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Abstract. Consider two-party secure function evaluation against an
honest-but-curious adversary in the information-theoretic plain model.
We study the round complexity of securely realizing a given secure func-
tion evaluation functionality.

Chor-Kushilevitz-Beaver (1989) proved that the round complexity of
securely evaluating a deterministic function depends solely on the car-
dinality of its domain and range. A natural conjecture asserts that this
phenomenon extends to functions with randomized output.

Our work falsifies this conjecture — revealing intricate subtleties even
for this elementary security notion. For every r, we construct a function
fr with binary inputs and five output alphabets that has round complex-
ity r. Previously, such a construction was known using (r + 1) output
symbols. Our counter-example is optimal — we prove that any securely
realizable function with binary inputs and four output alphabets has
round complexity at most four.

We work in the geometric framework Basu-Khorasgani-Maji-Nguyen
(FOCS—2022) introduced to investigate randomized functions’ round
complexity. Our work establishes a connection between secure compu-
tation and the lamination hull (geometric object originally motivated
by applications in hydrodynamics). Our counterexample constructions
are related to the “tartan square” construction in the lamination hull
literature.
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1 Introduction

Secure multi-party computation (MPC) [13,18] allows mutually distrusting par-
ties to compute securely over their private data. In general, MPC requires an
honest majority or oblivious transfer to compute tasks securely. Even if honest
parties are not in the majority, several tasks are securely computable in the
information-theoretic plain model without oblivious transfer or other hardness
of computation assumptions. For example, the Dutch auction mechanism [6]
securely performs auctions. These information-theoretic protocols, if they exist,
are highly desirable — they are perfectly secure, fast, and require no setup or
preprocessing. With rapid increases in the computational power of parties, the
round complexity of these protocols becomes the primary bottleneck, signifi-
cantly impacting their adoption.

This work studies the round complexity of MPC in the two-party information-
theoretic plain model against honest-but-curious adversaries. Alice and Bob have
private inputs x € X and y € Y, respectively, and their objective is to securely
sample an output z from the distribution f(x,y) over the sample space Z. The
distribution f(z,y) is publicly known, and both parties must receive the identical
output z. Parties have unbounded computational power and honestly follow
the protocol; however, they are curious to obtain additional information about
the other party’s private input. An ideal communication channel connects the
parties, and they send messages in alternating rounds.! The round complexity of
securely computing f is the (worst-case) minimum number of rounds required
to perform this sampling task securely.

We aim to investigate factors causing high round complexity for these secure
sampling tasks. Increasing the size of the input or output sets would certainly
lead to higher round complexity. However, even after fixing the input and output
sets, the complexity of representing the probability distributions could influence
the round complexity. There is a natural conjecture in this context.

It is conjectured that only the sizes of the input and output sets determine

the round complexity. The complexity of representing the probability distribu-
tions f(z,y) is absorbed within the private computation that parties perform,
and it does not impact the round complexity.

This (extremely strong) conjecture is known to hold for (a) classical com-
munication complexity where correctness (not security) is considered, (b) the
secure computation tasks with deterministic output, and (c¢) randomized out-
put tasks with a small output set. In the sequel, Sect.1.1, Sect.1.2, and
Sect. 1.4 present evidence supporting the credibility of this conjecture. Our work
refutes this conjecture. Section2 presents our contributions and Sect.3 high-
lights the underlying technical approach.

1.1 Discussion: Interaction in a World Without Security

Consider the classical communication complexity objective of correctly (possibly
insecurely) evaluating a randomized output function with minimum interaction.

! Both parties know which party speaks in which round.
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In this context, the following canonical interactive protocol is natural. Alice
sends her input = to Bob. Bob samples z ~ f(z,y) and sends the output z to
Alice.? The round complexity of this (insecure) protocol is two. More gener-
ally, its communication complexity is log card (X)) + log card (Z), where card (5)
represents the cardinality of the set S. These upper bounds on the interaction
complexity hold irrespective of the complexity of representing the individual
probabilities f(z,y)., the probability to output z € Z conditioned on the input
(z,y) € X xY. The computational complexity of sampling their output did not
overflow into the interaction complexity because its impact was contained within
the respective parties’ private computation.

1.2 Round Complexity of Deterministic Functions

A particular class of functions widely studied in communication complexity and
cryptography is the class of deterministic functions. The function f is deter-
ministic if the support of the distribution f(x,y) is a singleton set for every
(z,y) € X x Y — the output z is determined entirely by the parties’ private
inputs (z,y). For example, in an auction, the price is determined by all the bids.

Chor-Kushilevitz-Beaver [4,8,17] characterized all deterministic functions
that are securely computable in the two-party information-theoretic plain model
against honest-but-curious adversaries. The secure protocols for such functions
follow a general template — parties rule out specific outputs in each round.
Excluding outputs, in turn, rules out private input pairs (because each input
pair produces one output). For example, the Dutch auction mechanism rules
out the price that receives no bids. Such functions are called decomposable func-
tions because these secure protocols incrementally decompose the feasible input-
output space during their evolution. Decomposable functions are securely com-
putable with perfect security.

Let us reason about the round complexity of a deterministic function f: X x
Y — Z, represented by round (f). One has to exclude card (Z) — 1 outputs so
that only the output z = f(x,y) remains feasible. So, if f has a secure protocol
in this model, then

round (f) < card (Z) — 1.

Furthermore, the Markov property for interactive protocols holds in the
information-theoretic plain model. The joint distribution of inputs conditioned
on the protocol’s evolution is always a product distribution. Excluding output
also excludes private inputs of the parties. For example, if Alice sends a message
in a round, she rules out some of her private inputs. This observation leads to
the bound

round (f) < 2-card (X) — 1.

2 We assume that parties have access to randomness with arbitrary bias; more con-
cretely, consider the Blum-Schub-Smale model of computation [5]. For example, par-
ties can have a random bit that is 1 with probability 1/7.
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Likewise, we also have
round (f) < 2-card (V) — 1.
Combining these observations, Chor-Kushilevitz-Beaver [4,8,17] concluded that
round (f) < min {card (Z),2 - card (X),2-card (Y)} — 1. (1)

The cardinalities of the private input and output sets determine the upper bound
on the round complexity of f if it has a secure protocol. This phenomenon from
the classical communication complexity extends to the cryptographic context for
deterministic functions.

1.3 Round Complexity of Randomized Functions with Small
Output Set

For functions with randomized output, the first conjecture already holds for small
values of card (Z). For example, card (Z) < 3 implies that round (f) < 2 [11].
In fact, this paper will prove that card (Z) < 4 implies round (f) < 4. It is
fascinating that the complexity of sampling from the distributions f(z,y) does
not impact the round complexity; its role is localized to the parties’ private
computation.

1.4 Round Complexity of Randomized Functions (General Case)

For three decades, there was essentially no progress in determining the round
complexity of securely computing general randomized functions — barring a few
highly specialized cases [11]. Last year, Basu, Khorasgani, Maji, and Nguyen
(FOCS 2022) [1] showed that determining “whether a randomized f has an -
round protocol or not” is decidable. They reduced this question to a geometric
analog: “does a query point @ belong to a recursively-generated set S").” They
start with an initial set of points S(®, and recursively build StV from the set
S using a geometric action, for i € {0, 1,...}. The function f has an (at most)
r-round protocol if (and only if) a specific query point @ belongs to the set S(").
These set of points {S (i)}i>() lie in the ambient space

Rcard(X)fl « Rcard(Y)fl > Rcard(Z).

Again, the dimension of the ambient space (of their embedding) is determined
entirely by the cardinalities of the inputs and output sets. This feature of their
embedding added additional support to the conjecture.

Consider an analogy from geometry. Consider n initial points in R?, where
n > d. At the outset, any point inside the convex hull can be expressed as a
convex linear combination of the initial points that lie on the convex hull; their
number can be > d. However, Carathéodory’s theorem [7] states that every point
in its interior is expressible as a convex linear combination of (at most) (d + 1)
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initial points on the convex hull. At an abstract level: canonical representations
may have significantly lower complexity. It is similar to the Pumping lemma
for regular languages and (more generally) the Ogden lemma for context-free
languages.

Likewise, a fascinating possibility opens up in the context of Basu et al.’s
geometric problem. The canonical protocol for f could have round complexity
determined solely by the dimension of their ambient space, which (in turn) is
determined by the cardinality of the input and output sets. In fact, an optimistic

conjecture of O (card z )2) upper bound on the round complexity appears in

the full version of their paper [2, Section 7, Conjecture 1].

We Refute This Conjecture. The analogies break exactly at |Z| = 5.
Represent a randomized function with input set X x Y and output set Z
as f: X xY — RZ. For every r € {1,2,...}, we construct a function
fr: 10,1} x{0,1} — R{L2:345} with round complexity r. Previously, Basu et al.
constructed functions g,: {0,1} x {0,1} — R{L2--"+1} with round complexity
r, i.e., their example had card (Z) = (r + 1). In our example, card (Z) = 5,
a constant. Moreover, we prove the optimality of the counterexamples: Any
f:{0,1} x {0,1} — R{1:234} hag round complexity < 4.

Looking Ahead. Our results indicate that any upper bound on the round
complexity of f must involve the complexity of representing (the probabilities
appearing in) the function f. For example, consider a randomized function whose
probabilities are integral multiples of 1/B. Then, the round complexity of f
should be upper bounded by some function of card (X), card (Y), card (Z), and
B. The B-term represents (intuitively) “the condition number of the function f.”
If this dependence on B can, in fact, be a poly(log(B)) dependence, then it will
lead to efficient secure algorithms, ones with round complexity of poly(log B).

Our work considers the round complexity of perfectly secure protocols. The
case of statistically secure protocols remains an interesting open problem. In
fact, the decidability of the question: “Is there an r-round e-secure protocol for
f?7” remains unknown, which is a more fundamental problem. Basu et al. [1]
only considered the perfect security case. The technical machinery to handle
statistical security for general randomized output functions does not exist. This
work does not contribute to these two research directions.

1.5 Overview of the Paper

We discuss our contributions in Sect. 2. In Sect. 3, we provide a technical overview
of our paper. In Sect. 4, we discuss the relation of our work with lamination hull.
Section 5 presents the BKMN geometric framework. Section 6 introduces nota-
tions and preliminaries. Section 7 contains all results pertaining to constructing
high-round complexity randomized functions. Section8 shows that our coun-
terexamples are optimal.
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2 Our Contributions

Theorem 1 (Functions with arbitrarily high round complexity). For
any v € {1,2,...,}, there is a function f.: {0,1} x {0,1} — R{L2345} guch
that round (f,) = 7.

The function f, has an r-round perfectly secure protocol (and r bits of commu-
nication) but no (r — 1)-round perfectly secure protocol. This result proves that
there are functions with arbitrary large round complexity with a constant input
and output set size. Previously, Basu et al. [1] constructed functions with high
round complexity with (r+ 1) output alphabets. This result is a counterexample
to the folklore conjecture. Section 7 presents the definition of the functions and
the proof.

Our counterexample is also optimal, which is a consequence of our following
result.

Theorem 2 (Bounded Round Complexity for card (Z) < 4). Any function
f:{0,1} x {0,1} — R? with card (Z) < 4 has round (f) < 4.

Section 8 proves this theorem.

3 Technical Overview of Our Results

The presentation in this work is entirely geometric. No background in security
is necessary. We use the geometric embedding of BKMN [1] to translate round
complexity problems into geometric problems. Security is already folded inside
their geometric embedding.

3.1 High-Level Summary of the BKMN Geometric Framework

Section 5 presents a detailed version of this section. Consider a randomized out-
put function f: {0,1} x {0,1} — RZ. BKMN approach considers the ambient
space R?, where d = card (Z) + 2. They present the following maps

1. Function encoding. f + (A, B, V), where the matrix A € My card(z) (R)3,
the matrix B € Myycard(z)(R), and the vector V € Reard(2)

2. Query point. f — Q(f) € Reard(2)

3. Initial set. (A, B) — S'9 C R? satisfying card (§¥)) = card (2).

They present the following recursive definition of S¢+Y C R? from S C R¢,

for alli € {0,1,...}.

te{l,2,...},
A AR G > 0,
¢ AD 4 A@ 4o N =1,
S =N AW QW ), Q™. QW e 8O, and
k=1 ( D) _ @ —...— V) o
QW =QP =... = Qg”)

3 Mumxn(R) denotes the set of all m-by-n matrices with elements in R.
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Intuitively, this recursive definition ensures the following. Pick any ¢ points
QW, QP ,...,QW ¢ SO, where t € {1,2,...}. If the first coordinates of all
these t points are identical, or the second coordinates of all these ¢ points are

identical, then add all possible convex linear combinations (i.e., the convex hull)
of {QW,Q®,...,QW} to the set SU+D).

Remark 1 (Communication complexity). Restricting the recursive definition to
t = 2 corresponds to investigating the communication complexity of f. This
version of the recursion is closely connected to the lamination hull defined in
Sect. 4.

Observe that, in the recursive definition, the points need not be distinct.
Therefore, choosing Q) = Q) =... = QW ensures that S C SU+YD. Using
this recursive definition, we have the following sequence of sets in R%:

SO cs®Wcs®c...

Connection to Round Complexity of Secure Computation. BKMN [1]
proved that, for all » € {0,1,...}, round (f) < r if and only if Q(f) € S™.
Therefore, to prove round (f) = r, it suffices to prove that Q(f) € S\ S —1).

3.2 The “Tartan Square” Meets Secure Computation

Our objective is to prove that there is a function f,: {0,1} x {0,1} — RZ, where
Z ={1,2,...,5}, such that f, € S\ S"=V for every r € {1,2,...}. Recall
that S is determined by f, and card (S)) = card (Z) = 5. Furthermore, all
the sets S are in ambient space R, for i € {0,1,...}.

A preliminary step towards designing such functions is to determine an initial
set of points S(® such that we have

SO s cs@ ...

Otherwise, suppose S = SG+1)  for some i € {0,1,...}. Then, SU) = S&,
for all j > 4, and the round complexity cannot surpass i. So, our objective is
to construct an initial set SO of constant size in an ambient space of constant
dimension such that the evolution of the sequence S(® — 1) — @) ...
does not stabilize. It is unclear whether such an initial set S(©) even exists.

Illustrative Example. We present an initial set S (0 C R3 such that the evo-
lution of the recursively defined sets does not stabilize. We emphasize that this
illustrative example is for intuition purposes only. The actual constructions are
presented in Sect. 7, where the ambient space is R”.

We work in the ambient space R? for the illustrative example. Consider an
initial set of points

R? D SO = {(2,0,0), (0,1,0), (1,3,0), (3,2,0), (2,1,1)}
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1. For example, consider the points (0,1,0) and (2,1,1) in the set S(®). The
recursive definition allows the addition of the line segment PQ to the set
SM. In particular, this line segment’s midpoint (1,1,1/2) is in the set SV,

2. Similarly, considering the points (1,3,0) and (1,1,1/2) in the set S, we
conclude that their midpoint (1,2,1/4) is in the set S().

3. Now, consider the points (3,2, 0) and (1,2,1/4) in the set S(). Their midpoint
(2,2,1/8) is in the set S©).

4. Finally, the midpoint of the points (2,0,0) and (2,2,1/8) in the set S©) is
(2,1,1/16), which is in the set S,

Let us summarize what we have achieved thus far. Beginning with the point
(2,1,1) € SO we identified the point (2,1,1/16) € S™. One can prove that
this point (2,1,1/16) & S®). Therefore, we conclude that the point (2,1,1/16) €
SW\ 86,

Using analogous steps as above, starting instead with the point (2,1,1/16) €
SW\ SO will lead to the point (2,1,1/(16)2) € S®\ S In general, using this
construction, we will have

1
2.1, — S(4k) S(4k_1).
( s 4y 16k) € \

This sequence of points, for k € {0,1,2,...}, demonstrate that the sequence
SO - 8M — 8§ ... does not stabilize. This example is the “tartan square”
from the lamination hull literature; refer to Remark 2 in Sect. 4.

This illustrative example leads to the following conclusion. In an ambient
space of constant dimension and starting with a suitable initial set S(©) of con-
stant size, the sequence S(© — S(1) — S(2) ... may not stabilize.

3.3 Overview: Proof of Theorem 1

For r € {1,2,...}, we will appropriately choose the probabilities of the function
fr:{0,1} x {0,1} — RZ, such that card (Z) = 5. Using the BKMN geometric
framework (see Sect.3.1), we will generate:

1. Function encoding (A4, B,V,.). We emphasize that all our functions f, are
designed so that they map to the same (A, B); only V. is different.

2. Query point Q(f.) € R7.

3. Initial point set S(®) C R, which is identical for all f, because (a) all functions
map to identical (A, B), and (b) (A, B) alone determine S©).

Sect. 5.1 presents the definition of the function f;.

Next, the choice of the S(® ensures that the evolution of the sets S(© —
SW — 8@ ... does not stabilize. It essentially mimics the tartan square con-
struction of Sect. 3.2. However, we emphasize that in this section, the ambient
space is R” (the ambient space for the tartan square example was R3). Fur-
thermore, we design our function f, such that the corresponding query point
Q(f,) € 8™\ SV Consequently, we have round (f,.) = r.
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3.4 Overview: Proof of Theorem 2

We aim to prove that round (f) < 4, for any function f: {0,1} x {0,1} — R?
such that card (Z) < 4. Toward this objective, we begin with the following
observations.

1. Recall that in the BKMN framework card (§®)) = card ().
2. Furthermore, if S = S®) then S = S®, for all j > 4. In this case,
round (f) < 4, because S\ SOV =), for all r € {5,6,...}.

To prove our theorem, it will suffice to prove that the evolution of the sets
SO — 8 — 8@ — ... stabilizes by i = 4 when card (S) < 4.* We prove
this result using an exhaustive case analysis (see Sect. 8).

4 Lamination Hull

Consider an ambient space R?. The lamination hull is parameterized by a set
of points A C R%. Given a set of initial point S(%4) C R?, recursively define
SOFLA) from S as follows

QW, QR e st
SN = IA-QW +(1-X-QP: Aeo,1], and
QW —Q®@ e 4

Intuitively, one can add the line segment QMQ®2) to the set SUTHA) for any
QW,Q® e st if QU — Q@) € A. The lamination hull is the limit of the
sequence SO — SOA) . §24) ... This hull is tied to computing the
stationary solutions to the following differential equations underlying incom-
pressible porous media [9,10,12,14].

Incompressible Porous Media (IPM) Equations

Conservation of Mass, Incompressibility, and Darcy’s Law

dp+V-(pv)=0, V-v=0, %v=—Vp—pg, (2)

where p is the fluid density, v is the fluid velocity, and g is the gravity.

When 4 = (0,R,...,R) U (R,0,R,...,R) C R? the sequence S(>4) —
SA) — 8§24 ... s identical to the sequence defined by Basu et al. [1]
for the communication complexity case (see Remark1). Basu et al. [1] proved
that the points in the recursively defined sets are related to secure computation
protocols. As a consequence of this connection, secure computation protocols
manifest in physical processes in nature. This connection is mentioned in [3,

Page 20].

4 We highlight a subtlety. We only need to prove that S® = S ) Tt is inconsequential
if they have stabilized even earlier. For example, it may be the case that S¥) = SU+D
for some j € {0,1,2,3}.
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Remark 2 (Independent discovery of the “tartan square” construction). Our
work independently discovered the “tartan square” construction in the lami-
nation hull literature [16, Figure 2, Page 3]. Consider ambient dimension R*® and
A= (0,R,R)U(R,0,R) C R% The “tartan square” is a set of 5 points in R? such
that the sequence S(®4) — S1.4) _ §24) ... does not stabilize. Section 3
uses this example to provide the intuition underlying our counterexample con-
structions.

5 BKMN Geometric Framework: A Formal Introduction

Basu-Khorasgani-Maji-Nguyen [1] presents a new approach for studying the
round complexity of any (symmetric) functionality f: X x Y — RZ. In the
following discussion, we shall recall this approach for the particular case where
the input domain satisfies X =Y = {0,1}.

From the given functionality f, BKMN22 defines the following maps.

Function encoding: f — (A, B,V)

Query point: f — Q(/)
Initial set: (A, B) — S(©)
Recursive construction: S — SG+D for any i € {0,1,2,...}.

Function Encoding

There are matrices A € Maycard(2)(R), B € Maycara(z)(R), and vector
V € Reard(4) gych that

=N

fx,y): =Az. By, -V.forallz e X,y €Y,z € Z, and

Z Ag =1, Z B,.=1forall z€ Z.¢

rzeX yey

¢ If such an encoding does not exist, there is no secure protocol for f [15].

The query point Q(f) is constructed as follows.

Query Point Construction

Q(f) = (1/2, 1/2, }lv> GRXRXRCard(Z)

The initial set S(*) is constructed from (4, B) as follows.
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Constructing the initial set S© from (A, B)

SO = {(Ay., Bos, e(2)): z € Z} CRY,

where d := card (Z) + 2, and e(z) is the standard unit vector whose
coordinates are all zeros except that the z-th coordinate is one.

They consider the sequence S SM . SO . where for any i €

{0,1,...}, the geometric action that recursively generates S¢*+1) from S is
defined as follows:

Geometric Action: Constructing S¢*1 from S®)

For any t € {1,2,...} and points QM),Q®, ...,Q®" € S, add all
convex linear combinations of the points {Q™, Q@ ..., Q®} to the set
S+ if (and only if)

1. QP =QP =...=Q, or
1 2 t
2. QM =P =... = QY.

For a point Q € R% Qi represents the first coordinate of @, and Qs
represents the second coordinate of Q.

Some Clarifications.

1.

w

A convex linear combination of the points Q). ..., Q®, is a point of the
t .

form AP . QW 4... £ X® . QW where AV, ... A® > 0and > A® = 1.
i=1

All possible convex linear combinations consider all possible such AV, ... A(®)

values.

The points QY ..., Q™ in the definition need not be distinct _

Considering ¢ = 1 in the definition above ensures that S C SG+1),

Since efficiency is not a consideration in the current context, we consider ¢ €

{1,2,...}. Otherwise, by Carathéodory’s theorem [7], it suffices to consider
only t = (d+1).

BKMN’s Reduction. Given the initial set S, one constructs the sequence
SO - s — 8@ | recursively based on the geometric action. Basu
et al. reduce the problem of the round complexity of secure computation of ran-
domized functions to the problem of testing whether a point belongs to a set in
a high dimensional space.
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BKMN'’s Reduction

For any r € {1,2,...},

1. round (f) < r if and only if Q(f) € 8.
2. round (f) = r if and only if Q(f) € ST\ S—1).

5.1 An Example

In this section, we consider an example and find the corresponding encoding,
query point, and sets S, SM . based on BKMN’s approach. For any r =
4k + 1 where k € {0,1,...}, we construct a functionality f.: {0,1} x {0,1} —
R{1:23:45} and then show in Sect.7 that round (f,) = . We emphasize that
it is also possible to construct such functionality for the cases that r = 4k or
r=4k+ 2 or r = 4k + 3 where k € {0,1,2,... }.

Consider the following functionality

3 1 3 3
far+1(0,0) = (16 "0k g Okt 3 “ Ok, 3 " Ok, 24k+2> ’
9 1 1 3
far+1(0,1) = (16'%’ 7 Okt 0ok, 3 Tk 24,€+2>7
1 3 1 1
f4k+1(170) = (16 * Ok, 1 : O-k+1; g c Ok, 0 * O, 24k:+2) 9
3 3 1
fa1(1,1) = (16 " Ok, 1 “Okt1, 0-0%, 0-0p, 24k+2> )
. 1-(1/16)F . ,
where o, = {716 for k € {0,1,2,...}. Following BKMN’s approach (refer

to Sect. 5), the encoding of fir4+1 is the triplet (A, B, Vigy1), where
_(3/4, 1/4, 1/2, 1, 3/4
4= (1/4, 3/4. 172, 0, 1/4) € M2s(R),

1/4, 1/2, 1, 3/4, 1/2
b= <3/47 1/2, 0, 1/4, 1/2) € Mayus(R),

_ O O 1 5
‘/4]€+1 - <Uk720k+1747 ?7 24k1> e R

Note that the first row of matrix A corresponds to input X = 0, and its second
row corresponds to X = 1. Similarly, the first row of B corresponds to input
Y =0, and the other row corresponds to Y = 1. The initial set S(© is derived
from (A, B, Vygy1) as follows.

SO = (P& 2 €{1,2,3,4,5}}, where
P = (3/4, 1/4, 1,0,0,0,0),



Randomized Functions with High Round Complexity 331

P® = (1/4, 1/2, 0,1,0,0,0),
P® =(1/2, 1,0,0,1,0,0),
PW = (1,3/4,0,0,0,1,0),
PO = (3/4, 1/2, 0,0,0,0,1).

Note that S() C R7 for all i € {0,1,...}. The query point is defined as

1 1 1 o oy O Ok 1
Q(f4k+1):( gL s 8 L >€R7.

27274 47 2 7167 87 2%+l
To prove that round(fir+1) = 4k + 1, it suffices to prove the following result.
Lemma 1. It holds that Q(fay1) € SEFHD\ SR,
We provide a proof for Lemmal in Sect. 7 (refer to the proof of Theorem 3).

6 Preliminaries

This section introduces some notations and definitions to facilitate our presen-
tation.

6.1 Notations

We will use the following notations for a point p € R%, a scalar ¢ € R, and a set
S C R4

p+S = {p+q:qe8S}, ¢S :={c-q:qeS}

We use the standard notations \,U, N to denote the minus, union, and intersec-
tion operators on sets, respectively.

6.2 Convex Geometry

For any two points z,y € R?, the line segment between x and y, denoted as 77,
is the set of all points t-x+4 (1 —t)-y for t € [0, 1]. A subset of R? is a convex set
if, given any two points in the subset, the subset contains the whole line segment
joining them. A convexr combination is a linear combination of points in which
all coefficients are non-negative and sum up to 1. An extreme point of a convex
set S C R? is a point that does not lie on any open line segment joining two
distinct points of S.

Definition 1 (Convex Hull). For any set S C R%, the convexr hull of S,
denoted as conv(S), is the set of all conver combinations of points in S.

For example, every line segment is the convex hull of the two endpoints. The
following facts follow directly from the definition of the convex hull.

Fact 1. For any subset S C R?, it holds that conv(conv(S)) = conv(S).
Fact 2. For any S C T C R, it holds that conv(S) C conv(T).
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7 Functions with High Round Complexity

This section provides a formal proof for Theorem 1 restated as follows.

Theorem 3. For every r € N, there exists a function f,.: {0,1} x {0,1} — R?
such that card (Z) = 5 and f, has r-round perfectly secure protocol but no (r—1)-
round secure protocol.

We begin with introducing some notations. Let P = (Py, Py, P3, Py, Ps, Ps, P;)
denote a point in R? x R®. We define the following projections

7 R? x R® — R?, w(P) = (P, Py)

m: R?2 x R® - R, m(P) = P

o RZx R® - R, mo(P) = Py

p: R2xR5 - R5, p(P) = (Ps, Py, Ps, Ps, Pr)

We use e; € R5, where i € {1,...,5}, to represent the i*" vector of the
standard basis for R®. All coordinates of e; are 0 except the i** coordinate,
which is equal to 1. For example, if P = (1/4,1/2,0,1,0,0,0), then

w(P)=(1/4,1/2), m(P)=1/4,m(P)=1/2, p(P)=(0,1,0,0,0) = es.
Our Initial Set of Points. We define the following five points in R?
a1 = (3/4,1/4), as = (1/4,1/2), a3 = (1/2,1), as = (1,3/4), a5 = (3/4,1/2).
The initial set S(©) is defined as
SO = (PeR?®xR®: Fie{1,2,3,4,5}, n(P)=a; and p(P) = ¢;}.

Recursive construction of S®W. For i € {1,2,...}, let S C R? x R® be the set
defined recursively from S¢—1 according to Fig. 1.

For t € {1,2,...} and any points QW, QP ...,QW e St~V satistying
m(@QY) =m(@Q®) = =m(@Q"), or
m(QY) =m(@Q®) = = m(@Q")
add all possible convex linear combinations of QV, Q@ ..., Q™ to the set S@.

Fig. 1. Recursive procedure to construct S® from SU~ for i € {1,2,...}.

In addition to Theorem 3, we shall also prove the following result.
Theorem 4 (Does not Stabilize). For allic {1,2,...}, St—D C SO,

Intuitively, the choice of the S(®) ensures that the evolution of the sets S(©) —
SM — 8@ ... does not stabilize.
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axis-1

as
[ ]

ar

ag

as

axis-2

Fig. 2. An example showing that the sequence {S(i)};’io does not stabilize.

Additional points and notations. We define the following additional points for

our analysis (refer to Fig.

=(1/2,1/2), a7 = (1/2,3/4), a

2).

= (3/4,3/4)

Let a1ag denote the set of points on the line segment that connects the point aq
to the point ag. The segments a5, a3ag, azay are defined similarly. For any set

2 C R?, we define the set SQ as follows.

S = {(3/4,1/4,1,0,0,0,0)},
1,0,0,1,0,0)},

SO ={@/2,

S ={(3/4,1/2,0,0,0,0,1)},

Sy

= {Qes8W:

m(Q) € 2}
Whenever (2 is a singleton set, we omit the brackets. For example,

SO ={(1/4,1/2,0,1,0,0,0)},

ae

S ={(1,3/4,0,0,0,1,0)},
SO _ g0

=S

ar

) = ag) = 0.

Moreover, for any set 2 C R? x R®, we define p(£2) := {p(P): P € $2}. For
example, p(S57) = {(0,0,0,1,0)} = {es}.

For i € {0,1,2,...}, we define
— 1 1—(1/16)
”*gw—umﬁ
o = g; %—i— o; %—4— o
Bi = Ui+1'3;+ 0'7,'% (op)
Vi = Ui+1'i;+0i+1 %2 0i
0 = Ui+1'%+0i+1 %3-1-01“
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Moreover, o, 3%, v*,0* are defined as the limit of sequences «;, 3;,7;, d; respec-
tively (refer to Proposition 4). We prove some algebraic properties of a;, 8;,7i, 0;

in Sect. 7.4.

Now, we state all claims needed for the proof of Theorem 3. Assuming these
claims, we first prove Theorem 3 in Sect.7.1. Then, we prove these claims in

Sect. 7.2
Lemma 2. For every i € {0,1, }
p(S(Y) = p<s<4’+1>>
PSEY) = p(SE) =
p(Sézii-ﬂ)) (S(4z+3))
PSETY) = p(SETY) =

Lemma 3. For alli€ {0,1....},

p(SSE) = conv({an, o) }),

p(S{EH)) = ConV({m i},
.. }, it holds that

Lemma 4. For any i € {0,1,
i1 & p(SY), Bivr ¢ P( S,

...}, the following identities hold.

p(8(4z+2 ) = (8(4z+3))
PSLTY) = p(SETY),
PS5 = (S5,
PISET) = (S5,

p(8¢(1§2+1)) = ConV({ﬁoa /BZ})7
p(S(S‘:”g)) = conv({do, 6 })-

4742 4443
Yir1 & p(SETD), Gipq ¢ p(SETI).

7.1 Proofs of Theorem 3 and Theorem 4

Proof (of Theorem 3). Suppose r = 4k + 1, where k € {0,1,2,...

functionality fyr+1 defined in Sect. 5.1

3 1

f4k+1(0,0) = (16 * Ok, Z

9 1

== op>

far+1(0,1) (16 Tk

1 3

1L,0) = — o4, °

Jart1(1,0) (16 Tk 4

3 3

faep1(1,1) = (16 Tk
where o, = 1(117//1166 for k € {0,1,

' Jk+1a0'0k70 * Ok,

}. Recall the

1 3
'Uk-‘rlyg T 8 Oks 5ak+2 24k+2

1
'Uk+la0'ak78 Uk)?24k+2

1
*Ok+1, g : O—kHO Ok, 24k+2

24k+2 >

... }. As we discussed in Sect. 5.1, the

encoding of fyr11 is the triplet (A, B, V4k+1), where

3/4, 1/4, 1/2,
A= (1/4, 3/4, 1/2,

1/47 1/27
B= (3/4, 1/2,

Vi1 = <0k, 20441,

O O'k 1
4727

1, 3/4
0. 1§4> € Mays(R),

1, 3/4, 1/2
0, 1/4, 1/2) € Maxs5(R),

>6R5.

24k—1



Randomized Functions with High Round Complexity 335

and the query point is the following:

1 1 1 k¥ Ok+1 Ok Ok 1 7
=\5' 35 5 5 y T o saat | € R*.
Qfae+) (2 24 47 2 716" 8 24k+1>
Now, recall that
() €1 €4 €3 €5
ﬂk20k+1'5+ O'kz-i‘ gk.§+ak'ﬁ+24k+l

This implies p (Q(far+1)) = Bk. Thus, it follows from Lemma3 and Lemma 4
that p(Q(fak+1)) € Séékﬂ) but p(Q(fik+1)) & Saq 4(k DFY  Moreover, Lemma 2

implies that 3(5‘;(’“*”“) = Séfik). Thus, we conclude that

Q(faps1) € SWFFD\ SUR)

which is what we promised to prove in Lemma 1. This implies that f,. has r
round secure protocol but no (r — 1) secure protocol.

We can extend the proof to the case that r # 4k + 1 for any k. The idea is
similar. We can find 3 different family of functions corresponding to r = 4k, r =
4k 4+ 2,7 = 4k + 3. We only need to choose a different query point in Fig. 2,
as, ar, or ag and scale that figure and transfer it appropriately such that query
points (1/2,1/2) is on as, ar, or ag depending on the remainder of division of r
by 4. Then, we can find appropriate functionalities. This completes the proof of
the theorem.

Proof (of Theorem 4). Theorem 4 follows directly from Lemma3 and Lemma 2.

7.2 Proofs of Claims Needed for Theorem 3

This section proves all the claims needed for Theorem 3 assuming other results
that will be proved in Sect. 7.3.

Proof (of Lemma 2). We prove by induction on 1.

Base Case. From the recursion in Lemma 6, one can verify that

p(so(tg)) p(S(l)) p(S(Q)) ( (3)) o {65}
pSID) = p(S2) = p(S2) = pls) = 222,

2 3 4 5 €3  e2tes
ASD) = p(SD) = p(S) = p(ST) =5 + =
e [ ey + e
74+73+ 2 5.

P(SE)) = p(S5)) = p(S() = p(S)) = <

Induction Step. Suppose the induction hypothesis holds for (i — 1). It follows
from Lemma 6 that

, ‘ 1 ‘
p(Sf{;”?’)) = conv (p(5£§z+2)) U 3 (61 + p(Sé‘:’Jf?))))
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= conv (conv <p($§§’+1)) U 3 (61 + p(5(4l+1)))) U 5 (61 + p(S(4z+2)))>
By the induction hypothesis, p(S,géiH)) = p(SégiH)). Therefore, we have

5 (a1 p(SE)) = 2 (o1 + (8

This, together with Fact 1 and Lemma 6, implies that
i i 1 i i
pISLE) = come (S U - (e 4 (ST ) = (22,

Likewise, one can show that p(8(4z+2 ) = (8(4Z+1 ) and p(S((éiH)) = p(&(éi)).
These imply that

P(S5Y) = p(SLETY) = p(S5) = p(SEH).
The proof of other equalities is similar.
Proof (of Lemma 3). We prove by induction on i (refer to Fig. 3).

Base Case. For i =0,
p(SL9) = {ao} = {es},
sty = () = {252
ps) = ) = {3 + 22,
(St )_{50}_{ +4+€2;:65}.

Induction Step. Suppose the lemma is true for i. We shall show that it is true
for i + 1.

i i 1 i X
P(szi )y = conv (0(55145 hu 5 <e1 + ,0(&(;; +3>)>) (Lemma 6)
i 1 i
= conv (p(Sgé )) U 5 <61 + p(St(;; +3)))> (Lemma 2)
1

= conv (conv({ao, a; }) U 5 (e1 + conv({do, 51}))) (Induction hypothesis)

= conv ({a07ai}u{el ;50, a ;61}) (Fact 1)

= conv ({ap, @i} U {a1,ait1}) Proposition 2

= conv({ao, ai+1}) (Proposition 5 and Fact 2)

Similarly, it holds that
p(S5aHP)) = conv({Bo, Bit1}),
(SO = conv({y0,7i+1});
p(SET) = conv({do, §i41}),

which completes the proof.
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Y1 851
. —_—— . A
axis-1 es + b1 axis-1 es +m
e3 CO'}V(%» B ) es conv(bo, 5 )
E A
(50 :
€4 conv(vo,v1) n
€2 conv(ao, o) €2 conv(ao, 1)
conv(Bo, B1) conv(fBo, B1)
el €1
axis-2 axis-2
S© S
axis-1 axis-1
es €3
€4 €4
conv(ag, ta )
€2 » 79 €2 » conv (g, 1)
R , R
oy
ez + aq
e
k3 conv(fo, 3 Jeer
——
. ﬂl .
axis-2 axis-2
S@ S®)
axis-1 axis-1
€3
Yo = 83;/30 ecy
€1
axis-2 axis-2
S@ S®)
axis-1 es axis-1 es
L] L]
ey e €y
€2 e ® e (X0 = €5 €2 oo = €5
ﬂ e2+ag
2
L]
el €1
axis-2 axis-2
S s

Fig. 3. The evolution of p(S5Y), p(S{9), p(SE), p(SEY) up to step eight.
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Proof (of Lemma 4). Lemmad4 follows directly from Lemma 3 and Proposition 5.

7.3 Proof of Claims Needed for Lemma 2, Lemma 3, and Lemma 4

This section proves results that are needed for the proof of Lemma 2, Lemma 3,
and Lemmad4. The result below follows directly from the definition of the
sequence {S;}22,.

Proposition 1. For any set 2 and any i € {0,1,...}, the following property
holds. _ 4
SS) c SSH).

The following result says that for any ¢ € {0,1,...}, all the points in the line
segment ayag at round (i+1) except the new ones at the point ag are constructed
solely from the points at a1, as, as at round 4, and similarly for others.

Lemma 5. For every i € {0,1,...},

S (Sg”;l) \ 8¢ SHUSH U >)

asae

) =eom(
SEED (S0 80 = conv (81 USY U S
1) = o (

S(H'l) \ ( SGi+1) \S

)
SO USH U >)
)

S0+ ( S\ st )) — conv (3@ uSHush

a4a7

Proof (of Lemma 5). We prove by induction on i.

Base Case. For ¢ = 0, we have
5S¢ =1{(3/4,1/4,1,0,0,0,0,0)}, S5 = {(3/4,1/2,0,0,0,0,1)}, 52 = 0.
It implies that

conv (S(S?) U Ség) U Ség)) = conv (Sé?) U Ség)) .

Observe that m1(P) = 3/4, for any point P € S,g?) usé‘;). Therefore, any convex
combination of a point in SC(L?) and a point in 8(52) is in the set SSLS
852) = szi) = (). This shows that

conv (8&?) U Ség) U 8&2)) 3(1(18 Szﬁas \ (Szgi) \Slgg)) :

To prove the other direction, observe that any point in Sa

in S((I? \SEE‘;’ is a convex combination of a set of points in S(E?LS = S,g?) Sff;) by

definition. Thus, it follows that

ajag

Stz \ (S \SI) = iy € comy(817 ) = con (7 U S USY)
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Induction Hypothesis. We assume that

SO

aijas

\ (3( 9 \St(fs_l)) = conv (8 i)y si-b usi- 1))

and similarly for other equations.

Induction Step. Note that for any point P in the set S,g? US(SQ US((IQ, we have
71 (P) = 3/4. Therefore,

— aijag

conv (8&? U S(g? U 5(&?) c stith)

Since azaz is the only line segment that contains ag such that ag is not an end
point of it, we have:

( Sl s¢ l)) N conv (Stg? usHu Sé?) = (Séf;rl) \SL(L?) N conv (SL(I?) =0.

Therefore, we conclude that

conv (Sg? U S((l? U Sé?) c st \ (S&H) \Sz(z?) :

aijas

To prove the other direction, note that any point in Sézl'g; \SL(lZH) is constructed

Sas). Thus, we have

from a convex combination of the points in S. C(l?as

SV ST ¢ conv (S \ SEY)
C conv (Si?TS\ (s“) \ st 1>)) (Fact 2)
= conv (conv (S,(lil_1> U Sc(fs_l) U s,ﬁf;“)) (Induction hypothesis)
= conv (Séi;l) U Ségﬁl) U 81(1271)> (Fact 1)
C conv (sgﬁ) U Ség U Sé?) , (Proposition 1 and Fact 2)

Since S(g? C conv (Séil) U SC(L? U Sé?), it follows that

S\ ( S+ \S(S?) _ ( (i+1) \S(SiJrl)) USH C conv (5 USH U S ) .

alas ayas
We have shown that

stth) \ ( St+1) \S(Z ) = conv (Séi) U Sé? U S((l?) .

alag

We prove other equations in a similar manner, which completes the proof.

Next, using Lemma 5, we prove a recursive construction of the projection p
at the points a; for 1 <i < 8.
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Lemma 6. For alli € {0,1,...},

p(S) = {er}, p(SE) = {ea}, p(S{)) = {es}, p(SL)) = {ea}.

Furthermore, for alli € {1,2,...,},

PSY) = {es}, p(SE) = conv

i+1 7
0, p(SEHY) = conv( p(S{V) U

a

N— N~ N~ N

p(S) =0, p(SLE) = conv

as

pISLY) = 0. p(S{) = come (0 U

Proof (of Lemma 6). Initially, (S( ) = {e1}. At any round i € {1,2...},
there is no new point constructed at ay, since a; is an extreme pomt of
conv(ay, ag, as, as, as). Therefore, p(SC(L?) = {e1}. Similarly, we have

p(8E)) = {ez}, p(S5)) = {es}, p(SL)) = {ea}, for every i € {0,1,...}.

Let P € S((f:l). It follows from Lemmab that there are points P,, € St(fl),
P, €8, P, € S, and A1, As, As > 0 such that

P:)\l'Pa1+)\8'Pa8+>\5'Pa5a and A1+)\8+>\5:1
Projecting these points into the second coordinate, we have
mo(P) = A1 - ma(Pa,) + As - T2(Pag) + As - m2(Pas).

This together with ma(P) = m2(Pas) = 5 (m2(Pay) + 2 as)) implies that \; =
Ag. Thus, the point P is in the set conv (S(? U % . (S + S )) This implies
that

S C conv (S(’) U= (8(1 +80 ))
Projecting this fact into coordinates {3,4,5,6,7} yields
pSEFY) € conv (p<sé?> Ug- (oY p<s§z>>))
—conv (oS g (a+0SD)) (e oS = )
Conversely, it suffices to show that

conv (S()U (8( +S())> QS((I’;FI).
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This follows directly from the fact that a5 is the midpoint of the segment ayas.
We have proved that

i i 1 i
pUSE) = come( (S U5 - (e1-+ (8D ).
Similarly, the other three equations for ag, ar, ag also hold.

7.4 Properties of the Four Sequences

We first recall the definition of the four sequences «;, 3;,7;,0; as follows. For
i€{0,1,2,...},

1—1 ;
B 11— (1/16)
o= ) qar = 1-1/16 °

k=0
o = oi~%+ O‘i-%—‘r Ui-%+0i-%+%,
Bi = Uz‘+1'%2+ Uz"%-F Ui'%-ﬁ-gi'%ﬁ-%,
Vi = Ui+1‘g;+0i+1‘%+ Ui'%+0i'%+2,i%7
6; = Ui+1'%+ai+1'%+0i+1'%+0i'%+%~
Proposition 2. For alli € {0,1,...},
aiH:t?l-f-fSi7 ﬁi:€2+ai’ %:634—@" 6i:€4+7i_
2 2 2 2
Proof. By definition,
e X TN
RN RS R R A ST
:(1+%)'%+”i'(%+e§4+%)+2~ei6i
=041 - 652 +o;- (% + %1 + %) + 5 .Gi)ﬁi (Proposition 3)

The proofs of the other equations are similar.
The following proposition follows from the definition of o;.

Proposition 3. For alli € {1,2,...},

0; — 1 -+ 1760—1-71'
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Proposition 4. The following statements hold.

8 1
li = — — = ey —=:
ilrgoozz 1561 + 1564-1- 1563 + 1562 a,

8 4.2 1
lim 3; = —es+ —e1 4+ —es + —eg = (37,

i—00 15 15 15 15
y 8,4 2 1 .
im v, = —e3 + —ey + —e =: v"
i T 5B T 5 5 Lrge =7
8 4 1
lim §; = —es + —e3+ —exy + —e; =: 0.

i—o0 15 15 15 15
Proof. First, note that

1—(1/16)
Jim s = Jim o3 = Jim S =16/
Now, we have

€5
16

11— 00 11— 00

o= (350 2 )
lim « lim o 2—|— + +16+

- i +2 +1 .
T T AT e T T

Similarly, we can find the lim; .., 8; = 8%, lim; .o v; = 7", and lim; ., §; = 0*

(Fig. 4).

Bo Bi Bi+1 B~

Fig. 4. Visualization of sequence {3;}{2; (refer to Proposition 5)

Proposition 5. For all i€ {0,1,...},

15 1 5 . 1
Qi1 = 16 JFTG i, Biy1 = *ﬂ +E'ﬂia

15 1 15 |
Yier =YV A+ = v, i1 = -0 - 0;.

16 16 16
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Consequently, a; is on the line segment between ag = e5 and a;y1; and a1 s
on the line segment between o; and o*. More formally,

a; € conv(ag, ait1), aip1 € conv(ay, a™),

B; € conv(fo, Bit1), Bit1 € conv(f;, 5%),

(’Y ’Yerl) ’Yz+1 S COHV(’}/“’Y )a
(00,9i+1), diy1 € conv(d;, 6").

Y¥i € conv

d; € conv

Proof. By definition,

Y S S 62) 5
i 0’<2+4+8+16 T le

So, we have

Qi1 = 0i41 * ( +7+7+ 16) 6.5

o i i N

= (1 + 16) ( + Z + § + 16) + it (Proposition 3)
e G
15
16 +7 o

The proofs of the three other equations are similar.

8 On the Optimality of Our Constructions

This section proves Theorem 2 mentioned in Sect. 2. It suffices to prove the fol-
lowing Theorem 5.

Theorem 5. Let S be a subset of R® of size 4. Then, there exists an i* €
{0,1,2,3,4} such that SO = SE"+1),

According to the above theorem, if the initial set S(®) is a subset of RS of size
4, the sequence S0 — S — S() — _ stabilizes after at most 4 rounds. The
following result is a consequence of the above theorem and [1,11].

Corollary 1. Let f: {0,1} x {0,1} — RZ such that card (Z) < 4. If f has a
perfectly secure protocol, then there is a perfectly secure protocol for f with at
most 4 rounds.

8.1 Proof of Theorem 5

To prove Theorem 5, We will enumerate over all possible cases for S(©) and show
that in each case the sequence S(©,S(1) . stabilizes in at most four rounds
i.e. S = S®) Tt was already shown in [11] that there is an at most two-round
secure protocol for a secure function with card (Z) < 3. Therefore, without loss
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of generality, we only need to enumerate over the cases that the final result in
S(*) is connected. Moreover, we only need to consider one case among a set of
cases that are similar. For example, in case 1, we consider 4 horizontally aligned
points. The case that 4 points are aligned vertically is similar to case 1 and we
do not need to consider it. We complete the proof by stating and proving the
following lemma (Lemma 7).

Lemma 7. The following table states the values of i* (defined in Theorem 5)
for each enumerated case (Table1).

Table 1. The number of rounds needed to stabilize the sequence (@, 8™ ... for each
enumerated case.

Case Number 9/10/11|12/13|14 15|16 17
i 1{1/2(1/2/2/1/2/2|1 (2 |2 (4 |2 3 |3 |2

Ju—
[\V]
>~
N

Proof. In all cases except case 6, one can easily verify that S¢) = SG"+1) for
the 7* mentioned in the table. The reason is that in all those cases, when the
final shape in the projected space (projection under 7) stabilizes, then the whole
shape stabilizes. More formally, in all cases except case 6, one can verify that
7(S)) = 7(SE"+1) implies that S = S+, For all cases except case 6,
we show in the following that 7(S¢7)) = 7(SE"+1),

Now, we discuss case 6 in the following figure. At time 0, there are four points.
Suppose p(S(S?)) = ¢; where e; € R?* represents the i-th standard basis vector in

R*. The points a; and ay are axis aligned, so p(S%) = conv(ey, e3). Similarly,

,0(8%) = conv(es, e4). Now, notice that at the end of time 1, there are two

objects at point p. One of them is (p, elgez) and the other one is (p, %)
They are both axis aligned. So, we have p(SI(,Z)) = conv(“fe2, efe1) and the

shape stabilizes at step 2.

as as as
O | |
| |
| |
| |
| p | p
a10 Oaz | a1 az | ai az
| |
| |
| |
| |
O | |
ay ay a4

In the following, we enumerate over all possible cases and study the evolution
of the sequence S, SM)

If There are 3 Collinear Points. There will be 4 cases as follows.
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|
o o o o I o—e—e—90
|
|
o
l
|
o o 0o
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l l
| |
o o o ! Oo—ea— 0o
O |
l
|
o o 0o

There are No 3 Collinear Points

Subcase 1: Two points are horizontally collinear and the other two points are
vertically collinear. There are 2 cases as follows.

O

Subcase 2: Two points are horizontally collinear and the other two are also
horizontally collinear.

O O ;
I
I
|
I
O O :
O o Oo——0O
I I
I I
I I
| |
I I
O O ' O———O :
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10.

11.

Subcase 3: Two points are horizontally collinear, and the other two points are

not collinear.

O

12.

14.

15.




16.

17.
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We have exhaustively enumerated all possible cases and proved that the

sequence S0, M) stabilizes after at most four rounds, which completes the
proof.
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