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1. Introduction

I1.1. The present study has its origin in problems of optimal resource
allecation, especially those related to the possibilities of a price mecha-
nism. While for some purposes Pareto-optimality might be the more
relevant concept, we have confined ourselves here to the case where by
““ optimal >’ is meant ‘‘ efficient’’ resource allocation.?

The main result of the present chapter is an extension of the Kuhn-
Tucker results [31] on ‘‘ non-linear programming ’’ to more general linear
topological spaces.®? (Numbers in square brackets indicate the references).
The initial stimulus toward this type of generalization was the paper
by Rosenbloom [39]. The need for it became apparent in the course of
a larger study on problems of decentralization in resource allocation
mechanisms.

The remainder of the Introduction is devoted to a brief statement of
the nature of the problem. 1.2 is primarily directed at the reader
interested in the relevance of the study from the viewpoint of economics.
1.8 provides a summary of some of the results being generalized and
some of the mathematical issues arising.

II is devoted to introducing some of the basic concepts and notations.
III and IV are devoted to the derivation of certain theorems on linear
inequalities in linear topological spaces, among them the ‘‘ Minkowski-
Farkas Lemma,”’” fundamental in the sequel, and another result of

1 This study might not have been undertaken, and almost certainly would not have been
completed, without persevering encouragement by Tjalling C. Koopmans of the Cowles
Commission for Research in Economics. The author is greatly indebted to'Professor Paul
Rosenbloom, of the University of Minnesota, for having made him aware of the potentialities
of the Banach space theory for the problems here treated. He also wishes to acknowledge
valuable advice received from Professors Bernard R. Gelbaum and Gerhard K. Kalisch, also
of the University of Minnesota, as well as from Kenneth J. Arrow and Hirofumi Uzawa of
Stanford University. Thanks are due a number of readers, and to K.S. Kretschmer in
particular, for pointing out errors in the first printing; see especially the note on p. 74.

*  Cf. Koopmans [27].

3 Some of the results, as for instance the generalized ‘‘ Minkowski-Farkas Lemma,’’ may
be of independent interest. '
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importance in relating the theory of programming to that of games of
strategy. An appendix to III relates the results of III- to the theory
of linear equations in Banach spaces, as formulated in a paper by
Hausdorff [18].% (See the NOTE in brackets on page 74.) V.1 states
conditions under which a Lagrangian saddle-point implies maximality
(efficiency). V.2 deals with the problem of scalarization, i.e., of reduec-
ing a vectorial maximization problem to one of scalar maximization.
V.3 contains the main results concerning the existence of saddle-points
and ‘‘ quasi-saddle-points.”” The third section, V.3.3 treats situations
where the differential (‘‘ marginal ”’) first-order conditions for the saddle-
points are satisfied, while in the first, V.3.1, the differentiability is not
assumed. (From the economist’s viewpoint, the existence of a saddle-
point corresponds to the existence of a price-vector equilibrating the
market.) V.3.2is devoted to the special (‘‘ linear *’) case which, in view
of the interest in ‘‘linear programming’ models, seemed worthy of
separate direct treatment. The author has not completely avoided rep-
etition where he feared that brevity might cause ambiguity. Also,
many ‘‘obvious’’ and ‘‘trivial >’ proofs are spelled out in detail.

1.2. In problems of efficient resource allocation we deal with a model
where commodities are classified into resources, typically available in
limited amounts, and desirables in terms of which efficiency is defined.
The amounts of resources used up and of the desirables produced are
determined by the decision as to activity levels. Thus the model is of
the type treated in activity analysis,® although not necessarily under
the assumptions of additivity and linearity.

Some of the mathematical problems arising in models where linearity
and additivity are not assumed have been explored by Kuhn and Tucker
[81], and Slater [41]. The treatment in both papers is confined to the
case where there is a finite number of commodities and a finite number
of activities. This, of course, limits their domain of application. In eco-
nomics there are many problems where, for instance, an infinity of
commodities could be more naturally postulated, as in the case of problems
involving time or location. But there is another reason why an economist
may be interested in having a theory of resource allocation in which
the commodity space or the activity space is of a more general nature :
the logical structure of treatment of the more general situations often
reveals the ‘‘deeper” or ‘‘intuitive” bases of important propositions
and helps focus attention on the more fundamental features of the problem.

The economic interpretation of the Kuhn-Tucker and Slater results
(discussed by Kuhn and Tucker) has to do with the possibility of reaching
positions of efficient resource allocation through the price mechanism.

¢ On a number of occasions we explore the question of the necessity of the underlying

hypotheses and several theorems are devoted to this.
s Cf. [27].
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40 PROGRAMMING IN LINEAR SPACES

Roughly speaking,® when suitable conditions are satisfied [in the econ-
omist’s language the main ones could be described as ‘‘perfect divisibility’’
(all positive multiples permissible), and absence of ‘‘external (dis-)
economies of scale’ and of ‘‘increasing returns’’], (a) ‘‘ competitive
equilibrium ”’ implies that an efficient point has been reached and (b)
any efficient point can be one of *‘competitive equilibrium ’’ (provided
prices are properly selected). When the absence of ‘‘ increasing returns ’’
is not assumed (while the assumptions of ‘‘ perfect divisibility ’’ and
absence of ‘‘ external (dis-) economies of scale ’’ are retained), it is still
possible to obtain criteria” permitting classification of certain situations
as non-efficient.

Results of the latter type are of considerable importance, for they
serve as a basis for the development of a theory of resource allocation
applicable to a class of situations not excluding ‘‘increasing returns.’’®

In attempting to generalize results of this type, the writer was guided
by his interest in cases where ‘‘increasing returns’ might prevail and
hence ‘‘marginal’ type phenomena would have to be considered.
Mathematically, this meant working in a space with an operation of
differentiation possessing most of its usual properties. The Banach
spaces form the most general class of spaces with which the writer was
familiar at the time this was written, although a more general theory
of differentiation does exist.® However, in theorems where the differential
operations were not used, an attempt was made to obtain proofs valid
for a more general class of linear spaces. In V.3.1, the author has
treated the case of Lagrangian saddle-points by methods of the type
used by Slater, i.e., relying on convexity but not using differentiability.

If one is to treat phenomena of ‘‘indivisibilities,”” one must go beyond
linear spaces. But since one knows that most of the important results
valid in linear spaces cannot be expected to hold when ‘‘indivisibilities ”’
appear, it becomes desirable to reappraise the objectives of the theory
of resource-allocating mechanisms, especially in their ‘‘ decentralization ’’
aspects. This is done to some extent in another paper now being com-
pleted by the writer.

. 1.8, In this section we give a brief description of some of the results
‘being generalized in the present chapter. '

I

8 For a more precise statement the reader is referred to Koopmans [27], Kuhn and
Tucker [31], and Arrow and Hurwicz [2], and Chapter 3 of the present book.

7 These criteria are of differential (‘ marginal ’) first-order nature; they involve prices,
but not the full conditions of ¢ competitive equilibrium.”” Cf. Theorem 1 in Kuhn and
Tucker [31].

-8 Cf. the work of Hotelling [21], Lange and Taylor [33], and Lerner [35], especially as
it involves ‘‘marginal cost’ pricing. Cf. also Arrow and Hurwicz [2], and Chapter 6 of
the present book.

® Cf. Hyers [22], and its Bibliography. See V. 3.3.8, where results involving differential
operations are extended to a wider class of linear spaces.
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PROGRAMMING IN LINEAR SPACES 41

Let 2, 2, and 2 Dbe finite-dimensional Euclidean spaces,” their
dimensionalities being respectively n,, n,, 7.

In each space we define certain ordering relations. If v" = (v}, -, v,),
v’ = (¢, -+, v, ) are two vectors in the space 2 (where " may be 27,
2/, or 27), we write

’

v =" to mean v; =2 v for+=1,2,---,m,,
v > to mean v = v” and v Z v (l.e.,, v # 0v"),
v > " to mean v; > v fore=1,2,--+,m,.

The origins of the three spaces treated are denoted by 0,0, 0, but
the subscripts are omitted where no danger of confusion seems to exist.

Given a set Y in the space 27 of desirables (Y is the ‘‘attainable ”’
set, cf. [27], p. 47), we define its mazimal (= ‘‘ efficient ’’) subset Y by
the condition

Y={yeY:yeY,y=yimply v <v}.

I.e., y is a maximal (= efficient) element of Y if, and only if, ¥’ > v does
not hold for any element %' of Y.

The set Y, however, is given indirectly, since our decision variable is
xz, not y. Thus there are given two (single-valued) functional relations®
f, g with a common domain in &2 and ranges in 2 and 2 respectively
and

Y = f[P.Ng(P.)]

where P, and P, are the respective non-negative orthants of 2 and 2.
Ie., ye Y if, and only if, y = f(z) with z = 0 and g(z) = 0.

Somewhat inaccurately we shall call an element z mazimal when f(z)
is maximal and we write X =f‘1(17').

The problem of finding necessary and sufficient conditions for the
maximality of a point = in 2 is usually called the problem of wvectorial
maximization of f(z) subject to the comstraints = 0, g(x) = 0. When
n, = 1, we are of course dealing with scalar maximization. Correspond-
ing to a given maximization problem one may construct its Lagrangian
(expression) given by

D(z, 2*; y*; S, 9) = ¥y A=) + 2 o(x)]
where

n,

y*y) = ¥y = Z{ YU

10 In the economic interpretation, 2 is the space of activity level vectors, & the space
of the vectors of desirables, x that of resources.

11 In line with the prevailing practice, we use f where Kuhn and Tucker use g and vice
versa,
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42 PROGRAMMING IN LINEAR SPACES

and

nl
) =22 =) 2z .
i=1

(In matrix and vector notation A’ is the transpose of A. Depending on
the content, we omit some or all of the detail following the symbol ®.)

We say that ® has a non-negative saddle-point at (z, zy ; ys) if and
only if

=20, 2 =0, ¥ >0,
and
O(z, 25 5 UF) = P2y, 75 ) = (2, 2% 5 ¥

for all x = 0 and all 2* = 0.

@ is said to have a mon-negative quasi-saddle-point at (xg, 25 ; v5) if
and only if

x020, Z:ZO: y;k>03

and
{(bgc =0, DYw, =0,
Pix = 0, DYzy =0.

[Here @} = <9®/dx,, - -+, 0P/0z, > (see fn. 1, p. 2, for this notation)
with all derivatives evaluated at (z, 2 ; ¥5); @ = <oP/ozf, ---,
0d [0z > with all derivatives evaluated at (x,, 25 ; ¥).] It was shown
by Kuhn and Tucker ([31], Lemma 1) that a non-negative saddle-point
is always a non-negative quasi-saddle-point. The converse is false.

In order to state the main results of Kuhn and Tucker we need three
concepts :

a) a function f, with convex domain D in .2* and range in 27, is
said to be concave if, and only if, for any 2/,2” in D and any 0 < 6 <1
the inequality (1 — 8)f(z’) + 0/(z") < fI(1 — O)z’ + 62" holds ;

b) the function g, with domain in 2° and range in %/, is said to
be regular if and only if the ‘‘ constraint qualification ” (cf. Kuhn and
Tucker [31], p. 483) is satisfied ;

¢) w, is properly mazimal if it is a proper solution of the vector
maximum problem in the sense of Kuhn and Tucker ([31], p. 488).”

The following are results of interest :

1. (Kuhn and Tucker [31], Theorem 4.) Let @, be properly maximal,
f and ¢ differentiable, and ¢ regular for x = 0. Then there exist vy, #
such that ®(z, 2* ; y*) has a non-negative quasi-saddle-point at (z,, 25 ; ¥o).
(Note: For n, =1, the term ‘‘ properly ’’ may be omitted and Theorem
4 becomes Theorem 1 of Kuhn and Tucker.)

12 Let f(xg) be properly maximal whenever z; is. Then the result of Arrow, Barankin,
and Blackwell [1] seems to show that, at least when Y = f[P;N g-4P,)] is closed and con-

vex, the set of properly maximal ¥'s is dense in the set of maximal points.
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2. (Kuhn and Tucker [31], Theorem 6.) Let both f and g be differ-
entiable and concave, and g regular for = 0. Then x, is properly
maximal if and only if there exist ¥, zF such that ®(z, 2* ; ¥*) has a non-
negative saddle-point at (=, zf; wy). (Note: For n, =1, the term
‘“ properly ’’ may be omitted and Theorem 6 becomes Theorem 3 of Kuhn
and Tucker.)

The following comments may be found helpful in following the later
sections of this paper.

1. The ““if 7’ part of Theorem 6 fails to hold when y* > 0 instead
of the stronger y* > 0 which is postulated. This raises a difficulty in
generalizing to linear (or even Banach) spaces, since in some of them a
y* > 0 may not exist.

2. The ““if  part of Theorem 6 remains valid when the assumptions
of differentiability and concavity of f and ¢ and regularity of ¢ are
abandoned.®

3. The “only if ”” part of Theorem 6 depends on Theorem 4 and the
concavity of f and g.

4. The proof of Theorem 4 consists in ‘‘ scalarizing '’ the problem by
means of an appropriate y* > 0 (which will exist if =z, is properly
maximal) and then using Kuhn-Tucker Theorem 1 covering the case
n, = 1.

5. The crucial step in the proof of the Kuhn-Tucker Theorem 1
involves the use of the Minkowski-Farkas Lemma which states that if,
A being an m x n matrix,

Ax =0 implies b’z = 0 for all =,

then there exists ¢ = 0 such that b = A’¢. (Cf. [31], p. 484.) Thus in
attempting to generalize the results of Kuhn and Tucker the success
hinges on finding the conditions under which the linear topological space
counterpart of the Minkowski-Farkas proposition is valid.

6. The relationship of the present chapter to the results of Kuhn
and Tucker is similar to that of Goldstine’s paper [15] to, say, Bliss’s
discussion in [4], p. 210 ff. Goldstine treats the case of constraints in
the form of equalities and imposes requirements strict enough to imply
the existence of unique Lagrangian functionals (‘‘ multipliers’’). Some
of these results (in the ‘‘ relaxed '’ form where uniqueness need not be
present) are special cases of the theorems obtained in the present chapter.

7. Slater [41], assumes f and g to be continuous and postulates that
they have a property (which we shall call ‘“ almost concavity '’)* implied
by (but not implying) the concavity of both f and g; neither f nor g

13 This suggests itself in reading Slater [41], p. 11

4 Suppose that, for some y*=0, 2*=0, y*[f(a1)] + 2*[g(x")] = ¥*[ f(=)] + 2z* [g(=?)].
Then ‘‘almost concavity ”’ of (f, g) requires that y*[f(z)] + 2*[g(z)] gy*@ii)] + z¥[g(z?)] for
all z on the segment joining z!, x2.
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44 PROGRAMMING IN LINEAR SPACES

is assumed differentiable; instead of requiring that g be regular, it is
required that, for some x, = 0, g(z;) > 0. (When this is so, we shall
call g Slater-regular.) If by a Slater-mazimal element of Y =
fIP,Ng (P,)] is meant a y, € Y such that ¥’ >y, for no ¥ € Y, and if
x, is called Slater-maximal when f{(=,) is Slater-maximal, then Slater’s
main result (Slater [41], Theorem 3) may be stated as follows :

Let f and g be continuous and almost concave and let g be Slater-
regular. Then #, is Slater-maximal if, and only if, there exist

y¥ > 0, 2z¥ = 0 such that
D, 7' 5 Y) < D@, 25 5 Y) < P, 255 Y)
for all 2 =0 and all 2* = 0.

It may be noted that the concept of Slater-maximality is weaker than
that of maximality (as previously defined) and that it makes the ‘‘if "’
part of the theorem valid even though yF¥ > 0 is not required.

If one wanted to substitute ¢ maximal’’ for ¢ Slater-maximal’’ in
Slater’s Theorem 38, it is clear from known examples that one would
have to require @, to be properly maximal and not merely maximal, as
well as to specify that y& > 0.

Slater’s Theorem 3 is, of course, a counterpart of the Kuhn and Tucker
Theorem 6. In the special case n, =1 the two concepts of maximality
coincide ; also yf > 0 becomes equivalent to yF > 0. Hence in this case
the Slater result differs from that of Kuhn and Tucker only with
regard to the hypotheses, since the assertion is precisely the same.

II. Notation, Terminology, and Some Fundamental Lemmas

I1.1.0. This chapter deals with problems arising in spaces here called
linear topological spaces. These spaces have both an algebraic structure
(they are linear systems, i.e., sets of vectors, with vector addition and
scalar multiplication) and a topological structure (they .are topological
spaces), and, furthermore, the two structures are related by the require-
ment that each of the algebraic operations be a (jointly) continuous
function of its two arguments.®

The concept of a linear topological space, to be introduced more
formally below, is a natural generalization of the properties of the
finite-dimensional space (the real line being the simplest case) in its

15 The definition of a linear topological space used in this paper is exactly the same as
that used in Bourbaki [7], p. 1, for the term ‘' espace vectoriel topologique.’”” Our concept
of a linear topological space is, therefore, broader than, e.g., that used by Bourgin [9],
where the additional assumption is made that the space satisfies the Hausdorff separation
axiom (i.e., that it is a 7% space).

On the other hand, there are authors (e.g., Hille [20]) who use a concept broader than
ours by relaxing slightly the nature of the continuity requirement for the algebraic opera-
tions, the continuity being required in each argument separately, but not necessarily jointly.
Many of our results remain valid for this broader class of spaces.
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customary Euclidean distance (metric) topology. Since any linear system
must contain all scalar multiples of all its elements, the scalars used in
a linear system being real numbers, the set of all integers (or even the
set of all rational numbers) is not a linear system, hence not a linear
topological space. From the economist’s viewpoint this rules out appli-
cations involving indivisibilities.

II.1.1. Linear topological spaces. A linear topological space is both
a linear system and a topological space. To avoid ambiguities, and for
the sake of completeness, we supply some of the standard information
concerning these concepts.

1I.1.1.1. Linear systems. What we call a linear system is a purely
algebraic concept. A fuller label would be ‘¢ real linear system ’’ since
the scalars used are the reals. (Banach uses the term ‘‘linear space,”
Bourbaki ¢ vector space’ ; our usage of the term ‘‘linear system
agrees with Hille’s.) We shall find it convenient to refer to the elements
of a linear system as wvectors.

Since a linear system is an additive group, we start by defining the
latter. A set 2”7 is called an additive group if it satisfies the following
conditions :

1. With each pair (z/, ") of elements of 2° is associated a unique
element z of 2°; z is called the sum of z’ with z” and this is written
as z = + 2.

2. Addition is associative; i.e., given any three elements z’, '/, «'”
of 2, o + (" +2") =& + ")+ 2"

3, There is in 2° an element (the identity element of addition, later
called the origin) denoted by 0, (or, more simply, by 0) such that
z+ 0, =0, + 2 =z for every element = of 2.

4. To each element z of 2 corresponds uniquely an element —2z
(called the negative of &) such that z + (—z) = 0,. [Subtraction is defined
by the relation z' — z’ = &’ + (—=z").] The foregoing conditions imply
that the law of cancellation holds, i.e., that

z + 2z ="+ x implies &' = 2"

for any three elements 2, 2", « of the group.

An additive group is called commutative (Abelian) if it satisfies the
following additional condition :

5. o + z' =" + &' for any two elements of the group.

A linear system is a commutative additive group in which there is
further an operation of scalar multiplication (by reals, which we shall
often call scalars). I.e.,

6. With each pair (a, «) where « is a scalar (real) and z a vector (an
element of .2°), there is associated a unique vector z, called their
scalar product; this is written as ' = @ - x. [Scalar multiplication is
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commutative, i.e., @ -z =z a; the multiplication symbol (-) is often
omitted.]

7. Scalar multiplication is distributive with regard to both scalars and
vectors, i.e.,

(¢ + axe=adz+ a"z
and

a(@ + ') = ax’ + az”
for all selections of the scalars and vectors.

8. Scalar multiplication is associative, i.e., &'(a”z) = (¢’a’)x for all
selections of scalars and vectors.

9. The number one is the identity element of scalar multiplication, i.e. ,
1.2 =z for all vectors z.

The preceding conditions imply that (—1) - 2 = —x and 0 - o = 0,. [The
last equation is an example of a situation where both the number 0
(zero) and the vector 0, (origin) appear together. This is sometimes
written simply as 0 - 2 = 0 and one must infer from the context that 0
denotes a scalar on the left and a vector on the right.]

Definition. A linear system is a set satisfying condition 1-9 above,
i.e., an additive commutative group with sealar multiplication which is
commutative, distributive, and associative, with reals as scalars and 1
as the identity element of scalar multiplication.

Algebraic set operations. Let X, X', X'’ be subsets of a linear system
and « a scalar (a real number). We write

aX = {ax: ze X},

X+ X' ={o+2":2deX,z" e X"},

X - X'={ad —a':2eX,2"e X"} .
Also,

—X=(-1D)X={—-=z:2zc X}.

These algebraic operations must be distinguished from the set-theoretic
operations of union and difference. The union of two sets X' and X"
is written as X' U X"’ ; the set-theoretic difference (i.e., the set of all
elements that are in X' but not in X") is written as X'~ X"”. The
complement of X (with respect to X') is the difference X' ~ X.

We should also note that the algebraic operations do not have some
of the properties suggested by the symbolism ; e.g., it need not be true
that X + X = 2X.

Some geometric terms. Given two vectors z/, '/, the set {la’ +
(1 —2a": 0<2<1} is called the segment joining @’ and z”. A setis
called conver if with -any two points a’, " it also contains all points of
the segment joining them. If — X = X, the set X is called symmetric
(with respect to the origin). X is said to be star-shaped from the point
z if, with any point &/, it also contains the segmernt joining z and z'.
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A subset X of the linear system 2 is called absorbing if, given any
point z in the system .27, there is a point =’ in the set X and a positive
real number 1 such that z = 2z'.*® ‘

I1.1.1.2. Topological spaces. To define a topological space” it is con-
venient to start by introducing the concept of ‘‘a topology.”” A collec-
tion S of subsets of a given set 4 is called a topology for A if it
satisfies the following conditions: (1) A is an element of S and so is
the empty set ¢; (2) the intersection of any two sets belonging to S
belongs to S; (8) the union of the members of any (possibly infinite).
sub-collection of S belongs to S. The subsets of 4 which belong to S
are called open (relative to S, or in S). The union of all open sets
contained in a given set is called its 4nterior.

We topologize a set by selecting a topology for it. Any set can be
topologized, for the two-element collection {¢, A} is a topology for A4,
i.e., it satisfies the above three conditions ; such a two-element topology
will be referred to as the coarse topology for A ; it is sometimes called
in the literature the indiscrete or trivial topology. On the other hand,
the power set (sometimes written 24) of A, i.e., the set of all subsets
of A, is also a topology for A, to be called the fine (often called discrete)
topology for 4. When A has two or more elements,  the two topologies
differ ; for instance, one-element sets are open in the fine topology, but
not in the coarse topology. Given two topologies for a set 4, we call
S’ finer than S (and S” coarser than S’) if S” is a proper subset of
S’, i.e., if every set open in S”.is also open in S’ and there are some
sets open in S’ that are not open in S”. (Two topologies are non-com-
parable with respect to fineness when neither is a subset of the other.)
Clearly, the fine topology is the finest topology possible, while the coarse
topology is the coarsest topology possible. In most cases of applied
interest, we deal with topologies that are somewhere between the fine
and the coarse topologies.

Denote by R* the linear system whose elements are all real numbers,
i.e., the ““real line.”” Its so-called ‘‘natural’ topology is defined as
consisting of all subsets B of R¥ characterized by the following property :
each element of B must belong to an ‘‘ open interval ’’ which is a subset
of B. (An open interval is defined as the set of all numbers greater
than some fixed number and less than another fixed number; an open
interval is an open set in the natural topology, but there are open sets
which are not open intervals, e.g., the set of all numbers other than
zero.) A set is closed (in a specified topology) if its complement (with

16 This usage of the term absorbing, as well as some of the subsequent formulation, is
due to the author's exposure to lectures by Professor Hans Radstrom of the Royal Institute
of Technology in Stockholm, to whom the author is also indebted for clarification on certain
properties of linear spaces.

17 See, for instance, Kelley [23].
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respect to A) is open. A set may be both open and closed (e.g., the
empty set and A), or it may be neither open nor closed (e.g., one-element
sets in the coarse topology when A has two or more elements). What
is ordinarily called a closed interval (i.e., one including its end-points)
is a closed set in the natural topology of the real line. An interval
including only one of its end-points is neither open nor closed in the
natural topology. The closure of a set is the intersection of all closed
sets containing it.

A topological space is defined formally as an ordered pair (4, S) where
S is a topology for A. Often, when the topologization of A is under-
stood, we refer to A itself as a topological space.

Let (A4, S) be a topological space, B a subset of A,z an element of
B. B is called a netghborhood of x (with respect to the topology S) if
it contains a subset C which is open (with respect to the topology S).
Obviously, any open set containing z is a neighborhood of z, but a
neighborhood need not be open. (Some authors use a narrower concept
of a neighborhood and require that it be an open set.) The collection of
all neighborhoods of a given point z is called the complete neighborhood
system for the point x. For instance, in the fine topology all sets of
which z is an element constitute a complete neighborhood system for x ;
in particular, the one-element set consisting of z alone is a neighborhood
of z. In the coarse topology, on the other hand, a point has only one
neighborhood, namely, the set 4. A topological space (4, S) is called a
Hausdorff (topological) space if any two distinct points of the space have
disjoint neighborhoods. Thus the fine topology is Hausdorff, but the coarse
topology (when there are two or more elements in the space) is not. R*
in its natural topology is Hausdorff, for we can use as disjoint neighborhoods
open intervals centered on the two points, the width of the intervals
being less than half the distance of the two points. Most spaces of
applied interest are Hausdorft.

Sometimes we are interested in certain subsets of the complete neigh-
borhood system of a point. A subset F' of the complete neighborhood
system of a point is called a fundamental system of neighborhoods of
the point.if every neighborhood of the point contains a neighborhood
belonging to the set F'; if we call the neighborhoods belonging to F
fundamental, we can say that every neighborhood of a point must
contain a fundamental neighborhood of that point.

It is often convenient to define a topology indirectly, viz., by assign-
ing to each point @ of a set A a (non-empty) collection F, and declar-
ing it to be a fundamental neighborhood system of a. The complete
neighborhood system of a is then defined as the collection G, of subsets
of A, each of which contains a fundamental set (i.e., a set belonging
to F,); finally a subset A’ of 4 is declared as open if and only if it
is a neighborhood of all of its points.
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In order for such a procedure to result in a topology for A4, the col-
lection F, must, of course, satisfy certain conditions. First, naturally,
each set belonging to F, must contain a, otherwise it would not qualify
as a neighborhood of a; hence every set belonging to F', is non-empty.
Second, the collection F, must satisfy the following finite intersection
requirement : the intersection of any two sets belonging to F, must
contain a set belonging to F,. (The intersection itself need not belong
to F,.) A non-empty collection F, of sets each of which contains a and
satisfying the preceding finite intersection requirement will be called - a
netghborhood base at . We shall see that it is convenient to discuss the
properties of linear topological spaces in terms of fundamental neigh-
borhood systems and neighborhood bases.

It was mentioned earlier that a linear topological space is a set which
is both a linear system and a topological space, with certain continuity
conditions imposed on the algebraic operations of addition and scalar mul-
tiplication. To be able to state these conditions, we must introduce the

concept of continuity.
Let 4 and B be two sets and let f denote a functional relation whose

domain is 4 and whose range is B, i.e., which associates with each
element o in 4 a unique element b = f(a) in B. Given a subset A’ of
A, we define the image of A’ by f as the set {fla) e B:a e A’}. Given
a subset B’ in B, we define as the inverse smage of B’ by f the set
{a e A: fla)e B'}). The image of 4’ by f is denoted by f(4"); the
inverse image of B’ by f is denoted by f~%(B’).

Now let us topologize 4 and B, with S denoting the topology for A4,
T the topology for B. The function fis said to be continuwous if the
inverse image f(B’) of every set B’ open in T is itself open (in S).
It is important to realize that continuity depends not only on the nature
of the function, but also on the manner in which the two spaces have
been topologized. . Thus if S is fine, any function on A4 is continuous.
Similarly, the constant function (which has the same value for all
elements of A) is continuous for any topology, since the inverse image
of the one-element set (consisting of the constant f value) is the whole
space A. Now suppose A =B and f is the identity function, i.e.,
fla) =a for all a in A. (When A = B = R¥ the identity function is
represented by the positively inclined 45° straight line through the
origin.) Whether f is continuous depends on the topologization of A
and B. If A and B are given the same topologies (i.e., S =1T'), then
f is continuous, since f~%(B’) = B’ for all B’. But, even though the sets
A and B are the same, their topologies may differ. For instance, let
A =B = R} with f still the identity function, and let B have the
natural topology while to 4 we give the coarse topology. Let B’ be a
finite open interval on the B-axis which is an open set in the natural
topology. The inverse image of B’ is the same interval, taken on the
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A-axis ; but, in the coarse topology of the real line, a non-empty proper
subset of the line is not open ; hence f~'(B’) is not open (in S) ; hence with
this topologization the identity function is not continuous.

One more topological concept is essential in discussing the properties
of linear topological spaces. As was indicated earlier, the continuity of
the operations in such a space is joint continuity in the two arguments.
To clarify the point, consider the operation of scalar multiplication. We
may write, for a scalar (real) « and a vector =z, ax = ¢g(a, x), so that
the scalar product may be viewed as a function of two variables o and
z. In order to explain what is meant by the joint continuity of g in
the two variables, we restate the situation as follows: First, we write
az = f((«, @)), i.e., we now view the scalar product as a function whose
domain is the set of ordered pairs (@, z), i.e., the Cartesian product
R x 22, while the range, of course, is the set 2°. To apply the above
definition of continuity, we must topologize the product set Ef x 2°.
Similarly, addition may be viewed as a function on the Cartesian product
Z x & with the range in 2°. Here, again, the product set must be
topologized.

In both cases, the appropriate topologization (i.e., the one implicit in
the definition of a linear topological space) is the so-called product

topology which we shall now define.
Let there be two topological spaces (4, S) and (B, T) and let C = 4 x B.

The product topology, about to be defined, will be denoted by P[S, T'];
hence the topological product space is written as (C, P[S, T]). To define
the product topology, it is enough to characterize the open sets of C.
A set (' is open in the P[S, T'] topology if and only if every point ¢’
of C’ is a member of a set of the form A’ x B’ where A’ is open (in S),
B’ is open (in T), and A’ x B’ = C'. As an illustration, if A = B = R*
(the real line), so that C is the Cartesian plane (the set of all ordered
pairs of real numbers), and S = T = the natural topology for the reals,
then the product topology P[S, 7] is the usual Euclidean topology of the
plane where a set is open if every one of its points can be enclosed in
a disk of positive radius wholly belonging to the set.

Another example is obtained if Cis again R¥ x R¥ but S = 7 = coarse
topology ; here the product topology is the coarse topology of the plane.
Similarly, the topological product of fine topological spaces is fine. An
interesting case is obtained if we take A = B = R* but with different
topologies on the two spaces, viz., 4 coarse and B natural. In the
product topology a one-element set (a point) is not closed and the topology
is not Hausdorff : every open set must contain an infinite * strip’’ (of
positive width) parallel to the A-axis, and any neighborhood containing
(a’, 0) must contain all other points of the form (g, 0).

11.1.1.8. Linear topological spaces. We now have a sufficient vocabu-
lary to provide a precise definition of a linear topological space.
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Definition. Let X be a linear system and S a topology for X. (X, S)
is said to be a linear topological space if (1) addition is continuous in
the product topology P[S, S], and (2) scalar multiplication is continuous
in the product topology P[N, S], where N denotes the natural topology
of the real line.

To illustrate, let X be the real line R¥. As might have been expected,
(R¥, N), i.e., the real line in its natural topology, is a linear topological
space ; the real line in its coarse topology also turns out to be a linear
topological space; the real line in its fine (discrete) topology is not a
linear topological space, although it is a linear system and a topological
space. Hence the continuity conditions in the above definition are not
automatically satisfied for every linear system which is also a topological
space.

The verification of the continuity properties of the algebraic operations
directly from the topology of the space can be quite awkward; the
situation becomes much more transparent when the properties of linear
topological spaces are stated in terms of neighborhood systems. Further-
more, we may confine ourselves to the discussion of the neighborhood
system of the origin 0,; if G, is a collection of neighborhoods of
the origin, the corresponding collection of neighborhoods of any point
z is given by {z} + G,Jz-—-Gz. Thus the topology of a linear topo-
logical space may be defined in terms of a fundamental neighborhood
system of the origin, the corresponding complete system of neighborhoods
then being defined as the collection of sets containing a fundamental set,
and finally, an open set being defined as a set which is a neighborhood
of each of its elements. But to follow such procedures we must know
what types of neighborhoods one may encounter in linear topological spaces.

The answer to this question is contained in a theorem we shall state
in a moment. To simplify this statement, we shall coin an ad koc term ;
we shall call a non-empty family G of sets acceptable if it satisfies the
following conditions: (1) if V is in the family G, then the family must
also contain a set W such that W 4+ W = V; (2) every set in the family
is symmetric, i.e., V= —V for all V in G; (3) every set of the family
contains the origin, i.e., 0, € V for each V in G; (4) every set of the
family is star-shaped from the origin, i.e., if a point z is in V, then
so is the whole segment joining « to the origin; (5) every set in the
family is absorbing, i.e., if # is any point of the space X and V is a
set in the family G, then V has an element z’ such that z = 12’ for
some positive number 2; (6) the family G is invariant under homotheties
(from the origin), i.e., if V is a set in the family and a a real number
different from zero, then the set aV is also in the family.

THEOREM (Bourbaki [7], Prop. 5, p. 7).
A. If (X, S) is a linear topslogical space, then there ewists an accepta-
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ble (i.e., satisfying conditions 1-6 above) fundamenial neighborhood system
of the origin.

B. In a linear system X, let F' be a neighborhood base at 0, (i.e., a non-
empty collection of sets each comtaining the origin and such that an inter-
section of any two members of the collection contains a member of the
collection) and suppose that F' is acceptable (i.e., satisfies conditions 1-6
above). Then there exists a topology (and only one topology) such that F'
is the fundamental neighborhood system of the origin in that topology. In
this topology, X 1s a linear topological space.

[The above six conditions are somewhat redundant, since 3 follows
from the others. We have chosen this form, however, partly in order
to show that a linear topological space is a linear topological group, i.e.,
an additive Abelian group with a topology in which addition and sub-
traction are both continuous (jointly in the two arguments). Conditions
1-3 above are precisely those characterizing a fundamental neighborhood
system of the origin (identity element of addition) of a topological group.
Cf. Bourbaki [6], p. 6.]

We can now verify our statements about the various topologizations
of the real line. Thus for its coarse topology the neighborhood base at
the origin consists of the single one-element set {Ef}. It may be seen
that this base is acceptable (i.e., satisfies conditions 1-6). For the
natural topology of the real line we use the family of all open intervals
centered on O0; again, the family is acceptable. Hence E* igs indeed a
linear topological space in both the coarse and the natural topology.
But the situation is different when R* is given its fine (discrete) topology.
Since the one-element set consisting of the origin is open in this topology,
it is a neighborhood and hence any fundamental neighborhood system
of the origin must contain {0}. However, {0} is not an absorbing set
(i.e., condition 6 of acceptability is violated) and hence E* in its fine
topology does not have an acceptable fundamental system ; hence it is
not a linear topological space.

A linear topological space satisfying the Hausdorff separation axiom
(distinet points have disjoint neighborhoods) is called a Hausdorff linear
(topological) space. It will be noted that the real line, depending on
its topologization, may fail to be a linear topological space (in the fine
topology), it may be a Hausdorff linear space (in the natural topology),
or it may be a non-Hausdorff linear topological space (in the coarse
topology). Euclidean finite-dimensional spaces are all Hausdorff linear.

A linear topological space may or may not possess a fundamental
neighborhood system of the origin consisting of convex neighborhoods.
If, in a linear topological space, there exists such a fundamental system
consisting of convex neighborhoods (i.e., every fundamental neighborhood
is convex), the space is called a locally convex (linear topological) space.
We may note that the real line forms a locally convex space in both
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its natural and its coarse topology. This is not accidental: according
to a theorem due to Tychonoff (cf. [43], p. 769) every finite-dimensional
linear topological space is locally convex. [A linear system is finite-
dimensional, say n-dimensional, if there exists a finite set of elements
Ty, &y, -+, T, such that every element z of X can be written in the form
T =, + ax, + -+ + a,x, where the «, are scalars (reals).] Further-
more, if a space is finite-dimensional and Hausdorff linear, then its
topology is Euclidean.

Most linear topological spaces occurring in applications are locally
convex, but there do exist linear topological spaces that are not locally:
convex. Tychonoft’s example (loc. cit., p. 768) is the space denoted by I,
consisting of all the infinite sequences z = (=, @,, ---) of numbers =,
such that '

E lxilm < o,
i=1

The space [,, is topologized in the following manner. We construct a
fundamental neighborhood system of the origin consisting of sets of
the form

@ (ol <}

with p varying over positive reals. It was shown by Tychonoff that
(a) this space is a linear topological space, but (b) there does not exist
a fundamental neighborhood system of the origin consisting of convex
sets. (The fact that the fundamental system as given does not consist
of convex sets is by itself inconclusive, since there might exist another
fundamental system consisting of convex sets and yielding the same
topology.) Hence [;;, is a non-locally convex linear topological space.
On the other hand, the space is Hausdorff linear; this can be shown
by utilizing the fact that the function

o(@) = (5 |a |

i=1

satisfies the inequality ¢(z’ + ") < 2[¢(z’) + ¢(z”')]. Let =,y be two
distinct elements of the space such that g(z — ) = @, where a is neces-
sarily positive. Now select a neighborhood of z to be the set of points
such that ¢(x — #') is less than a/6; similarly, select a neighborhood of
y consisting of points such that ¢(y — 2”’) is less than a/6. Suppose that
there is a point z belonging to both neighborhoods. Then, in virtue of
the inequality, ¢(z — ¥) < 2[a/6 + /6] which contradicts the assumption
made. Hence the space does satisfy the Hausdroff separation axiom.

We have had examples of spaces that are both Hausdorff and locally
convex (real line in its natural topology), Hausdorff but not locally
convex (the space’ly,), locally convex but not Hausdorff (real line in its
coarse topology). To complete the picture let us point out that the
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topological product of [, with the real line in its coarse topology is
neither Hausdorff nor locally convex, although it is a linear topological

space.

A fundamental neighborhood system of the origin in a locally convex
space can always be defined (Bourbaki [7], pp. 95-96) by means of a
set of functions called semi-norms. A semi-norm is defined as a finite
real-valued function p on a linear system satisfying the following two
requirements : (1) for any scalar « and any vector z, p(az) = |a| - p(x) ;
(2) for any two vectors, p(z’ + z’) < p(z’) + p(z’’). It follows that
p(0,) =0 and p(x) is always non-negative. A semi-norm is called a
norm if it has the further property (3) p(z) = 0 only if = = 0,. Hence,
for a norm, p(x) = 0 if, and only if, # = 0,. The norm of z is usually
written ||z||. For instance, let X be the linear system consisting of all
ordered pairs (z;, @) of real numbers (the Cartesian plane). Then
p*(x) = |z;| + |z,] is a norm, while p**(z) =|=,| is& a semi-norm, but
not a norm.

If p is a semi-norm, the set {z: p(x) < i} = [p; 1] is called an open
strep (of width 22). Denote by [p] the set of all open strips [p; 4],
obtained by keeping p fixed while 1 varies over the positive reals.
Given a set P of semi-norms, we shall denote by [P] the set of all open
strips, obtained by taking all the sets [p; A] with 2 varying over the
positive reals and p over P. Finally, let F(P) denote the set of all
finite intersections of members of [P]. The set F(P) is a fundamental
neighborhood system of the origin, as can be verified from the ¢ accept-
ability ”’ conditions 1-6 above; also, the elements of F(P) are convex
sets, since all strips are convex and so are their intersections. Hence
F(P) defines a locally convex topology for the linear system on which
the semi-norms are defined. Conversely (Bourbaki [7], p. 96, Prop. 4),
every locally convex topology can be defined by a fundamental set F(P)
for a suitably chosen set of semi-norms P.

A normed space is a linear system where the fundamental neighborhood
system of the origin consists of sets (open spheres) S(p) = {x: |lzl| < o}
where p is the radius of the sphere. (The spheres are centered at the
origin.) The system consists of spheres with the radius varying over
the positive reals, although a smaller system (e.g., with rational radii)
would be sufficient. That a normed space is a locally convex linear
space follows from the fact that the spheres constitute an ‘‘ acceptable ”’
family (i.e., satisfy conditions 1-6 above) and are convex sets. Also, a
normed space is Hausdorff. The proof proceeds exactly as in the case
of the space [, above, except that the relevant inequality does not
have the factor 2 on the right-hand side.

A linear topological space is called normable if its topology can be
defined by a norm as just indicated. From what has just been said it
follows that a normable space must be locally convex Hausdorff. How-
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ever, not every -locally convex Hausdorff linear space is normable.
Because of the convenience in dealing with normed spaces, it is of
interest to know under what conditions a space is normable. In order
to do so, we must introduce a new concept, that of a bounded subset
of a linear topological space. A subset B is said to be bounded if,
given any neighborhood V of the origin, there is a positive scalar 2
such that B € 2V'; this is expressed by saying that a bounded set is
absorbed by every neighborhood.

We may now state Kolmogoroff’s theorem on normability of linear
topological spaces: a linear topological space is normable if and only if
it is locally convex Hausdorff and there exists a bounded neighborhood
of the origin.

The following is an example of a non-normable locally convex Haus-
dorff space. Its elements are all the infinite numerical sequences z =
(2, @, +--). The space is topologized by the set P = {p', p* ---} of
semi-norms where p%(z) = max (||, |z.], -+, |2a). Its topology, being
based on the family F(P) as the fundamental neighborhood system of
the origin, is necessarily a locally convex linear space. It is also
Hausdorff because for each element x other than 0, of the space there
exists a norm p in P such that p(z) + 0. (Cf. Bourbaki [7], p. 97,
Prop. 5.) Now if this space were normable, there would exist a bounded
neighborhood of the origin ; hence, by definition of a fundamental system,
there would exist a bounded set of the family F(P), since a subset of
a bounded set is bounded. Hence to establish the non-normability, it
is enough to show that no member of the family F(P) is bounded.
Now the members of the family F(P) are formed by finite intersections
of the open strips defined by the norms p®. Hence it is true for each
member of F(P) that, starting with, say, the k-th component, the values
of the components with subscripts = k& are completely unrestricted.
Now let V, be a member of F(P), with the components whose subscripts
= k are unrestricted, while the components 1 through % —1 cannot
exceed M (0 < M < =) in absolute value. We show that V, is not
absorbed by a neighborhood V,.,. This follows from the fact that in
V.1 the (k 4+ 1)th component is restricted, while in V, it is not. Hence,
no matter what 2 > 0 we choose, there will be elements in V, that are
not in 1V,,,. - Hence V, is not bounded; but since V, is a typical
member of F(P), no set in F(P) is bounded. By the previous argument
it follows that there is no bounded neighborhood of the origin, and
hence the space is not normable.

Many spaces we deal with are normed ; in particular, the finite-dimen-
sional FEuclidean spaces are normed. The norm of a point z in a
Euclidean n-dimensional space can be defined in various ways. The
Euclidean norm of z is defined as
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2 \1/2 .
(St )=
another norm (which results in the same topology) can be defined as
max (2., @], -+ -, |2 ])-
The space of all infinite sequences =z = (x,, x,, +++) of numbers .z; with
only finitely many components different from zero can be normed by
defining

Izl = (S a)"

=1

In a normed space it is possible to define a distance function
d(z’,2") = ||&’ — z”||. In any space on which a distance function has
been defined one can introduce a ‘‘ metric’’ topology, by using as the
fundamental neighborhood system for z, the (metric) spheres, i.e., the
gsets {x: d(z, 2") < p} with the radius p varying over positive reals.
Because of the triangle inequality satisfied by the distance function a
metric space is always a Hausdorff topological space, the proof being
analogous to that sketched above for the normed and [, spaces.

Let (o', o, ---) be an infinite sequence of points z* in a metric space
with a distance function d. The sequence is said to be a Cauchy
sequence if, given e > 0, there exists a positive integer N such that
d(z™, ™) < ¢ provided both m and n are greater than N. A sequence
(z!, 2%, ---) is said to converge to 2 if, for any e > 0, there exists a
positive integer N such that d(z”, 2°) < ¢ provided = is greater than
N. A sequence is said to be comvergent if it converges to some element
2 of the space. Itis known that every convergent sequence is a Cauchy
sequence. On the other hand, there are spaces with non-convergent
Cauchy sequences. One example of such a space is that of infinite
sequences with only finitely many components different from zero. A
space where every Cauchy sequence is convergent is called complete.
The reals are complete in their natural topology, while the rationals
with the same topology (i.e., defined by the Euclidean distance or norm)
form a space that is not complete because there are sequences of reals
converging to an irrational number. A normed space which is also
complete is called a Banach space. Thus the reals (as well as all finite-
dimensional Euclidean spaces) are Banach, but the above space of infinite
sequences with only finitely many non-zero components is not Banach,
though normed. The classic example of an infinite-dimensional Banach
space is the space [, of all infinite numerical sequences =z = (z,, @, +- )
such that

St < o,

i=]

the norm being defined as the square root of the preceding infinite sum ;
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I, belongs to a sub-class of Banach spaces known as Hilbert spaces, where
with each pair of elements it is possible to associate a number called
their inner product z’' - '/, with o’ - 2’/ linear in each of its arguments,

-2’ =22, x-2 always non-negative, and z -z = 0 if and only if
x=0,. In a space with such an inner product it is possible to define
the norm of a vector as ||z]| = (z - 2)"*, and the resulting normed space is

called Hilbert if it is Banach, i.e., if it is complete. (Some authors
use somewhat different definitions of a Hilbert space.) According to
this definition the Euclidean spaces are Hilbert, with the inner product
defined as

-'n

e
E ;mix,; .
i=1

The resulting norm is, of course, that corresponding to the Euclidean
distance. ,

As an example of a Banach space which is not a Hilbert space we may
take the space of all infinite bounded numerical sequences & = (2, Z,, * ).
The norm of this space is defined by ||z|] = sup (|z.], |z,], = - ).

11.1.2. Linear tramsformations. A function I' whose domain is a linear
system .2° and the range a subset of a linear system 2  is called a
linear tramsformation on 22 into 2/ if it is additive and homogeneous,
le., if

Tz + ') = T(z') + T(z") for all «/, 2" in 2,
and
T(ax) = aT(x) for all real « and all z in 2.

If both spaces are linear topological, an additive continuous function
is homogeneous (Hille [20], Theorem 2.6.1, p. 16). The converse, how-
ever, is not true; i.e., there are (in infinite dimensional spaces) linear
transformations which are not continuous at any point (see Bourbaki
[71, p. 93).

If both spaces are Banach, an additive function is continuous if and
only if it is bounded (i.e., carries bounded sets into bounded sets).
Hence, in Banach spaces, ‘‘linear bounded ”’ as applied to transforma-
tions is synonymous with ‘‘linear continuous.”

A linear transformation on 2 whose range is a subset of the reals
(i.e., a homogeneous additive real-valued function on .2°) is called a
linear functional on 2°. There are linear functionals on locally convex
spaces that are not continuous at any point (Bourbaki [7], p. 93). Since
a linear functional is both convex and concave, it follows that, even in
locally convex spaces, a convex or concave function need not be con-
tinuous. This is of interest in connection with results of this chapter
where only concavity, but not continuity, of a function is assumed, since
it proves that the concavity assumption is less restrictive; the same
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remark applies to results where only linearity, but not continuity, of
transformations is assumed.

I1.1.8. The conjugate space. Let 22 be a linear topological space.
The set 27* of all linear continuous (with respect to the natural topology
of the reals) functionals on .2 is called the comjugate (adjoint, dual)
gspace of 2°. 2°* is a linear system whose typical element will be
written as z*; the null element (origin) of 2°* (i.e., the real-valued
function on .2° whose value is zero for each element of .27) is denoted
by 0F or 0, as the occasion demands.

Two ways of topologizing the conjugate space are of particular interest.
They are respectively labeled ‘‘ strong ”’ and ‘‘ weak star,”” the latter
usually being written ¢ weak*.”’

In each case the topology is defined through a fundamental neighbor-
hood system.

In the stromg topology a fundamental neighborhood of 0¥ is of the
form

U, B) = {z* e 27*: |z*(x)| <e  for all z € B}
where B is a bounded set, taking all neighborhoods U(e, B) with e vary-
ing over the positive reals and B over the class of all bounded sets in 2.

In the weak* topology a fundamental neighborhood of 0F is also of

the form

Ule, B) = {z* e 22*: |a*(x)]| < e for all z € B},
but B here is required to be a finite set; the fundamental system is
again obtained by letting ¢ vary over positive reals and B over the
class of all finite sets in 2°.

Since every finite set is bounded, it follows that every weak* neigh-
borhood is also a strong neighborhood, but there may be strong neigh-
borhoods that are not weak* neighborhoods. It follows that the strong
topology is at least as fine as, and possibly finer than, the weak*
topology. I.e., every set open (resp. closed) in the weak* topology is
also open (resp. closed) in the strong topology, but the converse need
not be true.

In both topologies the conjugate space is a Hausdorff locally convex
linear topological space (Bourbaki [8], pp. 16-19). Moreover, when the
space 2 is normed, the conjugate space is normable in its strong
topology, the norm of an element z* of the conjugate space being
defined by

llz*|| = sup |z*(2)| .
N=zll=1

In its strong (norm) topology, the conjugate of any normed space is
complete, hence it is a Banach space.

In finite-dimensional Euclidean spaces, the strong and weak* topologies
coincide. But in infinite-dimensional spaces the strong topology is, in
most cases likely to be considered, actually finer than the weak* topology.
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In particular, if 2° is an infinite-dimensional normed space, the strong
topology is finer than the weak* topology. (Cf. Bourbaki [8], p. 111,
where it is shown that the set of elements of norm one in the conjugate
space is not closed in the weak* topology, although it is closed in the
strong topology.)

11.1.4. Separation by hyperplanes in linear topological spaces.

II.1.4.1. Let 2 be a linear system. A subset of .2 is called linear
if it is closed under the operations of addition and scalar multiplication.
A translate of a linear set M, i.e., a set of the form {z,} + M where
M is a linear set, is called a (linear) wariety.’® If M is a linear set such
that M is a proper subset of 2 and there is no linear proper subset
of = in which M is contained, M is called a mazimal linear set. A
translate of a maximal linear set is called a mazimal variety.

With each maximal variety V one may associate a non-null (i.e., # 0F)
linear functional z* on 2 and a real number « such that V =
{x e & : o*(x) = a}. On the other hand, every pair (z* «) where z*
is a linear functional and « a real number defines a maximal variety.

If 22 is a linear topological space, a maximal variety may- or may
not be a closed set. We shall call a closed maximal variety a hyperplane.
(Terminologies of various writers differ. In Bourbaki, hyperplane is
synonymous with a maximal variety.) In a linear topological space .27,
a maximal variety V = {z € 2°: z*(z) = a}, where z* is a linear func-
tional and « a real number, is closed if and only if z* is continuous. I.e.,
a maximal variety is a hyperplane if and only if the functional defining
the variety is continuous.

We may now state a theorem underlying a great many results con-
cerning convex sets in linear topological spaces. The theorem is variously
called the Hahn-Banach Theorem (geometric form) (cf. Bourbaki [7], p.
69) and the Bounding Plane Theorem.

TeHEOREM II.1. Let 27 be a linear topological space, A an open convex
(non-empty) subset of 22, and M a linear variety disjoint from A (i.e.,
ANM=¢). Thenthere exists a hyperplane H containing M and disjoint
Jrom A (i.e., MS H and HN A = ¢).

Hence, under the hypotheses of the Theorem there exists a continuous
linear functional z* and a real « such that #*(z) = @ for all z in M and
*(x) < a for all = in A.

In what follows we shall need the following

COROLLARY II.1. Let 2 be a linear topological space and A a convex
subset with non-empty interior. Then, for any point x, of 27 which ts
not wn the interior of A, there exists a continuous linear functional zf
such that xF(x) < xf(x,) for all © in A.

18 In particular, every point of the space, viewed as a one-element set, is a linear
variety.
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The geometric interpretation of the preceding Corollary is that through
every point not in the interior of A there is a hyperplane ‘‘ bounding ”’
the set 4, provided A is convex and has a non-empty interior.

In certain contexts, however, we want a somewhat stronger separa-
tion property. Given a set A and a point z, outside the set, we are
interested in the existence of a hyperplane such that A is wholly on
one ‘‘side”’ of it (possibly touching H) while z, is on the other ‘‘ side ”’
(not touching H). I.e., we are looking for a continuous functional =z
such that

sup xf(z) < x3(x) .
TEA

It is intuitively clear that we shall have to require that A be a closed
convex set. But it turns out that restrictions must also be imposed on
the nature of the linear topological space. The desired result follows
from Prop. 4 in Bourbaki [7], p. 73. It was established by Mazur for
Banach spaces and by Bourgin for Hausdorff locally convex spaces; we
shall refer to it as the Mazur-Bourgin Theorem.

THEOREM II1.2. (Mazur-Bourgin.) Let .27 be a locally convex linear
topological space, A a (non-empty) convex closed subset of 27, and z, a
point outside A, t.e., z, ¢ A. Then there exists a hyperplane ¢ strictly
separating >’ x, from A, i.e., there exists a continuous linear functional
oy such that the inequality

(1) sUp z5(z) < @ (x)

holds.

Following Bourgin,” we shall refer to a set that can be *strictly
separated ”’ from points not in it as regularly® convex. Hence the preced-
ing theorem states that in a locally convex space closed convex sets
are regularly® convex. (Also, it is the case that a regularly® convex set
is closed and convex.) It may be noted, however, that the class of
spaces in which a closed convex set is regularly® convex is wider than
that of locally - convex spaces, as shown by Klee ([25], (10.1), p. 459).
This is of interest since the regular® convexity of certain sets is a crucial
property in several results of this chapter. If spaces in which closed
convex sets are regularly® convex are called c-regular (as suggested by
E. Michael, see Klee [26], p. 106), we may note here that many of the
results of this chapter which presuppose local convexity of the space
are valid for all c-regular spaces. However, this additional generality
does not seem of serious applied interest in our problems.

On the other hand, we may in some cases wish to ensure the regular®
convexity of certain sets without restricting ourselves to locally convex
spaces. This can be accomplished by imposing an additional requirement

1 In a slightly Vmodiﬁed fashion: what we call regularly® convex (regularly circle-convex)
he calls regularly & convex (where & is the underlying space).
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on the nature of the ‘set A4, viz., that it possess a non-empty interior
(see, for instance, Klee [25], Theorem 9.7, p. 456). However, the as-
sumption of a non-empty interior rules out certain worth-while applica-
tions. Specifically, the sets in whose regular® convexity we are interested
are those consisting of the vectors with non-negative coordinates (the
non-negative cones); in a Euclidean space of finite dimension such a set
(the non-negative orthant) does have an interior, but in infinite-dimensional
spaces this is not always the case. In particular, for the [, spaces
(p > 1), the non-negative cone has no interior points (cf. Klee [24], p.
771); in other spaces, such as the space (m) of infinite sequences, the
non-negative cone does have interior points.

Let 2 be a linear topological space, 2* its conjugate space. Given
any element z, of the space .27, we can define a functional f; on the
conjugate space Z* by the relation

Se®) = 2(20) for all a* e 2% .

It may be verified that f, is additive and homogeneous, hence linear.
Now it may be noted that f, is a continuous functional on 27* if 2=*
is given its weak* topology ; in fact, the weak* topology is the coarsest
topology for which all functionals f, are continuous. Since the strong
topology of the conjugate space is finer than (or at least as fine as) the
weak* topology, it follows that the functionals f, are also continuous
when 2°* is given its strong topology. Hence the set of all functionals
f. obtained by letting « vary over the whole space .2 is a subset of
the conjugate of 2%, whether the latter has the weak* or the strong
topology. When the set of all f, (as z varies over .2°) equals the
conjugate of 2%, we call 22 reflewive. (For instance, the Euclidean
spaces are reflexive and so is [,.) Let .2° be a linear topological space
and 2% its conjugate. A subset X* of .2#* is said to be regularly
conver (this is not to be confused with the notion of regular® convexity
defined earlier) if, given an element zf not in X*, there exists an element
z, of the underlying space .2° such that

(2) sUp x*(zo) < x5 () -

The relation (2) can be understood more easily if we rewrite it as
(2) BUD foo(2*) < o)
TFE X ¥

where f, is defined as above. Now f, is a continuous functional on
Z*, as just shown, whether the topology of the conjugate space is
weak* or strong. Hence (2') demands that it be possible to strictly
gseparate X* from a point zF outside of it by a hyperplane (in either
topology) and, furthermore, that the hyperplane be of the type defined
by an f, functional. Now we know that in either topology the conjugate
space is locally convex; hence, provided X* is convex and closed, there
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always exists some hyperplane strictly separating the point and the set
(by the Mazur-Bourgin Theorem). However, it does not follow that the
separating hyperplane will be of the f, type, i.e., determined by an
element of the underlying space. It is therefore noteworthy that, as
shown by Bourgin ([9], Theorem 18, p. 655), if 2° is a Hausdorff*
linear space, X* is regularly convex, if and only if it is convex and
closed in the weak* topology. Of course, X* is closed in the strong
topology if it is closed in the weak* topology.

11.1.4.2. Regularly convex envelope.

LEMMA I1.1. Let &7 be a collection of regularly conmvexr subsets A of
V* and assume the intersection

I,=NA

A€

of these sets to be nom-empty. Then I is also regularly convex.™
Proor. Let wy ¢ I,.. Then wi ¢ A, for some 4, e . Since 4, is
regularly convex, there exists w, € % such that

sup w*(w,) < wi(wy) .
w*GAU

Now I, < 4, so that

sup w*(w,) < sup w*(wy) ,
WHET o wrEA)

hence,

sup w*(wy) < ws(wo)
WAET o7

and the conclusion of the Lemma follows.

If B 9%, we denote by B the intersection of all reglﬂarly convex
sets in #* containing B. By the preceding Lemma, B is regularly
convex ; it is called the regularly convex emvelope of B.

Clearly, B = B if and only if B is regularly convex.

I1.1.5. If T is a linear continuous transformation on .2 into %
(where both .22 and 2/ are topological linear spaces), we may define a
functional ¢ on .22 by the relation

o(x) = yF[71(x)] for all z e 27,
where yy is a fixed element of 2% i.e., a linear continuous functional
on %. We have ‘
plaz) = yi[T(ax)] = yrlal(@)] = ayf[T(z)] = ap(x)
and
oz’ + o) =y [T + 2")] = v’ [T(@") + T(z")]
=y [T(@)] + v’ [T(z")] = ¢(=) + ¢(z") .

% It may be shown that the restriction to Hausdorff spaces may be removed.
21 This is stated for Banach spaces in Krein and Smulian [30], p. 556.
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Hence ¢ is linear; ¢ is also continuous,” hence it is an element of
Z* and may be denoted by x";?;.

Consider now the functional relation associgting with each y* e Z7*
the corresponding z4 € 2°%, as just defined. This relation is denoted
by T* and is called the adjoint of T'. We write

zk = T*(y*) (xh e 22%, y* e 27%),
where
zh(z) = y*[T(x)] for all z e 2°.
We note that, for all z e 27,
zku@) = ay*[T(x)] = awi(z)

and
T3 +yy (@) = (T + ¥OT(2)] = yi[T(2)] + v [T(=)]
= 3 (@) + 73 (@) .
ILe.,
T*ay*) = aT*y)
and

Ty + v3) = T*(H) + T*wH) ,
so that T* is a linear transformation.

When 2 and % are Banach spaces, T* is also continuous. (Hille
[20], Def. 2.13.1 and Theorem 2.13.3, p. 27. Note that here continuity
is equivalent to boundedness.)

When 2° and %2 are finite-dimensional Euclidean spaces, let 4 denote
the matrix such that

T(x) = Az .

Here linear functionals belong to their respective spaces (27 = 27%,
%2 = Z’*) and z*(x) = 2*'x, etc., where the prime denotes transposition.
Hence the relation z*(z) = y*[7(x)] may be written as z*'z = y* 4z, i.e.,
¥ =y*A4, so that z* = A'y*. I.e., the adjoint transformation 7™*
corresponds to a premultiplication by the transpose 4’ of the matrix A4
representing the given transformation T

II.2.1. Let A be a set and p a transitive binary relation in 4. When
the relation holds for the ordered pair a’,a”’ € A, we write a’ pa’.
When it does not, we write o’ p a”’. An element a, € A4,, 4, & 4 is said to
be p-mazimal in A, (or, more briefly, maximal) if, for any a’'e 4, the
relations a’' e 4,, a’ pa, imply a,p a’.

Let ¢ be a real-valued function on A. Then ¢ is said to be isotone
(with respect to p) if

o' pa’ implies ¢(a’) > P(a”);

22 Cf, Kuratowski [32], p. 74, (6).
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¢ is said to be strictly isotone (with respect to p) if, in addition,
a' pa’ and o’ pa’ imply ¢(a’) > ¢(a”) .
In what follows we usually deal with transitive reflexive relations
denoted by = or similar symbols. (The denial of = is written 2.) We

then write ' > a” to mean o’ = ¢” and a” Z d'.
11.2.2. If 9 is a linear system and K & %, K is said to be a come® if

we K,2=0 imply lwe K.

K is said to be a convex cone if K is a cone and a convex set.
A set K& % is a convex cone if and only if it satisfies

weK,A=0 imply lwe K,
and
w' e K, w' e K imply w’+w”eK_.

It may be noted that both the space % and the one-element set {0,}
are convex COnes.

11.2.8. Given a convex cone K & 9% a transitive reflexive relation
to be denoted by = (or = if we wish to be more explicit) may be
defined as follows : for any w/, w”’ e % w’ = w" if and only if w' —w" € K.
(In particular, w = 0, if and only if w e K.)

Example. Let % be the Euclidean two-space of elements w = (w®, w®)
where w®, w® are real numbers. Then the following convex cones are

of interest in defining ordering relations :
K ={w: w®»® =20,w®» =0},
K ={w: w® =0,w®» =0},

Ka = {Ow} ’
K.; = W .
We see that
w 2, 0, means w® = 0, w® =0,
W 2,0, means w® =0, w® =0,
w gxa 0, means w® = 0, w®» =0,
and

W 2k, 0, holds for all w e 2% i.e., it is a vacuous con-

straint.* Other relations could be obtained by replacing = by > in
the definitions of K, and K,. Thus we have a great range of possibilities

23 Tt would be more precise to speak of a cone with the vertex at origin, but we omit
the qualifying phrase since no other cones will be considered. (Our use of the term ‘‘cone’’
may seem unnatural, but it permits us to define the ‘“convex cone’ as a cone which is
convex.)

24 This makes it possible to cover simultaneously the cases of unconstrained and (non-
vacuously) constrained maximization by orderings based on convex cones.
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covering equalities, inequalities (= or >), and their various combinations.
This makes it possible to obtain results which can be specialized in a
variety of ways.

Let % be a linear topological space and K a convex cone in % In
the applications, we are interested in the topological, as well as the
algebraic properties of the cone K. In some theorems, we assume that
the cone K is closed. This is obviously true of the cones K, K,, K;, K,
in the natural (Euclidean) topology of the plane. On the other hand,
the cone

K = {(w®, w®): w® >0, w® > 0}
is not closed in the natural topology of the plane. We see that lack
of closedness may result from using cones corresponding to strict, rather
than weak, inequalities. In the economic applications the inequalities
are usually of the weak type, hence the closedness of the corresponding
cones is not a serious restriction.

Another topological property assumed for certain convex cones is that
they have non-empty interiors. Of the preceding examples, using again
the Euclidean topology of the plane, K, K,, and K; have interior points,
while K, and K, do not. The requirement of a non-empty interior can
be troublesome in infinite-dimensional spaces. Thus consider a space
l,(p = 1) whose elements are infinite sequences z = (2, ,, - - -) such that

;z:;lxilwoo.

This space is normable, the norm being of z defined as

Lt i/»
(S1ak)”.
Now consider the convex cone K consisting of all the elements
z of [, whose every coordinate is non-negative, this being the natural
counterpart of the non-negative orthant in a finite-dimensional space.
It may be seen that K has no interior, i.e., every element of K is a
boundary point. To see this, take an arbitrary element o’ of K. Given
a positive number e, however small, one can find an element z” of [,
whose distance from the element z' is less than e and such that =’ has
at least one negative coordinate ; this can be accomplished by taking
z” such that all but one of the coordinates of z” are the same as the
corresponding coordinates of ', while one coordinate of «” (with a suf-
ficiently high subscript) is the negative of the corresponding coordinate
of .

On the other hand, let (m) denote the space of infinite bounded
sequences & = (&, &,, +-+), normed by

x|l = sup (lz.]) ,
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and define K, as in the preceding example, as the set of all « with non-
negative coordinates. Here any point z whose coordinates are all
positive is an interior point of the cone.

I1.2.4. Let K< 9% be a convex cone. Then the conjugate K® of K
is defined by

K® = {w*e % *: w¥w) =0 for all we K} .

Since K® is a cone, it is called the conjugate cone of K. Clearly, K®
is the set of linear continuous functionals isotone with respect to =g.
We note that K® is never empty, since 0* ¢ K©,

In accord with the notational principles of I1.2.3, we write w* = 0%
(or, more simply, w* = 0), and call w* non-negative on K if w* e K®,
Furthermore, we write w* >z00 (or: w* > 0}) and call w* strictly
positive on® K if w* =00, and w >0 implies w*(w) > 0. It is seen
that w* > 0 if and only if w* is a linear continuous functional strictly
isotone with respect to =. ‘

11.2.5. LeMMA I11.2.% Let K be a closed convex cone in a locally convex
linear space %% and let w, € % be such that

w¥*(w,) = 0 for all w*=0.
Then w, € K.
ProoF. Suppose w, ¢ K. By virtue of the Mazur-Bourgin Theorem®

K is regularly® convex, since it is closed and convex and % is locally
convex, so that there exists a wi¥ € % * such that

sup wy(w) < wi'(w,) .
wEK

14

Now, since wj(w,) is a fixed number and K a cone, we must have
sup wy(w) = 0.
wWEK

Let wf = — w¥. Then
wH(w) = 0 for all we K; i.e., w¥e K%,
and
wi(wo) <0,
which contradict the hypothesis of the Lemma, hence the proof is
completed.

11.2.6.1. LemMMA I1.3. If K< % 1is a convex cone, then the conjugate
cone K® is regqularly convex.

ProoF. If K® = 927* no w¥ ¢ K® exists and the condition of regularity
is (vacuously) satisfied. Now let K® % %7* and take wf ¢ K® Then
there exists a w, € K such that wi(w,) < 0. Write w, = — w,. Since

25 . The reader should be warned that this term has a somewhat unusual meaning. In
particular, if K is the origin, every linear functional is strictly positive on XK.

%  For the case of linear normed spaces, cf. Krein and Rutman [29], p. 16.
27 Cf. Theorem II.2. in II.1.4.1.
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w*(w,) = 0 for all w* € K® (because w, € K and by definition of K®),
we have
wH(w,) = — w¥(w,) £ 0 for all w* e K9,
while
wi(w,) = — wi(w,) >0,

which shows that K® is regularly convex. This completes the proof.

11.2.6.2. For the special case of % linear normed, the preceding result
follows from Krein and Rutman [29], p. 38, where it is proved that K®
is weak* closed ; since the convexity of K® is evident, this implies the
regular convexity of K®; ef. TI.1.4.1. .

II.8.1. A very abstract version of a (partial ordering) maximization
problem of the type considered in the present chapter in connection
with the Lagrangian saddle-points can be formulated as follows.

Let 2 be an arbitrary space, X a subset of 2%, 27 an arbitrary
space with the transitive relation p, and 2~ a linear system with 2’ = 2"
defined to mean 2z’ — 2"’ ¢ P, where P, is a convex cone.

Furthermore let f be a function on 2 into 2 and ¢ a function on
& into 2. .

Let the constraints be z € X and g(z) = 0,.

Let X, denote the permaissible z-set, i.e.,

X =Xng'P)={rez:ze X 9@x) =20},

while

Yo :f(XD) = {y Y :f(x)r T e X! g(m) = 0,}
is the permissible y-set.

Denote by Y, the p-maximal subset of Y, ; i.e.,

Vo= (e v e Y,y oy imply w09}
and call Y, the mazimal y-set, while X, = f‘l(f'n) is called the mazimal
z-set. An element of a (y- or z-) maximal set is called mazimal.

The objective is typically to characterize X,,. Hence a maximization
problem is uniquely determined by the selection of

n=(2,X;Z,0; 2,P:; 1, 9)
and we may refer to = as the (partial ordering) mawmimization problem.

In some contexts we only need %/, p, and Y, without reference to
how Y, is defined. In others specializing assumptions are made with
regard to the entities defining =.

I1.3.2. For a given maximization problem =z, as defined in the preced-
ing section, we define a gemeralized Lagrangian expression ®, or (where
safe) @ by

® =0, =0z, *; 7)) =7 [Ax)] + L)), ze =2,

where (* and 7* are real-valued functions on 2 and 2’ respectively.
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That is, ®, is a real-valued function in the Cartesian product space
Z° x [£*] x [#*] where [¢*] and [7*] are the spaces of real-valued func-
tions on 2 and 2/ respectively.

11.3.3. Let 2 be a topological linear space, 2 * its conjugate space.
Symbols such as z*, z;° denote elements of 2*. We say that @, (where
m, differs from = in that =, requires 2 to be a linear topological space)
has an 4sotone saddle-point at (w, z5 ; 75) if

(1) meX,zf=0,75e[7F] and 75 is strictly isotone with respect to p,
(2) D@, 20 ;5 70) = P (@0, 27 5 7)) = D (20, 2% 5 70)
for all z e X and all 2* =0 .

Now specialize the partial ordering maximization problem =, to the
vectorial (ordering) mazimization problem m, as follows. Let .27 be a
linear system, P, a convex cone in 27, x = 0 be defined as z € P,, and
X = P,. Furthermore, let 2 be a linear topological space, P, be a
convex cone in %7, and let p be 2, (Hence y& € Z*, and yg >0
means y; is strictly positive on P,.)

We then say that the Lagrangian expression ®,., has a non-negative
saddle-point at (xy, zF ; y&) if

(1,) xoZO, zﬁ*goy y0*>0
and
(2,) q)ﬂz(x! zﬂ* ) yo*) é (D-rtz(mO: z: 5 ?J;:) g (I)-mz(xm Z* ) yl?.)

for all z =0 and all 2* =0 .

II.4. Let 27 and 27 be linear systems and let f be a (single-valued)
function with a convex domain & < .2° and range <% < %/. Then the
Junction f is said to be concave if, given any z/, 2"’ ¢ & and any real
number 0 < 6 < 1, we have

1 = 0)f@) + 0f=") < /I — Oz’ + 627,

where y' = y"" means ¥’ — y” € K for a given convex cone K in .
II.5.1. Let 97" be a Banach space and 4 a (single-valued) function
whose domain is a set A of reals and the range a subset of %7, i.e.,

w = ka) , aeceA,we W .

Following Graves® we define the first derivative b'(a,) = E‘—i—h(a) of
1o

d=¢o

h with regard to « at «, as the element of % such that

h(o) — ha)
a —

lim

&—oﬁo

—h(ay)|=0.

T Reference [17], p. 164.
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Similarly,

@ d d
B ~ 4 d,
Pl o G

2=

Now let .22 and 2 be Banach spaces and f a function on 2° into
2. Then flz, + az’), a real, m, 2 € .2°, may be regarded, for fixed
x, and z', as a function of the real variable @ with values in 2. We
define the first, second, etc., variation of f at x, with increment x’' by

, ete.

o= 20

fime; @) = d_(i_f(x,, + agx)

’

Oflay; &) = @’ A=y + az’)

e , ete.”
104

=0

When the domain of f is open and Jf(z,; z’) exists and is continuous
in o', 0f(z,; «') is called the Fréchet differential of f at x, with increment
z’. It has been shown® that the Fréchet differential 0f(z,; ) so defined
is linear (i.e., homogeneous and additive) as well as continuous in z’;
also that

lim —L
Hati=0 || 2’|

S + 2') — (@) — of(zo; )| =0

for all z in the domain of f.

1I.5.2. The ‘‘function of a function rule’ is valid for Fréchet dif-
ferentials® and may be stated as follows.

Let 2/, 22, 2 be Banach spaces; f a function on 2° into %/, g on
2 into 2.

y=r, w=r=),

=9, =9,
and assume that f and g possess Fréchet differentials at z, and 2z, re-
spectively. Write

Fo(@) = h(2)
so that ~ is a function in 2 into %/. Then, for ¢ € 2,
6z 5 €) = f(@s; 09(z0 5 £))
The reader is referred to Fréchet [11], [18], Hildebrandt and Graves

2 An equivalent definition of §f{z, ; =') is
n—
8flwo ; &) = Hmw
a—0 «
where, for a function w=~"h(a) of real variable @ with values in 9%, we write

lim h(a) = woy, wg € %~ if and only if lim || k(e)—we|| = 0.
a—a

=g, ()
Cf. Hildebrandt and Graves [19], p. 136, and Hille [20], pp. 71-72.
30 Hille [20], p. 73 and p. 72, Def. 4.3.4.
81 Cf. Hildebrandt and Graves [19], pp. 141-44; Graves [17], p. 649.
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[19], Graves [16], [17], and Hille [20] for an account of the properties
of Fréchet differentials.®

11.6.1. Let 2~ and 2 be two Banach spaces. Consider the linear
system whose elements are the ordered pairs (z,v),z € 27,y € %, with
addition and scalar multiplication defined by
(1) {(ﬂv’, V) + @ y) =@ +2" v +y")

alz, y) = (az, ay), « real.

Then the linear system of the ordered pairs (z,y) will become a Banach
space if it is normed in such a way that®

%) lim @, =, and limy, = v,

n—>oo n—rco

if and only if }Ll_I)E “ (@ny Yn) — (@0 Yo) ” =0.

Such a Banach space of the ordered pairs (z,y) is denoted by 2 x &
and is called the (Bamach) product of 27 and 2. Writing, for A = 27,
BSZ,AxB={(vy) :xec A yec B} we have® A x B closed if and
only if both A and B are closed.

More generally, let 22 and 27 be linear topological spaces and consider
the linear system of the ordered pairs (x, y) with the operations defined
by (1’) above.

Then the space of pairs (z, y), again to be denoted by 2”7 x 2 (and
called linear topological product), may be topologized by choosing as a
base® the sets

{&,y):a'elU,y ez},
{@,y):a"ez,y eU},
{@",y") o e U,y e l,},

where U, is any open set in 2%, U, any open set in 2/. It may be
noted for later reference that® with this topology A4 x B is closed if 4
and B both are.

It is known ¥ that if 2 and 2  are linear topological spaces, then
so is 2 x 2; if 2 and % are locally convex, then so is & x 2.

11.6.2. Let® 27 = 2 x 27" be the (Banach) product of the two
Banach spaces 27/, 2. The symbols z’ and & denote elements of 27,
z”’ and &’ those of 27", x and € those of 2°. If f is a function on

32 See also V.3.3.8 for a discussion of differentials in a class of spaces wider than
Banach.

3 Banach [3], pp. 181-82, especially eq. (33), where examples of norms satisfying (1) are
given. Cf. also Hyers [22], pp. 3, 5, and Tychonoff [43], p. 772.

3¢ Cf. Kuratowski [32], 24.11.1, p. 219.

36 Cf. Lefschetz [34], p. 6 (6.1); p. 10, Section 12.

36 Lefschetz [34], p. 11 (12.6).

37 Tychonoff [43], p. 772; Bourgin [9], p. 639; Hyers [22], pp. 3, 5. In these sources it is
shown how a linear topological product of an arbitrary ‘fémily of spaces is formed.

38 We confine ourselves to the product of two spaces. The treatment of &M x 2 () x ...
x 2 (™) is quite analogous.
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£ into the Banach space %/, df(z ; €) will denote the Fréchet differential
of f at =z with increment ¢&.

Then the partial Fréchet differential of f with respect to x' at x, with
increment & is written as 0, f(w,; ¢) and is defined by

(1) 0 f(me; &) = 0Rxe; (€,0:), xe2”, a,&e2.
We have® the additivity law
(2) Of(@y; (€,€") = 00 (@ ; €) + 0unn S5 €7) .
I1.6.3. We shall now state the ‘‘ function of a function ’’ rule for the

case of a function of several variables.
Let
= 20 x 2D % e x FM™

=20 x 20 x ... x /@.,‘(m>
where all spaces are Banach and so are the products. Also, let f be a
function in .2° into the Banach space %/, ¢® in 2 into 22®.

y =fl=), Yo = S(2o) ,
z® =g®@), 2P =g () (@=1,2+--,n)

and assume that f and each of the ¢® possess Fréchet differentials at
z, and gz, respectively. Write

h(z) = (g (2), g®(2), - -+, g™ (2)))
so that & is a function in 2 into 2. Then, for ¢ € &,

Sh(zy; ) = 20 ofaD(my ; 3 6209 W (2, ; C)
i=1 I=1

where (@ e 2™ @
I1.6.4. We shall find it convenient to define a ‘¢ quasi-saddle-point ”’
for Lagrangian expressions. We say that
O(z, 2% ; y5) = yi[S@)] + 2*[g(z)]
has a non-negative quasi-saddle-point at (z, z; ¥-) if and only if
yF > 0,2, = 0,2f =0, and the following relations hold :
0. (@0, %) ;) =0 forall =0,z =2,+¢,
6,@((370, z(;k) ) QZU) = 0 ’
0, DP((zo, 25) 5 C*) = C¥g(zy)] = O for all z* = 0, ¢* = 2* — 2,
82D((0, 7) ; &) = alo(@)] = 0 .
It is seen that if ® has a non-negative saddle-point at (=, 2 ;-vs ),
then it necessarily has a non-negative quasi-saddle-point there, but the
converse is not true.

3 Cf. Hildebrandt and Graves [19], p. 138.
4 Cf. Fréchet [11], pp. 318-21. (The reprinted version in [13] is free of the misprints in

[11})
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III. The ‘‘ Minkowski-Farkas Lemma *’

II1.1. Throughout III, /2”7 is a linear topological space, 2’ a locally
convex™ linear space, ¥’ = ¢ means y — y” € P,, where P, is a closed
convex cone. 7' is a linear continuous transformation on 2° into Z/.
22, % ,P, T are fixed throughout. 27*, 2°* are the conjugate spaces
of 2%, 27, and T* is the adjoint of T.

II1.2. If a* e 2°* is such that
(1) z* = T*(y*) for some y* e 2/*,
we say that eq. (1) is solvable. If z* is such that eq. (1) holds for
some y* = 0, we say that eq. (1) is positively” solvable. We then also
say that x* makes eg. (1) positively solvable.

The set of all z* e 2°* which make eq. (1) positively solvable will
be denoted by Z;, i.e.,

(2) Zy = {x* e 2% : x* = T*@y*), y* = 0} .

Note that, since {y*:y* = 0} = P9, we have
(3) Zyp = T*(PY) .

The point z* is said to be positively normal with regard to T if
(4) for all x € 27, T(z) = 0 implies z*(z) = 0 .

We shall denote by V. the set of all o* positively normal with regard
to a given T, i.e.,

(5) Ve={z*e 2*: for all z ¢ .27, T(x) = 0 implies z*(z) = 0} .

III1.3. THEOREM IIL.1. If a* makes eq. (1) positively solvable, then x*
w8 posttively normal with regard to T. In set language,

(6) Zp S V.

ProoF. Let z* = T™(y*) for some y* = 0. Then we have, by the
definition of T,

(7) z*(z) = (T*y*) (=) = y*(Tx), for all z e .27 .
Therefore, since y* = 0, T(x) = 0 implies x*(z) = 0.

I11.4. TueEOREM IIL.2. If every z* positively normal with regard to
T makes eq. (1) positively solvable, then the set of all =* which make eq.
(1) positively solvable is regularly convex. In set language, if Vg < Zn,
then Zr is regularly convex. (We may note that, in view of (6), Theorem
II1.2 may be equivalently restated as follows: if Vy= Zp, then Zp 1s
regularly convex.)

PROOF. We note that the set
(8) X, = {ze.22: T(z) = 0}
is a convex cone and V, = X¢, so that, by Lemma II.3 in 11.2.6.1, V,
is regularly convex and hence so is Z, = V.

4 Cf, I1.1.1.3.
4 ‘“Non-negatively ’ would be more accurate but awkward.
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II1.5. THEOREM III.3. V., cotncides with the regular convex envelope
of Zyp:

( 9 ) VT = ZT .
Proor. In view of Theorem III.1, it will suffice to establish
(10) Ve S Zo,

i.e., that z* ¢ Z, implies z* ¢ Vo.

Consider some z¥ ¢ Z,. We shall find z, such that T(z,) =0 while
x5 (z,) < 0.

Since Z, is regular convex (cf. I1.1.4.2), there must exist z, € 7
such that
(11) sup z%(z,) < 25 (Z0) -

*€EZp

Since a cone Z;, is contained in Z, and

sup z*(x)
THEZ
is finite, (11) implies
(12) z¥(x) £ 0 < zf(x,) for any z*¥ e Z, .
Now write
(13) = — .
Then (12) may be written
(14) xf (@) = — z(x) <0,
and
(15)  a*(zy) = y*(T'z) = (T*y*) ) = — z¥(z,) = 0, for any y* = 0,

since z* = T*(y*) e Z,.

Now since P, = {y*: y* = 0} is assumed closed and %  locally convex,
the Lemma II.2 in II.2.5 applies. It follows that
(16) T(z) 2 0.
But (14) and (16) together imply zF ¢ V..

II1.6. THEOREM IIl.4. The positive normality of x* with regard to
T 4s equivalent to x* making eq. (1) positively solvable if and only if the
set of all z* making eq. (1) solvable is regularly convex. In set language,

amn Zp= Vyof and only &f Zr is regularly convezx.
Proor. If Z, = V,, the regular convexity of Z, follows from Theorem

III.2. On the other hand, if Z, is regularly convex, we have Z, = Z,
(cf. Lemma II.1 in I1.1.4.2). The equality Z, = V, then follows from
Theorem IIIL.8.

II1.7. The finite-dimensional Euclidean case. In a reflexive Banach
space, a set is regularly convex if and only if it is convex and (strongly)
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closed -(cf. II.1.4). Since Z, is always convex, for reflexive Banach
spaces one may substitute ¢ (strongly) closed ’’ for ‘‘ regularly convex ”’
in Theorem III. 1,2, 3, and 4.

In particular, if 2 and % are finite-dimensional Euclidean spaces
(hence Banach and reflexive in the Euclidean distance topology) and T
is represented by a matrix, Z, is a polyhedral convex cone (cf. Gale in
[14], p. 290, Def. 1’) which is closed in the Euclidean distance topology.
Hence for this case Z, is necessarily regularly convex and Z, = V, for
all 7. The Minkowski-Farkas Lemma as usually stated asserts that
Vs < Z, in the finite-dimensional Euclidean case. This follows from
Theorem III1.3, since Z, is known to be regularly convex.

[Let ¥y = (Y1, Ysy *++, ¥Yn) and write I = {1,2, --+, n} .

Partition I into I’ and I where I' U I”" = I, I' N I = ¢, and either I

or I’ may be empty. The relation y = 0 is interpreted as meaning
y; =0 ifsel,
y, =0 if 9el”.

The Minkowski-Farkas Lemma is usually stated for I =1/, but it is
clear that P, = {ye 2 :y =0}, where the meaning of y = 0 is that
just stated, is necessarily closed.]

III. Appendixz: Relationship with Hausdorf’s results. |[NOTE:
This appendix is incorrect in its present form and should be ignored.
For technical reasons, however, it was impossible to eliminate it from
the present printing.]

IITa.1. Suppose that z* is positively normal with regard to 7' (cf.
II1.2) and let, for some z’ € 2,

(1) T)=0.
Then
(2) T(z') = 0
and
27) T'(—2)=0.
Since x* is positively normal, the preceding inequalities yield, respectively,
(3) @) 2 0
*and
(3) (=) 20,
ie.,
(4) z¥(z')=0.
Hence, if =* is positively normal with regard to 7', we have
(5) for all z € .27, T(x) = 0 implies z*(z) = 0.

Call z* satisfying (5) normal with regard to T. Il.e., we have shown
that of =* 1s positively normal with regard to T, then it is also normal
with regard to T.
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IITa.2. We shall now show that
(6) of x* is normal with regard to T, then either x* or —z* s
positively normal with regard to T'.
For suppose it could happen that (5) holds and neither z* nor —z*
is positively normal with regard to 7. Then there must exist z;, z, € 27
such that

(7.1) T(z) > 0,
(7.2) x*(x) >0,
(8.1) I(z,) > 0,
(8.2) z¥(z,) < 0.

[Suppose no such pair =z, x, exists. Then it must be that either
T(x) > 0 implies z*(z) = 0 or T(x) > 0 implies z*(z) < 0. This, in con-
junction with (5), would then yield (6).] °

Let

(9) 2= L)
T(a.)

Then
(10) Tz, — Axy) = T'(w,) — 2T(x,) = 0.

On the other hand, by (7), (8), and (9) (which imply 2 > 0),
(11) (@, — Az,) = a¥(m) — Ax¥(2) > 0.

Hence (5) fails to hold for z, — Az, € 27 which establishes the validity
of (6).

IITa.3. Write
(12) Fp = {z*: for all z e 27, T(z) = 0 implies z*(z) = 0}

(the set of a* normal with regard to T') and recall that the set of all
z* positively normal with regard to 7' is denoted by V,. Hence the
results in IIla.l and IIla.2 may be written as

(13) Frpo=V, U (=V;).
IIla.4. We shall now show that®

(14) F,=V,— V.
First,

(15) FT:VTU(_VT)QVT_Vz'r

for any element in V, U (—V;) is either of the form zf — 0Ff where
z¥ e V, or of the form 0 + z¥ where zf € (—V,). Note that 0y e V,

N(—Vy).
On the other hand, let z* be an element of V, — V,, i.e.,
(16) s*=gf+aF, afeVy, afe(=Vp.

By (18), z¥ e F, (¢ = 1,2). But then z* € Fy, since F, is a linear set.

$8 4 — B is the set of all elements of the form a — b, a € 4, b € B. 4 — 4 is neither
empty nor the null element!
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For let zf € Fr, (i =1,2). Then T(z) = 0 implies zf(z) = 0. Consider
z* = axf + ax; and suppose T(z) = 0 ; then o*(v) = ez (x) + axf(x) =0,
hence z* € F.

IIIa.5.0. From now on we shall assume that
(17) all the spaces considered are Banach (which implies that both 7T

and 7™ are bounded, since T was assumed continuous) ;
17"y for every y*e Z*, there exist yf e P®, vy e P® such that
v =yt -
(17"") is equivalent to the condition that P, is a mormal cone; cf. Krein
and Rutman [29], Def. 2.2, p. 22, and p. 24.

I11a.5.1. Exzample. Let %/ be the space of all continuous real-valued
functions y(¢) defined on the closed interval [0, 1]. (This space is usually
denoted by C[0,1].) Then* every bounded linear functional y* can be
defined by

(@) vy = || veg (we)

where ¢ is a function of bounded variation. Now define y e P, (i.e.,

y = 0,) to mean

(b) y(t) =0 forall 0 <t<1.

Then y* = 0F (i.e., y* € P®) means that the function g in (a) is monotone

non-decreasing. But it is well known (e.g., Titchmarsh [42], p. 355,

Sec. '11.4) that if ¢ is a function of bounded variation, it can be ex-

pressed as

(c) 9=0— 0

where ¢, g, are monotone non-decreasing. I.e., the cone P, is normal.
IITa.5.2. The condition (17”) may be written as

(18) Z* = PP — P% .
Now suppose
(19) x* e T™zZ™),
ie.,
(20) ¥ = T*(y*) for some y* e Z* .
Then, by using (17), we have
(21) z* = T*(y" — y7) (yFePP 1=12),
ie.,
(22) z* =zf — ¥
where
(23) zf = T™*(y¥) (yf e PP, 1=1,2),
go that, by definition of Z, (cf. II1.2 (2)),
(24) z¥ e Z, (t=1,2),

4 Banach [3], Section 4.1, pp. 59-61.
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ie.,
z*e Z, — Z,;
hence .
(25) T * < Zp — Zy .
On the other hand, let
(26) ¥ e Zpy — Z, .

Then the relations (22), (23) hold for some y¥ € PP (i = 1, 2), and hence
(20) holds for y* = y¥ — y¥, so that (19) follows and

(27) T(Zz*)2 Z, — Z, .
(Note that (27) holds even if P, is not assumed normal.) Egquations (25)
and (27) together yield
(28) T*Z* =2, — Zp .

IITa.5.3. Consider now the case when Z, is regularly convex. We
know (Theorem III.4) that in this case

(29) Zp=Vp.
But then, from (14) and (28) we have
(30) T¥(z*) = Fy .

When (30) holds, Hausdorff ([18], p. 307) says that the equation
z* = T*(y*) is normally solvable ; he calls the equation y = T(x) normally
solvable if and only if
(81) T(2) = Fps
where
(32) Fro = {y: for all y* e 2*, T*(y*) = 0 implies y*(y) = 0} .
Hausdorff shows (ibid., Theorem X, pp. 308, 310) that in Banach spaces
the following four properties are equivalent: the normal solvability of

a* = T*(y™), the normal solvability of y = T'(x), the closedness of T(-2%),
and the closedness of T%(2/%), i.e.,

(83) (30) & (81) & T(27) closed & T*(27*) closed.

IlTa.5.4. Now, under the assumption that P, is normal and Z, reg-
ularly convex, we have obtained (30). It follows from (33) that both
T(#”) and T*(2'*) are closed.

The example below® shows that Z, need not be regularly convex
when P, is normal. This is of importance, since it shows that the
assumption of regular convexity in the theorems in IV is not automati-
cally satisfied.

Let 22 = C[0,1] and

y = I(z)
where

4 Closely related to one suggested by Professor B. Gelbaum.

170



78 PROGRAMMING IN LINEAR SPACES

() = So o(t)dt .

Then ¥ is absolutely eontinuous, hence continuous, and we may take
27 = C[0,1] also, As noted earlier, we may define y =0, to mean
Y(t) 20,0 <¢ <1 in which case P, is normal. Now take any function
9, € C[0, 1] which is not absolutely continuous (e.g., the one given by
Titchmarsh [42], Sec. 11.72, p. 366). Then ¥y, is not* in the range
T(°). Buty, is a strong (uniform) limit of a sequence of polynomials,*
hence %, is an element of the closure of 7(.2°). Hence 7(2) is not
closed, hence (by (33)), eq. (30) fails, so that Z, cannot be regularly
convex.

II1a.5.5. Consider now the special case when

(34) P, = {0} .
(P, is (vacuously) normal, but this fact is of no relevance in what
follows.) Then

(35) PP =%,
In this case we have (cf. III, eq. (3))
(36) Zy = TXZ™) .
Also, using (13), we get

(37) Ve =Fy
since

(38) Ve=— TV,

[Let =z* € V,. Then T(z) = 0, implies z*(x) = 0. But, for P, = {0,},
y =0, is equivalent to —y = 0,; hence T(z) = 0, implies T(— z) = 0,
which in turn yields 2*(— 2) =0 or — z*(x) = 0. The latter relation
means that — z* e V,. Hence V, < (— V,). That (— V;) & V, is
shown in the same fashion.]

Now suppose that

(39) ZT = VT .
This is equivalent to
(40) Fr=T%2™),

i.e., Hausdorff’s normal solvability of the equation z* = T™(y*).

By Theorem II1.4, (39) implies that Z, = F, = T%(2'*) is regularly
convex ; hence (cf. II.1.4.1) T™(2'*) is closed in the weak* topology,
hence it is (strongly) closed. Thus we have obtained Hausdorft’s result
(part of his Theorem X), viz., that the normal solvability implies the
closure of T%(%2'*), as a special case of our Theorem IIl.4. On the
other hand, suppose the space 2 to be reflexive® and let T"(2/*) be

46 Cf. Titchmarsh [42], Section 11.71, p. 364.
47 The ‘“ Weierstrass Theorem,”’ cf. Rudin [40], Section 7.24, p. 131.
48 Cf II.1.4. :
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closed. In this case (ef. II.1.4) regular convexity is equivalent to regular®
convexity and the latter is always equivalent to closure with convexity.
Hence, since 7%(2*) is closed and convex, it is regularly convex and this
implies, by Theorem III.4, the equalities (39) and (40).

I.e., we have shown, as a special case of our results in III, when 2
is reflexive, the (strong) closure of 7%(2/*) is a sufficient condition for
the normal solvability of the equation z* = T*(y*) which is also a part
of Hausdorff’s Theorem X.

IV. Further Theorems on Linear Inegualities

IV.1. In IV all spaces are assumed locally convex linear. Products
of topological spaces are understood to be linear topological products,
hence the product spaces are also locally convex linear.

IV.2. Let U denote a linear continuous transformation on .2 into 2.
We introduce the transformation 7' (which is easily seen to be linear
and will also be shown to be continuous) on 2° into the product space
Z = 2 x 2 defined by

(19 T(z) = (U(=), z) for all z e 2.
In the notation of the type used in matrix calculus we may write
U
") 7= |,
I

where I(z) = z, for all z e 2°. (l.e., I is the identity transformation
in 22.)

If P,, P, are convex cones in 2 and 2 respectively, and z' = z”,
2 =272 mean ' — 1z’ e P,, 2 — 2’ e P, respectively, then for y = (2, ),
we write ¥ = y” if and only if ¥ — y” € P,, where

(2) P,=P,x P, ={(zx):2=0,2=0}.
It may be noted that if P, and P, are closed, then so is' P, (cf.
11.6.1).

Iv.3. TreoreM IV.1.

A. Let 27 be a linear topological space, 2 locally convex, U a linear
continuors transformation on 2 to 2, P, and P, closed convex cones
in 2 and 2 respectively, and assume that the set

(8) Xr={a"e2: 2" =T*y"), v 2 0}

18 regularly convex.
B. It follows that, for any x* ¢ 2%, if

(4) Ulz)=0,z=0 imply z*(z) = 0 for all z € 27,

then there exists a zy = 0 such that
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(5) a[U@)] =a*@) forxz0,

and

(6) z¥z) =0,U(x)=0,z=0 amply z7[U(x)] =0 .
Proor. (5) may be rewritten as

(4) T(x) =0 implies z*(z) = 0 for all z e 27 .

Furthermore, T is continuous in z.%
Since X7 is assumed regularly convex, Theorem III.4 yields a functional
y& = 0 such that

(7) z¥(z) = yF[T(=)] for all z € 2.
Now, since

(8) y=(22)=(20) + (0, ),

we have

(9) ¥ (W) = ¥, ((2, 0)) + % (0, @) .

We shall write

(10.1) Y7 ((z, 0)) = z3(z) for all ze 2,

(10.2) Y70, z)) = zf(x) for all z € .27,

where y((2, 0)) is continuous in 2z and y¥((0, z)) is continuous in =.
Since z=0 implies (2,0) =0 and z =0 implies (0, ) = 0, it follows
that, for 2, z7° defined by (10), v = 0 yields

(11.1) =0,

(11.2) zF=>0.

Thus

(12) z*(z) = y§[T(2)] = v [(U(=), 2)]

= 2z [U(=)] + =¥ (z) for all z € 2 .
Since zF = 0, (5) follows.
Now let a; satisfy the hypotheses of (6), i.e.,

(13.1) () =0

and

(13.2) T(z) =0 .
Equations (13.1) and (5) yield

(14) 2 [U)] =0.

4 We have T(z)= (U(z), I(xz)) where I(z) =z for all x € 2. Then (cf. Lefschetz [34],
p. 7(8.2)), T is continuous if every inverse image of a member of a sub-base in = & x 2
is open. Such a sub-base is given (cf. Lefschetz [34], p. 10) by the collection of sets

Y' = {y’ = (2}, '): 2' € N}, ' € &}, Y" = {y’ = (=" x'"): 2" € %,z € Nz}
where N, N, are open sets in ¥ and 2 respectively. Now the inverse image 7T-YY’)=
{z: T(z) € Y'} = {z: Ulx) € N,, I(z) € &} = {z: U(x) € N,;} = U-IIN,) which is open since
N, is open and U continuous. Similarly 7-YY") = {z: U(z) € =, I(z) € Nz} = N> which
is open.
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On the other hand, since U(z;) = 0, and zF = 0,
(15) : Z[U(@)] = 0.
Equations (14) and (15) yield the conclusion of (6).

IV.4. Let all hypotheses under A in Theorem IV.1 hold, except that
X% is not assumed regularly convex while .22 and 2  are taken to be

normed spaces. Suppose there exists a zf = 0 such that (5) holds.
Then define

(16) o(x) = z¥(z) — 27 [U(x)] for all z e 27 .
Clearly ¢ is linear, and, because of (5),
amn z=0 implies ¢(z) = 0 .

Also, ¢ is bounded, since for any z e 2%,
(18) le(@)| = |a%(@) — & [Ulz)] = |2¥(@)| + [ U]
< lle*ll - lzll + =gl - LT - ]l
= (lla* |l + ll= ]l - 1T =]
Thus
(19) peZ*, o=0F.
Now define
20)  ¢(y) = ¢((2, 2)) = 25 (2) + o() for all ze 2 and all z e 27,
which is linear in y, since
(21.1) Haw) = Halz, 2)) = H(az, ax)) = 2 (az) + plaz)
= az}(?) + ap(z) = ad(y)
and
(21.2) Sy +y") = ¢(# + 2", 7" + 27) = (7 + 2") + o(a’ + 2")
= 2(%) + & (2') + ¢@) + (@)
= ¢y + ¢ .
Also,
(22) y = 0 implies ¢(y) = 0
since if (2,2) =0 then 2= 0 and # = 0 and both 2y and ¢ are non-
negative functionals.

Finally, ¢ 1is continuous. For let (z,, z,) = Y = ¥ = (7, o), 7 =
1,2,--.. Then, by IL.6.1, eq. (1), 2, =2 and =z, —xz, Hence, since
25 and ¢ are continuous, 27(2,) — zi(2) and ¢(z,) — ¢(x,), and therefore,
P(Yn) = ¢(%).

Hence _

(23) gez*, ¢$=07.
Because of (16), we have

(24) z¥(z) = 2 [U(z)] + o(x) for all z e 2~ ,
e., by (20),
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(25) - a¥(z) = ¢[(U(=)), 2)]

= 9[T(x)] for all z € 2,
or
(26) o =T*¢), ¢=07.

Now (26) holds for all z* ¢ 2°*; it follows from Theorem III.4 that
the set X7 is regularly convex. Thus we have shown that, at least
in normed spaces, given the other hypotheses under A in Theorem IV.1,
the assumption of regular convexity of X% is mecessary (as well as suf-
ficient) for the validity of the conclusions. We may state this as

THEOREM IV.2.

A. Let .7 and 2 be normed spaces, U a linear bounded transforma-
tion on 22 to 2, P, and P, closed comvex comes in 2° and 2 respec-
tively. Then the condition that the set
(27 X7 = {g* e 2% : o* = T*@*), y* = 0}
be regularly convexr is equivalent to the following : for any x* € Z*, if
(28) Uz)=20,2=0  imply 2*(2) =0  for all z e 27,
then there exists a z¥ = 0 such that

(29) Z[U(x)] < z*(x) for =0
and
(30) z¥x) =0,Ux)=0,2=0 smply 2¥[U(x)] =0 .

IV.5. The following result generalizes Theorem IV.1 to situations
where non-homogeneous inequalities appear.

THEOREM IV.3.

A. Let all the hypotheses under A in Theorem IV.1 hold, the tramsfor-
matton T being defined in (87), (88) below.

B. It follows that if, for some T € 2°,

€39 zZ=0and UZ)—a=0,

and if, for some xz* e 2’*,

(32) =20 and Ugx) —a =0 imply a*(z) — B =0,
then there exists o zy = 0 such that

(38) Z[Ux)—al<z*@)—F Sforz=0

and

(34) 2*@)=8U@)~a=20,2=20 imply 2[Ux) —a] =0
Proor. Consider the product space

(35) ¥ = {w:w=(p,x), p real, x € ZF}
and the linear transformation :
(36) P(w) = P((p, x)) = —ap + U(=) .
on % into- 2.

Then define
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37) T =< lI’) . Iw)=w forallwe ¥,

i.e.,

(38) T(w) = (Pw),w) or T((p, )= (—ap+ Uq), (e ﬂ;))

and 7T is a linear transformation on % into & x # . '
Now suppose we have shown that

(39) T(w) =0  implies w*(w) =0 for all we %~
where we define w* by
(40) wX(w) = w*((e, 2)) = — Bp + z¥(x) .

One can ascertain easily that Theorem IV.1 applies, with w replacing
z, w* replacing z*, and P replacing U.
Hence there exists a 27 = 0 such that

(41) Z[P(w)] £ w*(w) for w =0

and

(42) w*(w) = 0, T(w) = 0 imply 2z [P(w)] =0 .
Equation (41), written out explicitly, yields, by (36) and (40),
(43) wl—ap+ U] < —Pp+a*(w) for pz0,z=0.

Letting o = 1 we obtain (33).
Similarly, using (36), (40), and (38) in (42), and putting p =1, we
obtain (34).
Therefore, it remains to establish (89) which, written out explicitly,
states that
—ap+ U(x) =20
(44) pz 0} imply —fp+a"(z)=0.
xz=0
Suppose (44) is false. Then the hypotheses of (44) must hold and the
conclusion fail for some p, = 0, 2, = 0. We shall first consider the case
P> 0. I.e., we have
' —ap, + Ulz) = 0
(45.1) : po> 0

z, =0

and
(45.2) —PBpy + a*(2) <0,
so that
(46.1) Po

& >0

Lo
and
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(46.2) "y x*(—;f*’—) <0.

This, however, violates (32). Hence the implication in (44) has been
established for p > 0. We shall now take up the case p = 0. Il.e.,
we must show that

(47) Ulz) 2 0} imply o*(z) = 0 .
z=0
Let x, satisfy the hypotheses of (47) and take a real 4 > 0. Then, by (31),
(43) — o= U@+ Ulx,) =0
and hence
(49) —ad+ Uz, + i) = 0.
Note also that
(50) . z, +=0.

Hence, for p, = 1, z, = «; + Az, the hypotheses of (45.1) are satisfied,
so that

(51) — BA+ a¥(@, + 23) = 0.
We therefore have

(52) z¥(z,) + Az*(Z) — F]1 =0 for all 2> 0.
Suppose now that

(53) z*z) = —e<O0.

Then (52) is false for any 2 > 0 if z*&) — B < 0.
Hence suppose

(54) z¥x)—B=7>0.

and take A = ¢/(279). Then (52) becomes

(55) —e+—7>0,
27

i.e.,

56 . —f S0

(56) = >

which contradicts (53). Hence
(57) z*(x) = 0
which establishes the validity of (47).

IV.6. Consider now the special case of Theorem IV.3, where P, = 27,
so that the restriction = = 0 is necessarily satisfled for all z. In this
case 0* is the only non-negative element of .2°*. [For otherwise there
would be some zF e 2* with zf(x,) > 0 for some =z, e .27, hence
z¥(—x,) < 0 even though —z, € P,, which contradicts ¥ = 0.] Now the
counterpart of (12) for Theorem IV.3 is
(58) —fp + 2¥(z) = zf[—ap + U(@)] + w'p + z()

for all p and ze 2°.
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When P, = 2, it follows that z¥(x) = 0 and (58) becomes

(59) —PBp + z*(x) = zf[—ap + Ulx)] + =fp for all p and all z € .2~.
Putting o = 0, (59) reduces to '

(60) z¥(@) = 27 [U(=)] for all z e 2.

Furthermore, if U(%) —a =0 and z*(2) < z*(z) for all Ux) —a =0,
then (84) in Theorem IV.3 yields

(61) ZUEZE) —a]l=0.
which, by (60), implies

(62) z*(%) = 2 (a) .
Hence, with 8 < z*(&) by hypothesis, we have
(63) z¥(z) = 2f(a) = B,

as in Dantzig’s Corollary ([10], p. 334).
We may state these results as
COROLLARY IV.3.

A. Let 2 and 2 be locally convex linear spaces, U a linear transfor-
mation on 2 to 2, P, a closed convex come in 2, and assume that
the set

(64) X} = {a* e 2% z* = U*=*), z* = 0}
18 regqularly convex.

B. It follows that if, for some T € 2,

(65) UZ) —az=0,

and if, for some x* e Z¥,

(66) Ulx) —a=0 implies z*(z) — B =0,
then there ewists a zf = 0 such that

(67) w[U=)] = =*(z)  for all x € 27;
Surthermore

9 min #*(e) = @) Z 6.

It will be noted that, in Banach spaces at least, the assumption of
regular convexity of X is necessary as well as sufficient if U is bounded ;
this follows from Theorem IV.2.

In finite-dimensional Euclidean spaces the requirement of regular
convexity of X% is necessarily satisfied (cf. II1.9) and if 2 = 0 means,
as usual, that each of its coordinates is non-negative, then P, is closed.
Hence the hypotheses of the regular convexity of X} and the closure
of P, may be omitted, and we obtain, as a special case of Corollary
IV.3, the Lemma (and its-Corollary) stated by Dantzig in [10], p. 334.
This, of course, suggests the possibility of generalizing the Dantzig
result on the equivalence of linear programming and game problems,
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since the Lemma plays a crucial role in Dantzig’s proof and Corollary
1V.3 above provides its generalization.

V. The Lagrangian Saddle-Point Theorem

V.1. Isotone Lagrangian saddle-point implies mazimality.

V.1.0. Contrary to the customary sequence, we find it more convenient
to start with the theorem indicated in the title, rather than with one
in which the implication goes in the opposite direction. This is done in
order that the reason for requiring that the functional on 2/ be strictly
isotone and that on £ isotone may become more readily apparent.

V.1.1. Let =, denote the partial ordering maximization problem
obtained if in =, of I1.3.3 the following two requirements are added:

(1) 2 is a locally convex linear topological space ;

(2) P, is closed.

V.1.2. THEOREM V.0. Let the generalized Lagrangian expression
@, (z,2*; 75) have an isotone saddle-point at (o, 2 ; 75). Then @, is
maximal.

For the sake of convenience, we give a more explicit statement of
the preceding theorem.

THEOREM V.l. Let x € 27, while the values of f(z) and g(x) are in
2 and %, respectively, where % is ordered by a relation written as =
and 2 is a locally convex, linear topological space such that z = 0 means
z € P,, P, being a closed convex cone.

Write
(1) O(z, 2*) = 75 [A2)] + 2*[o(@)]
where 77 is a strictly isotone functional on Z and 2* 18 linear continuous
Functional on 2. Here z* = 0 means that z*(z) = 0 for all 2 = 0.

Suppose that, for some z, € X, z¢ =0, (X S ), we have
(2) Pz, 2) < Dy, 25) < Do, 27), for all z € X and all z2* =0
Then

(3.1) g(zo) 2 0

and, for all x e X,

(3.2) 9@) =2 0, f(z) = flz)  imply flz) = (@)
V.1.3. PROOF. The right-hand inequality in (2) implies that

(4) 2z l9(w)] = 2*[g(z)]  for all 2 =0

hence, in particular,

(5) Zlo(@)] = (& + &N)o(x)]  for all 2F =0,

since 2zF¥ + 2¥ = 0 if ¥ = 0. But (5) gives

(6) 0= z¥[9(zy)] for all z¥ =0,

and (3.1) follows from Lemma II1.2 in II.2.5 above, based on the Mazur-
Bourgin Theorem.
We shall now show the validity of (3 2). Equatlon (2) ylelds
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(7) D(z, z7) < D(x,, 2¥) for all z € X and all 2 >0.
Using z* = 07, this gives
(8) 2 lf(@)] + 2 [9(@)] < 7 [f(x)] for all ze X.

Now let «' ¢ X be such that the hypotheses of (8.2) are satisfied,
ie.,

(9.1) 9(=) =0
and
(9.2) : f@) = f(x) .
Suppose that the conclusion of (8.2) is false, i.e.,
(9.3) flo) 2f@).
Since 7y is strictly isotone, (9.2) and (9.3) together imply (cf. II.2.1)
(10) [ (@)] > 7 [f (@0)] -
Also, since zF =0, (9.1) gives
(11) zlg(@)] = 0.
From (10) and (11) it follows that
(12) 2L (2)] + 2 lo(=")] > 7 [f (z0)]

which contradicts (8). Hence (9.3) is false and (3.2) follows.

It is important to note, that, in this proof, it would not have been
sufficient to assume %7 isotone rather than strictly isotone (ef. V.2.6).

V.2. Scalarization.

V.2.1. Let % be a topological linear space and K a convex cone in
% . Then there always exists a linear continuous functional non-negative
on K, since the null functional [¢(w) = 0 for all w e %] has this prop-
erty. However, even with additional assumptions on K (viz., that it
is closed and pointed®), there may not exist any continuous linear fune-
tional strictly positive on K, as shown by example in Krein and Rutman
([29], pp. 21—22). On the other hand, it has been shown (i¢bid., Theorem
2.1, p. 21) that if K is a closed pointed convex cone and %~ a separable
Banach space, a linear continuous (equals bounded, in this case) func-
tional strictly positive on K does exist. It is shown below that the
requirement of pointedness can be removed (Lemma V.2.2 in V.2.5
below). [‘‘Strictly positive’’ is defined in II.2.4.]

When a strictly positive functional exists, it may be used to ‘¢ scala-
rize ”’ the Lagrangian problem. It has been pointed out in V.1.2 that
a non-negative functional is not adequate for our purposes (cf. also
V.2.6 below).

V.2.2. Let P, < % be a convex cone in the linear topological space
2. We write y =" if and only if ¥ — y" € P,. Y denotes the =
—maximal subset of the given permissible set Y.

5% K is said to be poinmted if 0, #+ w € K implies —w ¢ K.
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An element™ y, € Y may have the property that there exists a y;“o =
y& > 0 such that
(1) y € Y implies yf(y) = yi'(w) -

In the light of the remarks in V.2.1, such a yF will not always exist
in infinite-dimensional spaces. But even in the two-dimensional Euclidean
space, where every closed convex cone does possess a strictly positive
linear continuous functional, and with P, chosen as the non-negative
quadrant, the required ;' may not exist for some y, This, of course,
is not surprising since so far nothing has been assumed about the set
Y. Buteven if (as is natural in certain problems) one were to assume
Y to be convex, closed, and even bounded, y¥ > 0 may not exist for
certain elements of Y.»

Let Y denote the subset of Y such that y, e Y if and only if there
exists a yF such that (1) holds.

We shall now formulate a necessary condition for membership in ?

Suppose that there exists a yF > 0 such that (1) holds for a given
Yy € Y. Then

(2) Yy —y) <0 foralyel,
i.e.,
(3) Yy) =0 forallye Y —y,.
Furthermore, by definition of strict positiveness,
(4) yr(y) =20 forally=0
and
(5) ys(y) >0 for all y > 0.
Putting
(6) v = -,
we may rewrite (3), (4), and (5) as
(7.1) y¥y) =0 forallye ¥ —y,,
(7.2) yF(y) =0 for all y <0,
(7.3) y¥y) >0 forally<o0,
respectively.
Now consider the intersection K, of all convex cones containing the set
(8) (Y —v) U(—P).
Clearly, K, is a convex cone, and furthermore
(9) y¥y) =0 forallye K,.

[This follows from the fact that the set {y:u{f(y) = 0} is a convex cone
51 The element y, in this context need not be = —maximal: cf. Theorem V.2.3.

52 Arrow’s example: Y = {y: ¥y = (¥, ¥2), %4 =0, 9! + y2 <1}, % = (0, 1). Cf. also Kuhn
and Tucker [31], p. 488, example.
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which, by (7.1) and (7.2), contains (Y — %) U (—P,), and hence, by
definition of K, it includes K,.]

Writing K, to denote the closure of K, we also have

(10) . y¥y)=0 forallye K,
by continuity of yf.

[For linear normed (hence Banach) spaces, this has been noted in
Krein and Rutman ([29], pp. 16-17). When % is a linear topological
space, (10) is proved as follows: Let 4/ € K, and suppose ¥¥(y) < 0,
say yf(y) = —a. The inverse image by v} of the open interval (—3«/2,
—a/2) is an open set containing y’, hence containing at least one point,
say ¥y’ of K,. Thus yf(¥"’) < — a/2 < 0, which contradicts (9).]

Now suppose that there exists an element y’ with

(11.1) vy e K,
and

(11.2) y>0.
Define

(1z) yv'=-y,
so that

(13) ¥ <0.
Then, by (7.3),

(14) yry") > 0.
But because of (11.1) and (10),

(15) _ v@) =0,
hence

(16) ¥y (y) =0,

which contradicts (14). Hence we have

THEOREM V.2.1. Let % be a linear topological space and P, a convex
cone. If, for® y, € Y, there exists yy > 0 such that (1) holds, then the
set K, [the closure of the intersection of all the comvex cones containing
the set (Y — 9,) U (—P,)] does not contain any y' such that y' > 0.

V.2.8. Definition. If ffo contains no ¥’ > 0 and ¥, is = —maximal, y,
is said to be properly mazimal.

V.2.4. THEOREM V.2.2. Let Z be a linear topological space with the
property that for every closed convex cone K = 27, there is a linear
continuous functional y* € Z* strictly positive on K.

Then, for every Y, properly maximal, there exists a yy > 0 such that
(1) s satisfied.

Proor. By hypothesis, there exists y; strictly positive on K,. Then

8 In this Theorem, 7, need not be = —maximal. But Theorem V.2.3 asserts that %o
must be = ‘—maximal.
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(7.1) and (7.2) are satisfied because K, contains the sets Y — 1y, and
— P, and because y¥ e (K,)®. Now take 3 < 0. Then ¥ e K,. Sup-
pose — y' € K, also. Then, since y, is properly maximal, —y’ # 0, which
contradicts ¥ < 0. Hence, —y ¢ K,. But then, because of y¥ >0,
y¥w') > 0; i.e., (7.3) also holds. It is seen that

17 ¥ = —y
has the required property.

V.2.5. COROLLARY V.2.2. Let 2 be a separable linear normed space
and vy, properly maximal. Then there exists a yF > 0 such that (1)
holds.

PrOOF. In view of Theorem V. 2.2, it will suffice to prove the fol-
lowing :

LEMMA V.2.2. For every closed convexr cone K in a linear normed
separable space %7, there is a linear bounded functional strictly positive
on K.

To prove the Lemma, we first note that Theorem 2.1, p. 21, in Krein
and Rutman [29] is precisely equivalent to our Lemma for the case
where K is pointed, i.e., where 0 #+ w € K implies —w ¢ K. Hence,
it is sufficient to show that the Krein-Rutman proof can be extended
to cover the case of K not assumed pointed.

Now the pointedness of K is not used in the Krein-Rutman proof in
reaching the conclusion that there exists a y§ (in their notation f;) such
that

(18) ‘ y¥ e K®
and
(19) ye K, yf(y) =0  imply y*(y) =0  for all y* e K®.

We may now use Theorem 1.4, p. 17, in Krein and Rutman [29] which
asserts® that for every w, € C where C is a closed convex cone in . %~
and —w, ¢ C, there exists wi € C® such that wy(w,) > 0. This Theorem,
together with (19), yields the conclusion that

(20) e Ky (%) =0 imply —y, e K
which, with (18), makes yF strictly positive on K.

V.2.6. THEOREM V.2.3. Let % be a topological linear space and
Yy strictly positive on the comver come P,, and let y, € Y be such that
(1) holds, i.e., that y e Y wmplies y¥(y) < vi(). Then y, is mazimal
wn Y.

Proor. Suppose not. Then, for some ¥ € Y we have
(21) Y =Y.

Also, by (1), since ¥’ € Y,

5 This Theorem follows from the Mazur-Bourgin Theorem (I.1.4.1) whenever % "is locally
convex.
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(22) YW — ) =0,
while (21) together with ¥ > 0 yields
-(23) YW —y)>0.

The contradiction between (22) and (23) completes the proof.

It would not have been enough to assume y¥ ¢ P,® (or even yF > 0f)
instead of y¥ > 0. For in that case (21) would only have yielded
(23") U@ —%) =0,
which does not contradict (22) since equality could hold in both. (E.g.,
in the case of P, closed, ¥’ — y, could be a boundary point of P, with
Y (Y — ) =0.)

V.2.7. Noting that the hypotheses of Theorems V.2.1 and V.2.3
are identical, we summarize the results of V.2 in Theorem V.2.4.

THEOREM V.2.4. Let 27 be a linear topological space ordered by the
relation = (where y' =y means y — y"” € P,, P, being a convex cone).

A. If there exists y& > 0 such that (1) holds for some y, € Y, then y,
is properly = —mazimal in Y.

B. If for every closed convex cone K & % there is a linear continuous
Junctional y* € 27* strictly positive on K (as is, for instance, the case
in o separable linear normed space), then for every y, properly = —maxi-
mal there exists a ys > 0 such that (1) is satisfied.

V.3. Maximality implies existence of a saddle-point.

V.38.1. Lagrangian saddle-points without differentiability.

V.3.1.1. The basic idea of the Theorem presented in this section
goes back to Slater’s paper entitled ‘‘ Lagrange Multipliers Revisited ”’
[41]. The chief accomplishment of Slater’s paper was to establish the
existence of a saddle-point for the Lagrangian expression without using
differentiability properties in any way whatever, the reliance being
placed on the concavity properties of the relevant functions. (A more
detailed comparison is given at the end of Part I of the present chap-
ter.) Since the differentiability approach also used the concavity prop-
erties, Slater’s result was a significant improvement. The present
writer extended Slater’s result (except for a slight strengthening of
Slater’s concavity requirements to conform with the usual ones) in a
Cowles Commission Discussion Paper (Economies No. 2110) of September
1954. The present version differs significantly from the 1954 version.
A suggestion, due to Hirofumi Uzawa, has made it possible not only
to simplify the proof tremendously, but also to weaken the assumptions
on the functions used (which are merely concave, but not necessarily
continuous) and on the underlying spaces.

V.3.1.2. THEOREM V.3.1. Let .27 be a linear system, 2 and 2 linear
topological spaces. P,, P, are convex cones in % and 2 with non-empty

5 The point %, is = —maximal by V.2.3; proper maximality then follows from V.2.1.
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interiors, P, + 2/, X a (fized) convex subset of 27, f a concave function
on X to 27, g a concave function on X to 2. Let there be a point x,
wn X such that

(1) g(xy) >0 (i.e., g(x,) s an element of the interior of P,).

If z, mazimizes f(x) subject to g(x) =0 and z e X, then there exist
linear continuous functionals
(2) yr >0 and 2 =0
such that, for the Lagrangian expression
(3) O(z, 2%) = y*[f (@)] + 2*[9(2)],
the saddle-point tnequalities
(4) D(z, 2F) < O(w,, 20) < Dz, 2¥)
hold for all x € X and all z*¥ = 0.

(We may note that in applications X is usually a convex cone—e.g.,
the non-negative orthant of the system .2°.)

Proor. Let % be the topological product space 2 x 2 and consider
the subset of 9% defined by
(6) A={(w,2):veZ,y=<f(x),ze 2, 2=g) for some v € X}.
The set A is convex because of the concavity of the functions f and g
and the convexity of the set X. Also, A has interior points because
P, and P, have non-empty interiors.

Consider the point (f(x,), 0,) = w, of the space %% The point w, is
an element of A, since, by hypothesis, 0, < g(2,). On the other hand,
w, does not belong to the interior of A ; for if w, were interior to A4,
there would exist an element z in X such that f(x,) < f(z) and 0, < g(x),
which cannot happen because of the assumed maximality of z,.

Hence, we may apply the Corollary of the Hahn-Banach (Bounding
Plane) Theorem (see Corollary II.1 of II.1.4 above) and obtain a non-
null functional wy such that

wi(w) < wy (w,) for all we 4.
Writing w¥ = (¥, z&¥), this implies

(6) Y'() + 2 () S wlf(x)]  for all (y,2) in 4.
Since (f(z), g(z)), with z in X, belongs to A, we have in particular
(7) Ylf(@)] + &lo@)] S wlf(w)]  for all z in X.

Also, since w, = (f(a,), 0,) is in A4, it follows that all ordered pairs of
the form (f(w),#) are in A if z <0, which implies z(z) = 0 for all
z =0, ie.,

(8) 7 =0.

Similarly, because w, is in A4, so are all pairs of the form (y, 0,) for
y < f(=,) ; this implies

(9) ¥ =0.
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Now suppose y& = 0¥ (the null functional). It follows from (7) that
2¥[g9(x)] £ 0 for all  in X, hence for =z,. Also, since w¢ is non-null,
z¥ > 0. But then z¥[g(z,)] = 0 because g(x,) was assumed positive and
27 is non-negative. However, since g(z,) is an interior point of the
cone P, and zf is non-null, it must be that 2zf[g(z,)] > 0. (This follows
from an extension of Prop. 5, Bourbaki [7], p. 75, to the case where
the cone need not be pointed and the space is merely assumed linear
topological ; that this extension is valid follows directly from Bourbaki
[7], Prop. 16, p. 52.) Hence we have established that

(10) ys =>0.
Now let o = x, in (7). It follows that
(11) 2 lg(z)] = 0.
On the other hand, since both g(z;,) and zF are non-negative,
(12) Zlo(x)] =2 0,
hence
(13) zlg(x)] = 0.

Since z*[¢g(x,)] = 0 for all z* = 0, (13) implies the right-hand saddle-
point inequality, while (7) and (13) yield the left-hand inequality. This
completes the proof.

V.3.1.38. A case of particular interest is that of 2’ being the space
of reals. Here y; > 0 is equivalent to y¥ > 0 and we have a strictly
isotone functional of the type needed in Theorem V.1.1 (saddle-point
implies maximality). When 2 is multi-dimensional, however, 7 is
not strictly isotone but merely isotone, which is inadequate in the con-
text of Theorem V.1, for example, to establish ‘‘ efficiency ’’ of a given
resource allocation.

V.3.1.4. It was shown by Slater that the condition g(x,) > 0 cannot
be dispensed with. [In his counter-example, all three spaces are one-
dimensional (reals), f(z) =z — 1, g(z) = —(z — 1)>.] A slight modification
of Slater’s counter-example shows that the condition g(z,) > 0 is not
sufficient : we again take f(z) = ¢ — 1, % two-dimensional, with g,(z) =
—(z — 1), gx) = —a + 2.

V.3.2. Non-negative Lagrangian saddle-points: the linear non-homo-
geneous case.”

V.3.2.1. Although linear non-homogeneous situations may be handled
by theorems covering the non-linear situations as well, it seems more
helpful and simpler to give the direct proofs based on the assumption
of linearity.

V.3.2.2. We consider the problem of maximizing the linear non-homo-
geneous real-valued function on .2° to 27 (2 reals)

5% We call a funclion ¢(x) + % on & to % limear mon-homogerneous if ¢(x) is linear [i.e.,

if ¢(z) is homogeneous and additive]. The possibility that p vanishes is not excluded.
(““ Affine ”’ might be a more appropriate term.)

186



94 PROGRAMMING IN LINEAR SPACES

(1) flx) = —a*(@) + v (z* e 27%)
subject to the linear comstraints

(2.1) g(x) =U@) —a=0,,

(2.2) z=0,,

where U is a linear transformation on .2° to 27, it being assumed that
& is a linear topological space and % a locally convex space, and the
convex cones P, = {z:2=0,}, P, = {z: ¢ = 0,} are closed.

In this case, the Lagrangian expression (cf. I1.8.8) can be written
asﬁ?

(3) O(z, 2*) = [—a*(z) + v] + 2*[U(x) — a] .

V.3.2.3. THEOREM V.3.2. Let 27 be a linear topological space, and
2 a locally convex linear space, the convex cones P, P, closed, and as-
sume the regular convexity of
(4) Wk ={w*e #:w* =T**),v* = 0,v*e ¥ *},
where T 1is the linear continuous transformation on the topological linear
product space % of the pairs w = (p, ), p real, x € 27, into the topologi-
cal product space & X W = ¥ given by
(5) T(p, z)) = (—ap + Ux), (p, x)) Jor all p real and all x € 27 .

Then, for z, to maximize f(x) szibject to the constraints (2), it is neces-
sary and sufficient that ®(x, 2*) have a non-negative saddle-point at (x,, z5);
2.e., for ® defined by (3),

(6.1) D(z, z5) < Pz, 25) Jor all £ =0,
(6.2) D(zy, 25) < D(x, 2%) Jor all 2 =0,
of and only if

(7.1) Ulx) —a=0,,

(7.2) = 0,,

and, for any x e 27,
(8) if (2.1) and (2.2) hold, then —z*(z) + v < —z*(x) + ».

ProOOF. In view of Theorem V.1, we need only prove the necessity.
Inequality (6.1) may be rewritten as

(6.1) —a*x) + 25 [Ulx) — a] £ —a*(m) + 25 [U(zy) — o] for all z =0
or as

6.1") 2f[U(x) — a] < z*(x) — z*(x0) + 25 [U(z,) — a] for all z = 0.
Now write

(8) z* (@) = B .

Then, for any z satisfying (2), (8) yields

57 In general, the first term of the right member of (3) is y:[—x*(w) + 4]. In this case,
since we shall always take y¥ >0, we may put y;" =1 without loss of generality. [Le.,
y;‘(y) =y for all ¥y € %.]
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(9) —a¥(z) = -8,
or
(9) z¥x) — F=0.

Hence the hypotheses of Theorem IV.3 are satisfied® and therefore
there exists a zFf = 0 such that

(10.1) 2z [Ux) — a] < z*(x) — B for x =0
and
(10.2) 2 [Ux) —a]l =0

since z, satisfies the hypotheses of IV (34). Equations (10.1) and (10.2)
imply (6.1”), hence (6.1).

Inequality (6.2) may be written as

(6.2) —z*(@) + & [U(m) — a] = —a*(x) + 2*[Ula, — a)]

for all 2* =0,
i.e., because of (10.2),
(6.2 2¥[U(z,) — a] =0 for all z2* = 0.

But (6.2”) must hold because of (7.1) and z* = 0.

V.3.8. Non-negative Lagrangian saddle-points and quasi-saddle-points :
the differentiable case.

V.8.8.1. In this section all spaces are Banach and the functions f
and g are assumed to possess Fréchet differentials. We shall call them
differentiable. The convex cones P,, P,, P, are assumed closed.

V.3.38.2. Definitions. We shall say that the function g on 2 into
2 is regular at a point r e .2° if and only if, for every
(1) tezr, £+0,
such that the equality
(2) z=Z+¢&
implies the two inequalities
(3) z=0
and
(4) 8g(z; €) +9(x) = 0,
there exists a function ¥ on the closed (real) interval [0, 1] into .27,
say o = ¥(t) (0 <t<1), with the following properties :

(5) (a) o0¥(¢; 1) exists for all 0 <t <1
(b) z="¥(0)
() ¥@E) =0 for0<t<1
(d) o¥@E)]=0 for 0<t<1
(e) &= 0¥(0;7) with > 0.

58 Note that = required in IV.3 exists, for z; has this property by definition of
maximality.
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It is easily seen that the condition of regularity is closely related to
the Kuhn and Tucker ‘‘ constraint qualification ’’ ([81], p. 483). In fact,
the assertion concerning ¥ is identical with the corresponding assertion
in Kuhn and Tucker, while the conditions (1), (2), (8), (4) under which
¥ must exist are not weaker® than the corresponding conditions (5),
[31], loc. cit. Therefore Z is necessarily regular in our sense if the
Kuhn-Tucker ‘‘ constraint qualification ’ is satisfied.

It should also be noted that our condition of regularity is closely
related to Goldstine’s hypothesis (a) ([15], p. 145) whose relationship to
the condition in Bliss ([4], Lemma 76.1, p. 210) is similar to that of
our regularity concept to the Kuhn-Tucker ‘‘ constraint qualification.”’

V.3.3.3. THEOREM V.3.3.1. A. Let f be a real-valued differentiable
Sfunction on the Banach space 27, g a differentiable function on 22 into
the Banach space 2 . The cones P, = {z:x = 0} and P, = {z:2 = 0} are
assumed closed.

Let x, mawimize f(x) subject to the comstraints z =0, g(x) =0 and
suppose ¢ s regular at x,.

B. It then follows that the relations

(6.1) z=0

(6.2) 09(@e; €) 4+ 9(we) = 0 (E=z—ax)
mply

(7) —0f (xy; ) = 0.

Proor. Consider the real-valued function A(¢), 0 < ¢ <1, of the real
variable ¢, defined by
(8) ni) = FI¥ ()] 0<t<1).
[The function ¥ exists since, by virtue of (6), the relations (1), (2),
(3), (4) are satisfied and g is assumed regular at z,.]

Because of 5(b), (¢), (d) and the maximality of =z, A(f) must have a
maximum at ¢ = 0. It follows that® for

(9) >0,
(10) 0h(0; 7) = of[¥(0); 0W(0, )] =0,
whence by 5(e), (7) follows.®
THEOREM V.3.3.2. (This Theorem is a generalization of the Kuhn-

Tucker Theorem 1 [31], p. 484.)
A. Let all assumptions under A in Theorem V.3.3.1 hold. Assume

59 Since Kuhn and Tucker impose their conditions only on certain components of z and
g, it should be noted that for those components g; of g on which Kuhn and Tucker impose
the constraint (5) ([31], loc. cit.), we have gy(z) = 0. Hence (4) is not weaker than the first
part of Kuhn-Tucker (5).

60 Using the * function of a function rule’’ as applied to Fréchet differentials, cf. II.5.2.

81" Theorem V.3.3.1 is implicit in the Kuhn-Tucker proof of their Theorem 1. The proof
is suggested (mutatis mutandis) by Goldstine [15]. The writer is indebted to Kenneth J.
Arrow for clarification on this point.
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further the regular comvexity of the set
Wk = {w*e Z* w* = T*v*),v* =0, v* e ¥*},
where T is given by V.3.2(4), with U and a as in (15) below.
B. Then there exists a 25 = 0 such that the Lagrangian expression
O(x, 2*) = f(z) + #*[g(x)]
has a non-negative quasi-saddle-point at (@, 25; ¥¥), y& = 1, i.e., it satis-
fles the following relations :

(11.1) 0.0((woy #); ) <0 for all 2=0,2=x + &
(11.2) 0:2((20, 2); 20) = 0

(12.1)  0.x®((m,&); ¢*) = ¢*[o(x)] = 0 for all 2* = 0,C* = 2* — 2,
(12.2) 8@ ((o, 25); &) = 25’ [9()] = 0 .

ProoF. Since dg(z; £) and 8f(x; £) are additive in &, =z being fixed,
the relations (6.1), (6.2), and (7) of Theorem V.3.3.1 may be rewritten
respectively as

(13.1) =0,
(13.2) — 8 (@03 @) — [89(ao; @) — 9(2)] 2 0,
and

(14) —0f (@5; ) — [—0f (@; 20)] = O .

Since z, is assumed maximal, Theorem V.3.3.1 states that (13.1), (18.2)
together imply (14). This corresponds to the implication (84) in Theorem
IV.3, with the following correspondence :

(15.1) U(z) = 89(zy; ) for all z ¢ 27,
(15.2) a = 0g(x; To) — 9(x0) ,

(15.3) x¥(x) = —of(x; ) for all z e 27,
(15.4) B = —0f(zo; xp) -

Since all the other hypotheses of Theorem IV.3 are satisfied (in partic-
ular, z of IV (81) exists since z, is maximal and hence has the required
properties), there exists a 2zf = 0 such that

(16.1) 2 [09(@o; @) — (89(z0; %) — 9(20))] = —OF (s ) — (—0S (20; @0))
and
(16.2) 2 [09(2s; @) — (09(%0; @) — 9(@,))] =0 for & = m, .
Equation (16.2) immediately yields
17) z[9(@)] = 0
which is (12.2) in Theorem V.3.3.2.
Since z, is maximal,
(18) g(x) = 0 ;
hence
19) 2* = 0 implies 2*[g(z,)] = 0 .
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Hence, because of (17), (12.1) holds for any ¢* such that ¢* = 2* — 27,
z¥ = 0.

Using (17) and the additivity of 8f(zx; €) and dg(x; £) as functions of
£, we may rewrite (16.1) as

(20) z[0g(@y; & — @0)] = —Of (wy; 0 — )  forall =0,
i.e.,®
(21) Of (wo; x — T,) + 025 g(@e; & — ) < 0 forall z >0,

which is (11.1) in Theorem V.3.3.2. [#fg(z) = #zF[g(x)] for all =.]
Now setting # = 0 in (21), we get

(22) —8,2((20, % ); @) = 0 .

Rewrite (21) as

(21") 0, D((zy, 25); ) — 8,0((mo, 78); 7)) <0 for all z =0
and suppose that

(23) 0D (20, 25°); @) > 0 .

But using in (21') & = 2x,, we reach a contradiction since 8,D((z,, z5); )
is homogeneous in x. Hence the equality sign must hold in (22), and
(11.2) in Theorem V.3.3.1 follows.

V.3.3.5. THEOREM V.3.8.3. (This Theorem is a generalization of the
“only if ’’ part of the Kuhn-Tucker Theorem 3. The converse—the
“if " part of the Kuhn-Tucker Theorem 3—follows from V.1.1.) Let
all the assumptions under A in Theorem V.3.3.2 hold, and assume further
that f and g are concave. Then ®(z, z*) has a non-negative saddle-point
at (2o, 2¢) where x, is the maximal point of the hypothesis.

ProorF. The Kuhn-Tucker proof of the ‘‘only if > part of Theorem
3 [31], p. 487, is valid under our assumptions. For the sake of com-
pleteness we reproduce its major steps in our notation. First, if A(z),
r € 22, 2 Banach, is a concave function with values in a Banach
space V, and the ordering relation is given by a closed® convex cone
P,, we have, for 0<6<1

(24) Ma") — ) < _2_ (1 + 0@ — )] — @)} -
Now )
25') Shia's & — &) = 1}’?% (he + 6" — )] — @)} .

Then, because P, is closed,
(25" h(z") — h(z') < oh(z'; '/ — ')
which corresponds to Lemma 8 in Kuhn and Tucker [31], p. 485. Hence,
for £ = 0 and 2¥ = 0 and using (25), since f and g are concave,

62 We use the function of a function rule and the fact that, since z* is'linear, §z*(zo; ()
= 2*({). (Cf. 11.5.2 and II.5.1, footnote 29.)
8  Closedness is not used for (24) or (25’), .but only for (25//).
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(26)  D(z, 2) = S(@) + 2 [9(@0)] + 0f (20; & — @) + 25°[09(0; & — 0)]
= O(x4, 27) + 0.D((20, 27); & — @0)
= O, %)
where the last inequality is based on (11.1) in Theorem V.3.3.2.
On the other hand, for z* = 0,
(27) O(2y, 2%) — P(@0, 20) = (2% — &) 9(x)] = 0
by (12.1) in Theorem V.3.3.2. Relations (26) and (27) together imply
that ® has a non-negative saddle-point at (a,, zJ).

V.3.3.6. THEOREM V.3.3.4. (This Theorem is a generalization of the:
Kuhn-Tucker Theorem 4.)

A. Let &, 2, P,P,, and g be as in Theorem V.3.3.2 (including
the assumption of regular convexity of XF and regularity of g but not
that of concavity) while 27 is a Banach space possessing the property
stated at the beginning of Theorem V.2.2 (e.g., it would suffice to assume
Z separable). Assume further that f is a differentiable function on 27
wnto 27 and also that x, is properly maximal.

B. Then for some y& > 0,
(28) @y(z, 2¥) = y*[f(2)] + 2*[9(=)]
has a non-negative quasi-saddle-point at (o, 25; Yy); t.e., the relations
(11), (12) hold with f(z) replaced by ysLf(x)]-

ProoF. Using Theorem V.2.2 with y, = f(x,) we obtain y; such that

(29) yeY  implies  vi(y) < v (w)
for

(30) Y =f(P, N g(P));

i.e., the function y¥f, given by

(81) F(x) = y¥[f (z)] for all x ¢ &2
has a maximum at z, subject to

(32) z=20, g=x=0.

Thus we may use Theorem V.3.3.2 as applied to F'(x) and the Theorem
follows. (F'(z) is differentiable since f is differentiable and so is ;')

V.3.8.7. THEOREM V.3.3.5. (Generalization of the ‘‘ only if ”’ part of
the Kuhn-Tucker Theorem 6.) Let all the assumptions under A in
Theorem V.3.3.4 hold, and assume further that f and g are concave.
Then the function ®(x,z*) as defined by (28) has a nom-negative saddle-
point at (o, 25 ; Yo ) for some y& > 0.

ProOF. Use Theorem V.3.3.4, then Theorem V.3.3.3 as applied to
®,. (Note that F, defined in (31), is concave if f is.)

Note. The converse is found in Theorem V.1 (the ¢ if’’ part of
the Kuhn-Tucker Theorem 6). s
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V.3.8.8. In Section V.3.3 the spaces have so far been assumed
Banach and the differentials Fréchet. It appears, however, that by
using a more general concept of a differential (to be called here the
MF differential) one can validate the results of V.3.8 for that class of
linear topological spaces for which the auxiliary results from previous
sections are valid (i.e., locally convex linear, or the alternatives men-
tioned in II.1.4.1).

The MF differential is that called g (or #*) differential in Michal [38],
p. 82, and also defined (later but independently) by Fréchet [12], pp.
64-65."* We shall denote this differential by df(x,; ) if evaluated at
z, with increment 2 € 27; f(z)is in 2/; 2° and 2/ are Hausdorff linear
spaces. The MF differential is additive and continuous (hence linear)
in the increment % and is further characterized by the following prop-
erty (¢): There exists a fixed neighborhood W of 0, such that, given
any neighborhood V of 0,, there is a neighborhood U of 0, (U depends
on W) such that if

heUnhe W,
then
nlf (@ + 2) — f(@) — df (@w; )] € V

for all positive integers n (or all positive real numbers n).® As partly
stated in [38] and shown in [12], df(x; ) has the important properties
of the Fréchel differentlial ; in particular, the ‘‘ function of a function ’
rule is valid and the partial differentials are defined in the usual way
and are additive. Furthermore, from the remarks and theorems in
Michal [36], [37] and [38], it follows that when df(w,; k) exists, then
the Gateaux differential, i.e.,

lim %mzo + 0h) — f(=)]

exists and the two are equal.® Now let .2 and 2 be (say) locally

8 One could probably also use the slightly more general F or M differentials; cf. Hyers
[22], pp. 14-15.

65 In linear normed spaces the MF differential exists if and only if the Fréchet differen-
tial exists, and the two are equal. Property (c) is equivalent to that given at the end of
II.5.1. This is shown in [12], pp. 62-64.

6 In [38], p. 82, it is stated that in what we called linear spaces the p* differential (equiv-
alent to the MF differential) is equivalent to what in [38] is called the M, differential. In
[37], Theorem V, the existence of the M, differential (called ‘‘the differential ’’) is asserted
to imply the existence of the M differential of [36] and the two are equal. Finally, in
Theorem 4 of [36] it is stated that the existence of the M differential implies that of the
Gateaux differential and the two are equal. The precise meaning of the limit in the defini-
tion of the Gateaux differential is as follows. Write g(6) = [f{zo + 6k)]/6 and denote by
dgf(zo; h) the Gateaux differential at xp with increment k. Then for a given neighborhood
V of Oy there exists a real number § > 0 such that

9(6) € dg flwo; h) +V forall 0< 6] < 6.
The equality dflzy; h) = dgf(ze; k) follows easily from property (c) above when the
‘‘ starlike " neighborhood system U is used (see Bourgin [9], pp. 638—39).
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convex Hausdorff linear spaces (cf. I1.1.4.1 for possible alternative assump-
tions) and consider the results of V.3.3 with the MF differential df (x,; &),
ete., substituted for the Fréchet differential, of(z,; ), ete., throughout.
Theorem V.3.3.1 obviously remains valid, since the MF differential is
linear and obeys the ‘‘ function of a function’’ rule. Theorem V.3.3.2
also retains its validity since the partial MF differentials have the
required properties. In the proof of Theorem V.3.3.3, the two relations
(25) remain valid because the MF differential, like the Fréchet differen-
tial, equals the Giteaux differential, and Theorem V.3.3.3 follows. (It
can also be shown that relations (11) and (12) in Theorem V.3.3.2 are
satisfied at a non-negative saddle-point.) The remaining twc theorems
of V.3.3 also go through.

It may finally be noted that the MF differential is defined and retains
many of its important properties when the domain and the range of
the function whose differential is taken are in topological groups (not
necessarily linear spaces). Thus a possibility appears of studying a
broader class of spaces and their Lagrangian expressions from the view-
point of differentiability.

REFERENCES

[1] K. J. Arrow, E. W. Barankin, and D. Blackwell, ‘“ Admissible Points of Convex Sets,”’
in H. W. Kuhn and A. W. Tucker (eds.), Contributions to the Theory of Games.
Princeton: Princeton University Press, 1953, pp. 87-91.

[2] K. J. Arrow and L. Hurwicz, ‘ Dynamic Aspects of Achieving Optimal Allocation of
Resources ”’ (Abstract), Econometrica, XX (1952), 86-87.

[3] S. Banach, Théorie des Operations Linéaires. Monografje Matematyczne, Warszawa,
Tom I, 1932.

[4] C. A. Bliss, Lectures on the Calculus of Variations. Chicago: University of Chicago
Press, 1946. .

[5] N. Bourbaki, Topologie Générale (Eléments de Mathématique, II, Premiére Partie,
Livre III, Chapters I and II). Paris: Hermann et Cie, 1940.

[6] N. Bourbaki, Topologie Générale (Eléments de Mathématique, III, Premiére Partie,
Chapters IIT and IV). Paris: 2d ed., Hermann et Cie, 1951.

[7] N. Bourbaki, Espaces Vectoriels Topologigues (Eléments de Mathématique, XV, Pre-
miére Partie; Livre V, Chapters I and II). Paris: Hermann et Cie, 1953.

[81 N. Bourbaki, Espaces Vectoriels Topologiques (Eléments de Mathématique, XVIII,
Premiére Partie; Livre V, Chapters III, IV, V). Paris: Hermann et Cie, 1955.

[9] D. G. Bourgin, “‘Linear Topological Spaces,’’ Amer. J. Math., LXV (1943), 637-59.

[10] G. B. Dantzig, ‘“ A Proof of the Equivalence of the Programming Problem and the
Game Problem,” in [28], pp. 330-35.

[11] M. Fréchet, ‘“La Notion de Différentielle dans 1’Analyse Générale,”’ Amnales Scienti-
fiques de UEcole Normale Superieure, 3me Serie, XLII (1925), 293-323.

[12] M. Fréchet, ‘“La Notion de la Différentielle sur un groupe Abelian,” Portugaliae
Mathematica, VII (1948), 59-72. .

[13] M. Fréchet, ‘“ La Notion de Différentielle dans 1’Analyse Générale,”’ in Maurice Fré-
chet, Pages Choisies d’Analyse Gémérale. Paris-Louvain, 1953, pp. 180-204.

[14] D. Gale, ‘‘ Convex Cones and Linear Inequalities,’”” in [28], pp. 287-97.

[15] H. H. Goldstine, ‘“ Minimum Problems in the Functional Calculus,” Bull. Amer. Math.
Soc., XLVI (1940), 142-49.

194



102
(6]
(17]
(18]

(19]

[27]

(40]
[41]

(42]

[43]

PROGRAMMING IN LINEAR SPACES

L. M. Graves, ‘“Riemann Integration and Taylor’s Theorem in General Analysis,”’
Trans. Amer. Math. Soc., XXIX (1927), 163-77.

L. M. Graves, ‘“ Topics in the Functional Calculus,” Bull. Amer. Math. Soc., XLI
(1935), 641-62.

F. Hausdorff, “Zur Theorie der linearen metrischen Riume,”’ J. fiir die Reine und
Angewandte Mathematik, CLXVII (1932), 294-311.

T. H. Hildebrandt and L. M. Graves, ‘‘ Implicit Functions and Their Differentials in
General Analysis,”” Trans. Amer. Math Soc., XXIX (1927), 127-53.

E. Hille, Functional Analysis and Semi-Groups, Amer. Math. Soc. Colloquium Publi-
cations (New York), XXXI (1948).

H. Hotelling, ‘“ The General Welfare in Relation to Problems of Taxation and Railway
Rates,”” Econometrica, VI (1938), 248-56.

D. H. Hyers, ‘“ Linear Topological Spaces,” Bull. Amer. Math. Soc. LI, 1 (1945), 1-21.
J. L. Kelley, General Topology. New York: Van Nostrand, 1955.

V. L. Klee, Jr., “ The Support Property of a Convex Set in a Linear Normed Space,”’
Duke Math. J., XV (1948), 767-72.

V. L. Klee, Jr., ‘““Convex Sets in Linear Spaces,” Duke Math. J., XVII (1951),
443-66.

V. L. Klee, Jr., “Convex Sets in Linear Spaces, III,”’ Duke Math. J., XX (1953),
pp. 105-11 (esp. p. 106).

T. C. Koopmans, ‘‘ Analysis of Production as an Efficient Combination of Activities,”’
in [28], pp. 33-97.

T. C. Koopmans (ed.), Activity Analysis of Production and Allocation, Cowles Com-
mission Monograph No. 13. New York: Wiley, 1951.

M. G. Krein and M. A. Rutman, ‘‘Linear Operators Leaving Invariant a Cone in a
Banach Space,” Uspeht Matem. Nauk (N.S.) 3 (1948), No. 1 (23), pp. 3-95. 4m.
Math. Soc. Translation No. 26 (New York, 1950).

M. Krein, and V. émulian, ““On Regularly Convex Sets in the Space Conjugate to a
Banach Space,” Ann. Math., Second Series, XLI (1940), 556-83.

H. W. Kuhn and A. W. Tucker, ‘“ Nonlinear Programming,”’ Proc. Second Berkeley
Symposium on Mathematical Statistics and Probability, 1951, pp. 481-92.

C. Kuratowski, Zopologie I, Deuxiéme Edition, Monografie Matematyczne, Tom XX,
Warszawa-Wroclaw, 1948.

O. Lange and F. M. Taylor, On the Economic Theory of Socialism (ed. B. E. Lip-
pincott). Minneapolis: University of Minnesota Press, 1938.

S. Lefschetz, Algebraic Topology, Amer. Math. Soc. Colloquium Publications (New
York), XXVII, (1942).

A. P. Lerner, The Economics of Control. New York: Macmillan, 1944.

A. D. Michal, ‘ Differential Calculus in Linear Topological Spaces,’”” Proc. Nat. Acad.
Sc. U.S.A., XXIV (1938), 340-42.

A. D. Michal, “Differentials of Functions with Arguments and Values in Topological
Abelian Groups,”” Proc. Nat. Acad. Sc. U.S.A., XXVI (1940), 357-59.

A. D. Michal, “Functional Analysis in Topological Group Spaces,” Math. Magazine,
XXTI (1947-48), 80-90.

P. C. Rosenbloom, ‘‘Quelques Classes de Problémes Extrémaux,” Bull. de la Soc.
Math. de France, LXXIX (1951), 1-58; LXXX (1952), 183-215.

W. Rudin, Principles of Mathematical Analysis. New York: McGraw-Hill, 1953.
M. Slater, ““Lagrange Multipliers Revisited: A Contribution to Non-Linear Program-
ming,” Cowles Commission Discussion Paper, Math. 403, November 1950.

E. C. Titchmarsh, The Theory of Functions, 2d ed. Oxford: Oxford University, Press,
1939 :

A. Tychonoff, “ Ein Fixpunktsatz,” Math. Annalen, CXI (1935), 767-76.

195



	PROGRAMMING IN lINEAR SPACES
	I. Introduction
	ll. Notation, Terminology, and Some Fundamental Lemmas
	III. The " Minkowski-Farkas Lemma "
	IV. Further Theorems on Linear Inequalities
	V. The Lagrangian Saddle· Point Theorem
	REFERENCES


