Chapter VII Reedy model categories

This chapter contains an exposition of the Bousfield-Kan model structure on the
category ¢S of cosimplicial objects in simplicial sets, also known as cosimplicial
spaces. It appears here as the dual of a Reedy model category structure on the
category of simplicial objects sC in a suitable closed model category C. Another
standard example of a Reedy structure on a simplicial object category is the
Reedy structure on the category of bisimplicial sets, or simplicial objects in
simplicial sets — see Section IV.3.

Much of the chapter concerns the general Reedy theory. We preface this
development in Section 1 with a discussion of skeleta in a very general context.
The main results are Proposition 1.9 and Corollary 1.14; they discuss to what
extent a simplicial object in a category C with enough colimits can be built by
“attaching cells”. One application is a characterization of cofibrations in the
kind of model category considered in Section II.4. See Example 1.15.

In general, if a category C is a closed model category, then the Reedy
structure of the category sC of simplicial objects in C has as weak equivalences
those morphisms X — Y in sC for which each X,, — Y,, is a weak equivalence
for all n > 0. One of the main auxiliary results is that there is a geometric
realization functor

|-]:8C —C

which preserves weak equivalences between Reedy cofibrant objects — see
Proposition 3.6. The Reedy model category structure is discussed in detail
in Section 2, and the geometric realization functor is the subject of Section 3.

This theory is specialized in Section 4 to the case of cosimplicial spaces
cS; that is, to the case of the opposite category to the category of simplicial
objects in S°?. The resulting model category structure on ¢S is the standard
one discussed by Bousfield and Kan. In particular, we show in Proposition
4.18 that the cofibrations A — B defined by the Reedy structure are exactly
those maps which are monomorphisms in all levels and induce isomorphisms
HYA = H°B on maximal augmentations.

The material in Section 4, along with that appearing in Section V1.2, is the
basis for the construction of the homotopy spectral sequence for a cosimplicial
space which is given in Chapter VIII.

1. Decomposition of simplicial objects.

Let C be a category with all limits and colimits. The purpose of this section is
to analyze how simplicial objects are constructed out of smaller components.
We will use this inductive argument in later sections.

We begin with skeleta. The category sC is the functor category CAOP. Let
i : A, C A be the inclusion of the full subcategory with objects k, k < n, and
let s,C = CA:". There is a restriction function i, : sC — s,C which simply
forgets the k-simplices, & > n. This restriction functor has a left adjoint given
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354 VII. REEDY MODEL CATEGORIES

by
(Z;X)m = ll_H)l Xk = h_r)n Xk (11)
m—k mlAn

and the colimit is over morphisms m — k in A with k& < n. This is an example
of a left Kan extension. Every morphism m — k in A can be factored uniquely

as

[ P
m—k —k

where ¢ is a surjection and ¢ is one-to-one, so the surjections m — k, k < n,
can be used to define the colimit of (1.1) and we get

((5X)m 2 lim X, (1.2)
mlAt

where A C A is the subcategory with the same objects but only surjections
as morphisms, and AT = A, NA,.
If X € sC we define the n'" skeleton of X by the formula

sk X =%, X. (1.3)

There are natural maps sk,, X — sk, X, m < n, and sk, X — X. The mor-
phism 1,, is an initial object in the category m | A,, if m < n, so there is an
isomorphism (sk,, X),, = X,,, in that range. It follows that there is a natural
isomorphism

lim sk, X — X.

—

n
Here is an example. Because C has limits and colimits, sC has a canonical

structure as a simplicial category. (See Section II.2). In particular if X € sC
and K € S, then

(X®@K)n=| |Xn.
Kn

It is now a straightforward exercise to prove

ProroSITION 1.4. If X € sC is constant and K € S, then there are natural
isomorphisms

sk, X 2 X and X ® sk, K = sk, (X ® K).

To explain how sk, X is built from sk,_; X we define the n*® latching
object L, X of X by the formula

LnX = (skn_1 X)n (1.5)
~ lim Xy
-

nlA:71
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If Z € C, we may regard Z as a constant object in sC and there is an adjoint
isomorphism
home(Z, X)) & homye(Z @ A", X)

for all n > 0. This immediately supplies maps in sC
L, X®A" sk, 1 X

and
X, ® A" — sk, X.

Furthermore, by Proposition 1.4, sk,,_1 (X, ®A") = X,,®sk,_1 A" = X,,@0A"
and we obtain a diagram

LnX @ OA™ —— L, X @ A"

| | (1.6)

Xn®8An _)Skn71 X.
PRrOPOSITION 1.7. For all X € sC there is a natural pushout diagram, n > 0,

X, ® 0A" Ur, xgaar Ln X ® A" ——sk, 1 X

l J

X, ® A" sk, X

PROOF: In light of Proposition 1.4, if we apply %, = sk, (-) to this diagram
we obtain an isomorphic diagram. Since 7}, : 5,C — sC is a left adjoint, we need
only show this is a pushout diagram in degrees less than or equal to n.

In degrees m < n, the map (L,X ® 9A"™),, — (L,X ® A™),, is an
isomorphism, so

(X, ® OA" UL, xgoan LnX @ A™)pm — (X @ A™)

is an isomorphism, and the assertion is that (sk,,—1 X)), = (sky, X)m, which is
true since both are isomorphic to X,,.
In degree n, the left vertical map is isomorphic to

(] X0ulaXx—(|] X)uX,
(@A), @A),

and the right vertical map is isomorphic to the natural map L,X — X,, by
definition of L, X. This is enough to show that the diagram is a pushout in
degree n. O
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REMARK 1.8. There is another, more explicit, description of the latching ob-
jects L, X, which can be summarized as follows:

(1) By convention, LoX = (), where () denotes the initial object of the cate-
gory C.

(2) There is an isomorphism L1 X 2 X, and the canonical map L; X — X3
can be identified with the degeneracy map sg : Xg — Xi.

(3) For n > 1, the object L, X is defined by the coequalizer

n—1
Ll Xoo= || Xeos — LaX
0<i<j<n—1 i=0

where for ¢ < j the restrictions of the two displayed maps to X,,_o are
given by the composites
in;

s n—1

Si

Xy — X5 — |_| X1
1=0

and

. n—1
Sj—1 n;
Xn72 I anl — |_| anl
1=0

(this definition corresponds to the simplicial identity s;s; = $;5;-1).
The canonical map s : L, X — X, is induced by the degeneracies s; :
Xn—l — Xn

Claims (2) and (3) follow from the description of L, X = sk,_1 X, given in
(1.2) — this is an exercise for the reader.

Morphisms also have skeletal filtrations. If f : A — X is a morphism
in sC, define Sk,‘? X by setting skf‘l = A and, for n > 0, defining skf by the
pushout diagram

sk, A— A

N

sk, X —— sk X.

The analog of Proposition 1.7 is the next result, which is proved in an identical
manner. Let L, (f) = (sk?* | X), = A, Up, 4 L, X.

n—1
PROPOSITION 1.9. For all morphisms A — X in sC there is a pushout diagram

X, ® OA" U, (pywoan Ln(f) @ A" —— skl | X

J l .

Xn®An SkA X.

n
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There is a situation under which the pushout diagrams of Proposition 1.7
and 1.9 simplify considerably. This we now explain.

If I is a small category, let I° be the discrete category with the same
objects as I, but no non-identity morphism. The left adjoint r* to the restriction
functor r, : ¢! — C! * has a very simple form

(rz); = || 2

i—J

We call such a diagram I-free. More generally, a morphism f : A — X in C!
is I-free if there is an I-free object X’ € C! and an isomorphism under A of f
with the inclusion of the summand A — A L X’. This implies that there is an
object {Z;} € ¢’ so that

Xj gAjU(U Zz)

i—j

Notice an object X is I-free if and only if the morphism ¢ — X from the initial
object is I-free.

DEFINITION 1.10. An object X € sC is degeneracy free if the underlying de-
generacy diagram is free. That is, if Ay C A is the subcategory with same

objects but only surjective morphisms, then X regarded as an object in CAjf’
is AP-free. A morphism A — X is degeneracy free if, when regarded as a
morphism in CA1P7 is A% free.
If X is degeneracy free, then there is a sequence {Z,,},>0 of objects in C
so that
X,, = |_| Zom

¢:n—m

where ¢ runs over the epimorphisms in A. A degeneracy free map A — X
yields a similar decomposition:

Xo =AU || Zn (1.11)

¢:n—m

We say A — X is degeneracy free on {Z,,}.
The following result says that degeneracy free maps are closed under a
variety of operations.

LEMMmA 1.12.
1) Let fo : Ao — X4 be a set of maps so that f, is degeneracy free on {Z,}.
Then | |, fo is free on {| |, Z5}.
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2) Suppose f: A — X is degeneracy free on {Z,} and

A——DB

fl lg

X —Y

is a pushout diagram. Then g is degeneracy free on {Z,}.
3) Let Ag — A1 — Ay — --- be a sequence of morphisms so that A;_1 — A;
is degeneracy free on {ZJ}. Then Ay — lim A; is degeneracy free on {U; Zi}.
4) Let F : C — D be a functor that preserves coproducts. If f : A — X in sC
is degeneracy free on {Z,}, then F f : FA — FX is degeneracy free on {FZ,}.
LEMMA 1.13. A morphism f : A — X is degeneracy free if and only if there
are objects Z,, and maps Z, — X, so that the induced map

(Ap Up a LaX) U Zy — X
is an isomorphism.
Proor: If f is degeneracy free on {Z,}, the decomposition follows from the

formulas (1.5) and (1.11). To prove the converse, fix the given isomorphisms.
Then Proposition 1.9 implies there is a pushout diagram

Zn @ OA" —— sk | X

| |

Zn @ A" —— sk X

in CA:rp.

However, the morphism of simplicial sets JA™ — A™ is degeneracy free
on the canonical n-simplex in A}'; hence, sk,‘;‘_1 X — skfz X is degeneracy free
on Z, in degree n. The result now follows from Lemma 1.12.3; indeed A — X
is degeneracy free on {Z,}. O

Here is a consequence of the proof of Lemma 1.13:

COROLLARY 1.14. Suppose A — X is degeneracy-free on {Z,} in sC. Then
for all n > 0 there is a pushout diagram,

Zn @ OA" —— sk | X

| l

Zp @ A" —— sk X,

Notice that one can interpret this result as saying skf X is obtained from
skf_1 X by attaching n-cells.
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ExaMPLE 1.15. Lemmas 1.12 and 1.13 provide any number of examples of
degeneracy free morphisms. For example, a cofibration in simplicial sets is
degeneracy free, by Lemma 1.13. Also, consider a category C equipped with a
functor G : C — Sets with a left adjoint F' and satisfying the hypotheses of
Theorem I1.4.1. Define a morphism f : A — X in sC to be free (this terminology
is from Quillen) if there is a sequence of sets {Z,,} so that f is degeneracy free
on {FZ,}. Then a morphism in sC is a cofibration if and only if it is a retract of
a free map. To see this, note that the small object argument of Lemma 11.4.2,
coupled with Lemma 1.12 factors any morphism A — B as

AL x Ly
where j is a free map and a cofibration and ¢ is a trivial fibration. Thus any
cofibration is a retract of a free map. Conversely, Corollary 1.14 and Proposi-
tion I1.3.4 imply any free map is a cofibration. Similar remarks apply to the
model categories supplied in Theorems I1.5.8 and I1.6.8. In the latter case one
must generalize Lemma 1.12.3 to longer colimits.
The notion of coskeleta is dual to the notion of skeleta. The theory is
analogous, and we give only an outline.
The restriction functor i, : sC — s,C has right adjoint 4}, with
(inX)m = lim X,
k—m
with the limit over all morphism k — m in A with k& < n. Equally, one can take
the limit over morphisms k — m which are injections. The composite gives the
n'™ coskeleton functor:
cosky, X = i) in. X. (1.16)
More generally, if f: X — B is a morphism in sC, let COSk]_31 X = B and let
coskf X be defined by the pullback

cosk? X —— cosk,, X
| l (1.17)

B — cosk,, B.

Then there are maps cosk? X — cosk? | X and

X 2 lim coskf X.
—
Note that if B = *, the terminal object, then Coskf X = cosk, X.
For X € sC, define the n** matching object M,, X by the formula
M, X = (cosk,—1 X), = 121 X (1.18)
k—n

where k — n runs over all morphisms (or all monomorphisms) in A with k& < n.
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REMARK 1.19. The matching object M,, X has a more explicit description:

(1)
(2)

(3)

By convention, My X = %, where * denotes the terminal object of the
category C.

There is an isomorphism M; X =2 X x Xy, and the canonical map X; —
M; X can be identified with the product d = (dp,d1) : X1 — Xo x Xj
of the face maps do,d; : X1 — Xp.

For n > 1, the matching object M,, X is defined by an equalizer diagram

M, X — ﬁXn,l = H Xpo.

i=0 0<i<j<n

Here, the parallel arrows are determined by the simplicial identities
did; = dj_1d; for ¢ < j; more explicitly, the images of these maps on
the factor corresponding to ¢ < j are the maps

- pTj d;
HXn—l — X1 — Xy
=0

and
n
pri dj-1
HXn—l — Xpo1 — X0,
=0

The canonical map d : X,, — M, X is induced by the face maps d; :
Xn — Xn—1~

Claims (2) and (3) follow from the description of (i},_;X), = M,X as an
inverse limit indexed over ordinal number monomorphisms. This is an exercise
for the reader.

To fit the map coskf X — Coskf;l X into a pullback diagram, we make
some definitions. Let p,, : sC — C be the functor p,, X = X,,. This is a restriction
functor between diagram categories and has a right adjoint p!,. The functor
L,, : sC — C assigning each simplicial object the latching object L, X also has
a right adjoint, which we will call ). To see this, see Lemma 1.25 below, or
note that we may write

L,X = (Skn,1 X)n = pnizfli(n—l)*X

where i(, 1), : SC — s,_1C is the restriction functor. Hence

T = i Jin1yephZ = cosky_1(phZ).

The natural map s : L, X — X gives a natural transformation p}, — pu},. The
reader is invited to prove the following result.
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PropoOSITION 1.20. Let f: X — B be a morphism in sC. Then for all n > 0
there is a pullback diagram

coskf X— o X,

l T

coskl_y X —— ph, M, (f) Xt Mo (f) BnXn

where Mn(f) = B,L XM, B MnX.

We have never encountered the analog of degeneracy-free morphisms, and
don’t include an exposition here.

The latching and matching object functors L,, and M,, are examples of a
much more general sort of functor, which we now introduce and analyze. We
begin with generalized matching objects.

ProposiTiON 1.21. Let K € S be a simplicial set. Then the functor
—®K:C—sC

has right adjoint M. For fixed X € sC, the assignment K — Mg X induces a
functor S°°? — C which has a left adjoint.

PROOF: For objects Z of C and all n > 0, there are isomorphisms
homye(Z @ A", X) = home(Z, X,,).
It follows that there are isomorphisms
homge(Z ® K, X) = lim hom(Z ® A", X)

AN K

= 1&11 home(Z, X,,)
A —K

= home(Z, @ Xn)

A —K
= hom¢(Z, Mk X).
Furthermore,

hOch(Z, MKX) = hOmsc(Z & K,X) = hOms(K, HomsC(Z,X)). [l

Notice the explicit description of My X that arose in the proof of Propo-
sition 1.21:
Mg X = lin X (1.22)
(ALK)ep
is the limit of a contravariant functor on the simplex category A | K which
sends an object A™ — K of A | K to the object X,, of C. In particular, there
is an isomorphism
MATLX = Xn,

since the category A | A™ has an initial object.



362 VII. REEDY MODEL CATEGORIES

EXAMPLE 1.23. Let ¢ : A¥ — A" be any morphism in S. Then ¢ factors
uniquely as a composition

AR 2 Am Y An

where ¢’ is a surjection and v is an injection. Thus if K C A" is any sub-
complex, the full subcategory A | Ko C A | K with objects

c: A" - K

with o an injection determines colimits on the larger category. Equivalently,
restriction to A | Kj¥ determines inverse limits for A | K°P; it follows that
there is an isomorphism
MrgX =2 lim X.
P
A|KEP

In particular Myan X = 1£n N X where ¢ € A is an injection and k < n.

:k—n
Thus MyanX = M, X. Note that the inclusion map 0A™ — A" induces the
projection

X, — M,X.

To generalize the latching objects we use the formulation of matching
objects presented in (1.22). Let J be a small category and F' : J — A°P. For
X esC= CA p, define the generalized latching object to be

L;X =lim(X o F) (1.24)
J
= lim X ().
J

We are primarily interested in sub-categories J of A°P. We write X | ; for XoF.

LeEMMA 1.25. For fixed F : J — A°P, the functor Ly : sC — C has a right
adjoint and, hence, preserves colimits.

PROOF: For home(L X, Z) = homes (X o F, Z) where Z is regarded as a con-
stant diagram. But

homes (X| . Z) = homye (X, F' Z)

where F' is the right Kan extension functor. (|
An example of a generalized latching object is the following. Let O,, be
the category with objects the morphisms ¢ : n — m with ¢ surjective and
m < n. The morphisms in @,, are commutative triangles in A under n. Define
F:0% — A°® by F(¢:n — m) = m. Then there is a natural isomorphism

L, X = Loer X.
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In the next section we will need a decomposition of L,,X. To accomplish
this define sub-categories M,, € O, 0 < k < n, to be the full sub-category
of surjections ¢ : n — m, m < n, with ¢(k) < k. Define, for X € sC

LopX = Lyr, X.

Then L, ¢ X = ¢ is the initial object in C (since M, o is empty) and L, ,X =
L, X, since M,, , = O,

Also define M (k) C O,, to be the full subcategory of surjections ¢ : n —
m, m < n, with ¢(k) = ¢(k + 1). Notice that s* : n — n —1 is the initial
object of M (k). Hence for X € sC

LM(k)opX g Xn_]_.

The reader can verify the following statements about these subcategories.

LEMMA 1.26.
1) M, and M(k) are subcategories of M,, 11, and every object in M, k41
is in M, or M(k) (or both).

2) There is an isomorphism of categories
—osh: M1 — M) N My, i

sending ¢ to ¢ o s*.

3) If ¢ is an object of My, (or M(k)) and ¢ — 1 is a morphism in M,, j41,
then ¢ — 9 is a morphism in M,, ; (or M(k)).

The following example, illustrating the case n = 3, k = 2, might be
helpful.

In the following diagram the symbol 012 near a dot (e) indicates the object
s%s's? in the appropriate category. The unlabeled arrows indicated composition

with s* for some i; for example 0 ® — o 02 means s — s's0 = 5952,

<
/X
V4

Mo =0y
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1

o 0 1

] <

>
02 I/ 12 01 \Om/ 12
OI2 012
M(2) Ms3 =03

ProPOSITION 1.27. Let X € sC. Then there is a pushout diagram in C

Lnfl,kX N anl

l l

Lka E— Ln,k+1X-
PROOF: Lemma 1.26 implies that

Mp_1, X —— M(k)

l l

Mn,k-X I Mn,k—H

is a pushout in the category of small categories. The same is then true of the

opposite categories. The result follows.

2. Reedy model category structures.

Let C be a closed model category. Using the considerations of the previous
section, this structure can be promoted to a closed model category structure on
the category sC of simplicial objects in C that is particularly useful for dealing
with geometric realization. The results of this section are a recapitulation of

the highly influential, but unpublished paper of C.L. Reedy [81].

In the following definition, let Ly X and My X denote the initial and final

object of C respectively.
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DEFINITION 2.1. A morphism f: X — Y in sC is a

1) Reedy weak equivalence if f : X,, — Y,, is a weak equivalence for all
n > 0;
2) a Reedy fibration if

Xn — Yn XM, Y MnX

is a fibration for all n > 0;
3) a Reedy cofibration if

Xn UL,,LX LnY - Yn
is a cofibration for all n > 0.

The main result is that this defines a model category structure on sC.
Before proving this we give the following lemma.

LEMMA 2.2. A morphism f: X — Y in sC is a
1) Reedy trivial fibration if and only if

Xn — Yn XM, Y MnX

is a trivial fibration for n > 0;
2) a Reedy trivial cofibration if and only if

Xn uL,,LX LnY - Yn
is a trivial cofibration for all n > 0.
PrROOF: Let A™*F = @°Ar=1y... Udf*A™1 C 9A", —1 < k < n. Then
A™~ 1 = ¢ and A™" = QA™. There are pushout diagrams —1 < k <n —1

An—l,k An—l

| l

An,k An,kjtl.

Taking matching objects yields a natural pullback square

My g1 X —— X1

l l

My 1 X ——— My X
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where we have written M,, 1, X for Man.X. It follows that there is a pullback
square

Yo Xty 1Y M1 X ————————— X

| j (2.3)

Yo X,y Moo X ——— Yo 1 Xog,_y y M1 X,

Assume f: X — Y is a Reedy fibration. Then Xy — Yj is a fibration and
this begins an induction where the induction hypothesis is that

Xn-1— Y1 X, gy M1 X (2.4)
is a fibration. To complete the inductive step, one uses (2.3) to show

Yo XMy iy

W My 1 X — Yo X, oy My p X (2.5)

is a fibration for all k, —1 < k < n — 1. Since composites of fibrations are
fibrations and X,, — Y, X, v M, X is a fibration, we close the loop.

Now suppose f : X — Y is a Reedy trivial fibration. Then, inductively,
each of the maps of (2.4) is a trivial fibration. For the inductive step, use (2.3)
to show each of the maps (2.5) is a trivial fibration. Then the axiom CM2 and
the fact that X,, — Y,, a trivial fibration finishes the argument. In particular
Xn — Y Xy, vy MpX is a trivial fibration for all n.

Conversely, suppose X,, — X, Xar,, v M, X is a trivial fibration. Then one
runs a similar argument to conclude X,, — Y, is a trivial fibration.

The argument for part 2) is similar, using the pushout diagram

Ln—l,k:X —_— Xn—l

l l

Ln,kX — Ln,kJrlX

of Proposition 1.27. (|

As a corollary of the proof of Lemma 2.2 we have the following:
COROLLARY 2.6.

(1) Every Reedy fibration p : X — Y of sC is a level fibration in the sense
that all component maps p : X,, — Y, are fibrations of C.

(2) Every Reedy cofibration i : A — B of sC is a level cofibration in the
sense that all component maps i : A, — B,, are cofibrations of C.
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We break the proof of the verification of the Reedy model category struc-
ture into several steps.

LEMMA 2.7. The Reedy structure on sC satisfies the lifting axiom CM4.

PROOF: Suppose we are given a lifting problem in sC

A—— X

Ji lq

B—Y

where j is cofibration, ¢ is a fibration and either j or ¢ is a weak equivalence.
We inductively solve the lifting problems

sk? B——X

I

sk?B——Y

for n > 0. Because of the pushout diagram of Proposition 1.9 it is sufficient to
solve the lifting problems, with L, (j) = A, Ur, 4 L, B

Ln(j) ® A" UL, (jygoar Bn @ OA™ —— X

l |

B, ® A™ Y.

By an adjunction argument this is equivalent to the lifting problem

An Ur, A L,B——X,

l l

Bn ‘>Yn XM, Y MnX

This is solvable by Lemma 2.2. O

For the proof of the factorization axiom we need to know how much data
we need to build a simplicial object.
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LEMMA 2.8. Let X € sC. Then sk,, X is determined up to natural isomorphism
by the following natural data: sk,_1 X, X,,, and maps L, X — X, — M, X so
that the composite L, X — M, X is the canonical map.

PrOOF: The given map X,, — M, X is adjoint to a map X,, O0A™ — X which
factors uniquely through sk, 1 X. The data listed thus yields the pushout
square

L,X®A" UL, x@aAn X, @ 0A™ ——sk,_1 X

l l

X, ® A" sk, X

of Proposition 1.7. O

This can be restricted: let s,,C be the functor category C’Aip and X € s,C.
Let . X € s,,_1C be the restriction and r* : s,,_1C — s,,C the left Kan extension
functor. Hence (r*r.X), = L, X.

Lemma 2.8 immediately implies

LEMMA 2.9. Let X € s,C. Then X is determined up to natural isomorphism
by the following natural data: r. X, X,,, and maps L, X — X,, — M, X so that
the composite L, X — M, X is the canonical map.

PrROOF: Let i, : sSC — s,C be the restriction and i}, : 5,C — sC the left
adjoint. Then ¢,.%;, = 1 and 4},9p« = sk,,. Thus

i, X = skyin X

is determined up to natural isomorphism by sk, _j i), X =) _;7.X, the object
X, and maps L,i; X — X,, — M, X that compose to the canonical map
L,it X — M,i; X. But L, X 2 L,i5 X and M, X = M,ifX. O

LEMMA 2.10. The Reedy structure on sC satisfies the factorization axiom
CMS5.

PROOF: Let us do the trivial cofibration-fibration factorization (compare the
proof of Lemma IV.3.6).

Let X — Y be a morphism in sC and let i,, X — i,.Y be the induced
morphism in s,C. For each n > 0 we construct a factorization

insX — Z(n) = in,Y

in s,C with the property that restricted to s,_1C we get the factorization
i(n—l)*X — Z(n - 1) - i(n_l)*Y.
For n = 0, simply factor Xy — Y} as

Xo 5 2(0) % Yo
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where j is a trivial cofibration in C and ¢ is a fibration in C. Suppose the factor-
ization in s,_1C has been constructed. Then there is a commutative diagram

L, X—X, — M,X

l l

L, Z M,Z

l l

L,Y —Y,—— M,Y

and hence a map
Xn UL,,LX LnZ — Yn XM"y MnZ

Factor this map as

XoUp.x LnZ 5 Zoy 5 Y sany My Z (2.11)

where j is a trivial cofibration and ¢ is a fibration. The morphisms j and ¢
yield diagrams

L, X—X, — M,X

oo

L,z ——Z7, —— M, Z

b

L,Y —Y,—— M,Y

and so Lemma 2.9 produces a factorization
Inx X — Z(n) — ip.Y.

Finally, define Z € sC by Z, = Z(n)k, k < n. There is a factoring
xLz5y

and using (2.11) j is a trivial cofibration by Lemma 2.2 and ¢ is a fibration by
definition.
The other factorization is similar. O

‘We now state

THEOREM 2.12. With the definitions of Reedy weak equivalence, cofibration,
and fibration given in Definition 2.1, the category sC is a closed model category.
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PROOF: The axioms CM1-CM3 are easy and Lemmas 2.7 and 2.10 prove
CM4 and CMS5 respectively. O

Next suppose C is in fact a simplicial model category. For K € S and
Y, Z € C write ZOK, hom¢ (K, Z), and Home¢ (Y, Z) for the tensor object, the
exponential object, and the mapping space. We use this notation to distinguish
the internal object Z[OK from the construction Z® K defined by the simplicial
structure.

The category sC inherits a simplicial structure. If X € sC and K € S,
then XOK and hom¢ (K, X) are defined level-wise

(XOK), = X,,0K and hom¢(K, X), = hom¢(K, X,).
The mapping space is defined by the usual formula
Homc(X,Y),, = hom(XOA™ Y).

We call this the internal structure on sC.

COROLLARY 2.13. With this internal simplicial structure on sC, the Reedy
model category structure is a simplicial model category.

ProoOF: We claim M, (hom¢(K,Y)) = home (K, M,Y). For there is a se-
quence of natural isomorphisms, Z € C,

home(Z, My, (home(K,Y))) = homge(Z @ OA™ , home(K,Y))
= homge((Z ® 0A™)OK,Y)
=~ homye ((ZOK) ® 0A™,Y)
=~ homee(Z0OK, M,,)Y)
>~ homge(Z, home (K, M, Y)).

The isomorphism (Z ® 0A™)0OK = (ZOK) ® 0A™ follows by a level-wise cal-
culation. The result follows from the claim using Proposition I1.3.13. O

One can ask if sC in the Reedy model category is a simplicial model
category in the standard simplicial structure obtained by Quillen’s method (as
in the previous section). The answer is no; for if Z € C is cofibrant in C, then

10d°: Z A - Zg Al

is a Reedy cofibration, but not, in general, a Reedy weak equivalence (see
Remark IV.3.13).

As a corollary of the proof of Theorem 2.12 (more specifically Lemma
2.7), we have the following:
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COROLLARY 2.14. Suppose that j : A — B is a Reedy cofibration. Then all
maps

Ln(j) ® A" Ur, ()goan Bn ® OA™ — B, @ A"
are Reedy cofibrations. In particular, if X is a Reedy cofibrant object, then all
maps

L,X ® A" UL, xgoan X, @ 0A™ — X, @ A"
are Reedy cofibrations.

It is true (Proposition 2.15 below), however, that if f : X — Y is a Reedy
cofibration in sC and j : K — L is a cofibration of simplicial sets, then the
induced map

X®@LUxgrk Y K =Y ®L

is a Reedy cofibration which is a Reedy weak equivalence if f is a Reedy weak
equivalence. The proof of this statement requires that we first recast the def-
inition of Reedy fibration, and properly describe function complex objects for
the external structure.

Recall the definition: a map p : Z — W is a Reedy fibration of sC if the
induced map

Zn — Wn XM, W MnZ

is a fibration of the closed model category C for every n > 0. This means that
all such maps should have the right lifting property with respect to all trivial
cofibrations of C, so an adjointness argument says that p: Z — W is a Reedy
fibration if it has the right lifting property in sC with respect to all maps

B®IA" Uaggan AR A" — B A"
associated to trivial cofibrations A — B of C and simplicial set inclusions
OA™ — A™. The underlying category C has all colimits, so p is a Reedy fibration
if and only if it has the right lifting property with respect to all maps
B KUpgx AQL —-B®L
induced by trivial cofibrations A — B of C and simplicial set inclusions K < L.
We have seen in Proposition 1.21 that the functor Mg : sC — C is right
adjoint to Z — Z ® K, and this adjunction is defined and natural for all
simplicial sets K. For such K, define a functor Mg : sC — sC by specifying
MgY, = Marnx kY. Then the adjunction isomorphisms
hom(X,,, MarnxxY) =2 hom(X,, ® A" @ K|Y)
jointly induce an adjunction isomorphism
hom(X, MgY) 2 hom(X ® K,Y).
To see this, it helps to know that there is a natural coequalizer
|| XwoAm=| |[XaoA" - X
0:m—n n

in the simplicial object category sC, and that tensoring with K preserves col-
imits.
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PROPOSITION 2.15.

(1) Let f : X — Y be a Reedy cofibration in sC and j : K — L a cofibration
in S. Then

X®@LUxgrk Y QK =Y ®L

is a Reedy cofibration which is a Reedy weak equivalence if f is a Reedy
weak equivalence.

(2) Suppose f : X — Y is a Reedy fibration in sC and j : K — L is a
cofibration in S. Then

MLX — MKX XMgY MLY

is a Reedy fibration which is a Reedy weak equivalence if f is a Reedy
weak equivalence.

PROOF: These two statements are equivalent by an adjunction argument, and
we shall prove the second.
The map

MpX — MgX XMy MLY

has the right lifting property with respect to a class of maps C' — D if and only
if f: X — Y has the right lifting property with respect to all induced maps

DRKUcgr CRL—-D®L
The corresponding map induced by the morphism
B® OA" Uggonr AQ A" — B A"
arising from a trivial cofibration A — B of C has the form
B® K Upgx A9 L' - BL'
where the simplicial set inclusion K’ < L’ is the morphism
L x OA™ Ugwoan K x A™ — L x A",

Any Reedy fibration f : X — Y has the right lifting property with respect to
all such morphisms.
The second part of claim (2) follows in a similar way from Lemma 2.2. OJ
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3. Geometric realization.

Suppose C is a simplicial category and X € sC. Then the geometric realization
|X| € C is defined by the coequalizer diagram

do
|| xmO0Aa"=| | X,0A" - |X]| (3.1)
¢:n—m d n>0

where ¢ runs over the morphisms of A, and dy and d; on the factor associated
to ¢ : n — m are respectively

X, 0A" “PL x oA | | x.0a"

n>0

X, 0A" 222, x gam | | x.0am

n>0

This is the obvious generalization of the geometric realization of Chapters I
and III. Note that | X| is a coend:

A
1X| :/ XOA,

where A denotes the covariant functor n — A" on A. We discuss the homo-
topical properties of | X|.
First note that |- | : sC — C has a right adjoint

Y — Y2 = {hom¢(A",Y)}. (3.2)

If we give sC the internal (or level-wise) simplicial structure induced from C, it
follows immediately that if X € sC and K € S, then

IXOK| = |X|0K. (3.3)

Indeed, hom,c(XOK,Y?) 2 homye (X, home (K, Y)?).

Now assume C is a simplicial model category. Endow sC with the Reedy
model category structure. By Corollary 2.13, this is a simplicial model category
in the internal simplicial structure.

LEMMA 3.4. The functor (-)2 : C — sC preserves fibrations and trivial fibra-
tions.
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PRrROOF: The first point to be proved is this: if K € S and Y € C, then
Mg (Y2) = home(K,Y). (3.5)
There are isomorphisms

M(Y2) 2 lim (Y2),
Ar—K
= lim hom:(A",Y)
A" —K
= home( lim A™Y)
Ar—K
>~ hom¢(K,Y),

where the limits and colimits are indexed over objects A™ — K of the simplex
category A | K of K (cf. Example 1.23).
Now let X — Y be a fibration in C. Then

(X2), — (Y2), XM, (YD) M, (X2)
is isomorphic to
hom¢ (A", X)) — hom¢(A"™,Y) Xhome(9an,y) home (0A™, X)

and the result follows from Lemma 2.2 and SM7 for C.
The claim about preservation of trivial fibrations has a similar proof. O

PROPOSITION 3.6. The geometric realization functor |- | : sC — C preserves
cofibrations, trivial cofibrations and weak equivalences between Reedy cofibrant
objects.

PROOF: Use Lemma 3.4 and Lemma I1.7.9. O

The proof of Lemma 3.4 implicitly involves the assertion that if Z € sC is
constant and K € S then there is a natural isomorphism

|Z @ K| =2 ZUK. (3.7)
Indeed, using Proposition 1.10 the isomorphism (3.5), we have
home(|Z ® K1,Y) 2 home(Z, home (K, Y)),

and the assertion follows. Therefore, for X € sC Reedy cofibrant, the realization
comes with a natural skeletal filtration. Define

sk, | X| = | sk, X|.
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Then Proposition 1.7 and the natural isomorphism of (3.7) together show that
there are natural pushout squares

XnDaA" UL,,LXDBA" LnDAn — Skn—l |X|

| | (3.8)

X OA" — sk, X

This is because the realization functor |- | is a left adjoint and hence commutes
with all colimits. If X is cofibrant, then Proposition 3.6 and Corollary 2.14
together imply that each of the maps sk,_; |X| — sk, |X]| is a cofibration.

Furthermore, again since the functor |- | commutes with colimits
lim sk, [ X| = |X]. (3.9)

n

Finally if X happens to be degeneracy free on some set {Z,} of objects in C,
then (3.8) can be refined (as in Corollary 1.14) to a pushout diagram

Z,00A" —— sk, 1| X]

J | (3.10)
Z,0A" — sk, | X].

The object sk, | X| can also be described as a coend. Let sk, A be the functor
from A to S with
m — sk, A™.

ProPOSITION 3.11. Let X € sC. Then there is a natural isomorphism

A
sky, | X| = / XOsk, A

and this isomorphism is compatible with the skeletal filtrations of source and
target.

PRrROOF: There is a sequence of natural isomorphisms, where
ins : SC — 5,C

is the restriction functor
home (sky, | X|,Y) 2 homge (sky, X, YA)
= homge (i, X, Y2)

=~ homge (X, i, Y2)

2 ' nx
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Now i}, Y2 = cosk, (Y2) 22 Ykn & where Y%= 2 is defined on the simplex

level by
Yk & — home (sk, A", Y).

It follows that
home (sky, | X|,Y) 2 hom,e (X, Yk 2)

A
Ehomc(/ X0Osk, AY). O

4. Cosimplicial spaces.
The language and technology of the previous three sections can be used to
give a discussion of the homotopy theory of cosimplicial spaces; that is, of the

category ¢S = SA of functors from the ordinal number category to simplicial
sets. We go through some of the details and give some examples. It turns out
that cofibrations in ¢S have a very simple characterization; we close the section
with a proof of this fact.

We begin with two important examples.

ExXAMPLE 4.1. Let R = F,, the prime field with p > 0, or let R be a subring
of the rationals. The forgetful functor from R-modules to sets has left adjoint
X — RX, where RX is the free R-module on X. These functors prolong to
an adjoint pair between simplicial R-modules and simplicial sets. By abuse of
notation we write

R:S—S

for the composite of these two functors. Then R is the functor underlying a
triple on S and, if X € S,

. RX = H.(X; R).

Let T : S — S be any triple (or monad) on S with natural structure maps
n:X —TX and € : T?X — TX.If X € S is any object, there is a natural
augmented cosimplicial space

X ->T'X
with (T*X)" = T""1 X and

di _ TinTn+1—z’ . (T-X)n _ (TOX)n-i-l
st =TWeT™ " (T*X)" — (T*X)".

The augmentation is given by 1 : X — TX = (T*X)"; note that

d’n=d'n: X - (T*°X)".
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In particular, if welet T = R: S — S we get an augmented cosimplicial space
X —>R'X

with the property that d*, ¢ > 1, and s°, i > 0, are all morphisms of simplicial R-
modules. Furthermore, if we apply R one more time, the augmented cosimplicial
R-module

RX — R(R*X)

has a cosimplicial contraction; hence

H.(X;R), s=0

e (e ) = { =0

The object X — R®X is a variation on the Bousfield-Kan R-resolution of X.

EXAMPLE 4.2. Let J be a small category and S”7 the category of J-diagrams
in S. Let J° be the category with the same objects as J but no non-identity
morphisms—J? is J made discrete. There is an inclusion functor .J° — .J, hence
a restriction functor

r.: 87— s’

The functor r, has a right adjoint 7' given by right Kan extension; in formulas
rX () =[x
j—1
where the product is over morphisms in J with source j. Let
T=rr,:8 -8/

Then T is the functor of a triple on S, and if Y € S”, there is a natural
cosimplicial object in S
Y - T°Y. (4.3)

This cosimplicial object has the property that the underlying J® diagram has
a cosimplicial contraction. Put another way, for each j € J, the augmented
cosimplicial space

Y(j) = T*Y(j)
has a cosimplicial contraction. We can apply the functor linJ() to (4.3) to
obtain an augmented cosimplicial space

limY — lim T*Y. (4.4)
— —
J J

Note that liLnJ(T'Y)” can be easily computed because

. v ~ .
%HTXfHX(j)
J
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where j runs over the objects on J. This last assertion follows from the isomor-
phisms
homg(Z, lim " X) = homgs (Z, ' X)
J
= homg,s (Z, X) = [ [ homs(Z, X (4))
J

where Z € S is regarded as a constant diagram in S’ or S7°.
It follows that the functor 7Y is defined for objects j of J by

v = [ YU,
J—Jo——Jn
and that
@T”Y(g) = H Y (jin)-
J Jo——jn

The canonical map lim_ T™(j) — T™(j) can therefore be identified with the
J

Jo—+—n J—do——in

simplicial set map

whose projection onto the factor Y (j,,) corresponding to the string
. . (o5 B (631 Qpn
J—do— g1 — —jn
is the projection
pra: [ Y0n) =Y
Jo— " —Jn
corresponding to the string

. 1 . 1 [e7%% .
aijo——=J1 " —In-

One also finds that the cosimplicial structure map associated to 6 : m — n for
the object lim T *Y (j) can be identified with the unique simplicial set map
J

I v6e)= TI Y6

Go—> i jo——jn

which makes the diagrams

I Y6 % JI Y6

g —rim P
pra.eJ Jpra
Y (Jo(m)) Y (jn)

(an e aO(m)+1)*

commute.
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This is the standard description of the cosimplicial object which underlies
the homotopy inverse limit of Y € 87 — see Section VIIL.1.

With these examples in hand, we begin to analyze the homotopy theory
of ¢S. Since S is a simplicial model category, so is the opposite category S°P.
Thus the category (s(S°P))°P = ¢S acquires a Reedy model category structure
as in Section 2. We take some care with the definitions as the opposite category
device can be confusing.

To begin with, ¢S is a simplicial category: if K € S and X € ¢S define
XOK and hom.s(K, X) in ¢S by

(XOK)" = X" x K (4.5)

and
hom s(K, X)" = hom(K, X"). (4.6)

One often writes X ® K for XK ; however, we are—in this chapter—reserving
the tensor product notation for the external operation on sC. The mapping
spaces functor is then

Hom,s(X,Y), = hom.s(XOA",Y). (4.7)

There are also latching and matching objects, but at this point the litera-
ture goes to pieces. The matching objects in ¢S defined in [BK] are the latching
objects in s(S°P) as defined in Section 1. Since we would hope the reader will
turn to the work of Bousfield and Kan as needed, we will be explicit.

Let X € ¢S. The n'" matching space M"X € S is the (n + 1) latching
object L,+1X of X € s(S°P). Specifically,

M"X = lim X% (4.8)
—
¢:n+1—k

where ¢ : n + 1 — k runs over the surjections in A with k < n. Thus n > —1,
and Remark 1.8 implies the following:

LEMMA 4.9.

(1) The simplicial set M~ X is isomorphic to the terminal object *.

(2) There is an isomorphism M°X =2 X° and the canonical map X' —
MPX can be identified with the codegeneracy map s° : X! — X0,

(3) For n > 0, the object M™X is defined by the equalizer

M"X — ﬁX” = H xn-1

i=0 0<i<j<n
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where the images of the two displayed maps on the factor corresponding
to the relation i < j on X,,_1 are given by the composites

- n Py n 5! n—1 = n pri n s/ n—1
HX NN 'C NN ‘e and HX —Loxn s xn
1=0 1=0

The canonical map s : X"T' — M"™X is induced by the codegeneracies
st XNt - X,

The reader should be aware of 1) the shift in indices M"X = L,,11 X and
2) the superscript versus the subscript: M"X # M, X.
Amap f: X —Y in ¢S is a fibration if and only if

XLyt ey MM X (4.10)

is a fibration for n > —1.
Similarly, there are latching objects. If X € ¢S, L"X = M,4+1X, the
matching spaces of X € s(S°P), where n > —1; thus

I"X = lim X*
—
¢:k—n+1

where ¢ runs over the injections in A with k& < n. The following is a consequence
of Remark 1.19:

LEMMA 4.11.

(1) The space L~1X is the initial object () in the category of simplicial sets.

(2) There is an isomorphism L°X = X°X° and the canonical map L°X —
X1 can be identified with the coproduct d = (d°,d') : X° U X% — X1
of the coface maps d°,d' : X° — X1,

3) For n > 1, the latching object L™ X is defined by a coequalizer diagram

( ; g obj y q g

n+1
|_| Xl — |_| X" - ["X.
0<i<j<n+1 i=0

Here, the restrictions of the displayed maps on the summand X"~ !
corresponding to the relation ¢ < j are the composites

i . n+l i1 . n+1
1 d in 1 d’ in;
xS xn L X and xS x| ] X
=0 =0

The canonical map d : L"X — X"+ is induced by the coface maps
d: X" — Xt
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A morphism X — Y in ¢S is a cofibration if and only if
X" Upnx LY — YT (4.12)

is a cofibration (that is, inclusion) of simplicial sets.
Finally, we define a morphism X — Y in ¢S to be a weak equivalence if
X" — Y™ is a weak equivalence for all n > 1.

THEOREM 4.13. With the definitions above, the category ¢S of cosimplicial
spaces is a proper closed simplicial model category.

PrOOF: Applying Theorem 2.12 and Corollary 2.13 to the case of the category
sS°P of simplicial objects in S° gives the simplicial model structure. Properness
is a consequence of Corollary 2.6 O

We can give a simple characterization of cofibrations in ¢S, and along the
way show that ¢S is cofibrantly generated. First, let us define a set of specific
cofibrations.

The functors from ¢S — S

Pn: X—X"n>0
and
fn : X — M"X n>-—1

all have left adjoints, given by variations on left Kan extension. Indeed, the
adjoint to p,, is given by the formula

(p:LY)k: |_| Y

¢p:n—k

where ¢ runs over all morphisms in A with source n. This is a left Kan exten-
sion.

The adjoint to p, is slightly more complicated: if J is the category with
objects surjections n+1 — k in A, and r : J — A the functor sending
n+ 1 — k to k, then the left adjoint u} to w, is characterized by

hom,g (U;Z7 X) = homs.z (Z, ’/‘*X)
= homs(Z, MnX)
where Z € S” is the constant diagram. Thus u Z is a left Kan extension of a

constant diagram. Alternatively, one can use the equalizer description of M"™X
given in Lemma 4.9 to show that there is a natural coequalizer

0<i<i<n =0

for n > 0, and that puoZ = poZ.



382 VII. REEDY MODEL CATEGORIES

Note that the natural transformation
s: X" — M"IX
induces a natural transformation
fin1Z = ppZ.

Define morphisms in ¢S as follows:

-m
3

PROA™ Uy oam pi 1 A™ =0A[T] == A[™] = prA™, (4.14)
for n >0, m > 0, and

Jn,
PIAT Vg AT = AL S5 AT = A (1)

forn>0,0<k<m,m>1.

LEMMA 4.16. A morphism f : X — Y in ¢S is a fibration if and only if it
has the right lifting property with respect to the morphisms Ik of (4.15).
A morphism in ¢S is a trivial fibration if and only if it has the right lifting
property with respect to the morphisms i of (4.14).

PROOF: We prove the trivial fibration case; the other is similar. A lifting prob-
lem

0A [TS] — X
L
A[:’Z] —Y

is equivalent, by adjointness to a lifting problem

OA™" —m— X"

J I

A™ — Y™ X a1y MPTLX.

Lemma 2.2.2 implies that f: X — Y is a trivial fibration if and only if
(f,8) : X" = Y™ Xppn1y M1 X

is a trivial fibration for all n. The result follows. O



4. COSIMPLICIAL SPACES 383

PROPOSITION 4.17. The simplicial model category structure on ¢S is cofi-
brantly generated: the morphisms i of (4.14) generate the cofibrations and
the morphisms j;"" of (4.15) generate the trivial cofibrations.

PROOF: In light of Lemma 4.16, the small object argument now applies. [

We can use this result to characterize cofibrations. If X € c¢C is a cosim-
plicial object in any category C with enough limits, define the maximal aug-
mentation H°X by the equalizer diagram

d()
H'X - X°= x!.
dl

Let d° :° X — XO© be the natural map.

PROPOSITION 4.18. A morphism f : X — Y in ¢S is a cofibration if and only if
X™ — Y™ is a cofibration in S for all n > 0 and the induced map H°X — H'Y
of maximal augmentations is an isomorphism.

We give the proof below, after some technical preliminaries.
Let A_; be the augmented ordinal number category; this has objects

n={0,1,... , n—1},n>—1,

(=1 = ¢) and ordering preserving maps. An augmented cosimplicial object in
C is a functor X : A_; — C. We write d° : X! — X° for the unique map.
Note that the maximal augmentation extends any cosimplicial object to an
augmented cosimplicial object.

LEMMA 4.19. Let X be an augmented cosimplicial set, and
70 — X" _ U dan71
i=0

Ifd° : X~ ! — X0 is isomorphic to the inclusion of the maximal augmentation,
then the map

|_|Z’“—>X"
¢

with ¢ : k — n running over all injections, —1 < k < n, is an isomorphism.

PROOF: Out of any cosimplicial set X we may construct a simplicial set Y
“without d°” as follows: Y,, = X™ and

di=s"""Y,—-Y, 1, 1<i<n
Si:dniiZYnHYrH,l, OSZSTL



384 VII. REEDY MODEL CATEGORIES

Notice that this construction does not use d* : X® ! — X™. Let Z,, C Y, be
the non-degenerate simplices:

Zn =Y, — UsiYn_l.

The standard argument for simplicial sets (see Example 1.15) shows that

Y, = |_| Z.
P:n—k

where 1) runs over the surjections in A. Unraveling the definitions shows that
our claim will follow if we can show that d" : X n=1 _ X" induces an isomor-

phism Z™ L Z"~1 — Z,, or, equivalently, an isomorphism

Z’n,—l i Zn N ann_l.
First note that d” does induce an injection
v z" ' = Z,nd"x" L. (4.20)

For this, it is sufficient to show that if y € Z"~!, then d"y € Z,; that is, if y ¢
U?;OldiX "=2 then d"y ¢ U?goldiX 7=l The contrapositive of this statement
reads: if d"y € U;:OldiX”*I, then y € U?;Oldan,g. So assume d"y = d'z with
i<n.Ifi<n-—1,then , '
5= Sldny — dn—lszy
dny = diy = dzdn—lszy _ dndzszy
and y = d's’y. If i =n — 1 and n > 1, then
y= snfldny _ snfldnflz = 5
so d"y = d" 'y; hence

Y= Sn—an—ly _ Sn—any _ dn—lsn—Qy.

Ifn=1andi=n—1, we have d'y = d°z, hence y = z; since d’ : X! — X9 is
the inclusion of the maximal augmentation, y = d’w for some w This is where
the hypothesis is used.

We now must show that d”, as in (4.20) is onto. If n = 0, Zy = X° and the
result is clear. If n > 1, we need to show that if z = d"y and x ¢ U?;OldiX"’l,
then y ¢ U'"d'X"~2. The contrapositive of this statement is: if 2 = d"y and
y=dw,i<n-—1,then x = d’z for j <n — 1. But

r=d = d"d'w = d'd" 'w. O
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We can now prove Proposition 4.18:

PrOOF OF 4.18: For the purposes of this argument, we say a morphism f :
X — Y in ¢S has Property C if X™ — Y™ is a cofibration in S for all n >
0 and H°X = HOY. We leave it as an exercise to show that the class of
morphisms satisfying Property C is closed under isomorphisms, coproducts,
retracts, cobase change, and colimits over ordinal numbers. Only the statement
about cobase change is non-trivial. Furthermore, the generating cofibrations
ot s OA [;ﬂ — A [:’Z] have Property C. Hence Proposition 4.17 implies all
cofibrations have Property C.

For the converse, suppose f : X — Y has Property C. Referring to Lemma
4.19, write Z™(X,,) for Z™ obtained from the cosimplicial set of m simplices
Xy Then, Lemma 4.19 implies

(L°X),, =2 2% X)) U Z7 (X)) U Z%( X)) U Z7H (X ),

X =77 X,)uZ%X,,) U Z%( X)) U ZH(X,),

and if n > 1,
(L' X ) = Zk(Xm)
¢:k—
with ¢ running over injections with —1 < k < n. Since f : X7} — Y is
one-to-one, Z*(-) is natural in f. Since Z~ (X )= Z7H(Y,),
(X" Upn1x LY, u ]z
¢:k—n

for all n > 0. Again ¢ runs over injections k, —1 < k < n. The result follows. [J

SECOND PROOF OF PROPOSITION 4.18: Note, first of all, that by manipulating
cosimplicial identities, one can show that all of the diagrams

Xn72 dj_l anl

| o

Xn—l - . X"

d?

are pullbacks. It follows that the maps d : L' X — X™ is a monomorphism
if n > 1. Note further that Lemma 4.11 says that L°X = X° 1 XY,

Now suppose that f : X — Y is a cofibration. Then f : X° — Y9 is
monic, so that f: L°X — L°Y is monic, and the assumption that the map

L%V Upox X' - V1!
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is a monomorphism implies that f : X! — Y! is a monomorphism. One uses
cosimplicial identities (using Remark 1.19) to show that if f : X* — Y?
is a monomorphism for ¢ < n then the induced map L"X — L"Y is a
monomorphism. Then the assumption that f is a cofibration implies that
f: X7tl — Y7+l ig a monomorphism in degree n + 1. In particular, f is
a monomorphism in all degrees.

To see that the map f : H°X — H°Y on maximal augmentations is an
isomorphism, observe that there is a natural coequalizer

H°X = X°U X% — im(d),

where
im(d) = im(d°) Uim(d') ¢ X*.

Write PO = im(f) Uim(d) C Y! for the diagram

X0 x0 SUF oy

i |

Xty

f

This diagram is a pullback by cosimplicial identities, so the induced diagram

x0ux0 L oy

dJ Jd* (4.21)

X'— PO

Je

is a pullback. This latter diagram (4.21) is also a pushout if and only if the
induced diagram

x0ux0 L oy

| B

im(d) ——— im(dx)

is a pushout, since epi-monic factorizations are preserved by pushout. The
diagram (4.21) is therefore a pushout if and only if f induces an isomorphism
H°X = HY. The map

LOY ULOX Yl — Xl

is therefore a monomorphism if and only if the diagram (4.21) is a pushout.
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It follows that the map f: H°X — H°Y on maximal augmentations is a
bijection.

For the converse, one can show that any levelwise monomorphism f :
X — Y induces monomorphisms L™ X — L"Y, and that all induced diagrams

LTLX d X’n+1

o

LnY - Yn—',—l

d

are pullbacks. The maps d are monomorphisms if n > 0, as are the vertical
maps, so the induced maps

LY Upnx Xn-‘rl N Y7L+1
are monomorphisms for n > 0. The assertion that the map
L%V Upox X' - V1!

is a monomorphism when f is a levelwise monic that induces an isomorphism
of maximal augmentations is proved in the previous paragraph. O

Proposition 4.18 makes it very easy to decide when an object of ¢S is
cofibrant for the Reedy structure. For example, a constant object on a non-
empty simplicial set is not cofibrant, but the standard simplices A™ form a
cosimplicial space A which is cofibrant. Also, every subobject of a cofibrant
simplicial space is cofibrant.





