Chapter V Simplicial groups

This is a somewhat complex chapter on the homotopy theory of simplicial
groups and groupoids, divided into seven sections. Many ideas are involved.
Here is a thumbnail outline:

Section 1, Skeleta: Skeleta for simplicial sets were introduced briefly in Chapter
I, and then discussed more fully in the context of the Reedy closed model struc-
ture for bisimplicial sets in Section IV.3.2. Skeleta are most precisely described
as Kan extensions of truncated simplicial sets. The current section gives a gen-
eral description of such Kan extensions in a more general category C, followed
by a particular application to a description of the skeleta of almost free mor-
phisms of simplicial groups. The presentation of this theory is loosely based
on the Artin-Mazur treatment of hypercovers of simplicial schemes [3], but the
main result for applications that appear in later sections is Proposition 1.9. This
result is used to show in Section 5 that the loop group construction outputs
cofibrant simplicial groups.

Section 2, Principal Fibrations I: Simplicial G-spaces: The main result of this
section asserts that the category Sg of simplicial sets admitting an action by a
fixed simplicial group G admits a closed model structure: this is Theorem 2.3.
Principal G-fibrations in the classical sense may then be identified with cofi-
brant objects of S, by Corollary 2.10, and an equivariant map between two
such objects is an isomorphism if and only if it induces an isomorphism of
coinvariants (Lemma 2.11).

Section 3, Principal Fibrations II: Classifications: This section contains a proof
of the well known result (Theorem 3.9) that isomorphism classes of principal
G-fibrations p : E — B can be classified by homotopy classes of maps B — BG,
where BG = EG/G, and EG is an arbitrary cofibrant object of S¢ admitting
a trivial fibration FG — x, all with respect to the the closed model structure
for S of Section 2.

Section 4, Universal cocycles and W G: It is shown here that the classical model
WG for the classifying object BG of Section 3 can be constructed as a simplicial
set of cocycles taking values in the simplicial group G. This leads to “global”
descriptions of the simplicial structure maps for WG, as well as for the G-
bundles associated to simplicial set maps X — W@G. The total space WG for
the canonical bundle associated to the identity map on WG is contractible
(Lemma 4.6).

Section 5, The loop group construction: The functor G — WG has a left adjoint
X +— GX, defined on reduced simplicial sets X (Lemma 5.3). The simplicial
group GX is the loop group of the reduced simplicial set X, in the sense that
the total space of the bundle associated to the adjunction map X — WGX is
contractible: this is Theorem 5.10. The proof of this theorem is a modernized
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252 V. SIMPLICIAL GROUPS

version of the Kan’s original geometric proof, in that it involves a reinterpre-
tation of the loop group GX as an object constructed from equivalence classes
of loops.

Section 6, Reduced simplicial sets, Milnor’s F K -construction: This section gives
a closed model structure for the category Sy of reduced simplicial sets. This
structure is used to show (in conjunction with the results of Section 1) that the
loop group functor preserves cofibrations and weak equivalences, and that W
preserves fibrations and weak equivalences (Proposition 6.3). In particular, the
loop group functor and the functor W together induce an equivalence between
the homotopy categories associated to the categories of reduced simplicial sets
and simplicial groups (Corollary 6.4). Furthermore, any space of the form WG
is a Kan complex (Corollary 6.8); this is the last piece of the proof of the
assertion that W@ is a classifying space for the simplicial group G, as defined
in Section 3. Milnor’s F K-construction is a simplicial group which gives a
fibrant model for the space QX K: Theorem 6.15 asserts that F K is a copy of
G(XK), by which is meant the loop group of the Kan suspension of K. The
Kan suspension was introduced in Section III.5.

Section 7, Simplicial groupoids: The main result of Section 5, which leads to
the equivalence of homotopy theories between reduced simplicial sets and sim-
plicial groups of Section 6, fails badly for non-reduced simplicial sets. We can
nevertheless recover an analogous statement for the full category of simplicial
sets if we replace simplicial groups by simplicial groupoids, by a series of results
of Dwyer and Kan. This theory is presented in this section. There is a closed
model structure on the category sGd of simplicial groupoids (Theorem 7.6)
whose associated homotopy category is equivalent to that of the full simplicial
set category (Corollary 7.11). The classifying object and loop group functors
extend, respectively, to functors W : sGd — S and G : S — sGd; the object
W A associated to a simplicial groupoid A is a simplicial set of cocycles in a way
that engulfs the corresponding object for simplicial groups, and the extended
functor G is its left adjoint.

1. Skeleta.

Suppose that C is a category having all finite colimits, and let sC denote the
category of simplicial objects in C. Recall that simplicial objects in C are con-
travariant functors of the form A°? — C, defined on the ordinal number cate-
gory A.

The ordinal number category contains a full subcategory A,,, defined
on the objects m with 0 < m < n. Any simplicial object X : A°? — C
restricts to a contravariant functor i,.X : A% — C, called the n-truncation
of X. More generally, an n-truncated simplicial object in C is a contravariant
functor Y : A% — C, and the category of such objects (functors and natural
transformations between them) will be denoted by s,,C.
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The n-truncation functor sC — s,C defined by X — i,,X has a left
adjoint iy : s,C — sC, on account of the completeness assumption on the
category C. Explicitly, the theory of left Kan extensions dictates that, for an
n-truncated object Y, i)Y, should be defined by

Y, = h_n)l Y;.
6
m—i, i<n
As the notation indicates, the colimit is defined on the finite category whose
objects are ordinal number morphisms § : m — i with ¢ < n, and whose
morphisms 7 : § — 7 are commutative diagrams

i

m Y

b
T

J

in the ordinal number category. The simplicial structure map w* : ¢\ Y,, — )Y
is defined on the index category level by precomposition with the morphism
w:k —m.

The functor Y — ¢}Y is left adjoint to the n-truncation functor: this can
be seen by invoking the theory of Kan extensions, or directly.

If m < n, then the index category of arrows m — i, ¢ < n, has an initial
object, namely 1,, : m — m, so that the canonical map

N1y,
Vi —  lm Y

0
m—i, i<n

is an isomorphism by formal nonsense. Furthermore, maps of this form in C are
the components of the adjunction map
n
Y — i,0)Y,

so that this map is an isomorphism of s,,C.
The objects i) Y,,, m > n, require further analysis. The general statement
that is of the most use is the following;:

LEMMA 1.1. There is a coequalizer diagram

|_| Ynfl = Iil Yn _9> i;kLYn+1;

i<j i=0
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where the maps in the coequalizer are defined by the commutativity of the
following diagram:

Si
Yn—l ” Yn
Zni<j ’LTLJJ 57
n
<k
Uy == % iien
i<j 1=0

’L.Tli<]w ZTLZW

Y, 1 ——Y,
n—1 5j_1 n

ProOF: Write D for the category of ordinal number morphisms § : n 4+ 1 — j,
j < mn. Suppose that ¢ : n+ 1 — i is an ordinal number epimorphism, where
i < n, and write Dy for the category of ordinal number morphisms  : n+1 —
J, 7 < n, which factor through ¢. Then D; has an initial object, namely ¢, so
that the canonical map in; induces an isomorphism

ing X

Y, — lim Y;
o~ —

0
n+1—j €Dy

Furthermore, if ¢ has a factorization

n—|—1—>1

N A

where r and s are ordinal number epimorphisms, the inclusion D; C D,. induces
a morphism s* of colimits which fits into a commutative diagram

*
S
Yi Ym
intJ§ %’Jinr
lim Y, ——— lim Y;.
— s —
n+l1—j €D, n+l1—-j €D,

Write D; for the category Dy, 0 < j < n.
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For ¢ < j, the diagram

siJ Jsi (1.2)

g7

is a pushout in the ordinal number category: this is checked by fiddling with
simplicial identities. Now, suppose given a collection of maps

fi: lim Y, — X,
—
2]
n+1—i €D,

0 < 7 < n, such that the diagrams

. Sj—1 .
lim Y; S A 2N lim Y;
— —
n+1—i €Dy n+1—i EDS,;
J in (13)
lim Y, ———
— i
n+1—i EDSJ'

commute, where t = ss? = s/ !s’. Let § : n + 1 — k be an object of D. Then
0 € D, for some i, and we define a morphism fy : Y, — X to be the composite

ing . f’L
Y., — lim Y., — X.
—
n+l1—k €D;

The pushout diagram (1.2) and the commutativity conditions (1.3) together
imply that the definition of fy is independent of . The collection of maps fy,
0 € D, determine a unique map

fe 11_1’1>l Yy
n+1—k €D
which restricts to the maps f;, for 0 < ¢ < n, and the lemma is proved. (]

Write sk, Y = i} i,.Y, and write € : sk, Y — Y for the counit of the
adjunction. The simplicial set sk,Y is the n-skeleton of Y.
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LEMMA 1.4. Let Y be a simplicial object in the category C, and suppose that
there is a morphism f : N — Y, 1 such that the canonical map € : sk, Y — Y
and f together induce an isomorphism

(e.f)
sk Yot UN —Q Yoyt

Then an extension of a map g : sk, Y — Z to a map ¢ : sk, Y — Z
corresponds to a map §: N — Z, 1 such that d;g = gd;f for 0 <i<n+ 1.

PROOF: Given such a map g, define a map
g// Y1 = sk, YoritUN — Zy 1

by ¢’ = (g,3). In effect, we are looking to extend a map g : iy — insZ to
amap g : iy — i(ny1)«Z. The truncated map ¢’ will be the map ¢” in
degree n + 1 and will coincide with the map g in degrees below n + 1, once
we show that ¢’ respects simplicial identities in the sense that the following
diagram commutes:

/
Yn+1 L) Zn+1

Akl

Yoo —————Zm

g

for all ordinal number maps v : m — n+1 and § : n+1 — m, where
m < n + 1. The canonical map ¢ : sk, Y — Y consists of isomorphisms

skn Y; — Y;

in degrees i < n, so that 0* : Y,, — Y, factors through the map € :
sk, Y1 — Yi,oi1; the restriction of ¢’ to sk, Y11 is a piece of a simplicial
map, so that ¢’ respects 6*. The map ~* factors through some face map d;, so
it’s enough to show that ¢’ respects the face maps, but this is automatic on
sk, Y41 and is an assumption on g.

The converse is obvious. (]

LEMMA 1.5. Suppose that i : A — B is a morphism of s, +1C which is an
isomorphism in degrees j < m. Suppose further that there is a morphism f :
N — By, 11 such that the maps ¢ and f together determine an isomorphism

(&.1)
An+1 UN — Bn+1.

o
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Suppose that g : A — Z is a morphism of s,+1C. Then extensions

A—9 .z
ZJ/
B

of the morphism g to morphisms ¢’ : B — Z are in one to one correspondence
with morphisms g : N — Z,, 1 of C such that d;g = gd; f for 0 <i < n.

PRrOOF: This lemma is an abstraction of the previous result. The proof is the
same. (|

A morphism j : G — H of simplicial groups is said to be almost free if
there is a contravariant set-valued functor X defined on the epimorphisms of
the ordinal number category A such that there are isomorphisms

On
G+ F(Xy) — Hy,

which

(1) are compatible with the map j in the sense that 6, - ing, = j, for all
n, and

(2) respect the functorial structure of X in the sense that the diagram

G ¥ F(Xp) — o,

t* x F(t*)J Jt*

commutes for every ordinal number epimorphism ¢ : m — n.

The n-skeleton sk, (j) of the simplicial group homomorphism j : G — H
is defined by the pushout diagram

sk, G Lskn H

_—

G —— sk, (j)
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in the category of groups. There are maps sk, (j) — skp4+1(j) and morphisms
sk, (j) — H such that the diagrams

/ \ G—>Skn(j)

Jj) ————skpt1(4) and ) J

VAR

commute, and such that j : G — H is a filtered colimit of the maps G — sk, (j)
in the category of simplicial groups under G. The maps sk, (j); — H; are
group isomorphisms for i < n, so the map sk, (j) — sk,+1(j) consists of group
isomorphisms in degrees up to n.

Write DX, for the degenerate part of X,, ;1. This subset can be described
(as usual) as the union of the images of the functions s; : X,, — X,,41,0 <i <
n. For ¢ < j the diagram of group homomorphisms

Si
anl ? Hn

Sj_lJ Jsj (16)

Hy, T Hyq
is a pullback, by manipulating the simplicial identities. Pullback diagrams are
closed under retraction, so the diagram of group homomorphisms

F(Xno1) — > F(X,)

Sle JSj (1.7)

F(Xn) —5— F(Xn1)
is also a pullback. All the homomorphisms in (1.7) are monomorphisms (since
they are retracts of such), so an argument on reduced words shows that (1.7)
restricts on generators to a pullback

Si
anl ? Xn
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in the set category. It follows that the degenerate part DX, of the set X, 41
can be defined by a coequalizer

|_|an1 = |i|X" iDXn

i<j i=0
such as one would expect if X were part of the data for a simplicial set, in

which case DX, would be a copy of sk, X, 11.
Lemma 1.1 implies that the diagram of group homomorphisms

Skn Gn+1 — Skn Hn+1

| |

C;171-"-1 — Skn(j)n+1

can be identified up to canonical isomorphism with the diagram

skpy Gpyp1 —— sky Gpp1 * F(DX,,)

| |

Gyt ———— Gpy1 * F(DX,).

The map sky,(¢)p+1 — skp+1(i)nt1 can therefore be identified up to isomor-
phism with the monomorphism

Gn+1 * F(DXn) — Gn+1 * F(Xn+1)
which is induced by the inclusion DX,, C X, 1.
Let NX,+1 = X411 — DX, be the non-degenerate part of X, +1. The

truncation at level n 4+ 1 of the map sk, (j) — sk,+1(j) is an isomorphism in
degrees up to n, and is one of the components of an isomorphism

skn (J)nt1 % F(NXp11) = sky1(f)nt1-

in degree n + 1.
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PROPOSITION 1.9. Suppose that j : G — H is an almost free simplicial group
homomorphism, with H generated over G by the functor X as described above.
Let N X, 11 be the non-degenerate part of X,, 1. Then there is pushout diagram
of simplicial groups of the form

e N>;{"+1F (OA™) —— sk, (4)
| @ 0

n+1 .
zEN>§(n+1F(A ) SknJrl(j)
for each n > —1.

PROOF: From the discussion above, truncating the diagram (1.10) at level
n + 1 gives a pushout of (n + 1)-truncated simplicial groups. All objects in
(1.10) diagram are isomorphic to their (n + 1)-skeleta, so (1.10) is a pushout.

O

COROLLARY 1.11. Any almost free simplicial group homomorphism j : G — H
is a cofibration of simplicial groups.

2. Principal fibrations I: simplicial G-spaces.

A principal fibration is one in which the fibre is a simplicial group acting in a
particular way on the total space. They will be defined completely below and
we will classify them, but it simplifies the discussion considerably if we discuss
more general actions first.

DEFINITION 2.1. Let G be a simplicial group and X a simplicial set. Then G
acts on X if there is a morphism of simplicial sets

nw:GxX—-X

so that the following diagrams commute:

GXGXX&GXX

nx1 |

GxX———X

o

and

X
I

GXXTX

where m is the multiplication in G and i(X) = (e, X).
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In other words, at each level, X, is a G,,-set and the actions are compatible
with the simplicial structure maps.

Let S¢ be the category of simplicial sets with G-action, hereinafter known
as G-spaces. Note that S is a simplicial category. Indeed, if K € S, then K
can be given the trivial G-action. Then for X € S¢g set

XQK=XxK (2.2.1)
with diagonal action,
homg (K, X) = Homg (K, X) (2.2.2)
with action in the target, and for X and Y in Sg,
Homg,, (X,Y), = homg, (X @ A™)Y). (2.2.3)
Then the preliminary result is:

THEOREM 2.3. There is a simplicial model category structure on S such that
f:X—>Yis

1) a weak equivalence if and only if f is a weak equivalence in S;

2) a fibration if and only if f is a fibration in S; and

3) a cofibration if and only if f has the left lifting property with respect to
all trivial fibrations.

PRrROOF: The forgetful functor S¢ — S has a left adjoint given by
X—GxX.

Thus we can apply Theorem I1.6.8 once we show that every cofibration having
the left lifting property with respect to all fibrations is a weak equivalence.

Every morphism X — Y can be factored as X 1, 7% X where q is a fibration

and j is obtained by setting Z = hi>n Z, with Zyg = X and X, defined by a
n

pushout diagram

|| GxAp— 2,y
|| ¢ xa"— 2z,

where o runs over all diagrams in Sg

G x AZ —> Lin—1
inl l

Gx A" —=Y.
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Since i, is a trivial cofibration in S, we have that j, a trivial cofibration in S
(and also in S¢). So j: X — Z is a trivial cofibration in S (and S¢).

Ifi: X — Y is a cofibration having the left lifting property with respect
to all fibrations, then i has a factorization ¢ = ¢ - j as above, so that 7 is a
retract of the cofibration j by the standard argument. ([l

A crucial structural fact about S is the following:

LEMMA 2.4. Let f : X — Y be a cofibration in Sg. Then f is an inclusion
and at each level Yy, — f(Xy) is a free G-set.

PRrROOF: Every cofibration is a retract of a cofibration j : X — Z where Z =
h_H)lZn and Z, is defined recursively by setting Zy; = X and defining Z,, by a
pushout diagram

| | ¢ xoa" — 27,4

! 2
|_| GxA"——Z,.

So it is sufficient to prove the result for these more specialized cofibrations.
Now each j, is an inclusion, so j : X — Z is an inclusion. Also, at each level,
we have a formula for k& simplices

(Zo)k — (Zn-1)k = (II,G x A™), — (I1,G x OA™),

is free. Hence

D)k — (X = Zn)k = (Zn-1)k

n
is free. O

For X € Sg, let X/G be the quotient space by the G-action. Let ¢ :
X — X/G be the quotient map. If X € S¢ is cofibrant this map has special
properties.

LEMMA 2.5. Let X € Sg have the property that X,, is a free G,, set for all n.
Let x € (X/G), be an n-simplex. If f, : A™ — X represents x, define F, by
the pullback diagram

F,— X
l la
A" — X/G.

Then for every z € X so that q(z) = x, there is an isomorphism in S¢

p, G XA" = F,
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so that the following diagram commutes

Gx A" P2 B
2| | (2.6)

PROOF: First note that there is a natural G-action on F, so that F, — X is a
morphism of G-spaces. Fix z € X, so that ¢(z) = x. Now every element of A"
can be written uniquely as 0*.,, where ¢,, € A} is the canonical n-simplex and
6 : m — n is an ordinal number map. Define ¢, by the formula, for g € G,,:

©2(9,0"1n) = (0" tn, 90" 2).

One must check this is a simplicial G-map. Having done so, the diagram (2.6)
commutes, so we need only check ¢, is a bijection.

To see ¢, is onto, for fixed (a,b) € F, one has fya = g(b). We can write
a = 0*1,, for some 6, so

foa=0"fot, =02 = g0z

so b is in the same orbit as 0*z, as required.
To see ¢, is one-to-one, suppose

(0% tn, 90" 2) = (V" tn, )" 2).
Then 6 = 1 and, hence, g8*z = h8*z. The action is level-wise free by assump-
tion, so g = h. O

COROLLARY 2.7. Let X € S have the property that each X, is a free G,, set.
The quotient map q : X — X /G is a fibration in S. It is a minimal fibration if
G is minimal as a Kan complex.

Proor: Consider a lifting problem

This is equivalent to a lifting problem

Ay — F,
1.7
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By Lemma 2.5, this is equivalent to a lifting problem

A} — G x A"
(NS L
A" —— A"
Because G is fibrant in S (Lemma 1.3.4), 7; is a fibration, so the problem has

a solution. If G is minimal, the lifting has the requisite uniqueness property to
make ¢ a minimal fibration (see Section I1.10). O

LEMMA 2.8. Let X € Sg have the property that each X,, is a free G,, set.
Then X = li_r)nX(”) where X1 = () and for each n > 0 there is a pushout

diagram

|_| IA" x G —s X (1)

C

|| A" xG— X

where « runs over the non-degenerate n-simplices of X/G.

PROOF: Define X (™n by the pullback diagram

XM . x
! Im
sk, (X/G) — X/G.

Then XY = () and h_n}lX(”) = X. Also, the pushout diagram

| | 0A™ — sk, 1 (X/G)

! |
|_| A" —— sk, (X/G)

«

pulls back along the canonical map X — X/G to a diagram
|| Fa)loan — X0

: | (2.9)
| | Fle) ——x™),

[e3%
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where F(«) is defined to be the pullback along . But Lemma 2.5 rewrites
F(a) 2 A™ x G and, hence, F(a)|gar = 0A™ x G. Finally, pulling back along
7 preserves pushouts, so the diagram (2.9) is a pushout. O

COROLLARY 2.10. An object X € S¢ is cofibrant if and only if X,, is a free
G, set for all n.

PROOF: One implication is Lemma 2.4. The other is a consequence of Lemma
2.8. O

LEMMA 2.11. Suppose given a morphism in S f:Y — X so that
1) X, is a free G,, set for all n
2) the induced map Y/G — X /G is an isomorphism

then f is an isomorphism.

PRrOOF: This is a variation on the proof of the 5-lemma. To show f is onto,
choose z € X. Let ¢gx : X — X/G and ¢qy : Y — Y/G be the quotient maps.
Then there is a w € Y/G so that (f/G)(w) = gx(2). Let y € Y be so that
gy (y) = w. Then there is a g € G so that gf(y) = f(gy) = z. To show f is one-

to-one suppose f(y1) = f(y2). Then gx f(y1) = qx f(y2) 50 gy (y1) = gy (y2) or
there is a g € G so that gy; = y2. Then

9f () = f(y2) = f(y1)
Since X is free at each level, g = e, so y1 = ys. O

3. Principal fibrations II: classifications.
In this section we will define and classify principal fibrations. Let G be a fixed
simplicial group.
DEFINITION 3.1. A principal fibration (or principal G-fibration) f : E — B is
a fibration in Sg so that

1) B has trivial G-action;

2) E is a cofibrant G-space; and

3) the induced map E/G — B is an isomorphism.

Put another way, f : E — B is isomorphic to a quotient map
qg: X - X/G

where X € S is cofibrant. Such a map ¢ is automatically a fibration by Corol-
lary 2.7. Cofibrant objects can be recognized by Corollary 2.10, and Lemma 2.5
should be regarded as a local triviality condition. Finally, there is a diagram

GxE-PSE

*XBT)B
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where p is the action; such diagrams figure in the topological definition of
principal fibration.

In the same vein, it is quite common to say that a principal G-fibration
is a G-bundle.

DEFINITION 3.2. Two principal fibrations f1 : £y — B and fo : Es — B
will be called isomorphic if there is an isomorphism g : £y — FE5 of G-spaces
making the diagram commute

E—9Y9 g

NG
B

REMARK 3.3. By Lemma 2.11 it is sufficient to construct a G-equivariant
map g : Fh4 — Fs making the diagram commute. Then g is automatically an
isomorphism.

Let PFg(B) be the set of isomorphism class of principal fibrations over
B. The purpose of this section is to classify this set.

To begin with, note that PFg(-) is a contravariant functor. If ¢ : E — B is
a principal fibration and f : B’ — B is any map of spaces, and if ¢ : E(f) — B’
is defined by the pullback diagram

E(f) — E
¢\ lg
B’ T) B,
then f’ is a principal fibration. Indeed
E(g) ={(b,e) € B x E'| f(b) =q(e)}

has G action given by g(b,e) = (b, ge). Then parts 1) and 3) of Definition 3.1
are obvious and part 2) follows from Corollary 2.10.

But, in fact, PFg(+) is a homotopy functor. Recall that two maps fo, f1 :
B’ — B are simplicially homotopic if there is a diagram

0 1
d|_|d B/XAI

Bup =%,

fo'—'fl\ /
B

LEMMA 3.4. If fy and f; are simplicially homotopic, PFg(fo) = PFa(f1).
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PRrROOF: It is sufficient to show that given ¢ : E — B a principal fibration, the
pullbacks E(fy) — B’ and E(f1) — B’ are isomorphic. For this it is sufficient
to consider the universal example: given a principal fibration £ — B x Al, the
pullbacks E(d°) — B and E(d') — B are isomorphic. For this consider the
lifting problem in Sg

BE(d’) —FE
/W
| -

-

B(d°) x A' — B x A

Since E(d) is cofibrant in Sg, d° is a trivial cofibration, so the lifting exists
and by Lemma 1.8 defines an isomorphism of principal fibrations

E

E(d%) x Al =
B x A!
Pulling back this diagram along d' gives the desired isomorphism. O

A similar sort of argument proves the following lemma:

LEMMA 3.5. Let B € S be contractible. Then any principal fibration over B
is isomorphic to my : G X B — B.

PROOF: The isomorphism is given by lifting in the diagram (in Sg).

G—:E
il
GXBﬂ.—2>B

Here j is induced by any basepoint * — B; since G is cofibrant in Sg, j is a
trivial cofibration in S¢. O

We can now define the classifying object for principal fibrations.

DEFINITION 3.6. Let EG € Sg be any cofibrant object so that the unique
map EG — x is a fibration and a weak equivalence. Let BG = EG/G and
q : EG — BG the resulting principal fibration.

Note that EG is unique up to equivariant homotopy equivalence, so ¢ :
EG — BG is unique up to homotopy equivalence.

In other words we require more than that £G be a free contractible G-
space; EG must also be fibrant. The extra condition is important for the proof
of Theorem 3.9 below. It also makes the following result true.
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LEMMA 3.7. The space BG is fibrant as a simplicial set.

ProoF: By Corollary 2.7, the map ¢ : EG — BG is a Kan fibration. It is also
surjective, so that any map A} — BG lifts to a map A} — EG. But then EG
is fibrant, so that the map A} — EG extends to an n-simplex A® — EG in
EG, hence in BG. (|

EXERCISE 3.8. There is a general principle at work in the proof of Lemma 3.7.
Suppose given a diagram of simplicial set maps

such that p and the composite ¢ - p are Kan fibrations, and that p is surjective.
Show that ¢ is a Kan fibration.

Note that the same argument proves that if £ € Sg is cofibrant and
fibrant, the resulting principal fibration E — E/G has fibrant base.
We now come to the main result.

THEOREM 3.9. For all spaces B € S, the map
0 :[B,BG] — PFg(B)

sending the class [f] € [B, BG] to the pullback of EG — BG along f is a
bijection.

Here, [B, BG] denotes morphisms in the homotopy category Ho(S) from B to
BG. The space BG is fibrant, so this morphism set cat be identified with the
set of simplicial homotopy classes of maps from B to BG.

ProOOF: Note that 6 is well-defined by Lemma 3.4. To prove the result we

construct an inverse. If ¢ : E — B is a principal fibration, there is a lifting in
the diagram in Sg

¢ — EG

17 (3.10)

E——x

since F is cofibrant and EG is fibrant, and this lifting is unique up to equivariant
homotopy. Let f : B — BG be the quotient map. Define ¥ : PFg(B) —
[B, BG], by sending q : E — B to the class of f.
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Note that if E(f) is the pullback of f, there is a diagram

E—E(f

\/

so Lemma 2.11 implies #¥ = 1. On the other hand, given a representative
g : B — BG of a homotopy class in [B, BG], the map ¢’ in the diagram

E(g) g—/>EG
! |

makes the diagram (3.10) commute, so by the homotopy uniqueness of liftings
o =1. O
4. Universal cocycles and WG.

In the previous sections, we took a simplicial group G and assigned to it a
homotopy type BG; that is, the space BG depended on a choice EG of a
fibrant, cofibrant contractible G-space.

In this section we give a natural, canonical choice for EG and BG called,
respectively, WG and WG. The spaces WG and WG are classically defined by
letting WG be the simplicial set with

WG, =G, xGp_1 x---xGy
and

di (gns Gn—1, - - - 90)
_ { (digns di-1gn-1; - (dogn—i)Gn—i—1, Gn—i—2,---go) @ <mn,
(dngnydn—lgn—la- --d191) T =n.

5i(GnsGn—1---,90) = (8i9n+5i—19n—1---509n—1, €, Yn—i—1,- - - o)

where e is always the unit. Note that WG becomes a G-space if we define
Gx WG — WG by:

(h7 (gnagn—h cee ag()) — (hg7gn—17' . gO)

Then WG is the quotient of WG by the left G-action; write ¢ = q¢ : WG —
WG for the quotient map. We establish the most of the basic properties of this
construction in this section; WG will be shown to be fibrant in Corollary 6.8.
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LEMMA 4.1. The map q: WG — WG is a fibration.

PRrROOF: This follows from Corollary 2.7 since (WG),, is a free G, set. O

The functor G — WG takes values in the category Sg of reduced simplicial
sets, where a reduced simplicial set is a simplicial set having only one vertex.
The salient deeper feature of the functor W : sGr — Sq is that it has a left
adjoint G : Sy — sGr, called the loop group functor, such that the canonical
maps G(WG) — G and X — W(GX) are weak equivalences for all simplicial
groups G and reduced simplicial sets X. A demonstration of these assertions
will occupy this section and the following two. These results are originally due
to Kan, and have been known since the late 1950’s. The original proofs were
calculational — we recast them in modern terms here. Kan’s original geometric
insights survive and are perhaps sharpened, in the presence of the introduction
of a closed model structure for reduced simplicial sets and a theory of simplicial
cocycles.

A segment of an ordinal number n is an ordinal number monomorphism
n —j — n which is defined by ¢ +— ¢ + j. This map can also be variously
characterized as the unique monomorphism n —j < n which takes 0 to 7,
or as the map (d°)7. This map will also be denoted by [j,n], as a means of
identifying its image. There is a commutative diagram of ordinal number maps

n—k k.,n
\[)}
41/]

j 9

if and only if 7 < k. The map 7 is uniquely determined and must be a segment
map if it exists: it’s the map (d®)*~7. Thus, we obtain a poset Seg(n) of seg-
ments of the ordinal number n. This poset is plainly isomorphic to the poset
opposite to the ordinal n.

Suppose that G is a simplicial group. An n-cocycle f : Seg(n) ~~ G as-
sociates to each relation 7 : [k,n] < [j,n] in Seg(n) an element f(7) € Gp—g,
such that the following conditions hold:

(1) f(1,) = e € Gp—j, where 1; is the identity relation [j,n] <[4, n],

¢
(2) for any composeable pair of relations [I,n] — [k, n] 5 [4,n], there is an
equation

CUNIQ) = f(79).
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Any ordinal number map 7 : r — s has a unique factorization

g
%‘\ /[7(0),3] = (d°)"©)
s —7(0)

where v, is an ordinal number map such that v,(0) = 0. It follows that any
relation 7 : [k, m] < [j, m] in Seg(m) induces a commutative diagram of ordinal
number maps

m — k\ O n— 0(k)\
0 .
[k, m)] m —j n —6(j) (4.2)
6(0) n]h /
(3, m] [0(5), n]
m 0 n

where the maps 6; and ), take 0 to 0. Given an n-cocyle f : Seg(n) ~» G, define,
for each relation 7 : [k, m] < [j,m] in Seg(m), an element 6*(f)(7) € Gp—r by

07 (f)(r) = 05 (f (7))

It’s not hard to see now that the collection of all such elements 6*(f)(7) de-
fines an m-cocycle 6*(f) : Seg(m) ~» G, and that the assignment 6 — 6* is
contravariantly functorial in ordinal maps 6. We have therefore constructed a
simplicial set whose n-simplices are the n-cocycles Seg(n) ~ G, and whose
simplicial structure maps are the induced maps 6*.

This simplicial set of G-cocycles is WG . This claim is checked by chas-
ing the definition through faces and degeneracies, while keeping in mind the
observation that an n-cocycle f : Seg(n) ~» G is completely determined by the
string of relations

To T1 Tn—2 Tn—1

[n,n] — [n—1,n] — ... [1,n] [0, n], (4.3)

and the corresponding element

(f(Tn,l),f(Tn,Q>7 .. .7f(7'0)) c Gn,1 X Gn,Q X o X Go.

Of course, each 7; is an instance of the map d°.
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The identification of the simplicial set of G-cocycles with WG leads to a
“global” description of the simplicial structure of WG. Suppose that § : m — n
is an ordinal number map, and let

y = (gn—la In—25--- 790)
be an element of Gp,—1 X Gp—2 X - -+ x Gg. Let Fj be the cocycle Seg(n) ~» G
associated to the n-tuple g. Then, subject to the notation appearing in diagram
(4.2), we have the relation

9*(gnflagn72a cee 790) = (QTFg(Tmfl*)y 9;F§(7m72*), ey a;knFﬁ(TO*))y
where 7, i« = (d°)?@=00=1 i5 the induced relation [0(i),n] < [#(i — 1),n] of
Seg(n).

A simplicial map f : X — WG, from this point of view, assigns to each
n-simplex x a cocycle f(x) : Seg(n) ~ G, such that for each ordinal number
map 0 : m — n and each map 7 : [k, m] — [j,m] in Seg(m) there is a relation

O f (@) (7)) = £(0"(2))(7).

Any element j € n determines a unique diagram

n 0,n] =1
— ol
[‘],n] n
T

and hence unambiguously gives rise to elements

f@)([5.n]) € Gn;.
Observe further that if j < k and 7 : [k,n] < [4,n] denotes the corresponding
relation in Seg(n), then the cocyle condition for the composite

o] = Gom] 27 (0,1)

can be rephrased as the relation
T (f(@) ([ n])) = f2) (k) f(2)(7) 7

Now, given a map (cocycle) f : X — W@, and an ordinal number map
0 : m — n, there is an induced function

0* : Gy x X, — Gy X X,
which is defined by
(9,) > (6" (9)0 (f (&) ([6(0), ])), 6" (=), (1.4)
where 6y : m — n — 6(0) is the unique ordinal number map such that
[6(0),n] -6y = 0.
LEMMA 4.5. The maps 0* defined in (4.4) are functorial in ordinal number
maps 6.
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PROOF: Suppose given ordinal number maps

¥ 0
k — m — n,

and form the diagram

[6(0), 7]

in the ordinal number category. In order to show that v*6*(g,x) = (6v)*(g, z)
in G X X, we must show that

706 (f(2)([0(0), n]))0 (f (67 () ([7(0),m])) = 15650 (f ()([0(7(0)), n]))
in Gk. But

and

[(0), mz(f(2)[0(0), ) = f(2)([0(0), n])(f (2)([v(0), m].)) ™"
by the cocycle condition. Finally,

S0 (F(@)([7(0),m].)) = F(67())([7(0), m]),

since f is a simplicial map. The desired result follows. ([

The simplicial set constructed in Lemma 4.5 from the map f: X — WG
will be denoted by X . The projection maps G,, x X,, — X, define a simplicial
map 7 : Xy — X, and this map 7 has the structure of a G-bundle, or principal
fibration. This is a natural construction: if A : Y — X is a simplicial set map,
then the maps G, x Y, — G, x X, defined by (g,y) — (g,h(y)) define a
G-equivariant simplicial set map h. : Yy, — Xy such that the diagram

hi
th %Xf

FJ JW

Y X
T h
commutes. Furthermore, this diagram is a pullback. L .
The simplicial set WG associated to the identity map 1: WG — WG is
W@, and the G-bundle 7 : WG — WG is called the canonical G-bundle.
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LEMMA 4.6. W@ is contractible.

PROOF: Suppose given an element (g, (gn—1,---,90)) € WG,. Then the (n+
2)-tuple (e, (gn, gn-1, - --go)) defines an element of WG,,+1, in such a way that
the following diagram of simplicial set maps commutes:

An+1
do[ (6, (Qm n—1y--- 590))

A" waG
(g’na (gn—la R 7.90))

commutes. Furthermore, if § : m — n is an ordinal number map, and 6, :
m + 1 — n + 1 is the unique map such that 6,(0) = 0 and 0,d° = d°0, then

9:(65 (gnagn—l, DR ,90)) = (6,9*(97“ (gn—17 e 790))-

It follows that the simplices (e, gn, - - ., go) define an extra degeneracy on WG in
the sense of Section II1.5, and so Lemma II1.5.1 implies that WG is contractible.
O

REMARK 4.7. Every principal G-fibration p : ¥ — X is isomorphic to a
principal fibration X; — X for some map f : X — WG. In effect, let A,
denote the subcategory of the category A consisting of all ordinal number
morphisms 7 : m — n such that v(0) = 0. Then the map p restricts to a nat-
ural transformation p. : Y|a, — X|a,, and this transformation has a section
o:X|a, — X|a, in the category of contravariant functors on A, essentially
since the simplicial map p is a surjective Kan fibration. Classically, the map o
is called a pseudo cross-section for the bundle p. The pseudo cross-section o
defines G,-equivariant isomorphisms

¢n : Gn X Xn,2Y,
given by (g,z) — g-o(z). If 7: n —k — n — j is a morphism of Seg(n) then

7 (0(dja)) = fa(r)o(r" dj)

for some unique element f,(7) € G,—k. The elements f,(7) define a cocycle
fz : Seg(n) ~» G for each simplex x of X, and the collection of cocycles f,,
x € X, defines a simplicial map f : X — WG such that Y is G-equivariantly
isomorphic to X ¢ over X via the maps ¢,,. The classical approach to the classi-
fication of principal G-bundles is based on this construction, albeit not in these
terms.
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5. The loop group construction.

Suppose that f : X — WG is a simplicial set map, and let z € X,, be an
n-simplex of X. Recall that the associated cocycle f(x) : Seg(n) ~» G is com-
pletely determined by the group elements

Fa)(d s @)+ = (@)F).
On the other hand,
Fla)(d : (d) — (d°)%) = f(d§(@)(d” : d° — 1n-x).
It follows that the simplicial map f : X — W@ is determined by the elements
f@)(d®) = f(2)(d — 1n) € G-,
for z € X,,, n > 1. Note in particular that f(soz)(d’) =e € Gp_1.

Turning this around, suppose that z € X, 11, and the ordinal number
map f : m — n has the factorization

where 0,(0) = 0 and 7 is a segment map, and suppose that d° : d° — 1,11 is
the inclusion in Seg(n + 1). Then

T (f(@)(d)) = f(a)(d°T)(f(do(2))(r)) "

where § : m + 1 — n + 1 is defined by
- 0 if i =0, and
06) =9 , . s
0(i—1)+1 ifi>1,
and cf : m+1 — n is the ordinal number map defined by (c#)(0) = 0 and
(ef)(i) = (i — 1) for i > 1. Observe that cf = s°6.
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Define a group GX,, = F(X,+1)/s0F (X,) for n > 0, where F(Y) denotes
the free group on a set Y. Note that GX,, may also be described as the free
group on the set X,,+1 — s0Xn.-

Given an ordinal number map 6 : m — n, define a group homomorphism
0* : GX,, — GX,, on generators [z], z € X,,41 by specifying

6" ([a]) = 6" ()][(ch)" (do())] . (5.1)

If v : k — m is an ordinal number map which is composeable with 6, then the
relations

(cv)*doé*(x) = (¢y)*0%dp(x)
= (¢7)"do(ct)*do()

and
¥*(c)*do(x) = (c(67))"do()

together imply that v*6*([z]) = (8v)*([z]) for all z € X,,41, so that we have a
simplicial group, called the loop group of X, which will be denoted GX. This
construction is plainly functorial in simplicial sets X.

Each n-simplex x € X gives rise to a string of elements

([#], [dox], [d3a], . .., [df x]) € GXpy X GXpp_g X -+ x GXy,

which together determine a cocycle F, : Seg(n) ~» GX. Suppose that 6 : m —
n is an ordinal number map such that 6(0) = 0. The game is now to obtain a
recognizable formula for [#*z], in terms of the simplicial structure of GX.

Obviously, if (1) = 6(0), then [0*z] = e € GX,,,—1. Suppose that 6(1) >
0. Then there is a commutative diagram of ordinal number maps

m—an—G(l)

\(do‘)e(1)—1

d° T n—1

If v = (d°)?M=19,, then § = 7, and so

0" (2)] = ;g ) [£(8)" (do)),
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where f(0) is defined by f(0) = ¢y. We have f(0)(0) = 0 by construction, and
there is a commutative diagram

m-—1 N n—0(1)
dOJ J(dO)Q(l)—l

m—————n-—1,

f(0)

so an inductive argument on the exponent (1) — 1 implies that there is a

relation
[£(0) (dox)] = (B7dg™) > [doz]) ... (651de™ " ().

It follows that
[0 (x)] = (03dgV " a]) (03 dg D P [doz]) ... (051dg VT (@) = 05 (Fu(7)). (5.2)
LEMMA 5.3.
(a) The assignment
T = ([1‘], [doit], [d(%z]’ ceey [dg_lz])

defines a natural simplicial map n: X — WGX.

(b) The map 7 is one of the canonical homomorphisms for an adjunction
homa, (GX, H) = homg(X, WH),
where sGr denotes the category of simplicial groups.

PRrROOF:

(a) Suppose that § : m — n is an ordinal number map, and recall the de-
composition of (4.2). It will suit us to observe once again that the map [j, m]
is the composite (d°)/, and that 7. = (d°)?*)=%U), Note in particular that
0 = (d°)?© gy, and recall that fy(0) = 0. It is also clear that there is a commu-
tative diagram

X, — 1 Wax,

dS‘O)J Jdgm)

Xn—e(o) T’WGXn—e(o)

Let F, be the cocycle Seg(n) ~ GX associated to the element

([l']a [dox], [d(%x]a te [dgilx])'
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Then, for x € X,

O ([d ), [dg V), [di 7 a]) = (0 Fu(Tme1s)s - - - 05 Fu(702))
= ([5dg "], [07dg Vel ..., (65, _ydg ™" Va))
= ([0*x], [do0" 2], ..., [d] 0" ),

where 7,,,_ i« = (do)e(i)"g(ifl) as before, and this by repeated application of the
formula (5.2). In particular, 7 is a simplicial set map. The naturality is obvious.

(b) Suppose that f: X — W H is a simplicial set map, where H is a simplicial
group. Recall that the cocycle f(x) : Seg(n) ~» H can be identified with the
element

(f(x)(do)’ f(d()x)(do)’ ] f(dg_lx)(do)) € Hn—l X Hn—2 X X H0~

The simplicial structure for GX given by the formula (5.1) implies that f :
X — WH induces a simplicial group map f, : GX — H which is specified on
generators by f.([z]) = f(x)(d°). It follows that the function

hom,g, (GX, H) — homg (X, WH)

defined by g — (Wg) - is surjective. Furthermore, any map f: X — WH is
uniquely specified by the elements f(x)(d°), and hence by the simplicial group
homomorphism f,. O

REMARK 5.4. Any simplicial group homomorphism f : G — H induces a
f-equivariant morphism of associated principal fibrations of the form

f

G——H

| |

WGLWH

| |

WGT)WH,

as can be seen directly from the definitions. The canonical map 7 : X — WGX
induces a morphism

GX GX

| |

X, —— WGX

I l

XTWGX
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of GX-bundles. It follows that, for any simplicial group homomorphism f :
GX — H, the map f and its adjoint f. = W f - n fit into a morphism of
bundles

ax 1 g

! !

X, ———WH

! l

Suppose now that the simplicial set X is reduced in the sense that it has
only one vertex. A closed n-loop of length 2k in X is defined to be a string

(-'1521@737219—1, s ,x27x1)

of (n+ 1)-simplices z; of X such that doxe;—1 = doxe; for 1 <14 < k. Define an
equivalence relation on loops by requiring that

(ks 1) ~ (Togy oo, iy, Tio1, ..., T1)
if Ty = Tj41- Let
<$2k, e ,x1>
denote the equivalence class of the loop (za,...,z1). Write G'X,, for the set

of equivalence classes of n-loops under the relation ~. Loops may be concate-
nated, giving G’X,, the structure of a group having identity represented by
the empty n-loop. Any ordinal number morphism 6 : m — n induces a group
homomorphism

0*:G'X,, — G'X,,,

which is defined by the assignment
(Togy .. T2, 1) — <é*.’172k, ... é*xg,é*ah).
The corresponding simplicial group will be denote by G’ X. This construction
is clearly functorial with respect to morphisms of reduced simplicial sets.
There is a homomorphism
on G’ X, — GX,
which is defined by

On(Tak, Tak—1, - -, T2, 21) = [Tox][Tap—1] " ... [za][z1]
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Observe that

0% ([2:][w2i—1] ") = [07(

)[(c0)* do(w2:)] " [(c0)* do(w2i—1)][0% (w2i—1] "
= [0 (22:)]]0"

T2
22;)|[0" (z25—1] ",

so that

6*([332]6“.’172]@_1]_1 N [.132][1‘1}_1) = [é*IQkHé*l‘gk_l]_l . [9*:32][0*351]_1.

The homomorphisms ¢, : G'X,, — GX,, taken together, therefore define a
simplicial group homomorphism ¢ : G'X — GX.

LEMMA 5.5. The homomorphism ¢ : G’X — GX is an isomorphism of sim-
plicial groups which is natural with respect to morphisms of reduced simplicial
sets X.

PRrROOF: The homomorphism ¢, : G'X,, — GX,, has a section, which is defined
on generators by

[] — (z, sodo),
and elements of the form (z, spdpz) generate G' X,,. O

Again, let X be a reduced simplicial set. The set E’X,, consists of equiv-
alence classes of strings of (n + 1)-simplices

(l‘zk,...,l‘l,Io)

with doxo; = doxo;_1, © > 1, subject to an equivalence relation generated by
relations if the form

(I2k7 ceey 'IO) ~ (.TQk,, e 7‘Ii+27 Lj—1ye-- 71"0)
if #; = x;41. We shall write (zag,...,20) for the equivalence class containing
the element (xag,...,Zo). Any ordinal number map 6 : m — n determines a

function 6* : E'X,, — E’'X,,, which is defined by

H*<{L‘2k, N 7{,170> = <0~*((L‘2k)7 N 79~*($0)>,
and so we obtain a simplicial set E’X. Concatenation induces a left action
G'X x E'X — E'X of the simplicial group G’X on E'X.
There is a function
¢, E'X,, — GX, x X,
which is defined by

Gp(Tors -y w1, 0) = ([w2n] [wor—1] 7" .. [wa][21] o], dowo).



5. THE LOOP GROUP CONSTRUCTION 281

The function ¢/, is ¢,,-equivariant, and so

(e (9)(s02)) = (9,)

for any (g,z) € GX,, x X, and ¢!, is surjective. There is an equation

<Z‘2k, . ,.1,‘0> = <$2k, ...y XQ, Sod0($0)><80d0(l‘0)>

for every element of E'X,,, so that E'X,, consists of G’ X,,-orbits of elements
(sox). The function ¢, preserves orbits and ¢, is a bijection, so that ¢!, is
injective as well.

The set GX,, x X,, is the set of n-simplices of the GX-bundle X, which
is associated to the natural map n : X — WGX. If § : m — n is an ordinal
number map, then the associated simplicial structure map 6* in X, has the
form

0" ([war] - - [41] ™ [wo], dowo)
= (16" (x20)] .. [0 (1)) 7 [0 (0)][(c8)* (doo)] 65 (n(2)([6(0), n])), dof" (x0))
since do0* () = 0*(doxo). But
[(c8)"(doxo))] = 6 (n(2)([6(0), n]),

by equation (5.2). The bijections ¢/, therefore define a ¢-equivariant simplicial
map, and so we have proved

LEMMA 5.6. There is a ¢-equivariant isomorphism
¢ E'X — X,
This isomorphism is natural with respect to maps of reduced simplicial sets.
There is a simplicial set E”’ X whose n-simplices consist of the strings of
(n + 1)-simplices (zak,...,xo) of X as above, and with simplicial structure

maps defined by 3 ~
9*(£L‘2k, . 7.’L‘o) = (H*xgk, ey 9*1‘0)

for 6 : m — n. Observe that E'X = E"X/ ~.

Given this description of the simplicial structure maps in E” X, the best
way to think of the members of an n-simplex is as a string (zag,...,xq) of
cones on their 0 faces, with the obvious incidence relations. A homotopy
A" x A' — E"X can therefore be identified with a string

(haky .-, h1, ho),

where

(1) h; : C(A™ x A') — X is a map defined on the cone C(A™ x Al) for the
simplicial set A x Al, and
(2)
hailanxar = hai—1|anxat
for1 <i<k.
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We shall say that maps of the form C(A™ x A') — Y are cone homotopies.
Examples of such include the following:

(1) The canonical contracting homotopy

0—0—--- ——0
Ll !
— 11— —n+1

of A1 onto the vertex 0 induces a map C(A"™ x A!) — A"+l which
is jointly specified by the vertex 0 and the restricted homotopy

0—0—--- ——0
l l
—2— ... —n+1

This map is a “contracting” cone homotopy.
(2) The vertex 0 and the constant homotopy

1—2— —sn—+1
l l
1—2—--- —n+1

jointly specify a “constant” cone homotopy C'(A™ x Al) — An+L,

In both of these cases, it’s helpful to know that the cone CBP on the
nerve BP of a poset P can be identified with the nerve of the cone poset CP
which is obtained from P by adjoining a disjoint initial object. Furthermore,
a poset map v : P — @ can be extended to a map CP — ) by mapping the
initial object of C'P to some common lower bound of the objects in the image
of ~, if such a lower bound exists.

LEMMA 5.7. E'X is acyclic in the sense that H,(E'X,Z) = 0.

PROOF: Both the contracting and constant cone homotopies defined above are
natural in A™ in the sense that the diagram

C(Am x Al) h Am—i—l
(0 x 1)J Jé*

C(A" x Al) ——— A"
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commutes for each ordinal number map 6 : m — n, where h denotes one of the
two types. It follows that there is a homotopy from the identity map on E” X
to the map E”X — E" X defined by

(-TQkH'" aﬂfl,xo) = (-r2ka"'7xl7*)a

and that this homotopy can be defined on the level of simplices by strings of
cone homotopies

(h(22k), - - -, h(21), h(20)),

where h(xg) is contracting on dopzo, and all other h(z;) are constant. This
homotopy, when composed with the canonical map E” X — E’X, determines a
chain homotopy S from the induced map ZE” X — ZE’X to the map ZE"X —
ZE'X which is induced by the simplicial set map defined by

(xzk, .. 'axlaxO) = <962k, sy T, *>

For each element (zay, . .., z1,Zo), the chain S(xa, ..., 21, Zo) is an alternating
sum of the simplices comprising the homotopy (h(x2g),. .., (1), h(zo)). It
follows in particular, that if x; = ;41 for some i > 1, then the corresponding
adjacent simplices of the components of S(za,...,21,2o) are also equal.

It also follows that there is a chain homotopy defined by

(@2k, - - -, 1, 0) = STk, ..., 21, 20) — S(T2ky ..., 21, 21),

and that this is a chain homotopy from the chain map induced by the canonical
map E”’X — E’X to the chain map induced by the simplicial set map

($2k, e ’951,!130) = <$2k, e 7503,332>

This construction can be iterated, to produce a chain homotopy H defined by

k-1

(T2k, - - -5 T0) = (Z(S(l‘%, s 241, T2i) — S (T2k, -, T2ig1, T2it1))) +S (T2k)
i=0

from the chain map ZE"” X — ZFE'X to the chain map induced by the simplicial
set map F”’X — E’X which takes all simplices to the base point *. One can
show that

H(xop,...,w0) = H(Tog, .. Tig2, Tiz1,- .-, %0)

if ; = x;41. It follows that H induces a contracting chain homotopy on the
complex ZE'X. O

LEMMA 5.8. E’'X is simply connected.
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PRrOOF: Following Lemma 5.6, we shall do a fundamental groupoid calculation
in X, 2 F'X.
The boundary of the 1-simplex (sog, ) in X,, has the form

8(5097 :L') = ((g[$}, *)7 (97 *))

There is an oriented graph T'(X) (hence a simplicial set) having vertices coin-
ciding with the elements of GXy and with edges = : ¢ — gz for z € X; — {x}.
There is plainly a simplicial set map 7'(X) — X, which is the identity on
vertices and sends each edge x : ¢ — gz to the 1-simplex (sog, ). This map
induces a map of fundamental groupoids

(X)) — 71X,

which is bijective on objects. A reduced word argument shows that T'(X) is
contractible, hence has trivial fundamental groupoid, so we conclude that X,
is simply connected if we can show that the 1-simplices (sog,x) generate the
fundamental groupoid 7.X;,.

There are boundary relations

d(s19, s0x) = (do(s19, s0x), d1(s19, s0x), d2(519, S07))
= (Sodogvx)a (g7.'17)7 (g> *))

and in the same notation,

d(s09,y) = ((gly], doy), (9, d1y), (s0d19, d2y))-

The upshot is that there are commuting diagrams in 7.X, of the form

(s0d1g, d2y)
Y], doy)
(9,dvy) (sodo(g
(s0do(gly]), doy)
and
(sodi(g ), d2y)

—1 d1y
(9, doy) (sodo(g

(sodo(g ), d1y)
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It follows that any generator (g[y],z) (respectively (g[y]™!,z) of 7X,, can be

replaced by a generator (g, d1y) (respectively (g,doy)) of #X, up to multipli-
cation by elements of 77'(X). In particular, any generator (h,x) of mX, can
be replaced up to multiplication by elements of 77'(X) by a generator (h',z’)
such that A’ has strictly smaller word length as an element of the free group
GX;. An induction on word length therefore shows that the groupoid 7.X,, is
generated by the image of T'(X). O

REMARK 5.9. The object T(X) in the proof of Lemma 5.8 is the Serre tree
associated to the generating set X; — {x} of the free group GXj. See p.16 and
p-26 of [85].

An acyclic space which has a trivial fundamental group is contractible
in the sense that it is weakly equivalent to a point, by a standard Hurewicz
argument, so Lemmas 5.6 through 5.8 together imply the following:

THEOREM 5.10. Suppose that X is a reduced simplicial set. Then the total
space X, of the principal GX-fibration X, — X is weakly equivalent to a
point.

COROLLARY 5.11. There are weak equivalences
GX = X, xx PX & QX,

which are natural with respect to morphisms of reduced Kan complexes X .

6. Reduced simplicial sets, Milnor’s F'K-construction.

The proof of Theorem 5.10 depends on an explicit geometric model for the space
X, and the construction of this model uses the assumption that the simplicial
set X is reduced. There is no such restriction on the loop group functor: GY is
defined for all simplicial sets Y. The geometric model for X, can be expanded to
more general simplicial sets (see Kan’s paper), but Theorem 5.10 fails badly in
the non-reduced case: the loop group G(A?') on the simplex A' is the constant
simplicial group on the free group Z on one letter, which is manifestly not
contractible. This sort of example forces us (for the time being — see Section
8) to restrict our attention to spaces with one vertex.

We now turn to the model category aspects of the loop group and W
functors.

LEMMA 6.1. Let f : X — Y be a cofibration of simplicial sets. Then Gf :
GX — GY is a cofibration of simplicial groups. In particular, for all simplicial
sets X, GX is a cofibrant simplicial group.

ProOOF: This result is a consequence of Corollary 1.11.
Note that since soX,, C X,,+1 there is an isomorphism of groups

GX, 2 F(Xni1 — s0Xn).
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Furthermore, for all ¢ > 0, the map s;4+1 : X;,, — Xj,41 restricts to a map
Siv1: Xp —80Xn—1 — Xpng1 — 50X

since $;+150X = S0s;X. Hence there is a diagram

GXppot —— F(Xp — 50Xn-1)

37[ JFSH_l

GXp —=— F(Xps1 — 50Xn)

and GX is almost free, hence cofibrant. For the general case, if X — Y is a
level-wise inclusion

Yng1 — soYn = (Xn+1 - SOXn) UZnt1
where Zn—i—l = Yn—i—l — (Xn+1 U SOYn) Thus
GYn = GXn * FZn,+1

where the * denotes the free product. Now s, : Y,, — Y, restricts to a map
Si+1 : Zn — Zpy1 and, hence, the inclusion GX — GY is almost-free and a
cofibration. O

As a result of Theorem 5.10, Lemma 6.1 and a properness argument one
sees that GG preserves cofibrations and weak equivalences between spaces with
one vertex. This suggests that the proper domain category for G — at least
from a model category point of view — is the category Sy of simplicial sets
with one vertex. Our next project then is to give that category a closed model
structure.

PROPOSITION 6.2. The category Sy has a closed model category structure
where a morphism f: X — Y isa

1) a weak equivalence if it is a weak equivalence as simplicial sets;

2) a cofibration if it is a cofibration as simplicial sets; and

3) a fibration if it has the right lifting property with respect to all trivial
cofibrations.

The proof is at the end of the section, after we explore some consequences.
PROPOSITION 6.3.

1) The functor G : So — sGr preserves cofibrations and weak equivalences.
2) The functor W : sGr — S preserves fibrations and weak equivalences.

3) Let X € Sy and G € sGr. Then a morphism f : GX — G is a weak
equivalence in sGr if only if the adjoint f, : X — WG is a weak
equivalence in Sg.
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PROOF: Part 1) follows from Lemma 6.1 and Theorem 5.10. For part 2) no-
tice that since W is right adjoint to a functor which preserves trivial cofibra-
tions, it preserves fibrations. The clause about weak equivalences follows from
Lemma 4.6 Finally, part 3), follows from Remark 5.4, Lemma 4.6, Theorem 5.10
and properness for simplicial sets.

COROLLARY 6.4. Let Ho(Sp) and Ho(sGr) denote the homotopy categories.
Then the functors G and W induce an equivalence of categories

Ho(Sp) = Ho(sGr).

PROOF: Proposition 6.3 implies that the natural maps e : GWH — H and
n: X — WGX are weak equivalences for all simplicial groups H and reduced
simplicial sets X. (I

REMARK 6.5. If Ho(S). C Ho(S) is the full sub-category of the usual homo-
topy category with objects the connected spaces, then the inclusion Ho(Sy) —
Ho(S). is an equivalence of categories. To see this, it is sufficient to prove if X
is connected there is a Y weakly equivalent to X with a single vertex. One way
is to choose a weak equivalence X — Z with Z fibrant and then let Y C Z be
a minimal subcomplex weakly equivalent to Z.

We next relate the fibrations in Sy to the fibrations in S.

LEMMA 6.6. Let f: X — Y be a fibration in Sy. Then f is a fibration in S if
and only if f has the right lifting property with respect to

* — St =Al/oAL.

PRrROOF: First suppose f is a fibration in S. Consider a lifting problem

A o X

S

Al— 51— Y.

Since f is a fibration in S, there is a map g : A’ — X solving the lifting
problem for the outer rectangle. Since X has one vertex ¢ factors through the
quotient map,

Al Al/sko Al = St X

and ¢ solves the original lifting problem.
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Now suppose f has the stipulated lifting property. Then one must solve
all lifting problems

A — X

i

/
’
/
/
/
’

A" ——Y.

If n > 1, this diagram can be expanded to

A —— A} /skg A} —— X

A

A" 5 A"/ skg A" > Y.

The map
A%/ sko Al — A"/ skg AT

is still a trivial cofibration, now in Sg. So the lift exists. If n = 1, the expanded
diagram is an instance of diagram (6.7), and the lift exists by hypothesis. [

COROLLARY 6.8. Let X € Sg be fibrant in S, then X is fibrant in S. In
particular, if G € sGr, then WG is fibrant in S.

PROOF: The first clause follows from the previous lemma. For the second, note
that every object of sGr is fibrant. Since W : sGr — Sy preserves fibrations,
W is fibrant in Sg. O

COROLLARY 6.9. Let f: X — Y be a fibration in Sy between fibrant spaces.
Then f is a fibration in S if and only if

fo:mX > mY

is onto. In particular, if G — H is a fibration of simplicial groups, WG — W H
is a fibration of simplicial sets if and only if 1G — moH is onto.

ProoF: Consider a lifting problem

* —— X

b
s/
Ve
/
7

SIT)Y
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This can be solved up to homotopy; that is there is a diagram

Sl — X

o]

0
Sld—>51/\A}~_i>Y.

where h-d° = . But d' : ST — ST A Ai_ is a trivial cofibration in Sy so the

homotopy h can be lifted to h:SYA Ai_ — X and & - d° solves the original
lifting problem.

For the second part of the corollary, note that Corollary 2.7 and Lemma
4.6 together imply that m WG 2 moG. O

We now produce the model category structure promised for Sg. The follow-
ing lemma sets the stage. If X is a simplicial set, let #X denote the cardinality
of the non-degenerate simplices in X. Let w be the first infinite cardinal.

LEMMA 6.10.

1) Let A — B be a cofibration in S and © € By, a k-simplex. Then there is
a subspace C C B so that #C < w and x € C.

2) Let A — B be a trivial cofibration in S and x € By, a k-simplex. Then
there is a subspace D C B so that #D < w, x € D and AND — D is
a trivial cofibration.

PROOF: Part 1) is a reformulation of the statement that every simplicial set
is the filtered colimit of its finite subspaces. For part 2) we will construct an
expanding sequence of subspaces

DiCDyC---CB
so that x € Dy, #D,, < w and
7p(|Dnls [Dn N Al) — 7Tp(anJr1|a | Dpy1 N AJ)

is the zero map. Then we can set D = |J D,

n
To get D1, simply choose a finite subspace D; C B with « € D;. Now
suppose Dy, ¢ < n, have been constructed and satisfy the above properties. Let

a € (| Dy, |Dn N A|).
Since o maps to zero under
(| Dnl, |Dn 0V A]) — 7 (| B, |A])

there must be a subspace D, C B, such that #D < w and so that a maps to
zero under

T (| Dnl, |Dn N A]) = (| Dy U Dy, (Dy U Dy) N A).
Set Dp+1 = Dy U (U Da)- O
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REMARK 6.11. The relative homotopy groups m.(|B],|A|) for a cofibration
i : A — B of simplicial sets are defined to be the homotopy groups of the
homotopy fibre of the realized map i, : |A| < |B|, up to a dimension shift. The
realization of a Kan fibration is a Serre fibration (Theorem 1.10.10), so it follows
that these groups coincide up to isomorphism with the simplicial homotopy
groups 7, F; of any choice of homotopy fibre F; in the simplicial set category.
One can use Kan’s Ez*° functor along with an analog of the classical method of
replacing a continuous map by a fibration to give a rigid construction of the Kan
complex F; which satisfies the property that the assignment ¢ — F; preserves
filtered colimits in the maps 7. The argument for part 2) of Lemma 6.10 can
therefore be made completely combinatorial. This observation becomes quite
important in contexts where functoriality is vital — see [38].

LEMMA 6.12. A morphism f: X — Y in Sy is a fibration if and only if it has
the right lifting property with respect to all trivial cofibrations C — D in Sy
with #D < w.

Proor: Consider a lifting problem

A—2 . X

yi e Jf

B—Y

where j is a trivial cofibration. We solve this by a Zorn’s Lemma argument.
Consider the set A of pairs (Z,g) where A C Z C B, A — Z is a weak
equivalence and g is a solution to the restricted lifting problem

Partially order A by setting (Z,g) < (Z',¢') if Z C Z' and ¢’ extends g. Since
(4,a) € A, A is not empty and any chain

<< (Ziy9i) < (Zig1,Giv1) < -+

in A has an upper bound, namely (UZ;, Ug;). Thus A satisfies the hypotheses of
Zorn’s lemma and has a maximal element (By, go). Suppose By # B. Consider
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the diagram

B()LX

ZJ Jf

B—Y.

Then ¢ is a trivial cofibration. Choose z € B with x ¢ By. By Lemma 6.10.2
there is a subspace D C B with x € D, #D < w and BoN D — D a trivial
cofibration. The restricted lifting problem

BoND—— X

)

D—Y

has a solution, by hypotheses. Thus gy can be extended over By U D. This
contradicts the maximality of (By, go). Hence By = B. O

REMARK 6.13. The proofs of Lemma 6.10 and Lemma 6.12 are actually stan-
dard moves. The same circle of ideas appears in the arguments for the closed
model structures underlying both the Bousfield homology localization theories
[8], [9] and the homotopy theory of simplicial presheaves [46], [51], [38]. We
shall return to this topic in Chapter IX.

THE PROOF OF PROPOSITION 6.2: Axioms CM1-CM3 for a closed model
category are easy in this case. Also, the “trivial cofibration-fibration” part of
CMA4 is the definition of fibration. We next prove the factorization axiom CM$5
holds, then return to finish CM4.

Let f: X — Y be a morphism in Sy. To factor f as a cofibration followed
by a trivial fibration, use the usual small object argument with pushout along

cofibrations A — B in Sy with #B < w to factor f as X - Z -5 Y where j
is cofibration and ¢ is a map with the right lifting property with respect to all
cofibrations A — B with #B < w. The evident variant on the Zorn’s lemma
argument given in the proof of Lemma 6.12 using 6.10.1 implies that ¢ has
the right lifting property with respect to all cofibrations in Sy. Hence ¢ is a
fibration. We claim it is a weak equivalence and, in fact, a trivial fibration in
S. To see this consider a lifting problem

OA" —— 7
1 //Jq

A" —Y.
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If n = 0 this has a solution, since Zy = Y. If n > 0, this extends to a diagram

OA" —— A"/ sko(0A™) —— Z

//
j 7 e
///

A" —— A" /gkg AT —— Y.

Since n > 1, sko(OA™) = sko(A™), so j is a cofibration between finite complexes
in Sp and the lift exists.

Return to f: X — Y in Sp. To factor f as a trivial cofibration followed
by a fibration, we use a transfinite small object argument.

We follow the convention that a cardinal number is the smallest ordinal
number within a given bijection class; we further interpret a cardinal number
B as a poset consisting of strictly smaller ordinal numbers, and hence as a
category. Choose a cardinal number 3 such that g > 2.

Take the map f: X — Y, and define a functor X : 8 — Sy and a natural
transformation fs : X(s) — Y such that

(1) X(0) =X,
(2) X(t) = 1£>ns<t X (s) for all limit ordinals ¢ < 3, and
(3) the map X(s) — X(s+ 1) is defined by the pushout diagram

\/ Ap _lap) | X(s)
D

ViDJ

\/ Bp —— X(s+1)
D

where the index D refers to a set of representatives for all diagrams

Ap —2L2 . X(s)

oJ

Bp —Y

such that ip : Ap — Bp is a trivial cofibration in Sy with #Bp < w.
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Then there is a factorization

XI4O>X5

Ny

Y

for the map f, where Xg = 11_11)18)((5)7 and ip : X = X(0) — X3 is the
canonical map into the colimit. A pushout of a trivial cofibration in Sq is
a trivial cofibration in Sy because the same is true in S, so ig is a trivial
cofibration. Also, any map A — X must factor through one of the canonical
maps is : X(s) — Xg if #4 < w, for otherwise A would have too many
subobjects on account of the size of 3. It follows that the map fg: Xg — Y is
a fibration of Sg. This finishes CM5.

To prove CM4 we must show any trivial fibration f: X — Y in Sg has
the right lifting property with respect to all cofibrations. However, we factored
f as a composite

x-Lz L4y
where j is a cofibration and ¢ is a trivial fibration with the right lifting property

with respect to all cofibrations. Now j is a trivial cofibration, since f is a weak
equivalence. Thus there is a lifting in

X—X

jJ /// Jf

since f is a fibration. This shows f is a retract of ¢ and has the requisite lifting
property, since q does. O

As an artifact of the proof we have:

LEMMA 6.14. A morphism f: X — Y in Sy is a trivial fibration in Sq if and
only if it is a trivial fibration in S.

The Milnor F K construction associates to a pointed simplicial set K the
simplicial group F K, which is given in degree n by

FK, = F(K, — {*}),

so that FK,, is the free group on the set K,, — {*}. This construction gives a
functor from pointed simplicial sets to simplicial groups. The group F'K is also
a loop group:
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THEOREM 6.15. There is a natural isomorphism
G(XK)~ FK,

for pointed simplicial sets K.

PRrROOF: Recall that XK denotes the Kan suspension of K. The group of n-
simplices of G(XK) is defined to be the quotient

G(2K)y = F(SKni1)/F(s05Ky).

The map s¢ : XK,, — ¥K,11 can be identified with the wedge summand
inclusion
K, 1V---VKy—K,VK, 1V---V Ky,

so that the composite group homomorphism
F(K) ~5 F(SKn1) = F(SKy1)/F(s08Ky)
can be identified via an isomorphism
F(XK,1+1)/F(s02K,) 2 FK, (6.16)
with the quotient map
F(K,)— F(K,)/F(x) 2 FK,.

Recall that for # : m — n, the map 0* : G(XK),, — G(XK),, is specified on
generators [z] by

6" ([a]) = [0" («)][(c0)" (do())] .

But then
0" ([0 (2)]) = 10" (0 (2))][(c0)" (do (nn ()))] "
= [0 (0 (2))]
= [nm (07 (2))];
since do(n,(x)) = *. It follows that the isomorphisms (6.16) respect the simpli-
cial structure maps. U

The proof of Theorem 6.15 is easy enough, but this result has important
consequences:

COROLLARY 6.17.

(1) The Milnor FK construction takes weak equivalences of pointed simpli-
cial sets to weak equivalences of simplicial groups.

(2) The simplicial group FK is a natural fibrant model for QXK in the
category of pointed simplicial sets.
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PROOF: The first assertion is proved by observing that the Kan suspension
functor preserves weak equivalences; the loop group construction has the same
property by Theorem 5.10 (see Section III.5).

Let XK — Y be a fibrant model for XK in the category of reduced simpli-
cial sets. Then Y is a Kan complex which is weakly equivalent to XK, so that
QY is a model for QXK. The loop group functor preserves weak equivalences,
so that the induced map G(XK) — GY is a weak equivalence of simplicial
groups. Finally, we know that GY is weakly equivalent to QY so that G(XK)
and hence FK is a model for QXK. O

7. Simplicial groupoids.
A simplicial groupoid G, for our purposes, is a simplicial object in the category
of groupoids whose simplicial set of objects is discrete. In other words, G con-
sists of small groupoids G,,, n > 0 with a functor 8* : G,,, — G, for each ordinal
number map 6 : n — m, such that all sets of objects Ob(G,,) coincide with a
fixed set Ob(G), and all functors 6* induce the identity function on Ob(G). Of
course, 6 — 0* is also contravariantly functorial in ordinal number maps 6. The
set of morphisms from z to y in G,, will be denoted by G, (x,y), and there is a
simplicial set G(z,y) whose n-simplices are the morphism set G,,(z,y) in the
groupoid G,,. We shall denote the category of simplicial groupoids by sGd.
The free groupoid G(X) on a graph X has the same set of objects as
X, and has morphisms consisting of reduced words in arrows of X and their
inverses. There is a canonical graph morphism 1 : X — G(X) which is the
identity on objects, and takes an arrow « to the reduced word represented by
the string consisting of « alone. Any graph morphism f : X — H taking values
in a groupoid H extends uniquely to a functor f. : G(X) — H, in the sense
that the following diagram commutes:

There is a similar construction of a free groupoid GC on a category C, which
has been used without comment until now. The groupoid GC is obtained by
the free groupoid on the graph underlying the category C by Kkilling the nor-
mal subgroupoid generated by the composition relations of C and the strings
associated to the identity morphisms of C (see also Sections 1.8 and IIL.1). The
category of groupoids has all small coproducts, given by disjoint unions. This
category also has pushouts, which are actually pushouts in the category of
small categories, so the category of groupoids is cocomplete. Note that filtered
colimits are formed in the category of groupoids as filtered colimits of sets on
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the object and morphism levels. The initial object in the category of groupoids
has an empty set of morphisms and an empty set of objects and is denoted by (.

It is also completely straightforward to show that the category of simplicial
groupoids has all small inverse limits.

Dwyer and Kan define [25], for every simplicial set X, a groupoid F’X
having object set {0, 1}, such that the set of n-simplices X, is identified with
a set of arrows from 0 to 1, and such that F'X,, is the free groupoid on the
resulting graph.

The groupoid F’K is morally the same thing as the Milnor construction,
for pointed simplicial sets K. If z denotes the base point of K, then there is a
homomorphism of simplicial groups

g: FK — F'K(0,0)

which is defined on generators y € K, — {z} by y — x~'y. Also, regarding
FK as a simplicial groupoid with one object, we see that there is a map of
simplicial groupoids

f:FFK - FK

defined by sending z to e in all degrees and such that y € K,, — {x} maps to the
arrow y. The collection of all products y~ 'z, y, z € K,,, generates F'K(0,0) in
degree n, and so it follows that the composite simplicial group homomorphism

f
F'K(0,0) — FK — F'K(0,0)

is the identity. The composite

f
FKE L F'K(0,0) & FK

sends y € K,, to 7'y = y € FK,,, so the homomorphism g is an isomorphism.

LEMMA 7.1. Suppose that K is a pointed simplicial set. Then the simplicial
sets F'K(a,b), a,b € {0,1}, are all isomorphic to the Milnor FK construction.

PRrROOF: The base point  of K determines an isomorphism « : 0 — 1 in the
groupoid F' K, for all n > 0. Composition and precomposition with x therefore
determines a commutative diagram of simplicial set isomorphisms

F'K(0,0) —=— F'K(0,1)
F'K(1,0) — — F'K(1,1),

and of course we’ve seen that F'K(0,0) = FK. O
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COROLLARY 7.3. A weak equivalence f : X — Y of simplicial sets induces
weak equivalences f, : F' X (a,b) — F'Y (a,b) for all objects a,b € {0,1}.

PROOF: We can suppose that X is non-empty. Pick a base point = in X, and
observe that the diagram (7.2) is natural in pointed simplicial set maps, as is the
isomorphism F'X(0,0) = FX. We've seen that the Milnor FX construction
preserves weak equivalences in Corollary 6.17. O

For an ordinary groupoid H, it’s standard to write mo H for the set of path
components of H. By this one means that

moH = Ob(H)/ ~,

where there is a relations x ~ y between two objects of H if and only if there
is a morphism z — y in H. This is plainly an equivalence relation since H is
a groupoid, but more generally moH is the specialization of a notion of the set
of path components myC for a small category C.

If now G is a simplicial groupoid, all of the simplicial structure functors
0* : G, — G,, induce isomorphisms oG, = 1oG,,,. We shall therefore refer to
moGo as the set of path components of the simplicial groupoid G, and denote it
by mG.

A map f: G — H of simplicial groupoids is said to be a weak equivalence
of sGd if

(1) the morphism f induces an isomorphism 7oG = 7o H, and

(2) each induced map f : G(z,x) — H(f(z), f(z)), z € Ob(G) is a weak
equivalence of simplicial groups (or of simplicial sets).

Corollary 7.3 says that the functor F’ : S — sGd takes weak equivalences of
simplicial sets to weak equivalences of simplicial groupoids.
A map g : H — K of simplicial groupoids is said to be a fibration if

(1) the morphism ¢ has the path lifting property in the sense for every object
x of H and morphism w : g(x) — y of the groupoid Ky, there is a
morphism @ : z — z of Hy such that g(@) = w, and

(2) each induced map g : H(z,x) — K(g(x),g(z)), z € Ob(H), is a fibration
of simplicial groups (or of simplicial sets).

According to this definition, every simplicial groupoid G is fibrant, since the
map G — * which takes values in the terminal simplicial groupoid * is a
fibration. A cofibration of simplicial groupoids is defined to be a map which has
the left lifting property with respect to all morphisms of sGd which are both
fibrations and weak equivalences.

Picking a representative x € [z] for each [z] € moG determines a map of
simplicial groupoids

i: |_| G(z,z) —» G

[I]GﬂoG
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which is plainly a weak equivalence. But more is true, in that the simplicial
groupoid U[w]eﬂo ¢ G(x, ) is a deformation retract of G in the usual groupoid-
theoretic sense. To see this, pick morphisms wy : y — x in Gy for each y €
[z] and for each [z] € mG, such that w, = 1, for all the fixed choices of
representatives x of the various path components . Then there is a simplicial
groupoid morphism
r:G— |_| G(z,z),
[z]eme G

which is defined by conjugation by the paths wy, in that 7(y) = = if and only
if y € [z] for all objects y of G, and r : G(y,z) — G(x,x) is the map sending
o :y — z to the composite w.aw, ! € G(z, ) for all y,z € [z], and for each
[z] € moG. The morphisms w, also determine a groupoid homotopy

h:GxI—G

where I denotes the free groupoid on the ordinal number (category) 1. This
homotopy is from the identity on G to the composite ir, and is given by the
obvious conjugation picture. It follows that the maps r and i are weak equiva-
lences of simplicial groupoids.

The choices of the paths which define the retraction map r are non-
canonical and fail to be natural with respect to morphisms of simplicial group-
oids, except in certain useful isolated cases.

LEMMA 7.4. Suppose that A is a connected simplicial groupoid, and that the
morphism j : A — B of simplicial groupoids is a bijection on the object level.
Pick an object x of A. Then all squares in the diagram

Al@,z) — A —T s Az, )

i P g

B(jz, ja) ——— B ——— B(jr, jz)

are pushouts of simplicial groupoids.

ProOOF: The paths wy : y — 2 in A (with w, = 1,) are used to define both
retraction maps r in the diagram (so it makes sense), and the top and bottom
horizontal compositions are the identity.

It suffices to show that the diagram

Az, x) 4
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is a pushout. But any commutative diagram

Az, x) S AN

i L

B(jz, jz) —5 D

completely determines a function i : Ob(B) — Ob(D), since 7 is a bijection on
the object level, and then a simplicial groupoid map h : B — D is specified
by the observation that every morphism « : v — w of B has a representation
a = i(wy) " 0i(w,), where 0 is a uniquely determined morphism jx — jz. O

Write F’OA° to denote the discrete simplicial groupoid on the object set
{0,1}, and write F'A§ to denote the terminal groupoid *. The statement of
Lemma 7.4 fails for the map j : F'A§ — F'AY precisely because the object
sets do not agree.

LEMMA 7.5. Suppose that

FA} —— > C

Ji ‘j*

FA" —D

is a pushout in the category of simplicial groupoids. Then the map j. is a weak
equivalence.

PROOF: The simplicial groupoid F’AJ is a strong deformation retraction of
F'AY on the groupoid level, and such strong deformation retractions are closed
under pushout in the category of simplicial groupoids. The maps involved in a
strong deformation retraction are weak equivalences of simplicial groupoids.

If n > 1, it is harmless to suppose that C' is connected. The maps j and j.
are bijective on the object level, so that Lemma 7.4 applies, to give a composite
pushout diagram

F/A7(0,0) — L F/AT ¢ —L—C(x,2)
F'A™0,0) ——— F'A" D ———— D(js, ja)

The composite square is a pushout in the category of simplicial groups, so that
the map j. : C(x,x) — D(j.x, j«x) is a weak equivalence. O
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THEOREM 7.6. With the definitions of weak equivalence, fibration and cofibra-
tion given above, the category sGd of simplicial groupoids satisfies the axioms
for a closed model category.

PRrROOF: Only the factorization axiom has an interesting proof. A map of sim-
plicial groupoids f : G — H is a fibration if and only if it has the right lifting
property with respect to all morphisms F'A} — F'A" 0<k <n,and fisa
trivial fibration (aka. fibration and weak equivalence) if and only if it has the
right lifting property with respect to all morphisms F'OA™ — F'A™ n > 0,
and the morphism ) — * (compare [25]). We can therefore use a small object
argument to show that every simplicial groupoid morphism ¢ : K — L has

factorizations

N

/ X‘
K—9

M
where p is a fibration and ¢ has the left lifting property with respect to all
fibrations, and ¢ is a trivial fibration and j is a cofibration. Lemma 7.5 further
implies that ¢ is a weak equivalence.

The proof of the lifting axiom CM4 is a standard consequence of the
proof of the factorization axiom: any map which is both a cofibration and a
weak equivalence (ie. a trivial cofibration) is a retract of a map which has the
left lifting property with respect to all fibrations, and therefore has that same
lifting property. O

There is a simplicial set WG for a simplicial groupoid G that is defined
by analogy with and extends the corresponding object for a simplicial group.
Explicitly, suppose that G is a simplicial groupoid. An n-cocycle X : Seg(n) ~~
G associates to each object [k, n] an object X}, of G, and assigns to each relation
7 :[4,n] < [k,n] in Seg(n) a morphism X (7) : X; — X}, in G,—j, such that
the following conditions hold:

(1) X(1;) = 1x, € Gy—j, where 1; is the identity relation [j,n] < [j,n],

¢ T
(2) for any composeable pair of relations [I,n] — [k,n] — [j,n], there is a
commutative diagram
X(©)

Xl —>Xk
Xﬁk |ex

X
in the groupoid G, ;.
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Suppose that # : m — n is an ordinal number map. As before, # induces
a functor 6, : Seg(m) — Seg(n), which is defined by sending the morphism
7 : [k,m] — [j,m] to the morphism 7 : [0(k),n] — [0(j), n]. “Composing” the
n-cocycle X : Seg(n) ~» G with 6, gives a cocycle 6*X : Seg(m) ~~ G, defined
for each relation 7 : [k, m] < [j, m] in Seg(m), (and in the notation of (4.2)) by
the morphism

0" X (1) = 05(X (7)) + Xogy — Xog)-

of G,—, The assignment 0 +— 6* is contravariantly functorial in ordinal maps 6.

We have therefore constructed a simplicial set whose n-simplices are the
n-cocycles Seg(n) ~» G, and whose simplicial structure maps are the induced
maps #*. This simplicial set of G-cocycles is WG. In particular, an n-cocycle
X : Seg(n) ~ G is completely determined by the string of relations

To T1 Tn—2 Tn—1

[n,n] — [n—1,n] — ... [1,n] [0, n],

and the corresponding maps

X (70) X(11) X(Tn-1)
Xn——Xpn 11— Xp2o— - — X1 — Xo.

Each 7; is an instance of the map d°, and X (7;) is a morphism of the groupoid
G;. Note, in particular, that the i** vertex of the cocycle X : Seg(n) ~» G is
the object X; of G: this means that X; can be identified with the “cocycle”
1* X, where 7 : 0 — n.

Suppose that # : m — n is an ordinal number map, and let g denote the
string of morphisms

go g1 gn—1
Xp—Xpn1—Xpo2——> X1 —Xp

in G, with g; a morphism of G;. Let Xz be the cocycle Seg(n) ~» G associated
to the n-tuple g. Then, subject to the notation appearing in diagram (4.2),
0" X3 is the string

07, X5(Tox) 07 Xg(Tm—1x)

Xotm)y —— Xo@m-1) =+ = Xg) —— Xy(0)-

This definition specializes to the cocycle definition of WG in the case where G
is a simplicial group.

A simplicial map f : X — WG assigns to each n-simplex = a cocycle
f(z) : Seg(n) ~~ G, such that for each ordinal number map 6 : m — n and
each map 7 : [k,m] — [j, m] in Seg(m) there is a relation

Orf (x)(re) = (0" (2))(7)-
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Furthermore, f(z) is determined by the string of maps

F(@)(70) f@)(m) F@)(rne)
f@n) ——— f(@n-1) —— fEn-2) = - = f(&1) ——— (o),

in G, where x; is the i'" vertex of x, and 7,,_; is the map 7,,_; = d° : [i,n] —
[i —1,n] of Seg(n). By the simplicial relations, f(x)(7,_i) = f(dy (x))(Tn_s),
so that the simplicial map f : X — WG is completely determined by the
morphisms

f@)(d =71 : [1,n] =) f(z1) — f(ao)

in G,,—1, x € X. In alternate notation then, the cocycle f(z) is given by the
string of morphisms

Fldg™ a)(d”) f(doz)(d%) F(2)(d®)

f(an) ——— f(@n) = .. ——— f(@z1) —— [f(20)

in G.

The morphism f(soz)(d®) is the identity on f(zo). We now can define
a groupoid GX,, to be the free groupoid on generators x : 1 — xy, where
x € Xp41, subject to the relations spx = 1;,, * € X,,. The objects of this
groupoid are the vertices of X. Following the description of the loop group
from a previous section, we can define a functor 6* : GX,, — GX,, for each
ordinal number morphism # : m — n by specifying that 8* is the identity
on objects, and is defined on generators [z], € X,,4+1, by requiring that the
following diagram commutes:

[(ch)*doz]
Tooy41——— T

- 0*[x
[GRJ o

Zo,

or rather that ~
0[] = 6" (@)][(c0)"doa] "

One checks, as before, that this assignment is functorial in ordinal number
morphisms 6, so that the groupoids GX,,, n > 0, and the functors * form a
simplicial groupoid GX, which we call the loop groupoid for X.

Any n-simplex x of the simplicial set X determines a string of morphisms

[dy~'a] [dox] [«]
Ty —— Ty — ... —— T — X

in GX, which together determine a cocycle n(z) : Seg(n) ~~ GX in the sim-
plicial groupoid GX. The calculations leading to Lemma 5.3 also imply the
following;:
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LEMMA 7.7.
(a) The assignment x +— n(z) defines a natural simplicial map n : X —
WGX.

(b) The map 7 is one of the canonical homomorphisms for an adjunction
homsGd (GX, H) = homs (X, WI{)7
where sGd denotes the category of simplicial groupoids.

Here’s the homotopy theoretic content of these functors:
THEOREM 7.8.

(1) The functor G : S — sGd preserves cofibrations and weak equivalences.
(2) The functor W : sGd — S preserves fibrations and weak equivalences.

(3) A map K — WX € 8 is a weak equivalence if and only if its adjoint
GK — X € sGd is a weak equivalence.

PROOF: The heart of the matter for this proof is statement (2). We begin by
showing that T preserves weak equivalences.

Suppose that A is a simplicial groupoid, and choose a representative x for
each [z] € mpA. Recall that the inclusion

i: |_| Alz,z) - A
[z]emo A

is a homotopy equivalence of simplicial groupoids in the sense that there is a
groupoid map
r:A— |_| Az, x)

[z]€mo A

which is determined by paths, such that r:¢ is the identity and such that the
paths defining r determine a groupoid homotopy

h:AxI— A

from the identity on A to the composite morphism ¢r. The object I is the
constant simplicial groupoid associated to the groupoid having two objects 0, 1
and exactly one morphism a — b for any a,b € {0,1}. One sees that WI =
BI and that W preserves products. It follows that the groupoid homotopy h
induces a homotopy of simplicial sets from the identity on W A to the composite
map Wi - Wr, and so Wi is a weak equivalence. If f : A — B is a weak
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equivalence of simplicial groupoids, then f induces an isomorphism mgA & 7y B,
and there is a commutative diagram of simplicial groupoid maps

I_I Az, 2) —— |_| B(f(x), f(x))

TETHA rETHA

A B

in which the vertical maps are homotopy equivalences. To see that W f is a
weak equivalence, it therefore suffices to show that W takes the top horizontal
map to a weak equivalence. But W preserves disjoint unions, and then one uses
the corresponding result for simplicial groups (ie. Proposition 6.3).

To show that W preserves fibrations, we have to show that a lifting exists
for all diagrams

A0 T
l JW f (7.9)

A" ———WB,
g

given that f : A — B is a fibration of sGd. We can assume that A and B are
connected. The lifting problem is solved by the path lifting property for f if
n=1.

Otherwise, take a fixed z € Ay and choose paths 7; : y; — x in Ag, where
y; is the image of the i*" vertex in A?. Note that the vertices of A? coincide with
those of A™, since n > 2. These paths, along with their images in the groupoid
By determine “cocycle homotopies” from the diagram (7.9) to a diagram

A} LWA(J?, x)

l g JWf (7.10)
A" TWB(JC(JT% f(z)).
More explicitly, if the simplicial set map 3 is determined by the string of

morphisms

FWn) =5 Flgn1) =5 Fgno) — - — Fln) — F(wo)
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in B, then the cocycle homotopy from 3 to 3’ is the diagram

Flyn) 2" ply) 2 I ) — 2 f(yo)
f(nn)J f(nn—l)J f(m)J Jf(no)
f@) g f@) s (1) 5 (@)

where h; = f(0:)g:f(nix1)~1, and 3 is defined by the string of morphisms h;.
The cocycle 3 is a cocycle conjugate of 3, in an obvious sense.

The indicated lift exists in the diagram (7.10), because the simplicial set
map W : A(z,x) — B(f(x), f(x)) satisfies the lifting property for n > 2 (see
the proof of Lemma 6.6). The required lift for the diagram (7.9) is cocycle
conjugate to .

We have therefore proved statement (2) of the theorem. An adjointness
argument now implies that the functor G preserves cofibrations and trivial
cofibrations. Every weak equivalence K — L of simplicial sets can be factored
as a trivial cofibration, followed by a trivial fibration, and every trivial fibration
in S is left inverse to a trivial cofibration. It follows that G preserves weak
equivalences, giving statement (1).

Statement (3) is proved by showing that the unit and counit of the ad-
junction are both weak equivalences. Let A be a simplicial groupoid. To show
that the counit € : GWA — A is a weak equivalence, we form the diagram

GW ( |_| Az, ) —&— |_| Az, z)

rETHA rETHA
GW@'J ':Jz'
GW A A,

€

where we note that GWi is a weak equivalence by statements (1) and (2).
The functors G and W both preserve disjoint unions, so it’s enough to show
that the simplicial group map e : GW A(z, x) — A(z, ) is a weak equivalence,
but this is the traditional result for simplicial groups (Proposition 6.3; see also
Corollary 6.4).

Let K be a simplicial set. To show that the unit n : K — WGK is a
weak equivalence, it suffices to assume that K is a reduced Kan complex, by
statements (1) and (2). Now apply Proposition 6.3. O

COROLLARY 7.11. The functors G and W induce an equivalence of homotopy
categories
Ho(sGd) ~ Ho(S).





