Borel function and let u and v be Borel measures on RF satisfying

(1) 6xg €A Vo€ AN LL(N) Vg € CER), with [ gy =1.
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(2) k€ LY (u) N LY (v) and/ fdug/ fdv Yf e ANCZ(RF).
RFk Rk

Let K C R* be a bounded, starshaped, Borel set with non-empty interior and let
f € A be a locally A-integrable Borel function satisfying

(3) 3¢, 6 > 0 so that sup,cx |f(z+dy)| < cr(z) Vze RE.
(4) p(R*\ CLL(f) = 0= v(RE\ CL (/).
Then f € L'(u) N LY (v) and we have [g, fdp < [q. fdv.

Proof. Let f € ANLL () be a given function satisfying (3)-(4) and let ¢, > 0
be chosen according to (3). Since K has non-empty interior, there exists a function

CC’O(R’“)Jr such that {g # 0} C 0K and [, gd\, = 1. Let n > 1 be given
and set fo(x) = [qu f(@+ Y)g(y)dy for x € R¥; see Lemma 2.2. By (1) and
Lemma 2.2, we have f, € A ﬂ C2(RF). So by (2), we have [ f,du < [ f,dv for
all n > 1. By (3) and Lemma 2.2.(3), we have |f,(z)| < ck(z) for all z € R* and
all n > 1 and by (4) and Lemma 2.2.(4), we have f,, — f p-a.e. and v-a.e. By (2)
we have k € L'(u) N LY(v) and so by Lebesgue’s convergence theorem we have
feLY(u)n LY (v) and

fdp = lim fn dp < lim fn dv = fdv
RFE n— 00 n— 00 RE
which proves the theorem. O

4. Modular orderings

Let p and v be Borel probability measures on R* such that p <pg, v. In the
modern literature it is frequently claimed that this implies p <y, v; see for instance
[10]. Theorem 4.8 below shows that we do have [ fdu < [ fdv for a large class
of unbounded, supermodular Borel functions, and that we do have y <y, v if p
and v are discrete measures with finitely many mass points. However, Example
C of the introduction shows that this inequality may fail for some continuous,
linear, modular function f satisfying 0 < f < 2 p-a.s. and v-a.s. This shows
that a closer glance at the supermodular ordering is needed. This section will
be devoted to the study of supermodular functions and the modular orderings
introduced in the introduction. Recall that f : R¥ — R is supermodular if and
only if f(z Vy)+ flx Ay) < f(z) + f(y) for all z,y € RF. Here we shall use
an equivalent definition: f is supermodular if and only if AJA%f(z) > 0 for all
1 <i#j <k alazcRFandall s,t € Ry; see [8], where A? for i € [k] is
the difference operator A? f(z) = f(z + se;) — f(z) and A7AY is the second-order
difference operator:

AFALf(x) = f(x+ sei +tej) — fz + se;) — flz +tej) + f(x).

Let k > 1 be a given integer and let f : R¥ — R be a given function. If
i € [k], we write A;f > 0 if and only if Ajf(x) >0 for all s € R and all € R¥.
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If 4,5 € [k], we write A f > 0 if and only if AJALf(z) > 0 for all 5, € Ry and
all z € R*, and we write A;;f < 0 if and only if Ajj(—f) > 0. If 2 € R* and
i € [k], we let

f;(t) = f({E + (t — xi)ei) = f(xl, L1, 6 T, ,{Ek) Vie R

denote the partial function. Let “xxx” be a given property of a function of one
variable (such as “increasing” or “continuous” or “differentiable”). If 7 € [k] and
f : R¥ — R is a function of k variables, we say that f has “xxx” in the ith
coordinate if the partial functions f¥ has “xxx” for all # € R*. Note that f is
increasing if and only if f is increasing in each coordinate and that we have

A;f >0 & fis increasing in the jth coordinate.
Aijf >0 & .~ Aff(x) is increasing in the jth coordinate for all s > 0.
[ is supermodular if and only if A;; f > 0 for all 1 <1 # j < k; see [8].

f is convex in the ith coordinate if and only if A;;f > 0 and f has the
Baire property in the ith coordinate; see [20].

If i € [k] and # € R¥, we let

D; f(x) := limsup f(m+“e;’)_f(m) , D, f(x):=1lim i(r)lf f(m'HLii)_f(m)
u—r

u—0

D; f(z) := limsup f(m+“e;’)_f(m) , fo(a:) := limsup f('r'HLii)_f(m)
ul0 uT0

D f(z):= limiionf flatue)=f(z) Dif(z) = limTiOnf f(wﬂwqi)*f(w)

u
denote the right / left / upper / lower partial Dini derivatives of f at x; see [15].

Proposition 4.1. Let f : R¥ — R and ¢1,...,¢r : R = R be given functions and
set () := (p1(x1), ..., dr(zr)) and {(x) := Hle oi(x;) for alle = (x1,...,2) €

RF. Let J C R be an interval and let € : J — R be an increasing and convex
function. Let i,j € [k] be given integers. Then we have

(1) If ¢1,...,¢k are nonnegative, i # j and ¢; and ¢; are both increasing
(decreasing) on R, then we have A;;¢ > 0.

(2) If Ajjf > 0,40 # j and ¢; and ¢; are both increasing (decreasing) on R, then
we have Ay;(f o ¢) > 0.

(3) Let hy,...,hn, : RF = R and g : R® — R be increasing functions and set
h(z) := (h1(x), ..., ha(2)) for all z € R*. Then we have

Ajjhe >0 and Nppg >0 V1 <{l,m <n= A;j(goh)>0.

(4) If f(R*) C J and Ajj(f Va) >0Va € J, then Aj;(Eo f) > 0.
(5) If f(R*) C J, f is increasing and Aijf > 0, then A;j(Eo f) > 0.
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Proof. (1) and (2) are easy and well known. Let g and hy,...,h, be increasing
functions such that A;;jhe > 0 and Agpg > 0 for all 1 < ¢,m < n. Set () =
g(h(z)) for x € R¥. Let u,v > 0 and 2 € R be given and let us define y = z + ve;
and

h(x) h(x + uei) ) yO = h(y) ) yn = h(y + uei)
= (hi(z + uez) cshe(x Fue), hopr (), .. ha(x) VI<E<n
= (hi(y +uei), ..., he(y +ue;), hes1(y), ..., hn(y)) V1 <L <n.

Let 1 < ¢ < n be given and set u; := A¥hg(x) and vy := A¥hy(y). Then we
have g(z*) — g(z'~") = Apg(at") and g(y*) — g(y*") = Af"g(y*"). Since
he is increasing, we have u’ > 0 and recall that A;jhe > 0. Hence, by (4.2)
we have that z ~ A¥hy(z) is increasing in the jth coordinate and so we have
0 < up < vp. Recall that Agng > 0 for all m = 1,...,n. Hence, by (4.2) we
have that z ~ A}*g(z) is increasing on R™ and since < y and hy, ..., h, are
increasing, we have z/~! < y~!. Thus, we have Ay‘g(z‘~1) < A}*g(y*~!) and
since 0 < uy < vy and g is increasing, we have Az“g(yefl) < Azég(yefl). Hence,
we have

Alp(x) = g(a") — g(2°) =37 (9(@") — g2~ ") =S Apga™™)
<Y AT Y =3 (9 — 9 ) = g(y™) — 9(y°) = Alp(x + vey)

for all z € R* and all u, v > 0. In particular, we see that = ~ A¥e)(x) is increasing
in the jth coordinate for all v > 0 and so by (4.2) we conclude that A;;¢ > 0.
Thus, (3) is proved.

(4): Suppose that A;;(f Va) > 0 for all a € J. Let ®;; denote the set of all
functions F : RF — R such that Ai;F > 0. Then ®;; is a pointwise closed, convex
cone containing all constant functions and since (f(x) —a)™ = (f V a)(z) — a, we
see that (f(-) —a)t € ®;; for all a € J. Since ¢ is increasing and convex on
J, there exist increasing, continuous, convex functions £1,&,... : R — R such
that & (t) — &(t) for all t € J and ¢y, = infiej&n(t) > —oo for all m > 1.
Then 0, (t) = &n(t) — ¢ 18 an increasing, continuous, convex function on J with
infye 7 Nm(t) = 0. So by Lemma 3.1, we see that 1, o f € ®;; for all m > 1 and
since My, () + ¢m = Em (t) — £(t), we have A;;(£o f) > 0.

(5): Suppose that f is increasing with A;;f > 0 and let &1,&2,... : R = R
be chosen as above. By (4.4), we have A11&,, > 0 and so by (3) applied with
n:=1and (g, h1) := (&m, f), we see that A;;(&y o f) > 0 for all m > 1 and since
Em(f(x)) = &(f(2)), we have A (§o f) > 0. O

Proposition 4.2. Let f : R* — R be a supermodular function. If i € [k] and
s,t € R, then we have

(1) &~ fE(t)— fF(s) is increasing on R¥ if s <t and decreasing on R¥ if t < s.
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Let us define o(z,y) = {i € [k] | #; < yi} for v = (v1,...,2%) € RF and y =
(y1,--.,yr) € RF. Let us define

Fu@) = f(@va) = ¥ folava) . F@)= fana) = ¥ folz Aa)

for all a = (ay,...,ax) € R¥ and all x = (21,...,7x) € RF. If a < b and
x,y € [a,b] are given vectors, we have

2) f@)—fy) < X (F=) - )+ X () — )

i€o(z,y) i€o(y,x)

B3) 1f(z) = fly)] < fEllf{‘(xi) — [ i)l + Zk)l (i) = (i)l

(4) f is modular if and only if there exist functions fi,..., fr : R = R such that
fu) = fi(uy) + -+ fu(ug) for allu = (uy,...,us) € R*.
(5) F, is increasing and supermodular and F* is decreasing and supermodular.

Proof. (1): Let 1 < i # j < k and s,t € R be given such that s < ¢. Then u :=
t —s >0 and by (4.2)—(4.3) and supermodularity of f, we have that © ~ A¥ f(x)
is increasing in the jth coordinate. Since fF(t) — fF(s) = A¥ f(x + (s — x;)e;), we
see that * ~ f¥(t) — f¥(s) is increasing in the jth coordinate for j # ¢ and since
x ~ fE(t) — fF(s) is constant in the ith coordinate, we see that © ~ f¥(t) — f¥(s)
is increasing if s < t. Interchanging s and ¢, we see that x ~ f¥(t) — f¥(s) is
decreasing if ¢ < s.

(2)-(3): Let 2,y € RF be given vectors and set zy = z, 2, = y and z; =

(Y1, -+ Yi, Tit1,---, k) for 1 <4 < n. Then we have
(i) f(z) = fly) = ; (F(zi1) — f(20)) = ; (F7 (i) — f7(42))-

Let a,b € R* be given vectors such that z,y € [a,b]. Since a < z; < b, we
have f7(x;) — f7(yi) < fi'(z:) — f(yi) for all i € o(x,y) and f7(2;) — 7 (y:) <
fi (@)= fP (yi) for alli € a(y, ). Since fi* (;)— f* (y:) = 0 fori ¢ o(x,y)Ua(y, ),
we see that (2) holds. (3) is an immediate consequence of (2).

(4): So suppose that f is modular. By (1), there exist functions g1,..., gk :
R — R such that f#(t) — f¥(0) = gi(t) for all (t,7) € R x R¥ and all i € [k].
So by (i) with y = (0,...,0), we see that f(z) = f(0,...,0) + Zle gi(z;) which
proves the “only if” in (4). The “if” part is evident.

(5): Let « < y be given. Then we have ¢ < xVa <y V a and so by (2) with
b:=1y Va, we have

k
fleva) = flyva) <3 (ff (@ Vai) = iy Vai)).
Hence, we see that F, is increasing. In the same manner we see that F'* is decreas-

ing. By Proposition 4.1.(2) we see that f(z V a) and f(z A a) are supermodular.
So by (4) we see that F, and F* are supermodular. O

Proposition 4.3. Let f : R¥ — R be a supermodular function. Let D C RF be a
given set satisfying Uyeplu, x| = R¥ = Uyeplx,u]. Let Ay, ..., Ay be o-algebras
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on R, let u; be a finite measure on (R, A;) fori € [k] and let A=A ®@---Q Ay
denote the product o-algebra on RF. Let i,..., 7, be topologies on R and let
T =7 X -+ X 73, denote the product topology on R*. If ¢ = (c;,...,cx) is a given
vector such that ¢; admits a bounded T;-neighborhood for all i € [k], then we have

(1) If f* is A;-measurable Vu € D Vi € [k], then f is A-measurable.

(2) If f¥ is Ti-continuous at ¢; Yu € D Vi € [k], then f is T-continuous at
c=(c1y...,ck).

(3) If f#* € L (p;) Yu € D Vi € [k], then f¥ € L'(u;) Vo € RF Vi € [k].

Proof. Since R*¥ = Uuep [a, *] there exists a” = (af,...,a}) € D for n > 1 such
that a7t < a? < —n for all n € N and all i € [k] and since R¥ = U,ep [*, 0]
there exists b = (b},...,b}) € D for n > 1 such that n < b} < b?“ foralln e N
and all i € [k]. Set C,, = [a",b"] for all n > 1. Then we have C,, T R* and by
Proposition 4.2.(3) we have

@) 1f (@) = f@l < X1 () = £ (i)l + é 7" (i) = £ ()]

=1

ko

for all z,y € C,,. Suppose that f}* is A;-measurable for all uw € D and all i € [k].
Since f&" and f?" are A;-measurable for all n € N and all i € [k], it follows easily
that fis (A; ® - - - ® Ag)-measurable.

(2): Suppose that f* is continuous at ¢; for all v € D and all i € [k]. By
assumption, we have that ¢; admits a bounded 7;-neighborhood G; fori =1,... k.
Since a! < —n < 0 < n < bP, there exists ¢ € N such that G; C [a],b]] for all
i € [k]. Then G := G X - -+ x G}, is a T-neighborhood of ¢ such that G C [a?, bY]
and f¢* and f¥" are 7;-continuous at ¢; for all i € [k]. So by (i) we see that f is
T-continuous at c.

(3): Suppose that fi* € L'(u;) for all w € D and all i € [k], Let + € R* and
i € [k] be given. Then there exists n > 1 such that = € [a™,b"]. So by Proposition
4.2 (1) we have

2@ = FRO< @) = [ O]+ 177 (1) = £7(0)] Ve eR

and by (1), we see that f7 is ju;-measurable. Since (R, A;, 11;) is a finite measure
space and ¢ and f*" belong to L'(u;), we see that f¥ € L(yu;). O

Theorem 4.4. Let f : RF — R be a given function and let i,j € [k] be given
integers such that f is continuous in the ith coordinate. Then we have

(1) f Mt eR|Dif(x+te;) <0)=0and {t e R | D;f(x +te;) = —c0} is at

most countable for all x € RF, then f is increasing in the ith coordinate.

L : ¢
Let Dy denote one of the siz Dini operators DZ, D}, D,, Df, D; or D;. and let
us define

I = {t e R| Dj f(z + te;) > 0}, Ji; = {te R| Dj f(z +tej) < 0}
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for all x € R*. Suppose that DY f(z) is finite for all x € R*. If J C R is an
interval containing f(R¥) and ¢ : J — R is an increasing convex function, then
we have

2) Ajif >0« D?f(x) is increasing in the jth coordinate.
J 7
(3) If Aijf >0 and t ~ f(x +te;) is increasing on I, and decreasing on J3;
for all z € RE, then Aj;(Eo f) > 0.
(4) If Aijf <0 andt ~ f(x +te;) is decreasing on I} ; and increasing on J,
for all z € R¥, then A;j(€o f) <0.

Proof. (1) follows from Theorem VI.7.3 p. 204 in [15]. So let Df be one of the six
Dini derivatives and suppose that D¢ f(x) is finite for all z € R*.

(2): Suppose that A;jf > 0 and let z € R¥ and s > 0 be given. By (4.2)
we have that t ~ A] f(x + te;) is increasing on R and so we see that DY f(z) is
increasing in the jth coordinate. Conversely, suppose that Df f(x) is increasing in
the jth coordinate. Let v > 0 and = € RF be given and set g(t) := Al f(z+tei) =
flrx+ue;+te;)— f(x+te;) for all t € R. Since f is continuous in the ith coordinate,
we have that g is continuous on R and since Df f(x) is finite and increasing in the
jth coordinate, it follows easily that we have

Dg(t) > Dg f(x + uej + te;) — Dy f(x +te;) >0 Vt € R.

Hence, by Theorem VI.7.3 p. 204 in [15] we see that g is increasing; that is, A f
is increasing in the jth coordinate and so by (4.2) we have A;; f > 0.

Let ¢ : R — R be a continuously differentiable, increasing, convex function
and set h = ¢ o f. Let € R be given. Then we have

Ash(z) = /¢> )+t Alf(z))dt VseR

and since f is continuous in the ith coordinate and ¢’ is increasing, nonnegative
and continuous we have

(i) D{h(x +te;) = D5 f(x +tej)d' (f(x + te;)) VteR.
Suppose that A;; f > 0 and that t ~ f(x +te;) is increasing on [{"; and decreasing
on J; for all z € R*. By (2), we have that t ~ D f(x + te;) is increasing on R.
Let € R* be a given vector, let s < t be given numbers and let me show that
D¢h(x + se;) < Dh(x + tej).

Suppose that s € I7;. Then we have 0 < D7 f(z + se;) < D f(z + tej)
and so we have s,t € I?; and f(z + se;) < f(z + te;). Since ¢’ is increasing
and nonnegative, we have 0 < ¢'(f(x + se;)) < ¢'(f(x + te;)). So by (i) we have
D{h(x + se;) < DYh(x + tej).

Suppose that ¢ € J7;. Then we have DY f(z + se;) < D7 f(z + tej) < 0
and so we have s,t € J$ and f(xz + tej) < f(z + se;). Since ¢’ is increasing
and nonnegative, we have O < ¢ (f(x+te;)) < ¢ (f(x + sej)). So by (i) we have
D¢h(x + se;) < Dh(x + tej).
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Suppose that s ¢ [}, and t ¢ J,. Then we have Dy f(z+se;) < 0 < D7 f(z+
te;) and so by (i) and nonnegativity of ¢’, we have DY h(z+se;) < 0 < DYh(z+te;).

Hence, in all cases we have D{h(x + sej) < D{h(z + te;) and so we see that
D¢h(x) is increasing in the jth coordinate. So by (2), we have A;;(¢p o f) > 0.
Since £ : J — R is increasing and convex, there exist continuously differentiable,
increasing convex functions &1,&2,... : R — R such that &, (t) — £(¢) for all
t € J. By the argument above, we have A;;(&r o f) > 0 for all m > 1 and since
Em(f(x)) = &(f(2)), we see that Ayj(€o f) > 0. Thus (3) is proved and (4) follows

in the same manner. O

Corollary 4.5. Let ¢1,...,¢r : R — R be given functions which are either all
increasing or all decreasing and let us define ¢(x) = (¢1(x1), ..., dr(xk)) and
M = i = mi i = i 4y
k() maxs m(z) min @ Qr(z) max s — ]
for all x = (x1,...,7) € R¥. Let ¢ : R — R be an increasing function and let
€:[0,00) = R be an increasing convez function. Then we have
(1) My(z) and G(z) := »(Mi(p(x))) are submodular.
(2) mg(z) and F(x) := p(mi(p(x))) are supermodular.
(3) Qr(z) and H(x) := &£(Qr(¢(x))) are submodular.

Proof. Let z,y € R¥ be given. Then we have My(z V y) = M (z) V Mi(y) and
since My, is increasing, we have My (x A y) < Mg (x) A Mg (y).
Hence we have

Mi(z Vy) + My(x Ny) < My(2) V My(y) + My(2) A My(y) = My(2) + My (y)-

Hence, we see that (1) follows from Proposition 4.1 and since my(x) = — My (—x),
we see that (2) follows from (1) and Proposition 4.1. Since Qg (z) = My(z) —my(x),
we see that @y, is submodular. Let 1 < # j < k be given and set m;; = [k]\ {7,5}.
Let + = (x1,...,2,) € R* be given and set M;; = max,er,; v, and m;; =
minyer,; ¥, with the usual conventions sup @ := —oo and inf @ := +00. Then we
have D:Qk(a:) =1lifz; > z; vV My, D:Qk(x) =0if z; Amy; <z < x; V M;; and
D;Qn(x) = —1if x; < £; Amyj. So by Theorem 4.3.(4), we have Ay;(€ 0 Q) < 0.
Hence, we see that (3) follows from (4.3) and Proposition 4.1. O

Lemma 4.6. Let D C R be a countable set and let £ denote the topology on R
generated by {(a,b] | a,b € RYU{G | G C D}. Let ©(R¥) denote the set of all
0 : R* — RF of the form 0(xq,...,xx) = (01(x1),...,0k(zk)) for some increasing,
right continuous step functions 601,...,0 : R — R. Let & C RE" be a non-empty
set and let f : R¥ — R be a given function satisfying

(1) ® is sequentially closed and fof € & V0 c O(RF).

(2) f is £p-continuous in the ith coordinate for alli=1,... k.

Then we have f € ® N M(RF, B¥). More precisely, f € ® and f is of Baire class
k+1. Let F,H € M(RF,B¥) be given functions satisfying
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(3) 36 > 0 so that F(x) < f(x —y) < H(z) Vaz € R* Wy €[0,4]*
and let § denote the set of all locally bounded, right continuous functions h : RF —

R such that F(x) < h(z) < H(z) for all z € RF. Let pn and v be Borel measures
on RF satisfying

(4) FeL'(u), He L*v) and [“¢pdu < [¢pdv Yo € dNF.
Then we have f € L' (1) and [g, fdp < [* fdv < oc.

Remark. (a): Note that g : R — R is ¢p-continuous if and only if g is left continu-
ous at z for all z € R\ D. Recall that g : R — R is a right continuous step function
if and only if there exist numbers (¢; | @ € Z) such that ¢; < ¢;41 for all ¢ € Z,
SUp;cyz ¢ = 00, inficz ¢; = —oo and g(t) = g(¢;) for all t € [¢;, ¢ci+1) and all ¢ € Z.

(b): Let T be a topological space and let h : T' — R be a function. Recall
that h is of Baire class 0 if h is continuous and that h is of Baire class « for some
ordinal o > 0 if and only if h is a pointwise limit of a sequence of functions of
Baire class < a.

Proof. Let F1 C E5 C --- C R be an increasing sequence of finite sets such that
E, 1 D and set D, = E, U{i27" | i € Z} and 0,(t) = sup (D, N (—o0,t])
for all n > 1 and all ¢t € R. Then 0, is an increasing, right continuous, step
function and we have t — 27" < 0,,(t) < 0p41(t) < tfor allm > 1 and all t € R.
Let 01,...,00, € N and # = (z1,...,2) € R" be given and set f¥  (z) =
f(001 (.’El), ceey adk (xk)) and

;lg(x) = f(bs,(z1),...,00,(xi), Tix1,...,2x) forl<i<k.

Note that 6,,(t) = t for all t € E,, and all n > m. Since E,, 1 D, we see that
0,.(t) — t in £p and so by (2) we have

rreia ()= MW fo o (@) VI<i<k, f(z)= lim f5, ().

o1 —00

By (1), we have f(’fl
®. Since 6, is a right continuous step function, we see that ffjl

€ ¢ and since ¢ is sequentially closed we see that f €

3Ok
Ok is a right
continuous, locally bounded Borel function on R*. So by Lemma 2.2 we see that

51,...,% is of Baire class 1. Hence, we see that f is of Baire class k + 1.

Let ¢ and v be Borel measures on R* and let F € L'(u) and H € L'(v)
be given functions satisfying (3)—(4). Let 6 > 0 be chosen according to (3) and
let ¢ € N be chosen such that 277 < §. Let A denote the set of all functions
h: R* — R satisfying [“hdu < ["hdv and set ¥ = {4 € ® | F < ¢ < H}. By
(1), we see that W is sequentially closed and since F' € L(u) and H € L'(v), we see
that {¢~ | ¢ € ¥} is uniformly p-integrable and that {1)* | ¢ € U} is uniformly
v-integrable. By Theorem 3.3.(9), we have that AN ¥ N M (RF, B¥) is sequentially
closed. Let o1,...,0, > ¢ be given integers. Since 6,, is a right continuous, step
function satisfying ¢ — 0 < 0,(t) < t for all n > ¢ and all ¢ € R, we have

Koo, €ONFNM(RF, BF). Soby (3)—(4), we have f% . € AnUNM(R*,B)

T geeny
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for all o1,...,0, > q and since A N¥ N M(R*, B¥) is sequentially closed, we see
that f € AN ¥ N M(R*, B*). Hence, we have

—o0 < qug/fdﬂg/fdug/fdug Hdy < oco.
RFE * RF

So by Theorem 2.1.(8) in [4] we have f € L'(y) and [g, fdu < [* fdv <oo O

Theorem 4.7. Let j1 and v be Borel probability measures on RF with one-dimen-
stonal marginals py, ..., we and vy, ..., v, respectively. Then we have

(1) p=pmV & ui=v; for i=1,... k.

(2) fdp < / fdv Vf e CFRF) Nism(RF) < g <igm v
RF RF

) [ fdus [ fdvvpeCERYNmEY) S u S
Rk Rk

(4) 1 Sbsm ¥V € 1 Sism ¥ and p Spm V.

(5) / Fdp < / Fdv Vf € CRRF) Nsm(RF) < p <pum 1.
RE RE

Proof. Throughout the proof we let A denote the set of all functions f : RF - R
satisfying [* fdu < [* fdv. (1) follows easily from Proposition 4.2.(4).

(2): Suppose that Cp°(R¥) Nism(R*) C A. Let Cp denote the set of all
bounded, right continuous functions on R* and set x(z) = 1. Then (ism(RF), »)
satisfies conditions (1)—(2) in Theorem 3.4 and so we conclude that C} Nism(R¥) C
A. Let f € B(R*)nism(RF¥) be given. Then there exists ¢ > 0 such that |f(z)| < ¢
for all x € R*. Let A C RF be a countable dense subset of R¥. Since fitis
increasing, there exists a countable set D C R such that R\ D C C(f*) for all
i € [k] and all v € A. Hence, by Proposition 4.2.(3), we have R\ D C C(f})
for all 4 € [k] and all u € R* and so we see the (f, D) satisfies condition (2)
in Lemma 4.6. By Proposition 4.1.(2) we see that (ism(R*, f) satisfies condition
(1) in Lemma 4.6. Since Cj Nism(R¥) C A we see that f satisfies condition (3)—
(4) in Lemma 4.6 with F(x) = —c and H(xz) = c. Hence, we have f € A for
all f € B(RF) Nism(R¥). Let f € ism(RF) be given. Set b™ = (m,...,m) and
fmn(x) = f(xAb™)V(—n) for allm,n € N and all x € R¥. Then f,, , is increasing
and bounded and by Proposition 4.1, we have that f,, , is supermodular. Hence,
we have fp, , € A. Since f is increasing, we see that —n < f1, < fo, < -+ and
Sup,,>1 fmn(x) = f(x) V (—n) for all 2 € R*. So by Theorem 3.3.(8) we see that
f(x)V (=n) € A for all n € N and so by Theorem 3.3.(2) we have f € A; that is,
1t =ism ¥ which completes the proof of (2).

(3): Suppose that C2°(R*)Nm(R*) C A and let i € [k] be given. By Proposi-
tion 4.2.(4), we have [ ¢u; = [ ¢v; for all ¢ € Cp°(R) and so we have p; = v;.
Hence, we see that (3) follows from (1).

(4): The implication “=" in (4) follows directly from (2). Suppose that @ <ism
v and g <pm v and let f € bsm(R¥) be given. Set a™ = (—n,...,—n) for n > 1.
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By Proposition 4.2.(1) we have that the limits
ai(t) := lim (f7" (1) = [ (0))

exist and are finite for all ¢ € R and all ¢ € [k]. Since f is a bounded Borel
function, we see that «; is bounded Borel function. So by Proposition 4.2.(4),
we have that G(z) := Zle a;i(z;) is a bounded, modular, Borel function. By
Proposition 4.2.(5), we see that

M=

x f(xVa)—

(fi(zi v ai) = fi(0))

i=1

is increasing and supermodular for all a € R*. Hence, we see that F'(x) := f(z) —
G(z) is a bounded, increasing, supermodular, Borel function. Since p <igm v, we
have F € ANL'(u) N LY (v) and since p <pm v, we have G € ANLY ()N L(v). So
by Theorem 3.3.(1) we have f = F + G € A for all f € bsm(R¥) which completes
the proof of (4).

(5): Suppose that f € C°(R*) Nnsm(R*) C A. By (2) and (3), we have
1 =pm ¥ and f Sjsm V. So by (4) we have u <pgm V- O

Theorem 4.8. Let i and v be Borel probability measures on R* such that 1 =bsm V
and let iy, ..., px denote the one-dimensional marginals of . Let f : R¥ — R be
a supermodular Borel function and let us define fyc(z) = f(z V ¢) and fac(z) =
flx Ac) for all c,x € R*. If c € RF is a given vector, then we have

(1) If f is either increasing or decreasing, then f* fdu < f* fdv.

(2) If f¢ € L'(w;) for all i € [k], then we have [~ fyedu < [ fyedv and
f*f/\cd,u < f*f/\ch~

Let A, B C RF be given sets satisfying Useala, ] = RF = Upep[*,b]. Then we

have f* fdu < f* fdv if just one of the following three conditions holds:

(A) fo e LY (w) Vi€ [k] Va € A, {fya | a € A} is uniformly p-integrable and
{fd. | a € A} is uniformly v-integrable.

(B) fb e LY(w;) Vi € [k] Vb e B, {f, | b € B} is uniformly p-integrable and
{f%, | b € B} is uniformly v-integrable.

(C) There exist functions hy € LY (pu1),..., hyy € LY(ux) such that |f(z)] <
Zle hi(z;) for all v = (z1,...,71) € RF.

Proof. Throughout the proof, we let A denote the set of all functions h: R* — R,
satisfying [“hdu < ["hdv. We set f(z) = f(—=) for all z € R* and we set
i(B) = u(—B) and #(B) — v(—B) for all B € B*. Then ji and ¥ are Borel
probability measures on R¥ such that [ fdi = [ fdu and [ fdv = [ fdv. By
Proposition 4.1, we see that f is supermodular and that f <psm, U.

(1): Since yt <psm v, we have bsm(R¥) C A and by Theorem 4.7, we have
ism(Rk) CAand p; =v; fori=1,...,k where vy, ...,y are the one-dimensional
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marginals of v. Hence, we have f € A if f is increasing. Applying this to the triple
(f,fi, ), we see that f € A if f is decreasing.

(2): Suppose that f¢ € L(u;) foralli = 1,... kandset G(z) = Zle S(aV
c;) for all z = (z1,...,75) € R¥. By Proposition 4.2.(4), we have that G is a
modular, Borel function and since p; is finite, we have that f£(t V ¢;) belongs to
LY(u;). Since v; = p;, we have G € AN L(u) N LY (v) and by Proposition 4.2.(5),
we have fy.—G € ism(RF) C A. So by Theorem 3.3.(1) we have fy. € A. Applying
this to triple (f,/], V) with ¢ := —¢, we see that fa. € A.

Suppose that condition (A) holds. By (2), we see that fy, € A for alla € A
and since R¥ = U,ca [a, %], there exists a™ = (af,...,a}) € A such that a;""’l <
a? < —nforalln € N and all ¢ € [k]. Then we have fy,n(z) — f(x) and by (2) and
(A), we have fuan € A, {fy,n | n > 1} is uniformly p-integrable and {f,. | n > 1}
is uniformly v-integrable. So by (3.3)—(3.4) and Theorem 3.3.(5) we have f € A.

Suppose that condition (B) holds. Applying case (A) on the triple (f,/l,l?)
with A := —B, we see that f € A. Suppose that condition (C) holds. Since
h; € L% (w;), we see that f € L'(u;) for all z € R” and all i € [k]. Let £ be a
finite Borel measure on R. Then I claim that we have

(i) liminf /R () — h(t Vw)|é(dt) = 0 Vh e L'(€).

Proof of (i). Suppose that (i) fails. Then there exist h € L*(¢) and a positive num-
ber § > 0 such that liminf,|_ [g |h(t) — h(t V u)|&(dt) > 2. Since h € L'(§),
there exists ¢ € R such that

/ |h|d§<6and/|h h(tVu)|&(dt) >26 Yu<g.
q]

—0Q,

Let u < ¢ be given and set F¢(u) := &((—o00,u]). Then we have

26 h(t u)| €(d h d h(u)|Fe(u
< O —mevwlgan < [ ol + rwiRe)
< 5+ |h(w)| Fe(w)

and so we see that |h(u)| Fe(u) > 6 for all u < ¢. Set m = inf <, |h(s)| and let
s < ¢ be given. Since F¢ is increasing. we have § < |h(s)| F¢(s) < |h(s)| F¢(¢) and
so we have 6 < m F¢(q) and

S mE0) = [ mE@) < [ el <5

which is impossible. Thus, we see that (i) holds.
Let i € [k] be given. By (i) there exist numbers a} > a? > --- such that
al < —n for all n > 1 and

lim [ [hi(t) — hi(t V@) pa(dt) =0 Yi=1,...,k.
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Set a™ = (a},...,a}) and H(z) = Zle hi(z;) for & = (@1,...,2) € RF. Since
w; = v; and

o8

|H (x) — H(xVa")| < 3 |hi(xi) — h(z: V aif)|

i=1

we have
/ |H(z) — H(zVa")| p(dx) =0, / |H(xz) — H(z Va")|v(dz) — 0.

In particular, we see that {Hyg» | n > 1} is uniformly p-integrable and uniformly
v-integrable. Since |f(xVa™)| < H(xzVa™), we see that { fyen | n > 1} is uniformly
p-integrable and uniformly v-integrable. So by case (A) we have f € A O
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1. Introduction

Let X1,X5,... be a sequence of random variables, and for any choice of 1 <
k <l < oo we denote the partial sum S(k,1) = Zi:k X, and define M (k,l) =
max{|S(k,k)|,...,|S(k,1)|}. It turns out that under a variety of assumptions the

partial sums S(k, 1) will satisfy a generalized Bernstein-type inequality of the fol-
lowing form: for suitable constants A > 0, a > 0, b > 0 and 0 < v < 2 for all
m>0,n>1andt >0,

at?
P{|S(m+1,m+n)|>t}§AeXp{ n—i—bﬂ}' (1.1)
Kevei and Mason [2] provide numerous examples of sequences of random vari-
ables X7, Xs, ..., that satisfy a Bernstein-type inequality of the form (1.1). They
show, somewhat unexpectedly, without any additional assumptions, a modified
version of it also holds for M (1 + m,n+m) for all m > 0 and n > 1. Here is their
main result.

Theorem 1.1. Assume that for constants A > 0, a > 0, b > 0 and v € (0,2),
inequality (1.1) holds for all m > 0,n > 1 and t > 0. Then for every 0 < ¢ < a

The first author was supported by TAMOP-4.2.1/B-09/1/KONV-2010-0005 project and the
Hungarian Scientific Research Fund OTKA PD106181.
The research of the second author was partially supported by NSF Grant DMS-0503908.
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there exists a C' > 0 depending only on A,a, b, ¢ and v such that for all n > 1,
m>0andt>0,

n + bt

There exists an interesting class of Bernstein-type inequalities that are not
of the form (1.1). Here are two motivating examples.

P{M(m+1,m+n)>t}§Cexp{— g } (1.2)

Example 1. Assume that X7, Xs,... is a stationary Markov chain satisfying the
conditions of Theorem 6 of Adamczak [1] and let f be any bounded measurable
function such that Ef (X;) = 0. His theorem implies that for some constants
D>0,di >0and dy >0forallt >0and n>1,

_ Dt?
PUS(OIz <o (= B0 (13)

where S, (f) = i, f(X;), and D/d, is related to the limiting variance in the
central limit theorem.

Example 2. Assume that X, X5,... is a strong mixing sequence with mixing
coefficients a(n), n > 1, satisfying for some d > 0, a(n) < exp(—2dn). Also
assume that EX; = 0 and for some M > 0, | X;| < M, for all i > 1. Theorem 2 of
Merlevede, Peligrad and Rio [4] implies that for some constant D > 0 for all t > 0
and n > 1,

Dt?
P{|Sn| >t} < Dexp| — 5 | (1.4)
nv? 4+ M2+ tM (logn)

where S, = Y| X; and v? = sup;. (Var (Xi) +23 2,5, |cov (Xi,Xj)|) .

The purpose of this note to establish the following extended version of The-
orem 1.1 that will show that a maximal version of inequalities (1.3) and (1.4) also
holds.

Theorem 1.2. Assume that there exist constants A > 0 and a > 0 and a sequence
of non-decreasing non-negative functions {gn},~; on (0,00), such that for all t > 0
andn > 1, gn (t) < gnt1 (t) and for all0 < p <1

t2
lim inf Dgn (t) > = 00, 1.5
S A ”

n—oo

where the infimum of the empty set is defined to be infinity, such that for allm >0,
n>1andt>0,

at?
P{|S(m—|—1,m+n)|>t}<Aexp{—n+2n(t)}. (1.6)

Then for every 0 < ¢ < a there exists a C > 0 depending only on A, a, ¢ and
{gn}n21 such that for alln>1, m >0 and t > 0,

ct?
P{M(m+1,m+n)>t}<Cexp{—n+gn(t)}. (1.7)
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Note that condition (1.5) trivially holds when the functions g, are bounded,
since the corresponding sets are empty sets. However, in the interesting cases g,,’s
are not bounded, and in this case the condition basically says that g, (t) increases
slower than #2.

Essentially the same proof shows that the statement of Theorem 1.2 remains
true if in the numerator of (1.6) and (1.7) the function #? is replaced by a regu-
larly varying function at infinity f(t) with a positive index. In this case the t? in
condition (1.5) must be replaced by f(¢). Since we do not know any application of
a result of this type, we only mention this generalization.

Proof. Choose any 0 < ¢ < a. We prove our theorem by induction on n. Notice
that by the assumption, for any integer ng > 1 we may choose C' > Ang to make
the statement true for all 1 < n < ng. This remark will be important, because at
some steps of the proof we assume that n is large enough. Also since the constants
A and a in (1.6) are independent of m, we can without loss of generality assume
m = 0.

Assume the statement holds up to some n > 2. (The constant C' will be
determined in the course of the proof.)

Case 1. Fix a t > 0 and assume that

gn+1(t) < an, (1.8)

for some 0 < « < 1 be specified later. (In any case, we assume that an > 1.) Using
an idea of [5], we may write for arbitrary 1 <k <n,0<¢<1and p+q=1 the
inequality
P{M(1,n+1) >t} < P{M(1,k) >t} + P{|S(1,k+1)| > pt}
+ P{M(k+2,n+1) > qt}.
Let
_ -+ gnta(qt) = @Pgnia(t)
1+ ¢?

Note that © < n —1if 0 < a < 1 is chosen small enough depending on ¢, for n
large enough. Notice that

t2 2t2
_ 4 . (1.9)
U+ gnt1(t)  n—u+ gnyi(qt)

Set

k=u]. (1.10)
Using the induction hypothesis and (1.6), keeping in mind that 1 < k <n—1, we
obtain

P{M(1,n+1) >t} < Cexp? — N gepf W
" SUPU ka0 ) TP R L4 g 0t)

242
cq°t
+C€Xp{ n—k+9n—k(qt)}
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ct? ap?t?
<Cexpy — + Aex {— }
p{ k+gn+1(t)} PUTk+ 14 gosa (1)
242
cqt
+ Cexpq — . 1.11
p{ n—k+1h+ﬂﬁ)} (111

Notice that we chose k to make the first and third terms in (1.11) almost equal,
and since by (1.10)
2 - P12
kE+gni1(t) = n—k+gnti(qt)
the first term is greater than or equal to the third.
First we handle the second term in formula (1.11), showing that whenever
Int1(t) < an,

{ ap?t? } < { ct? }
exps — <expl — )
k +1+ gn+1(pt) n+1+ gn+1(t)

For this we need to verify that for g,+1(t) < an,

ap? - c
k+1+4gnti(pt) = n+1+4gnpa(t)
which is equivalent to

ap*(n+ 14 gny1(t)) > c(k + 1+ gns1(pt)).

(1.12)

Using that

1
5 [+ gns1(qt) = Pgnia(t)]

k=lu|l<u+1=1+
[ul < 144¢

it is enough to show

HER

T [gnH(t)apQ g~ (guer(at) — Ponna ()] > 0.

c
1+ ¢?
Note that if the coefficient of n is positive, then we can choose « in (1.8) small
enough to make the above inequality hold. So in order to guarantee (1.12) (at least
for large n) we only have to choose the parameter p so that ap® — ¢ > 0, which
implies that
9 c
1+ ¢?
holds, and then select o small enough, keeping mind that we assume an > 1 and
k<n-1.
Next we treat the first and third terms in (1.11). Because of the remark
above, it is enough to handle the first term. Let us examine the ratio of

Ce { —ct? } and Ce { —t? }
X X .
Pk + gnsa (1) P Un+ 14 guni(t)

ap >0 (1.13)
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Notice again that since u + 1 > k, the monotonicity of g,11(t) and g,+1(t) < an
implies

n t) — 271 t
ntl-k>n—u=n_ T Inr(et) = g (t)

1+ ¢?
= (1= gan(®)
- 1+ ¢?
2 2
s 4 —all—d)
1+ ¢?

=:cn.
At this point we need that 0 < ¢; < 1. Thus we choose a small enough so that
¢ —a(l —q¢*) >0. (1.14)
Also we get using gn+1(t) < an the bound
(0 + 1+ g1 (D) (k + gnr1(1) < 202(1 + 0)? = ean?,

which holds if n large enough. Therefore, we obtain for the ratio

exp {—ct2 ( 1 . 1 )} < exp {_ccth} < e_l,
E+gnyi(t) n+1+gngl(t) can

whenever cct?/(can) > 1, that is ¢ > \/can/(ccr). Substituting back into (1.11),
for t > \/can/(cc1) and gn41(t) < an we obtain

P{M(1,n+1) >t}

< (20 + A) exp{—ct®/(n + 14 gns1(t))} < Cexp{—ct?/(n+ 1+ gni1(1))},

where the last inequality holds for C' > Ae/(e — 2).
Next assume that ¢ < \/can/(ccy). In this case choosing C' large enough we
can make the bound > 1, namely

t2
Cexp< — ¢ > Cexp I S e e >1,
n+ 1+ gni1(t) cen

if C > ec2/e1,
Case 2. Now we must handle the case ¢, +1(t) > an. Here we apply the inequality

P{M(1,n+1) >t} < P{M(1,n) > t} + P{|S(1,n+1)| > t}.

Using assumption (1.6) and the induction hypothesis, we have

ct? at?
P{M(1,n+1)>t} <Cexp Tt n(t) + Aexp Tt gnn ()

<Coe ct? 4 Ae at?
X — X — .
=P gaa () PU n+ 14 gnia(t)
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We will show that the right side < Cexp{—ct?/(n + 1 + gn+1(t))}. For this it is
enough to prove

1 1
ex —ct2 —
p{ (n+gn+1<t> n+1+gn+l<t>)}

+ 4 ex {— t*a—c) }<1
C P n+1+gn+1(t) o

Using the bound following from g¢,+1(t) > an and recalling that an > 1 and
0 <a<l1, weget

(1.15)

2 a’t? 12

(0 + g1 )+ 1+ gus1 (1) = (1+0) (1 +20)gni1 (B2 P guyr ()2

and
t2(a —c) 2 ala—-c) t2

> =:
n+1+gny1(t) = gnri(t) 1420 Gn+1(t)
Choose § > 0 so small such that 0 < z < ¢ implies e—cesz’ <1-— 633 2.
For t/gn+1(t) > ¢ the left-hand side of (1.15) is less then

A
C’

C4.

6700352 +
which is less than 1, for C' large enough.
For t/gn+1(t) < ¢ by the choice of ¢ the left-hand side of (1.15) is less then

ces  t? N A { 2 }
€Xp 4§ — Cq 0,
2 gna(t)?  C In+1(t)

ces  t? - A { 2 }
expq — cqp-
2 gny1(1)* ~ C In+1(t)

By (1.5), for any 0 < 1 < 1 and all large enough n, gp41(t)1 {gn+1 (t) > an} < nt?,
so that for all large n, whenever g,4+1 (t) > an, we have

1—

which is less than 1 if

t? L,

gn41(t)*

and again by (1.5) for all large n, whenever
gni1 (t) > an,  £%/gnia(t) > (3/ca)logt.

Therefore for all large n, whenever g,11 (t) > an,

t2
ol e}
gn+1(t)

which is smaller than ¢t—2 02523, for ¢ large enough, i.e., for n large enough. The

proof is complete. O

)
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By choosing g, (t) = bt” for all n > 1 we see that Theorem 1.2 gives Theorem
1.1 as a special case. Also note that Theorem 1.2 remains valid for sums of Ba-
nach space-valued random variables with absolute value |-| replaced by norm || - ||.
Theorem 1.2 permits us to derive the following maximal versions of inequalities
(1.3) and (1.4).

Application 1. In Example 1 one readily checks that the assumptions of Theorem
1.2 are satisfied with A = D~! and a = D/d;

tdy

gn () = ;" logn.

We get the maximal version of inequality (1.3) holding for any 0 < ¢ < 1 and all
n>landt>0

P{; max Sm(f)}>t}<cexp (- ebt? ) (1.16)

1<m<n ndy + tds logn
for some constant C' > D~! depending on ¢, D™, D/d; and {gn}n21.

Application 2. In Example 2 one can verify that the assumptions of the Theorem
1.2 hold with A = D and a = D/v? and

tM 2
gn (t): ’02 + ’02 (logn) ’

which leads to the maximal version of inequality (1.4) valid for any 0 < ¢ < 1 and
allm>1landt>0

Dt?
P{ max |Sp| > t} <Cexp|— ¢ 5 (1.17)
1<m<n nv? + M? +tM (logn)

for some constant C' > D depending on ¢, D/v? and {gn}n21. See Corollary 24 of
Merlevede and Peligrad [3] for a closely related inequality that holds for all n > 2
and t > K logn for some K > 0.

Remark. There is a small oversight in the published version of the Kevei and
Mason paper. Here are the corrections that fix it.

1. Page 1057, line —9: Replace “1 < k <n” by “1 <k <n”.
2. Page 1057, line —7: Replace this line with
<P{M,k)>t}+P{S(L,k+1)>pt} +P{M(k+2,n+1) > qt}.
3. Page 1058: Replace “k+bp?t?” by “k+ 1+ bp?t?” in equations (2.4) and (2.5),
as well as in line —13.
4. Page 1058: Replace “ap® — ¢” by “ap® — 2¢” in line —9.
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Maximal Inequalities for Centered Norms
of Sums of Independent Random Vectors

Rafal Latala

Abstract. Let X1, X2,..., X, be independent random variables and Sx =
S°F | Xi. We show that for any constants ay,

P( max ||Sk| — ax| > 11t) < 30 max P(||Sk| — ax| > t).
1<k<n 1<k<n

We also discuss similar inequalities for sums of Hilbert and Banach space-
valued random vectors.
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60B11.

Keywords. Sums of independent random variables, random vectors, maximal
inequality.

1. Introduction and main results

Let X7, X5,... be independent random vectors in a separable Banach space F.
The Lévy-Ottaviani maximal inequality (see, e.g., Proposition 1.1.1 in [2]) states
that for any ¢t > 0,

<
P( max [ >3t) <3 max B(|Si] > 1), (1.1)

where here and in the rest of this note,
k
Se=)_ Xi fork=12,....
i=1

If, additionally, variables X; are symmetric then the classical Lévy inequality gives
the sharper bound

P(lm% 118k > t) < 2P(||S0l| > 1)

Research partially supported by MNiSW Grant no. N N201 397437.
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Montgomery-Smith [4] showed that if we replace symmetry assumptions by the
identical distribution then

P( max 1Sl > Cut) < CoB(ISa] > 1), (1.2)

where one may take C7 = 30 and Cy = 9.

Maximal inequalities are fundamental tools in the study of convergence of
random series and limit theorems for sums of independent random vectors (see,
e.g., [2] and [3]).

In some applications one needs to investigate asymptotic behaviour of cen-
tered norms of sums, i.e., random variables of the form (||S,| — an)/bn (cf. [1]).
For such purpose it is natural to ask whether in (1.1) or (1.2) one may replace
variables ||Sk|| by |||Sk|| — ax|- The answer turns out to be positive in the real case.

Theorem 1.1. Let X1, Xo,..., X, be independent real r.v.’s. Then for any numbers
a1,a9,...,a, and t >0,

P( max ||Sk| — ar| > 11t) <30 max P(||Sk| — ax| > t). (1.3)
1<k<n 1<k<n

Example. Let Y7,Ya, ... be i.i.d. r.v.’s such that EY;? = 1 and Var(Y?) < co. Let
SL = Ele X;, where X; = ¢;Y; and (e;) is an orthonormal system in a Hilbert
space H; also let |x| denote the norm of a vector 2z € H. Then for ¢ > 0,
Var(|Sel?)  Var(v2)
127 S
On the other hand if we choose jg such that 2J0/2 > t, then for n > 27,

Pp— P 2 —
Dp = P(lrgnkagn [|:Sk| \/k| > t) > P(z.f?gén("gﬂ k) > 3t\/k>

> ]P’( U {|52j|2 —2 > 3-21‘/%})

Jo<j<logy n

P(|[Sk| = V| > t) < P(||Su]* — k| > tVk) <

27
> ]P’( U {ij/z oo 6t}>
jo+1<j<log, n i=21-1+1

and lim,_, o p, = 1 for any ¢t > 0 by the CLT. It is not hard to modify this example
in such a way that X; be an i.i.d. sequence.

Hence Theorem 1.1 does not hold in infinite dimensional Hilbert spaces even
if we assume that X; are symmetric and identically distributed. However a modi-
fication of (1.3) is satisfied in Hilbert spaces.

Proposition 1.2. Let X, ..., X, be independent symmetric r.v.’s with values in a
separable Hilbert space (H,| |). Then for any sequence of real numbers aq,. .., a,
and t > 0,

]P’(lrgnlfgcn [1S4[2 — x| > 3¢) < 6 max P((|Sil* — ar] > ¢).
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A first consequence of Proposition 1.2 is the following Hilbert-space version
of (1.3) under a regularity assumption on coefficients (ax).

Corollary 1.3. Let X4,...,X,, be as in Proposition 1.2, 1 <1i < n and nonnegative
real numbers a;, ..., a,, a, B and t satisfy the condition

ar < aap+ Bt for alli < k1 <n. (1.4)
Then

— > < — >
P( max [|S4] — ai| > (60 -+ 28+ 1)t) <6 max P(||Sk| - ax| 2 1).

In proofs of limit theorems one typically applies maximal inequalities to uni-
formly estimate ||Sk|| for cn < k < n, where c is some constant. Next two corollaries
show that if we restrict k to such a group of indices then, under i.i.d. and symmetry
assumptions, (1.3) holds in Hilbert spaces.

Corollary 1.4. Let X1, X5, ..., X, be symmetric i.i.d. r.v.’s with values in a sep-
arable Hilbert space (H,| |). Then for any integer i such that 3 < i < n and any
sequence of positive numbers a;,...,a, andt > 0 we have

P(_max ||S| - ax| > 19t) < 6 max P(||Sy] — x| > ¢),
i<k<n i<k<n
Proof. We may obviously assume that

[nax. P(||Sk| —ax] > t) <

Observe that for any k£ < [, the random variable Sj; := Zé:k X,; has the same
distribution as S;_gy1.
Take k,l € {i,...,n}, then
P(|Sok| > 2ai + 2t) <P(|Sk| > ar +t) + P(|Skt1,26| > ar + 1)
1

2P(|Sk| > ax +t) < 3"

Therefore
Pla; —t < |Sl| < 2ay, + 2t)

>Pla; —t < |Si], |S1+ Si+1,26] < 2ak +2¢, |S; — Sit1.26] < 2ay + 2t)

1 2
> 1—P(|Sl| <al—t)—21P(|Sgk| >2ak+2t) >1-— 6 — 3 >0,
where in the second inequality we used the symmetry of X;. Hence we get a; <
2ay + 3t and we may apply Corollary 1.3 with o = 2 and 8 = 3. O

Corollary 1.5. Let X1, Xo,..., X, be as before. Then for any J; <i <n and any
sequence of positive numbers Qiy...yan and t > 0 we have

]P’( [max. [|Sk| — ax| > 19t) < 6] max ]P’(||Sk| —ag| > 1).
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Corollary 1.4 naturally leads to the formulation of the following open ques-
tion.

Question. Characterize all separable Banach spaces (E,| ||) with the following
property. There exist constants C7,Cy < oo such that for any symmetric i.i.d.

r.v.’s Xy, Xs,..., X, with values in F, any g < ¢ < n, any positive constants

Qiy...yan and t >0,
IP( max ||| Sk]| — ax| > Cﬂf) < Cy max P(|||Sk|| — ax| > t). (1.5)
i<k<n i<k<n

In particular does the above inequality hold in L? with 1 < p < 00?

In the last section of the paper we present an example showing that in a
general separable Banach space estimate (1.5) does not hold.

2. Proofs
Below we will use the following notation. By )~(1, Xg, ... we will denote the inde-
pendent copy of the random sequence X7, Xo,.... We put
k n
Sy = ZXi, Skn = S — Sk—1 = ZXi-
i=1 i=k

We start with the following simple lemma.

Lemma 2.1. Suppose that real numbers z, y, a, b and u satisfy the conditions
o] — al < u, Iyl — al < u, [l +s|—b| < u, ||y + s — b < u and |z — y| > 2u.
Then |a — b| < 2u and |s| < 4u.

Proof. If a < 0 then |z|,|y| < w and |z — y| < 2u. So @ > 0 and in the same
way we show that b > 0. Without loss of generality we may assume z < y, hence
z € (—a—u,—a+u),y € (a—u,a+u),z+s € (=b—u, —b+u),y+s € (b—u,b+u).
Thus 2a —2u <y —x < 2a+2u and 2b — 2u < (y+ s) — (x + s) < 2b+ 2u and
therefore |a — b] < 2u. Moreover, —b +a —2u < s < —b+ a + 2u and we get
Is| <la—b|+ 2u < 4u. O

Proof of Theorem 1.1. We may and will assume that
p:= max P(||Sg| —ax| >t) € (0,1/30).

1<k<n
Let
Io={k: ap <2t}, Iy:={k: P(|S, — S| > 2t) > 5p}
and
Is:={1,...,n}\ (1 U LL).
First we show that

— < 3p. .
P(ineaﬁcHSﬂ ar| > 11t) <3p (2.1)
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Indeed, notice that for all k, a > —t (otherwise p = 1). Therefore by the Lévy-
Ottaviani inequality (1.1),

P(max||5k| —a| > 11t> < P(max| S| > 9t) < 3maxP(|Sy| > 3t)
kel kel kel
< 3maxP(||Sk| — ar| > t) < 3p.
kel
Next we prove that
IP’(max||Sk|—ak| > llt) < 5p. (2.2)
kels

Let us take k € I; and define the following events
A= {|8k = Skl > 2}, A= Ay O {|Skpan| > 4t}
and
B = {||Sk| — ar| < t,|19%] = ax| < t,11Sa| = an| < ,[[Sk + Skr1,n] — an| <t}

We have P(A1) + P(B) > 5p+ 1 —4p > 1, hence Ay N B # () and by Lemma
2.1, |lax — a,| < 2t. Also by Lemma 2.1, A, N B = (), hence P(A4s) + P(B) < 1.
Therefore 5pP(|Sk+1,n| > 4t) < P(A2) < 4p. Thus for all k € Iy, |ax — ap| < 2t
and P(|Sk+1,,| < 4t) > 1/5. Let

=inf{k € I : ||Sk| — ax| > 11t}.

Then
1
SP(T = k) S P(r =k, |Sis1.0] < 40)
<P(r =Ek,||Sn] — an| > 11t — 4t — |ag, — ay])
<P(r =k, ||Sn| — an| > 1)
and
P(max||5k| —ay| > m) =Y Br=k) <53 B(r="k|ISul —anl > 1)
kel kel, kels
< BP(||Sn| —an] > t) <5
Finally we show
P(glgﬁ(”SM —ay| > llt) < 21p. (2.3)

To this end take any k € I3 and notice that

2 max{P(|Sy — ax| < t),P(|S + ax| < 1)}
> P(|Sk — ak| < t) +P(|Sk +ax| < 1)
29

>P([|Sk| —ar| <t) >1-p> 30°
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If |z — ag| <t and |y + ag| <t then |z —y| > 2a, — 2t > 2t. Therefore
5p > P(|Sk — Sk| > 2t)

> P(1Sk — ar| <t,|Sk + ar| <t) +P(|Sg + ax| <t,|S% —ax| < 1)

= 2P(|Sk — ar| < t)P(|Sk + ax| < 1).
So for any k € I3 we may choose by = Fay such that

P(|Sk — bk <t) < 285]) < 6p.

Therefore

P([Sk + bg| > t) < P(|[Sk| — ar| > t) + P(|Sk —bg| <t) < Tp
and by the Lévy-Ottaviani inequality (1.1),

P(inea}z(||5k| —ag| > 11¢t) < P(inealzcwk + by > 11¢)

11
<3 P(|S, bl >  t) < 21p.
7?2[?(|k+k| 3)71)

This shows (2.3).
Inequalities (2.1), (2.2) and (2.3) imply (1.3). O

Proof of Proposition 1.2. It is enough to consider the case when

1
p = 1rgn}3§xn}?(}|5k|2 —ak| > t) < 6

Notice that
IP)(||Sn|2 - |Sk|2 — (an — ak)| > 2t) < P(||Sn|2 — an| > t) +]P(||Sk|2 . ak} > t)
Therefore
P(||Sk+1,n|2 =+ 2<Sk75k+17n> — (an — ak)} > Zt) < 2p
and by the symmetry
P(|[Skt1,n]% = 2(Sk, Skri,n) — (an — ar)| > 2t) < 2p.
Thus by the triangle inequality
P(||Sk+1,n|2 — (an — ak)| > 2t) < dp.

Now let z € H be such that ||x|? — ax| > 3t then by the triangle inequality
and symmetry

1—dp <P(||2* + [Skr1,n]” — an| > 1)
< P(|J2f? + [Sktinl? + 202, Sit1,0) — an| > 1)
+P(||z]* + [Sk+1,0]* = 2(2, Skg1,n) — an| > 1)
=2P(||z|” + |Skt1,n]* + 2(, Skt1n) — an| > t)
= 2P(||e + Skr1,nl” = an| > 1),
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So for any x € Hand k=1,2,...,n,
1 1
}|ac|2 —ak| >3t = P(H$+5k+1,n|2 —an| >t) > 2(1 —4p) > 6 (2.4)
Now let
T = inf{k <n: ||Sk|2 — ak} > 3t},
then since {r = k} € o(X1,..., X)) we get by (2.4),

P(r =k, |[Sul* —an| > 1) > éIP(T = k).

Hence

1o 1
P(||Sn]® — an| > t) > 6 ];P(T =k)= GP(lrgnlf?n 11Sk[2 = ax| > St)
and the proposition follows. O

Proof of Corollary 1.3. We may consider variables S;, X;y1,...,X, instead of
Xi,...,X, and assume that ¢ = 1. Let a := mini<g<n ax. We will analyze two
cases.

Case 1. a < 3t. Then by (1.4) we get ar < (3a+ 8)t for all k. Thus by the Lévy
inequality,

P((mx ||Sk| — ax| > (60 +25 + 1t) < P(m]?x|5k| > B+ +1)t)
< 2P(|S,| > (Ba + B+ 1))
< 2P(|[Sn| —an| > )
< Qm?XIP(HSM —ag| > t).

Case 2. a > 3t. Notice first that for any s > 0 we have
{I1SkI* = ail > s(2ax, + s)}  {|[Sk| — ar| > s} < {||Sk[* — af| > sar}.  (2.5)

Indeed, the last inclusion follows since ||Sk|*> — a?| = (|Sk| + ax)||Sk| — ax| >
ax||Sk| — ak|. To see the first inclusion in (2.5) observe that

{IISk> = ail > s(2ax, + 5)} € {|ISk] — ar| > s} U {|Sk| + ar, > 2ax + s}
C {l[Sk| — ak| = s}.
Now by (2.5) we get
P(m}gx||5k| —a| > (6a+ 28+ 1)t>
< P(m]?xnskﬁ — a2 > (6a+ 28+ 1)at).
Hence by Proposition 1.2,

1
]P’(mI?XHSH —ag| > (6a+ 26+ l)t) < 6mI?xP(||Sk|2 —ai| > g (6a+28+ at).
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But :1,)(60[ + 28+ 1)a > 2(aa + Bt) +t > 2ay, + t for all k by (1.4). Therefore by
(2.5)
P(m}gx||5k| —ap| > (6a+ 28+ 1)t> < Gm?XP(HSkP —ai| > t(2ay +1))
Sﬁm]?XP(||Sk|—ak| >t). d

3. Example
Let us fix a positive integer n and put
Inz{jeZ: Zgjgn}.
Let t; = "2j+j for j =1,2,...,n, then
jtp=n*+j and (j—1)t;<n® forjel,. (3.1)

Let N be a large integer (to be fixed later) and let F' be the space of all
double-indexed sequences a = (a;;j)o<i<N,jer, With the norm

J
= max (Iao,jl + > > Iais,j|>-

1<is <ig<--<i; <N s=1

H (ai,j)o<i<n jer,

Let (e;,5) be a standard basis of F', so that (a;;) = >, ; aij€i,;.
Define random vectors X7, X, ..., X, by the formula
Xi =Y (Vijeo; + Rijen,),
jE€In
where (Y7 5, Ri j)i<n,jer, and (Ni);<n are independent r.v’s, P(R;; = £1) = 1/2,

Y;; are symmetric P(|Y,;| = )} ) = 1—P(Yz; = 0) = p, (with p, a small

positive number to be specified later) and N; are uniformly sampled from the set
{1,...,N}.

Obviously X1, Xs,..., X, are i.i.d. and symmetric. As usual we set S; =
X1+X2—|-+Xk Let

A ={Niy, Ny,...,N, are pairwise distinct}.
Notice that P(A°) — 0 when N — oco. On the set A we have for k < n,

k
1] = max (| ;m\ + ¢y mindk, j} ).
For j > k we have by (3.1),

k
’ZYl]’ +t;min{k,j} <14+¢;(j—1) < n2—|—1,
=1
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hence on the set A, for k € I,, we get

k k
15l = max (| S0is|+02+5) = |3 Via| +02 4k
=1 =1

J€L,,j<k

Take 0 < t < 2nlcl then for k € I,,,

k
P(ISkll = (0% + )| = 1) < P(A) + P D Vi #0) < P(A°) + kpn
=1
and

P( max| Sk — (n? + k)| 2 £C1) > P(%;in,q #0) = P(A°).
=1

The last number is of order n?p,, if N is large and p,, is small. This shows that if
(1.5) holds for i = [n/2] in F then Co must be of order n. So (1.5) cannot hold with
absolute constants Cy and Cs in (infinite dimensional) separable Banach spaces.
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A Probabilistic Inequality Related to
Negative Definite Functions

Mikhail Lifshits, René L. Schilling and Ilya Tyurin

Abstract. We prove that for any pair of i.i.d. random vectors X,Y in R"
and any real-valued continuous negative definite function ¢ : R"® — R the
inequality
Ep(X -Y)<EYp(X +Y).
holds. In particular, for a € (0,2] and the Euclidean norm || - [|2 one has
EX - YV[§ <E|X +Y|3.

The latter inequality is due to A. Buja et al. [4] where it is used for some
applications in multivariate statistics. We show a surprising connection with
bifractional Brownian motion and provide some related counter-examples.

Mathematics Subject Classification (2010). Primary 60E15; Secondary 60G22,
60E10.

Keywords. Bifractional Brownian motion, moment inequalities, Bernstein
functions, negative definite functions.

1. Introduction
Let X,Y be i.i.d. random variables with finite expectations. Then one has
EX -Y|<EX+Y] (1.1)

The inequality (1.1) appeared recently in an analytic context (properties of inte-
grable functions) [8]. Since (1.1) is a nice fact in itself and since it seems not to be
well known in the probabilistic community, it is desirable to search for adequate
proofs and to explore possible extensions of it. For instance, for which values of «
do we have

E|X - Y|* <E|X 4+ Y|*? (1.2)
As before, we assume that X and Y are i.i.d. and E|X|* < oco.
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Proving (1.1) is a non-trivial exercise for a probability course. If X,Y are
real valued, one way to see this inequality is to use the identity

EX+Y|-EX-Y|= 2/ P(X >r) —P(X < —r)) dr.
0

For (1.2) we are, however, not aware of a similar elementary approach. On the
other hand, A. Buja et al. prove in [4] even a multivariate version of (1.2): for any
pair of i.i.d. random vectors X,Y in R™, any a € (0,2] and for a class of norms
|| - || on R™ including the Euclidean norm || - ||z the estimate

E|X - Y| <E|X + Y| (13)

holds true. The elegance of this inequality is obvious; at the same time we stress
that it arises from statistical applications. In any case it merits to be better known
in the probabilistic community!

In Section 2 we give an extension of (1.3) by replacing the norm with an
arbitrary negative definite function. Moreover, we show how this fact extends to
an arbitrary number of i.i.d. random vectors. In Sections 3 and 4 we establish a
surprising connection to some recent advances in the theory of random processes
related to bifractional Brownian motion. A counterexample to (1.2) with o €
(2,00) is given in Section 5.

2. Main result

Consider the class of continuous real-valued negative definite functions, i.e., char-
acteristic exponents of symmetric Lévy processes. The notion of negative definite
function goes back to Schoenberg; good sources are the books [3] and [11]. Recall
that a continuous real-valued negative definite function is uniquely given by its
Lévy-Khintchine representation

1 n

vO=a+, Q6O+ [ (-cosgu)ridn),  €ER (21)
Rm\{0}

where a > 0 is a constant, Q € R™*" is a symmetric positive semidefinite matrix

and v is the Lévy measure, i.e., a measure on R™ \ {0} satisfying the integrability

condition

/ min{||u||3, 1}v(du) < co. (2.2)
R™\{0}

Without loss of generality, we will always assume that « = 0, i.e., ¥(0) = 0. For
our discussion it is worth noticing that (&,7) — \/ P(€ —n) is always a metric. A
deep theorem of Schoenberg states that a metric space (R™, d) can be isometrically
embedded into an (in general infinite dimensional) Hilbert space H if, and only if,
d(&,m) is of the form dy(&,1) = /(€ — 1), cf. [12], [2, p. 187] as well as [7] for a
discussion of metric measure spaces related to the metric dy;.
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An important subclass of continuous negative definite functions are the spher-
ically symmetric negative definite functions. These are of the form

= fUIEID where f is a Bernstein function. (2.3)

Recall that a Bernstein function is a function f : Ry — Ry which admits
the following Lévy-Khintchine representation

fA) =a+b\+ /000 (1- e_t)‘) w(dt);

here a,b > 0 are constants and p is a measure on (0, 00) satisfying the integrability
condition fooo min{¢, 1} pu(dt) < co. In probability theory Bernstein functions arise
as the characteristic exponents of the Laplace transform of subordinators, i.e.,
increasing one-dimensional Lévy processes. Bernstein functions, many examples
and their connections to various fields of mathematics are discussed in the mono-
graph [11]. Tt is easy to see that Bernstein functions are infinitely many times
differentiable, increasing, concave; moreover, they grow at most linearly. Typical
examples are A\ — log(1 + A) and A — fz(\) := AP for 0 < 8 < 1. Note that the
composition fo1) of a Bernstein function f with a continuous real-valued negative
definite function 1 is again a continuous real-valued negative definite function. At
the level of stochastic processes this corresponds to Bochner’s subordination of the
Lévy process with characteristic exponent ¥ by the subordinator with the Laplace
exponent f.

Using the Bernstein functions fg with 8 = /2 and 0 < o < 2 we obtain
5Hnw3:nﬂwm%, 0<a<2,
Emr dp(6.0)" = V()" = fap@(©).  0<a<2,

as examples for real-valued continuous negative definite functions. Note that the
functions defined by (2.3) are characteristic exponents of subordinate Brownian
motions.

We prove the following result extending (1.3).

Theorem 2.1. Let 1 be a real-valued continuous negative definite function on R™.
For any pair of i.i.d. random vectors X,Y in R"™ it is true that

Ey(X —Y) <Ey(X +Y). (2.4)

Proof. Without loss of generality we may assume that a = 0 and Q = 0 — in both
cases the inequality (2.4) is elementary.
Using the Lévy-Khintchine representation of 1) we get

EY(X+Y) = E/Rn\{o} (1 —cos(X + Y, u)) v(du)
IE/ (1 — Reexp(i(X + Y, u))) v(du)
R™\{0}

/ (1 - Re Eexp(i(X + Y, u))) v(du)
\{0}
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= / (1 — Re [Eexp(i(X, u))]Q) v(du).
R\ {0}
A similar calculation yields

EYp(X -Y) IE/ (1 —cos(X —Y,u)) v(du)
"\{0}

= / 1 —Reexp(i(X -, u>)) v(du)
o

(1 —Re Eexp(i(X — Y, u))) v(du)
R\ {0}

- /Rn\{o} (1 ~ [Eexp(i(X, u>)|2> v(du).

Using the elementary estimate Re(22) < |22| = |2|? we obtain (2.4). O

Remark 2.2. Let X1,..., Xy, be ii.d. random variables in R" and €; = £1 (non-
random, or even random but independent of the X1, ..., Xs,,) constants satisfying
sz g; = 0. Then

2m 2m
Ev | Y X, | <Ev > X;]. (2.5)
j=1 j=1

This follows if we use Theorem 2.1 for X = Z?ml jX and Y = Z?ml £ X;.

Remark 2.3. Essentially the same calculations as in the proof of Theorem 2.1 show
that we also have
Ey(X) <EY(X +7Y). (2.6)

This follows from the elementary inequality Re(2?) < Re z for |z| < 1 and the fact
that

Ep(X) = o (1 ~ ReEexp(i(X, u>)) v(du).

A special case of the inequality (2.6) with (&) = [¢| and v(du) = u=2du
appeared in the 2003 Putnam competition, cf. [10, Problem B6, p. 783 and p. 790]
where the task was to show that

/01/01|f($)+f(y)|dxdy>/01|f(x)|dx

for a continuous real-valued function f defined on the interval [0, 1].

Using the distance function dy(&,n) \/ (€ —n) related to a real-valued
continuous negative definite function v we get the following counterpart of (1.3).
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Corollary 2.4. Let ¢ : R™ — R be a real-valued continuous negative definite func-
tion, dy(€,m) = /(& —n) the associated metric and 0 < a < 2. For any pair of
i.1.d. random vectors X,Y in R™ it is true that

Ed}(X —Y) <Ed}(X +Y). (2.7)

Remark 2.5. Assume that ¢ : R™ — R is a continuous function such that % (0) = 0
and ¥(§) = ¥(=¢). If (2.4) holds for this ¢ and any random variable X (and
an independent copy Y of X), then one can show that the kernel Ky (§,n) =
(€ +n) —P(€E —n) is positive definite. We wonder whether this already entails
that v is a continuous negative definite function.

3. A relation to random processes

We will show now that the inequality (2.4) has an interesting relation to Gaussian
processes. Let 1 : R™ — R be a real-valued continuous negative definite function
defined on R".

Lemma 3.1. The kernel K¥(£,m) = ¥(€ +n) — (& —n) is positive definite.
Proof. By the Lévy-Khintchine formula (2.1) we get

KW&n%=%Q&n%+/ (cos({€ — n, u)) — cos({€ + 1, u))) w(du).
R™\{0}

Using the elementary trigonometric identity
cos(§ —n,u) — cos(§ +n,u) = 2sin(€, u) sin(n, u),
we see that
KY€ =2@¢m+2 [ sin(é.u)singn, ) vldu).
R™\{0}
Now let S be a finite set and (\¢, £ € S) be complex numbers. Then
> KV (EmAeh,

§neS

—2 37 A (Q€m) +2 Ne sin(€,u) Ay sin(n, u) | v(du)
ge:s ! /R"\{O} ge:s 5 !
2
Z/\g sin(&, u)| v(du) >0,

£es

=2 <QZ)\5§,ZA5£>+2/R7L\{O}

£es £es
which means that K¥(-,-) is positive definite. O

Remark 3.2. A special case of Lemma 3.1 for powers of £,-norms is proved in [4].

Probabilistic proof of Theorem 2.1. Since KY¥(&,n) is positive definite, there is a
centered Gaussian process (Gg’/’, ¢ e R”) whose covariance function is K% (¢, 7).
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For given i.i.d. random vectors X, Y € R™ set
Y. P
Z¥ = - G£ P(de),
where P stands for the common distribution of X and Y. Then

0<Var(z") = [ [ K (en) Pt Plan)

/ . / (& +m) = $(g =) P(dg) P(dn)
=Ey(X+Y)-E¢(X -Y),
and we obtain again E¢Y(X —Y) <E¢(X +Y). O

4. Relation to bifractional Brownian motion

In some most important cases it is possible to identify the Gaussian process
(G?, & e R") of Section 3 with bifractional Brownian motion (bBm). The latter
process was introduced by Houdré and Villa in [6] as a centered Gaussian process
BHE = (BtH’K, te R") with covariance function

RIK(t,5) =B (B BII) = 27 (I3 + ]3] B™)" — (]t — slBE),

where s,t € R™. For n = 1, K = 1 we get the usual fractional Brownian motion
BH with Hurst index H. Originally, the process was defined for the parameters
H € (0,1] and K € (0,1]. Bardina and Es-Sebaiy [1] recently proved that BH-X
exists for all (H, K') € D, where

D={HK:0<H<1,0<K<2H K<1}.

(The possibility of such an extension was already indicated in the earlier work by
Lei and Nualart [9] who established an integral representation relating Bf'% with
fractional Brownian motion B7K.)

For ¢(§) == |€]%, 0 < aw < 2, and

Gl =2 sgu(6) BL",  ¢€R,

it is trivial to see that
B (GLGY) =san(en) 2" E (B B ) =€ +0l° — l€ — 0l = K¥(&,n).

Therefore, we are led to a probabilistic interpretation of the inequality (1.2)
through B2,

Remark 4.1. In higher dimensions bi-fractional Brownian motion does not show up
in the context of our inequalities (nor do we rely on bBm with H # 1); therefore it
becomes natural to search for the extensions of bBm based upon general negative
definite functions. This will be done elsewhere.
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5. A counterexample
The inequality (1.2) trivially extends to the case & = oo in the following sense.
Let

M =sup{r:P(X <r) <1} =esssup X;

m =sup{r : P(X <r) =0} =essinf X.
Then

1X = Yoo = M —m < 2max{|M],Jm[} = | X + V.
Without further assumptions the inequality (1.2) will, in general, not hold,

for 2 < o < oo. To see this, fix a € (2,00) and ¢ > 0. For any M > ¢ set ¢ :=¢/M
and p := 1 — q. Let X7, Yas be i.i.d. random variables such that

P(Xy =1) =P(Yu =1) =p;
P(Xy=-M)=PYy=-M)=q.
If M > 1, then
E| Xpn—Yn | —E[ X + Yar|®
=2pq [(M +1)* — (M —1)°] = 2°M*¢* — 2°p?
> dpqaM ™t — 29 Mg — 29p?
= M2 (4pac — 2%c*) — 29p°.
Hence, whenever ¢ < 22~“q and M is large enough,
E| Xy — Yu|® —E| Xy + Yu|* >0,
and (1.2) fails.

Remark 5.1. Further counterexamples are presented in [4].
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Abstract. For any nonnegative Borel-measurable function f such that f(z) =
0 if and only if z = 0, the best constant ¢y in the inequality E f(X — EX) <
¢y E f(X) for all random variables X with a finite mean is obtained. Properties
of the constant cs in the case when f = |-|? for p > 0 are studied. Applications
to concentration of measure in the form of Rosenthal-type bounds on the
moments of separately Lipschitz functions on product spaces are given.
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1. Introduction

In many situations (as, e.g., in [18]), one starts with zero-mean random variables
(r.v.’s), which need to be truncated in some manner, and then the means no longer
have to be zero. So, to utilize such tools as the Rosenthal inequality for sums of
independent zero-mean r.v.’s, one has to re-center the truncated r.v.’s. Then one
will usually need to bound moments of the re-centered truncated r.v.’s in terms of
the corresponding moments of the original r.v.’s. To be more specific, let Z be a
given r.v., possibly (but not necessarily) of zero mean. Next, let Z be a truncated
version of Z such that | Z| < |Z|; possibilities here include letting Z equal Z I{Z <
2} or ZI{|Z| < z} or Z A z, for some z > 0; cf. [16, 26]. Assume that E |Z| < occ.
Then for any p > 1 one can use the inequalities |2 — y|P < 2P~ !(|z|P + |y|P) and
(E|Z))» < E|ZJ?, to write

E|Z—-EZ|P <2PE|Z|P < 2PE|ZP, (1.1)
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as it is often done. However, the factor 27 in (1.1) can be significantly improved,
especially for p > 2. For instance, it is clear that for p = 2 this factor can be
reduced from 22 = 4 to 1. More generally, for every real p > 1 we shall provide the
best constant factor C), in the inequality

E|X —EX[]? < C,E|X|? (1.2)

for all r.v.’s X with a finite mean E X. In particular, C},, improves the factor 27
more than 6 times for p = 3, and for large p this improvement is asymptotically
V/8ep times; see parts (vi) and (iv) of Theorem 2.3 and the left panel in Figure 2
in this paper. In fact, in Theorem 2.1 below we shall present an extended version
of the exact inequality (1.2), for a quite general class of moment functions f in
place of the power functions | - |P.

Another natural application of these results is to concentration of measure
for separately Lipschitz functions on product spaces. In Section 3 of this paper,
we shall give Rosenthal-type bounds on the moments of such functions. Similar
extensions of the von Bahr-Esseen inequality were given in [17].

2. Summary and discussion

Let f: R — R be any nonnegative Borel-measurable function such that f(z) =0
if and only if # = 0. Let X stand for any random variable (r.v.) with a finite mean
EX.

Theorem 2.1. One has
Ef(X —EX) <crEf(X), (2.1)
where
o af(b) +bf(—a)
o= Sup{af(b— ) +bf(—a—1)

is the best possible constant factor in (2.1) (over all r.v.’s X with a finite mean).

ae(0,00),be (o,oo),teR} (2.2)

All necessary proofs will be given in Section 4.

Note that for all a € (0,00), b € (0,00), and ¢ € R both the numerator and
the denominator of the ratio in (2.2) are strictly positive (since f is nonnegative
and vanishes only at 0). So, ¢y is correctly defined, with possible values in (0, oo].

It is possible to say much more about the optimal constant factor ¢y in the
important case when f is the power function |- |P. To state the corresponding
result, let us introduce more notation.

Take any a € (0,00) and b € (0,00), and let X, ; be any zero-mean r.v. with
values —a and b, so that

a
P(X,p,=0b) = —1-P(X,p = —a).
(Xap =10) ath (Xap = —a)
Note that
Xpa 2 —Xop,

)

where 2 denotes the equality in distribution.
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Take any
€ (1,00) (2.3)
and introduce

R(p,b) := (P~ 4+ (1 = b)P 1) (o1 + (1= b)»=1)""" for any be [0,1]. (2.4)

Proposition 2.2. If p # 2 then there exists b, € (0, }) such that
(i) O R(p,b) > 0 for b € (0,b,) and hence R(p,b) is (strictly) increasing in
be[0,by);
(ii) Oy R(p,b) < 0 for b € (by, 3) and hence R(p,b) is decreasing in b € [by, 3].
So, b, is the unique mazimizer of R(p,b) over all b € [0, ;]
In Proposition 2.2 and in the sequel, 0. denotes the partial differentiation
with respect to the argument in the subscript.
Theorem 2.3.
(i) Inequality (1.2) holds with the constant factor

C, :=c.p = sup R(p,b) = max R(p,b) = R(p,b,), 2.5

p= el = S0 Rpb) = max Rpb) = R by) (25)
where R(p,b) is as in (2.4) and b, is as in Proposition 2.2. In particular,
Cy = R(2,b) =1 for all b € [0,1].

(i) Cp is the best possible constant factor in (1.2). More specifically, the equality

n (1.2) obtains zf and only if one of the following three conditions holds:

) EX P

(b) p=2, EX2<oo and EX = 0;

(¢c) p#2 and X = /\(X1 by.by, — tb,) for some X € R, where

p/(0-1)

B=b e 4 (1= By (2.6)
for allb € (0,1), and by, is as in Proposition 2.2.
(iii) One has the symmetries
CMVP=1t = Cl/Va=l and b, =b,, (2.7)
where q is dual to p in the sense of LP-spaces:
1 1
+ =1
p q
(iv) For p — oo,
C 2 2.8
p " \/86[)7 ( . )

as usual, A ~ B means that A/B — 1.
(v) Cp is strictly log-conver and hence continuous in p € (1,00); moreover, Cp
decreases in p € (1,2] from 2 to 1 and increases in p € [2,00) from 1 to co.
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(vi) The values of Cp, by, and ty, are algebraic whenever p is rational; in particu-
lar, C3 = L (1T+7V7) = 1.315..., by = } — L /14 2¢/7=0.0819..., and
ty, = —;\/; (13v/7—34) = —0.148.....

By parts (vi) and (v) of Theorem 2.3, C, can in principle be however closely
bracketed for any real p € (1, 00). However, such a calculation may in many cases be
inefficient. On the other hand, Proposition 2.2 allows one to bracket the maximizer
b, of R(b,p) however closely and thus, perhaps more efficiently, compute C,, with
any degree of accuracy.

(A part of) the graph of C,, is shown in Figure 1, and those of 27/C,, and b,
are shown in Figure 2.

Remark 2.4. What if, instead of the condition (2.3), one has p € (0, 1]? It is easy
to see that the inequality (1.2) holds for p = 1 with C; = 2 (cf. (1.1)), which is
then the best possible factor, as seen by letting

X =Xi_y,—bwith b 0. (2.9)

However, the equality E|X — EX| = 2E|X| obtains only if X 2 ; one may also
note here that, by part (v) of Theorem 2.3, C1. = 2 = C;. As to p € (0,1), for
each such value of p the best possible factor C), in (1.2) is oo; indeed, consider X
as in (2.9).

0.5F

I
I
I
I
2 3 4 5

FIGURE 1. C), decreases in p € (1,2] from 2 to 1 and increases in p €
[2,00) from 1 to oco.
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27/C, b,
0.08
0.06 -
0.04
0.02f
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FIGURE 2. By (2.8), 2?/C, ~ /8ep as p — 00. By (2.7), b, = by; note
here also that p € (1,2] < ¢ € [2,00); by (4.16), b, ~ (p —1)/2 as
pll

3. Application: Rosenthal-type concentration inequalities for
separately Lipschitz functions on product spaces

It is well known that for every p € [2,00) there exist finite positive constants
c1(p) and co(p), depending only on p, such that for any independent real-valued
zero-mean r.v.’s Xi,..., X,

EIYP < er(p)Ap + c2(p) B,

where Y := X; + -+ X,,, 4, = E|X1P +--- + E|X,|P, and B := (EX}? +
.-+ EX2)Y/2. An inequality of this form was first proved by Rosenthal [27], and
has since been very useful in many applications. It was generalized to martingales
[4, (21.5)], including martingales in Hilbert spaces [19] and, further, in 2-smooth
Banach spaces [23]. The constant factors c¢1(p) and cz(p) were actually allowed in
[19] and [23] to depend on certain freely chosen parameters, which provided for
optimal in a certain sense sizes of ¢1(p) and cy(p), for any given positive value
of the Lyapunov ratio A,/BP. Best possible Rosenthal-type bounds for sums of
independent real-valued zero-mean r.v.’s were given, under different conditions, by
Utev [28] and Ibragimov and Sharakhmetov [6, 7]. Also for sums of independent
real-valued zero-mean r.v.’s Xi,..., X,,, Latala [10] obtained an expression £ in
terms of p and the individual distributions of the X;’s such that a1& < ||Y|, < a2€
for some positive absolute constants a; and as.

Given a Rosenthal-type upper bound for real-valued martingales, one can
use the Yurinskil martingale decomposition [8] and (say) Theorem 2.3 to obtain
a corresponding upper bound on the pth absolute central moment of the norm of
the sum of independent random vectors in an arbitrary separable Banach space;
even more generally, one can obtain such a measure-concentration inequality for
separately Lipschitz functions on product spaces.
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To state such a result, let X7,...,X,, be independent r.v.’s with values in
measurable spaces X1, ..., X, respectively. Let g: P — R be a measurable func-
tion on the product space P := X1 x -+ x X,,. Let us say (cf. [1, 24]) that g is
separately Lipschitz if it satisfies a Lipschitz-type condition in each of its argu-
ments:

|g($1, e ,xi_l,ii,xi_,_l, . ,],‘n) — g(.]?l, e ,],‘n)| g pl(isl,xz) (31)
for some measurable functions p;: X; x X; > Rand alli € 1,n, (z1,...,z,) €,
and Z; € X;. Take now any separately Lipschitz function g and let

Y= g(X1,..., Xy).

Suppose that the r.v. Y has a finite mean.

On the other hand, take any p € [2,00) and suppose that positive constants
c1(p) and c2(p) are such that for all real-valued martingales (¢;)7_o with (o = 0
and differences &; := (; — (;—1

n n p/
Gl < er(0) S E Ll + ) (3 1Bt €1c) (3.2)
1 1

where E; denotes the expectation given (o, ..., ;.
Then one has

Corollary 3.1. For each i € 1,n, take any x; and y; in X;. Then
p/2
E|Y —EY|P < Cper(p ZEpz (Xi,2:)P + ca(p (ZEpZ 0 i) ) . (3.3)

where Cp, is as in (2.5).

An example of separately Lipschitz functions g : X™ — R is given by the
formula

g(x1, .y xn) =z 4+ x| (3.4)
for all z1,...,x, in a separable Banach space (X, | - ||). In this case, one may take
pi(Zi,z;) = ||Z; — x;||. Thus, one immediately obtains
Corollary 3.2. Let X1,...,X, be independent random vectors in a separable Ba-

nach space (X, || -1|). Let here Y := || X1+ -+ + X, ||. For each i € 1,n, take any
x; and y; in X;. Then

n n p/2
E)Y —EYI" < Cpea(p) Y E X — il + eo(0) (D ENXs —wil?) . (35)
1 1

Particular cases of separately Lipschitz functions more general than the norm
of the sum as in (3.4) were discussed earlier in [21] and [20, pages 20-23].

For p = 2, it is obvious that the inequality (3.2) holds with ¢;(2) = 1 and
c2(2) = 0, and then the inequalities (3.3) and (3.5) do so. Thus, for p = 2 (3.5)
becomes

VarY < E|IX; — @), (3.6)
1
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since Co = 1. The inequality (3.6) was presented in [20, page 29] and [22, The-
orem 4], based on an improvement of the method of Yurinskil [8]; cf. [1, 14, 15],
[23, Proposition 2.5], and [24, Section 4]. The proof of Corollary 3.1 is based in
part on the same kind of improvement.

The case p = 3 is also of particular importance in applications, especially to
Berry—Esseen-type bounds; cf., e.g., [2, Lemma A1l], [5, Lemma 6.3], and [18]. It
follows from the main result of [19] that (3.2) holds for p = 3 with ¢1(3) = 1 and
c2(3) = 3, whereas, by part (vi) of Theorem 2.3, C3 < 1.316. Thus, one has an
instance of (3.5) with rather small constant factors:

ElY —EYP <1316 > E[X; — i +3<ZE|\Xi —yiHQ) .
1 1

Similarly, the more general inequality (3.3) holds for p = 3 with 1.316 and 3 in
place of Cpei(p) and ca(p).

As can be seen from the proof given in Section 4, both Corollaries 3.1 and
3.2 will hold even if the separately-Lipschitz condition (3.1) is relaxed to

| Eg(.]?l, “en 7731'—17531'7Xi+17 “en ,Xn) - Eg(]}l, “en ,Jii,XH_l, “en ,Xn)| < pz(isl,xl)
(3.7)

Note also that in Corollaries 3.1 and 3.2 the r.v.’s X; do not have to be
zero-mean, or even to have any definable mean; at that, the arbitrarily chosen
x;’s and y;’s may act as the centers, in some sense, of the distributions of the
corresponding X;’s.

Other inequalities for the distributions of separately Lipschitz functions on
product spaces were given in [1, 17, 24].

Clearly, the separate-Lipschitz (sep-Lip) condition (3.1) is easier to check
than a joint-Lipschitz one. Also, sep-Lip (especially in the relaxed form (3.7)) is
more generally applicable. On the other hand, when a joint-Lipschitz condition is
satisfied, one can generally obtain better bounds. Literature on the concentration
of measure phenomenon, almost all of it for joint-Lipschitz settings, is vast; let us
mention here only [3, 9, 11-13].

4. Proofs

Proof of Theorem 2.1. It is well known that any zero-mean probability distribution
on R is a mixture of zero-mean distributions on sets of at most two elements; see,
e.g., [25, Proposition 3.18]. So, there exists a Borel probability measure p on the
set

S:=Rx(0,1/2]
such that

Eg(X —EX) = /S Eg(AX1_p,) o(dX x db) (4.1)
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for all nonnegative Borel functions g; the measure p depends on the distribution
of the r.v. X — E X. Letting now

So = (R\{0}) x (0,1/2] (4.2)

and using the condition f(0) = 0, one has

E (X —EX) = [ EFOX1op) uldh x ab)

- /S EF(AX14,p) pu(d) x db)

< 5f/ Ef(AXi_pp + EX) p(dX x db) (4.3)
So
< Ef/ Ef(AX1_pp +EX)p(dA x db) (4.4)
s
— & EF((X ~EX) +EX) =& Ef(X),
where
¢pi=sup{ps(A,b,t): (A\,b) € Sp,t € R} and (4.5)
_  EBEf(ONXaoep)
pf()‘v bvt) = Ef()\(Xl—b,b _ t)) ) (46)
so that

5f = Cf. (4.7)
Now the inequality in (2.1) follows from the above multi-line display and (4.7),

and (4.7) (together with (4.5) and (4.6)) also shows that ¢ is the best possible
constant factor in (2.1). O

Proof of Proposition 2.2. 1t is straightforward to check the symmetry
R(p,b)"/VP=1 = R(q,b)"/ V11 (4.8)

for all b € [0, 1], where ¢ is dual to p.
So, it remains to consider p € (1,2). Also assume that b € (0,1/2) and

introduce
b 1
ri=p-—1, T= 4 and z:z—r;x, (4.9)
so that
re(0,1), x€(0,1), and =z € (0,00).

Now introduce

" +1 (z —2Y/7)(1 +27)

Dy(z) := Dy(r,z) := (1-D) 1 Oy In R(p,b) = r— (27 — 2)(1 + 21/7)

et (4.10)

and
Dy(x) := Do(r,z) := ra®(1 + 2V/") (2"~ = 1)2 D! (), (4.11)
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so that D;(z) and Dy(x) are equal in sign to 9y In R(p, b) and D (z), respectively.
One can verify the identity

Do(z)e™ 7% /2 = Dy (2) + (1 — 1) Daa(2), (4.12)
where
Do (2) := r?sh((1 — r)z) +sh(r(1 — r)z) — rsh((1 — r?)z),
Das(2) := h(z) — h(rz), h(u):=shru—rshu;

we use sh and ch for sinh and cosh. Note that h'(u) = r(chru—chu) < 0 for u > 0
and hence

DQQ(Z) < 0.
Next,
<11)_(>) = (eh[(1 = r)rz] = ch[(1 = 7%)z]) + r(ch[(1 = r)2] - ch[(1 = 1%)z]) <0,

since (1 —7r)r <1—7r < 1—172. So, D21(2) is decreasing (in 2z > 0) and, obviously,
D1(0+) = 0. Hence, Dy1(%) < 0 as well. Thus, by (4.12), Dy(x) < 0, which shows
that D7 (z) < 0 and D;(z) is decreasing — in = € (0,1). Moreover, D;(0+) = r >
0>r—1/r = Di(1-). It follows, in view of (4.11), that D;(x) changes in sign

exactly once, from + to —, as x increases from 0 to 1. Equivalently, by (4.10),
OpIn R(p,b) changes in sign exactly once, from + to —, as b increases from 0 to
1/2. This completes the proof of Proposition 2.2. O

Proof of Theorem 2.3. (i) To begin the proof of part (i) of Theorem 2.3, note
that the last two inequalities in (2.5) follow by the obvious symmetry

R(p,b) = R(p,1—=b) forall b€ [0,1] (4.13)

and Proposition 2.2.

Next, in view of the definition of C} in (2.5), inequality (1.2) is a special case
of (2.1). Moreover, by the definition of p in (4.6) and the homogeneity of the power
function | - |P,

. ~ E|X1-pp/”
oD ) = po(b,t) i= prw(1,b, 1) = ’ 414
A = py(0.0) = (b =
for all (A\,b) € Sp and ¢ € R, where Sy is as in (4.2). Next, the denominator
E|X1_pp — t|P decreases in t € (—oo,b — 1], increases in ¢ € [b, 00), and attains its
minimum over all ¢ € [b—1,b] (and thus over all t € R) only at t = t;,, where , is
as in (2.6). So,

e (A by 1) = b,t) = pp(b, ty) = R(p,b 4.1
AR P11r (A 0,1) = mmax py (b, 8) = pp(b, 1) = R(p, ) (4.15)

for all b € (0,1/2], in view of (2.4). Now (4.7), (4.5), and (4.13) yield

c.p = sup R(p,b) = sup R(p,b).
be(0,1/2] be[o,1]

Thus, the proof of (2.5) and all of part (i) of Theorem 2.3 is complete.



90 I. Pinelis

(ii) That the equality in (1.2) obtains under either of the conditions (a) or (b) in
part (i) of Theorem 2.3 is trivial. If the condition (c) of part (ii) holds with A =0,

then X 2 0, and again the equality in (1.2) is trivial. If now (c) holds with some
A€ R\ {0} - so that X 2 X(X_y, 4, — ts,), then (2.5), (4.15), and (4.14) imply

E|X1-b,.0,1" E|IX -EX|]P
T e T
whence the equality in (1.2) follows. Thus, for the equality in (1.2) to hold it is
sufficient that one of the conditions (a), (b), or (c) be satisfied.

Let us now verify the necessity of one of these three conditions. W.l.o.g.
condition (a) fails to hold, so that E|X [P < co. If now p = 2 then C), = Cy =1,
and the necessity of the condition EX = 0 for the equality in (1.2) is obvious.
It remains to consider the case when p # 2 and E|X|P < co. Suppose that one
has the equality in (1.2) and let f = |- |P. Then, by the definition of C, in (2.5)
and the equality (4.7), equalities take place in (4.3) and (4.4). In view of the
condition E |X|P < oo, the integrals in (4.3) and (4.4) are both finite and equal
to each other. So, the equality in (4.4) means that |E X [P ({0} x (0,1/2]) = 0.
If now p({0} x (0,1/2]) # 0 then EX = 0, and the equality in (1.2) takes the
form E|X|? = C,E|X|P; but, by part (v) of Theorem 2.3 (to be proved a bit
later), the condition p # 2 implies C, > 1, which yields E|X|? = 0, and so,
x 2 ANX1-p,, — tp,) for A = 0. It remains to consider the case when p # 2,
E|X [P < oo, and p({0} x (0,1/2]) = 0. Then u(Sp) = u(S) = 1, and the equality
in (4.3) (again with f = |- |P), together with (2.5) and (4.7), will imply that
E|AX1_p|” = Cp E|JAX1_pp+E X|P for p-almost all (A, b) € Sp. In view of (4.14),
(2.5), Proposition 2.2, and (4.15), this in turn yields

pp(b, —EX/X) = R(p,by) = R(p,b) = pp(b, 1)

for p-almost all (A, b) € Sp. Now recall that for each b € (0,1/2] the maximum of
pp(b,t) int € Ris attained only at ¢ = t;. It follows that for y-almost all (A, b) € Sy
one has

(i) R(p,bp) = R(p,b) and hence, by Proposition 2.2, b = b, and

(i) —EX/X =ty =tp, or, equivalently, A = —EX/t, = —EX/ty, =: \p.
Therefore, (A,b) = (Ap,bp) for p-almost all (A, b) € Sp and thus for p-almost
all (A\,b) € S. Now (4.1) shows that X + A8, = X —EX 2 ApX1-b,.,p, OF,

equivalently, X D Ap(X1-p,,b, — tv,), which completes the proof of part (ii) of
Theorem 2.3.

(iii) Part (iii) of Theorem 2.3 follows immediately by the symmetry (4.8) of
R(p,b) in p and the definitions of C, and b, in (2.5) and Proposition 2.2, respec-
tively.

(iv) Asin (4.9), let r := p—1, so that r — oco. For a moment, take any k € (0, 00)
and choose b = ¥. Then, by (4.9), z ~ b = *, and now (4.10) yields Dy(r,z) ~

(1 — ,)r, whence Dy(r,z) is eventually (i.e., for all large enough r) positive or
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negative according as k is greater or less than é So, again by (4.9), for any real k
and k such that 0 < k < % < k, eventually 8, R(p, b)|b:k/r > 0> Jy R(p,
It follows by Proposition 2.2 that

b)|b:fc/r'

1

~ 4.1
by (4.16)
that is, b, = k/r for some xk varying with r so that x — 1/2. Hence,
(1=0bp)" +b,=(1—r/r)" +(x/r)" — e 12, (4.17)

Next, b/" = (5/r)'/" = exp(pInf) = 1+ It +0((;nf)") and
(1 —b,)"/" =1+ O(1/r?), whence

0wy = o o)
K

1 IR L
- [Zexp{% In r +O(r>H ~2 \/r ~ V8p’
Recalling now (2.5), (2.4), and (4.17), one obtains (2.8).
(v) Take any b € (0,1/2). Then

A=y a1-b

e e e

for all » > 0. Moreover,
oo (r) := 0y Oy In [(B" + (1 = 0)V/")] = do(1/7)/7® > 0

for all » > 0. So, 9p Op InR(p,b) = da1(p — 1) + d22(p — 1) > 0, which shows
that R(p,b) is strictly log-convex in p € (1,00). Also, 0, In R(p,b)}p:2 =0, so
that R(p,b) decreases in p € (1,2] and increases in p € [2,00), with R(2,b) = 1.
Therefore and in view of (2.5) — note in particular the attainment of the supremum
there, C), is strictly log-convex and hence continuous in p € (1,00), and it also
follows that C, decreases in p € (1,2] and increases in p € [2,00), with C, = 1.
Next, (2.8) shows that C,, — oo as p — oo. Letting now p | 1 and using (2.7),
one has ¢ — oo and hence C), = C(}/(q_l) = (29//(8 + 0(1))eq)1/(q71) — 2. This
completes the proof of part (v) of Theorem 2.3.

(vi) The proof of part (vi) of Theorem 2.3 is straightforward, in view of (2.5),
Proposition 2.2, (2.4), and (2.6). O

Proof of Corollary 3.1. The proof is based on ideas presented in [20, 22] concern-
ing the use of the mentioned Yurinskii martingale decomposition; similar ideas
were also used, e.g., in [1, 17, 24]. Consider the martingale defined by the formula
¢ == E;(Y —EY) for j € 0,n, where E; stands for the conditional expectation
given the o-algebra generated by (Xi,...,X;), with Eq := E, and then consider
the differences &; := (; — (;—1. Next, for each i € 1,n introduce the r.v.

N = El(Y - }71)7
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where Y; := g(Xq1,.. ., Xic1,xi, Xiqa, ..., X5), so that & = n; — E;_1 7, since the
r.v.’s Xq,..., X, are independent. Also, in view of (3.1) or (3.7), for all i € 1,n
and z; € X; one has |n;| < pi(X;, 2;), whence, by (1.2),

Eio1|&]" =EBic1mi —Eicimi|” < Cr Eimq Imi|” < CrEimy pi( Xy, 20)"
= CT Epi(Xi, Zi)r
forall r € (1,00). Now (3.3) follows from (3.2),since (,, =Y —EY and Co =1. O
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Strong Log-concavity
is Preserved by Convolution

Jon A. Wellner

Abstract. We review and formulate results concerning strong-log-concavity in
both discrete and continuous settings. Although four different proofs of preser-
vation of strong log-concavity are known in the discrete setting (where strong
log-concavity is known as “ultra-log-concavity”), preservation of strong log-
concavity under convolution has apparently not been investigated previously
in the continuous case.

Mathematics Subject Classification (2010). Primary 60E15; Secondary 26D15.

Keywords. Log-concave, ultra log-concave, strongly log-concave, convolution.

1. Log-concavity and ultra-log-concavity for discrete distributions

We begin with a discussion of log-concavity and ultra-log-concavity in the setting
of discrete random variables. This material is from [13] and [11].
A sequence {a; : i € Zy} of non-negative real numbers is log-concave if

a? > a;_1a;41 for i>1

and the set {i > 0: a; > 0} is an interval of integers. A non-negative integer-
valued random variable X with probability mass function {p, : = € Z} is log-
concave if {p,} is a log-concave sequence with Y 7 ' p, = 1. A stronger notion,
analogous to strong log-concavity in the case of continuous random variables, is
that of ultra-log-concavity: for any A > 0 define ULC()\) to be the class of non-
negative integer-valued random variables X with mean EX = X such that the
probability mass function p, satisfies

ap2 > (. + D)pey1pey forall x> 1. (1.1)
Then the class of ultra log-concave random variables is ULC = UysoULC(\).
Note that (1.1) is equivalent to log-concavity of z +— pg/mx . where my, =

Supported in part by NSF Grant DMS-1104832, NI-AID grant 2R01 AI291968-04, and the
Alexander von Humboldt Foundation.
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e *\*/z! is the Poisson distribution on N, and hence ultra-log-concavity corre-
sponds to p being log-concave relative to my (or p <jc 7x) in the sense defined by
[23] pages 625-626: p <. q if p/q is log-concave. Thus X € ULC()) if and only
if EX = X and p, = hym) where h is log-concave. When we want to emphasize
that the mass function {p,} corresponds to X, we also write px (z) instead of p,.

Our main interest here is the preservation of ultra-log-concavity under con-
volution.

Theorem 1.1 ([17]). The class of ultra-log-concave distributions on Z is closed
under convolution. More precisely, these classes are closed under convolution in
the following sense: if U € ULC(A) and V' € ULC(u) are independent, then
U+V e ULC(A+ p).

Liggett’s proof proceeds by direct calculation. For recent alternative proofs of
this property of ultra-log-concave distributions, see [8], [14], and [18]. A relatively
simple proof is given by [11] using results from [16] and [6], and that is the proof
we will summarize here.

Proposition 1.2. X € ULC()\) if and only if the relative score function

(z) _ (z + 1)px(i + 1) 1 (z + 1)pX(i + 1) _ (z + 1)7T)\,i+1
PX= Nx (i) Apx (i) A

is a decreasing function of i.

Proof. This follows immediately from the definitions and elementary rearrange-
ment of terms. O

Proposition 1.3.

(i) If X andY are independent discrete random variables with means p = E(X)
and v = E(Y') respectively, then

privle) =B N x4 1 n|x 4y =5},

(ii) If X € ULC(n), Y € ULC(v) are independent, then X +Y € ULC(p+v).

Proof. (i) This projection formula is proved in the Lemma on page 471 of [16] by
direct calculation.

(ii) This claim follows from (i) and Theorem 1 of [6], upon noting Efron’s remark 1,
page 278, concerning the discrete case of his theorem: for independent log-concave
random variables X and Y and a measurable function ® monotone (decreasing
here) in each argument, E{®(X,Y)|X +Y = z} is a monotone decreasing function
of z: note that ultra-log-concavity of X and Y implies that
v

ooy = L ex@)+ L ov(y)
is a monotone decreasing function of x and y (separately) by Proposition 1.2. Thus
px+y is a decreasing function of z by Proposition 1.3 and Efron’s theorem, and
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hence X +Y € ULC(u + v) by Proposition 1.2 again. This completes the proof
of (ii) of Proposition 1.3 and hence Theorem 1.1. O

Here are some facts concerning the entropy of discrete random variables,
Bernoulli sums, and ultra-log-concavity.
For any probability distribution {p, : = € Z}, the entropy H(p) is given by

H(p)=—) pslogp..

If Xy,...,X, are independent Bernoulli(py), ..., Bernoulli(p,,) random variables,
then S, = > | X; is called a Bernoulli sum, and we write bp(2) = Pp(S, = )
for x € N for its probability mass function where p = (p1,...,pn) € [0,1]™
Furthermore, for each A > 0 set

PN ={p€0,1]": p1+ - +p,= A},

Poo(A) = Us 1 Pr(N).
Fact 1.4 ([20]). For each fized n > 1, the Bernoulli sum b, which has mazimal

entropy among all Bernoulli sums with mean X is Binomial (n, \/n), the Binomial
with parameters n and A/n. In other words,

H(Binomial(n, \/n)) = max{H (bp) : p € Pn(N)}.

This was extended to the Poisson distribution by Harremoés: If Po(\) denotes
the Poisson distribution with mean A on N then we have:

Fact 1.5 ([10]).
H(Po(A)) = sup{H (bp) : P € Poo(N)}.

Fact 1.6. The Poisson distribution and all Bernoulli sums are ultra-log-concave.
(This is trivial for Poisson, easily verified for any Bernoulli variable, and hence
true for Bernoulli sums by Proposition 2. Also see [7| for a direct proof that
Bernoulli sums are ultra-log-concave in the terminology of [17].)

Fact 1.7 ([11]).
H(Po(\)) =max{H(p): p€ ULC with mean A} .

Theorem 1.8. For any A\ > 0, if X € ULC(\) then the entropy H(X) of X satisfies
H(X) < H(Zy) with equality if and only if X L7\~ Poisson(\).

Proposition 1.9. For any A > 0 and pu > 0:

(i) If V. € ULC(\) then it is log-concave.
(ii) The Poisson random variable Zy € ULC(A).
(iil) The classes are closed under convolution in the following sense: if U €
ULC(X) and V € ULC() are independent, then U +V € ULC(\ + p).
(iv) Poo(N) C ULC(A).
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Fact 1.10. It follows from [7] that the hypergeometric distribution (sampling without
replacement count of “successes”) is equal in distribution to a Bernoulli sum; hence
the hypergeometric distribution is ultra-log-concave.

Question 1.11. Is there an analogue of Chernoff’s density in the discrete case which
is ultra-log-concave? (See [1] for Chernoff’s density in the continuous case. Possible
connections to Polya frequency sequences as treated in [15], Chapter 87)

2. Log-concavity and strong-log-concavity for continuous
distributions on R

Despite considerable interest in strong log-concavity as a hypothesis for correlation
inequalities, log-Sobolev inequalities, and various results in transportation theory
(see, e.g., [9], [22], and [4]), T am unaware of any previous proof that strong log-
concavity is preserved by convolution. Here we give a proof of this preservation
property along the lines of the proof by [11] in the discrete case discussed in
Section 1.

A non-negative function g on R (or R?) is log-concave if for all z,y € R
(respectively R?) and 6 € (0,1)

g0z + (1 —0)y) > g(z)’g(y)* .

A density function g on R (respectively R?) is log-concave if it is a non-negative
log-concave function with [, g(z)dz =1 (respectively [, g(z)dz = 1).

Definition 2.1. For any 02 > 0 define the class strongly-log-concave with variance
parameter o2, denoted SLC(02), to be the collection of random variables X (or
their corresponding density functions f = fx) with EX = 0, Var(X) = o2,
P(X € dx) = f(x)dx, such that

1
flx)=g(x) ¢(z/o) with g log-concave (2.1)
o
where ¢(z) = (27r) /2 exp(—22/2) is the standard Gaussian density.

Thus strong log-concavity of f is equivalent to f being log-concave relative to
#(-/a) /o (or f <jc 07 1¢(-/0)) in the terminology of [23]: f <. ¢ if and only if f/g
is log-concave. When (— log f) is twice differentiable, a useful sufficient condition is

1
(=logf)"(z) > , forall zeR.
o

For X with Var(X) = o2, define the relative score

f x f - '
px(x) = ps(r) = - f (@)= 2=~ f (z) — (~log{o™ ¢(x/0)})
where ¢(z) = (2m) /2 exp(—22/2) is the standard Gaussian density.
Strong log-concavity of f implies that (—log f) exists at all but countably
many points; see, e.g., [21], Theorem 1.26, page 19. By using the left derivative of
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f we can define px for every strongly log-concave X with density f. Note that the
“standardized Fisher Information” J(X) of [2] is given by

J(X) = d®Epp3(X).

Furthermore
(z)

D(X)=K(f, ¢) = /f(x)log f;(x)dx

:/1J(\/tX—|—\/1—tZ) Lt
A ot

= / J(e "X + /1= e 20Z)dv
0

where Z ~ N(0,0?). Compare with (1.14) of [5].
To prove Theorem 2.3 below, we first prove an analogue of Proposition 1.2
in the preceding section:

Proposition 2.2. X € SLC(0?) if and only if ps(x) is nondecreasing in .

Proof. Suppose that py is nondecreasing where we take f to be the left derivative
of f. Then for x > xg,

‘ _ [T “y
/TO pf(y)dy = W) dy—/mo 2

= —log /() ~ (~log (x0)) ~ 1, (" ~a})

is a convex function of x. Thus
L,

~log f(@) — , ,7,

is convex, and it follows that f(z) = g(z)o~1¢(x/0) where g is log-concave.
On the other hand suppose that (2.1) holds. Then

—log f(z) = —logg(z) — log(é(z/0)/0)

is convex and its derivative (which exists at all but countably many «’s; see, e.g.,
[21], page 19) is

Sw=-Tw+ ],
where
@)=t @ = 5 = et

is non-decreasing since — log g is convex; see [21], Theorem 1.26, page 19, or [19],
Exercise 12.59, page 565. g
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From [3] (see (2.5) on page 142) or [12], Lemma 3.1 we know that for inde-
pendent random variables X and Y with absolutely continuous densities f and g
respectively we have

/ !/

E{—fY(Y)|X+Y=z}:-fX”(z). (2.2)
fy x4y

This yields the following theorem:

Theorem 2.3.

(i) If X and Y are independent random variables with variances o? = Var(X)
and 72 = Var(Y), and absolutely continuous densities f and g respectively,
then

o2 2

T
=F X Y)IX+Y = .
pX-i-Y(Z) {02—1—7'2'0)(( )+ 0,2_’_7_2/)3/( )' + Z}

(ii) If X € SLC(0?) andY € SLC(7?) are independent, then X +Y € SLC(o?+
72).
Proof. (i) follows immediately from the projection formula (2.2) and linearity of
conditional expectation: here is a detailed calculation.

2 / 2 ’
SRR TR ANER IR

o2+ 72 fx+vy o2+ 72 fx+vy

X+Y
- E{ o 2X+Y:z}
o2+ 7
:_fS(er _ z
x4y o2 + 12
= px+v(2).

(i) follows from (i) and Efron’s ([6]) observation that for independent log-concave
random variables X and Y and a measurable function ® increasing in each argu-
ment, E{®(X,Y)|X +Y = z} is an increasing function of z: take
o2 72
O(zy)= , +T2px(x) + 2 +T2py(y)-

Thus px 4y is an increasing function of 2z and hence X +Y € SLC(¢? + 72) by
Proposition 2.2. [l

Question 2.4. Are there alternative proofs of (ii) of Theorem 2.3 paralleling the
alternative proofs by [8] and [14] that ultra-log-concavity is preserved by convolu-
tion?

Question 2.5. Is multivariate strong log-concavity preserved under convolution?

Question 2.6. Can the result of Theorem 2.3 be used to prove the strong log-
concavity of Chernoff’s density conjectured in [1]?
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3. Appendix: strong convexity and strong log-concavity

Following [19], page 565, we say that a proper convex function h : R? — R is
strongly convex if there exists a positive number ¢ such that

H(Or + (1~ 6)y) < Oh(x) + (1= 6)h(y) — ,eb(1 ~ Oz~ yI]

for all z,y € R%and 6 € (0, 1). It is easily seen that this is equivalent to convexity
of h(z) — (1/2)c||z||? (see [19], Exercisel2.59, page 565).
Now f is strongly log-concave if and only

—d 7d
fl@) = g(@)o= i, ¢(x;/0)
for some ¢ > 0 where g is log-concave. But this agrees with the definition of strong
convexity given above since,
h(z) = —1o =— V' ]
= —log f(z) = —logg(z) + dlog(ov2m) + |, 5 ,
so that
_ _ [ ]|* _ v
log f(x) 0p2 = log g(x) + dlog(o Vv 2m)
is convex; i.e., — log f(x) is strongly convex with ¢ = 1/(202).
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On Some Gaussian Concentration Inequality
for Non-Lipschitz Functions

Pawel Wolff

Abstract. A concentration inequality for functions of a pair of Gaussian ran-
dom vectors is established. Instead of the usual Lipschitz condition some
boundedness of second-order derivatives is assumed. This result can be viewed
as an extension of a well-known tail estimate for Gaussian random bi-linear
forms to the non-linear case.
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1. Introduction

The Gaussian concentration inequality in one of its forms states that for a stan-
dard Gaussian random vector X in R™ and a function f: R™ — R satisfying the
Lipschitz condition, with a constant L > 0,

2
(GO - E1C0 2 0 < 20— ) (11)

for all t > 0 (see, e.g., [5, Ch. 2.3]).
In order to motivate further considerations, let us make the following trivial
observation. Let f: R x R — R be a C? function satisfying

0*f
0x0y

for all (z,y) € R x R and put g(z,y) = f(z,0) + f(0,y) — £(0,0). Then for any
t>0,

(z,y)| <L

(n @m)({(z,y) € R R: |f(x,y) — glz,y)] 2 t}) < Ce™/E, (1.2)

Research partially supported by MNiSW Grant no. N N201 397437.
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where 7, is the standard Gaussian distribution on R. This fact is as trivial as the
Gaussian concentration on the real line. Just write

@, y) - g(e.y) = Fa,y) — F(2.0) — F(0,5) + [(0,0) = // axa (u,v) dudv

to see that
|f(x,y) — g(z,y)| < Llzyl.

Now the desired inequality follows from the fact that the random variable |g1g2|,
where g1, g2 are independent A(0,1), roughly behaves like an exponential ran-
dom variable, i.e., P(|g1g2] > t) < Ce“". The example f(z,y) = fi(z) + f2(y)
shows that under the assumption of boundedness of the second-order mixed deriv-
ative, one cannot control the deviation of f from anything “simpler” than a linear
combination of functions depending on a single variable only.

This observation leads to natural questions: Does (1.2) have a multidimen-
sional counterpart in the spirit of the usual Gaussian concentration inequality?
What should one assume on the second-order derivatives of f: R™ x R™ — R and
what is a natural choice for the function g7

2. The result

Before we formulate the main result, we introduce some notation. Let (Q, F,P)
be a probability space and X,Y be independent random vectors defined on that
space. For any integrable random variable V' we define

L,V = E[V|X]+E[V|Y] — EV.

Note that the operator II; restricted to L?(Q,F,P) is an orthogonal projection
onto the subspace spanned by random variables which are either o(X)- or o(Y')-
measurable, i.e., L2(Q, 0(X),P)+ L?(Q,0(Y),P). In the case V = f(X,Y), I}V =
Ey f(X,)Y)+ Exf(X,Y) — Ef(X,Y), where, e.g., by Ex f(X,Y) we mean the
integration w.r.t. to X only. The operator II; is related to so-called Hoeffding
projection from the theory of U-statistics.

For a C? function f: R™ x R — R and a point (z,y) € R™ x R"2, we shall
consider a matrix of second-order mixed derivatives of f at (x,y):

0% f
2 —
J

Note that apart from special situations, 8%11 f(z,y) is usually not symmetric.
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For an n; x ny matrix A = (a;;) we shall consider the operator norm and the
Hilbert-Schmidt norm of A:

[ Allop = sup Z QijTiYj: Z x; <1, Z y? <1,

i<ni,j<n2 1<ny J<na

1/2

| Allus = o oay

1<ni,j<n2

For two n1 X ng matrices A = (a;;) and B = (b;;), we shall write (4, B) =
Zi,j ai;bi;. For x € R™ and y € R™?, x ® y is the n; x ny matrix with the entries
x;yj, for i <nq and j < no. With the above notation (4,2 ®@ y) = E” @i TYj-

By C, ¢, etc. we denote positive numerical constants which do not depend
on any parameters involved. At each occurrence a value of such constant may
be different. Finally, for a random variable Z, ||Z||, denotes its LP-norm, i.e.,
(E|Z]P)1/7.

The main result of this note is the following

Theorem 2.1. Let X and Y be independent standard Gaussian random vectors in
R™ and R™ respectively, f: R™ xR"™ — R be a C? function and E|f(X,Y)| < oco.
If for any (z,y) € R™ x R"2,

||812ryf(xvy)|‘op S a and ||812ry.f(x7y)”HS S bv
then for all t > 0,
P(|f(X,Y) - I f(X,Y)| > t) < Cexp (— cmin (t/a,t?/b?)).

Let us first discuss the optimality of the above estimate. If f is bi-linear,
Le, f(2,9) = Xicn, j<n, ijTiyj, then II f(X,Y) = 0 as. and in this case the
inequality from Theorem 2.1 matches (up to numerical constants) the well-known
upper bound for the tail of a (decoupled) Gaussian chaos of order 2, i.e., the
random variable S = aijgig;, where g;, g} are ii.d. N'(0,1) random
variables [2]:

P(|S| > t) < Cexp (—cmin (¢/]|(ai;)lop, /Il (ais)lfis))) - (2.1)

The estimate (2.1) is optimal in a sense that with different numerical constants
it is also a lower bound for the tail of S| (cf. [3]). Therefore, Theorem 2.1 can
be considered as an extension of (2.1) to the non-linear case. In fact, the bi-linear
case will be one of the ingredients of the proof of Theorem 2.1. More precisely, we
shall use the following estimate for moments of S = Eignl, i<ns Gij gig;: for any
p=2,

1<ni,j<n2

151, < Cmax (pl|(@ij)llops v/l (@ij)[[1s) - (2.2)

In the form stated above, (2.2) is an easy consequence of the usual Gaussian
concentration, e.g., in the form of (1.1).
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The other ingredient in the proof of Theorem 2.1 is the following Sobolev-type
inequality due to Maurey and Pisier [7]:

Theorem 2.2 (Maurey-Pisier). Let X, X be independent standard Gaussian vectors
inR™, f:R" — R be a C! function satisfying E|f(X)| < oo, and ®: R — R be a
convex function. Then

T _
BO(f(X) ~Ef(X)) <8 (1 (V/(X), X)) (2:3)
Actually, we shall use the following “tensorized” version of the above inequal-
ity:
Proposition 2.3. Let X, X be independent standard Gaussian vectors in R™ and
Y,Y be independent standard Gaussian vectors in R™2, independent of (X, X).

Further, let f: R™ x R" — R be C? and E|f(X,Y)| < oo, and ®: R — R be a
convex function. Then

E®(f(X,Y) - I f(X,Y)) gm(( )2(82 f(X,Y),X®Y>). (2.4)

Ty

Proof. We just follow the proof of Theorem 2.2 as presented in [7]. For (61,03) €
[0, 7/2]%, we define

X(61) = X sinf; + X cos by,
Y (62) = Ysinfy + Y cos 0.

The crucial property of X (1) and Y (62) is
(X(02). X' (62) £ (X, X),
(Y (62).Y'(62)) £ (¥.7)

for any 61,02 € [0,7/2] (by, e.g., X'(01) we mean dng(al) = X cosf — X sinf,).
By the smoothness assumption and the chain rule,

FXY) - f(X)Y) - f(X Y)+f(X Y)

/2 pm/2 82 ) ( ))
/ / 801892 d6,d0s

/2
/ / Ty ),Y(Hg)),X’(Hl) ®Y/(92)> d01d02 a.s.
Applying ® to the both sides and using the Jensen inequality yield
o (f(X,Y) —f(X Y) - f(X,Y) + f(X,Y))

/2
/ / ((m/2)%(02, F(X(6:), Y (62)), X' (61) © Y (62)))
2/7‘() d01d02 a.s.

(2.5)
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Integrating the both sides, applying the Fubini theorem and using (2.5), we arrive
with

E(I)(f(X7Y)_f(X7Y)_f(X7Y)+f(X7Y))

< / " / " Ee ((m/2)%(02,£(X,Y), X @Y)) (2/7)? dbrdbs,
0 0

hence the two outer integrals on the right-hand side can be omitted. We finish
with the Jensen inequality applied conditionally to the left-hand side:

< EE[@(f(X,Y) ~H(R,Y) - (X, T) +f()_(,Y))‘X,Y}. O

Proof of Theorem 2.1. Taking ®(u) = |ulP for p > 2 in Proposition 2.3 we obtain

_ _\P\1/r
1FO6Y) I f (X, V), < (ExvEx v (X023, F(X1), X01)) ) .
Since for a given (X,Y), (92,f(X,Y),X ® Y) is a decoupled Gaussian chaos of
order 2, we can use (2.2):
_ _\P
Exy ((5)20%,f(X,7). X @T))
< O max (p1102, (X, V), 92102,/ (X, V)5 s
so plugging it into the right-hand side of the previous inequality gives
[£(X,Y) =TI f(X,Y)ll, < Cmax (pa, \/pb) .
By the Chebyshev inequality, for any p > 2,
P(If(X,Y) — L f(X,Y)] > ] f(X,Y) ~ L f(X,Y)],) < 7P,

hence

P(If(X,Y) ~ I f(X,Y)| = eC max (pa, y/pb) ) < e 7.
The observation that ¢ = eC'max (pa, \/pb) iff p = min (¢/(eCa),t?/(eCb)?) con-
cludes the proof. O

Remark 2.4. Another way to obtain Proposition 2.3 is to iterate the inequal-
ity (2.3) twice. First use it conditionally on Y for the function gy (x) = f(z,Y) —
Ef(x,Y) and obtain

EQ(f(X,Y) — By f(X.Y) ~Ex(f(X.Y) ~Ey f(X,Y))) <E® (] (Vor (X), X))
:EE[@ (” (Vo f(X,Y), X) — By (V. f(X,Y), X) ) )X X}

Now use (2.3) conditionally on (X, X) for hy x(y) = 5(V.f(X,y), X) and note
that

(Vyhx x(4).5) = 02,/ (X.9). X @ 3).
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A different iteration scheme of the same Maurey-Pisier inequality (2.3) is proposed
in [1].

Proposition 2.3 has a straightforward generalization to functions of more than
two Gaussian vectors. Namely, given d independent random vectors Xy, ..., Xg,
one defines

M V=" Y  (—D*FE[V|e(X;:i¢K).
0£KC{1,...,d}

On the L? space, II;_; is an orthogonal projection onto the subspace spanned by
functions each of which depends on at most d— 1 vectors among X1, ..., X4. Next,
let X; be a standard Gaussian vector in R™ and (X1,..., Xy) be an independent
copy of the sequence (X1, ..., X4). Then, for any convex ®: R — R and C? function
frR™ x ... xR"™ = R,

E®(f(X1,...,Xa) = Ham1 f(X1, ..., Xa))
<E® ()0 0 f (X1 X2, K1 @ 0 X))

where

d 1 d 1 d

odf

— (1) (d)y,,(1) (d)
= Z " (d)(a: @ Dy
Ox; -+ 0wy,

11<n1,..,1a<Nq

Clearly, the higher-order analog of Theorem 2.1 requires moments estimates for
(decoupled) Gaussian chaoses of order d,

1 d
S = > ail"'idgl(l)' .gl(d)7

11<n1,..,8a<ng

where GU) = (gy), e ,g,(l];.)), j=1,...,d are independent standard Gaussian vec-
tors. Optimal estimates were found by Latala [4] and they are expressed explicitly
in terms of some norms of the multi-indexed matrix A = (a;,...,,). For example,
in the case d = 3, for any p > 2,

emp(A) < [[S]|, < Cmy(A),
where
mp(A) = |All iy 230332° % + (1Al oy 3y + 1Al sy oy + 1Al sy y)p
+ HAH{123}P1/2
and

AN\ 2
Al gy oper = sup Y iisina, ) @) Z(mﬁj)) =1 forj:1’2’3}

11,2,13 5
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is the operator norm of A considered as a 3-linear functional on R™ x R"2 x R"3,
| All {123} is the Hilbert-Schmidt norm of A (the sum of squares of all the entries
of A), and, e.g.,

12 3 12 3
||A||{12}{3} = Sup{ Z Qjqigiz T 5112) 53) Z ( 5112)) <1and Z ( ( )) }
11,12,13 11,12

Let us also mention that since the Maurey-Pisier inequality behaves well
under Lipschitz maps (see [7, p. 181]), one can have a version of Proposition 2.3
for random vectors X = T1(G1) and Y = T5(Gs), where T;: R™ — R™ is Lipschitz
with a constant L; and G1, G4 are independent standard Gaussian vectors:

ER(f(X,Y) ~ T f(X,Y)) < B® (LiLs(] (02, F(X,Y),Gr © Gn))

where (G1,G2) is an independent copy of (G, G2),

3. Application to U-statistics

Consider a U-statistic over an i.i.d. sample of N'(0,1) random variables

Z= Y hiilgi95)-
ij<n, i#j
Assume that all kernels h; ; are symmetric and completely degenerate, i.e.,
h(z,y) = h(y,z) and Ey, h; j(g:,9;) = 0 a.s. and Ey, R, ;(g:,9;) = 0 a.s. Further,
assume for all z,y € R,
0%h
o (1)
By the decoupling inequalities for U-statistics [6], an estimate for tails of Z follows
from a corresponding estimate for a decoupled version of Z:

Z= 3 hilgi9)):

h,j<n, i#]

’<aij~

where Y = (g1,...,¢,) is an independent copy of X = (g1,...,9s). Note that
the complete degeneracy of the kernels h; ; implies H1 = 0 a.s. Also note that
Z = Ff(X,Y) with f satisfying

[0 yf”op < l(aij)llop and ||a§'quHS < II(ai;) | ns-

Therefore we obtain
Corollary 3.1. In the setting described above, for allt > 0,

P(|Z] > t) < Cexp (—cmin (t/|/(aij)llop, 1/l (aij)llrs)) -
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Rates of Convergence in the Strong Invariance
Principle for Non-adapted Sequences.
Application to Ergodic Automorphisms

of the Torus

Jérome Dedecker, Florence Merlevede and Frangoise Pene

Abstract. In this paper, we give rates of convergence in the strong invariance
principle for non-adapted sequences satisfying projective criteria. The results
apply to the iterates of ergodic automorphisms T of the d-dimensional torus
T?, even in the non hyperbolic case. In this context, we give a large class of
unbounded function f from T¢ to R, for which the partial sum foT + f o
T? 4+ ...+ f o T™ satisfies a strong invariance principle with an explicit rate
of convergence.

Mathematics Subject Classification (2010). 60F17; 37D30.

Keywords. Almost sure invariance principle, strong approximations, nonadapt-
ed sequences, ergodic automorphisms of the torus.

1. Introduction and notations

Let (2, A,P) be a probability space, and T' : Q — Q be a bijective bimeasurable
transformation preserving the probability P. For a o-algebra Fy satisfying Fy C
T—1(Fy), we define the nondecreasing filtration (F;);cz by F; = T~ %(Fo). The P
norm of a random variable X is denoted by || X ||, = (E(|X|?))'/?.

Let Xy be a real-valued and square integrable random variable such that
E(X() = 0, and define the stationary sequence (X;);cz by X; = XooT". Define then
the partial sum by S,, = X1+ Xo+---+ X,,. According to the Birkhoff-Khinchine
theorem, S,, satisfies a strong law of large numbers. One can go further in the
study of the statistical properties of S,,. We study here the rate of convergence
in the almost sure invariance principle (ASIP). More precisely, we give conditions

F. Péne is partially supported by the French ANR projects MEMEMO2 and PERTURBATIONS.
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under which there exists a sequence of independent identically distributed (iid)
Gaussian random variables (Z;);>1 such that

k
D (Xi— 7| =
i=1

sup o(n'/PL(n)) almost surely, (1.1)

1<k<n

for p €]2,4] and L an explicit slowly varying function. Let us recall that, in the iid
case, Komlds, Major and Tusnddy [13] and Major [18] obtained an ASIP with the
optimal rate o(n'/P) in (1.1) as soon as the random variables admit a moment of
order p, for p > 2.

Since the seminal paper by Philipp and Stout [25], many authors have con-
sidered this problem in a dependent context, but most of the papers deal with the
adapted case, when Xy is Fy measurable (for instance, Fy is the past o-algebra
o(X;,7 < 0)). Unfortunately, it is quite common to encounter dynamical systems
for which the natural filtration does not permit the control of any quantity involv-
ing terms of the type [|[E(X,,|Fo)|lp-

In this paper, we shall not assume that X is Fp-measurable, and we shall give
conditions on the quantities [|E(X,|Fo)||p, || X—n—E(X—n|Fo)|lp and [|E(SZ|F_n)—
E(S?)||,/2 for (1.1) to hold (see Theorems 3.1 and 3.2 of Section 3). These condi-
tions are in the same spirit as those given by Gordin [7] for p = 2 to get the usual
central limit theorem. Our proof is based on the approximation

=1

by the martingale M,, = d; + ds + - - - + d,,, where d; is the martingale difference

d; = Z(E(XME) — E(Xk|Fiz1))

keZ

introduced by Gordin [7] and Heyde [10]. In the adapted case, similar conditions
are given in the recent paper [2], together with a long list of applications.

In the non-adapted case, it is easy to see that our results apply to a large
class of two-sided functions of iid sequences, or two-sided functions of absolutely
regular sequences. But they also apply to very complicated dynamical systems,
for which such a representation by functions of absolutely regular sequences is
not available. In the next section, we consider the case where T is an ergodic
automorphism of the d-dimensional torus T¢, and P is the Lebesgue measure on
T9. In this context, we use the o-algebras F; considered by Le Borgne [14]. As a
consequence of Theorem 2.1, we obtain that (1.1) holds for p = 4 and X; = foT",
where f: T? — R, as soon as the Fourier coefficients (ci)xeza of f are such that

1
f > 13/8.
lex| < H (14 5%/ T0g™ (2 + [Fi]) or some « /
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We also get that there exists a positive € such that
k

sup Z(Xi —Zi)| =

1<k<n '’ T
== =1

o(n'/?7%)  almost surely,

as soon as

lek] < H |k )? for some 6 > 1/2.

These rates of convergence in the almost sure invariance principle complement the
results by Leonov [16] and Le Borgne [14] for the central limit theorem and the
almost sure invariance principle respectively. Let us mention that Dolgopyat [5]
established an ASIP with the rate o(n'/27¢) (for some ¢ > 0) valid for ergodic
automorphisms of the torus and f a Holder continuous function. Thanks to the
decorrelation estimates obtained in [15], the rate for Holder observables can be
improved by applying the general result of Gouézel in [8] to get the rate o(nl/ d+e)
for every € > 0, and by applying the results of the present paper to get the rate
o(n*/*L(n)). To our knowledge, the present work gives the first strong approxima-
tion results for such partially hyperbolic transformations T' for unbounded (and
then non continuous) functions f.

To conclude, let us mention some previous works in the context of dynamical
systems: several results have been established with the rate o(n'/?~¢) for some
e >0 (see [4, 5, 11, 19, 24]). Results giving a rate in o(n'/4+¢) for every £ > 0 can
be found in [6, 8, 20, 21]. Most of these results hold for bounded functions f.

Let us reiterate that we can reach the rate o(n'/*L(n)) instead of o(n'/4+¢)
for every € > 0. Moreover, our conditions giving the rate o(n'/?L(n)) are related
to moments of order p of f. Such results are not very common in the context
of dynamical systems (let us mention [8] in the particular case of Gibbs-Markov
maps, and [3, 23] for generalized Pommeau-Manneville maps).

2. ASIP with rates for ergodic automorphisms of the torus

A probability dynamical system (Q, F, P, T) is given by a probability space (2, F,P)
and a measurable P-preserving transformation 7" : Q — €. Such a dynamical sys-
tem is said to be ergodic if the only A € F such that T4 = A a.s. are the sets
of probability 0 or 1.

If (Q,F,P,T) is ergodic, the study of the stochastic properties of the sta-
tionary sequence (f o T*)x>1 starts with the Birkhoff-Khintchine theorem [1, 12].
This theorem ensures that, for every integrable function f : 2 — R, the sequence
n~t>"4_, f o T* converges almost surely to E(f). This means that (f o T%),>4
satisfies a strong law of large number. A natural question is then to investigate
further stochastic properties of (f o Tk)kzl.

We illustrate our general Theorems 3.1 and 3.2 by a concrete example of in-
vertible non hyperbolic dynamical system, which is actually partially hyperbolic.
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We shall prove a strong invariance principle for a large class of unbounded func-
tions f, with a rate depending on the rate of convergence to zero of the Fourier
coefficients of f. In this context, we use the o-algebras JF; considered by Le Borgne
[14]. The stationary sequence (T%);cz is non-adapted to this filtration (F;);cz, in
the sense that 7" is not F; measurable. This is an important difference with the
classical probabilistic situation, where the study of stationary sequences can often
be done with the help of a natural “past” filtration (think of stationary Markov
chains, or of causal linear processes).

Let d > 2. We consider a group automorphism 7" of the torus T¢ = R¢/Z.
For every z € R%, we write Z its class in T¢. We recall that T is the quotient map
of a linear map 7 : RY — R given by T(x) = S -z, where S is a d x d-matrix
with integer entries and with determinant 1 or —1. The map x + S - z preserves
the infinite Lebesgue measure A on R% and T preserves the probability Lebesgue
measure A\. We suppose that T is ergodic, which is equivalent to the fact that no
eigenvalue of S is a root of the unity. In this case, it is known that the spectral
radius of S is larger than one (and so S admits at least an eigenvalue of modulus
larger than one and at least an eigenvalue of modulus smaller than one). This
hypothesis holds true in the case of hyperbolic automorphisms of the torus (i.e.,
in the case when no eigenvalue of S has modulus one) but is much weaker. Indeed,
as mentioned in [14], the following matrix gives an example of an ergodic non
hyperbolic automorphism of T*:

-1

o o= O
o= O O
— o O O
N O N

When T is ergodic and non hyperbolic, the dynamical system (T¢, 7, )\) has no
Markov partition. However, it is possible to construct some measurable partition
[17], to prove a central limit theorem [16]. Moreover, in [14], Le Borgne proved the
functional central limit theorem and the Strassen strong invariance principle for
(X) = f oT"*); under weak hypotheses on f, thanks to Gordin’s method and to
the partitions studied by Lind in [17].

We give here rates of convergence in the strong invariance principle for (X =
foT*); under conditions on the Fourier coefficients of f : T? — R. In what follows,
for k € Z%, we denote by |k| = max;e(1,....a} | Kil-

Theorem 2.1. Let T' be an ergodic automorphism of T¢ with the notations as above.
Let p €]2,4] and q be its conjugate exponent. Let f : T* — R be a centered function
with Fourier coefficients (ck)keza satisfying, for any integer b > 2,

p*—2

plp—1)’ 22)

Z lex|? < Rlog=%(b) for some 0 >
[k|>b
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and ; .
Z lex|? < Rlogfﬁ(b) for some 3 > P
k| >b

Then the series

o> = M(f = AN +2D M = Af)foT")
k>0

converges absolutely and, enlarging T? if necessary, there exists a sequence (Zi)ix1

of #id Gaussian random variables with zero mean and variance o2 such that, for

any t > 2/p,

su oT" Z; ) —0 n'/P (logn t1/2) gimost surel , as n — o0o. (2.4
S ;f Z gn) ) y (2:4)

Observe that (2.3) follows from (2.2) provided that 6 > (3p —4)/(2p — 2).
Hence, (2.2) and (2.3) are both satisfied as soon as

3p—4

ekl < Rlog=?(b) for some 0 > .

Ik|>b

Example. Let p €]2,4]. If we assume that the Fourier coefficients of f are such
that
4 1
k| <A , 2.5
o <ALy gyson0g (2 4+ i) (25)

for some positive constant A, then the conditions (2.2) and (2.3) are both satisfied
provided that a > (2p% — p — 2)/p?.

Let us now compare our hypotheses on Fourier coefficients with those ap-
pearing in other works. In [16], Leonov proved a central limit theorem (possibly
degenerated) when

1

A fi 2. 2.
lex| < H (1 + [5:)V/2 10g™(2 + ki) or some o > 3/ (2.6)

In [14], Le Borgne proved the functional central limit theorem and the Strassen
strong invariance principle when (2.3) holds true with 8 > 2 (and when f is not a
coboundary), which is a weaker condition than (2.6). Observe that, as p converges
to 2, (p® —2)/(p(p — 1)) and (3p — 4)/p both converge to 1.

3. Probabilistic results

In the rest of the paper, we shall use the following notations: Ex(X) = E(X|F%),
and a, < b, means that there exists a numerical constant C' not depending on n
such that a,, < Cb,, for all positive integers n.
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In this section, we give rates of convergence in the strong invariance principle
under projective criteria for stationary sequences that are non necessarily adapted
to ]:z
Theorem 3.1. Let 2 < p < 4 and t > 2/p. Assume that Xy belongs to LP, that

p—1

n
S eyt (B + X~ X)) <00, (1)
and that
n3r/4 p/2 p/2
>, _yorg B (Xn) 1877 + [ X — Eo(X_p)][5"7) < 00. (3.2)
el (log n)®—1)p/

Assume in addition that there exists a positive integer m such that

E L 2 21 ((P/2
n2(log n)(tfl)p/z ||E—nm(5n) - E(Sn)| /2 < 0. (33)
n>2

Then n~'E(S2) converges to o* = 3", ., Cov(Xo, Xi) and, enlarging 0 if neces-
sary, there exists a sequence (Z;)i>1 of #d Gaussian random variables with zero
mean and variance o* such that

k

Sk—ZZi

i=1

= o(nl/p(log n)(tH)/Q) almost surely, asn — co.  (3.4)

sup
1<k<n

Theorem 3.2. Let t > 1/2. Assume that Xo belongs to L* and that the conditions
(3.1) and (3.3) hold with p = 4. Assume in addition that

> nllogn)* =2 (I Eo(Xa)3 + [ X—n — Eo(X-4)[I3) < co. (3-5)

n>2

Then the conclusion of Theorem 3.1 holds with p = 4.

Of course, if (X;);cz is a sequence of iid random variables in ILP, then, taking
Fi = 0(Xg, k < 1), all the conditions (3.1), (3.2), (3.3) and (3.5) are satisfied. In
that particular case, we obtain an extra power of log(n) compared to the optimal
rate n'/?.

The conditions (3.1), (3.2) and (3.5) are similar to the conditions given by
Gordin [7] when p = 2 for the central limit theorem, and hence Theorem 3.1 and
3.2 have the same range of applicability as Gordin’s result.

For the proof of Theorems 3.1 and 3.2, we shall use the approximating mar-
tingale M, introduced by Gordin [7], and we shall give an appropriate upper bound
on R, = 5, — M,,. The next step is to get a strong approximation result for the
martingale M,,. This will be done by applying Proposition 5.1 in [2], which itself
is based on the Skorohod embedding for martingales, as in [26].
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3.1. Proofs of Theorems 3.1 and 3.2
Proof. We first notice that since p > 2, (3.1) implies that

> P Eo(Xa)llp <00 and Y nTHPIX-, —Eo(Xon)lly < o0
n>0 n>0

(apply Holder’s inequality to see this). Let Pi(X) = Ef(X) — Exz—1(X). Using
Lemma 5.1 of the appendix with ¢ = 1, we infer that

D I Po(X)llp < oo (3.6)

kEZ

In addition the condition (3.6) implies that n~1E(S2) converges to the quantity
0% =3 ez Cov(Xo, Xp).

Let now do := >,z Po(X;). Then do belongs to L? and E(do|F-1) = 0. Let
d; :== dooT" for all i € Z. Then (d;);ez is a stationary sequence of martingale
differences in LP. Let

M,, = Zdi and R, :=S, — M, .
=1

The theorems will be proven if we can show that
R, = o(nl/p(log n)(t“)/z) almost surely as n — oo, (3.7)

and that (3.4) holds true with M}, replacing Si. Since E(d3) = % and t > p/2,
according to Proposition 5.1 in [2] (applied with ¢ (n) := n*/?(logn)!), to prove
that (3.4) holds true with M}, replacing Sk, it suffices to prove that

)p/Q}HEO(A42)-_}E(A4g)}§§i'< 00. (3.8)

1
Z n2 (log n) (t—1

n>2

By standard arguments, (3.7) will be satisfied if we can show that
max » | Rell|B
> [ maxy <e<or [Re [} (3.9)

or p(t+1)p/2
r>0

Now, by stationarity, || maxi<¢<or |Relllp < 27/P > ) _o 27%/P||Rox]|, (see for in-
stance inequality (6) in [27]) and for all 4,5 > 0, ||Rixjllq < [[Rillq + | Rjllq-

Applying then Item 1 of Lemma 37 in [22], we derive that for any integer n in
[27"’ 2r+1 [’

max |Ry|
1<e<or

<n'/PY KO Ry, (3.10)
p k=1
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Therefore using (3.10) followed by an application of Holder’s inequality, we get
that for any a < 1,

[ maxy<o<or [Rel[l7 1 S 1/m) P
Z or p(t+1)p/2 < Z: n (log n)(t+1)p/2 Zk [ Bl

>0

(logn)P—1 = 1)
< j{: 1og7z<t+1nv2 j{:A: (log k)P~ V|| Ry |12.

Hence taking « €]1 — p/(2(p — 1)), 1] and changing the order of summation, we
infer that (3.9) and then (3.7) hold provided that

1Bl

Z 2 —1)p/2
o n (log n)(t )/

< 0. (3.11)
On an other hand, we shall prove that condition (3.8) is implied by: there

exists a positive finite integer m such that

1 2 2, (|P/2
2 2 (1ogm)¢-vpyz [B-nm(M2) ~ B [7)5 < oo (3.12)
n>2

For any nonnegative integer i, we set V; := ||[Eo(M?) — E(M?)|,/2. Using that M,
is a martingale, we infer that, for any nonnegative integers i and j,

Vigg < Vit V. (3.13)
Let now n € [2%,2F1 — 1] NN, and write its binary expansion:
k
n:Z2zb4 where by =1 and b; € {0,1} for 5 =0,...,k—1.
=0

Inequality (3.13) combined with Holder’s inequality implies that, for any n > 0,

k p/2 k Voo P/2
£=0 =0

Therefore
omp(k+1)/2

1 Ve \P/2
p/2 2
§>:2 n2 t—1)py2Vn K kz>0 ok J(t—1)p/2 Z (2n13> :

(log )

Changing the order of summation and taking n €]0,2/p][, it follows that (3.8) is
implied by

1 /2
Z 9k | (t—1)p/2 HEO(M;@) - E(M )} 2/2 <00 (3.15)
k>1

(actually due to the subadditivity of the sequence (V;) both conditions are equiva-
lent, see the proof of item 1 of Lemma 37 in [22] to prove that (3.8) entails (3.15)).
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Now, since (M,,) is a martingale,

k
Eo(Mj) — E(M3) = Z (Eo((Ma; — Ma;—1)?) — E((Ma; — Ma;-1)?))
+Eo(d}) — E(d7),

which implies by stationarity that

[Bo(M2) — BA)||, 1, < S [[E o (M)~ EQZ)]|, , + [|Eold2) — E(@2)]], ,
j=0

Therefore by using Holder’s inequality as done in (3.14) with 5 €]0,2/p[, we infer
that (3.15) is implied by

1 2 p/2
Z ok (t—1)p/2 HEf?’“(Mzk) - E(M )} pj2 <00 (3.16)
k>1
Notice now that the sequence (W),),>0 defined by

Wi = [|[E-a (M) - EQL)],,

is subadditive. Indeed, for any non negative integers ¢ and j, using that M, is a
martingale together with the stationarity, we derive that

Wigj = [[E_ (i) (M7) = E(M?) + E_(i ) (Miyj — M;)?) = E((Mis; — M;)*
< |[B—i(M7) = E(M?)]],,, + [|E—; (M;)?) — E(M;)?
<W;+ Wj .

)Hp/2
p/2 )||p/2

Therefore Wf_{f < 2”/21/[/57/2 + 2”/2ij/2. This implies that, for any integer ¢ and
any integer 0 < j < £, W;’/Q < 217/2(1/1/;)/2 + Wfl?) in such a way that

14
2 2
(C+1)WP2 < 2PN /2 (3.17)
=1

Therefore using (3.17) with £ = 2%  we infer that condition (3.16) is implied by

(M2) — E(M2)||"? < oo. (3.18)

1
Z: nz(logn)(t p/2 HE p/2

It remains to prove that (3.12) implies (3.18). With this aim, we have, for any
positive integer m,

Z Mk[nm 1] = (k 1)[nm*1]) + M, — Mm[nmfl] .
k=1
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Using that M, is a martingale together with the stationarity, we then infer that
B (M2) — E(M2)|[27 < 20 2P 2 |E_ (M, ) — E(ME,, )25

p/2 [nm—t]/Mlp/2
+ 22| B (M2 1)) = B2 )|
which, together with the fact that n — m[nm™!] < m, implies that
B, (M2) — E(M2)| Z’jg
< 9p/2yp/? (2p/2|\d 12+ B (ME 1)) — E(M[znm_l])Hig) (3.19)
< oP/2 P/ (217/2Hd |2 + HE—m (nm—1] (M [nm 1) — ]E(M[Qnm,l])| zg) ,

where for the last line we have used the fact that n > m[nm™=1]. We notice now
that due to the martingale property of (M,) and to stationarity, the sequence
(Ui)i>o defined for any non negative integer ¢ by

o ‘ _ p/2
Ui = ||Efmz(Mi2) E(MQ)} p/2

satisfies, for any positive integers ¢ and j,

Uits < (B -meissy (M2) — EQLD),

2 2 p/2
B i) (Mg = M) = B((Mis = M),
< 2P/2y; 2Py .
Hence by (3.17) applied with I/Vip/2 =U;,
[nm B [nm™1]

U1y < 272 (nm =+ 1)~ 3 U < 2140/2
k=1 k=1

Ui

. (3.20)

Therefore starting from (3.19), considering (3.20) and changing the order of sum-
mation, we infer that (3.18) (and so (3.8)) holds provided that (3.12) does. To end
the proof, it remains to show that under the conditions of Theorems 3.1 and 3.2,
the conditions (3.11) and (3.12) are satisfied. This is achieved by using the two
following lemmas. O

Lemma 3.1. Let p € [2,4]. Assume that (3.1) holds. Then

maxi<e<n || Rell}
n§2:2 n2(logn)(t—1pr/2 o
and (3.11) holds.
Proof. Since (3.1) implies (3.6), Ttem 2 of Proposition 5.1 given in the appendix
implies that, for any positive integers ¢ and N,

1Rellp < max [Eo(Sk)lp + max [[Sk — Ex(Sk)ll, + + O R(X)lp -
[iI=N
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Next, applying Lemma 5.1 given in the appendix with ¢ = 1, and using the fact
that by stationarity, for any positive integer k,

k k—1
Eo(Sk)llp < Y IBo(Xe)llp and [1Sk = Ex(Sk)llp < Y 1 X = Eo(X—0)lp
=1 £=0
(3.21)
we derive that for, any positive integers N > n > 2,
N N—-1
i Il < 3 Bl + 3 1k = Eo(X-0)l (3.22)

1/2 ||E0(Xk)||p 1/2 ||X—k - EO(X—k)Hp
D DT LD D i -
k>[N/2] k>[N/2]

The lemma follows from (3.22) with N = [nP/?] by using Hélder’s inequality (see
the computations in the proof of Proposition 2.2 in [2]). O

Lemma 3.2. Let p € [2,4] and assume that (3.1) and (3.3) are satisfied. Assume
in addition that (3.2) holds when 2 < p < 4 and (3.5) does when p = 4. Then
(3.12) is satisfied.

Proof. Let m be a positive integer such that (3.3) is satisfied. We first write that
2 2 2 2
||E—T”n(Mn) - E(MW)HP/Q < HE—Wm(Sn) - E(Sn)Hp/g
+ 2||E—nim(Sn Bn) — E(SnRn)llp/2 + 2[| Rally -

By using Lemma 3.1, and since (3.3) holds, Lemma 3.2 will follow if we can prove
that

E L p/2
n2(logn)(t—1p/2 HE*”’”(S”R")”p/Q <00 (3.23)
n>1

With this aim we shall prove the following inequality. For any non negative integer
r and any positive integer u,, such that u,, < n, we have that

[E—r(SnRn)llp/2 (3.24)
< Vun ([Eo(Sn)ll2 + 190 — En(Sn)ll2)

+max [E(SP) ~ E(SDlyz + V(3| D n)) "

k={n,un
k=1 |j|>k+n

Let us show how, thanks to (3.24), the convergence (3.23) can be proven. Let us
first consider the case where 2 < p < 4. Notice that the following elementary claim
is valid:

Claim 3.1. If F and G are two o-algebras such that G C F, then for any random
variable X in L9 for ¢ > 1, | X — E(X|F)|lq < 2||X — E(X]|9)]q-
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Starting from (3.24) with r = nm and u,, = n, and using Claim 3.1, we derive
that

HEfnm(San)Hp/Q < HEfnm(Ser) - E(S’I’QL)HP/Q
+Vn([Eo(Sn)ll2 + (1w — En(Sn)ll2)
FIRZ+7 D [1Po(X))ll2 -

l71=n

This last inequality combined with condition (3.3) and Lemma 3.1 shows that
(3.23) will be satisfied if we can prove that

np/4 P
2 2 (log ) ¢~ vp/2 (Eo(Sn)ll2 - 1Sn —En(S,)]12)" < (3.25)
n>2
and .,
np/? p
2. n?(log n)(t=1p/2 ( 2 1B j)lz) < o00. (3.26)

n>2 lj|>n

To prove (3.25), we use the inequalities (3.21) with p = 2. Hence setting
ar = [[Eo(Xe)ll2 + [ X1 — Eo(X_r41)]l2, (3.27)

and using Holder’s inequality, we derive that for any a < 1,
4

np/ /2
3 gy -2 (TE0(Sllz 180~ En(S0)lz)"
n>2 g

np/4 n nP/4p(1—a)(p/2-1)

p/
< Z:z n2(log n)(t—1p/2 (Z a‘) < Z n2(log n)(t—p/2

l=1

ga(p/%l)azgﬂ ,
(=1

Taking « €](3p — 8)/(2p — 4), 1] (this is poss1ble since p < 4) and changing the
order of summation, we infer that (3.25) holds provided that (3.2) does. It remains
to show that (3.26) is satisfied. Using Lemma 5.1 and the notation (3.27), we first
observe that

'pr/2 ( p/2
> > IR e
= n2(logn)(t—1pr/2

lil>n
np/2 . p/2
/2
<3 opogmyennn( 2 er)
>[n/2)

Therefore by Holder’s inequality, it follows that for any a < 1,

n;D/2 p/g
Z ”2(logn)(f p/2 (Z [1Po( j)||2>

[7|=n

nP/2p(1-a)(p/2-1)

a(p/2—1) y—p/4_p/2
<<Z n2(log n)(t—Dp/2 Y e gy,
£2>[n/2]
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Therefore taking a €]1,2[ and changing the order of summation, we infer that
(3.25) holds provided that (3.2) does. This ends the proof of (3.23) when p €]2,4].

Now, we prove (3.23) when p = 4. With this aim we start from (3.24) with
r = nm and u, = [v/n]. This inequality combined with condition (3.3), Lemma
3.1 and the arguments developed to prove (3.25) and (3.26) shows that (3.23) will
be satisfied for p = 4 if we can prove that

1
Z n(logn)2(t—1) (||E7[\/n] (S)ll2 + 150 = Epg /) (Sn) ll2 ) ) (3.28)
n>2

and
1

B (82,0 —E(SZ D[ < oo (3.29)
énQ(logn)Q(t 1) [Vn] [vn]/ll2

We start by proving (3.28). With this aim, using the notation (3.27), we first write
that
n+[vn]
By (Se)ll2 + 110 = B ymy(Sadll2 < > as.
k=[v/n]+1
Therefore by Cauchy-Schwarz’s inequality

1
> 1y B (Sn)ll2 + 1180 — By g [y (Sn)l2 )’
= n(logn)2(t-1)

logn vl vl k logk
2
< Z D DL =D DD DR 3
(logn) (log k)
k=[v/n]+1 21" e [vn]+1

Changing the order of summation, this proves that (3.28) holds provided that (3.5)
does. It remains to prove (3.29). With this aim, we set for any positive real z,

hlal) = B (%) — E(SE);
and we notice that, for any integer n > 0,
2
B (52 ) = (S22 < B([V/n))
In addition, if € [n,n + 1], then [\/n] = [\/z] or [\/n] = [/z] — 1. Therefore

1 1
h h d
5 g ayo-owr2 ) < S h(lvi) L oy
< /3 z2(log z)(t—1p/2 Mlval)dw + /3 22 (log z)(t—1p/2 h([Vz] - 1)dz
< h([y)dy < h(n)dy .

/2 y3(logy)(t’1)1)/2 ([ ]) é n3(logn)(t*1)1’/2 ( )

For the last inequality, we have used that if y € [n,n + 1], then [y] = n. Therefore
condition (3.3) implies (3.29). This ends the proof of (3.23) when p = 4.
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It remains to prove (3.24). With this aim, we start with the decomposition
of R, given in Proposition 5.1 of the appendix with NV = n. Therefore setting

n

A, :ZZ Z Pk(Xj)-f—f:ZPk(ij),

k=1j>2n+1 k=1j>n
we write that

Ry, = Eo(Sn) — Eo(Sn) 0 T™ + E_p(Sn) 0 T + Sy — En(Sh)
- (EQn(Sn - En(Sn)) oT™" — An . (330)

Starting from (3.30) and noticing that

[E—r (Sn(E—n(Sn) © T")llp/2 < [Eo(Sn(E-n(Sn) 0 T")|lp/2
< [[Eo(Sn)llplBo(S2n — Sn)llp »

and that E_,.(S,(Sn — En(Sn)) = E_((Sn — E,(S,))?), we first get

[E—r(SnRn)llp/2 < 20|Eo(Su)ll + 1S — En(Sn)l5
+ ”Efr(SnEn(S%z - Sn))”p/Q

+ By (SnEn (S o T™" —Eo(Sy 0 Tﬁn)))”p/Q

+ ”Efr(SnAn)Hp/g . (3.31)

Next, we use the following fact: if X and Y are two variables in LP with p € [2,4],

then for any integer u,

EW(XY)lp/2 < [1Bu(X?) = E(X) 2 + IV ] + VEX2)Y 2. (3.32)
Indeed, it suffices to write that
I (XY < I (XEY (Y )]l
< B (X?) = EQX)[V2E/2(Y2) /2 + (E(XP) Y2 IEY2(Y?) )2
< NE(X?) = EX) o + 1Y [l + B2 IE V)2
and to notice that, since p € [2,4], HIE}/Q(YZ)HP/Q < HIE}/Q(YQ)HQ = [|Y||2. There-

fore, starting from (3.31) and using (3.32) together with E(S2) < n, we infer
that

B (Sn B )llp2 < 1Eo(Su)lI2 + (1S — En(Sn)|2
+ B (SnEn(S2n — Sn))”p/?
+ B (SnEn(Sn 0 T~ — Eo(Sp 0 T™™)))||,/2

+|E_(S7) —E(S)]], )5 + [ 4nlly + 01| Anll2.
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and since [|[Eo(Sn)|lp < [[Rnllp, [[Sn — En(Sn)llp < 2[[Rullp and [[An|lp, < 8[| Rallp,
we have overall that

HEfT(San)Hp/Q < ||Rn||;2) + HEfT(SnEn(S% - Sn))”p/Q
+ B (SnEn(Sn 0 T™" = Eo(Sp 0 T™)))lpy2
+E=r(S2) = E(SDI|, 5 + 01 An]2- (3.33)

By orthogonality and by stationarity,

i< (5] 3 noll) s (SIS nerf)
k=1 j>2n+1 k=1 j>n
(3] 3 me) "+ (5] 5 o) e
k=1 £>k+n

k=1 £>k+n

1/2

Now for any integer u, such that u, < n,

”EfT(SnEn(S% - Sn))”p/Q < ”Efr((sn - Snfun)En(S% - Sn))”p/Q
+ E—r (Sn—u, En(S2n = Sn))llp/2
< E-r(S7,) —ESE ),/
+ B0 (Sn)lI5 + v/ten [ Eo(Sn) 2
F B (Sn—u, Bn(S2n = Sn))llpj2,  (3:39)

where for the last inequality we have used (3.32) together with E(SZ ) < up,.
Next, we write that

HEfr(Sn*unEn(‘Sbn - Sn))Hp/Q

< ”E—T((Sn—un - En—un(sn—un))En(SQn - Sn))”p/2
=+ ||E—T(En—un (Sn—uﬂ,)En(SQn - Sn))“p/z

< ”Snfun - Enfun(Snfun)”p”EO(Sn)Hp
+ ||E7T(E'ﬂ*u'/z (Snfun )Enfun (S2n - Sn))”p/Q

< 18n-un = Enu, (Sn—u, )7 + 1Eo(Sn)ll5
+ ”EfT(SnEnfun (SZn - Sn))”p/Q
+ i ((Sn = Sn—wp )En—u,, (S2n = Sn))llp/2 -

Therefore using (3.32), we infer that

[ E—r (Sn—u, En(S2n — Sn))”p/Q (3.36)
< _max Rl + VollEow, (Sn)ll2 +, max [E_r(SE) ~E(S{) /2 -

k={n,n—un} ={n,un
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We deal now with the third term in the right-hand side of (3.33). With this aim,
we first write that

[E—r(SnEn(Sp o T™" —Eo(Sp o T7™)))lp/2
<NE—r(SnEn(Sn 0 T™" = By, (S 0 T7™)))lp2
+ B (SpEq, (Sn o T™" — Eo(Sy o T_n)))Hp/2' (3.37)

By using (3.32) together with E(S2 ) < n, stationarity and the fact that |5, —
Entu, (Sn)ll2 < 2||Ry||p, we infer that

[E—r(SnEn(Sn o T™" — By, (Sn 0 T7")))llp/2
< |E=r(S7) = E(S)llps2 + 1 Rally + v/nllSn = Ena, (S)ll2- (3.38)
On the other hand,
[E—r(SnEuy, (Sn o T™" —Eo(Sp o T7™)))lp/2
< HE_T(SunEun (SpoT™" —Eo(Sy 0 T_n)))Hp/2
+ By (Bu, (Sn — Sun)Ear, (S 0 T = Eo(Sp 0 T7™)) |2 -

We apply (3.32) to the first term of the right-hand side together with the fact that
E(S2 ) < n. Hence by stationarity and since ||Sp, —Ep (Sy)|lp < 2[|Rnl|p, we derive
that

|E—r(Su, Eu, (Sn o T™" — Eo(Sy 0 Tﬁn)))”pm
< ||Efr(512¢n) - E(Sin)Hp/Q + ||Rn||;2) + \/unHSn - En(Sn)HZ .
On the other hand, by stationarity,
|E_r(Euy, (Sn — Su, )Eu, (SnoT™" —Eg (S, o T_n)))”p/Q
< Eu, (S = Su)IpllEu, (Sn 0o T™" —Eo(Sn o T7™))|lp
< HEO(Sn—un)Hp”Sn - En(Sn))”p :
< [ Bo(Sn—u)7 + | Rl -
Therefore we get overall that
[E—r(SpEu, (Sn o T7" = Eo(Sp o T7")))lp/2 (3.39)
<N Rl + 1Eo(Sn—u, )1 + E—(S2,) —E(S2 )llps2 + vVnlSn — En(Sn)|l2 -
Starting from (3.37) and taking into account (3.38) and (3.39), we get that
[E—r(SnEp(Sn o T7" = Eo(Sp o T7™))) /2

<L Vunl|Sn = En(Sn)ll2 + vl Sn — Engu, (Sn)ll2 (3.40)
E_,(S2) — E(S2 Ry||2 .
b gy B (50 = Bl e, Il

Finally, starting from (3.33) and considering (3.34), (3.35), (3.36) and (3.40),
we conclude that (3.24) holds. O
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4. Proof of Theorem 2.1

4.1. Preparatory material

Let us denote by E,, E. and E, the S-stable vector spaces associated to the
eigenvalues of S of modulus respectively larger than one, equal to one and smaller
than one. Let d,,, d. and ds be their respective dimensions. Let v1, ..., v4 be a basis
of R% in which S is represented by a real Jordan matrix. Suppose that v1,...,vq,
are in Ey, Ud,+1,---,Vd,+d, are in E. and v4,4+d,+1,--.,vq are in E;. We suppose
moreover that det(vy|ve|---|vg) = 1. Let us write || - || the norm on R? given by

d
E T;U;
=1

and dy(-, -) the metric induced by ||-|| on R?. Let also d; be the metric induced by dy
on T?. We define now B, (8) := {y € E,, : ||y|| <3}, Be(d) :={y € E. : ||y|| <}
and Bs(0) = {y € Es : ||y|| < 6}. Let | - | be the usual euclidean norm on R¢.

Let 7, be the spectral radius of S|_E1u' For every p, € (ru,1), there exists
K > 0 such that, for every integer n > 0, we have

Vhi € By, [1S"hull > Koy [ (4.41)

= Jnax |zl

and
Y(he, hs) € Ee X Eq, [|S™(he + hy)|| < K(1 4 n)%||he + hs]. (4.42)

Let py € (ry,1) and K satisfying (4.41) and (4.42). Let us denote by m,, me,
ms the Lebesgue measure on FE, (in the basis vy, ..., vg,), Ee (in the basis
Vdy+1s -+ ->Vdy+d,) and Fg (in the basis vg,t+d.+1,---,vd) respectively. Observe
that dA(hy + he + hs) = dmy(hy)dme(he)dmg(hy).

The properties satisfied by the filtration considered in [14, 17] and enabling
the use of a martingale approximation method a la Gordin will be crucial here.
Given a finite partition P of T?, we define the measurable partition Pg° by :

vz eT!, P(x) =) TFP(T %))
k>0
and, for every integer n, the o-algebra F,, generated by
vieT!, Px,(z):= () T*"P(T H&) =T""(P5°(T"(x)).
k>—n

These definitions coincide with the ones of [14] applied to the ergodic torus auto-
morphism T~'. We obviously have F,, C Fot1 = T-1F,. Let ro > 0 be such that
(huy hey hg) — hy + he + hy defines a diffeomorphism from B, (1) X Be(ro) X Bs(r0)
on its image in Td.iObserve that, for every € T¢, on the set T+ B, () + Be(ro) +
Bs(rg), we have dA(T + hy + he 4+ hs) = dmy (hy)dme (he)dms(hs).

Proposition 4.1 ([14, 17] applied to T—1). There exist some Q > 0, Ko > 0,
a € (0,1) and some finite partition P of T¢ whose elements are of the form
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Zle Lv; where the I; are intervals with diameter smaller than min(rg, K) such
that, for almost every Z € T¢,

1. the local leaf P§°(Z) of P§° containing T is a bounded convex set T + F(Z),
with 0 € F(z) C E,, F(x) having non-empty interior in E,,
2. we have

T)= ! T m

3. for every v > 0, we have
mu(0(F(2))(7)) < @7, (4.44)

where
OF(B) :=={y e F : d(y,0F) < B},
4. for every k € Z\ {0}, for every integer n > 0,
. K
E_,(e2m &) (3)| < 0 K|detds gn 4.45
DN @™ )
5. for every 8 € (0,1),
3L >0, Vn >0, Xmy(F(-)) < ") < LA™, (4.46)

Proof. The first item comes from Proposition II.1 of [14]. Item 2 comes from the
formula given after Lemma I1.2 of [14]. Item 3 follows from Lemma IIL.1 of [14] and
from the fact that the numbers a(P§°(+)) considered in [14] are uniformly bounded.
Item 4 comes from Proposition II1.3 of [14] and from the uniform boundedness of
a(P§°(+)). Item 5 comes from the proof of Proposition II.1 of [14]. O

According to the first item of Proposition 4.1 and to (4.41), there exists ¢, > 0
such that, for almost every # € T¢ and every n > 1, we have

sup [ho| < cupi. (4.47)
hy €S~ F(T™ (%))

Proposition 4.2. Let p > 2 and q be its conjugate exponent. Let 6 > 0 and f :
T¢ — R be a centered function with Fourier coefficients (cx)xeza satisfying

> lal” < Rlog™"(0). (4.48)
[k|>b
Then
[Bo(f o T™), = [E—a(f)ll, = O(n=*=/7).

Proof. Recall first that Eo(f o T™) = E_,,(f) o T™. Let us consider « satisfying
(4.45). Let B := a'/?, v := max(a?/?, /) and

Vo i={zeT? : m,(F(T"(z))>B"}.
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Let b(n) := [y~n/@pld+detd))] | Let us write

f=fintfon where f1,:= Z ae?™ ) and  fy, = Z e ),
|k|<b(n) |k|>b(n)
(4.49)
We have

/ |En(f1’n)|11d5\<esssup< > |Ck||En(e2iw<k,->)(j)})P

n TV Nk <b(n)

<<Z

p
|ck|Koﬁ"|k|de+d"'a") ,
[k|<b(n)

according to (4.45) and thanks to the definition of V,. Now, since § = a'/?, we
get

/ (B (frn)l? dX < 3| |} I’ (b(n) (e 4e).

n

Hence

/ [E—n(fra)l? dX = O(y" (b(n) P 4H4)) = O(y2). (4.50)

n

Moreover, thanks to (4.46), we have

[ Eara<ivn( ¥ al)

R K| <b(n)
= O((b(n))*B"*) = O((b(n))"y") = O(y"/*).  (4.51)

Since p > 2 and since p/q = p — 1, thanks to (4.48), we have

p/q
1B (Fan)l12 < [l fomll? < ( 3 |ck|q)
)

|k|>b(n
< RP"Y(log(b(n))) 0= « n=00=1) (4.52)
Combining (4.50), (4.51) and (4.52), the proposition follows. O

Proposition 4.3. Under the assumptions of Proposition 4.2,
[Bo(f T = fo =" = [En(f) - £Il, = O=0G=1/7).
Proof. We consider the decomposition (4.49) with b(n) defined by

b(’fL) _ [p;n/(Q(d—i-l))] )
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We have

”En(fl,n) - fl,an < ”En(fl,n) - fl,nHoo

< Y Jad[Ea(eXmio0) — e2imi |
|k|<b(n)

< > Jad2nlkleupl
[k|<b(n)

according to (4.43) and to (4.47). Therefore
B (frn) = frull, < (b)) iy < P72, (4.53)

Moreover, thanks to (4.48), we have

p/q
1B (o) — Fomll < 2] fomll? < 2@( ) |ck|Q)

|k|>b(n)
< 2P RP(log(b(n))) 0P~V « p=0=1) (4.54)
Considering (4.53) and (4.54), the proposition follows. O

Proposition 4.4. Let p € [2,4] and set S, (f) := Y p_, foT* with f : T* = R be
a centered function with Fourier coefficients satisfying (4.48) with 6 > 0 and

Z lex|? < Rlog™"(b) for somen > 1. (4.55)
[k|>b

Set
4(de + ds) log(r)
log(a)

where 1 is the spectral radius of S. Then

m = {— +1. (4.56)
B (S2(£)) = E(Sp(f))llpj2 < n*~20@=0/P 4 n37m)/2,
Proof. Let
Bi= a2 Vi = {2 € T :my (F(T7"™()) = 8"}, v := max(a?/*, g1/%)

and
b(n) = [wm/<p<2d+de+ds>>} . (4.57)

We consider the decomposition (4.49) with b(n) defined by (4.57) and we set

Sin(f) = Z fino TF and Son(f) = Z fan o Tk .
k=1 k=1
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First, we note that

IE—rim (S (£)) = E(SR(F)lp/2
< B (ST 1 () = E(ST 1o ()2
H B (2.0.(f)) = E(S3.0(f))llp/2
+ 2[E i (S1,n(£)S2,n(f) = E(S1,n(f)S2,0())lp/2
< N (ST () = E(ST 10 (F)lp2
+2[S2,n (N7 + 4NE—nm (St (£)S2,n(F)lpy2 -

Next using (3.32), we get that
I (S1,0(£) S2,n (D2 SNE—nm (ST () = E(ST 0 (f))llp/2
1182, (N + 1510 (2]l S2.n (£)12

SIE i (ST 1 (£)) = E(ST ()2
+2[[S2.0(HI + 15n(Hl2llS2n (£)ll2-

By Propositions 4.2 and 4.3, (4.55) implies that

[E—n(f)l2 1f = En(H)l2
Z 1/2 <oo and Z 1/2 < 00,

n>0 n>0

which yields (3.6) with p = 2, and then ||S,,(f)||2 < v/n. Therefore, we get overall
that

E i (S2.(£)) = E(SH(F)lp2
K NEnm (S5 1 (£)) = E(ST 0 (F)llpr2 + 1S20(Hlp + Vil S2n(f)ll2. (4.58)

Since p > 2 and p/q = p — 1, (4.48) implies that

1/q
1S2a(F)llp < ll fonllp < n( D2 leadl?)
[k[>b(n)
< nR(p—1)/p(10g(b(n)))—9(p—1)/p < pt=0=1/p (4.59)
Similarly using (4.55), we get that
182, ()2 < 1l fonllz < n' =772 (4.60)

We deal now with the first term in the right-hand side of (4.58). With this aim, we

first observe that, for any non negative integer ¢, 2Tk T()) = 62”<tslk">, where
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5% is the transposed matrix of S¢. Therefore,

A . p/2
< esssup( Z |ck||eml |Enm(eQ“T(kJr‘S“mf))(f)})

ZEVnm |k|,|m|<b(n):k+tS¢m#0

p/2
S( Z |ck||cm|K06"m|k+t54m|de+d"'a"m) ,
[k[,|m|<b(n)

according to (4.45) and to the definition of V,,,,,. It follows that

/ }E—nm,(fl,n-,fl,n o TZ) - E(,fl,n-fl,n o TZ) |p/2 dj\

p/2
= ( Z ||f||%K06_nm(|k| + re|m|)de+dsanm>

[k|,|m|<b(n)
< o5 Pt d) 2 () o2t detdo) /2

Hence, since v > a?/®, m > 4(d, + d,)log(r)/log(1/a), and according to the
definition of b(n), we have

/2 _
sup / ’Efnm(fl,n~f1,n o TZ) - E(fl,n~f1,n o TZ)’ d)\
ZE{O}...,R} nm
< aBnmp/16T,pn(dg+ds)/2 < ,ynm/Q. (461)
Moreover, for any non negative integer ¢,
p/2 p/2
B (frnfrno )| A <3050 (Y ledlewl) (4.62)

Vim |k[,|m|<b(n)
< (b)) 5 < (b)) Py

according to (4.46) and to the definition of b(n) and of 4. Combining (4.61) and
(4.62), we then derive that

HEfnm(S%n(f)) E(ST 0 (M)llp/2 (4.63)
ZZ”E—nm flnoTzfl o T — (fl,noTifl,noTHj)Hp/Z
i=1 j=0

< n? L B o (Frnfrm © TE) = E(frnfrm 0 T, 2 < n2y™™/7
€{0,....n

Considering (4.59), (4.60) and (4.63) in (4.58), the proposition follows. O
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4.2. End of the proof of Theorem 2.1

Proof. Propositions 4.2 and 4.3 give (3.1) provided (2.2) is satisfied. Propositions
4.2 and 4.3 give (3.2) (when p €]2,4[) and (3.5) (when p = 4), provided (2.3) is
satisfied. Finally, Proposition 4.4 gives (3.3) provided (2.2) and (2.3) are satisfied.
The proof follows now from Theorem 3.1 when p €]2,4[ and from Theorem 3.2
when p = 4. O

5. Appendix
As in Section 3, let Py (X) = Ex(X) — Ex—1(X).

Lemma 5.1. Let p € [2,00[. Then, for any real 1 < g < p and any positive integer n,

Eo (Xk)I7
Z [1Po(Xi)ll5 < Z kq/p

k>2n k>n
and
[ X—k — Eo(X—)ll}
S Iy < 3 X Bl
k>2n k>n

Proof. The first inequality is Lemma 5.1 in [2]. To prove the second one, we first
consider the case p > ¢ and we follow the lines of the proof Lemma 5.1 in [2] with
P (Xo) replacing P_x(Xp). We get that

LIRS SR Ip e |p)q/p.

k>2n k>n+1 >k

Now, we notice that, by the Rosenthal’s inequality given in Theorem 2.12 of [9],
there exists a constant ¢, depending only on p such that

S IBE-)E = 3 IR (X0)]

>k >k >k
= ¢p[|Xo — Ex(Xo)[l) = cpl| Xk — Eo(X-p)[l;.  (5.1)

o,

Now when p = ¢, inequality (5.1) together with the fact that by Claim 3.1, for any
integer k in [n + 1,2n], [[Xo — E2,(Xo)[|5 < 2P(| Xo — Ex(Xo)[|) imply the result.
Indeed we have

2n
D IP(X 05 < epll Xo = Ban(Xo) 15 < D k[ Xo — Ex(Xo)|5-
k>2n k=n+1
The proof is complete. U
Proposition 5.1. Let p € [1,00[ and assume that
the series dg = ZPO(Xi) converges in LP. (5.2)

i1€Z
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Let M, := Z?:l dooT? and R,, := S, — M,,. Then, for any positive integers n
and N,

Ry =Eo(Sn) —Eo(Sn) o T" +E_,(Sn)oT" = > > Pu(X))
k=1j>n+N+1

+Sn = En(Sn) — (Enyn(Sy —En(Sn)) o TN - Z Z Pk(X*j)v

k=1j>N
and
[RnllE < [ Eo(Su) I + 1B (Sn)IIE + 11Sn — En(Sn)lIE + 1Sy — En (Sn)IE
n p
Z > B +Z > B
=1j>k+N P k=1"j>k+N P

where p’ = min(2,p).

Proof. Notice first that the following decomposition is valid: for any positive inte-
ger n,

Rn:Z<Xk—ZPj(Xk)) DIPDIRCOED PP O

k=1 j=1 k=1j>n+1 k=1 j=0
= Rn,l + Rn,2 5 (53)
where
Rp1=Eo(Sn) = > Y Pu(X;), Rnz:=5n—En(Sn)— > Y Pu(X_).
k=1j>n+1 k=1 j=0
(5.4)

Let N be a positive integer. According to item 1 of Proposition 2.1 in [2],

Ry =Eo(Sn) = Bn(Sntn — Sn) +Eo(Snsn — Sn) Z Y. PulX)).
k=1j>n+N+1

(5.5)
On an other hand, we write that
N-1
ZPk )= P(X_)+ > Pu(X_).
=0 J=N
Therefore
R =Sy —En(Sy) = (Bnyn(Sn —En(Sn) o TN =D "> " Pu(X_;). (5.6)

k=1j>N

Starting from (5.3) and considering (5.5) and (5.6), the first part follows. We turn
now to the second part of the proposition. Applying Burkholder’s inequality and
using stationarity, we obtain that there exists a positive constant ¢, such that, for
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any positive integer n,

n p n p’
> 2 b <%Z > RXp|| = | 2L R
k=1j>n+N+1 k=1"j>n+N+1 P k=1j>N+k P
(5.7)
and
n P
S5 a3 Sno)| o3 | 6
k=1j>N k=1>N k=1j>N+k P
The second part of the proposition follows from item 1 by taking into account the
stationarity and by considering the bounds (5.7) and (5.8). O
References

[1] G.D. Birkhoff, Proof of the ergodic theorem. Proc. Nat. Acad. Sci. USA. 17 (1931),
656-660.

[2] J. Dedecker, P. Doukhan and F. Merlevede, Rates of convergence in the strong in-
variance principle under projective criteria. Electron. J. Probab. 17 (2012), 1-31.

[3] J. Dedecker, S. Gouézel and F. Merlevede, The almost sure invariance principle for
unbounded functions of expanding maps. ALEA, Lat. Am. J. Probab. Math. Stat. 9
(2012), 141-163.

[4] M. Denker and W. Philipp, Approzimation by Brownian motion for Gibbs measures
and flows under a function. Ergodic Theory Dynam. Systems 4 (1984), 541-552.

[5] D. Dolgopyat, Limit theorems for partially hyperbolic systems. Trans. Amer. Math.
Soc. 356 (2004), 1637-1689.

[6] M.J. Field, I. Melbourne I. and A. T6rok, Decay of correlations, central limit the-
orems and approrimation by Brownian motion for compact Lie group extensions,
Ergodic Theory Dynam. Systems 23 (2003), 87-110.

[7] M.I. Gordin, The central limit theorem for stationary processes. Dokl. Akad. Nauk
SSSR 188 (1969), 739-741.

[8] S. Gouézel, Almost sure invariance principle for dynamical systems by spectral meth-
ods. Ann. Probab. 38 (2010), 1639-1671.

[9] P. Hall P. and C.C. Heyde, Martingale limit theory and its application. Probab.
Math. Stat. Academic Press, Inc. [Harcourt Brace Jovanovich, Publishers], New
York-London 1980.

[10] C.C. Heyde, On the central limit theorem for stationary processes. Z. Wahrschein-
lichkietstheorie und Verw. Gebiete 30 (1974), 315-320

[11] F. Hofbauer and G. Keller, Ergodic properties of invariant measures for piecewise
monotonic transformations. Math. Z. 180 (1982), 119-140.

[12] A. Khintchine, Zu Birkhoffs Losung des Ergodenproblems. Math. Ann. 107 (1933)
485-488.

[13] J. Komlés, P. Major G. and Tusnddy, An approzimation of partial sums of indepen-
dent RV’s, and the sample DF. II. Z. Wahrscheinlichkeitstheorie und Verw. Gebiete
4 (1976), 33-58.



138 J. Dedecker, F. Merlevede and F. Pene

[14] S. Le Borgne, Limit theorems for non-hyperbolic automorphisms of the torus. Israel
J. Math. 109 (1999), 61-73.

[15] S. Le Borgne S. and F. Péne F, Vitesse dans le théoréme limite central pour certains
systémes dynamiques quasi-hyperboliques. Bull. Soc. Math. France 133 (2005), 395—
417.

[16] V.P. Leonov, Central limit theorem for ergodic endomorphisms of compact commu-
tative groups. Dokl. Acad. Sci. USSR 135 (1960), 258—261.

[17] D.A. Lind, Dynamical properties of quasihyperbolic toral automorphisms. Ergodic
Theory Dynamical Systems 2 (1982), 49-68.

[18] P. Major, The approzimation of partial sums of independent RV’s. Z. Wahrschein-
lichkeitstheorie und Verw. Gebiete 35 (1976), 213-220.

[19] I. Melbourne and M. Nicol, Almost sure invariance principle for nonuniformly hy-
perbolic systems. Commun. Math. Phys. 260 (2005), 131-146.

[20] I. Melbourne I. and M. Nicol, 4 vector-valued almost sure invariance principle for
hyperbolic dynamical systems. Ann. Probab. 37 (2009), 478-505.

[21] I. Melbourne and A. Toérok, Central limit theorems and invariance principles for
timeone maps of hyperbolic flows. Commun. Math. Phys. 229 (2002), 57-71.

[22] F. Merlevede and M. Peligrad, Rosenthal inequalities for martingales and stationary
sequences and examples, to appear in Ann. Probab. (2012). arXiv:1103.3242.

[23] F. Merlevede and E. Rio, Strong approzimation of partial sums under dependence
conditions with application to dynamical systems. Stochastic Process. Appl. 122
(2012), 386-417.

[24] N. Nagayama, Almost sure invariance principle for dynamical systems with stretched
ezponential mizing rates. Hiroshima Math. J. 34 (2004), 371-411.

[25] W. Philipp and W.F. Stout, Almost sure invariance principle for partial sums of
weakly dependent random variables. Mem. of the Amer. Math. Soc. 161 (1975), Prov-
idence, RI: Amer. Math. Soc.

[26] Q.M. Shao, Almost sure invariance principles for mizing sequences of random vari-
ables. Stochastic Process. Appl. 48 (1993), 319-334.

[27]) W.B. Wu, Strong invariance principles for dependent random wvariables. Ann.
Probab. 35 (2007), 2294-2320.

Jéréme Dedecker

Université Paris Descartes, Sorbonne Paris Cité,
Laboratoire MAP5 and CNRS UMR 8145
e-mail: jerome.dedecker@parisdescartes.fr

Florence Merlevede
Université Paris Est, LAMA and CNRS UMR 8050
e-mail: florence.merlevede@univ-mlv.fr

Francgoise Péne

Université de Brest,

Laboratoire de Mathématiques de Bretagne Atlantique and CNRS UMR 6205
e-mail: francoise.pene@univ-brest.fr



Progress in Probability, Vol. 66, 139-165
© 2013 Springer Basel

On the Rate of Convergence
to the Semi-circular Law

Friedrich Gotze and Alexandre Tikhomirov

Abstract. Let X = (Xjx)} x—1 denote a Hermitian random matrix with entries
Xjr, which are independent for 1 < j < k < n. We consider the rate of
convergence of the empirical spectral distribution function of the matrix X
to the semi-circular law assuming that EX;, = 0, Eka = 1 and that the
distributions of the matrix elements X, have a uniform sub exponential decay
in the sense that there exists a constant s > 0 such that forany 1 < j <k <n
and any ¢t > 1 we have

Pr{|X;x| >t} < > "exp{—t"}.

By means of a short recursion argument it is shown that the Kolmogorov
distance between the empirical spectral distribution of the Wigner matrix
W = \/lnX and the semicircular law is of order O(n~'log”n) with some
positive constant b > 0.
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1. Introduction

Consider a family X = {X;r}, 1 < j < k < n, of independent real random
variables defined on some probability space (2, M, Pr), for any n > 1. Assume that
Xjr = Xpj, for 1 <k < j <n, and introduce the symmetric matrices

X1 X2 -+ X

1 Xo1 X -0 Xoy
W = . . .
vn : e

an Xn2 tee Xnn
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The matrix W has a random spectrum {Ay, ..., \,} and an associated spec-
tral distribution function F,(z) = } card{j < n:\; <z}, z € R. Averaging
over the random values X;;(w), define the expected (non-random) empirical distri-
bution functions F,(z) = E F,(x). Let G(x) denote the semi-circular distribution
function with density g(z) = G'(z) = ;. V4 — 22I[_5 9)(2), where I}, ;)(x) denotes
an indicator-function of interval [a, b]. We shall study the rate of convergence of
Fn(z) to the semi-circular law under the condition

Pr{|X x| >t} < » T exp{—t*}, (1.1)

for some s > 0 and for any ¢t > 1. The rate of convergence to the semi-circular law
has been studied by several authors. We proved in [7] that the Kolmogorov distance
between Fy,(x) and the distribution function G(z), A} := sup, |Fn(x) — G(z)| is
of order Op(n~2) (i.c., n2A¥ is bounded in probability). Bai [1] and Girko [4]
showed that A, := sup, |F,,(z)—G(z)| = O(n~2). Bobkov, Gétze and Tikhomirov
3] proved that A,, and EA* have order O(n~3) assuming a Poincaré inequality
for the distribution of the matrix elements. For the Gaussian Unitary Ensemble
respectively for the Gaussian Orthogonal Ensemble, see [6] respectively [12], it has
been shown that A,, = O(n~1!). Denote by V1 < -+ < Ynn, the quantiles of G, i.e.,
G(vn;) = fl We introduce the notation llog,, := loglogn. Erdés, Yau and Yin [10]
showed, for matrices with elements X, which have a uniformly sub exponential
decay, i.e., condition (1.1) holds, the following result

1

Pr{ 35 1A — 5] > (logn)Cleen {min{(j,N —ji+ 1)} _3n—§}
< Cexp{—(logn)* llog,, 1,

for n large enough. It is straightforward to check that this bound implies that

Pr{sup | Fp(z) — G(x)] < Cn~'(log n)CHOg"} > 1 — Cexp{—(logn)<o&r}. (1.2)

From the last inequality it is follows that EAY < Cn~!(logn)® "°&». In this paper
we derive some improvement of the result (1.2) (reducing the power of logarithm)
using arguments similar to those used in [10] and provide a self-contained proof
based on recursion methods developed in the papers of Gotze and Tikhomirov
[7], [5] and [13]. It follows from the results of Gustavsson [8] that the best pos-
sible bound in the Gaussian case for the rate of convergence in probability is
O(n=ty/logn). For any positive constants o > 0 and s > 0, define the quantities

lno :=logn(loglogn)® and g, := (ln,a)}«Jré. (1.3)
The main result of this paper is the following

Theorem 1.1. Let EX;;, =0, EXJz,C = 1. Assume that there exists a constant s > 0
such that inequality (1.1) holds, for any 1 < j <k <n and any t > 1. Then, for
any positive o > 0 there exist positive constants C' and ¢ depending on » and «
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only such that
Pr { sup | F(z) — G(z)| > n~ 148 lnn} < Cexp{—cln,a}-

We apply the result of Theorem 1.1 to study the eigenvectors of the matrix
W. Let u; = (uj1,. .. ,ujn)T be eigenvectors of the matrix W corresponding to
the eigenvalues A;, j =1,...,n. We prove the following result.

Theorem 1.2. Under the conditions of Theorem 1.1, for any positive o > 0, there
exist positive constants C' and ¢, depending on » and o only such that

2
2 Bn
. < — .
Pr{lgrnj,%én luje]” > " } < Cexp{—cln,a}, (1.4)
and
; k| _ B2
12 n < — . .
Pr{lrgnkagxn }:1 [wj ol > \/n} < Cexp{—cln,a} (1.5)

2. Bounds for the Kolmogorov distance between distribution
functions via Stieltjes transforms

To bound the error A} we shall use an approach developed in previous work of
the authors, see [7].

We modify the bound of the Kolmogorov distance between an arbitrary distribu-
tion function and the semi-circular distribution function via their Stieltjes trans-
forms obtained in [7] Lemma 2.1. For z € [—-2,2] define v(z) := 2 — |z|. Given
5 > € > 0 introduce the interval J. := {z € [-2,2] : y(z) > £} and J. := J.o.
For a distribution function F' denote by Sr(z) its Stieltjes transform,

Sp(z):/oo L ir@).

o T —Z

Proposition 2.1. Let v > 0 and a > 0 and % > ¢ > 0 be positive numbers such that

1 1 3
du=  =: 2.1
T ~/|US(L u2 +1 U 4 ﬁ’ ( )
and s
2va <e2. (2.2)

If G denotes the distribution function of the standard semi-circular law, and F is
any distribution function, there exist some absolute constants Cy and Cy such that

A(F,G) := sup |F(z) — G(x)]

r v v 3
<2su Im/ Sp(u+1 —Se(u+1 du| + Civ + Caez.
sup [im [ (Spui )= Saluti ) dul +Cro+C

Remark 2.2. For any z € J. we have v = y(x) > ¢ and according to condition

(22), @ <5,
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Proof. The proof of Proposition 2.1 is a straightforward adaptation of the proof
of Lemma 2.1 from [7]. We include it here for the sake of completeness. First we
note that

sup |[F(z) — G(x)| = sup [F(z) — G(z)| (2:3)
T r€[—2,2]

= max{ sup [F(z) = G()l, swp  |F(z) = G(x), swp |F(x)-Gla)l}.
€T z€[—2,—2+4¢] z€[2—¢,2]

Furthermore, for x € [—2, —2 + €] we have
—G(—24e)<F(x)—Gx) <F(-2+4+¢)—G(-24+¢)+ G(—-2+¢)

< sup |F(z) — G(z)| + G(—2 +¢). (2.4)
FASVAS
This inequality yields
sup  |F(x) — G(z)| < sup |F(z) — G(z)| + G(—2 + ¢). (2.5)
z€[—2,—24¢] x€Je
Similarly we get
sup |F(z) — G(z)| < sup |F(z) — G(z)|+1—-G(2—¢). (2.6)
z€[2—¢,2] z€Je

Note that G(—2+¢) =1 — G(2 —¢) and G(—2 4 ¢) < Ce? with some absolute
constant C' > 0. Combining all these relations we get

sup |[F(z) — G(z)| < A(F,G) + Ce?, (2.7)

where A, (F, G) = sup,¢j_|F(x) — G(z)|. We denote v" = \/”,Y. For any x € J.
1 ¢ -y .y
’ Im(/ (Sr(u+ ') — Sa(u + v ))du)’
™ — 0o

> 1Im</$ (Sr(u+iv') — Sa(u+ iv'))du)
I ).
° 21} w)(F G(y))d
S (y«y -)(wfi o]

o[

1 o F ! _ !
= / (@—v y)2 Glz = v'y) dy, by change of variables. (2.8)
T J oo y?+1

Furthermore, using (2.1) and the definition of A(F,G) we note that

1 |F(x —v'y) — Gz —v'y)|
/y>a y2+1 dy < (1 = B)A(F, G). (2.9)



On the Rate of Convergence to the Semi-circular Law 143

Since F' is non-decreasing, we have
1 Flr —v'vy) — _ 1 Flx —v'a) — o
/ (z vy)2 G(x vy)dyZ / (z va)2 G(x vy)dy
™ Jlyl<a y=+1 ™ Jlyl<a y=+1
1
> (F(x —v'a) — G(z —v'a))B — / |G(z —v'y) — G(z — v'a)|dy. (2.10)
ly|<a

™

These inequalities together imply (using a change of variables in the last step)
1 /°° F(z —v'y) — G(z —v'y)
T J y? +1
> B(F(x —v'a) — Gz —v'a))
1
1| It - Gl - valay - (- HAEG)
ly|<a

s

dy

> B(F(x —v'a) — Gz —v'a))
1
n |16 -G valdy - (1= HAFG). @21
V' Jjyi<va
Note that according to Remark 2.2, z +v'a € J. for any © € J.. Assume first
that x, € J. is a sequence such that F(z,) — G(z,) = A(F,G). Then z], =
Zn +v'a € JL. Using (2.8) and (2.11), we get

sup
z€JL

Im /T (Sr(u+iv') — Sg(u +iv'))du

> Im /ﬂfn (Sp(u+iv') — Sg(u+iv))du
> B(F(x, — v'a) = G(a;, —v'a))

~sevr [ ) 6@y - (- 9AFG)

TV ze].
= B(F(wn) — G(za)
Sy Gy - Gl (- ARG, (212

TV gl

Assume for definiteness that y > 0. Recall that ¢ < 24, for any = € J/. By
Remark 2.2 with £/2 instead ¢, we have 0 < y < 2v'a < /2¢, for any = € J/. For
the semi-circular law we obtain,

Gz +y) - Gx)| <y sup G'(u) <yCyy+y

u€lz,w+y]
< Cyy/y+20a < Cyr/y+e < Cyy/v. (2.13)
This yields after integrating in y
1 c
sup \/’y/ |G(z +y) — G(z)|dy < ~ sup 'y'U'Q < Cw. (2.14)
TV ze]. 0<y<2v’a U zel,
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Similarly we get that

! sup \/’y/ |G(z +y) — G(z)|dy < ¢ sup 'yv'2 < Cw. (2.15)
TV zel. 0>y>—2v'a U zel,
By inequality (2.7)
A(F,G) > A(F,G) — Ce?>. (2.16)
The inequalities (2.12), (2.16) and (2.14), (2.15) together yield as n tends to infinity

sup
rel.

Im /T (Sp(u+iv') — Sg(u+iv'))du

— 0o

> (28— )A(F,G) — Cv — Ce?, (2.17)

for some constant C' > 0. Similar arguments may be used to prove this inequality
in case there is a sequence z,, € J. such F(x,) — G(z,) = —A:(F,G). In view of
(2.17) and 28 — 1 = 1/2 this completes the proof. O

Lemma 2.1. Under the conditions of Proposition 2.1, for any V> v and 0 < v <
=" and o' = v/, =2 —|z|, x € IL as above, the following inequality holds

2a
sup / (Im (Sp(u + ') — Sg(u+iv"))du
zell |J—o00

v
/ (Sr(z +iu) — Sg(z +iu)) du

v’

< / |Sp(u+iV) — Sg(u+iV)|du + sup

— oo z€JL

Proof. Let « € J. be fixed. Let v = y(x). Put z = u+1v’. Since v’ = \“/’7 < 5, see

(2.2), we may assume without loss of generality that v’ < 4 for z € J.. Since the
functions of Sp(z) and Sg(z) are analytic in the upper half-plane, it is enough to
use Cauchy’s theorem. We can write for z € J!

/ Im (S (2) — S (2))du = Im { lim / (Sp(u+iv) — Se(u + iv'))du}.
—0o0 -0 J_L
By Cauchy’s integral formula, we have

/w (Sp(2) — S (2))du = / (Sp(u+iV) — Sq(u—+iV))du

—L —L

%
+ // (Sp(—L +iu) — Sg(—L + iu))du

v
- / (Sr(z +iu) — Sg(x + iu))du.

/

Denote by &( resp. ) a random variable with distribution function F(z) (resp.
G(z)). Then we have

1
E+ L —iu

_ 2
<o 'Pr{l¢| > L/2} + I

|Sp(—L +iu)| = ’E
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for any 0 < v’ < u < V. Similarly,
_ 2
1Sa(—L + iu)| < o'~ Pr{|n| > L/2} + I

These inequalities imply that

v
/(SF(—L—i—iu)—Sg(—L—i—iu))du =0 as L — oo,

’

which completes the proof. O
Combining the results of Proposition 2.1 and Lemma 2.1, we get

Corollary 2.2. Under the conditions of Proposition 2.1 the following inequality
holds

A(F,G) < 2/ 1Sp(u~+iV) = Sa(u+iV)|du+ Crv + Coe?

— 00

v
+ 2 sup / |Sr(z + iu) — Sg(x + iu)|du,

xzeJ. Jov’

v

Vel

We shall apply the last inequality. We denote the Stieltjes transform of F,,(x)

by my,(z) and the Stieltjes transform of the semi-circular law by s(z). Let R = R(%)

be the resolvent matrix of W given by R = (W — zI,,)7!, for all z = u + iv with

v # 0. Here and in what follows I,, denotes the identity matrix of dimension n.

Sometimes we shall omit the sub index in the notation of an identity matrix. It is

well known that the Stieltjes transform of the semi-circular distribution satisfies
the equation

where v = with v = 2 — |x| and C1,Cs > 0 denote absolute constants.

s2(2) +2s(2) +1=0 (2.18)
(see, for example, equality (4.20) in [7]). Furthermore, the Stieltjes transform of
an empirical spectral distribution function F,(x), say m,(z), is given by

1 — 1
mn(z) = n ZRjj = 2nTI‘R.
j=1

(see, for instance, equality (4.3) in [7]). Introduce the matrices W), which are
obtained from W by deleting the jth row and the jth column, and the corre-
sponding resolvent matrix R defined by RY) = (W(j) — 2I,,_1)7 ! and let
mgf)(z) = 1 TrRY. Consider the index sets T; := {1,...,n}\ {j}. We shall
use the representation

1

—Z+ \/171,ij - }sz,leTijkXﬂRl(fz)
(see, for example, equality (4.6) in [7]). We may rewrite it as follows

1 1
Rj; =—
77 z 4+ mp(2) + z + mp(2)

Rjj =

€jRjj, (219)
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where €; := €51 + €52 + €53 + €54 with

1 1 :
= g K f2im > (X~ DR
keT;
1 : 1 :
ez = > XpXuRY, eu=_(TrRY —TrR). (2.20)
=} "

This relation immediately implies the following two equations

3
1 £j
R.: = — _ Jv
5= ma(e) T 2 (4 ()
> 1 1
iR AR
2 om0
and
1 1 1o
n(z) = — - R 2.21
mn(2) 2+ mp(2) (z—l—mn(z))n;Ej 7 (221)
3 n
1 1 1
Tz ma(z) (z—f—mn(z))?n;;gju—’—
giveiR;; gialR;;. .
(z—f—mn(z))Qny:lj:1 I z+mn(z)nj:1 I
3. Large deviations I
In the following lemmas we shall bound €5, forv =1,...,4and j = 1,...,n. Using

the exponential tails of the distribution of X, we shall replace quantities like, e.g.,
1

E|X;i|PI(| X k| > l#a) and others by a uniform error bound C' exp{—cl, o} with

constants C, ¢ > 0 depending on » and « varying from one instance to the next.

Lemma 3.1. Assuming the conditions of Theorem 1.1 there exist positive constants
C and c, depending on s and « such that

1
Pr{le;1]| > 2lﬁjan*5} < Cexp{—clna},
foranyj=1,...,n.
Proof. The result follows immediately from the hypothesis (1.1). O

Lemma 3.2. Assuming the conditions of Theorem 1.1 we have, for any z = u + v
withv >0 and any j =1,...,n,
1

gl < .
leja] < o
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Proof. The conclusion of Lemma 3.2 follows immediately from the obvious in-
equality |[TrR — Tr RU)| < v~! (see Lemma 4.1 in [7]). O

Lemma 3.3. Assuming the conditions of Theorem 1.1, for all z = u+iv with u € R
and v > 0, the following inequality holds

2 1 .
Pr{lejal > 3Lad i n =t Y0 IR < Cexp{—clnal,
lETj
for some positive constants ¢ > 0 and C, depending on » and o only.
Proof. We use the following well-known inequality for sums of independent random

variables. Let &1,...,&, be independent random variables such that E§; = 0 and
|€;] < oj. Then, for some numerical constant ¢ > 0,

Pr{ égj > x} < (1 - ®(zx/0)) < Cxa exp{—;jz } (3.1)

where ®(z) = \/1% [ exp{—y22 tdy and 0% = 0? + -+ + o2. The last inequality
holds for = > o. (See, for instance [2], p.1, first inequality.) We put n; = ijl -1,
and define,

1 1 .
& = (mI{|1 Xz < lia} — Enl{|X;| < lia})RY.

2 . .
Note that E&§ = 0 and |§| < 2[5‘,&|Rl(l])|. Introduce the o-algebra M) gen-
erated by the random variables Xj; with k,l € T;. Let E; and Pr; denote the

conditional expectation and the conditional probability with respect to M) Note
that the random variables X;; and the o-algebra M) are independent. Applying

1
inequality (3.1) with x := 32 oo and with

2 (1 ()2
=4nlz o g R ,
o Nn, <n | 1 |>
lETj

lETj
> x} = EPrj{ > x}
2

< Eexp{—xQ} < Cexp{—cln,a} (3.2)
o

we get

> g

o

Furthermore, note that

1 1
Emﬂ[{|Xﬂ| < l;;,a} = —Emﬂ[{|Xﬂ| > lﬁ‘a}

> g

1Ty

This implies
1 1 1 1
Egn{ Xl < ba bl < B ImPPri {1 Xa] > Lo }

1 1
< Eé |771|28Xp{—2ln,a} < Cexp{_2ln,a}-
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The last inequality implies that

! . <) )
n Z Emﬂ[ |le| < ln,o/) Rll

€T,
1
< (1 > By {| X <z;}a)}|2>2<1 ST IRP P )
—\n J I = e n
leTj leTj
1
<C el 1 RY 2 : 3.3
< Cexp{—cln,a} n2|ll| ‘ (3.3)
lETj

1
Furthermore, we note that if |X;;| <l for all | € T;, (which holds with proba-
bility at least 1 — s~ exp{—cln o})

1 1 1 .
leja| < ‘n > al+ ‘n > Emﬂ[{|Xﬂ| < lﬁ‘,a}Rz(zj) : (3.4)
1Ty 1Ty
The inequalities (3.2), (3.3) and (3.4) together conclude the proof of Lemma
3.3. Thus Lemma 3.3 is proved. O

Corollary 3.4. Assuming the conditions of Theorem 1.1 for any o > 0 there exist
positive constants ¢ and C, depending on s and « such that for any z = v+ w
with u € R and v > 0

Pr{|€j2| > 317242 (nv) 3 (Im m;D(z))é} < Cexpl{—clpa}-
Proof. Note that

. . 1 .
n YD IRPE <0 RV = ) (2),

lETj
where [R0)|2 = RORE". The result follows now from Lemma 3.3. O
Lemma 3.5. Assuming the conditions of Theorem 1.1, for any j =1,...,n and for

any z = u + v with u € R and v > 0, the following inequality holds,

/1 , 2
Pr{|5j3| > [B2n" 2 (n Z |Rl(jl)|2) } < Cexp{—cln,a}-

k#LET;

Proof. We shall use a large deviation bound for quadratic forms which follows
from results by Ledoux (see [11]).

Proposition 3.1. Let &1, ..., &, be independent random variables such that |§;] < 1.
Let a;; denote real numbers such that a;j=a;; and aj;=0. Let Zzzzkzlflfkalk.
Let 02 = szzl laik|?. Then for every t > 0 there exists some positive constant
¢ > 0 such that the following inequality holds

Pr{|Z| > ‘;)E%|Z|2+t} < exp{ - Ct}.
g
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Proof. Proposition 3.1 follows from Theorem 3.1 in [11]. O

Remark 3.2. Proposition 3.1 holds for complex a;; as well. Here we should consider
two quadratic forms with coefficients Rea;, and Imaj.

In order to bound ¢;3 we use Proposition 3.1 with
1 1 1
& = (Xl X3l < Ua} = EXGI{|Xp] < 170} )/ (2Lio).

Note that the random variables Xj;, [ € T; and the matrix R are mutually
independent for any fixed j = 1,...,n. Moreover, we have |§] < 1. Put Z :=

Sisier, @6 R Note that RO = RO, We have Ej[Z2 = 237, ,p |RY[2.
Applying Proposition 3.1 with ¢ = lma(Zl;ékeTj |Rl(,? 2)2, we get

P {12] 2 ol Y [RP)H) < Coxp{—clnal. (3.5)
I#£kET;

Furthermore, for some appropriate ¢ > 0 and for n > 2
1
Pr{3j,le[1,....n]: | Xj| > 7o} < P exp{—ln,a} < Cexp{—cly o}
and similarly since EXj; = 0,

1 1
[EX;I{|X;| <lia}l < Pré{Elj,l €l,...,n]: | Xj| >lia} < Cexp{—clpa}

(3.6)
Introduce the random variables
& = Xal{|X ;| < lra)/ (27 4 7= SERY
& = Xul{| Xl < lia}/(lia) and Z= 3 G&RY.
1,keT;
Note that
. 2 -~
Pre N X XRy # 41;;,(12} < Cexp{—cln.a}- (3.7)

1,kET,

Furthermore, by (3.6) we have
1

1 . 2
< Cexp{—cln.a} (n Z |R](€Jl)|2) : (3.8)

1 NN
' Y RYEGEE,
n k#IET;

1,k€T;

Finally, inequalities (3.5)—(3.8) together imply

1

1 . 2
Pr{|€j3| > 4ﬁin’5bigg(n Z |R,(fl)|2> } < Cexp{—cly.a}.
kALET;

Thus Lemma 3.5 is proved. t
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Corollary 3.6. Under the conditions of Theorem 1.1 there exist positive constants
¢ and C depending on » and a such that for any z = u + iv with u € R and with
v >0

Pr{lejs| > 452 (nv)~ 2 (Imm)(2))2} < Cexp{—clna}.

Proof. Note that as above

. ] 1 ]
nt YRR <0 I ROE = L) (), (3.9)
k#IET;
The result now follows from Lemma 3.5. O

To summarize these results we recall 8, = (In.q) ;1('*‘%, defined previously in

(1.3). Without loss of generality we may assume that 8, > 1 and l,, o > 1. Then
2 1

Lemmas 3.1, 3.2, Lemma 3.3 (with lﬁj;rz replaced by 32), and Lemma 3.5 together

imply
Imémglj)(z) 1
P ; 1
r{|EJ| o ( + N, + Vuy/nv

Jn )} < Cexp{—cln,a}-

Using that
0 < Imm(2) < Tmmy,(2) + ! , (3.10)
nv
we may rewrite the last inequality
B2 Im 2m,, (2) 1
P ; 1 < —clp o). A1
r{|sj| > \/n( + v + \/v\/m))} < Cexp{—cln,a} (3.11)
Denote by
032 Im 2m,, (2) 1
U (2,0) = {we: |5 < o (1+ i \/m)}’ (3.12)
for any 8 > 1. Let
4
Vo = dﬁn (313)
n

with a sufficiently large positive constant d > 0. We introduce the region D =
{z=u+iv e C:|ul <2, v < v < 2}. Furthermore, we introduce the sequence
z; = u; + vy in D, recursively defined via w11 —u; = fg and vj41 — v = 77,28' Using
a union bound, we have

Pr{N;,epQn(21,0)} > 1 —C(0) exp{—c(0)ln.a} (3.14)

with some constant C() and ¢(f) depending on «, 3¢ and 6. Using the resolvent
equality R(z) — R(2') = —(z — 2)R(2)R/(z2), we get

R(J) _ R(j) NN < |Z - ZI|
| k+n,l+n,(z) k+n,l+n(’z )< o
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This inequality and the definition of ¢; together imply

2
lialz — 2
Pr {|€j(z) —;(d)| < " a|22 d for all z,2" € D} >1—Cexp{—clpa}
Yo
(3.15)

For any z € D there exists a point z; such that |z — z;| < Cn~8. This together
with inequalities (3.14) and (3.15) immediately implies that

Pr{mZE'DQn(Zv 2)} > Pr{mzzE'DQn(zlv 1)} -C exp{_Cln,a}

>1—Cexp{—clna}, (3.16)
with some constants C and ¢ depending on « and s only. Let
Q= Neepin(z,2). (3.17)

Put now

_ V20
VT

where 7 := 2 — |u|, 2 = u + iv and vy is given by (3.13). Note that 0 < < 2, for

u € [—2,2] and v}, > vg. Denote D’ :={z € D: v > v]}.

vg = vg(2) (3.18)

4. Bounds for |m,(2)]

In this section we bound the probability that Imm,(z) < C for some numerical
constant C' and for any z € D. We shall derive auxiliary bounds for the difference
between the Stieltjes transforms m,,(z) of the empirical spectral measure of the
matrix X and the Stieltjes transform s(z) of the semi-circular law. Introduce the
additional notations

1 n
Op 1= eiR;;.
n n; 34

Recall that s(z) satisfies the equation

s(z) =~ +18(Z). (4.1)
For the semi-circular law the following inequalities hold
|s(z)] <1and |z+s(z)] > 1. (4.2)
Introduce g, (z) := my(z) — s(z). Equality (4.1) implies that
B 1 _ z—i—mn(z)—i—s(z)' (4.3)
(2 + 5(2))(z + mn(2)) z+mn(2)
The representation (2.21) implies
gn(2) = gn (%) LN (4.4)

(24 5(2))(z +mn(2)) 2+ ma(2)
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From here it follows by solving for g,,(z) that

0n(2)

z+mp(2) +s(z) (45)

gn(2) =
Lemma 4.1. Let .
l9n(2) < - (4.6)

Then |z +my(2)| > 3 and Imm,,(2) < [m,(2)] < 3.

Proof. This is an immediate consequence of inequalities (4.2) and of
1 3
[z tma(2)] 2 [z +5(2) = lgn(2)| 2 . and  [ma(2)] < [s(2)[+gn(2)] < - O

Lemma 4.2. Assume condition (4.6) for z = u + iv with v > vo. Then for any
w € Qy,, defined in (3.17), we obtain |R;;| < 4.
Proof. By definition of Q,, in (3.17), we have
52 ( Im 2 my, (2) 1
1< (1 ). 4.7

|6J| — \/n + \/’U + \/’U\/TLU ( )
Applying Lemmas 4.1 and (3.13), we get |e;| < é’i’i with some A > 0 depending
on the parameter d > 1 in (3.13) which we may choose such that

1
| < 4.
for any w € Q,, n > 2, and v > vy. Using representation (2.19) and applying
Lemma 4.1, we get |R;;| < 4. O
Lemma 4.3. Assume condition (4.6). Then, for any w € Q,, and v > vy,
1
(< . 4.9
902)1 < 10, (1.9
Proof. Lemma 4.2, inequality (4.8), and representation (4.5) together imply
4 & 432 Im 2 my, (2) 1
5| < | < *Pn (1 ) 4.10
| | ~n Z |€J| — \/n + \/U + \/U\/TZ’U ( )

j=1
Note that

|z +mp(2) + s(2)| > Imz+Imm,(z) + Ims(z) > Im (2 + s(z)) > ;Im{\/z2 —4}.

(4.11)
For z € D we get Re (22 —4) <0 and ] < arg(z? —4) < *7. Therefore,
1 1
Im{v22 -4} > | |22 —4]> > v+, (4.12)
V2 4
where v = 2 — |u|. These relations imply that
5, 2 2 2

2 ma(2) +5(2) = Vo T ynyoyn T )iy
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For v,/ > vo, we get

852 1
n < "< 4.14
< < 0o (114)
by choosing the constant d > 1 in vy appropriately large. Thus the lemma is
proved. O

Lemma 4.4. Assume that condition (4.6) holds, for some z =u+iv € D' and for
any w € Qp, (see (3.17) and the subsequent notions). Then (4.6) holds as well for
Z=u+iweD withv>79>v—n"%, for any w € Q,,.

Proof. First of all note that

My (z) — my, (2')] = i(v —0)|TrR(2)R(2)] < vo? < ¢ < L

~ w0 — nt T 100
and [s(z) — s(2')| < |Z;;/| < Lo0- By Lemma 4.3, we have [g,(2)| < ;5,- All these
inequalities together imply |g,(2")| < 130 < % Thus, Lemma 4.4 is proved. O

Proposition 4.1. Assuming the conditions of Theorem 1.1 there exist constants
C > 0 and ¢ > 0 depending on s and o only such that

Pr{|mn(z)| < ; for any z € ’D'} < Cexp{—clya}- (4.15)

Proof. First we note that |g,,(2)| < § a.s., for z = u+4i. By Lemma 4.4, |g,(z')| <
é for any w € Q,,. Applying Lemma 4.1 and a union bound, we get

Pr{|mn(z)| < 3 for any z € D'} < Cexp{—cln,a}. (4.16)

Thus the proposition is proved. [l

5. Large deviations II

In this section we improve the bounds for §,,. We shall use bounds for large devi-
ation probabilities of the sum of €;. We start with

1 n
Op1 = n Z€j1- (5.1)
Jj=1
Lemma 5.1. There exist constants ¢ and C' depending on » and « and such that

Pr {|5n1| > n_lﬁn} < Cexp{—cly,a}-
Proof. We repeat the proof of Lemma 3.1. Consider the truncated random vari-
~ 1
ables X;; = X;;I{|X;;| < lii«}. By assumption (1.1),
Pr{|X5] > lia} < % exp{—lnal

Moreover,
[EX;;| < Cexp{—clpa}
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We define )ijj = )/fjj — E)/fjj and consider the sum

~ 1 <~
On1 i= ny/n ;ij.
Since |)Z'jj| < 217’}70[, by inequality (3.1), we have

Pr{|gn1| > nill;};—é} < Cexp{—cln,a}
Note that

~ 1 <& ~

On1 — On1| < EX | <C —clp.at-

o =l <, 37 IBR) < C expi=cloc}
This inequality and inequality (5.2) together imply

1 1 + 1
Pr{|5n1| >n"lEa 2} < Cexp{—cly,a}-
Thus, Lemma 5.1 is proved.
Consider now the quantity

Gpg 1= 222 2~ 1)RY.

J=11€T;
We prove the following lemma

Lemma 5.2. Let vy = dp,

(5.2)

W with some numerical constant d > 1. Under the condi-

tions of Theorem 1.1 there exist constants ¢ and C, depending on s and o only,

such that

{|5n2| > 2n*15n o <3 + 1 )2} < Cexp{—cln,a},

for any z € D'.

Proof. Introduce the truncated random variables £;; = X — EX?

Xal{| X < l,’i‘,a}. It is straightforward to check that
0<1— E)?fl < Cexp{—cly,a}-

We shall need the following quantities as well

On2 QZZ 2-DRY and Gnp = QZZ@R”.

j=11€T; j=11€T,

By assumption (1.1),

Pr{dn2 # gng} < Z Z Pr {|Xﬂ| > lﬁl‘a} < Cexp{—cln,a}

j=11€T,

where X;; =

(5.4)
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By inequality (5.4),

~ ~ 1 & S
L STSTIEXE - 1IRY| < Cuptexpl{—clua)

j=11€T,
< Cexp{—clna},

for v > vy and C, ¢ > 0 which are independent of d > 1.

Let G = J, Yier, &Ryl Then 62 = & 771 ¢ Let Ry, for j=1,...n
denote the o-algebras generated by the random variables X, with 1 < < j and
1 <k < j. Let Ny denote the trivial o-algebra. Note that the sequence 6,2 is a
martingale with respect to the o-algebras %;. In fact,

E{(|%_1} = E{B{G®™D}R;_1} =0.

In order to use large deviation bounds for gng we replace the differences ¢; by

-~ 2 1
truncated random variables. We put ¢; = (I{|(;| < lﬁ‘,$2 (5 + m)) }. Denote by
2, = g + nlv. Since (; is a sum of independent bounded random variables with
mean zero (conditioned on M), similar as in Lemma (3.3) we get

Prj{|Cj| > lﬁz,‘,;fé< Z |R(J) ) } < Cexp{—clya}-

€T,

Using (3.9) and (3.10), we have

Z |R” = [ (5.5)

leT

By Proposition 4.1, we have
2 41 1
Prj{|(j| > 5o 2v*2tm,} < Cexp{—cln,a}- (5.6)

This implies that
Pr { > G # Z@} < Cexp{—clypa}- (5.7)
j=1 j=1

Furthermore, introduce the random variables ; = EJ — E{Eﬂ?ﬁj_l}. First we note
that

E{G %1} = ~B{GI{IG| > el ot}
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Applying Cauchy-Schwartz, E;&;60 R RY) =0 for 1 £ 1/, 1,1 € T; and |RY)| <
v™" as well as E{E;{|¢;|?}IR;-1} < |, Yier, Eléul* we get
1}

-~ 1 1 245 1
[E{G1R -1} < CE2{|¢]R;-1}Pr2 {|Cj| > 5?0 2t}
= CEME;{IGPY -1} BH {Pry {5 > it o b taa} 51

1 2
< Cvfl(n Z E|£jl|2) exp{—cln.o} < Cexp{—clpa}, (5.8)

l€T;

for v,/y > vy with constants C' and ¢ depending on « and s.

Furthermore, we may use a martingale bound due to Bentkus, [2], Theorem
1.1. It provides the following result. Let R = {0,Q} C Ry C --- C R,, T M be a
family of o-algebras of a measurable space {2, M}. Let M,, = & +---+ &, be a
martingale with bounded differences £; = M; — M,_; such that Pr{|¢;| < b;} =
1, for j=1,...,n. Then, for z > /8

Pr{lag, > o} <cli-a(0) = [Tt w0 = en{-{ 1.

with some numerical constant ¢ > 0 and 02 = b3 + --- + b2. Note that for t > C

- ()< elt)

Thus, this leads to the inequality

2
Pr{|M,| > 2} <exp {—2:22} , (5.9)

which we shall use to bound d,2. Take M,, = Z?:l 5; with |<§;| bounded by b; =
215‘7I5 VT2 tno. By Proposition 4.1 obtain
0% = dno~ 1z 2 (5.10)

nv*

Inequalities (5.9) with x = lé,aa and (5.10) together imply

Pr {|gn2| > 2n~1p2 lvtm)} < Cexp{—cly,a}- (5.11)

Inequalities (5.7)—(5.11) together conclude the proof of Lemma 5.2. O
Let

Oz = n12 zn: ST XaXRY. (5.12)

J=11#£keT,
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4
Lemma 5.3. Let vg = di" with some numerical constant d > 1. Under condition

of Theorem 1.1 there exist constants ¢ and C, depending on », « only such that

1 1
45212 . (3 1\2
Pr{|5n3| > Bul, <2 + ) } < Cexp{—clna},

ny/v nv
for any z € D'.

Proof. The proof of this lemma is similar to the proof of Lemma 5.2. We introduce
the random variables n; = }l Zl?ﬁkﬂj Xijlel(,i) and note that the sequence

M; = }l an:l Mm is martingale with respect to the o-algebras 9t;, for j =1,...,n.

By Proposition 4.1, using inequality (5.5), we get

1 ()12 1,4
P RTVIP< "2 f Di>1-C —clyat. 5.13
r{nlkgem| | < o b or any z € > exp{—cln.a} ( )

At first we apply Proposition 3.1 replacing 7n; by truncated random variables and
then apply the martingale bound of Bentkus (5.9). Introduce the random variables

~

1 ~ o~ ~
Xk = Xjl{| Xji| < i} and X, = X, — EXjj. By condition (1.1), we have

Pr{X, # X} < Cexp{—cln.a}. (5.14)
The same condition yields
~ 1
EX k| = |EX;pI{|Xjk| > lia}] < Cexp{—clna} (5.15)
Let
1 s o j _ 1 ~ = ,
Bi= > XpXaRi, and 7= Y XpXuRp (5.16)
I#k€ET; I#k€ET;

Inequality (5.14) implies that
Pr{n; #7;} < Cexp{—cln.a}. (5.17)
Inequality (5.15) and |)2jk| < 21, o together imply
Pr{[ij — iij] < Clita exp{—clp.o}v™ > tny} = 1. (5.18)

Applying now Propositions 4.1 and 3.1, and inequality (5.5), similar to Lemma
3.5 we get, introducing 7, 1= v_éﬁfltm,

Pr{|n;| > n_%rv,n} < Cexp{—cln,a}- (5.19)
Now we introduce
_1 _1
0; = nl{In;| <n"z2ryn} —EnI{|n;| <n” 2y} (5.20)

Furthermore, we consider the random variables gj = 0;—E{0;|R;_1}. The sequence
M, defined by My = >"" _ 6,,, is a martingale with respect to the o-algebras R,
for s =1,...,n. Similar to the proof of Lemma 5.1 we get

Pr{|]\//.7n - M,| > 4172;&7"1,,”} < Cexp{—clpa}- (5.21)
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1

Applying inequality (5.9) to M, with o2 = 1677, and = = I3 o0, we get
— 1
Pr{|Mn| > 41ﬁ,arv,n} < Cexp{—clp.al. (5.22)
Thus the lemma is proved. t

Finally, we shall bound

1 n )
dnai= ;(TrR ~TrRY)R;;. (5.23)

Lemma 5.4. For any z = u + iv with v > 0 the following inequality
1
Ona| < 1 n . 8. 5.24
ol < Tmma(2) 0. s (5:24)
holds.
Proof. By formula (5.4) in [7], we have

, 1 , d
(TrR — TrRV)R;; = <1+ > lexjk(RU))%k) R = "Ry  (5.25)
1,kET;
From here it follows that
1 & ) 1 d 1 5
2 > (TR - TrRV)R; = o g, TR= " TrR”. (5.26)
j=1
Finally, we note that

1 1

| 2TrR2| < Immy(2).

n nv

The last inequality concludes the proof. Thus, Lemma 5.4 is proved. (]

6. Stieltjes transforms

We shall derive auxiliary bounds for the difference between the Stieltjes transforms
my(2) of the empirical spectral measure of the matrix X and the Stieltjes transform
s(z) of the semi-circular law. Recalling the definitions of ¢;,¢;, in (2.20) and of
dny in (5.1), (5.3), (5.12) as well as (5.23), we introduce the additional notations

3 n
~ 1
8! = 0n1 + On On3, Op:=0n4, Onp:= eiR. 1
n 1+ 0n2 + 0n3 4 HZZ&:J ejRj; (6.1)

v=1j=1

Recall that g,(z) := m,(z) — s(z). The representation (2.22) implies

- gn(z) _ 5; gn on
I = D) mn(2) e ma(2)2 2 b ma(2) (4 ma(2))2” &P

The equalities (6.2) and (4.3) together yield

|0] + [6n] |0n|

= |z + mp(2)||z + s(2) + mn(2)] * |z + 5(2) + mn(2)| (6.3)

lgn(2)
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For any z € D’ introduce the events

273 3 !
By, ﬁnln,a\/z B212 o

n(2) = Q: |8 < n

@={wens s (Ba T VE L Al

)
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(6.4)

(6.5)

Qn(z) = {w €N: |6, < CImmn(z)}7
nv
B2 BrImma(2)+ L) 1 1
= : < n il e
()= {wen: ol < (7 ot * i) )

(2) == ﬁn(z) N Qn(2) N (2). By Lemmas 5.1-5.3, we have
Pr{Q,(2)} >1— Cexp{—clna}-

The proof of the last relation is similar to the proof of inequality (3.16). By

Lemma 5.4,
Pr{Q,(2)} =1.
Note that .
lejvejal < 2(|EJV|2 + ejal?).

By Lemmas 3.3 and 3.5, we have, for v = 2, 3,

B 1
Pr< lejn]® > 77 ( Imm, < Cexp{—clna}-
r{|51 [“ > o mm,(z)—l—m) < Cexp{—cly.a}
According to Lemma 3.1,
52
Pr {|5—:j1|2 > n”} < Cexp{—cln,a}-

and, by Lemma 3.2
1
2 _
Pr{|5j4| S ’I’LQUQ} =1.
Similarly as in (3.16) we may show that
Pr{N.ep 2, (2) N} > 1 — Cexp{—cly.a}

Let
Q= NLepi (2) N Qy,

where (2, was defined in (3.17). We prove now some auxiliary lemmas.

Lemma 6.1. Let z =u+iv € D and w € . Assume that

1
< .
9n(2) <
Then the following bound holds

Ch, Ch,

n < )
l9n(2)] < nv n2v2\/y + v
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Proof. Inequality (6.3) implies that for w € Q

5%17%@ (1 + \/3) CImmy(z)
ny/v|z + mp(2)||z + s(2) + mn(2)]  nv|z + s(z) + mu(2)]
Bilia
n3olz + ma (2|2 + 5(2) + ma (2)
Jiis 11
+ nolz + mp(2)|]z + s(2) + ma(2)| (Immn(z) + m;) n ; | Rsal
(6.8)

lgn(2)] <

Inequality (6.8) and Lemmas 4.1, inequalities (4.11), (4.12) together imply

jga(2)] < P (1+ ! ). (6.9)

nv nu\/y + v

This inequality completes the proof of lemma. O

Put now

_\/2110
=

where v := 2 — |u|, z = u + v and vy given by (3.13). Note that 0 < v < 2, for
u € [—2,2] and vj > vg. Denote D :={z €D : v > vy}.

vy = vh(2) (6.10)

Corollary 6.2. Assume that |g,(2)| < 3, for w € QF and z = u+iv € D.

Then |gn(2)| < 149 for sufficiently large d in the definition of vo.
Proof. Note that for v > v},
4 4
CBy Cho  OVY, Oy 1
nv - nPfui/y+v T d d?p% — 100
for an appropriately large constant d in the definition of vy. Thus, the corollary is
proved. O

(6.11)

Remark 6.1. In what follows we shall assume that d > 1 is chosen and fixed such
that inequality (6.11) holds.

Assume that Ny is sufficiently large number such that for any n > Ny and
for any v € D the right-hand side of inequality (6.9) is smaller then 1(1)0. In the
what follows we shall assume that n > Ny is fixed. We repeat here Lemma 4.4. It

is similar to Lemma 3.4 in [9)].

Lemma 6.3. Assume that condition (6.7) holds, for some z =u+iv € D' and for
any w € Q. Then (6.7) holds for 2/ = u+iv € D as well with v >0 > v —n~8%,
for any w € 0.

Proof. To prove this lemma is enough to repeat the proof of Lemma 4.4. O
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Proposition 6.2. There exist positive constants C, ¢, depending on « and 3 only

such that
CB, CB,
Pr{lga()| > w4

for all z € D'

} < Cexp{—clpa}- (6.12)

Proof. Note that for v = 4 we have, for any w € Q% |g.(2)| > é By Lemma 6.1,
we obtain inequality (6.12) for v = 4. By Lemma 6.3, this inequality holds for any
v with vg < v < 4 as well. Thus Proposition 6.2 is proved. O

7. Proof of Theorem 1.1

To conclude the proof of Theorem 1.1 we shall now apply the result of Corollary
2.2 with v = v/2vp and V = 4 to the empirical spectral distribution function
Fn(z) of the random matrix X. At first we bound the integral over the line V' = 4.
Note that in this case we have |z 4+ m,(z)| > 1 and |gn(2)| < j a.s. Moreover,

Im mg,j)(z) < < 3. In this case the results of Lemmas 5.1-5.3 hold for any

z = u+ 4¢ with u € R. We apply inequality (6.8):

B2(1+Im 2my,(z) CImm,(2)
19n(2)] < ny/vlz + mp(2)|]z + s(2) + mn(2)|  nvlz+ s(z) + my(2)|
e
T nbulz + ma(2)llz + 5(2) + mn(2)]
B;‘l’l 1 1 n
+ nolz +mp(2)|]z + s(2) + my(2)| (Immn(z) + m;) n ; Rl

(7.1)

which holds for any z = u+4i, v € R, with probability at least 1 — C exp{—cly o}
Note that for V=14
4 for |ul <2,
+ my +mn(z) + > -

2+ a2+ () + 5(2) {ﬂAQﬂMM>2
We may rewrite the bound (7.1) as follows
< ofi Clmmy,(2)
“n(z]2+1) nV

Note that for any distribution function F(z) we have

|gn (2)l

(o)
/ Imsp(u+iv)du <7
—0o0

Moreover, for any random variable £ with distribution function F(z) and E¢ = 0,
E£? = h? we have

C(1+ h?)

Imsp(u+iV) < 2
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with some numerical constant C. From here it follows that, for V =4,

2
/ |man(2) — s(z)|du < C(ln—z ) a.s.
lu|>n?

o0

with h2 = [*_2?dF,(x). Furthermore, note that
h2—1§n:X2<2 > X3
nTop2 gk = 2 jk-
Jsk=1 1<j<k<n
Using inequality (3.1), we get
Pr{h? > Cn} < Cexp{—In.a}-
The last inequality and inequality (7.2) together imply that

/ | (u +iV) — s(u +iV)|du < ¢
|u]>n? n

with probability at least 1 — C exp{—cly, o }. Denote Dy, := {z = u+2i : [u| < n?}
and
Cp2
Q,:=<N € Q: lgn < " nar.
{ zEDn{w |g (’Z)| n(|z|2—|—1)}} n
Using a union bound, similar to (3.16) we may show that
Pr{Q,} > 1— Cexp{—clpa}.
It is straightforward to check that for w € €,
o] C 4
/ |y (2) — s(2)]|du < f” (7.3)

4
Furthermore, we put € = (2av0)§ and vg = dﬁ " with the constant d as introduced
in (6.11). To conclude the proof we need to consider the “vertical” integrals, for
z=z+4 withz € J,, v = " and v =2 — |z|. Note that

Nal
2 o4 4
ﬁndv < Cﬁnlnn.
o MU n
Furthermore,
/2 1 PR R Biinn
v .
o NP0/ +v o T ey T onfug T n
Finally, we get, for any w € €,
41
A(F0, @) = sup | Fule) ~ Gla) < P

Thus Theorem 1.1 is proved. O
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8. Proof of Theorem 1.2

We may express the diagonal entries of the resolvent matrix R as follows
“ 1
2

Consider the distribution function, say Fi;(x), of the probability distribution of
the eigenvalues \g

Foj(@) =Y lue T <}
k=1

Then we have
* 1

Rjj = Rj;(2) =/ o i),

which means that R;; is the Stieltjes transform of the distribution F),;(x). Note
that, for any A > 0,

max |ujk|2 <sup(Fpj(x + ) — Fpj(x)) = Qui(N).

1<k<n

On the other hand, it is easy to check that
Qnj(N) <2sup AImRj;(u +iA). (8.2)
By relations (3.12) and (3.16), we obtain, for any v > vy with vy = dfﬁ with a

sufficiently large constant d,
l&5] 1

Pr{ <} < Cexpf-clua 8.3
U ma(z)] = 2 = ORIl (53

with constants C and ¢ depending on s, o and d. Furthermore, the representation
(2.19) and inequality (8.3) together imply, for v > vy, ImRj; < |R;;| < Cy with
some positive constant C7 > 0 depending on > and «. This implies that

4
12 < Bn} < o .
Pr{lrgnlfgcnmjﬂ <, < Cexp{—clpa}

By a union bound we arrive at the inequality (1.4). To prove inequality (1.5), we
consider the quantity r; := R;; — s(2). Using equalities (2.19) and (4.1), we get
__ s(2)gn(2) €j
j=- Rjj.
z+mp(z) 24+ my(2)
By inequalities (6.12), (3.11) and (3.16), we have

32
”v} >1—Cexp{—cln.a}

Pr(in| < O

From here it follows that

v C
sup/ ri(x +iv)ldv < .
sw [ Ir;( )l Jn
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Similar to (7.3) we get

oo ) 052
; < o
[m |rj(x +1iV)|dz < Jn
Applying Corollary 2.2, we get
2
Pr{sup |F,,;(z) — G(z)| < \/';1} >1—Cexp{—clya}

Using now that

4
Pr{sup |Fn(z) — G(z)] < ﬁnTllnn} >1—Cexp{—clna},

we get

Pr{st;p |Frnj(x) — Fn(z)] < \B/i} >1—Cexp{—clpa}
Thus, Theorem 1.2 is proved. O
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Empirical Quantile CLT's
for Time-dependent Data

James Kuelbs and Joel Zinn

Abstract. We establish empirical quantile process CLTs based on n indepen-
dent copies of a stochastic process {X; : ¢t € E'} that are uniform in ¢t € E and
quantile levels a € I, where I is a closed sub-interval of (0,1). The process
{X: : t € E} may be chosen from a broad collection of Gaussian processes,
compound Poisson processes, stationary independent increment stable pro-
cesses, and martingales.

Mathematics Subject Classification (2010). Primary 60F05; Secondary 60F17,
62E20.
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1. Introduction

Let X = {X(t): t € E} be a stochastic process with P(X(-) € D(E)) = 1,
where F is a set and D(F) is a collection of real-valued functions on E. Also, let
C={Csy: s € E,x € R}, where Cs, = {z € D(E): z(s) <z},s € E,z € R.
If {X;}32, are i.i.d. copies of the stochastic process X and Fy(z) = F(t,z) :=
P(X(t) < z) = P(X(-) € Ctz), then the empirical distributions built on C (or
built on the process X) are defined by

1 & 1<
F(t,z) = . ZIHO,I] (X;(t) = . Zl{xiecm,Ct,m ec,
=1

i=1
and we say X is the input process.

The empirical processes indexed by C (or just £ x R) and built from the
process, X, are given by

Un(t, ) :=/n(F,(t,z) — F(t,x)).

It is a pleasure to thank the referees for their careful reading of our manuscript. Their comments
and suggestions led to a number of refinements in the presentation.
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In [4] we studied the central limit theorem in this setting, that is, we found
sufficient conditions for a pair (C, P), where P is the law of X on D(FE), ensuring
that the sequence of empirical processes {v, (¢, z) : (t,2) € ExR},n > 1, converge
to a centered Gaussian process, G = {G;,: (t,x) € E x R} with covariance

E(G(s,2)G(t,y)) = E([I(Xs < z) = P(X,s <2)[[[(X; <y) — P(X; <y))).

This requires that the law of G on £ (E' X R) (with the usual sup-norm) be Radon,
or equivalently, (see Example 1.5.10 in [10]), that G has sample paths which are
bounded and uniformly continuous on F x R with respect to the psuedo-metric

d((s, ), (t,y)) = (E[G(s,2) — G(t,y)*)"/. (1)
It also requires that for every bounded, continuous F': (o (E x R) — R,

lim E*F(v,) = EF(G),
n—oo

where E* denotes the upper expectation (see, e.g., p. 94 in [2]).
The quantiles and empirical quantiles are defined as the left-continuous in-
verses of F'(t,z) and F,(t,z) in the variable x, respectively:

To(t) = F7Y(t,a) = inf{x: F(t,z) > o} (2)

and
() = F; M (t,a) = inf{x: F,(t,2) > a}. (3)

[e3%

The empirical quantile processes are defined as
Va(F (ta) — 7 (t,),
and we also use the more compact notation
V(T2 () = Tat)),
for these processes. Since we are seeking limit theorems with non-degenerate

Gaussian limits, it is appropriate to mention that for o € (0,1) and ¢ fixed, that is,
for a one-dimensional situation, a necessary condition for the weak convergence of

V(e (t) = 7a(t) = &, (4)
where £ has a strictly increasing, continuous distribution, is that the distribution
function F(t,-) be differentiable at 7,(t) and F’(t,7,(t)) > 0. Hence F(t,-) is
strictly increasing near 7,(¢) as a function of x, and if we keep ¢ fixed, but ask
that (4) holds for all « € (0,1), then F(t,2) will be differentiable, with strictly
positive derivative F’(¢,z) on the set J; = {z : 0 < F(t,z) < 1}. Moreover, by
Theorem 8.21, p. 168, of [6], if F’(¢,x) is locally in L; with respect to Lebesgue
measure on Jy, then F’(¢,z) is the density of F(¢,-) and it is strictly positive on
J¢. For many of the base processes we study here, J; = R for all t € E, but should
that not be the case, it can always be arranged by adding an independent random
variable Z with strictly positive density to our base process in order to have a
suitable input process. In particular, the reader should consider a base process as
one which, after possibly some modification, will be a suitable input process. At
first glance perhaps this may seem like a convenient shortcut, but we know from
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[4] that when E = [0,7] and the base process is a fractional Brownian motion
starting at zero when ¢t = 0, then the empirical CLT over C fails, but by adding Z
as indicated above it will hold. Of course, in these cases adding Z is just starting
the process with the distribution of Z, and hence a typical assumption throughout
paper is that the distributions F'(t,-) are continuous and strictly increasing on R.

Section 2 provides statements of our main theoretical results providing CLTs
for empirical quantile processes. In particular, Theorem 2 provides applications
for a broad range of input processes that includes Gaussian processes, compound
Poisson processes, symmetric stationary increment stable processes, and certain
martingales. In Section 3 we provide a proof of Theorem 1, using an idea of Vervaat
from [11] on the relation between empirical and quantile processes. This relation-
ship is based on almost sure convergence results for weak convergence of empirical
measures, and since we are seeking results that are uniform in quantile levels and
the parameter set E that indexes our input process, its proof involves a number
of ideas from empirical process theory as presented in [2] and [10]. Section 4 then
turns to the proof of Theorem 2.

The papers of Swanson [8] and [9] were the first to motivate our interest in
this set of problems, but the techniques we use are quite different and apply to a
much broader set of input processes. In the first of these papers Swanson obtained
a central limit theorem for the median process, when in our terminology the input
process {X; : t > 0} is a sample continuous Brownian motion tied down to have
value 0 at time 0. In the second he establishes a CLT for the empirical quantile
process for each fixed o € (0,1), but now {X; : ¢ > 0} is assumed to be a sample
continuous Brownian motion whose distribution at time zero is assumed to have a
density with a unique a quantile. In particular, his results are uniform in ¢ € [0, 7]
for T' € (0,00), but only for fixed «, and only for empirical quantile processes of
Brownian motion. Hence our results are more general in most ways, but because
the results for empirical quantile CLTs we present here depend on the empirical
CLT over C, and this fails when X is tied down Brownian motion on [0, 7], they
apply to Brownian motion on [0, 7] only when we start with a nice density at time
0. On the other hand, as can be seen in Theorem 2, our results apply to general
classes of processes, including symmetric stable processes and fractional Brownian
motions, as long as they have a nice density at time 0, and our quantile CLTs are
uniform in ¢ € [0,7] and also in « € I, where I is a closed subinterval of (0,1).
Furthermore, as can be seen from [4] and Corollary 3 below, these processes fail
the empirical CLT over C on [0, T] when they start at 0 when ¢ = 0, so to apply our
quantile CLTs to such processes we must find a way to circumvent the assumption
of the empirical CLT holding over C on [0, T|. This has been done for a broad class
of processes, and is not at all immediate or trivial, and will appear in a future
paper. Finally, it is perhaps worth mentioning that as we learned more about the
related statistical literature, the idea of studying these problem for a wide range
of input processes and seeking results uniform in the quantile levels as well as in
the parameter ¢t € E became an interesting and natural goal.
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2. Statement of results

Throughout we assume the notation of Section 1. In particular, we are assuming
that for all ¢t € E, F(t, ) is strictly increasing and continuous in x € R. Our goal
in this section is to present two results. The first is an empirical quantile CLT
which is uniform in both the parameters ¢t and «, and the second indicates specific
applications of the general result to a broad class of processes.

The proof of our first result uses a method of Vervaat. In particular, we prove
an analogue of Vervaat’s Lemma 1 in [11], depending on an almost sure version of
the empirical CLT in the setting of [4]. This approach has been used by others, see
[3] and in [7] for two examples, but since we require uniformity in the parameters
t and «, the application in this setting is more general and requires a bit of care to
handle the necessary measurability issues required to obtain the results. Its proof
is in Section 3.

Up to this point we have only assumed that the distribution functions
{F(t,-): t € E} are continuous and strictly increasing on R. As explained in Sec-
tion 1, since we are seeking non-degenerate Gaussian limits for all « € (0,1),t € E
in our quantile CLT’s, the distribution functions F'(¢,x) must be differentiable in
x with strictly positive and finite derivative on J; = {z : 0 < F(t,2) < 1}. By
smoothing if necessary, J; = R for all t € E, and hence we typically assume that
these distribution functions have densities {f(¢,-): ¢t € E} such that

limsup sup [f(t,u) — f(t,0)] =0, (5)
020 4eE |u—v|<s

for every closed interval I in (0, 1) there is an 6(I) > 0 such that

inf t = 0 6
tEE,aEI,\;riT(x(t)\SG(I)f( @) = cron > 0, (6)

and
sup f(t,x) < oo. (7)
teE,z€R

The assumptions (5) and (6) suffice for our quantile CLTs when the empirical CLT
over C holds, but otherwise (7), perhaps after smoothing, is a typical additional
assumption. In particular, Corollaries 2 and 3 show that the empirical CLT over
C may fail for important classes of input processes when (7) fails.

Our first quantile CLT requires the empirical CLT holds over the sets C, with
Gaussian limit {G(t,x) : (t,z) € E x R} as given in Section 1, and is given in the
following result.

Theorem 1. Assume for allt € E that the distribution functions F(t,x) are strictly
increasing, their densities f(t,-) satisfy (5) and (6), and the CLT holds on C
with centered Gaussian limit {G(t,z): (t,x) € E x R}. Then, for I any closed
subinterval of (0,1), the quantile processes {/n(12(t) — 7o () f(t, 7a(t)): n > 1}
satisfy the CLT in loo(E x I) with Gaussian limit process {G(t,74(t)): (t,a) €
E x I}. Moreover, the quantile processes {/n(72(t) — 1o (t)): n > 1} also satisfy

the CLT in Lo (E x I) with Gaussian limit process {?((::(”((f)))) t (t,a) € Ex I},
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Our next result yields a large number of specific input processes {X(t) : ¢t €
E} where the empirical quantile CLT holds by applying Theorem 1. In particular,
since an important assumption in Theorem 1 is that an empirical CLT over C holds
for {X(t) : t € E}, an important part of the proof will be to verify this for the
processes considered by applying results in [4].

The typical empirical quantile CLT we establish next starts with a base
process {Y; : t € E}, and we define X; = Y; + Z,t € E, where Z is independent
of {Y; : ¢t € E} and Z has density ¢g(-) on R. For the empirical process CLT’s
over C we need only assume g(-) is uniformly bounded on R, or in L, (R) for some
a > 1. In order to prove our empirical quantile results, we assume a bit more
about ¢(-), but these assumptions are not unusual, even for real-valued quantile
CLT’s. Moreover, keeping in mind possible application to a diverse collection of
base processes, we have chosen to put the assumptions we require on g(-), but
the reader should also note that if the distributions of Y;, ¢t € F, have densities
with similar properties, then we could assume less about g(-). This is easily seen
from the proofs, and basic facts about convolutions, and are left for the reader
to implement should the occasion arise. It should also be emphasized that there
are many interesting base processes {Y; : t € E} where the empirical CLT over
C fails, but it holds for the smoothed process {X; = Y; + Z : t € E} as above.
Such examples can be found in [4], and include all fractional Brownian motions on
E = [0,T] that start at zero at time zero with probability one. Others will appear
in the results of Section 4 below.

The assumptions we impose on the input process { X; : t € E'} will be sufficent
for the empirical CLT over C with centered Gaussian limit on £ (E x R) given by
{G(t,z) : t € E,x € R}, where G(,-) is sample bounded on F x R, and uniformly
continuous with respect to its Lo-distance there. Of course, as in Section 1 a typical
point (¢,x) € E x R has been identified with Cy . Our empirical quantile CLT’s
in this setting will then be of two types, and in these results I will always be a
closed subinterval of (0,1). The first is that the quantile processes

{Vn(ra () = 7a(®)f(t,7alt): n =1} (8)

satisfy the CLT in ¢ (F x I) with Gaussian limit process
{G(t,7a(t)): (t,a) € E x I}, (9)

and the second asserts that the quantile processes

{vn(ry(t) = 7a(t)): n>1} (10)

satisfy the CLT in ¢ (F x I) with Gaussian limit process
G(t,1a(t))
{ ft,7a(t)
The base processes {Y; : t € E} we consider are of three general types, and
there is some overlap between these types. For example, the compound Poisson

processes in (iii) below could also be martingales, but it is easy to check that there
are examples which fit into one and only one of the classes we study.

(t,a) € E x I} : (11)
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(i) {Y;:t € E} is a centered sample continuous Gaussian process on a compact
subset E of [0,T]¢ whose Lo-distance dy is such that for some k; < oo,
s,t e FE,

dy (5,1) = [E((Y: = Y3)")]'/2 < k[t = s][3, (12)

where ||t — s||ge is the usual Lo-distance on R% and 0 < v < 1. Of course,
when X; =Y, + Z,t € E, the Lo-distance dx of X also satisfies (12).

(i) F = [0,7) and {Y(¢) : t > 0} is a stochastic process with cadlag sample
paths on [0, c0) such that P(Y(0) = 0) = 1. In addition, {Y(t): t € E} is a
martingale whose Li-increments are Lip-£ for some 3 € (0, 1], or a stationary
independent increments process whose Ly-increments are Lip- on E for some
p € (0,1], i.e., there is a § € (0,1] and C < oo such that for all s,¢ € E

E([Y(t) - Y(s)I”) < Clt - s/”. (13)

(i) £ =1[0,7] and {Y; : t € E} is a compound Poisson process built from the
iid. random variables {Yj : £ > 1} having no mass at zero and Poisson
process {N(t) : t > 0} with cadlag paths and parameter A € (0, c0) providing
the jump times for {Y; : ¢t € E'}.

Remark 1. If {Y(¢) : t > 0} is a strictly stable process with stationary inde-
pendent increments and index r € (0, 2], then for r € (1,2] we have E(|Y (¢)|) =
tY/"E(]Y'(1)|) and hence

E(Y(t) = Y(s)) = It — s|/"E(Y (1)),
which implies it has Li-increments that are Lip—i. Of course, it is also a martingale
when r € (1,2]. If 0 < r < 1, then for 0 < p < r we have

E(Y (1)~ Y(s)I") = |t — s/""E([Y (1)]”),

which implies it has L,-increments that are Lip-?. If {Y'(¢) : ¢ > 0} is a square inte-
grable martingale with A(t) = E(Y2(t)),t > 0, then for 0 < s < ¢ the orthogonality
of the increments of {Y(¢) : ¢ > 0} implies

E((Y () = Y(s))*) = A(t) = A(s). (14)

Hence, if A(+) is Lip-y on F, then (14) implies (13) with p = 1, 8 = /2. In addition,
if {Y'(¢) : t > 0} also has stationary, independent increments with P(Y'(0) =0) =1
and A(t) = E([Y (¢)]) < co,t > 0, then for s,t € E we have

E(Y (¢) =Y (s)) = E([Y (|t = s[)]) = At = s])- (15)

Therefore, if A\(t) < Ct? for t € [0,6] and some § > 0,3 € (0, 1], then it is easy
to check that (15) implies (13) with p = 1 and the given § for all s,¢ € F, and a
possibly larger constant C', depending on §.

Theorem 2. Let {Y; : t € E} satisfy (i), (ii), or (iii). In addition, assume X, =
Y: + Z, where Z is independent of {Y:: t € E}, and Z has a strictly positive,
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uniformly bounded, uniformly continuous density function g on R. If I is any
closed subinterval of (0,1), and we also assume that
lim sup P(|Y;| > b) =0, (16)
b—oo tcE
then the quantile processes of (8) and (10) built from the input process { X, : t € E}
satisfy the empirical quantile CLT with corresponding Gaussian limit as in (9)
and (11).

Remark 2. It is easy to see at this point that Theorem 2 implies empirical quantile
results of both types for fractional Brownian motions, the Brownian sheet, strictly
stable stationary independent increment processes, martingales, and compound
Poisson processes. The precise corollaries are easy to formulate, and hence are
not included. The details of the proof of Theorem 2 will show that the empirical
process CLT’s over C will follow under the slightly weaker assumptions that g(-)
be uniformly bounded on R, or in L,(R) for some a > 1.

3. The proof of Theorem 1: Vervaat’s approach

3.1. Notation and some lemmas

As before, we assume for all ¢ € E that F'(¢, x) is strictly increasing and continuous
in € R. Our first task of significance is to prove an analogue of Vervaat’s Lemma
1 in [11]. We follow Vervaat’s idea of using an almost sure version of the empirical
CLT, but given the generality of our setting the implementation of these ideas in
the following three sub-sections is not as immediate as one might like. In particular,
to obtain uniformity in the parameters (¢, ) requires a general approach to such
issues, and one that also can handle the measurability problems that arise. Showing
that weak convergence, or convergence in law, can be expressed in terms of almost
sure convergence has a long history, and for the task here we use Theorem 3.5.1
in [2]. Its statement below is slightly less general than that in [2].

Notation 1. For a function f : S — R we use the notation f* to denote a
measurable cover function (see Lemma 1.2.1 [10]).

Theorem 3 ([2]). Let (D,dw) be a metric space, (2, A, Q) be a probability space
and fn: Q@ — D for each n =0,1,.... Suppose fo has separable range, Dy, and
is measurable with respect to the Borel sigma algebra on Dgy. Then {fn,: n > 1}
converges weakly, or in law, to fo iff there exists a probability space (SAZ,]?, 13) and
perfect measurable functions g, from ((AZ,]?) to (, A) for n=0,1,..., such that

ﬁog;leonA (17)
for each n, and

dZo(fnognvaOQO) a_io (18)

where d’_(fnogn, foogo) denotes the measurable cover function for doo(fn o gn, foo
go) and the a.s. convergence is with respect to P.
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In our setting the metric space D is £ (E x R), with distance do the usual
sup-norm there, and the probability space (2,4, Q) supports the i.i.d. sequence
{Xj: j > 1} and the Gaussian process G. Then, for w € Q,n > 1, the f, of
Dudley’s result is our v,

fn(w) = \/n(Fn(v )(UJ) - F(? )) € EOO(E X R)v (19)
and {f,: n > 1} converges in law to
fow) = G(:,)(w) € loo(E X R). (20)

That is, we are assuming the empirical CLT over C, and thereforf The(lrem 3
unpheb there is a suitable probablhty space (Q .7-" P) and a set 3 C Q with
P(Q ) = 1 such that for all © € Q1.
10 90)@) = (hoog0) @ = (_sup_[(f208:)@)~ (oogn)@)]) = 0. 21)
clk,xe

Hence, if
Fo(t,2)(@) = Fu(t,2)(9a(@)) and  G(t,2)(@) = G(t,z)(go(@)),

then on (/2: we have the empirical distribution functions {ﬁn n > 1} satisfying

IVa(F, = F) =G = (swp_|Va(Falt,2)(@) - F(t,2) - G(t,2)(@)]) 0,

teE,zeR
(22)

Remark 3. The functions 13,,, are still distribution functions as functions of z, and
on € we have \/n(ﬁn - F) - G e loo(E x R). In addition, since the functions
{gn: m >0} are perfect and (17) holds, it follows for every bounded, real-valued
function h on £o(E X R), and n > 1, that

E5[h(Vn(F, — F))] = E[(v/n(F, — F))] and Ep[h(G)] = Eq[M(@)]. (23)

Since we are assuming {/n(F, — F): n > 1} converges weakly to the Gaussian
limit G, and G has separable support in £, (F X R), then (23) immediately implies
{V/n(F, — F): n>1} also converges weakly to G.

The generalized inverse of F,,(t,-) in the second variable is given by

) = Byt ) = inf{a: Fo(t,x) >a}, te BE,ae(0,1),n>1,  (24)

[e3

and as before for each t € E,« € (0,1), the inverse function

To(t) = F7Y(t,a) = inf{z: F(t,z) > a}. (25)
Of course, since we are assuming Fy(z) := F(t, ) is strictly increasing, this is a
classical inverse function, and to emphasize that the inverse is only on the second
variable we also will write F h ! and F,! for these inverses. Then, for each t € E,
since X1(%),..., Xy (t) are real numbers, we have ﬁ_l( 9: [0,1] M8 R and since

F} is assumed continuous and strictly increasing we have F, '(-): (0, 1) MR It
is also useful to define F;'(0) = —oo, Fy(—o0) = Fnt( 00) = 0, F; (1) = oo,
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Fi(+0) = ﬁn,t(—i—oo) =1, and Gy(—00) = G¢(+00) = 0. We also set R = R U
{—o0} U{+00}.

To use (22) we will need the function ﬁnl7t o Ft_1 and its inverse, which is
determined in the next lemma.

Lemma 1. For eacht € E
(Fogo F7) ™ =F o F ) (26)
where the inverses are defined as in (24) and (25).

Proof. For each t € E,« € [0,1], we have, since we are assuming F;(-) is strictly
increasing and continuous, that

(Fo F7Y ™ Ha) = inf{B: Fnyo0 F7Y(B) > a}
= inf{Fi(z): Fo.(z)>a}
= Fy(inf{z: ﬁnt(x) > al})
= (Fyo Fri)(e) O
The next lemma is our modification of Lemma 1 in [11] applicable to the

present situation.

Lemma 2. Let a,, — 0, and that
E,.(z) = F,
sup (@) — Fy ()
teE,xeR

an
as n tends to infinity. Then, setting I;(«) = « for t € E,a € [0, 1], we have

sup
teE,a€l0,1]
Furthermore, uniformly int € F, @t(Ft_l(a)) is a uniformly continuous function
of a €10,1], and

( sup
te E,uel0,1]
Proof. Since we are assuming for each t € F that F'(¢,-) is strictly increasing and
continuous on R, it follows that {F, *(a): « € (0,1)} = R. Therefore, if one
restricts « in (28) to be in (0,1), then (28) follows immediately from (27). To
obtain (28) for &« = 0 and a = 1, then follows from the conventions we made prior
to the statement of the lemma involving +oo.

To show (28) implies (29) we define for each t € E the completed graph of
(ﬁmt o F;H(+) on [0,1] to be given by

Dot ={(a,u): a€[0,1],(FroFy ) (a—0) <u< (FpoF ') (a+0)).

— Gy(x) ) -0 (27)

(Fni 0 Fy (@) = Ii(a)

an

—(Gro F7 (@)

) — 0. (28)

(Fyo FiyH)(u) — I(u)

an

+ (Gyo F7 Y (u) ) 0. (29)
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Here (ﬁnt o F7 ') (a +0) denotes the left- and right-hand limits of (ﬁnt o F7H()
when « € (0,1), and are given through the conventions above when o« = 0 or 1,
i.e., we understand the left- and right-hand limits at zero to both be zero, and the
left- and right-hand limits at one to both be one. Now (28) implies that

lim (sup{
n—oo
which also implies that
lim (sup{
n—oo
For each t € E we set
Tt =A{(w,0): wel0,1],(FoF ) (u—0) <a< (Fok, })(u+0)}

Lo (Gyo F;l)(a)] . (ta) € Ex [0,1], (a,u) € rm})* o,

4 (Gyo Ft_l)(a)’ . (t,a) € Ex [0,1], (a,u) € pm})* _o.
(30)

where one can check that the left-hand limit of F; o ﬁ,: 1(-) at zero is zero and we
take the right-hand limit at one to be one.
Then one can check that

(o, u) € Iy ¢ if and only if (u,a) € F;;. (31)
Moreover, (29) is implied by

Jim (sup {
and (30) and (31) implies (32) provided we show
(sup{|(Gy o Fy 1 )(uw) — (Gyo Fy ) (a)|: te B, (u,a) €T,11)* =0, (33)

UL (GroFy (w1 (tu) € Ex[0,1], (u,a) € r;;})* —0,
(

lim
n—oo
Since we are assuming the empirical CLT holds over C with Gaussian limit
process {G(t,z) : (t,z) € E x R}, it follows that G has a version which is sample
uniformly continuous on F x R with respect to its Lo-distance, d(-,-), given in
(1). This is a consequence of the addendum to Theorem 1.5.7 of [10], p. 37. When
referring to G we will mean this version. By the total boundedness of the distance,
the associated space of uniformly continuous functions is separable in the uniform
topology. This space is a closed subspace of £, (F x R), which then implies that
this version of G is measurable with respect to the Borel sets of £o(E x R). Using
the definition of G following (21), and (17) with n = 0, we have the laws of G and
G are equal on £ (E x R). In particular, G is also measurable with respect to the
Borel sets of £o(E x R) with separable support there, it has the same covariance
as G and its Lo-distance is d, and it is sample continuous on (E x R,d) with
ﬁ—probability one.
Now for each t € E and a, 5 € (0,1) we have

d((t, Fy (o), (6, FH(8))) = la = Bl = |a = B> < | — 6. (34)

Thus for each t € E we have d((t, F, *(a)), (t, F,'(B)) — 0 as a,f — 0 or
a, B — 1.
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We also have
d*((t, F7 (), (6 FH0) =a—a? < |a—0],
E((t, F7 N (), (6 FH 1) =a—a? < Ja—1],
and
d((t, F;1(0)), (¢, F; (1)) =0,

and hence the uniform continuity of G along with G(t, F,"1(0)=G(t, F, 1(1)) =0
implies that uniformly in ¢t € E we have G¢(F, *()) is uniformly continuous in
a € [0,1] with probability one. Moreover, the process {G(t,z): (t,z) € E x R}
has separable support in ¢o(E x R), and hence the upper cover us,fd in (33) is

unnecessary as the function there is measurable. We also have with P-probability
one that

sup  |G(F;H(@))] < oo, (35)
teE,acl0,1]

and hence a,, converging to zero, and (30) implies

1Lm sup{lu —af: t € E,(a,u) €Ty} =0. (36)

Therefore, (33) follows from (31) and that uniformly in ¢ € E we have Gy o F} ()
uniformly continuous in « € [0,1]. Therefore, (33) holds, and this implies (29), so
the lemma is proven. O

3.2. Applying Lemma 2 to obtain an empirical quantile CLT

Assuming the empirical CLT holds over C, the conclusions of Lemma 2 hold with
an = \/1”, and we have proved the following lemma.

Lemma 3. For all t € E assume the distribution function F(t,x) is strictly in-
creasing and continuous in x € R, and that the CLT holds on C with limit

{G(t,z): (t,z) € E x R}.
Then, with Ig—probability one, we have
(sw  WalFo Byhe) - hie)) + (Gro T H(@)) » 0. @7)
teE,a€(0,1]

Up to this point we have only assumed that the distribution functions
{Fi(:): t € E} are continuous and strictly increasing on R, and that the em-
pirical processes satisfy the CLT over C. Now we add the assumptions that these
distribution functions have densities {f(¢,-): t € E} satisfying (5) and (6).

Lemma 4. Assume for all t € E that the distribution functions F(t,x) are strictly
increasing and continuous, and that their densities f(t,-) satisfy (6). If the CLT
holds on C, then for every closed subinterval I of (0,1)

lim [ sup [Ta(t) — 7 (t)|]* = 0. (38)

n=0 e E,acl

in P probability.
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Proof. Since we are assuming (6), fix I a closed subinterval of (0,1), and take

0 < e < O(I). Then, since we have the CLT over C with respect to P, Lemma
2.10.14 on page 194 of [10] implies there exists d(e) € (0, ecr g((r)/2) such that for

d € (0,6(€)) there is ns < oo such that n > ns implies

P(B,) < ¢, (39)
where R
B, ={[ sup |F,(t,x)— F(t,2)|]* > &} (40)
teE,x€R
In addition, (6) implies we also have
sup (F(t,7a(t) —€) —a) < =0, (41)
a€lteE
and
aellr}feE(F(t, Ta(t) +€) —a) > 6. (42)

That is, (41) holds by (6) since

To(t)
sup (F(t,7o(t) —€) —a)=— inf / t,x)dx,
teE,EeI( ( =9 ) teB,ael Jo (1) ft.2)

and if 0 < 6 < 6(€) < “"JP,0 < e < 0(I), we then have

Ta(t)
te}gr}(f;el /Tcz(t)_€ f(t,x)dx > ecrg(r) > 0.

Thus on BS, forallt € E,a €1,
F(t,70(t) > Fp(t,77(t) = 6 > a — 6,

where the second inequality follows by definition of 77 (¢). Combined with (41), on
B¢ this implies that for allt € E, all a € I

To(t) = Ta(t) — € (43)

Similarly, if 0 < § < d(e) < “/y",0 < e < 6(), (42) holds by (6), and so on
B¢ we have
Ta(t) +€>Th(t)
for all t € E,a € I. Combining this with (43), on B we have for all t € E, all
a € I, that
Ta(t) — € < TH(t) < 1o (t) + €. (44)
Hence on B¢

[ sup [75(t) — ma(t)|]" < e
teE,acl

Since B,, is measurable, we thus have for n > ng that
P([_sup [Fr(t) = 7a(D]]" > €) < P(By) < e.
teE,a€l

Since € > 0 can be taken arbitrarily small, letting n — oo implies (38). Thus the
lemma is proven. O
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Proposition 1. Assume for all t € E that the distribution functions F(t,x) are
strictly increasing, their densities f(t,-) satisfy (5) and (6), and the CLT holds on
C with limit {G(t,z): (t,z) € ExR}. Then, for I any closed subinterval of (0,1)
we have

(swp VAR - ) 7a®) + Gl @) >0 (45)

teE,acl

in P probability, and therefore the quantile processes

(V@R (t) = 1a(t) f(t,1a(t)): n>1}

satisfy the CLT in foo(E x I) with Gaussian limit process {@(t,m(t)): (t,a) €
E x I}. Moreover, the quantile processes {\/n(73(t) — 7a(t)): n > 1} also satisfy

the CLT in £oo(E x I) with Gaussian limit process {?((f::((f)))) : (t,a) € Ex I},

Proof. Applying Theorem 3.6.1 of [2], the first CLT asserted follows immediately
from (45) and symmetry of the process {G(t,7,(t)) : (t,a) € E x I}. Hence we
next turn to the proof of (45).

First we observe that under the given assumptions, we have (37) holding.
Furthermore, since the densities are assumed continuous,

F(t7y) - F(tax) = f(t,a:)(y - Z‘) + R(t,x,y)(y - Z‘), (46)

where R(t,z,y) = f(t,£(t)) — f(t,x), and £(t) between x and y is determined by
the mean value theorem applied to F(t,-). Of course, R(t,-,) depends on F(,-),
but we suppress that, and simply note that since £(¢) is between = and y, we have
|R(t, 2, y)| < SUPye(e,yjuly,a] |f(t;u) — f(t, 2)|. Therefore, for M > 0 we have

B sup [n( () - (e’ 7

"> M) < a,(M) + by,
teE,acl 2

where

an(M) = P(Ap1 N Aps),

={[ sup |v/n(7 ()—Ta(t))l(f(t,m(t))+R(t,m(t),?2(t)))yZM}7

teE,acl

_ {[ sup |R(t Ta(t),?(’;(t))@* < }

tek, aEI

b, = P ({ sup |R(t,ra(t),?§'(t))|} . C“’“)) ,

teE,acl 2

and cyg(r) > 0 is given as in (6). Thus

P (Lg}g@l IWnE(t) — Ta(t))] f(t, r;(t))} *
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and by (46) we also have

Ana={| sw_ Wn(Rz0) - th(t)m]* >},
which implies |

P([ s Ivatzo - mon O] 2 )

teE,ael

* (47)
<P ([Eup V(B (0) — Fira <t>>>|] > M) b
Since I;(a) = Fy(F7 ' ()),a € (0,1),t € E, and I C (0,1)
[ sup |Vn(E(F (D) — Ft(Ta(t)))l]
tEE,O(EI
<| s Ial(F o Bl - L) + Gio Ft1<a>>|] (48)
teE,a€0,1]

+| s iGo R )]
teE,ael

and since the process {é(t,x) :t € E,x € R} is sample continuous on F x R in

the semi-metric d given in (1) with Radon support in £ (E x R) we also have

[ sup |@t0Ft_1(a)|} = sup |GioF Y(a)l. (49)
teE,acel teE,acl

Therefore, for every € > 0 and all n > 1, by combining (37), (48) and(49) we have
an M = M (e) sufficiently large that

P ([Eup Wa(BG®) - Fra)] = M) <e (50)
We now turn to showing that
[ sup [Wn(F(6) — 7a(t)) (51)
tEE,O(EI J

is bounded in P probability. That is, let
)‘(tvts) = Sup |f(t7u) - f(tvv)|'

u—v|<5
Then
[R(t,2,y)| < AL, [z —yl),
and hence by (5) for every € > 0 there exists ¢ > 0 such that |z — y| < § implies

sup |R(t, z,y)| < e.
teE
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Therefore, for every € € (0, CI'S(I))

b <P (| s |R<t,ra<t>f2<t>>|}*ze)=ﬁ*( sup_ IR (.7 (07 ()] > ).

teE,ael teE,ael
(52)
and since
P ( sup |R(t,7at), 72(1))] > ) (53)
teE,acl
< P ( sup () — ra(D)] 2 6) _p ([ sup [2(0) ra<t>>|] > 6) ,
teE,acl teE,a€l
Lemma 4 implies for every € € (0, 5" ) that
lim b, = 0. (54)

n—oo
Combining (47), (50), and (54), we have (51), i.e., [sup,c g aer V7 (T () —7a(t))[]*
is bounded in P probability. Furthermore, we then also have that

*

{ sup I\/n(?ZZ'(t)—Ta(t))IIR(t,Ta(t),?;’i(t))l} (55)

teE,acl

converges in P probability to zero.
Now, by (37) and (46), we have with P probability one that

1im< sup I\/n(?if(t)—Ta(t))[f(tﬁa(t))+R(t77a(t)f3(t))]+§(t77a(t)|> =0,

N—=0 \tcE,acl
(56)

and since

{ sup |Vn(7y (1) — 7a (1) f(t, Ta(t) + @(t,Ta(t)|] < Up + Vn,

teE,a€l
where

< | s W20 = 7o O)IF(8, 72 () + RO (0,720 + Gt a0

and

g[ sup I\/n(?ZZ'(t)—Ta(t))R(t,Ta(t),?Z(t))I] ,
teE,acl

we have by combining (55) and (56) that

{ sup I\/n(?if(t)—Ta(t))f(t»Ta(t))+@(tﬁa(t)l} —0

teE,ael

in P probability. Hence (45) is proven.
To finish the proof it remains to check that the quantile processes

{Vn@EEEt) — 1a(t): n>1})
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also satisfy the CLT in ¢ (E x I) with Gaussian limit process

{é(t’“(m . (t,a) € E x I} .

ft,7a(t))
Since (45) holds, and by (6) we have the non-random quantity
1
sup < 00,

teE,acl f(tha(t))
we thus have

~

G(t,7a(t)) D
sup |Vn(Th(t) — 1a(t)) + -0
<t€E,a€I ( ( ) ( )) f(tha(t))
in P probability. The CLT then follows from Theorem 3.6.1 of [2], and that the
Gaussian process G is symmetric. Hence the proposition is proven. O

3.3. Proof of Theorem 1

In Proposition 1 we proved the convergence in outer probability of quantities very
closely related to those we wish to study. The best we could hope for concerning
our original quantities is convergence in distribution, so there is a little work to
do to obtain Theorem 1. One might think at this point that this should follow
with a wave of the hand, but for the reader’s benefit, as well as our own, and to
appreciate the use of perfect maps in Theorem 3 we present a complete argument.
This finally establishes Theorem 1.

Proof. Recall the notation established at the start of this section in connection
with the statement of Theorem 3, and the perfect mappings g, : Q — Q such that
Q=Po g, L. In particular, equations (17) to (25) are relevant.

For ui,...,u, € D(E) and n > 1,t € E,a € (0,1) define

kn(ug, ... up,t,a) = vn [inf{x : i](uj(t) <) > na} - Ta(t)]f(t,ra(t)),

(57)
where 7, (t) = F; ' (). Hence setting
ra(t,a,w) = kn (X1, ..., X, t, @) (W) = kn(X1(4w), .., Xn(hw), t, ),
we then have
VilF, (@) (W) = 7o ()] f(t, Ta(t) = Talt, a,w) (58)
and
V[ (@)(@) = 7o (0] Talt) = Ta(t, @, gn (). (59)

Therefore, for w € Q
Foi(@)(@) = Fyp i (@)(ga(@)),
and for h bounded on ¢ (E x I) we have

B (Ve [Fri(@)@) = ra®)] St 72(®)) = (hora(t ) 0 gu)(@),
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and hence the upper integrals

/ﬁ* h(Vn[Fy H(o)(@) — Ta (D] f (£, Ta(t))dP (@)

: A (60)
[ltnorat.a)og.)@)aP@)

Q

= /*(h orn(t,a,-)o gn)(tﬁ)dﬁ(@)

- /\([h o rn(tv Q, )]* © gn)(d))dﬁ(@)v

Q
where the last equality holds since g, is perfect. Now

/J[h o ru(ts 0, )]* 0 ) (@)AP(w) = / [ 0 1t 0,0)]*dQ(w)

® Q
— [ thom)t.a.widQ).
Q
and therefore by (58) and (60), for all h bounded on ¢ (E x I),

~

[ h(Vn[Ey L) (@) = Ta (O] (8, 7a(£)))dP (@)
¢ (61)

= /Q h(v/n[F, [ (@) (w) = Ta(6)] f (8 7a (£)))dQ(w).
Now the equality in (61) implies that the quantile processes

{va[Bot@)@) = ra(®)] ft.7a®) in = 1t € Biae T}
satisfy the CLT in (o (F x I) if and only if
{Vn[F {(a)(w) = 7a®)] ft,7a(t) in>1,t € E,a €T}
satisfy the C'LT there, and they have the same Gaussian limit, namely
{G(t,7a(t)): t € E,a € I}.
A similar argument implies the quantile processes
{\/n [ﬁ;}(a)(m) - Ta(t)} n>1,teEac I}
satisfy the CLT in ¢ (F x I) if and only if
{Vn[F {(a)w) —Tat)] :n>1te E,ael}
satisfy the C'LT there, and they have the same Gaussian limit. Since Proposition 1
implies the Gaussian limit of

{\/n [ﬁ;}(a)(m) - Ta(t)} n>1te B ac I}

is given by { ?((:::((Z)))) te E,ac€ I} , which has the same Radon law on £, (E X I)

as {(;((Z::((f)))) :tcE,ac I} , the theorem is proven. O
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4. Proof of Theorem 2

It is easily seen that Theorem 2 follows from Theorem 1 once we show the dis-
tribution functions F'(¢,-) of X; = Y; + Z,t € E, have strictly positive densities
f(t,-) satisfying (5), (6), and the CLT holds on C with centered Gaussian limit
{G(t,z): (t,z) € E x R}. The proof of the conditions on the densities f(¢,z)
follows from the conditions imposed on the density ¢g of Z, and is our next lemma.
Hence, once the lemma is proven it only remains to show that each of the three
classes of processes in the assumptions of the theorem satisfy the empirical CLT
over C. This will be done through a series of propositions, but we will also indicate
a few corollaries that make explicit the breadth of the processes in the classes
described prior to the statement of Theorem 2. In particular, we point out some
situations where the empirical CLT fails when the process is tied down to be a
constant on some subset of .

Lemma 5. Let X; = Y; + Z,t € E, where Z 1is a real-valued random wvariable
independent of {Y; : t € E'} having probability density function g(-) which is strictly
positive, uniformly bounded, and uniformly continuous on R, and also assume (16)
holds. Then, the distribution functions F(t,-) of X¢,t € E have strictly positive
densities f(t,-) satisfying (5), (6), and (7).

Proof. If Hy(x),t € E, is the distribution function of Y;, then X; has probability
density function

f(t,x):/Rg(x—v)dﬂt(v),teE.

Hence if g, the density of Z, is strictly positive, uniformly bounded, and uniformly
continuous on R, then it is easy to check that each of the densities f(¢,),t € E,
have the same properties. In particular, (7) is obvious, and we have

lim sup sup |f(t,u) — f(t,v)] =0,

020 teE |u—v|<6
which implies (5). To show (6) it then suffices to verify that the densities f(¢,-) of
{X; :t € E} satisfy

teg}fyeff(t’m(t)) =cr>0 (62)

for every closed interval I in (0, 1).
Now (62) holds if we show that for any closed subinterval I of (0,1) and all
a > 0 that
inf  f(t,x) =c, >0 and sup |7 ()| < oc. (63)
teE,|z|<a teE,acl

First we show the left expression in (63) holds, so take a > 0. Then, for every
b>0

b
. st [ it ol . .
Al 00> B [ oo =) > nd o) ing [ asio)
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and, since (16) implies

lim sup P(|Y;| > b) < lim P (Sup|Y}| > b) =0, (64)
b—oo tcE b—oo teE

there exists by > 0 sufficiently large that infi;cp ff‘;o dH(v) >
have

% . Therefore, we

1
inf t,x) > inf u) =cq > 0.
teE7|m|§af( )z 2 \u|§a+bgg( )

Now we turn to the second term in (63). Since I is a closed interval of (0, 1)
there is a 6 € (0, }) such that I C (6,1 — ) and

0

sup P(|(t, X) + 2 = a) <sup P (6. X)| = 0 ) + P (1212 ) <,
teE 2 2 2

teE
where the second inequality follows from (64) by taking a > 0 sufficiently large.
Hence for each t € [0,T], @ € I we have 7,(t) € [—a,a] and the right term of (63)
holds. Thus (62) holds, and the lemma is proven. O

4.1. Gaussian process empirical CLT’s over C

Throughout this subsection we assume E is a compact subset of the d-fold product
of [0, T], which we denote by [0, T]%, and that {X; : t € E} is a centered Gaussian
process whose Lo-distance dx satisfies (12). Then, by applying Theorem 6.11 and
Corollary 6.12 on pages 144-45 of [1] we have from (12) that {X, : ¢t € E} has a
sample continuous version {X; : t € E} such that for s,t € E

| X — X < Tlt = slga, (65)

where I' < co with probability one, and 0 < r < 7, v < 1 by (12). Hence, without
loss of generality, we may also assume throughout the sub-section that {X; : t € E'}
is sample continuous with (65) holding.

Proposition 2. Let E be a compact subset of [0,T]%, and assume {X; :t € E} is a
sample continuous centered Gaussian process such that (12) holds, and there exists
ky < 00 and B € (0,1] such that for all x,y € R

sup | Fy(z) — Fy(y)| < kalz — y|”. (66)
teE

Then, the empirical CLT built from the process {X; : t € E} holds over C. More-
over, if {Y; : t € E} is a sample continuous centered Gaussian process such that
(12) holds, and Z is a random variable independent of {Y; : t € E} whose density
is uniformly bounded on R, or in L,(R) for some p € (1,00), then the empirical
CLT based on the process {X; : t € E} holds over C, where Xy =Y: + Z,t € E.

Proof. Using Theorem 5 of [4] we have the empirical CLT over C, or equivalently in
U (E x R) when we identify points (¢,y) € E x R with the sets C, € C, provided
we verify the following three conditions:
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(I) For some /3 € (0,1], some k < oo, and all z,y € R

sup [F(t,x) = F(t,y)| < klz —y|”. (67)
teE
(I) For all s,t € E
| X: — Xs| < Té(s,t) (68)
and some 1 > 0, and all u > ug
P >u)<
(IIT) For 8 as in (I), and n as in (IT), there exists a € (0, 3/2) such that
1 2
2 69
o) - 5=z (69)

and (¢(s,t))* < p(s,t), where p(s,t) is the Lo distance of a sample bounded,
uniformly continuous, centered Gaussian process on (E, p), which for later use we
denote by {A(t) : t € E}.

First we assume {X; : ¢ € E} is a sample continuous centered Gaussian
process such that (12), (65), and (66) hold. Then, applying the Landau-Shepp-
Fernique result as in Lemma 2.2.5 of [2], we have exponential decay of the tail
probability of I" in (65), and hence assumptions (I) and (II) hold with 7 in (68)
allowed to be arbitrarily large and ¢(s,t) = ||t — s||pq. If (12) and (65) hold for
{Y; : t € E} and X; = Y;+Z, where the density of Z is uniformly bounded, or in L,,
as indicated, then standard convolution formulas imply (66) holds for {X; : t € E}.
In particular, if the density of Z is assumed to be uniformly bounded, then (66)
holds with 8 =1, and if it is in L,(R), then 8 = 1 —1/p suffices. Therefore, under
either assumption on the density of Z, we have assumptions (I) and (II) holding
for {X;:t € E}.

Therefore, the conclusions of the proposition hold in either situation provided
we verify condition (IIT). Since n > 0 can be taken arbitrarily large in (69) and
(65), it suffices to show that there is a centered Gaussian process {A(t) : t € E}
with Lo-distance p(s,t), which is sample bounded and uniformly continuous on

(E, p), and for some « € (0, g) we have

(It = sllaa)™ < p(s, 1), 5.t € E. (70)

Therefore, we take {\; : ¢ € E} to be Lévy’s f-fractional Brownian motion
on E with

p(s,t) = E((\ — A\)HY2 = ||t — 8[|%a, 5, € E,0 <0 < 1. (71)

Hence with 0 = ra, since r < 1 and a < 1/2, we have {\; : t € E} a sample
bounded, uniformly continuous centered Gaussian process on (F, p). In fact, it is
well known that this process can be taken to be sample continuous on all of R?
with respect to the distance p(-,-), and this can be checked by showing Dudley’s
metric entropy condition [, (log N(Cq,u,p))/?2du < oo holds for cubes C, =

H;-izl[—a, a] with a > 0 arbitrarily large. Hence the proof is complete. O
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An immediate application of Proposition 2 is to fractional Brownian motions,
which was also obtained in [4].

Corollary 1. Let E = [0, T, and assume {Y;: t € E} is a centered sample continu-
ous y-fractional Brownian motion for 0 < v <1 such that Yo = 0 with probability
one and E(Y?2) = t?7 fort € E. Set Xy = Y; + Z, where Z is independent of
{Yi: t € E}, and assume Z has a density that is uniformly bounded on R or is in
L,(R) for some p € (1,00). Then, the empirical CLT holds over C.

Proof. The Lo-distance for {X;: t € E}is dx(s,t) = |s—t|", and hence (12) holds
with k; = 1. Also, (65) holds with 0 < r < , and the assumptions on the density
of Z then imply (66). Therefore, Proposition 2 applies to complete the proof. [

Our next application of Proposition 2 is to the d-dimensional Brownian sheet.
A result for d = 2 appeared in [4], but once we have Proposition 2 in hand, the
general case follows easily.

Corollary 2. Let E = [0,T)¢ for d > 2, and assume {Y;: t € E} is a centered
sample continuous Brownian sheet with covariance function

d
E(YgY}/) = H(S] AN tj), s = (81, e ,Sd),t = (tl, e ,td) c k. (72)
j=1

Forte E, let X; =Y + Z, where Z is independent of {Y;: t € E}, and assume
Z has a density that is uniformly bounded on R or is in Ly(R) for some p €
(1,00). Then, the empirical CLT based on the process {X; : t € E} holds over
C={Ciy: (t,x) € E x R}, where in this setting Cy, = {z € D(E): z(t) < x},
and D(E) denotes the continuous functions on E. Moreover, the empirical CLT
over C fails for the base process {Y (t) : t € E}.

Proof. First we observe that if 0 < s; <t; <T for j =1,...,d, then ford > 1
we have H?:1 tj — H?Zl s; < TI1 Z?Zl |t; — s;|. This elementary fact is obvious
for d = 1 with T° = 1, and for d > 2 it follows by an easy induction argument.
Moreover, the Lo-distance for {X; : t € E} satisfies

d

H —l—l;[sj—ZH sj Aty)

d28t

and hence we easily have
d

d 1/2
1 1
A% (s, t) <dT* "> |tj—sj|d < de—l(E |tj—sj|2d> = d2T Y|t — s |ga.
i=1

j=1

Thus dx (s,t) < Td51d1/4||t s||]Rd , and hence (12) holds. Either assumption for
the density of Z implies (66) for a suitable 8, and thus Proposition 2 applies to
show the CLT over C holds for {X(¢) : ¢ € [0,T]¢} holds.
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To see why this CLT fails for the base process {Y(t) : t € [0,T]%}, observe
that the process W(r) = Y (r'/4(1,...,1)),0 < r < T% is a Brownian motion
with P(W(0) = 0) = 1. Thus by Lemma 7 of [4] we have {Y(¢) : t € [0,T]%}
fails the CLT over the class of sets C1 = {Cr, : 0 < r < Tz € R}, where
Crn={z€ D(E): z(r'/?(1,...,1)) < z}. Since C; C C, it follows from that the
CLT for Y over C must also fail. O

4.2. Compound Poisson process empirical CLT’s over C

Here we examine the empirical CLT over C when our base process is an arbitrary
compound Poisson process. This will be done in the next proposition by applying
Theorem 3 of [4]. We will see from its proof that the Gaussian process needed for
this application can be taken to be a sample continuous Brownian motion, and
the space of functions D(FE), when E = [0,T], is the space of cadlag functions on
[0, T]. These examples are somewhat interesting since the sample paths of the base
process {Y(¢): t € [0,7]} have jumps, while those of significance in [4] and the
previous subsection were all sample path continuous.

To define the base process in these examples we let {N(t): 0 <t < oo} be
a Poisson process with parameter A € (0,00), and jump times 71,72, . ... As usual
we assume P(N(0) = 0) = 1, and that the sample paths {N(¢): 0 <t < oo} are
right continuous and nondecreasing. Also, let {Y;: k > 1} be ii.d. real-valued
random variables, independent of {N(t): 0 <t < oo}, and without mass at zero.
Then, Y (t) is defined to be zero on [0,71), Y1 on [r1,72), and Y1 + -+ + Y} on
[Tk,Tk+1) for k > 1.

Proposition 3. The empirical process built from i.i.d. copies of the compound Pois-
son process {Y (t): t € E} with parameter A € (0,00) and E = [0,T] satisfies the
empirical CLT over C. In addition, if X (t) =Y (t)+ Z,t € [0,T], then the process
{X(t) :t€[0,T]} also satisfies the empirical CLT over C.

Proof. Using Theorem 3 of [4] it suffices to show {Y(¢): ¢ € E} satisfies the
L condition of [4] when the Gaussian process involved is Brownian motion and
the p distance is a multiple of standard Euclidean distance on [0,7]. Since the
distribution function of Y'(¢) is not necessarily continuous, the L-condition involves
distributional transforms of the distribution functions F(t,z) = P(Y(t) < x)
denoted by Fy(x). They are defined for t € E,z € R as

Fy(z) = F(t,2™) + V(F(t,z) — F(t,z7)),
where V is a uniform random variable on [0, 1] independent of the process
{Y(t): teE}.

To verify the L-condition for the Y process, let {H(t): 0 <t < oo} be a
sample continuous Brownian motion with P(H(0) = 0) = 1 satisfying

P (s.1) = E((H(s) — H(t))?) = 4V D)t — 5.
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Then, for e >0

A= sup P( sup  |Fy(Y(s)) — Fr(Y(1))] >62>
t€[0,T] {s: p(s,t)<e}

< sup P( sup Y(s) =Y ()| > O)
t€[0,T] {s: p(s,t)<e}

= sup {1_P<{5; sup |Y(s)—Y(t)|:0)].

te0,7) pls.t)<e}
Since Y (s) — Y (t) = 0 whenever N(s) — N(t) =0, and for ¢ € [0, 7] fixed

{ sw N -N@l=0}
{s: p(s,t)<c}

= (e o o)1)= ((e " y) Vo) =0}

it follows that

P(w (0 4<A€2v o) 7) (e 4<;2v y)v0) =)

- ({ sup |N(s)—N(t)|:0) §P< sup |Y(s)—Y(t)|:O>.

p(s,t)<e} {s: p(s,t)<e}

Now

P<N<<”4<A62v1>> AT) ‘N<<t‘4<52v1>> VO) :0) >e"p{‘2<i€v21>}’

and hence for 0 < € < ¢y we have A < 1 — exp {—“22} < €2, Taking L suitably

large we have for all € > 0 that A < Le2, and hence the L-condition holds for the
compound Poisson process Y.

To complete the proof we let F'x ;(y) = P(X: < y), and verify the L-condition
for {X; :t € [0,7]}. Since the increments of X and Y are identical, by repeating
the above, the proof is the same as before. O

Remark 4. It is interesting to note that in the previous proposition we proved
the base process {Y; : t € [0, T} satisfied the empirical CLT, and using the proof
of that fact, we then showed X; = Y; + Z,t € [0,T], also satisfied the empirical
CLT. This is the reverse of the argument in Propositions 2 and 4, but since we are
interested in empirical quantile CLTs for such data, some smoothing is eventually
necessary, i.e., in Theorem 2 our assumptions require that the smoothed process
satisfies the empirical CLT over C and that its densities are sufficiently smooth.

4.3. Empirical process CLT’s over C for other independent
increment processes and martingales

The processes we study here are either martingales, or stationary independent
increment processes. They form class (ii) that appeared prior to the statement
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of Theorem 2, and Remark 1 indicates some specific examples and properties
of processes in this class. The base processes are {Y(t) : t > 0}, and X (¢) =
Y (t) + Z,t > 0, where Z is a real random variable independent of {Y'(¢) : t > 0}
with density g(-) such that

k =sup|g(x)] < oo or g € L,(R) for some a > 1. (73)
rER

Then, g is uniformly bounded implies

sup | Fi(w) — Fuly)| < Kl —yl, 2,y € R, (74)
te

and if g € Lq(R) we have a k < oo
sup | Fi(z) — Fi(y)| <hlz -y~ e my R, (75)
te

Proposition 4. Let E = [0,T], and assume {Y(t) : t > 0} 4s a stochastic pro-
cess whose sample paths are right continuous, with left-hand limits on [0, 00), and
satisfying P(Y(0) = 0) = 1. Furthermore, assume {Y (t): ¢t € E} is a martin-
gale whose Lq-increments are Lip-8 for some § € (0,1], or a stationary inde-
pendent increments process satisfying (13) for some p € (0,1) and 8 € (0,1]. Let
X(@t)=Y({#)+Z,t >0, where Z is a random variable independent of {Y (t) : t > 0}
and having density g(-) on R satisfying (73). Then, the empirical process built from
i.i.d. copies of {X(t): t € E} satisfies the CLT over C.

Proof. Let p(s,t) = |s—t|?,0 < 6 < 1. Then, p is the Ly-distance of a f-fractional
Brownian motion on E, and the proposition follows from Theorem 3 of [4] provided
we verify the L-condition for {X (¢): t € E} with respect to p and an appropriately
chosen . That is, since the distribution functions Fi(-) have a density, they are
continuous, and hence it suffices to show for an appropriate # > 0 there is a
constant L. < oo such that for every € > 0
supP( sup |Fy(Xs) — Fi(Xy)| > 62) < Lé. (76)
tek {s:seE,p(s,t)<e}

We prove the L-condition holds assuming the density g of Z is uniformly
bounded, and hence we have (74) holding. The proof when g € L, (R) is essentially
the same, only the algebra changes, and hence the details are left to the reader.

First we examine the situation when {Y (¢) : ¢ > 0} is a martingale satisfying
(13) with p =1 and some 8 € (0, 1]. Applying (74) to (76) we then have

supP( sup |Fy(Xs) — Fe(Xy)| > 62) <A+ B, (77)

telE {s:s€E,p(s,t)<e}
where 9
AgzsupP< sup | Xs — X¢| > ¢ ),
teE {s:s€[t,(t+e/O)AT]} 2k
and

2
BE:supP< sup | Xs — X > : )
teE {s:s€[(t—e'/?)V0,t]} 2k
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Now
2
AezsupP< sup Y, = Vi > )
teE  \ {siselt,(t+c}/O)AT]} 2k
and hence Doob’s martingale maximal inequality implies
A, < sup 2ke_2E(|Y(t+€1/e),\T - Yt|> < 2kCe 2t (78)
teE

where the last inequality follows from (13) with p = 1. We also have

62
B. < supP (|Y;,_ —Y,
< sup (I (t—c1/0yv0 — Ye| > 4k>

62
+ sup P( sup |Ys — Yis—er/0yvo0l > ) )
teE {s:s€[(t—€1/?)V0,t]} 4k

and using Markov’s inequality, the martingale maximal inequality, and (66) with
p =1 as before, we have

B. < 8kCe 2T 0. (79)
Combining (77),(78), and (79) we have
supP< sup |F(Xs) — Fo(Xy)| > 62) < 10kCe 2t 0. (80)
teE {s:s€E,p(s,t)<e}

Given our assumption that (13) holds with p = 1 and some 8 € (0,1], we take
= g, and hence (79) implies we have the L-condition in (76) with L = 10kC' < oco.
Now we assume {Y(¢) : ¢ > 0} is a process with stationary independent
increments satisfying (13) with p € (0,1) and some § € (0, 1]. Applying (74) to
(76) we again have (77), and as before

2
AezsupP< sup |Ys — Y| > X ), (81)
teE  \ {siselt,(t+c1/O)AT]} 2k
Since {Y(¢) : t € E'} is a process with stationary independent increments and
cadlag sample paths, an application of Montgomery-Smith’s maximal inequality
in [5] implies

62
Ae < 3§£P< Yieraropnr — Yel > 20k>-

This maximal inequality is stated for sequences of i.i.d. random variables, but since
{Y(t) : t € E} is a process with stationary independent increments and cadlag
sample paths, for any integer n we can partition any subinterval I of E into
2" equal subintervals and apply [5] to the partial sums formed from increments
over each of these subintervals. One can add auxiliary i.i.d. increments to form a
sequence, but that is unnecessary since for given n > 1 we need only work with the
partial sums of the 2™ increments of that partition. We then use [5] for an upper
bound, and then pass via an increasing limit to what is needed, i.e., the desired
upper bound is fixed, and hence is an upper bound for the limit.
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Thus by Markov’s inequality, and our assumption of (13), we have
Ac < 3(20ke )P supE (Y4 c1/0)ar — Yil?) < 3C(20ke2)Pe/?. (82)
teE
We also have

2
B, < supP<|Y(t_€1/e)v0 -V > Z )

teE k
2
+ supP( sup |Ys = Y crr0yvol > )v
teE {s:s€[(t—€l/?)VO0,t]} 4k

and using Montgomery-Smith’s maximal inequality again we have

€ )
B <4sup P [ |Y;_. -Y: > .
teg <| (t—el/9)v0 tl 40k

Thus by Markov’s inequality and (13)
Be < 4(40ke 2P supE (Y4 c1/0)pp — YilP) < AC(40ke )P/ (83)
teE

Combining (77), (82) and (83) we have

supP( sup |Fy(Xs) — Fi(Xy)| > €2> < 7C(40k)pe§_2p,
teE {s:s€E,p(s,t)<e}
and hence the L-condition holds with L = 7C(40k)? provided 0 = pr' O

Corollary 3. Let E = [0,T], and assume {Y (t) : t > 0} is a strictly stable process
of index r € (0,2] with stationary independent increments, cadlag sample paths
on [0,00), and such that P(Y(0) =0) = 1. Let X(t) =Y (t) + Z,t > 0, where Z
is a random variable independent of {Y (t) : t > 0} and having density g(-) on R
satisfying (73). Then, the empirical process built from i.i.d. copies of {X(t): t €
E} satisfies the CLT over C. Moreover, except for the degenerate cases when r = 1
and {Y(t) : t > 0} is pure drift, or Y (t) is degenerate at zero for all t € E, the
empirical CLT over C fails for these {Y (t) : t € E}.

Proof. The assertions about the CLT holding are immediate consequences of Prop-
osition 4 once we check that {Y'(¢) : ¢ > 0} satisfies (13). This follows from Remark
1, and hence this part of the proof is established.

To show that the CLT fails for the strictly stable stationary independent
increment processes {Y'(¢t) : t > 0} specified follows from an application of the
Kolmogorov zero-one law, and the fact that Y'(¢) is non-degenerate and strictly
stable implies Y (¢) has a probability density for each ¢ > 0. The case r = 2 was
previously established in [4] using a law of the iterated logarithm argument, which
also applied to all fractional Brownian motions.

Now fix n > 1, and let Y7,...,Y, be independent copies of Y. Let Q denote
the rational numbers and let Cg denote the countable subclass of C given by
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Co={C:y €C:t,yecQ}. Then,
P(card{Y1(t),...,Yo(t)} =nforallt e QN (0,00)) =1, (84)

and as in the proof of Lemma 7 in [4], to show the empirical CLT fails for {Y(¢) :
t € E} it suffices to show that

P(ACQ(Ylv"'vyn) :Zn) = 17 (85)
where A% (Yy,...,Y,) = card{CN{Y1,...,Y,}: C € Cg}.
Therefore, a first step is to show for every r,0 < r < n, and {j1,...,5-} C
{1,...,n} that
P{Y;, ...V, e{Cn{W,....Y,} : CeCy}) =1. (86)
Hence, fix {j1,...,jr-} € {1,2,...,n} and define
Q(j1,- -+, jr) = {w : I, holds for infinitely many m}

where I,,, is the condition

1 1
max ij< ,w) < min Yk< ,w),m:l,Q,.... (87)
1<k<r m k¢{j1,....dr} m

Now let

o= (5 () 3 () (1) 29 (1)) 2

and set € = N_,0(Hy,, Hmt1,...). Then, £ is the tail sigma field for the inde-
pendent random vectors { Hy, : k > 1}, and since

1 - 1 1
%)= 2 0000 ()
form > 1andi=1,...,n, we have Q(j1,...,7r) € € for all r,1 < r < n, and
{1,y dr} C€{1,...,n}.

Therefore, Kolmogorov’s zero-one law implies P(Q(j1, ..., j»)) = 0 or 1. Since
the coordinate processes are i.i.d. these sets all have the same probability for each
fixed r and subset {ji,...,Jjr}. Moreover, there are finitely many such sets, and
if they all have probability zero, then there is a set of w’s of probability one with
Tr(w) 1 00 such that for all m > 7,.(w) we have

max ij<1,w) >  min Yk(l,w) (88)

1<k<r m k¢{j1,..sdr} m
for all choices of {j1,...,j.}. Call this set €. Using (84) there is also a universal
set 23 of probability one so that for all ¢ € (0, 7] N Q the numbers {Y;(¢t,w), ...,
Y, (t,w)} are all distinct. Hence for each w € Qo Ny and m > 7,.(w) there must be
r strictly smallest values among {Y1(¢),...,Y,(¢)} for each integer r € {1,...,n}.
Thus we arrive at a contradiction since this violates the previous inequality (88)
for some one of the subsets {j1,...,Jr}
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Hence (86) holds for every r € {1,...,n}, and all (2" — 1) non-empty subsets
of {Y1,...,Y,} are in {CN{Y1,...,Y,} : C € Cg} with probability one. To get
the empty set with probability one is trivial, i.e., the sample functions are cadlag
on [0,T7], and the choice of x in C; , € Cg can be taken arbitrarily negative. Hence
(85) holds, and the corollary is proven. O
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Asymptotic Properties for
Linear Processes of Functionals of
Reversible or Normal Markov Chains

Magda Peligrad

Abstract. In this paper we study the asymptotic behavior of linear processes
having as innovations mean zero, square integrable functions of stationary
reversible or normal Markov chains. In doing so we shall preserve the general-
ity of coefficients assuming only that they are square summable. In this way
we include in our study the long range dependence case. The only assump-
tion imposed on the innovations for reversible Markov chains is the absolute
summability of their covariances. Besides the central limit theorem we also
study the convergence to fractional Brownian motion. The proofs are based
on general results for linear processes with stationary innovations that have
interest in themselves.

Mathematics Subject Classification (2010). Primary 60F05, 60G10, 60F17,
60GO05.

Keywords. Central limit theorem, stationary linear process, reversible Markov
chains, generalized martingales, fractional Brownian motion.

1. Introduction

Let (&;)icz be a stationary sequence of random variables on a probability space
(Q, K,P) with finite second moment and zero mean (E& = 0). Let (a;);cz be a
sequence of real numbers such that ), _, a? < oo and denote by

o0

Xi = Z Clk+j€j ) Sn(X) =5, = Zka (1'1)
k=1

j=—0c0

bn,j =Gj+1+F+ Ajyn and b?l = Z bi,j.

j=—o00
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The linear process (X )rez is widely used in a variety of applied fields. It is properly
defined for any square summable sequence (a;);ez if and only if the stationary
sequence of innovations (&;);cz has a bounded spectral density. In general, the
covariances of (Xx)kez might not be summable so that the linear process might
exhibit long range dependence.

An important theoretical question with numerous practical implications is to
prove stability of the central limit theorem under formation of linear sums. By this
we understand that if "1 | & /1/n converges in distribution to a normal variable
the same holds for S,,(X) properly normalized. This problem was first studied in
the literature by Ibragimov (1962) who proved that if (&);ez are i.i.d. centered
with finite second moments, then S, (X)/b, satisfies the central limit theorem
(CLT). The extra condition of finite second moment was removed by Peligrad
and Sang (2011). The central limit theorem for S, (X)/b, for the case when the
innovations are square integrable martingale differences was proved in Peligrad
and Utev (1997) and (2006-a), where an extension to generalized martingales was
also given.

On the other hand, motivated by applications to unit root testing and to
isotonic regression, a related question is to study the limiting behavior of S, /bn
(here and throughout the paper [x] denotes the integer part of x). The first results
for i.i.d. random innovations go back to Davydov (1970), who established con-
vergence to fractional Brownian motion. Extensions to dependent settings under
certain projective criteria can be found for instance in Wu and Min (2005) and
Dedecker et al. (2011), among others.

In this paper we shall address both these questions of CLT and convergence
to fractional Brownian motion for linear processes with functions of reversible or
normal Markov chains innovations.

Kipnis and Varadhan (1986) considered partial sums S,, (where a9 = 1,
and 0 elsewhere) of an additive functional zero mean of a stationary reversible
Markov chain and showed that the convergence of var(S,)/n implies convergence
of {S}ny/v/n, 0 <t <1} to the Brownian motion. There is a considerable number
of papers that further extend and apply this result to infinite particle systems, ran-
dom walks, processes in random media, Metropolis-Hastings algorithms. Among
others, Kipnis and Landim (1999) considered interacting particle systems, Tier-
ney (1994) discussed the applications to Markov Chain Monte Carlo. Liming Wu
(1999) studied the law of the iterated logarithm.

Our first result will show that under the only assumption of absolute summa-
bility of covariances of innovations, the partial sums of the linear process Sy, (X) /by,
satisfies the central limit theorem provided b, — oo. If we only assume the con-
vergence of var(Sy,)/n we can also treat a related linear process.

Furthermore, we shall also establish convergence to the fractional Brownian
motion under a necessary regularity condition imposed to b2. For a Hurst index
larger than 1/2 we obtain a full blown invariance principle. This is not possible
without imposing additional conditions for a Hurst index smaller than or equal to
1/2. However we can still get the convergence of finite dimensional distributions.
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For a Hurst index of 1/2 we shall also consider the short memory case, when
the sequence of constants is absolutely summable, and obtain convergence to the
Brownian motion.
In this paper, besides a condition on the covariances, no other assumptions
such as irreducibility or aperiodicity are imposed to the reversible Markov chain.
The proofs are based on a result of Peligrad and Utev (2006-a) concern-
ing the asymptotic behavior of a class of linear processes and spectral calculus.
In addition, in Section 4.1 we develop several asymptotic results for a class of
linear processes with stationary innovations, which is not necessarily Markov or
reversible. The innovation satisfy a martingale-like condition. These results have
interest in themselves and can be applied to treat other classes of linear processes.
Applications are given to a Metropolis Hastings Markov chain, to instanta-
neous functions of a Gaussian process and to random walks on compact groups.
Our paper is organized as follows: Section 2 contains the definitions, a short
background of the problem and the results. Applications are discussed in Section 3.
Section 4 is devoted to the proofs. The Appendix contains some technical results.

2. Definitions, background and results

We assume that (y,)nez is a stationary Markov chain defined on a probability
space (2, F,P) with values in a general state space (S,.A). The marginal distribu-
tion is denoted by 7w(A) = P(vy € A). Assume that there is a regular conditional
distribution for vy given 7o denoted by Q(z, A) (71 E A| v = ). Let @ also
denotes the Markov operator acting via (Qg)(z) = [ 5 9(8)Q(z,ds). Next, let L2 ()
be the set of measurable functions on S buch that i g2dﬂ' < oo and [gdr =0.If
g,h €L3(r), the integral J5 9(s)h(s)dm will sometimes be denoted by < g, h >.

For some function g €LL3(n), let

&i —g( qu an(g ESQ(&))UQ- (2.1)

Denote by Fj the o-field generated by ~; with ¢ < k& and by Z the invariant
o-field.
For any integrable random variable X we denote Ex X = E(X|F). With this
notation, Eo&1 = Qg(70) = E(£1]70). We denote by [|X||, the norm in LP(Q2, F,P).
The Markov chain is called reversible if Q = Q*, where Q* is the adjoint
operator of Q. In this setting, the condition of reversibility is equivalent to requiring
that (v0,71) and (y1,70) have the same distribution. Equivalently

/Q m(dw) /QwA (dw)
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for all Borel sets A, B € A. The spectral measure of () with respect to g is con-
centrated on [—1,1] and will be denoted by py. Then

1
E(Q™g9(7)Q"g(10)) = (R™g,Q"g) = / "™ pg (dt).

-1
Kipnis and Varadhan (1986) assumed that

. on(g) 2
n11_>rrolo W =0 (2.2)

and proved that for any reversible ergodic Markov chain defined by (1.1) this
condition implies

vn
where W () is the standard Brownian motion, = denotes weak convergence.

As shown by Kipnis and Varadhan (1986, relation 1.1) condition (2.2) is
equivalent to

Wa(t) = = |og|W(1), (2.3)

1
1
[ et <o, (2.4)
11—t
and then .
1+1¢
2
o = pq(dt).
g /_1 1—¢ g( )

We shall establish the following central limit theorem:

Theorem 2.1. Assume that (§;)jez is defined by (2.1) and Q = Q*. Define (Xy),
Sp and by, as in (1.1). Assume that b,, — 0o as n — oo and

> leov(éo, &) < oo. (2.5)
j=0
Then, there is a nonnegative random variable n measurable with respect to T such
that n™'E((3_5_; &)?|Fo) = 1 in Ly (Q, F,P) as n — co and En = o2. In addition

Var (S, (X))

. _ 2
=

and 5 (x
nb( ) = /1N N asn — oo, (2.6)

where N is a standard normal variable independent on n. Moreover if the sequence
(&)iez is ergodic the central limit theorem in (2.6) holds with n = o7,

It should be noted that under the conditions of this theorem 03 also has the
following interpretation: the stationary sequence (&;)iez has a continuous spectral

density f(z) and o} = 27 f(0).

In order to present the functional form of the CLT we introduce a regularity
assumption which is necessary for this type of result. We denote by D([0,1]) the
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space of functions defined on [0, 1] which are right continuous and have left-hand
limits at any point.

Definition 2.2. We say that a positive sequence (b2 ),,>1 is regularly varying with
exponent 8 > 0 if for any ¢ €]0, 1],

2
By

by
We shall separate the case 8 €]1,2] from the case 8 €]0, 1].

—tPas n — oo (2.7)

Theorem 2.3. Assume that the conditions of Theorem 2.1 are satisfied and in
addition b2, defined by (1.1), is regularly varying with exponent 3 for a certain 3 €
]1,2]. Then, the process {by," Sy (X),t € [0,1]} converges in D([0,1]) to \/nWy
where Wy is a standard fractional Brownian motion independent of n with Hurst
index H = 3/2.

The case 3 €]0, 1] is more delicate. For this case we only give the convergence
of the finite dimensional distributions since there are counterexamples showing that
the tightness might not hold without additional assumptions. As a matter of fact,
for 8 =1, it is known from counterexamples given in Wu and Woodroofe (2004)
and also in Merlevede and Peligrad (2006) that the weak invariance principle may
not be true for the partial sums of the linear process with i.i.d. square integrable
innovations.

Theorem 2.4. Assume that the conditions of Theorem 2.1 are satisfied and in
addition b2 is reqularly varying with exponent B for a certain 8 €]0,1]. Then
the finite dimensional distributions of {b,'S.y(X),t € [0,1]} converges to the
corresponding ones of \/nWy, where Wy is a standard fractional Brownian motion
independent of n with Hurst index H = 3/2.

In the context of Theorems 2.3 and 2.4, condition (2.7) is necessary for the
conclusion of this theorem (see Lamperti, 1962). This condition has been also
imposed by Davydov (1970) for studying the weak invariance principle of linear
processes with i.i.d. innovations.

The following theorem is obtained under condition (2.2).

Theorem 2.5. Assume that (§;) is defined by (2.1) and condition (2.2) is satisfied.
Define

Xi= Y ar (& +E1), Su(X) =D X, (2.8)
j=—o00 k=1
Then the conclusions of Theorems 2.1, 2.3 and 2.4 hold for S,(X') and Sp,;(X').
In this case n is identified as the limit n™'E(3°0_, (& + &41)?|Fo) — n in
L,(Q, F,P) as n — oo. Furthermore, the stationary sequence (£ + &x+1)kez has
a continuous spectral density h(x) and

En = 2mh(0) = lim VarS,, (X')/b2. (2.9)
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As a corollary we obtain:

Corollary 2.6. Assume that (&;) is defined by (2.1), Q = Q*, and condition (2.2) is
satisfied. Assume (X},) defined by (1.1) ewxists in Lo (Q, F,P). Then the conclusion
of Theorems 2.1, 2.3 and 2.4 hold for S, (X) and Spy(X) with n/4 where 1 is
identified as in Theorem 2.5.

We shall present next the short memory case:

Theorem 2.7. Assume now ), , |a;| < oo and let (Xy)r>1 be as in Theorem 2.1.
Assume that condition (2.2) is satisfied. Then the process { S, (X)/v/n,t € [0,1]}
converges in D([0,1]) to \/n|A|W where W is a standard Brownian motion and

A=D ey ti-

Remark 2.8. It is easy to see that Theorem 2.7 extends the Kipnis and Varadhan
(1987) result to linear processes.

We give a few examples of sequences (a,) satisfying the conditions of our
theorems. In these examples the notation a,, ~ b, means a, /b, — 1 as n — oo.

Example 1. For the selection a; ~ i~*£(:) where ¢ is a slowly varying function at
infinity and 1/2 < a < 1 for i > 1 and a; = 0 elsewhere, then, b2 ~ k,n>72¢?(n)
(see for instance Relations (12) in Wang et al. (2003)), where ko, is a positive
constant depending on «. Clearly, Theorem 2.3 and the corresponding part of
Theorem 2.5 apply.

Example 2. Let us consider now the fractionally integrated processes since they
play an important role in financial time series modeling and they are widely stud-
ied. Such processes are defined for 0 < d < 1/2 by

L(i + d)

X = (1 — B)_dfk = Zaifk_i with a; = F(d)F(z 4 1) ,

i>0

(2.10)

where B is the backward shift operator, Bey = ;1.

For this example, by the well-known fact that for any real z, lim,,_,c I'(n +
x)/n*T'(n) = 1, we have lim, o a,/n%"! = 1/I'(d). Theorem 2.3 and the corre-
sponding part of Theorem 2.5 apply with 8 = 2d + 1, since for £k > 1 we have
ai ~ kak® ! for some kg > 0 and a; = 0 elsewhere.

Example 3. Now, if we consider the following selection of (ax)r>0: ap = 1 and
a; = (1+1)"* =i for i > 1 with o €]0,1/2[ and a; = 0 elsewhere, then both
Theorem 2.4 and the corresponding part of Theorem 2.5 apply. Indeed for this
selection, b2 ~ k,n!~2% where K, is a positive constant depending on c.
Example 4. Finally, if a; ~ i~'/?(logi)~® for some a > 1/2, then

b2 ~n2(logn)t2*/(2cc — 1)

(see Relations (12) in Wang et al. (2003)). Hence (2.7) is satisfied with 8 = 2.
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3. Applications
3.1. Application to a Metropolis Hastings Markov chain

In this subsection we analyze a standardized example of a stationary irreducible
and aperiodic Metropolis-Hastings algorithm with uniform marginal distribution.
This type of Markov chain is interesting since it can easily be transformed into
Markov chains with different marginal distributions. Markov chains of this type
are often studied in the literature from different points of view. See, for instance,
Doukhan et al. (1994) and Longla et al. (2012) among many others.

Let E = [—1,1] and let v be a symmetric atomless law on E. The transition
probabilities are defined by

Q(z, A) = (1 — [z[)dz(A) + |z[v(A),

where 6, denotes the Dirac measure. Assume that 6 = [, |z| 'v(dz) < co. Then
there is a unique invariant measure

m(dz) = 07 x| o (dz)

and the stationary Markov chain (k) generated by Q(x, A) and = is reversible
and positively recurrent, therefore ergodic.

Theorem 3.1. Let g(—x) = —g(z) for any x € E and assume

1
/ g (x)z2dv < oo.
0

Then, the conclusions of all our theorems in Section 2 hold for (Xy) and S,(X)
defined by (1.1) with

n= 03 =¢! (—/EgQ(x)|x|_1v(dx) + 2‘/]292(x)|x|_2v(dx)> .

Proof. Since g is an odd function we have

E(g(vk)0) = (1 = 7)) *g(v0) as. (3.1)

Therefore, for any j > 0,
E(XoX;) = E(g(10)E(g(1;) o)) = 6~ / )1 — |} |z~ o(d).
Then,

ZHEXO )| <20~ 12/ YA —z) " o(dr) < 207 / x)z~?v(dr)

(3.2)
and therefore condition (2.5) is satisfied. O
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3.2. Linear process of instantaneous functions of a Gaussian sequence

Theorem 3.2. Let (&k)kez be instantaneous functions of a stationary Markov
Gaussian sequence (), & = g(vn) where g is a measurable real function such
that Eg(v,) = 0 and Eg*(y,) < oo. Define Xy, and S,(X) by (1.1). Then the
conclusions of our theorems in Section 2 hold.

Proof. In order to apply our results, because (y,) is reversible, we have only to
check condition (2.5). Under our conditions g can be expanded in Hermite poly-
nomials g(z) = >, ¢;Hj(x), where >, 24! < oo.

For computing the covariances we shall apply the following well-known for-
mula: if @ and b are jointly Gaussian random variables, Ea = Eb = 0, Ea? = Eb? =
1, r = Eab, then

EH(a)H;(b) = 6(k, )rkk!,
where § denotes the Kronecker delta. It follows that
cov(&o, &) = EZC?Hj('yO)Hj('yk) = Z c?rij!.
Jj=1 Jj=1
Clearly, because under our condition it is known that r, = exp(—ak/2) for some
a > 0, then
[cov(€o, &)| < exp(—ak/2) Y il
Jj=1
and the result follows. O

For a particular class of weights of the form in Example 3, we mention that
Breuer and Major (1983) studied this problem for Gaussian chains without Markov
assumption.

3.3. Application to random walks on compact groups

In this section we shall apply our results to random walks on compact groups.

Let X be a compact Abelian group, A a sigma algebra of Borel subsets of X
and 7 the normalized Haar measure on X. The group operation is denoted by +.
Let v be a probability measure on (X, .A). The random walk on X defined by v is
the stationary Markov chain having the transition function

(xv A) - Q(xv A) = I/(A - .’E)
The corresponding Markov operator denoted by @ is defined by

Q) (@) = f*v(z) = /X f( + y)u(dy).

The Haar measure is invariant under (). We shall assume that v is not supported
by a proper closed subgroup of X', a condition that is equivalent to Q) being ergodic.
In this context

(@ f)(@) = f v (x) = /X f(x — y)w(dy),

where v* is the image of measure v by the map x — —x. Thus @ is symmetric on
Lo(m) if and only if v is symmetric on X, that is v = v*.
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The dual group of X, denoted by X , is discrete. Denote by © the Fourier
transform of the measure v, that is the function

g—v(g) = /Xg(x)y(dx) with g € X.

A function f €L?(r) has the Fourier expansion

F=> flog

gEz’?

Ergodicity of @ is equivalent to ©(g) # 1 for any non-identity g € X. By arguments
in Borodin and Ibragimov (1994, Ch. 4, Sect. 9) and also Derriennic and Lin (2001,
Section 8) condition (2.4) takes the form

1f(g)1? -
1§2|1_ﬁ(g)|< . (3.3)

Combining these considerations with the results in Section 2 we obtain the
following result:

Theorem 3.3. Let v be ergodic and symmetric on X. Let (&) be the stationary
Markov chain with marginal distribution ™ and transition operator Q. If for g in
L3 () condition (3.3) is satisfied then the conclusions of Theorem 2.5 and Corollary
2.6 in Section 2 hold.

4. Proofs

4.1. Preliminary general results

This section contains some general results for linear processes of stationary se-
quences which are not necessarily Markov. We start by mentioning the following
theorem which is a variant of a result from Peligrad and Utev (2006-a). See also
Proposition 5.1 in Dedecker et al. (2011).

Theorem 4.1. Let ({x)rez be a strictly stationary sequence of centered square in-
tegrable random variables such that

00 1 p
I, :Z|E(£j+kE0£j)| < 00 andeI‘j — 0 asp — oo. (4.1)
k=0 Jj=1

For any positive integer n, let (dy i)iez be a triangular array of numbers satisfying,
for some positive c,

Zdi,i — ¢ and Z(dmj —dpj-1)* = 0asn — oo. (4.2)
i€ JEZ
In addition assume

sup |dn ;| = 0 as n — occ. (4.3)
jEL
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Then ZjEZ dyn, ;€5 converges in distribution to \/ncN where N is a standard Gauss-
ian random variable independent of . The variable 1 is measurable with respect
to the invariant sigma field T and n 'E((>"r_, &)?|Fo) — 0 in Li(Q,F,P)
as n — oo. Furthermore (§;)icz has a continuous spectral density f(x) and
En =27 f(0). If the sequence (& )iez is ergodic we have n = 2m f(0).

Proof. The proof follows the lines of Theorem 1 from Peligrad and Utev (2006-
a). We just have to repeat the arguments there with b, ;/b,, replaced by d,, ; and
take into account that the properties (4.2) and (4.3) are precisely all is needed to
complete the proof. O

Next we shall establish the convergence of finite dimensional distributions.

Theorem 4.2. Define (Xj) and Sy, by (1.1) and assume condition (4.1) is satisfied.
Then S, /b, converges in distribution to \/nN where N and n are as in Theorem
4.1. If we assume in addition that condition (2.7) is satisfied, then the finite dimen-
sional distributions of {Wy(t) = b, Spny,t € [0,1]} converge to the corresponding
ones of \/nWx, where Wy is a standard fractional Brownian motion independent
of n with Hurst index H = [3/2.

Proof. The central limit theorem part requires just to verify the conditions of
Theorem 4.1 for d,, j = by, ;/b, and ¢ = 1. Condition (4.3) was verified in Peligrad
and Utev (1997, pp. 448-449) while condition (4.2) was verified in Lemma A.1. in
Peligrad and Utev (2006-a).

We shall prove next the second part of the theorem. Notice that if we impose
(2.7), for each t fixed

var(W, (t)) — 2z f(0)t” (4.4)
and W, (t) = nt°/2N.

Let 0 < t; < --- <t < 1. By Cramer-Wold device, in order to find the
limiting distribution of (W, (¢;))1<i<k we have to study V,, = Zle u; Wiy, (t;) where
u; is a real vector. Let us compute its limiting variance. To find it,let 0 < s < ¢ < 1.
By using the fact that for any two real numbers a and b we have a(a — b) =
(a® + (a — b)? — b%)/2, we obtain the representation:

cov(W,, (1), W, (s)) = var(W,(s)) + cov(W,(s), Wy, (t) — Wi, (s))

= var(Wy,(s)) + 1/2 [var(W,,(t) — W, (s)) + var(W,,(¢t)) — var(Wy,(s))] .
By stationarity,
var(Wn (t) - WT?(S)) - Var(W[nt]f[ns])v
and by (4.4) and the fact that b, — oo we obtain

nh_}n;o cov(Wi (1), Wy (s)) = nf(0) (s + 17 — |t — 5]7). (4.5)

k k—1 k

1

lim 70) var(Vo) = Y uft! + 3> > wguy(t] +5 — (t; — t:)°) = Br. (4.6)
=1 1=1 j=i+1
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Writing now

k
Vi =D wiWa(ti) = Y dui (k)&
i=1 jEL
where d, (k) = Zle Uib[nt,],5/bn, we shall apply Theorem 4.1. The second part
of (4.2) and (4.3) were verified in Peligrad and Utev (1996 and 2006-a). It remains
to verify the first part of condition (4.2). By the point (iii) of Lemma 5.1 in the
Appendix we obtain
var(V,,)/ Zdi’j(k) — 27 £(0),
JEL
which combined with (4.6) implies that the first part of (4.2) is verified with ¢? =
limn 00 3 jez d; ;(k) = By. In other words, the finite dimensional distributions
are convergent to those of a fractional Brownian motion with Hurst index 5/2. O

Discussion on tightness. As we mentioned above, for 5 < 1 the conditions of
Theorem 4.2 are not sufficient to imply tightness.

However for 8 > 1 we can obtain tightness in D([0,1]) endowed with Sko-
rohod topology. By the point (i) of Lemma 5.1 in the Appendix we have the
inequality

E|Sk|? < (E[&%} +2) |]E(€0€k)|> > by

kEZ JEL

Therefore, by using (4.1) and (2.7), the conditions of Lemma 2.1 p. 290 in Tagqu
(1975) are satisfied when § > 1, and the tightness follows. O

To treat the short memory case we mention the following result in Peligrad
and Utev (2006-b).

Theorem 4.3. Assume that X and S, are defined by (1.1) and ), , |a;| < oco.
Moreover assume that for some ¢, > 0 the innovations satisfy the invariance
principle

Sy (€) = nW (1),
where 1 is T-measurable and W is a standard Brownian motion on [0,1] indepen-
dent on . In addition assume that the following condition holds:

E max [3;(§)] < Cen. (4.7)

where C' is a positive constant. Then, the linear process also satisfies the invariance
principle, i.e., ¢;;*Spy(X) = n AW (t) as n — co where A=3",, a;.

4.2. Normal and reversible Markov chains
In this subsection we give the proofs of the theorems stated in Section 2. The goal
is to verify condition (4.1) that will assure that all the results in Subsection 4.1
are valid.

We start by applying the general results to normal Markov chains.



206 M. Peligrad

Theorem 4.4. Assume that (§;)jez is defined by (2.1) and the Markov chain is
normal, QQ* = Q*Q. For this case condition (4.1) is implied by

> 11Q%g|l3 < . (4.8)

k>0

and as a consequence all the results obtained in Subsection 4.1 are valid.
Proof. Indeed, we start by rewriting (4.1) in operator notation:
B[+ E(&|F0)]| = [E(EoérriEof;)| = [(Q*Hg,Q79)|
= [(@W/Ag, @y QIg) | < 1QW/ g L[ (@) MA@ g
For a normal operator, by using the properties of conditional expectation, we have

Q") 2@ gllo = [1Q7(Q)* /2 gl2 < [1(Q*)* /2 g].

Since for all £ > 0, and any two numbers a and b we have |ab| < a?/2e +b?/2, by
the above considerations we easily obtain

D BIEGEEG I Fo)] < ) 1QFHH g || @R 2g|l

k>0 k>0
1
<. D 11QFglls 42 llQ*gll3,
k> k>0

condition (4.1) is verified under (4.8), by letting j — oo followed by & — 0. O

In terms of spectral measure p,(dz), condition (4.8) is implied by

1
pgl(dz) < o0,
/D].—|Z| 9( )

where D is the unit disk. Note that this condition is stronger than the condition
needed for the validity of CLT for the partial sums (i.e., the case a; = 1,a; =0
elsewhere), which requires only the condition [}, |1iz‘ pg(dz) < oo (see Gordin and
Lifshitz (1981), or in Ch. IV in Borodin and Ibragimov (1994)).

Proof of Theorems 2.1, 2.3 and 2.4
For the reversible Markov chains just notice that

1

E&j++E(¢5]Fo)] = 11 t2%% pg(dz) = cov(&o, L4k

and then, condition (4.1) is verified under (2.5) because
D I EEGIF)) = Y [eov(&, &) — 0 as j — oo.
k>0 k>2j

Theorems 2.1, 2.3 and 2.4 follow as simple applications of the results in Subsec-
tion 4.1.
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Proof of Theorem 2.5. In order to prove this theorem, we shall also apply Theorem
4.2 along to the tightness discussion at the end of Subsection 4.1. We denote
v; = & + & +1 and verify condition (4.1) for this sequence of innovations. We have

|E(vitiEov;)| = [(Q" g + Q"Ht1 g, QTg + Q7 g)|
and by spectral calculus

> QMg+ Q¥ g, Qg+ QT )| =D

k>0 k>0

1
/ 5421 (1 + t)2dp, | .
-1

We divide the sum in 2 parts, according to k even or odd. When k = 2u the sum
has positive terms and it can be written as

. t% L1214+ 1)
Z/ U2 (1 4 1)2 dpg < / 1—t2(1+t)2dpg:/1 1—+ dpg.

u>0

When £ is odd

5 / #4251+ 1)2dp, | < / 6542 (1 + )%/ dp,
k>1,k odd 1 L k>1.k odd
/ |tk71+2j(1 + t)2|dpg < Z |t2u+2j(1 + t)2|dpg,
1 k>1,k odd u>0

and we continue the computation as for the case k even. It follows that

27 1
ZZ'E A/kJrJEO'Yj > Z/ ! 1_—;t Pg-

M k>0

Note that (2.4) implies that py(1) = 0. We also have m ™! > t27(1 + t) is con-
vergent to 0 for all ¢ € [-1,1). Furthermore, m~! Z;nzl t23(1 4 t) is dominated by
2 and in view of (2.4) and Lebesgue dominated convergence theorem we have

1 mo;
. 1 3 29(1+t)
ml,l—rgo‘/_lmj_l 1-—-t¢ dpg_o’
and therefore condition (4.1) is satisfied. O

Proof of Corollary 2.6. We start from the representation given by (1.1)

- DX X Zb J& and D (Xot X Zb i
n JEZ ]EZ

By adding these relations we obtain

Xo + 25, —

Y = D IUNGERIm (4.9)

JEZ
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Because b,, — oo, by Theorem 3.1 in Billingsley (1999), the limiting behavior of
2S5,,/by, is given by the sequence

Z bn n,j fj +§J+1 Z

]—700

with X7 defined by (2.8). The conclusion of Theorem 4.1 follows by the corre-
sponding part of Theorem 2.5.
To derive the conclusions of Theorems 2.3 and 2.4, note that by (4.9) and

2.8) with the notations W, (t) = b 1S, and W, (¢ [m] X by, we have
n Plnt] n

’ X XTI
2W,(t) = Wo(t) = " + b“].

It is well known that for a stationary sequence with finite second moments

(4.10)

iE( max X2) — 0.

1<i<n

So, by the fact that 1 < 8 < 2 and by (2.7) we also have

1
b%E(lrgax X; ) — 0.
and then, by Theorem 3.1 in Billingsley (1999), it follows that the asymptotic
behavior of {2W,,(t),0 < t < 1} is identical to that of {W, (t), 0 <t < 1} and we
apply the second part of Theorem 2.5. (]

Proof of Theorem 2.7. Theorem 2.7 follows by combining Theorem 4.3 with the
invariance principle in Kipnis and Varadhan (1997). We have only to verify con-
dition (4.7). It is known that the maximal inequality required by condition (4.7)
holds for partial sums of functions of reversible Markov chains. Indeed, we know
from Proposition 4 in Longla et al. (2012) that

E( max S ) < ZE( max X2) +22 max E(S?) (4.11)

1<i<n 1<i<n 1<i<n

and then, condition (2.2) and stationarity implies condition (4.7) with ¢, = y/n.
O

5. Appendix

Facts about spectral densities. In the following lemma we combine a few facts
about spectral densities, covariances, behavior of variances of sums and their rela-
tionships. The first two points are well known. They can be found for instance in
Bradley (2007, Vol 1, 0.19-0.21 and Ch.8). The point (iii) was proven in Peligrad
and Utev (2006-a).

Lemma 5.1. Let (§;);cz be a stationary sequence of real-valued variables with E§y =
0 and finite second moment. Let F' denotes the spectral measure and f denotes its
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spectral density (if exists), i.e.,

Blas) = [ e are) = [ e

—T —T

(i) For any positive integer n and any real numbers a,. .., an,

n 2 T n A
E(Z akfk) = / Zakezkt
k=1 -

k=1

< (E[&S} +2) |E<fosk>|) > ai.
k=1

k>1

2 n
F)dt < 2| fllo Y af
k=1

(ii) Assume Y po; |E(&oék)| < 0o. Then, f is continuous.

(i) Assume that the spectral density f is continuous, and let (dn,;)jez be a double
array of real numbers with d? = Ejezd%’j < 0o that satisfies the condition

1

2 > dnj = dnj-1]* = 0. (5.1)

" jeL

Then,
1 2
Jm (S dug) = om0, (52)
mooNjEz
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First Exit of Brownian Motion from
a One-sided Moving Boundary

Frank Aurzada and Tanja Kramm

Abstract. We revisit a result of Uchiyama (1980): given that a certain integral
test is satisfied, the rate of the probability that Brownian motion remains
below the moving boundary f is asymptotically the same as for the constant
boundary. The integral test for f is also necessary in some sense.

After Uchiyama’s result, a number of different proofs appeared simpli-
fying the original arguments, which strongly rely on some known identities
for Brownian motion. In particular, Novikov (1996) gives an elementary proof
in the case of an increasing boundary. Here, we provide an elementary, half-
page proof for the case of a decreasing boundary. Further, we identify that
the integral test is related to a repulsion effect of the three-dimensional Bessel
process. Our proof gives some hope to be generalized to other processes such
as FBM.

Mathematics Subject Classification (2010). Primary 60G15; Secondary 60G18.

Keywords. Brownian motion; Bessel process; moving boundary; first exit time;
one-sided exit problem.

1. Introduction

This note is concerned with the first exit time distribution of Brownian motion
from a so-called moving boundary:

P[B: < f(t),t < T, as T — oo,

where B is a Brownian motion and f : [0,00) — R is the “moving boundary”. The
question we treat here is follows: for which functions f does the above probability
have the same asymptotic rate as in the case f = 1?7 This problem was considered
by a number of authors [1-3, 5, 6, 8] and, besides being a classical problem for
Brownian motion, has some implications for the so-called KPP equation (see, e.g.,
[2]), for branching Brownian motion (see, e.g., [1]), and for other questions.

Frank Aurzada and Tanja Kramm were supported by the DFG Emmy Noether programme.
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The solution of the problem was given by Uchiyama [8], Géartner [2], and
Novikov [5] independently and can be re-phrased as follows.

Theorem 1.1. Let f : [0,00) — R be a continuously differentiable function with
£(0) >0 and

/ |f()[t73/2dt < oo. (1.1)
1
Then

P[B; < f(t),t <T] = T~2, as T — oo. (1.2)
If f is either convex or concave and the integral test (1.1) fails, T~/ is not the

right order in (1.2).

Here and in the following, we denote a(t) =~ b(t) if c1a(t) < b(t) < cqa(t) for
some constants c1, co and all ¢ sufficiently large.

Even though the above-mentioned problem has been solved by Uchiyama,
there have been various attempts to simplify the proof of this result and to give an
interpretation for the integral test (1.1). It is the purpose of this note (a) to give
a simplified proof of the theorem for the case of a decreasing boundary. Our proof
(b) also allows to interpret the integral test as coming from a repulsion effect of
the three-dimensional Bessel process and (c) gives hope to be generalized to other
processes, contrary to the existing proofs, which all make use of very specific known
identities for Brownian motion.

Let us assume for a moment that f is monotone. Note that the sufficiency part
of the theorem can be decomposed into two parts: if f/ > 0 one needs an upper
bound of the probability in question, while if f < 0 one needs a lower bound.
The first case is much better studied; in particular, Novikov [6] gives a relatively
simple proof of the theorem in this case. To the contrary, in case of a decreasing
boundary he wonders that “it would be interesting to find an elementary proof of
this bound” ([6], p. 723). We shall provide such an elementary proof here.

The remainder of this note is structured as follows. Section 2 contains the
proof of the theorem, which now fits on half a page. We also outline the relation
to the Bessel process. In Section 3, we list some additional remarks.

2. Proof

We give a proof of the following theorem, which concerns the part of Theorem 1.1
related to the decreasing boundary.

Theorem 2.1. Let f : [0,00) — R be a twice continuously differentiable function
with f(0) > 0.



First Exit of Brownian Motion 215

o Then for some absolute constant 0 < ¢ < co we have

]P)[Btgf(t),OStST]
>P[B; < £(0),0 <t <T]

p< /f s—c/ I”(S)I\/sds—NTIf’(T)I)

o In particular, if (1.1) holds and f' <0, " >0, for large enough arguments,
then we have

P[B; < f(t),t <T]~ T2 as T — oo. (2.1)

Proof. The Cameron-Martin-Girsanov theorem implies that

t
PlBc< f0.0 <0 <T) = B[Bi— [ Flo)as < s0)0 0 <7]
0
=k {6_ Jo" 1. ]I{BtSf(o),ogth}} e~ 2 Jo £1(9)%ds,
(2.2)

Further,

/f YdBs = Br f'(T /Buf”

so that the expectation in (2.2) equals

E[efOT By f"(u)du—Br f'(T) 1 5,<(0).0<t<T}]
P[B; < f(0),0 <t < T

) [efOT By f" (u)du—Br f'(T)

P[B, < f(0),0< t <T]

sup B Sf(O)] ‘P[B: < f(0),0<t<T].
0<t<T

By Jensen’s inequality, the first term can be estimated from below by

T
exp (/0 E[Y.] f"(u)du + E[Y7] (—f’(T))> ; (2:3)

where we denote by Y the law of B conditioned on supg<;«r B: < f(0). Since
E[Y,] < 0 the functions f”(u) and —f(T) in (2.3) can be estimated from above
by the absolute value; and hence the theorem is proved by applying Lemma 2.2
below. d

Lemma 2.2. Let B be a Brownian motion and f(0) > 0 be some constant. Then
there is a constant ¢ > 0 such that

sup By < f(0)| > —cu, VO<u<T.

E [Bu
0<t<T
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In order to show this lemma one can use the joint distribution of maximum
over an interval and terminal value of Brownian motion, which is explicitly known
(see, e.g., [4], Prop. 2.8.1). However, we do not include this proof here. Let us
rather mention that the lemma can also be seen through a relation to the three-
dimensional Bessel process, as detailed now.

Recall that a (three-dimensional) Bessel process has three representations: it
can be defined firstly as Brownian motion conditioned to be positive for all times,
secondly as the solution of a certain stochastic differential equation (which gives
rise to Bessel processes of other dimensions), and thirdly as the modulus of a three-
dimensional Brownian motion, see, e.g., [4], Chapter 3.3.C. Let us denote by Y the
law of a Brownian motion B under the condition supy<;«p Bt < f(0). Then, from
the first representation, it is intuitively clear that one can find a Bessel process —X
such that Y > X. Now, taking expectations and using the third representation of
—X (and Brownian motion scaling) it is clear that EY; > EX = —c4/s. Thus, the
integral test is related to the repulsion of Brownian motion by the conditioning.

3. Further remarks

Remark 3.1. Clearly the value of f in a finite time horizon [0, ] does not matter
for the outcome of the problem, as we are interested in asymptotic results. Any
finite time horizon can be cut off with the help of Slepian’s inequality [7]:

P[B; < f(1),0 <t <T]|>P[B; < f(t),0 <t <to]-P[By < f(t),to <t < TJ.

Remark 3.2. Let us comment on the regularity assumptions: it is clear that these
are of technical matter and of no importance to the question. Note that one can
easily modify a regular function f such that either (1.1) fails or (1.2) does not
hold. The only way to avoid pathologies and to prove a general result is to as-
sume regularity. Note that the theorem is obviously true if we replace f by an
irregular function g ¢ C?(0,00) with f < g. The same can be said about the
monotonicity /convexity assumption in the second part of Theorem 2.1.

Remark 3.3. It is easy to see that the integral test (1.1) implies

(o) (o)
/ f"(s)s'/?ds < oo and / f'(s)*ds < 0
0 0
under the assumption of monotonicity and concavity.
Remark 3.4. Thanks to [6], Theorem 2, if (1.1) holds one does not only obtain

(2.1) but also the strong asymptotic order

2
lim TY?P (B, < f(t),t <T]= \/ EB,,
™

T—o00

where 0 < EB; = Ef(7) < oo with 7 := inf{t > 0: B; = f(¢)}.
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Remark 3.5. Note that the technique of the main proof (Jensen’s inequality, Gir-
sanov’s theorem) does carry over to other processes. The crucial point is determin-
ing the repulsion effect of the conditioning in Lemma 2.2. The authors do not see
at the moment how a similar lemma can be established for processes other than
Brownian motion, e.g., FBM.
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1. Introduction

Lévy’s Equivalence Theorem is a beautiful result in the classical probability the-
ory. It says that the three types of convergence, in distribution, in probability,
and almost surely, for partial sums of independent random variables are equiva-
lent. This theorem has a long history and many generalizations. In particular, Ito
and Nisio [5] established Lévy’s Equivalence Theorem for random variables taking
values in a separable Banach space, and added a new and powerful statement al-
lowing to deduce the almost sure convergence in the norm from the convergence of
one-dimensional projections. This condition was then applied to show the uniform
convergence in series decompositions of a Brownian motion and other continuous
Gaussian processes.

In order to investigate series decompositions of jump processes, such as cadlag
Volterra processes driven by Lévy processes, it is natural to consider random series
in the space DJ0,1]. The convergence in the Skorohod as well as in the uniform
topologies are of interest. However, D]0, 1] is not separable under the uniform norm
and it is known that the It6-Nisio Theorem does not hold in many non-separable
Banach spaces, see [1, Remark 2.4]. Nevertheless, for D([0,1]; E), the space of
cadlag functions from [0, 1] into a separable Banach space E endowed with the
uniform topology, Basse-O’Connor and Rosinski [1, Theorem 2.1] showed that the
following version of the It6-Nisio Theorem holds. In the following a random element
in D([0,1]; E) is a random function taking values in D([0,1]; E) measurable for
the cylindrical o-algebra.
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Theorem 1 (Basse-O’Connor, Rosinski). Let S,, = Z?:l Xj, n € N, where X;
are independent random elements in D([0,1]; E). Suppose there exist a random
element Y in D([0,1]; E) and a dense subset T of [0,1] such that 1 € T and for
any ti,...,tp €T

(Sn(t),- -, Su(te)) % (V(t1), ..., Y(tr)) asn — oo. (1)

Then there exists a random element S in D([0,1]; E) with the same distribution
as Y such that

(i) Sp — S a.s. uniformly on [0,1], provided X; are symmetric.
(i) If X; are not symmetric, then

Sn+yn — S a.s. uniformly on [0,1]. (2)

for some y, € D(|0,1]; E) such that lim,_,o yn(t) = 0 for everyt € T.

(i) Moreover, if the family {|S(t)|g : t € T} is uniformly integrable and the
functions t — E (X, (t)) belong to D([0,1]; E), then one can take in (2) yn
given by

yn(t) =E (S(t) - Sn(t)) .

The question whether Lévy’s Equivalence Theorem is valid in D(][0, 1]; E) un-
der the Skorohod topology is not addressed by this theorem (in the non-symmetric
case). It was answered affirmatively, and somewhat unexpectedly, by Kallenberg
[7, Theorem 1] in the case E = R. However, Kallenberg’s proof is difficult to fol-
low; it is based on a deep and very convoluted analysis of jumps. The goal of the
present note is to give a simpler alternative proof of Lévy’s Equivalence Theorem
for D(]0,1]; E), under the Skorohod topology, as a consequence of our Theorem 1.
This result and its consequences complement and complete the recent work of the
authors [1].

Finally, notice that the validity of Lévy’s Equivalence Theorem in the Sko-
rohod space is far from being obvious. Typical methods used to prove such results
are based on Lévy-Ottaviani’s inequalities, which utilize convexity arguments, and
on a centering, see, e.g., [9]. The following two examples are discouraging to this
direction of a proof.

Example 2. Let X (t) = 1{y,j(t), where the random variable U has a continuous
distribution on [0, 1]. Then, for every conver compact set K C D[0,1], P(X €
K) =0.

Indeed, let K be a convex compact subset of DI0, 1] relative to Skorohod’s
Ji-topology. According to [3, Theorem 6], for every € > 0 there exist n € N and
t1,...,tn € [0,1] such that for each x € K and t € [0,1] \ {t1,...,tn}, we have
|Az(t)| = |x(t) — 2(t—)| < e. Taking € = 1/2 we get

P(X € K) =Pl € K) <P(U € {t,...,tn}) = 0.

Another example addresses the discontinuity of addition in D[0, 1], which
affects centering arguments.
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Example 3. Let f, = 1jp-1_,-1 ) and f = 1jp-14]. Then f,, — f in D[0,1] in the
Skorohod topology, but f, — f /4 0. In fact, f,, — f does not converge in DJ0, 1].

1.1. Definitions and notations

(Q,F,P) is a complete probability space, (E,| - |g) is a separable Banach space,
and D([0,1]; E) is the space of cadlag functions from [0, 1] into E. (Cadlag means
right-continuous with left-hand limits.) The uniform norm of = € D([0,1]; E) is
denoted ||z|| = sup,¢(o ) |2(t)|r and put Az(t) = z(t) — z(t—) for the size of jump
of z at t. Skorohod’s Ji-topology on D([0,1]; E) is given by the following metric:

d(w,y) = jnf max{ sup [a(t) —y o AB)|e, swp W)~ 1},
AeA te[0,1] te[0,1]

where A is the class of strictly increasing, continuous mappings of [0, 1] onto itself

(see, e.g., [2, page 124]). The functionals w and w’, given below, are important to

characterize compact sets in D([0,1]; E). For all © € D([0,1]; E) and § > 0

w(z,d) = sup |z(u) — z(t)| g,
u,t€[0,1], lu—t| <5

/ .

w'(z,0) (ti?gf: e |2 (u) — (1) e,
where the infimum is taken over all (ti)fzo withk e Nand O =tg < t1 < -+ <t} =
1 such that § <¢; —t;—q for alli =1,... k. For fixed §, w(x,d) and w'(z,d) are
upper-semicontinuous in z for the Skorohod topology, thus measurable, see [2, Sec.
12, Lemma 4]. It will be convenient for us to use the following characterization of
precompact sets in D([0, 1]; E). The closure of A C D([0, 1]; E) is compact relative
to Skorohod’s Ji-topology if and only if

(a) there exists (equivalently, for every) dense set T' C [0, 1], with 1 € T, such
that, for each ¢t € T, the set {z(t) : « € A} is precompact in E,
(b) lim sup w’(z,d) = 0.

00 zcA
In the case £ = IR, this characterization is proved in the corollary that follows
Theorem 13.2 in [2]. In general, a proof of this criterion is a straightforward adap-
tion of arguments from [4, Ch. 3, Theorem 6.3], where a similar characterization is
given for D([0, 00); E'). Other useful criteria for precompactness in general Skoro-
hod spaces are given in [6]. For comprehensive information on D([0, 1]; E) we refer
to [2], and [8]. Integrals of E-valued functions are defined in the Bochner sense

and % and < denote, respectively, convergence and equality in distribution.

2. Lévy’s Equivalence Theorem for D([0, 1]; E)

The theorem reads as follows:

Theorem 4. Let E be a separable Banach space. Let S,, = Z?Zl Xj, n € N, where
X, are independent random elements in D([0,1]; E). Then the following condi-
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tions are equivalent for the convergence in D([0,1]; E) equipped with the Skorohod
topology:
(i) {Sn}nen converges in distribution,
(ii) {Sh}nen converges in probability,
(iii) {Sn}nen converges almost surely.

Proof. We only need to prove that (i) implies (iii). Assume that {S,} converges
in distribution to some probability measure p on D([0,1]; E') and let

T, :={te(0,1): p(x: Az(t) =0)=1}U{0,1}.

The set {t € [0,1] : t ¢ T,,} is at most countable, cf. [2, p. 139]. Since for each
t € T, lim, S,(t) exists in distribution, {S,(¢t)} converges a.s. in E by Lévy’s
Equivalence Theorem. Therefore, to prove that {S,} converges a.s. in D([0,1]; E)
it is enough to show that there exists a set g C € of probability one such that
for each w € Qg, the set {S,,(-,w)}nen is precompact in D([0,1]; E). In view of
(a)—(b) of Section 1.1, it suffices to show that for some dense set T' C [0, 1], with
1 € T, the following two conditions hold a.s.

for each ¢t € T the set {S,,(¢)}nen is precompact in E, (3)
lim lim sup w’(S,,,d) = 0. (4)

=0 p—oo
Choose a countable set T' C T),, dense in [0,1] such that 1 € T. Since {S,(t)}
converges a.s. for each ¢ € T, condition (3) is obviously satisfied. It remains to
prove (4).

By Theorem 1(ii) there exist {y,} C D([0,1]; ) and a random element S in
D([0,1]; E) such that S, +y, — S a.s. in || - || and lim, y,(¢) = 0 for all t € T'.
Let € > 0 be a fixed positive number and for all processes X in D([0,1]; E) define
the process X*, depending on S and ¢, by

X*(t) = X(t) — > AX(v), telo,1].
v<t: |AS(v)|E>€
For ¢ = 6(w) > 0 small enough we may choose random numbers 0 =ty < #1(w) <

ta(w) < -+ <ty = 1 such that {t € [0,1] : [AS(t)|g > €} C {t1,...,tx} and
6<t;—ti_1<2)foralli=1,...,k. For all n € N we have
w' (Sp,d) < max sup Sp(u) — S, ()| g
(Sn,6) 1§i§ku,te[ti,1,ti)| (u) @)l

= max  sup Si(u) —Sh(t)| g < w(S;,20
1§i§ku,t6[ti_1,ti)| (u) = S, (t)] ( )

S w(S5, + s 20) +w(yy, 26) < w(Sy +yn, 20) + 2|y,

Notice that y; are stochastic processes while y,, are non-random. By the uniform

convergence, S; + y* — S* a.s. in || - || and hence
lim sup w'(Sp,, §) < w(S*,28) + 2limsup ||y || a.s. (5)
n—o00 n—oo
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We infer that

lim sup w(S*,28) < ||[AS*|| < e a.s. (6)

6—0
where the second inequality follows by definition of S* and the first inequality
follows from the inequality w(z, ) < 2w'(x,0) + ||Az|| for all € D([0, 1]; E), see
[2, eq. (12.9)], and that lims_o w'(z,d) = 0 for all z € D([0,1]; E), see [2, Sec. 12,
Lemma 1].
To show (4) it is, according to (5)—(6), enough to show that

limsup||y;|| <€ as. (7)
n—oo

To this end we note that W,, := (S,, S, + yn) converges in distribution to (S, .5)
in D([0,1]; E)? equipped with the product topology; this follows by tightness of
{Wh}nen and since for all t € T

Jim S, (t) = lim [Sn(®) +yn(t)] = S(t)  as.
By Skorohod’s Representation Theorem, see [8, Theorem 6.7], there exist random
elements {Z,,} and Z in D([0, 1]; E)? defined on some probability space (Q', F',P')
such that Z, 4 W, forn e N, Z 2§ and lim, Z, = Z a.s. By measurability of
addition, Z,, = (Un, U, + y») and Z = (U, U) for some random elements U, 4 Sn
and U £ S in D([0,1]; E). That is, lim,, U,, = U a.s. and lim,[U, +y,] = U a.s. in
D([0,1]; E). By definition of the Skorohod topology we may choose two sequences
{AL( W) tnen and {A2(-,w)}nen in A (defined in Section 1.1) such that
1Un = U o X+ 1Un +yn = Uo A2l + A = I + X2 = I|| 5 0 as.
where I(t) =t for all ¢ € [0, 1], the first two || - || are the sup-norm on F and the
last two || - || are the sup-norm on R. This implies that
lUoAL —UoA2 44, -0 as.

For all processes X in D([0,1]; E) defined on (£, F',P’) let X’ be the process,
depending on U and ¢, given by
X'(t)=X(t) — > AX(v).
v<t:|AU(v)|g>e€
Then
U oA, —U 0 X2 +9/| =0 as.
which implies that with probability one
limsup ||y, | < limsup [U" o X, = U o X7l < limsup w(U’, A, = A7) < e
n— oo

n—oo n—oo
in the last inequality we have used that |AU’|| < € and |[|[AL — A2|| — 0 a.s. This
shows (7) since {y,}nen and {y}:}nen has the same finite dimensional distribu-
tions. Since (4) follows from (7), the proof is complete. O

Corollary 5. Under the above notation, suppose also that X; are symmetric. Then
the following conditions are equivalent to (i)—(iii) of Theorem 4.
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(iv) {Sn}nen is tight,
(v) {Sn}nen converges uniformly a.s.

Proof. Assumption (iv) implies that for all ¢t € [0,1] N Q, {Sy () }nen is tight in
E, see [4, Ch. 3, Theorem 7.2], so by symmetry we have that lim, S, (t) exists
a.s. in E cf. Itd6 and Nisio [5, Theorem 4.1]. This shows that {S,} has at most
one cluster point and proves the implication (iv)=-(i). To prove (i)=-(v) assume
that {S,} converges in distribution to some probability measure p on D([0, 1]; E).
Condition (1) of Theorem 1 is satisfied for 7' = {t € (0,1) : u(z : Az(t) = 0) =
1} U{0,1} which by Theorem 1(i) shows (v). O

The next corollary gives an alternative and simpler proof of Theorem 3 in [7]
and of Corollary 2.2 in [1]. The proof combines Theorems 1 and 4.

Corollary 6. If S, i> Y in the Skorohod Ji-topology and Y does mot have a jump
of non-random size and location, then S, converges a.s. uniformly on [0, 1].

Proof. By Theorem 4, S,, — S a.s in the Skorohod J;-topology, so that we may
choose a sequence {\,(-,w)}nens in A such that as n — oo,

sup [Sn(s) — S(An(9))|e + sup |[An(s) —s| =0 a.s. (8)
s€10,1] s€[0,1]

Since condition (1) of Theorem 1 holds for
T={te(0,1): P(AS(t)=0)=1}U{0,1},

by part (ii) of that theorem there exists {y,} C D([0,1]; E) such that ||.S,, + yn —
S| — 0 a.s. Moreover, lim,,_,oc Y (t) = 0 for every t € T. We want to show that
l[ynll = 0.

Assume to the contrary that limsup,,_, o ||yn|| > € > 0. Then there exist a
subsequence N’ C N, and a monotone sequence {t,}nens C [0,1] with ¢, — ¢
such that |y, (t,)|g > € for all n € N'. Assume that ¢, 1T ¢ (the case t,, | ¢ follows
similarly). From the uniform convergence we have that S, (¢,) + yn(tn) — S(t—)
a.s. (n — oo, n € N’).

Therefore, using (8),

1S(An(tn)) = S(=) + yn(tn)|&

<SS (tn)) = Su(tn)|e + |Sn(tn) + yn(tn) — S(t—)|lg = 0 as. ©)
Since A, (t,) — ta.s.asn — oo, n € N', the sequence {S (A, (r)) fnen- is relatively
compact in E with at most two cluster points, S(t) or S(t—). By (9), the cluster
points for {y,(tn)}nen are —AS(t) or 0 and since |y, (¢,)|g > € we have that
yn(tn) — —AS(t) a.s., n € N’. This shows that AS(t) = ¢ a.s. for some non-
random ¢ € E'\ {0}, which contradicts our assumption. O
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Continuity Conditions for a Class
of Second-order Permanental Chaoses

Michael B. Marcus and Jay Rosen

Abstract. Just as permanental processes are generalizations of stochastic pro-
cesses that are the square of Gaussian processes we define permanental fields
as a generalization of certain second-order Gaussian chaos processes. A suffi-
cient condition for the continuity of permanental fields is obtained that gen-
eralizes an earlier result for second-order Gaussian chaoses.
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1. Introduction

An a-permanental process 6 := {f,,z € S}, is a real-valued positive stochastic
process that is determined by a real-valued kernel T' = {I'(z,y),z,y € T}, in the
sense that its finite joint distributions are given by

" 1
E<eXp<—;/\¢9mi>) = 4 AT (1.1)

where I is the n x n identity matrix, A is the n x n diagonal matrix with entries
(A, An), T'={T(wi, 7)}7 ;21 is an n x n matrix, and o > 0. It is shown in [8,
Proposition 4.2 ] that if 6 := {0,,x € S} is an a-permanental process with kernel
T, then for any z4,...,z, € S

E(H em]) => o[ T (), 2a()), (1.2)
j=1 j=1

TeP
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where P is the set of permutations 7 of [1,n], and ¢(7) is the number of cycles in
the permutation 7.

If T is symmetric and positive definite and o = 1/2, then 6§ = G?/2, where
G = {G,,x € S} is a mean zero Gaussian process with covariance I'. However, in
the definition (1.1), I need not be symmetric or positive definite.

Under this definition

E(0,0,) = ol (z,y)I'(y,z) + o°T'(z,2)T'(y,y). (1.3)

We can simplify things if we consider the normalized, mean zero permanental
process

We then have
E(H HTJ> = Z ac('rr) Hf(xj,xﬂ(j)), (15)
j=1 TeP’ j=1

where P’ is the set of permutations 7 of [1,n] such that 7(j) # j for any j, and,
as above, ¢(m) is the number of cycles in the permutation 7. We now have

B(H, H,) = )T, )T(1,2). (16)

Consider the stochastic process

wwz/mwm> (17)

for some family of finite measures {41} on S. The moments of {¢(y;)} are given
in (1.11) below. We notice that, depending on the measure, the kernel I" does not
have to be finite on its diagonal in order for the right-hand side of (1.11) to be
finite.

Let S be a locally compact metric space with countable base. Let B(.S) denote
the Borel o-algebra, and let M(S) be the set of finite signed Radon measures on
B(S). When {0,z € S} is the square of a Gaussian process and the kernel T,
necessarily symmetric and positive definite, and the measures g in M(S), are
such that

//mewmwmw<w, (18)

the integral in (1.7) is a second-order Gaussian chaos and well-known results give
good sufficient conditions for {¢ (1), € M(S)} to be continuous on M(S) with
respect to the metric

ﬂmw=([/WWWMWW%wMMﬂWM—WMOU% (1.9)

This work is done in [5] in which we show that even when I'(z,z) = oo, so that
G is not defined, as long as

// % (2, y) du(z)du(z) < oo Ve M(S), (1.10)
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a second-order Gaussian chaos process {G(u),n € M(S)} exists, and the same
well-known results give good sufficient conditions for it to be continuous on M(S)
with respect to the metric in (1.9).

In this paper we consider the existence and continuity of a more general class
of processes than second-order Gaussian chaoses that arise when we generalize
(1.10) so that the kernel ', which may have I'(x, x) = 0o, need not be symmetric
or positive definite. Since these are not Gaussian chaos processes we don’t have
a convenient theory available to analyze them or even define them. Therefore, we
define them by giving their moments.

Definition 1.1. A map ¢ from a subset ¥V C M(S) to F measurable functions on
a probability space (2, F, P) is called an a-permanental field with kernel I' if for
all v € V, Ev(v) = 0 and for all integers n > 2 and v4,...,v, €V

E(H:_lz/}(l/j)) = Zwep e /H::lr(xj,xﬂ(j))nz;l dvj(z;), (1.11)

where P’ is the set of permutations 7 of [1,n] such that 7(j) # j for any j, and
¢(m) is the number of cycles in the permutation 7.

In the course of our proofs we will see that random variables ¢(v), v € V
satisfying (1.11) are exponentially integrable for a large class of V and T', hence
their finite joint distributions are determined by their moments.

Because Definition 1.1 is satisfied by a second-order Gaussian chaos process
when I' is symmetric and positive definite we refer to processes on V with finite
joint distributions given by (1.11) as second-order permanental chaoses.

We obtain a sufficient condition for the continuity of {¢(v);v € V} that
generalizes a very well-known result for the second-order Gaussian chaos, the case
when u(z,y) is positive definite and symmetric. The result for the second-order
Gaussian chaos depends on the fact that

lhé(ia) = v, < C( () = () )”2 (1.12)
1/2
-5 ( / [ ¥ o) - v dtut) - vi))
where || - ||, is the norm of the Orlicz space corresponding to exp |z| — 1.

What we do in this paper is find metrics 7(u, v) that dominate ||9(1) —(v)]|»
when u is not symmetric. Then the same majorizing measure condition for the con-

tinuity of a second-order Gaussian chaos given in terms of (E(¢(u) — 1/)(1/))2)1/ ?
holds for the second-order permanental chaos with this norm replaced by 7(u, v
(Details are given in Section 2.)

Here is a summary of our results:

Theorem 1.1. Let {¢)(u), n € V} be an a-permanental process with kernel u. Then
under any of the various conditions on u listed in 1.-5.

[¥(u) =Wl < llw—vlls,  i=a,becde (1.13)
for all p,v € V.
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The kernel u(z,y) is defined on R™ x R™ and is a function of y — x.

o= vlla = C1 ( / / ( / eil==g(g) dq)2 A((p — v)(a)) dl(s u)(y») "

1/2
—ci ([l - st ) (1.14)
where Cy is a constant that depends only on «. (Similarly for C;, i =2,...,5
and C%.)
(o) = [ file = )l law)l dy (115)

and 4 and U denote the Fourier transforms of u and v.

. The kernel u is an a-potential density of a Markov process, i.e.,

w(z,y) = / e py(a,y)ds, a0 (1.16)
0

where ps s a transition probability density.

1/2
= vlly = ( / / Bz, ) d(u(x) — v(x)) d(u(y) - u<y>>) , (117)

where
and
Orte.) = [ e [pateipaty ) duds,
o (1.19)
@T(.’E, y) S /0 e /ps/Q (’LL, x)ps/Q(uv y) duds.
. The kernel
_ ez')\m _ e—i)\y
u(z,y) = / (1 (;(()1\) )d/\, (1.20)
where ¢ is a Fourier transform.
) 5 1/2
= vlle < ( 1/ o) \ Ja- e e i- ) drdq>
_ ei/\a: _ efi)\y 2 1/2
_ (// ([ o) - - u><y>)
(1.21)

. The kernel u satisfies the conditions in 1 and is symmetric and 4 is positive,

in 2 and the transition probabilities are symmetric, or in 3 and ¢ is real and
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positive.

|u—u||z—c4(// (e,y) d(pu(z) ())d(u(y)—u(y»)l/z

1/2
= Ci (B((p) —())?) ",
where © = a, b, or ¢ depending on the case considered.
5. No condition on the kernel u(x,y), which is a function on S x S.

o —vle = <// u®(w,y) d(|p = vi(@) d(lu — Vl(y))> - (1.23)

where |v| is the total variation of the measure v.

(1.22)

Using Theorems 1.1 and 2.1, below, we obtain continuity conditions for a-
permanental fields. However, the question remains, how do we know that there
are any a-permanental fields which may have I'(x,z) = oo, other than second-
order Gaussian chaoses, the case when the kernel u is symmetric and positive
definite and o = 1/2. In [3], using loop soups, we show that permanental fields
with kernels u exist. They can be associated with continuous additive functionals
of Markov processes with O-potential densities u. In that work we develop an
Isomorphism Theorem, generalizing that of Dynkin [5], connecting the continuous
additive functionals L = {LY, (v,t) € V x RL} of a Markov process X with the
associated permanental field ¥ = {¢(v),v € V} In particular, the Isomorphism
Theorem can be used to show that if ¥ is almost surely continuous then so is
L. This was our motivation for finding sufficient conditions for the continuity of
{o(v);v eV}

The Markov processes we consider are transient Borel right processes with
state space S. These processes have jointly measurable transition densities p;(x, y)
with respect to some o-finite measure m on S. An example is given by Lévy
processes on R™.

Let Y = {Y;,t € Ry} be a Lévy process in R™ with characteristic function
EeMY(®) — g=o(V)t, (1.24)

We refer to ¢ as the characteristic exponent of Y. Consider a transient Markov
process X = {X;,t € R} that is Y killed at g, an independent exponential time
with mean 1/5 > 0. Then

1A(T y)

8 Y R _
U (xay)—/o e oz, y) dt = B+ 6\ )d

is the zero potential density of X. It is kernels such as these that we consider in
Theorem 1.1, 1.

In Theorem 1.1, 2, we consider the 0-potential densities u of Markov pro-
cesses, when wu is not a function of x — y.

When u is positive and symmetric and the kernel in Theorem 1.1, 3 satisfies
(1.10) it defines a second-order Gaussian chaos. If the kernel is finite it is the

= uP(z — ) (1.25)
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covariance of a Gaussian process on R™ with stationary increments, [6, page 236]
and the O-potential density of a transient Markov process, [4, Lemma 5.1]. In
these cases the a permanental processes exist and when « # 1/2 they are not the
squares of Gaussian processes. We do not know whether the kernel in Theorem 1.1,
3 defines a-permanental fields that are not second-order Gaussian chaoses when
the kernel is not finite on the diagonal. It would be interesting to see if they do,
since we then would have a strong condition for the fields to be continuous.

In Section 2 we state the well-know sufficient condition for continuity that we
refer to above. The bulk of the paper, Section 3, is devoted to proving Theorem
1.1. An example is given in Corollary 3.2.

Lastly, in Section 4, we give conditions under which

1/2

= vlla < C(E@(n) —v(©))?) ", (1.26)

when w is not symmetric, a result that holds for second-order Gaussian chaoses.

2. Continuity

We mention the well-known sufficient condition for continuity of stochastic process
that can be used with the metrics given in Theorem 1.1; see, e.g., [7, Section 3].

Let p(z) = exp(z) — 1 and L*(Q2, F, P) denote the set of random variables
€ :Q — R!such that Ep(|¢|/c) < oo for some ¢ > 0. LP(Q, F, P) is a Banach
space with norm given by

€]l = nf{c > 0: Ep(|¢|/c) <1} (2.1)

Let (T, 7) be a metric or pseudometric space. Let B, (t,u) denote the closed
ball in (T, 7) with radius v and center ¢. For any probability measure y on (T, 1)
we define . .
Jr.ru(a) :gg/o log (B (t ) du. (2.2)
The following basic continuity theorem gives sufficient conditions for continuity of
permanental fields.

Theorem 2.1. Let X = {X(t) : t € T} be a stochastic process such that X (t,w) :
T x Q +— [—o00,00] is A x F measurable for some o-algebra A on T. Suppose
X (t) € LP(Q, F, P) and there exists a metric T on T such that

[X(s) = X (@)l < 7(s,t). (2.3)

Suppose furthermore that (T,7) has finite diameter D, and that there erists a
probability measure p on (T, A) such that

JT,T,/L(D) < 00. (2.4)
Then there exists a version X' = {X'(t),t € T} of X such that
Esup X'(t) < CJr- (D), (2.5)

teT
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for some C < co. Furthermore for all 0 < § < D,
sup X' (5,w) — X'(t,w)] < 22(w) Jrr(0), (2.6)
s,teT

7(s,t)<é

almost surely, where

Z(w) := inf {a >0: /Tp(oz_1|X(t,w)|)u(dt) < 1} (2.7)

and | Z||, < K, where K is a constant.
In particular, if
lim Jr,,,(5) = 0, (2.8)
=0

X' is uniformly continuous on (T,T) almost surely.

3. Proof of Theorem 1.1

We prove Theorem 1.1 and also present some related material.
The following immediate consequence of Definition 1.1 enables us to simplify
the notation.

Lemma 3.1. Let {¢)(v);v € M(S)} be a permanental field. Then
E@"(n—0)) = E(y(u) — v (0))" . (3.1)
Therefore to estimate F (1™ (u — 0)) it suffices to consider E(¢™(v)) keeping
in mind that the measure v is generally not a positive measure.
We have the following general upper bounds for the terms in Definition 1.1,
which we use in several contexts in this section:

Lemma 3.2. Suppose that the kernel u(x,y) has the from
u(e,y) = [ £ Nglo. AO) dA (32)

where X € R™, for some n > 1. (Recall that x € R™.) Let

In(u, {v;}j=1) = /U(y17y2)"'u(yn—lvyn)u(ymyl)H dv;(y;)| - (33)

and set
() = [ 1 g (o) (3.4)
Then

In(u, {vjtioy) < ﬁ (/ |H;(r, q)|h(r)| dr|h(q)| dQ) .
ﬁ (// R(217Z2)T(21,22)dl/j(21)dyj(22)>1/2’

1

[
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where

R(z1,2) = / F(e1,9) (22 @) ()| dg, T(z1,22) = / 9(21,7)g (22, 7) ()] dr.
(3.6)

Proof. We have

n

[[u oz = [ [ TLHG A [THO) N, 67)

j=1
in which we set 2,41 = 21. We write

11 f(zi: 2)9(zi41. 2 H (25, Ai)9(25, Aj—1) (3.8)
j=1

<.
—

where \g = \,,. Using this we see that

In(u,{uj};-l_l)=|/ (H/fzj, 9(zj, \j_1) dvi(z; ) Hh
| [T T

<ﬁ(//|H (5, )P IR(s)] dslh(t >|dt)1/2.

The last inequality in (3.9) in a consequence of multiple applications of the Cauchy-
Schwarz inequality as follows:

(3.9)

/ﬁHa‘(/\jw\jl)ﬁh(A ) dA (3.10)
Jj=1 j=1
<[(/ |H2<A2,A1>|2|h<xl>|dxl)m ( / |H1(>\1,>\n)|2|h()\1)|d)\1)1/2

|H3(\3, Ao)| -+ | Hy An,An1|H|h )| dA;.

We rearrange the terms so that the rlght—hand side of (3.10) is equal to

/(/ (/|H2()\2,)\1)|2|h()\1)|d)\1>1/2 |H3()\3,)\2)||h()\2)|d)\2>

( / |H1<A1,An>|2|h(xl>|dxl)m [ (ha, )

- |H, )\n,)\n1|H|h ) dA,.
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Applying the Cauchy-Schwarz inequality again we see that this term is

- <//|H2()\27)\1)|2|h()‘1)|d)\1|h()\2)|d)\2>1/2

/(/|H3()\3,)\2)|2|h()\2)|d)\2)1/2 </|H1()\17)\n|2|h()\1)|d)\l)l/z

[Ha(Aa; As)] -+ [Hp(An, Ana |H|h ) dA;.

Therefore the left-hand side of (3.10)

<1_T( [ [ H0u P j>|dxj|h<Aj1>|dAj1)1/2, (3.11)

in which, as above, A\g = A,,. This is the same as the first line of (3.5).

To get the second line of (3.5) we interchange the order of integration in
(3.11). We have

[Hj(Aj, Nj-1) /f 21, 0j)9(21, Aj—1) dvj(z1 /f 22, 0j)g(22, \j—1) dvj(z2).

(3.12)
Interchanging the order of integration, and integrating first with respect to A; and
Aj—1, we see that

/|Hj(>\j,>\j_1)|2|h(>\j)|dAj|h(/\j_1)|d/\j_l (3.13)
://R(Zl,ZQ)T(Zl,ZQ) dvj(z1) dvj(z2). O

Corollary 3.1. Let {¢(v);v € M(S)} be a permanental field with kernel u that can
be represented as in (3.2). Let

1/2
(i) = ( [ [ Btz ) duen) = vt duten) - v<z2>>)

1/2
= (/[ ot ar ol an) (3.14)
for R and T as given in Lemma 3.2 and
Hig.rimn) = [ 1000 du(z) - v(a). (3.15)
Then
[9(k) = Wllp < 2(aV 1) Tulp, v). (3.16)

Moreover, if R and T are real valued 7,(u,v) is a metric on M(S).



236 M.B. Marcus and J. Rosen

Proof. Consider
ac(’r)/Hu(xj,xﬂ(j)) H dv(xj) (3.17)
j=1 j=1

for a fixed permutation = € P’. Suppose it has p cycles of lengths l1, .. .,,. Label
the elements in cycle ¢ as q1,. .., q,. Consider

lq
/Hu(xj,xjH) dv(z;), (3.18)

where I, + 1 = 1. By Lemma 3.2,

/ll:q[u(xj,xﬁl ll:[ v(z;) < ll_[ (// (x,y)du(az)du(y))lqm.

(3.19)
Therefore (3.17)

< (aVv1)® f[l </ / R(z,y)T (z,y) dv(z) dl/(y)> " , (3.20)

since 22:1 lg =n.
It now follows from Definition 1.1 that

E((n) = ¢ @)" < (n = D!V 1)" (7, v)". (3.21)
When n is even the left-hand side of (3.21) is equal to E|¢(u) — ¢ (v)|™. When

v
n is odd by Holders inequality El¢(u) — ()"~ < (El(p) — (v)|[)/ (=1,
Therefore the left-hand side of (3.21) can be replaced by E|¢(u) — ¢ (v)|™ for all

n. Consequently

— 1
2(arV 1) (Tu( )Y 2n

which implies (3.16).

When R(z1, 2z2) and T'(21, 22) are real valued they are symmetric. If they are
finite on their diagonals they define Gaussian processes, R = {R(z),z € S} and
T ={T(2),z € S}. Take R and T to be independent and for v € M(S) consider
the second-order Gaussian chaos

v) = /R(Z)T(z) dv(z). (3.23)

We have

(BG(n) = G0))*)'"? = 7ula,). (3.24)
Therefore 7, (1, V) is a metric on M(S). However, even when R(z1, z2) and T'(21, 22)
are infinite on their diagonals, following the argument in the beginning of Section 2,
[5] we can construct a second-order Gaussian chaos for which (3.24) holds. Clearly,

Tu(pt, v) is a metric on M(S). O
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Remark 3.1. Obviously if (2.4) holds with the metric 7, the permanental field ) is
continuous. Therefore, for a permanental field with kernel u that is not symmetric,
in some sense, (3.23), when R(z1, z2) and T'(z1, z2) are real valued, is a dominating
second-order Gaussian chaos.

This second-order Gaussian chaos is not the type that is described by (1.11).
However, by the Cauchy-Schwartz inequality

= (ff RQ(Zlv@)d(#(zl)—V(Zl))d(#(zg)—u(zz))>1/2

e (329)

([ [ et - v dinten) - viea))

The two terms on the right in (3.25) are the L? metrics of second-order Gauss-
ian chaoses with kernels R(z1, z2) and T'(z1, z2). Call these metrics di(u, v) and
da (s, v). We then have that

dy(p,v) + da(p,v)
9 .
We now use Lemma 3.2 and Corollary 3.1 to prove Theorem 1.1.

Tu(p, V) < (3.26)

Proof of Theorem 1.1. We begin with 1. and assume that u € L? and denote by @
its Fourier transform. We write

1 .
ulx —y) = . eTHW=PAG(N) dA
(2m) / (3.27)

= (271)m / e e MAA(N) dA
and use Lemma 3.2 with
f(z,\) = (2W)1m P e gy, \) = (27T)1m /Qe*iy& h(X\) = a(N). (3.28)
Consequently,
H(q,r) = (271)7” /eizqe*i” dv(z) = (2711.)777,’9((1 —r) (3.29)
and

[ 1Pl a o) g = (27})% [ 1ota = nPla@liat) dr dg
B (271)m/ 10(q)|a(q + r)||a(r)| dr dg
= ooy [ [ PG = D) drda
- (271)m //WQ)IQIﬂ(q—r)||ﬂ(7‘)|drdq. (3.30)

Replacing the measure v by u— v, the second line of (1.14) follows from the second
line of (3.14).
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The first line of (1.14) is the first line of (3.14), since in this case

1 A
Rz = o1 [ @i dg (3.31)
(2m)m
and T'(z1,22) = R(z1,22). Moreover, since R(z1,22) is real we actually have

T(z1,22) = R(21, 22). Therefore we can take the square in (1.14).

To prove 2. we write

uew)= [ [ palewpatuy) duds (332
0
Considering the notation in (3.2) we take

f(xv )‘) = eiat/th/Q(xvuL g(y7 A) = eiat/Zpt/Z(U’)y)v h()‘) = 17 (333)

in which A = (uy, ..., un,t). Relabeling the variables we have

flz,0) = e Ppya(z,u) and gly,r) = e py (v, 2), (3.34)

where ¢ = (u1,...,un,t) and r = (v1,..., vy, s). Therefore,

R(z1,22) =/ e_as/ps/z(zl,u)ps/z(zmu) duds,
0

oo (3.35)
T(21,22) = / e /ps/z(zh U)ps/2(227 u) duds.
0
The proof now follows from Lemma 3.2 and Corollary 3.1.
To prove 3. we use Lemma 3.2 with
1— eiw)\ 1— efiy)\ 1
A) = A) = h(X\) = .
and write )
H(g,r) = (2m)m /(1 — €N (1 —e ) dv(z). (3.37)
Clearly
|H(q,7)I?
dr dg (3.38)
o)l ()l
2
e'#4) e~ dy drdgq.
= oo o |/ 0~ Jv)
Therefore, the second line of (1.21) follows from Lemma 3.2.
Similarly, the third line of (1.21) follows from Lemma 3.2. (Note that
(1 —eP)(1 — e™W) / 1 —cos Az — cos Ay + cos A(z — y)
d\ = dx, (3.39
S5 6OV (339

since the numerator in the right-hand side of (3.39) is the real part of the numerator
in left-hand side and the imaginary part of the integral is zero, because |¢p()\)]| is
even.
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To prove 5. we use the following lemma:

Lemma 3.3. When the measures {v;}_; are positive and u(z,y) is positive definite

(u {vj}jor < ﬁl (4//u2(x,y) dv () de(y)>1/2~ (3.40)

Proof. The proof is essentially the same as the one beginning at (3.10). Using the
fact that the kernel u is greater than or equal to zero, we have

nw i < [ ([ u2<y1,y2>du1<y1>)1/2 ([ 2y anon)

u(ya,ys) - uyn-1.yn) [ dvi(y;)- (3.41)
j=2

1/2

This is equal to

/ (/ (/ u?(y1,y2) dyl(yl)) 1/2 w(y2,Y3) dz/2> (3.42)

(/ WP (Yns 1) diy (yl)) v w(ys, ya) -+ w(Yn—1,Yn) ﬁ dv;(y;),

=3

which is equal to

<//UQ(y17y2)dV1(y1)dug(yg)) v (3.43)
u? (Y2, ys) dva(y2) - u? (Y, y1) dva (y1) -

w(ys, ya) - - w(Yn—1, Yn) H dv;(y;)-
j=3

Continuing this procedure we see that

In(u, {v;}i—) < f[ (//UQ(ijyjH)de(yj)de+1(yj+1))l/2, (3.44)

in which y,4+1 = y1, which we can simplify to

1/2

L, {v b s]_I( /] u2<x,y>duj(x>duj+1<y>) L (3.45)

We now use the fact that u(x,y) is positive definite. This implies that
(u(x,y) + u(y,x))? is symmetric and positive definite. Therefore by the Cauchy-
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Schwarz inequality

[ [ @y dn@iaw

IA

//(u(x, y) + u(y, x))2 dvi(z) dvjti(y) (3.46)

IA

(/(U(x,y)+u(y,x))2 dv, (x) de(y)>1/2
(/(u(x,y)+u(y,a:))2dyj+1(x) duj+1(y)>1/2

<4 ( [y o) <y>) -
1/2

([eenamm@anm) . e
Using this in (3.45) we get (3.40). O

Proof of Theorem 1.1 continued. In Lemma 3.3 we need the condition that the
kernel is positive definite to deal with the fact that v; and v;41 are not necessarily
the same measures. However in 5. they are. When all the {v;} are the same positive
measure we get (3.40) with no hypotheses on the kernel u. Therefore, 5. follows
from Lemma 3.2.

The proof of 4. is given in the following remark. O

Remark 3.2. Let {¢)(v);v € M(S)} be an a-permanental field. It follows from
Definition 1.1 that

(1m0 —ve?)

o (3.48)
_ ( [ [ vty o) dute) — viotuty) - u(y») |
So, obviously, when u(x,y) is symmetric,
1/2
(g0 B 000~ 00?)
(3.49)

= (// W (z,y) d(p(z) — v(z))d(p(y) — V(y))) 1/2'

Consider the first equality in (1.14). When w is symmetric, 4(q) is real. If it is also
positive

/ei(m—y)q|a(q)| dg = Cu(y — z) = Cu(z,y). (3.50)

We get (1.22) when v satisfies the conditions in 1.
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When w satisfies the conditions in 2. and the transition probabilities are
symmetric we have

O1(x.y) = / T [ popp(ep sl duds = utwy) (350

and similarly for ©;. Consequently (1.22) follows from (1.17).
The proof for 3. when ¢ is real and positive is trivial.

For use in Section 4 we note that when u is a function of z — y the Fourier
transform of the square of (3.48) is

/ 2O — Aa) — DA — Ao)[2a(A1)a(Az) dAr dAa
- // () — 9(2) i + A)i(Aa) d ddo (3.52)

— [ [ 1) - r@)Pite - pyity) dedy.

We can give more concrete results when w(z,y) is a function of z — y and
when the measures we consider are translates of a fixed measure v, which we
denote by Vx = {vp,h € K} where K is some compact symmetric subset of R™
that includes 0. We denote vy by v. In this case

o (@) = D(x)] = 1 — " ?|(2) (3.53)

S0 we can write

1/2
Tu(Vhy+hy Ve ) = Tu(Vh, V) = @ <(2;)m / |1 — eh2||o(x) 25 (z) dx) (3.54)

<af,. m | [ ((2llRD? AD)[[o(2) (@) do 1/2-
(s /] )

Corollary 3.2. A sufficient condition for the continuity of the o permanental pro-
cess {Y(v),v € Vi } is that

00 vix 2~JT X 1/2
/ oz P@PF@ ) (3.55)

u

Proof. We use the bound on 7y, (v, v) in (3.54) and follow the proof of Theorem
1.6 in [5]. O

4. Domination by the second moment

Let v = {¥(v);v € M(S)} be an a-permanental field with kernel u. We are
interested in the situation in which

() = @W)llp < C (B (1) —v(@))?) ™ = Cllvo(u) = ()2, (4.1)

for some constant C. This holds when o = 1/2 and w is symmetric, because in
this case v is a second-order Gaussian chaos. In Theorem 1.1 we give examples

1/2
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in which this holds for all & > 0 when wu is symmetric. We now give examples in
which this holds when u is not symmetric.

Theorem 4.1. Let v = {¢(v),v € M} be an a-permanental field, with kernel
ub(x —y) as given in (1.25). Suppose that ¢(x) satisfies the sectorial condition

|[Im ¢(z)| < C Re (B + ¢(z)), Ve € R™, (4.2)
for some constant C < 1. Then
Il < ¢ (Bv? )", (4.3)

for some constant C' that depends on C.

Proof. By (3.52)

(o0 B 00 - 00)?) R (f1060) = pt0)Pr () o)

1/2

2

where
() = / 8 (z — y)af(y) dy. (4.4)

Therefore, by Theorem 1.1, 1, to prove this theorem we need only show that (4.2)
implies that

/|ﬁﬂ($ —y)l|a’ (y)| dy < C"/@B(x —y)il(y)dy  Vr € R™ (4.5)
for some constant C” > 0. Set
o’ (z) L ! (4.6)

B+o(x) v(r)+iw(z)
Note that v is positive since the real part of a characteristic exponent of a Lévy
process, (see (1.24)), is positive.
Since u? (x)u” (—x) is symmetric, its Fourier transform, which is given by the
left-hand side of (4.7) immediately below, is real. Consequently
B \ag _ v(x — y)o(z) + w(z - y)w(z)
Joawma= [ i s w67

Therefore, to obtain (4.5) we need only show that
vo - o) ule - pul) s
[V (@ —y) + w?(z — y)[V/2[v2(y) + w?(y)|'/?
for some constant ¢ > 0.
By (4.2) and using the fact that v is positive, we see that
v(z —y)o(r) +w(z —y)w(z) > (1 = Cu(z - y)v(z) (4.9)
and
|02 (x) + w?(x)] < 20%(x). (4.10)
Therefore, the denominator in (4.8) is less than or equal to 2v(xz — y)v(zx), so we
can take ¢ = (1 - C)/2. O
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On the Operator Norm of Random
Rectangular Toeplitz Matrices

Radostaw Adamczak

Abstract. We consider rectangular N x n Toeplitz matrices generated by se-
quences of centered independent random variables and provide bounds on
their operator norm under the assumption of finiteness of pth moments (p >
2). We also show that if N > nlogn then with high probability such matrices
preserve the Euclidean norm up to an arbitrarily small error.

Mathematics Subject Classification (2010). 60B20, 60E15.
Keywords. Random Toeplitz Matrices.

1. Introduction

Generalities on random Toeplitz matrices. In recent years, following a question
raised in [3] a considerable amount of work has been devoted to the study of random
Toeplitz matrices, i.e., Toeplitz matrices determined by sequences of independent
random variables. In particular in [7, 9] the convergence of the spectral measure
for random symmetric Toeplitz matrices has been established, while [5] provides a
corresponding result for the spectral measure of X X7, where X is a nonsymmet-
ric random Toeplitz matrix. In both cases the limiting spectral distribution has
unbounded support.

A natural further question is the behaviour of the spectral norm of the matrix.
In [14] it has been shown that if the underlying random variables are sub-Gaussian
and of mean zero, then the operator norm of an nxn matrix is of the order v/n logn.
This result has been extended to matrices with bounded variance coefficients in [1],
where also a strong law of large numbers with the normalization by expectation
has been established. Although both papers consider symmetric matrices, their
methods easily generalize to the non-symmetric square ones. Recently in [16],
precise asymptotics of the operator norm have been found in the symmetric case.

Research partially supported by MNiSW Grant no. N N201 397437.
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It turns out that if 7, is an n X n random symmetric Toeplitz matrix with mean
zero, variance one coefficients and bounded pth moments (p > 2), then

1 Tnlley—ep
XS (x, )24,
/2nlogn 15 (@, )24

sin(mw(z—y))
m(z—y)
of the integral operator associated with it, acting from Lo(R) to L4(R).

In this article we present results on the behaviour of the operator norm of a
rectangular N x n random Toeplitz matrix with independent coefficients in terms
of the matrix size. When n and IV are of the same order of magnitude, this question
can be easily reduced to the square case, however for general matrices there seems
to be no corresponding estimates in the literature. We remark that some results
can be obtained from Theorem III.4 in [15], where a more general problem of
estimating singular values of submatrices of a square random Toeplitz matrix is
considered. This estimate however, when specialized to our problem is not optimal
in the whole range of parameters (we discuss it briefly in the sequel).

Our main result gives estimates on the operator norm with optimal depen-
dence on n and N. Additionally, in the case of tall matrices we provide conditions
under which a properly scaled Toeplitz matrix preserves the Euclidean norm up
to a small error.

where S(z,y) = is the sine kernel and ||S(z,y)||2—4 denotes the norm

Notation and the main result. Throughout the article we will consider a random
Toeplitz N X n matrix

T = [Tijh<isni<j<n = [Xijli<i<ni<i<ns
where X1_,,, Xo_p,..., Xn_1 is a sequence of independent random variables.

We will denote absolute constants by C', and constants depending on some
parameters (say a) by Cy. In both cases the value of a constant may differ between
distinct occurrences.

We write ¢5 for R¥ equipped with the standard Euclidean structure (the
corresponding inner product will be denoted by (-, -)). For an N X n matrix A, by
[[Allgp ey we denote the operator norm of A acting between the spaces ¢35 and

N . .
by, ie, [|Allgppy = SUPyegn-1 SUPycgn -1 (A, y).
Having desribed the notation, we are now ready to state our main result which is

Theorem 1.1. Let (X;)1—n<i<n—1 be independent random variables such that
EX; =0, EX? =1 and || X;||, < L for some p > 2. Then

E|T 5oy < CpL(VN Vn++/(N An)log(N An)). (1)

Moreover, for any §,e € (0,1) if N > Cr p5enlogn, then with probability at least
1—46, for all z € R",

(1—¢) Tz| < (14 ¢)|xl. (2)

<l
T

TN
We postpone the proof of the above theorem to Section 2.
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A brief discussion of optimality. One can easily see that the estimates of Theorem
1.1 are of the right order. Indeed, if X; are independent Rademacher variables then
the Euclidean length of the first column of the matrix is /N, while the Euclidean
length of the first row is /n, which gives ||T(|pn_ v > VN V n. Moreover the
matrix T contains a square Toeplitz submatrix with independent coefficients of size
(N An) x (N An). By a straightforward modification of the argument presented in
[14] for the symmetric case (see Theorem 3 therein), one can see that the operator
norm of this submatrix is bounded from below by ¢/(N A n)log(N A n) for some
absolute constant ¢ (in fact instead of mimicking the proof one can also easily
reduce the problem to the symmetric case). Standard symmetrization arguments
allow to extend such estimates to other sequences of independent random variables
satisfying a uniform lower bound on the absolute first moment (cf. the proof of
Theorem 6 in [1]).

Further remarks. The constants C), obtained in our proof of Theorem 1.1 explode
when p — 2, contrary to known inequalities on the operator norm of symmetric
Toeplitz matrices. We present here a simple proposition, whose proof is based on
general methods of probability in Banach spaces, which gives an estimate weaker
than that of Theorem 1.1, but under the assumption of finiteness of the second
moment of X;’s only. It’s proof is deferred to Section 3.

Proposition 1.2. Let (X;)1—n<i<n—1 be independent random variables with EX; =
0 and EX? = 1. Then

BT gy ey < C(VNVn+ /(N AR)NVn)/log(N An)).

Restricting our attention to the case N > n, we see that the above proposition
gives an estimate of the same order as Theorem 1.1 (up to constants independent
of nand N) if N < C'n or nlog2 n < C'N. In the former case the operator norm
behaves like in the square case, i.e., is of the order \/nlogn, whereas in the latter
one it is of the order /N, the same as the Euclidean length of a single column
of the matrix (with the implicit constants depending on C”). In the intermediate
regime, i.e., when n < N < nlog?n one loses a logarithmic factor.

It is natural to conjecture that whenever EX; = 0, EX2 = 1, the operator
norm is of the order v'N + v/nlogn for all N > n, however we do not know how
to prove it without additional assumptions on higher moments of X;’s. As for
the property (2), clearly it cannot hold just under the assumptions of the above
proposition without some stronger integrability assumptions, since assuming just
EX; = 0,EX? = 1 still does not exclude the possibility that with probability close
to one X; = 0 for all i. Let us also remark that an estimate of the same order
as in Proposition 1.2 can be obtained for matrices generated by Rademacher or
Gaussian sequences using inequalities presented in [15] (as already mentioned in
the introduction). In fact it can be also obtained by a modification of the proof of
Theorem 1.1, however the argument presented in Section 3 is more concise.
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2. Proof of Theorem 1.1

Without loss of generality we may assume that N > n > 2. In the main part of the
proof we will not work with the original Toeplitz matrix, but with its modification,
which will be more convenient for the calculations. Consider thus the matrix

I' = Tijlici<n,i<j<ns (3)

where I'y; =T = X;—; if  <i < N —n+j and I';; = 0 otherwise. Let us note
that 7" and I' differ just by two “corners” of Toeplitz type and thus E[| T —I'[|gn _, o
can be estimated by means of results for square Toeplitz matrices. More precisely,
by using Proposition 4.1 from the Appendix, we obtain

1/2
BT =Tl ey < C( Z IEX?) Viegn < Cy/nlogn.

i<—lori>N—-n+1

Therefore for both assertions made in Theorem 1.1, the contribution from the
corners is negligible (for the first part it is a direct consequence of the above
inequality, whereas for the second part it follows easily by the above estimate and
Chebyshev’s inequality).

Denote the standard basis of £5 and £3 by (e;)}—; and (E;)}_, respectively
and let A;: /% — €Y, i =0,...,N —n be the linear operator such that for all
1 <j <n, Aie; = Ei; (in the sequel we will identify operators with their

matrices in standard basis). Then I' = Zi\son X;A; and so

II'= Y X;X;ATA;. (4)
0<4,j<N—n

Note that AiTEk =0ifk<i+lork >i+nand AiTEk =ep_; ifi+1<k<n-+i.
Therefore
(N—n—(k—1))A(N—n)

<FTFel,ek> = Z XiXk—l—i-i- (5)
=0V (I—k)

In particular I'7T is a symmetric Toeplitz matrix.
We will now state the main technical proposition, which will allow us to use
standard symmetrization techniques in the proof of Theorem 1.1.

Proposition 2.1. Let N > n be two positive integers, ag, . ..,an—n be Teal numbers
and go, . . ., gN—n be independent standard Gaussian variables. Define a symmetric
n x n Toeplitz matriz M = [Myl}; ;—,, where Myx =0 and for k # 1,

(N—n—(k—1))A(N—n)

My =Ygy = Z ik —1+iGiGk—1+i-
=0V (I—k)
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Then

1/2
EIIMlle;%s<C< > a?ail{léli—jén—l}) Vlogn

0<i,j<N-n
1/2
2 2
E a; aj> logn.

C max (
0<k<[(N—n+1)/n]-1 oy
kn<i,j<((k+2)n—1)A(N—n)

Proof of Proposition 2.1. Note first that without loss of generality we can assume
that N —n+ 1> 2n and N —n + 1 is divisible by n (we may simply enlarge N
and put zeros as the new a;’s).

Since M is a symmetric Toeplitz matrix, to estimate the operator norm we
may use the same strategy as in [14], i.e., relate the operator norm of M to the
supremum of a random trigonometric polynomial for which we will use the en-
tropy method. The main difference between our case and [14] is the fact that the
coefficients of the polynomial will not be independent and the related supremum
will be a chaos of degree 2, which will result in an additional term appearing in the
entropy integral. Similarly as in [14] by extending M to an infinite Laurent matrix
[Y\k—u1{1§|k—z\gn—1}]k,lez and then noting that it corresponds to a multiplier on
the circle we obtain that

Mllep—ep <2 sup‘ Yc0527ra:‘
2] Z i)

N—-n—1(N—n—1i)A(n—1)

=2 sup Z Z A;Git;9iGitj COS(2mjx)
0<z<1

= sup Z ngzgj‘—: bup |S|
021’ i<N-n

where for € [0, 1], the matrix B* = [Bf"j]fvj " is defined by
B} = a;a; cos(27|i — jlx)Li1<|imjl<n—1}-

By Proposition 4.2 in the Appendix we obtain that

1 t2 t
P(1S, — S, > 1) <2 (— i ( : ))
(152 y| >t) < 2exp C min | B* — By”%qs | B — By”eﬁ*"“—wg"*"“

and so, by Proposition 4.3, we get

1M ez e gC(E|SO|+/ \/logN([O,l],dl,s)d€+/ log A'([0, 1], s, €)de )
0 0

(6)

where di(z,y) = |B* — BY||gs, da(z,y) = || B® — By||eé\f7n+1_>eé\7—n+l and for a

metric space (X, d), N(X,d, ) denotes the minimum number of closed balls with
radius € covering X.
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Note that diam([0, 1], dy) < 2\/209”51\,_" a2a?1{1<ji—ji<n—1y =t D1. Also,
using the Lipschitz property of the cosine function, we get that

di(z,y)® <4n® Y afal(i— ) <<y lr —yl,

0<ij<N-n
which gives N([0,1],d1,e) < CA;/e for ¢ < Dy, where
A= Y adf(i =)’ 1ug-jicn-1y-
0<i,j<N—n

We thus obtain

/0DO V1og([0,1],dy,€)de < /0D1 \/10g (Cfl)da

_ CA, /Oo 2=t /244
\/2 \/210g(CA1/D1)

S D1 \/10g(CA1/D1) + \/7TD1
< CDy+/logn, (7)

where in the last inequality we used the estimate Ay < nD;.

Let us now estimate the other integral on the right-hand side of (6). Note
that B*’s are band matrices and they may be decomposed as B* = Bf + B§ + B3,
where BY is the block diagonal part of B* with blocks of size n x n, whereas
Bj5 and B§ correspond respectively to the part of B* below and above the block
diagonal. More formally,

BY = [Bi(i/mi=Li/mi )=
B3 = [BiL(1i/m=Li/m)+1})i-0:
B3 = [Bi1{1i/n)+1=Li/m}0=0-
The matrix B — BY consists of (N —n + 1)/n blocks and the Hilbert-Schmidt
norm of the kth block (k=1,...,(N —n+1)/n) is bounded by

kn—1

1/2
E afa?(cos(27r|i — jlx) — cos(2nw|i — j|y))21{1§|i_j§n_1})
ij=(k—1)n

1/2
< X @adi-i?) el
(k—1)n<i,j<kn—1
Thus for z,y € [0, 1],
||B1E - B%|‘eé\7*n+1_>eé\77n+1

1/2
< 27|x — max azazi—'Q) .
< 2n| Yl 1<k<(N—n+1)/n <(k—1)n<§i:j<kn—1 0a; (=)
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By a similar estimate for all z € [0, 1],

1/2
HBf — B%||ZN77L+1_>5N77L+1 S 2 max E a?a? .
2 2 1<k<(N—-n+1)/n

(k—1)n5;7j§kn—1
Bounds on B3 and B can be obtained in an analogous way, by exploring their
block-diagonal structure (the blocks are not on the main diagonal, but still the
operator norm of the whole matrix is the maximum of operator norms of individual
blocks). Therefore we obtain

1/2
: 2.2
diam([0,1],d2) < 1Sk§(r]{,1§>rcl+1)/n < E a; aj)

i#j

(k—1)n<i,j<kn—1

1/2
+ max E afa?
1<k<(N—n+1)/n—1
(k—1)n<j<kn—1
kn<i<(k+1)n—1
1/2
+ max g a?a?
1<k<(N—-n+1)/n—1

kn<i<(k+1)n—1
(k—1)n<j<kn-—1

1/2
< 242 =D
- 3o§k§((NHji)i1)/n)72 ( Z i aﬂ) 2

i#j
kn<i,j<(k+2)n—1

and
1/2

do(z.y) <C  max ( 3 afaiu—jﬁ) ]

OShS((N=ntD)/m)=2 \ | i i S hgoyn—1
=: Aolz — gy,
which allows us to write A
N([Ov 1]7d27€) S °
for e < Dy. Thus

%) Do
/ log N([0,1],d2, )de g/ log(Age™1)de
0 0
= D2 10g(A2) — D2 log D2 + D2 S CDQ 10g n, (8)

where in the last inequality we used the estimate Ay < CnDs.

Let us now note that Sy = ZO<M<N_" a;0;9:i951{1<|i—j|<n—1} and so by
independence of g;’s, o

ElSol < VEISol2= 2 D aafluciijicn-1),
0<ij<N—-n

which together with (6), (7) and (8) ends the proof of the proposition. O
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Conclusion of the proof of Theorem 1.1. As explained at the beginning of this sec-
tion, it suffices to prove the corresponding statements for N > n and the matrix
I defined by (3) instead of T'.

We have

7T = (rTr . (Nznxf)ldn) + <Nznxf>mn. 9)
i=0 =0

Denote the first term on the right-hand side above by M = []\kal]k,lgn. From (5)
it follows that My, = 0 and for k # [,

(N—n—(k=0))A(N—n)

My = > XiXk—144,
i=0v(I—k)

thus M is a tetrahedral chaos of order two (with matrix coefficients).
Let go,...,9n—n be ii.d. standard Gaussian variables independent of the
sequence (X;). By Proposition 4.4 from the Appendix we obtain

E[|M|leg—e5 < CE[M|lez-sez,

where the matrix M is defined as in Proposition 2.1 with a; = X;. Therefore,
applying this proposition conditionally on (X;) we get

1/2
E[[Mleg—eg SCE< > Xfo1{1<|u<n1}) Viegn (10)
0<i,j<N—n
E X2 )1
ngg[(Nnjiin/n]q ( Z z) ogmn

kn<i<((k+2)n—1)A(N—n)

(note that we have enlarged the second summand of the estimate given in Propo-
sition 2.1 by adding the diagonal terms).

Bounding the first summand on the right-hand side of the above inequality
is easy. By Jensen’s inequality, independence and the assumption EX? = 1 we get

1/2
0<4,j<N—n

Let us now take care of the second term. Denote
Ly = Z X2, Zy = Zy — EZy,
kn<i<((k+2)n—1)A(N—n)

E=0,1,...,[(N=n+1)/n] - 1.
Set ¢ = (p/2)A2 < 2. Let also €y, . . ., eN—n, be independent Rademacher vari-
ables, independent of the sequence (X;). By standard symmetrization techniques
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and Holder’s inequality we get

q
E|Z:|9 < 29ExE.

Z EiXiQ

kn<i<((k+2)n—1)A(N—n)

q/2
< 2‘1E< > Xf)

kn<i<((k+2)n—1)A(N—n)

< 2@@( > qu)

kn<i<((k+2)n—1)A(N—n)

<2( 3 1) < e,
kn<i<((k+2)n—1)A(N—n)

where in the second and third inequality we used the fact ¢ < 2 and in the fourth
one, 2¢q < p and the definition of L. We thus get

E max ( Z Xf)
OSESTIN=nt)/n1=1 \ | i< (et 2)me1)A(N—n)

< max ( Z EX?)
OShSI(N=nt1)/nI=1 \ | i (ke 2)me1)A(N —n)

max | Z|
0<k<[(N—n+1)/n]-1

B 1/q
<2on+ < > E|Zk|q>

0<k<[(N—n+1)/n]-1
N 1/q
< 2n+ (C nLQq) < 2n+4 CL2NY4,
n

which together with (10) and (11) gives

EHMH@H@ < C(y/Nnlogn +nlogn + L*NY%logn) < C,L*(N + nlogn),
(12)

where we used that ¢ > 1. Going back to (9), we see that it remains to estimate
the second term on the right-hand side. Clearly EZ?!O" X2 =N —n+1, which
together with (12) gives IE||F||§S_>@, =E|I"T||¢p—ep < Cp,LA(N + nlogn) (recall
that L > 1) and proves the first assertion of the theorem. B

To prove the second part, note that in the same way as for Z; above, we get
N—n
> X7 - 1)' < CNYar2,
i=0

E

Thus by the first inequality of (12), one obtains

E|TTT — (N —n + DIdy|lep—sep <C (\/Nlogn +nlogn+ L2NY4 logn) ,



256 R. Adamczak

which gives

1
IEH T — Id, <eb

N o3 —03
for N > Cp, p,5enlogn. By Markov’s inequality this yields

1

H T —1d, <e,

N e
with probability at least 1 — §, which (after a suitable change of ¢) easily implies
the second part of the theorem. O

Remark. In the proof above we did not try to obtain explicit dependence of the
constant Cp, , 5, on the parameters. Certain suboptimal estimates can be clearly
read from the proof. Moreover, once the expectations of the variables involved are
estimated, one can use general concentration inequalities for sums of independent
random variables and suprema of polynomial chaoses to get a better estimate on
the constants (depending on integrability properties of the underlying sequence of
random variables). We do not pursue this direction here.

3. Proof of Proposition 1.2

We can again assume that N > n > 2 and prove the corresponding estimate for
the matrix I'. Going back to the equality (4) we obtain

> XPATA;

0<i<N-n

EIT"T)ep—en <E +E Y XiX;AT A,

0<i#j<N-n

£y =Ly £y =Ly

Since AT A; =1d,, and EX? = 1, the first term on the right-hand side equals
N —n+1 < N. To bound the second term we use the fact that the space of
n X n matrices equipped with the operator norm has type 2 constant bounded by
C+/logn (see Proposition 4.6 in the Appendix). Thus we can use Proposition 4.5
from the Appendix and get

(e

Note that if [i — j| > n then AT A; = 0, moreover for all i, j, ||A?Aj”gg_>gg <1,
which together with the above inequality gives

> XiX;AT A

0<i#j<N-—n

2
) <o X 1ATAl Ly )l
=Ly

0<i#j<N-n

El Y XiX;AT A,

0<i#j<N—n

< C\/anogn.

n mn
L3 —L3

Combining this with the previous estimates we get
EID)2, 0 = EITTTflggey < C (N +VnN logn) :

which ends the proof. O
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4. Appendix

For reader’s convenience we gather here several by now standard results which have
been used in the proofs above. For most of them we provide detailed references,
however in some cases we haven’t been able to find the formulation we need in the
literature, so we briefly describe how they follow from available references.

The first proposition gives estimates on the operator norm of a square random
Toeplitz matrix. It was proved in [1] for symmetric random Toeplitz matrices.
A simple modification of the proof gives the result in the non-symmetric case,
however it can be also easily obtained by exploring the type 2 property of the space
of symmetric matrices (see Proposition 4.6 below) or, e.g., by noncommutative
Bernstein inequalities, since a random square Toeplitz matrix can be written as a
linear combination with random coefficients of norm one matrices.

Proposition 4.1. If N = n and (X;)1—n<i<n—1 are independent, centered random
variables, then

n—1 1/2
E[T[| ey —ep <C< Z EXE) Viogn.

i=1—n

We will now state concentration results for Gaussian chaoses of order 2. In a
weaker form they can be traced to [10]. The present formulation can be deduced
from results on a Banach space-valued case in [2, 4] and appears explicitly in [11]
and [12] (where a generalization to chaoses of higher degree has been obtained).

Proposition 4.2. Let g1, 9o, - .., gn be independent standard Gaussian random vari-
ables and let A = (aij)i<ij<n be an array of real numbers such that for all
1<i<mn,a;=0. Then for anyt > 0,

1 2 t
P aiig:igil >t) <2ex — min( , ))
( 2 aigis ) p( C N4l s 1Al —eg

1<i,j<n
The next proposition is a consequence of Theorem 1.2.7 in [17] and a com-
parison between v, functionals and entropy integrals.

Proposition 4.3. Consider a set T equipped with two distances di and do and a
stochastic process (Xi)ter such that EXy =0 for allt € T and for all s,t € T and
u >0,

u? u
P(|X, — X;| > u) <2 _ mi : .
(X, = Xl 2 w) < eXp( mm(dl(s,t)2 dg(S,i)))
Then
(o) (o)
E sup | X — Xy| < C(/ \/logN(T,dl,E)dE—i-/ log N(T, dg,s)ds).
s,teT 0 0

Let us now state a simple proposition which combines standard symmetriza-
tion techniques with comparison between Gaussian and Rademacher averages.
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Proposition 4.4. Let X1,..., X, be independent centered random variables and let
(@ij)1<izj<n be coefficients from a normed space (F,||-||). Finally let g1,...,gn be
i.4.d. standard Gaussian variables independent of the sequence Xy, ..., X,. Then

Z ainin Z aijgingin
1<i#£j<n 1<i#j<n

E .

<27E

Proof. Let €1,...,e, be independent Rademacher variables, independent of the
sequences (X;), (g;). Using repetitively (and conditionally) the fact that for any
convex function ¢: R — R we have Ep(X;) < Ep(2¢;X;), we get

E aijsistin
1<i#j<n

Bl Y ayXiX,|| <4E

1<i#j<n

Now, by symmetry of g; and Jensen’s inequality,

2
E Z aijeierin =E Z aijeieng|gigj|Xin
1<i#j<n 1<i#j<n
<E| Y aijeigie;g; XX,
1<i#j<n
= E Z aijgingin 5
1<i#j<n
which ends the proof. O
Recall that a Banach space (F, || - ||) is of type 2 if there exists a finite con-
stant T, such that for all aq,...,a, € F and independent Rademacher variables
€1y...,En, we have
n
Elerar + -+ nanl* < TR Y llas]*. (13)
i=1

The next proposition concerns basic properties of polynomial chaoses in spaces of
type 2. It is well known, so we skip the proof and remark only that it consists of
the three following steps: 1) decoupling inequalities for chaoses (see, e.g., Theorem
3.1.1.in [8]), 2) an iterative application of symmetrization inequalities, 3) iterative
application of (13) conditionally on (X;)™ .

Proposition 4.5. Let X1,...,X, be independent centered, variance one random
variables and let (ai;)1<izj<n be coefficients from a normed space (F,| - ||) with
type 2 constant Tr. Then

El Y aXiXg|P<CTi > agl®
1<iZi<n 1<iZj<n

Finally, the last proposition gives an estimate of the type 2 constant for the
space of symmetric n X n matrices equipped with the operator norm.
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Proposition 4.6. The space F' = S}, of n x n symmetric matrices equipped with
the operator norm has type 2 with constant Tr < Cy/logn.

This proposition follows easily from estimates of type 2 constants for Schatten
classes S, which follow from the proof of Theorem 3.1. in [18] (T2(S}) < Cy/p),
and the fact that the Banach-Mazur distance between S%, and S is bounded by
n'/P (it is enough to take p = logn). We refer the reader, e.g., to [19] for details
on the Banach-Mazur distance and geometry of Banach spaces.
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Edge Fluctuations of Eigenvalues
of Wigner Matrices

Hanna Doring and Peter Eichelsbacher

Abstract. We establish a moderate deviation principle (MDP) for the num-
ber of eigenvalues of a Wigner matrix in an interval close to the edge of the
spectrum. Moreover we prove a MDP for the ith largest eigenvalue close to
the edge. The proof relies on fine asymptotics of the variance of the eigen-
value counting function of GUE matrices due to Gustavsson. The extension
to large families of Wigner matrices is based on the Tao and Vu Four Mo-
ment Theorem. Possible extensions to other random matrix ensembles are
commented.
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Gaussian ensembles, Four Moment Theorem.

1. Introduction

Recently, in [5] and [4] the Central Limit Theorem (CLT) for the eigenvalue count-
ing function of Wigner matrices, that is the number of eigenvalues falling in an
interval, was established. This universality result relies on fine asymptotics of the
variance of the eigenvalue counting function, on the Fourth Moment Theorem due
to Tao and Vu as well as on recent localization results due to Erdos, Yau and
Yin. There are many random matrix ensembles of interest, but to focus our dis-
cussion and to clear the exposition we shall restrict ourselves to the most famous
model class of ensembles, the Wigner Hermitian matrix ensembles. For an integer
n > 1 consider an n x n Wigner Hermitian matrix M, = (Z;;)1<i, j<n: Consider a
family of jointly independent complex-valued random variables (Z;;)1<;,j<n With
Zj; = Zij, in particular the Z;; are real valued. For 1 < i < 5 < n require that the
random variables have mean zero and variance one and the Z;; = Z are identically

The second author has been supported by Deutsche Forschungsgemeinschaft via SFB/TR 12.
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distributed, and for 1 < i = j < n require that Z; = Z’ are also identically dis-
tributed with mean zero and variance one. The distributions of Z and Z’ are called
atom distributions. An important example of a Wigner Hermitian matrix M,, is
the case where the entries are Gaussian, that is Z;; is distributed according to a
complex standard Gaussian N (0, 1)¢ for 7 # j and Z;; is distributed according to
a real standard Gaussian N(0,1)g, giving rise to the so-called Gaussian Unitary
Ensembles (GUE). GUE matrices will be denoted by M},. In this case, the joint law
of the eigenvalues is known, allowing a good description of their limiting behavior
both in the global and local regimes (see [1]). In the Gaussian case, the distribu-
tion of the matrix is invariant by the action of the group SU(n). The eigenvalues
of the matrix M, are independent of the eigenvectors which are Haar distributed.
If (Z; j)1<i<; are real valued the symmetric Wigner matriz is defined analogously
and the case of Gaussian variables with EZ2 = 2 is of particular importance, since
their law is invariant under the action of the orthogonal group SO(n), known as
Gaussian Orthogonal Ensembles (GOE).

The matrix W,, := \/1” M, is called the coarse-scale normalized Wigner Her-

mitian matrix, and A, := /nM,, is called the fine-scale normalized Wigner Her-
mitian matrix. For any n x n Hermitian matrix A we denote by A1 (4),..., A\, (A)
the real eigenvalues of A. We introduce the eigenvalue counting function

Ni(A) == |{1<i<n:)\(A) €T}

for any interval I C R. We will consider N;(W,,) as well as Ny(A4,). Remark that
N (W,,) = N,1(A,). The global Wigner theorem states that the empirical measure
Tll > O, on the eigenvalues \; of the coarse-scale normalized Wigner Hermitian
matrix W,, converges weakly almost surely as n — co to the semicircle law

1
dosc(z) = o \/4 — a? 1[72,2] (v) du,

(see [1, Theorem 2.1.21, Theorem 2.2.1]). Consequently, for any interval I C R,

1
li N n) = 0sc([) := sc
Jm N0 = o) = [ o) dy

almost surely. At the fluctuation level, it is well known that for the GUE, W/ :=

\}nMT', satisfies a CLT (see [17]): Let I, be an interval in R. If V(N (W))) — oo

as n — oo, then
Nr, (W) = E[Ng, (W,
VYW1, (W)
as n — oo in distribution. In [14] the asymptotic behavior of the expectation and
the variance of the counting function Ny, (W)) for intervals I, = [y(n), c0) with
y(n) = G71(k/n) (where k = k(n) is such that k/n — a € (0,1) — strictly in
the bulk —, and G denotes the distribution function of the semicircle law) was

)] — N(O, 1)R
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established:

E[N., (W) =n —k(n) + O <1Oin) and V(Nz,(W,)) = < !

o2 —|—0(1)) log n.
(1.1)
The proof applied strong asymptotics for orthogonal polynomials with respect to
exponential weights, see [6]. These conclusions were extended to non-Gaussian
Wigner Hermitian matrices in [5].
In this article we focus on the behaviour of the eigenvalue counting function
Ni, (W,) evaluated at the edge of the spectrum. Fine asymptotics of expecta-
tion and variance as well as the CLT at the edge of the spectrum of GUE ma-
trices are known, see [14]. Let I,, = [yn,00) where y, — 27 for n — oo in a
certain speed. We prove a global moderate deviation principle (MDP) for Z,, :=
N (W3) = 57 n(2=yn) 2 , that means: For any sequence (a,, ), with 1 < a,, < v/logn,
an /412 log(n(2—yn)?/?)
we have
P N1, (Wy,) = 327rn(2 —yn)*/? ~x | el )
an \/ ks log(n(2 = ya)¥/2)

see Theorem 2.1 for a precise statement. Using the equivalence
Niy,o0)(Wn) <n —i if and only if \;(Wy) <y

in Theorem 3.1 we prove a local MDP for an eigenvalue near the edge of the
spectrum of W/ . Applying the Four Moment Theorem due to Tao and Vu, the local
MDP can be generalized to a large class of Hermitian Wigner matrices. Finally
this yields the main theorem of the present article: a universal global MDP of the
eigenvalue counting function Ny, oo)(W,,) for y near the edge of the spectrum. We
state it in Theorem 5.1. The last section indicates how to achieve the previous
moderate deviation results for symmetric Wigner matrices.

2. Global moderate deviations at the edge of the spectrum

Certain deviations results and concentration properties for Wigner matrices were
considered. Our aim is to establish moderate deviation principles. Recall that a
sequence of laws (P,),>0 on a Polish space ¥ satisfies a large deviation principle
(LDP) with good rate function I : ¥ — R, and speed s, going to infinity with n
if and only if the level sets {z : I(x) < M}, 0 < M < oo, of I are compact and for
all closed sets F'

limsup s, ' log P, (F) < — inf I(z)

n—00 z€F
whereas for all open sets O

liminf s, " log P,(0) > — inf I(x).
iminf sy log P.(0) = — Inf Ia)

We say that a sequence of random variables satisfies the LDP when the sequence
of measures induced by these variables satisfies the LDP. Formally a moderate
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deviation principle is nothing else but the LDP. However, we speak about a mod-
erate deviation principle (MDP) for a sequence of random variables, whenever the
scaling of the corresponding random variables is between that of an ordinary Law
of Large Numbers (LLN) and that of a CLT.

Large deviation results for the empirical measures of Wigner matrices are still
only known for the Gaussian ensembles since their proof is based on the explicit
joint law of the eigenvalues, see [2] and [1]. A moderate deviation principle for
the empirical measure of the GUE or GOE is also known, see [7]. This moderate
deviations result does not have yet a fully universal version for Wigner matrices. It
has been generalised to Gaussian divisible matrices with a deterministic self-adjoint
matrix added with converging empirical measure [7] and to Bernoulli matrices [9].
Recently we proved in [11] a MDP for the number of eigenvalues in the bulk of the
spectrum of a GUE matrix. If M), is a GUE matrix and W}, := \/1n M), and I,, be
an interval in R. If V(N;, (W))) — oo for n — oo, then, for any sequence (ay,), of
real numbers such that 1 < a, < /V(Ny, (W})), the sequence (Z,), with

_ Ni, (W) = E[Ng,, (W,)]
an \/V(N1,(W}))

satisfies a MDP with speed a? and rate function I(z) = T; Moreover let I =
[y, 00) with y € (—2,2) strictly in the bulk, then the sequence (Z,), with Z, =
N (W) =nesc(I)
an \/2711'2 logn
and in the regime 1 < a,, < v/logn (called the MDP with numerics; see Theorem
1.1 in [11]). It follows applying (1.1). In [11], these conclusions were extended to
non-Gaussian Wigner Hermitian matrices. In [10] we proved a further universal
MDP for the logarithm of the determinants of Wigner matrices.

The first observation in this paper is, that the MDP for (Z,), and (Z)n,
respectively, is not restricted to the bulk of the spectrum. To state the result, let
d > 0 and assume that y, € [-2 + 6,2) and n(2 — yn)3/2 — 00 when n — oo.
Then with [14, Lemma 2.3] the variance of the number of eigenvalues of W) in
I, = [yn, o0) satisfies

Zn

satisfies the MDP with the same speed, the same rate function,

VNG (W) =, log(n(2 — y)*) (1 + n(n), (21)

where n(n) — 0 as n — co. Moreover the expected number of eigenvalues of W},
in I,,, when y, — 27, is given by [14, Lemma 2.2

2
3m

Hence applying Theorem 1.1 in [11] we immediately obtain:

E(N1, (Wp)) = . n(2—ya)*? + O(1). (2:2)

Theorem 2.1. Let M) be a GUE matriz and W) = \/lnMn Let I, = [yn,0)

where y, — 2~ for n — oo. Assume that y, € [—2+6,2) and n(2 — y,)>/? — oo
when n — oo. Then, for any sequence (ay,), of real numbers such that 1 < a,, <
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N1, (W,,)—E[Nr, (W,)]
an V(N1 (W},)
and rate function I(x) = 7"22 Moreover the sequence

Gp, \/27172 1Og(n(2 — yn)3/2)

satisfies the MDP with the same speed, the same rate function, and in the regime
1 < a, < \/log(n(2 — y,)3/2) (called the MDP with numerics).

VV(N, (W), the sequence satisfies a MDP with speed a2

YA

For symmetry reasons an analogous result could be formulated for the count-
ing function Ny, (W}) near the left edge of the spectrum.

3. Local moderate deviations at the edge of the spectrum

Under certain conditions on ¢ it was proved in [14] that the ith eigenvalue \; of
the GUE W/, satisfies a CLT. Consider t(z) € [—2, 2] defined for x € [0,1] by

@) L @
x:/ 0sc(t) dt = / V4 — 22 da.
2w _92

-2

Then for ¢ = i(n) such that i/n — a € (0,2) as n — oo (i.e., \; is eigenvalue in
the bulk), \;(W/) satisfies a CLT:

X, = \/4 - t(2i/n)2 Ai(WraO;j(i/”) —+ N(0,1) (3.1)

for n — co. Remark that ¢(i/n) is sometimes called the classical or expected lo-

cation of the ith eigenvalue. The standard deviation is v'°8" L .. Note
7\'\/2 anc(t('L/n))
tl(i /) is the mean eigenvalue spac-

that from the semicircular law, the factor —_—
ing. Informally, (3.1) asserts in the GUE case, that each eigenvalue A;(W)) typ-
ically deviates by O(v/logn/(no(t(i/n)))) around its classical location. This re-
sult can be compared with the so-called eigenvalue rigidity property \;(W)) =
t(i/n) + O(n~17¢) established in [12], which has a slightly worse bound on the
deviation but which holds with overwhelming probability and for general Wigner
ensembles. See also discussions in [20, Section 3]. We proved in [11, Theorem 4.1]
a MDP for (aln X")n with X, in (3.1), for any 1 < a,, < /logn, with speed a?
and rate x2/2. Moreover in [11, Theorem 4.2], these conclusions were extended to
non-Gaussian Wigner Hermitian matrices. The proofs are achieved by the tight re-
lation between eigenvalues and the counting function expressed by the elementary
equivalence, for I(y) = [y,0), y € R,

Niyy(Wn) <n —iif and only if \;(Wy,) <y. (3.2)
This relation is true for any eigenvalue A;(W,,), independent of sitting being in the

bulk of the spectrum or very close to the right edge of the spectrum. Hence the
next goal is to transport the MDP for the counting function of eigenvalues close
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to the (right) edge, Theorem 2.1, to a MDP for any singular eigenvalue close to
the right edge of the spectrum. Consider ¢ = i(n) with ¢ — oo but i/n — 0 as
n — oo and define A,,_;(W},) as eigenvalue number n — ¢ in the GUE. An example
is i(n) = n —logn. In [14, Theorem 1.2] a CLT was proven, which is

An—i w’') — (2 — 3 i\2/3
i = (W) (logi(’j/g) )—>N(O,1)R (3.3)
const ( §2/3p4/3 )
—1/2

in distribution with const = ((37)/321/3) . Remark that the formulation in
[14, Theorem 1.2] is different, since first of all the GUE in [14] was defined such
that the limiting semicircular law has support [—1, 1] and, second the CLT in [14]
is formulated for A,_;(M]) instead of A,_;(W}/). The choice of the asymptotic

n
expectation and variance in (3.3) can be explained as follows. Let g(y,) be the

expected number of eigenvalues in I, = [y, 00). Then with (3.2)
P(An-i(Wy) < wn) = P(N1, (W) <)
_ p(Ne W) —g(yn) . i—alyn)
V(N (Wi))H2 = V(N (W))/2)

Trying to apply the CLT for N;_ is choosing ¥, such that \/Vi(:\/gf iy(”vz/ ) — wforn —

00, because this would imply P(/\n_i(W,’l) < yn) — fjoo ©o,1(t) dt, where ¢g1(-)
denotes the density of the standard normal distribution. The candidate for y,, can
be found as in the proof of [14, Theorem 1.2], with g(y,) = 2 n(2—y,)3?+ O(1)

and h(y,) = V(N (Wy))'/? = | log"?(n(2 = yn)*/?) + o(log"/* (n(2 — yn)*/2)).
Applying the same heuristic as on page 157 in [14], we obtain

- 2 37T Z 2/3 3 2/321/3 —1/2 10gZ 1/2
Yn =~ 2 — 2 n tx (( ﬂ-) ) 32/3n4/3 :
With respect to the statement in Theorem 2.1 one might expect a MDP for
(aln Zn,i)n for certain growing sequences (a),. We have
(an (Wy,) —E(Nr, (W},)) o = E(, (W)
)1/2

anV(Ng, (Wy)2 7 anV(NL, (W))
with
37\ Y? 2/301/3\ —1/2 log i 1/2
Yn(an) =2 — < , n) +ane (((37r) /391/3) (i2/3n4/3)> (3.4)
and I, = [yn(an),00). Since i — oo and i/n — 0 for n — oo, we have that

Yn(an) — 27 for every a, such that a, < (log i)l/Q. Hence we can apply (2.2),
that is E(N7, (W) = 2 n(2 — yn(an))®? + O(1). With

st = (1) (1o
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by Taylor’s expansion we obtain

2

512 = ynan) =i =

1
QT logl/Qi—i—o(anx log'/? i), (3.5)
Vor
and therefore i — E(Nz, (W})) = \/1% an x log'/? i + o(an log!/? i)+0(1). From
(3.5) we obtain that n(2 — y,(a,))%/? = oo for n — oo for every a, < (log i)l/Q.

Hence we can apply (2.1), that is V(N;, (W})) = .1, log(n(2 — yn(as))??) (1 +
o(1)). With (3.5) the variance V(N (W))) equals

(one e (5) (18 o2 ) Yot

Summarizing we have proven that for any growing sequence (ay,),, of real numbers
such that 1 < a, < (logi)'/?

i —E(N,, (W)

anV(Ny, (w2 = 7Tl

By Theorem 2.1 we obtain for every z < 0 that lim, . a12 1ogP(Zn7i/an < a:) =

—””22. With P(Zp,i/an > ) = P(Ny, (W,,) > i—1) the same calculations lead, for
every ¢ > 0, to

. 1 x?
nh—>nolo a2 log P(Zn,i/an > ) = — 5 (3.6)
Next we choose all open intervals (a,b), where at least one of the endpoints is

finite and where none of the endpoints is zero. Denote the family of such intervals
by U. Now it follows for each U = (a,b) € U,

1 b2/2 : a<b<0
Ly = lim logP(Zm/an € U) = 0 : a<0<b
nTee dy a’?/2 : 0<a<b

By [8, Theorem 4.1.11], (Z,;/an)n satisfies a weak MDP (see definition in [8,
Section 1.2]) with speed a7 and rate function ¢ — supyeyiep Lu = t;. With
(3.6), it follows that (Z,, ;/an)n is exponentially tight (see definition in [8, Section
1.2]), hence by Lemma 1.2.18 in [8], (Z,,;/an)n satisfies the MDP with the same
speed and the same good rate function. Hence we have proven:

Theorem 3.1. Let M/ be a GUE matriz and W), = \}WMT’L Consider i = i(n) such

that i — oo but i/n — 0 as n — oo. If \,—; denotes the eigenvalue number n — i
in the GUE matriz W/ it holds that for any sequence (a,)n of real numbers such
that 1 < a,, < (logi)'/2, the sequence (aln Zn,i)n with Z,, ; given by (3.3) satisfies

a MDP with speed a? and rate function I(x) = ””22.
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4. Universal local moderate deviations near the edge

Our next goal is to check whether the precise distribution of the atom variables
Z;; of a Hermitian random matrix M,, are relevant for the conclusion of the MDP
stated in Theorems 2.1 and 3.1, so long as they are normalized to have mean zero
and variance one, and are jointly independent on the upper-triangular portion
of M,. It is a remarkable feature of our MDP results that they are universal,
hence the distribution of the atom variables are irrelevant in some sense. The
arguments used above relied heavily on the special structure of the GUE ensemble,
in particular on the determinantal structure of the joint probability distribution
(see [11, Theorem 1.1 and 1.3]) and on the fine asymptotics of the expectation
and the variance of the eigenvalue counting function of GUE presented in [14]. We
apply the swapping method due to Tao and Vu, in which one replaces the entries
of one Wigner Hermitian matrix M,, with another matrix M,, which are close in
the sense of matching moments. This goes back to Lindeberg’s exchange strategy
for proving the classical CLT, [15], and applied to Wigner matrices, e.g., in [3]. The
precise statement of the so-called Four Moment Theorem needs some preparation.
We will use the notation as in [20].

We say that two complex random variables 11 and 72 match to order k with
k e Nif

E[Re(m)™ Im(m)'] = E[Re(nz)™ Im(n)']

for all m,l > 0 such that m + 1 < k. We will consider the case when the real
and the imaginary parts of 7; or of 7, are independent, then the matching mo-
ment condition simplifies to the assertion that E[Re(n)™] = E[Re(n2)™] and
E[Im(m)"] = E[Im(n,)!] for all m,1 > 0 such that m +1 < k.

We say that the Wigner Hermitian matrix M, obeys Condition (CO0) if we
have the exponential decay condition

P(|Ziy| > t°) <e?

forall 1 <4,5 <mandt > C’ and some constants C, C’ independent of 7, j,n. We
say that the Wigner Hermitian matrix M,, obeys Condition (C1) with constant
Cy if one has

E|Z;|% < C
for some constant C independent of n. Of course, Condition (CO) implies Condition
(C1) for any Cy, but not conversely. The statement of the Four Moment Theorem
for eigenvalues is:

Theorem 4.1 (Four Moment Theorem due to Tao and Vu). Let ¢o > 0 be a suf-
ficiently small constant. Let M, = (Z;j) and M, = (Z];) be two n x n Wigner
Hermitian matrices satisfying Condition (C1) for some sufficiently large constant
Co. Assume furthermore that for any 1 <1i < j <mn, Z;; and Z{j match to order 4
and for any 1 < i < n, and Z;; and Z!, match to order 2. Set A,, := /nM, and
Al = /nM!, let 1 < k < n® be an integer, and let G : R¥ — R be a smooth func-
tion obeying the derivative bounds |VIG(x)| < n® for all 0 < j <5 and x € R¥.
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Then for any 1 <i1 <ig < -+ < ik <n, and for n sufficiently large we have
IE(G(Aiy (An), -, A (An))) —E(G(Niy (AL), ..., A ()] < n—c0. (4.1)

The preliminary version of this Theorem was first established in the case of
bulk eigenvalues and assuming Condition (CO0), [19]. Later the restriction to the
bulk was removed and the Condition (CO) was relaxed to Condition (C1) for a
sufficiently large value of Cj, [18]. Moreover, a natural question is whether the
requirement of four matching moments is necessary. As far as the distribution of
individual eigenvalues \;(A,,) are concerned, the answer is essentially yes. For this
see the discussions in [20].

Applying this Theorem for the special case when M), is GUE, we obtain the
following MDP:

Theorem 4.2. The MDP for (aln Zm)n, Theorem 3.1, hold for Wigner Hermitian
matrices obeying Condition (C1) for a sufficiently large Cy, and whose atom dis-
tributions match that of GUE to second order on the diagonal and fourth order off
the diagonal. Given i = i(n) such that i — oo and i/n — 0 as n — oo we have:
The sequence ( 1 Zm)n with

Qn

i (W) — (2= (37 1))

Zni = AP (4.2)
const(»/554) !
satisfies the MDP for any sequence (ap)n of real numbers such that 1 < a, <
2
T

(log)Y/? with speed a? and rate function I(z) =% .

Proof. Let M,, be a Wigner Hermitian matrix whose entries satisfy Condition
(C1) and match the corresponding entries of GUE up to order 4. Let 7 be as in
the statement of the Theorem, and let ¢y be as in Theorem 4.1. Then [19, (18)]
says that

PN(A) el-) —n~® < P(A(An) €I) S P(Ni(Ay) € I4) +n~®  (4.3)

for all intervals I = [b,¢], and n sufficiently large, where I, := [b — n=%/10 ¢+
n=/10) and I_ := [b+ n~%/10 ¢ — n=</10] We present the argument of proof
of (4.3) just to make the presentation more self-contained. One can find a smooth
bump function G : R — R, which is equal to one on the smaller interval I
and vanishes outside the larger interval I,. It follows that P(X\;(A,) € I) <
EG(Xi(A,)) and EG(X;(A))) < P(Xi(AL) € I4). One can choose G to obey the
condition |V/G(z)| < n® for j =0,...,5 and hence by Theorem 4.1 one gets

[EG(Ai(An)) — EG(Ai (A7) < n™.

Therefore the second inequality in (4.3) follows from the triangle inequality. The
first inequality is proven similarly.
Now for n sufficiently large we consider the interval I, := [b,, ¢,] with

logi \1/2 3w i\2/3
b, :=ba,n const(i2/3n4/3) +n<2— ( 5 n) ,
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o ) logi \1/2 5 3w i\2/3
Cp = CQp N CONS (i2/3n4/3) +n — ( 9 n)

with b,c € R, b < ¢ and const = ((37r)2/321/3)71/2. Then for aln Zy, i defined as in
the statement of the Theorem we have P(Zm/an € [b,c]) = P()\n_i(An) IS In).
With (4.3) and [8 Lemma 1.2.15] we obtain

lim sup a2 logP( Zn,ifan € [b,d])

n—oo

1
< max(hmbup 5 log P(An—i(A) € (In)4);limsup logn‘c0>.

n—00 n—oo Ay

For the first object we have

P(An-i(A7) € (In)+)
CAY (o (3723
_ P<)\n—l(An) (2 ( 2 n) ) c [b — T](?’L),C"'n(n)]>

i \1/2
anpmn const(iz/lgfljm) /

with n(n) = n=/1%(a, n const(iz}gii/s_)l/z)fl — 0 as n — oo. Since ¢o > 0 and

logn/a? — oo for n — oo by assumption, applying Theorem 3.1 we have

2
lim sup 21ogP(Zn1/an [b, ])<— inf

n—00 z€[b,c] 27

Applying the first inequality in (4.3) in the same manner we also obtain the upper

bound
2

1
lims log P(Z,,.i/an > — f
msup o 08 P(Znifan € o) = = inf 7, -

Finally the argument in the last part of the proof of Theorem 3.1 can be repeated
to obtain the MDP for (Z,, ;/an)n. O

5. Universal global moderate deviations near the edge

Next we show the MDP for the eigenvalue counting function near the edge of
the spectrum for Wigner Hermitian matrices matching moments with GUE up to
order 4:

Theorem 5.1. The MDP for (Zy,)n, Theorem 2.1, hold for Wigner Hermitian ma-
trices M, obeying Condition (C1) for a sufficiently large Cy, and whose atom
distributions match that of GUE to second order on the diagonal and fourth order

off the diagonal. Let W,, = Mn, let I, = [yn,0) where y, — 27 for n — oo.
Assume that y, € [—2 + (5,2) and n(2 — yn)3/2 — oo when n — oco. Then the
sequence

n \ o2 10g(0(2 = yn)?/2)

Zn =
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satzsﬁes the MDP with speed a?
Viog(n(2 = yn)3/2).

Proof. For every £ € R and k,, defined by

2 rate function 2°/2 and in the regime 1 < a, <

1 2
kn = €ay \/ log(n(2 — yn)3/2) + . n(2 —yn)*/?
272 3

w
we obtain that P(Z, < &) = P(Ny, (W,) < ky). Hence using (3.2) it follows
P(Zn <€) =Pk, W) <) = P(An—i, (An) < nyn).
With (4.3) we have
P(Mk, (An) < nyn) < P(Anoi, (A7) < nyp +n= /1) 40
and

P()\n,kn (A) < nyn+ n_CO/lo) = P( (

) + —1—(:0/10)
= P( ) <

< Yn
k),
where J,, = [y, +n~17%/10 00). With g/, := y,, +n~17%/10 we consider
o N (W) = 2=y
an /L log(n(2 — 41,772

In order to apply Theorem 2.1 for (Z]),, we have to check if y/, — 27 and
n(2 — y,)3? — oo when n — oo. For a proof see [4, Section 2]. We present the
arguments just to make the presentation more self-contained. By assumption we
take y, € [—2 4+ 0,2) with y, — 27. Suppose that y/, > 2 for some n, then
Yn — 2+ n"170/10 > 0 hence 2 — y,, < n~17/10 which implies n(2 — y,)%/? <
nn~3/273¢0/20 hut the left-hand side is growing by assumption, a contradiction.
We have proven y,, — 2~. Moreover we have

—1—co/10\ 3/2
9 — )32 = (2= 4,)3/? 1"
(2 -y = (2 yn) 2

3 n—l—c0/10 n—l—CQ/lo
=(2—y, 3/2 1— .
2= o) 2 2y, '\ 2y,
Notice that "_21:;0/10 = (n(;; );%;Z/S — 0 and n(2 — y,)*? — 0o when n — oo
by assumption. Hence we can apply Theorem 2.1, Wthh is the MDP for (Z)),.
Summarizing we have

P(Z, <€) <P(Z), <&)+n""
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with

k, ( )3/2

¢ 1og y})2)

_an(2-y >3/2 2=y)*?) | 5(1°g(n(2—yn>3/2>>”2
anyfoha logn(2—y)37)  \Jos(n(2 = y)?)

We will prove that &, = £ + o(1). Using the preceding representation we have

w2 =) - @ = yf)?) =

2n—c0/10(2 _ yn)l/Q + O(n—CQ/lo) =0

and a, \/27172 log(n(2 — y/,)3/2) — oo when n — oo. Moreover

log(n(2 — ,)%/?) log(n(2 — y,)%/?)
1 2y )3/2) 3/2) 4 3 noi-eonioy L
0g(n(2—yn)*?)  log(n(2 — y,)%/2) + 3log(1 — " 2 )
Applying Theorem 2.1, it follows that lim, . - a2 log P(Z < f) 52 for all
¢ < 0. Similarly we obtain for any ¢ > 0 that lim, . - o2 log P(Z, > €) =

and the MDP for (Z,,),, follows along the lines of the proof of Theorem 2.1. D

Remark 5.2. In a next step one could ask whether the statement of Theorem 5.1
is true also for the sequence

N, (Wy) = E[Ng, (Wy,)]
an \/V(N1, (Wy))

Hence the question is whether the asymptotic behavior of the expectation and
the variance of Ny, (W,,) is identical to the one for GUE matrices, given in (2.1)
and (2.2). The answer is yes, but only for Wigner matrices obeying Condition
(CO0). The reason for this is that the Four Moment Theorem 4.1 deals with a finite
number of eigenvalues, whereas Ny (W,,) involves all the eigenvalues of the Wigner
matrix M,. Theorem 4.1 does not give the asymptotics (2.1) and (2.2) for Wigner
matrices. A recent result of Erdos, Yau and Yin [12] describe strong localization
of the eigenvalues of Wigner matrices and this result provides the additional step
necessary to obtain (2.1) and (2.2) for Wigner matrices M, obeying Condition
(CO0). The result in [12] is that for M, being a Wigner Hermitian matrix obeying
Condition (CO0), there is a constant C' > 0 such that for any i € {1,...,n}

P(IN(Wy,) = t(i/n)| > (logn)C o818 ™ min(i,n — i + 1)71/37172/3) <n73

Along the lines of the proof of [5, Lemma 5] one obtains (2.1) and (2.2). We will
not present the details.
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6. Further random matrix ensembles

In this section, we indicate how the preceding results for Wigner Hermitian ma-
trices can be stated and proved for real Wigner symmetric matrices. Real Wigner
matrices are random symmetric matrices M,, of size n such that, for i < j, (My);;
are i.i.d. with mean zero and variance one, (M, );; are i.i.d. with mean zero and
variance 2. The case where the entries are Gaussian is the GOE mentioned in the
introduction. As in the Hermitian case, the main issue is to establish our conclu-
sions for the GOE. On the level of CLT, this was developed in [16] by means of
the famous interlacing formulas due to Forrester and Rains, [13], that relates the
eigenvalues of different matrix ensembles.

Theorem 6.1 (Forrester, Rains, 2001). The following relation holds between GUE
and GOFE matriz ensembles:

GUE,, = even(GOEn U GOEHH). (6.1)

The statement is: Take two independent (!) matrices from the GOE: one of
size n x n and one of size (n+1) x (n+ 1). Superimpose the 2n + 1 eigenvalues on
the real line and then take the n even ones. They have the same distribution as
the eigenvalues of a n x n matrix from the GUE. Let ME denote a GOE matrix
and let WR := 1 MR In [11, Theorem 4.2] we have proved a MDP for

Vvn

_ N1, (W) — E[Ng, (W,))]
an\/V(N, (WE))
for any 1 < a, < /V(Nr,(WE)), I,, an interval in R, with speed a? and rate
22 /2. If MT denotes a GUE matrix and WS the corresponding normalized matrix,

the nice consequences of (6.1) were already suitably developed in [16]: applying
Cauchy’s interlacing theorem one can write

ZR.

n

(6.2)

Ny (WE) = 5 [Na, (WE) 4 Ne, (WE) (1) (63)

where one obtains GOE!, in Ny, (/V[?}f) from GOE, 11 by considering the princi-
ple sub-matrix of GOE,, 11 and 7/, (I,) takes values in {—2,—1,0,1,2}. Note that
Np, (WE) and N;, (WE) are independent because GOE,,41 and GOE,, denote in-
dependent matrices from the GOE. Now the same arguments as in [11, Section 4]
and Theorem 2.1 lead to the MDP for (ZX),,, if we consider intervals I,, = [y, 00)
where y, — 27 for n — oco. Remark that the interlacing formula (6.3) leads to
2V(N1, (WE)) + O(1) = V(N (WE)) if V(N (WE)) — oco. Next the proof of
Theorem 3.1 can be adapted to obtain an MDP for )\n_i(W}f): Consider
wi\2/3
R . An—i (W) = (2 - (32 n) )
consit( 3Ea)
With
E[N1, (W;)] = E[Ng, (W,)] + O(1) and  2V(Np, (W) + O(1) = V(N (W)
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if V(N (WE)) — oo we get a MDP along the lines of the proof of Theorem 3.1.
We omit the details. The Four Moment Theorem also applies for real symmet-
ric matrices. The proof of the next Theorem is nearly identical to the proofs of
Theorem 4.2 and Theorem 5.1.

Theorem 6.2. Consider a real symmetric Wigner matrixc W, = \/1" M,, whose en-
tries satisfy Condition (C1) and match the corresponding entries of GOE up to
order 4. Consider i = i(n) such that i — oo and i/n — 0 as n — oco. Denote the
ith eigenvalue of Wy, by Ai(W,,). Let (an)n be a sequence of real numbers such that
1 < a, < /logi. Then the sequence (Zy, ;)n with

i (W) — (2= (37 1))

2log i )1/2

Zn i =

)

universally satisfies a MDP with speed a? and rate function I(x) = ””22. Moreover
the statement of Theorem 5.1 can be adapted and proved analogously.

Remark that one could consider the Gaussian Symplectic Ensemble (GSE).
Quaternion self-dual Wigner Hermitian matrices have not been studied. Due
to Forrester and Rains, the following relation holds between matrix ensembles:
GSE,, = even(GOEan) \}2. The multiplication by \}2 denotes scaling the (2n +
1) x (2n 4+ 1) GOE matrix by the factor \}2. Let 1 < 3 < --- < 2, denote the
ordered eigenvalues of an n x n matrix from the GSE and let y1 < y2 < -+ < yon41
denote the ordered eigenvalues of an (2n + 1) x (2n + 1) matrix from the GOE.
Then it follows that z; = 32;/v/2 in distribution. Hence the MDP for the ith eigen-
value of the GSE follows from the MDP in the GOE case. We omit formulating
the result.
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On the Limiting Shape of
Young Diagrams Associated with
Inhomogeneous Random Words

Christian Houdré and Hua Xu

Abstract. The limiting shape of the random Young diagrams associated with
an inhomogeneous random word is identified as a multidimensional Brownian
functional. This functional is identical in law to the spectrum of a Gaussian
random matrix. Since the length of the top row of the Young diagrams is
also the length of the longest (weakly) increasing subsequence of the random
word, the corresponding limiting law follows. The Poissonized word problem
is also briefly studied, and the asymptotic behavior of the shape analyzed.
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1. Introduction

Let X1, Xo,...,X,,... be a sequence of random variables taking values in an
ordered alphabet. The length of the longest (weakly) increasing subsequence of
X1, Xs,...,X,, denoted by LI,, is the maximal 1 < k < n such that there exists
an increasing sequence of integers 1 < iy < ig < --- < i < n with X;; < X, <
<X e,
LI, =max{k:31<i1 <ig < -+ <ip<m, with X;, <X;, <---<X;,}.

When the X;s take their values independently and uniformly in an m-letter
ordered alphabet, through a careful analysis of the exponential generating function
of LI,, Tracy and Widom [27] gave the limiting distribution of LI, (properly

centered and normalized) as that of the largest eigenvalue of a matrix drawn from
the m x m traceless Gaussian Unitary Ensemble (GUE). This result, motivated by

Research supported in part by the NSA Grant H98230-09-1-0017.
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the celebrated random permutation result of Baik, Deift and Johansson [2], was
further extended to the non-uniform case by Its, Tracy and Widom ([18], [19]).
In that last setting, the corresponding limiting law is the maximal eigenvalue of a
direct sum of mutually independent GUEs subject to an overall trace constraint.

A method to study the asymptotic behavior of the length of longest increasing
subsequences is through Young diagrams ([10], [24]). Recall that a Young diagram
of size n is a collection of n boxes arranged in left-justified rows, with a weakly
decreasing number of boxes from row to row. The shape of a Young diagram is
the vector A = (A1, Aa, ..., Ak), where A\; > Ao > --- > )i and for each 7, \; is the
number of boxes in the ith row while & is the total number of rows of the diagram
(and so A1 + -+ + Ay = n). Recall also that a (semi-standard) Young tableau is
a Young diagram, with a filling of a positive integer in each box, in such a way
that the integers are weakly increasing along the rows and strictly increasing down
the columns. A standard Young tableau of size n is a Young tableau in which the
fillings are the integers from 1 to n.

Let now [m] := {1,2,...,m} be an m-letter ordered alphabet. A word of
length n is a mapping W from {1,2,...,n} to {1,2,...,m}, and let [m]™ denotes
the set of words of length n with letters taken from the alphabet {1,2,...,m}. A
word is a permutation if m = n, and W is onto. The Robinson-Schensted corre-
spondence is a bijection between the set of words [m]™ and the set of pairs of Young
tableaux {(P, @)}, where P is semi-standard with entries from {1,2,...,m}, while
Q is standard with entries from {1,2,...,n}. Moreover P and () share the same
shape which is a partition of n, and so, we do not distinguish between shape and
partition. If the word is a permutation, then P is also standard. A word W in [m]™
can be represented uniquely as an m x n matrix Xy with entries

(XW)Z‘}]‘ = Ly (j)=i- (1.1)

The Robinson-Schensted correspondence actually gives a one-to-one correspon-
dence between the set of pairs of Young tableaux and the set of matrices whose
entries are either 0 or 1 and with exactly a unique 1 in each column. This was
generalized by Knuth to the set of m x n matrices with nonnegative integer entries.
Let M(m,n) be the set of m x n matrices with nonnegative integer entries. Let
P(P,Q) be the set of pairs of semi-standard Young tableaux (P, Q) sharing the
same shape and whose size is the sum of all the entries, where P has elements
in {1,...,m} and @ has elements in {1,...,n}. The Robinson-Schensted-Knuth
(RSK) correspondence is a one-to-one mapping between M (m, n) and P(P, Q). If
the matrix corresponds to a word in [m]™, then @ is standard.

Johansson [20], using orthogonal polynomial methods, proved that the lim-
iting shape of the Young diagrams, associated with homogeneous words, i.e., the
i.i.d. uniform m-letter framework, through the RSK correspondence, is the spec-
trum of the traceless m x m GUE. Since LI, is also equal to the length of the
top row of the associated Young diagrams, these results recover those of [27]. The
permutation result is also obtained by Johansson [20], Okounkov [22] and Borodin,
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Okounkov and Olshanki [5]. More recently, for inhomogeneous words and via sim-
ple probabilistic tools, the limiting law of LI, is given, in [15], as a Brownian
functional. Via the results of Baryshnikov [3] or of Gravner, Tracy and Widom
[12] this functional can then be identified as a maximal eigenvalue of a certain ma-
trix ensemble. For the shape of the associated Young diagrams, the corresponding
open problem is resolved below.

Let us now describe the content of the present paper. In Section 2, we list
some simple properties of a matrix ensemble, which we call generalized traceless
GUE; and relate various properties of the GUE to this generalized one. In Section
3, we obtain the limiting shape, of the RSK Young diagrams associated with an
inhomogeneous random word, as a multivariate Brownian functional. In turn, this
functional is identified as the spectrum of an m x m element of the generalized
traceless GUE. Therefore, the limiting law of LI, is the largest eigenvalue of the
block of the m x m generalized traceless GUE corresponding to the most probable
letters. Finally, the corresponding Poissonized word problem is studied in Section 4.

2. Generalized traceless GUE

In this section, we list, without proofs, some elementary properties of the general-
ized traceless GUE. Proofs are omitted since simple consequences of known GUE
results as exposed, for example, in [21] or [1], except for the proof of Proposition 2.7
which relies on simple arguments presented in the Appendix.

Recall that an element of the m x m GUE is an m x m Hermitian random
matrix G = (Gi,j)1<i,j<mv whose entries are such that: G; ; ~ N(0,1), for 1 <i <
m, Re (G ;) ~ N(0,1/2) and Im (G, ;) ~ N(0,1/2), for 1 <i < j <m, and G,
Re (Gi,;), Im (G; ;) are mutually independent for 1 < ¢ < j < m. Now, for m > 1,
k=1,...,K and dy,...,dx such that Z?:ldk =m, let G, (d1,...,dk) be the
set of random matrices X which are direct sums of mutually independent elements
of the di xd GUE, k =1,..., K (i.e., X is an m x m block diagonal matrix whose
K blocks are mutually independent elements of the di x dy GUE, k =1,..., K).
Let p1,...,pm > 0, Z;"':l pj = 1, be such that the multiplicities of the K distinct

probabilities pV), ..., p&) are respectively d, ..., dxg, i.e., let m; = 0 and for k =

k—
2,..., K, let my = ijlldj, and 80 Pryt1 = = Pmgtd, = pF, k=1,... K.
The generalized m x m traceless GUE associated with the probabilities p1, ..., pm

is the set, denoted by G° (p1,...,pm), of m x m matrices X°, of the form

X0 — Xii = /Pi ooy VX, ifi=j;

" Xijs if i 7 j,
where X € G, (dy, . ..,dk). Clearly, from (2.1), 27:1 \/piX?’i = 0. Note also that
the case K = 1 (for which dy = m) recovers the traceless GUE, whose elements

are of the form X —tr(X)IL,, /m, with X an element of the GUE and I,,, the m xm
identity matrix.

(2.1)
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Here is an equivalent way of defining the generalized traceless GUE: let X (%)
be the m x m diagonal matrix such that

WS Xy, if < :
X(k):{ Vp 2o Ve Xy, i me <@ < my + dys (2.2)

b 0, otherwise,
and let X € Gy, (dy, ..., dx). Then, X0 := X =% X®) € GO (py, ..., pp).
Equivalently, there is an “ensemble” description of G° (p1, ..., pm).
Proposition 2.1. X° € G% (p1,...,pm) if and only if X° is distributed according to
the probability distribution

2

K 0
- > i
P (dX°) = Cy (dX9 4, ...,dX, ) |] <e mk Si<iSmptdy
k=1
0 0
11 dRe (X?,) dIm (X9) )
my <i<j<mp+d
(2.3)
on the space of m x m Hermitian matrices, which are direct sum of di X dj, Her-
mitian matrices, k=1,..., K, 25:1 dp = m, and where m; =0, my = Zf;ll d;

k=2, K. Above, C = n~ Zk=1d(de=1/2 qng ~ (dX9,,...,dX0, ) is the
distribution of an m-dimensional centered (degenerate) multivariate Gaussian law
with covariance matriz

1—p1  —/pP1p2 e —v/P1Pm
50 —vp2p1 1—p2 R —v/P2Pm
_\/pm,pl e _\/pm,pm—l 1- Pm

We provide next a relation between the spectra of X and XO.

Proposition 2.2. Let X € G, (dy,...,dx), and let X° € G°(p1,...,pm). Let
&1y .., Em be the eigenvalues of X, where for eachk =1,..., K, &mp+1, -+« s Emptds
are the eigenvalues of the kth diagonal block (an element of the di x di, GUE).
Then, the eigenvalues of X° are given by:

& =& - \/piZ\/plxl,l =& - \/PiZ\/Pl&» i=1...,m
=1

=1

Let {fUE’m,EQGUE’m,...,fﬁUE’m be the eigenvalues of an element of the

m x m GUE. It is well known that the empirical distribution of the eigenvalues

(fiG UE,m / \/m> converges almost surely to the semicircle law v with density
1<i<m

V4 — 22 /27, =2 < 2 < 2. Equivalently, the semicircle law is also the almost sure
limit of the empirical spectral measure for the kth block of the generalized traceless
GUE, provided d, — oo, k = 1,..., K. This is, for example, the case of the uniform
alphabet, where K =1, d; = m and p(!) = 1/m.
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Proposition 2.3. Let £9,£9....,£0 be the eigenvalues of an element of the m x m
generalized traceless GUE, such that f?nk_H, e ,521”% are the eigenvalues of the
kth diagonal block, for each k = 1,...,K. For any k = 1,..., K, the empirical
distribution of the eigenvalues (5?/\/dk)mk<i§mk+dk converges almost surely to

the semicircle law v with density V4 — x?2/2m, =2 < x < 2, whenever dj, — 00.

Now for p1, ..., pm considered, so far, i.e., such that the multiplicities of the
K distinct probabilities p(*), ... p5) are respectively di,...,dx and Dmp+1 =
o= D, = PP k=1, K, let

LProPm . — {xz(xl,...,xm)e R™: g1 = > Tptdys k=1,...,K;

i JPiTj = 0}. (2.4)

In other words, £P1Pm is a subset of the hyperplane Z;"':l VPirj = 0, where
within each block of size di;, k =1, ..., K, the coordinates Xy, +1, - - - ; Tmy+dy,, aT€
ordered. For any s1,...,s, € R, let also

gt e e 0 (@ an) € R a S siy i=1,mb. (25)

(815++55m)

The distribution function of the eigenvalues, written in non-increasing order within

each dj, x dp GUE, of an element of G° (p1,...,p) is given now.
Proposition 2.4. The joint distribution function of the eigenvalues, written in non-
increasing order within each dy xdy, GUE, of an element of G° (p1, ..., pm) 15 given,
for any s1,...,sm €R, by
P(f(f < 51,69 < 82,00, 60, < 8m> =/ f(x)dzy - dzm-1, (2.6)
[,pl vvvvv Pm
[CERTIY sm)
where for © = (z1,...,%m) € R™,
K 2
F@) = cm ] Ar(@)?e” Z57 21 0 (@), (2.7)
k=1

with ¢y, = (2m)~(M=1/2 HkK:1 (011! (d, — D)™ and where Ay(x) is the Van-
dermonde determinant associated with those x; for which p; = p®, i.e.,
Ag(z) = 11 (i — ;) -
m+1<i<j<my+dg

Remark 2.5. When the eigenvalues are not ordered within each dy x d GUE, the
identity (2.6) remains valid, multiplying ¢,,, above, by HkK:1 (dx) ™", and also by
omitting the ordering constraints xm,+1 > -+ > Tmu+de, & = 1,..., K, in the
definition of LP1»Pm

The next proposition gives a relation in law between the spectra of elements
of G (d1,...,dx) and of GO (p1,...,pm).
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Proposition 2.6. For any m > 2, let X € G, (di,...,dx) and let X° €
GO (p1y---,pm) - Let &1,...,&n be the eigenvalues of X, and let £9, ... €0 be the
eigenvalues of X° as given in Proposition 2.2. Then,

(517"'7€m:)i (é.?ayé.gn)—F(Zla,Zm),

where (Z1,...,2Zm) is a centered (degenerate) multivariate Gaussian vector with
covariance matric (\/pipj)lgi,jgm' Moreover, (Z1,...,Zm) can be chosen to be

independent of (5?, . ,§9n>.

The asymptotic behavior of the maximal eigenvalues, within each block, of
X% € G%(p1,...,pm) is well known and well understood (see also Proposition 5.2
and Proposition 5.4 of the Appendix for elementary arguments leading to the result
below).

Proposition 2.7. For k=1,..., K, let max €9 be the largest eigenvalue of

my<i<mp+dg
the dy x dy block of X° € G (p1,...,pm), then
0
lim mk<£r§1%«+dk gz —9
dp,—o0 \/dk -

both almost surely and in the mean.

3. Young diagrams and inhomogeneous random words

Throughout the rest of this paper, let W = X;X5---X,, be a random word,
where X1, Xo,..., X, are 1i.d. random variables with P (X; = j) = p;, where

j=1,...,m, p; >0, and Z;"':lpj = 1. Let 7 be a permutation of {1,...,m}
corresponding to a non-increasing ordering of pi,pa,...,pm, i€, pray = -+ =

Pr(m)- Assume also there are K distinct probabilities in {p1,p2, ..., pm} which are
reordered as p™) > ... > p) _in such a way that the multiplicity of each p® is
dig, k=1,..., K. In our notation, K = 1 corresponds to the uniform case, where
di = m. Let m; = 0 and for any k = 2,..., K, let my = Z?;lldj and so the
multiplicity of each p,(;) is di if mp < 7(j) < mp +dy, j = 1,...,m. Finally, let
Xw be asin (1.1) the matrix corresponding to such a random word W of length n.

Its, Tracy and Widom ([18], [19]) have obtained the limiting law of the length
of the longest increasing subsequence of such a random word. To recall their result,
let (&1,...,&mn) be the eigenvalues of an element of G° (pT(l), . ,pT(m)), written in

such a way that (€1, ...,&m) = ( NS T fK,...,g;j;;), e, &, el
are the eigenvalues of the kth block, k = 1,..., K. Then (see [19]), the limiting law
of the length of the longest increasing subsequence, properly centered and normal-
ized, is the law of 12?51 fjl. A representation of this limiting law, as a Brownian

functional is given in [15]. A multidimensional Brownian functional representa-
tion of the whole shape of the diagrams associated with a Markov random word
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is further given in [17] (see also Chistyakov and Gotze [7] or [16] for the binary
case). Below, we obtain the convergence of the whole shape of the diagrams, in
the i.i.d. non-uniform case via a different set of techniques which is related to the
work of Glynn and Whitt [11], Baryshnikov [3], Gravner, Tracy and Widom [12]
and Doumerc [9].

Let (Bl(t), B2(t),... ,Bm(t)) be the m-dimensional Brownian motion having
covariance matrix

p-y (1= pr1) —pa1)pr(2) ) —Dr(1)Pr(m)
—Pr(2)Pr(1 Pr2 —DPr2 —DPr(2)Pr(m
>, = (') (1) (2) ' (2) . (? (m) (3.1
—Pr(m)Pr(1) —Pr(m)Pr(2) 0 Pr(m) (1 - pT(m))

For each [ = 1,...,m, there is a unique 1 < k < K such that p.q) = pF) | and let

mp+dr l—my

mi
L, =Y B+ swp Y > (B(ti_)-B(t_), (32
= JU=misdr) j— 11 =1

where the first sum is understood to vanish when mj; = 0 and where the set
J(I = my,dy,) consists of all the subdivisions (t}) of [0,1], 1 <i <1 —my, j € N,
of the form:

the[0,1); 5 <ty <th g5 £ =0 for j <my
and t; =1 forj>mps1 — (1 —myg)+ 1. (3.3)
With these preliminaries, we have:

Theorem 3.1. Let A(RSK (Xw)) = (A1, ..., Am) be the common shape of the Young
diagrams associated with W through the RSK correspondence. Then, as n — 0o,
A1 — npr(1) Am — nPr(m)
Jn e Jn
Proof. Let (ej);_, ,, be the canonical basis of R™, and let V' = (V4,..., V) be
the random vector such that

) s (L B2 = b L~ L) (34)

P(V=e)=pj, j=1...,m.
Clearly, for each 1 < j < m,
E (V) = pj, Var(V;) =p; (1 —p;),

and for ji # jo, Cov(V},,V;,) = —pj,pj,. Hence the covariance matrix of V is
pi(l—p1)  —pip2 - —P1Pm
—pap1 p2(l—p2) - —D2Pm
Y= . , . ) (3.5)

—PmP1 —PmpP2 o Dm (1 —pm)
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Let V1, Va2, ..., V, be independent copies of V, where Vi = (Vi 1,Via,...,Vim),
i =1,...,n. Then Xy has the same law as the matrix formed by all the V; ; on
the lattice {1,...,n} x {1,...,m}.

It is a well-known combinatorial fact (see Section 3.2 in [10]) that, for all
1<l <m,

)\1+-'-+)\l=Gl(m,n) = max Z Vijim,...,m € P(m,n),

(i,j)ETK'lU---Uﬂ'l

and mq,...,m are all disjoint}, (3.6)

where P(m,n) is the set of all paths 7 taking only unit steps up or to the right in
the rectangle {1,...,n} x {1,...,m} and where, by disjoint, it is meant that any
two paths do not share a common point in {1,...,n} x {1,...,m} when V; ; = 1.
We prove next that, for any [ =1,...,m,

l — ~
Gllm,n) = st nog 11 (3.7)
Jn '

where s; = 23:1 Pr(j)- Forl =1,

GY(m,n) = max{ Y Vijime P(m,n)}. (3.8)

(i,j)em

Moreover, each path 7 is uniquely determined by the weakly increasing sequence
of its m — 1 jumps, namely 0 =ty < t; < --- < t;—1 < 1, such that 7 is horizontal
on [|[tj—1n], [tjn]] x {j} and vertical on {|t;n]} x [4,7 + 1]. Hence

1 . .
G (m,n) O_toStlé'ﬁlfl?m—lﬁtm—ljz_;i_man Vz,j.
Let pmax = maxi<j<mpj, J(m) = {j :pj =Pmax} C {1,...,m} and so d; =
card (J(m)) (J(m) is the set of all the most probable letters). As shown in [17,
Section 3 and 4], the distribution of G*(m,n) is very close, for large n, to that of
a very similar expression which involves only those V; ; for which j € J(m). To
recall this result, if

—

tjn

m
A1
G (m,n) = sup E Vijs
0=to<t1 <+ <tm-1<tm=1 i=1 5= 1.
tj1=t; for jgJ(m) ’ i=lti-1n]

[

then, as n — oo,

G (m,n) B Gl(m,n) p
Jn Jn — 0, (3.9)
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i.e., as n — oo, the distribution of the maximum (over all the northeast paths) in
(3.8) is approximately the distribution of the maximum over the northeast paths
going eastbound only along the rows corresponding to the most probable letters.
Now,

A m [tin] (tj

Gl (m7 n) — NPmax Z i=|t;j_1n] ,j - tjfl)npmax
Vn '

== sup
\/n O0=to<t;<-- —y
<tm—1<tm=1 J=
ti_i=t; for jgJ(m)

(3.10)
We next claim that, as n — oo, for any ¢ > 0,
tn] v, ]
(S o)
" 1<j<m tsg=m
where (Bj (t)) oy is an m-dimensional Brownian motion with covariance ma-
1<5<m
trix Xt. Indeed, for any ¢ > 0, since V1, Vg, ... are independent, each with mean
vector p = (p1,...,Pm), and covariance matrix X,

Ltnj Vi ¢t .
2= \/‘ " (Bj (t)) s
n 1<j<m

by the central limit theorem for i.i.d. random vectors and Slutsky’s lemma. Next,
for any t > s > 0, and from the independence of the Vjs,

Z:lLtnLJ‘mJ-‘rl - I_(t - S)’I’LJp Z[enj Vv, — I_San
vn Jn

(3.11)
Bi(t—s)) (B ) .
- <( ( S) 1<j<m (8) 1<j<m
The continuous mapping theorem allows to conclude that
(Z}t_nij V; —tnp ZEZ{J V; — snp)
vn vn (3.12)

= ((Bj(t)>1§j§m : (Bi(s))1§j§m> .

The convergence for the time points ¢ty > to > --- > t, > 0 can be treated
in a similar fashion. Thus the finite dimensional distributions converge to that

of (Bj(t))K L Since tightness in C([0,1]™) is as in the proof of Donsker’s
jsm

invariance principle (e.g., see [4]), we are just left with identifying the covariance
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structure of the limiting Brownian motion (Bj (t)) But,

1<j<m’

o o Ltnj - LfnJ -
Cov (BJ1 (), B (t)) = nlgrgo Cov (Zl_&nvwl ) Ez_\l/nvhm )

[tn]

= i 2 Cov (V1515 Vi j) (3.13)
i=
= Cov (Vl,jl ) Vl,jz) t.
Hence the m-dimensional Brownian motion (BJ (t)) has covariance matrix
1<j<m

3t with 3 given in (3.5). In particular, as n — oo, for any ¢ > 0,

tn) v, N
Zi:l Vv%] tnpnlax . (Bj (t)) '
\/n 1<j<m, jeJ(m) 1<j<m, je€J(m)

It is also straightforward to see that the covariance matrix of (BJ (t)) Som) is the
jeJ(m

d1 X d; matrix

Pmax (1 — Pmax) _prznax T _p?nax
—p2 1— )RR —p?
Pmax Pmax Pmax Pmax
. . ) . t. (3.14)
_p?nax _prznax * Pmax (1 - pmax)

By the continuous mapping theorem,

dy

Gl (mvn) — NPmax n—oo A ~
— sup B (t;)— B (t;_1)), 3.15
I e 3 (B - B), 619)

and the right-hand side of (3.15) is exactly L} , then (3.9), leads to

1 — ~
G (m,n) = NPmax noee it (3.16)
vn

Now, for I > 2, G(m,n) is the maximum, of the sums of the V; ;, over [
disjoint paths. Still by the argument in [17], (Gl(m,n)—él(m,n)) Nn BN 0, as

n — 0o, where G! (m,n) is the maximal sums of the V;; over [ disjoint paths
we now describe. Let 1 < k < K be the unique integer such that p,;) = p).
Denote by a1y, - -, j(m,) the letters corresponding to the my probabilities that
are strictly larger than p.¢y. For each 1 < s < my, the horizontal path from
(1,7(s)) to (n,j(s)) is included, and thus so are these mj paths. The remaining
I — my, disjoint paths only go eastbound along the rows corresponding to the dj
letters having probability p,(;). The set of these | — my paths is in a one-to-one
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correspondence with the set of subdivisions of [0,1] given in (3.3). Therefore

mp+dr l—myg Lt;—i+1n’J

mE n
=> > Vieg+  sup YN D> Vi (317)

j=1i=1 JU=miedi) jmmy 41 i=1 (41 n)
Now,
Gl(m,n) — ns _ Z S Vi) — np-()
vn \/n

my+de 1—mg ZU7 i1 VerG) — (t§_¢+1 - té'—i) np®)

Lo Y Y T n

J(l=mp,dg) j=mp+1 i=1
(3.18)
Since the column vectors V1, Va, ..., V, arei.i.d., again, asn — oo, for any ¢t > 0,
[tn] .
(Z iV, 7—\(/1) tn]%(])) — (B] (t)) o
n 1<j<m 1<j<m
where ( ) B is an m-dimensional Brownian motion with covariance ma-
1<5<

trix given in (3.1). ence, (3.18) and standard arguments give
G'(m,n) —ns; n—go
vn
Finally, by the Cramér-Wold theorem, as n — oo,
2 m
Al — NSy Zj:l Aj — nsy Ej:l Aj — nSm 1 72 2 m
, (L 2.0 )

Ll

therefore, as n — oo, by the continuous mapping theorem,

A1 = NP1y A2 — npr(2) Am = NP7 (m)
Jn , Jn e Jn

_ [G'—ns (G2 —nsy) — (Gt —nsy) (G™—nsm)— (G™ ' —nsp_1)

B N vn Y vn

= (L}WL?,L B im Dm”—l) . (3.20)
The proof is now complete. u
Remark 3.2. (i) In Theorem 3.2 of [17], the limiting shape of the Young diagrams
generated by an irreducible, aperiodic, homogeneous Markov word with finite state
space is obtained as a multivariate Brownian functional similar to the one obtained

above. The arguments there are based on a careful analysis of the reconfiguration
of disjoint subsequences. Specifically, the smallest letter appearing in the disjoint
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subsequences is then solely in the first subsequence, the second smallest letter,
not included in the first subsequence, is completely in the second subsequence,
etc. With this new configuration of the disjoint subsequences, a subdivision of the
interval [0,1] can be described and a Brownian functional representation is then
available. Our approach takes advantage of the lattice with zeros and ones entries
(exactly a unique one in each column), and the fact that each subsequence corre-
sponds to a north-east path on the lattice, and that the length of the subsequence
is identical to the sum of all the entries on that path. Moreover, for 1 <[ < m,
and 1 < ¢ <, the ith lowest path can be chosen to be from (1,4) to (N, M —1+1).
Then the subdivision of [0, 1] is naturally determined by describing the jumps of
all the paths involved.

(ii) Let (5?, co, 60 ) represent the vector of the eigenvalues of an element

of GY (pT(l), e ,pT(m)) written in such a way that fmk+1 > > 5mk+dk
k=1,...,K. Tts, Tracy and Widom [18] have shown that the limiting denblty

of ((Al—in(l))/\/in(l), cey ()\m—in(m))/\/in(m)), as n — 0o, is that of the

eigenvalues of an element of GY (pT(l), e ,pT(m)), given by (2.7). By a simple
Riemann integral approximation argument, it follows that

)\1 — npr )\m — NPr(m
W, (M) — (&0,...,€0).
/P (1) \/MPr(m)

Thus, from Theorem 3.1,
L, L2,-L%,  Lp-Lmt) 4
) ) ) A ) = (5?7 A 75’9}7,) * (3'21)
\/pT(l) \/p"'(2) \/pT(m)

(iii) Let (Bl(t),BQ(t), ...,B™(t)) be a standard m-dimensional Brownian
motion. For k =1,...,m, let

o SHPZZ B' (ti_ p+1 Bi(t?—p))’
=1 p=1
where the sup is taken over all the subdivisions () of [0, 1] described in (3.3). The
very approach to prove Theorem 3.1 can be used to obtain a Brownian functional
representation of the spectrum of the m x m GUE, namely,

(DL, D2 —DL,....Dm —Dr) £ (ngEm, GUEm gUEfm). (3.22)

) )

From the observation that the supremum in the definition of G*(m,n) is attained
on a particular set of k disjoint northeast paths for each k = 1,...,m, Doumerc
([9]) found Brownian functional representations for Zle ¢EUE™  These function-
als are similar to the DF, except that the supremum is taken over a different set of
subdivisions of [0, 1]. In fact, we believe that the subdivisions given in (3.3) should
be the ones present in [9] (we believe the conditions t; < s9,ty < s3,..., present
at the top of page 7 of [9], should not be there). With a similar consideration of
k disjoint increasing subsequences, a specific expression for the sum of the first &
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rows of the Young diagram associated with a Markov random word is obtained,
in [17], in terms of the number of occurrences of the letters among the sequence
(see also Chistyakov and Gotze [7] or [16] for the binary case). The multidimen-
sional convergence of the whole diagram towards a corresponding multidimensional
Brownian functional is also obtained there.

In contrast to the approach in [9], our potential proof of (3.22) does not
require passing through the matrix central limit theorem. To briefly describe the
approach in [9], let the V; ; in (3.6) be i.i.d. geometric random variables, i.e., for
r=0,1,...,let P(V;; =r) = ¢(1 —q)". With such V; ;, the probability of a given
matrix realization only depends on the sum of the matrix entries, which is also
the sum of the entries in the shape of the associate Young diagrams. The joint
probability mass function of the shape of the associate Young diagrams through
the RSK correspondence can then be expressed through the well-known number
of Young diagrams sharing this given shape. Next, by setting ¢ = 1 — L™, and
letting I — oo, the random variables on the lattice converge to i.i.d. exponential
random variables with parameter one, while the corresponding shape of the asso-
ciated Young diagrams converges to the spectrum of the m x n Laguerre Unitary
Ensemble. As n — oo, for any k = 1,...,m, the corresponding G*(m,n), prop-
erly normalized, converge in distribution to D¥,. With the same normalization, it is
proved in [9] that the spectrum of the m x n Laguerre Unitary Ensemble converges
to the spectrum of the m x m GUE. Hence, the continuous mapping theorem, gives

25:1 §jGUE’m £ DE . Via the large n asymptotics of the corresponding numbers
of Young diagrams, we are able to directly show that the limiting joint probability
mass function of the shape of the diagrams converges to the joint probability den-

sity function of the eigenvalues of an element of the GUE. Thus, 25:1 ngUE m 4

DEF and (3.22) follows from the Cramér-Wold theorem. Similar ideas are al-
ready developed by Johansson (Theorem 1.1 in [20]) to prove that the Poissonized
Plancherel measure can be obtained as a limit of the Meixner measure. Johansson
also proves the convergence of the whole diagram corresponding to a random word

for uniform alphabets, and obtains the joint density of the limiting law.

(iv) The functionals ([A/}n, ce I:m) can also be represented via m-dimensional stan-
dard Brownian motion (Bl, . ,Bm). Indeed, for i =1,...,m, let
B'(t) = \/pr(i) (L= Prn) B') = prity Y /Pr(@)BI(E)
q=1, q#i
= pr(y B (t) = pr(i) Y /Pr(@ BU(L). (3.23)
q=1

Then, it is easy to check that the multidimensional Brownian motion obtained via
this linear transformation has covariance matrix X, as in (3.1). Next, recall that
for each [ = 1,...,m, there is a unique 1 < k < K such that p,) = p®) | each
p*) having multiplicity dj. Recall also that we set m; = 0, and for k =2,..., K,
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mg = Z;:ll dj, so that the multiplicity of each p,(;) is dy if myp+1 < j < my +d,
k=1,...,m. With these notations and using the transformation (3.23), and for
any [ = 1,...,m, with my + 1 <1 < my, + dg, (3.2) becomes:

IA/fn = Z\/pr BJ Zp‘r Z\/pr(q)B

mk+dk l—my

s 3N e (B ) - B )

J(l mkdkj mk+1 i=1

—PT(J)Z\/PT((;) Uth_ir) — Bq(tém))}

= Z\/PT@)BJ ZPT@) + (I = mp)Dr (mp+1) Z\/PT(q)B (1)
j=1 g=1
mp+di l—my

+\/p7(7nk+1) sup Z Z B] ] z+1 Bj(tl z)) (324)

J(l1- mk7dk)J mip+1 i=1

! m
= Z VP B (1 Z D /PrioBY(1)
j=1 g=1

my+dr [—my

+ \/p‘r(mk+1 sup Z Z B] ] z+1 B] (tz z)) (325)
J(= m}"d}‘)j mrp+1 i=1
where all the sums Z;ﬂ:'l are understood to vanish when mj; = 0. In particular,
for I =1, m; =0 and (3.24) becomes:

LY = —prax Z VPr(@B (1) + \/Pmax J?“(E’ 2 Z (BI(th) — BI(t}_})) . (3.26)
q=1 Lda

4. The Poissonized Word Problem

“Poissonization” is another useful tool in dealing with length asymptotics for
longest increasing subsequence problems. It was introduced by Hammersley in
[13] in order to show the existence of lim,_, . ELc, /+/n, for o, a random permu-
tation of {1,2,...,n}. Since then, this technique has been widely used and we use
it below in connection with the inhomogeneous word problem.

Johansson [20] studied the Poissonized measure on the set of shapes of Young
diagrams associated with the homogeneous random word, while, Its Tracy and
Widom [19] also studied the Poissonization of LI, for inhomogeneous random
words. They showed that the Poissonized distribution of the length of the longest
increasing subsequence, as a function of pi,...,pm, can be identified as the solu-
tion of a certain integrable system of nonlinear PDEs. Below, we show that the
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Poissonized distribution of the shape of the whole Young diagrams associated with
an inhomogeneous random word converges to the spectrum of the corresponding
direct sum of GUEs. Next, using this result, together with “de-Poissonization”, we
obtain the asymptotic behavior of the shape of the diagrams.

Let W = X1 X5--- X, be a random word of length n, with each letter in-
dependently drawn and with P, (X; =j) = p;, ¢ = 1,...,n, where p; > 0
and Z;"':l p; = 1, ie., the random word is distributed according to Pw,mn =
Py, x +-+ x Py, on the set of words [m]”. Using the terminology of [20], with
N=1{0,1,2,...}, let

Ph = {Az(Al,...,meNm:Al > > A, ZAi:n},
=1

denote the set of partitions of n, of length at most m. The RSK correspondence
defines a bijection from [m]™ to the set of pairs of Young diagrams (P,Q) of
common shape A\ € ’P,(:), where P is semi-standard with elements in {1,...,m}
and @ is standard with elements in {1,...,n}.

For any W € [m]", let S(W) be the common shape of the Young diagrams
associated with W by the RSK correspondence. Then S is a mapping from [m]"
to 77,(,?'), which, moreover, is a surjection. The image (or push-forward) of Py,

by S is the measure P, ,, given, for any Ag € PT(Y?K by
Prin (Ao) := Pwimn (A (RSK (Xw)) = Ao).

Next, let
Pm ::{)\:(Al,...,)\m)ENm:Al ZEATH}7

be the set of partitions, of elements of N, of length at most m. The set P,, consists
of the shapes of the Young diagrams associated with the random words of any
finite length made up from the m letter alphabet.

For o > 0, the Poissonized measure of P, ,, on the set P, is then defined as

(o] an
P (M) = ey Pon (o) - (4.1)
n=0 :

The Poissonized measure P¢, coincides with the distribution of the shape of the
Young diagrams associated with a random word whose length is a Poisson random
variable with mean «. Such a random word is called Poissonized, and LI, denote
the length of its longest increasing subsequence.

The Charlier ensemble is closely related to the Poissonized word problem. It
is used by Johansson [20] to investigate the asymptotics of LI, for finite uniform
alphabets. For the non-uniform alphabets we consider, let us define the generalized
Charlier ensemble to be:

enn () = T 0=20+i-9]]

1<i<j<m j=1

m

1 _ 30
Lsxople | oty (4.2)
T
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for all \% = (A9, X9, ..., \)) € P,,, and where sy0(p) is the Schur function of shape
A% in the variable p = (pT(l), ... ,pT(m)) which we describe next. Let Ai, .o Ak

be the decomposition of {1,...,m} such that p.; = p-¢;) = p®) if and only if
1,7 € Ag, for some 1 < k < K. Clearly, dy, = card (Ag). Then,

5> (7T Miea, (pry” @ Ongr )

sxlp) = 7" o (43)
I, 01!+ (dy = D) Ty (8 = p®) ™"

where S,,, is the set of all the permutations of {1,...,m} and where h; = A} +m—i

fori=1,...,m.

The next theorem gives, for inhomogeneous random words, both Py, (o)
and the distribution of LI,. The first statement is due to Its, Tracy and Widom
([18], [19]), while the second follows directly from the fact that the length of
the longest increasing subsequence is equal to the length of the first row of the
corresponding Young diagrams.

Theorem 4.1.
(i) On [m]™, the image (or push-forward) of Pw ., n by the mapping S : [m]™ —
Py(nn) i87 fOT any AO = (A(1)7 )\(2]7 R )‘Qn) € PT(nn)7 given by

P (A°) = 530 (p) f'. (4.4)

Above, fAO is the number of Young diagrams of shape \° with elements in
{1,...,n}:
m

A =n ] (A?-A§?+j—z')]‘[( !

0 —
1<i<j<m =1 Aj+m—j)!

and syo(p) is the Schur function of shape \° in the variable p = (pT(l), R
pT(m)) given in (4.3), with T a permutation of {1,...,m} corresponding to a
non-increasing ordering of p1,p2, ..., Pm-

(ii) The Poissonization of Py, is the generalized Charlier ensemble Pg,, .~ de-
fined in (4.2). In particular, for the Poissonized word problem,

o0 O[n
Wom (Llo <t) =€ Ppn (M <) 1 =P A <t). (45)
n=0 :

For uniform alphabet, Johansson [20] obtained the convergence, as o — o0,
of the Poissonized measure on P,, to the joint law of the ordered eigenvalues of the
GUE. Next, following his lead and techniques, we generalize this result to the non-
uniform case, where the convergence is towards the joint law of the eigenvalues
(&1,-..,&m), ordered within each block, of an element of G, (di,...,dk). The
density of (&1,...,&m) is, for any = € Rm, given by

fersem (@) = cmHAk )2em Tiiwi/2, (4.6)
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where ¢, = (27r)~(m=1/2 Hle 011!+ (dg — 1))™", and where

Ag(z) = 11 (i —x5) -

mp+1<i<j<mp+ds

Theorem 4.2. Let A(RSK (Xw)) = (A1, ..., Am) be the common shape of the Young
diagrams associated with W through the RSK correspondence. Let (&1,...,&m)
be the eigenvalues of an element of Gy, (d1,...,dKk), written in such a way that
Emp+1 = 0 2> Empta, for k=1,... K, and let fe, . . be its density given by
(4.6). Then, for any continuous function g on R™,

. AL — aPr(1) Am — APr(m) /
lim EY, ey = T ot ()dz. (4.7
Jim. <g ( T (@) st () (1T

Proof. By Theorem 4.1, for any partition A\ = (A, \9,...,A%) of n € N,
Punn(ARSK (X)) = X°) = sxo (p) /',

where

0 = 1
A=t I =X+ -91T 0 .

1<i<j<m j=1 (Af +m = j)!
and where syo(p) is the Schur function of shape A° in the variable p = (PT(1)7 R
pT(m)) as given in (4.3). Hence the Poissonized measure is

00 m 1 o
Pr(X)=cd n [T W -A+i-9]] s
n=0 1<i<j<m ’ i1 (A +m —j)! n!
Next, for i =1,...,m, let
)‘0 - (7
gy = QP (3)
VP (i)
then, as a — oo,
- 1 e ML . o
~ —m/2 —m(m—1)/2 T(i)—m | S z2/2
H(AQ gy T ET e (Hpru) ) T T, (48)
=1y i=1
and
II A=A +i-4) (4.9)
1<i<j<m

drd;

« a dic(dx—1)/4
~ @D 2T DA T ( (p<k>) | Ak(x)> 11 (p<k> _ pu)) .
k=1

k<l
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Together with
K

o' m— a(z —mp—dr+7(2) g mp+di—7(4)
S0 [T I ( o ) e ) (4.10)
oeSn, k=1 16Ak
. —di(dx—1)/2 g o dr.(dp—1)/4
~ H P @ ( (k)) e | ((pw)) Ak(x)) :
k=1 k=1
the limiting density of (()\1 — apT(l)) //OPr(1)s s ()\m — apT(m)) /\/apT(m)), as

a — 00, is
K
\/chmHAk(x)Qe_ Lai/2 x=(x1,...,2m) €ER™,

which is just the joint density of the eigenvalues, ordered within each block, of
an element of G, (di,...,dk). The statement then follows from a Riemann sums
approximation argument as in [20]. O

The next result is concerned with “de-Poissonization”, and again is the non-
uniform version (with a similar proof) of a result of Johansson.

Proposition 4.3. Let o, = n+ 3v/nlogn and 3, = n — 3v/nlogn. Then there is a
constant C' such that, for sufficiently large n, and for any0 <n; <n,i=1,...,m,

]P)%L ()\1 Snlv"'v)\m Snm) - CQ S]P)m,n()\l S nlw“v)\m S nm)
" o (411
< PQ{I (Al < n17"'7A7n < nm,) + 712.
Proof. The proof is analogous to the proof of the corresponding uniform alphabet
result, given in [20] (see also Lemma 4.7 in [5]). First, a simple consequence of the

description of the RSK correspondence ensures that Py, p (A1 < nq,y.00, Ay < npy)
is non-increasing in n, i.e.,
IP>m,,n-‘,-1 (Al S ny,..., Am, S nm,) S Pm,n ()\1 S Niy.-.y )\m S nm) . (412)
Next,
o0 an
P (M <ty Am S ) = e Prn (A S0 A < i)
nl=
n=0

and then, proceeding as in [20],

n

(0% — &
P <y A <nm) = D0 € P (1 < mas A < )
In—a|<+/8alog a
C
< 02’ (4.13)
for some constant C', « sufficiently large and all 1 < n; <mn,i=1,...,m. Replacing

a by respectively n + 3y/nlogn and n — 3v/nlogn completes the proof. (]
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We are now ready to obtain asymptotics for the shape of the Young diagrams
associated with a random word W € [m]™, when m and n go to infinity. Before
stating our result, let us recall the well-known, large m, asymptotic behavior of
the spectrum of the m x m GUE ([25], [26], [20]):

Let §JGUE’m be the jth largest eigenvalue of an element of the m xm GUE. For
each r > 1, there is a distribution function F,. on R", such that, for all (¢,...,t,) €
R",

mli_rgaoolE‘)GUE,rn (@GUE’m <2vm+t;/m'/S j = 1,...,r> = Fo(t1,...,t).

The multivariate distribution function F,. originates in [25] and [26], another
expression for it is also given in [20] (see (3.48) there) and its one-dimensional
marginals are Tracy-Widom distributions.

Once more, our next theorem is already present, for uniform alphabets, in
Johansson [20].

Theorem 4.4. Let r>1. Let di — +00, as m— +o00. Then, for all (t1,...,t.) € R",

: . e’ —1/6 . )
- < ; =1,...
Jim - lim P, (A] < APmax + 2v/d10Pmax + tidy O\ Opmax i = 1,7
:Fr(tlv"'vtr)v (414)
and,
lim lim IP>m,n()\j S N Pmax + 2\/d1npmax + tjdfl/G\/npmax7j = 17 s ,’I")
d1—00 n—00
— F(ty,... b)), (4.15)

Proof. By Theorem 4.2, for each r > 1, and for all (s1,...,s,) € R",

. o )\ — (Pmax . .
O}L)II;OPW,M < J\/apmax S Sjy J = 17"'77n) :PGUE,dl (5] S Sjy, J = 17"'77n)7
(4.16)
where ¢; is the jth largest eigenvalue of the d; x di GUE.
Hence, for any (1,...,t.) € R",
lim P5, (A < aPmax + 2v/d10Pmax + i * apmas,j = 1, ,r)
a—r 00
. Aj— OPmax —-1/6 .
= il I < ; =1,... .
lim P, ( v 2/dy +t;d; 0 =1, (4.17)

:p(gj <ov/dy +t;d; V0 5 = 1,...,7‘).

As di — o0, the result of Tracy-Widom on the convergence of the spectrum of
the GUE gives the first conclusion, proving (4.14). Next, by Proposition 4.3, with
an =n + 3y/nlogn and 3, = n — 3y/nlogn, there is a constant C such that, for
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sufficiently large n, and for any 0 < s; <n, j=1,...,r,
o : c :
Por(N<sjpj=1,...,1) = , <Pun(Xj<sj,i=1,...,7)
" o (4.18)
S]P)?n" ()\j SSj,jzl,...,T)-i-nQ.

But,

n=(1-¢ey)an, with &,=3y/nlogn/ (n—i— 3\/nlogn) ,
whereas

n=(1+eg)B, with €ﬂ=3\/nlogn/(n—3\/nlogn).

Since €4,68 — 0, as n — oo, it follows from (4.18), by setting s; = nPmax +
2\/d1npmax + tjdfl/ﬁ\/npmaxv that

lim P?nn (Aj S QnPmax + 2\/d1anpmax + tjdfl/ﬁ\/an,pmaxaj = 17 te ,7‘) (419)

n—oo

< lim IEDm,n ()\j < NPmax + 2\/dlnpmaux + tjdfl/ﬁ\/npmaxvj = 17 cee 7")

n—oo
S li)m Pfﬁl <)\j S Bnpmax + 2\/dlﬁnpmax + tjd1_1/6 \/Bnpmaxvj = ]-7 s ,7") .

Now, (4.17) holds true with « replaced by «,, or §,. Finally, (4.15) follows from
(4.19) by letting dq — oo. O

Remark 4.5. The convergence results in Theorem 4.4 are obtained by taking
successive limits, i.e., first in n and then in m. For uniform finite alphabets, in
which case d; = m, Johansson [20] obtained the simultaneous convergence, for
the length of the longest increasing subsequence, via a careful analysis of corre-
sponding kernels and methods of orthogonal polynomials. These results demand:
(logn)3/? /m — 0 and \/n/m — co. Also in the uniform case, under the assumption
m = o (n*1°(logn)~%/%), the simultaneous convergence result (4.15) is obtained,
via Gaussian approximation, in [6] where non-uniform results are also given.

5. Appendix

Let fggfdm (resp. EGUE.M) he the maximal eigenvalue of an element of the m x m
traceless GUE (resp. GUE). Below, we give simple proofs of the convergence of
§gaUx%m /v/m (or equivalently of ¢SUF™) towards 2. These proofs are based on
the “tridiagonalization” technique originating in Trotter [28] (see also Silverstein
[23] where similar ideas are used). Our first result is the well-known Householder

representation of Hermitian matrices.
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Lemma 5.1. Let G = (G j)1<i,j<m be an element of the GUE. Then, there exists
a unitary matriz U, such that

A X%mq 0 ... 0

X?n—l Az X?n_g s 0
T:=UGU" = : : , (5.1)

0 e X% Am,—l,m,—l X%

0 - 0 X% Am,m,

where A1 1, ..., Am,m are independent standard normal random variables, and for
each 1 <k <m—1, an_k has a chi-squared distribution, with m — k degrees of
freedom. Moreover, for eachk =1,...,m—1, Ay is independent of X2, _,,..., X3

Proposition 5.2. Let 55250’7” (resp. EGUE™) be the mazimal eigenvalue of an ele-

ment of the m x m traceless GUE (resp. GUE), then as m — oo,

gGUEO»m GUE,m

max

T2, resp. % — 2| almost surely.

Vm ( Tvm ) !

Proof. An elementary proof is obtained along the following lines: First, by Lemma
5.1, G and T share the same eigenvalues. Next, by the Ger§gorin circle theorem
(see [14]), for any eigenvalue &; of G, letting also x3 = x2, = 0,

& € U [Akk = Xo k1 — Xonio Akk + Xo— k1 T Xoak) -

k=1,....m
Hence
GUE,m A 2 2
max < max kg Xm—t+1 + Xm—t ) (5.2)
vm k=1,...m \ /m vm vm

Foreach 1 <k <m, Ay ~ N(O, 1), and thus very classically k_rrllax Ak /Vm

2% 0. Next, for any fixed € > 0,

P( > 5)
k=1 (5.3)

2
‘max Xm—kt1 _ g
<P(x;, <m(l—¢g)) +mP(x2, >m(l+¢)),

m

Seey

and the tail behavior of xZ, ensures that Y- mP (x2, > m(1 +¢)) < 400, and
that > v P (xZ, <m(l —¢)) < +oo. Therefore, k:I{lz_L_}_{mX?"—kH/m 231, and
almost surely,

GUE,m
limsup ~™ < 2. (5.4)

m—o0o \/m B
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Next, since the empirical distribution of the eigenvalues (fZG vEm / \/m)1 <i<m COD=

verges almost surely to the semicircle law v with density v4 — 22 /2, for any € > 0,

GUE,m
P <1££riiglof m\a/’;n >2— E) =1. (5.5)
Letting ¢ — 0 in (5.5) yields,
GUE,m
liminf >™®  >2 as. (5.6)

m—o0 \/m

Combining (5.4) and (5.6), £GUE™ /\/m — 2 almost surely, and a similar result

X

also follows for gﬁiffdm //m. O

To prove our next convergence result, we first need a simple lemma.

Lemma 5.3. For each k =1,2,..., let X% be a chi-square random wvariable with k
degrees of freedom. Then,
lim IE( o ) =1. (5.7)
m—o0 m

Proof. First,
IE( 2) >E(v2) =m.
Jmax i) = (X)) =m

Next, by the concavity of the logarithm, for any 0 <t < 1/2,

2
max X m
k=1,....m 1 2
tE ” 1 g EetXi

IN

m

< L In(m 1
- m (1 —2t)m/2
Inm 1
= — _In(1-2¢).
m 2 n )
Hence,
2
, T 1
tlimsupE < —_In(1-2¢),
m—oo 2

and letting t — 0,
2
P X In (1 — 2t
limsupIE<k1""’ ) < lim — n( ) =1.
m—roo m t—0 2t

(Since —In(1 —2t) < 2t +4t2, for 0 < t < 1/3, taking t = \/Inm/2m in (5.8), will
give E(kinllax x3/m) < 1+2y/2Inm/m, for m > 10.) O
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Again, in the uniform finite alphabet case, where p1 = .-+ = p,, = 1/m, we
have K = 1,d; = m. For k =1,...,m, and to keep up with the notation of [15], de-
note by HY, the particular version of L, as in (3.2). Let (Bl(t), B2(t),..., Bm(t))
be the m-dimensional Brownian motion having covariance matrix

1 p ... p
p 1 ... p
o 2 (5.8)
p p ... 1
with p = —1/(m — 1). Then, for k = 1,...,m (see also [15], [9]),
- m—1 m k ~ . ~ .
=" eSS (B - B,
=1 p=1

where the sup is taken over all the subdivisions (/) of [0,1] as in (3.3). As a
corollary to Theorem 3.1 (see also [15]), for each m > 2,

(A8 B3~ L )2 (555 €GP S (59)

»Sm,0
Moreover, convergence in L' also holds.

Proposition 5.4. As m — oo,
gGUE,m

max,0

vm

2, in L'.

Equivalently,
GUE,m
m\;xm -2, in L.
Equivalently,
];:rl
™ 592 4n LY.
v/m
Proof. Note that when p; = -+ = p,, = 1/m, Ezl"ii’.p‘sﬂ), given by (2.4) is the

GUE.m 4o nonnegative (this is actually clear from

GUE,m
max,0

empty set when s; < 0. Hence &

max,0

the traceless requirement). By Theorem 3.1, f{}n and & are equal in distri-

bution, and so it suffices to prove that, as m — oo,
GUE,
E (gmax,om)
vm

Next, by Proposition 2.6, E (fGUE’m) = IE( GUE”"). Moreover, taking expecta-

— 2. (5.10)

max,0 max

tions on both sides of (5.2) gives:

G s
() <8 (oo, Aue) 48 (s W) 4 (s ¥En).
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It is well known that,
E (k_max Ay k) < V2 Inm,

while, by Lemma 5.3,

X2
lim sup IE( max ) 1,

m— oo m\/m

EGUEml
lim sup E( max,0 ) < 2.

leading to

m—oo \/m

Now, fggfdm is nonnegative and by Proposition 5.2, £

surely. Thus, by Fatou’s Lemma,

EGUEml gGUE,m
lim inf E( max,0 ) >E <liminf a0 ) =2,

m—o0 \/m m—00 \/m

/v/m ) = 2. Using once more the fact that ¢

GUE,m
max,0

vm — 2, almost

GUE m
max, 0

GUE,m

and so, lim,, o E ( a0 18
.

nonnegative, we conclude that lim,, . E ‘SGUE’m/\/m — 2) = 0, and by the weak

max,0
law of large number, limy,—, E|(GYF™ /y/m — 2| = 0. O

Remark 5.5. A small and elementary tightening of the arguments of Davidson and
Szarek [8] will also provide an alternative proof of Proposition 5.4.

Proof of Proposition 2.7. By Proposition 2.2,

max &= max &—p® Y pX,.
=1

my<i<mp+dp my <i<mpy+dj
Since max & is the maximal eigenvalue of an element of the di x dj
mp<i<mp+dg
GUE, with probability one or in the mean, limg, oo max fz/\/dk =
) my<i<mp+dyg

Moreover, Z;’;l v/PiXy, is a centered Gaussian random variable with variance
Var (3%, piXi) = Y12 pi = 1. Hence, with probability one or in the mean,

limg, o0 v/p(*) S veiXa/Vdk = 0. O
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Low Rank Estimation of Similarities on Graphs
Vladimir Koltchinskii and Pedro Rangel

Abstract. Let (V,E) be a graph with vertex set V and edge set E. Let
(X,X",Y) € VxV x{-1,1} be a random triple, where X, X’ are inde-
pendent uniformly distributed vertices and Y is a label indicating whether
X, X" are “similar” (Y = +1), or not (Y = —1). Our goal is to estimate the
regression function
Se(u,v) =E(Y|X =u, X' =0v),u,v eV

based on training data consisting of n i.i.d. copies of (X, X’,Y). We are in-
terested in this problem in the case when S, is a symmetric low rank kernel
and, in addition to this, it is assumed that S is “smooth” on the graph. We
study estimators based on a modified least squares method with complex-
ity penalization involving both the nuclear norm and Sobolev type norms of
symmetric kernels on the graph and prove upper bounds on Lo-type errors of
such estimators with explicit dependence both on the rank of S. and on the
degree of its smoothness.

Mathematics Subject Classification (2010). Primary 62J99, 62H12; Secondary
60B20, 60G15.

Keywords. Estimation of similarities on graphs, matrix completion, low-rank
matrix estimation, nuclear norm penalization, graph Laplacian, Sobolev type
norms, noncommutative Bernstein inequality.

1. Introduction

Let G = (V, E) be a graph with vertex set V' and edge set E, card(V) = m. Let
A = (a(u,v))yvev be the adjacency matrix of G, that is, a(u,v) = 1 if v and v are
connected with an edge and a(u,v) = 0 otherwise. Let A := D—A be the Laplacian
of G, D being the diagonal matrix with the degrees of vertices on the diagonal. Let
(X, X",)Y) eV xV x{-1,1} be a random triple with X, X’ being independent

Vladimir Kotchinskii was partially supported by NSF Grants DMS-1207808, DMS-0906880 and
CCF-0808863. Pedro Rangel was supported by NSF Grant CCF-0808863.
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vertices sampled at random from the uniform distribution IT on V' and Y being
an “indicator” of a symmetric binary relationship between X, X’ called in what
follows a “similarity”. More precisely, Y = +1 indicates that the vertices X, X’
are similar and Y = —1 indicates that they are not. The conditional distribution
of Y given X, X’ is completely characterized by the regression function

Si(u,v) =EY|X =u, X' =v),u,v €V

that is assumed to be a symmetric kernel on V' x V and will be called the similarity
kernel. Tt is well known that sign(S.(X, X’)) is the Bayes classifier, that is, the
best possible predictor of Y based on an observation of X, X’ in the sense that
it minimizes the generalization error P{Y # ¢g(X, X’)} over all possible predictors
g:V xV — {-1,1}. Our goal is to estimate S, based on the training data
(X1, X1, Y1),...,(Xn, X,,,Y,) consisting of n ii.d. copies of (X,X’')Y). We are
especially interested in the class of problems such that, on the one hand, S, is
a matrix (kernel) of relatively small rank and, on the other hand, S, possesses
certain degree of smoothness on the graph.

Throughout the paper, Sy denotes the linear space of symmetric kernels
S:VxV =R, Su,v) = Sv,u),u,v € V, that can be also viewed as real-
valued symmetric m x m matrices. For S € Sy, let rank(S) denote the rank of
S and tr(S) denote the trace of S. The spectral representation of S has the form
S = 22:1 0;(¥; ®1;), where r = rank(S), o1 < --- < 0, are non-zero eigenvalues
of S (repeated with their multiplicities) and 11, ..., 1, are the corresponding or-
thonormal eigenfunctions (there is a multiple choice of 1;s in the case of repeated
eigenvalues). We also use the notation sign(S) := 25:1 sign(o;)(¢; @ ¢;) and we
define the support of S, denoted by supp(S), as the linear span of {¢1,...,%,}
in RV,

For 1 < p < o0, the Schatten p-norm of S € Sy is defined as

r 1/p
|ﬂp:umwmw=(§]mﬁ ,

J=1

where |S| := V/S2. For p = 1, || - |1 is called the nuclear norm, while, for p = 2,
| - |2 is the Hilbert-Schmidt or Frobenius norm, that is, the norm induced by the
Hilbert—Schmidt inner product which will be denoted by (-,-). The operator or
spectral norm is defined as ||S|| := max; |o;|.

Let us also denote by I12 := II x II the distribution of random couple (X, X’)
in V x V and let ||S||.,m2) be the Ly(IT*)-norm of kernel S :

Wﬁﬂm=x;ﬁﬂww%ﬂwmw=HﬂKXﬂz
X

The corresponding inner product is denoted by (-, ), (2. Clearly, under the as-
sumption that the distribution II is uniform in V, we have HSH%Q(m) =m~2|9|2

and (57, SQ>L2(H2) = m_2<51, Sa).
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The smoothness of a symmetric kernel S : V x V +— R can be characterized
in terms of Sobolev type norms || AP/2S5||3 for some p > 0. Note that if S is a kernel
of rank r with spectral representation S = Y} |y (¢ ® ), then!

|AP/28)13 = tr(AP/2S2AP/?) = tr(APS?)

m m
= HR (AP, k) = Y i AP P,
k=1 k=1
so, essentially, the smoothness of the kernel S depends on the smoothness of its
eigenfunctions ¥ on the graph. In particular, for p = 1, we have

IAY2SI5 =" p Y [n(w) — vu(v)?,
k=1 uU~NY

where the sum is over the pairs of vertices connected with an edge.
Given a kernel S, let L, (S) denote the following penalized empirical risk:

2 — _
Ln(S) == 1512, xz2) — n ZYJ’S(vaXé) +ell S|l + elW 28|13, 2
j=1

) (1.1)
2
= 1812y — . D YiS(X;, X)) + el Sl + =1 W2S]3
j=1

where W = dAP for some constants d > 0 and p > 0, €,& > 0 are regularization
parameters and €; = 722. We will study the following estimation method:

S := argmingcp L, (S), (1.2)
where D is a closed convex subset of the linear space Sy of all symmetric kernels.
Note that there are two complexity penalties involved in the definition of penalized
empirical risk (1.1). The first penalty is based on the nuclear norm [|S]|; and it is
used to “promote” low rank solutions. The second penalty is based on a “Sobolev
type norm” ||[W1/2S|]3. Tt is used to “promote” the smoothness of the solution
on the graph. In principle, W in the definition of L, (S) could be an arbitrary
symmetric nonnegatively definite matrix. Therefore, alternative interpretations of
the problem under consideration are possible (such as, for instance, learning sim-
ilarities on weighted graphs).

We will derive an upper bound on the error |5 — S*||2L2(H2) =m~2||8 - S, |3

of estimator S in terms of spectral characteristics of the target similarity matrix
S, and matrix W. Before stating the main results, let us recall recent advances
on low rank matrix completion problems in which the approach based on nuclear
norm penalization has been crucial.

Suppose first that a symmetric kernel S, € Sy is observed at random points
(X;,X3),j = 1,...,n, where X;,X},j = 1,...,n are independent and sampled

'Below || - || denotes the Euclidean norm in RY; there is a little abuse of notation here since we
also denote the operator norm by || - ||



308 V. Koltchinskii and P. Rangel

from the uniform distribution II in V. In this case, V is an arbitrary finite set
of cardinality m and the set of edges F is not specified. It is assumed that
Y; = S.(Xj, X}), so, there are no errors in the observations. In such a noise-
less case, the following method is used to recover S, based on the observations
(X1, X1, ),y (X, X1, Y0)

S := argmin{[|S|; : S € Sv,S(X;, X)) =Y;,j=1,...,n}.

Such methods of recovery of low rank target matrices S, have been extensively
studied in the recent literature (see Candes and Recht (2009), Recht, Fazel and
Parrilo (2010), Candes and Tao (2010), Gross (2011) and references therein). It is
easy to see that there are low rank matrices S, that can not be recovered based
on a random sample of n entries unless n is very large (comparable with the
total number of entries of the matrix). Indeed, consider S, such that, for given
u,v € V, Si(u,v) = Si(v,u) = 1 and Si(v',v") = 0 otherwise. For this rank 2
matrix, the probability that the two “informative” entries are not present in the
sample is (1— 2,)", which is close to 1 if n = o(m?). Such sparse low rank matrices
should be excluded to make it possible to recover the target low rank matrix based
on relatively small samples of entries. This is done by introducing so-called low
coherence assumptions. Let {e, : v € V} be the canonical orthonormal basis of
RY equipped with the standard Euclidean inner product. Given a linear subspace
L Cc RV, denote by L+ the orthogonal complement of L and by Py, the projector
onto the subspace L. Let L := supp(Ss), 7 = rank(S,) and suppose there exists a
constant v > 1 (coherence coefficient) such that

IPres? < 7”7: veV and |(sign(Sy)ew e)? < L uweV.  (1.3)

m2’
The following result is due to Candes and Tao (2010) and Gross (2011) (we

state here a version of Gross that is an improvement of an earlier result of Candes
and Tao with significant simplification of the proof).

Theorem 1. Suppose conditions (1.3) hold for some v > 1. Then, there exists
a numerical constant C' > 0 such that, for all n > Cvrmlog®m, S = S, with
probability at least 1 — m™2.

Thus, if, for the target matrix S,, the coherence coefficient v > 1 is relatively
small, the nuclear norm minimization algorithm (1.2) does provide the exact re-
covery of S, as soon as the number of observed entries n is of the order mr (up to
a log factor).

In the case when Y; are noisy observations of S, (X, X J’) with

E(Y;|X; = u, X} = v) = Si(u,v),

one can use the following estimation method based on penalized empirical risk
minimization with quadratic loss and with nuclear norm penalty:

S := argming,g, {n‘l Z(YJ - S(Xj,XJ'»))2 +el|S|1]- (1.4)

Jj=1
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This method has been also extensively studied for the recent years, in particular, by
Candes and Plan (2011), Rohde and Tsybakov (2011), Negahban and Wainwright
(2010), Koltchinskii, Lounici and Tsybakov (2011), Koltchinskii (2011b). It was
also pointed out by Koltchinskii, Lounici and Tsybakov (2011) that in the case of
known design distribution IT (which is the case in our paper) one can use instead
of (1.4) the following modified method:?

y ) 2
§ i= argminges, |15, — 2 S BSCGX) +elSh]. (19
j=1

Clearly, (1.5) is equivalent to method (1.2) defined above for & = 0.

When the observations |Y;| < 1,5 = 1,...,n (for instance, when Y; €
{—1,1}, which is the case studied in the paper), the next result follows from
Theorem 4 in Koltchinskii, Lounici and Tsybakov (2011).

Theorem 2. Fort > 0, suppose that

e 4(\/t + log(2m) V 2t + 10g(2m))>.

nm n

Then with probability at least 1 —e~¢

- 14+v2\2
_ 2 < 2 2
IS S*HLz(H) < ( 5 ) m<e“rank(Sy).

Our main goal is to show that this bound can be improved in the case when
the target kernel S, in addition to having relatively small rank, is also smooth on
the graph and when the estimation method (1.2) is used with a proper choice of
regularization parameters ¢, €.

2. Main results

Suppose that W has the following spectral representation: W = 7" A\p(¢ @
oK), where 0 < Ay < --- < )\, are the eigenvalues of W (repeated with their
multiplicities) and ¢1, ..., d,, are the corresponding orthonormal eigenfunctions
(of course, there is a multiple choice of ¢y in the case of repeated eigenvalues). Let
ko be the smallest k such that Ay > 0. We will assume that for some (arbitrarily
large) ¢ > 1, A,y < mS and A, > m~¢. In addition, it is assumed that, for some
constant ¢ > 1 and for all k = kg,...,m — 1, Agy1 < cAg. The following spectral
function characterizes the distribution of the eigenvalues:

F(\) = imj <A),A>0.

Jj=1

?Note that, if the norm 151l 15 (rr2y in the definition below is replaced by the La(Il,)-norm, where
II,, is the empirical distribution based on (X1, X]),...,(Xn,X},), then the resulting estimator
coincides with (1.4).
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We will also use an upper bound F(A) > F(X), A > 0 that possesses some “reg-
ularity” in the sense that O‘) ,A > 0 is a nonincreasing function and, for some

€ (0,1),
/mF@Mr<1FQXA>&

It is easy to see that the last two conditions are satisfied if T, Al W ,A >0 is a non-
increasing function and that the smallest upper bound on F with this property is

F(\) =sups'™ 7 sup () ,A>0.
s<A t>s 117
We also can assume that, for all A > m, F'(\) = m (otherwise, F' can be replaced
by the function F' A m).
Suppose now that the spectral representation of S, is Sx = Y1 _ | puk (Vs @vy),
where r = rank(S,) > 1, uy are non-zero eigenvalues of S, (possibly repeated) and

1y, are the corresponding orthonormal eigenfuctions. Denote L := supp(S,). Let ¢
o(k)

. is nonincreasing and
FOw) g

be an arbitrary nondecreasing function such that k —

k
D IPegsl® < @lk), k=0,1,...,m
j=1
It will be convenient to set p(k) = ¢(m) for all k¥ > m. We will denote by ¥ =
Vg, w the class of all the functions satisfying these properties.
The following coherence function will be crucial in our analysis:

B(k) = (S, k) 1= max F(\) max - ZHPL@H,

k=1,...,m, _(O)ZO.

It is straightforward to check that ¢ € U and, for all ¢ € ¥, ¢(k) < p(k),
k=0,...,m. Thus, ¢ is the smallest function ¢ € W.

Also, ¢(m) = r since Z;nzl | Pré;l|> = || PL||3 = r. Moreover, since (k)

FOu) is
nonincreasing, we have
F(\
ﬂmzr(kl k=0,...,m.

m
Givent > 0, let t,, , := t+log(2m log, (16nSm(3/2)<)). We will assume in what
follows that mty, ,, < n.If t < logm, which is a typical choice of ¢, this assumption
means that n should be larger than m times a log factor. The following value of

regularization parameter ¢ in (1.1) will be used:

o 4\/t+log(2m).

nm
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Theorem 3. There exists constants C,Cy depending only on ¢ such that, for all
s€{ko+1,...,m+1} and all € € [\;1, A\ 11],% with probability at least 1 — e,

N G(Sy;8)mtp,m  _
IS — S*||2L2(H2) <C n + €|‘W1/2‘S’*||2L2(H2) 21
2.1

¢ 2
+ C1 max HPLevHQ(m n’m) .
veV n

Remarks. Note that max,cy || Pre,||? < 1. Thus, the last term in the right-hand
side of bound (2.1) is smaller than the first term, provided that

mt
Moreover, this term is much smaller under a low coherence condition

vr
ma || Pre, || <
1)636'( H LevH -

for some v > 1 (see conditions (1.3)). In this case,

2
vrmiy, ., < Vrtam

tn m 2
maXHPLeq;HQ(m ’ ) < 5
eV n n n
Note also that Theorem 3 holds in the case when & = 0. In this case, s = m and
@(Sx, m) = r, so the bound of Theorem 3 becomes

A Mty m
1S — SullZomey < C o (2.2)

which also follows from the result of Koltchinskii, Lounici and Tsybakov (2011)
(see Theorem 2 in Section 1).

The function @ involved in the statement of the theorem has some connection
to the low coherence assumptions frequently used in the literature on low rank
matrix completion. To be specific, suppose that, for some v > 1,

k: —
vrF (A
S Pl < T ko (2.3)
=1
Then ~
F
o)y <" M) v
m

A part of standard low coherence assumptions on matrix S, with respect to the
orthonormal basis {¢y} is (see (1.3))
vr
||PL¢kH2§ ,k‘:l,...,m
m

and it implies condition (2.3) that can be viewed as a weak version of low coherence.
Under condition (2.3), the following corollary of Theorem 3 holds.

3Here and in what follows, we use a convention that A\n,+1 = 400 and )\:nﬂ_l =0.
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Corollary 1. Suppose that condition (2.3) holds. Then, there exists a constant
C >0 dependmg only on ¢ such that, for all s € {ko +1,...,m + 1} and all
€ (AU ML), with probability at least 1 —e™?,

s 1 %s—1
vrF (X))t
n

I8 = 8.3,z < C WS, a2

¢ 2
Oy max||PLevH2(m m) :

veV n

Note that, if Ay < k%8 for some B > 1/%, then it is easy to see that one can
choose F(\) < A/28 and, with this choice, F'(\;) =< s. Thus, the value of s that
minimizes the bound of Corollary 1 is

1/(28+1)
e ( n ) W/, ||2L/(21%+1)7
UTtn,m 2(

which, under a low coherence assumption max,ey ||Prey||? < V7, yields the bound

2B/(28+1)
A Urtn,m 2/(28+1
1S — Sl 2 <C< ; ) |W1/2s, HL/;(rf* ), (2.4)

As a simple example, one can consider a “cycle” with m vertices, that is, a graph
with vertex set V = Z,, = {0,1,...,m — 1}, u,v € V being connected with an
edge iff u—v =1 (mod m) or v —u =1 (mod m). In this case, the spectrum of
the Laplacian A consists of the following eigenvalues (repeated with their multi-
plicities): 4 sin® ’;f,k; =0,...,m— 1. Let W := m?PAP for some p > 1/2. Then, it
is easy to check that F(\) =< AY/?P so, bound (2.4) holds with § = p.

The advantage of (2.4) comparing with (2.2) (that holds for £ = 0 and does
not rely on any smoothness assumption on the kernel S,) is due to the fact that
there is no factor m in the numerator in the right-hand side of (2.4). Due to this
fact, when m is large enough and v is not too large, bound (2.4) becomes sharper
than (2.2).

3. Proofs

Proof of Theorem 3. Bound (2.1) will be proved for an arbitrary function ¢ €
U, w with p(k) = r,k > m instead of @. It then can be applied to the function
@ (which is the smallest function in ¥g, ). We will also assume throughout the
proof that s € {ko,...,m} and & € [)\5+117 A7 1] (at the end of the proof, we replace
s+1—s).

Denote Pp(A) :== A— Py APp., Pi(A) = PLi APy, A € Sy. Clearly, this
defines orthogonal projectors Py, Pi in the space Sy with Hilbert—Schmidt inner
product. We will use the following well-known representation of subdifferential of
convex function S — ||S]|1 :

9ISy = {sign(S) + P (M) : M € Sy, M| <1},
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where L = supp(S) (see Koltchinskii (2011b), Appendix A.4 and references there-

in). An arbitrary matrix A € 0L, (S) can be represented as follows:

2 4 2¢ A -

A= 15— n;YiEXi,X; +eV +26WS, (3.1)

where V € 8||5'H1 and B, , = E,, = é(eu ® e, + e, ®e,). Since S is a minimizer

of L,(S), there exists a matrix A € AL, (S) such that —A belongs to the normal

cone of D at the point S (see Aubin and Ekeland (1984), Chap. 2, Corollary 6).
This implies that (A, S — S,) <0 and, in view of (3.1),

.o 2 .
2<Sv‘9 - S*>L2(H2) - <71 ZY;EXi,XZ,S - S*>
=1

+e(V,8—8,) +2e(WS,5—5.)<0
It follows by a simple algebra that
2118 — Sull7, 2y + 261 [WH2(S = S5 +&(V, 5 = 5.)
< —261(S,, W (S = 5.)) +2(2,5 - S.),

(3.2)

where

[1]

1 n
= ZYJ-EX v —EYEx x/.
n . 1 J K El
iz

Note that (2,5) = } 3" | (V;S9(X;, X)) —EY S(X, X')).

n j=1
On the other hand, let Vi € 0]|S«|l1. Therefore, the representation V, =
sign(Sy) + P (M) holds, where M is a matrix with || M|| < 1. It follows from the
trace duality property that there exists an M with || M]| < 1 such that

(P (M), 5 — 8.) = (M, PL(S = 5.)) = (M, PL(5)) = | PL. (5

where in the first equality we used that P; is a self-adjoint operator and in the sec-
ond equality we used that S, has support L. Using this equation and monotonicity
of subdifferentials of convex functions, we get

(sign(8,), 5 = 8u) + [P (9]l = (Vi, § = 5) <V, 5 = 54)
Substituting this in (3.2), it is easy to get
2|8 = SullZ, ey +ellPE ()1 + 261 |WH2(S = 8,113 (3.3)
< —e(sign(S,), S — S.) — 2 (W28, W/2(§ - 8,)) +2(2,5 — S.)
We will bound separately each term in the right-hand side. First note that
| (sign(S.), S — S.)| < ellsign(Ss)l|2[|S — Sl (3.4)

. 1 L A
=evrm||S — Sz m2) < 2rm262 * 2HS - S*”2L2(H2).
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We will also need a more subtle bound on (sign(S,), S — Ss), expressed in terms
of function ¢. Note that, for all kg < s < m,

m

(sign(S.), 5 = S.) = Y _(sign(S.)du, (S — S.))
k=1

=D (sign(S.)én, (S — S.)ou)

k=1
£ 30 (I s - s ),
k=s+1

which easily implies

) s 12,8 1/2
(). 8 - 51 < (X Isensgnl?) (U6 - sl
k=1

k=1
o~ |[sign(S.) x| V2O G .
+(Z || <Ak> d ) > IS = Sa)en?
k—st1 k=s+1
s /2
< (S 1Penl?) 18- 5.l
k=1
Lol e g
+<k—zs—:i-1 Ak HW (5 =5l .

We will now use the following elementary lemma.

Lemma 1. Let ¢, be the constants involved in the conditions on the spectrum of
W and in the definition of F. For all s > kg — 1,

m P 2 1 5
Z [ L)\(ka Scfy@(;+ ) and Z )\ +1)’
kest1 k s+1 k—st1 k 5+1
where ¢, := i + 1.

Proof. Denote Fy := Zzzl ||Pror||?,s = 1,...,m. Then, using the properties of
functions ¢ € ¥ and F', and of the spectrum of W, we get

1

T |Puok]? - 1 1 F. F.
= F —
2, 2. Fil y, T

k=s+1 k=s+1 /\k+1 Ast1
m—1
1 1 p(m)
<> ey -, )+
k=s+1 Mo Akt Am
m—1 — —
p(s+1) [ F(X\x) F(Am)
< = Xkl — M) +
T F(Ast1) Myt /\k)\k+1( M 2 Am
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m—1 = —
+1 EF(x +1) F(Xs
S Cge(s ) (2k+1)()\k+1 _ Ak) + ge(s ) ( <+1)
F()\5+1) k=s+1 )‘k—i-l F()‘erl) )‘s+1
1) [ F 1
oSN [T RO )
F()\S+1) Ast1 t AS"l‘l
1) F(s 1 1
L epls + ) FOu) pla 1) | pls 1), 56
Y FAs41)  Asi As+1 As+1
The proof of the second bound is similar (with some simplifications). g

It follows from (3.5) and the bound of Lemma 1 that

. A A s+1 4
[(sign(S.), § = Su) < Ve(s)[1S = S.ll2 + \/cf& B N - sl
‘ (3.7)
N s+1 A
=m¢ﬂﬂ5—sﬁuma+m¢%wgﬂ)HW”@—Smme~
This implies the following bound:
. 5 L
el(sign(S.), § = S.)| < p(s)m*e® + IS = 5.7,
(3.8)

(s +1)m*e* & 4 5
+0, XD L S a6 S,

where we used twice an elementary inequality ab < a2 + ibz, a,b > 0. Since, under
the assumptions of the theorem, £As41 > 1, (3.8) yields the following bound:

e|(sign(Sy), S — S.)|
< (e + Dpls + Dm2e? 4 118 = S8 my + SIS = Sy,
= (G 4 Ly () T 4 # )1 Ly (112)
To bound the second term in the right-hand side of (3.3), note that
(W28, W28 — 8,))] < [WH2S.l2[WH2(S = 54)]2, (3.10)
which implies
(WS WS = S <l WSE+ T IWHAS - SOl (3D
= W28,y + IS = Sy
Finally, we bound (=Z, S — Si)

(2,5 = 8. < [EPL(S = 8.))| + [(E. PL(S))]

o I (3.12)
< [PLE,S = Sol + [EIIIPL ()]

To bound ||Z||, we use a version of the noncommutative Bernstein inequality.
Such inequalities go back to Ahlswede and Winter (2002). The version stated below
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follows from Tropp (2010) (see also Tropp (2010), Koltchinskii (2011a, 2011b,
2011c) for other versions of such inequalities).

Lemma 2. Let Z be a bounded random symmetric matriz with EZ = 0, 0%, =

IEZ2| and ||Z|| < U for some U > 0. Let Zu,...,Zy, be n i.i.d. copies of Z. Then
for all t > 0, with probability at least 1 —e~*

1 < log(2 log(2
ZZ@ §2<Uz\/t+ o8( m)\/Ut+0g( m))
nz’:l n n

It is applied to i.i.d. random matrices Z; = Y;Ex, x; — E(Y;EXI.X;),i =
1,...,n. Since || Z;|| < 2 and, by a simple computation, 03, := |[EZ?|| < 1/m (see,
e.g., Koltchinskii (2011b), Section 9.4), Lemma 2 implies that with probability at
least 1 — e™*

— —
—| =

- 2{\/t+log(2m) V 2(t+10g(2m))}

nm n

1 n

> Zi
n-

=1
Under the assumption that

e>4 {\/t log(@m) 20+ 10g(2m))]7

nm n

this yields ||Z|| < /2 and
= & - & € A
(2,8 = S) < [{PLE, S = S+ 1P (9] (3.13)

For simplicity, it is assumed that n > 2m(¢ + log(2m)). In this case, one can take
€= 4\/“1‘2522”1), as it has been done in the statement of the theorem.

We have to bound |(PLZ, S — S,)| and we start with the following simple
bound:

(PLE, S = S.)| < m||PLE|2]|S — Sill Loz
< m\/27"||5|\|\5' — Sillz2(m2)

1 . .

< 2m5\/27‘||5 — S*||L2(H2) (3 14)
< 2y g g

=2 4 " b2 ()

where we use the fact that rank(PrZ) < 2r. Substituting (3.4), (3.11), (3.13) and
(3.14) in (3.3), we easily get that

N 3 B
HS — S*H%Q(H2) S 27’527712 + 2€HW1/2‘S’*”%2(H2)' (315)

For & = 0, this bound follows from the results of Koltchinskii, Lounici and Tsy-
bakov (2011). However, we need a more subtle bound expressed in terms of function
¢, which is akin to bound (3.9). To this end, we will use the following lemma.
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Lemma 3. Ford > 0, let k() := F(62) (that is, k(0) is the largest value of k < m
such that /\,:1 > 62). For all t > 0, with probability at least 1 — e Y,

— t
sup (PLE, M)| < 2\/4(c7 + 1)\/ 5v/p(k(6) +1)
M ]l2<6,[|W/2 M| <1 nm
t
+2\/25max|\PLev|| ,
veV n
provided that k(6) < m, and

rt
+
nm

(PLE, M)| < 4¢25\/

provided that k(§) > m.

t
2v/26 max [Pres|
veV n

Proof. The proof is somewhat akin to the derivation of the bounds on Rademacher
processes in terms of Mendelson’s complexities used in learning theory (see, e.g.,
Proposition 3.3 in Koltchinskii (2011b)).

Note that, for all symmetric m X m matrices M,

m

(PLE. M) = > (PLE, ¢ @ ¢;)(M, ¢ @ &;).

k,j=1
Suppose that
M5 =" (M, dx ® ¢;)|* <67
k,j=1
and

IWAEMI5 =) Ael(M, ¢ @ ¢;)* < 1.

k,j=1
Then, it easily follows that
m M . 2
(00,600 00 _
Kim1 A A0
which implies
- o - (M, ¢r @ )|
(PLEANE < 3 O ABIPE dew o 30 10O E
k,j=1 k,j=1 k
<2 (A APPLE ¢ © ¢))) (3.16)
k,j=1

Define now the following inner product:

m

(M, M)y, == Z (AL EA G2 (M, bk ® ¢j) (Mo, dr, @ ¢;)
k=1
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and let || - ||, be the corresponding norm. We will provide an upper bound on

m 1/2
Pzl = (3 O ARIPE G0 o))

k,j=1

To this end, we use a standard Bernstein type inequality for random variables
in a Hilbert space. It is given in the following lemma (which follows, for instance,
from Theorem 3.3.4(b) in Yurinsky (1995)).

Lemma 4. Let & be a bounded random variable with values in a Hilbert space H.
Suppose that B¢ = 0, E||¢]|3, = 02 and ||€||5 < U. Let &1, ...,&, be n ii.d. copies
of &. Then for all t > 0, with probability at least 1 —e™?

1 — t t
n;fi H<2[0\/n\/Un

Applying Lemma 4 to the random variable £ = YPr(Ex x/)—EYPr(Ex, x/),
we get that for all ¢ > 0, with probability at least 1 — e~¢,

- 1«
|PLE]w = H " z;YjPL(EXj,XJ/.) —EYPL(Ex,x)
J:

w

(3.17)

t t
< 2[E1/2||Y73L(EX,X’)”12H\/H + HHYPL(EX,X/)HwHL n]

Using the fact that Y € {—1,1}, we get

E|YPL(Ex x| = E|PL(Ex,x)2,

=E Y O\ APPL(Ex.x1), 01 ® 65

k.j=1

= > N APE(Ex x, Prldr ® ¢;)

k=1
Z ()\ /\52 -2 Z | EuvvpL(¢k®¢])>|
k,j=1 u,veV
<m™2 Y (N AS)PL(er @ ;)13
k=1
<2m™ Y (T A (1Prdkl® + 11PrslI)
kj=1
=2m~ "y (AT A1 Prgk® + 2m” 22 (Ae' A% ZHPL@H
k=1 k=1 j=1
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=2m” 1Z(A A 02)||PLorl|? +2m™~ 22 (At A0 Prli2
k=1 k=1

=2m” 1Z(A A 02)||PLorl|? +2m™~ 27«2 (At A82). (3.18)
k=1 k=1

To bound E||YPL(Ex x/)||? further, note that

Z/\ NIPLoel* <8 Y IPLonl® + Y A tIProl®. (3.19)
k=1

k<k(5) k>k(5)

Assuming that 1 < k(J) < m — 1, using the first bound of Lemma 1, the fact

that )\k(%) < 62 and the monotonicity of function ¢, we get from (3.19) that
- k(5) +1
SO AP PLrl? < 870 (k(5)) +c,y‘p( 0)+1) (3.20)
ot Ak(8)+1

< 620(k(8)) + ¢y 0%p(k(8) + 1) < (cy +1)8%p(k(8) + 1).

It is easy to check that (3.20) holds also for k(§) = 0 and k(6) = m (in the last
case, p(k(d) + 1) =r). We also have

zm:/\ XS DI P
k=1 k<k(5) k>k(5)

which, in view of the second bound of Lemma 1 and the properties of function ¢,
implies

. F(Ars)+1)

3.21
Ak(8)+1 (3:21)

> (G AS%) < 6%k(5) +
k=1
_ m
< (ey + D& F (Mgsy41) < (¢y +1) . 5%p(k(8) +1).
Using bounds (3.18), (3.20) and (3.21), we get, under the condition that k(d) < m,

E[YPL(Ex.x )3 < 2m = (cy + 1)820(k(8) + 1) + 2m~2r(c, + 1)’?5%(/{(5) +1)
<A(cy + 1)m15%p(k(8) + 1). (3.22)
In the case when k(0) > m, it is easy to show that

E|YPL(Ex x/)|2 < 4m™ 6% (3.23)
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2
We can also bound H IYPr (EX’XI)”wHL as follows:

oo

[ PeEx ]|, = IPeExxol,
=13 Ot AP (PL(Ex.x1), bk @ )
ko j=1 Loo
(3.24)
< 1@%}%()\ A 6%) un%%x Zl| PLEwy, ¢k ® ¢5)
k,j
< 1g}ca<xm()\k /\52) maX | PLEY, vHQ

< 6% max ||Pr(e, ® ev)H2 < 26% max || Pre,||?.
u,veV veV

If k(6) < m, it follows from (3.16), (3.17), (3.22) and (3.24) that with
probability at least 1 — e~*, for all symmetric matrices M with ||M|]2 < § and
WMl <1,

t
(PLE, M)| < 2\/4(07 +1 \/n 5/ (k( +2\/25max|\PLevH

Alternatively, if k£(d) > m, we use (3.23) to get

t t
(PLE, M)| < 45\/ " 4 2v/25 max || Pre, ||
nm veV n
This completes the proof of Lemma 3. ]

It follows from Lemma 3 that, for all § > 0, the following bound holds with
probability at least 1 — e™?
sup [(PLE, M)

1M1 <6, W1/2 M| <1
(3.25)

t 4
§4\/c,y—|—1\/n 5v/p(k(8) + 1) +2\/25max||PLev||

(recall that p(k) = r for k > m, so, the second bound of the lemma can be included
in the first bound). Moreover, the bound can be easily made uniform in ¢ € [0_, 4]
for arbitrary 6_ < &. To this end, take §; := §,277,5 =0,1,..., [logy (04 /5_)]+1
and use (3.25) for each § = 0; with ¢ := ¢ + log([log,(d4/0-)] + 2) instead of t.
An application of the union bound and monotonicity of the left-hand side and the
right-hand side of (3.25) with respect to ¢ then implies that with probability at
least 1 — et for all § € [0_,04]

t
sup [(PLE |<C\/ 5/ p(k(3) +1) +4\/25max||PLevH

t
M ]l2<6,[|W1/2 M| <1 n’
2

(3.26)
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where C' > 0 is a constant depending only on ¢. Indeed, by the union bound, (3.25)
holds with probability at least

— (logy(6+ /)] + e T =1— ¢t
forall § =6;,7=0,...,[logy(04+/0-)] +1
Therefore, for all j =0,...,[logy(0+/0_)]+1 and all § € (d;41, J;]

sup (PLE, M)]|
| M|l2<6,|W1/2M|2<1
; (3.27)
<4\/c7+1\/ 5\ o(k(8;) + 1) +2v/25; ma | Prea| |

(by monotonicity of the left-hand side). Note that k(d;) < k(d) < k(dj4+1). We

o)) F(w)
F(X\) X
condition Ag1+1/Ax < ¢ to show that

\/ Ly \/so )4+ 1)+ < 2\/ 5j+1\/<p(k(5j+1) +1)
< 2\/ ]+1 < 2\/ \/ ]+1
nm )\k(é i+1) nm )\k(é i+1)+1

t
< 2y/c \/nm\/ )\k(é)+1 g 2¢C\/nmw¢(k(5) +1)

This and bound (3.27) imply that

can now use the fact that ‘py:) = is a nonincreasing function and the

sup [{(PL=, M)]|
[ M]l2<6,[|W/2 M|l <1
- (3.28)
< 8\/c(c,y +1 \/ 5/ p(k(0) +1) + 4\/25max||PLeUH
which proves bound (3.26).
Set 0 as
_ 8-S 18 = Sillzame
[WH2(S = Sl [WHA(S = Sl o)
and assume for now that 6 € [6_, J4].
i ] — 5-S.
For a particular choice of M := W26 s Ve 8et from (3.26) that
. P
[(PLE, S =S89 <C IS = Sull2v/(k(8) + 1)
nm (3.29)

t A
+4v2max || Pre, | |IS — Si|2-
veV n
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Suppose now that §2 > . Since, under assumptions of the theorem, & € ()\S__&l, ALY,
this implies that k(§) < k(v/&) = s and

, P
Pz s-sil <oy 18- Slaviets+ )

t. A
+ 4v2max || Pre, | ||S — Sl2
veV n

mt -
= C\/ o 15 = Sl ama V(s +1) (3.30)

mt,
+avamax|Prea) ™1 - Sl

mt

S 20290

1)mi
(s + DMt | 64 max I Prew(
n veV

2 1 . )
) 1S = S .

In the case when §2 < &, we have k() > k(1/£) = s. In this case, we again use the

fact that ‘p)ff) is a nonincreasing function and the condition \xy1/A; < ¢ to show
that '

VS = Sl oh@) 1) = ™ I — S /52 (8(0) + 1)

<\ s - 5*>|L2<n2>\/ Ay

Ak(s)
mt A w(k(0) +1
< vy ™ |W1/2(s—s*>||h<m>\/ oy
k(8)+1
mt 5 o(s+1
<vey/™ |W1/2<S—s*>||L2<n2>\/ by
s+1

< w:J IS - ) | ols + 1)

This allows us to deduce from (3.29) that

— & mt ,_ .
(P1=.5 - 5.1 < Vel ™ VEIWAS - 5.l vis + 1)
t
|

m ~
+4\/2max||PLevH 1S — Sl Lo
vevl . ’ (3.31)
t N
<2 PO UM (S S e

2 mf 2 1, 4 2
+32max || Poeol? (") 1S = Sl e
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It follows from bounds (3.30) and (3.31) that with probability at least 1 — e~ ¢,

. 1)mt t\2
(P2 6 — 8] < 2v )2 T I Lo HPLevHQ(m )
1 n 1 veV n (3'32)
+ 18 = Sullf, ey + EIW2(S = S,
provided that
S — S, S-S, 2

CAWAS =Sl [WR(S = 8 ,are)

It remains now to substitute bounds (3.9), (3.11), (3.13) and (3.32) in bound (3.3)
to get that with some constants C' > 0,C7 > 0 depending only on ¢ and with
probability at least 1 — 2e~*

(s + Dm(t +tm)

" . (3.34)
+ W28, |2, ey + Cy max || Pre ||2(mt)
N Lo(112) veV T\n />

& ¥$
IS = 8ull7 a2y < C

where t,,, := t + log(2m).
We still have to choose the values of §_, d4 and to handle the case when

i ||5’—S*||2 _ ||5'—S*||L2(H2) Z16_,64] (3.35)
WS = Sl WS - Sy

First note that, since the largest eigenvalue of W is A, and it is bounded from
above by m¢, we have

IW2(S = S)ll2 < VAmllS = Sulla < m¢2|[S = S. 2.
Thus, § > m~%/2, Next note that
IW2S,|7, a2y < m™?mC 8.5 < mS,

where we also took into account that the absolute values of the entries of S, are
bounded by 1. It now follows from (3.15) that, under the assumption 2":?" <1,

- 3
2 2.2 o=
1S = Sillz, ey < o Tme + 28m*

log(2 ¢
pm2t TI0BRM) L omE o  am® < 14m®
nm As

<24

which holds with probability at least 1 — e~*. Therefore, as soon as |[W1/2(5 —
Sl zaar2) = n~¢, we have § < 4nSm¢.

We will now take 6_ := m~%/2,§, := 4nSm¢. Then, the only case when (3.35)
can possibly hold is if ||[W?/2($ — S|l zo(m2) < n7C. In this case, we can set

§ == nC||S — Sill L2y € [0-,04]
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and follow the proof of bound (3.32) replacing throughout the argument ||[W*/2 (5' —
Sl L2y with n=¢. This yields

. Yo o(s + 1)mt

(PLE,8 - S,)| < (2Ve ; (3.36)

o/miNZ 1 . 9 Ly
+ 64 max|| Pre, | (n) + 18— Sl ey + 20

Bound (3.36) can be now used instead of (3.32) to prove that

(s +1)m(t +tm)

& ¥
1S = Sull 7,2y < C .

(3.37)

—rl/2q 12 o miN2

with some constants C, C; > 0 depending only on c.

Clearly, we can assume that C; > 1 and £ > 1. Since m < n? (recall that we
even assumed that mt,, ., < 1), ( > 1, max,ey | Prey||? > ;4 and £ < )\,;01 < mS,
it is easy to check that

m mc

> an~ %,
n2 — n ~

1\ 2
Cymax |[Pre, (") >
veV n
Thus, the last term of bound (3.37) can be dropped (with a proper adjustment of
constant C1).
Note also that with our choice of §_, d

t =1+ log(logy(d;/6_) +2) < t + loglog,(16n°m3/2)¢)

and ¢ + ty, < 2ty,m. It is now easy to conclude that, with some constants C, Cy
depending only on ¢ and with probability at least 1 — 3e~¢

(s + D)ymip,m
n

18— S, gy < C7 W28 2. e + Cy max [ Pren)2(™)
*|| Lo (I12) = * || Lo (T12) 1 Py, LCv n .

(3.38)
The probability bound 1 — 3e™! can be rewritten as 1 — e~ ¢ by changing the value
of constants C, C;. Also, by changing the notation s + 1 — s, bound (3.38) yields
(2.1). This completes the proof of the theorem. O
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Sparse Principal Component Analysis
with Missing Observations

Karim Lounici

Abstract. In this paper, we study the problem of sparse Principal Compo-
nent Analysis (PCA) in the high dimensional setting with missing observa-
tions. Our goal is to estimate the first principal component when we only have
access to partial observations. Existing estimation techniques are usually de-
rived for fully observed data sets and require a prior knowledge of the sparsity
of the first principal component in order to achieve good statistical guaran-
tees. Our contributions is essentially theoretical in nature. First, we establish
the first information-theoretic lower bound for the sparse PCA problem with
missing observations. Second, we study the properties of a BIC type estima-
tor that does not require any prior knowledge on the sparsity of the unknown
first principal component or any imputation of the missing observations and
adapts to the unknown sparsity of the first principal component. Third, if the
covariance matrix of interest admits a sparse first principal component and
is in addition approximately low-rank, then we can derive a completely data-
driven choice of the regularization parameter and the resulting BIC estimator
will also enjoy optimal statistical performances (up to a logarithmic factor).

Mathematics Subject Classification (2010). Primary 62H12.

Keywords. Low-rank covariance matrix, sparse principal component analysis,
missing observations, information-theoretic lower bounds, oracle inequalities.

1. Introduction

Let X, X1,...,X,, € RP be ii.d. zero mean vectors with unknown covariance
matrix ¥ = EX ® X of the form
Y =01010] + 0o, (1.1)

where 01 > 03 > 0, 61 € SP (the lo unit sphere in RP) and T is a p X p symmetric
positive semi-definite matrix with spectral norm || || < 1 and such that T6; = 0.
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The eigenvector 64 is called the first principal component of . Our objective is to
estimate the first principal component #; when the vectors X, ..., X, are partially
observed. More precisely, we consider the following framework. Denote by X i(j ) the
jth component of the vector X;. We assume that each component X i(J ) is observed
independently of the others with probability ¢ € (0, 1]. Note that § can be easily
estimated by the proportion of observed entries. Therefore, we will assume in this
paper that ¢ is known. Note also that the case 6 = 1 corresponds to the standard

random variables with parameter § and independent from Xy, ..., X,,. We observe
n i.i.d. random vectors Y7,...,Y;, € RP whose components satisfy
v =5,,X9, 1<i<n 1<j<p (1.2)

We can think of the J; ; as masked variables. If J; ; = 0, then we cannot observe

the jth component of X; and the default value 0 is assigned to Yi(j ). Our goal is
then to estimate 6; given the partial observations Y7,...,Y,.

Principal Component Analysis (PCA) is a popular technique to reduce the
dimension of a data set that has been used for many years in a variety of different
fields including image processing, engineering, genetics, meteorology, chemistry
and many others. In most of these fields, data are now high dimensional, that is the
number of parameters p is much larger than the sample size n, and contain missing
observations. This is especially true in genomic with gene expression microarray
data where PCA is used to detect the genes responsible for a given biological
process. Indeed, despite the recent improvements in gene expression techniques,
microarray data can contain up to 10% missing observations affecting up to 95% of
the genes. Unfortunately, it is a known fact that PCA is very sensitive even to small
perturbations of the data including in particular missing observations. Therefore,
several strategies have been developed to deal with missing values. The simple
strategy that consists in eliminating from the PCA study any gene with at least one
missing observation is not acceptable in this context since up to 95% of the genes
can be eliminated from the study. An alternative strategy consists in inferring the
missing values prior to the PCA using complex imputation schemes [3, 6]. These
schemes usually assume that the genes interactions follow some specified model and
involve intensive computational preprocessing to impute the missing observations.
We propose in this paper a different strategy. Instead of building an imputation
technique based on assumptions describing the genome structure (about which we
usually have no prior information), we propose a technique based on the analysis of
the perturbations process. In other words, if we understand the process generating
the missing observations, then we can efficiently correct the data prior to the PCA
analysis. This strategy was first introduced in [8] to estimate the spectrum of low-
rank covariance matrices. One of our goal is to show that this approach can be
successfully applied to perform accurate PCA with missing observations.

Standard PCA in the full observation framework (6 = 1) consists in extracting
the first principal components of ¥ (that is the eigenvector #; associated to the
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largest eigenvalue) based on the i.i.d. observations X, ..., X,:
0 = argmax,y_, (HTEHG) , (1.3)

where X, = Tll 2?:1 XiXiT. The standard PCA presents two majors drawbacks.
First, it is not consistent in high dimension [4, 11, 12]. Second, the solution 0 is
usually a dense vector whereas sparse solutions are preferred in most applications
in order to obtain simple interpretable structures. For instance, in microarray
data, we typically observe that only a few among the thousands of screened genes
are involved in a given biological process. In order to improve interpretability,
several approaches have been proposed to perform sparse PCA, that is to enforce
sparsity of the PCA outcome. See for instance [13, 14, 18] for SVD based iterative
thresholding approaches. [19] reformulated the sparse PCA problem as a sparse
regression problem and then used the LASSO estimator. See also [10] for greedy
methods. Note also the recent paper [1] which studies the testing problem for
the presence of a sparse principal component. We consider now the approach by
[5] which consists in computing a solution of (1.3) under the additional [3-norm
constraint |#]; < § for some fixed integer § > 1 in order to enforce sparsity of the
solution. The same approach with the /;-norm constraint replaced by the lp-norm
gives the following estimator

o = argmaxgess ; |g|o<s (HTZ,,,H) , (1.4)

where |0]o denotes the number of nonzero components of  and § > 1 is a parameter
of this estimator. In the recent paper [17], the following oracle inequality was
established. If |61]o < §, then we have

A A 2 2 _
(El\ﬁoﬁl—ﬁlefl\z) sc( 71 ) 5los(®/3)

g1 — 02 n

for some absolute constant C' > 0. Note that this estimator requires the knowledge
of an upper bound 5 > |61|o. In practice, we generally do not have access to any
prior information on the sparsity of 6;. Consequently, if the parameter § we use
in the estimator is too small, then the above upper bound does not hold, and if
S is too large, then the above upper bound, even though valid, is sub-optimal. In
other words, the estimator (1.4) with § = |01]o can be seen as an oracle and our
goal is to propose an estimator that performs as well as this oracle without any
prior information on |64 ]o.

In order to circumvent the fact that |0 is unknown, we consider the follow-
ing estimator proposed by [2]

0, = argmaxycsr (GTEnﬁ — Afo), (1.5)

where A > 0 is a regularization parameter to be tuned properly. This optimization
problem is unfortunately hard to solve in practice. [2] proposed to solve instead a
convex relaxation for the above problem. [7] proposed a gradient procedure com-
putationally tractable even in high dimension to solve (1.5). However, a weakness
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of their procedure is that it can trapped into a local maximizer. Although the com-
putational interest of (1.5) is not clearly established yet, we believe nevertheless
that the investigation of the statistical performances of this estimator is important
to get a better theoretical understanding of the sparse PCA problem. Indeed, the
BIC estimator in high dimensional regression is not computationally tractable but
enjoys optimal statistical properties. This BIC estimator is then used as a theo-
retical benchmark to assess the statistical performances of other computationally
tractable procedures like the Lasso estimator. Similarly, we propose to show in
this paper that the statistical properties of (1.5) are optimal in the sparse PCA
problem. In particular, (1.5) is minimax rate optimal (up to a logarithmic factor)
and adapts to the unknown sparsity of #; provided the regularization parameter
is tuned properly.

When the data contains incomplete observations (6 < 1), we do not have
access to the empirical covariance matrix Y,,. Given the observations Y7,...,Y,,
we can build the following empirical covariance matrix

1 n
»0) — YY",
0= vy,

=1

As noted in [8], v is not an unbiased estimator of 3], Consequently, we need to
consider the following correction in order to get sharp estimation results:

S, = (671 — 6-2)diag (zg;”) 16250, (1.6)

where for any p x p matrix A, diag(A) is the p X p matrix obtained by keeping only
the diagonal elements of A and putting all the non-diagonal elements of A equal
to 0. Indeed, we can check by elementary algebra that ¥, is an unbiased estimator
of ¥ in the missing observation framework § € (0, 1]. Therefore, we consider the
following estimator in the missing observation framework

él = argmaxeesp :10]0<s (aTine — A|9|0) y (17)

where A > 0 is a regularization parameter to be tuned properly and 5 is a mild
constraint on |61]o. More precisely, § can be chosen as large as 10‘;;’})) when no
prior information on |0y is available. We will prove in particular that the esti-
mator (1.7) adapts to the unknown sparsity of 6; provided that |0;|o < 5. We also
investigate the case where ¥ is in addition approximately low-rank. In that case,
we can remove the restriction |#]o < § (taking § = p) in the procedure (1.7) and
propose a data-driven choice of the regularization parameter A. Finally, we estab-
lish information theoretic lower bounds for the sparse PCA problem in the missing
observation framework ¢ € (0, 1], showing in particular that the dependence of our
bounds on the parameter § is sharp. Note that our results are nonasymptotic in
nature and hold for any setting of n, p including in particular the high dimensional
setting p > n.
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The rest of the paper is organized as follows. In Section 2, we recall some tools
and definitions that will be useful for our statistical analysis. Section 3 contains
our main theoretical results. Finally, Section 4 contains the proofs of our results.

2. Tools and definitions

In this section, we introduce various notations and definitions and we recall some
known facts that we will use to establish our resul_‘gs.
The l,-norms of a vector x = (33(1), . ,a:(p)) € RP is given by

14 1/q
= (4 |a forl < - @)
|lq <j§:1 |z ) ,for1 <g<oo, and || Joax |z

The support of a vector x = (a:(l), e ,J;(p))T € RP is defined as follows

J(z)={j: zl) £ 0}.
We denote the number of nonzero components of z by |z|o. Note that |z|p =
|J(z)]. Set S? = {x € R? : |z|]y = 1} and [p] = 2{1P} For any J € [p], we
define SP(J) = {z € 8P : J(x) = J}. For any integer 1 < s < p, we define SP =
{x € 8? : |z]o = s}. Note that S? = Ujcp): sj=sS"(J).
For any p X p symmetric matrix A with eigenvalues o1(A),...,0,(4), we
define the Schatten g-norm of A by

P 1/q
Al = (mew) Vi<g<oo, and Al = max {lo;(4)]}.
i=1 ==

Define the usual matrix scalar product (4, B) = tr(A" B) for any A, B € RP*P.
Note that || A2 = \/(A, A) for any A € RP*P. Recall the trace duality property

(4, B)] < [ AlllIBll1, VA, B € RP*.

We recall now some basic facts about e-nets (See for instance Section 5.2.2
in [16]).

Definition 1. Let (A, d) be a metric space and let € > 0. A subset N, of A is
called an e-net of A if for every point a € A, there exists a point b € N, so that
d(a,b) <e.

We recall now an approximation result of the spectral norm on an e-net.

Lemma 1. Let A be a k x k symmetric matrixz for some k > 1. For any € € (0,1/2),
there exists an e-net N, C S (the unit sphere in R¥) such that

k
2
[Ne| < (l—i— ) , and sup [(Az,x)| < sup |(Az, z)|.
€ 9cSk 1 — 26 QGNE
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See for instance Lemma 5.2 and Lemma 5.3 in [16] for a proof.
We recall now the definition and some basic properties of sub-exponential
random vectors.

Definition 2. The ¥ ,-norms of a real-valued random variable V are defined by
Vg, =inf{u>0:Eexp (|[V|*/u®) <2}, a>1.
We say that a random variable V' with values in R is sub-exponential if | V||, < oo
for some o > 1. If o = 2, we say that V is sub-Gaussian.
We recall some well-known properties of sub-exponential random variables:

1. For any real-valued random variable V such that ||[V||, < oo for some @ > 1,
we have

m m
m<g m > .
Bvm <20 (") Vi, vm>1 (2.1)

where I'(+) is the Gamma function.
2. If a real-valued random variable V is sub-Gaussian, then V2 is sub-expon-
ential. Indeed, we have

V2l < 2VII3,- (2.2)

Definition 3. A random vector X € RP is sub-exponential if (X,z) are sub-
exponential random variables for all z € RP. The 1,-norms of a random vector X
are defined by

[ Xlpo = sup (X, 2)[y,, a>1.
TESP

We recall a version of Bernstein’s inequality for unbounded real-valued ran-
dom variables.

Proposition 1. Let Y7,...,Y, be independent real-valued random wvariables with
zero mean. Let there exist constants o, o' and K such that for any m > 2

I !
S E(vm < T KT 202, (2.3)
n— 2
Then for every t > 0, we have with probability at least 1 — 2e™*

1 — 2t t
Zn go\/ + K.
nizl n n

3. Main results for sparse PCA with missing observations

In this section, we state our main statistical results concerning the procedure
(1.7). We will establish these results under the following condition on the distri-
bution of X.
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Assumption 1 (Sub-Gaussian observations). The random vector X € RP is sub-
Gaussian, that is || X ||y, < co. In addition, there exist a numerical constant ¢; > 0
such that

E((X, u))? 201H<X,u>|\12pz,VuER”. (3.1)

3.1. Oracle inequalities for sparse PCA
We first establish a preliminary results on the stochastic deviation of the following

empirical process

Z,(s) = gé?é{’eT(i" — 2)0‘} , Vi<s<np.

We consider first the full observation case (§ = 1). To this end, we introduce the

following quantity
1 1
o (oup) o { \/s os(er) sloslen) } (52)

Proposition 2. Let X1,..., X, be i.i.d. random vectors in RP with covariance ma-
triz (1.2). Let Assumption 1 be satisfied. Then, we have

]P’(ﬂ {Zn(s) <ccjlcn(s,p)}> 21—; (3-3)

s=1

where ¢ > 0 is an absolute constant.

We now treat the missing observations case (6 < 1). For the sake of simplicity,
we will assume in addition that |X|2 < VK , almost surely, for some constant
K > 0. We can deduce from this case similar results for general distributions
satisfying Assumption 1 by taking K = trace(X) log(ep) and a simple union bound
argument. See [8] for more details. We introduce the following quantity

Cnl(s,p,d) = max{\/Sk)g(ep), K slog(ep) } , (3.4)

2n o1 6%n

Proposition 3. Let Assumption 1 be satisfied. Assume in addition that there exists
a constant K > 0 such that | X |2 < VK, almost surely. Let Yi,...,Y, be defined
in (1.2) with 6 € (0,1]. Then, we have

- 01 1
P(Q{Zn(s) Sccl/\lgn(s,p,(S)}) 21- (3.5)

where ¢ > 0 is an absolute constant.

We can now state our main results. We start with the full observation frame-
work (0 =1).
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Theorem 1. Let X4,..., X, be i.i.d. random vectors in RP with covariance matriz
(1.2). Let Assumption 1 be satisfied. Assume that n > 2slog(ep) where 5 is a
parameter of the estimator (1.7). Take

2
01 — 09 n

where C' > 0 is a large enough numerical constant. If |01]o < S, then the estimator
(1.7) satisfies with probability at least 1 — ;

N 1
16:67 - 0,67 [ < ler]o5* )

o1
—0o9

where ¢ = o and C' > 0 is a numerical constant that can depend only on c;.

We consider now the missing observation framework (§ < 1).

Theorem 2. Let the assumptions of Proposition 3 be satisfied. In addition, assume
2

that n > 262 {52 slog(ep) where § is a parameter of the estimator (1.7). Take
1

a2 log(ep)
A=C ! 3.7
01 — 09 5271 ( )
where C' > 0 is a large enough numerical constant. If |01]o < S, then the estimator
(1.7) satisfies with probability at least 1 — 11)

W _ylog(ep)
010, — 010, |3 < C'|01]05> .
||11 11||2— |1|0 52n
where ¢ = _ 7' and C' > 0 is a numerical constant that can depend only on c;.

g1—02

1. We observe that the estimation bound increases as the difference o1 — o9
decreases. The problem of estimation of the first principal component is sta-
tistically more difficult when the largest and second largest eigenvalues are
close. We also observe that the optimal choice of the regularization parame-
ters in (3.6) and (3.7) depend on the eigenvalues o1, 02 of ¥. Unfortunately,
these quantities are typically unknown in practice. In order to circumvent
this difficulty, we propose in Section 3.3 a data-driven choice of A with opti-
mal statistical performances (up to a logarithmic factor) provided that ¥ is
approximately low-rank.

2. Let now consider the full observation framework (6 = 1). In Theorem 1, we
established the following upper bound with probability at least 1 — 11)

U 1
10:07 — 00713 < C'laloe® 5P,
We can compare this result with that obtained for the procedure (1.4) in [17]
. 2 1 5
(Enoooj - 9191%) < 0552 108er/s).
n

We see that in order to achieve the rate 01|02 log(ep/|61]0) with the pro-
cedure (1.4), we need to know the sparsity of 6; in advance, whereas our
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procedure adapts to the unknown sparsity of #; and achieves the minimax
optimal rate up to a logarithmic factor provided that |f1|p < § (see Section
3.4 for the lower bounds). This logarithmic factor is the price we pay for
adaptation to the sparsity of #;. Note also that we can formulate a version
of (1.4) when observations are missing (§ < 1) by replacing ¥,, with %,,. In
that case, our techniques of proof will give with probability at least 1 — 11)

P log(ep/s
10,07 — 0,07 |12 < C’'56> géj:l/ ).

3. In the case where observations are missing (§ < 1), Theorem 2 guarantees
that recovery of the first principal component is still possible using the proce-
dure (1.7). We observe the additional factor =2. Consequently, the estimation
accuracy of the procedure (1.7) will decrease as the proportion of observed
entries § decreases. We show in Section 3.4 below that the dependence of our
bounds on 62 is sharp. In other words, there exists no statistical procedure
that achieves an upper bound without the factor 6 2. Thus, we can conclude
that the factor 672 is the statistical price to pay to deal with missing ob-
servations in the principal component estimation problem. If we consider for
instance microarray datasets where typically about 10% of the observations
are missing (that is 6 = 0.9), then the optimal bound achieved for the first
principal component estimation increases by a factor 1.24 as compared to the
full observation framework (§ = 1).

3.2. Study of approximately low-rank covariance matrices

We concentrate from now on the full observation case (§ = 1). We now assume
that ¥ defined in (1.1) is also approximately low-rank and study the different
implications of this additional condition. We recall that the effective rank of %
is defined by r(¥) = trace(X)/[|X]|c. We say that 3 is approximately low-rank
when r(X) < p. Note also that the effective rank of an approximately low-rank
covariance matrix can be estimated efficiently in our context by r(%,,). See [§] for
more details.

First, we can propose a different control of the stochastic quantities Z,,(s).
Note indeed that Z,(s) < ||i]7, — Y||oo for any 1 < s < p. We apply now Propo-
sition 3 in [8] and get the following control on Z,(s). Under the assumptions of
Proposition 3, we have with probability at least 1 — e~* that

5~ < €7 ma {\/P(E) (t+1og(2p)) x(%) (¢ +log(20)) —|—t+logn)},

n n

(3.8)
where C' > 0 is an absolute constant. We concentrate now on the high dimensional
setting p > n. Assume that

n > cr(X) log? (ep), (3.9)
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for some sufficiently large numerical constant ¢ > 0. Taking ¢t = log(ep), we get
from the two above displays, with probability at least 1 — elp that

~ r(X)log(e
150 — Sl < c'al\/ ()los(er) (3.10)
where ¢/ > 0 can depends only on ¢;. Combining the previous display with Propo-
sition 2 and a union bound argument, we immediately obtain the following control
on Zy,(s).

Proposition 4. Let the conditions of Proposition 2 be satisfied. In addition, let (3.9)
be satisfied. Then we have

P (ﬂ {Zn(s) < copy/min {r(%), s}\/logT(lep) }) >1- 1,

s=1 p
where ¢ > 0 is a numerical constant that can depend only on c;.

The motivation behind the new bound in Proposition 4 is the following. If
(3.9) is satisfied, then we can remove the restriction |[f|g < § in (1.7) and we
obtain exactly the estimator (1.5) that was the initial object of our interest. we
can now investigate its statistical performances. Following the proof of Theorem
1, we establish the following result for (1.5).

Theorem 3. Let the assumptions of Theorem 1 be satisfied. In addition, let (3.9)
be satisfied. Take

2
r=c o1 losler) (3.11)

01 — 09 n
where C > 0 is a large enough numerical constant. Then the estimator (1.5)
satisfies, with probability at least 1 — 11),

16:07 0,67 13 < lor]o5 P

where 6 = al"_laz and C' > 0 is a numerical constant that can depend only on c;.

Note that this result holds without any condition on the sparsity of ;. Of
course, as we already commented for Theorem 1, the result is of statistical interest
only when 0 is sparse: [01]o < ., 102(617)'

3.3. Data-driven choice of A\

As we see in Theorem 3, the optimal choice of the regularization parameter depends
on the largest and second largest eigenvalues of 3. These quantities are typically
unknown in practice. To circumvent this difficulty, we propose the following data-
driven choice for the regularization parameter \

61 log(ep)

~ )

0’1—6’2 n

Ap=C (3.12)
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where C' > 0 is a numerical constant and 1 and &5 are the two largest eigenvalues
of ¥,,. If (3.9) is satisfied, then as a consequence of Proposition 3 in [8], &, and
02 are good estimators of o1 and o2. In order to guarantee that Ap is a suitable
choice, we will need a more restrictive condition on the number of measurements n

than (3.9). This new condition involves in addition the “variance” 6% = (Ulif@)Q:
n > ¢52r(%) log?(ep), (3.13)

where ¢ > 0 is a sufficiently large numerical constant. As compared to (3.9), we

observe the additional factor 52 in the above condition. We already noted that

matrices 3 for which the difference o1 — o5 is small are statistically more difficult

to estimate. We observe that the number of measurements needed to construct a

suitable data-driven estimator also increases as the difference o1 —o2 decreases to 0.
We have the following result.

Lemma 2. Let the conditions of Proposition 3 be satisfied, Assume in addition that
(3.13) is satisfied. Let Ap be defined in (3.12) with a sufficiently large numerical
constant C' > 0. Then, we have with probability at least 1 — 11] that

Z2(s) < (01 —o02)Aps, VY1<s<p,

and
Ay < o1 log(en)

g1 — 02 n
for some numerical constant C’ > 0.

Consequently, the conclusion of Theorem 3 holds true for the estimator (1.5)
with A = Ap provided that (3.13) is satisfied.

3.4. Information theoretic lower bounds

We derive now minimax lower bounds for the estimation of the first principal
component 61 in the missing observation framework.

Let s1 > 1. We denote by C = Cy, (01, 02) the class of covariance matrices 3
satisfying (1.1) with o1 > 09, 01 € SP with |f|op < 51 and T is a p X p symmetric
positive semi-definite matrix with spectral norm || || < 1 and such that T6; = 0.
We prove now that the dependence of our estimation bounds on o1 — 03,9, s1,n,p

in Theorem 2 is sharp in the minimax sense. Set 62 = (afi‘(’é)Q.

Theorem 4. Fiz 6 € (0,1] and sy > 3. Let the integers n,p > 3 satisfy

25251 log(ep/s1) < 6°n. (3.14)
Let X1,...,X, be i.i.d. random vectors in RP with covariance matriz 3 € C. We
observe n i.i.d. random vectors Yi,...,Y, € RP such that

Y/ =6,;X7, 1<i<n, 1<j<p,

where (6;,5)1<i<n, 1<j<p @S an i.i.d. sequence of Bernoulli B(6) random variables
independent of X1,...,X,.
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Then, there exist absolute constants € (0,1) and ¢ > 0 such that

inf sup Py, <|0A10A1r — 0,07 )% > ¢ 821 log <ep) ) > B, (3.15)
6, sec d%n 51

where inf; denotes the infimum over all possible estimators 0, of 01 based on
Yi,...,Y,.

Remark 1. For s; = 1, we can prove a similar lower bound with the factor 62
replaced by d~!. This is actually the right dependence on d for 1-sparse vectors.
We can indeed derive an upper bound of the same order for the selector e; =

argmax < ;< (e;—Enej) where ey, ..., e, are the canonical vectors of RP.

For s; = 2, we can prove a lower bound of the form (3.15) without the
logarithmic factor by comparing for instance the hypothesis 6, = \}2 (e1 +e2) and

0, = ;el + ‘é?’ es. Getting a lower bound for s; = 2 with the logarithmic factor
remains an open question.

4. Proofs

4.1. Proof of Propositions 2 and 3
We start with the proof of Proposition 3.

Proof. For any s > 1, we have
Zn(s) <6120V (s) + 67222 (s) (4.1)
where

Zg)( )= Grré%x{’HTdiag (E%‘S) — 2(5)) 0’} ,

2200 = g {0 (a0 - 9)o]

with A = 2 —diag(2(Y), A®) = £ _diag(£®)) and 2O = §2[L—diag(X)]+
ddiag(X).

Before we proceed with the study of the empirical processes Z%l)(s) and
Z%Q)(s), we need to introduce some additional notations. Define

Y =6, XM, 6, xP)T)

where 01, ...,0, are i.i.d. Bernoulli random variables with parameter 6 and inde-
pendent from X. Denote by E; and Ex the expectations w.r.t. (d1,...,0,) and X
respectively.

We now proceed with the study of ZE,,Q)(S). For any s > 1 and any fixed
0 € 8P, we have

i (Ag;” - A<5>) Z [07 (v;Y;T — diag(V;Y;7)) 0 — 6207 (S — diag(%)) 0] .
1:1
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Set
Z; = [(V3Y;" — diag(VY;")) — 6% (2 — diag(¥))], 1<i<n,
and
Z=[YY" —diag(YY ")) — 6 (S — diag(¥))] -
We note that Z, 21, ..., Z, are i.i.d with zero mean.

For any 6 = (0M,...,0®)T € R? and §y,...,6, € {0,1}7, we set 05 =
(6,01 ...,6,0®))T. Next, for any 6 € SP and 6. ..,d,, we have by assumption
on X that
107 Z60| < 16) (XX T — diag(X X )]s + 6° max {|67[Z — diag(2)]0] }

€

P
< Tx)2 () x (1))2 2 T Tdi
< max{(05 X) ,;(@0 XUNEE 46 max {max{0'%6,0" diag(x))6} }
§K+520'1§2(K\/0'1), a.s.
For any 6 € §7, we establish in Section 4.9 below that
E[(6726)%] <c 1252021“(3),
‘1

for some numerical constant ¢ > 0. Combining the last two displays, we deduce,
for any m > 2 and any 6 € S?, that

max

E (167 26/™] <E[(67 20)2] [2(K V 01)]™ 2 < C‘% 8202 (s)[2(K V oy)]™ 2

Thus, for any fixed 6 € SP, Bernstein’s inequality gives for any ¢ > 0 that
0 max t t/ ’
P (‘GT(A;‘S) - A(é))ﬁ) > C’max{ ? (S)\/ , (K Vop) }) <27t
c1 n n
where C' > 0 is an absolute constant. Note now that

2000 = g {J07 A0 — A0} = s s ([0 40 - AO]}.

For any fixed J € [p| such that |J| = s, Lemma 1 guarantees the existence of a
41-net A/(J) such that [N(J)| < 9% and

s, (D700 400l <2 s (- a0

Combining the last three displays with a union bound argument, we get for ¢ =
t+ slog(9) + slog (?) and ¢ > 0 that

P (zﬁ?(s) > ¢,<3>(s,t)) <2, (4.2)
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with

)

C1 n

t 1 1 ep
C7(12) (S,t) _ Cmax{ 5Un1ax(3)\/ + s 0g(9) + s og( ! )

(K\/Ul)t+slog(9) + slog (P) }

n

We proceed similarly to treat the quantity Zgll)(s). We first note that

07 (ding(5¢) —5©)) 0 = i zn: zp: ( [60v] gy (9<j>)2) ,
i=1 j=1

Next, we have for any m > 2 and any 0 € S?

E (é (9<j>y<j>)2 S (g(j))z)m
< jz: (90))2 (2m1E [(YU))M} + 2m15mzy}j)

P i m
<3 (09)? |s2m'Ex {(X(j))Q }Mmzmlzy}j}

< Ep:(ow‘))? [26m! (4|\X(j)||fb2)m + 5m2mflzg{g]

p r m
<> (D)2 25m!<izj,j) +5m2mlzy}j}

(. Vorwatt) ()

2 Cl/\l

for some numerical constant C' > 0. Then, for any 6 € S?, Bernstein’s inequality
(Proposition 2.9 in [9]) gives for any ¢’ > 0 that

max (1 4 4
P QHT (diag(ng) - 2(6))) 9’ ot (1) max{\/ét , ! }) < 27",
ca N1 n'n
for some numerical constant C' > 0. Next, a similar union bound argument as we
used above for Zg)(s) gives
P (20(s) > (V(s,1)) <267, (4.3)

with

(s, — sl maxwmslog(?)) t+810g(2”)}7

c1 N1 n ’ n
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for some numerical constant C' > 0. Next, easy computations give ;Q&l)(s,t) +
52 §(2)(s t) < (n(s,t) where

_ o1 t+slog(?) (K t+ slog (7)
n ) = s b 1 s )
Cn(s,t) C’C1 A1 max{\/ 2n o Vv 52n

for some numerical constant C' > 0. Combining (4.1), (4.2) and (4.3) with a union
bound argument, we get, for any s = 1,...,p, that

P (Zn(s) > fn(s,t)) < 4e”t

Finally, using again a union bound argument, we get from the previous display
that

<ﬂ {Z(5) > Ca(s t)}) < 4pe”!

Replacing t by t + log(ep) and up to a rescaling of the constants, we get that

(ﬂ {Zn(5) > Cals t)}) <e (4.4)

for some numerical constant C' > 0. Finally, taking ¢ = log(ep) yields the result.
O

The proof of Proposition 2 is essentially the same as that of Proposition 3.
The only difference is a sharper control of the moment E[|§T Z0|™], which yields
a smaller bound in the large deviation regime. Indeed, we have for any m > 2 and
any 0 € SP that

E[|67 Z6|™] < 2™ 'E[(6T X)?™] + 2™~ 12 (0D)2E[(X ©)2m]
' m
o m (Camax(s)> 7

- 2 Cc1

for some sufficiently large numerical constant C > 0, where we have (2.1) and

Assumption 1. Therefore, we can apply Bernstein’s inequality with ¢ = K =
Tmax(8)
c1

4.2. Proof of Theorems 1 and 2

We start with the proof of Theorem 2. We will use the following lemma in order
to prove our results.

. The rest of the proof is identical to that of Proposition 3.

Lemma 3. Let 6 € SP. Let ¥ € RP*P be a symmetric positive semi-definite matriz
with largest eigenvalue o1 of multiplicity 1 and second largest eigenvalue oo. Then,
for any 0 € SP, we have

1
o (1= 02)[007 — 0107 |5 < (S,6:0] —007).

See Lemma 3.2.1 in [17] for a proof of this result.
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Proof. We have by definition of #; and in view of Lemma 3 that

g1 — O AA A A
1 7007 - 0,07 |3 < <2,9191T—919I>

IA

IN

<2 5, 0007 — 9}0T> + <in,9191T - @10T>
(2= 20067 —0:67 ) + [0 S1 — Moo

- |:91Tin91 - )\|9A1|0} + Ab1lo — AR

IA

(2= 0,080 = 107 ) + Norlo — Mo

IN

||Hjuj1(z - in)Hjqu ||oo\/2||9191T - élélTHQ
+ A61]o — Al61]o,

where II; ; is the orthogonal projection onto Ls.(e;, j € Ju.Jy), J =J(6) and
J1 = J(6y).

Thus we get
A AT T2 2v/2 S T 54T
016, —6:0,[3< oy 1ML50 5, (8 = X)) 55 [lool[0107 — 0164 |2
9 R
A 1601]0 — 10 .
+U1—02 <| 1lo —| 1|0)
Set
- 22 )
A=1610] — 6,0 |2, B= o — o ML, (B = Ea) I, o
and
9 R
7=, _02/\ (|91|0 - |91|0) ,

The above display becomes
A - BA -~y <0.

Next, basic computations on second order polynoms yield the following necessary
condition on A

Asﬁ+¢§2+47<\/252;4W=¢62+2m

where we have used concavity of x — /x.

Set §; = |é1|0 and s; = |01|o. Note that |jU J1| < 81 + 51 < 28. Next, we
have in view of Proposition 3 and under the condition 25%2 5log? (ep) < 62n, with
probability at least 1 — 11) that

o? log(ep)

81+ s1).
A1 6%n (814 51)

HHjUJl (in — E) HjUJ1H2 < 02
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Thus, we get, with probability at least 1 — ; that

8 o2 log(ep) 01— 09
219~ < 2 1 o 2) 3
F+2vs (0’1—02)2 ¢ C%/\l 02n 8 51
2
5 oi log(ep) _ A
(0’1 - 0'2)2 |:C C% A1l 5271 + (Ul 02)4 51

Next, we note that

2 U% log(ep) <01—02

A
AAN1 2n — 8 ’

provided that A satisfies (3.7) with a large enough numerical constant C' > 0.
Combining the last two displays, we get for A taken as in (3.7), with probability
at least 1 — 117 that

o log(ep)

2 /
2yv< C
B + '7 — (0_1 _ 0_2)2 627’1 817

where C’ > 0 can depend only on c;. O

The proof of Theorem 1 is virtually the same and is left to the reader.

4.3. Proof of Lemma 2
Proof. A standard matrix perturbation argument gives |6; — 05| < [|Zn — %o,
V1 < j < p. Consequently, we get
71— [1£n = Bllee <61 < 01+ [0 — Z|oos
61— 09 =61 —01+01— 02+ 09— G2
> 01— 03— (|61 — 01| + |62 — 02|)
> 01— 02— 2|80 — Bl
and similarly

61— 69 <01 — 094220 — oo

Combining now (3.8) with (3.13) with a sufficiently large constant ¢ > 0, we get
with probability at least 1 — 11) that

1 1
501 < a1 < 207y, 2(01 —02) < 61— 62 <2(01 — 01),

and
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Next, Proposition 4 gives, with probability at least 1 — 117, forany 1<s<p
that
slog(ep)
Z2(s) < ol .
2
o log(e
S 62(0'1 _ 0_2) 1 g( p)s.
g1 — 02 n
Combining the last two displays with a union bound argument, we get with prob-
ability at least 1 — 12) that

2
Z3(s) <87, (01— 0w)Aps, VL <s<p.

Choosing the numerical constant C' > 0 large enough in (3.12), we get from the
previous display with probability at least 1 — ?] that

Zi(s) < (o1 —o2)Aps, V1<s<p.

Up to a rescaling of the constants, we can assume that the above inequality holds
true with probability at least 1 — ;. This gives the first inequality in Lemma 2.

The second inequality is immediate in view of (3.12) and (4.5). O

4.4. Proof of Theorem 4

This proof uses standard tools of the minimax theory (see for instance [15]). The
proof is more technical in the missing observation case (6 < 1) in order the get the
sharp dependence §~2 factor. In order to improve readability, we will decompose
the proof into several technical facts and proceed first with the main arguments.
Then, we give the proofs for the technical facts.

Proof. We consider the following class C of p x p covariance matrices
C={Zp=%(0,01,00) = 100" +02(I, —007), V0 € S” : |0]o < s1,

Vo1 > (14 n)og > O}, (46)

where I, is the p x p identity matrix and 1 > 0 is some absolute constant.

Note that the set C contains only full rank matrices with the same determi-
nant and whose first principal component 6 is s;-sparse. Note also that C C C.
Indeed, it is easy to see that o is the largest eigenvalue of ¥ with multiplicity 1 and
associated eigenvector 6 with less than s; nonzero components, ||, — 007 ||, =1
and (I, — 007)0 = 0.

Next, we define wy = (1,1,0,...,0) € {0,1}? and

Q= {w =W, .., w®)e{0,1} : WP =0® =1, |w|p = sl} U{wo}-

A Varshamov-Gilbert’s type bound (see for instance Lemma 4.10 in [9]) guaran-

tees the existence of a subset A/ C Q with cardinality log(Card(N)) > Cy(s1 —
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2)log(e(p — 2)/(s1 — 2)) containing wp such that, for any two distinct elements w
and w’ of A/, we have

lw—w'|o >

where C1 > 0 is an absolute constant.

5251 log(ep/s1)
82n

Set € = a for some numerical constant a € (0,1/v/2). Note

that we have ¢ < 1/2 under Condition (3.14). Consider now the following set of
normalized vectors

— € — € w(?’ W(P)c T
0= { (\/1 2\/]_ 2 \/81_2 7\/81_2> ;wEN\{UJQ}}

{90 = \/2(,00 } (47)
Note that |©| = |N| and |0]¢ < s1 for any 6 € ©.

Lemma 4. For any a > 0 and any distinct 01,02 € ©, we have
a® _,s1log(ep/s1)
6167 — 0,07 3> © o> ), (4.8)
Clearly, for any € ©, we have ¥ € C. We introduce now the class
C(@)Z{Z@Eé : ee@}.

Denote by Px the distribution of (Y7,...,Y,). For any 0,6 € SP, the Kullback-
Leibler divergences K (]P’g 9,,19’29) between Py, and Py, is defined by

dPs; ,
K (ng,,Pge) ZEgg, 10g<dP; ) .
0

We have the following result

Lemma 5. Let Xi,...,X,, € RP be i.i.d. N(0,%) with ¥ = ¥y € C(0). Assume
that Z; > 1+ n for some absolute n > 0. Taking a > 0 sufficiently small, we have
for any 0’ € SP, that
a? ep
K(P29/7P290) < 9 S1 10g <81) .
Thus, we have that
1

Card(0) — Z K(Pyg,Ps, ) < alog (Card(®) — 1) (4.9)

0€0\{0o}
is satisfied for any a > 0 if @ > 0 is chosen as a sufficiently small numerical constant

depending on «. In view of (4.8) and (4.9), (3.15) now follows by application of
Theorem 2.5 in [15]. O
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4.5. Proof of Lemma 4
Proof. For any distinct 61,05 € O, we have
1 a? _,s1log(ep/s1)
2 2 _ 07
|91—02|22 86 = 80 5271 .
Next, we need to compare ||616] — 0204 ||2 to |61 — Oa]a.
For any 61,02 € ©, we have
16161 — 6265 ||5 = 2 — 2(6] 62)°
= (6113 + (6215 — 2(61 62)?
= 161 — 02[3 + 2[(6] ) — (61 62)?].
We immediately get from the previous display that [|010] — 620 |2 > |61 — 022
for any ;1,60 € © since 9?92 > 0 for any 01,0 € © when € < é O
4.6. Proof of Lemma 5
Recall that Xi,...,X, € RP are i.i.d. N(0,X) with ¥ = ¥y € C(0). For any
1 <i<mn,setd = (51',1,...,6@11)T € RP. We note that d1,...,6, are random
vectors in RP with i.i.d. entries §; ; ~ B(6) and independent from (Xi,...,X,).
Recall that the observations Y7, ..., Y, satisfies Yi(j) = 51',in(]). Denote by Py, the
distribution of (Y7,...,Y,) and by Pg) the conditional distribution of (Y7,...,Y,)

given (01,...,d,). Next, we note that for any 1 < i < n the conditional random
variables Y; | (d1,...,d,) are independent Gaussian vectors N (0, Zé‘si)), where
5 0i,0i k56 ifJ#k,
(S50 = {5 32 ’ .
4,525, otherwise.

Thus, we have Pge) = @r,P Denote respectively by Ps and Es the

$2(5) -
probability distribution of (d1,... ,5:) and the associated expectation. We also
denote by Eyx, and Egj the expectation and conditional expectation associated
respectively with Py, and }P’ge).

Next, for any 6,60 € SP, the Kullback-Leibler divergences K(]P’ge, , ]P’ge) be-
tween Pg,, and Py, satisfies

(9)
dPs, , dPs @ Py )

KPE,,PE :Eg,log( 9):EE,10g ¢
(B ) =B 08 "\ des 0 )

©)
_ B E® top [ T2 | —Ex (P“” P“”)
S s g d]P)(é) g X" Yo
Yo

— ZE&K (PEé§i>,PE§5i>> . (4.10)
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Set 05, = (6;100),...,5;,0)T. In view of (4.6), we have
20 = [0y — 02)[05, 13 + 02] g g, + 02 (I;ff) — He,gi) , (4.11)

and Il 5, is the orthogonal projection onto I.s.(6s5,) (Note indeed that we have
in general |05,]2 < 1, therefore g s, = |05, 5295i9(£.) For any 6 € ©, we set
o1(0) = (o1 — 02)|0s,]3 + o2.

e Fact 1: For any 1 < i < n, any 6,6’ € SP and any realization of §; € {0,1}?,

we have
Lo al®) )\, 1, (o)
K(Pzé‘fi”PEyi)) = 5 <0_1(0) + o -2+ 2 log a1(0")
1 a1(0) 02 o1(0)
g 5,11y 5. 1= - '
+ 2t1‘( 0.5:10975,) [01(0) + o1(0) op)

We apply Fact 1 with § = 6y = \}QLUJ and take the expectation w.r.t. ¢; for
any i = 1,...,n. Thus, we get the following.

e Fact 2: Assume that 7' > 1+ 7 for some absolute n > 0. Taking a > 0
sufficiently small (that can depend only on 1), we have for any i = 1,...,n,
any 0’ € 8P, that

52
E(;i |:K(IP)E;‘E")’PE§Z")):| S 26_26 .
We immediately get from Fact 2 for any 6’ € © that

- n a®
K(Ps,,,Px,, ) = > _Es, |:K(P2$i)7ng5i)):| < 26262 =, silog(ep/s1).
i=1 °

4.7. Proof of Fact 1
In view of (4.11), we get for any 1 < ¢ < n, any 6,6’ € SP and any realization
0; € {0, 1}17 that PE(%‘) < Pz(si) and hence K(PE(%MPE(%)) < 00.
0 o7 o/ o

Define J; = {j : §;; =1,1<j <r} and d; = |J;|. Define the mapping P; :
R? — R% as follows P;(z) = z(.J;) where for any =z = (z(),...,z®)T e RP,
z(J;) € R% is obtained by keeping only the components z®) with their index
k € J;. We denote by P : R% — R? the right inverse application of P;. We note
that

Piz‘(géi)Pi* =010 s),6, + 02 [1a, — o(r,).6.] »

where Iy 5,),5, denotes the orthogonal projection onto the subspace 1.s.(6s,(J;)) of

R% . Note also that PiEé‘Si)Pi* admits an inverse for any 6 € SP provided that §;
is not the null vector in RP and we have

1 1
g7y, Ig. — o751 -
o1 (6) 0(J:),6; T - 1a, 0(7:).5:]

(Psg )™ =
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Thus, we get for any 6,6’ € SP that

K(Pz(jﬂ 9 PE(HE,;)) == K(P IP

55) px 55 *
PSPt py(sy ))Pi)

det (P2 Py)
det (PEGPy) ) 2

3

S,

) ) 1
(PSP P(EE))P )+ log
)

1
ot (
1 1 1
= 2t1‘<|:0_1(9) HG(Ji ,04 + oo (Id, - HG(Ji),5i):|
X [01(9’)1_[9/(]1')}51' + o9 (Idi — HG/(M:&)})
det (P2 Fr)

+ _log -
207 \det (Pxpy) ) 2

%

3

1 g9 0'1 9/)
-2
2 0'1 9
1
2

+ tr (Igs,).6: He/(J)a) {
det( Z“”P*)
det (PEPy)

3

’ ’ ’
( o) 0'1 9) _2) 1 ;tl‘ (He,ainel,éi) |:0'1(9) 11 g2 _ 0'1(9)
1
2

+1-

0'1(9/) g9 _ 0'1(9/):|
0'1(9) 0'1(9) g9

[t

+ _log

[\

0'1(0 0'1(0) 0'1(0) 09

+1%(“$Dv
(8:) px

where we have used o1(f) and oy are eigenvalues of PYy" P; with respective
multiplicity 1 and d; — 1 for any 8 € O, and also that tr (HQ(Ji)75iH0,(Ji)75i) =
tr (ILp 5,11y 5,) for any 6,6 € ©. O

4.8. Proof of Fact 2

For any i = 1,...,n, we have that o1(6p) = (o1 — 02)6’ 140z o9 and
1—¢? 2w
o1(0") = (01 — 02) [( 5 ) (8i,1 + 6i2) + € ; sy 251,3' + o2.

Note that the random quantities in the last three displays depend on &;1,6; 2
only through the sum Z; := d;1 + ;2 ~ Bin(2,6) and that Z; is independent of
(61"3, ceey 67[,])).
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Thus, we get
(o) g2
Es, = Es.
% [201(00):| % |:(01 —02)(5@14—51‘,2)4-202
52 26(1 =96 1-96)2
_ 002 20(1—0)oz  (1—0)°
207 o1+ o9 2
Similarly, we obtain
0’1(9/) 5(0’1 —0'2)|9/|%+0'2 do1 1-96
Es, = = + .
209 209 209 2
Combining the last two displays, we get
|: o2 n 0’1(9’) _ 1:| . 5(0’1 — 0’2)2(0'1 +50’2)
8 20’1(00) 209 20’102(01 + 0'2) '
We study now the following quantity
1 o1 (6 1% o1(0
o T (og.0: 110" 5.) { )y o2 el

0'1(90) 0'1(90) 09
We note first that

(4.12)

0i1 d;10;2 O

1
00,0: 51‘,1 + 6i,2 le ,2 0,2 it
and
1—¢2 51,1 51,151,2 *
Mors, = o, o | 0i10i2  dia %
7 2|057¢|2 7* 7 >|; *

Thus, we get that
51.2’1 + 251"15@2 + 512’2

0i1+ 0i2
=(1-¢€4) " ’
4105 13(0i,1 + di2) ( )

1 2
LWl ) = 0-) ot

Next, we set
0201(0") + 201 (60p) — 03 — a1 (00)o1(8)

o201 (6o) '
If Z; =1, then 01(6p) = (01 + 02)/2 and
. s 20901(0") + o2(01 + 02) — 202 — (01 + 02)01(0)
(6o, 0") =

o2(01 + 02)
(01 — 02)%|05, 13
- o3(01 + 02)

If Z; = 2, then 01(6y) = 01 and

5(60,0') =

(01 — 02)?]05,13

0102

5(00,0") = —
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We now freeze (0;3, ..., ;) and compute the following expectation w.r.t Z;
1 - (01 —02)?
Ez, | tr (g, I0gr 5,) 5(00,0") | = — 6% (1 — €2
2 gt W) 608 | = =2 (1= ) )~
(01— 02)°

—0 =9 (1-€) 202(01 4 02)

We note that the above display does not depend on (d; 3, ..,d; ). Thus, we get

1 ~ N s2(1 2 (01 — 02)?
Es [Ztr (H@O,giﬂglm)a(@o,a )] = ) (1 € ) %0109
(01— 02)?

—0 =9 (1-¢) 203(01 4 02)

Combining the above display with (4.12), we get
0(o1 — 0’2)2(01 + 002) _ 52 (1 _ 62) (o1 — 0’2)2
20’10’2(01 +02)

ERRIC Prrayes

Al =
20102

- gol(;l(;laj); (1= 6)(1 = 2%)01 — 66(01 + 02)) -

We study now the logarithm factor

Ay = ) Eslog (Z((Z))) .

Recall that 01(0y) = (01 — 02) 22 + oo with Z; = 6;1 + d; 2 ~ Bin(2, ) and

Zi 62 i
§+02=(01—02)[ + Zi:|+0-2-

01(0") = (01 — 02)]6s, 2 s -2

with Z; = Z§:3 w6, ; ~ Bin(s; — 2,6) and is independent of (8;1,d;.2).
We now freeze Z; and take the expectation w.r.t. Z;. Thus, we get

) ]

(01 —02)[(1 =€) + Sfizg Zi) + 202)

—0(1—-46)1

( )%( o1+ o
§2 ((01—02)[(1—62)+Sfi22i]+02>

— _log .
2 o1
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We study now the first term in the right-hand side of the above display. We have

Zi
(01 —1) +1
g2 81—2

Zp (4)
X 02 s1—2
J=3

since E§:3 w@) = s, — 2 by construction. Next, we notice that — log is convex.
Thus applying Jensen’s inequality twice gives that

(01 —02),° QZ + 02
—log T
02
p (9)
< &R, -1 T 1), 1 ©
<oy [oue(S[(7 1))

P 0

2 w o1
- Ejs, .1 1) 6,41
6%81_2 5i og[( ) ,J+}

02
—d¢é? log (Ul> .
o2

We proceed similarly and obtain
(01— 02)[(1 =€) + 2, Zi] + 20,

o1+ 09

209 2oy — 09)7Z;
=(1-€)+ €2< + )
( ) o1+o02  (s1—2)(o1 4+ 02)

p ) - _
-y ¥ (2"2””(‘” 02)),

. -
(01— 02), ", Zi + 02

02

=1-e4é

=1-—€+¢

Ez

IN

IN

= s1—2 o1+ 09
and
2 -~
E- _1Og (0’1 —02)[(1 —62)+ S?izzi]—FQJg
Zi o1+ o2

P (49) (o —
QZ v Es, {202 T 0(o 02)] < —(1-6)é 10g< 202 ) ,

o1+ 02 01+ 02
We obtain smnlarly

(01 —0)[(1 =€) +

o1

2 ~ ~
5 Zi] + o2 Zi(oy —03) o
s1—2 2 2 i\01 2 2
(A=) e ((81—2)01 01)
p () . _
w 0'2+(51J(O'1 02)
SIS ( , |
=3

01
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and
(01— o)1 — ) + &, Zi] + 0
E; |—log )
i o1
u @) o2+ 9; (01 — 02)
< —€? Y s 2 OO O
- 62,:81—2 208 o1
< —(1—9d)é*log (02)
o1
Thus, we get
1—6)%5 2
Ay = _ (179) 6210g<01> —5(1—5)26210g< o2 )
2 09 o1 + 02

s\ s52
_(1-4)s e%log <02>
2 g1

_ (1—6)662 [(1 —§)log <Ul> +2log< 202 ) + dlog <02>]
2 02 o1+ 02 o1

_ (=09, {bg (("1 + 02)2) ~log(2) + 25 log (Zl)] .

2 20’10’2 2

Set A := A1 + As. We have

(5 (01 —0’2)2

A=, o10a(01 +.02) (1 =0)(1 —26%)01 — 6* (01 + 02))
O o () e ()]
R B (E )
o () e ()]
N KA R G |

We now show that if the absolute constant a > 0 (recall that e = aﬁ\/ o IO%(;Z'/ 1))
is taken sufficiently small, then we have

(Ol 02) 2 2 01(01 02)
f— —_ > .
(on ) ((1 2e )) e” log 3 0, Vo1 > (1+4+mn)os
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We set w = 01 — 02 and = = u/(202). Then, we have

(01 = 02)? 2 2 o1(01 + 02)?
oa(o1 + ) (1 —2€¢%) — €’ log ( 103 )
u2 (o2 + u) (209 —I—u)2>

403

= (1 —2€%) — e*log (

0'2(202 + ’LL)

= 20201 :i/@@)) (1 —2¢%) — e’ log ([1 + :J {1 + 232]2>

> u (1—2€%) — 32 log (1+ “)

~ 202(1 4+ u/(202) o2

> 2(1 — 2€%) v —3é%log (1+2x) >0, Vx> K
= 1+fE = Y, = 27

provided that the numerical constant a > 0 is taken sufficiently small (and this
choice can depend only on 7 > 0). O

4.9. Bounding of the moment E[(6 T Z0)2]

Set Z = XX —diag(XX"). For any 6 = (01, ... 0T € R? and 6y,...,d, €
{0,1}7, we set 05 = (5,01, ... ,5p9(p))T. Note that

OT[YY " — diag(YY "))0 = 6, Z6;.
We have for any § € S? that
(07 Z60)* < 2(0) Z05)* +25* (07 [ — diag(X)]0)>. (4.13)
It is easy to see that (0T[2 — diag(¥)]9)? < o2

@ max
concentrate on (0] Z05)?%.
We have for any 6 € S? that

(s) for any 6 € SP. Next, we

2

(0;205)2 = (Z 5j5k9(j)9(k)X(j)X(k))

Jj#k

) 2 . 2 ) 2 N2

Z 85,05, (9(]1)) (9(12)) (X(]l)) (X(Jz)>
J1,d2:91 772
4 Z 5]. 5]’26]'3 (9(j1))20(72)9(73) (X(jl))QX(jz)X(j3)

J1,J2,j3 distinct
4 Z 5].15j2§j35j49(71)9(j2)0(j3)0(74)X(jl)X(jz)X(j3)X(j4).

J1,J2,J3Ja distinct



354 K. Lounici

Taking the expectation w.r.t. to d1,...,6,, we get
Es [(6] 2057 =0 % (9(11))2 (9(j2))2 (X(jl)>2 (X(j2)>2
Ji.d2:01#52
443 Z (9(j1))2 pliz) g(ds) (X(j1)>2 x (G2) x (3)
J1,J2,73 distinct
45t Z 9U1) gli2) g(i3) glia) x (1) x (2) x (ds) x (da)

J1,j2,J3ja,distinct

Set
A= % (9<j1>>2 (902))2 (X<j1>)2 (X<j2>>2
J1,J2:51772
B= ¥ (9<j1>)29<j2>9<j3> <X<j1>)2X<j2>X<j3>
Jj1,j2,73 distinct
C = Z 01 p(52) g(ia) g(da) x (G1) x (G2) x (a) x (G4)
J1,j2,J3ja,distinct
We have

Es [0 Z05) = A+ 6°B + §*C
= (6 —6MA+ (68— 6")B+ 6" (A+B+C)
=[(6% = 6* — (63 — M)A+ (8 — ") (A+ B)+6*(A+ B+ C)
=52(1-0)A+61-6)(A+B)+ 5 (A+B+0Q). (4.14)

Next, we note that

2
A+B+C=(0"20)%= ((aTx)Q - Z(Q(J’)X(j))Z)
J
< Z(GTX)4 + 2(2(9(]))2()((]))2) < 2(0TX)4 +2 Z(G(J))Z(X(J))4
J j
Taking now the expectation w.r.t X, we get for any 6 € S? that
Ex[A+B+C] < 2Ex[(07X)"] +2) (09’ Ex[(XU))*] (4.15)
J
<8[0TX]5, +8> (09| XD,

< 5 EETXP) 5 T 00 (B OP) < otnlo)

J

where we have used (2.1) and Assumption 1.
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We now treat A 4+ B similarly. We have
A+ B= Z J1628) Jl) ( Z 9(j2)0(j3)X(72)X(j3)>
J2,J3 t 2 # 1,3 F 01
_ Z(g(jl))Q(X(jl))Q (HTX _ 9(]’1))((]’1))2

< 22(9(]&))2(}((]&))2 (GTX)2 + 22(0(3'1))4()((]'1))4.
jl .jl
Next, we note that

, 4
(41) T T 2
Ex[(XU)2(07 X)? \/EX X))t \/EX 0T X)4] < C%amax(s)-
Combining the two previous displays, we get
16
Ex[A+ B] < 2 020 (5). (4.16)

1
We now deal with A. We have

2
A< (Z(@(jl))Q(X(jl))Q) _ Z(g(j1))4(x(j1))4 < Z(e(jl))Q(X(jl))4.
Ju g1 0
Taking the expectation w.r.t. X, we get

, , 4
Ex[A] <Ex (Z(g(]1)>2<x(]1))4> < 2 a?nax(s). (4.17)
J1 1
Combining (4. 14)7(4 17), we get

E [(65 Z65)%] < 52 Tmax(8) (1 =0 +38(1 —6) +6%) = 52 Trmax(8):
Combining the above dlsplay with (4.13), we get that
E[(07Z0)* <c 252 2 (5), (4.18)

for some numerical constant ¢ > 0.
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High Dimensional CLT and its Applications

Dragan Radulovic

Abstract. We study the behavior of empirical processes indexed by finite
classes of functions but we allow that the cardinality of these classes tend
to infinity. We prove general results showing that one can bootstrap these
types of processes even if they do not converge. We show that these results
can be used to construct novel statistical tests. To this end we offer a new
goodness of fit test.
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1. Introduction

Let X; be a sequence of i.i.d. random variables on a Polish space S, and let F be
a collection of functions F = {f : S — R}. We will consider the stochastic process

Zn(f) fef—\/ Z Ef(Xi)).

Traditionally, this setting is studied under two scenarios. If the collection F is
finite then we are dealing with finite dimensional Central Limit Theorem (FIDI-
CLT), while in the case of infinite F the Empirical Processes Theory applies. In
this paper we will address the middle case, that is, we will consider a sequence of
classes F,, where for each n the cardinality of F,, is finite but tends to infinity. We
call this case high dimensional CLT.

The motivation. It is well known (Gine and Zinn [4]) that the necessary and
sufficient conditions for the Uniform CLT are FIDI convergence and stochastic
equicontinuity.

FIDI:
n = (Zn(f1),..., Zn(fa)) — converges weakly (1.1)
for any finite collections {f1,..., fa} C F.
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Stochastic equicontinuity: for € > 0

lim lim sup P( sup | Zn(f —9g)| > 5) =0. (1.2)
020 mooo Nd(fi9)<s

These two conditions are used in the following way. For an arbitrary small § > 0
we choose a covering class {fi,..., f4;} = Fs C F and construct a piecewise
constant process that changes the values only at the balls of radius é which are

centered at f € Fs. This process is de facto a finite dimensional vector Z, s =
(Zn(f1)s--y Zn(fa;s)). Next we let

Z" = (Zn - 7n,6) + 7n,6 = In + IIn7

and argue that part I,, converges to zero by (1.2) while part I1,, converges weakly
to the appropriate limit by (1.1).

It is important to observe that the distribution of the limiting stochastic
process (i.e., Z, — Zy) depends on the behavior of FIDI part only (since I,, — 0)
and for this reason alone it makes sense to study the FIDI part more carefully.
Since the above technique applies only if § tends to zero, and since this typically
implies that the cardinality of Fs tends to infinity (i.e., ds — oo ) we believe that
one should investigate the properties of

T = (Zn(f1)s -, Zn(fa)) for dy — 0. (1.3)

By considering only the high dimensional part (1.3) we gain on several fronts.
These are much simpler and easier objects to study (i.e., random vectors versus
empirical processes), their behavior does not depend on stochastic equicontinuity
which considerably relaxes the restrictions commonly encountered in Empirical
Processes Theory (see Dudley [2]). This in turn opens the doors for some novel
and unusual statistical applications.

For example, the classical approach typically requires that we first prove the
weak convergence (i.e., Z, — Z,) , and then derive statistical applications by
arguing that for appropriately chosen functional H the laws of H(Z,,) and H(Z,)
are similar (i.e., LH(Z,) ~ LH(Z,) ). Here we adopt a different strategy. We
show that one could use the bootstrap version Z} in order to approximate the
distribution of Z,, (i.e., LH(Z,) ~ LH(Z*) ) and to do so one does not need the
assumption on weak convergence. In fact, in Section 3 we present a novel goodness
of fit test which diverges (i.e., LH(Z,) — oo ) but is still applicable; since its
distribution can be approximated by the bootstrap version of the process.

This approach of using the bootstrap to construct statistical tests, even for
statistics that diverge, is not new. To the best of our knowledge the first to demon-
strate this possibility were Bickel and Freedman [1]. The authors argued that in
some cases the regression, for which the number of parameters increases with n,
could be efficiently bootstrapped even though the original statistic H, does not
necessarily converge. A more general (albeit less applicable) result was presented
in Radulovic [5] where it was shown that there exists a class of empirical processes
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for which we can apply bootstrapping techniques without assuming limiting distri-
butions. Recently this result is expanded to more applicable settings in Radulovic
[6] and with some applications to copula functions in Fremanian et al. [3].

The main novelty presented here is that we are not dealing with empirical
processes but high dimensional vectors. This approach fits nicely with the Bickel
and Freedman idea. By treating the vectors we are able to bypass the cumbersome
P-Donsker type requirements (see van deer Vaart [7] and Dudley [2]) and conse-
quently we are able to characterize the whole new class of statistics for which this
interesting phenomenon (statistical testing without the weak limit) applies.

The paper is organized as follows. In Section 2 we state the main results:
Theorem 2.1 provides a general tool for the construction of specific types of sta-
tistics for which we could have hypothesis testing without assuming the weak
convergence. Corollary 2.1 and Theorem 2.2 expand on this idea by providing
more concrete (applicable) framework for such constructions.

In Section 3 we show that a straightforward application of Theorem 2.2 yields
a novel goodness of fit (GOF) test for which we provide a small simulation study.
We would like to stress here that the main purpose of this paper is not to introduce
a novel GOF test, but rather to demonstrate that the unusual and somewhat
cumbersome results (Theorem 2.1 and Theorem 2.2) could indeed produce concrete
and applicable test statistics. Section 4 is reserved for the proofs.

2. Main results
Definitions. Given two random vectors X,Y : © — R? we define the Bounded
Lipschitz distance

dpr,(X,Y)= sup |EH(X)-EH(Y)|
HeBL(R4)

where BL(R?) := {H : RY=R, |H(z) — H(y)| < min(||z — 9|, 1)}. We will also
use d-3 distance

G(X.Y) = s |BH(X)— EH(Y)|
HeCs3(R4)

where C3(RY) := {H : R¥>R, ||H;;r(7)|lc < 1)}, and H; jx(x) denotes all
partial derivatives up to order 3 (we let Hyo,0(z) = H(z) ).

Next we let d < n™ for some m > 0, and let Yn, ?n : Q0 — R% such that

n n
?n = Z Yi,n = Z(Xl,i,naXQ,i,n7 ooy Xdjin)
i=1 i=1

and
n

771, = Z ?171 =Y Miin:Yoins s Yain)-
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We will assume that the vectors ?m i =1,...,n are independent and that the
vectors 7”1 i1 =1,...,n are independent but ?i,n’s are not necessarily indepen-

dent from X ,’s. We let Ey stand for a conditional expectation with respect to
sigma algebra generated by Y ; n,7 < n,j < d. The following theorem is a version
of Lemma A in Radulovic [6].

Theorem 2.1. Let EX;;, = EyYj;n = 0 and suppose that for some constant C
and sequence Q. and R, the following holds

C
2 2
H}%XE|EY(Y—]',1',7L) - E(Xj,zn)| < ang/g (21)
and
C
max E (|Xjinl* + By ([Yjinl®) < (2.2)

dii R,n3/2
Then for some v > 0
lnn'd®> InnYd?
E(dBLl(?n,7n|U(Xj7i,n7i S ’I’L,j S d)) = O (nlggn =+ an];in> .

The above theorem does not follow the classical narrative where one %ows
that a sequence of random variables converges to a fixed distribution (i.e., X,, —
o). However, it allows for the construction of an alternative sequence designed

to approximate the original process (i.e., 7n 2 )77,)

The statement as well as the conditions of Theorem 2.1 is cumbersome but
it is fairly easy to adapt them into the setting of Empirical Processes and the
bootstrap approximation. For this we turn to the following corollary. Let {X;}* ,,
be i.i.d. P sequences defined on a Polish space S and let { X, }7_, be a bootstrap
sample based on X;, (i.e., X = X; with probability 1/n ). Let d,, < n™ for some
m > 0 and let us consider a sequence of indexing functions: F,, = {fjn : S —
R,j=1,...,d,}. If welet

Xjim =10 Y2(fin(Xs) — Efjn(X3))
and

Yiin =0~ 2(fin(X]) = Efjn(X7)),

then the vectors Yn, ?n :  — R introduced prior Theorem 2.1 could be written
using more familiar notation:

Xo=2Zuf)rer, and Y, =24 ser,

where we use the notation ?, just to emphasize that we are dealing with finite
dimensional indexing class.

Corollary 2.1. Suppose that 7n,(f)fefn and 7;(f)f€]:n are defined as above and
suppose that

1 1
maXE(fj’n(Xl))Al < 0 and maxE|fj,n(X1)|3 < R (2.3)
jmn

J,m n n
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then for some v > 0

. Inn’d2  lnn7d?
EdBL1(7n77n) =0 <n1/2Q}l/2 + n1/23n> '

If G: R™ — R is a Lipschitz under the sup norm on R then

N Innvd? Innvd3
EdBLl(G(7n)» G(7n)) =0 <7L1/2Q}/2 + n1/23n> : (2.4)

Remark 2.1. If d,, stays fix then the above results reduce to usual multidimensional
bootstrap CLT. Thus the obvious novelty here is that we could let d,, — co. Since
in this case it is not even clear how to define a weak convergence of %n, the above
results open the doors for some creative and novel statistical constructions. The
second part of Corollary 2.1 provides the additional tool for such constructions.
Namely the classical Empirical Processes techniques often use the continuous map-
ping theorem in order to derive the concrete statistical inference. Here we offer the
second part of Corollary 2.1, which is a version of continuous mapping theorem
(we need a slightly stronger Lipschitz assumption).

Since the functional G(as,...,aq,) = max;<gq, |a;| is clearly Lipschitz, the
above Corollary 2.1 allows us to bootstrap sup norm (i.e., supscz (Zn(f))

A SUDser, (? 2(f)) ). But we can do even more. The following result is designed
to deal with Ly and Ly norms. That is, with statistics:

dn dn dn,
Z | Zn(fin)l s z:(Zn(fi,n))2 or more general Zgn(Zn(fln))
i=1 i=1 i=1

To this end we start with some definitions. For fk,n € F, we define the
centered version of the processes

1 ¢ . _ 1y \
Wn,k:\/n;fk,n(Xi) and Wn,k_\/n;fk,n(Xi) (2.5)

where fin(Xi) = frn(Xi) — Efen(X) and fyn(X7) = fom(X7) — B* fon(X7).
For any g, : R = R we let

d’!L d7L
T, =3 gu(Was) and T = g. (W)
k=1 k=1

The assumptions
1) There exists a universal constant C and a sequence M,, such that

||g;z||oo <C, ||QZ||OO < CMp, ||gm||oo < CMT%

n

2) There exist a universal constant C' and sequences K,, and R,, such that
1

E|fun(X)]P <
s E fin (X1 < X

1
R and m]?XE(fk,n(Xl))4§
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Theorem 2.2. Under the assumptions 1 and 2 the following is true
d3(Ty,,Ty) == sup |EH(T;) — E"H(T})|
HeC3(1)
o d® +d*M,, + dM?  d?+ dM,
r nl/2R, nl/2K L2

where C3(1) denotes a set of functions h : R — R such that ||h]|co < 1, ||A || < 1,
1h"|loo < 1 and [["[|oc <1

Remark 2.2. Unfortunately || and 2? are not three times differentiable with
bounded derivatives and consequently we cannot deal with statistics

dn

Z'Zn(fzn and Z fzn

i=1
using the “plug-in” approach. Nevertheless, the above Theorem 2.2 allows us to
construct g,(z) as an approximation. In Section 3 we show how to use Theo-
rem 2.2, and g,(z) = |z| in order to bootstrap the statistic Zf;l | Z,(fin)| and

S (Za(fin))?

3. Applications

Using the results presented thus far we derive a novel GOF test and we show that
on limited set of simulations the suggested test is equal or better than Kolmogorov-
Smirnov test. However, we would like to emphasize here that we do not claim
nor do we prove that the proposed test is superior. The only reason we include
this study is to emphasize that the results presented in Section 2 are not just a
theoretical pedantry but that indeed this approach of constructing statistical tests
without the weak limit assumption could yield to some relevant and potentially
useful statistical applications.

Before we proceed we have to deal with quantile approximation. As we men-
tioned earlier the main novelty of our approach is the fact that we are not requiring
the weak convergence of the process Z,,. Instead we use the bootstrap version of
the process (i.e., Z! ) and argue that the two are close in dgr, or ds metric.
However, as stated above, it is not clear if the closeness in these metrics allows for
quantile approximation. The following simple computation testifies that indeed we
can use the aforementioned results in such a way.

Quantile approximation justification

For an arbitrary € € (0,1) and a function Hy o (z) = lp<¢+ t+55_‘” lt<z<tt+e we have
that

P(X, <t)<FEH;.(X,)=FEH:(Y,) + EH: (X,) — EH; (Y,,)
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(since eHy .(x) € BL(R) and by letting dpr, = dpr,(Xn,Yn) )

d
< P(Y, <t4e)+ M,

Similar computation with ¢t — ¢ yields
d d
P(Y, <t—¢)— BELI <P(X,<t)<PY,<t+e)+ BELI. (3.1)

Since € > 0 is arbitrary and if we assume that dpr, — 0, one could use statement
(3.1) in order to justify the quantile approximation of P(X,, < t) by P(Y, < t).
In our case Y,, is a bootstrapped variable; thus a discrete random variable with
finitely many atoms. Consequently for almost all ¢ € R, and for € small enough we
have that P(Y,, <t —¢)=P(Y, <t+e).

One could easily adapt the above argument (by constructing a three times
differentiable version of H.(x)) and show that

d3
€

ds3

P(Y,<t—e/%) =7 < P(X, <) S P(Yu <t 4%+ 7

Application

Now we are ready for the applications. Let us assume that a sequence {X;}7 ; is
iid. P, and X;: Q@ — R™ for some integer m > 0. We consider the sequence of
sets (partitions) of R™ II,, = {Bi n, ..., Ba, n} such that P(B;, N B;,) =0 and
maxg<d, P(Bkn) < dc; for some fixed constant C. We use the notation

n

1
Zn(Bin) = Jn Z(lxieBk,n — P(By,,)) and Z;(Bi.n)
i=1

1 n
= /n > (x:en,., = Pu(Brn)).
i=1

Theorem 3.1. For d,, <n" , v < 1/4, let a sequence of sets 11, be defined as above
and let Ty, = 0" | Zo(By)| and T = S0, | Z2(By)| ,then

d3(T,,T?) == sup |EH(T,)— E*H(T")| = op(1)
HeC3(1)

Remark 3.1. Theorem 3.1 is a direct consequence of Theorem 2.1 and the assump-
tion v < 1/4 comes from the fact that we need that d?/n'/? — 0. Moreover, the
rate n~!/2 is the well-known rate for the CLT (under fourth moment assumption)
while d? comes from the number of partial derivatives. For the standard approach
dimension d is fixed and the factor d? is absorbed into a constant. Here we let
d — oo.
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GOF test

Next we describe the application of Theorem 3.1 for the one-dimensional case but
the extension to higher dimensions (i.e., X; : @ — R™ m > 1) is straightforward.
Let us consider the partitions By, = [k n,ak+1,n], Where we let ag,, = —o0
and aq,, = oo and P(By,) = dln, (one could relax the last assumption to
maxy P(By ) < CZ for some constant C). The test statistic and its bootstrap
versions are

T, =n"? > |Pu(Bin) — P(Biy)| and T}
k=1,d,

=n'/? Z | Py (Brk,n) — Pn(Bi,n)|
k=1,d,

The intuition is clear: as d, — oo, we are using finer and finer partitions and
statistic T}, behaves like a total variation metric. Namely, under the null hypoth-
esis (if P is continuous measure) the statistics T, is stochastically greater than
;zfgl |G(ak+1) — G(ag)|, where Gp(t) is a Brownian Bridge process, and this
quantity obviously diverges.

On the other hand one can easily show that under the alternative hypothesis
H, : P # @ we have T, > nl/2 as long as there exists an interval I such that
P(I) > Q(I). However, we can control Type 1 error since one can show that under
the null hypothesis

ET,, = nl/? Z E|\P,(Bk,n) — P(Bin)|

k=1,d,
< dn l?%%l}.,f (E (1Xi€Bkm,))1/2 5 d,}/Q < nl/S.

So, to summarize:

Under null hypothesis (L(X;) = P)
fn — 00 and Tn < n'/8 in probab.
Under alternative (L(X;) = Q # P)
T, > n'/? in probab.

Clearly n'/2 >> n!/® which in turns implies that under alternative hypothesis
the upper quantile of T,, will be much larger than the upper quantile under the
null, resulting with the rejection.

Statistic Tn is related to the statistic

~

Tn = sup n1/2 Z |Pn(Bk,n) - P(Bk,n)|

partition II,, By . €ll,,
n

that was considered in Radulovic [6] and Fremanian et al. [3]. The main difference is
that here we do not have the supremum over all the partitions Il,, = {By,..., B, }
and consequently the statistic 7,, might have lower power (i.e., harder time to
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distinguish P from the alternative). However, statistic fn comes with some issues
as well. To start with, the size of partitions grows logarithmically (i.e., d,, ~ Inn)
while here for fn we have d,, ~ n'/*. More importantly, the computation of fn is
trivial while for fn we need to evaluate the supremum, which is often a non-trivial
computational problem.

Numerical results

In order to better understand the behavior of T}, and proposed GOF test we offer
the following simulations. We created two tests and for each one we stipulated
wrong null hypothesis (i.e., N(0,1) ), while the data came from a mixture of two
Gaussian random variables and Double Exponential andrespectively. (We denote
these two casses as Altl and Alt2.) Each of these distributions was designed to be
symmetric with variance one.

For a fixed sample size n we computed Tn as well as 1000 bootstrap resam-

plings {f;m 2, evaluated at mth bootstrap sample { X/, ..., X} }. Both, T,
and T* are evaluated at equidistant partition of interval [-3, 3] (i.e., ar, = —3+ 6%

n

with £ = 0,...,d,) where d,, = 3+ |/n]. We used the bootstrap sample to es-
timate the P — val (i.e., P — Val = 2;3201 17~"n<7~7’:.m/1000 ). For comparison we
also performed the usual KS test and recorded the corresponding P-values. For
each n, we repeated this 100 times and averaged the resulting P-values. Results
are presented in Table 3.1.

Table 3.1. Performance of GOF test on simulated data

Altl  KS GOF Novel GOF Alt2 KS GOF Novel GOF

N  Avg P-Val Avg P-Val d, N  Avg P-Val Avg P-Val d,
200 0.3527 0.1089 4 200 0.1562 0.0134 4
400 0.2407 0.1185 5 400 0.0348 0.0261 5
600 0.0445 0.0053 5 600 0.0094 0.0004 5
800 0.038 0.0 6 800 0.0031 0.0 6

Comments for Table 3.1

Clearly as n increases it is easier to reject the (wrong) null hypothesis. This was
captured by both methods and in both simulations since the average P-value de-
creases toward zero. However it is evident that in these two examples the proposed
test did considerably better than the KS test. For example: In the case of Gaussian
mixture (Altl) the new test needed n = 600 before the average P-value dropped
below 1%. On the other hand KS test, even for n = 800 did not drop below 3% (in
fact we needed n > 1000 to get below 1%). Double exponential example is inter-
esting too. Both tests had an easier time distinguishing the null from alternative,
but here too, the new test did better, since its P-value is consistently lower. We
also can observe the effect of increased partition size d,, which nicely follows the
heuristic: “with larger data size we should consider more powerful statistic — with
finer partition”.
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4. Proofs

Proof of Theorem 2.1. For a fixed Lipschitz function H : RY — R we need to
estimate

\EH(X,) — By H(Y )|,

%
Next we construct vectors (X'; ;) based on X7, i < n,j < d that are defined

on the same probability space as Xj;, ’s (enlarged if necessary) but such that
L(X] ;i <n,j<d)=L(Xjini<n,j<d)andsuch that X] , are indepen-
dent from Xj;,. We will use the notatlon E’ to indicate the expectation taken

with respect to X7 ; . Clearly E'H (X’ ) = EH(Yn) and since both are constants
we only need to estimate

\E'H(X',) — By H(Y ).

This transformation is useful since now we can interchange the order of integration
Ey and E'.
Next we let 8 (G1,...,Gq) be normal random variable with distribution

N(0, 1), independent from 7n, Y and X’n, and we let §,, = (Inn)~3. By adding
and subtracting the appropriate terms:

— —
\EH(X',) — By H(Y )| < |E'EGH(X'n) — E'EGH(X ' + 6,0
%

\EEGH(X w4+ 6,C) — By EGH(Y 0 + 6, G)|

Y ByEGH(Y ) — EyEcH(Y , +6,G)|
— [+ 114111,

where FEg stands for the expectation with respect to 8 We first estimate I.
Since H is bounded by one and Lipschitz we can let 7, = (Inn)~!and obtain the
following estimate:

I<T7,+ P(m<a(§< 16,Gi| > 1) < (Inn)~t +dP(|G1| > 70 /0n)
< (Inn)"' +n™P(|G1| > (Inn)?) < (Inn)~' +nme~ ™" = 5(1).

The estimate for 11 is exactly the same. Next we observe that for a @ e R we
can define

H(@) = EcH(@ +6,C) = /(2w53)—d/2ﬂ(?) exp(—(1/262)|| T — @|[2dT .

This convoluted version of H belongs to C>(R?). It is easy to see that there exists

a universal constant C' such that all the partial derivatives (up to order 3) of H
are bounded by a constant multiple of ;¢ < (Inn)3¢. Thus

~ —> ~
1< sup |[E'HX',) - EyH(Y.,)
I}EC3,7L
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where C3, contains all the functions with partial derivatives (up to order 3)
bounded by (Inn)3¢. Now the proof proceeds as in the classical (Lindeberg’s)
proof for CLT.

For a fixed H we let S = 23;11 ?i,nJrZ?:jH ?i,n, and by virtue of adding
and subtracting we get the following estimate:

~ ~ n ~ — ~
(B H(X) ~ By (Vo) < 3B By H(S;+ X ) — BBy (S, + ¥ j)l. (41)
j=1
Next we develop H as a second degree Taylor polynomial. In order to avoid cum-
bersome notation we present the computation for d = 1. The extension to d > 1 is
straightforward but we need to keep in mind that we are dealing with d? and d>
second- and third-order partial derivatives respectively. For a fixed j we have that

E'ByH(S; + X},,) — E'EyH(S; + Y; )
= E'EyH(S;) + E'Ey (I?(Sj)xg,n) + E'Ey (f{v'/(sj)xfn) /21
+ B By (H"()X}%) /3~ E'By H(S;) — E'By (H'(5))Y;n)
— E'Ey (ﬁ/(sj)yfn) /2! — EB'Ey (H*"(nj)yﬁn) /3!

for some £; and 7;. The terms with H cancel. Since Sj, X}, as well as S;,Yj , are
independent and since E’Xj’m = EyYj, =0 the terms with H' are equal zero.
Next we observe that by the assumption E'Ey H”(S;) < (Inn)3¢ and consequently
E|E' By H"(S;)(E'X?2, — EyY?2,)| < (71;1 /ch.
n
This estimate is valid for any second-order partial derivative and it does not depend
on j. Since we are dealing with j = 1,...,n and d? second-order partial derivatives;

the first moment of the total contribution from the terms with second-order partial

derivatives is bounded by
d?(Inn)3¢

n2Q,
Similar argument could be applied to estimate the contribution from the reminder
terms. Namely for each j there are d® reminders and the first moment of their sum
is bounded by

) (B, P+ Bl < O
This proves Theorem 2.1. O
Proof of Corollary 2.1. We will use the following substitution
Xigm =072 (fin(Xi) = Efjn(Xi))  and
Yigm = X{jm =172 (fn(X]) = E* f,0(X])).

,7,M
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In order to apply Theorem 2.1 we need to verify (2.1) and (2.2).

1
3 —
nz;,e}xE|Xi,j7n| <n73/? maxE|fJ(X1)| /2R,
and
1
* 3 3/2
Hllg”XE|Y;]n| _mf;”XE | jn| <7’l maXE|fJ(X1)| 3/2R
Finally, since By Y; ;» = E* X, we need to estimate
max E|E*(X}; )2 — EX7, |

J

)

A+ ij ~ BA(X)

<n” maxE(‘ ij Efj

1
< 5—3/2 4 1/2
<n max (Efj(X1)) S Ll

With these estimates and Theorem 2.1 the proof follows easily.

Proof of Theorem 2.2. Let a sequence {X/}™ , be iid. P, independent from
{X;}, and defined on same probability space. We let T, be defined in a same
ways as T, but based on the sequence {X/}" ; and not the sequence {X;}" ;.
We observe that since L({X;},) = L({X[}?_,) we can replace E'H(T)) with
EH(T,). This simple trick is important since now the variables {X/}" ; and
{X;}, are independent and we can freely interchange the order of integration
(i.e., E*E' = E*E’), where we indicate E’ as integration with respect to X/ only.
By definition of d-3 metric we need to estimate

sup |EHT, — E*HT}|= sup |E'HT,— E*HT}|.
HeCl5(1) HeC5(1)

In what follows we will simplify the notation and use k,d and ¢ instead of
kn,d, and g,. Let
= _>* * *
Wn=Wni,...,Wna) and W = Wyq,....,Wy, ).

For a fixed n and H € C3(1) we define G : RY — R as

G(d):=G(ay,...,aq) = H(Zj; gn(ai)) ,

where g, has the properties as stipulated in the assumptions preceding Theorem
2.2. We will write g instead of g,, and we let

d
Gi() = ai G(a)=H (Z g(ai)>g’(ag)
J i=1
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We let G, (d) == 8(1]'88(11 G(@) and observe that

o) {H" (X 9(a)) o'(ay)g' (@) oy
' " (S 9(a0) (90 + H' (S glen)) o) i =1

We let Gjpm(d) = G(@) and observe that

H" (L 9(a:)) '(a))g/ (@)g'(@n) i #1#m
Giam(@) = H" (T, 9(@)) (o' (7)) (@)
+H" (L 9(a) o' (am)g" (@) ij=1#m

while in case j =1 = m we have

7]
da;j0a;0am

)
i)

d d

Gy = 1" (0 000 (') + 201" (3 afa) ) ' (05)g" )
w1 (0 0ta)) o)+ 1 (3] atan) ) " (0.

Assumption 1 now implies that
|Glloo < 1 and [|Gjllee < C, [IGjlloe < 1;4C% +1;2CM,, (4.2)
and
G tmlloo € 1jstizmC?® 4 1jmizm O My, + 1jmgep (C* + 3C M, + CM2).  (4.3)

Next we adopt Linderberg inclusion-exclusion trick and derive an estimate
for |[EH(T)) — E*H(T))| which will not depend on the choice of H € C3(1). For
this purpose we define

S, = AXnT2 4+ 3 f(X
J=1 j=m+1
and
?m = (Sm,h ceey Sm,d) and ?(Xrln) = n_l/Q(fl (Xv/n)v X} fd(X;n))
For a fixed H € C3(1) we used the earlier defined G' and observe that
H(T,) = G(S ps1) and H(TY) = G(S ).
Thus by using notation f;(X;, ;) :=0 and f;(X) := 0 we get
HT) = HT) =3 (G (Swiiei + F (X)) = G (Sams + F(X5))
7=0

(since Sy i+ fi( Xp)n ™12 = Sy 1+ fi(X),_)n™1/?)

- z”: ¢ (?"—j + 7(Xrlw‘)) -G (E“)n_j + 7(X;:7j)) : (4.4)
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Claim. There exist universal constants C; and Cy (not depending on k € {0, ...,
n}) such that
E sup ’E E*Gu (?k + 7(X,’€)n71/2) —E'E*Gh (gk + 7(Xl:)n71/2) ’
HeC3(1)
d® + d*M,, + dM? d* 4+ dM,
<G 2 .
n3/2R,, n3/2 K12

We use the notation E’, F, E* in order to indicate the integration with respect to
X!, X; and X respectively. We will simplify the notation and write G instead of

Gp. Since G is three times differentiable there exist vectors f and 7 such that
GEr+ T = 6@ +3" fj<xk> Rk

+Z 1y Gia(S 05X fi(X 0™

SN CTES B AYIO AT NG AR
=Ag+ 4 +A2+A3

and

G+ F(Xp) = +Z Gy fJ<Xk> 12
+Z i1 Jl 1) [ (X)) fil(X)n™

Y G (D XD fn (X2
= Al + AT + A5 + AL

Clearly, Ay = A} and since under the E'E* the vector ?k is independent
from both X, as well as X we have that E'E*A; = E'E*A} = 0. Thus

E sup ‘E’E*G (?k - 7(X,;)) - E'E*G (?k + 7(Xi$)) ‘
HeC3(1)

<E sup |E'E*Ay—FE'E*A;|+E sup |E'E*A3|+E sup |E'E*Aj|.
HeC3(1) HeC3(1) HeC3(1)

Let us estimate E'supyec, (1) |[E'E* As| first. Using the estimate (4.3), assumption
2 and Holder’s inequality we have
d

[B'E* A3l <n ™2 Y |Gl loo B L (XG) fu XE) fin (X))

7lm=1
(since L(X)) = L(X;) and f; = f; - E}vj)
<20 3HCPdP + Cd* M, + dC® + 3dCM,, + dCM?) max; E|f;(X1)|®

132 2
<Cd + d*M,, +dM;
= n3/2Rn )
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for some universal constant C' . The estimate for E|Aj| is very similar.

d

E swp [E'EAj<n Y GstmllE sup 15X R fn (X))
€Cs

HeCs(1) jlm=1

However,

EE*|£3(X0) fiX0) fn (X0 < 2En7 Y 1 £5(X0) i(X3) fon (X))
=1
= B|f;(X1) fi(X1) fm (X))
and consequently
E sup |E'E*Aj|
HeCs(1)
< 2n732(C3d® + Cd* M, + dC® + 3dCM,, + dCM?) m?XEU?j(Xl)P.

Finally we need to estimate

E sup |E'E*A; — E'E*AS|
HeC3(1)

since ?k is independent from X, as well as X}

d
<nt ) ||Gj,l||ooEHSgp(1)IE’(fj(Xé)fz(X;Q) - B fi(X)AXD)] (4.5

Jl=1 €Cs
First we estimate
E sup |E'(fj(Xp) fiu(X}) — E* £5(X5) fi(X7))]
HeC3(1)
since L({Xy}r>0) = L{ X} }x>0) and since f;’s do not depend on H

n

=n" 2B (f(X0) fi(XG) = B(f5(X0) fu( X))

i=1

1
—1/2 ) —1/2 ] 4\\1/2
< B ERREOP) <  PEGE) D S
Thus using estimate (4.2) the expression (4.5) is bounded by
~d?® 4+ dM,,
n3/2KL/?

for some universal constant C. This proves the Claim. Finally, since the Linderberg
trick (computation (4.4)) yields n parts we have shown that

d® + d?>M,, + dM? d? + dM,
E sup |EH(T,)— E*H(T})| <, * 1/2 FaMa 2 - 1/2
HeCs(1) nl/2R, ni/2K

which proves Theorem 2.2. O
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Proof of Theorem 3.1. For a By, ,, € 1I,, we define fk n(Xi) = 1x,eB,., and let

Wn,k ::Z Bkn - kan
and

;:7]4 Z Bkn = kan

Next, for M, =1/(dInd), we let

o L e B o, 15 M
I =6z T 16m3” T 160, 16

and observe that function g, (x) has the following properties:

) Lgj<nr, + 12112150,

1(gn (@) = laDlloe < M7, llgnllo < C; Ngnllee < CMa, lgnllee < CM;.

We define

dn d7l
Tn = Zgn(Wn,k) and T;: = Zgn(W
_ k=1

and observe that for any H € C3(1)

d
1
[EH(T,) = EH(T)L S D 11Wakl = ga(Wa i)l < ) =0
k=1
and
4 1
[BH(T;) = BHTDI S |Wakl = gVl <y 0
k=1
Thus

sup |EH(T,)— E*H(T})| < sup |EH(T,) — E*H(T})| + o1)
HeCs(1) HeCO3(1)

(by Theorem 2.2)

d® + d*M,, + dM?  d? + dM,
Or ( ) 1)

nl/2R,, + /2K L2

d31n%d d®Ind
=0r (Sursms * rapare) + o0

In?d Ind
=Op <n1 PAP o ) /2> +o(1)

where as before K,, and R,, are such that
1

E|lfu (X)) < < )
ma B| (1) < <k

1
R, and m]?XE(fk(X1))4

X7).
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However, from the definition of f it follows that

1
Elfu(X0)P SmaxP(Bi) S | and  E|fu(X0)l* S max P(Be) S

1
dn ~dy,

Consequently, we can let K,, = R,, = d = n” and since v < 1/4 the above estimate

becomes ,
In"d Ind
Op (’I’LUQ—Q’Y + nl/Q_B/Q'YKn) +0o(1) = op(1).

This proves Theorem 3.1.
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