Lecture 4

Tensor product of dendroidal
sets

Like any category of presheaves, the category of dendroidal sets is cartesian closed.
In this lecture, we will discuss another monoidal structure, which is also closed,
and seems more relevant than the cartesian structure. It is closely related to the
tensor product of operads introduced by Boardman and Vogt, and it makes the
embedding of simplicial sets into dendroidal sets into a strong monoidal functor.

4.1 The Boardman—Vogt tensor product

The category of small categories Cat is a cartesian closed category for which
the internal hom Hom .t (€, D) between two categories € and D is defined as
the category whose objects are functors from € to D and whose morphisms are
natural transformations between them. In this section, we show that the category
of coloured operads is a closed symmetric monoidal category with the so-called
Boardman—Vogt tensor product [BV73, Definition 2.14].

We recall the definition of the Boardman—Vogt tensor product for coloured
operads.

Definition 4.1.1. Let P be a symmetric C-coloured operad and let @) be a symmet-
ric D-coloured operad. The Boardman—Vogt tensor product P&py Q is a (C' x D)-
coloured operad defined in terms of generators and relations in the following way.
For each d € D and each operation p € P(cy,...,cy;c) there is a generator

p & de P KpBv Q((Cl, d)y ) (Cna d)7 (Ca d))
Similarly, for each ¢ € C' and each ¢ € Q(dy,...,d;d) there is a generator

c®qe P ®py Q((Cv d1)> ceey (Cv d/m); (C, d))
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These generators are subject to the following relations:

i) (p@d)o((pr®@d),....(pn@d) = (po(p1,....pn)) ®d.
(ii (p ® d) (o*p) @ d for every o € %,,.

(iif) (c@g)o((c@q); s (c@gm)) =c@(go(qr- s qm))-

(iv (c® q) = c® (c*q) for every o € ¥,

) o
)
) o
(V) onm((p@d) e ((c ®Q)7-~-’(0n®Q))) =(c®qo((p®@di),....(p®dn)),
where 0y, 1, € Xy, is the permutation described as follows. Consider X, as
the set of bijections of the set {0, 1,...,nm—1}. Each element of this set can
be written uniquely in the form kn + j where 0 < k < m and 0 < j < n as

well as in the form km+ j where 0 < k < n and 0 < j < m. The permutation
On,m is then defined by o, (kn + j) = jm + k.

Observe that relations (i) and (ii) imply that for every d € D the map
P — P®py Q given by p — p®d is a map of operads. Similarly, relations (iii)
and (iv) ensure that for every ¢ € C' the map @ — P®py Q given by ¢ — c®gq
is a map of operads.
Ezample 4.1.2. We illustrate relation (v), called the interchange relation, with the
following examples. Suppose that n = 2 and m = 3. The left-hand operation of
relation (v), before applying 03 3, can be represented by the tree

(c1,d1) d: , (c2,d3)
c18q c2®q

The right-hand operation can be represented by the tree

(c1,d1) c 1, (c2,d2) (c1,d3) (c2,d3)

And the permutation o9 3 corresponds to the permutation (2 4 5 3) of Y. We
represent the vertices coming from operations in P by a white dot o and the
vertices coming from operations in ) by a black dot e.
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The Boardman—Vogt tensor product preserves colimits in each variable sep-
arately. In fact, there is a corresponding internal hom making the category of
coloured operads closed monoidal.

Theorem 4.1.3. The category Oper with the Boardman—Vogt tensor product ® gy
is a closed symmetric monoidal category.

Proof. The unit for the tensor product is the initial operad I on one colour, i.e.,
I(x,%) = {*} and the empty set otherwise. It follows from the definition that this
tensor product is associative, commutative and unital. This proves that Oper is
symmetric monoidal.

We define the internal hom for coloured operads as follows. Let P be a
C-coloured operad and @ a D-coloured operad. Then Hom oy, (P, Q) is the operad
whose colours are the maps of operads P — @, and if ay,...,a,,0 are n + 1
such maps, then the elements of

HomOper(P7 Q)(Oﬂ, Tt a"’ﬁ)

are maps | assigning to each colour ¢ € C an element f. € Q(a1c,...,a,c; Be).
The maps f. should be natural with respect to all the operations in P. For example,
if p € P(ey,co;¢), then

5(p)(f617 fc2) € Q(alclv ceey QpCl, G2, . . 7an02;ﬂc)

is the image under a suitable permutation of
felar(p), ..., an(p)) € Q(arcr,arca, . .., ancr, ayca; o).
We need to construct a bijection
Oper(P @py Q, R) = Oper(P,Hompper (Q, R))

natural in P, @ and R.
Let ¢: P ®py @ — R be a map of coloured operads. For each ¢ € C we
have a map of operads ¢, defined by the composition

Q— Py Q>R

where the first map sends ¢ to ¢ ® g. This defines a map from the colours of P to
the colours of Homope, (@, R). Now, if we have an operation p € P(cy,...,cp;0),
we define

fa=wp®d) € R(pe,d,... ¢c,d;pcd)

for every d € D.
Conversely, let ¢¥: P — Homoper(Q, R) be a map of coloured operads. To

construct a map ¢: P ®pgy @ — R, we need to define it on the colours and the
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generators of P ®@py Q. If (¢,d) € C x D, then ¥(c,d) = ¥(c)(d). For a generator
of the form ¢ ® ¢, where ¢ € Q(dy,...,d,;d), we define

Y(c®q) = Y(c)(q)-

For a generator of the form p ® d, where p € P(cy, ..., cp;c), we define

Y(p@d) =Y(p)a-

It is now easy to check that v thus defined is compatible with the relations of the
Boardman—Vogt tensor product. O

Remark 4.1.4. Note that in the definition of the Boardman—Vogt tensor product
it is crucial that the coloured operads involved are symmetric. However, the tensor
product still makes sense without the symmetries when one of the operads involved
has only unary operations.

4.2 Tensor product of dendroidal sets

The category of dendroidal sets is a category of presheaves, hence cartesian closed.
The cartesian product of dendroidal sets extends the cartesian product of simplicial
sets, i.e.,

i[(X X Y) = ZI(X) X Zu(Y)

for every two simplicial sets X and Y. (Note, however, that i) does not preserve
the terminal object.)

As mentioned before, there is another closed monoidal structure on dSets,
strongly related with the Boardman—Vogt tensor product of coloured operads. For
any two trees T and S in €, the tensor product of the representables Q[T] and
Q[S] is defined as

QT @ Q[S] = Na(SUT) @pv QS5)),

where Ny is the dendroidal nerve functor (see Example 3.1.4), (7)) and Q(S) are
the coloured operads associated to the trees T' and S respectively (see Section 2.3),
and ®py is the Boardman—Vogt tensor product.

This defines a tensor product in the whole category of dendroidal sets, since,
being a category of presheaves, every object is a canonical colimit of representables
and ® preserves colimits in each variable.

Definition 4.2.1. Let X and Y be two dendroidal sets and let X = lim Q[7] and
Y = lim Q[S] be their canonical expressions as colimits of representables. Then
the tensor product X ® Y is defined as

X @Y =l Q7] ® lim Q[S] = lim Na(AT) @pv Q(S)).
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It follows from general category theory [Kel82] that this tensor product is
automatically closed, and that the set of T-dendrices of the internal hom is defined
by

Hom ggers (X, Y)r = dSets(Q[T] ® X,Y),

for every two dendroidal sets X and Y and every T in 2. The dendroidal structure
of Homgets(X,Y) is given in the obvious way.

Theorem 4.2.2. The category of dendroidal sets admits a closed symmetric monoi-
dal structure. This monoidal structure is uniquely determined (up to isomorphism,)
by the property that there is a natural isomorphism

QT © Q[S] = Na((SUT) @v 2(S))

for any two objects T and S of Q). The unit of the tensor product is the representable
dendroidal set Q[n] = i(A[0]) = U. O

The following are some basic properties of the tensor product of dendroidal
sets in relation to the Boardman—Vogt tensor product of coloured operads and to
the cartesian product of simplicial sets.

Proposition 4.2.3. The following properties hold:

(i) For any two simplicial sets X and Y, there is a natural isomorphism

W(X) @iy (Y) 2 i(X x Y).

(ii) For any two dendroidal sets X and Y, there is a natural isomorphism

Td(X X Y) . Td(X) XRpyv Td(Y).

(iii) For any two coloured operads P and @, there is a natural isomorphism

7a(Na(P) ® N4(Q)) = P ®@pv Q.

Proof. To prove (i), it is enough to check that it holds for the representables
in sSets. Note first that, if we view [n] and [m] in A as categories, then by using
the linear order one has that

Ji[n] x [m]) = ji([n]) @By ji([m])-

Therefore, there is a chain of natural isomorphisms

i(N([n]) x N([m])) = i

i(Aln] x Alm]) =, i
x [m]) = Na(ji([n]) @pv ji([m]))

)
~ Nyji([n] QL) @pv (L))

=~ 4)(An]) @ ir(Alm]),
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where L, and L,, denote the linear tree with n and m vertices and n + 1 and
m + 1 edges respectively.

Again, to prove (ii) it suffices to do it for representables in dSets. But this is
clear by using the natural isomorphism 74Ny = id. More precisely,

T4(QT] @ Q[S]) = 4 Na(QUT) @pyv Q(S9))
> O(T) @py QUS) = 74(Q[T]) @pv Ta(2S]).

Part (iii) follows from part (ii) by using again that 74Ny 2 id and replacing X by
Ng(P) and Y by Ny(Q). O

Remark 4.2.4. There is no tensor product in the category of planar dendroidal sets
coming from the Boardman—Vogt tensor product, since the latter is defined only
for symmetric operads. However, as we have seen in Remark 4.1.4, the Boardman—
Vogt tensor product still makes sense for non-symmetric operads when at least one
of them has only unary operations. This means that, although we cannot define
X ®Y for planar dendroidal sets X and Y in general, we can define u|(K) ® Y
where K is any simplicial set and Y is any planar dendroidal set. In fact, pdSets
is a simplicial category with tensors and cotensors.

Theorem 4.2.5. The category pdSets of planar dendroidal sets is enriched, tensored
and cotensored over simplicial sets.

Proof. Given two planar dendroidal sets X and Y, the simplicial enrichment
Hom(X,Y) is defined by

Hom(X,Y),, = pdSets(ui(A[n]) ® X,Y)

where u: sSets — pdSets is the left adjoint to the functor u* induced by the
inclusion u: A — Q,,. If K is any simplicial set, we define a tensor

KY=w(K)®Y

and a cotensor

(Y5)p = pdSets(2,[T] @ w(K),Y)
for every planar dendroidal set Y. (]

Thus, the Boardman—Vogt tensor product makes sSets into a cartesian closed
category, pdSets into a simplicial category with tensors and cotensors, and dSets
into a closed symmetric monoidal category. In fact, if we consider the cartesian
structures on Cat and sSets, the Boardman—Vogt tensor product on Oper and the
tensor product of dendroidal sets, then in the commutative diagram

7
sSets _ > dSets
1

i
Ji
Cat Oper

-

J
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the functors i1, N, 7, j and 74 are strong monoidal. However, ¢* and j* are not
strong monoidal functors. For example, if we denote by T7, T» and T3 the following
trees:

Tl T2 I T3
then #*(Q[T1]) = 0 and i*(Q[T5]) = A[0], but Q[T}] ® Q[T3] = QT3] and
i (QT5]) = A[1] Uap) A[L].

Remark 4.2.6. If € is a complete and cocomplete monoidal category, then the
category €2 of dendroidal objects in & also has a Boardman—Vogt type tensor
product. For any two objects X and Y in €2 their tensor product is defined by
the following formula:

(X®Y)r = lim X ®e Vs,
Q[T]—Q[R]RQ[S]

where ®¢ is the tensor product of &. If & is closed, then so is £2°" (see [MWO7,
Appendix A] and [BMO08, §7]).

4.3 Shuffles of trees

In this section, we describe the tensor product Q[S]®Q[T] for any two trees in £, in
order to give a better understanding of the tensor product of dendroidal sets. Sup-
pose first that S = L,, and T' = L,,, are linear trees. Then, by Proposition 4.2.3(i),

Q[L,] ® Q[Ly,] = 0(Aln]) ® i1(A[m]) = i)(Aln] x Alm]).

The non-degenerate simplices of a product of two representables in simplicial sets
are computed by means of shuffles. An (n, m)-shuffle is a path of maximal length
in the partially ordered set [n] x [m]. The non-degenerate (n + m)-simplices of
Aln] x A[m] correspond to (n, m)-shuffles. In fact,

Aln] x Alm] = | Aln+ml,
(n,m)
where the union is taken over all possible (n, m)-shuffles.

Ezample 4.3.1. Let n = 2 and m = 1. There are three (2, 1)-shuffles in [2] x [1],
namely (00, 01,02,12), (00,01,11,12) and (00, 10, 11, 12). If we picture A[2] x A[1]
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as the following prism
12

10 11 02

00 01

we can see that each (2, 1)-shuffle corresponds to a tetrahedron, and that they give
a decomposition of A[2] x A[1] as the union of three copies of A[3]:

7
S

(00,01,02,12) (00,01,11,12) (00,10,11,12)

To give an explicit description of the tensor product of any two representables
in Q, we need to introduce shuffles of trees. Recall that we denote by E(T') the set
of edges of a given tree T

Definition 4.3.2. Let S and T be two objects of . A shuffle of S and T is a tree
R whose set of edges is a subset of E(S) x E(T'). The root of R is (a, x) where a is
the root of S and z is the root of T', and its leaves are labelled by all pairs of the
form (lg,l7), where lg is a leaf of S and Iy is a leaf of T'. Its vertices are either of
the form

or

where u is a vertex of S with input edges ay, ..., a, and output b, and v is a vertex
of T with input edges x1, ..., %, and output y. We will refer to the first type of
vertices as white vertices and to the second type of vertices as black vertices. To
make this distinction clear, we picture them as o and e respectively.

Note that there is a bijection between the shuffles of two linear trees L,, and
L,, and the (n,m)-shuffles of [n] x [m].
Ezample 4.3.3. Let S and T be the trees




4.3. ShufHles of trees 49

Then the set of shuffles of S and T consists of the following three trees:

(e,y) (e,y) (e,y)

R3

The set of shuffles of two trees S and T has a natural partial order. The
minimal tree R; in this poset is the one obtained by stacking a copy of the black
tree T on top of each of the inputs of the white tree S. More precisely, on the
bottom of R; there is a copy S & rp of the tree S all of whose edges are renamed
(a,rr) where rr is the output edge at the root of T. For each input edge b of S,
a copy of T is grafted on the edge (b,r7) of S ® rp, with edges x in T renamed
(b,x). The maximal tree Ry in the poset is the similar tree with copies of the
white tree S grafted on each of the input edges of the black tree. Schematically,
the trees Ry and Ry look like

T T T S S S, S

f%l ]%]V

There are intermediate shuffles Ry, (1 < k < N) between R; and Ry obtained
by letting the black vertices in R; slowly percolate in all possible ways towards
the root of the tree. Shuffles are also called percolation schemes. The percolation
rule or percolation relation can be made explicit as follows. Each Ry is obtained
from an earlier R; by replacing a configuration

(bnayl) (bl vym) P (bnvym)

(b1,y1)

(a,ym)

(a,z)
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in R; by a configuration

in Rg. If a shuffle Ry is obtained from another R; by means of the above rule,
then we say that Ry is obtained by a single percolation step and denote this by
R; < Ry. This generates a partial order on the set of all shuffles.

It is important to make explicit the percolation relation above for trees with
no input edges, i.e., n =0 or m = 0. If m = 0 and n # 0, then we have the relation

T(aw)

If n =0 and m # 0, then we have the relation

(ayym)

(a,z) I(ayz)

And if n = m = 0, we have the relation

T(a,m) I(a@)

Ezample 4.3.4 (Taken from [MWO09, Example 9.4]). Let S and T be the following
two trees; here, we have singled out one particular edge e in S, we have numbered
the edges of T as 1,...,5, and denoted the colour (e,4) in R; by e;.

S

There are fourteen shuffles Rq,..., Ri4 of S and T in this case. Here is the
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complete list of them:

€5
€2 €4 €2 eq
el el €1
Ry Ry Rs

ez €4

Rg
es
%/\( Ey
U 63
e4
R10 R12

€3

es
eq

R13 R14
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The poset structure on the shuffles above is:

Ry

"
R/R\R
3 6 4
Sy
7 5 9
o~ |
Ry R

Lemma 4.3.5. Fvery shuffle R; of S and T is equipped with a canonical monomor-
phism
m: Q[R;] —— Q[S] @ Q[T].

The dendroidal subset given by the image of this monomorphism will be denoted
by m(R;).

Proof. The vertices of the dendroidal set Q[R;] are the edges of the tree R;. The
map m is completely determined by asking it to map an edge named (a,z) in R;

to the vertex with the same name in Q[S] @ Q[T]. This map is a monomorphism.
Indeed, any map

QR — X
from a representable dendroidal set to an arbitrary one is a monomorphism as
soon as the map Q[R]; — X on vertices is. O

Corollary 4.3.6. For any two objects T and S in 2, we have that
N
0[] © 0[1) = | m(R), (43)
i=1

where the union is taken over all possible shuffles of S and T.

The Boardman—Vogt relation says that if Ry is obtained from R; by a single
percolation step as above, then the image under m of the face of Q[Ry] obtained by
contracting all the edges (b1, ), ..., (b, z) in (4.2) above coincides (as a subobject
of Q[S] ® Q[T]) with the image of the face of Q[R;] obtained by contracting the
edges (a,y1), .-, (a,ym) in (4.1).

The following example illustrates that in the set of shuffles appearing in (4.3)
some of them can be faces of others when one of the trees has vertices of valence
zero. Thus, not all the shuffles are always needed in the union (4.3).
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Example 4.3.7. Let S and T be the following two trees and observe that the tree
S has a vertex of valence zero.

There are six shuffles Ry, ..., Rg of S and T'. The colours (e, k) of the edges in R;
are denoted by eg.

Observe that, in this case, R; is a face of Ry, which is a face of R4. Similarly,
R3 is a face of R5. Hence,

Q[S} & Q[T] = m(R4) U m(R5) U m(Rg)
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The poset structure on the shuffles above is the following:

Ry

\
R/ 2\R
N

Rg
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