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Overview In this talk we describe the composition calculus of Fourier Integral
Operators (FIOs) with fold and cusp singularities. Such operators appear in many
inverse scattering problems, where the composition calculus can be used as a
tool for recovering images. In these problems, caustics occur and create artifacts
which make the reconstruction more complicated and challenging. The goal is to
understand these artifacts, find their strength and try to remove them.

Motivation In the seismic problems [13, 14], acoustic waves are generated at the
surface of the earth, scatter the heterogeneities of the subsurface and return to the
surface. The pressure field is measured at the surface and is used to reconstruct
an image of the subsurface. We consider the linearized operator F which maps
singular perturbations of a smooth background sound speed in the subsurface, to
perturbations of the pressure field. We study different cases where the waves are
generated from a fixed single source and from a moving single source. In reality
caustics appear. We define a caustic in the following way: a ray departing from a
source s in the direction ˛ reaches at time t a point denoted x.t; ˛/ in the subsurface.
If the projection map .t; ˛/ ! x.t; ˛/ is singular then x.t; ˛/ lies on a caustic. We
consider only fold and cusp caustics which occur when this map exhibits fold or
cusp singularities. In order to reconstruct the image we apply the operator F � to
the data. In the case when no caustics occur, F �F is a pseudodifferential operator
which can be inverted [1]. The focus is to understand the reconstruction operator
F �F when caustics are present.

Background Let I m.X; Y I C / be the class of Fourier integral operators, F W
E 0.Y / ! D0.X/ associated to a canonical relation C � .T �X �T �Y /nf0g. Under
certain geometric conditions like transverse and clean intersection conditions, this
class is closed under composition [2,11]. When these conditions fail to be satisfied,
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the geometry of each canonical relation plays an important role in establishing a
composition calculus. Let �L and �R be the projections to the left and right from C

to T �X n 0 and T �Y n 0.

Singularities My interest is in the case when both projections are singular in
specific ways: �L and �R have both fold singularities (when C is called a two sided
fold) or �R is a submersion with folds and �L has a cross cap singularity (when C

is called a folded cross cap) or �R and �L have both cusp singularities (when C is
called a two sided cusp). In the above examples, the operator F �F is not an FIO
anymore but it belongs to a new class of operators associated to a pair of intersecting
Lagrangeans .�; C / where � is the diagonal in T �X �T �Y and C is the artifact. In
the first two cases, C is a smooth canonical relation and intersects � cleanly and we
show that F �F belongs to I p;l .�; C /, a class of distributions studied in [8–10, 12]
while in the last case, C is a singular Lagrangean called an open umbrella [5, 7].

Fixed source, fold caustics In the case when a single source generates acoustics
waves in the presence of fold caustics only, Nolan showed that F is associated to
a two sided fold [13]. We proved that F �F 2 I 2m;0.�; OC / where OC is another
two sided fold [3, 13]. Using the properties of I p;l classes, this implies that F �F 2
I 2m.� n OC/ and F �F 2 I 2m. OC n �/. Thus the artifact OC has the same strength as
the pseudodifferential part and it cannot be removed.

Fixed source, cusp caustics In the single source case, in the presence of cusp
caustics, F is associated to a two sided cusp and F �F 2 I 2m.�; ƒ/ [5], where
ƒ is an open umbrella. We also obtain that away from � \ ƒ; F �F is of order 2m

on both � and ƒ which means that the artifact is as strong as the initial location of
the singularities.

Moving source, fold caustics We prove that under the fold caustic assumption, F

is an FIO associated to a folded cross cap canonical relation C , and that F �F 2
I 2m� 1

2 ; 1
2 .�; QC / where QC is a two sided fold [4]. In this case F �F 2 I 2m.� n QC /

and F �F 2 I 2m� 1
2 . QC n �/, hence the artifact is 1

2
smoother and there is hope for

the image recovering. So far we obtained H s estimates for operators belonging to
I p;l .�; OC / and I p;l .�; QC / [6].

Open problems We would like to find Sobolev estimates for the operators in the
class I 2m.�; ƒ/ and to invert the operators from I 2m� 1

2 ; 1
2 .�; QC /.

References

1. Beylkin, G. Imaging of discontinuities in the inverse problem by inversion of a generalized
Radon transform, Jour. Math. Phys. 28 (1985), 99–108.

2. Duistermaat, J.J., Guillemin, V., The spectrum of positive elliptic operators and periodic
bicharacteristics, Inv. math., 29 (1975), 39–79.

3. Felea, R. Composition calculus of Fourier integral operators with fold and blowdown singular-
ities, Comm. P.D.E, 30 (13) (2005), 1717–1740.



Microlocal Analysis of FIOs with Singularities 17

4. Felea, R., Greanleaf, A., An FIO calculus for marine seismic imaging: folds and cross caps,
Communications in PDEs, 33 (1), (2008), 45–77.

5. Felea, R., Greanleaf, A., Fourier integral operators with open umbrellas and seismic inversion
for cusp caustics, Math Ress Lett, 17 (5) (2010), 867–886.

6. Felea, R., Greenleaf, A., Pramanik, M., An FIO calculus for marine seismic imaging, II:
Sobolev estimates, Math. Annalen, (2011).

7. Givental, A. Lagrangian imbeddings of surfaces and unfolded Whitney umbrella. (English)
Func. Anal. Appl. 20 (3) (1986), 197–203.

8. Greenleaf, A., Uhlmann, G., Estimates for singular Radon transforms and pseudodifferential
operators with singular symbols, Jour. Func. Anal., 89 (1990), 220–232.

9. Greenleaf, A., Uhlmann,G., Composition of some singular Fourier integral operators and
estimates for restricted X-ray transforms, Ann. Inst. Fourier, Grenoble, 40 (1990), 443–466.

10. Guillemin, V., Uhlmann, G., Oscillatory integrals with singular symbols. Duke Math. J. 48 (1)
(1981), 251–267.
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