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Abstract In this paper we discuss an analogy of the Carleson-Hunt theorem with
respect to Vilenkin systems. In particular, we investigate the almost everywhere
convergence of Vilenkin-Fourier series of f € L,(G;) for p > 1 in case the
Vilenkin system is bounded. Moreover, we state an analogy of the Kolmogorov
theorem for p = 1 and construct a function f € L{(G,,) such that the partial sums
with respect to Vilenkin systems diverge everywhere.
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1 Introduction

In 1947 Vilenkin [53, 54] investigated a group G,,, which is a direct product of
the additive groups Z,, := {0,1,...,m; — 1} of integers modulo my, where
m := (mg, my, ...) are positive integers not less than 2, and introduced the Vilenkin
systems {i j}j?io. These systems include as a special case the Walsh system, when
m=2.

The classical theory of Hilbert spaces (see e.g the books [49] and [52]) certifies
that if we consider the partial sums S, f := ZZ;(I) f(k) Yk, with respect to Vilenkin
systems, then ||S, fllo < || fIl, . In the same year 1976 Schipp [37], Simon [43] and
Young [58] (see also the book [41]) generalized this inequality for 1 < p < ooc:
there exists an absolute constant ¢, depending only on p, such that

ISufll, = cpllfll,, when f e Ly(Gn).

It follows that for every f € L,(G,) with 1 < p < oo, S, f — f||p — 0,
as n — o00. The boundedness does not hold for p = 1, but Watari [55] (see
also Gosselin[18], Young[58]) proved that there exists an absolute constant ¢ such
that, forn = 1,2, ..., the weak type estimate yu {|S, f| > ¥} < clfll;, f €
L1(Gp), y > 0holds.

The almost-everywhere convergence of Fourier series for L, functions was
postulated by Luzin [30] in 1915 and the problem was known as Luzin’s conjecture.
Carleson’s theorem is a fundamental result in mathematical analysis establishing
the pointwise (Lebesgue) almost everywhere convergence of Fourier series of L)
functions, proved by Carleson [8] in 1966. The name is also often used to refer to
the extension of the result by Hunt [20] which was given in 1968 to L, functions
for p € (1, 0co) (also known as the Carleson-Hunt theorem).

Carleson’s original proof is exceptionally hard to read, and although several
authors have simplified the arguments there are still no easy proofs of his theorem.
Expositions of the original Carleson’s paper were published by Kahane [22],
Mozzochi [31], Jorsboe and Mejlbro [21] and Arias de Reyna [35]. Moreover,
Fefferman [14] published a new proof of Hunt’s extension, which was done by
bounding a maximal operator S* of partial sums, defined by S* f := sup, o |51 f1 -
This, in its turn, inspired a much simplified proof of the L, result by Lacey and
Thiele [28], explained in more detail in Lacey [26]. In the books Fremlin [15] and
Grafakos [17] it was also given proofs of the Carleson’s theorem. An interesting
extension of Carleson-Hunt result much more closer to L; space then L, for any
p > 1 was done by Carleson’s student Sjolin [47] and later on, by Antonov [2].
Already in 1923, Kolmogorov [24] showed that the analogue of Carleson’s result
for L; is false by finding such a function whose Fourier series diverges almost
everywhere (improved slightly in 1926 to diverging everywhere). This result indeed
inspired many authors after Carleson proved positive results in 1966. In 2000,
Kolmogorov’s result was improved by Konyagin [25], by finding functions with
everywhere-divergent Fourier series in a space smaller than L1, but the candidate
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for such a space that is consistent with the results of Antonov and Konyagin is still
an open problem.

The famous Carleson theorem was very important and surprising when it was
proved in 1966. Since then this interest has remained and a lot of related research has
been done. In fact, in recent years this interest has even been increased because of the
close connections to e.g. scattering theory [32], ergodic theory [12, 13], the theory
of directional singular integrals in the plane [3, 9, 11, 27] and the theory of operators
with quadratic modulations [29]. We refer to [26] for a more detailed description of
this fact. These connections have been discovered from various new arguments and
results related to Carleson’s theorem, which have been found and discussed in the
literature. We mean that these arguments share some similarities, but each of them
has also a distinct new ideas behind, which can be further developed and applied.
It is also interesting to note that, for almost every specific application of Carleson’s
theorem in the aforementioned fields, mainly only one of these new arguments was
used.

The analogue of Carleson’s theorem for Walsh system was proved by Billard [4]
for p = 2 and by Sj6lin [46] and Demeter [10] for 1 < p < oo, while for bounded
Vilenkin systems by Gosselin [18]. Schipp [38, 39] (see also [40, 56]) investigated
the so called tree martingales and generalized the results about maximal function,
quadratic variation and martingale transforms to these martingales and also gave a
proof of Carleson’s theorem for Walsh-Fourier series. A similar proof for bounded
Vilenkin systems can be found in Schipp and Weisz [40, 56]. In each proof, it was
proved that the maximal operator of the partial sums is bounded on L ,(G,), i.e.,

Hs*f||p5cp Ifll,. as f€Ly(Gm), 1<p<o0.

A recent proof of almost everywhere convergence of Vilenkin-Fourier series was
given by Persson, Schipp, Tephnadze and Weisz [33] (see also the book [34]) in
2022. Convergence of subsequences of Vilenkin-Fourier series were considered in
[6, 7,50, 51].

Stein [48] constructed an integrable function whose Walsh-Fourier series
diverges almost everywhere. Later on Schipp [36, 41] proved that there exists
an integrable function whose Walsh-Fourier series diverges everywhere. Kheladze
[23] proved that for any set of measure zero there exists a functionin f € L,(G,)
(1 < p < o0) whose Vilenkin-Fourier series diverges on the set, while the result
for continuous or bounded functions was proved by Harris [19] or Bitsadze [5].
Simon [44] constructed an integrable function such that its Vilenkin-Fourier series
diverges everywhere. Generalization of results by Simon [44] and Kheladze [23]
can be found in [33, 34].
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2 Preliminaries

Denote by N, the set of the positive integers, N := Ny U {0}. Let m := (my,
mi, ...) be a sequence of the positive integers not less than 2. Define the group G,

as the complete direct product of the the additive group Z,,, := {0, 1, ..., my — 1}
of integers modulo with the product of the discrete topologies of Z,, ‘s. The direct
product u of the measures uix ({j}) := 1/my(j € Z,,) is the Haar measure on

G, with u (G,;) = 1. In this paper we discuss bounded Vilenkin groups, i.e. the
case when sup, m, < oo. The elements of G,, are represented by sequences x :=
(x0.x1, ..., xj,...) (xj € ij) . It is easy to give a base for the neighborhood of
Gy -

Io(x) :=Gp, Ii(x):={y€eGnly=x0,...,Yn-1=Xn-1},

where x € G,,;, n € N. Denote I, := I, (0) forn € N, and I, := G, \ I.
If we define the so-called generalized number system based on m by

Mo :=1, Mgt1 :=mMi (k€ N),

then every n € N can be uniquely expressed as n = Z?io njM;j, wherenj € Zy,
(j € N4) and only a finite number of n ‘s differ from zero.
We define the generalized Rademacher functions, by r¢ (x) : G,, — C,

rr (x) :=exp Qmixg/mg), (12 =—1, xe Gy, ke N).

Now, define the Vilenkin system v := (¢, : n € N) on G, as:

o0

Y@ =[[r* ). meN).

k=0

The Vilenkin system is orthonormal and complete in L, (G,) (see e.g. [1]).
If f € L1 (Gy,), we can define the Fourier coefficients, the partial sums of the
Fourier series, the Dirichlet kernels with respect to the Vilenkin system as:

n—1

Fovi= [ fidn e, S5 = YT and
m k=0

n—1

D, := Zwk, (ne N—i—)

k=0
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respectively. Recall that (see e.g. Simon [42, 45] and Golubov et al. [16])

mi—1 . .
5 my, if xp =0, M,, if x e I,
- d Dy, (x) = 1
; ) {0, if 0, M D) {o, ifx ¢ I, W

A function P is called Vilenkin polynomial if P = )"}, ck k.

3 On Martingale Inequalities

The o-algebra generated by the intervals {I, (x) : x € G,,} will be denoted by F,,
(n € N). If F denotes the set of Haar measurable subsets of G,,, then obviously
JFn C F. By a Vilenkin interval we mean one of the form I,,(x), n € N, x €
G,. The conditional expectation operators relative to J,, are denoted by E,. An
integrable sequence f = (f,),cn is said to be a martingale if f; is F;,-measurable
foralln € Nand E, f;, = f, in the case n < m. We can see that if f € L1(G,),
then (E, f)nen is a martingale. Martingales with respect to (F;,, n € N) are called
Vilenkin martingales. It is easy to prove (see e.g. Weisz [56, p.11]) that the sequence
(Fn, n € N) is regular, i.e., for all non-negative Vilenkin martingales ( f;,),

fo < Rfy_1 where R := maxm,, n e N. )

neN

Using (1), we can prove that E,, f = Sy, f forall f € L,(Gp) withl < p < o0
(see e.g. [56]). By the well known martingale theorems, this implies that

|Sua, f = f], = 0. as n— oo forall feLy(Gu) when p=> 1. 3)

For a Vilenkin martingale f = (fy),en, the maximal function f* is defined by

f* = sup,cy | fu| - For a martingale f = (fy)n=0 letdyf = fu — fu—1  (n > 0)
denote the martingale differences, where f_; := 0. The square function and the
conditional square function of f are defined by

0 1/2 o 172
S(f) = (Z |dnf|2> and  s(f):= <|d0f|2+ZEn|dn+1f|2> :

n=0 n=0

We have shown the following theorem in [56]:

Theorem 9 If0 < p < oo, then ||f*||p ~ NSO, ~ Is(HOI, - If in addition
1< p < oo, then | f*Il, ~ I £l
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4 a.e. Convergence of Vilenkin-Fourier Series

We introduce some notations. For j, k € N we define the following subsets of N :
Iy, =M, jMy + M) NN and T := {1}, : j.k € N}.

We introduce also the partial sums taken in these intervals:

W= 20 T

zel
My

For simplicity, we suppose that f(O) = 0. In [57] was proved that, for an arbitrary
ne Ijl?Mk, sljk_kaf =Y, Ex(f,). Forn = Z?O:O niM; (0 <n; <mj), we define

o
n(k) = n;M;, Iy = [n(). nk) + M) (neN). 4)
Let
T!'f = T"ﬁk)f = Z sy f, for I = Irlf<k).
[n(k+1),n(k))DJeL
[J =My

Lemma 10 Foralln € N and Ir]:(k) defined in (4), we have that

oo ng—1

Suf = ZT"<k>f Va3 2 T i (den (FT).

k=0 1=0

Lemma 11 Forall k,n € N, the following inequality holds:

k
|T® f| < RE; <|s,:(tl+l)f sy f|) where R := max(mp,n € N).

gk
Lemma 12 Foralln € N, (WnTlﬂ(k) f)k N is a martingale difference sequence
€
with respect to (Fi+1)keN-
Let I, J, K denote some elements of Z. Let Fx := F, and Ex := E, if |[K| =

M,,. Assume that ¢ = (eg, K € 7) is a sequence of functions such that eg is Fg
measurable. Set

Te;],]f = Z GKTKf, T;;[f = 528|Te;1,1f|’ Ts*f = §u§_|T:;]f|-
€

IcKcJ
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Ifex(t) = 1forall K € Tandt € G,,, then we omit the notation € and write simply
Tp.yf, T;f and T* f. For I € T with |I| = My, let I* € Zsuchthat I C I and
|[I*] = M, 1. Moreover, let I~ € T denote one of the sets I~ C [ with |[I7| =
M,_. Note that F;- = F,_1 and E;- = E,_; are well defined. We introduce
the maximal functions s; and s* by sy f = supgc; Ex-lsg f| and s*f :=
sup;c7 Sy f. Since |s;+ f| is F;+ measurable, by the regularity condition (2), we
conclude that s+ f| < RE;|s;+ f| < Rs}, f.

Lemma 13 For any real number x > 0and K € Z, leteg := X{€Gpix<st, f(D)<2x)
and oK = X(1eG,:s% f()>x,5] f(1)<x,ICK)- Then

Trf <2sup ax Tk f 4+ 4RPXX(1eG st f(1)>x) -
Kel

Now we introduce the quasi-norm || - || ., (0 < p,g < 0c0) by

1/p

rlq
11 o= sup / (Zou) |
x> m

1eZ

where «; is defined in Lemma 13. Observe that o; can be rewritten as

O = X{t€G:E, |51 f(OI>x,E,— |s; f()|<x,JCT}- )

Denote by P9 the set of functions f € L which satisfy || fl,, < oo. For

q = o0,
p 1/p
| fllp,co :=supx (/ (supoq) du) 0 < p < 00).
x>0 m N €L

It is easy to see that

[ flpoo <fllpg O<g<o00) and | fllpoo=supxu(s*f >x)!/P.

x>0

Lemma 14 Let max(1, p) < g < oo, f € PP9 and x, 7 > 0. Then

n <sup oaTr f > Zx) < Cp,quqx7p||f||ziq, where o is defined in Lemma 13.
1€ ’

Lemma 15 Let max(1, p) < g < oo and f € PP4. Then

sup (77 > 2+ 8K)) = Cpall Sy
y>
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Let A denote the closure of the triangle in R? with vertices (0, 0), (1/2, 1/2) and
(1, 0) except the points (x, 1 —x),1/2 <x < 1.

Lemma 16 Suppose that 1 < p,q < oo satisfy (1/p,1/q) € A. Then, for all
f €Lp wehave || fllpg < Cpglflp-

Now we are ready to formulate our first main result.

Theorem 17 Let f € L,(Gy,), where 1 < p < oo. Then

IS*Fll, <cpllfll,. where S*f:=sup|S,fl.
neN

The next norm convergence result follow from Theorem 17.

Theorem 18 Let f € L,(Gp), 1 < p < o0o. Then |S,f — fllp = 0, as n —
0.

Our announced Carleson-Hunt type theorem reads:

Theorem 19 Let f € L,(Gy), where p > 1. Then S, f — f, a.e., as n — oo.

5 Almost Everywhere Divergence of Vilenkin-Fourier Series

Aset E C Gy, is called a set of divergence for L,(G,) if there exists a function
f € L,(G,,) whose Vilenkin-Fourier series diverges on E.

Lemma 20 If E is a set of divergence for L1(G,), then there is a function f €
L1(Gy,) such that S*f = ocoon E.

Lemma 21 A set E C Gy, is a set of divergence for L1(Gy,) if and only if there
exist Vilenkin polynomials Py, Py, ..., such that Z(;Ozl IPill1 < oo and

sup S*Pj(x) =00 (x € E).
JENL

Corollary 22 IfE1, E,, ... are sets of divergence for L1(Gy,), then E := U;’lozlEn
is also a set of divergence for L1(Gy,).

Theorem 23 If1 < p < oo and E C Gy, is a set of Haar measure zero, then E is
a set of divergence for L ,(Gp,).

Theorem 24 There is a function f € L{(G,,) whose Vilenkin-Fourier series
diverges everywhere.

Remark 25 For details of the above statements we refer to [33, 34].
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