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EXTREMUM PROBLEMS WITH INEQUALITIES 
AS SUBSIDIARY CONDITIONS 

Fritz John 

This paper deals with an extension of Lagrange's multiplier 

rule to the case, where the subsidiary conditions are inequali

ties in~tead of equations. Only extrema of differentiable func

tions of a finite number of variables will be considered. There 

may however be an infinite number of inequalities prescribed. 

Lagrange's rule for the situation considereq here differs from the 

ordinary one, in that the multipliers may always be assumed to be 

positive. This makes it possible to obtain sufficient conditions 

for the occurence or a minimum in terms of the first derivatives 

only. 

Two geometric applications will be discussed here. From the 

point or view of applications it would seem desirable to extend 

the method used here to cases, where the functions involved are 

not necessarily differentiable, or where they do not depend on a 

finite number of independent variables. 

1. Necessary conditions tor a minimum. 

Let R be a set of points x in a space E, and F(x) a real

valued function defined in R. We consider a subset R' of R, which 

is described by a system of inequalities with parameter y: 

(l) G(x,y) li 0, 

where G- is a function defined for all- x in R and all "values" of 

the parameter y. There may be a finite or infinite number of these 
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188 FRITZ JOHN 

inequalities. To gain sufficient generality we assmne tlmt the 

"values" of the parameter y vary over a set of points S in a space 

H. Then G(x,y) is defined in the set R t s. We are interested in 

conditions a point x0 of R' has to satisfy in order that 

(2) M = F( x0 ) = Minim tun F( x) 
xCRI 

In what follows we restrict ourselves to the cas.e, where the 

space E containing the set R is the n-diroensional euclidean space 

~· and where the set S of parameter values y is a compact set in 

a metric space H. We make the further asstunptions that F(x) and 

G(x,y) have first derivatives Fi and Gi with respect to the coor

dinates xi of the point (~, ••• ,xn) = x, and that F(x), G(x,y), 

Fi(x), Gi(x,y) are continuous functions of (x,y) in R xs.1 l 

Given a function q(x) with continuous derivatives ~i(x) in 

R, we denote by 

( 3) 
n 

~'(x,z) = ~ <h(x)z1 
i=l 

the diff'erential of the function. cjl' ( x, z) is then defined for 

all x c R and z "' ( z1 , ••• , z n) c= En, and is linear in z. 

Theorem I. 

Let x0 be an interior point of R, and belong to the set R' 

all points X Of R, which satisfy (l) for all y c::: S • Let F(x0 ) = 

MinimUlll F(x). 
xc::R 1 

Then there exists a finite set of points ~ •••• ,y8 inS and 

numbers A0 , ~1 •••• , A8 , which do not all vanish, such that 

(4a) G(x0 ,yr) =- o for r:l, ••• ,s 

of 

l) Here continuity in R "S 1s 
f'ollowin~ definition of convergence 
if lim x = x and lim yr = y. 

defined so as to aS!ee with the 
in R x S: lim (xr ,r·> "'(x,y), 

r-+ro 
l"~oo l"--700 
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EXTREiY!lJ.vi PROBLE;AS WITH INEQUALrr IES 

C4bl }.0 ~ 0 I }.1 > 0, •••• , A 8 > 0 

C4c) 0 ~ s ~n 

C4dl the function 
s 

q (x) = ]\0 F(x) - L ArG(x,yr) 
r"'l 

bas a critical point at x0 i.e. 

for i ::: 1, ••• , n • 

Proof: 

Let s• denote the subset of points y of s, for which 

G(x0 ,y)=o. 

We shall first show that the system of inequalities 

( 5a) 

( 5b) 

0 
F 1 (X , z) < 0 

G' (x0 ,z,y) > 0 

can have no solution z = ( z1,,, .,zn). 

for all y c: s' 

189 

For let (5a,b) be satisfied for a certain z. Denote by SJ 
the set of all points of S having a distance ~ E. from sone point 

of s•, and by X~ the set of all points of R having a distance ~ .f; 

from x0 • Then there exist positive numbers S, E. such that 

(6) F'(x,z)<..-E, G'(x,z,y)>S forallxC:X~ 1 yC:.SJ. 

For otherwise there would exist sequences of points xr in R, ~ 

in s, r 'l in s•, such that 

lim xr = x0 , lim (distance of ? and._{) :. 0 
r-+co r-+oo 

and either 

or 

r 
11m inf F' (x ,z) ;;, 0 

r-oo 

As S is compact and G is continuous, St is compact as well, We can 

then form a suitable subsequence of the r, such that yr and lr con-
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190 FR:nz JOHN 

verge towards a point y of s•. As F' and G' are continuous, it 

would follow that either F 1 (x0 ,z)? 0 or G1 (x0 ,z,y) ~ 0, contrary 

to ( 5a, b) • 

Hence (6) holds for suitable positive E.,S. On the other 

hand there exists a positive constant ,.u.=-foi(E..) such that 

{7) 

for all y of S outside S·1 • 
0 

For G(x ,y) is non-negative in s (as 

x0 c: R t), vanishes only on S', and is continuous on the compact 

set S, 

As x0 is an interior point of R, we have for sufficiently 

small positive t 

F(x0 + tz) :: F(x0 ) + tF' (x0 + Stz, z) 

G(x0 + tz,y) = G(x0 ,y) + tGt (x0 + Stz,z,y) 

where e stands for any quantity between 0 and 1. If here t is 

chosen so small that 

t•Maximum IG•(x,z,y)l < ft , 
yC:.S 
x ex~ 

we can apply (6), (7) and find that 

F(x0 + tz) ~ F(x0 ) - t S oe; F(x0 ) 

G(x0 + tz,y) ~ G(x0 ,y) + t 5 > 0 for all y C:: SJ 

G(x0 + tz,y) ~ }'l-tfG' (x0+etz,z,y)J > 0 for all y of S outside 

Sl 
This would however contradict t!:J.a assumed minimum property of x0 • 

Consequently, there can be no z satisfying (5a,b). 

The non-existence of a solution z of the system of linear 

homogeneous inequalities (5a,b) can be seen to be equivalent to 

the existence of non-neF;ative solutions of a certain system of 
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EXTRE~>1Ui.i PROBLE1!S WrrH INEQUALrriES 191 

equations.2 > For this purpose we introduce the "representative" 

points corresponding to (5a,b), i.e. the points inn-space given 

respectively by 

q = ( -Fl (xo) • • •. ,-Fn(xo)) 

Py = (G1 (x0 ,y), ••• ,Gn(x0 ,y)) 
(8) 

for y c::s•. 
The non-existence of a solution z of (5a,b) implies that the set 

~ consisting of q and all p does not lie in an open half-space 
y 

bounded by a hyper-plane through the origin. Then the origin is 

a point of the convex hull of ~ • As in addition, as a conse

quence of our assumptions, 2: is closed and bounded, it follows 

that the origin belongs to a simplex with vertices in ~.where 

the point q may be chosen as one of the vertices.;) Then the 

origin is center of mass of s+l non-negative masses (s ~ n), 

located in q and s other points of L: . Equations C4a,b,c,d) are 

the analytic expression for this fact. 

2. Sufficient condi tiona fo:r• a minimum. Equi val enoe with finite 

systems or inequalities. 

Theorem II. 

Let x0 be an intex•ior point of R and belong to the set R' of 

all points x of R, which satisfy 

for all y c: S • 

Let there exist a function «t ( x) of the form 

s 
4> (x} = /\0 F(x) - La }\rG(x,yr) 

r=l 

~) See L. L, Dines: "Linear inequalities," Bull. Am, Math. 
Soc, vol. ~2 (193b), pp. 35,-365. R. w. Stokes: 11A geometric the
ory of linear inequalities, Trans. Am. Math. Soc. vol. 33 (1931), 
PP. 782-805. ""' 

3) Tbat one or the vertices can be chosen arbitrarily in~. 
i~ evident from the proof or the fundamental theorem that any point 
o.r the convex hull of' 'E belongs to a sii!Jplex with vertices in ~. 
See Bonnesen-Fenchel: 11Theorie der konvexen K8rper;• p. 9. 
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192 FRrrz JOHN 

where yrcs, such that <4a,b,d) hold. Let in addition the matrix 

~OFl(xo) Gl(xo,yl) Gl(xo,y2) ••••• Gl(xo,ys) 

............ ' ..................................... . 
A= ................................................... 

'\,Fn(xo) 

have rank n. 

Then F(x) has a relative lllinilllum at x0 in the set derined by 

the finite number of inequalities 

(9) for r = 1, ••• ,s 

and has, a fortiori, a relative minilllum at x0 for the set R•. 
Proof: 

If F(x) did not have a relative minimum at x0 for the set (9), 

we could find a sequence of positive numbers tr and a set of points 

zrc:: E such that n' 
lim tr 0, 

r-+c:o 

G(x0 + trzr ,yk) ~ 0 

Then with suitable 9 between 0 and 1 

F1 (x0 + etrzr ,zr) ~ 0 

for k = l,, •• , s. 

for k = 1, ••• , s. 

For a suitable subsequence the zr converse towards a vector z I 0, 

for which then 

for k = 1, ••• , s. 

But, as ~ (x) is stationary at x0 , we have 
s 

0 = ~· (x0 ,z) = 1'1. 0 F• (x0 ,z) - Z: AkG' (x0 ,z,yk). 
k=l 
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EXTREMUM PROBLEMS wrrH INEQUALrr IES 193 

Hence, makinp; use of (4b), we see that z satisfies the system of 

linear homogeneous equations 

A0 F1 (x0 ,z) = 0, G'(x0 ,z,yk) = 0 for k = l, ••• , s. 

The existence of a solution z ~ 0 of this system contradicts how

ever the assumption made on the rank of A. This completes the 

proof of theorem II. 

Theorem II shows that undel' sui table condi tio-na a relative 

minimum of F(x) for the set R' determined by infinitely many ine

qualities is at the same time a relative minimum for the set de

termined by a suitable finite number of these inequalities. An 

example will show that this is not the case for every minimum 

problem. Consider the problem of finding the minimum of the func

tion 

F(x) = -x2 

in the set of all x satisfying the inequalities 

(10) G(x,y) = y 2-yx2 ~ 0 for all y with 0 ~ y ~ l. 

The set R' of all x satisfyinp, (10) consists of the point x = 0. 

That point then is also a relative minimum point of F for the set. 

If, on the other hand, xis only subjected to a finite number of 

inequalities 

G(x,yk) 1; 0 fork= l, ••• ,s, 

where 0 ~ yk ~ 1, then all points of a neighbourhood of x = 0 are 

admitted, and F(x) has no relative minimum in the resulting set at 0. 

3. Application to minimum sphere containing a set.4> 

Let S be a bounded ae.t in Em. A sphere in Em may be described 

~) See H. w. E. Jung: "Ueber die kleinste Kugel, die eine 
rliumliche F1gur einschliesst, 11 Journal ftir- die reine und angewandte 
Mathematik, vol. 123 (1901), pp. 241-257. For a historical account 
of this well knwon problem see the paper by L. M. Blumenthal and 
G. E. Wahlin: 11 0n the spherical surface of smallest radius enclos
ing a bounded subset of n-dimensional euclidean apace," Bull. Am. 
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194 FRITZ JOHN 

by x = (x1 ,,,, ,xm + 1 ), where ~, , , , ,xm are the coordinates of its 

center and xm + 1 the square of its radius, Let x0 denote the 

sphere of least radius enclosing S, The existence of a sphere of 

least positive radius enclosing S is evident, if the assumption is 

made that S contains at least two distinct points, 

Then 

(lla) F(x) = xm+l 

has a minimum for x = x0 in the set of all x sa tisfyinp; the inequal

ities 
m 

(llb) G(x,y) = X -
ID + 1 ~ for all y C: S, 

i=l 

As every sphere containing S also contains the closure s of s, we 

can replaceS by Sin (11b), 

According to theorem I we can finds points (s ~ m•l) yl, 

••• ,y8 of Sand numbers ~0 ,,,,, ~s such that 

s 
(12a) "o = 2: l\r 

r = 1 

(12b) for 1 = 1, , , , ,m, 

(12c) for r = 1,, •• , s 

(12d) 11.0 ~0, ?.1 >0, •.• ,\>0. 

It follows from (12a,d) that ~0 > 0, From (12) we get for any 

x = (x1 •• ,.,xm+1) 

s 

L. 
r=1 

Math, Soc., vo1, 47 (1941), pp, 771-777, 
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EXTREi.IDiYI PR0!3LEMS WrrH INEQUALrr IES 195 

1 This identity shows that any sphere containing the points y , ••• , 

y8 has a radius ~ / x~ + 1 , where the = sip;n only holds, if its 

center is also at (~, ••• ,x:}. Hence the smallest sphere contain

ing S is uniquely determined, and is at the same time the smallest 

sphere containing the points y1 , ••• ,y5 of the closure of s. 

If Drt denotes the distance of the points yr and yt (r,t = 
l, ••• ,s), we have from (12} 

L ~r l\tD;t = L, l\r"t[<x~-yf)-(x~-yi}] 2 = 2 ~~ ~+1 
r*t r,t,i 

On the other hand 

2:: ~r~ =-;- L: ~r 2s L. ( hr- 1\.t) ~ S'" }.o • 
s 1 ( ) 2 - 1 2 s-1 2 

r'f:t r r,t 

Dividing the last two inequalities by each other and observing 

that the hr ht are positive, it follows that 

(1;} D = diameter of S ~ Maximum Drt ~ ,/ ~ ~ + 1 
r,t v· s-1 

As s ~ m + 1, this leads to 11Junp; 1 a inequality" 

(14) 
D ~ /2(m+l) R 

- m 

between the diameter D of a set S in ~ and the radius R of the 

smallest sphere containing the set.5) 

This result can be extended in various directions. Following 

L.A. Santal~, 6 > we can consider a setS, which lies .on the sur

face K or the unit-sphere in Em and is contained entirely in a 

closed subset interior to a hemi-sphere or K. 
1 S We consider the set y , ••• ,y belonging to S through (12}. 

5> See Jung, l.c., note 4. 
b) "Convex regions on then-dimensional spherical surface," 

Annals of Mathematics, vol. 47 (1946), pp. 448-459. 
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196 FRI?Z JOHN 

1 s If y , ••• ,y do not lie in a hyper-plane of~· then K is the 

smallest sphere containing s. for the r lie on the smallest 

sphere ~nd lie only on one sphere, This however is impossible, 

asS lies in a closed subset interior to a hecisphere-of K, and 

hence is certainly contained in spheres of radius ~ 1. 

Consequently y1 , ••• ,ys must lie in an (m-1)-dimensional lin

ear space. Then however the inequality (18) between diameter of 

the set of the yr and the radius of the least sphere containing 

the r applies with m replaced by m-1, As the least sphere con

taininR the yr is identical with the one containine S, we have for 

s 

(15) D · ~ I 2rnl R • - m-

We can introduce the "spherical diameter" ll of S as the least 

upper bound of the lengths of the greatcircle arcs on K joinine any 

two points of s. Then obviously 

D = 2 sin ...A. 
2 

Similarly we can introduce the "spherical radius" _/) of the least 

"spherical" (m-1)-dimensional sphere on K containing S, Obviously 

R = sin f'. 

We then obtain form (15), as analoeue of (14) in (m-1)-dimenaional 

spherical space of curvature 1, the inequality 

o.r 

(16) 

2 sin J!.. ?!: { 2m 
2 - m-1 

m coa 2 _,c 
cos A <. = m-1 

sin_? 

- 1 

This inequality is the best possible one between p and .A as is 

seen from the example of a set S on K consisting of the vertices 

of an m-dimensional regular simplex.?) 
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In a different direction an obvious extension of (14) to H11-

bert space suggests itself for m -+ oo : 

If S is a set in Hilbert-space with the property that any two 

points of S have a distance ~ D, then there exists a point in 

Hilbert space, from which all points of S have a distance < ~ D, =12 
For a proof of this statement one forms the projection Sn of 

Son the ~····xn-coordinate plane. It is easily seen that the 

center 

of the smallest sphere containing Sn converges for n-r oo towards 

a point of Hilbel't space with the desired properties. 
1 The constant f2 is again the best possible one in this con-

nestion, as is shown by the example of the set consisting of the 

points (1,0,0, ••• ) ,(O,l,O,, ••• ) ,(O,O,l,O, .... ), etc, 

h. Application to the ellipsoid of least volume containing a set 

S in ~·S) 

A solid ellipsoid in running coordinates y1 , ••• ,ym may be 

described by a relation 

-----?l Santald l,c, obtains an inequality, which in appearance 
is stronger than ( 16) for A > f1' /2. The explanation of this dis
cre~ancy must lie in the fact that he uses a different definition 
of spherical diameter" from the one used here, (No definition of 
that term is given in his paper.) For sets of spherical diameter 
>'il'/2 (as used here) the diameter of the set need not be the same, 
as that of its "spherical convex hull," whereas they seem to be 
the same in Santalo's use of the term, 
~) Related questions have been considered for m=2 by 
F • Behrend: "Ueber einige Affininvarianten konvexer Bereiche", 
1iath, Ann,, vol, 113 (1~37), pp, 713-747; "Ueber die kleinste um'
beschriebene und die grosste einbescr~iebene Ellipse eines konvexen 
Bereiches_,', ibid,, vol. 115 ~1938), pp, 379-411; F, John: "Moments Fr inertia of convex regions', Duke Math. J., vol, 2 (1936), pp, 
'+"+7-452; 
for m = 3 by o. 13, Ader: "An affine invariant of convex regions", 
f?uke Math, J. vol, 4 (1938) pp, 2~1-299; for general m by F, John: 

An inequality for convex bodies ', u. of Kentucky Research Club 
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(17) 

where 

(18) 

m 
.L xik(yi-xi)(yi-xi) ~ 1 
i,k=l 

FRITZ JOHN 

and the xik are coefficients of a positive definite quadratic fo~ 

The volume of the ellipsoid is given by 

V= 

where wm denotes the volume of the unit-cphere in Em and 

d ::. det(xik). 

If the assumption is made that S is not contained in any 

hyper-plane, the existence of an ellipsoid of least volume contain

ing S can be seen as follows. There is a sphere of radius r > 0 

contained in the convex hull of s, and hence contained in any el-

lipsoid, which contains s. Thus any ellipsoid containing S con

tains the sphere of radius r about the center of the ellipsoid. 

We have then for any xik'xi satisfying ( 17) for all y c= S 

2:: i,k 

1 

As the xik are also coefficients of a definite form, it follows 

that 

Thus the xik satisfying ( 17) for all y C: S form a bounded set. 

Moreover we have for those xik'xi 

lim V = oo for (~, ••• ,xm) - oo, 

as the ellipsoid contains the convex hull of S and the point (~• 

BU11. 8 (1942), pp. 8-11. 
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EXTREial:;.; PROBLEMS WITH INEQUALITIES 199 

0 0 
Con::;equently there exists a set xik• xi' for which V is 

a minimum, a::ong all xik' which satisfy (18) and (17) for all y c:: 

S, and for wr~ch the xik are coefficients of a positive definite 

form,9) 

We are here again more interested in deriving significant 

properties of the minimum ellipsoid than in actually "determining" 

it in terms cf S, 

As V anc1 -d talce their least value simultaneously, we can con

cl·Jde from theorem I that there exist non-nep;ative constants A0 , 

... , 11. 8 , which do not all vanish, such that the function 

s 

(18) q>(x) = i\0 d + L i\.[1- "2: xik(yi-x1 )(y~-'ic)] 
r=l i,k 

of the n = m(m + JJ independent variables 
2 

x1 (i = 1,,. ,,m) 

(i,k = 1, • •• ,m; i ~ k) 

has a critical value at 0 
X • 

1 s Here y ,,,,,y are points on the boun-

dary of the convex hull of s, for which 

:2: x~k (Yl-xo)(y~-xo) = l, 
i,k 

As cf(x) is symmetric in xik and ~i' the first derivatives of cp 

with respect to the xi (i = l,,,,,m) and all xik (i,k =l, ••• ,m) 

must vanish at the critical point. We may apply an affine trans

formation to ~, so that the minimum ellipsoid becomes the unit 

sphere about the origin: 

9) For a minimizinp; sequence the·xik cannot tend towards the 

coefficients of a non-definte form, as the determinant d of the 
xik has to becone a maximum, and hence is bounded away from o. 
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As 

we obtain the followine relations: 

8 

FRI'TZ JOHi 

srt , 

(19a) 
~ r r 

i'.o bik = L '\YiYk for i,k = 1,,, .,m 

(l9b) 

(19c) 

(19d) 

tion 

( 19e) 

r=l 

for i = 1,,,, ,m 

~o ~ 0 ' /\1 > 0 , • • • , :.\ m > 0 

m 
:2:: <Y~)2 = 1 for r = 1,,, .,s 

i=l 
Summing (19a) over all i=k, we obtain from (19d) the rela-

s 
ml\o= Z Ar 

r=l 

which shows that /\0 is positive, It follows from (19) for any 

ellipsoid containing the points yr 

= 1\oL xii-+- m "'2: xikxi xk ~ 
i i,k 

) 1/m 
~ m i\(det x1k • 

10) 

Consequently the volume of any ellipsoid containing S is at least 

10) For a deinite form the expression ~ xii is the sum of 
i 

the Ei£l;en-values, d = det(xik) is the product. Hence by the well 

known inequality between arithmetic and eeometric means it follows 
that ~ xii ~ mdl/rn 

i 
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equal to that of the unit-sphere. This shows that the ellipsoid 

of least volume containinp, S is at the same time the ellipsoid of 
1 s least volume containing the points y , ••• ,y of the boundary of 

the convex hull of S, where s < m( m + 3) 
'"' 2 • 2 

Let u1 , ••• • ~ be any numbers with L; ui = 1. Introduce 
i 

Then, because of (19d) 

(20) for r = 1, ••• , s. 

On the other hand we have for any t, using (19a, b e) 

±\<Pr + t)2 .,. (t2 + ~) ± ~ . 
r~l r=l 

It follows that 

(21) 

Hence for any t there exists an r such that 

P2 + 2tP - !_ > 0 r r m =- • 
The lefthand side of this inequality is a quadratic function of 

Pr• whose roots may be oe., (3 • We then see that for any oe, (3 

with aC~=- ~ , there is aPr outside the interval 

OC<.x-=:.(3. 

If' we put 

(22) M = Max;mwn Pr• -,... = Min~mum Pr 

it follows that 

(23) M,_,. ~ 
1 
m 

Consequently 

<24> M+f-1- ~ 
2 

Vm 
and, beC!lUSe Of (20), 
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( 25) 
u. > !. 
r- == m 

FRrrz JOHN 

A.s M and fA are the distances of the two planes -of suppo1•t of the 

set formed by the yr in the direction u, it follows that the con

vex hull of the yr contains the sphere of radius ~ about the ori

gin, and that the distance of any two parallel planes of support 
2 

of that convex hull is ~ fro , The sane holds then for the con-

vex hull of S, We have then the following theorem in terms of the 

original space before the affine transformation: 

Theorem III, 

If K is the ellipsoid of smallest volume containing a set s 

in Em' then the ellipsoid K' which is concentric and homothetic 

to K at the ratio 1/m is contained in the convex hull of S, 

The example of a simplex shows that the constant ~ is the 

best possible one in this connection, 

As the boundary of the convex hull of S may be an arbitrary 

convex surface, we see th~t any closed convex surface lies be-

tween two concentric homothetic ellipsoids of ratio =!. 
m 

have from (24): 

We also 

Any convex body can be transformed by an affine transformation 
1 11) 

into a body, for which the r~tio of diameter and breadth is ~ r=' - .,m 
A. stronger inequality can be derived in the case, where S is 

symmetric to a point, say the origin, Let K be the ellipsoid of 

least volume containing s, which has its center at the origin, 
1 s In this case we again obtain ~0 ,.,,, ~s•Y ,,,,,y, such that 

(19a,c,d) are satisfied, We can conclude that (21) holds for t = 

0, i,e, that 

---1-1) Here ''breadth" is defined as minimum distance of any two 
parallel planes of support, 
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2 1 
Max;mum P r ~ iii • 

203 

Then of any two parallel planes of support of the convex hull of 

S (after suitable affine tr~naformation) at least one has a dia
l 

tance fm from the origin. As however S is symmetric to the 

origin, the same holds then for the other plane of support. Hence: 

If S is a set symmetric to the point o, and K the ellipsoid 

of least volume containing S and having ita center at 0, then the 

ellipsoid, which is concentric and homothetic to K at the ratio 
1 

is contained in the convex hull of s. 

Again ---1- is the best possible constant in this connection, rm 
as is seen from the example of the m-dimensional "cube" or of the 

m-dimensional analogon to an octahedron. 

If the convex hull of S is represented by ita 11 ga8e function" 
12) 

( "Diatanzfunktionn), we have the following theorem: 

For any function f(x) = f(x , ••• ,x ), which satisfies the 
1 m 

conditions 

f( f' :x) = If"" I f( x) for all numbers ,JJ. 

f(x) > 0 for x I- 0 

f(x + y) ~ f(x) + f(y) 

there exists a positive definite quadratic form Q = Q(x), such that 

for all x. 

It is to be expected that for a convex body S the ratio of 

minimum circumscribed ellipsoid to the volume of S reaches its 

largest value for a simplex (respectively for a cube, in case S is 

symmetric to a point). However the author has been unable to prove 

12) See Bonnesen-Fenchel, loc. cit. p. 21. 
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this statement for general m,l3) If true, the statement must be 

a consequence of the relations (19), which are characteristic for 

the circunscribed ellipsoid of least volume. 

-----1-3) Form= 2 this was proved by F. Behrend, loc, cit. 
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