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To Maud and Iris,

two new characters

who appeared in a recent chapter
of the book of my life,

with the clear intent of making
the rest of it much funnier



Preface

This book arose from the classes on the calculus of variations which I gave
several times in Orsay (first in a PDE master’s program, and then jointly with an
optimization program), in Pavia, and in Lyon. During these classes I used to write
a webpage with a precise schedule, and for each lecture I would point the students
toward various references, which could be existing books, papers, or, occasionally,
short notes that I wrote for them. The main goal of this book is to collect all this
material together, present it in the form of an exploratory journey through the
calculus of variations, and of course take the time to develop related topics, both
for completeness and for advertisement.

Many important books already exist on the subject (let me just mention those
which T used the most with my students, such as [95, 101] or [67]) and, naturally,
the intersection with them will be non-negligible. Yet, besides collecting together
various parts of the theory which, so far, have not always appeared together in
the same volume, what I also want to do is to present the material from a point
of view which is not often found in other texts. This is a particular perspective
coming from optimization. On the one hand, a very important role is played in this
book by convex analysis, convex optimization, and convex duality; on the other
hand, many examples are taken from applications coming from what in France is
called “mathématiques de la décision” (an expression which appears, by the way,
in the name of the first Mathematics Department in which I held a position, the
CEREMADE in Paris-Dauphine, as well as in the scientific society—actually, a part
of the French Society for Applied and Industrial Mathematics—which I led in recent
years, the group MODE). Indeed, although I would undoubtedly classify this book
as a piece of mathematical analysis, many parts of it are inspired by applications
and modeling, and among the models which come from decision sciences, let me
mention the Ramsey model in economic growth (Sect. 1.5), equilibrium issues in
traffic congestion (Sects. 1.3 and 1.6), the optimal shape of a transportation network
(Sect. 6.3), the optimal location of facilities (Sect. 7.3), ...

In order to compare this book with other existing texts or other existing
approaches, let me start with a brief list of what it does not discuss.

vii



viii Preface

First of all, the calculus of variations is not presented as a tool to do geometry.
Of course, some geometric optimization problems are detailed, such as the isoperi-
metric problem (it is one of the most classical examples of a variational problem
and it deserves to be addressed at least briefly in every treatise on the subject, in my
opinion). Geodesic curves also play an important role in the book, but it is important
to note that this term is only used here to denote curves which minimize the length,
and not curves which solve a certain differential equation; moreover, except in a few
examples (for instance, in the case of the Euclidean sphere), geodesics on manifolds
do not play a particular role, and many results are directly presented in the case of
metric spaces. In the Euclidean case, the geodesic curves for the standard Euclidean
distance are trivial, motivating us to concentrate instead on curves which minimize
a weighted length, which is the same as using a Riemannian distance, but only for
metrics which are a multiple of the identity. This, however, already covers many
cases which are interesting for applications (in traffic congestion, for instance).
Coming back to the general connections with geometry, this book features many
connections with geometric measure theory, but not with the branch of analysis
called geometric analysis (minimal surfaces, geometric flows...).

As we have already pointed out concerning geodesics, no critical point which is
not a global minimizer is considered in this book. In optimization, we are given a
set of competitors and a function to minimize, and if we want to exploit optimality
conditions, we are not bound to the choice of a specific notion of neighborhood or
perturbations. Hence, we understand what a global minimizer is, but the notion of a
local minimizer is not so clear (and, indeed, many classical texts distinguish between
strong and weak minima, something which is absent from this book, and quite
absent from modern research), not to mention critical points which are not even local
minimizers! As a choice, in the book, the differentiability of functions defined on
infinite-dimensional spaces will never be defined or discussed, so that critical points
cannot be considered, but only minimizers. This also reflects a personal choice in the
relation between the calculus of variations and the theory of those partial differential
equations which arise as Euler—Lagrange equations of some minimization problems:
in general, we minimize a functional, and then use a PDE to describe the properties
of the minimizers, instead of choosing a PDE and using a suitable functional to
produce one (or many) solution(s). We do not develop a functional setting to define
a notion of differential for the functionals we minimize because, often, the function
space in which the variational problem is posed is not canonical (we may sometimes
decide to minimize over W!? a functional which only takes finite values on a
smaller space). Hence, it is a better choice in my opinion to obtain optimality
conditions by ad hoc perturbations for each variational problem. In particular, we
will not try to characterize the optimality in terms of generalized notions of gradients
or differentials, as is done in non-smooth analysis. In this respect, this approach
differs from that taken by another fundamental book, [66].

Finally, I made the choice (for reasons of simplicity) to exclude the vector
calculus of variations from the topics which are dealt with in the book. I have
the impression that, for an introductory book, there are already sufficiently many
interesting and challenging examples and questions to consider without having
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to move to the case of vector-valued functions of several variables. This means
that in the variational problems which are described here, either the dimension of
the domain or that of the codomain will be one: we consider scalar functions of
arbitrary many variables, or curves valued in arbitrary spaces (including abstract
metric spaces), but we exclude the optimization of vector fields (except in the
divergence-constrained optimization problems of Sects. 4.3, 4.4, and 4.6, where the
vector field plays the role of the dual of the gradient of a scalar function, and anyway
the derivatives of such a vector field do not enter the functional). In particular, all the
notions related to quasi-convexity are sketched in a discussion section, but are not
fully developed, and the applications coming from material sciences and continuum
mechanics are reduced to simple scalar examples. This is, for instance, an important
difference compared to the book by F. Rindler [172]. Also, the regularity theory
using elliptic equations is presented avoiding the theory of systems which, at least,
makes it much easier to read (and is a difference compared to [95] or [97]).

Some of my colleagues who commented on the preliminary versions of this book
have observed that an existing book, [20], is quite close in spirit to this one (which
is not surprising, since one of its authors was my PhD advisor). Besides appearing
more than 15 years later, and hence including novel material, there is a difference
in the size of the two books, as this one is meant to be more concise. Of course,
this has a price, and it cannot be fully self-contained. Among the prerequisites that
I assume the reader will have, the most important ones are functional analysis and
measure theory, even if most of the required results from these theories are recalled
throughout the book. For pedagogical reasons (despite being suggested to do so
by some referees), I decided not to include a chapter or appendix summarizing the
required preliminaries. Instead, I recall the notions I need at the very moment when I
need them, using some special boxes called Memo or Important notion. As I already
pointed out in my book on optimal transport (the box system was essentially the
same), the difference between these two kinds of boxes is just that / would consider
the results covered by Important notion boxes as a memo, but I saw that students
in general do not agree. A third type of box called Good to know! provides extra
notions that are not usually part of the background of non-specialized graduate
students in mathematics. For Important notion and Good to know! boxes some
references are provided, while for Memo boxes any classical book on the topic (in
most cases, [48]) will do the job. The density of the boxes decreases as the chapters
go by.

The book is composed of seven chapters, which I will briefly describe in a while.
When teaching a master’s course of 30 hours (10 lessons of 3 hours), I used to cover
one chapter per lesson, except for Chaps.4, 5, and 7 to which two classes were
devoted (in Chap.4 one for duality theory and one for regularity via duality, in
Chap. 5 one for the Schauder estimates and one for the De Giorgi—Moser theorem,
and in Chap.7 one for the general theory and a first example and one for other
examples). Of course many parts of each chapter have been added to the book
for completeness and were impossible to treat in 3 hours. On the other hand, it
was also impossible to include in each chapter all possible developments, or to
treat everything in an exhaustive way. In many sections, the choice was made to
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stick to the simplest case, just directing the interested reader to more complete
references. For the same reason (the impossibility of covering everything within
a reasonable length), some topics are completely absent from the book. Some have
not been included because they are connected with the calculus of variations but are
in my opinion a different subject (for instance, gradient flows, which are first-order
evolution equations with a variational structure: the partial differential equations
which are considered in this book are all “static” and arise from optimization as
optimality conditions, and not as steepest descent flows). For some others, instead,
the reason is different: this book is meant as introductory and exploratory, and I
found some subjects too specialized (for instance, it was suggested to include Young
measures, but I believe a master’s student and many researchers can live without
them).

Each chapter concludes with a discussion section, where I chose a topic related
to the rest of the chapter and presented it with fewer (or no) details, and a list of
exercises with hints. Many of these exercises come from the exams or the problem
sheets I gave to my students.

Chapter 1 is concerned with one-dimensional problems, which are the first
examples of variational problems and, historically, the first to have been analyzed.
Some classical examples are presented, the first being that of geodesic curves.
We start from the example of great circles on the sphere and then move to a
more abstract analysis of curves valued in metric spaces, which also allows us
to obtain a short presentation of another classical problem in the 1D calculus of
variations, namely heteroclinic connections for multi-well potentials. The other
classical problems which are presented as examples are the brachistochrone curve,
which is not fully solved but elements are proposed—in the text or in the exercises—
for the reader to find the characterization of the solutions, and the Ramsey model
for the optimal growth of an economic activity. This last problem is studied in a
rigorous and original setting in the space of functions with bounded variation, and
introduces the role of 1D BV functions which will also be used in other problems.
Many examples studied here go beyond what is done in the classical reference on the
subject, [53]. Of course the chapter includes the main tools to prove or disprove the
existence of the minimizers and to study them via the Euler—Lagrange equation; the
discussion section is devoted to optimal control problems with a formal discussion
of the Hamilton—Jacobi equation solved by the value function and of the Pontryagin
maximum principle. The whole chapter is written with the idea that the general
procedures employed to study a variational problem will be clearer to the reader later
on in the book, and that the 1D case is a way to taste them in a simpler setting; some
memo boxes are included in the chapter, but some are postponed to later chapters,
when I considered them to be more meaningful in a multi-dimensional setting.

Chapter 2 extends this analysis to the higher-dimensional case, presenting what
changes (not so much) for the existence and the characterization of the solutions.
Since the most studied example is the minimization of the Dirichlet energy
f |Vu |2 dx, a section is devoted to the properties of harmonic functions, which are
indeed the minimizers of this energy. We prove in particular that every harmonic
distribution is actually an analytic function. This section follows classical texts on
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the topic such as [110]. The discussion section is devoted to the p-power variant,
i.e. p-harmonic functions, including the limit cases p = 1 and p = oco.

The main tool to prove the existence of a solution of a variational problem is
the so-called direct method in the calculus of variations, which is essentially an
application of the Weierstrass theorem. This requires the lower semicontinuity of
the functional to be minimized, typically with respect to weak convergences since
in infinite dimension we usually do not have strong compactness. Hence, Chap. 3 is
devoted to several lower semicontinuity results. In particular, we prove, following
the presentation in [101] (up to minor modifications), the lower semicontinuity of
integrals of the form [ L(x,u, v)dx w.r.t. the strong convergence of u and weak
of v (assuming convexity in v and continuity in u: we do not consider the case
where we only have lower semicontinuity in u, as is done in [52]). A section is
also devoted to the semicontinuity of functionals defined on measures w.r.t. the
weak-* convergence. Convexity plays a very important role in these semicontinuity
results, and in this section some advanced tools from convex analysis are needed
which are only detailed in the next chapter. The discussion section is devoted to
a brief summary of the semicontinuity theory in the case of vector-valued maps,
introducing the notion of quasi-convexity without complete proofs.

Chapter 4 is devoted to the role of convexity and convex analysis in the calculus
of variations. Section 4.1 is a little different than the rest of the chapter. It deals with
the tools to prove sufficient optimality conditions and/or uniqueness of the mini-
mizers, first in an abstract setting, then translating it to the case of classical integral
functionals. The rest of the chapter is concerned with notions from convex analysis:
Fenchel-Legendre transforms, subdifferentials, duality.... An original theory of
regularity via duality, easy to explain and capable of recovering some classical
results, is presented in Sect. 4.4. This theory was introduced to study time-dependent
and less regular problems such as the incompressible Euler equation or Mean-Field
Games, but here we stick to simpler, static, problems. The discussion section is
devoted to a very short presentation of several connected problems which are of
significant interest nowadays: optimal transport, Wardrop equilibria, and Mean-
Field Games, emphasizing the role that convex duality plays in their analysis. This
chapter is highly reminiscent of [81] in spirit, but, of course, since it has been written
almost half a century later, includes new material and examples.

Chapter 5 is less variational than the others as it is mainly focused on regularity
properties of elliptic PDEs, independently of their variational origin. Yet, it is crucial
in the calculus of variations since what often happens is that we face a model where
we need to optimize an integral functional of the form f L(x,u, Vu)dx and we do
not know which function space to choose. Most likely, due to the presence of the
gradient, we would like to use u € C ! but existence results in C! are essentially
impossible to obtain in a direct way because of lack of compactness. We then extend
the problem to a suitable Sobolev space, where it is possible to prove the existence
of a minimizer, and we secretly hope that this minimizer is indeed a C! function.
In order to do this, we need to prove a regularity result, and this is often done by
using the regularity theory for elliptic PDEs. In this chapter we first develop the
tools, based on the integral characterization of C%¢ functions, in order to study the
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regularity in the case of smooth coefficients (following a standard approach which
can be found in many classical books, such as those by Giaquinta and co-authors,
[95-97] or [11]). Then, motivated by the regularity question contained in Hilbert’s
19th problem, we move to the famous De Giorgi result about equations where the
coefficients in the equation are only assumed to be bounded, following Moser’s
proof. Since all the results of the chapter are related to the Holder regularity in the
interior of the domain, the discussion section presents a brief summary of the ideas
behind the L? theory, and sketches how to extend the results to the boundary. Note
that in many master’s programs the calculus of variations is taught together with
elliptic equations, and this is another reason for including a chapter on the most
classical results on elliptic PDEs.

Chapter 6 is concerned with a different class of variational problems, those
where the unknown, instead of being a function, is a set. The most well-known
problem of this class is the isoperimetric one, where we prove that the ball
minimizes the perimeter among sets with prescribed volume (or maximizes the
volume under prescribed perimeter). A full proof of this result is provided, following
De Giorgi’s strategy and the presentation in [142]. This is then applied to another
shape optimization problem, the optimization of the first Dirichlet eigenvalue A;
under volume constraints. Another section is then devoted to those optimization
problems where the set to be optimized is a 1D connected set and its length
comes into play: we start with an informal discussion about some variational
problems of this kind, including motivations from applications (for instance, in the
planning of a transportation network), but then we move to the mathematically
most challenging part. We prove the lower semicontinuity of the length under
connectedness constraints, which is known as Gotab’s theorem. This is a very nice
result which requires some non-trivial prerequisites on geometric measure theory.
These are not detailed, but just recalled, and the need for geometric measure theory
characterizes almost the entire chapter, which also needs to introduce in detail
BV functions of several variables. The discussion section is devoted to variants,
alternative proofs, and quantitative extensions of the isoperimetric inequality, which
have generated a huge and celebrated literature in recent years.

The last Chap. 7, deals with a very natural question in optimization: What about
limits of optimization problems? Which notion of convergence on the functionals
should we use to guarantee the convergence of the minimal values and/or of the
minimizers? This notion of convergence is called I'-convergence and its general
theory is presented in detail in Sect.7.1, followed by some sections discussing
classical and less classical examples. One of the most important of these is
the Modica—Mortola result about the approximation of the perimeter (the same
functional which plays an important role in Chap. 6), but we also present in detail
a more original example, the asymptotics of the optimal location problem (where
to put N facilities in a town, knowing the population density, when N — 00?),
a problem which can also be interpreted in terms of quantization of a continuous
density. The discussion section is devoted to other geometric problems (including
the Steiner minimal connection problem, already presented in Chap. 6, and the
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Mumford—Shah model from image segmentation) which admit approximations in
the same spirit as the Modica—Mortola result.

The intention was to produce a book which could be used for master’s-level
courses on the calculus of variations, and for the courses which I personally gave
this text would do the job. I hope and I think it could be useful to other students
and other colleagues, both as a reference for some classical results and as a starting
point for the exploration of some modern areas of this fascinating subject.

Lyon, France Filippo Santambrogio
July 2023
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Notation

The following are standard symbols used throughout the book without always
recalling their meaning.

“domain”: this word is used in a very informal way and in general means “the
set that we want to consider”; domains are assumed to be non-empty subsets
of R contained in the closure of their interior; when we need them to be
open, bounded, compact, connected, or smooth, we usually state this explicitly;
warning: in convex analysis, the word “domain” also refers to the set where a
function defined on the whole space is finite.

R : the set of non-negative real numbers, i.e. [0, +00).

log: the natural Naperian logarithm of a positive number.

lim,, liminf,, limsup, (but n could be replaced by k, A, j...): limit, inferior
limit (liminf), superior limit (limsup) as n — oo (or k, A, j - - - — 00).

V and V- denote gradient and divergence, respectively.

A denotes the Laplacian: Au := V - (Vu) (and not minus it).

A, denotes the p-Laplacian: Apu =V - (Vu|P~2Vu).

D?u: Hessian of the scalar function u.

M(X), ML (X), M?(X): the spaces finite measures, positive finite measures,
and vector measures (valued in R?) on X.

R4, T9, S¢: the d-dimensional Euclidean space, flat torus, and sphere (S? is the
unit sphere in R?*1),

CX),Co(X): continuous (resp. continuous vanishing at infinity) functions on X.
84: the Dirac mass concentrated at the point a.

1 4: the indicator function of a set A, equal to 1 on A and 0 on A€.

1 4: the indicator function in the sense of convex analysis, 0 on A and +00 on A€.
I: the identity matrix.

id the identity map.

£ f(x)dx: the average value of f on the set A, equal to ﬁ Ja fx)dx:

|A|, LL(A): the Lebesgue measure of a set A C R4, integration w.r.t. this
measure is denoted by dx.

wy: the measure of the unit ball in RY.

XVvii
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 H*: the k-dimensional Hausdorff measure.

e Per(A): the perimeter of a set A in R4 (equal to ! (0A) for smooth sets A).

e Per(A; Q2): the perimeter of a set A inside 2 (excluding the part of 9 A in 9<2).

e < v: the measure u is absolutely continuous w.r.t. v.

e f - u:the measure with density f w.r.t. u.

e Tyu: the image measure of u through the map 7.

o MFK*": the set of all real matrices with k rows and A columns.

e M': the transpose of the matrix M.

* Cof(M): the cofactor matrix of M, such that Cof(M) - M = det(M)L

. aij, a,’cjh ... superscripts are components (of vectors, matrices. ..) and subscripts
derivatives. No distinction between vectors and covectors is made.

* a®b: the rank-one matrix equal to the tensor product of a and b: (a®b)"/ = a'b/.

e Tr(A): the trace of a matrix A.

e Tr[u]: the trace (on the boundary) of a Sobolev function u.

* Xxi,...,xq: coordinates of points in the Euclidean space are written as subscripts.

* |x|: the Euclidean norm of a vector x € R?.

 v%: the vector with norm |v|* and the same orientation as v, i.e. [v|*~'v.

e Length(w), Lg (w): the length or weighted length (with coefficient K) of the
curve w.

* ¢ : C — Q: the evaluation map defined on a set C of curves, i.e. e;(w) 1= w(?).

* n: the outward normal vector to a given domain.

* Lip;: the set of L—Lipschitz functions.

¢ X': the topological dual of the normed vector space X.

* d(x, A): the distance from a point to a set, i.e. d(x, A) := inf{d(x, y) : y € A}.

e A,: the r-neighborhood of the set A,i.e. A, = {x : d(x, A) <r}.

* d(A, B): the minimal distance between the sets A and B given by d(A, B) :
inf{d(x,y) : x € A,y € B}.

e dy(A, B): the Hausdorff distance between two sets, defined via dy (A, B) :=
inf{r >0: AC B,, BCA,}.

/

 p’; the dual exponent of p, characterized by % + # =1l,ie. p = #

The following, instead, are standard choices of notations.

* The dimension of the ambient space is d; we use RY for the target space of a map
which is supposed to produce vectors and not points, or for a finite-dimensional
vector space which could be replaced by an abstract vector space X. The index n
is kept for the subscripts of sequences.

* w is usually a curve (but sometimes a modulus of continuity; when we need the
modulus of continuity of a curve, we try to call the curve y).

* « is the symbol usually used for arbitrary family of indices (instead of i, j, ...
which are kept for countable families).

e Qis usually a domain in RY, and general metric spaces are usually called X.
General normed vector spaces are called X.

e A vector-valued variable can be called v, but a vector field v.
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Chapter 1
One-Dimensional Variational Problems Check for

This chapter is devoted to one of the most classical classes of variational problems,
the one-dimensional case. It consists in minimizing an integral cost, typically of the
form

T
/0 L(t, y (1), y' (1)) dt,

among functions y : [0, T] — X defined on a one-dimensional interval and valued
in a suitable space X. The one-dimensional aspect of the competitor makes them
objects to be interpreted as trajectories in the space X, and the independent variable
t is often interpreted as time (even if sometimes it could represent a horizontal
coordinate or another parameterization of a one-dimensional object). The above
integral cost can be completed with some penalizations on the values of y on the
boundary, thus obtaining a total cost of the form

T
/0 L, y@),y @) dt + g(y(0), y(T)),

and the minimization of an energy like this one under possible constraints on the
curve y is known as the Bolza problem. As a very natural alternative, the values of
y att = 0, T could be prescribed instead of penalized (which is typical in some
geometric problems such as in the case of geodesic curves) or we could prescribe
the value at + = O and penalize the one at t+ = T (which is natural in many
applications where we do know the state of the system now and try to optimize
the future evolution).

This chapter will present a detailed discussion of some classes of examples,
starting with the most classical ones. Their analysis may sometimes require refined
approaches which will become standard after reading the rest of the book.
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2 1 One-Dimensional Variational Problems
1.1 Optimal Trajectories

We present here three very classical examples of one-dimensional variational
problems.

1.1.1 Three Classical 1D Examples

The Geodesic Problem One of the most classical problems in the calculus of
variations and geometry is that of finding minimal-length curves connecting two
given points in a given space M (which can be, for instance, a manifold, a
submanifold of Euclidean space, or even a more abstract metric space).

We recall that the length of a curve w : [0, 1] — R is defined via

n—1

Length(w) := sup {Z|w(tk) —otiynl :n=>1L,0=0p<n <--- <t =1¢g.
k=0

It is easy to see that the length does not change under a reparameterization of the
curve, so we can always assume that the interval of definition of w is [0, 1].
If w € C' it is well known that we have

1
Length(w) = / l&'|(1) dt.
0

The same representation also holds when w is only Lipschitz or absolutely contin-
uous, which will be proven in Sect. 1.4. Given two points xg, x; € M C R4, the
geodesic problem is then

min {Length(w) : w € AC([0, T]; M), w(0) = xg, w(1) = x1},

where AC([0, T']; M) stands for the set of absolutely continuous curves defined on
[0, T'] and valued in M (see Sect. 1.4.1).

The most classical example of a geodesic problem, which is actually the one
which justifies its name (geo standing for the Earth), is the one where M is the
two-dimensional unit sphere in R, which we will analyze later in this section.

The Brachistochrone Problem Another very classical problem in the one-
dimensional calculus of variations is the problem of finding the optimal shape
of a curve such that a point only subject to the force of gravity goes from one
endpoint to the other in minimal time. We can consider it as the problem of finding
an optimal playground slide with given height and ground length. When kids are
approximated by material points and no friction is considered, the goal is that they
arrive at the bottom of the slide in minimal time. The name brachistochrone also
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comes from Greek and derives from the phrase “quickest time”. This is an example
of a problem where the one-dimensional variable—which we will call x instead of
t—does not represent time but the horizontal coordinate, and the function x — z(x)
does not represent the evolution of the state of a system but its graph represents a
shape. We consider then all possible smooth functions z with z(0) = H, the number
H > 0 being the height of the slide on the side where children start sliding, and
z(L) = 0, the number L > 0 being the horizontal extension of the slide on the
ground. Given the profile z we need to compute the time required for a material
point to go from (0, H) to (L, 0). We assume that the velocity at (0, H) is zero, so
that the conservation of energy implies that when the material point is at (x, z(x))
its velocity v(x) satisfies

1
SO +mgz(x) = mgH.

where m is the mass of the point. This provides |v(x)| = /2g(H — z(x)) and
implies that the time to move from (x, z(x)) to (x 4+ dx, z(x + dx)) equals

d((x + dx, z(x + dx)), (x, 2(x))) _ V(d0)? + (2(x + dx) — z(x))?
v(x) N v(x)

_VIHE@P 14 @P

= | T
v(x) 2g(H — z(x))

As a consequence, the total time 7 to slide down is given by

N e
T(z) = — Ty,
@ /0 26(H —2(x))

and the brachistochrone problem is thus
min {’T(z) : ze CY([0, L]),z(0) = H,z(L) = 0} .

The Ramsey Model for the Optimal Growth of an Economic Activity In this
model we describe the financial situation of an economic activity (say, a small
firm owned by an individual) by a unique number representing its capital, and
aggregating all relevant information such as money in the bank account, equipment,
properties, workers. . . This number can evolve in time and will be denoted by k(¢).
The evolution of k depends on how much the firm produces and how much the
owner decides to “consume” (put in his pocket or give as dividends to the share-
holders). We denote by f (k) the production when the capital level is k, and we
usually assume that f is increasing and often concave. We also assume that capital
depreciates at a fixed rate § > 0 and we call c(#) the consumption at time . We
then have k'(t) = f(k(t)) — 8k(t) — c(¢). The goal of the owner is to optimize the
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consumption (which is required to make an income out of the activity) bearing in
mind that reducing the consumption for some time allows the capital to be kept high,
letting it grow even further, to finally be consumed later. More precisely, the owner
has a utility function U : R — R, also increasing and concave, and a discount rate
r > 0, and his goal is to optimize

T
/ e U (c(b)) dt,
0

where T is fixed time horizon. One can take 7 = oo or T < oo and possibly
add a final pay-off v (k(7T)). The maximization problem can be considered as
a maximization over ¢, and k(7) can be deduced from c, or everything can be
expressed in terms of k. Positivity constraints are also reasonably added on ¢ (no
money can be inserted in the activity besides the initial capital and its production)
and on k (if the capital becomes negative there is default). The problem thus

becomes a classical calculus of variations problem of the form
max /T e U (f (k) — 8k — k') dt + ¥ (k(T)) : k(0) = ko, k =0,
0 Cei=fk)—S8k—kK >0]"

1.1.2 Geodesics on the Sphere

We consider here the most classical problem concerning minimal-length curves: we
want to find geodesic curves in the set M = {x € R : |x| = 1}, the unit sphere of
R3. Given two vectors eo, €1 € M such that ¢g - e; = 0 we define the curve

y (t) = epcos(t) + eg sin(z).

This curve is an arc of a great circle on the sphere. It is a C* curve, with constant
unit speed since y’(r) = —ep sin(t) + e; cos(r) and

Iy ()% = |eo|* sin® (1) +|e1|* cos® (t) —2eq-e1 sin(r) cos(t) = sin®(t)+cos>(r) = 1.

Moreover it satisfies y” () = —y (¢).

‘We want to prove that, if 7' is small enough, then the curve y has minimal length
among those which share the same initial and final point and are valued in M. We
first use the following lemma.
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Lemma 1.1 Assume that y : [0, T] — M is a curve parameterized by unit speed
such that the following optimality holds:

T T
/|y’<z)|2drs/ 7O dr
0 0

for every other smooth curve y : [0, T] = M with y(0) = y(0) and y(T) = y(T).
Then we also have Length(y) < Length(y) for these same curves.

Proof As we will see in Proposition 1.12, given a curve y : [0,7] — M and a
number ¢ > 0, it is possible to reparameterize the curve into a new curve y with the
same length, same initial and final points, and |p’| < (Length(y) + ¢)/T. We then
have

/T P OPd < T Length(7) + ¢\ 2 _ (Length(y) + ¢)?
0 = T T '

Then, using |y’ (¢)| = 1, we obtain

! ! Length(y 2
r= [(woras [ iyopa = CED T
0 0

which implies Length(y) + ¢ > T = fOT |y'(¢)| dt = Length(y). Since ¢ > 0 is
arbitrary, this shows Length(y) > Length(y) O
With this lemma in mind we can prove the desired result.

Proposition 1.2 The arcs of a great circle defined above are geodesic if T is small
enough.

Proof We just need to take y of the form y(f) = egcos(t) + ey sin(¢) and y :
[0, T] — M of the form y = y + n with n(0) = n(T) = 0, and prove fOT ly'|? <

fOT |y’ + 1|?. Imposing 7 € M means |y + > =1, ie. |n>+2y -n=0.
We have

T T T T
/ |y’+n’|2dt=/ |y/|2dt+/ |n/|2dz+/ 2y -/ dt.
0 0 0 0

We can integrate the last term by parts, using n(0) = n(7) = 0, and then use
y” = —y and ||*> 4+ 2y - n = 0, so that we obtain

T T T T
/ 2y’-77’dt:—/ 2y’/-ndt:/ 2y-ndt:—/ In|? dz.
0 0 0 0

! Note that the assumption that y has unit speed is useless and we could deduce that it is
parameterized by constant speed from the optimality fOT ly' ()2 dt < ij |7/ (1)|? dt.
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We then have

T 2 T 2 T 2 T 2
/ 17l dt=/ V! dt+/ 1’| dt—/ In|”dz.
0 0 0 0

The result follows by the next lemma, which provides fOT |2 > fOT In|? for T
small enough. O

Lemma 1.3 There exists a universal constant C such that, if n : [0, T] — RY isa

C! function with n(0) = n(T) = 0, then we have fOT In|>dt < CT? fOT [n|?dt.

Proof We will prove the result with C = 1. We have n(r) = fot n'(s) ds, hence

t T T
WMSAW@WSAIWMﬁiﬁ:AM%WM

This implies

T T
/‘mmﬁmsTJﬂ/|ﬂmFm
0 0

and proves the claim with C = 1. O

The above inequality is known as the Poincaré inequality and the optimal
constant is not C = 1. Indeed

 If instead of writing fot 7' (s)|ds < fOT In(s)| ds we keep the dependence in ¢

we obtain |n(¢)| < ﬁ,/fé [n'(s)]2ds < /t fOT |7’ (s)|*ds and, integrating in
t, we gain a factor 2.
* If we also exploit (7)) = 0 we can use the above argument in order to estimate

n(t) for t < T /2 but integrate backwards starting from ¢t = T fort > T /2. We

then obtain |n(¢)| < «/min{z, T — ¢t} fOT [’ (s)|% ds, which provides another
factor 2 when integrating, since fOT min{t, T —t} = T?/4.

* The optimal constant is in fact (1/7)? as explained in Box 1.1. This shows the
optimality of all arcs of a great circle as soon as T < m, i.e. when the arc is
at most half of the circumference, which is absolutely natural (since arcs longer
than half of the circle are not optimal, as the other half has smaller length).
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Box 1.1 Memo—The Poincaré Inequality in 1D

27 -Periodic functions which are leo . on R can be written via Fourier series:
given such a function 7 there are coefficients a, € C such that

() =Y _ ane™,

nez

where the convergence of the series is (at least) in the L? sense. The well-
known Parseval identity provides fozn In|? = > lan |2. In terms of the Fourier
coefficients we have 1’ € Hll)c if and only if ), ., n?la,|? < 400, and we
have £ 11/1> = Y n?lan|*.
The Poincaré inequality for zero-mean functions (Poincaré—Wirtinger): if
1 is 27 -periodic and foz " n = 0 then ap = 0 and we clearly have fozn In|? <
02” |n’|? as a consequence of n> > 1 for n # 0. The only equality case in
this inequality is given by functions which are linear combinations of e*'!
or, equivalently, of sin(¢) and cos(#). Note that a similar inequality exists,
but with a different constant, for zero-mean functions without the periodicity
conditions (in particular, without requiring the function to be in Hllo . When
extended by periodicity), as one can see from the example 7(¢) = sin(¢/2) on
[—7, 7] for which we have f02” In|? = 4f02” |2
The Poincaré inequality for HO1 functions: if n € H'([0, 7]) is such that
n(0) = n(@r) = 0 we can define () = —n(t — w) for t € [x,27] and

then extend by 2w -periodicity. We can see that 7 is in Hllo .» has zero mean,

and satisfies f02” 7> = £, In|* together with fOZ” 171> = {5 In'|>. We thus
obtain fon In|* < fon |n’|?. This inequality is also sharp, and only attained as
an equality for n(¢) = C sin(z).

Alternative proofs of this last statement can be found in Exercises 1.19
and 1.20.

All these inequalities can be extended to other intervals [0, 7'] instead of
[0, 27z] or [0, ] by considering u(t) = u(2wt/T) or u(t) = u(xwt/T) and
the Poincaré constant is proportional to 72 (see also Box 5.2).

1.2 Examples of Existence and Non-existence

One of the first questions that we should address in optimization, when the set of
competitors is not finite, is the existence of a minimizer. This question is already
non-trivial when optimizing over a continuum of competitors, as we do when
minimizing a function defined on R or RY, but becomes even trickier when the
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optimization is performed in infinite dimension, in a class of functions, as is typical
in the calculus of variations.

1.2.1 Existence

We will see in this section how to prove the existence for a very standard example
of variational problem, the technique being useful to understand how to attack more
general problems. We will consider a functional involving first derivatives of the
unknown u, but the existence of the minimizers will not be proven in the space
C!. We will instead set the problem in a Sobolev space, since Sobolev spaces have
better compactness properties and their norm is more adapted to study variational
problems.

Box 1.2 Memo—Sobolev Spaces in 1D

Given an open interval / C R and an exponent p € [1, +00] we define the
Sobolev space WP (I) as
Wl’p(I) - welP(): dge LP()s.t. '
Jug'dt = — [ gpdi forall p € C°(1)

The function g, if it exists, is unique, and will be denoted by u’ since it plays
the role of the derivatives of « in the integration by parts.

The space WP is endowed with the norm ullwip == lullze + [|u]Lp.
With this norm W17 is a Banach space, separable if p < 400, and reflexive
if p € (1, 00).

All functions u € WP (I) admit a continuous representative, which more-
over satisfies u(tg) — u(t;) = fttl" ' (¢) dt. This representative is differentiable
a.e. and the pointwise derivative coincides with the function u’ a.e. Moreover,
for p > 1 the same representative is also Holder continuous, of exponent
a = 1 — 1 > 0. The injection from W'? into C°(I) is compact if I is
bounded.

If p = 2 the space W7 can be given a Hilbert structure, choosing as a

norm /{[ul|7, + |[u/[|7,, and is denoted by H'.

Higher-order Sobolev spaces W can also be defined for k € N by
induction as follows: WXtL-P(1) .= {u € W5P(I) : u' € W5P(I)} and
the norm in W*t1-7 defined as [lullwrp + |1e||yxp. In the case p = 2 the
Hilbert spaces W52 are also denoted by H*.
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We consider an interval I = [a, b] C R and a continuous function F : I x R —
R that we assume bounded from below.

Theorem 1.4 Let us consider the problem

b 1
. B o\ ue HID,
mm{J(u) ._/a (F(t,u(t))—Hu | ) at M(b):B}. (1.1)

This minimization problem admits a solution.

Proof Take a minimizing sequence u, such that J(u,) — inf J. The functional J
is composed of two terms (the one with F and the one with |u’ 12) and their sum is
bounded from above. Since they are both bounded from below, we can deduce that
they are also both bounded from above. In particular, we obtain an upper bound for
|u},||;2. Since the boundary values of u,, are fixed, applying the Poincaré inequality

of Lemma 1.3 to the functions t +— u,(t) — g:;‘ (t —a) — A, we obtain a bound on

[lunl|l g1 (ie. the L? norms of u, and not only of u), are bounded).

Hence, (u,), is a bounded sequence in H ! and we can extract a subsequence
which weakly converges in H' to a function u (see Box 1.4). In dimension one,
the weak convergence in H' implies the uniform convergence, and in particular
the pointwise convergence on the boundary. We then deduce from u,(a) = A
and u,(b) = B that we have u(a) = A and u(b) = B, i.e. that u is an
admissible competitor for our variational problem. We just need to show J(u) <
liminf, J(4,) = inf J in order to deduce J (1) = inf J and the optimality of u.

This strategy is very general and typical in the calculus of variations. It is called
the direct method (see Box 1.3) and requires a topology (or a notion of convergence)
to be found on the set of admissible competitors such that

e there is compactness (any minimizing sequence admits a convergent subse-
quence, or at least a properly built minimizing sequence does so),
* the functional that we are minimizing is lower semicontinuous, i.e. J(u#) <
liminf, J(u,) whenever u, converges to u.
O

Box 1.3 Memo—Weierstrass Criterion for the Existence of Minimizers,
Semicontinuity

The most common way to prove that a function admits a minimizer is
called the “direct method in the calculus of variations”. It simply consists
in the classical Weierstrass Theorem, possibly replacing continuity with
semicontinuity.

(continued)
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Box 1.3 (continued)
Definition On a metric space X, a function f : X — R U {+o0} is said to

be lower semicontinuous (l.s.c. in short) if for every sequence x, — x we
have f(x) < liminf, f(x,). A function f : X — R U {—o0} is said to be
upper-semicontinuous (u.s.c. in short) if for every sequence x, — x we have
f(x) = limsup, f (xy).

Definition A metric space X is said to be compact if from any sequence x;
we can extract a convergent subsequence x,, — x € X.

Theorem (Weierstrass) If f : X — R U {400} is lower semicontinuous and
X is compact, then there exists an X € X such that f(x) = min{f(x) : x €
X}.

Proof Define £ := inf{f(x) : x € X} € RU {—0o0} ({ = 400 only if f is
identically 4-oo, but in this case any point in X minimizes f). By definition
there exists a minimizing sequence x,, i.e. points in X such that f(x,) — £.
By compactness we can assume x, — x. By lower semicontinuity, we have
f(x) < liminf, f(x,) = £. On the other hand, we have f(x) > £ since £ is
the infimum. This proves £ = f(x) € R and this value is the minimum of f,
realized at x.

In our case, the uniform convergence u, — u implies fah F(t,u,(t))dt —
f ab F(t, u(t)) dt and proves the continuity of the first integral term.

We now observe that the map H! 5 u + u’ € L? is continuous and hence the
weak convergence of u, to u in H' implies u, — u'in L?. An important property
of the weak convergence in any Banach space is the fact that the norm itself is lower
semicontinuous, so that ||u’||;2 < liminf, ||u}||;2 and hence

b b
/ |M/(t)|2dt < liminf/ |u,/1(t)|2dt.
a n a

This concludes the proof. (]

Box 1.4 Memo—Hilbert Spaces

A Hilbert space is a Banach space whose norm is induced by a scalar product:
llx]] = v/x - %.
Theorem (Riesz) If H is a Hilbert space, for every & € H' there is a unique
vector h € H such that (£, x) = h - x for every x € H, and the dual space H'
is isomorphic to H.

In a Hilbert space H we say that x,, weakly converges to x and we write
xp — x if h-x, — h-x forevery h € H. Every weakly convergent sequence

(continued)
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Box 1.4 (continued)
is bounded, and if x,, — x, using &/ = x we find ||x||*> = x - x = lim, x - x,, <
lim inf, [[x[| [|x,|], i.e. [[x]| < liminf, ||x,|].

In a Hilbert space H, every bounded sequence x, admits a weakly
convergent subsequence (see Box 2.2).

Variants The same argument can be applied if the constraints on u(a) and/or u(b)
are removed and replaced by penalizations:

b
min{J(u) :=/ (F(t,u(t))+|u’(t)|2) dr + g(u(@) + h(®)) : u eH‘(I)}.

If g and / are continuous, the uniform convergence of u, to # implies the continuity
of the extra terms. Yet, we need to guarantee that the sequence is still bounded in
H'. This can be obtained in many cases, for instance:

e If limy— 100 g(s) = o0 and & is bounded from below: in this case we
obtain a bound on |u,(a)|. Together with the bound on ||u),||;2 and u, () =
uy(a)+ f(; u,,(s) ds, we also obtain a bound on ||u, || . Analogously, if we have
limg_s 400 2(s) = +o00 and g bounded from below, we would obtain a bound on
|u, (b)| and then on ||uy||r.

e If F(t,5) > c(Js|*> — 1) for some constant ¢ > 0 and g, & are bounded from
below. In this case the bound on J (u,) also implies a bound on ||u,||;>.

e Actually, much less is needed on F. Assume that there exists a subset A C [a, b]
of positive measure and a function @ : R — R with lim_, + o, @ (s) = 400 such
that F(z,s) > w(s) for every t € A. In this case we are also able to obtain a
bound on ||uy|| e from the bound on J. Indeed, the bound on ||u,||;2 implies

ltn () — un(s)| < (b —a) | Jul)]|2 < C

for every n. In case we had, on a subsequence, ||u,||p > — 00, we would also
have the existence of a point ¢, € [a, b] such that |u,(¢,)| = ||u,||Lc — oo and
hence we would have |u,(t)| > ||luy||po — C — oo for every t € A, and hence

J2F@ un @) dt = [ o(lullz> — C) — € — .

We also note that the same argument would work if the continuity of F, g, h was
replaced by their lower semicontinuity

Non-quadratic Dependence in «’ The term [ |u'(7) | could be easily replaced by
a term f lu'(t)|?, p > 1, and the results would be exactly the same using the space
W7 instead of H! = W2, but this would require the use of weak convergence
in Banach spaces which are not Hilbert spaces (see Boxes 2.2 and 2.3). Luckily, for
p € (1, 00) the spaces L? and WP are reflexive, which allows us to act almost as if
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we were in a Hilbert setting. The case would be different for p = 1 since the space
W11 is not reflexive and it is in general not possible to extract weakly convergent
subsequences from bounded sequences. It is possible to use a larger space, i.e. the
BV space, but in this case the limit would not necessarily belong to W1, This is
the reason why the geodesic problem, which indeed involves a term f lu'(t)| dt, is
treated in a different way. We will re-discuss this very particular problem in Sect. 1.4
and consider the minimization of f(|u’(t)| + F(t,u(t)))dr in Sect. 1.6

On the other hand, it would be possible to handle terms of the form f H@'(t))dt
where H is convex but not necessarily a power. In order to obtain compactness we
need a lower bound of the form H (v) > c(Jv|? — 1) for p > 1 and ¢ > 0. In order
to handle the lower semicontinuity, observe that L? > v f H (v) is Ls.c. for the
weak convergence for the following reason (see Sect. 3.1 for details): it is 1.s.c. for
the strong convergence in L? and it is convex, which makes it weakly l.s.c.

Minimization Among Smooth Functions In many natural questions, coming
from geometry or from applied modeling, we do not look for a minimizer among
H' or WP functions, but the problem is set in the space C!. In this case a natural
strategy is the following. First, extend the minimization problem to a larger Sobolev
space, chosen so that the functional guarantees weak compactness of a minimizing
sequence (in practice, if the integrand has growth of order p in terms of u’ we
usually choose W!?) and lower semicontinuity. Then, prove that this extended
problem admits a minimizer, i.e. a WL.P function which is better than any other
WP function. Finally, write the optimality conditions of the problem—as we will
see in Sect. 1.3—and hope that these conditions (which are a differential equation
on the solution) help in proving that the optimizer is actually a smooth function. We
will discuss the Euler—-Lagrange equation in Sect. 1.3 but a simple example is the
following: when solving (1.1), if we assume that F is C! then the Euler—Lagrange
equation reads 2u”’(t) = F'(t, u(t)) (where F’ is the derivative w.r.t. the second
variable). Since the right-hand side is continuous (due to F € Clandu € H' c €9
then we even obtain u € C2.

1.2.2 Non-existence

We consider in this section a very classical example of a variational problem in 1D
which has no solution. With this aim, let us consider

1
inf{J(u) :=/ ()|u’(t)|2 - 1‘ + |u(t)|2) dr = we H'([0, 1), u(0) = u(1) =o}.
0
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It is clear that for any admissible u we have J(u) > 0O: indeed, J is composed of
two non-negative terms, and they cannot both vanish for the same function u. In
order to have fol lu(t)|>dt = 0 one would need u = 0 constantly, but in this case
we would have u’ = 0 and J(u) = 1. On the other hand, we will prove inf J = 0,
which proves that the minimum cannot be attained.

To do so, we consider the following sequence of Lipschitz functions u,: we first
define U : [0,1] » RasU (1) = 3 —|t— 3| Itsatisfies U (0) = U(1) = 0, |U| < 1,
and |U’| = 1 a.e. (U is Lipschitz continuous but not C1). We then extend U as a 1-
periodic function on R, that we call U, and then set u, (1) = %f] (nt). The function
Uy is %-periodic, satisfies u,, (0) = u, (1) = 0 again, and |u),| = 1 a.e. We also have
lun| < ﬁ If we compute J(u,) we easily see that we have J(u,) < ﬁ
which shows inf J = 0.

The above example is very useful to understand the relation between compact-
ness and semicontinuity. Indeed, the sequence u,, which we built is such that u,
converges uniformly to 0 and u), is bounded in L*°. This means that we also have

— 0,

u), X 0in L™ (indeed, a sequence which is bounded in L* admits a weakly-*
convergent subsequence and the limit in the sense of distributions—see Box 2.5—
of u, can only be the derivative of the limit of u,, i.e. 0). This means that, if we
use weak convergence in Sobolev spaces (weak convergence in L* implies weak
convergence in L2, for instance), then we have compactness. Yet, the limit is the
function u = 0 but we have J(u) = 1 while lim,, J(u#,) = 0, which means that
semicontinuity fails. This is due to the lack of convexity of the double-well function
W(v) = ||v|* — 1| (see Chap. 3): indeed, the 0 derivative of the limit function u is
approximated through weak convergence as a limit of a rapidly oscillating sequence
of functions u;, taking values %1, and the values of W at X1 are better than the
value at 0 (which would have not been the case if W was convex). On the other
hand, it would have been possible to choose a stronger notion of convergence, for
instance strong H 1 convergence. In this case, if we have u, — u in H I we deduce
u, — u'in L? and J(u,) — J(u). We would even obtain continuity (and not just
semicontinuity) of J. Yet, what would be lacking in this case is the compactness of
minimizing sequences (and the above sequence u,, which is a minimizing sequence
since J (#,) — 0 = inf J proves that it is not possible to extract strongly convergent
subsequences). This is hence a clear example of the difficult task of choosing a
suitable convergence for applying the direct method of calculus of variations :
not too strong, otherwise there is no convergence, not too weak, otherwise lower
semicontinuity could fail.

We finish this section by observing that the problem of non-existence of the
minimizer of J does not depend on the choice of the functional space. Indeed, even
if we considered

1
inf{](u) :=/ (‘|u'(t)|2 - 1‘ n |u(t)|2) dt = ueC'(0,17), u(0) = u(l) = 0}
0
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we would have infJ = 0 and J(u) > O for every competitor, i.e. no existence.
To show this, it is enough to modify the above example in order to produce a
sequence of C! functions. In this case it will not be possible to make the term
fol ]|u’(t)|2 - 1| dr exactly vanish, since this requires ¥’ = =1, but for a C!
function this means either u’ = 1 everywhere or u’ = —1 everywhere, and
neither choice is compatible with the boundary data. On the other hand, we can fix
6 > 0, use again the Lipschitz function U introduced above, and define a function
Us : [0, 1] — R such that

1 1
U5:U0n[8,§—8]u[§+5,1—8], Us(0) = Us(1) =0, |Us| < =, |Us| <2.

| =

We then extend Us to a 1-periodic function 05 defined on R and set u, s(t) =
%U(; (nr). We observe that we have |u/, ;| <2 and |u/, ;| = 1 on a set

)

n—1
k 6 2k+1 § 2k+1 6 k+1 4
Ans = 2T 9y 2 _2
"9 U<[n+n’ 2n n [ 2n +n n n])

k=0

whose measure is 1 — 48. We then have

J(un,(ﬁ) = /
[0,1N\An,s

This shows inf J < 12§ and, § > 0 being arbitrary, inf J = 0.

1
1
/ 2 2
luy (@) — 1‘ dt +/0 ltp,s(0)]"de <1268 + 2

1.3 Optimality Conditions

We consider here the necessary optimality conditions for a typical variational
problem. The result will be presented in 1D but we will see in Sect.2.2 that
the procedure is exactly the same in higher dimensions. We consider a function
L : [a,b] x R? x R? — R. The three variables of L will be called ¢ (time), x
(position), and v (velocity). We assume that L is Clin (x,v) fora.e.t € [a, b].

1.3.1 The Euler-Lagrange Equation

We start from the minimization problem

b
min{](u) :=/ Lt,u@®),u’ #)dt : ueX, u(a):A,u(b):B},

a
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where X is a functional space which could be, in most cases, a Sobolev space. We
assume anyway X C w1 ([a, b]; Rd) which, at the same time, guarantees both the
existence of a suitably defined derivative, and the continuity of all functions in X.
We also assume that for every u € X the negative part of L(-, u, u’) is integrable,
so that J is a well-defined functional from X to R U {4+o00}. We assume that u is a
solution of such a minimization problem and that u + C2°((a, b)) C X. This means
that for every ¢ € C2°((a, b)) we have J (1) < J(u + e¢) for small .

We now fix the minimizer u and a perturbation ¢ and consider the one-variable
function

je) :=J(u;), where u;:=u+egp,

which is defined in a neighborhood of ¢ = 0, and minimal at ¢ = 0. We now want
to compute j’(0).

In order to so, we will assume that for every u € X with J(u) < +oo there exists
a § > 0 such that we have

x € B(u(t)),9),

s SUP{IVxL(t,x,v)IJrIVuL(t,x,v)l Y e BU (1)), 9)

} e L'([a, b)).
(1.2)

We will discuss later some sufficient conditions on L which guarantee that this is
satisfied. If this is the case, then we can differentiate w.r.t. & the function ¢ +—
L(t, ug, u,), and obtain

d
EL(L Ug, u:c;) = VL L(t, ug, u:c;) @+ VL1, ug, u:g) : 90/-

Since we assume ¢ € C2°((a, b)), both ¢ and ¢’ are bounded, so that for ¢ small
enough we have ¢|¢(r)|, ¢|¢’(r)| < § and we can apply the assumption in (1.2) in
order to obtain domination in L' of the pointwise derivatives. This shows that, for
small &, we have

b
j/(s) = / (V)CL(tv u€9u;) ° (p + VUl‘(t’ M&‘a u:;) : go/) dt
a

In particular, we have

b
J'(0) =/ (BL(Gu ) -9+ NLG ) - @) dr.
a
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Imposing j'(0) = 0, which comes from the optimality of u, means precisely that
we have, in the sense of distributions, the following differential equation, known as
the Euler—Lagrange equation:

d / !/

E (VUL(ts u,u )) = VXL(ts u,u )‘

This is a second-order differential equation (on the right-hand side we have the
derivative in ¢ of a term already involving u’) and, as such, requires the choice of
two boundary conditions. These conditions are u(a) = A and u(b) = B, which

means that we are not facing a Cauchy problem (where we would prescribe u(a)
and u'(a)).

Energy Conservation When speaking of variational principles in mathematical
physics, the word energy has multiple meanings due to an ambiguity in the physical
language, which is increased by the mathematicians’ use of the notion. Sometimes
we say that the motion should minimize the total energy (and we think in this case
of an integral in time of a cost involving kinetic energy and potential energy; a
more adapted name which can be found in the literature is action), while on other
occasions we can say that the energy is preserved along the evolution (and in this
case we think of a quantity computed at every time 7).

Mathematically, this can be clarified in the following way: assume the integrand
in a variational problem is independent of time and of the form L(z, x, v) = %|v 12+
V(x). The Euler-Lagrange equation of the corresponding minimization problem
would be y” = V, V(y). If we take the scalar product with 3’ we obtain

dl/tz—/l‘ ”t—/tVVl_th
E(?V(N)—V()'V()—V()' x ()/())—E( (y(®)).

This shows that the difference %ly’ |> — V(y) is constant in time. We see that the
minimization of the integral of % |¥'I>+ V(y) (i.e. the sum of the kinetic energy and
of V) implies that the difference %|y’ |2 — V(y) is constant. Which quantity should
be called energy is then a matter of convention (or taste).

This very same result could also be obtained by looking at the optimality of the
curve y in terms of the so-called “internal variations”, i.e. taking y.(f) = y (¢ +
en(t)) (see Exercise 1.13).

In the very particular case V = 0, this result reads as “minimizers of the integral
of the square of the speed have constant speed”, and is a well-known fact for
geodesics (see also Sect. 1.1.2).

Remark 1.5 The energy conservation principle described above is a particular
case of the so-called Beltrami formula, which is valid whenever the integrand L
does not depend explicitly on time. In this case, from the Euler-Lagrange equation
SMHLy (0. ¥ (0)) = (RL(y (1), ¥'(1))) we can deduce

Ly @),y ) —y'(t) - %Ly (@), y'(t)) = const.
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This can be proven by differentiating in time, as we have

d / / /
o (Ly.y» =y MLy, v))

o d
=Ly, y) v +%NLy,¥) v =y MLy, ¥)—v -E(VUL(V, y)) =0.

Example 1.6 The Euler-Lagrange equation was a key point in the development
of the calculus of variations and one of the most important examples revealing
how useful it can be is that of the brachistochrone curve. In this case, we saw
in Sect. 1.1.1 that we have to use L(z,v) = \/(l +|v|?)/(H — z) and the Euler—
Lagrange equation, after simplification, becomes

Z//

1
—* (H-7=-.
T H 973

It is interesting that one of the first to study the brachistochrone problem was Galileo
Galilei, who understood that a straight line was not optimal, but he believed that the
solution was an arc of a circle (Third Day, Theorem 22, Proposition 36 in [93]).
Curiously enough, if one inserts z(x) = H — /1 — |x|? in the left-hand side of the
above equation, the result is a constant, but not 1/2 (the result would be 1). The
true solution, after the problem was well-formalized by Johann Bernoulli ([26]) and
correctly solved, is an arc of a cycloid. In this book we do not want to provide a
complete discussion of the solution of this problem, which is just an example for
us. Instead, we refer, for instance, to [53]. However, the reader will find two useful
exercises on the brachistochrone problem, Exercises 1.1 and 1.2, at the end of the
chapter.

1.3.2 Examples of Growth Conditions on L

We discuss now under which conditions on L and X we can guarantee (1.2). We
will not give an exhaustive classification of all possible cases, which is probably
impossible to do. We will only consider three examples

1. The case where L has growth of order p in terms of v and is of the form
L(t,x,v) =c|v|’ + F(t, x),

which is the example we considered for existence in the case p = 2. Note that
in this case a natural choice for the space X is X = WP ([a, b]) since any
minimizing sequence for J will be bounded in X and the arguments of Sect. 1.2
prove that a minimizer exists.
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2. The case where L has growth of order p in terms of v but it has a multiplicative

form
L(t,x,v) = a(t, x)|v|?

fora : [0, T] x RY — R bounded from below and above by positive constants.
In this case we will also choose X = WP ([a, b]) since minimizing sequences
will also be bounded, but we observe that Sect. 1.2 does not yet provide a proof
of existence since the semicontinuity of the functional u +— f L(t,u(t),u'(t))dr

still has to be proven (see Chap. 3).
3. A less standard example such as

L(t,x,v) = "™ 4+ F(, x),

where h : RY — Risa C!, Lipschitz continuous and convex function such that
lim|v|_>oo h(v) = +oo.

We start from the first case. Let us assume that F is C! w.r.t. the variable x and

that V F' is continuous in (¢, x). In this case we have
WLt x,v) = Vi F(t,x), \L({t. x,v) = pclv]” 0.

For every u € X we have u € C” and u’ € L?. In particular, assuming |u| < M, we
have

sup{|VxL(t,x, v)| : x € B(u(t)),8),v e B(u’(t)),zS)}
<sup{|MF(t,x)| :t €la,b], |x]| <M+ 8} < +o0.

Concerning V, L, we have
sup {[NL(r. x, )| : x € B()), ). v e B (1).0)} < C(u'(0)P~" + 577,

and this is integrable in ¢ as soon as u’ € L? —1 which is satisfied since we even
have u’ € LP.

In the second case we assume that @ is C! in x and that V,a is continuous in

(t, x). We have
VL(t,x,v) = a(t, x)|v|”, YL, x,v) = pa(t,x)|v]"v.
Thus, using again u € C° and assuming |u| < M, we have

sup{|VxL(t,x, v)| @ x € B(u(t)),8),v e B(u’(t)),zS)}
< sup{|%a(t,x)| 1 €la,bl, |x| <M +8}(lu' ()] +8)" < C(u' (1|7 +87).

This is integrable in ¢ as soon as u’ € L?, which is true for every u € X.
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The third case is trickier because of the non-standard growth of L in v. In this case
a natural choice for the space X would be a Sobolev—Orlicz space which imposes
integrability of el but it is not necessary to do so. Indeed, one can take for arbitrary
p, X = WP ([a, b]). Thanks to the growth of L, any minimizing sequence will be
bounded in such a space, and the semicontinuity results of Chap. 3 will also allow
us to prove the existence of a solution. The difference with respect to the previous
cases is that simply using # € X will not be enough to guarantee condition (1.2),
but one will really need to use J(u) < +4o00. The condition on V; L will be treated
in the same standard way since we still have u € C 0. As for the condition on v, L,
we have

Vi L(t, x,v) = Vh(v)e"®.
We then observe that we have |V, L(z, x, v)| < (Lip h)e"™® and then

x € B(u(t)),9),

Sup{leL(t7x’v)| : v E B(M/(t)) 8)

} S (Llp h)eh(u/)+Liph8 — Ce/’l(u/),

so that its integrability is equivalent to that of @) which is true when J(u) <
+00.

1.3.3 Transversality Conditions

We consider now the case where the Dirichlet boundary conditions on u(a) and
u(b) are replaced by penalizations on the values of # at t = a, b. Let us consider for
instance the problem

min {J () + You(a)) + 1 (ub)) u € X},

where, again, we set J(u) := fab L(t,u(t),u’(t))dt. We assume that u is a
minimizer and we set u; = u + ¢, but we do not assume ¢ € CZ°((a, b)),
since we are no longer obliged to preserve the values at the boundary points. Let
us set Jy (u) := J(u) +Yo(u(a)) + 1 (b)) and jy (¢) := Jy (ue). The optimality
of u provides jy (0) < jy(e) and we want to differentiate jy in terms of e. The
computation is exactly the same as before (and requires the very same assumptions)
concerning the term j(g) = J(ug) and is very easy for the boundary terms. We then
obtain

b
Jy (0) = / (MLt u,u') -9+ ViL(t,u,u)-¢) dt
a

+Vio(u(a)) - pla) + Vi (u®d)) - o).
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This derivative should vanish for arbitrary ¢, and it is possible to first consider
¢ € CZ((a,b)). In this case we obtain exactly as before the Euler—Lagrange
equation

d / /
E (VvL(t, u,u )) =NL(t,u,u).

We now assume that u and L are such that ¢ — N, L(¢, u(t), ' (¢)) is L!. This
implies that ¢ — N, L(t, u(t), u'(t)) is w1 and in particular continuous. Moreover,

the term fab V,L(t,u,u’) - ¢ dr can be integrated by parts, thus obtaining

b b
j:p(O)z/ VxL(t,u,u/)wpdt—/ (MLt u,u)) - pdt
a a

+ (Vyo(u(a)) — % L(a, u(a), u'(a))) - ¢(a)
+ (VY1) + LB, u(b), u' (b)) - p(b).

Since the first two integrals coincide thanks to the Euler—Lagrange equation, we are
finally only left with the boundary terms. Their sum should vanish for arbitrary ¢,
which provides

V(@) — NL(a, u(a), u' (@) =0, Vi u®) +%L(b, ub),u' (b)) = 0.

These two boundary conditions, called transversality conditions, replace in this
case the Dirichlet boundary conditions on u(a) and u(b), which are no longer
available, and allow us to complete the equation. Of course, it is possible to combine
the problem with fixed endpoints and the Bolza problem with penalization on the
boundary, fixing one endpoint and penalizing the other. The four possible cases,
with their Euler—Lagrange systems, are the following.

« For the problem min {ff L@t u@), ' @) di : u(a) = A, u(b) = B}, the

Euler-Lagrange system is, as we already saw,

S (MLt u,u")) = %L(t,u,u') in(a,b),
ua) = A,
u(b) = B.

e For the problem min {fab L(t,u(),u' (t))dt +Yo(u(a)) : ud) = B], the
Euler-Lagrange system is

L (MLt u,u")) = L(t,u,u')  in(a,b),
ViL(a, u(a), u'(a)) = Vipo(u(a)),
u(b) = B.
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e For the problem min {fub L(t,u(t), u’(t))dt + Y1 (u)) : ula) = A} (the
most classical choice in applications, where the initial point is known and the
final point is free), the Euler—Lagrange system is

L (MLt u,u")) = G L(t,u, u') in (a, b),
ula) = A,
NV, L(b, u(b), u' (b)) = =V (u(b)).

» For the problem min {fab L(t,u(t),u' (1)) dr + Yo(u(a)) + 1//1(u(B))}, the
Euler—Lagrange system is

L (MLt u,u")) =V L(t, u,u') in (a, b),
VoL(a, u(a), u'(a)) = Vipo(u(a)),
NV L(b, u(b), u' (b)) = =V (u(b)).

1.4 Curves and Geodesics in Metric Spaces

In this section we generalize the study of the problem of geodesics to the setting of
metric spaces. This will show that most of the results do not depend on the Euclidean
structure of R? and will allow a more abstract and intrinsic point of view to be
adopted for some problems in R?, such as the search for geodesics for a weighted
distance.

1.4.1 Absolutely Continuous Curves and Metric Derivative

A curve w is a continuous function defined on a interval, say [0, 1], and valued in
a metric space (X, d). As it is a map between metric spaces, one can meaningfully
ask whether it is Lipschitz or not, but its speed «’(¢) has no meaning, unless X is a
vector space.

Surprisingly, it is possible to give a meaning to the modulus of the velocity,

|o'|(2).

Definition 1.7 If o : [0, 1] — X is a curve valued in the metric space (X, d) we
define the metric derivative of w at time ¢, denoted by |'|(¢), as

dw( + h), w(t))
7] ’

/ .
o'|(t) := lim
| l( ) h—0

provided this limit exists.
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Definition 1.8 A curve w : [0,1] — X is said to be absolutely continuous
whenever there exists a g € L'([0, 1]) such that d(w (1), w(t1)) < tf)‘ g(s) ds for
every fo < t1. The set of absolutely continuous curves defined on [0, 1] and valued
in X is denoted by AC([0, 1]; X).

We will prove that any absolutely continuous curve w admits a metric derivative
at a.e. ¢, and also that we have Length(w) = fol || (2) dt.

A first useful lemma is the following. It involves the Banach space £°°, which is
defined as the space of bounded sequences y = (y[0], y[1], ...) endowed with the
norm ||y||eo := sup; |y[i]], and thus with the distance

doo (¥, 2) 3= ||y = zlloo = sup [y[i] — z[7]].

Lemma 1.9 Every compact metric space (X, d) can be isometrically embedded in
£

Proof Any compact metric space is separable, so let us take a countable dense
subset of X and let us order its points, obtaining a dense sequence xg, X1, .... We
then define amap 7 : X — £ as follows

T(x) = (d(x,x9),d(x,x1),...),

which means that the map 7 is defined via T'(x)[i] = d(x, x;). This sequence is
bounded (which we need, for otherwise we would not have T (x) € £°°) since X is
compact and hence bounded. For every pair x, x’ € X and every i we have, using
the triangle inequality on X,

1T ()] = T = 1d(x, x;) —d ', x)| < d(x, x)

and, passing to the sup in i, we get doo (T (x), T (x")) < d(x, x"). Moreover, for any
¢ > 0 we can find i such that d(x;, x’) < €, so that

IT)[i]— TN = ld(x, xi) —d ', xi)| > d(x, x") — 2e,

which implies doo (T (x), T (x")) > d(x, x") —2¢. Since ¢ > 0 is arbitrary, we finally
obtain deo (T (x), T (x")) = d(x, x"), which shows that T is an isometry from X to
its image. O

Proposition 1.10 Given a metric space (X, d) and an absolutely continuous curve
w : [0,T] — X the metric derivative |o'|(t) exists for a.e. t and we have
Length(w) = [, |o/|(r) dr.

Proof 1t is not restrictive to assume that X is compact, since the image w ([0, T']) is
indeed compact as a continuous image of a compact interval. Thanks to Lemma 1.9
we can then assume X C £°° and we consider the curves w; : [0, T] — R which are
the coordinates of w. Using |w; (o) —w; (t1)]| < d(w(tp), w(t1)) < ft(t)' g(t) dr we see
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that each coordinate is indeed a real-valued absolutely continuous function, and is
hence differentiable a.e. (since it belongs to W!-1). The set of points 7 where all the
w; are differentiable is of full measure (since its complement is a countable union
of negligible sets) and on this set we define m(r) := sup; |w;(t)|. At every Lebesgue
point of g (see, for instance, the Box 5.1) we have |w!(r)| < g(¢) and hence m < g
a.e. In particular, m is an L! function. We want to prove |@'|(t) = m(¢) a.e. and,
more precisely, at all Lebesgue points of m. Let us choose one such point ¢. First we
observe that we have

d(w(t + h), o(t)) . lwi (1 + h) — w;(1)] S ).

Al Al
This shows liminfy, d(w(t + h), w(t))/|h| > |w;(¢)| and, taking the sup over i, we
obtain liminf, d(w(t 4+ h), w(t))/|h] = m(z).

For the opposite inequality we first note that we have, for every f9 < #1, the
inequality |w; (f9) — w; ()] < j;gl lw}(s)|ds < fz;] m(s) ds, and, taking the sup over
i, we obtain

1
Ao o) = [ m)ds (13)

fo

Using this, we obtain

t+h

d( +h), o) < ][ m(s)ds — m(t),

A t
where we used the fact that 7 is a Lebesgue point for m. This shows
limsupy, d(w(t + h), w(1))/1h] < m(t) and proves || = m a.e.

We now need to prove the equality between the length of @ and the integral of
|@’|. The inequality (1.3), applied to arbitrary subdivisions 0 < g < | < --- <
ty < T in the definition of the length, now that we know m = |o’|, provides
Length(w) < [ |o'|(1) dr.

In order to prove the opposite inequality, let us take » = T/N > 0 and, for
every t € (0, h), let us consider the subdivision 7y < #; < --- < fy_1 given
by tx := t + kh, for k = 0,..., N — 1. By definition we have Length(w) >
Z,ICVZ_OZ d(w(ty), o(tx+1) and hence, taking the average on ¢ € (0, h),

1 rh N-2
Length(w) > 7 /(; ; d(w(t +kh), w(t + (k+ 1)h))dt

_1/W1de@xwu+h»d
_0 7 s,
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where the last equality is based on a change of variable s = ¢ + kh, inverting the
sum and the integral, and putting the denominator % inside the integral. If we take
the liminf in # — 0 and apply Fatou’s lemma, by pointwise a.e. convergence we
obtain Length(w) > fOT |@’|(¢) dt and hence the desired equality. O

An easy corollary of the previous fact concerns the characterization of Lipschitz
curves among absolutely continuous ones.

Corollary 1.11 Let w : [0, T] — X be an absolutely continuous curve. Then o €
Lip; ifand only if |o'| < L a.e.

Proof 1t is clear that v € Lip; implies w < L and hence |o'|(t) < L
for every ¢t where the metric derivative exists.

On the other hand, if |’| < L a.e., the inequality (1.3), together with m = ||,
provides d(w (), w(t1)) < ftf)l |@'|(t) dt < L|t; — to| and hence w € Lip;. |

Another important fact about absolutely continuous curves is that they can be
reparameterized in time (through a monotone-increasing reparameterization) and
become Lipschitz continuous. More precisely, we have the following.

Proposition 1.12 Given an arbitrary absolutely continuous curve o : [0, 1] - X
and a number ¢ > 0, there exists a reparameterized curve @ : [0, 1] — X of the
form @ = w o ¢ for a strictly increasing homeomorphism ¢ : [0, 11 — [0, 1] such
that @ € Lip; where L := Length(w) + e.

Proof Define G(¢t) := fé |’ |(s) ds, then set S(#) = &t + G(¢). The function S
is continuous and strictly increasing, and valued in the interval [0, L], where L :=
Length(w) + €. Then for ¢ € [0, L], set @(t) = w(S~1@)). Itis easy to check that
@ € Lip,, since we have, for fg < 11,

n

d(w(to), w(n)) = / |'|(s)ds = G(t1) — G(1o) < S(t1) — S(to)

fo

and then
d(@(ty), 3(11)) = d(@ (S~ (10)), 0(ST'(11))) < S(S™ (1)) =SS (20)) = 11 —10.

In order to have a parameterization defined on the same interval [0, 1], we just need
to rescale by a factor L. O

In the above proposition we note that, if the interval [0, 1] is replaced by another
interval [0, T'], then we have to set L := (Length(w) 4 ¢)/T. We also observe that,
if the curve w is injective (and actually it is enough that it is not constant on any
non-trivial interval, so that the function G is indeed strictly increasing), the result
can be strengthened, as follows.

Proposition 1.13 Given an absolutely continuous curve o : [0, 1] — X, assume
that there is no subinterval (tg, t1) C [0, 1] on which w is constant. Then there
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exists a reparameterized curve @ : [0,1] — X of the form @ = w o ¢ for a
strictly increasing homeomorphism ¢ : [0, 11 — [0, 1] such that @ € Lip; where
L := Length(w) and |&'| = L a.e.

Proof We use again the function G(t) := fot |@’|(s) ds and we observe that it is
continuous and strictly increasing. Indeed, if G(fp) = G(z1) then we obtain |'| =
0 on (19, t1) and Proposition 1.10 shows that w is constant on (f, 1), which is a
contradiction. Then for ¢ € [0, L] (where L := Length(w)), set &(t) = w(G~1()).
We obtain again @ € Lip; as in Proposition 1.12. If we scale by a factor L we obtain
a curve, which we call again @, which is Lip; and defined on [0, 1]. Since L also
equals its length, we have

1 1
L = Length(w) = Length(@) = / |&'|(¢)dt < / Ldr=1L,
0 0

O

which shows that we must have |&'|(t) = L for a.e. t.

Remark 1.14 We observe that in Proposition 1.13 the reparameterized curve
which is built also satisfies Lip(@) < Lip(w), since Lip(@) = L = Length(w)

Ji la/1(1) dt < Lip(w).

Il &

1.4.2 Geodesics in Proper Metric Spaces

In a metric space (X, d) we define the following quantity geod (called geodesic
distance) by minimizing the length of all curves y connecting two points xg, x| €
X:

y € AC([0, 1]; X),

eod (xp, x1) := inf { Length :
geod(@o. 1) { g 0) = 3. (1) = a1

} € [0, +o0]. (1.4)

This quantity is clearly a distance when it is finite. When (X, d) is a Euclidean
space, geod = d and the infimum value in (1.4) is achieved by the segment [xg, x1].
In general, a metric space such that geod = d is called a length space.

The minimal length problem consists in finding a curve y with y(0) =
X0, ¥ (1) = x1 and such that Length(y) = geod(xo, x1). The existence of such a
curve, called a geodesic, is given by the following classical theorem, which requires
the metric space to be proper.

Definition 1.15 A metric space (X, d) is said to be proper if every bounded closed
subset of (X, d) is compact.

Theorem 1.16 Assume that (X, d) is proper. Then, for any two points xo, X1 such
that geod(x1, x0) < +00, there exists a minimizing geodesic joining xo and x1.
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Proof Let us take a minimizing sequence for the geodesic problem, i.e. a sequence
w, of absolutely continuous curves defined on [0, 1], with w, (0) = xo, ®,(1) = x1,
and Length(w,) — geod(xo, x1). We take a sequence ¢, > 0, with &, — 0 and,
using Proposition 1.12, we define a new sequence of curves @, such that @,(0) =
x0, @ (1) = x1, and @, € Lip, , where L, := Length(w,) + &, — geod(xo, x1).
Because of this Lipschitz bound, for any n and any t we have d (@, (t), xo) < L,t <
R, where R is a constant independent of n and 7. Hence, the images of all the curves
@, are contained in the closed ball B(xg, R), which is compact. The sequence of
curves @, is then equicontinuous and valued in some compact set, and the Ascoli—
Arzela theorem allows us to extract a uniformly convergent subsequence @,, — .
We have

d(w(t), w(t)) = kl_i)rglod(@nk(to),@nk(tl)) < Ly lto—t1| — geod(xo, x1)|to — t1].

This shows that w is Lipschitz continuous and its Lipschitz constant is at most
geod (xg, x1). As a consequence we have |o’| < geod(xg, x1)| and, integrating on
[0, 1], we also have Length(w) < geod(xp, x1), so that w is indeed a geodesic.
Moreover, we can also observe that we necessarily have |'|(f) = geod (xq, x1) for
a.e. r. O

Box 1.5 Memo—Compactness for the Uniform Convergence

We recall that a family ¥ of functions f : X — Y is said to be equicontinuous
if for every ¢ > 0 there exists a common § > 0 such that d(f(x), f(y)) < &
for all pairs x, y with d(x, y) < 8 and for all f € #. Equivalently, this means
that there exists a continuous function w : Ry — R such that w(0) = 0
with | f(x) — f(y)| < w(d(x, y)) for all x, y, f. This function w is called the
modulus of continuity.
Theorem (Ascoli-Arzela) If X is a compact metric space and f, : X — R
are equi-continuous and equi-bounded (i.e. there is a common constant C
with | fn(x)| < C for all x € X and all n), then the sequence ( f,) admits a
subsequence f,, uniformly converging to a continuous function f : X — R.

Conversely, a subset of C(X) is relatively compact for the uniform
convergence (if and) only if its elements are equi-continuous and equi-
bounded. In particular, the functions of a uniformly convergent sequence are
always equi-continuous and admit the same modulus of continuity.

The same results are true if the target space R and the equiboundedness
assumption are replaced with a target space which is a compact metric space.

We note that in the above Theorem 1.16 we proved the existence of a constant-
speed geodesic, i.e. a curve o which, besides being a geodesic, also satisfies |o'| =
const (and this constant can only be equal to Length(w) = geod(x~, x™) if the
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interval on which the curve is parameterized is [0, 1]). Constant-speed geodesics
admit other characterizations, as we can see in the following propositions.

Proposition 1.17 If (X, d) is a length space then o : [0, 1] — X is a constant-
speed geodesic between w(0) and w (1) € X if and only if it satisfies

dw(t),w(s)) =t —s|ldw©),w(l)) forallt,s €[0,1]. (1.5)

Proof Assume that w satisfies (1.5) (and in particular it is Lipschitz continuous).
Then, from the formula for the length as a sup over partitions, we have Length(w) =
d(w(0), w(1)). Since no curve connecting @ (0) to w(1) can have a strictly smaller
length, then w is a geodesic. Moreover, from (1.5), dividing by |t — s| and sending
s — t, we obtain |@'|(f) = d(w(0), w(1)) for every ¢, which shows that the speed
is constant.

We now assume that w is a constant-speed geodesic. We then have |’ (1)| =
£ := Length(w) = geod(w(0), w(1)) = d(w(0), w(1)) (the last equality coming
from the assumption that (X, d) is a length space). In particular we have w € Lip,.
We then have

d(@(0), w(s)) = €s; d(w(s), (1)) < £ —5); d(w(), w(1)) =€ —1).
If we sum the above three inequalities and use the triangle inequality we get
d(@(0), (1)) = d(w(0), () +d(w(s), (1) +d(w (1), (1)) < d(w(0), (1)),

so that all the previous inequalities are indeed equalities and we have the equality
d(w(s), w(t)) =L@ —s) with £ = d(w(0), w(1)), i.e. (1.5). |

Proposition 1.18 Given a metric space (X, d), a strictly convex, continuous, and
strictly increasing function h : Ry — Ry, and two points xo, x1 € X, the following
are equivalent

1. y : [0, 1] — X is a constant-speed geodesic connecting xg to x1;
2. y:10,1] = X solves

1
min {/ h(lo'|(2))dt = @ € AC([0, 1]; X), @(0) = x, w(1) = xl} .
0

Proof Given an arbitrary o : [0, 1] — X with w(0) = x¢, @(1) = x| we have the
inequalities

1 1
/ h(lo'|(1)) dt > h (/ |o'|() dt) > h(geod (xo, x1)), (1.6)
0 0

where the first inequality comes from Jensen’s inequality and the second from the
definition of geod, together with the increasing behavior of 4.
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Let us assume that y is a constant-speed geodesic with |y’| = geod(xg, x1).
Then (1.6) implies

1 1
/O h(l'|(1)) dr > h(geod (xo, x1)) =/0 h(ly'I(1)) dt

i.e. (1) implies (2).

For the reverse implication, take ¥ which minimizes w fol h(|'|(t)) dt and
an absolutely continuous competitor w with Length(w) = L. For ¢ > 0, we choose
a reparameterization @ of w with |@'| < L + ¢ and the optimality of y provides

1 1 1
h(/ |y/|<r)dr>s/ h(|y/|<t>)dts/ h(& () dt < h(L +¢).
0 0 0

We obtain Length(y) = fol ly'|(t)dt < L + ¢ and, taking ¢ — 0, we deduce
Length(y) < L,i.e. y minimizes the length and is a geodesic. Moreover, taking w =

y we necessarily have equality in the inequality & (fol ly'|(2) dt) < fol h(ly’'|()) dt

and the equality case in Jensen’s inequality for strictly convex h implies that |y'| is
constant. a

1.4.3 Geodesics and Connectedness in Thin Spaces

The existence result of a geodesic curve connecting xp to xj in a proper space
X, presented in the previous sub-section, required the assumption geod(x1, xg) <
+00. A completely different question is whether a curve with finite length, or
an AC curve, connecting xp to x; exists. This is clearly related to the notion of
connectedness of the space X. Yet, it is well-known that connectedness has a
topological definition which does not involve curves at all, and that the existence
of connecting curves is a stronger condition.

Box 1.6 Memo—Connectedness

A topological space X is said to be connected if for any subset A C X which
is at the same time open and closed we necessarily have either A = {J or
A=X.

A topological space X is said to be arcwise-connected if for any two points
X0, X1 € X there exists a continuous curve y : [0, 1] — X such that y (¢) = x;
fort =0, 1.

(continued)
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Box 1.6 (continued)
A metric space X is said to be AC-connected if for any two points xp, x| €

X there exists an absolutely continuous curve y : [0, 1] — X such that
y(t) = x; forr =0, 1.

Of course AC-connectedness implies arcwise-connectedness, and arcwise-
connectedness implies connectedness.

‘We want to consider here a class of metric spaces, that we call thin spaces, where
connectedness implies AC-connectedness. This result is essentially taken from [15],

where it is presented as a preliminary result for a notion which will be discussed in
Chap. 6.

Definition 1.19 A metric space (X, d) is said to be thin if it has the following
property: there exists a constant C such that if {B(x;,r) : i = 1,...,N}isa

finite family of disjoint balls in X, then N < %

The reason for the name “thin” lies in the fact that this property is typical of 1D sets.
It is not satisfied by subsets of R? which have a non-empty interior.
First, we clarify that this notion implies compactness.

Box 1.7 Memo—Totally Bounded and Precompact Sets

In a metric space (X, d) we say that a subset E C X is pre-compact if its
closure in X is compact. This means that from any sequence in £ we can
extract a convergent subsequence, but the limit does not necessarily lie in E.
We say that a subset £ C X is totally bounded if for every ¢ > 0 we can
cover E with a finite number of balls of radius & centered at points of E. The
centers of these balls are called an e-net.
Theorem If (X, d) is complete, then a subset E is precompact if and only if
it is totally bounded. A metric space (X, d) is compact if and only if it is itself
complete and totally bounded.

Proposition 1.20 If (X, d) is thin and complete then it is compact.

Proof 1t is enough to prove that (X, d) is totally bounded (see Box 1.7). Given a
number ¢ > 0, define a sequence of points x; € X as follows: we start from an
arbitrary xg, then we take x; € X \ Uf‘;ll B(x;, ¢) if Ui‘;ll B(x;, &) # X. As long
as the construction proceeds, the balls B(x;, €/2) are disjoint, so by the definition
of thin space the construction must stop after k = 2C /¢ steps at most. Hence, X is
contained in a finite union of balls of radius ¢, which means that it is totally bounded,
and hence compact because we also assumed completeness. O

We now state the main theorem of this section.
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Theorem 1.21 If (X, d) is thin, complete, and connected, then it is AC-connected
and for every pair of points xo, x1 € X there exists a geodesic connecting them.

Proof Let us fix ¢ > 0 and define an equivalence relation on X: we say that two
points x, y € X are e-connected if there exists a finite chain of points xg, x1, ..., Xy
such that xo = x, xy = y, and d(x;, x;+1) < € for every i. It is easy to see that this
is an equivalence relation. For every point xg, we denote by A(xg) its equivalence
class. It is clear by definition that the equivalence classes are open sets, since we
have B(x, ¢) C A(xp) for every x € A(xg). Since the complement of an equivalence
class is the union of all the others, then every equivalence class is also closed as
the complement of an open set. By connectedness, we have A(xg) = X for every
xo. Hence, for every pair x,y € X and every ¢ > 0 there exists a finite chain
of points xg, x1, ..., xy such that xo = x, xy = y, and d(x;, xj+1) < €. Let
us consider then a minimal chain connecting x to y (i.e. a chain for which N is
minimal: such a chain exists since we are minimizing an integer-valued quantity).
By minimality, d(x;, xj+2) > € (otherwise we could remove the point x; ). Hence
the balls B(x;, ¢/2) for i odd are disjoint, and this gives a bound on the number N,
of the form N < C/¢, because X is thin.

Since we know that X is compact, we can isometrically embed X into £°°, and
we can define a curve y; : [0, 1] — £ taking y(i/N) = x; (with N = N(¢)) and
connecting two subsequent points x; with a constant-speed segment in £°° (this is
the reason for embedding into £°°, we need a vector space). Fort € [i /N, (i+1)/N]
we have |y/|(1) = % = Nd(xj, x;+1) < Ne < C, so that these curves are
equi-Lipschitz continuous. We want to apply the Ascoli-Arzela theorem to extract a
convergent subsequence, but the ambient space £°° is not compact. Yet, if we take a
sequence &, — 0 and the corresponding curves v, , the set |, ys, ([0, 1]) is totally
bounded, and hence contained in a compact set. To see this, we fix ¢ > 0 and we note
that Umn >e/2 Ven ([0, 1]) is compact since it is a finite union of compact sets (and
hence can be covered by finitely many balls of radius &), while |_J,,. en<e/2 Ven ([0, 1])
is contained in an ¢/2-neighborhood of X C ¢°°. By taking finitely many balls of
radius /2 which cover X we then cover this set as well with finitely many balls of
radius ¢.

Hence, we can extract a subsequence which uniformly converges to a curve y
which will also be Lipschitz continuous with the same Lipschitz constant C. This
curve will also satisfy ¥ (0) = x and y (1) = y as the approximating curves did, and
since the image y;, ([0, 1]) was contained in an &,-neighborhood of X, at the limit
we have y (r) € X for every t.

This provides the existence of at least an AC curve connecting arbitrary points
x,y € X. The existence of a minimal one follows from Theorem 1.16. O
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1.4.4 The Minimal Length Problem in Weighted Metric Spaces

Let (X, d) be a metric space and K : X — R™ be a nonnegative function called
the weight function. We define the K-length L of an absolutely continuous curve
y via the formula

Lx(y) = /Im(r» 1) dr

and we consider the minimization of Lx among curves with fixed endpoints. This
problem is very natural and appears in many different instances both in applied
and fundamental mathematics. For example, it can be considered as a particular
case of the problem of looking for geodesics in Riemannian manifolds, since in a
Riemannian manifold the length of a curve y is computed by applying to the tangent
vector y’(¢) a norm induced by a scalar product on the tangent space depending
on the point y (¢): if we choose for (X, d) the Euclidean space with the Euclidean
distance, the length Lk can be seen as a particular Riemannian length, when the
scalar product is a positive scalar multiple of the standard Euclidean one (in practice,
we do not use general positive symmetric matrices to define a Riemannian metric,
but only a positive multiple of the identity: we obtain in this case a conformal
metric). From the applied point of view, minimizing weighted lengths is natural
for instance in traffic problems (see Sect.4.6), where the cost of passing through a
given point is not uniform, but depends on the amount of traffic at that point, as well
as in optics, where the coefficient K depends on the refraction index of the material.

We first analyze the properties of the weighted length L. For future use, we
define for every » > 0 and every x € X the following two quantities:

Ky (x) :=inf{K(y) : d(x,y) <r}, K'(x):=sup{K(y) : d(x,y) <r}.
1.7)

Lemma 1.22 Assume that K : X — Ry is L.s.c. If y : [0, 1] — X has modulus of
continuity w then we have

N—1 §>0,r >w(d),
Lg(y) =sup{ > K (yt)d(y@). y(tis1) + 0<tg<--- <ty <1,
i=0 tig1 — il <6

As a consequence, Lk is lower semicontinuous for the uniform convergence, i.e.
Vn — ¥ uniformly implies Lk (y) < liminf, Lg (v;).
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Proof 1f we take an absolutely continuous y with modulus of continuity @, and two
instants #; < ;41 with |t — ;| < 8, we then have |y (t) — y(#)] < w(§) < r and
hence K (y(¢)) > K, (y(¢)) forall ¢t € [1;, t;+1]. We then have

tit1 Lit1
/ K@)y 1) dt = K, (y (1) / Y1) de = Ko (r ) ), v (ti).
t t

This shows that Lg (y) is larger than the sup in the first part of the claim. For the
opposite inequality we first take, for every N, anumber ry > 0 so thatlimy ry = 0,
and a partition with ; = i/N and define a function ky(t) = K,,(y (%)) for
t € [t,ti+1). By the continuity of y and the semicontinuity of K we have
liminfy ky () > K (y(t)) for every ¢t. Hence, by Fatou’s lemma, we have

lirrllvinf/kN(t)ly/l(t) dr = Lk (y),

so that for every ¢ there exists an N with f kn(@®)|y’|(t)dr > Lg (y)(1—¢). We now
look at ftf"“ knO)y'|@)dt = kn(t;) ftf"“ ly’|(¢) dt. By definition of the length as
a sup it is possible to sub-partition the interval [#;, ;1] by means of some #; ; with

YAy ),y ) = (L—g) [ 1y/[(0) de.
We now have

3 Koy )y (1,). v (tij41) = (1 = £)2 L ().
iJ

We need to replace the coefficients K,, (y(#;)) with some coefficients of the
form K, (y(t;;)), with r > w(max; ; [t; j — t; jy+1]), yet satisfying K, (y (t;)) <
K, (y(t,;)). Since we have B(y(4;,;),r) C B(y(t),r + w(1/N)), it is enough to
choose r = w(1/N) and ry = 2w(1/N). This shows that the partition {#; ;} with
r = w(1/N) satisfies

Y Ky Ay (), y (@ j41)) = (1= &)Lk (v)
i,j

and shows that the sup in the claim is larger than Lg (y).

Once we have established this representation formula, the proof of the lower
semicontinuity is easy. We take a sequence y, — y uniformly and we denote by
w a common modulus of continuity (see Box 1.5) for the curves y, and y. On all
these curves we can use the first part of the statement to write Lg as a sup, and use
the fact that lower semicontinuity is stable under sup (see Chap. 3). Then, for fixed
8,1, 1o, t1, ..., ty the quantity

N—1

y > Y K (v )y (), y (1))

i=0
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is clearly continuous for the uniform convergence (and actually pointwise conver-
gence would be enough), which shows the semicontinuity of Lg by taking the sup
(see Proposition 3.3). O

We can now prove an existence theorem for curves minimizing the weighted
length Lg.

Theorem 1.23 Given a proper metric space (X, d), an Ls.c. function K : X —
R which is strictly positive everywhere, and two points xo, x| € X, consider the
minimization problem

inf{Lx(y) : y € AC([0, 1]; X), ¥ (0) = xo, y (1) = x1}.

Then, there exists a curve solving this minimization problem whenever the above inf
is finite and we have fooo (infg(xy,r) K) dr = +o00.

Proof We start from a minimizing sequence y,, so that we have Lg(y,) < C.
First of all, we want to prove that all curves y, are contained in a ball B(xq, R)
with R independent of n. Let us denote by R, := max{d(y,(t), x0), t € [0, 1]}
the maximal distance from xg attained by y,,. This maximum exists as we look at
the continuous function ¢ — d(y,(t), xg) on a compact interval. For every integer
k < R, we can define t , := min{t : d(y,(t), x0) > k}. All these numbers # , are
well-defined by continuity of # — d(y,(¢), x0) and we have t1, <tr, <8Bp....
We then have

tk+1,n Tk+1,n
/ K(y(r))|y’|<r)drz< inf K)/ 1) di
tk,n B(X(),k-‘rl) tk.n

3( inf )K)d(]/(fk,n),)’(thrl,n))-

B(xg,k+1
Using d(y (te,n), ¥ (tk1,0)) = 1d(y (te,n), X0) — d(x0, ¥ (tk1,0))| = 1 we get

LRn)

L > inf K
k()= % B(xg,k+1)

Using the comparison between series and integral for non-decreasing functions, the
condition [ (infp(x,,r) K)dr = +oo is equivalent to Y oo (infg(xyk+1) K) =
+o00, and this shows an upper bound on | R, .

‘We now know that all curves y,, are contained in a bounded, and hence compact,
set. On this set K is bounded from below by a strictly positive number, so that
we also have a uniform bound on Length(y,) < L. We then reparameterize these
curves into some curves 7, with |7,| < L + ¢ and this does not change the value
of the weighted length L g, which is also invariant under reparameterization. We
can now apply the Ascoli—Arzela theorem to this new minimizing sequence, extract
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a uniformly convergent subsequence, apply Lemma 1.22 which gives the lower
semicontinuity of Lk, and obtain the existence of a minimizer. m]

The condition fooo(inf B(xo,r) K) dr = 400, introduced for instance in [43] and
also used in [90, 150, 151], is crucial in order to obtain a bound on the minimizing
sequence. We now want to provide an example where the existence of weighted
geodesics fails if it is not satisfied. We will consider a Euclidean space, say R2,
endowed with a positive weight K > 0 which does not satisfy the above non-
integrability condition.

Theorem 1.24 Given an arbitrary continuous and strictly positive function g :
Ry — (0, 00) such that fooog(s) ds < Hoo, there exists a continuous weight
K : R? — R, and two points xo, x1 € R? such that

e the weight K (x) coincides with g(d(x, xo)) on an unbounded set;
* there is no curve connecting xg to x| and minimizing L.

Proof First we define G(t) = fot g(s)ds and G(o0) := fooo g(s)ds € R. Also take
a smooth function 2z : R — [0, 1] such that 2(0) = 1 and A(*1) = O (which
implies 4'(0) = h'(£1) = 0), and choose it so that 2’ only vanishes at —1, 0, 1.
Build a function f : R — R via

fx,y) =h(y)2G(00) = G(|x])) + (1 = h(y)G(Ix]).

Note that we have f € C1(R?\ {x = 0}). Atx = 0, the partial derivative of f w.r.t.
x is discontinuous and changes its sign, because of the modulus in the definition.
However, |V f| is well-defined, and we take K = |V f|. This means that we are
defining

K, y) = Il = 2h(»)Pg(x])? + 41 (5)2(G(00) — G(Jx]))2.

It is easy to see that we have K (x, 0) = K(x, £1) = g(Jx|) and K > O on R2.
Consider now the two points xo = (0, 1) and x; = (0, —1).
Any continuous curve y : [0, 1] — R? connecting these two points must cross
the line {y = 0}. Let us call (¢, 0) a point where y crosses such a line, i.e. y (fg) =
«, 0) for tp € [0, 1]. We can estimate the weighted length of y via

1 fo 1
/OK(V(I))IJ/(t)Idt=/O IVfI(V(t))IJ/(t)Idt+/ IV @)y’ () de
fo

to 1
> /O V@) -y () di — / VI -y (@) dr

]

=2f(y @) — f(x0) — f(x1) =2f(,0) = f(0,1) — f(0,=1)
= 2(2G(00) — G([€])) > 2G(00).
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This shows that no curve joining these two points can have a weighted length
less than or equal to 2G(c0). If we are able to construct a sequence of curves
approaching this value, we have shown that the minimum of the weighted length
does not exist. To do so, take a sequence x, — oo with g(x,) — O (which is
possible because of the condition fooo g(s)ds < 400). Consider a curve y, defined
on the interval [0, 2x,, 4+ 2] (and possibly reparameterized on [0, 1]) in the following
way

t, 1 if t € [0, x,],
Ya) =1 (X, 1 — 1t +x,) ift € [x,, x, + 21,
2x, +2—1t,—1) ift e [x, +2,2x, +2].

It is easy to see that we have

2xp+2 Xn
/0 Ky )y )| dt :2/0 g(r)dr

1
+ /1 \/Il —2h()Pg(IxaD? + 41" (y)2(G(00) — G (Ixy]))* dy.

Using

S = 2000 P2 + 40 (1)2(G (00) — G2
< C(g(xa) + G(00) — Glxy)),

we can also obtain
2xp+2
/0 Ky )ly )] dr = 2G (xp)+ 0(g(|xn|) + G (00) — G (x,)) = 2G(00),

which concludes the example. O

We are now interested in studying the minimization of Lx when K may
vanish. This case is of interest, for instance, in the applications to the existence
of heteroclinic connections presented in [150, 151] and in Sect. 1.4.5. If K vanishes
on a connected set this creates a free region where movement has no cost: this can be
interesting (see for instance [54] and Sect. 7.5 for an application in the modeling of
transport networks) but goes beyond the scope of this section. We will only consider
the case where K vanishes on a finite set X. This already creates a certain number
of difficulties. In particular, K will no longer be bounded from below by positive
constants on bounded sets, and it will be impossible to obtain bounds on the length
(in the sense of the length for the original distance d, and not of the weighted length)
for minimizing sequences. It will then be hard to apply Lemma 1.22 to obtain the
semicontinuity, even if this lemma does not require K > 0.
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Moreover, it will not be natural to work with curves y which are absolutely
continuous anymore, since this assumption corresponds to [ |y’|dt < +oo and
we cannot enforce bounds on this integral, but only on the weighted integral with
the (possibly vanishing) factor K.

In the sequel we will make the following assumptions on (X, d, K):

(H1) (X, d) is a proper length metric space.

(H2) K is continuous.

(H3) We have K(x) > «k(d(x, X)) for a function « : Ry — R, such that
Jo7 k() dr = +o0.

For a given interval I we now consider the class ACy,c(1, X) of curves y €
C(I; X) which are piecewise locally absolutely continuous, i.e. there exists a finite
partition (¢, t1, ..., ty) of I suchthat y € AC([t; + ¢, tj+1 — ¢]; X) for every i and
every € > O such that 2¢ < ;41 — 1.

Our aim is to investigate the existence of a curve y € ACp,([0, 1], X)
minimizing the K -length, defined by

1
Lg(y) 1=/0 Ky @) ly'(®)dr.

Namely, we want to find a curve y € AC,([0, 1]; X) which minimizes the K-
length among curves connecting two given points xq, x1. We define

di (xo, x1) :=nf{Lg (y) : y € ACpic([0, 1]; X), ¥ (0) = x0, y (1) = x1}.

We are going to prove that dx is a metric on X s.t. (X, dg) is proper and such that
Lk coincides with the length induced by the distance dx, which we will denote by
Length,, , thus implying the existence of a geodesic between two joinable points, in
view of Theorem 1.16 (see Theorem 1.26 below).

Proposition 1.25 The quantity dx is a metric on X. Moreover (X, dg) enjoys the
following properties

1. dg and d are equivalent (i.e. they induce the same topology) on all d-compact
subsets of X.

2. Any dk-bounded set is also d-bounded.

3. (X, dg) is a proper metric space.

4. Any locally AC curve y : 1 — X is also dk-locally AC and the metric derivative
of y in (X, dk), denoted by |y'|k, is given by |y'|x (t) = K (y (1)) |¥'I (1) a.e.

5. We have Lk (y) = Length,, (y) forall y € ACpioc(1, X).

Theorem 1.26 For any xo,x1 € X, there exists a y € ACpc([0, 1]; X) s.t.
Lk (y) = dk(xo,x1), y(0) = xo and y (1) = x1.

Proof Let us see how Proposition 1.25 implies Theorem 1.26. As (X, dg) is a
proper metric space, Theorem 1.16 ensures the existence of a Length;, -minimizing
curve y connecting xp to x1. This curve is valued in a dg-bounded set, which



1.4 Curves and Geodesics in Metric Spaces 37

is then d-bounded, and hence contained in a d-compact set, where dg and d are
equivalent. This implies that y is also d-continuous. Then, up to renormalization,
one can assume that y is parameterized by Length, -arc length. By minimality, we
also know that y is injective: if y () = y(s), then y restricted to the interval (z, s)
is reduced to a point, and ¢+ = s as y is parameterized by arc length. In particular,
y meets the finite set ¥ = {K = 0} at finitely many instants #; < --- < ty. As
K is bounded from below by some positive constant on each compact subinterval
of (tj,ti4+1) fori € {1,..., N}, Lemma 1.27 below implies that y is piecewise
locally d-Lipschitz, hence it belongs to ACpj,¢([0, 1]; X). Finally, thanks to the last
statement in Proposition 1.25, the fact that y minimizes Ly, means that it also
minimizes Lx among ACpy,. curves connecting xo to xj. O

In order to prove Proposition 1.25, we will need the following estimates on dx .

Lemma 1.27 Forall x,y € X, one has
Kiey(x)d(x,y) <dg(x,y) < KD (x)d(x, y),

where K, (x) and K" (x) are defined in (1.7).

Proof Setr := d(x, y). Since any curve y connecting x to y has to get out of the
open ball B := B;(x, r), it is clear that we have

Lx(y) =/IK(y(r>>|y’|<r>dr = rinfK = 1K, (o).

Taking the infimum over the set of curves y € ACpj, joining x and y, one gets the
first inequality.

For the second inequality, let us fix ¢ > 0. By definition, there exists a Lipschitz
curve y connecting x to y, that one can assume to be parameterized by arc-length,
s.t. Length, (y) < r+e¢. In particular, the image of y is included in the ball B4 (x, r+
). Thus, one has

dg(x,y) <Lg(y) < (r+e) K™ (x)

and the second inequality follows by sending ¢ — 0. Indeed, the mapping r —
K" (x) is continuous on R since K is uniformly continuous on compact sets and
since bounded closed subsets of X are compact (assumption (H1)). m|

Proof (of Proposition 1.25) The proof is divided into six steps.

Step 1: dg is a metric. First note that dk is finite on X x X. Indeed, given two
points x, y € X, just take a Lipschitz curve connecting them, and use Lx(y) <
La(y) suppn(,) K < +o0. The triangle inequality for di is a consequence of the
stability of the set ACpj, under concatenation. The fact that dk (x, y) = 0 implies
x =y is an easy consequence of the finiteness of the set { K = 0}. Indeed, if x # y,
then any curve y : x — y has to connect By (x, &) to B;¢(x, 2¢) for all ¢ > 0 small
enough. This implies that Lx (y) > ¢ infc K, where C ={y : ¢ <d(x,y) < 2¢}.
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But for ¢ small enough, C does not intersect the set {K = 0} so that infc K > 0. In
particular, dg (x, y) > ¢ infc K > 0.

Step 2: dx and d are equivalent on d-compact sets. Take a compact set ¥ C
X, and assume Y C Bg(xp, R) just to fix the ideas. Consider the identity map
from (Y, d) to (Y,dg). It is an injective map between metric spaces. Moreover,
it is continuous, since, as a consequence of Lemma 1.27, we have dg < Cd on
Y x Y, where C = supp,,, 3r) K < +00 (note that the closed ball B;(xo, 3R) is
d-compact, and that we assumed d = geod since (X, d) is a length space). Hence,
as every injective continuous map defined on a compact space is a homeomorphism,
d and dk are equivalent (on Y).

Step 3: every ball in (X, dk) is d-bounded. This is a consequence of assumptions
(H1) and (H3). Let us take xo, x € X with dx(x,x9) < R. By definition, there
exists a y € ACpoc(1, X) s.t. y : xo = x and Lg(y) < dk(xo, x) + 1. Now, set
¢ () := d(y(t), X): since the function x +— d(x, X) has Lipschitz constant equal
to 1, we have ¢ € ACpic(I,R) and |¢/(1)| < |y/(¢)| a.e. Take the antiderivative
h : RT — R* of the function « (the one in assumption (H3)) , i.e. k' = « with
h(0) = 0, and compute [A(¢(¢))] = k(¢ (¢))¢’ (). Hence,

(N = k()P ()] = K(y(®) |y ()]

and h(d(y (), X)) < h(d(xo, %)) + Lx(y) =< h(d(xo, X)) + R + 1. Since
lims_, 5, h(s) = +00, this provides a bound on d(x, ), which means that the ball
By, (x0, R) is d-bounded.

Step 4: every closed ball in (X, dk) is dx-compact. Now that we know that
closed balls in (X, dg) are d-bounded, since (X, d) is proper, we know that they are
contained in d-compact sets. But on these sets d and dg are equivalent, hence these
balls are also dg -precompact and, since they are closed, d g -compact.

Step 5: proof of Statement 4. Let y : I — X be a d-locally Lipschitz curve
valued in X. Thanks to the second inequality in Lemma 1.27, y is also dg-locally
Lipschitz. Now, Lemma 1.27 provides

d , d ) d ’
Ky @) (y|§t)_ )s/|(S)) = K(Tt(t_) ST(S)) <K'(y() %

with r :=d(y (1), y(s)). In the limit s — ¢ we get

Kiy)ly'|@) < |y'lx@) < Ky @) 1y'|() ae.,

where the continuity of r — K’ (x) and r — K, (x) on R have been used.

Last step: proof of Statement 5. This is an easy consequence of Statement 4.
Indeed, by additivity of L and Length,, we can check the validity of the statement
for curves which are locally AC (and not only piecewise locally AC), and the
statement comes from the integration in time of the last equality in Statement 4. O
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1.4.5 An Application to Heteroclinic Connections

In this section we move to a different variational problem, i.e. our aim is to
investigate the existence of a global minimizer of the energy

1
Ew(y) =/ (EIV’(I)Ier W(J/(l))) dr,
R

defined over locally Lipschitz curves y : R — X such that y(+00) = x* (in the
sense that they admit limits at ==o0). Here W : X — R™ is a continuous function,
called the potential in the sequel, and x* € X are two wells, i.e. W(x¥) = 0. Note
that W (xT) = 0 is a necessary condition for the energy of y to be finite. We will
see how to attack this problem, whose main difficulty comes from the fact that the
interval where curves are defined is not bounded and compactness is lacking, via
the techniques concerning weighted geodesics that we developed here before. This
problem, which allows us to find solutions to the equation y” = W’(y) with given
boundary conditions at 00, is very classical and it has been studied, for instance,
in [7, 18, 90, 184, 188]. The approach which is presented here is essentially taken
from [150] and also appears in [201]. The results of [150] have been extended in
[151] to the infinite-dimensional case with applications to the PDE Au = W'(u).
The main result of this section is the following:

Theorem 1.28 Let us take (X, d) a metric space, W : X — Ry a continuous
function and x* € X such that:

(H) (X, d, K) satisfies hypotheses (H1), (H2), (H3) of the previous section, where
K = \/ﬁ .
(STD W(x™) = W(x™) = 0 and dx (defined above) satisfies the following strict
triangle inequality on the set {W = 0}: forall x € X \ {x~,xT} s.t. W(x) =
0,dx(x7,x1) <dg(x—,x) +dg(x,xT).

Then, there exists a heteroclinic connection between x~ and x 7, i.e. y € Lip(R; X)
such that

Ew(y) = inf{(Ew(0) : 0 € ACpc(R, X), o(F00) = x*}.

Moreover, Ew(y) = dg(x~, x™).
Proof This theorem is a consequence of Theorem 1.26 and the following conse-
quence of Young’s inequality:

for all Y € ACploc(R’ X), EW(V) > LK(V): (18)

where K := +/2W. Indeed, thanks to assumption (H), Theorem 1.26 provides an
L x-minimizing curve yp : I — X, that one can assume to be parameterized by L -
arc length (and injective by minimality), connecting x ~ to x . Thanks to assumption
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(STI), it is clear that the curve yp cannot meet the set {W = 0} at a third point
X # x¥: in other words K (y(#)) > 0 on the interior of /. Thus, yp is also d-locally
Lipschitz on I (and not only piecewise locally Lipschitz). In particular, one can
reparameterize the curve yp by Lg-arc length, so that [y;j| = 1 a.e. in /. Note that,
since d and dk are equivalent on Im(yy), o remains dg -continuous, and yy is even
dg-Lipschitz as dx (v (1), y(5)) < Lk (Vt,5)) <supK oy x Ly(y(,5)) < Clt —s|.
In particular, yy is still L g-minimizing.

Then, in view of (1.8), it is enough to prove that y can be reparameterized into
a locally Lipschitz curve y satisfying the equipartition condition |y’| = K o y a.e.,
for which (1.8) becomes an equality.

Namely, we look for an admissible curve y : R — X of the form y(f) =
yo(p(1)), where ¢ : R — [ is C!, increasing and surjective. For y to satisfy
l¥'|(t) = K(y (1)) a.e., we need ¢ to solve the ODE

¢'(1) = F(p(1)), (1.9)

where F : I — R is the continuous function defined by F = K o yy on I and
F = 0 outside /. Thanks to the Peano theorem, (1.9) admits at least one maximal
solution ¢y : J = (t7,tT) — R such that 0 € J and ¢((0) is any point inside
I. Since F vanishes outside 7, we know that Im(gpy) C 1. Moreover, since @o 1s
non-decreasing on /, it converges to two distinct stationary points of the preceding
ODE. As F > O inside I, one has lim,_, ;+ ¢o(t) = sup I and lim,_, ;- ¢o(¢) = inf 1.
We deduce that ¢ is an entire solution of the preceding ODE, i.e. I = R. Indeed,
if I # R, say tT < 400, then one could extend ¢q by setting ¢o(t) = sup I for
t > tT. Finally, the curve y := yp oy satisfies y (00) = x7, it is locally Lipschitz
(by composition), and |y’|(t) = K (y(¢)) a.e. Thus,

Ew(y) = Lg(y) = Lag (y) = Lag (vo) = dg (x~, x™)
<inflEw(0) : 0 € ACpp(R; X), o (£00) = xF}.

Namely, y minimizes Ew over all admissible connections between x~ and xt. o

« Itis easy to see that the equipartition of the energy, that is, the identity |y’|>(r) =
2W (y(2)), is a necessary condition for critical points of Ey .

* The assumption (STI) is not optimal but cannot be removed, and is quite standard
in the literature. Without this assumption, a geodesic y could meet the set {W =
0} at a third point x # x=. In this case, it is not always possible to parameterize
y in such a way that |y'|(t) = K (y (¢)).

« However, if K = +/2W is not Lipschitz, it is possible that there exists a
heteroclinic connection from x~ to x* meeting {W = 0} at a third point
x # xT. Indeed, ifliminfy_,  K(y)/d(y, x) > 0, then, there exists a heteroclinic
connection ¥~ from x~ to x which reaches x in finite time (say, y ~ (¢) = x for
t > 0). Similarly, there exists a heteroclinic connection y* from x to x™ such
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that y(¢) = z for t < 0. Thus, there exists a heteroclinic connection between
x~ and x* obtained by matching ¥~ and y .

1.5 The Ramsey Model for Optimal Growth

In this section we propose a detailed and rigorous treatment of the Ramsey model
that we introduced in Sect. 1.1, proving the existence of solutions and studying them
using a natural and original approach taken from [180] and based on the use of the
BV space.

Box 1.8 Memo—Bounded Variation Functions in One Variable

BV functions are defined as L! functions whose distributional derivatives are
measures (see Chap. 6). In dimension one this has a lot of consequences. In
particular these functions coincide a.e. with functions which have bounded
total variation in a pointwise sense. For each f : [a, b] — R define

TV(f;la,b]) :=sup { TS 1 i) = f@) } :

a=lhh<hh<bh<---<ty=b

Note that the definition of the total variation 7'V is essentially the same
as Length, the only difference is that we do not apply it only to continuous
curves. Functions of bounded variation (BV) are defined as those f such that
TV (f;la,b]) < oo. It is easy to check that BV functions form a vector
space, and that bounded monotone functions are BV (if f is monotone we
have TV (f; [a, b]) = | f(b) — f(a)]). Lipschitz functions are also BV and
TV (f;la,b]) < Lip(f)(b — a). On the other hand, continuous functions are
not necessarily BV (but absolutely continuous functions are BV).

BV functions have several properties:

Properties of BV functions in R — If TV (f; [a, b]) < oo then f is the
difference of two monotone functions (in particular we can write f(x) =
TV(f;la,x]) — (TV(f;la,x]) — f(x)), both terms being non-decreasing
functions); it is a bounded function and sup f —inf f < TV (f; [a, b]); it has
the same continuity and differentiability properties of monotone functions (it
admits left and right limits at every point, it is continuous up to a countable
set of points and differentiable a.e.).

In particular, in 1D, we have BV C L°.

We also have a very important compactness result: given a sequence f, of
BV functions on an interval I such that TV (f;;; 1) is bounded, there exists a
subsequence and a limit function f which is also BV such that f,, () — f(¢)

(continued)
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Box 1.8 (continued)
for all # € I which are continuity points for f, i.e. for all but a countable set

of points ¢.

We finish by stressing the connections with measures: for every positive
measure 4 on [a,b] we can build a monotone function by taking its
cumulative distribution function, i.e. F},(x) = u([a, x]) and the distributional
derivative of this function is exactly the measure w. Conversely, every
monotone non-decreasing function on a compact interval is the cumulative
distribution function of a (unique) positive measure, and every BV function is
the cumulative distribution function of a (unique) signed measure.

We come back to the problem we already described in Sect. 1.1, i.e.

o
max/ e ""U(c(t)) dt subject to
¢ 0

k(1) = flk(t), 1) — c(t) (1.10)

k() >0, c(t) > 0a.e. k(0) = ko fixed.

We assume that U is concave, non-negative and increasing, with U’(0c0) = 0, and
that f (-, t) is also concave for every ¢.

We will now give a precise functional setting for Problem (1.10). The choice
is motivated by the uniform bounds that we obtain below, in Lemma 1.29. Let us
define, for fixed ko € R

A= {(k, O ¢ ke BV, ¢ € Mue®y). 7 " L =R e =0 } ,

where the last inequality is to be intended as an inequality between measures (the
right-hand side being the measure on R, with density f(k(-),-)). On the set of
pairs (k, ¢) (and in particular on A), we consider the following notion of (weak)
convergence: we say (k,c,) — (k,c) if ¢, and k|, weakly-* converge to ¢ and
k', respectively, as measures on every compact interval I C R.. It is important to
observe that, thanks to the fact that the initial value k(0) is prescribed in A, the weak
convergence as measures k, — &’ also implies k, — k a.e., as we have

t t
k,,(t):k0+/ dk;—>k0+/ dk’ = k(1)
0 0
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for every ¢ which is not an atom for k¥’ (i.e. every continuity point ¢ for k). This
condition is satisfied by all but a countable set of points ¢.

Lemma 1.29 Consider any pair (k,c) € A. Then, k € L*(Ry), and for any
compact subset I C R, we have ||c||M(,) < C and ||k’||M(1) < C, with the
constant C depending on the choice of I but not on (k, c). In particular if I = [0, t],
we can choose C = C(1) = Cy + C_’ltfor suitable Cy, Cj.

Proof Consider first the constraint
K +c< flk, 1), (1.11)

where the inequality is an inequality between measures. Since c is non-negative and
f is negative for large k (say for k > k), k is bounded from above by max{k(0), k).
Hence, k € L*(R}).

We return to (1.11), and note that, since the right-hand side is positive and
bounded above by Cj, we have k'(tf) < Cj, for any . This provides upper L
bounds for k’, but we also need lower bounds if we want to bound k¥’ in € M;,-(Ry).
We break up &’ into its positive and negative parts as K’ = (k) — (k') . The positive
part is bounded, by (1.11), and the upper bound is C;. We proceed to obtain a bound
for (k)~. Clearly,

t t t
k(1) — k(0) = / dk’ = / (k"N (s)ds — / d(kh~,
0 0 0
which, using k(¢) > 0 and the upper bound (K'Yt < Cj, leads to the estimate
t t t
kO =k k0 = [ @ - [aw) e [wr
0 0 0
i.e.
t
/(k’)_fko—l-Clt. (1.12)
0
This allows us to estimate the total mass of |k/| = (K))T + (k') as
t
/ k'] = /(k/)Jr + /(k/)_ <Cit+ko+Cit=ko+2Cit, (1.13)
0 0 0

where we used (1.12). This estimate implies ||k’|| My < C for any compact I =
[0, #], where C depends on 7.

Once we have the desired bound for k" we return to (1.11), which yields 0 < ¢ <
C1 — k', from which the desired bound on ¢ follows.

m}
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The above lemma is the one which justifies the choice of the space BV as a
functional setting. Indeed, Lemma 1.29 provides suitable compactness in this space,
while the same could not be obtained in stronger spaces such as W7,

We now define the quantity which is optimized, in this functional setting. Define

J(c) == /oo e "TU (™ (1)) dt,
0

where ¢% is the absolutely continuous part of the measure c.

Box 1.9 Memo—Radon-Nikodym Decomposition

Given a finite measure p and a positive o-finite measure v > 0 on the same
space X, we say that u is absolutely continuous w.r.t. v (and we write © < v)
if v(A) = 0 implies (A) = 0 for every measurable set A. We say that u is
orthogonal to v if w is concentrated on a set A such that v(A) = 0.

Two important facts can be proven:

+ we have < v if and only if there exists a function f € L'(v) such that
u= f-v,i.e wehave u(A) = fA f dv; such a function is called a density
of u w.r.t. v;

« for any pair (1, v) we can decompose  into two parts, i = % + '8
where 1% < v and u*™ is singular, i.e. orthogonal w.r.t. v.

Combining the two statements we obtain the well-known Radon—Nikodym
theorem saying that for every u, v there exists an f € L'(v) such that u =
f - v+ u*"8 Moreover, we often identify, by abuse of language, the measure
14 and its density f, so that «% can be considered as a function belonging
to L' (v). In most cases, when X is a subspace of Euclidean space, we use for
v the Lebesgue measure on X.

For notational purposes, we also introduce, for 7 € Ry U {400}, the quantity
Jr @ MipeRy) — [0, +00]:

T
Ir(e) = / e~ U (% (1)) dr,
JO

and we will use the notations J and J, interchangeably.
Lemma 1.30 The following hold:

1. Forany e > 0, there existsa T = T(e) < oo such that Jx(c) < Jr(c) + € for
any (k, c) € A (in particular, T (¢) does not depend on c).

2. Whenever (k,, cn) — (k, c) in A we have limsup Joo(cp) < Joo(C), €. Joo IS
u.s.c.
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Proof We treat the two points in order

1. We write
o0
Joo(c) = JT(C)+/ e U (c* (1)) dr
T

and we use the fact that U, as it is concave, is bounded above by an affine
function U(c) < A + Bc. The integral fTOO e ""Adt can be made small as
soon as T is chosen large enough. For the integral fToo e "' Bc(t) dt we use
the bound in Lemma 1.29, applied to the intervals [T + j, T + j + 1]. We have

Jr5 e @y de < Co+ C\(T + j + 1) and hence

T+j+1 ) _ _ '
/ e ""Bc™(t)dt < B(Co+ C1(T + j + 1))e /e T.
T+j

The series of these quantities as j ranges from 0 to oo converges for every T, and
can be also made small just by choosing T large enough.

2. Consider such a sequence (k;, c;). By (i), for any € > 0, there existsa T = T (¢)
such that

Joo(en) < Jr(cp) +€, YneN. (1.14)
Furthermore, using U > 0,
Jr(c) < Joo(c), Ve € Mipc(Ry). (1.15)

The functional J7 is upper semicontinuous with respect to weak—s convergence
in M, (R4). Indeed, since U is concave, —U is a convex function, and we can
apply the semicontinuity results of Sect. 3.3.

Then, taking the limsup on both sides of (1.14) yields

lim sup Joo (¢p) < limsup J7(c,) +€ < Jr(c) + € < Joo(c) + €,
n n

where we used first the upper semicontinuity of Jr and then (1.15). Taking the
limit as € — O we obtain the upper semicontinuity of J.
|

Proposition 1.31 The optimization problem (1.10) admits a maximizer.

Proof Consider a maximizing sequence (k,, ¢,) for (1.10). Since (k,,c,) € A
for any interval I = [0, T'], we conclude by Lemma 1.29 that k, is bounded in
BV (R4) and ¢, in Mj-(R4) (in the sense that we have bounds on the mass
of k), and ¢, on any compact interval of R.). Using the weak—# compactness of
bounded sets in the space of measures on each compact interval, together with a
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suitable diagonal extraction procedure, we obtain the existence of k € BV, (Ry)
and ¢, ¢ € Mj,c(Ry) such that up to subsequences

kn — k a.e.
K, 2 ¢ in Mie(Ry)

Cn = ¢ in Mipe(Ry).

By looking at the distributional derivatives we can see that we necessarily have
r=k.

Our first task is to show admissibility of the limit (k, ¢). It is straightforward to
check ¢ > 0 and k > 0. It remains to check k' + ¢ < f(k, t). In order to see this,
note first that since (k,, ¢,) € A for every n € N, we have

k,+cn < flkn,1), YneN. (1.16)

We need to pass to the limit as n — oo (along the converging subsequence) in the

above. The left-hand side is linear and &, + ¢, Y + ¢. Some care must be taken
for the nonlinear right-hand side. Since f is continuous and bounded from above,
it is sufficient to use the pointwise convergence k, () — k(t) a.e.int € [0, T],
guaranteed by the local BV bound on k,.

To show that (k,c) is a maximizer for Problem (1.10), we use the upper
semicontinuity result, lim sup,, Joo(cy) < Joo(c) contained in Lemma 1.30. O

The above result guarantees the existence of a maximizer (k, ¢) where both &’
and ¢ are measures. In order to come back to a more standard functional setting we
will show that, actually, such measures have no singular part. In terms of the state
function k, this means k € Wli;cl. This result is crucial both for the mathematical
analysis of the optimization problem and for its economic meaning.

Lemma 1.32 Any optimizer (k, c) satisfies ¢ € L}OC(R+).

Proof Let us recall that, in general, any ¢ such that (k,c) € A consists of
an absolutely continuous and a singular part with respect to Lebesgue measure
c =% + Csing.

Assume that (k, ¢) is optimal. Given an interval I = [a,b] C Ry, we build a
new competitor (l;, ¢) in the following way: outside I, we take k=kand¢ = c;
then we choose k to be affine on [a, b], connecting the values k(a™) to k(b™); ¢
restricted to [a, b] is an absolutely continuous measure, with constant density. We
have to choose the constant value for & for the inequality k' + & < f(k(¢), 1) to
be satisfied. Notice that on [a, b] we have k' = k'([a, b])/(b — a). If we set ¢ =
c([a, b])/(b — a) then we have K+¢< fab f(k(s), s)ds. Since we can assume f
to be bounded (k only takes values in a bounded set, and hence so does I;), we have
fab fk(s),s)ds < f(lz(t), t) + M. Thus, it is sufficient to set ¢ = ¢ — M, provided
c>M.
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Now, suppose that c is not absolutely continuous. Then there exists an / = [a, b]
such that ¢*™&([a, b]) > M (b — a) + c*([a, b]) (otherwise ¢*™ < M + ¢% and
¢*¢ would be absolutely continuous). The interval [a, b] may be taken as small
as we want, which means that we can assume (b — a)e™"* < 2gp, where we set
gy = fab e~ ds. We choose such an interval and we build k and ¢ as above, since
we now have ¢ > M. We now claim we have a contradiction.

Let us set mg = c*“([b — a])/(b — a) and m| = S8 ([b — al)/(b — a). The
optimality of (k, c) gives

b b
/e_”U(c“C(t))dtZ/ e "TU 1)) dr.

Using Jensen’s inequality, we get

b 1 b
/ e U (1)) dt < goU <—/ c*(t)e ! dt)
a €0 Ja

e—ra b
< gU < / () dt) < eoU(2my),
€0 Ja

and
b
/ e ""U @) dt = egU (mo +m — M).
a

We deduce
U(mo+my — M) < U(Q2my),

but the interval [a, b] was chosen so that m| > mo-+ M, which gives a contradiction
because of the strict monotonicity of U. O

We can use the above result to prove some useful properties of our maximization
problem.

Corollary 1.33 For any optimizer (k, c), we have k € Wli’cl (R4) and saturation of
the constraint k' + ¢ = f(k, t). Moreover, the optimal pair (k, ¢) is unique.

Proof First, note that, if k ¢ Wli]’cl (R.), then this means that k¥’ has a negative
singular part ((k")*"8)_. Yet the inequality k¥’ + ¢ < f (k, t) stays true if we replace
c with ¢ + ((k)*™&)_, which would be another optimizer. But this contradicts
Lemma 1.32, since in every optimizer ¢ should be absolutely continuous.

As soon as we know that both k’ and ¢ are absolutely continuous, it is clear that
we must have k¥’ + ¢ = f(k, t). Otherwise, we can replace ¢ with f(k, t) — k’ and
get a better result (we needed to prove the absolute continuity of k', since adding a
singular part to ¢ does not improve the functional).
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Concerning uniqueness, we first stress that the functional we are maximizing is
not strictly concave, for two reasons: on the one hand we did not assume U to be
strictly concave, and on the other hand, anyway, there would be an issue as far as the
singular part of c is involved. Yet, now that we know that optimizers are absolutely
continuous and saturate the differential inequality constraint, uniqueness follows
from the strict concavity of f.

Indeed, suppose that (k1, c1) and (k2, c2) are two minimizers. Then, setting c3 =
(c1 + ¢2)/2 and k3 = (k1 + k2)/2, the pair (k3, c3) is also admissible (since f
is concave in k) and optimal (since the cost is concave in c). Yet, strict concavity
of f implies that (k3, c3) does not saturate the constraint, which is a contradiction
with the first part of the statement, unless k; = k. As a consequence, we obtain
uniqueness of k in the optimal pairs (k, ¢). But this, together with the relation k" +
¢ = f(k, t), which is now saturated, also provides uniqueness of c. m]

In [180] other bounds on the optimal ¢ are proven (in particular upper and lower
bounds on any bounded interval), but we will not insist on this here.

1.6 Non-autonomous Optimization in BV

In Sect. 1.2, as a very classical example for existence, we discussed problems of the
form min fol |u'|P 4+ F(t, u), in particular for p = 2, but we noted that p > 1 does
not add substantial difficulties. In this section we discuss the case p = 1, which
naturally requires the use of the space BV. As we are only dealing with one-variable
BV functions, the theory that we need is that described in Box 1.8.

The reader will observe that, in the case F = 0, this amounts to the geodesic
problem studied in Sect. 1.4, where there was no need to use the space BV, and
we found a solution as a Lipschitz curve. The reason lies in the possibility of
reparameterizing the curves without changing their length. In the presence of an
extra running cost F this is no longer possible, since the term | F (¢, u(t)) dr is not
invariant under reparameterization.

The problem that we will consider will then be of the form

1
min {TV(V; [0, 1])+/0 F(t,y () dt+vo(y (0)+1(y (1)) : y € BV([0, 1])} ,
(1.17)

where TV (y; [0, 1]) stands for the total variation of y on the interval [0, 1], see
Box 1.8, and the space BV([0, 1]) is the space of BV functions valued in R9 The
functions v, Y1 : R? — [0, +-00] are just assumed to be 1.s.c., and among possible
choices we mention those which impose Dirichlet boundary conditions, i.e.

) — {0 ifx = x;,

+oo if not.
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We stress the fact that functions in BV spaces are not continuous and can
have jumps; even if we consider that BV functions of one variable are defined
pointwisely, it is possible to change their value at a point very easily. In particular,
Dirichlet boundary conditions have a very particular meaning: a curve which takes
the value xo at t = 0 but immediately jumps at another point at t = 07 is considered
to satisfy the condition y(0) = xp. In particular, it is possible to freely choose
a curve y on (0, 1) and then add a jump to xp or xj at the boundary in order to
satisfy the corresponding Dirichlet boundary condition, of course adding a price
ly (0T) — x| or |y (17) — x1]| to the total variation. In this way, we could decide to
identify the values of y at # = 0 or ¢+ = 1 with their right or left limits at these
points, respectively, and replace Dirichlet boundary conditions with a boundary
penalization. This could also be done for more general penalizations v, vy, for
which it is useful to define the relaxed functions

Vi(x) = inf|y — x| + ¥i (x).

It is important to observe that the functions ¥, are automatically 1-Lipschitz
continuous, as an inf of Lip; functions of the variable x, indexed by the parameter y.

Box 1.10 Memo—Continuity of Functions Defined as an inf or sup

Proposition Let ( f,)y be a family (finite, infinite, countable, uncountable. . . )
of functions all satisfying the same condition

| fa () = fa(x)] < 0(d(x, x")).

Consider f defined by f(x) := infy fy(x). Then f also satisfies the same
estimate.

This can be easily seen from f, (x) < fy(x') + @ (d(x, x")), which implies
f(x) < fo(x) + w(d(x, x")) since f < f,. Then, taking the infimum over
a on the r.h.s. one gets f(x) < f(x') + w(d(x, x’)). Interchanging x and x’
one obtains

|f(x) — f(x)] < w(d(x,x)).

In particular, if the function w : Ry — Ry satisfies lim;,gw () = 0
(which means that the family (f), is equicontinuous), then f has the same
modulus of continuity (i.e. the same function w) as the functions f,,. The same
idea obviously works for the supremum instead of the infimum.



50 1 One-Dimensional Variational Problems

In this way the problem (1.17) becomes
1
min{ TV (y:I0, 1])+/0 F(t,y @) dt+40(y (0)+1 (y(17)) : yeBV([0, 1])} ;

or, equivalently, we can replace Yo (y (07)) 41 (y (17)) with Yo (y (0) + 1 (¥ (1))
and impose continuity of y att =0, 1.

First, we note that in the case where F does not depend explicitly on time the
problem becomes trivial and it is completely equivalent to the following static
problem

min { F () + 000 + Y1) |

Indeed, setting J(y) := TV (y; [0, 1) + fol F(y (@) dt + 0y (00) + 91 (y (17)),
for every curve y we have, for every 7y € (0, 1)

J(y) = &o(V(O’L))Jrl/Nfl(V(1_))+IV(0+)—V(to)l+ly(1_)—y(to)|+irtlfF(V(t)).
Using the 1-Lipschitz behavior of 1y and 1| we also obtain
J(y) z Yoy (1)) + 1y (t0)) + inf F(y (1))

and, fixing ¢ > 0 and choosing a point 7y such that F (y (tp)) < inf; F(y(¢)) +¢, we
finally obtain

J(¥) = Yoy (t0)) + ¥1(y (t0) + F(y (o)) — e.

This shows that we have inf, J(y) > infy F(x) + 1/70(x) + 1/}1(x). The opposite
inequality is obvious since we can use constant curves y (f) = x in the minimization
of J.

Note that, when saying that two optimization problems are equivalent, we do not
only want to say that their minimal values are the same, but also have a rule on how
to build a minimizer of one of them from a minimizer of the other. In this case, the
procedure is the following.

Given an optimal x one can build an optimal y by taking y (¢) = x for every ¢.

Given an optimal y one can build an optimal x by considering the set

X ={y(@ 1[0, 1]}
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and choosing x € argminy F + Yo+ Y1 (the reason for choosing the closed set X is
that this guarantees, if F is L.s.c., that a point x attaining this minimum exists, thus
making a clear rule on how to choose at least a point x out of y).

In the above discussion we saw that the problem becomes somehow trivial when
F does not explicitly depend on time, and we will now turn to the case where it does.
This discussion is taken from [78]. We will start from an approximated problem.

Lemma 1.34 Let L : RY — R be a smooth and uniformly convex function which
is assumed to be radial: L(v) := £(|v]) for a convex and non-decreasing function
£:RT — R. Let F : [0, 1] x R — R be a C? time-dependent potential satisfying
Dfo(t,x) > col for a certain constant ¢y > 0 and |0;V,F(t,x)| < Co, and
Yo, ¥1 : RY — R two Lipschitz continuous functions. Consider a solution y of

1
min {/0 (LG )+ F(t, y @) dt + %oy (0) + ¥1(y (1) : y € H'([0, l])} :
Then y is Lipschitz continuous and satisfies |y’| < C, where C is defined by
C = Co =17 : N=1,7:
= max ) (&)~ (Lip o), (£) (Lip ¥1)

(the function £’ is strictly increasing as a consequence of the uniform convexity of
L)

Proof Let us start from the Euler-Lagrange system of the above optimization
problem. We have

(VL(y")) = ViF(t, y (1)
VL(y'(0) = Vo (y(0))
VL(y'(1)) = =V (y (1).

First we observe that y € C? and F € C! imply that the right-hand side in the
first equation is a continuous function, so that we have VL(y’) € C!. Inverting the
injective function VL we obtain y € C 2 and, since F € C2, we obtain yeC 3

Then, the transversality conditions show |VL(y'(i))| < Lipy; fori = 0, 1.
Using |[VL(v)| = £/(Jv]) we see that at r = 0, 1 the condition |y’| < C is satisfied.

Let us now consider the maximal value of |y (¢)|. This maximum exists on [0, 1]
since y € C! and if it is attained on the boundary t = 0, 1 the desired Lipschitz
bound |y’| < C is satisfied. We can now assume that it is attained in (0, 1). Since
¢’ is an increasing and non-negative function, the maximum points of |y’| and of
[VL(y')|? are the same. We can then write the optimality condition differentiating
once and twice in 7: we have

VL) - (VL) =0; VL) - (VL) + (VL) PP <0.
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In the last condition we can ignore the non-negative term |(VL(y")) |2 and observe
that, since VL(y') and y’ are vectors with the same orientation (VL(y') =
%y’), we have vy’ - (VL(y"))” < 0.

We now differentiate the Euler-Lagrange equation in time and take the scalar
product with y’, obtaining

0> y/(t)- (VL' (1)) = (Vo F(t, y (1)) - /(1)
=V F(t,y) Y (1) +y'(t) - D2LFt, y@)y ).

We deduce
coly' O < 1y O3,V F @, y)l,
which implies |y’ (¢)| < f—g < C and concludes the proof. m|

We now use the above result on an approximation of the original problem in BV.

Proposition 1.35 Consider

min{ 7V(y: 10, 1)+ fy F&. y(0) de+o(y 07) + ¥ (v(17))  y €BV(0, 1D}
(1.18)

where F @ [0,1] x R? — R is a C? time-dependent potential satisfying
D%xF(t,x) > col for a certain constant co > 0 and |0;V,F(t,x)| < Co, and
Yo, Y1 € Lip; (R?) are two given penalization functions.

Then a minimizer y for the above problem exists, is unique, and is actually

Lipschitz continuous with |y’| < S—(‘;

Proof Given ¢ > 0, we define £, : Ry — Ry via £.(s) := +/&2 + s + gh(s),
where h : Ry — R, is a smooth, convex, and increasing function, with
liminf,_, oo h”(s) > 0. We then define L, : RY — R via L,(v) = £.(|v]), so
that L, is smooth, uniformly convex, and radial.2 Since the second derivative of
s > /&2 + 52 is strictly positive, it is enough to guarantee this lower bound far
from 0.

We also choose some numbers o < 1 in such a way that lim,_,go; = 1 and

. 2 .
lim,_,o 157 = 0 (for instance o, = /1 — &).

2 Note that the easiest choice for 4 is h(s) = %s2, but other choices are possible and reasonable,
and the only role of & is to guarantee a lower bound on the Hessian of L. (and in particular, to
provide a quadratic behavior to £, so that the problem is well-posed in H'). Later on we will see
the interest in other choices of /.



1.6 Non-autonomous Optimization in BV 53

We consider the solution y; of the variational problem

1
min {/O(Ls()/'(t))wLF(t, y (1)) di+a: (Yo (y (0)+y1 (v (1) : y € H' ([0, 1])} .

The solution exists by applying the same methods as in Sect. 1.2, and is unique
because of the convexity of the problem, the function F being strictly convex, by
assumption, in the variable y.

We want to apply Lemma 1.34 to this approximated optimization problem. We
first compute

0s) = el (s) >

s s
Ve + 52 Ve? + 52
re

and observe that we have (e;)*l r) < T Since Lip(a: ;) = o Lip(¥;) < a;

we obtain from Lemma 1.34

| < Co o€
y,| <max{ —, —1,
¢ co /1 —a?

and we observe that our choice of «, implies that the second term in the max above
tends to 0 as ¢ — 0. This means that the Lipschitz constant of y, is at most S—(‘)’ if e
is small enough.

By comparing y, with the constant curve y = 0 we obtain

1
/0 Ft, 7(6)) df + e (Yo (v (0)) + ¥1 (e (1)

1
< / F(t.0) df + ae ($0(0) + 1 (0)) < C.
0

Let us define M, := sup, |y:(¢)| and m, := inf; |y;(¢)|. Using the growth condition
on F' and the Lipschitz behavior of v, Y| we have

1 2
/0 F( v )+ e (o) + Y1 (e (D) = eo5E = CM,

for some large constant C. Moreover, the uniform Lipschitz condition on y, shows
M, — mg < C, so that we obtain an upper bound on m, and hence on Mg,
independent of e. This shows that the sequence (). is an equibounded and
equicontinuous sequence of curves. We can then apply the Ascoli—Arzela theorem
to obtain a limit curve Y, — 9. This curve yy is of course f_—é’-Lipschitz continuous,
and we want to prove that it solves Problem (1.18). This is a typical question in
optimization, and a general theory, called I"-convergence, is developed in Chap. 7.
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The optimality of y,, together with the inequality L.(v) > |v|, shows that we
have

!
TV (ye; [0, 1] +/O F(t, ye(1)) dt + e (Yo(ve(0) + Y1 (ye(1)))

1 1
S/O Ls(V’)dt+/0 F(t,y () dr + . (Yo(y (0)) + 1 (y (1))

for every y € H'. If we send ¢ — 0 and use the lower semicontinuity of 7'V for
the uniform convergence we obtain

1
TV (yo; [0, 1]) +/0 F(t, yo(1)) dt + e (Yo(r0(0)) + ¥1(vo(1)))

1 1
5/0 IJ/IdtJr/0 F(t,y (1) dt + ¥o(y(0)) + ¥1(y (1)),

where we used the dominated convergence L. (y") — |y’| ase — 0, and @y — 1.

This shows the optimality of y compared to any H! curve. It is now enough
to approximate any BV curve with H I curves. We take y € BV([O0, 1]; Rd), we
define it as equal to ¥ (0%) on [—1, 0] and to y(17) on [1, 2] and we convolve it
with a smooth compactly supported kernel ns tending to the identity so as to smooth
it, thus obtaining a sequence of curves y * ng such that TV (y * ns; [—1,2]) =
ffl [(y * ns)' ()| dt < TV(y, (0, 1)); moreover, y * n; is uniformly bounded and
converges to y at all continuity points of y, which means that the convergence holds
a.e. and at the boundary point. This proves

1 1
112115(1)11)/0 I(V*na)'ldt-i-/o E(t,y+ns(t)) dt +Yo(y #ns(0)) + 1 (y *ns(1))

1
=TV(y.(0. 1) +/0 F(t,y () dr + ¥o(y(0) + ¥ (y (1))

and concludes the proof of the optimality of yy.

This proof contains a proof of the existence of an optimal curve for (1.18), and
uniqueness comes from strict convexity (which is guaranteed by the term F', not by
the penalization of the time-derivative). O

In the case where the target set is R, we observe some very interesting behavior.

Proposition 1.36 When d = 1, i.e. the target space of the curves in Problem (1.18)
is one-dimensional, the minimizer y satisfies |y’ )|V F(t, y(t))| = 0 a.e., i.e. at
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each instant of time either y does not move or it is already located at the optimal
point for F(t, -).

Proof We consider the same approximation as in Proposition 1.35, using the
function h(s) = (s — M )%r for a very large M. Since the uniform Lipschitz bound
proven in Lemma 1.34 and Proposition 1.35 makes the behavior of ¢, for large
values of s irrelevant, we can write the Euler—Lagrange equation for the minimizer
¥e in the form

26 + [y TPy = (Lu(v) = Vi F (1, ve),
where we explicitly computed3 the second derivative of L. ignoring the term in 4.
We write this as 82 Y = = (e24 ly, |2)3/ 2V, F(z, y.) and we differentiate it in time,
thus obtaining
7y =37 + 1/ Pyl VIV F @, yve) + & + PP (Ve F (@t 7))
Re-using the Euler-Lagrange equation we have
2y =32+ 1D 0l v+ @ (Ve F L ye))

We observe that the last term (g2 + ly. |2)3/ 2 (V F(t, v¢)) is bounded thanks to the
Lipschitz bound on y, and the regularity of F. We multiply by y/ and obtain

ey yl =32 + D v+ o),

where O (1) stands for a quantity bounded independently of €. We then compute

1 1
{;‘2/ ly/ 1> dt = —82/ " yldt + [823/;.),8”] <C.
0 0 0
2.,

The last inequality is justified by the sign of the first term in the product &2y, - y/,
the bound on the other term, and the fact that the boundary term is the product of
two bounded quantities: ¥,/ and &2y V= = (2 + |y8’|2)3/2VxF(t, Ve).

3 Note that this computation is based on a 1D cancellation effect, since in higher dimensions we
have instead

E+WwHI—vev

2 —
D L¢(v) = (82 T |v|2)3/2

and the matrices |v|> and v ® v do not cancel out.
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Coming back to the equality e2y! = (e2 + |y.|*)3 >V, F(t, y.) we take the L?
norms of both sides, thus obtaining

1 1 1
/|yg|6|vxF(t, ye)|*dt 5/(82+|yg|2)3|VxF(z,yg)|2dr =/ etly/)2dr < Ce?.
0 0 0

We deduce fol ly! 1®|VF(t, y)|?dt — 0O and, using the uniform convergence
of y. to the limit optimizer y as well as the boundedness of |y/| we can also
write fol l¥/18|V. F(t, y)|>dt — 0. The functions y, weakly converge in L to y’
(actually, the convergence is weak-* in L°°) and multiplying by the fixed function
IV F(t, )| 13 ¢ L™ we preserve the L% weak convergence, which implies, thanks
to the semicontinuity of a norm w.r.t. the weak convergence in the same space

1y IV E @t )31 < liminf |1y, V. F (1, WIY316 =0,

and proves the claim. O

1.7 Discussion: Optimal Control and the Value Function

A mathematical theory which shares many common points with that of the 1D
calculus of variations is that of optimal control problems. We will see that,
depending on the definitions that we choose, we can either say that the 1D calculus
of variations is a particular case of optimal control problems or that optimal control
problems are a particular case of the 1D calculus of variations. ..

The problem reads as follows. Given a space X (for instance a metric space) and
a time horizon T > 0, consider a measurable function « : [0, T] — X, a function
f e %0, T] x RN x X;RN) and a point xg € RY. We then look at the Cauchy
problem

V() = f(&, y@), a(t)) in [0, T] with y(0) = xo. (1.19)

Equation (1.19) is a standard first-order ODE with an extra variable o, which is
fixed so far. If f satisfies suitable conditions (for instance it is Lipschitz in its second
variable), then there exists a unique solution, and this solution depends on xg and on
a. This solution will be denoted by y4.0,x, and, more generally, yq 1,5, Will stand
for the solution of y'(¢) = f(z, y(¢), a(¢)) in [t9, T] with y(z9) = xo.

Given a running cost = L(t, y, o) and a final cost ¥ we can consider the problem
of choosing the function « so as to solve

T
min {J(a) = / L(t, Ya,0,x0 (1), (1)) dt + W (¥g,00(T)) ¢ [0, T] = X¢.
0
(1.20)
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We can now see what we meant when we said that the standard 1D calculus of
variations problems could be considered as particular cases of optimal control and
conversely optimal control could be considered as particular cases of 1D calculus
of variations problems. It is clear that, if one takes X = RY and ft, x,a) = «a,
then the problem (1.20) becomes precisely min fOT L(t,y; y)dt + ¢ (y(T)), i.e.
a standard Bolza problem, one of the most classical and general 1D calculus of
variations problems. On the other hand, we can also consider that the calculus of
variations includes all optimization problems where the unknown are functions, and
in optimal control the unknown is the function «, even if the functional involves
the solution of a differential equation where « is an ingredient (as occurs in many
shape optimization problems, see for instance Chap. 6); with this in mind, we could
instead say that optimal control is a particular case of the calculus of variations, and
more precisely of the 1D calculus of variations, since « is a function of one variable.

This is just a matter of taste and does not change what we can say about optimal
control problems and their interest. We do not want to discuss optimality conditions
or existence proofs here, but concentrate on a crucial tool, which has mainly been
developed in the framework of optimal control but is also useful for the calculus of
variations, which is the value function.

The value function ¢ for Problem (1.20) is defined as a function of time and
space

@ (o, X0)

T
‘= min {/ L(t, Ya,i9,x0 @), (@) dt + W (Va,19,x(T)) @ : [t0, T] — X} .
I
’ (1.21)

In practice, the value of ¢ at (ty, xo) stands for the best possible cost that one can
achieve in the remaining time after #y if currently located at x.

Optimal control theory provides two important pieces of information about ¢.
The first is that it solves, in a suitable sense, a PDE called the Hamilton—Jacobi
equation. The second is that the knowledge of V¢ allows us to find the optimal « in
the optimal control problems as a function of time and current position.

More precisely, let us define the Hamiltonian H through

H(t,x,p):=sup{p- f(t,x,a) —L(t,x,) : o € X}.
The function H is convex in p and coincides with the Legendre transform of L (see
Sect.4.2.1) when f(¢, x, o) = «.

The equation solved by ¢ is then given by

(HJ) —op(t,x)+ H(t,x,—Vo(t,x)), ¢(T,x)=¥(x).
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This is a first-order equation, which is coupled with the final condition ¢(7, x) =
W (x). If the validity of this final condition can be easily seen (if 1) = T there is no
integral term in the definition of ¢ and we obviously have y, ;.x,(T) = X0 since
the initial and final time coincide), it is more delicate to see why the PDE should
be satisfied. We will give a heuristic computation, based on the assumption that all
involved functions are smooth.

Indeed, let us take (79, xp) and a small parameter ¢ > 0. Fix some g € X and
define x; as the value of yq 4, x, at time 7y 4 & when the control « is chosen constant
and equal to «g. We have x, = xo+&f (t9, X0, ®p) + 0(¢). We can estimate ¢ (¢, xo)
in terms of ¢ (#y + €, x¢), writing

fo+¢
oip. x0) < / Lt Yatyuno (). 0) d + 9o + £, x2)
fo

= eL (1o, x0, @0) +0(e) + @l + &, xe),

and we can take the first-order Taylor expansion of ¢, thus obtaining

@(to, x0) < eL(to, x0, o) + @(to, x0) + ;¢ (to, x0)e
+ Vo(t, x0) - ef (o, X0, o) + 0(e).

If we now subtract ¢(#g, xo), divide by ¢ and send ¢ to O we obtain the inequality
— 01¢(t0, x0) + (—Ve(to, x0)) - f(to, X0, ato) — L(to, x0, ctg) <0
and, taking the sup over «y,
— 0rp(to, x0) + H (10, x0, —Ve(to, x0)) < 0.
We are now left to prove the opposite inequality. For this, we take the optimal control

o : [tg, T] — X (supposing it exists) starting from (#g, xo) and the corresponding
optimal trajectory yg, z,,x,» and we write the equality

n
Qo(l(), XO) = / L(tv y(x,lo,xo(t)7 Ol) dt + (/’(ll, ya,t(),xo(tl))'
1

0

If we differentiate w.r.t. t; we find

0= L(tl s ya,to,xo(tl)a (Y(t])) + at(ﬂ(tl s ya,to,xo(tl))
+ Vo(t1, Ya,i,x0 1) - FE1, Yo, (t1), (1)),
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where we used the equation y'(r) = f(z, y(t), a(t)). We then compute everything
at 11 = tp and obtain, setting & := a(t),

0 = L(t, x0, @) + 0;¢(t0, x0) + Vo(to, x0) - f(t0, x0, @)
> 9;¢(to, x0) — H(to, x0, —Vo(to, x0)).

This shows at the same time the equality

i.e. the Hamilton—Jacobi equation, but also that @ must be optimal in the definition
of H(tg, x0, —Vo(to, x0)). Assume that (because of strict convexity or for other
reasons) for every (¢, x, p) there is aunique a(z, x, p) = argmax, .y p- f (¢, x, o) —
L(t, x,a). Define then v(t,x, p) := f(t,x,a(t,x, p)). Then we obtain that
optimal trajectories y should be solutions of

Y'() =0, (@), =Ve(t, y(1)), (1.22)

which is a first-order equation which allows us to find the optimal trajectory as a
solution of a Cauchy problem if we add the condition y(f9) = x¢. Note that the
envelope theorem clarifies that we have v(z, x, p) = V, H (¢, x, p).

Box 1.11 Good to Know!—Envelope Theorem

Proposition Let (f,)y be a family (finite, infinite, countable, uncountable. . . )
of functions of a variable x € R and assume that each fy is differentiable.
Consider f defined through f(x) := sup, fo(x). Then, if f is differentiable
at xo and aq is such that f(xo) = fu,(x0) we necessarily have V f(x9) =
V, fo o (x0).

This simple statement is a crucial tool in mathematical economics, and
is known as the envelope theorem in that community. We refer for instance
to [189]. It can be easily proven using the fact that we have f — f,, > 0
everywhere, with equality at x = x, so that x( is a minimum point of f — fq,.
Roughly speaking, this says that differentiating a function defined as a sup
only requires us to differentiate the functions f, and choose the derivative of
the one corresponding to the optimal parameter &« = «g. The above statement
is rigorous if we already assume the differentiability of f. Under suitable
continuity assumptions on f, and V, f,, in case of uniqueness of the optimal
a, it is also possible to prove the differentiability of f. Uniqueness is not
strictly necessary for the differentiability of f, but it is necessary that all
maximizers « provide the same value for V fy (xo).

(continued)
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Box 1.11 (continued)
An example of non-differentiability is given by f,(x) = ax with o €

[—1, 1]. We get f(x) = |x|, which is non-differentiable at x = 0, where any
« is optimal.
For more precise mathematical details we refer to [62, Section 5.3].

Comparing this to the Euler—Lagrange equation for 1D variational problems,
the interest here is to obtain a Cauchy problem, instead of having a second-order
equation with initial and final transversality conditions. On the other hand, one
should first find ¢ and hope that it is differentiable.

The problem of the differentiability (or regularity) of ¢ also arises when proving
the validity of the Hamilton—Jacobi equation: we proved it supposing ¢ € C!, but
the definition (1.21) need not provide a smooth function. In general, the function
¢ defined by (1.21) is not a classical solution of (HJ) but is only a solution in the
viscosity sense, and it is possible to prove that the equation (HJ) together with its
final condition does indeed admit a unique viscosity solution.

Box 1.12 Important Notion—Viscosity Solution for First-Order PDEs

Given a function F : QxRxR? — Rand Q c R?, we say that a function u €
Co%Q)isa viscosity solution of F'(x, u, Vu) = 0 if it satisfies the following
two properties

» forevery xo € Qand ¢ € C1(Q) such that @ > u but p(x0) = u(xp) we
have F (xo, ¢(x0), Vo(xo)) < 0;

* forevery xo € Qand ¢ € C1(Q) such that ¢ < u but p(x0) = u(xg) we
have F (xo, ¢(x0), Vg (xo)) > 0.

An interesting example is given by the Eikonal equation |Vu| — 1 = 0.
In 1D, many saw-shaped functions solve |u’| = 1 a.e. but only those which
only have singularities shaped like —|x| and not like |x| satisfy the above
conditions. For instance, with 2 = (—1, 1) and imposing # = 0 on 02 the
only viscosity solution of [u'| — 1 = 0is u(x) = 1 — |x|. More generally,
the only viscosity solution of |[Vu| — 1 = 0 with u = 0 on 92 is, even in
higher dimensions and in more general domains, u(x) = d(x, 92). Note that
the solutions would change if the same equation was written —|Vu| + 1 = 0,
changing the sign. The Eikonal equation |Vu| — K = 0 characterizes, instead,
the distance function induced by the weighted geodesic problem of Sect. 1.4.4.

As a reference for first-order viscosity theory, see for instance [83,
Chapter 10], or [21, 59] for connections with optimal control.
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The use of the value function also allows a very informal approach to another
classical issue in optimal control, that of optimality conditions in the form of the
Pontryagin Maximum Principle. This principle can be roughly stated as follows: if
« is a solution to Problem (1.20) and y is the associated trajectory, calling H the
Hamiltonian which we already introduced, then there exists a curve p : [0, T] —
R¢ such that

e for every ¢ the value «(¢) is a maximizer in the definition of H (¢, y(¢), p(?));
e yand p together solve the Hamiltonian system

Y'(t) =VpH(t, y(t), p(t)) in (0, 7),
p'(t)=—=ViH(, y(), p(1)) in (0, 7),
y(0) = x0, p(T) ==V (y(T)).

Indeed, using the considerations that we presented above on the value function
@, it is enough to choose p(r) = —Vo(¢, y(¢)). We already explained that the
optimal « solves the maximization problem defining H (¢, y(t), —Ve(t, y(¢))) and
the combination of (1.22) with v(z, x, p) = V, H(t, x, p) provides the first equation
in the Hamiltonian system. Since the initial and final conditions for y and p are also
satisfied with this choice of p (using the final condition for ¢ in the Hamilton—Jacobi
system), we are only left to prove the validity of the second one. For this we compute

% (=Vo(t, y1)) = =3, Ve(t, y©) — D*p(t, y(1)) - ' (©).
We then differentiate the Hamilton—Jacobi equation in space and obtain
— 0, Vo(t,x) + VyH(t,x, =Vo(t,x)) — V,H(t, x, =Vo(t, x)) - D*(t,x) = 0.
This allows us to obtain (the reader can easily check that all vector-matrix products

provide the desired vector in these equations, using the symmetry of the Hessian
D?p)

d
3 (Ve y@) = =V H@, x, =Vo(t, x)).

Another very formal justification of the Pontryagin Maximum Principle can
be obtained using methods inspired by convex duality, writing the problem as an
optimization in (y, &) under the constraint y/ = f(z, y, @) and transforming this
constraint into a sup over test functions p, as proposed in Exercise 4.21.
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1.8 Exercises

Exercise 1.1 Using the change of variable u = +/H — z prove that the brachis-
tochrone problem can be reformulated as a convex optimization problem, and
deduce the uniqueness of its solution.

Exercise 1.2 Prove that if z is a solution to the brachistochrone problem, then we
have (H — z(1))(1 + |z/(1)|*) = const. Verify that any portion of the cycloid curve,
written in parametric form as z(#) = H — k(1 — cos#) and ¢(0) = k(6 — sin6),
satisfies this condition.

Exercise 1.3 Let M C R? be a set defined via M = {x : h(x) = 0} for a smooth
function & such that VA #% 0 on M. Let y : [0,T] — M be a smooth curve
satisfying y”/(r) = a(t)Vh(y (t)) for a scalar coefficient a. Prove that we necessarily
have

_ D2y ) @). ')

4= VA ()2

and that if T is small enough this curve is a geodesic on M .

Exercise 1.4 Solve the problem
B! 1
min{J(f) ::/ I:Ef/(t)2+tf(t)+§f(t)2:| dr : f eﬂ},
0

where A .= {f € clqo, 1 : f(0) = 0}. Find the minimal value of J on A and
the function(s) f which attain(s) it, proving that they are actually minimizers.

Exercise 1.5 Consider the problem

T
min{/ et (u’(t)2+5u(z)2) dt : uecC'(0,T]), u(0) = 1}.
0

Prove that it admits a minimizer and that it is unique. Find it, compute the value of
the minimum, and the limit of the minimizer (in which sense?) and of the minimal
value as T — +o00.

Exercise 1.6 Consider the problem

1
min{J(u) ;=/ Bu’(t)%ru(t)f(t)] dr = ue wh(o, 1])}.
0

Find a necessary and sufficient condition on f so that this problem admits a solution.
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Exercise 1.7 Let L : R — R be a strictly convex C ! function, and consider

1
min {/ LW @®)dt : ue Cl([O, 1D, u(0) =a,u(l) = b} .
0

Prove that the solution is u(¢) = (1 — t)a + tb, whatever L is. What happens if L is
not C!, and if L is convex but not strictly convex?

Exercise 1.8 Prove that we have
1
inf{/ tlu' (O de - ue CLq0, 17), u(0) = 1, u(l) = 0} =0.
0
Is the infimum above attained? What about, instead
1
inf{/ Vil @)1 dr :ou e ([0, 1]), u(0) = 1, u(1) =o} ?
0
Exercise 1.9 Consider a minimization problem of the form
1
min{F(u) :=/ L(t,u(t),u’ @) dr : ue W0, 1]), u(0) = a, u(l) = b},
0

where L € C%([0, 1] x R x R). We denote as usual by (¢, x, v) the variables of L.
Assume that i is a solution to the above problem. Prove that we have
2
m(r, u(),u' (1)) >0ae.

Exercise 1.10 Given f € C2(R), consider the problem

I u e C([0, 1]),
min { F) :=/ [(u/(t)z - 1)2+f(u(t))] dt : u(0) =a,
0 u(ly=»n

Prove that the problem does not admit any solution if | — a| < \%

Exercise 1.11 Consider the problem

1
min{/ [|u’(t)|2 —i—arctan(u(t))] dr : ue (o, 1])},
0

and prove that it has no solutions. Prove the existence of a solution if we add the
boundary condition u#(0) = 0. Write the optimality conditions and prove that any
solution is C*
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Exercise 1.12 Consider the functional F : H'([0, T]) — R defined by

T
F(u)=/ (u’(t)2+arctan(u(t)—z)) dr.
0

Prove that

1. the problem (P) := min{F (u) : u € H'([0, T])} has no solution;

2. the problem (P,) := min{F(u) : u € H'([0, T]), u(0) = a} admits a solution
for every a € R;

. we have F(—|u|) < F(u);

. the solution of (P,) is unique as soon as a < 0;

5. there exists an Ly < +o00 such that for every T < L the solution of (P,) is

unique for every a € R
6. the minimizers of (P) and (P,) are C* functions.

W

Exercise 1.13 Given a function V : X — R on a metric space (X, d) and the
functional J defined via J(y) = fol(%ly’ |2 + V(y)) dt prove the conservation
of the energy %|y’|2 — V(y) for minimizers of J (among curves with fixed
endpoints) without using the Euler—Lagrange equation (which has no meaning in
a metric setting) but considering variations of the form y.(¢) = y (¢t + en(z)) for
n e C((0, 1)).

Exercise 1.14 Given p € (1, 00), set J,(y) = fo] (%Iy/lp + V(y)) dt, assume that
y minimizes J, among curves with fixed endpoints. Prove the following p-variant
of the conservation of the energy:

-1
p—|y/|p — V(y) = const.
p
Also prove the same result by internal variations as in Exercise 1.13.

Exercise 1.15 Consider the problem

@) |
min —dr : ueC (0,27]), u(0) =0,uRr)=1;.
0o 2+sint
Find the minimizer as well as its minimal value.
More generally, given a function i € CO([a, b)), h > 0, characterize the solution
and find the minimal value of

b |,/ 2
A fwor 1 ) .
min {/a ) d : wueC (a,b]), u@ =A,ul) = B}

in terms of &, A and B.
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Exercise 1.16 Find an analogous Lipschitz regularity result to that of Proposi-
tion 1.35 for the minimizers of the infinite-horizon discounted variational problem

min {/0 e (1Y I(0) + F(t, y (1)) dt +¥0(y0) : ¥ € BVipe(Ry; Rd)} ,

where the term fooo e7%|y’|(¢) dt can be defined, for y € BV as a non-autonomous

weighted-length equal to sup ) ; e~ %i+1|y (1;) — ¥ (tiy1)|, the sup being taken over
all finite partitions of R, .

Exercise 1.17 Let || - ||, be the £, norm on R, je. vl == O ; [v;i|?)1/P and
TV, (y) be the total variation defined w.r.t. the £, norm. Consider the minimization
problem of Proposition 1.35 but replace TV, with T V). Prove that we have an
estimate of the form

crsup|ly’[l2 < sup |19, Vy Fll2.

Exercise 1.18 Given a curve w € CO(R; R4 ) which is 2w -periodic, consider the
minimization problem

2
min{/o <,/82 + Iu/(t)lz-f-%Iu/(t)lz—i—%lu(t) - a)(t)|2> dt :u € Hy, (R; Rd)},

where leer(R) denotes the set of functions u € H, IIOC(]R) which are 2 -periodic.

1. Prove that this minimization problem admits a unique solution u,.

2. Prove that the sequence of minimizers is bounded, when ¢ — 0, in BV (/) for
any interval I C R.

3. Prove that u, converges (in which sense?) to the unique solution i of

27
min{TV(u;[O, 2n))+/ %|u(t)—w(t)|2dt : 1 € BV er(R; Rd)},
0

where BV,.-(R) denotes the set of functions u € BV,(R) which are 27-
periodic and T'V (u; [0, 27r)) is their total variation on one period.
4. Find u in the case d = 2 and w(t) = (R cost, Rsint) for R > 1.

Exercise 1.19 Solve the minimization problem

. { [ )20 dx
mny —mm—

. Lee_
e dr Cue HY(( A,A))},

i.e. prove that the solutions exist and find them, and deduce from this another way
of finding the Poincaré constant of the interval (—A, A).
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2
Exercise 1.20 Prove that we have }, 7, (o) ‘ﬁ = 1 and deduce ‘Zn cz\(0} dn

< ZneZ\{O} (4n? = 1)|a,|?* for any sequence a, € C.

Prove that any 2m-periodic function u € Hll) . (R) satisfies, when written as a
Fourier series, ), .7 la,| < +oc and that we have ), a, = 0 if and only if
u(0) = u(2w) = 0. Deduce the Poincaré inequality for functions in Hol([O, 2m])
and the case of equality.

Hints

Hint to Exercise 1.1 One obtains an integrand of the form +/|u’|? + u=2.
Hint to Exercise 1.2 Use the Beltrami formula.

Hint to Exercise 1.3 Differentiate the relation h(y (1)) = 0 twice for every ¢
in order to identify a. Prove the sufficiency of this condition for minimality in

min fOT ly’(t)|>dt by adapting the computations on the sphere (where h(x) =
x> = 1),
Hint to Exercise 1.4 Itis enough to write the Euler—Lagrange equation, solve it, and

prove by an explicit expansion of the squares that the solution of the equation is a
minimizer.

Hint to Exercise 1.5 The Euler—Lagrange equation is again linear with constant
coefficients. Its explicit expression allows us to obtain the limit, which is locally
uniform in time.

Hint to Exercise 1.6 If f has zero average we can restrict to zero-mean competitors
and use the Poincaré—Wirtinger inequality, otherwise the infimum is —oo.

Hint to Exercise 1.7 If L € C! the Euler—Lagrange equation provides L(u') =
const, i.e. u’" = const. If not, we can use Jensen’s inequality with its equality case.

Hint to Exercise 1.8 In the second case the Holder inequality ([ |u'|) <
f(f/? lu'|? / - provides the lower bound; in the other case, one can draw igspiration
from the same inequality and try to get as close as possible to equality.

Hint to Exercise 1.9 Consider a second-order expansion in ¢ for J (u+&¢) and then
use a sequence of very oscillating functions ¢,,.

Hint to Exercise 1.10 Apply the necessary condition found in the previous exercise,

Hint to Exercise 1.11 Follows the strategy in Sects.1.2.1 and 1.3.1. For non-
existence, use u = —n.

Hint to Exercise 1.12 Follows the standard strategy. Uniqueness is obtained once
we restrict the arctan function to a region where it is convex.
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Hint to Exercise 1.13 Consider a first-order expansion in ¢ and use the arbitrariness
of n to obtain an ODE.

Hint to Exercise 1.14 Use either the Euler-Lagrange equation or the same proce-
dure as the previous exercise.

Hint to Exercise 1.15 Find u’ = ch and adjust the value of ¢ so as to satisfy the
boundary data.

Hint to Exercise 1.16 Follow the same strategy as in Sect. 1.6. There is an extra
term due to the coefficient e’ but it vanishes due to the first-order condition.

Hint to Exercise 1.17 Find another quantity to be maximized over ¢, of the form

i hyi ).
Hint to Exercise 1.18 Compare to the problem studied in Sect. 1.6.

Hint to Exercise 1.19 Take a minimizing sequence which, up to multiplication, can
be assumed to be such that the denominator is equal to 1, and use its compactness.
Then write the optimality conditions by considering the first-order expansion of
u+egp.

Hint to Exercise 1.20 Use the Holder inequality, with its equality case.



Chapter 2
Multi-Dimensional Variational Problems Chock or

This short chapter establishes the bases of the multi-dimensional case, starting
from the techniques which were described in the previous chapter for the 1D case
and highlighting the necessary modifications. After discussing the existence of the
minimizers and their properties in terms of a multi-dimensional Euler-Lagrange
equation, which typically takes the form of an elliptic PDE, a section is devoted to
the study of harmonic functions, which are the solutions to the simplest example of
a variational problem, that of minimizing the Dirichlet energy u — [ |Vu|?.

As a choice, throughout the chapter, the multidimensional case will only be
treated when the target space is, instead, one-dimensional. Many notions can be
easily extended to vector-valued maps without particular difficulties.

2.1 Existence in Sobolev Spaces

In this section we will discuss the classes of problems for which we are easily able
to prove the existence of a solution in the Sobolev space W' 7(£2). In the sequel 2
will be a bounded (and, when needed, smooth) open set in RY. We will consider
optimization problems in W7 (Q) for p > 1.

Box 2.1 Memo—Sobolev Spaces in Higher Dimensions
Given an open domain © C R? and an exponent p € [1, +00] we define the
Sobolev space W7 () as

WP (Q) = {u e LP(Q) : Vidg € LP(Q) st. /uaxl.w =—/gigo forall ¢ € C°(R)}.
(continued)
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Box 2.1 (continued)
The functions g;, if they exist, are unique, and together they provide a vector

which will be denoted by Vu since it plays the role of the derivative in the
integration by parts. The space W7 is endowed with the norm [l yr.p =
llu||Lr + ||Vu||Lr. With this norm W'? is a Banach space, separable if p <
400, and reflexive if p € (1, 00).

The functions in W!P(2) can also be characterized as those functions
u € LP(R2) such that their translations u; (defined via up(x) := u(x + h))
satisfy |lu — hpllLr () < C|h| for every subdomain €’ compactly contained
in  and every h such that |2| < d(Q'02). The optimal constant C in this
inequality equals ||Vu||z».
Sobolev Injections If p < d all functions u € WP are indeed more

summable than just L? and they actually belong to L?”, where p* := % >

p. The injection of W7 into L7 is compact (i.e. it sends bounded sets into
precompact sets) for any ¢ < p* (including ¢ = p), while the injection into
LP" is continuous. If p = d then W7 injects compactly in all spaces L¢ with
g < +o0, but does not inject into L. If p > d then all functions in W17
admit a continuous representative, which is Holder continuous of exponent
a=1—2 >0, and the injection from W7 into C%(L2) is compact if 2 is
bounded.

The space WO1 P (Q) can be defined as the closure in W2 (Q) of C(2)
and the Poincaré inequality ||p||Lr < C(R2)||Ve]||L?(S2), which is valid for
all p € C°(Q) if 2 is bounded (this is not a sharp condition, for instance
bounded in one direction—a notion to be made precise—would be enough),
allows us to use as a norm on Wé’p(Q) the quantity ||u||Wé,p = ||Vul|Lr.

If p = 2 the space W!? can be given a Hilbert structure exactly as in 1D
and is denoted by H'. Higher-order Sobolev spaces W*” and H can also be
defined exactly as in dimension 1 (and Wg "7 is again defined as the closure of
C2°(L2) for the WP norm).

We can also define negative-order Sobolev spaces: the space wkp s
defined as the dual of the space Wéc P

Theorem 2.1 Given a function g € WP (Q) and a measurable function F : Q x
R — Ry such that F(x, -) is lower semicontinuous for a.e. x, let us consider the
problem

min {J(u)::/ (F(x, u(x))+|Vu(x)|p) dx:ue WHP(Q), u—g € W(}’p(Q)}.
Q

(2.1)
This minimization problem admits a solution.
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Proof Take a minimizing sequence u,, such that J(u,) — infJ. From the bound
on J (u,) we obtain an upper bound for ||Vu,||rr. Applying the Poincaré inequality

1 . .
for W,'¥ functions to u, — g we obtain

lunllLr < lup — gllLr + 11glILr
< ClIV(@un = llLr +1I8llLr
< Cl[VupllLr + ClIVEIlLr +1IgllLr,

which allows us to bound ||uy,||zr.

Hence, (u,), is a bounded sequence in WP and we can extract a subsequence
which weakly converges in W!? to a function u (see Boxes 2.2 and 2.3). This
convergence implies the strong convergence u, — u in LP(2) and, up to a
subsequence, a.e. convergence u,(x) — u(x). Moreover, we also have Vu,, — Vu
in L7 (2; RY) by applying the continuous linear mapping W'7(Q) 3 v > Vv €
LP.

The space W(;’p (€2) is a closed subspace (by definition, as it is defined as the
closure of C2° in whpy of W"P(Q) and, since it is a vector space and hence a
convex set, it is also weakly closed (see Proposition 3.7). Then, from u,, — u we
deduceu, —g ~u—gandu—g € Wé’p(Q). Hence, the limit « is also admissible
in the optimization problem.

We now need to show that J is 1.s.c. for the weak convergence in WLP(Q). The
semicontinuity of the L? norm for the weak convergence easily provides

/|W|de §liminf/ |Vaup|? dx.
Q n Q

The a.e. pointwise convergence together with the lower semicontinuity of F and the
use of Fatou’s lemma provides

/F(x,u(x))dx Sliminf/ F(x,u,(x))dx.
Q n Q

This shows that # is a minimizer. O

Box 2.2 Memo—Weak Convergence and Compactness

On a normed vector space X we say that a sequence x, weakly converges
to x if for every & € X' we have (&, x,,) — (£, x), and we write x, — x. Of
course, if x, — x (in the sense of ||x, — x|| — 0), then we have x,, — x.
On the dual space X’ we say that a sequence &, weakly-* converges to & if for

(continued)
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Box 2.2 (continued)

every x € X we have (§,, x) — (&, x), and we write &, A &. Note that this is
a priori different than the notion of weak convergence on X’, which involves
the bidual X”.

Theorem (Banach-Alaoglu) — If X is a separable normed space and &, is
a bounded sequence in X, then there exists a subsequence &,, and a vector

£ € X’ such that &, — £.

Box 2.3 Memo—Reflexive Banach Spaces

A normed vector space X can always be embedded in its bidual X" since
we can associate with every x € X the linear form ¢, on X’ defined via
(tx, &) := (&, x). In general not all elements of X” are of the form ¢, for
x € X. When ¢ : X — X" is surjective we say that X is reflexive. In this case
it is isomorphic to its bidual which, as a dual space, is a Banach space.

All L? spaces for p € (1, 00) are reflexive as their dual is L and their
bidual is again L”. In contrast, L™ is the dual of L' but L' is not the dual of
L®°. The space C(X) of continuous functions on a compact metric space X
is not reflexive either, since its dual is M(X), the space of measures, and the
dual of M(X) is not C(X). Of course all Hilbert spaces are reflexive, as they
coincide with their own dual. Sobolev spaces W*? for p € (1, oo) are also
reflexive.

Theorem (Eberlein-Smulian) A Banach space X is reflexive if and only if
any bounded sequence in X is weakly compact.

In optimization the most important part of this theorem is that it provides
weak compactness of bounded sequences. If X is separable this is a conse-
quence of the Banach—Alaoglu theorem, as this convergence coincides with
the weak-* convergence on the dual of X’. Yet, separability is not necessary
since one can restrict to the closure of the vector space generated by the
sequence: this space is separable, closed subspaces of reflexive spaces are
reflexive, and a space is reflexive and separable if and only if its dual is
reflexive and separable.

Many variants of the above result are possible. A first possibility is to replace the
positivity assumption on F with a lower bound of the form F (x, u) > —a(x)—Clu|"
fora € L'(Q) and r < p. In this case, we cannot immediately deduce a bound on
[|Vuy||Lr from the bound on J(u,). Yet, we can act as follows:

J(n) < C = |[Vunlly, < C+ Cllunllyr < C 4 Clluallpy < C 4 ClIVuy|lp,
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and the condition r < p allows us to prove that we cannot have ||Vu,||Lr — 0.
This is enough to obtain the desired compactness but the lower semicontinuity of
the functional J is still to be proven, since we cannot directly apply Fatou’s lemma
to F, which is no longer non-negative. The idea is then to define

F(x,u):= F(x,u)+ Clu|"

and write
J @) = J(u) — Cllu|l},, where J(u) :=/ (F(x, u(x)) + |Vu(x)|1’) dx.
Q

The semicontinuity of J can be handled exactly as in Theorem 2.1, while on the L”
part we need, because of the negative part, continuity (upper semicontinuity of the
norm would be enough, but we already know that norms are lower semicontinuous).
This is easy to handle because of the compact injection W!:» < L’ (an injection
which is compact also for r = p and even for some r > p).

The reader may be disappointed that we need to require r < p, while we
know that W17 implies a summability better than L” and that the injection is
still compact. Indeed, it would be possible to handle the case where the functional
includes a positive part of the form ||Vu,| |€ » and a negative part of the form
||u,,||22,] for r; < p*, but we would still need r, < p if we want to prove that
minimizing sequences are bounded. Since only r; = ry gives a classical integral
function, we only consider r; =r, =r < p.

Another variant concerns the Dirichlet boundary data. In dimension one we con-
sidered the case where each endpoint was either penalized or fixed, independently.
A first natural question is how to deal with a Dirichlet boundary condition on a part
of 9€2 and not on the full boundary. In order to deal with the values on the boundary
we recall the notion of the trace of a Sobolev function.

Box 2.4 Important Notion—7races of Sobolev Functions

If Q is a smooth open domain in R? (we assume that its boundary has
Lipschitz regularity, i.e. €2 can locally be written as the epigraph of a Lipschitz
function) and p > 1, there exists an operator Tr : wWhr(Q) — LP(RQ)
(where the boundary 92 is endowed with the natural surface measure H? _1)
with the following properties

* Tris alinear continuous and compact operator when W7 (Q) and L? (9<2)
are endowed with their standard norms;
* for every Lipschitz function # : 2 — R we have Tr[u] = u3q;

e the kernel of Tr coincides with WO1 P (Q), i.e. with the closure in W7 ()
of C2°();

(continued)
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Box 2.4 (continued)
» for every Lipschitz function 4 : R — R we have Tr[h(u)] = h(Tr[u]);

¢ the operator Tr actually takes values in a space LY (dS2) with ¢ > p and is
continuous when valued in this space: we can take g = (d — 1)p/(d — p)
when p < d, g = co when p > d and any g € (p, o0) when p = d; when
p > d the operator is also valued and continuous in C%% witha = 1—d/p.

For the theory of traces of Sobolev functions we refer to [84, Chapter 4].

We need the following Poincaré-like inequality, that we state in the most general
form so as to be able to re-use it when dealing with boundary penalization instead
of Dirichlet boundary data. We will summarize in the same statement both a result
involving the trace and a result involving the behavior inside the domain.

Proposition 2.2 Given a connected open domain <, for every ¢ > 0 there exist two
constants Cy, Ca such that we have

1. ifu € Wh-P(Q) satisfies H* ' ({x € 9Q : Trlul(x) = 0}) > & then we have
Nullr < CillVullLe;

2. ifu € WhP(Q) satisfies |{x € Q : u(x) = 0} > &, then we have ||u||Lr <
Cal[Vul|Lr.

The proof of the above proposition will be done by contradiction, which provides
a useful technique to prove similar inequalities, even if the constants are in general
neither explicit nor quantified.

Proof We suppose by contradiction that one of these constants, for a certain ¢ > 0,
does not exist. This means that for every n we find a function u,, € W7 (Q) which
violates the claimed inequality with C = n. Up to multiplying this function by a
multiplicative constant we can assume ||u,||rr = 1 and ||Vuy||Lr < 1/n. The
sequence u,, is hence bounded in W!7 and a weakly convergent subsequence can
be extracted. We call u the weak limit and the compact injection of W7 into L7
provides u, — u in L? and hence ||u||Lr = 1 as well. We also have ||Vul|pr <
liminf, ||Vu,||Lr = 0, so that u is a constant function. The condition on its L”
norm implies u = ¢ with ¢ # 0. Moreover, the convergence u, — u = c is actually
strong in WLP since we also have ||Vu,, — Vul|zr = ||Vugn||Lr = 0.

We now distinguish the two cases. For the sake of the constant C; related to the
behavior on the boundary, we observe that the strong convergence in W7 implies
the convergence of the trace, so that Tr[u,,] strongly converges to Tr[«] and we have
Tr[u] = c. Then we write

Trlun] = Trludll]p 5y = " H ™ ({x € 9Q : Trlu,](x) = 0}) = cPe,

which is a contradiction since the limit of the left-hand side is O.
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For the sake of the constant C; related to the behavior inside €2, the situation is
easier, since we already have strong convergence u, — u in L?(2). Yet, we have

it — ull} a0y = € 1(x € R : u(x) = O] = P,

and, again, this provides a contradiction when n — oo. O

The idea behind the inequality proven above is that the L norm of a function is
bounded by the L” norm of its gradient as soon as we impose sufficient conditions
which prevent the function from being a non-zero constant. We note that the very
same technique could also be used to prove another inequality of this form, which
is the one concerning zero-mean functions, and is known as Poincaré—Wirtinger
inequality.

Proposition 2.3 Given a connected, Lipschitz, and open domain 2 there exists a
constant C such that we have ||u||p»r < C||Vul||rr for all functions u € WP (Q)

satisfying fQ u=0.

Proof We suppose by contradiction that such a constant does not exist. For every
n we find a function u, € WhP(Q) with ||un||zr = 1 and ||Vu,|lzr < 1/n.
As before, we extract a weakly convergent subsequence and call u the weak limit.
The compact injection of W7 into L? provides again u,, — u in L and hence
llu]|Lr = 1 as well. We also have ||Vul|| r < liminf, ||[Vu,||Lr = 0, so that u
is a constant function because 2 is connected. We also have f U, — f u = 0 so
that f u = 0. We have a contradiction since u is a constant with zero mean (hence
u = 0)but ||ul|r = 1. ]

The above result on zero-mean functions was presented for the sake of complete-
ness. We now come back to the notion of trace, which we are able to use in order to
provide a more general existence result.

Theorem 2.4 Given two measurable functions v : 92 x R — [0, +00] and
F : Q@ xR — Ry such that ¥ (x, ) is lower semicontinuous for H g x
and F (x, -) is lower semicontinuous for a.e. x, let us consider the problem

min{J(u) Cue Wl’p(Q)}, 2.2)

where
J (1) :=/ (F(x, u(x))+|Vu(x)|”) dx +/ ¥ (x, Trlu](x)) d?fj_l(x).
Q Fle}

This minimization problem admits a solution provided one of the following condi-
tions is satisfied for a function g : R — Ry with lims_, 10 g(s) = +00

1. either there exists an A C 02 with 7—(d_l(A) > 0 and such that ¥ (x, s) > g(s)
forall x € A;
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2. or there exists a B C Q2 with positive Lebesgue measure |B| > 0 and such that
F(x,s) > g(s) forall x € B.

Proof Take a minimizing sequence u, with J(u,) < C.

We first analyze the case (1). From the positivity of all the terms in the
optimization problem we can deduce that the set {x € A : g(Tr[u,](x)) > ¢}
has measure at most H ™ '(A) — C/¢ so that, taking £ = 2C/7-(d_1(A), we
have g(Tr[u,](x)) < £ onaset A, C A with H'(A,) > H''(A)/2. Using
the condition on g we deduce that there exists an M independent of n such that
[(Tr[u,](x)| < M on A,. If instead, we are in the situation described in case 2), we
see analogously that we have a set B, C B with |B,| > |B|/2 and |u| < M on B,,.

In both cases, defining the function 2 : R — R as

s—M ifs > M,
h(s) =10 if |s| < M,
s+M ifs <-—M,

we can apply the bounds provided by Proposition 2.2 to v, = h(u,). Using |h/| < 1
the norm ||V, ||Lr is bounded, and so is the L? norm of v,. Using |v, — u,| < M
this implies a bound on ||u,||z» and then on ||u,||y1.p.

We can then extract a subsequence which weakly converges in W -7 to a function
u. We have u,, — u in LP(2) as well as Tr[u,] — Tr[u] in L?(32) (since both
the injection of W7 into L? and the trace operator are compact). This means,
up to a subsequence, a.e. convergence u,(x) — wu(x) in Q and Tr[u,](x) —
Tr[u](x) a.e. for the H~! measure on 9. Fatou’s lemma provides the semi-
continuity of both the integral term fQ F(x,u(x))dx and the boundary integral
f aq ¥ (x, Trlu](x)) dHd! (x), and the gradient term is treated by semicontinuity
of the norm as usual. This shows that u is a minimizer. |

It is important to observe that the assumption on the boundary penalization ¢ in
the above theorem allows us to consider the case

0 ifx ¢ A,
Y(x,s) =10 ifxeA,s=hx),
4+oo ifx € A,s # h(x),

which is equivalent to imposing the Dirichlet boundary conditionu = hon A C 9€2.
In particular, the function ¥ satisfies ¥ (x,s) > g(s) (= (s — M)y forallx € A
with |h(x)| < M, a set of points x which is of positive measure for large M.
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2.2 The Multi-Dimensional Euler-Lagrange Equation

This section is just a translation to higher dimensions of Sect. 1.3. We consider an
open domain € R and an integrand L : Q@ x R x RY — R, where the variables
will be called x (the position, which is now the independent variable, replacing
time), s (the value of the function) and v (its variation, which here is a gradient
vector). The function L will be assumed to be C! in (u, v) and its partial derivatives
w.r.t. s and v; will be denoted by 9, L and 9,, L, respectively (and the gradient vector
with all the corresponding partial derivatives w.r.t. v, by V, L).

As we did in Chap. 1, we write the optimality conditions for multi-dimensional
variational problems starting from the case where the boundary data are fixed. For
simplicity, in particular in order to handle the boundary, we will stick to the case
where the functional space X is a Sobolev space W7 (). In 1D we presented a
more abstract situation where X was a generic functional space contained in C°
but in higher dimensions few spaces are at the same time a reasonable choice for
the most classical optimization problems and are made of continuous functions, so
we prefer to directly choose the Sobolev formalism, and the boundary data will be

imposed using the space WO1 'P_'We then face
min {J(u) = / L(x,u(x),Vu(x))dx : u € Wl”’(Q), u—ge W(}’P(Q)} .
Q

We assume a lower bound of the form L(x,u,v) > —a(x) — c(ju|? + |v|P)
for a € L', so that for every u € Wl’p(Q) the negative part of L(-, u, Vu) is
integrable,] thus J is a well-defined functional from W17 () to R U {+00}. We
assume that u is a solution of such a minimization problem. Since all functions
in u + C°(R2) are admissible competitors, for every ¢ € C2°(2) we have
J(u) < J(u + egp) for small €.

We now fix the minimizer u and a perturbation ¢ and consider the one-variable
function

j) = J(uy), where u,:=u-+e¢p,

which is defined in a neighborhood of ¢ = 0, and minimal at ¢ = 0. We compute
exactly as in Chap. 1 the value of j’(0).

The assumption to justify the differentiation under the integral sign will be the
same as in Chap. 1: we assume that for every u € WP (Q) with J(u) < +oo there
exists a § > 0 such that we have

X sup{|8sL(x,s, V)|[+IVyL(x,s,v)|: [s—u(x)| <d,v € B(Vu(x)), 8)}
eLl'(@. (@3)

! Actually, exploiting W7 < LP", we could accept a weaker lower bound in terms of u, i.e.
L(x,u,v) 2 —a(x) —c(jul? + [v]?).



78 2 Multi-Dimensional Variational Problems

Examples of sufficient conditions on L in order to guarantee (2.3) are the same
as in 1D. Under these conditions, we can differentiate w.r.t. ¢ the function & —
L(t,ug, Vu,), and obtain

d
d L(t,ug, Vug) = & L(x,ug, Vug)o + V,L(x, ug, Vug) - Vo.
&

Then, using the fact that both ¢ and V¢ are bounded, we can apply the assumption
in (2.3) in order to obtain domination in L' of the pointwise derivatives and thus,
for small ¢, we have

j’(8)=/ (L(x,ue, Vug)p +VL(x,us, Vug) - Vo) dx
Q
and
j’(0)=/ (& L(x,u, Vu)p + VyL(x,u, Vu) - Vo) dx.
Q

Imposing j'(0) = 0, which comes from the optimality of u, means precisely that we
have, in the sense of distributions, the following partial differential equation, also
known as the Euler—Lagrange equation:

V-(VML(x,u,Vu)) = & L(x,u, Vu).

This second-order partial differential equation (PDE) is usually of elliptic type,
because of the standard assumption (which is satisfied in all the examples that we
saw for the existence of a solution and will be natural from the lower semicontinuity
theory that will be developed in Chap. 3) that L is convex in v, so that V, L (x, u, Vu)
is a monotone function of Vu. It is formally possible to expand the divergence and
indeed obtain

d
V-(ML(x,u,Vu)) = Z FPR (ijL(x, u, Vu))
; J
J
= <8§j’ij(x, u,Vu) + 02, L(x.u, Vu)u.,->

J
+ Z 83k’ij(x, u, Viuj i,
jk

where u; and u  stand for the various partial derivatives of the solution u. This
computation shows that the second-order term in this PDE is ruled by the matrix
Af’k(x) = Bfk’vl_ L(x,u(x), Vu(x)), which is (semi-)positive-definite if L is convex
inv. '
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It is important to stress the exact meaning of the Euler—Lagrange equation.

Box 2.5 Memo—Distributions

We call a distribution on an open domain 2 any linear operator 7' on
C2°(2) with the following continuity property: for every compact subset
K C Q and every sequence ¢, € C2°(2) with spt¢, C K and such that
all derivatives D%¢, of any order of ¢, uniformly converge on K to the
corresponding derivative D%¢ we have (T, ¢,,) — (T, ¢).

On the set of distributions we define a notion of convergence: we say 7,, —
T if for every ¢ € C°(2) we have (T, ¢) — (T, ¢).

l e Tunctions are examples of distributions in the sense that for any f €
L}, () we can define a distribution T by (Tf¢) := [, f. Locally finite
measures are also distributions (with (i, ¢) : f ¢du).

Some operations are possible with distributions: the derivative oy, T is
defined via the integration-by-parts formula (0, T, ¢) = —(T, dy,;¢); the
product with a C* function u by (uT, ¢) := (T, u¢), and the convolution
(for simplicity with an even function 1 with compact support) by (n*T, ¢) :=
(T, n = ¢). It is possible to show that, whenever n € C°, then n x T is a
distribution associated with a locally integrable function which is C°. If 5 is
not C* but less smooth, then the regularity of n * 7T depends both on that of
n and of T'.

A distribution is said to be of order m on a compact set K whenever
(T, ¢)| < Cll@|lcm k) for all functions ¢ € C2°(R2) with spt¢p C K. When
convolving a function n € C* with a convolution 7' of order m we have
nxT € Ck=m if k > m while, if k < m, we obtain a distribution n* T of
order m — k.

Whenever a function f € L} Ioc Delongs to a Sobolev space WP itis easy to
see that the derivative in terms of distributions coincides with that in Sobolev
spaces. The notion of convergence is also essentially the same: for every space
WXP with 1 < p < 0o a sequence u,, — u weakly converges in W57 to u if
and only if it is bounded in W*? and converges in the sense of distributions
to u (in the sense that the associated distributions converge).

It is easy to see that 7, — T in the sense of distributions implies
the convergence of the derivatives 9,7, — 0y, 7. The convergence in the
sense of distributions is essentially the weakest notion of convergence that
is used in functional analysis and is implied by all other standard notions of
convergence.

Indeed, in the expression that we obtained by expanding the divergence, the terms

afk v L(x,u, Vu)u are the product of a measurable function (whose regularity is

the same as that of Vu, which is just summable) and the Hessian of a Sobolev



80 2 Multi-Dimensional Variational Problems

function, which is in general a distribution but not a function. Since distributions can
only be multiplied by C*° functions, our Euler—Lagrange equation cannot be written
in the distributional sense in this way. Indeed, the precise meaning of the PDE under
the current assumptions is the following: the vector-valued function V, L (x, u, Vu)
is an L' function whose distributional divergence equals & L(x, u, Vu) since it
satisfies

/ O L(x,u, Vuyp + VyL(x,u, Vu) - Vo) dx =0
Q

for every ¢ € C2°(2). In dimension one, it was easy to deduce from this condition
extra regularity for u, at least on some examples, since, for instance, having a Cco
distributional derivative is equivalent to being C!. In higher dimensions we do
not have an equation on each partial derivative of V,L(x, u, Vu), but only on its
divergence, which makes it difficult to deduce regularity.

A classical example is the case L(x, u, v) = %|v|2, i.e. the minimization of

H' (Q)>5u— / |Vul?
Q

with prescribed boundary conditions. In this case we have V,L(x, u, Vu) = Vu and
the equation is V - Vu = 0. This corresponds to the Laplace equation Au = 0
which would mean, in the distributional sense, fQ uAp = 0forall ¢ € C°(Q).
Here, instead, since we know u € H! and hence Vu is a well-defined integrable
function, we require fQ Vu - Ve = 0. We will see anyway that these two conditions
coincide and both imply # € C* and Au = 0 in the most classical sense (see
Sect. 2.3, devoted to the study of harmonic functions and distributions). On the other
hand, the situation could be trickier when the equation is non-linear, or if there is
an explicit dependence on x and/or some low-regularity lower order terms, and in
this case the regularity of the optimal solution u is usually obtained from the Euler—
Lagrange equation by choosing suitable test functions ¢. As we will see in Chap. 5,
for instance, it is often useful to choose a function ¢ related to the solution u itself.
This requires the weak formulation of the Euler-Lagrange equation to be extended
to test functions which, instead of being C*, have the same regularity as u. This
can be done via the following lemma.

Lemma 2.5 Let p > 1 be a given exponent, with p’ = % its dual exponent, and
let z € L (S RY) be a vector field such that fQ z- Vo = 0forall ¢ € CF(Q).
Then we also have fQ z-Vo =0forall p € WOI’F(Q). This applies in particular

to the case 7z = V,L(x, u, Vu) whenever u € WP and L satisfies |V, L(x,u, v)| <
C(1+ |v|P~h.

Proof The condition z € LY implies that L” > v +— [z - v is continuous in
L? and hence WP 5 ¢ — [z - Vg is continuous in WLP_ Thus, if this linear
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form vanishes on CZ°(€2), it also vanishes on its closure for the WP norm, i.e. on
W,y P (Q).
For the second part of the claim, note that whenever u € wbhP(Q) we have

|Vu|1’_1 IS L%, which implies, under the growth assumption of the claim,
VYL(x,u,Vu) € LV . m]

Boundary and Transversality Conditions We switch now to the case where no
boundary value is prescribed. Exactly as in the 1D case we can consider u, = u+¢c¢
for arbitrary ¢ € C°°, without imposing a zero boundary value or compact support
for ¢. The same computations as before provide the necessary optimality condition

/ (&L(x,u, V) +V,L(x,u,Vu) - Vo) dx =0 forall ¢ € C®(Q).
Q

Distributionally, this corresponds to saying that the vector field x +
V,L(x, u, Vu) extended to 0 outside €2 has a distributional divergence equal to the
scalar function o L (x, u, Vu), also extended to 0 outside 2. A formal integration
by parts would instead give

0:/(85L(x,u,Vu)—V-(VUL(x,u,Vu)))godx—i-/ VoL (x,u, Vu)ngdH !,
Q aIQ

where n is the normal vector to 0€2, so that besides the differential condition inside
2 we also obtain a Neumann-like boundary condition on 92, i.e. we obtain a weak
version of the system

V- (ML(x,u,Vu)) = &L(x,u, Vu), in£,
V,L(x,u,Vu)) - n=0 on 0L2.

In the particular case where L(x, sv) = %|v|2 + F(x, s) the boundary condition is
exactly a homogeneous Neumann condition du/on = 0.

It is of course possible to consider mixed cases where part of the boundary is
subject to a Dirichlet boundary condition and part of the boundary is either free or
penalized. We then consider the optimization problem

i { J() = [oLCx, u(x), Vux))dx + [, (x, Trfu]) dH" } 2.4)
ueWhr(Q), Trlul =gon A |’

where A C 02 is a prescribed part of the boundary (which is possibly empty) and

¥ 1 02 x R — Ris a prescribed penalization function, which could be zero for x

in some parts of 92 and is irrelevant for x € A. In order to perform a differentiation

under the integral sign we need to add to condition (2.3) a similar condition on the

boundary, i.e.
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x > sup {|&¥ (x,8)| ¢ |s — Trlu](x)| < 8} € L'(3Q2\ A) (2.5)

for every u € WP with J(u) < +oo. The conditions to guarantee this bound are
similar to those for the corresponding bound on L. Condition (2.5) is in particular
satisfied when p < d every time that d (x, s) has a growth of order ¢ in s (i.e.
[ (x,s)] < C(1+ [|s))?) and Tr[u] € L9(dS2) (in particular, we can take ¢ = p
since the trace operator is valued in L?”(02), butalsog = (d — 1)p/(d — p), if we
use the last property of the trace operator in Box 2.4). In the case p > d any local
bound on & is enough since Tr[u] is bounded, in particular this can apply to the
case where v is differentiable in s with 8 € C°(3Q x R).

A computation which will be now standard for the reader provides the necessary
optimality condition for the problem (2.4): u should satisfy

/(asL(x,u,w)wva(x,u,Vu)-w>dx+/ &y (x, Tr[u)g dH ™ =0
Q Q2
(2.6)

forall g € C(Q\ A).

When A = @, distributionally this means that the vector field x — V,L(x, u, Vu)
extended to O outside €2 has a distributional divergence equal to the scalar function
& L(x, u, Vu), also extended to 0 outside €2, plus a singular measure concentrated
on 02 with a density w.r.t. the surface measure H! | this density being equal to
& ¥ (x, Tr[u]). When A # @, this distributional condition is satisfied on the open set
R?\ A.

A formal integration by parts provides the Euler—Lagrange system

V- (ML(x,u, Vu)) = & L(x,u, Vu), ing,

VNL(x,u,Vu)) -n=—av(x,u) on 9\ A (2.7)
u=4g on A,

where we dared to write u instead of Tr[u] since, anyway, the condition is quite
formal.

2.3 Harmonic Functions

This section will be devoted to the study of harmonic functions, which are the
solutions of the simplest and most classical variational problem, i.e. the minimiza-
tion of the Dirichlet energy [ |Vu|?> among functions with prescribed values on the
boundary of a given domain. However, we will not make use here of the variational
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properties of these functions, but only of the equation they solve. Recall that we
denote by A the differential operator given by

> —82
A= .

7]
izt 0%;

We will start from the case of a C? function u satisfying Au = 0 in a given open
domain 2. The first property that we consider is the mean value formula, which
connects the value of u at a point xq to the averages of u on balls or spheres around
X0.

Proposition 2.6 If u € C*(Q) and Au = 0 then, for every point xy and R > 0
such that B(xg, R) C 2, we have the following properties

e« O,R)>r faB(xo,r) u dH is constant and equal to u(xo);

* O,R)>5rm— JEB(xo U dx is also constant and equal to u(xgp).

Proof We start from the function i (r) := fa Bo.r) U dﬂd_l, which we can write as

h(r) = faB(O py u(xo+re) dH?~ ! (e). The smoothness of u allows us to differentiate
and obtain

W) = ][ Vu(xo +re) - edH " (e) = ][ Vu(xo +re) -ndH "1 (e),
3B(0,1) aB(0,1)

where we used that, for every point e on the boundary of the unit ball, the vector
e coincides with the outward normal vector. The last integral can be then re-
transformed into an integral on the sphere d B(xo, r), and it equals

][ Vu -ndH !,
3B(0,r)

We can then integrate by parts

/ Vu~nd7-(d_1:/ Audx =0,
dB(0,r) B(0,r)

which proves that % is constant as soon as Au = 0. Since u is continuous, we have
lim,_,0 h(r) = u(xp), so that we have h(r) = u(xg) for every r, which proves the
first part of the claim.

We then use the polar coordinate computation

B(O.r) Jo s41ds o

to obtain the second part of the claim. O
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Remark 2.7 It is clear from the above proof that if one replaces the assumption
Au = 0 with Au > 0 then the functions r faB(xo,r)ud?—(d—1 and r —
fB (o) U dx are no longer constant but non-decreasing. Functions with non-negative
Laplacian are called sub-harmonic.

A key point about harmonic functions is that if # is harmonic and C°°, then all
derivatives of u are also harmonic. This allows us to prove the following bounds.

Proposition 2.8 Ifu € C*(QQ) and Au = O then, for every point xo and R > 0
such that B(xg, R) C Q C R4, we have

d
[Vu(xg)| < E||”||L°°(B(xo,R))-

Proof We consider the vector function Vu, which is also harmonic (each of its
components is harmonic) and use

— _ 1 _ 1 d—1
Vu(xg) = Vudx = = Vudx = = undH* ",
B(x0,R) wd R J (xy,R) waR* J3B(x,R)

where wy is the volume of the unit ball in R¥. To establish the last equality we used
an integration by parts: for every constant vector e we have V - (ue) = Vu - e and
[ AV (ue) = fa 4 ue - m for every open set A; the vector e being arbitrary, this
provides [, Vu = [, , un.

We finish the estimate by bounding ‘ J: 9B(xo.R) U1 dH! by the maximal norm

of un times the measure of the surface, i.e. by ||u| |Loo(B(X0,R))‘Hd_1 (0B(xg, R)) or,
equivalently, by ||u| |L°°(B(xo,R))dwa'Rd7]~ a

In order to analyze higher-order derivatives of u we recall the notation with
multi-indices: a multi-index & = (@1, ..., ag) € N? is a vector of natural numbers
indicating how many times we differentiate w.r.t. each variable, and we write

N glal

D%u == ——-u,
oo 9%

where |a| = Zle «a; is the order of the multi-index a. A consequence of the

previous estimate, if iteratively applied to the derivatives of u, is the following result.

Proposition 2.9 Ifu € C*(2) and Au = 0 then, for every point xo and R > 0
such that B(xg, R) C  C R? and every multi-index a with |o| = m, we have

mam—1,.1

D% u(xo)| < Nl Lo (B(xo, R))- (2.8)

Rm

Proof Given x¢ and r, assume B(xg, mr) C 2. We can find a finite family of
harmonic functions vg, k = 0, ..., m such that each vty is a derivative (with
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respect to a suitable variable x;) of the previous v, with v9 = u, and v,, = D%u.
Applying iteratively Proposition 2.8 we obtain |vg (x)| < d [lvk—111L%(B(x.r)» SO that
we have

d 2
|D*u(x0)| = |vm(x0)| < ~Mom-tllz2@en < llvm-2lleedee) < ...
k m
< r_k”UmkaLOQ(B(x,kr) < r_m||u||L°°(B(x,mr)~
We then take r = R/m and get

m_ jgm

Rm

D uxo)| < 7
u(xo)| < [l]|Loo(B(x,R)-

We then apply the inequality m™ < e”~!m! and conclude.

To prove this inequality we observe that we have m logm = mlogm — 1log1 =
flm (logs + 1)ds < Y} ,(ogk + 1) = log(m!) + m — 1, which gives exactly the
desired inequality when taking the exponential on both sides.? O

With this precise estimate in mind we can also prove the following fact.
Proposition 2.10 C° harmonic functions are analytic.

We recall that analytic functions are those functions which locally coincide with
their Taylor series around each point.

Proof For a C* function # we can write its Taylor expansion as

m
1
u(x) = u(xg) + Z Z (;D”‘u(xo)x“ + R(m +1,x),
k=1 o:|a|=k
where the notation ! stands for alas!. .. ag!, the notation x* for x|'x3% ... x3*
and the remainder R(m + 1, x) has the form

Rm+1.x)= Y iD“u(s)x“

o |a|l=m+1

for a certain point & € [xp, x]. In order to prove that the function u is analytic we
need to prove R(m,x) — 0 as m — oo for x in a neighborhood of xp. Assume
B(x0,2R) C Q;if x € B(xp,r) the point £ also belongs to the same ball and if

2 A refinement of this argument provides the well-known Stirling formula for the factorial n! =

V2rn(n/e) (1 4+ O(1/n)).
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r < R we have B(¢, R) C B(xp, 2R) C Q2. Then, we can estimate, thanks to (2.8),

1 mdmem—lm|

Rom, 0l = Y0 —r" e lullL 8z 20
o |al=m
d-e-r\" m!
=c( ¢ ) >
o:|la=m

We then use the well-known formula for multinomial coefficients
> =
o!
o |al=m

and obtain

R(m, x C
K —_— R

The convergence is guaranteed as soon as r < %, which proves the analyticity of

u. O
Another consequence of Proposition 2.9 is the following regularity result.

Proposition 2.11 Ifu € Lllo () satisfies Au = O in the distributional sense, then
u e C®(Q).

Proof Given a sequence (with ¢ — 0) of standard convolution kernels n. we
consider u; := u * n,. We consider a ball B(xg, R) compactly contained in €2;
we have u, € C*(B(xg, R)) for small ¢ and Au, = 0 in the distributional,

and hence classical, sense, in the same ball. Moreover, |[ue||11(p(x,. r)) is bounded

independently of ¢ because of u € L}OC(Q). We deduce a uniform bound,

independent of &, on ||ug|| o (B(x,R/2))> @S @ consequence of the mean formula.
Indeed, for each x € B(xp, R/2) we have

1
u(x)=][ u(y)dy=—/ ug(y)dy
‘ BG.R/2) w0a(R/2) Jpierpay

and using B(x, R/2) C B(xo, R) we obtain |us(x)| < Clluellp1p(xy,ry)- Then,
the estimate (2.8) allows us to bound all the norms [|D%ug||poo(B(xy,R/4)) DY
[lte]| Loo(B(x, R/2))- This shows that, on the ball B(xp, R/4), all derivatives of u, are
bounded by a constant independent of ¢. Using u, — u in the distributional sense,
we obtain u € CX(B(xg, R/4)) for every k and the same bounds on the derivatives
are satisfied by u. This shows u € C*°(B(xo, R/4)) and, the point xo € 2 being
arbitrary, u € C*°(Q). O
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Box 2.6 Memo—Convolutions and Approximation

Given two functions u, v on R? we define their convolution u * v via
(u=xv)(x) = / u(x —h)v(h)dh
R4

when this integral makes sense, for instance when one function is L' and the
other L°. Via a simple change of variables we see that we have (u * v)(x) :=
f u(x")v(x — x'), so that the convolution is commutative and u * v = v * u.
When u, v € L it is possible to prove that u x v is well-defined for a.e. x and
itis an L' function itself.

In the particular case where v > 0 and [v = 1 we can write u * v =
f up dv(h), where uy, is the translation of u defined via up(x) := u(x — h)
and we identify v with a probability measure. This means that ux*uv is a suitable
average of translations of u.

A very common procedure consists in using a function n € CZ° with n >
0 and f n = 1, and taking v,(x) := n4 n(nx), which is also a probability
density, supported in a ball whose radius is O(1/n). It is clear that when u
is uniformly continuous we have u * v, — u uniformly. Moreover, using the
density of CS° in L?, it is possible to prove that for any u € L? we have
u * v, — u strongly in L”.

Derivatives of convolutions of smooth functions can be computed very
easily: we have 9y, (u * v) = (0y;u) * v as a consequence of the differentiation
under the integral sign. Using u * v = v * u, the derivative can be taken on
any of the two functions. If one of the functions is C* and the other C™ the
convolution is C¥*™  and if one is C* and the other is only L' the convolution
inherits the regularity of the best one. In particular, for u € L' the sequence
u, := u * v, defined above is an approximation of # made of C* functions.

A striking fact is the following: if F is any functional defined on a
functional space which is convex and invariant under translations (which is
the case, for instance, for all the L” norms, but also for norms depending
on the derivatives) and v is a probability measure, we necessarily have
F(ux*v) < F(u).

Finally, it is also possible to define convolutions for distributions, thanks
to the procedure in Box 2.5. When using the convolution kernel v, above, for
any distribution 7 we have T % v, — T in the sense of distributions.

We want to go on with our analysis, proving that all harmonic distributions
are actually analytic functions. In order to proceed, we first need to make a short
digression about the equation Ay = f and its fundamental solution. We introduce
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the fundamental solution of the Laplacian as the function I" given by
1 .

5= 1 fd=2,

— Id=Da; |x] ifd > 2.

We can see that we have

e el .Vl eL] ,butDI¢L} .

* Jypo.ry VT -mn=1forevery R.

e I'e C®[R4\ {0}) and AT = 0 on R¥ \ {0}.
e AT = §p in the sense of distributions.

As a consequence, for every f € C2° (Rd), the function u = I' * f is a smooth
function solving Au = f in the classical sense. It is of course not the unique
solution to this equation, since we can add to u arbitrary harmonic functions.

For this solution, we have the following estimate

Proposition 2.12 Given f € C2° (RY), let u be given by u = T % f. Then we have
fRd |D%u|? = fRd | 12, where | D*u|? denotes the squared Frobenius norm of the
Hessian matrix, given by |A|2 =Tr(A’A) = Zi’j Al.zj.

Proof We consider a ball B(0, R) and obtain, by integration by parts,

/ F2dx / [Au|?dx = Z/ uiiu jj dx
B(0,R) B(0,R) ij B(0,R)
— Z/ UjjjUj dx + Z/ ui,-ujnj d?-Fl_l.
7 /BO.R L

B(O,R)

If the support of f is compactly contained in B(0, R) then the last boundary term
vanishes since it equals [, 9B(O.R) fVu -n. Going on with the integration by parts we

have
/ fdeZZ/ u,-ju,-jdx—Z/ ul-jujni d(]‘(d_l,
B(0,R) ij B(0,R) i dB(0,R)

hence

/ frdx = |D%u|? dx —/ D*uVu -ndH"!.
B(0O,R) B(0,R) 3B(0,R)
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We then note that, for R > 1, we have |Vu(x)| < C|x|'~? and |D?u(x)| < C|x|™?,
as a consequence of the shape of I and the compact support of f, so that we have

/ D*uVu -ndH* ' < CR'.R4. R4 =CR? > 0as R — oo,
3B(0,R)

which proves the claim. O

Using I', VI € L} we see that f € L? also implies that the L? norms of T % f

loc

and V(I * f) are locally bounded by constants multiplied by the L? norm of f, so
that we have local bounds on the full norm [|I" * f|| g2 in terms of || ||, 2.

Applying the same result to the derivatives of f we immediately obtain the
following.

Corollary 2.13 Given f € CZ°(Q2) for a bounded set 2, let u be given by u =
I" % f. Then for every k > 0 we have

lNull grrzi) < Ck, DI f1 prq)-

Lemma 2.14 Assume that u € C°°(2) is harmonic in Q and take xo,r < R such
that we have B(xg, R) C 2. Then, for every integer k > 1, we have

||u||H1*k(B(x0,r)) < C(k,r, R)““HH*"(B()CO,R))’

Proof We want to take ¢ € C*° with spt(¢) C B(xg, r) and estimate f u@ in terms
of ||| gx—1 and ||ul| gk (p(xy, ry)- T do this, we first consider v = I' x¢ and a cutoff
function n € C*° () with n = 1 on B(xg, r) and n = 0 outside of Bg := B(xq, R).
We write

O=/ uA(vn)dx:/ u(pndx+/ uvAndx+2/ uVv - Vndx.
Bgr Bgr Br Bgr

Using ¢n = ¢ (since n = 1 on spt(p)), we obtain

/u(pdx:—/ uvAndx—Z/ uVv - Vndx
Br Bgr Bg

el k(B g, &) (VAN gk (Bxg.R) T 21IVV - VOl gk (Brg 1)) -

IA

Since 7 is smooth and fixed, and its norms only depend on r, R, we obtain

||UATI||Hk(B(x0,R)v Vo - V77||Hk(3(x0,1e) <C(k,r, R)||VU||Hk(B(x0,R)-

Applying the Corollary 2.13 we obtain || Vv||gx < ||v||gr+1 < C(k, r, R)||@]]| ge-1,
which provides the desired result. O

We can then obtain
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Proposition 2.15 Assume that u € Hl;Ck (2) is harmonic in Q2 in the sense of
distributions. Then u is an analytic function.

Proof The proof is the same as in Proposition 2.11: we regularize by convolution
and apply the bounds on the Sobolev norms. Lemma 2.14 allows us to pass from
H*to H'~* and, iterating, arrive at L?. Once we know that u is in leoc we directly
apply Proposition 2.11. O

Finally, we have

Proposition 2.16 Assume that u is a harmonic distribution in Q2. Then u is an
analytic function.

Proof We just need to show that u locally belongs to a space H ¥ (said differently,
every distribution is of finite order, when restricted to a compact set). This is a
consequence of the definition of distributions. Indeed, we have the following: for
every distribution u and every compact set K C € there exist n, C such that
(u, p) < C||@l|lcn for every ¢ € C* with spt(¢) C K. If we want to prove this we
just need to proceed by contradiction: if it is not true, then there exists a distribution
u and a compact set K such that for every n we can find a ¢, with

1
(u,00) =1, Nloallcn < =,  spt(e,) C K.

n
Note that we define the C" norm as the sup of all derivatives up to order n; so that
ll@llcn+1 = ll@llcn. Yet, this is a contradiction since the sequence ¢, tends to 0
in the space of CZ° functions and u should be continuous for this convergence. So
we have the inequality (u, ¢) < C||¢||c» which can be turned into < u,¢ ><
C||@|| g« because of the continuous embedding of Sobolev spaces into C” spaces
(take k > n 4+ d/2). |

The techniques that we presented for the case Au = 0 now allow us to discuss
the regularity for the Poisson equation Au = f in Sobolev spaces H¥, and we can
prove the following.

Proposition 2.17 Assume that u is a distributional solution in Q of Au = f, where
f e HK(Q). Thenu € HEK(Q).

loc

Proof Let B be an open ball compactly contained in € and let us define a
distribution f of the form nf, where n € C°(Q) is such that B C {n = 1}.
Since u and I" % f have the same Laplacian in B, they differ by a harmonic function,
and we know that harmonic functions are locally smooth, so that we just need to
prove I's f € leozk(B). This result is proven in Corollary 2.13 if k < 0, so we can
assume k > 1.



2.3 Harmonic Functions 91

We take a test function ¢ € CS°(B) and we use the properties of the convolution
to write

/B (Px ) dx = /B F(Ps) dx = /B FrCsg) dx < 11 f 1l T30 i -

We then exploit the C* regularity of n to obtain ||n(I" * D)k = ClII *
&l gk () and, if k > 2, we have, using again Corollary 2.13, [|n(I" * ¢)||grp) <

Cl$|| yk—2(p)- This proves [(I' * f)¢ < Cllg||i—2(p). ie. T * f € H**(B).
We are left with the case k = 1. Since this case is treated in a different way, we
refer to a separate proposition for it. O

Proposition 2.18 Let B; = B(xo, R;), i = 1,2, be two concentric balls with
R1 < Ry. Then, given f € H™'(B>), setting u = I' % f, we have Null i,y <
C(R1, RO S -1(8y)-

Proof By density, it is enough to prove this inequality if f/ € C°°. We choose a
smooth cut-off function y with0 < x < 1, x = 1 on By and spt x C B,. We then
write

/ fux?dx = | Au(ux?)dx = —/ VuV(ux?)dx,
B> By By

where in the integration by parts there are no boundary terms since x is compactly
supported. We then obtain

VulPPdx < [ |Vul?x?dx
B B

and

\Vu>x?dx = — fuxzdx—Z/ Vu - Vyxuy dx.
By By B>

The right-hand side above can be bounded by

A= 11V @xl 2 + ClVux|l 2l luVxll 2.

Using ||V(ux2)||Lz < Cl|Vuxl|z2 + C|luVx||;2 (an estimate where we use | x| <
1) and applying Young’s inequality we obtain

/B IVulPx* < Cllf 11105y + CULF -1y 1V X 12085 + CHuV X112,
2
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The same estimate as in Proposition 2.17, for k = 2, shows that we have
Nullp2gy < ClSfllg-28y) < CllfIlg-1(8,), so that we can deduce from the
previous inequality

VUl dx < CO RIS 1G4
2

and then
/Bl IVul* dx < Cr, R f 13150

which is the claim. m]

Box 2.7 Good to Know—Manifold- and Metric-Valued Harmonic Maps

All the regularity theory on harmonic functions which has been presented
in this section relies on the linear structure of the target space (we presented
the results for scalar harmonic maps, but working componentwise they are
easily seen to be true for vector-valued harmonic maps).

Given a manifold M c RY, one could consider the problem

min{/ \Vul> : ue HY(Q:RY), u e Mae.,u—g e H (Q)
Q

together with its optimality conditions written as a PDE. This PDE would not
be Au = 0 as it should take into account the constraint, and formally one
finds Au = c(x)ny(u) (the Laplacian is pointwisely a vector normal to the
manifold M at the point «). In this case, because of the non-convexity of the
problem, the PDE would not be sufficient for the minimization, and because
of the right-hand side in Au = f the regularity is not always guaranteed.

For instance, when M = S?> C R3 the equation is Au = —|Vu|?u (see
Exercise 2.10) and u(x) = x/|x|, a function defined on 2 = B(0,1) C
R3 which solves it, is H!, but not continuous. This lack of regularity is not
surprising considering that the right-hand side —|Vu/|?u is only L. It has been
pointed out in [165] that the condition of being an H' distributional solution
of Au = —|Vu|?u is so weak that for any boundary data there are infinitely
many solutions. Yet, the function u(x) = x/|x| is not only a solution of this
PDE, but also a minimizer of the Dirichlet energy for M-valued maps which
are the identity on dB(0, 1). This nontrivial fact was first proven by Brezis,
Coron and Lieb in [49] and then extended to other dimensions (and even other
WP norms, for p <d)in[116] and [139].

(continued)
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Box 2.7 (continued)
The situation is different when M has non-positive curvature, in which

case it is possible to prove regularity of harmonic maps valued in M. These
harmonic maps were first studied by Ells and Sampson in [80]. Then, Schoen
and Uhlenbeck proved in [181], for maps minimizing the Dirichlet energy
Ik |Vu|? (and not only solving the Euler-Lagrange equation), some partial
regularity results (smoothness out of a lower-dimensional set), guaranteeing
in some cases that the singular set is empty. The interested reader can have a
look at the book [122, Chapter 8] or at the survey by Hélein and Woods [112,
Section 3.1].

Finally, it is possible to study the problem of minimizing the Dirichlet
energy when replacing the Euclidean space or its submanifolds as a target
space with a more abstract metric space. This requires us to give a definition
of this energy, as the notion of gradient is not well-defined for maps valued
in a metric space (consider that we also had to provide a suitable definition
for the derivative of curves valued in a metric space, see Sect. 1.4.1). In this
case the key observation to define a Dirichlet energy is the fact that, for the
Euclidean case, we have foru € C, Cl (RY)

/ |Vu|? dx _c(d) hm e—(d+2)// lu(x) — u(y)|? dx dy,
R4 [x—yl<e

where c(d) is a dimensional constant. Then it is possible to replace |u(x) —
u(y)| with d(u(x), u(y)) and study the maps minimizing the limit energy.
For this approach we refer to [127] and [122]. Besides the definition of the
energy, these references provide a study of the harmonic maps valued in a
metric space (X, d), provided it has negative curvature in a suitable sense.

2.4 Discussion: p-Harmonic Functions for 1 < p < oo

Section 2.3 provides a full description of the functions which minimize ||Vu||;2
with given boundary conditions, which are the solutions of Au = 0 (and actually
more, since it also considers harmonic distributions, i.e. we discuss distributional
solutions of Au = 0 without requiring u € H'). A similar problem can
be considered by minimizing ||Vul||rr, for arbitrary p. Let us start with p €
(1, 00).

From the variational point of view, minimizing |, o |Vu|? dx with given boundary
conditions u — ugp € WOI’I7 (£2) is a very classical and simple problem: not only can
we easily show that the minimizers exist thanks to the techniques presented in this
chapter, but they are unique (because of strict convexity), and they are characterized
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by the p-Laplacian equation
V- ([VulP~2Vu) = 0,

whose solutions are called p-harmonic functions. Moreover, the growth conditions
on the integrand allow us to formulate the equation as | |VulP=2Vu - Vo = 0 for
every ¢ € W(;’p(Q).

For p = 2 we have harmonic functions, and we proved that they are actually
smooth and even analytic. What about p-harmonic functions? These functions have
been the object of a huge number of works in elliptic PDEs: there are of course
regularity results, but the situation is actually much trickier than the linear case
p = 2. We will see in Chap. 4 some results—which are presented in this book
through techniques coming from convex duality but could have been introduced
using more classical PDE tools—about the Sobolev regularity of solutions of V -
(|Vu|P~2Vu) = f (even for f # 0, but depending of course on the regularity
of f). When we mention Sobolev regularity, considering that we already assume
u € WhP, we mean Sobolev regularity of the gradient, i.e. proving that Vu, or
some function of Vi, belongs to H! or some other spaces H*.

Another possible, and classical, direction of research could be the Holder
regularity of the gradient. This started with [192], which proved that, among other
results, for p > 2, functions which are p-harmonic are C'**. In dimension d = 2
the result can be made much stronger and sharp, as it is possible to prove (see [119])
u € C*® with

k + LY LI PR S (2.9)
o= - . .
6 p—1 p—1 (p—1)7?

The literature on the p-Laplacian equation is huge (see, for instance, the classical
references [30, 131]), and these considerations as well as those in Chap. 4 only cover
a small part of the results.

It is then interesting to consider the limit cases p = 1 and p = oo. Let us start
from the latter. We can take two different approaches: either we look at the limit
of the minimization problem, and we consider functions minimizing ||Vu||re with
prescribed boundary datum, or we look at the limit of the equation. The equation
V- (|Vu|?~2Vu) = 0 can be expanded and it can be written as

IVulP"2Au + (p — 2)|Vul?~*Vu - D>uVu = 0.
We can factorize (p — 2)|Vu|P~* and this becomes

Au
p—2

+ Vu-D*uVu =0.
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In the limit p — o0, only the second terms remains, and we define co-harmonic
functions to be those which solve, in a suitable sense, the non-linear equation

Vu - D*uVu = 0.

Since the equation is non-linear and is not in divergence form, we cannot use
distributional or weak solutions. On the other hand, the function (p, M) — p - Mp
is non-decreasing in M, which allows us to use the notion of viscosity solutions
(see below). Thus, we define co-harmonic functions as those which solve the above
equation in the viscosity sense. An important result (many proofs are available, but
we suggest the reader to look at [19], which is very elementary) states that there
exists a unique viscosity solution # of Vu - D>uVu = 0 with given boundary
conditions. Solutions of this equation, that we also write as Ayu = 0, are said
to be co-harmonic.

Box 2.8 Important Notion—Viscosity Solution of Second-Order PDEs

Let us take a function F : QxRxRY x REXd — R, where R4 stands for
the space of d x d symmetric matrices. Let us assume that F is non-decreasing
in the last variable, in the sense that F (x, s, p, M) < F(x, s, p, N) every time
that N — M is positive-definite. We then say that a function u € C%(Q) is a
viscosity solution of F(x, u, Vu, Dzu) = 0 if it satisfies the following two

properties

» forevery xo € Qand ¢ € C?(2) such that ¢ > u but ¢(xg) = u(xg) we
have F (xo, ¢(x0), Vo (x0), D*¢(x0)) = 0;

e forevery xop € Qand ¢ € C?(2) such that ¢ < u but ¢(xg) = u(xp) we
have F (xo, ¢(x0), Vo (x0), D*¢(x0)) < 0.

As a reference for the theory of viscosity solutions for second-order PDEs,
see [58].

Another approach to the limit p — oo concerns the limit of the optimization
problem. Limits of optimization problems will be discussed in detail in Chap.7,
but in this case it is very easy, as one only needs to replace the L? norm with
the L° norm. What can we say about minimizers of u — ||Vul|z~ with given
boundary conditions? On convex domains, this quantity coincides with the Lipschitz
constant, which makes it easy to prove the existence of a solution using the Ascoli—
Arzela theorem. More than this, it is also possible to identify the optimal Lipschitz
constant, which is equal, when speaking of real-valued functions, to the Lipschitz
constant of the boundary datum. Indeed, given an L-Lipschitz function on a set A
(not necessarily 9€2), it is always possible to extend it to the whole space keeping
L as a Lipschitz constant. For instance, given # : A — R, one can define u(x) :=
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sup{L|x — y| +u(y) : y € A}. But this is only a possible choice, since we can, for
instance, also choose u(x) := inf{—L|x — y|+u(y) : y € A}. These two functions
do not coincide in general, and they are actually the smallest and the largest possible
L-Lipschitz extension of u, in the sense that any u € Lip; with prescribed value on
A satisfiesu < u <u.

As a consequence, we understand that many different functions can minimize
u +— ||Vul|re with given boundary conditions, but which is the one that we can find
as the limit of the solutions u, of —A,u = 0 with the same boundary conditions?
(or, equivalently, which is the limit of the minimizers of u +— ||Vul|rr?). We
see now that the minimization problem of the L° norm lacks a property which
is obviously satisfied by the minimization of the L? norm and, more generally, of
all integral functionals: when we minimize on a domain 2 an integral cost of the
form fQ L(x,u, Vu) dx, the solution u is such that, for every subdomain Q' C €,
it also minimizes fQ, L(x,u, Vu) dx among all functions defined on 2’ sharing the
same value with u on €. This is just due to the additivity of the integral, so that if a
better function existed on €’ we could use it on Q' instead of u, and strictly improve
the value of the integral. When the functional is defined as a sup, if the sup is not
realized in €’ but in Q \ €/, most likely modifying u on €’ does not change the
value of the functional. This means that minimizers of the L norm of the gradient
can, in many situations, be almost arbitrary in large portions of the domain €2 and,
unlike the case of the L” norm, cannot be characterized by any PDE. This motivates
the following definition.

Definition 2.19 A Lipschitz function # : 2 — R is said to be an absolute
minimizer of the L° norm of the gradient if it satisfies the following condition:
for every Q' C 2 we have

||Vl ooy = min{||Vil|| (o : & € Lip('), i = u on dQ'}.

We then have the following results, which we will not prove.

Theorem 2.20 A Lipschitz function u : Q — R is an absolute minimizer if and
only if it is a viscosity solution of Ascu = 0.

Given a Lipschitz boundary datum g : 0Q2 — R, the functions u, defined as
the unique solution of Apup = 0in Q with u, = g on Q2 uniformly converge as
p — 00 to the function us defined as the unique viscosity solution of Asou = 0
with the same boundary data.

We now switch to the other extreme case, i.e. p = 1. The first difficulty in
solving min |[Vu||;1 with given boundary data consists in the fact that the space
L' is neither reflexive (as is the case for | < p < oo) nor it is a dual space (as is
the case for p = 00). So, it is in general not possible to extract weakly convergent
subsequences from bounded sequences, and the minimization problem could turn
out to be ill-posed if we consider # € W!!. The natural framework in order to
obtain the existence of a minimizer is to extend the problem to # € BV and replace
the L' norm of the gradient with the mass of the measure Vu (see Sects 1.5 and 1.6
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for the first appearance of BV functions, and Box 6.1 for the multi-dimensional
case). Exactly as in the 1D case (in particular, as it happened in Sect. 1.6), boundary
data are not always well-defined for BV functions, as they could jump exactly on
the boundary. Hence, it is the same to solve

min{||Vu||M(§) u € BV(Q), u = g on 02},

where the condition # = g on 92 can be intended as “u is a BV function on a larger
domain 2 which contains €2 in its interior, which coincides with an extension of g
on Q2 \ €2, this extension being continuous in a suitable sense in 2 \ €27, or to solve

min{|| V| pq) +/ ITr[u] — gl dHY™" : u € BV(Q)), (2.10)
Q2

where the trace of a BV function should also be suitably defined (and corresponds
in this case to the trace coming from inside <2).

In particular, it is possible for certain choices of g and of €2 that the solution
of this problem (which is in general not unique, because the functional which is
minimized is no longer strictly convex) is a smooth function inside €2 but does not
take the value g on 9€2.

Formally, the equation solved by the minimizers is the 1-Laplacian equation, i.e.

Vu
Au:=V- =0
[Vl

and functions which solve it are called, besides 1-harmonic, least gradient functions.

In order to treat points where Vu = 0, a possible interpretation of the above
equation is the following: there exists a vector field z : @ — R with |z| < 1 and
z - Vu = |Vu| (i.e. z = Vu/|Vu| whenever Vu # 0) such that V - z = 0. Since
the condition |z| < 1 already implies z - Vu < |[Vu]|, the equality z - Vu = |Vu]| is
equivalent to [ z - Vu = [ |Vul, a condition which has a meaning also when Vu is
a measure.

Note that, whenever u is a smooth function with non-vanishing gradient, the
quantity Aju(xg) coincides with the curvature (in the sense of the sum of the princi-
pal curvatures) of the codimension 1 surface {u = u(xp)} at the point x¢. In particu-
lar, imposing that it vanishes means imposing that these surfaces all have zero mean
curvature; in dimension d = 2 they should be locally segments. Finally, also note
that the level sets are invariant if one composes u with a monotone increasing func-
tion, and this is absolutely consistent with the fact that we have Aju = A((f(u))
for every monotone increasing function f, just because the quantity Vu/|Vu| is
0-homogeneous and it is not affected by the multiplication by f’(u) which appears
in the composition.

We do not want to give general results on least gradient functions here, but we
want to underline a nice transformation which is only possible in dimension d = 2.
Indeed, in the two-dimensional case, if we set v := RVu, where R is a 90° rotation,
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we have V - v = 0 in Q. Moreover, the Dirichlet condition on «, which can be seen
(up to additive constants) as a condition on its tangential derivative, becomes after
this rotation a condition on the normal component of v. Imposing the divergence in
the interior of €2 and v-n on 92 is the same as imposing the distributional divergence
(which can have a singular part on d€2) on the whole space of the vector field
obtained by extending v to 0 outside 2. Since the norms of v and of Vu are the same,
the optimization problem defining least gradient functions can be reformulated
as the minimization of the L' norm (or of the mass of a vector measure) under
divergence constraints. This minimal flow problem will be discusses in Chap. 4 and
in particular in the discussion Sect. 4.6, and it is equivalent to an optimal transport
problem from the positive to the negative part of the prescribed divergence. In this
case, it consists in an optimal transport problem between measures supported on
0%2. This reformulation, suggested in [104], made it possible in [79] to prove the
following results in the 2D case:

Theorem 2.21 Assume that Q2 is a 2D strictly convex domain and assume that g
is a BV function on the 1D curve 0S2. Then the solutions of Problem (2.10) satisfy
Tr[u] = g on Q. If moreover g is continuous on 02, then the solution is unique.

If furthermore 2 is uniformly convex and g € WYP(3Q) for p < 2, then the
solution u satisfies u € W-P(Q). If g € CY*(dRQ), then u satisfies u € WHP ()

for p = % If g € CV1, then u is Lipschitz continuous.

The very last part of the above statement (Lipschitz regularity if the boundary
data are C'1) is a particular case of what can be proven under the so-called bounded
slope condition, which we do not detail here and for which we refer, for instance, to
[64, 186].

2.5 Exercises

Exercise 2.1 Prove the existence and uniqueness of the solution of

min{/ (f(x)|u(x)| + |Vu(x)|2> dx 1 ue HY(Q), / u= 1}
Q Q

when 2 is an open, connected and bounded subset of R4 and f € L?(§2). Where
do we use connectedness? Also prove that, if € is not connected but has a finite
number of connected components and we add the assumption f > 0, then we have
existence but maybe not uniqueness, and that if we withdraw both connectedness
and positivity of f, then we might not even have existence.

Exercise 2.2 Consider @ = (0, )4 ¢ R¢ and A = {0} x (0, )4~ c 9. Prove
that the set of functions u € W7 () such_that Tr[u] = 0 a.e. on A coincides with
the closure in W7 () of the set {¢p € C'(Q) : spt(p) N A = #}.
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Exercise 2.3 Given a smooth and connected open domain @ C R? and two
exponents «, 8 > 0, consider the following problem:

min{/ (—lul® +1Vul?) dx+/ ITe[u])? dH! 2 u e W”’(Q)}.
Q aQ

Prove that the above problem has a solution if « < min{g, p} and that it has no
solution if @ > min{g, p}.

Exercise 2.4 Given a measurable function ¢ : 2 — R such thatco < ¢ < ¢; a.e.,
for two strictly positive constants cg, c1, a function g € wlp (2), and a continuous
function F : Q@ x R — R, prove that the following problem has a solution:

min {/ (c)IVul” + F(x,ux))) dx : u—g € WJ’P(Q)} .
Q

Exercise 2.5 Fully solve
min{/ <|Vu(x,y)|2+u(x,y)2) drdy : ueCY(Q), u=gon BQ},
0

where Q =[—1,1? cR*and ¢ : 90 — Riis given by

0 ifx=—1, ye[-1,1]
d(x,y) =12 +e7?) ifx=1,ye[-1,1]
x+De+e ) ifxe[=1,1], y ==+l

Find the minimizer and the value of the minimum.

Exercise 2.6 Which among the functions # which can be written in polar coordi-
nates as u(p, ) = p“ sin(k@) are harmonic on the unit ball? (i.e. for which values
of o, k € R).

Exercise 2.7 Let u € 9'(R?) be a distributional solution of Au = b(x) - Vu +
f(x)u, where f : R — Rand b : R? — R? are given C*® functions. Prove
u € C®(RY).

Exercise 2.8 Prove, using the mean property, that any bounded harmonic function
u on the whole space R¥ is constant. Also prove that any harmonic function u on
the whole space R4 satisfying a growth bound of the form |u(x)| < C(1 + |x|)? for
some exponent p is actually a polynomial function.
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Exercise 2.9 Prove that any smooth solution of Au = f in Q@ C RY, d > 3,
satisfies

][ udx :u(xo)—l—;/ fx) (|x—x0|1—d—R1—d) dx.
9B (x0,R) d(d — Dwg /B, r)

Find an analogous formula for the case d = 2 and for the average on the ball instead
of the sphere.

Exercise 2.10 Let M C RY be the zero set of a smooth function 4 : RY — R
with Vi # 0 on M. Prove that if a function u : @ — M (with Q C R?) satisfies
Au(x) = c(x)Vh(u(x)) for a scalar function c, then we have

>4 D2Ru(x))ui (x) - ui(x)
[Vh(u(x))|?

c=-

Also prove that any smooth function u : Q2 — M satisfying Au(x) = c(x)Vh(u(x))
for the above expression of ¢ is a minimizer of v > fQ |Vv|? with prescribed
boundary datum as soon as €2 is contained in a small enough ball.

Exercise 2.11 Determine for which values of p > 1 the function ¥ : R? — R
given by u(xy, x2) = |x(|? — |x2|P is co-harmonic, and use this information to
give bounds on the optimal C!¢ regularity of co-harmonic functions. Compare to
Formula 2.9.

Exercise 2.12 For p € (1, 00), let u be a solution of A,u = 0 on 2. Let M be a
constant such that Tr[u] < M a.e. on 0Q2. Prove u < M a.e. in Q.

Hints

Hint to Exercise 2.1 Minimizing sequences are bounded in H' because of the
Poincaré—Wirtinger inequality. This cannot be applied when €2 is non-connected.
In this case we use f > 0 and the term with f |u| on each component to bound
a suitable L' norm of u (distinguishing the coriponents where f is identically 0,
where we can replace u with a constant).

Hint to Exercise 2.2 We approximate u with u(1 —n,) where n,, is a cutoff function
with n, = 1 on A and sptyn, C [0, 1/n] x [0, 119-1. We need to prove un, — 0
at least weakly in W7, The key point is bounding the norm ||uVn,||.» using the
trace of u and suitable Poincaré inequalities.

Hint to Exercise 2.3 If « is large the infimum is —oo using either large constants if
o > B ornug with ug € Wol’p if « > p. If o is small we can prove compactness.
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Hint to Exercise 2.4 For a minimizing sequence, prove that Vu, is bounded and
hence weakly convergent, both in L”(dx) and in L? (c(x) dx).

Hint to Exercise 2.5 Write and solve the Euler—Lagrange equation (by guessing the
form of the solution).

Hint to Exercise 2.6 For smoothness, we need @ > 0 and k € Z. When o = k? we
have the real part of a holomorphic function. In general, compute the gradient and
its divergence in polar coordinates.

Hint to Exercise 2.7 Start from a distribution in a certain H % and prove that it
actually belongs to H'!7*.

Hint to Exercise 2.8 Use Proposition 2.8 to prove Vu = 0. For the polynomial
growth, prove |Vu| < C(1 + |x[)?~! and iterate.

Hint to Exercise 2.9 Re-perform the proof of the mean property keeping into
account the non-vanishing Laplacian.

Hint to Exercise 2.10 Differentiate & o u twice. For the optimality, act as we did for
geodesics in Sect. 1.1.2.

Hint to Exercise 2.11 Check that only p = 4/3 works. This also coincides with the
limit regularity for p-harmonic functions when p — oo, which gives 8/6.

Hint to Exercise 2.12 Use the variational interpretation of p-harmonic functions as
minimizers of the L” norm of the gradient, and truncate them at M obtaining a
better competitor.



Chapter 3 )
Lower Semicontinuity oo

As we saw in the two previous chapters, the standard way to prove the existence of
a solution to a variational problem consists in what is called the direct method of the
calculus of variations (several books have been devoted to this topic, see for instance
[67] and [101]), which includes as a key ingredient the lower semicontinuity of the
functional to be minimized w.r.t. a convergence for which we have compactness of
a minimizing sequence. Lower semicontinuity results are then a crucial aspect in
the calculus of variations, and in particular the lower semicontinuity w.r.t. weak and
weak-* convergences, since it is usually for these kinds of convergences that we are
able to obtain compactness. This chapter is devoted to this kind of result, the main
goal being to be able to treat more general functionals than those we considered in
Chap. 2, where as far as weak convergence was concerned only the semicontinuity
of the norm was used. The first section is devoted to more abstract results, the second
to general results on the semicontinuity of integral functionals for strong and weak
convergence in L? spaces (essentially based on Chap.4 of [101]), and the third
(presented for completeness—since this theory will appear less often in the rest
of the book—and mainly based on the paper [35]) to the semicontinuity of some
class of functionals for the weak-* convergence of measures. A short section on
the application of these results to the existence of minimizers follows. The chapter
closes with a discussion section on the case of vector-valued functional spaces,
where the assumptions could be relaxed, but a much harder theory would be needed,
followed by an exercise list.
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104 3 Lower Semicontinuity
3.1 Convexity and Lower Semicontinuity

We recall the sequential definition of lower semicontinuity, which will be the one
we will use throughout this book:! a function f : X — R U {400} is said to be
lower semicontinuous (l.s.c. for short) if for every sequence x,, — x in X we have
liminf, f(x,) > f(x). The definition can also be re-written by assuming that f (x,)
converges, since we can always extract a subsequence which realizes the liminf as a
limit. In this case we could say that f is lower semicontinuous if for every sequence
X, — x such that f(x,) > £ € R we have fx) <t
We start with a characterization of lower semicontinuity in terms of level sets.

Proposition 3.1 A function f : X — R U {400} is Ls.c. if and only if for every ¢
the level set A(f) :={x € X : f(x) < {}is closed.

Proof First we prove that the sequential lower semicontinuity implies the closed-
ness of the level sets. Take a sequence x, € A({) and assume x,, — x. From
f(xy) < € and f(x) < liminf, f(x,) we deduce f(x) < £, hence x € A({), so
that A(¢) is closed.

Assume now that the sets A(f) are all closed, and take a sequence x;, — x.
Setting £o := liminf, f(xy), for every £ > £o we have x, € A({) infinitely often
(i.e. there is a subsequence x,, such that x,, € A(£)). From the closedness of A(£)
we deduce x € A({), i.e. f(x) < £ for every £ > {£¢. This implies f(x) < {9 =
liminf, f(x,),and f isls.c. ad

A similar characterization can be given in terms of epigraphs. We define
Epi(f) :=={(x,1) e X xR : t = f(x)}

and we have:

Proposition 3.2 A function f : X — R U {400} is Ls.c. if and only if Epi(f) is
closed.

Proof First let us start from sequential lower semicontinuity and prove the closed-
ness of the epigraph. Take a sequence (x,,t,) € Epi(f) and assume x, — x,
t, — t. From f(x,) < t, and f(x) < liminf, f(x,) we deduce f(x) < ¢, hence
(x, 1) € Epi(f) so Epi(f) is closed.

Assume now that Epi(f) is closed, and take a sequence x, — x. Setting £y :=
liminf, f(x,), for every £ > £ we have (x,,£) € Epi(f) infinitely often. From
the closedness of the epigraph we deduce (x, £) € Epi(f), i.e. f(x) < £ for every
£ > £o. Again, this implies f(x) < o = liminf, f(x,), and f is Ls.c. |

! Analogously, in the sequel the notion of closed set will be identified with that of sequentially
closed; for the sake of the topologies that we shall consider, which are either metrizable or
metrizable on bounded sets, this will be enough.
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Another important property of lower semicontinuous functionals is that they are
stable under sup. More precisely:

Proposition 3.3 Given a family of functions fo : X — R U {400} which are all
L.s.c., define f(x) :=sup, fo(x). Then f is also Ls.c.

Proof Two easy proofs can be given of this fact. One is based on the previous
characterization: for every £ we have {f < £} = {x : fy(x) < € forevery a} =
(o {fo < £}. If all functions f, are Ls.c. all the sets { f, < £} are closed, and so is
their intersection, so that { f < £} is closed and f is l.s.c.

Another proof is based on the definition via the liminf. Take x,, — x and write

fo(x) < liminf fy (x,;) < liminf f(x,).
n n
It is then enough to take the sup over « in the left-hand side in order to obtain
f(x) < liminf f(x,),
n

which is the desired result. O

All these properties are highly reminiscent of those of convex functions. In order
to define the notion of convexity we need the space X to be a vector space, which
we will rather write as X. We say that f : X — R U {+o0} is convex if for every
x,y € Xandt € [0, 1] we have

J@=0Dx+1y) <A —0)f(x)+1f(y).

We have the following properties

Proposition 3.4 A function f : X — R U {400} is convex if and only if Epi(f) is
convex.

Proof First let us start from the convexity of f and let us prove the convexity of
the epigraph. Take two points (xo, tp), (x1,71) € Epi(f) and consider the convex
combination ((1 — #)xg + tx1, (1 — #)#p + t21). The convexity of f implies

S =0Dxo+1tx)) <A =1)f(x0) +1f(x1) < (1 —=Dtg+ 11y,

so that ((1 — #)xo +tx1, (1 — t)tg + tt1) € Epi(f) and the epigraph is then convex.

Assume now that Epi( f) is convex, and take two points xg and x;. If f(xg) or
f(x1) = oo there is nothing to prove, otherwise we have (x;, f(x;)) € Epi(f)
and, by convexity (1 — 1)xo + £x1, (1 — 1) f (x) + £ (x1)) € Epi(f), ie. f((1 —
Hxo+tx1) < (1 —1)f(xg) +tf(x1), sothat f is convex. |

Note that it is not possible to characterize convex functions in terms of their level
sets only. It is true that the level sets A(¢) := {x : f(x) < £} are convex if f is
convex (simple exercise, see Exercise 3.1) but the converse is false, as any increasing
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function of a convex function also has convex level sets (also see Exercise 3.1). The
functions which have convex level sets are sometimes called level-convex.?

Proposition 3.5 Given a family of functions f, : X — R U {400} which are all
convex, define f(x) :=sup, fo(x). Then f is also convex.

Proof Again, two easy proofs can be given of this fact. One is based on the fact
that the epigraph of the sup is the intersection of the epigraphs (since the condition
t > sup, fu(x) is equivalent to t > f,(x) for every ), and on the convexity of the
intersection of an arbitrary family of convex sets.

Another proof is based on the definition via the inequality: take x, y and write

Ja(=Dx +1y) = (A —1) fa(X) +tfa(y) = A =0 f(x) +1f(y).

Again, taking the sup over « in the left-hand side provides the desired inequality.
O

Besides these analogies, we stress now a first connection between the two notions
of lower semicontinuity and convexity. If the notion of convexity is independent
of the topological or metric structure that we choose for the vector space x, the
lower semicontinuity of course depends on the choice of the topology. For normed
vector spaces, we will be mainly concerned with two natural choices: the strong
topology and the weak (or weak-*) one. We will see that convexity is a crucial
ingredient in the lower semicontinuity for the weak convergence (also called weak
lower semicontinuity).

Note that having a strong notion of convergence makes it easier to be lower
semicontinuous (since there are fewer convergent sequences of points), so that weak
lower semicontinuity is actually a stronger notion than strong lower semicontinuity.

The first result involving convexity and lower semicontinuity is the following.

Theorem 3.6 Assume that f : X — R U {400} is strongly lower semicontinuous
and convex. Then f is also weakly lower semicontinuous.

Proof In view of the characterization of lower semicontinuity in terms of level sets
we just need to prove that each set A({) := {x : f(x) < ¢} is weakly closed.
We know that it is convex and strongly closed. This implies that it is weakly closed
because of a simple consequence of the Hahn—-Banach theorem that we state in
Box 3.1. O

The above theorem required a functional analysis fact about convex sets, which
we will state together with a well-known consequence.

Proposition 3.7 Every convex subset C of a normed vector space X is strongly
closed if and only if it is weakly closed.

2 Unfortunately sometimes, and in particular, in the economics literature, they are also called quasi-
convex, a notion which has a completely different meaning in the calculus of variations, as we will
see in Sect. 3.5.
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Proof 1t is always true that weak closedness implies strong closedness (since any
strongly convergent sequence is also weakly convergent). We need to prove the
converse implication. Take a sequence x, € C and assume x, — x. If x ¢ C,
we then consider the two closed convex sets C and {x}. They are disjoint and one is
compact. They can be separated thanks to the Hahn—Banach theorem (see Box 3.1
below) by an element £ € X'. Yet, this is not compatible with (£, x,,) — (&, x),
which should be satisfied because of x, — x. Then x € C and C is weakly closed.

0

Another consequence of the last fact is the following, known as Mazur’s Lemma.

Lemma 3.8 For every weakly convergent sequence x, — x there exists a sequence
Yn of convex combinations of the points x, (more precisely, y, is a finite convex
combination of points of the form x, with k > n) such that y, — x.

Proof Given n, consider the set C,, defined as the set of finite convex combinations
of {xx : k > n}, which is a convex set. Then we consider its (strong) closure C,.
Since C,, is convex and strongly closed, it is also weakly closed, and it contains the
sequence x, from a certain point on, so it also contains the weak limit x. Hence, by
definition of the closure, there exists a point y, € C, such that ||[x — y,|| < 1/n.

This sequence proves the theorem. O

We note that the above results concern the weak convergence in a space X (in
duality with X’) and not the weak-* convergence in a space X’ (in duality with X,
instead of X”"). As an example we can consider C C M([—1, 1]) defined as the set of
all absolutely continuous measures. It is a convex set (since it is a vector space) and
it is closed under the convergence of measures in the norm of M([—1, 1]) (indeed,
whenever u, — u, for every A C [—1, 1] we have u,(A) — w©(A), so that the
negligibility of Lebesgue-negligible sets passes to the limit). On the other hand, the
sequence u, defined as the uniform measure on [—1/n, 1/n] weakly-* converges
to &g ¢ C, which shows that C is not weakly-* closed.

Box 3.1 Memo—Hahn—-Banach Theorem

A well-known theorem in functional analysis is the Hahn—Banach theorem,
which has different equivalent statements, and which we will present in its
“geometric” form dealing with the separation of suitable convex sets by means
of hyperplanes.

Hahn-Banach Separation Theorem Let A and B be two convex non-empty
subsets of a normed vector space X, with AN B = .

If A is open, there exists a linear functional & € X’ which separates A
and B, i.e. there is a number ¢ € R such that (§,a) < ¢ < (&, b) for all
acA,beB.

(continued)
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Box 3.1 (continued)

If A is compact and B is closed, there exists a linear functional £ € X’
which strictly separates A and B, i.e. there are two numbers c; < ¢, such that
(£,a) <c1 <cp < (&, b)foralla € A,b € B.

When the space X itself is a dual (X = Y’) a natural question is whether
it is possible to perform these separations by using elements of Y instead
of X' = Y”. Unfortunately this is in general not true and the last statement
(strict separation of a closed and a compact sets) requires a slightly different
assumption. It is indeed true thatif A, B C X = Y " are convex, if we assume
A to be compact and B to be weakly-* closed (which is stronger than strongly
closed), then there exists a y € Y which strictly separates A and B, i.e. there
are two numbers ¢; < c¢p such that (a,y) < c¢; < ¢ < (b,y) forall a €
A,b e B.

The distinction between strong and weak-* closedness is necessary since
it is not true that convex strongly closed subsets of Y’ are weakly-* closed,
differently from what happens with weak convergence.

We finish this section with two considerations on concrete integral functionals
over functional spaces. First we provide an example of a semicontinuity result
obtained from Theorem 3.6.

Proposition 3.9 Let L : Q x R — R be a measurable function, such that s +—
L(x,s) is convex for a.e. x € Q2. Then the functional

LP(Q)sur J(u ::/ L(x,u(x))dx
Q

is lower semicontinuous for the weak LP convergence, for every p € [1, +00).

Proof From the convexity of L in the variable s we deduce the convexity of the
functional J. Then, the result is proven if we prove that J is l.s.c. for the strong
convergence of LP. If we take u, — u in L? and J(u,) — £, we can extract
a subsequence such that u,(x) — u(x) a.e. The continuity of L in the second
variable® and Fatou’s lemma, together with the lower bound L > 0, imply J (1) <
liminf,, J(u,), hence J is strongly Ls.c. |

We then see that the convexity in the variable s is necessary for weak lower
semicontinuity, and hence is equivalent to it, but we will state the result, for
simplicity, in the case where L does not depend explicitly on x.

3 Note that we assumed L(x, -) to be real-valued for every x, and convex functions are known to
be locally Lipschitz on R, hence continuous.
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Proposition 3.10 Consider the functional F : LP(2; RY) — R U {+o0} given by
F@) = fL(v(x))dxfora continuous function L : R — R, L > 0. Then, F is
L.s.c. for the weak LP convergence if and only if L is convex.

Proof In order to show that convexity of L is necessary, we will build a sequence
v, — v on which we will evaluate F'. If we take a cube inside 2 and choose v, = 0
outside this cube for every n, we can reduce to the case where 2 is a cube Q. We
then fix two vectors a, b € R and a number ¢ € [0, 1] and define a sequence vy,
in the following way: we divide the cube into n parallel stripes of equal width £/n
(€ being the side of the cube), and each stripe is further divided into two parallel
sub-stripes, one of width (1 — ¢)£/n where v, takes the value a, and one of width
t¢/n where v, takes the value b. We easily see that in this case we have v, — v,
where v is the constant vector function equal to (1 — t)a + tb, and that we have
F(v,) = (1 —)|Q|L(a) + t|Q|L(b), while F(v) = |Q|L((1 — t)a + tb). The
semicontinuity of F' then implies the convexity of L.

The converse implication is a particular case of Proposition 3.9. O

3.2 Integral Functionals

We consider in this section the lower semicontinuity of integral functionals with
respect to the strong and weak convergence of two different variables. Later, in
Sect. 3.4, this will be applied to the case where the variable which converges weakly
is the gradient of the one which converges strongly.

More precisely, we consider

F(u,v) = / L(x,u(x),v(x))dx foru,ve LI(Q).
Q

We assume L > 0 so that we avoid any integrability issues in order to define F: as
the integral of a non-negative function, it can take the value +oco, but it is always
well-defined. The variables # and v can be vector-valued, and in many concrete
applications, at least in what concerns v, this will be the case. We will analyze
the lower semicontinuity of F w.r.t. the strong convergence of u and the weak
convergence of v. In order to deal with the weak convergence in L', we first recall
an important fact from functional analysis.

Box 3.2 Memo—Weak Convergence in L'

Definition A sequence of functions v, € L'(S2) converges weakly in L! to a
function v € L() if for every L™ function ¢ we have Jvn-9o— [v-o.

(continued)
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Box 3.2 (continued)
Definition A family of functions (ve)e € L'(£2) is said to be equi-integrable
if for every ¢ > 0 there exists a § > 0 such that on every set A with |A| < §
we have [, |vq| < & for any a.

The following equivalence characterizes compactness for the weak L'
convergence (this result is known as the Dunford—Pettis theorem).
Theorem Given a family of functions (ve)e € L'(R), the following are
equivalent

e the family is precompact for the weak L' convergence (i.e. from any
sequence Vg, one can extract a weakly convergent subsequence vy, );

* the family is equi-integrable;

o there exists a convex and superlinear function  : R — R and a constant
C < +o00 such that fQ Y (Jug|) < C for every a.

The goal of this section is to prove that the functional F is lower semicontinuous
for the strong-weak convergence as above as soon as L is a Carathéodory function
(measurable in x, continuous in (1, v)), convex in the last variable.

We start from a particular case.

Lemma 3.11 Assume that L is continuous in all variables, nonnegative, and convex
in v. Assume that Q2 is compact. Take a sequence (u,, v,) with u,, — u in L' and
v, — v in L'. Assume that u, and v, are also L> functions, uniformly bounded.
Then liminf,, F(u,, v,) > F(u, v).

Proof First of all, we write F(u,,v,) = F@un,vy) — F(u,v,) + F(u,vy,).
We first consider F(u,,v,) — F(u,v,) = fQL(x,un, v,) — L(x,u,v,) and
we note that the continuity of L is uniform on 2 x Bg x Bpg, where R is an
upper bound of ||u,||r, ||vs||L~. Hence, there exists a modulus of continuity
w (a continuous and bounded function with w(0) = 0) such that we can write
|L(x, un, vy)—L(x,u, vy)| < o(lu, —ul). The strong convergence u,, — u implies
a.e. convergence up to subsequences, and hence we have w(|u, —u|) — 0 a.e. This
convergence is dominated by a constant, so that we obtain F (u,, v,) — F(u, v,) —
0.

We then consider the term F(u, v,). We define Zu(x, v) = L(x,u(x),v)

and F,(v) := f L(x,v(x))dx = F(u,v), which is an integral functional, lower
semicontinuous thanks to Proposition 3.9. We then obtain liminf, F(u, v,) >
F (u, v), which concludes the proof. m]

We now want to remove the assumption on the boundedness of v, thanks to the
following lemma.
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Lemma 3.12 For any constant M > 0, let fy : R — RF be defined via

v ifful = M,

=vlgpas0) =
fu(v) v B(O,M)(v) 0 il > M.
Given a sequence v, — v in L! (S2), consider for any M > 0 the sequence vy, p :=
fu(vy). It is possible to extract a subsequence and to find, for every M € N, a
function vy such that, for every M, the sequence v, y weakly converges in L'
(actually, even weakly-* in L*°) to v(yr).
Then we have limy o |lv(m) — vl L1(q) = 0.

Proof First, let us fix a convex and superlinear function v such that f Y(u,l) <C,
which exists thanks to the weak convergence of v,. We observe that we have, using
the fact that s — ¥ (s)/s is nondecreasing,

nld ) dx < —— n)dx <C——.
/|vn|>M'”' = /.vn|>M Qo ¥ 00D ¢<M) o YD v (M)

We now take a test function ¢ € L and write the equality

Mgl
% nldx <C——F+——
<ligllex]  widesc 208

We then take the limit » — oo for fixed M and obtain, thanks to weak convergence,

—‘ ¢ - v,dx
[vn|>M

‘/cb (U —vn,pr)dx

‘/fﬁ (U_U(M))dx‘<c||¢||L Ton

This estimate, valid for arbitrary ¢, due to the duality between L! and L, means
precisely

I I - M

Vpm) — U 1 —_— .

(M) L@ =C (M)

The superlinearity of v provides limys_, o _1//?/1]‘/1) = 0 and hence the claim. |

We can now extend the results of Lemma 3.11.

Proposition 3.13 The conclusions of Lemma 3.11 also hold if removing the
assumption on the uniform bound on ||v,|| .

Proof We first fix M > 0 and write F(u,, v,) = (F(un, vo) — F(u, va.m)) +
F(u, vy, m). By applying Lemma 3.11 we obtain liminf,, F'(u, v, am) > F(u, vry).
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We consider now the other term, for which we have

F(up, vy) — F(u, vn,M) = / (L(x, up, vy) — L(x, uy, 0)) dx
[vn|>M

Z_/ L('xaunvo) d-xv
|

vp|>M

where we used the positivity of L. We can then use

s

Sis

/ L(x, un, 0) dx < C1l{lva] > M}| <
|vp|>M

and C; denotes the maximum of L on € x Br X {0} (remember that u, is
equibounded, 2 is compact, and L is continuous), and C = C{C,, where C; :=
sup,, [|vn|l 1. Indeed, since the sequence v, is bounded in L', we have |{|v,]
M} < Ca/M.

Finally, we obtain

\Y

liminf F (u,,, v,)
n

v

liminf (F (uy, va) — F(u, vp,pr)) + liminf F(u, vy p1)
n n

- C ( )
—— 4+ F(u,v .
M )

This estimate is valid for arbitrary M, and we can now send M — co. Lemma 3.12
provides v(yy — v in L' (in the strong sense, but weak convergence would have
been enough) so that we can apply, exactly as at the end of Lemma 3.11, the same
idea of considering the functional where we freeze u, and Proposition 3.9 provides
the semicontinuity liminfys F(u, var)) > F(u, v). Since the term % tends to 0, we
obtain the claim. O

We now need to get rid of the continuity assumption on L, and of the boundedness
of u,,. This will require some classical results from measure theory.

Box 3.3 Memo—Lusin’s Theorem

A well-known theorem in measure theory states that every measurable
function f on a reasonable measure space (X, u) is actually continuous on a
set K with w(X \ K) small. This set K can be taken to be compact. Actually,
there are at least two statements: either we want f to be merely continuous on
K, or we want f to coincide on K with a continuous function defined on X.
This theorem is usually stated for real-valued functions, but we happen to need
it for functions valued in more general spaces. Let us be more precise: take a

(continued)
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Box 3.3 (continued)
topological space X endowed with a finite regular measure p (i.e. any Borel

set A C X satisfies u(A) = sup{u(K) : K C A, K compact} = inf{u(B) :
B D A, B open}). The target space Y will be assumed to be second-countable
(i.e. it admits a countable family (B;); of open sets such that any other open
set B C Y may be expressed as a union of B;; for instance, separable metric
spaces are second-countable).

Theorem (Weak Lusin) Under the above assumptions on X, Y, u, if f :
X — Y is measurable, then for every ¢ > 0 there exists a compact set K C X
such that £ (X \ K) < € and the restriction of f to K is continuous.

Proof For every i € N, set A?’ = f~1(B;) and A = f‘l(BiC). Consider
compact sets Kii C A?E such that ;L(Aii \ Kii) <e27 . SetK; = Ki+ UK;
and K = (); K;. For each i we have u(X \ K;) < gl By construction,
K is compact and u(X \ K) < 4e. To prove that f is continuous on K it
is sufficient to check that f~!(B) N K is relatively open in K for each open
set B, and it is enough to check this for B = B;. Equivalently, it is enough
to prove that f - (Bf) N K is closed, and this is true since it coincides with
K, NK.

Theorem (Strong Lusin) Under the same assumptions on X, if f : X —
R is measurable, then for every ¢ > 0 there exists a compact set K C X and
a continuous function g : X — R such that w(X \ K) <eand f = gon K.

Proof First apply the weak Lusin theorem, since R is second countable.
Then we just need to extend fjx to a continuous function g on the whole X.
This is possible since fig is uniformly continuous (as a continuous function
on a compact set) and hence has a modulus of continuity w such that | f (x) —
f(x)| < w(d(x,x")) (the function @ can be taken to be sub-additive and
continuous). Then define g(x) = inf{f(x) + w(d(x,x")) : x' € K}. It can
be easily checked that g is continuous and coincides with f on K.

Note that this last proof strongly uses the fact that the target space is R. It
could be adapted to the case of R? just by extending component-wise. On the
other hand, it is clear that the strong version of Lusin’s theorem cannot hold
for any space Y: just take X connected and Y disconnected. A measurable
function f : X — Y taking values in two different connected components on
two sets of positive measure cannot be approximated by continuous functions
in the sense of the strong Lusin theorem.

Another classical result, often presented together with Lusin’s theorem, is the
following.
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Box 3.4 Memo—Egoroff’s Theorem

Theorem (Egoroff) Let X be a measure space with finite measure, and
u, : X — Y a sequence of functions, valued in a metric space Y, which is
a.e. converging to a function u : X — Y. Then, for every ¢ > 0, there exists
a compact set K C X, with |X \ K| < &, such that the convergence u, — u
is uniform on K.

Note that the theorem is usually stated for functions valued in R, but it is
enough to apply it to d(u, (x), u(x)) in order to generalize to arbitrary metric
spaces.

An interesting observation is the fact that Egoroff’s theorem implies the
weak Lusin theorem in the Euclidean case (i.e. when X is an open subset
of the Euclidean space and ¥ = Rk). Indeed, it is enough to take u € L!
and approximate it with a sequence of smooth functions u,, which exists
because C2° is dense in L'. Up to subsequences we can assume a.e. pointwise
convergence and applying Egoroff’s theorem transforms this into uniform
convergence on K. Hence u is continuous on K as a uniform limit of
continuous functions. The case where u is not L' can be treated by first
truncating it.

A statement which we need in this framework is the following, known as
the Scorza-Dragoni theorem, which we will present as a consequence of Lusin’s
theorem. We first provide an intermediate lemma.

Lemma 3.14 Let S be a compact metric space, and f : Q@ x S — R be a
measurable function, such that f(x, -) is continuous for a.e. x. Then for every ¢ > 0
there exists a compact subset K C Q with |Q\ K| < € and f continuous on K x S.

Proof The continuity of a function of two variables, when the second lives in a
compact space S, is equivalent to the continuity of the map x — f(x, -) seen as a
map from €2 to the Banach space C(S). We can apply the weak version of Lusin’s
theorem to this map and easily obtain the claim. O

Theorem 3.15 (Scorza-Dragoni) Let f : Q@ xRY — R be a measurable function,
such that f(x, -) is continuous for a.e. x. Then for every ¢ > ( there exists a compact
subset K C Qwith |2\ K| < ¢ and f continuous on K x R?,

Proof The statement is more difficult to prove because of the non-compactness of
the second space. We then fix a number R € N and consider the restriction of f
to  x Bg, where By is the closed ball of radius R. We consider e = 2~ %!
and apply the previous lemma, thus obtaining a set Kz such that f is continuous on
Kg x Bg and |Q\ Kg| < er.SetK = ﬂR Kgr. We then have |2\ K| < g and f is
continuous on K x By for every R. Since continuity is a local property, we deduce
that f is continuous on K x R, O
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We are now in position to prove the main theorem of this section:

Theorem 3.16 Assume that L is a Carathéodory function, continuous in (s, v) and
measurable in x, nonnegative, and convex in v. For any sequence (uy, v,) with
u, = uin L' and v, — v in L' we have liminf, F (u,, vy) > F(u,v).

Proof We start by supposing that 2 is of finite measure. We also assume, which is
possible up to extracting a subsequence, that we have u,, — u a.e. Using together
Lusin’s (in its weak form), Egoroff’s and Scorza-Dragoni’s theorems, for any ¢ > 0
we can find a compact set K C Q2 with |2\ K| < ¢ such that

¢ yu is continuous (and hence bounded) on K;
* u, converges uniformly to # on K, and hence they are equibounded;
* L is continuous on K x R™ x RX.

If we consider Fg (u,v) = fK L(x,u(x),v(x))dx we can then apply Proposi-
tion 3.13 and obtain

liminf F (uy, v,) > liminf Fg (u,, v,) > Fg(u,v) = / L(x,u(x),v(x))dx.
n n K

We now choose a sequence ¢; — 0 and for each j we consider the corresponding
compact set K ;. By replacing each K; with UiS i Ki it is not restrictive to assume
that K is increasing in j, and all the properties satisfied on K; are still valid, as
they are stable when considering finite unions of sets. We then obtain

limian(u,,,v,,)z/ L(x,u(x),v(x))dx:/L(x,u(x),v(x))]lKj(x)dx.
n K; Q

Since 1k, converges increasingly a.e. to 1g (as a consequence of the inclusion
K; C Kji1 and of |2\ Kj| < ¢j), sending j — oo provides the desired
semicontinuity

liminf F (u,, v,) > / L(x,u(x),v(x))dx.
n Q
The case where €2 is not of finite measure can be easily dealt with by writing

F =sup Fg, where Fr(u,v) := / L(x,u(x),v(x))dx.
R QNB(O,R)

Each functional in the sup has been proven to be lower semicontinuous, and this
property is stable under taking the sup. O

Note that in the above result the function L is assumed to be continuous in s. It
would be possible to replace this assumption with its lower semicontinuity, but the
proof is much harder, and we refer to [52] for these more refined semicontinuity
results.
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3.3 Functionals on Measures

In this section we prove the lower semicontinuity of a particular family of func-
tionals defined on measures, with respect to the weak-* convergence of measures.
We consider here vector-valued measures, which are the dual of vector-valued
continuous functions.

Box 3.5 Memo—Vector Measures

Definition A finite vector measure A on a metric space €2 is a map associating
with every Borel subset A C Q a value A(A) € RY such that, for every
countable disjoint union A = | J; A; (with A; N A; =@ fori # j), we have

Z|A(A,-)|<+oo and A(A):ZA(Ai).

i

We denote by MV (£2) the set of finite vector measures on 2. With such
measures we can associate a positive scalar measure [A| € M (2) by

[A|(A) := sup {Z IAMA)] : A= UA,- with A; N A; = @ fori # j} ;
i i

This scalar measure is called the fotal variation measure of A. For simplicity
we only consider the Euclidean norm on RY, and write || instead of ||A||
(a notation that we keep for the total mass of the total variation measure,
see below), but the same could be defined for other norms as well. The
integral of a measurable function & : @ — RN w.rt. A is well-defined if
€] € L'(Q, |A), is denoted [,,& - d2, and can be computed as vazl [& da,
thus reducing to integrals of scalar functions according to scalar measures. It
could also be defined as a limit of integrals of piecewise constant functions.
Functional Analysis Facts The quantity ||A|| := |A|(€2) iS a norm on MN (),
and this normed space is the dual of Cp(€2; RN ), the space of continuous
function on €2 vanishing at infinity

Co(2; RY)

={p: Q2 — RN : Ve > 03K C €2 compact such that |¢p| <e on Q \ K}
endowed with the norm ||¢|| := max{|¢(x)| : x € R}. Of course, when 2
itself is compact, Co(€2; RN ) and C($2; RN ) coincide. We use here the duality
product (§, &) := [& - dA.

(continued)
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Box 3.5 (continued)
A clarifying fact is the following.

Proposition For every & € MY (Q) there exists a measurable function u -
Q — RN such that . = u - |X| and |u| = 1 a.e. (for the measure |A|). In
particular, [ & - dh = [(&-u) d[7].

Note that L! vector functions can be identified with vector measures,
absolutely continuous w.r.t. the Lebesgue measure. Their L' norm coincides
with the norm in M” ().

For simplicity, throughout this section 2 will be assumed to be a compact
domain.
As a first example, we consider functionals of the form

A=V > /Qf(V(x))du(x),

where 1 is a given positive measure over €2 (for instance the Lebesgue measure).

Let us first see which are the natural conditions on f so as to ensure lower
semicontinuity. Then, we will give a precise result.

As a first point, an easy adaptation of the construction of Proposition 3.10 shows
that one needs to require f to be convex.

Another requirement concerns the growth of f. For simplicity it is always
possible to assume f(0) = O (up to adding a constant to f). Suppose that f satisfies
f() < CJv|forall v € RN and C < 4o00. Consider the functional defined by

oo {f FO@) du) i =vop,

+00 otherwise.
Take a sequence A, of absolutely continuous measures weakly converging to a
singular measure A: we then get F(A,) < C||A,|| < C while F(A) = +o0, thus
violating the semicontinuity. This suggests that one should have C = +o0, i.e. f
should in some sense be superlinear. This is clarified in the following proposition.

Proposition 3.17 Assume that f is convex, Ls.c., and superlinear (i.e. f satisfies
limyy— 00 % = 400). Then the functional F defined by

JFOvE) dux)  ifr=v-p,

+00 otherwise

F) =

is Ls.c. for the weak-* convergence of measures.
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Proof We take a sequence A, X % and we assume, up to extracting a subsequence,
that we have F(},) < C (if no such subsequence exists, then there is nothing to
prove, since liminf #(A,) = +o00). This means that the sequence of functions v,
defined by A,, = v, - u is such that f f(v,) is bounded, which means (see Box 3.2)
that v,, is equi-integrable and, up to extracting another subsequence, we can assume
v, — vin L'. We then have [ ¢-v, du — [ ¢-da for every continuous test function

¢ (because of A, X 2) but also S -vadu — [¢-vdu forevery ¢ € L®(n)
(because of v, — v in Ll(,u)). Hence, A = v - u, and F(A) = f f(v)du. The
semicontinuity results of the previous sections are then enough to obtain F(A) <
liminf F(1,,). |

Next, we consider a more general statement which includes the previous one as
a particular case, but also considers non-superlinear integrand functions f. In this
case we need to “compensate” for their non-superlinearity. In order to do so, we first
need to introduce the notion of a recession function (see Sect.4.2.1 as well).

Definition 3.18 Given a proper convex function f : RN — RU{+o0} its recession
function £ is defined by

[P = sup  fx+v) = f(x)
x: f(x)<+4o0
x: f(x)<+4o0 1—>+00 t
fx+1v) = f(x)
= Sup .
t>0,x: f(x)<+o00 !

The function f*° is 1-homogeneous, i.e. f°°(cv) = cf*°(v) for every ¢ > 0.

Given a 1-homogeneous function f and a vector measure A on €2, we define
the integral fQ f(X) as follows: take an arbitrary reference measure u, positive and
scalar, such that A < p, define [, f () := [ f(v(x)) du(x) where v is the density
of A w.r.t. u, i.e. A = v- . The result does not depend on p, since, if we take @1 and
W2 such that & = v; - u;, setting u3 := (1 + w2, then A, w1 and py are absolutely
continuous w.r.t. u3. If we call «; the density of u; w.r.t. u3 and v3 that of A w.r.t.
u3, we have o;v; = v3. Thus, we get

/f(Vl)dm:/f(Vl)al dM3=/f(V3)dM3=/f(Vz)Olzdm:/f(Vz)sz-
Q Q Q Q Q

In particular, it is always possible to choose i = |A| in order to guarantee A < w.
We then have the following result
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Proposition 3.19 Ler f : RY — R be a proper, convex, and Ls.c. function, and
[ its recession function. Let |4 be a fixed finite positive measure on Q2. For every
vector measure A write A = V- L + A°, where v - u is the absolutely continuous part
of A and A® is the singular part (w.r.t. u). Then, the functional defined by

7”(?»)=/Qf(V(X)) dM(X)+/Qf°°(?»S) (3.1)

is Ls.c. for the weak-* convergence of measures.

Proof We will see in Sects.4.2.1 and 4.2.3 that there exists a convex function f*
(called Fenchel-Legendre transform of f) satisfying the two following equalities

f(v):sup{v-w—f*(w) : weRN}; W) =sup{v-w: f*(w) < oo}.

Let us consider the following functional

FA):=  sup /Qa(X)' da(x) —/Qf*(a(X)) dp(x),

K,aeC(%:K)

where K ranges among compact and convex subsets of { f* < 400} (on each of
these sets f* is bounded, so that the integral fQ f*(a(x))du(x) is well-defined).
The functional 7 is obviously Ls.c. since it is the supremum of a family of affine
functionals, each continuous w.r.t. the weak-* convergence. We want to prove ¥ =
F.

In order to do so, first note that, thanks to Lusin’s theorem (see Box 3.3), applied
here to the measure |A| + w, it is not difficult to replace continuous functions valued
in K with measurable functions valued in the same set. Lusin’s theorem does not
guarantee that the values can be taken inside K, but since K is convex it is possible
to compose with the projection onto K in order to ensure that it is so. We then get

F):= sup /Qa(X)- d?»(x)—/gf*(a(X)) dp(x).

K,a:Q—K

Then take a set A such that [A*|(2\ A) = u(A) = 0: this allows us to write

7~7()») = sup / [a(x) -v(x) — f*(a(x))] du(x) +/ a(x) - d\¥(x).
Q\A A

K,a:Q—K
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The values of a(x) may be chosen independently on A and 2 \ A and we can check
that we have

sup / [a(x) - v(x) — f*(a(x))] du(x)
Q\A

K,a:Q—K

=/ ( sup V(X)-w—f*(w)) du(x)
Q\A \w: f*(w)<+oo
=/ f(V(X))dM(X)=/ fv(x)) du(x),
Q\A Q

as well as, writing A* = vq - [A®],

sup /a(x)~ dA*(x) = sup / a(x) - vod|A*|(x)
A A

K,a:Q—K K,a:Q—K

=/< sup Vo(x)~w> d|2%|(x)
A \w: f*(w)<+oo
_ /A Fo o0 N |(r) = / F200.

This allows us to conclude = F. O

As we saw in the previous sections of this chapter, the convexity of the integrand
plays a crucial role in the lower semicontinuity of integral functionals. Yet, in
the case of functionals defined on measures a small exception is possible, which
concerns the presence of atoms. Given a measure A we will define the atoms of
A as the points x such that A({x}) # 0 (equivalently, |A|({x}) # 0), and their set
is denoted by A(X) := {x : A({x}) # 0}. Note that this set is always at most
countable, since erA(A) L ({x}) < |A|(€2). The atomic part of A is then defined as

A= Z A({x D)8y

xeA(L)

Measures A such that 4 = A* are said to be purely atomic.
We now consider a functional depending on the masses of the atoms of A. As we
did before, let us first consider a simple example,

Yreao 8(xD) if A =2¥,
if A is not purely atomic.

G\ =
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As before, let us first understand which are the basic properties of g so as to
guarantee semicontinuity. Let us assume g(0) = 0 (which is by the way necessary if
we want to avoid ambiguities due to zero-mass atoms). First, take A, = ady, + béy.

Assume x,, — x. Then A, A= (a + b)dy. In this case semicontinuity requires
gla+0b) < gla)+g(b),

i.e. we need g to be subadditive.
Assume that g satisfies g(v) < C|v| for all v and take, similarly to what we

did before, a sequence A, X ) where Ay, is purely atomic but A is not. Then we
have G(A;) < Cl|Ayll < C but G(A) = +oo. This is a contradiction with the
semicontinuity and suggests that we should impose C = 400, i.e. g should not be
bounded by something with linear growth. Note that subadditive functions, due to
g(nv) < ng(v), are indeed sublinear at infinity, so the superlinear growth should
occur near 0. This is consistent with the most common examples of subadditive
functions (think of g(v) = |v|* for « € (0, 1)) and with what occurs when
approximating a non-atomic measure by atomic measures: in this case, we need
to have more and more atoms, and their masses to tend to 0.
It is useful to establish the following.

Lemma 3.20 Assume that g is an l.s.c. and subadditive function with g(0) = O.
Assume that A, = Zf‘i 1 %in8x;, IS a sequence of atomic vector measures with a
bounded number of atoms and bounded mass. Then, up to a subsequence, we have

*
An — X for a certain measure ) which is also atomic, has at most M atoms, and
satisfies G(A) < liminf G(1,,).

Proof Let us note that we can assume that the points x; , are distinct. If a measure
A has fewer than M atoms then we can choose arbitrary points x; , to complete the
list of atoms and set a; , = O for those extra indices.

Now, extract a subsequence (not relabeled) such that for eachi = 1,..., M one
has a; , — a; and x; , — x; (this is possible because we assumed €2 to be compact).
For this subsequence one has A, X = Zf‘i 1 aidy,; . It is possible that the points
x; are not distinct. If they are distinct we have G(A) = Z,Ai 1 8(a;), otherwise we
have (thanks to subadditivity) G(A) < Zf‘il g(a;). Anyway we have

M M
GO <) gla) =lim)  g(ain) =limG(h).

i=1 i=1
which proves the desired result (one can choose the subsequence so that it realizes
the liminf of the whole sequence). O
It is now possible to prove the following.

Lemma 3.21 Assume that g is a non-negative subadditive and L.s.c. function such
that g(0) = 0 and limy_,g g(v)/|v| = 4+00. Then G is Ls.c.
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Proof Assume without loss of generality that all the A, are purely atomic. Fix a
number M > 0 and use lim,_,o g(v)/|v| = +o0: this implies that there exists an
€o such that for all v with |v| < gy we have g(v) > M|v|. Consider a sequence

An X A, assume G(A,) < C < +o00 and decompose it into A, = AJ + Af’l, where
AL = ZIN=1 a;, Oy, , 1s the sum of the atoms of A, with mass at least &¢. In particular,
there are no more than N := Ceg, ! of these atoms, where C is a bound for Al
The other part A (the “small” part, k’,’l being the “big” one) is just defined as the
remaining atoms (every A, is purely atomic since G(X,) < +00).

If we write

C=G0m) =605 =Y glain) =M laial = M3} |(Q)

we get an estimate on the mass of the “small” part. Hence it is possible to get, up to
subsequences,

C
AL 2P and A5 —F, Q) < u

We can now apply Lemma 3.20 to prove that A’ is purely atomic and that
G(\P) < liminf, G(A2) < liminf, G(A,).

This proves that A must be purely atomic, since the possible atomless part of A
must be contained in A%, but |A¥|(2) < C/M. Hence the mass of the non-atomic
part of A must be smaller than C/M for every M > 0, i.e. it must be zero.

We have now proven that A is purely atomic and we have an estimate on G(1?),
where A? is a part of A that depends on M. If we write (;); for the masses of A and
(alM)i for those of A? we have

Zg(aiM) < liminf G(uy) = £.

We want to prove Zi g(a;j) < £ and, with this aim, it is enough to let M — oo.
Actually, [A°|(2) = > ; lai — alM| < C/M — 0 implies that for each i we have

a; — al.M — 0 and thus al.M

liminfp;_ g(aiM ). If we fix an arbitrary number N we get

— a;. Using the semicontinuity of g we have g(a;) <

N N
.. M
E gla;) < 1;?2;‘5 E 1 gla;”) < t.
1=

i=1
By passing to the supremum over N we finally get

o0

Y gla) < ¢,

i=1
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which is the claim. O

Also for this class of functionals we are able to provide a more general
semicontinuity result which allows g to be non-superlinear at 0. We first need to
discuss the slope at 0 of subadditive 1.s.c. functions.

Lemma 3.22 Let g : RN — R be an Ls.c. subadditive function with g(0) = 0.
Then for every v there exists the limit lim,_, o+ g( Y \which also equals sup,_ g(w)
This limit is denoted by g°(v).

Proof 1t is not restrictive to consider the case n = 1, as the statement only concerns
the behavior of g on the half-line {rv,7 € Ry}. Set £ := liminf, o+ 822 If ¢ =

oo then it is clear that we also have limsup,_, o+ £%2 = sup,. g(tv) = ¢ and
there is nothing else to prove. If £ < 400, then for every ¢ there are 1nﬁn1tely many
small values of ¢ such that g(tv) < (£ + ¢)t. Because of sub-additivity, if a certain
t belongs to {t : g(¢t) < Ct} for some C, then all its multiples, of the form nt for
positive integer n, also belong to the same set. Hence, if such a set contains arbitrary
small numbers ¢ it also contains a dense set. Because of the lower semicontinuity of
g, if it contains a dense set it actually contains every point, so that we can deduce
g(tv) < (£ + &)t for every t. The value of ¢ > 0 being arbitrary, we also find
g(tv) < £t, so that £ > sup, g([“) = ¢ and the result is proven. ]

Note that the function ¢ +— &Y (w) is not always monotone when g is subadditive

but not concave. For instance, one can use as an example the function g(s) = |sin s|
in dimension one, and, if we want an example where there is not even local
monotonicity in a neighborhood of the origin, g(s) = ), 27K |sin(ks)|. Moreover,
we also observe that the lower semicontinuity of g was crucial in the above result,
which would be false for non-l.s.c. subadditive functions g such as g = 1g\@.

We now look at the function g°:

Proposition 3.23 The function g° defined via ') = lim, _, o+ 8v) g convex,

7
1-homogeneous, and lower semicontinuous.

Proof The subadditivity of g implies

gt(v+w)) - g(tv) n g(tw)

t t t

and, taking the limit + — 0, we obtain the subadditivity of go.
In order to prove that g° is 1-homogeneous we take v and ¢ > 0 and write

gt(cv)) Cg((tC)v)
t te

and, taking the limit # — O (hence ct — 0), we obtain g%cv) = cg%(v).
The convexity of g° then follows from the next Lemma 3.24.
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Its semicontinuity is due, instead, to its representation as a sup: for each ¢ the

function v — @ is L.s.c. and hence g is also L.s.c. as a sup of Ls.c. functions. O

Lemma 3.24 Given a function f : X — R on a vector space X with f(0) = 0,
any two of the following conditions imply the third one:

1. f is convex;
2. f is I-homogeneous;
3. f is subadditive.

Proof In order to prove 1+2=>3 we write

1 1 1
fx+y=f (5(2)6 + 2y)) = 5fQ)+ 5/ = f@)+ ),

using first the convexity and then the 1-homogeneity of f.
In order to prove 2+3=-1 we write

fd=0Dx+1ty) = f(A=0x)+ f@y) =T =) f(x) +1f (),

using first the subadditivity and then the 1-homogeneity of f.

In order to prove 3+1=2 we consider the ratio h(t) := @ This ratio is
nondecreasing, as a consequence of the convexity of f and of f(0) = 0. Moreover,
f is continuous on the line {rv : ¢ € R} as a consequence of convexity in finite
dimensions, so that we can apply Lemma 3.22 since we have semicontinuity and
subadditivity. Hence, we have h(fp) > lim;_, o+ h(t) = sup,.qh(t) > h(tp) for
every to > 0, which proves that 4 is constant, and hence f is 1-homogeneous. O

For the proof of the next semicontinuity result it is useful to approximate g° from
below by convex 1-homogeneous functions g° such that g¢ < g on the ball B(0, ¢).
We then prove the following.

Lemma 3.25 Let g : RN — R be an Ls.c. subadditive function such that g(v) >
c|v| for some constant ¢ > 0. Set C; :={w : w-v < g(v) forevery v s.t. |v| < &}
and g (v) := sup{w - v : w € C,}. We then have g° < g < g° on B(0, ¢) and
¢ () — g%v) for every v e RV,

Proof Note that by definition we have g®(v) < g(v) for every v € B(0, ¢). We then
use the subadditivity of g to write g(v) < 2¥g(27¥v) and, taking the limit k — oo,
we obtain g < g°.

In order to find the limit of g° let us first consider the sets C;. It is clear that these
sets increase as ¢ decreases. Let us define Co :={w : w-v < go(v) for every v}.
The assumption g(v) > c|v| implies go(v) > c|v], so that B(0, c¢) C Cp. Hence,
Cy is a convex set with non-empty interior, and it is then the closure of its interior,
which we denote by Cj. We now prove | J, Ce O Cg. Suppose by contradiction that
a certain point w belongs to C§ but not to | J, Ce. The condition w € C§ means
that there exists a § > 0 such that w + §e € Cy for all vectors e with |e] = 1, i.e.
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w - v+ 8|v] < g%v) for all v. On the other hand, the condition w ¢ U, Ce means
that for any j, we can find a v; such that [v| < 2=/ but w - v; > g(v;). Because of
the subadditivity of g this also implies w - (nv;) > g(nv;) for every n. Hence, we
can find for every j a vector 0 jsuch that I < |0 7| < 2 and such that

w- Q27" > g27")) (3.2)

for every h = 1,..., j. Up to subsequences, we can assume that the vectors 0 i
converge as j — 0o to a certain vector v with 1 < |v| < 2. We now fix an integer &
and take the limit j — oo in (3.2) so that we obtain

w - (2_hv) > g(Z_hv).

Multiplying by 2" and taking now the limit # — oo we obtain w - v > go(v), which
contradicts w - v + 8|v| < g°(v).
Hence, we obtain

lirr%)gs(v) >sup{w-v : ve Cy}l =sup{w-v : ve Cpl
£—

The claim will be proven if we can show that the last expression above coincides
with /¢ but Ie, = g and I, = g5* = go, and for this we refer again to Sect. 4.2.1.
0

‘We can now state the following semicontinuity result.

Theorem 3.26 Given a subadditive and l.s.c. nonnegative function g : RN — R,
the functional G defined as follows:

6oy =Y gl + / 200 — 3% (3.3)

xeA() £

is lower semicontinuous on M®(S2) for the weak* convergence of measures.

Proof First, we assume for now that g satisfies g(v) > c|v| for some constant
c > 0. .

Let us take a sequence A, — A. Fix a number ¢ > 0 and decompose A, into
An = A5 + AL, where AL = vazl a;,dy; , is the sum of the atoms of A,, with mass at
least ¢. In particular, there are no more than N := C e~ ! of these atoms. The other
part S (again, the “small” part) is just defined as the remaining atoms together with
the non-atomic part A, — kﬁ. The definition of G, which is additive on measures

concentrated on disjoint sets, allows us to write G(1,) = Q(A,bl) +G).

Up to subsequences, we can assume AZ X A0, A X A5, and A = AP + A5,
Lemma 3.20 tells us that A2 is finitely atomic, and we have G(\Y) < liminf, Q(Af’l).
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In what concerns the other part, we use the inequalities g > g° on B(0, ¢) and
' >gf everywhere, in order to obtain

liminfG(A;) > liminf/ g > / gf(’%),
n n Q Q

where we used the semicontinuity of the functional A + [ g®(}) as a particular
case of Proposition 3.19.

We then observe that the atoms of A are split into the parts A” and A*, while the
non-atomic part is completely contained in A*. Hence we have obtained

liminfGGa) = D Gl ((x)) +g° AP ((x)) + / g° (= %)

x€AR) £

We now take the limit ¢ — (. By monotone convergence, using Lemma 3.25, we
have [ g®(n — %) — [ g%(n — A*%). For each atom x € A()), we have

g () + g° (W ({x)) = he(A({x})),
where the function 4, : RY — R is defined via
h(v) :=inf{g(v1) + g¢(v2) : vi +v2 = v}.

We will see that, pointwisely, we have limy_, ¢ hs (v) > g(v), from which the result
follows, again by monotone convergence in the sum.

In order to prove lim; o he(v) > g(v) we fix v and take v{, v realizing the
inf in the definition of /.. Such two values exist because the functions which are
minimized are 1.s.c. and the lower bound g(v), g¥(v) > c|v| allows us to bound
any minimizing sequences. Such a bound is uniform in &, so we can assume, up to
subsequences, v’f — vy, vi — vy as e — 0, with v; + vy = v. We fix &g > 0 and
use g° > g for e < g, so that we have h.(v) > g(v]) + g% (v5). Taking the limit
as ¢ — 0, we get limg0 h:(v) > g(v1) + g°°(v2). We then take the limit ¢g — 0,
thus obtaining

lim Ao (v) > g(v1) + (2) = g(v) + g(v2) = g(v),

where we also used g > g and the subadditivity of g. This concludes the proof in
the case g(v) > c|v|. The general case can be obtained using Lemma 3.27. O

Lemma 3.27 A functional F : X — R U {400} defined on a Banach space X is
L.s.c. for the weak (or weak-*, if X is a dual space) convergence if and only if for
every ¢ > 0 the functional F, defined through F.(x) = F(x) + c||x|| is Ls.c. for the
same convergence.
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Proof Obviously, since the norm is always l.s.c., if F is l.s.c. so is F, for any c.
Assume now that F, is l.s.c. for every ¢ > 0 and take a sequence x, — x (or

Xn A x). Since any weakly (or weakly-*) convergent sequence is bounded (see
Box 4.2), we have ||x,|| < M for a suitable constant M. Then, we observe that we
have

F(x) < F.(x) < liminf F.(x;) < liminf F(x,) +cM.
n n

This shows liminf,, F(x,) > F(x) — c¢M and the result follows by taking the limit
c— 0. |

Finally, we can combine the two results, that for a convex function f and that for a
sub-additive function g, into the following lower semicontinuity result.

Theorem 3.28 Given a positive non-atomic finite measure (, a subadditive and
Ls.c. nonnegative function g : RN — R and a convex function f : RV — R,
assume f* = g% = @. Then the functional F defined as follows is weakly-* lower
semicontinuous on M"():

Foy= Y gG(tx)) + /Q o — 4 + /Q FO) dux),

xeA(L)

where we write A = v - u + A% and \* is the singular part of A, which includes a
possible atomic part \*.

Proof Let us take a sequence A, X A and decompose itinto A, = v, - + A5, We
then have

F(h,) = g()‘;) + F(Vu - 1),

where G and ¥ are the functionals associated with the functions g and f, respec-
tively, according to Eqgs. (3.3) and (3.1). Up to subsequences we have A, ) ¢ and

Vn o A f»with A = Az + A r. Note that nothing guarantees that A, and A ¢ are the
singular and absolutely continuous parts of A. Using the semicontinuity of ¥ and G
we obtain

liminf F(A,) = G(hg) + Fhy)

= Y gl + / 0% — 2% 425 + / £ W0 dpa (),
Q

XEA(hg) $2

where Ay = w(x) - u + A%, and we used f®° = g = ¢. We observe that the
measure Ay — kg + )Lsf can contain atoms (in the part )ff) and absolutely continuous
parts (in A, — )ﬁ;). On the other hand, all the part of A which is neither atomic nor
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absolutely continuous is there. We then write
by = Mg+ = 0F =2+ & =2 + v —w) - p.

Then we use g(a) + ¢(b) = g(a) + g°(b) > g(a) + g(b) > g(a + b), so that we
obtain

Y gl + / p0F =3t = 3 gG(ixh).

XEA(Lg) @ xeA(L)

We also use f(v) < f(w)+ f°(v — w) to obtain

/ oV — W) - 1) + / FOV()) dux) = / FOVO) dpx)
Q Q Q

and this concludes the proof of the semicontinuity of F. O

3.4 Existence of Minimizers

This short section is devoted to some existence results which extend those of
Sect. 2.1 and can be obtained by combining the techniques already used there with
the semicontinuity results of this chapter.

A general statement that we can obtain is, for instance, the following.

Theorem 3.29 Let Q be an open domain and g € WP () and an integrand
L:QxRxR! — R such that L(x, s, v) is continuous in (s, v) and convex
in v for a.e. x and such that we have

clvl? —a(x) = C|s|?" < L(x,s,v) < Clv|” +a(x) + Cls|*

for some constants ¢, C > 0, a function a € L' (), and some exponents p, q1, q>
with1 < q1 < p < q2 < p*. Then the optimization problem

min {J(u) ::/ L(x,u(x),Vu(x))dx : u—ge Wol’p(Q)} 34
Q

admits a solution.

Proof The assumption on the upper bound on L has been introduced to guarantee
J(u) < +oo for every u € WP (). The function u = g satisfies the boundary
constraint, and provides a finite value to J, which shows that the inf in the
optimization problem is not +o0co. We now take a minimizing sequence u, with
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J(up) < C < +o0. Using the lower bound on L we find
cllVunllf, < CA+ lullfy).

Using the same estimates as in Theorem 2.1 we have the inequality ||u||rr <
C||Vul|Lr + C(g) for every admissible #. We can moreover bound the L9' norm
with the L? norm and obtain

clIVupll?, < CA+ [|[Vuul|?),

which proves that Vu, is bounded in L? since q; < p. This implies that u, is
bounded in W7, which is a reflexive space since we assumed p > 1. We can then
extract a subsequence weakly converging to a limit u. This limit is also admissible
(ie.u—ge W(; 'P(£2)) and the compact injection of W!+? into L4 implies pointwise
a.e. convergence of u,, to u.

We now want to apply Theorem 3.16 in order to show the semicontinuity of J.
The only lacking assumption is the positivity of L. Hence, we write L(x, s, v) =
L(x,s,v) +a(x) + C|s|9 and we have L > 0; moreover, L satisfies the same
assumptions as L in terms of continuity or convexity. Hence, the functional

(u,v)r—)/I:(x,u(v),v(x))dx
Q

is L.s.c. for the strong L' convergence of u and the weak L! convergence of v, so
that we have

liminf/ L(x, uy(v), Vi, (x)) dx > / L(x,u(), Vu(x)) dx.
n Q Q
Moreover, we have
lim/ (a(x) + Clup(x)|?) dx = / (a(x) + Clu(x)|?") dx
n Q Q

because of the strong L9! convergence of u, to u, from which we conclude the
semicontinuity of J and hence the optimality of u. O

The main difference between this result and those of Sect.2.1 is that we do not
require that the dependence of the functional on the gradient is exactly through its
L? norm. Hence, to obtain its semicontinuity we need to use the tools for more
general functionals developed in this chapter, and to obtain the compactness of
minimizing sequences we need to require a lower bound on the growth of the
integrand which mimics this L” norm.

We do not develop the details here, but it would of course be possible to obtain
an analogue of Theorem 2.4 with boundary penalization, as well as results which
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use the functionals whose semicontinuity was proven in Sect. 3.3. Some examples
in this direction are available in the exercises (see Exercises 3.8 and 3.9).

3.5 Discussion: Lower Semicontinuity for Vector-Valued
Maps

The semicontinuity results that we introduced in this chapter to study the existence
of minimizers of integral functionals of the form u f L(x, u, Vu) actually
concern more general functionals of the form (u, v) f L(x, u,v) and they do
not exploit the fact that we only look at v = Vu. Actually, they do not even
exploit the fact that the variable v will be a gradient. Due to this generality, the
assumptions on L for the functional to be l.s.c. impose convexity in the variable v.
For many applications it would be important to relax this assumption, in particular
in compressible mechanics, where one would like to study u : RY — R4
as a deformation and consider functionals penalizing the compression of such a
deformation, hence functionals depending on det(Du). The determinant being a d-
degree polynomial in the entries of Du, it is in general not a convex function of
Du. This motivates the study of more general functionals. In particular, we look at
functionals of the form u +— F(u) := [ f(Du)dx foru : @ — RK, @ c R4
and we want to understand the natural conditions on f : R?*¥ — R for F to be
lower semicontinuous for the weak W7 convergence. For simplicity and in order
to avoid growth conditions, one can consider p = oo.

Charles Morrey found in [152] the sharp condition, as he observed that the
assumption that f is quasi-convex is necessary, and also sufficient.

Definition 3.30 A function f : Rk — R is said to be quasi-convex if for every
matrix A and every function ¢ € Cg(Q) we have JCQ f(A+ Vo(x))dx > f(A),

where Q = (0, 1)¢ is the unit cube in RY.

It is clear that convex functions are quasi-convex, since f V¢ = 0 and then
Jensen’s inequality gives f, f(A+Vg(x))dx = f (fQ (A + Vo(x)) dx) — f(A).

This definition could be somehow disappointing as it cannot be given by only
looking at the behavior of f as a function on matrices, but one needs to look
at matrix fields and it involves the notion of gradient... we could even say that
it is a way of cheating as the final goal is to produce necessary and sufficient
conditions for the l.s.c. behavior of F' and the assumption is given in terms of
F instead of f. Yet, this is exactly the sharp condition. One can easily see that
quasiconvexity is necessary for the semicontinuity by considering u(x) = Ax and
u,(x) = Ax + %(p(nx). It is clear that Du, is bounded in L*° and weakly-*
converges to Du = A, and that u,, uniformly converges to u, and when Q2 = Q from
F(u,) = fQ f(A 4+ Ve(x))dx (which can be obtained via a change-of-variables)
we see that the lower semicontinuity of F on this sequence is equivalent to the
inequality defining quasiconvexity.
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‘We do not prove here the fact that this condition is also sufficient but it is the case,
and it is also possible to prove the semicontinuity of F when we add dependence
on x and u. In particular, u +— f L(x,u(x), Du(x))dx is lower semicontinuous
for the Lipschitz weak convergence (v, — u uniformly together with ||Du, |1~
bounded) if f(x, u, v) is continuous in (x, #) and quasiconvex in v for every (x, u)
(see [152]). Once we know this result the choice of the definition of quasi-convexity
is not disappointing anymore, as we are characterizing the lower semicontinuity of
the functional in terms of pointwise (for every (x, u) properties of f(x, u,)) and
not only in terms of the integrals of given test functions.

The notion of quasiconvexity can be compared to other notions, in particular to
that of polyconvexity and rank-1-convexity.

Definition 3.31 A function f : Rk — R is said to be polyconvex if there exists a
convex function g : RY — R such that f(A) = g((det(Ay))y) Where the matrices
Aq stand for all the square submatrices that one can extract from a d x k matrix
and N is the number of those submatrices (we have N = ZT;nl{k’d} (‘/1) (1;)) When
d =k = 2thismeans f(A) = g(A, det A) and whend = k = 3 thismeans f(A) =
g(A, Cof(A), det A) where Cof(A) is the cofactor matrix of A, characterized by the
condition ACof(A) = det(A)L.

Definition 3.32 A function f : RY*¥ — R is said to be rank-1-convex if ¢ +>
f(A +1tB) is convex in t whenever B is a matrix with rank one.

We have the following result.

Theorem 3.33 If f is convex, then it is polyconvex. If f is polyconvex, then it is
quasi-convex. If f is quasi-convex, then it is rank-1-convex. If min{k, d} = 1, then
rank-1-convex functions are also convex.

The only non-trivial statements hereabove are the quasi-convexity of polyconvex
functions, and the rank-1-convexity of quasi-convex functions.

For the latter, we just observe that rank-1 matrices B can be written as a ® b
fora € R* and b € R? and we can construct a function ¢ whose gradient D¢
is only composed of multiples of @ ® b. Given a function ¢ : R — R which
is 1-periodic and satisfies ¢’ = 1 — ¢ on (0,¢) and ¢ = —t on (¢, 1), we can
define ¢(x) = a¢ (b - x) and see (up to correcting boundary effects due to the fact
that ¢ is not compactly supported) that the quasi-convexity of f implies f(A) <
tf(A+(1—-1a®b)+ (—t) f(A+ta ®b), which gives the rank-1-convexity of f.

The fact that polyconvex functions are quasi-convex relies again on Jensen’s
inequality, once we find that ¢ +— [ det(Dg)dx (when ¢ : R? — R?, so that
Dy is a square matrix) is a null-Lagrangian, i.e. it only depends on the boundary
value of ¢. This can be seen by writing the determinant as a divergence. Remember
that we have

det(A) =) AYz/(A),  wherez/(A)= Y e(0)AP? A ... Adod,
J 0:01=j

(3.5)
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where the sum is over permutations o and e(o) stands for the signature of the
permutation. The terms 7/ (A) are the entries of the cofactor matrix Cof(A) (here
those on the first line of this matrix). An important point is the fact that cofactors of
gradients have zero-divergence, as a consequence of Schwartz’s theorem:

Proposition 3.34 If ¢ is a vector-valued C? function, then

> 0 (D) =0.

— 00X ;
7 J

Proof Computing the above sum of derivatives we obtain

q [ 09¢* 9> 3¢
Y = (Dp) = el0) ( .
F 0x;j 0Xg, \ 0Xg, 0Xgy x5,

o

Expanding the derivatives further, we find the sum of all terms which are products
of (d — 2) first derivatives of components of ¢ (the component i differentiated with
respect to o; for i > 2) times a unique factor with two derivatives (one w.r.t. to
o, one W.r.t. to o1). Since we are considering all permutations, these terms can
be paired and each term appears exactly twice, using the commutativity of the
second derivatives. Indeed, the same term where (pi is differentiated w.r.t. x; and
to x; appears when (o7, 01) = (J, k) but also when (o, 01) = (k, j). These two
permutations differ by a transposition and so their signatures are opposite, so that
they cancel in the sum, thus proving the result. O

We then obtain the following result.

Proposition 3.35 Assume d = k. Then, the functional F defined via F(u) :=
fQ det(Du) dx is such that F(u) = F (i) whenever u — ii € W&’d(Q).

Proof First, we observe that, for smooth ¢, we have
det(Dg) = V -v[p], where v[p)/ := ¢'z/ (D).

Indeed, we have

9 .
Vovlpl =) (' (D)
i

dp! . 9 .
=Y S (Dg) +¢' Y 52 (Dg) = de(Dy) +0.
;o ;T

where in the last inequality we used the characterization (3.5) of the determinant
and the result of Proposition 3.34. This shows that fQ det(Dg) only depends on ¢
and its derivatives on 9€2, so that we have F(«) = F(u) whenever u, i € C* with
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u — i € C°(2). Then we observe that F' is continuous for the strong convergence
of W' so that this stays true whenever u,ii € W'¢ withu — i € W()l’d(Q), by
approximating ¥ with C* functions and u — & with functions in CZ°. Note that the
dependence on higher-order derivatives on 9€2 disappears, in the end. O

It is not difficult to adapt the above result to the case of determinants of smaller
minors /& x h, possibly in the case of rectangular matrices k x d. This allows us to
prove the quasi-convexity of polyconvex functionals, since we have in this case

][Qf(A + Dg)dx = ][Qg((det((A + D¢)a))a) dx

> g ((][ det((A + D<p>a)dx) )
0 o

= g ((det(Ag))a) = f(A),

using the convexity of g and the result of Proposition 3.35 adapted to all minors.

The question of whether or not rank one convexity implies quasiconvexity was
left open by Morrey. The question is natural, as it can be proven that rank one
affine functions (i.e. functions f such that both f and — f are rank one convex)
are indeed quasi-affine functions (both f and — f are quasi-convex). However,
Morrey conjectured that quasi-convexity and rank one convexity should be different
notions. This has been proven thanks to a family of counterexamples introduced by
Dacorogna and Marcellini and later improved by Alibert and Dacorogna ([6, 68]).
Consider for A € R?*2

F(A) = [JAIIP(IAI + c det(A)),

where the norm is the Euclidean norm in R* (i.e. ||A||> = Tr(AT A)). This function
is a 4-homogeneous polynomial and it can be proven that

e fisconvex if and only if |c| < %\/5;

e fispolyconvex if and only if |c| < 2;

» f isrank-one convex if and only if |c| < %;

» fis quasi-convex if and only if |c| < M for a constant M whose precise value is
unknown but satisfies M € (2, %).

3.6 Exercises

Exercise 3.1 Prove that the level sets {x € X : f(x) < £} are all convex if f is
convex, but find an example of a function f which is not convex, despite having
convex level sets.
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Exercise 3.2 Assume that u, is a sequence weakly converging to u in L' () and
assume [, v/1+ |un|>dx — [, +/1+ |u|?>dx. Prove u, — u a.e.andin L'.

Exercise 3.3 Assume that the functional u +— F(u) := fQ L(x,u(x))dx is l.s.c.
for the weak convergence in L?, and that L : Q2 x R — R is continuous. Prove that
L(x, -) is convex for every x.

Exercise 3.4 Assume that u, is a sequence weakly converging to « in L”(X) and
set v, := H(u,) where H : R — R is a given convex function. Assume that v,
weakly converges to v in LY(X). Prove v > H(u), and find examples where the
inequality is strict.

Exercise 3.5 Consider the functional J(u) := fQ arctan(u + |Vu|?)dx and the
minimization problem

min {J ) = [[ullze, [[Vullz= < co}.

Prove that this problem admits a solution if cp > 0 is small enough.

Exercise 3.6 Show that for every Ls.c. function f : R — R, there exists a
sequence of functions fr : R — R, each k—Lipschitz, such that for every x € R
the sequence (fi(x))x increasingly converges to f(x).

Use this fact and the theorems of this chapter to prove the semicontinuity, w.r.t.
to the weak convergence in H'(2), of the functional

Km=AmeWMm“m

where p > land f : R — Ry isls.c.

Exercise 3.7 Let Q be an open, connected and smooth subset of R?. Prove that the
following minimization problem admits a solution

min {/ <1|W|2—(1 +?) sin( " ) T (2+arctan(u))|Vv|2> dx
Q 2 1 + U2
v e HO‘(Q)].

Exercise 3.8 Prove that the following problem admits a minimizer
1 . d .. . 1

min / LGt u(t).u () dr + Jquy . *+ 101 = R piecewise H7. 1

‘ lul < M ae.

where the set of piecewise H ! functions is defined as those functions u € L2([0, 1])
for which there exists a decomposition of [0, 1] into finitely many intervals [#;, #;+1]
with 0 = 19 < t; < --- < tny = 1 such that the restriction of u to each of these
intervals is H'; u then admits a piecewise continuous representative, admitting right
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and left limit at each point #;, and the functional J is defined as the number of jumps
of u, i.e. the number of indices i such that these two limits are different. We assume
here that L(z, s, v) is continuous in (s, v) and C? in v, with D,%UL > col forcp > 0
and M is any given constant.

Exercise 3.9 Prove that the following problem admits a minimizer
1
min {/ Lt,u),u’@®)dt+H@w) : u:[0,1] — R4 piecewise Hl} ,
0

where the set of piecewise H! functions is defined as in Exercise 3.8 and the

functional H is defined as ) ; (1 + ./ |u@)t — u(tf)l), where the points #; are,

again, the jump points of u, i.e. those points where the right and left limits are
different. We assume here as well that L(z, s, v) is continuous in (s, v) and C 2in v,
with D2, L > col for ¢y > 0.

Hints

Hint to Exercise 3.1 Use the definition of convexity of a function to prove the
convexity of level sets. As a counter-example to the converse implication, any
monotone function on R can be used.

Hint to Exercise 3.2 Use the inequality

V1+a? z\/1+b2+ﬁ(u—b)—}-c(b)min{(a—b){1}

for a number c(b) > 0, applied to a = u, and b = u, to deduce u,, — u a.e. In order
to get L! strong convergence, prove that equi-integrability and a.e. convergence
imply L! convergence.

Hint to Exercise 3.3 Localize the example of Proposition 3.10 on a small cube of
side ¢ around a point x and take the limit ¢ — O.

Hint to Exercise 3.4 Fix a non-negative function ¢ and consider the functional
defined by u > [ @(x)H (u(x)) dx.

Hint to Exercise 3.5 Prove that the function v + arctan(u + v2) is convex on
(—¢, e) if u and ¢ are small.

Hint to Exercise 3.6 Use fi(x) := inf, f(y) + kd(x, y). Then write the functional
as a sup.

Hint to Exercise 3.7 Prove boundedness in H'! and use the semicontinuity results
of Sect.3.2.
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Hint to Exercise 3.8 Subtract %"vz from L(x, u, v) and prove separately the semi-
continuity of two parts of the functional using Sects. 3.2 and 3.3. Obtain a bound of a

minimizing sequence u,, in BV, thus proving weak-* convergence of the derivatives

/

u,.

Hint to Exercise 3.9 In the previous exercise the intensity u(tl."’) — u(t;) of the
jump was not penalized but the L° norm was bounded. Here we can only have
finitely many jumps, with a bound on their intensity, and this allows us to obtain
compactness. The conclusion follows again by Sects. 3.2 and 3.3.



Chapter 4 ®)
Convexity and its Applications Qe

This chapter is devoted to several applications of convexity other than the semicon-
tinuity of integral functionals that we already saw in Chap. 3. After a first section
about the identification of the minimizers (discussing their uniqueness and the
sufficient conditions for optimality, both in a general setting and in the calculus of
variations, i.e. when we face integral functionals on functional spaces) the attention
turns to many notions coming from abstract convex analysis, in particular related to
Legendre transforms and duality. Section 4.2 will be quite general, while Sects. 4.3
and 4.4 will concentrate on some precise problems in the calculus of variations
which can be described through the language of convex duality and where tools
from convex duality will help in establishing regularity results. Section 4.5 will
come back to an abstract setting, exploiting the ideas presented in concrete cases
in order to discuss the well-known Fenchel-Rockafellar duality theorem. As usual,
the chapter contains a discussion section (devoted here to questions from the theory
of optimal transport and of some congestion games) and closes with a (quite long)
exercise section.

4.1 Uniqueness and Sufficient Conditions

We discuss in this section two important roles that convexity plays in optimization:
the fact that for convex functions necessary conditions for optimality are also
sufficient, and the fact that strict convexity implies uniqueness of the minimizers.

We start with the relation between necessary and sufficient optimality conditions
and recall what happens in the easiest case, i.e. the one-dimensional case: if f :
R — R is convex and x¢ € R is such that f/(xg) = 0, then xg is a minimizer for f
(which would not necessarily be the case if f was not convex).

This can be seen as a consequence of the above-the-tangent inequality: if f € C!
is convex we have f(x) > f(xo)+f’(xo)(x —xo) so that f'(xg) = 0implies f(x) >
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f(x0), for every x, xo. In higher (but finite) dimensions this can be expressed in
terms of V f (of course, only if f is differentiable: the case of non-smooth convex
functions will be discussed in the next section), and we have the inequality

f(x) = f(x0) + Vf(xo) - (x — x0),

so that a point xop minimizes f if and only if V f(xp) = 0.

In the abstract (and possibly infinite-dimensional) setting, the situation is essen-
tially the same, but we need to be precise about the notion of necessary optimality
conditions, as we never defined a proper notion of gradient or differential in abstract
spaces. The way we obtained, for instance, the necessary optimality conditions in
Chaps. 1 and 2 (the Euler-Lagrange equation in the calculus of variations) was
the following: given f : X — R and x9 € X, we choose a perturbation v and
compute j(¢) := f(xo + €v). We take as a necessary optimality condition the fact
that j'(0) = O for every v. The 1D above-the-tangent inequality can be written as
j&) > j(0) + &j'(0), so that j/(0) = 0 implies j(¢) > j(0). Taking ¢ = 1 we
obtain f(xg + v) > f(xp) for arbitrary v, i.e. the minimality of xg.

In order to apply this argument to the functional case, where we consider
an integral functional F(u) := f L(x,u(x), Vu(x))dx (with possible boundary
penalizations or constraints), we need a minor clarification: when writing necessary
conditions, we often consider a class of smooth perturbations, for instance ¢ €
C2°(2), and impose j'(0) = 0 only for those ¢. This means that we have

/ OsL(x,u, Vu)p + V,L(x,u, Vu) - Vo) dx =0 4.1)
Q

for every ¢ € C2°(R2). This is, by definition, what we need to write the Euler—
Lagrange equation as a PDE in the sense of distributions: V - (V,L) = 0ds;L. Yet,
we need for the necessary conditions to be sufficient that the same integral version
of the PDE is satisfied for every ¢ in the same vector space as the optimizer, so
that u + ¢ covers all possible competitors. As we saw in Sect. 2.2, if we know
information on the summability of 95 L (x, u, Vu) and V, L (x, u, Vu) we can usually
obtain, by density, that if (4.1) holds for ¢ € CZ° then it also holds for any ¢. More
precisely, if X = W'P(Q) and ;L (x, u, Vu), VyL(x, u, Vu) € LY (p’ being the
dual exponent of p,i.e. p’ = p/(p — 1)) then (4.1) for every ¢ € C2° implies the
validity of the same equality for every ¢ € Wol’p , which is enough to consider the
minimization of F in X with prescribed boundary conditions.

A similar argument can be extended to the case of boundary penalizations.
Consider the optimization problem
min {J(u)::/ L(x,u(x), Vu(x))dx+/ ¥ (x, Tr[ul)dHO ue Whr(), } ,

Q IQ Tr[u] =g on A
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where A C 02 is a fixed part of the boundary. Then, if J is a convex functional, the
condition

/ (& L(x,u, Vu)p + VL(x,u, Vu) - Vo) dx +/ asv,h(x,Tr[u])<pd7{d_1 =0
Q aQ

for all ¢ € WP () such that Tr[g] = 0 on A is sufficient for the optimality of .
Note that this condition is a weak version of (2.7), but is slightly stronger than (2.6).

It now becomes important to understand when J is convex. Of course, the
convexity of the function (x, s, v) — L(x, s, v) in the variables (s, v) for a.e. x
is sufficient for the convexity of J, but it is not necessary.

Example 4.1 Consider the quadratic form J(u) = fOT(lu/(t)|2 — |u(t)|*) dt for
ue H(} ([0, T]). We can easily compute

T
J@w+h) = J(u) + 2/ W' (t) - W' () —u(t) - h(t))dt + J(h).
0

We will use Lemma 4.2 below. The second term in the last expression is of the form
A(h), thus we just have to see whether the last one is non-negative. This is the case,
thanks to the Poincaré inequality, for small 7', and more precisely for T < 7. Hence,
this functional J is convex despite the integrand L (x, s, v) being clearly non-convex
ins.

Lemma 4.2 [f a function f : X — R U {+o00} is such that for every x € X there
exists a linear function A : X — R satisfying f(x + h) > f(x) + A(h) for every
h € X, then f is convex.

Proof To see this, we apply the assumption to x = (1 — f)xo + tx; and h =
(1 —#)(x1 — xp), thus obtaining f(x1) = f(x +h) > f(x) + (1 —)A(x] — xp).
We then apply the same condition to the same point x but # = —#(x; — xp), thus
obtaining f(xo) > f(x) — tA(x; — x0). We multiply the first inequality by ¢, the
second by (1 — t), and we sum up, and obtain the desired convexity inequality. O

Unfortunately, the above discussion has to be modified in the case where there are
constraints which cannot be written in the form of belonging to an affine subspace.
To stick to the finite-dimensional case, we can say that the minimization of a
smooth convex function f on RY is equivalent to Vf = 0; for the case where
the problem is min{f(x) : x € H} where H C R" is a given affine subspace,
of the form H = xo + V, V being a vector subspace of R¥, the optimality is
equivalent to V f being orthogonal to V, but a simpler approach is just to re-
write the problem as an optimization problem in R¥, k = dim(V) < N, and
impose that the gradient vanishes. This corresponds to choosing a basis of V and
just considering perturbations in the direction of the vector of the basis. In the
particular case where V = span(ey, e, ..., ex), the vectors ¢; being vectors of the
canonical basis of RV, this is essentially implicit: given a function f : RY — R
and some numbers ayy1,...,ay the optimality conditions for the minimization
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problem miny, .y, f(x1,..., Xk, k41, ..., ayn) are of course given by the fact that
the partial derivatives dy; f vanish fori =1, ..., k, as this can be considered as the
minimization of a function g defined over R¥ with g(x) = f(x, ). This is what is
implicitly done in the calculus of variations when the values of a competitor u are
fixed on some subset A (typically, A C 9€2): we just change the vector space we are
minimizing on, and consider perturbations which vanish on the set where values are
prescribed.

The situation is much more complicated when the constraint is given by a convex
set which is not an affine space (for instance in the case of inequality constraints).
In this case, the finite-dimensional procedure is simple, and based as usual on the
reduction to the 1D case. Assume we are minimizing a convex function f on a
convex set K C X. Then, a point xo € K is optimal if and only if it satisfies

lim L= &)x0 + £x) — f(x0) -0

e—>0t &

forevery x € K.

This condition is of course necessary since (1 — ¢)xg + ex € K (because of the
convexity of K) and then f((1 — &)xp + ex) — f(xp) > 0, and it is sufficient since
the one-variable function [0, 1] 2 ¢ — f((1 — &)xp + &x) is convex and then it
is minimal at ¢ = O if its right-derivative at ¢ = 0 is non-negative. Note that the
limit defining the right derivative always exists when facing a 1D convex functional,
since the incremental ratio is a monotone function (but could be equal to —o0).

When f is differentiable at xo the above condition can be written using the
gradient as V f(xg) - (x —x9) > 0 and characterizes the minimizers. In other words,
a point optimizes a convex function on a convex set if and only if it minimizes the
linearization of the same function around such a point on the same set.

For the calculus of variations, a possible (quite technical) statement (which also
includes the non-constrained case) is the following.

Theorem 4.3 Consider the minimization problem

min{](u) :=/L(x,u(x),Vu(x))dx+/ 1//(x,T1r[u])d‘Hd*l T ue€ K},
Q a0
4.2)

where K C WP(Q) is a convex set of Sobolev functions and L and  are C' in the
variables s and v. Assume that the functional J is convex on K. Consider a function
ug € K which satisfies the conditions (2.3) and (2.5) and such that we have

& L(x, ug, Vug) € L7 (Q),
W L(x, ug, Vug) € L (),

& (x, Trluol) € L? (39).
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Also assume the following properties:

e (uo + Lip(Q)) N K is dense (for the strong WP convergence) in K ;
e either L(x, -, -) and ¥ (x, -) are convex, or J is continuous on K for the strong
WP convergence.

Then uy is a solution of (4.2) if and only if
/ (& L(x,uo, Vuo)(u —uo) + VL(x, uo, Vuo) - V(u — up)) dx
Q

+ / & (x, Tr{uo)) Tr[u — upl dH* ' > 0
0
4.3)

forallu € K.

Proof First let us prove that (4.3) is necessary for optimality. The conditions (2.3)
and (2.5) allow us to differentiate w.r.t. ¢ the function ¢ +— J(ug + &¢) for
¢ € Lip(f2) (indeed, in order to apply dominated convergence to the differentiation
under the integral sign, we need to guarantee that the perturbation ¢ is bounded
with bounded gradient). Hence, for every u € K of the form u = ug + ¢, ¢ €
Lip(2), we have (4.3) because of the optimality of uo. Taking an arbitrary u € K
and approximating it through a sequence ug + ¢, ¢, € Lip(£2), the summability
that we assumed on & L (x, ug, Vug), L (x, ug, Vug) and o (x, Trug]) allows us
to obtain the same result for u, because we have ¢, — u — ug in Lp*, Vo, — Vo
in L?, and Tr[g,] — Tr[u — ug] in L?(02).

For the sufficiency of (4.3) we distinguish two cases. If L(x, -, -) and ¥ (x, -) are
convex, we just write

J(u):/L(x,u(x),Vu(x))dx+/ ¥ (x, Tr[u]) dH4 ™!

Q 02

> J(uo) +/ (& L(x, g, Vuo)(u — up) + N L(x, uo, Vug) - V(u — up)) dx
Q

+ / &y (x, Trlug)Trlu — uo] dH !
Q2

and we use (4.3) to obtain J (u) > J(uop).

If, instead, we assume that J is continuous on K, it is enough to prove J (ug +
@) > J(up) for every ¢ € Lip(€2) such that ug 4+ ¢ € K. In this case, (4.3) shows
that d%(J(uo + e¢)) is nonnegative for ¢ = 0, hence [0, 1] > ¢ — J(up + €¢))

1Or for the weak W!? convergence, the two notions being equivalent thanks to Mazur’s
lemma 3.8.
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is minimal at ¢ = 0, which proves the claim. By continuity and density of (u¢ +
Lip(2)) N K the inequality extends to J > J(up) on K. O

Note that in the above statement we preferred to re-use the conditions (2.3) and
(2.5) in order to guarantee differentiability of J but in some practical cases this
could be avoided if we are able to differentiate J along perturbations ¢ which are
not necessarily Lipschitz continuous. For instance, in Example 4.1, it is possible
to explicitly compute and differentiate J(u + e¢) for every u and every ¢. This
would allow us to simplify the argument without using the density of Lipschitz
perturbations; by the way, this is also a case where L is not convex in (s, v), but J
is continuous for the strong W12 convergence.

Remark 4.4 Another possible assumption on L and 1 could be

| L(x, s, v)] < C(1+|s|P"1),
IVML(x,s,v)| < C+[v]P™h,
|y (x, $))| < C(1+ |s|P7h.

In this case it would be easy to prove that ¢ — J(u + e¢) is differentiable for any
@ € WP with no need for the L> bounds on ¢ and V¢ that we used so far. This
would simplify the analysis of the optimality conditions under constraints. On the
other hand, it is easy to see that these bounds imply |L(x, s, v)| < ag(x)+Cl|s 17"+
Clv|? and |¥(x,v)| < a1(x) + C|s|? (with agp € LY(Q), a1 € L'(3R)), which
automatically makes the functional J continuous for the strong W7 convergence,
and allows us to apply the strategy that we discussed.

‘We then move to the second topic of the section, also related to convexity, which
is the uniqueness of the optimizer.
An easy and classical statement is the following.

Proposition 4.5 If K C X is a convex set in a vector space X, and f : X — RU
{400} is strictly convex and not identically +o00 on K, then the problem min{ f (x) :
x € K} admits at most one minimizer.

Proof If two minimizers xo # x] existed, then x = (x¢ + x1)/2 would provide a
strictly better value for f. O

In the above result, of course the strict convexity of f on K (and not on the whole
space X) would be enough.

We list some sufficient conditions for strict convexity, in the calculus of variations
case J (u) = [o L(x, u(x), Vu(x)) dx + [, ¥ (x, Tr[u](x)). In all the cases below
we assume anyway that for a.e. x € € the function L is convex in (s, v) and for
a.e. x € 952 the function v is convex in s, which guarantees at least convexity of J
(though not being necessary for this convexity). Then

e if for a.e. x the function L is strictly convex in (s, v), then J is strictly convex;
 if for a.e. x the function L is strictly convex in s, then J is strictly convex;
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e if for a.e. x the function L is strictly convex in v, then the only possibility for
having equality in J((1 — #)ug + tu1) < (1 —t)J (ug) + tJ(u1) is Vug = Vu;.
If we assume 2 to be connected, then we get ug — u; = const. Then, if the
constraints are such that the minimization is performed over a set which does not
contain two functions whose difference is a constant, we have strict convexity
of J on the set K on which we are minimizing. This happens for instance if the
boundary values are fixed, or if the average is fixed. As another option, if there
exists a subset A C 92 with ﬂd_l(A) > 0 and ¥ (x, -) strictly convex for all
x € A, then we should also have Tr[ug] = Tr[u1] on A, which finally implies
uopo=1uj.

Of course, looking again at the Example 4.1, it is possible to build cases where J is
strictly convex but L is not even convex in s.

4.2 Some Elements of Convex Analysis

This section is devoted to the main notions in convex analysis which are useful for
our purposes, and in particular to the notion of the Fenchel-Legendre transform,
which is crucial for duality theorems.

4.2.1 The Fenchel-Legendre Transform

In this section we consider a pair (in the sense of a non-ordered couple) of normed
vector spaces which are in duality, i.e. one of the spaces is the dual of the other.
Given a space X in this duality pair, we will call X* the other one, so that we have
either X* = X’ or X = (X*)'. By definition, we have X** = X for any X, and this
should not be confused with the fact that X is reflexive or not (see Box 2.3).

We denote by (£, x) the duality between an element & € X* and x € X. This
gives rise to a notion of weak convergence on each of the two spaces, which is
the weak convergence on one of them and the weak-* convergence on the other.
We call this form of weak convergence (X, X*)-weak convergence. The (X, X')-
weak convergence is the standard weak convergence on X, while the (X', X)-weak
convergence is the weak-* convergence on X’. Moreover, on each of these two
spaces we have a notion of strong convergence, induced by their norms.

By affine functions we will mean all functions of the form X > x — (£, x) + ¢
for & € X*. In this way affine functions are also continuous, both for the strong
convergence and for the (X, X*)-weak convergence. Note that the set of affine
functions on a space depends on the pair we choose. If we take a non-reflexive
space X with its dual X' and its bi-dual X" := (X’)’, we can consider the
duality pair {X’, X"} or {X’, X} and the set of affine functions on the space X’
will not be the same (in the second case, we only consider functions of the form
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X' 2 & (&, x) + cfor x € X, while in the first one we can replace x € X with an
arbitrary element of X" O X.

Definition 4.6 We say that a function valued in R U {400} is proper if it is not
identically equal to 4-0o. The set { f < +o00} is called the domain of f.

Definition 4.7 Given a duality pair of spaces and a proper function f : X — R U
{+0c0} we define its Fenchel-Legendre transform f* : X* — R U {4+o0} via

f &) :==sup(&, x) — f(x).

Remark 4.8 We observe that we trivially have f*(0) = —infy f.

We note that f*, as a sup of affine continuous functions, is both convex and l.s.c.,
as these two notions are stable under sup.
We prove the following results.

Proposition 4.9 We consider a duality pair and a function f : X — R U {+o0}
which is proper, convex, and (X, X*)-weakly L.s.c. Then

1. there exists an affine function £ such that f > (;

2. f is a sup of affine functions;

3. there exists a g : X* — R U {400} such that f = g*;
4. we have f** = f.

Proof We consider the epigraph Epi(f) := {(x,) € X xR : ¢t > f(x)} of f,
which is a convex and closed set in X x R. More precisely, this set is also weakly
closed if X* = X’ (just because in this case strongly closed sets are weakly closed
when they are convex), and weakly-* closed if X = (X*) because we assumed
lower semicontinuity for the (X, X*)-weak convergence, which is in this case the
weak-* convergence. We take a point xo such that f(x9) < +oo and consider the
singleton {(xg, f(x0) — 1)} which is a convex and compact set in X x R. The Hahn—
Banach separation theorem (see Box 3.1) allows us to strictly separate this set from
the epigraph. It is important for us to separate them through an affine function in
the sense of our definition, i.e. using an element of X* and not of X’. The only
case where this is different is when X* # X/, i.e. when X = (X*)'. Yet, with
our assumption the epigraph would be weakly-* closed, and this allows us to use
elements of the predual instead of the dual of X.

Hence, we deduce the existence of a pair (£, a) € X* x R and a constant ¢ such
that (£, x9) + a(f(x0) — 1) < c and (&, x) + at > c for every (x,t) € Epi(f).
Note that this last condition implies a > 0 since we can take + — co. Moreover, we
should also have a > 0, otherwise taking any point (x, t) € Epi(f) with x = xo we
have a contradiction. If we then take t = f(x) for all x such that f(x) < 400 we
obtain af (x) > —(&, x) + (&€, xo) +a(f (x¢0) — 1) and, dividing by a > 0, we obtain
the first claim.

We now take an arbitrary xo € X and 9 < f(x¢) and separate again the singleton
{(x0, to)} from Epi(f), thus getting a pair (¢£,a) € X* x R and a constant ¢ such
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that (£, xo) + atp < c and (¢, x) + at > c for every (x,t) € Epi(f). Again,
we have a > 0. If f(x9) < 400 we obtain as before @ > 0 and the inequality
fx) > —§ (x — x0) + to. We then have an affine function £ with f > £ and
£(x0) = 19. ThlS shows that the sup of all affine functions smaller than f is, at the
point xo, at least #o. Hence this sup equals f on {f < 4o00}. In the case f(xg) =
+o00 we can perform the very same argument as long as we can guarantee that for
to arbitrarily large the corresponding coefficient a is strictly positive. Suppose now
that we have a point xq such that f(xg) = +00 and a = 0 in the construction above.
Then we find (£, xo) < c and (£, x) > c for every x such that (x,?) € Epi(f)
for at least one r € R. Hence, (£, x) > c for every x € {f < +oo}. Consider
now £,(x) = £(x) — n({§€, x) — c¢), where £ is the affine function smaller than f
previously found. We have f > £ > ¢, since on { f < 400} we have (§, x) —c > 0.
Moreover lim,, €, (xg) = 400 since (&, xo) — ¢ < 0. This shows that at such a point
xo the sup of the affine functions smaller than f equals +o00 = f(x¢).
Once we know that f is a sup of affine functions we can write

J(x) = sup(€y, x) + o

for a family of indices «. We then set c(§) := sup{cy : & = &}. The set in the sup
can be empty, which would mean c(§) = —oo. Anyway, the sup is always finite: fix
a point xog with f(x9) < +oo and use ¢, < f(xp) — (£, x0). We then define g = —c¢
and we see f = g*.

Finally, before proving f = f** we prove that for any function f we have
f = f* evenif f is not convex or Ls.c. Indeed, we have f*(&) + f(x) > (€, x),
which allows us to write f(x) > (£, x) — f*(£), an inequality true for every &.
Taking the sup over & we obtain f > f**. We now want to prove that this inequality
is an equality if f is convex and lL.s.c. We write f = g* and transform this into
f* = g™. We then have f* < g and, transforming this inequality (which changes
its sign), f** > ¢* = f, which proves f** = f. O

Remark 4.10 Note that the above result allows us to define a convex function f
on a dual space X’ and use as a duality pair (X', X) instead of (X’, X”). Under
the assumption that f is weakly-* lower semicontinuous we proved f** = f,i.e.
f(&) = sup{{&, x) — f*(x) : x € X}. If we had used the pair (X', X”) we would
have obtained f(£¢) = sup{(&,x) — f*(x) : x € X"}, which is not the same result
(on the other hand, this result only requires f to be weakly lower semicontinuous
on X', which is equivalent to the strong lower semicontinuity on X”).

We now know that, on the class of convex and (X, X*)-weakly l.s.c. functions,
the Fenchel-Legendre transform is an involution. Two convex and l.s.c. functions
which are the Fenchel-Legendre transform of each other will be said to be two
conjugate convex functions. We can also obtain a characterization of the double
transform when we are not in this setting (i.e. f is not convex and l.s.c.).

Corollary 4.11 Given an arbitrary proper function f : X — R U {400} we have
[ =suplg : g < f, gis convex and (X, X*)-weakly lL.s.c. }.
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Proof Let us call i the function obtained as a sup on the right-hand side. Since
f** is convex, (X, X*)-weakly l.s.c., and smaller than f, we have f** < h. Note
that &, as a sup of convex and l.s.c. functions, is also convex and l.s.c. for the
same convergence, and it is of course smaller than f. We write f > h and double
transform this inequality, which preserves the sign. We then have f** > h** = h,
and the claim is proven. O

We finally discuss the relations between the behavior at infinity of a function f
and its Legendre transform. We give two definitions.

Definition 4.12 A function f : X — R U {400} defined on a normed vector space
X is said to be coercive if lim|x||»oc0 f(x) = +o00; it is said to be superlinear if

lim||x||—>oo % = +00.

We note that the definition of coercive does not include any speed of convergence
to 0o, but that for convex functions this should be at least linear:

Proposition 4.13 A proper, convex, and Ls.c. function f : X — R U {400} is
coercive if and only there exist two constants cq, ¢1 > 0 such that f(x) > col|x||—c1.

Proof We just need to prove that ¢, ¢1 exist if f is coercive, the converse being
trivial. Take a point xo such that f(xg) < 4o00. Using lim|y||- 00 f(x) = +00 we
know that there exists a radius R such that f(x) > f(xg)+ 1 as soon as [|x —xg|| >
R. By convexity, we have, for each x with ||[x — xo|| > R, the inequality f(x) >
f(x0) + |Ix — xol|/R (it is enough to use the definition of convexity on the three
points xo, x and x; = (1 — #)xg +tx € dB(xp, R)). Since f is bounded from below
by an affine function, it is bounded from below by a constant on B(xg, R), so that
we can write f(x) > ¢z + ||x — xo||/R for some ¢; € R and all x € X. We then use
the triangle inequality and obtain the claim with co = 1/R and ¢y = ¢3 — [|x0]|/R.

O

Note that in the above proposition the lower semicontinuity is only used to prove
that f is bounded from below on every ball.

Proposition 4.14 A proper, convex, and (X, X*)-weakly Ls.c. function f : X —
R U {400} is coercive if and only if f* is bounded in a neighborhood of 0; it is
superlinear if and only if f* is bounded on each bounded ball of X*.

Proof We know that f is coercive if and only if there exist two constants cg, ¢; > 0
such that f > g¢ ¢, Where ge, ¢ (x) = collx|| — ¢1. Since both f and g, ¢,
are convex and (X, X*)-weakly Ls.c., this inequality is equivalent to the opposite
inequality for their transforms, i.e. f* < gz . . We can compute the transform and
obtain

c if |I&]] < co,
Soo e () =

+oo if not.
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This shows that f is coercive if and only if there exist two constants R, C (with
R = co_l, C = c1) such that f* < C on the ball of radius R of X', which is the
claim.

We follow a similar procedure for the case of superlinear functions. We first note
that a convex l.s.c. function f is superlinear if and only if for every ¢ there exists a
c1 such that f > g, ¢, . Indeed, it is clear that, should this condition be satisfied, we
would have liminfj|x|—oc f(x)/IIx]| = co, and hence liminf|y|— o0 f(X)/]Ix]| =
~+o00 because ¢ is arbitrary, so that f would be superlinear. On the other hand, if
f is superlinear, for every co we have f(x) > col|x|| for large ||x||, say outside
of B(0, R). If we then choose —c1 := min{infp,r) f — coR, 0} (a value which is
finite since f is bounded from below by an affine function), the inequality f(x) >
col|x|| — ¢y is true everywhere.

We then deduce that f is superlinear if and only if for every R = ¢p there is a
constant ¢; such that f* < c; on the ball of radius R of X', which is, again, the
claim. O

4.2.2 Subdifferentials

The above-the-tangent property of convex functions inspired the definition of an
extension of the notion of differential, called the sub-differential, as a set-valued
map:

Definition 4.15 Given a function f : X — R U {+o00} we define its subdifferential
at x as the set

W ={EeX : f()=fX)+(E y—x)VyeX).

We observe that df(x) is always a closed and convex set, whatever f is.
Moreover, if f is l.s.c. we easily see that the graph of the subdifferential multi-
valued map is closed:

Proposition 4.16 Assume that f is Ls.c. and take a sequence x, — x. Assume
&, A Eand &, € 0f (x,). Then & € df (x).

Proof For every y we have f(y) > f(x,) + (£,, y — x»). We can then use the
strong convergence of x, and the weak convergence of &,, together with the lower
semicontinuity of f, to pass to the limit and deduce f(y) > f(x) + (£, y — x), i.e.
& e df (x). O

Note that in the above proposition we could have exchanged strong convergence for
x, and weak-* for &, for weak convergence for x, (but f needed in this case to be
weakly Ls.c., and f has not been assumed to be convex) and strong for &,,.

When dealing with arbitrary functions f, the subdifferential is in most cases
empty, as there is no reason for the inequality defining £ € 9f (x) to be satisfied for



148 4 Convexity and its Applications

y very far from x. The situation is completely different when dealing with convex
functions, which is the standard case where subdifferentials are defined and used. In
this case we can prove that df (x) is never empty if x lies in the interior of the set
{f < oo} (note that outside { f < 400} the subdifferential of a proper function is
clearly empty).

We first provide an insight about the finite-dimensional case. In this case we
simply write £ - x for the duality product, which coincides with the Euclidean scalar
product on RV .

We start from the following property.

Proposition 4.17 Given f : RN — R U {400} assume that f is differentiable
at a point xo. Then 0f (xo) C {V f(x0)}. If moreover f is convex, then 0f (xg) =
{Vf(xo)}

Proof From the definition of sub-differential we see that & € df (x9) means that
y > f(y) — & -y is minimal at y = xp. Since we are supposing that f is
differentiable at such a point, we obtain Vf(xg) — & = 0, ie. &€ = V f(xp).
This shows df(xg) C {V f(xp)}. The inclusion becomes an equality if f is
convex since the above-the-tangent property of convex functions exactly provides
fO) = f(x0) +V f(xo) - (y — xp) for every y. O

Proposition 4.18 Assume that f : RY — R U {400} is convex and take a point xg
in the interior of { f < +00}. Then df (xo) # 0.

Proof 1t is well-known that convex functions in finite dimensions are locally
Lipschitz in the interior of their domain, and Lipschitz functions are differentiable
Lebesgue-a.e. because of the Rademacher theorem (see Box 4.1). We can then take
a sequence of points x, — xg such that f is differentiable at x,,. We then have
V f(xn) € 0f (x,) and the Lipschitz behavior of f around xq implies |V f(x,)| < C.
It is then possible to extract a subsequence such that V f(x,,) — v. Proposition 4.16
implies v € df (xp). O

Box 4.1 Good to Know!—Differentiability of Lipschitz and Convex Func-
tions

Theorem (Rademacher) Any Lipschitz continuous function f : RN — R is
differentiable at Lebesgue-a.e. point.

The proof of this non-trivial but crucial theorem, which is based on the
a.e. differentiability of Lipschitz functions in 1D (a fact which can be proven
independently of the Rademacher Theorem: absolutely continuous functions
u in 1D coincide with the antiderivative of their distributional derivative 1’ €
L! and they are differentiable at Lebesgue points of #’) can be found, for
instance, in [15].

(continued)
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Box 4.1 (continued)
Of course the same result holds for locally Lipschitz functions, and hence

for convex functions, as they are always locally Lipschitz in the interior of
their domain. On the other hand, convex functions are actually differentiable
on a much larger set of points, and more precisely we have (see [2—4]):

Theorem If f : RY — R is convex then the set of non-differentiability
points of f is of dimension at most N — 1. More precisely, it is contained—up
1o HN _1-negligible sets (see Box 6.4)—in a countable union of (N — 1)-
dimensional Lipschitz hypersurfaces, i.e., in suitable coordinates, graphs of
Lipschitz functions of N — 1 variables. Moreover, for every k > 1, the set of
points x where the convex set 0f (x) has dimension at least k is at most of
dimension n — k. Of course the same result is true for semi-convex functions,
i.e. functions f such that x — f(x) + A|x|* is convex for some A > 0, and
for locally semi-convex functions.

We can easily see, even from the 1D case, that different situations can occur at
the boundary of { f < +oo}. If we take for instance the proper function f defined
by

x2 ifx >0,

fx) =

+oo  ifx <0,

we see that we have df(0) = [—o0, 0] so that the subdifferential can be “fat” on
these boundary points. If we take, instead, the proper function f defined by

Fo) = —Jx ifx >0,

+00 ifx <O,

we see that we have af (0) = (J, a fact related to the infinite slope of f at O: of
course, infinite slope can only appear at boundary points.

The proof of the fact that the sub-differential is non-empty? in the interior of
the domain is more involved in the general (infinite-dimensional) case, and is based
on the use of the Hahn—Banach Theorem. It will require the function to be convex
and Ls.c., this second assumption being useless in the finite-dimensional case, since
convex functions are locally Lipschitz in the interior of their domain. It also requires
us to discuss whether the function is indeed locally bounded around some points.
We state the following clarifying proposition.

2 Note that, instead, we do not discuss the relations between subdifferential and gradients as we
decided not to discuss the differentiability in the infinite-dimensional case.
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Proposition 4.19 If f := X — R U {400} is a proper convex function, bounded
from below on each ball of X, then the following facts are equivalent

1. the interior of the domain of f is non-empty and f is locally Lipschitz continuous

on it (i.e. for every point in the interior of the domain there exists a ball centered

at such a point where f is finite-valued and Lipschitz continuous);

there exists a non-empty ball where f is finite-valued and Lipschitz continuous;

there exists a point where f is continuous and finite-valued;

4. there exists a point which has a neighborhood where f is bounded from above
by a finite constant.

“w N

Moreover, all the above facts hold if X is a Banach space, f is l.s.c., and the domain
of f has non-empty interior.

Proof 1t is clear that 1 implies 2, which implies 3, which implies 4. Let us note
that, if f is bounded from above on a ball B(xg, R), then necessarily f is Lipschitz
continuous on B(xg, R/2). Indeed, we assumed that f is also bounded from below
on B(0, R). Then, suppose there are two points x1,x2 € B(xp, R/2) with an
incremental ratio equal to L and f(x1) > f(x2), i.e.

L= f(xl)_f(x2).

[lx1 — x2|

Following the half-line going from x, to x; we find two points x3 € dB(xo, R/2)
and x4 € 0B(x0,3R/4) with |x3 — x4 > R/4 and an incremental ratio which is
also at least L. This implies f(x4) > f(x3)+ L R/4 but the upper and lower bounds
on f on the ball B(0, R) imply that L cannot be too large, so that f is Lipschitz
continuous on B(xg, R/2).

Hence, in order to prove that 4 implies 1 we just need to prove that every point in
the interior of the domain admits a ball centered at such a point where f is bounded
from above. We start from the existence of a ball B(xg, R) where f is bounded from
above and we take another point x; in the interior of the domain of f. For small
e > 0, the point x; 1= x1 — &e(xg — x Ile ) also belongs to the domain of f and every

&

point of the ball B(xy, r) with r = T4s can be written as a convex combination of

x7 and a point in B(xg, R): indeed we have

fom g 4 Ry
X v = X X v
! 1+82 1+¢ 0 e

so that |v| < r implies xo + lgiv € B(xp, R). Then, f is bounded from above on

B(x1, ) by max{f(x2), Suppgy, gy J}, which shows the local bound around x;.
Finally, we want to prove that f is necessarily locally bounded around every
point of the interior of its domain if X is complete and f is l.s.c. Consider a closed
ball B contained in {f < +oo} and write B = U f <n}n B. Since f is Ls.c.,
eachset {f <n}N B is closed. Since their countable union has non-empty interior,
Baire’s theorem (see Box 4.2) implies that at least one of these sets also has non-
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empty interior, so there exists a ball contained in a set { f < n}, hence a point where
f is locally bounded from above. Then we satisfy condition 4., and consequently
also conditions 1., 2. and 3. m]

Remark 4.20 In the above proposition, the assumption that f is bounded from
below on each ball of X is useless when f is l.s.c., as we know that convex Ls.c.
functions are bounded from below by at least an affine function, which implies that
they are bounded from below by a constant on each ball. Yet, we prefer not to add
f Ls.c. in the assumptions, as this proposition could be used as a way to prove that
some convex functions are indeed l.s.c., by proving that they are locally Lipschitz
continuous.

Box 4.2 Memo—Buaire’s Theorem and Applications

Theorem (Baire) In a complete metric space any countable union of closed
sets with empty interior has empty interior.

Among the many applications of this very important theorem in functional
analysis we cite the Banach—Steinhaus theorem:
Theorem (Banach-Steinhaus) If E is a Banach space and F a normed
vector space then a family (fy)q of continuous linear maps from E to F is
uniformly bounded on the unit ball of E if and only if ( (X)) is bounded for
everyx € E.

This theorem has itself a well-known consequence: if a sequence of vectors
weakly (or weakly-*) converges, then it is necessarily bounded.

We can now prove the following theorem.

Theorem 4.21 Assume that f : X — R U {400} is a proper convex and l.s.c.
function and take a point xq in the interior of {f < 400}. Also assume that there
exists at least a point x1 (possibly different from xo) where f is finite and continuous.
Then of (x¢) # .

Proof Let us consider the set A given by the interior of Epi(f) in X x R and
B = {(x0, f(x0))}. They are two disjoint convex sets, and A is open. Hence, by
the Hahn-Banach Theorem, there exists a pair (¢, @) € X’ x R and a constant such
that (&, xo) + af (xo) < c and (¢, x) + at > c forevery (x,1) € A.

The assumption on the existence of a point x; where f is continuous implies that
f is bounded (say by a constant M) on a ball around x; (say B(xy, R), and hence
the set A is non-empty since it includes B(xy, R) x (M, c0)). Then, the convex
set Epi(f) has non-empty interior and it is thus the closure of its interior (to see
this it is enough to connect every point of a closed convex set to the center of a ball
contained in the set, and see that there is a cone composed of small balls contained in
the convex set approximating such a point). In particular, since (xg, f (xo)) belongs
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to Epi(f), it is in the closure of A, so necessarily we have (£, xo) +af (xo) > c and
hence (&, xo) + af (xp) = c.

As we did in Proposition 4.9, we must have a > 0. Indeed, we use Proposi-
tion 4.19 to see that f is also locally bounded around xp so that points of the
form (x,t) = (xo,t) for ¢ large enough should belong to A and should satisfy
a(t — f(xp)) > 0, which implies a > 0.

Then, we can write the condition (£, x)+at > ¢ = (&, xo) +af (xo) in a different
form: dividing by a and using & := £/a we get

(E,x)+1 > (E,x0) + f(xp) forevery (x,t) € A.

The inequality becomes large on the closure of A but implies, when applied to

(x,1) = (x, f(x)) € Epi(f) = 4,
(€, x) + f(x) > (€, x0) + f(x0),

which means precisely —& € f (xo). O

Remark 4.22 Of course, thanks to the last claim in Proposition 4.19, when X is a
Banach space we obtain df (xg) # @ for every xg in the interior of { f < +o0}.

We list some other properties of subdifferentials.

Proposition 4.23

1. A point x¢ solves min{ f(x) : x € X} if and only if we have 0 € df (xp).
2. The subdifferential satisfies the monotonicity property

& edf(x)fori=1,2 = (& —&,x1 —x2) >0.

3. If f is convex and l.s.c., the subdifferentials of f and f* are related through

Eeif(r) e xedf @) & f()+ 1) =& x).

Proof Point 1 is a straightforward consequence of the definition of subdifferential,
since 0 € df (xo) means that for every y we have f(y) > f(xo).
Point 2 is also straightforward if we sum up the inequalities

fx2) = fx) + (&, x0—x1); fx) = f(x2) + (£, x1 —x2).

As for point 3, once we know that for convex and 1.s.c. functions we have f** =
f, it is enough to prove § € df(x) & f(x) + f*() = (&, x) since then, by
symmetry, we can also obtain x € 3f*(§) & f(x) + f*(&) = (&, x). We now look
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at the definition of subdifferential, and we have

Ee€df(x) < forevery y € X wehave f(y) > f(x)+ (§,y — x)
& forevery y € X we have (&, x) — f(x) > (&, y) — f(y)
< (&, x) — f(x) = sup(§, y) — f ()
y

& (£ x)— f(x) = R ().

This shows that & € 3f (x) is equivalent to (€, x) > f(x) + f*(§), which is in turn
equivalent to (€, x) = f(x) 4+ f*(§), since the opposite inequality is always true by
definition of f*. O

Remark 4.24 Point 2 in the above proposition includes a very particular case: if f
and f* are two conjugate smooth convex functions on RV, then V f* = (V)™
In particular, the inverse map of the gradient of a convex function is also a gradient
of a convex function. This was the motivation for Legendre to introduce this notion
of transform, and his intention was to apply it to the Euler-Lagrange equation: the
condition (f,L(z,y (), y'())) = N L(,y(@),y (t)) could indeed be written as
w' (1) = G L(t, y(t), ¥ (), where w = V,L(z, y(¢), y'(¢)) and, inverting, y'(r) =
Vo L*(t, y (t), w(t)), which allows us in some cases to transform the second-order
equation into a Hamiltonian system of order one.

We also state another property, but we prefer to stick to the finite-dimensional
case for simplicity.

Proposition 4.25 A function f : RN — R U {400} is strictly convex if and only if
af (xo) N Af (x1) = @ for all xg # x1.

Proof If we have df(xg) N df(x;) # @ for two points xg #* xj, take & €
df (xo) N df (x1) and define f(x) := f(x) — & - x. Then both x¢ and x; minimize
f and this implies that f is not strictly convex. If, instead, we assume that f
is not strictly convex, we need to find two points with the same vector in the
subdifferential. Consider two points xo and x; on which the strict convexity fails,
i.e. f is affine on [xo, x1]. We then have a segment S = {(x, f(x)) : x € [x0, x1]}
in the graph of f and we can separate it from the interior A of Epi(f) exactly as we
did in Theorem 4.21. Assume for now that the domain of f (and hence the epigraph)
has non-empty interior.

Following the same arguments as in Theorem 4.21, we obtain the existence of a
pair (£, a) € RN x R such that

(E,x) +af(x) < &-x"+at forevery (x',t) € A and every x € [xg, x1].

We then prove a > 0, divide by a, pass to a large inequality on the closure of A, and
deduce —&/a € df (x) for every x € [xp, x1].
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If the domain of f has empty interior, it is enough to restrict the space where f
is defined to the minimal affine space containing its domain. Then the domain, and
the epigraph, would have (in this new lower-dimensional space) non-empty interior.
This does not affect the conclusion, since if we want then to define subdifferentials
in the original space it is enough to add arbitrary components orthogonal to the
affine space containing the domain. O

Limiting once more to the finite-dimensional case (also because we do not
want to discuss differentiability in other settings) we can deduce from the previous
proposition and from point 3. of Proposition 4.23 the following fact.

Proposition 4.26 Take two proper, convex and l.s.c. conjugate functions f and f*
(with f = f**); then f is a real-valued C' function on RN if and only if f* is
strictly convex and superlinear.

Proof We first prove that a convex function is C! if and only if 3 (x) is a singleton
for every x. If it is C', and hence differentiable, we already saw that this implies
df (x) = {Vf(x)}. The converse implication can be proven as follows: first we
observe that, if we have a map v : RY — RY with 8f(x) = {v(x)}, then v is
necessarily locally bounded and continuous. Indeed, the function f is necessarily
finite everywhere (since the subdifferential is non-empty at every point) and hence
locally Lipschitz; local boundedness of v comes from v(x)-e < f(x+¢e) — f(x) <
Cle| (where we use the Local Lipschitz behavior of f): using e oriented as v(x)
we obtain a bound on |v(x)|. Continuity comes from local boundedness and from
Proposition 4.16: when x, — x then v(x,) admits a convergent subsequence, but
the limit can only belong to df (x), i.e. it must equal v(x). Then we prove v(x) =
V f(x), and for this we use the definition of df (x) and df (y) so as to get

v(y) - (y—x) = f(y)— f(x) =vx) (y—x).

We then write v(y) - (y — x) = v(x) - (y — x) + o(]y — x|) and we obtain the
first-order expansion f(y) — f(x) = v(x) - (y —x) 4+ o(|y — x|) which characterizes
v(x) = Vf(x).

This shows that f is C! as soon as subdifferentials are singletons. On the other
hand, point 3. in Proposition 4.23 shows that this is equivalent to having, for each
x € RY, exactly one point £ with x € 3f*(£). The fact that no more than one point
& has the same vector in the subdifferential is equivalent (Proposition 4.25) to being
strictly convex. The fact that each point is taken at least once as a subdifferential is,
instead, equivalent to being superlinear (see Lemma 4.27 below) O

Lemma 4.27 A convex and l.s.c. function f : RN — R U {400} is superlinear if
and only if of is surjective.

Proof Let us assume that f is convex, l.s.c., and superlinear. Then for every & the
function f given by f(x) := f(x)—&-xisalsolLs.c., and superlinear, and it admits
a minimizer xg. Such a point satisfies £ € df (xp), which proves that £ is in the
image of df, which is then surjective.
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Let us assume now that df is surjective. Let us fix a number L > 0 and take
the 2N vectors El.i := +Le;, where the vectors ¢; form the canonical basis of RV.
Since each of these vectors belong to the image of the subdifferential, there exist
points xl.jE such that Sl.i e af (xl.i). This implies that f satisfies 2N inequalities of
the form f(x) > E,-i o Cl.jE for some constants Cl.i. We then obtain f(x) >
L||x||oc — C, where ||x|lcoc = max{|x;|} = max; x - (£e;) is the norm on RV
given by the maximal modulus of the components, and C = max Cii. From the
equivalence of the norms in finite dimensions we get f(x) > C(N)L||x|| — C,
which shows lim inf)|y||- 00 % > C(N)L. The arbitrariness of L concludes the
proof. O

Remark 4.28 Note that this very last statement is false in infinite dimensions.
Indeed, as one can see for instance in [34], the fact that all functions f : X —
R U {400} such that f* is finite everywhere (a condition which is equivalent to
f*(&) # ¥ for every & € X', and then to the surjectivity of df) are superlinear is
equivalent to the fact that X is finite-dimensional! Exercises 4.11 and 4.12 discuss
some subtle points about this fact.

4.2.3 Recession Functions

Recalling the use we made of it in Sect. 3.3, we discuss in this short subsection
another notion in convex analysis, that of a recession function. Given a function
f : X —> RU {400} we define its recession function f*° via

o) = sup Fx+v) — fx).
xEX:f(x)<+oo

We start with the following properties and characterizations.

Proposition 4.29 If f : X — R U {400} is a proper, convex, and L.s.c. function,
then the function f°° is proper, convex, Ls.c. and 1-homogeneous. Moreover, it is
also characterized by

fx+1v)—f(x)
Sup—:

. f(x+tv)
p sup lim —.

[PW) = sup
xe./\’:f()c)<+o<>t_)-"_OO !

xeX: f(x)<+o0 >0

Proof We clearly have f°°(0) = 0 so that f°° is proper. As a sup of the functions
v = f(x 4+ v) — f(x), which are just translations of f, the function f°° inherits
convexity and lower semicontinuity from f. The fact that it is 1-homogeneous will
be clear after proving the equality f*°(v) = sup, . Fr)<too lim;— 450 M



156 4 Convexity and its Applications

Indeed, this would imply, for every ¢ > 0:

t
f¥(cv) = sup lim M
xeX:f(x)<+oo 1=>+00 !
_ sup lim M:cfoow),

xeX: f(x)<+oo s>t S/C
where we used a change of variable s = ct.

In order to prove the equality in the last part of the claim we look at the behavior
of f on each line directed as v: the function &, defined via A, (t) := f(x + tv) is
convex, and its incremental ratios are non-decreasing. This means that, studying the
behavior of 1D convex functions, the sup defining f°°(v) can be re-written as

sup hy(1) — hy(0) = sup suphy(t + 1) — hy(2)
xeX: f(x)<+o0 xeX: f(x)<+o0 >0

= sup sup h'.(t)
xeX: f(x)<+o0 >0

= sup lim HK.(t)
xeX: f(x)<+o0 1—>+o0
. hy () — hy(0)
= sup lim ————~—~

xeX:f(x)<+oo I=+00 t

hx (t) - hx (O)
= sup sup ——.
xeX: f(x)<+o0 >0
This gives the first part of the required equality. For the last equality, we just need
to observe that we have f(x)/t — 0 ast — 4o0. O

Proposition 4.30 Given a duality pair and a function f : X — RU {400}, assume
that f is a proper, convex, and (X, X*)-weakly l.s.c. function. Then we have

[P W) = sup{(§, v) : fH(&) < +oo}.

Proof We denote the function v > sup{(§, v) : f*(€) < o0} by F" First, we
prove that we always have f* > f. Let & be a point where f*(£§) < +oco0. We
have f(x + tv) + f*(&) > (&, (x 4 tv)), so that we have

o _ fx+1v)
= 1 EE—

f (v) xeX:;'l(lf)<+oot_>l?oo t
> sup lim w.,_(g,v) = (&, v),

xeX: f(x)<+oo 1—>+00 t
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and the fact that € is arbitrary gives

W) = sup{(§, v) : f*(&) < +oo}.

We want to prove the opposite inequality. We start from the case where f is
locally bounded on X, so that df (x) # ¥ for every x (see Proposition 4.21). In this
case we consider £ € df(x + v) and we have f(x) > f(x + v) — (£, v), hence
f(x+v)— f(x) < (& v). Since & is in the image of df, it is in the domain of
af* (due to Point 3. in Proposition 4.23), and hence f *(&) < 400. We then obtain
fx+v)— f(x) < (&, v) < f(v) and, passing to the sup in x, we get [ < f’/o

The general case is obtained via approximation. Given an arbitrary nonnegative,
convex, X*-weakly 1.s.c. and superlinear function® & : X* — R (note that we take
h finite everywhere), let f, be the function on X such that (f;)* = f* + ¢h (i.e.
fe = (f*+¢eh)*). Since f*+ ¢h is superlinear, Proposition 4.14 guarantees that f,
is locally bounded on X. Moreover, we observe that the set where f,* is finite is the
same as the one where f* is finite. We then have, for every x such that f(x) < 4o0,

FRO) = (%) = ()P0 = frlr +v) = fr(x) = folx + ) = f(x).

We then take the limit ¢ — 0 (using Exercise 4.2) in order to obtain ]/‘\55(1)) >
f(x +v) — f(x) and the sup over x in order to conclude f>*(v) > f*(v). |

Remark 4.31 In Remark 4.28 we saw that f* < oo is not enough for the
superlinearity of f, while the previous proposition implies that when f* < oo we
have f*°(v) = +oo for every v # 0. It is important to note that this last condition
is very different from superlinearity, as it corresponds to superlinearity on each line
X + tv, but lacks uniformity in v.

4.2.4 Formal Duality for Constrained and Penalized
Optimization

In this section we introduce the notion of the dual problem of a convex optimization

problem through an inf-sup exchange procedure. This often requires us to write

possible constraints as a sup penalization, and we will then see how to adapt to more

general problems. No proof of duality results will be given, and we will analyze in

detail in the next section the most relevant examples in the calculus of variations.

The proofs presented in Sect. 4.3 will then inspire a more general theory in Sect. 4.5.
We start from the following problem:

min{f(x) : x € X, Ax = b},

3 For instance h (&) := ||€]|2.
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where A : X — Y is a linear map between two normed vector spaces, b € Y is a
fixed vector and f : X — R U {400} is a given convex and l.s.c. function. We will
denote by A’ the transpose operator of A, a linear mapping defined on V', the dual
of Y, and valued in X', the dual of X, and characterized by

(A'E, x) = (£, Ax) forall& € Y and x € X.

We can see that the above problem is equivalent to

min {§ f(x)+ sup (§,Ax —b) : x € Xy,
éey/

since we can compute the value of the expression supgy/(§, Ax — b) by distin-
guishing two cases: either Ax = b, in which case (£, Ax — b) = 0 for every & and
the sup equals 0, or Ax # b, in which case there exists an element & € Y’ such
that (£, Ax — b) # 0 and, by multiplying £ by arbitrarily large constants, positive
or negative depending on the sign of (§, Ax — b), we can see that the sup is +oo.
Hence, adding this sup means adding O if the constraint is satisfied or adding +o00
if not; since in a minimization problem adding the value +o0o has the same effect
as imposing a constraint, we can see the equivalence between the problem with the
constraint Ax = b and the problem with the sup over &.
We now arrive at a problem of the form

infsup L(x,&), where L(x,&) = f(x)+ (§, Ax — D).
R

This is an inf-sup problem, and we can associate with it a second optimization
problem, obtained by switching the order of the inf and the sup. We can consider

supinf L(x, &),
g X

which means maximizing over £ the function obtained as the value of the inf over
x. Remember that we have forgotten the constraint Ax = b, since it took part in
the definition of L, and we now minimize over all x. We can then give a better
expression of this new problem, that we will call the dual problem. Indeed we have

supinf L(x, &) = sup — (&, b) + inf f(x) + (£, Ax).
g~ 3 .

We then rewrite (§, Ax) as (A’&, x) and change the sign in the inf so as to write it
as a sup. We obtain

supinf L(x, &) = sup — (£, b) — sup — f(x) + (—A’E, x).
I £ x
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We now recognize in the sup over x the form of a Fenchel-Legendre transform and
we finally obtain

supinf L(x, §) = sup —(§, b) — f*(=A"§).
g §

This is a convex optimization problem in the variable £ (the maximization of the
sum of a linear functional and the opposite of a convex function, f*, applied to
a linear function of &), involving the Legendre transform of the original objective
function f.

We would like the above two optimization problems (“inf sup” and “sup inf”) to
be related to each other, and for instance their values to be the same.

Given an arbitrary function L the values of inf sup and of sup inf are in general
different, as we can see from this very simple example: take L : A x B — R with
A = B = {£1}and L(a, b) = ab. In this case we have infsup = 1 > supinf = —1.
Here the two values are different, and the inf sup is larger than the sup inf. This is a
general inequality, that we prove here.

Proposition 4.32 Given an arbitrary function L = A x B — R we have

infsup L(a, b) > supinf L(a, b).
a b b a

Proof Take (ag, by) € A x B and write L(ag, bg) > inf, L(a, bg). We then take
the sup over by on both sides, thus obtaining sup,, L(ao, bo) > sup, inf, L(a, bo).
We have now a number on the right-hand side, and a function of ag on the left-hand
side. We then take the inf over ag and get

infsup L(ag, bp) > supinf L(a, by),
a0 p, by @

which is exactly the same as the claim up to renaming the variables. O

Although in general it is not possible to connect the two problems obtained as the
inf-sup and sup-inf of the same function, this can be the case when some conditions
are met. The main tool to achieve this is a theorem of Rockafellar (see [173, Section
37]) requiring concavity in the variable on which we maximize, convexity in the
other one, and some compactness assumption. In our precise case concavity and
convexity are met, since L is convex in x and linear in &, and hence concave. Yet,
Rockafellar’s statement concerns finite-dimensional spaces, and moreover we still
have to deal with the compactness properties we would need. Hence, we will not
provide any proof here that min{f(x) : x € X, Ax = b} and max{—(&, b) —
f¥(—=A'E) : £ € Y'} are equal, and we will wait until the next section for a proof
in a very particular case.

We only discuss here some consequences and some variants of this duality
approach.
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A first consequence concerns sufficient optimality conditions. Assume we
have two optimization problems issued by an inf-sup/sup-inf procedure, i.e.
min{f(a) : a € A} and max{g(b) : b € B} with f(a) := sup, L(a, b) and
g(b) = inf, L(a, b). Then, if ag € A and by € B are such that f(ag) = g(bo),
automatically ap minimizes f and by maximizes g, just because Proposition 4.32
guarantees f(ap) > inf f > supg > g(bp) and all inequalities must be equalities
here. In our precise case the functional f should be replaced with f plus the
constraint Ax = b, and g is given by g(§) := — (&, b) — f*(—A'§).

A second consequence concerns instead necessary optimality conditions. We
need now to believe in inf f = supg. Take a pair (ag, bg) where ap minimizes
f and by maximizes g. Then we deduce f(ag) = g(bp), but this equality is a very
strong piece of information in many cases. For instance, in our case this means that,
if xo and &( are optimal, then we have

fxo) = —(k0, b) — f*(—A"&) and Axp=b.

This can be re-written as
fxo) + f*(=A"&) = —(§0, b) = — (&0, Axo) = —(A'&o, x0),
i.e. we have equality in the inequality f(x) + f*(y) > (x, y). This is equivalent to
xo € 9f*(=A'§) and  — A'& € df (xo).

We can note the similarity with Lagrange multipliers, where optimizing a function
f under a linear constraint of the form Ax = b can be translated into the fact that
V f should belong to a subspace, orthogonal to the affine space of the constraints,
which is indeed the image of A’.

Before moving on to variants of the previous pair of dual problems we want
to insist that writing an equality constraint as a sup over test elements of a dual
space is exactly what is always done in the weak formulation of PDEs. In the next
section we will see as an example what happens when the constraint is of the form
V -v = f, which can be written as [ V¢ - v+ ¢f = 0 for every test function
¢, and it is very natural to replace the constraint with a sup over ¢. In this case,
the dual problem turns out to be a maximization over scalar functions ¢. Moreover,
the transpose of the divergence operator V- is the opposite of the gradient, since
[ ¢V -v = — [ V¢ - v by integration by parts, as soon as boundary conditions
are taken care of. In this way, the functional f*(—A’¢) will be a very classical
functional in the calculus of variations.

Among variants, we first want to discuss the case of inequality constraints instead
of equalities. A constraint of the form Ax < b only has a meaning if we give a
notion of inequality among vectors, which in general is not canonically defined. In
finite dimensions a general convention, mainly used in the Operational Research
community, is that we can consider the inequality component-wise. In the calculus
of variations, we can expect both Ax and b to be functions in a certain functional
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space, and we can require the inequality to be satisfied pointwise (or a.e.). What is
important is that we should characterize the inequality in terms of test functions. For
instance, the inequality f < g a.e. is equivalent to [ ¢(f — g) < O forevery ¢ >0
and a similar equivalence can be stated in the finite-dimensional componentwise
case. We then write

min{f(x) : x € X, Ax <b}=min{ f(x)+ sup (§,Ax—b) : xe Xy,
se 620

since

0 if y <0,
sup (§,y) = ,
£€Y’,£>0 +oo if not.

We can then go on with the very same procedures and obtain the dual problem
max{—(£,b) — f*(—=A'§) : § € Y, & > 0.

Finally, once we know how to build dual problems out of constrained optimization
problems, we could consider a more general case, such as

min {f(x) + g(Ax)},

where g = Ij;) corresponds to the previous example. In this case we do not have
constraints to write as a sup, but we can decide to write one of the two functions f
or g as a sup thanks to the double Legendre transform. We then set

L(x,§) == f(x) + (&, Ax) — g"(&)

and we easily see that we have
min{f(x) + g(Ax)} = infsup L(x, &).
X
§
We then interchange inf and sup, thus obtaining the dual problem
supinf L(x, €) = sup —g"(€) +inf £(x) + (£, Ax)
3 &
= sup —g"(€) —sup—f(x) + (—A'E, x)
X

= Sgp —8"(&) — 1 (=A"®).
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As we said, the equality constraint Ax = b corresponds to g = I{3}, so that we have
g (€)= (§.b).
The duality between

min {f(x) +g(Ax) : x € X} and sup{-g*(€) - f*(-A"8) : £ € Y}

is a classical object in convex analysis and a theorem guaranteeing, under some
conditions, that the values are actually equal is known as the Fenchel-Rockafellar
theorem. We will see in Sect.4.5 a proof of this theorem, inspired by the precise
proof of a concrete duality result presented in Sect. 4.3.

4.3 An Example of Convex Duality: Minimal Flows and
Optimal Compliance

We start this section with two classical examples of convex optimization problems,
which have a strong connection with PDEs, one from traffic congestion modeling
and one from the mechanics of deformation.

The first problem consists in finding a flow transporting some mass from an
original configuration f* (to be intended as a distribution of mass on a given
compact domain €2, so, for instance, one could take f T e P(Q), the set of
probability measures on £2) to a target configuration f~. The flow will be a vector
field v which describes, in Eulerian variables, the motion: v(x) stands for the
intensity and the direction of the movement of the mass at the point x (more
precisely, |v| is the intensity and v/|v| the direction); the motion is assumed to be
stationary (i.e. the mass follows a permanent movement, and new mass is always
injected at the points belonging to the support of £, distributed according to £+,
and withdrawn according to f7) so that there is no explicit time dependence. The
condition to move mass from f* to f~ can be written in terms of V - v, thanks
to the following heuristic consideration: for every small subdomain A C €2, the
conservation of the mass imposes that the mass exiting A, which equals . aa VM
since mass can only leave A through the boundary (and the tangential movement
on the boundary does not contribute to this), should be equal to the mass which
has been inserted minus that which has been removed, i.e. to f A f T f writing
[ ga Vo= / 4 Vv thanks to the divergence theorem and assuming that this equality
holds for any A means V-v = £ — . Note that, if Q itself has a boundary and no
mass is injected/removed at points of the boundary, one should also impose v-n = 0
on 92 so that no mass leaves 2. A convenient way to express this set of constraints
is the weak formulation

/(V¢ v+ ¢f)dx = 0forall ¢ € C(RQ),
Q
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where f = fT — f~. This includes the possibility that f* are singular measures
with a part on the boundary, which should compensate v - n.

Among all the possible flows v satisfying these constraints, we minimize a
cost which penalizes the total movement which is realized, i.e. an integral cost
which is increasing in |v|. We will discuss in Sect.4.6 the connection of this
problem with optimal transport; here we just say that a natural choice would be
to minimize f |v| dx or f K (x)|v|dx, where K > 0 is a weight (exactly as we did
in Sect. 1.4.3 for weighted geodesics); on the other hand, when we want to model
traffic congestion, we can assume that the weight & is not given a priori but depends
on the traffic itself and, in a very simplified setting, on |v|. The simplest choice is to
choose K = |v| and hence solve (adding, in order to simplify the computations, a
factor % in front of the integral)

min{/ 1|v|2dx : V-V:f}. 4.4)
o2

As we said, the second problem comes from mechanics, and is much more
standard in its modeling. Assume that a membrane is originally at rest in horizontal
position, which we model via the constant function # = 0 on 2: the domain Q
stands for the projection on the horizontal plan of the membrane, and the value of
u(x) € R stands for its vertical displacement. If no force acts on the membrane,
the configuration u = 0 is stable and is what can be observed in reality. Assume
now that at some points the membrane is pushed down, and at others it is pushed
up, thus applying a force f = f* — f~ with positive and negative parts. If the
two parts equilibrate (i.e. [ f© = [ f7) we can imagine that the barycenter of
the membrane does not move, but the shape of the membrane is deformed. The
configuration which is realized by the membrane is the one which minimizes a sum
of a potential energy given by the work of the force f (i.e. [uf) and an elastic
energy related to the deformation. The simplest choice is to choose the Dirichlet
energy | %|Vu|2 as an elastic energy. One of the reason for this choice is that it is
equivalent to the Taylor expansion (stopped at the first non-zero term) of the energy

1 + |Vu|?, which represents the surface area of the deformed membrane (and
hence approximates well such an area if u is small in C' norm). Alternatively, one
can also describe the equilibrium shape of the membrane in PDE terms through
Au = f. We will discuss later how to insert Dirichlet data on u (i.e. regions where
the displacement u is prescribed, for instance # = 0), and in particular we will see in
Chap. 6 that an interesting question is how to optimize the Dirichlet regions, which
can be considered as reinforcements for the membrane, under possible constraints
or penalizations on their size. So far, we have stuck to the case where no value is
prescribed for u, which corresponds to Neumann boundary conditions for the PDE
Au = f if Q has a boundary. The variational problem reads

min{/ 1|Vu|2dx+/ufdx : ueHl(Q)}. (4.5)
Q?2 Q
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In the case where f is a function instead of a more general distribution in the dual
of H' (in which case one should replace f uf with (f, u)), this is a particular case
of the problems presented in Sect.2.1. The minimal value is necessarily negative
(since u = 0 is a competitor) and one can see that, using the optimality condition
given by the Euler-Lagrange equation Au = f, it equals — [ %qu|2. Hence, if
we consider that this minimal value depends on 2 and on the force f we see that
how much it differs from 0 is a measure of how stiff the configuration is, since it
measures the effective total deformation (in terms of elastic energy). The negative
of this minimal value is called the compliance and it can be optimized in order to
find the stiffest configuration (usually among domains 2 for given f, and usually
adding Dirichlet boundary data).

The main goal of this section is to show that the two problems of the form (4.4)
and (4.5) are actually dual to each other, and that the same holds for a large class
of variants of the same problems, replacing the quadratic costs with other convex
functions.

To be more precise we will consider a function H : © x RY — R which is
convex in the second variable

(Hypl) foreveryx v+ H(x,v) isconvex

and satisfying the following uniform bounds:

(&0) (&)
(Hyp2) ;Ivlq —ho(x) < H(x,v) < ?Ivl" + hi(x),

where ho, h are L' functions on , ¢, ¢; > 0 are given finite constants, and g €
(1, 400) is a given exponent. For functions of this form, when we write H*(x, w)
we mean the Legendre transform in the second variable, i.e. H*(x, w) = sup, w -
v— H(x,v).

We consider the problem

min{/ H(x,v(x))dx : V-v:f}.
Q

Before giving rigorous results, we will formally build its dual problem, with the
same informal derivation as we did in Sect. 4.2.3. This can be done in the following
way: the constraint V - v = f can be written, in weak form, as — f v-Vu = f fu
for every u in a suitable space of test functions This means that we can rewrite the
above problem in the min-max form

min{/ H(x,v)dx+sup<—/fudx—/v-Vudx)},
Q u Q Q

since the last sup is 0 if the constraint is satisfied and +o0 if not. Now, we have a
min-max problem and the dual problem can be obtained just by inverting inf and
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sup. In this case we get

sup{—/fudx+inf(/ H(x,v)dx—/v-Vudx)}.
Q v \Ja Q

Since infy [ H(x, V)— [ V-Vu = —supy [o Vu-v—[o H(x,v) = [o H*(x, Vu),
the problem becomes

sup{—/fudx—/H*(x,Vu)dx}.
Q Q

In the following, we will see precise statements about the duality between the two
problems. The duality proof, based on the above convex analysis tools, is essentially
inspired by the method used in [36] . Other proofs are obviously possible.

4.3.1 Rigourous Duality with No-Flux Boundary Conditions

We define the space Wj”’ () as the vector subspace of W17 () composed by
functions with zero mean and the space (W!-? )5, (€2) as the subspace of the dual of
WP composed by those f such that (f, 1) = 0 (i.e. those f with zero mean as
well).

Note that for every v € LP/(Q; R4 ), the distribution V - v, defined by

(V-v, o) :=—/V-V¢>dx,
Q

naturally belongs to (wlr ), (€2). Incidentally, this will be the definition we will use
of the divergence operator (in weak form), and it includes a natural Neumann (no-
flux) boundary condition on 9<2. However, note that we will sometimes use the flat
torus as a domain €2, which gets rid of many boundary issues.

We will prove the following duality result.

Theorem 4.33 Assume that Q2 is smooth enough and that H satisfies Hypl and
Hyp2 withq = p' = p/(p — 1). Then, for any f € (W'P), (), we have

min{/ H(x,v(x))dx : ve LP’(Q;R"),V-v:f}
Q

:max{—/ H*(x, Vu(x))dx — (fu) : ue W”’(Q)}.
Q
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Proof We will define a function #: (W'?)’ — R in the following way
F(f) := min {/ Hx,v(x))dx : ve L”/(Q; R,V .v= f} .
Q

Note that if f ¢ (WLP), c (W!P)Y, then F(f) = 400, as there isno v € LY
with V - v = f. On the other hand, if f € (Wl’l’)g, then 7( f) is well-defined and
real-valued since fQ H (x, v(x)) dx is comparable to the L? norm of v, and we use
the following fact: for every f € (W!?)/ there existsa v € LP" such that f=V-.v
and [|v||, y < ||f||(W1,p)g (see the next lemma).

We now compute 7 : Wh? — R:

7w = (f0 - T = s (f0) /Q H(x, v(x) dr.

£V:V.v=f

We can then go on using only v as a variable, thus obtaining
F*(u) = sup (V- v,u) —/ H(x, v(x))dx
v Q
= sup —/(V~Vu)dx —/ H(x,v(x))dx :/ H*(x, —Vu(x)) dx.
v Q Q

In the very last equality we used the fact that the vector field v can be chosen point
by point as there are no longer any constraints on its divergence. The reader may
wonder how we can restrict to v € L”’, but this can be done in the following way.
Of course we have

sup —/(V-Vu)dx—/ H(x,v(x))dx < / H*(x, —Vu(x))dx,
Q Q

veL?

because of the pointwise inequality defining H*. On the other hand, for every M >
0 we have

sup —/(V~Vu)dx—/ H(x,v(x))dx> sup —/(V-Vu)dx— H(x,v(x))dx.
veLr Q V:|VisM Q

The sup in the right-hand side can be realized by choosing for every x a vector v(x)
which realizes the max (or almost the sup) in —v - Vu(x) — H (x, v) among vectors
v with |v| < M. This can be done in a measurable way. If we set H*M (x, w) :=
Sup,,. <y V- w — H(x, v) we then obtain

sup —/(V-Vu)dx—/ H(x,v(x))dxz/H*’M(x,—Vu(x))dx.
Q Q

/
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The desired equality can be obtained taking the limit M — oo, using the monotone
increasing convergence of H*™ (x, w) to H* (x, w).
Now we want to make use of the double transform F**. By definition we have

F(f) = sup(f, u) — F*(u) = sup(f, u) — /Q H*(x, —=Vu(x)) dx.
By taking the sup on —u instead of u we also have
F(f) =sup —(f,u) —/QH*(X,Vu(x))dx.

Finally, if we prove that # is convex and Ls.c., then we also have ¥ = F, and
the desired duality result is proven.

The convexity of Fis easy. We just need to take fy, fi € (W7 ), (2) and define
fr = (1 — 1) fo + tf1. Let vo, vi be optimal in the definition of F( fy) and F( f1),
i.e. f H(x,vi(x))dx =F(f;) and V -v; = f;. Letv; := (1 —t)vog +tvy. Of course
we have V - v; = f; and, by convexity of H (x, -) we have

Ffo) < /H(X,Vt(x))dx <q —t)/H(x,vo(x>)dx+r/H(x,vl(x))dx
< (1 = OFfo) + 1F ).

and the convexity is proven.

For the semicontinuity, we take a sequence f,, — f in (WLPY . We can assume
that F(f,,) < +oo otherwise there is nothing to prove, hence f, € (Wl’/’)g(Q).
Take the corresponding optimal vector fields v,, € L”/, i.e. f H(x,v,(x))dx =
F(fn). We can extract a subsequence such that limy F(f,,) = liminf, F(p,).
Moreover, from the bound on H we can see that the L” norm of v, is bounded in
terms of the values of F( f;,), which are (use Lemma 4.34) bounded by the (WI*P)’O
norms of f,. Since f; converges, we get a bound on ||v,||, ,». Hence, up to an extra
subsequence extraction, we can assume v,, — v. Obviously we have V- v = f
and, by semicontinuity of the integral functional v — [ H(x, v) dx, we get

F(H= /H(x, v(x))dx < lin}(inf/H(x, Vi (1)) dx =Hm F( fu,) =lim inf F(fy).

which gives the desired result. O

The duality result that we proved can be written in the following form

min{A(v)} + min{B(u)} = 0, 4.6)
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where A is defined on L? (Q; RY) and B on W!-7(Q) via

H ifV.v=
AW) = Jo Hx,v(x))dx i v=f
+00 otherwise,

and
Bu) = / H*(x, Vu(x))dx + {f, u).
Q

Lemma 4.34 Given f € (lel’)g(sz) there exists a v € Lp/(Q; RY) such that
S =V vand ||l < Cllfllwrpy-

Proof Consider the minimization problem

; 1 b4 Lp
mm{;/ﬂqubl dx+{(f,¢) : peW" (Q)}.

It is easy to prove that this problem admits a solution, as the minimization can be
restricted to the set W;"’ . This solution ¢ satisfies* (see Sect. 2.4)

- /S2 (V)P Yy dx = (£, 9)

for all + € W7 (). This means precisely V - v = f for v = (V¢$)?~!. Moreover,
testing against ¢, we get

v, :/Q|v|f”dx=/Q|V¢|f’dx:<f,¢> < 1 f oy NIl

LP
'—1
= C||f||(W1-p)/||V¢||LP = C||f||(W1-p)'||V||ipr >

which gives the desired bound on ||v]], . O

4.4 Regularity via Duality

In this section we will use the relation (4.6) to produce Sobolev regularity results
for solutions of the minimization problems min A or min B.

4 Pay attention to the notation: for every vector w and & > 0 we denote by w® the vector with
modulus equal to |w|%, and same direction as w, i.e. w¥ := |w|*'w.
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We will start by describing the general strategy. We consider a function H not
explicitly depending on x, and we assume that an inequality of the following form
is true

(Hyp3) H@)+ H*(w) > v-w+clj) — ju(w)]?

for some given functions j, j, : R? — RY. This is an improvement of the Young
inequality H (v) + H*(w) > v - w (which is just a consequence of the definition of
H*). Of course this is always true taking j = j, = 0, but the interesting cases are
the ones where j and j, are non-trivial.

To simplify the computations, we will assume that €2 is the flat d-dimensional
torus T¢. We start from the following observations, which we collect in a lemma.
For the sake of the notation, we call v and & the minimizers (or some minimizers,
in case there is no uniqueness) of A and B, respectively, and we denote by u, the
function uy, (x) := it (x + h). We define a function g : R — R given by

g () :=/ f(x)ﬁ(x+h)dx—/ i) dx.
Td Td

Lemma 4.35 Assume H satisfies Hypl,2,3 with ¢ = p’, and let v and i be
optimal. Then we have

@) = ju(Va).

¢ fpa 1jx(Vup) — ju(Vit)[* dx < g(h).

If g(h) = O(|h|?), then j,(Vii) € H'.

Ifgis CY1 then g(h) = O(|h|?) and j,(Vii) € H'.

If f € WEP (), then g € C and hence j.(Vii) € H'.

“R b~

Proof First, we compute for arbitrary v and u admissible in the primal and dual
problems (i.e. we need V - v = f), the sum A(v) + B(u):

A(V)+B(u):/d(H(vH—H*(Vu)—i—fu)dx:/d(H(v)+H*(Vu)—V-Vu)dx
T T
zc/ V) = ju(Vi) 2 dx.
Td

If we take v =vand u = i, then A(v) = min A, B(u) = min B and A(v) + B(u) =
0. Hence, we deduce j (V) = j«(Vu), i.e. Point 1. in the statement.
Now, let us fix v = v but u = uj,. We obtain

A(W)+B(up)

/ |/« (Vit) — ju(Vup)[*dx =/ 17 (V) = ju(Vup)dx <
Td Td C

_ B(up)—B(u)
=
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In computing B(uy) — B(it), we see that the terms [y H*(Vuy) and [3q H*(Vit)
are equal, as one can see from an easy change-of-variable x + x + h. Hence,

Bun) — B(@) :/ Fup dx —/ fidx = g(h),
Td Td

which gives Point 2.

Point 3 of the statement is an easy consequence of the classical characterization
of Sobolev spaces (see Box 2.1). Point 4 comes from the optimality of u, which
means that we have g(0) = 0 and g(h) > O for all . This implies, as soon as
g € C11, Vg(0) = 0 and hence g(h) = O(|h|?).

For Point 5, we first differentiate g(h), thus getting

Vg(h) = /w FOVii(x + h) dx.

If we want to differentiate once more, we use the regularity assumption on f: we
write

/ S Viu(x +h)dx = / f(x —h)Viu(x)dx
'ﬂ'd 'H‘d
and then
D*g(h) = / Vf(x —h) ® Vii(x) dx,
Td

which also gives | D?g| < ||V f| |.» || Vit||Lr. Note that i naturally belongs to whp,
hence the integral is finite and bounded, and g € C-1. O

Unfortunately, the last assumption (f € Wl’p/) is quite restrictive, but we want
to provide a case where it is reasonable to use it. First, we find interesting cases of
functions H and H* for which we can provide non-trivial functions j and j.

4.4.1 Pointwise Vector Inequalities

The first interesting case is the quadratic case. Take H (v) = %|v|2 with H*(w) =
%|w|2. In this case we have easily

* 1 2 1 2 1 2
H@) + H (w) = Sl + Slwl"=v-w+ Jlv—wl,

hence one can take j(v) = v and j,(w) = w.
Now we move to the general case.
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Lemma 4.36 Consider a function H which is uniformly convex, i.e. v — H () —
%|v|2 is convex for some ¢ > 0 (or, equivalently, D*H > cI). In this case we have

H@) + H*w) = v-w+ S — VH )l
Proof We start from the equality
H(VH*(w)) + H*(w) = VH*(w) - w 4.7)

together with
H@) > HVH"(w)) +w- (v — VH*(w)) + §|v — VH*(w)|?, (4.8)

which is a consequence of w € dH(VH*(w)) (note that H is not necessarily C )
while H* is indeed C! because H is strictly convex). If we sum (4.7) and (4.8) we
obtain the claim. O

Remark 4.37 If we use Lemma 4.35 for a function H satisfying the assumptions
of Lemma 4.36 we can use j(v) = v and j,(w) = VH*(w). We obtain the
equality v = VH*(Vu) for the optimizers v and u. We deduce the condition
V - (VH*(Vi)) = f, which is exactly the Euler—Lagrange equation for the
variational problem solved by u.

We now move to another interesting, though more difficult case, the case of
powers. Take H(v) = %|v|1’ with H*(w) = #|w|p . We claim that in this case

we can take j(v) = v”/? and j,(w) = wP'/2 (remember the notation for powers of
vectors).

Lemma 4.38 For any v, w € R4 we have

1 1
—PlP + < wl” = v-w P2 —wP' 22,

+ 2max{p, p'}

Proof First we writea = vP/?> and b = w”'/? and we express the inequality in terms
of a, b. Hence we try to prove %|a|2 + §|b|2 > q2/P . p2P 4 mm — b~
In this way the inequality is more homogeneous, as it is of order 2 in all its terms
(remember 1/p + 1/p’ = 1). Then we notice that we can also write the expression
in terms of |a|, |b| and cos @, where 6 is the angle between a and b (which is the
same as the one between v = a2/? and w = b?/ P/). Hence, we want to prove

1 1 / 1
—lal* + =|b|*> cosf (|a|2/”|b|2/" ——,|a||b|>
P P max{p, p'}

2 2
S ——— b|7).
+ 2max{p’p,}(lal +161%)
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Since this depends linearly on cos 6, it is enough to prove the inequality in the two
limit cases cos§ = =£1.

For simplicity, due to the symmetry in p and p’ of the claim, we assume p <
2 < p’. We start from the case cosd = 1, i.e. b = ta, with r > 0 (the case a = 0 is
trivial). In this case the Lh.s. of the inequality becomes

|W<%+§ﬁ)=m%%+%u+u—mﬁ

2 2 1 2
= |a| 1+—/(l‘—1)+—/(l‘—])
p p
/ 1
szQ””+ﬁa—nﬂ,
p

where we used the concavity of ¢ > %/ P, which provides 1 + %(r —1) > 27,
This inequality is even stronger than the one we wanted to prove, as we get a factor
1/p’ instead of 1/(2p’) in the r.h.s.

The factor 1/(2p’) appears in the case cos® = —1,i.e. b = —ta, t > 0 (we do
not claim that this coefficient is optimal). In this case we start from the r.h.s.

1 , 1 2 1 1
la? [ == (1 4+ 0% =P ) <la)?—= (141> <|a)? == (14+D) <|a)* [ =4+ —=1?),
2p 2p 2p p P

which gives the claim. O

As a more involved variant of the power cost functions, we also consider some
other convex functions which will be natural in the study of very degenerate elliptic
PDEs and in congestion models.

Consider the case H(v) = |v| + %|v|1’. In this case, we can use j(v) = vP/?
and j,(w) = (w — 1)‘_!,’r//2 (again, we use this weird notation: the vector (w — 1) is
the vector with norm equal to (Jw| — 1)% and the same direction as w, i.e. j,(w) =
(Jwl = DEw/[w)).

Indeed, we have

1 1 ,
H*(w) =sup v-w— [v] — —v]” = = (w| — D]
v p P
and
* 1 V4 1 P/
H@)+ H"(w) = |v] + ;Ivl + F(le - D5

> 4+v-(w—1Dg+cp??—(w-— 1)1/2|2_
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We only need to prove |v| + v - (w — 1)+ > v - w. This can be done by writing
[v|+v-(w— 1Dy = [v|(14+ (Jw| — 1)+ cosb).
If jw| > 1 then we go on with
[v](1 + (Jw| — 1)1 cos @) > |v|cosO(1 + (Jw| — 1)+) = |v|cosO|lw| = v - w.
If |[w| < 1 then we simply use

[v](1+ (jw| — 1)y cosB) = |v| > v - w.

4.4.2 Applications to (Degenerate) Elliptic PDEs

If we look at the case H (v) = #|v|”/, we have H*(w) = %|w|” and the solutions
of Apu = f (where Apu =V - ((Vu)P~1)) are the minimizers of f %IVMI” +
fu. We already mentioned in Sect.2.4 some regularity issues about p-harmonic
functions, and the same classical references [30, 131] also provide many results
about solutions of A,u = f. In this section we first underline the simplest result
that we can obtain from the consideration of the previous sections and these duality
methods. It is indeed easy to obtain the following.

Proposition 4.39 Assume that Q is the flat torus and Apu = f € Wl*p/(Q). Then

(Vi)P/?2 e HY.

Proof This statement can be proven by combining Lemma 4.35 and Lemma 4.38.
O

Remark 4.40 The above result is very classical (see for instance [140]), even if
usually obtained using a slightly different technique. In particular, the pointwise
inequality of Lemma 4.38 replaces, in this duality-based approach, the usual vector
inequality that PDE methods require to handle equations involving A, i.e.

-1 -1 2 2.2
! —w!™ - (w — wy) = clwl? — w!?P,

which is an improved version of the monotonicity of the gradient of w > %|w |P.

Instead, if we consider H (v) = |v| + ﬁ |v|p/, we get the following result.

Proposition 4.41 Let H be given by H (v) = |v| + §|v|ﬂ/ and H*(w) = %(|w| -
l)fL. Assume that <2 is the flat torus and f € WP (Q). Let ¥ be a solution of min A

and u a solution of min B (equivalently, assume that u solves V - (Vi — 1)£_1) =
f). Then P2 = (Vii — 1)4)P/? € H!.
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This result is the same as that proven in [44], which used PDE methods, and

does not seem easy to improve. The equation V - ((Vu — l)i_l) = f, which can be
written

v.<avML—1flvu)==f

|Vl

is very degenerate in the sense that the coefficient (|Vu| — 1)_‘7:l /1Vu| vanishes on
the whole set where |[Vu| < 1.

This equation and the corresponding minimization problems arise in traffic
congestion (see [22, 44, 63] and Sect. 4.6) and the choice of the function H is very
natural: we need a superlinear function of the form H(v) = |v|h(|v]), with A > 1).
This automatically implies the degeneracy.

We now move to the Poisson equation Au = f, corresponding to the mini-
mization of f %|Vu|2 + fu, and hence to H(v) = %|v|2 and H*(w) = %|w|2.
It is possible to treat this case by the same techniques as in the degenerate case
above, but the result is disappointing. Indeed, from these techniques we just obtain
f e H' = Vu € H', while it is well-known that f € L? should be enough for the
same result. Yet, with some more attention it is also possible to treat the L? case.

Proposition 4.42 Assume that Q is the flat torus and Aii = f € L*(Q). Then
Viie H'.

Proof We use the variational framework we presented before, with H (v) = %|v|2.
We then obtain

1 P)

§||V'4h = Vull;, < g(h). 4.9)

Now, set w; := sup{||Vup — Vul|;2 : |h| < t}. From (4.9) we have

wf < sup 2g(h) <2t sup |[Vg(h).
h:|h|<t h:lh|<t

From Vg(h) = Vg(h) — Vg(0) = f f(Vuy, — Vu) we deduce

Ve < I fll2lVun — Villz < [ fll20,

hence a)lz < 2t|| f|l;2@:, which implies w; < 2¢|| f||;2 and hence Vu € H'. O

As we already pointed out, the result stating that solutions u of Ayu = f €
WP (Q) satisfy (Vi)?/> € H' is very classical but not very satisfactory in the
limit case p = 2. This is why we also look at the following other classical result.
Before stating it, we recall some useful definitions of fractional Sobolev spaces.
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Box 4.3 Important Notion—Fractional Sobolev Spaces
When €2 is bounded and its diameter is R, if | < p < 4+o0and0 < s < 1,
the space W* 7 () is defined as

[lus — u”ip Q)
WSP(Q)=u e LP(Q) : [u]? ::/ 0 LMW g5 o 4ol
S.P BO.R) §d+sp

where Qs = {x € @ : x +6 € Q}. The norm on W*P () is given by
[lullLr + [uls, p- The space H? is defined as w2,
Note that an inequality of the form |lus — ul|zr < C|§|* implies u €

WP for every s’ < s. Also note that the Hilbert case p = 2 also enjoys
an alternative definition in terms of the Fourier transform. Indeed, we have
u € H® if and only if & — |E|*0(£) € L? and [u]s 2 is equivalent to the e
norm of & — |E|5u(§).

We refer to [1] or [77] for more details.

Proposition 4.43 Assume that Q is the flat torus T¢ and A pu=fe€ LP' (), with
p > 2. Then ||(Vuy)P/? — (Vﬁ)P/2||Lz < C|h|1’//2, which implies in particular
(Vi)P!? € H® fors < p'J2 < 1.

Proof We use the same strategy as in Proposition 4.42. For simplicity, we set G :=
(Vu)P/2. As in Proposition 4.42, we set w; := SUPp.p<¢ 11Gh — Gllp2. We have
IGx — GlI7, < Cg(h), which implies

w? < Ct sup |Vg(h) —VgO)| < Ctl|fll,» sup ||[Vup — Viil|Lr.
h:|h|<t h:|h|<t

From the a-Holder behavior of the vector map w — w® in R? (see Lemma 4.44
below), with « = 2/p < 1, we deduce, using Vu = G,

|[Vup — Vill}, = [ |Vup —VilPdx < [ |Gy — G*dx = ||G), — G|[,.
Lr T‘[ T‘l L

Hence, we have
2 2/p
wy SCtHf”Lp’wt s
which implies

2/p'
@y SCtHfHLp’a

i.e. the claim O
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Lemma 4.44 For (0 < a < 1, the map w +— w* is a-Holder continuous in R,

Proof Leta,b € RY. We write

b
(x_b(x_ _ . . o Ol_b(x.
la |||||||||+|||b||||b|_|| |b|+llalll\

For the second term in the r.h.s., we use the e-Holder behavior of  — * in R4 and
get

[lal* = 161*] < llal = |b]|* < |a — b|*.

For the first term in the r.h.s., we use the inequality

a _by_|a_b ﬁ ’ |+|b|llb|—|all 52Ia—bl
lal bl lal ~ la| = lal  |b] lal|b] lal
and get

lal  1b]

lal® <2lal*a - b|.

If we choose a to be such |a| > |b| (which is possible w.l.o.g.), we have 2|a| >
|a — b| and hence 2¢~Ha|*! < |a — b|* 1, ie. 2|a|* Ya — b| <22 %|a — b|*.
Summing up, we have (without claiming that this constant is optimal)

la® — b < 2*7% + 1)|a — b|*.

O

Remark 4.45 Note that the result of Proposition 4.43 is also classical, and quite
sharp. Indeed, one can informally consider the following example. Take u(x) ~ |x|"
as x ~ 0 (and then multiply by a cut-off function out of 0). In this case we have

Vu(x) ~ |x|"71 (Vu()P ! a x| CTDETD ] f () i= A (x) & x| O DD

Hence, f € L? ifand onlyif (r —)(p—1)—1p' > —d,ie.(r—)p—p' > —d.
On the other hand, the fractional Sobolev regularity can be observed by considering
that “differentiating s times” means subtracting s from the exponent, hence

L? & p(r—1)—2s > —d.

(Vu))?? ~ x| 27" = (Vu) ¥ € B

If we want this last condition to be true for arbitrary s < p’/2, then it amounts to
p(r — 1) — p’ > —d, which is the same condition as above.
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4.4.3 Variants: Local Regularity and Dependence on x

In the previous section we only provided global Sobolev regularity results on the
torus. This guaranteed that we could do translations without boundary problems,
and that by change-of-variable, the term f H (Vuy,) dx did not actually depend on A.
We now provide a result concerning local regularity. As the result is local, boundary
conditions should not be very important. Yet, as the method itself is global, we
need to fix them and be precise about the variational problems that we use. We
will consider, as usual, variational problems without any boundary constraint, which
correspond to PDEs with no-flux boundary conditions. Since, as we said, boundary
conditions should play no role, with some work it is also possible to modify them,
but we will not develop these considerations here.
We will only provide the following result, in the easiest case p = p’ = 2.

Theorem 4.46 Let H, H*, j and j, satisfy Hypl, 2,3 withq = 2. Assume f € H'.
Assume also H* € CV! and j, € CO'. Assume V - (VH*(Vi)) = f in Q with
no-flux boundary conditions on 02. Then, j.(Vu) € HIL o

Proof The condition V - VH*(Vii) = f is equivalent to the fact that u is solution
of

min{/ H*(Vu)dx+/ fudx :ue W]’P(Q)}.
Q Q

We will follow the usual duality strategy as in the rest of the section. Yet, in order
not to have boundary problems, we need to use a cut-off function n € C2°(£2) and
define

up(x) = u(x + hn(x))

(note that for small & we have x + hn(x) € Q for all x € ). In this case it is no
longer true that we have g(h) := [o H*(Vuy) dx = [ H*(Vii) dx. If this term is
not constant in /, then we need to prove that it is a C!'! function of /. To do this,
and to avoid differentiating Vi, we use a change-of-variable. Set y = x + hn(x).
We have V(up)(x) = (Vu)(y)(I +h ® Vn(x)), hence

é’(h)=/QH*(Vuh)dx=/QH*(Vﬁ(y)+(Vﬁ(y)~h)V77(X)) s

by
1+h-Vnx)

where x = X (h, y) is a function of /& and y obtained by inverting x +— x + hn(x)
and we used det(/ + 7 ® Vn(x)) = 1 4+ h - Vn(x). The function X is C* by the
implicit function theorem, and all the other ingredient of the above integral are at
least C!-! in &. This proves that g is C!'!. The regularity of the term g(h) = fQ fup
should also be considered. Differentiating once we get Vg(h) = fQ fx)Vu(x +
hn(x))n(x) dx. To differentiate once more, we use the same change-of-variable,
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thus getting

Vg(h) = /S2 S (X h, )Vu(y)n(X(h, y)) Y

by
1+h-Vn(x)
From y = X(h,y) + hn(X(h,y)) we get a formula for D, X (h, y), i.e. 0 =
DpX(h,y) + n(X(h, yY)I + h ® Vn(n(X(h, y))DpX (h,y). This allows us to
differentiate once more the function g and proves g € C1!.

Finally, we come back to the duality estimate. What we can easily get is

clljx(Vun)) = ju(ViD|I7, < g(h) + &(h) = O(h]).

A small difficulty remains in the fact that j,(V(up,)) is not the translation of j,(Vi).
Yet, if we take a subdomain €’ C  such that ('), C {n = 1}, then for every h
with |h| < r it is true that, on ', the function j,(V(uy)) is the translation of
J«(Vu) by a vector h. This allows us to conclude, as in Lemma 4.35 (4), and obtain
J« (Vi) € H . u!

The duality theory has been presented in the case where H and H* could also
depend on x, while for the moment regularity results have only be presented under
the assumption that they do not. We now consider a small variant and look at how
to handle the following particular case, corresponding to the minimization problem

min{%/a(x)Wu(x)V’dx—i—/ fux)dx : ue W“’(Q)}. (4.10)
Q Q

We will use @ = T to avoid accumulating difficulties (boundary issues and
dependence on x). Note that the PDE corresponding to the above minimization
problemis V - (a(Vu)?~!) = f.

First, we need to compute the transform of w — H*(w) := %|w|”. Setbh =

a'/(P=D Tt is easy to obtain H(v) = pr, |v|”/. Also, we can check (just by scaling
the inequality of Lemma 4.38), that we have

2
p—1 vP'/2

pl2 _ 2
w Hp/2

1 /
—v|” + w|? > v-w+ bl

bp’

In particular, if we assume that a(x) is bounded from below by a positive constant,
and we set H*(x, w) = %Iww, then we get

H(x,v) + H*(x, w) = v-w+clj(x, v) — juw)]?

where j,(w) = wP/2,
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‘We can now prove the following theorem.

Theorem 4.47 Assume f € whr' (']Td) and a € Lip,a > ap > 0, and let u be the
minimizer of (4.10). Then G := Viu?/?* ¢ H'(T?).

Proof Our usual computations show that we have
cl|Gh = GII3, < g(h) + g(h),

where g(h) = [ fup — [ fii and g(h) = f%wwp - f@ww. With our
assumptions, g € cl1. As for g(h), we write

—h
/ a(x)|VMh|p=/ Mlvmf’
T P Td p

Vg(h)z/ M|Vﬁ|l’:/ W(x)wuhv’.
T4 p T¢ D

and hence

Hence,

[Va(x)|

Vi - vEO) < || [IVapl? = V7|

< c/w IGh> = |GI*| < ClIG — Gll21IGh + Gl 2.

Here we used the L°° bound on |Va|. Then, from the lower bound on a, we also
know G € L2, hence we get [Vg(h) — Vg(0)| < ClIG, — Gll 2.
Now, we define as usual w; := sup;,_, <, [|Gr — G||2 and we get

w? < C sup g(h)+g(h) <Ct sup |Vg(h)+ Vg(h)|
h=|h| <t h=lh|<t

=Ct sup |Vg(h) = Vg(0) + V(h) — V§(0)| < C1* + Cray,
h=|h|<t
which allows us to deduce w; < Ct and hence G € H 1 m|
We also provide the following theorem, which is also interesting for p = 2.

Theorem 4.48 Assume p > 2, f € LY (’]I‘d) and a € Lip,a > ag, and let u be
the minimizer of (4.10). Then G = Vi?/? satisfies |Gy, — G||;2 < C|h|P/% In
particular, G € H'\(T?) if p =2 and G € H*(T?) forall s < p'/2if p > 2.



180 4 Convexity and its Applications

Proof The only difference with the previous case is that we cannot say g is C'*! but
we should stick to the computation of Vg. We use as usual

IVeg(h) — Vg < [ fll p IVun — VullLr.

As we are forced to let the norm ||Vuy, — Vul|rr appear, we will use it also in g.
Indeed, observe that we can estimate

[Va(x)|

IVg(h) — Vg(0)| < /Td |[Vup|? = |Val?|

< c/duwuf"1 +|Vit| P~ Vuy, — Vil < Cl|Via? |,y |IVuy, — Vidl| L.
T

We then use ||VL"¢P’1||LP/ = ||V12||Z;l and conclude
[Vg(h) —Vg)| < Cl[Vup — Vul|Lr.
This gives, defining w; as usual,

w; = Ct sup |Vg(h) —Vg(0)+Vg(h) — Vg = Cr sup |[|[Vu, — Vitl|Lr
h=Ih|= h=Ih|=t

and hence
2
a)t2 < Ctw; /p

as in Proposition 4.43. O

4.5 A Proof of the Fenchel-Rockafellar Duality Theorem

In this section we want to take advantage of the technique presented in Sect. 4.3
for the precise case of minimal flow problems in order to prove a general abstract
version of the Fenchel-Rockafellar duality theorem. For simplicity and in order to
understand the technique, we will start from the case where all spaces are reflexive.
In the following theorem we consider two reflexive spaces X and Y and use duality
pairs including them and their duals.

Theorem 4.49 Let X and Y be two reflexive normed vector spaces, f : X —
RU{+o00} and g : Y — RU{4o00} two convex and lower semicontinuous functions,
and A : X — Y a continuous linear mapping. Assume that g is bounded from below
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and f is coercive. Then we have
min {f (x) + g(Ax) : x € X} =sup {—g"(§) — [*(-A'§) : £ € Y},

where the existence of the minimum on the left-hand side is part of the claim.

Proof We define a function ¥ : Y — R U {+00} by
F(p) =min{f(x) +g(Ax +p) : x € X}.

The existence of the minimum is a consequence of the following fact: for any
sequence (x,, p,) with f(x,) + g(Ax, + p,) < C the sequence x, is bounded.
This boundedness comes from the lower bound on g and from the coercive behavior
of f. Once we know this, we can use p, = p, take a minimizing sequence x, for
fixed p, and extract a weakly convergent subsequence x, — x using the Banach—
Alaoglu theorem in reflexive spaces. We also have Ax, + p — Ax + p and the
semicontinuity of f and g provide the minimality of x (since, being convex, f and
g are both L.s.c. for the strong and the weak convergence, in X and Y, respectively).
We now compute F* : Y — R U {+o0}:

F*(&) = sup (&, p) — F(p)
P

= sup(§, p) — f(x) — g(Ax + p)
DX

=sup(§, y — Ax) — f(x) — g(y)

y,x
= sup(§, y) — g(y) +sup(—A’E, x) — f(x)
=g" &) + [ (—A'8).

Now we use, as we did in Sect. 4.3, the double transform F**. In this case, as the
variable in the function ¥ is a perturbation p which has been added to the problem
and we are interested in the case p = 0, we will use F**(0) = sup —F"*. The claim
is proven as soon as we prove that ¥ is convex and L.s.c. so that #7*(0) = #(0).

The convexity of 7 is easy. We just need to take pg, p1 € Y, and define p; :=
(1 — t)po + tp1. Let xg, x1 be optimal in the definition of F(pg) and F(py), i.e.
[ fxi) + g(Ax; + pi) = F(pi), and set x; := (1 — 1)xq + tx1. We have

F(pr) < fx) +g(Ax, + pr) < (1 = )F(po) + tF(p1),

and the convexity is proven.

For the semicontinuity, we take a sequence p, — p in Y. We can assume
F(pn) < C otherwise there is nothing to prove. Take the corresponding optimal
points x,, and, applying the very first observation of this proof, we obtain ||x,|| < C.
We can extract a subsequence such that limy F(p,,) = liminf, ¥(p,) and x,, — x.
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The semicontinuity of f and g provides

Fp) = f(x) +8(Ax +p) = lirr}(inff(xnk) + g(Axp, + pny)

= lilzn?'(p”k) = liminf F(p,),

which gives the desired result. O

Remark 4.50 The use of a perturbation p as a tool to prove duality results is
nowadays classical, and very useful as it allows the use of min-max exchange
theorems to be avoided, which in general require some compactness assumptions
which are difficult to prove. In Theorem 4.33 instead of using a perturbation p we
directly defined a function on the value of the constraint f, but when the function
g is not an indicator function this is not a doable procedure. Another interesting
feature of the perturbation approach is that the set of solutions of the dual problem
is equal to the set 9(0) (simply because the subdifferential at 0 of a convex function
¥ coincides with the set of points where 97" contains 0, i.e. of the minimizers of
F*). This is the point of view of [62, 81], for instance.

We now note that, if g is not bounded from below, it is always possible to make it
so by removing a suitable linear function from it, since all convex and l.s.c. functions
are bounded from below by an affine function. We can then define g by g(y) =
g(y) — (&9, y) for a suitable &y, and guarantee inf g > —oo. In order not to change
the value of the primal problem we also need to modify f into f defined by f(x) :=
f + (A&, x), so that

F) + §(Ax) = f(x) + (A€o, x) + g(Ax) — (€0, Ax) = f(x) + g(Ax).

Moreover, we can compute what changes in the dual problem. Is it true that we have
sup; —g*(§) — f*(—=A'§) = sup; —g*(§) — f*(—A'§)?

In order to do this, we need to compute the Legendre transform of f and g. A
general and easy fact, which is proposed as an exercise (see Exercise 4.9), states that
subtracting a linear function translates into a translation on the Legendre transform.
We then have

FE =g"E+&); Q=" ¢—-A%)
and then
@) + fH(—A"E) = g"(E + &) + fH(—A"(E + &)

and a simple change of variable £ — & +&p shows that the sup has not changed. This
shows that the duality result is not affected by this reformulation in terms of f and
g. It is then enough, for the duality to hold, that the assumptions of Theorem 4.49
are satisfied by ( f , 8) instead of (f, g). Since we chose &y on purpose in order to
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have g lower bounded, we only need now to require that f is coercive. Not that this
would be the case if f was superlinear, as it would stay superlinear after adding any
linear function, but it is not automatic when speaking of a generic coercive function.

The condition on & such that, at the same time, g is bounded from below and f
superlinear can be more easily translated in terms of f* and g*.

Yet, we will directly state the main result of the section, which is the most
standard formulation of the Fenchel-Rockafellar duality theorem. This requires us
to switch the roles of f and f*, g and g*, and of the spaces. In this statement we
also remove the reflexivity assumption that we used, for simplicity, in the previous
statement.

Theorem 4.51 Let X and Y be two normed vector spaces, and suppose that Y is
separable. Let f : X — RU {400} and g : Y — R U {+00} be two convex and
lower semicontinuous functions, and A : X — Y a continuous linear mapping.
Assume that there exists an xo € X such that f(xg) < +00 and that g is continuous
and finite at Axg. Then we have

inf (f(x) + g(Ax) : x € X} = max {—g"(€) — f*(~A'§) : £ €Y'},

where the existence of the maximum on the right-hand side is part of the claim.

Proof First of all, we note that the assumption on x¢ allows us to write

5 = (0. x0) — f(x0),

as well as

87 (€)= (€, Axo) + coll§ll — c1,

for suitable constants cg, ¢; > 0. This second inequality comes from the fact that
& > g*(&) — (&, Axg) is coercive, as a consequence of the fact that its Fenchel—-
Legendre transform is locally bounded around 0. We then have

g E) + f1(—=A'E +n) = (&, Axo) + collg| — 1 + (= A"E, x0) + (1, x0) — [ (x0)
> coll&ll = C(InlD-

This proves that, for every sequence (§,, n,,) such that g*(&,) + f*(—A’&, +n,) <
C, if ||n,]| is bounded then ||&,|| is also bounded. Using the Banach—Alaoglu
theorem, since the sequence &, lies in the dual Y’ of a separable space, we can
also extract a weakly-* convergent subsequence from &,.

We now consider the function ¥ defined on X’ via

F(n) := min{g*(€) + f* (A’ + 1) : £ €Y},
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The minimum in this definition exists because every minimizing sequence is

compact for the weak-* convergence, so that we have &, A & and —A’E,, +1) A
—A’¢ + 1), and both f* and g* are weakly-* lower semicontinuous, as is always
the case for Fenchel-Legendre transforms defined on dual spaces.

We then compute the Fenchel-Legendre transform of # using the duality pair
with X (and not X”'):

Fr(x) = sgp<x, n) —Fn)
= Séup<x, n — &%) — fF(—A'E+n)
N

= Séugbc, (& +A®) —g"¢) — f*(©)

= f(x) + g(Ax),

where we used the change of variable ¢ = n — A’£ and then the equalities f** =
f and g** = g (because f and g are convex and ls.c.). We then conclude by
using F*(0) = F(0) as usual, but we need to prove that ¥ is convex and lower
semicontinuous.

The proof of convexity follows the same lines as in Theorem 4.49. For the

semicontinuity, we take nj, A n and we observe that we have ||n,|| < C. We can
assume, up to extracting a subsequence, that lim,, 7(n,) exists and is finite. If we call
&, some minimizers in the definition of F(n,)) we have g*(&,) + f*(—=A'E, +n,) <
C. We deduce that ||£,]| is bounded and we can extract a weakly-* convergent

subsequence &, A &. We then have
Fn) <" @) + [F(—AE+n) < lirr}{infg*(énk) + [ (A + 1)

= lim F(n,),

which proves the lower semicontinuity. O

4.6 Discussion: From Optimal Transport to Congested
Traffic and Mean Field Games

In this section we want to underline the connections of some of the problems studied
in this chapter with problems from optimal transport theory, and with their variants
involving traffic congestion.
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We start with a very brief presentation of the optimal transport problem, for
which we refer for instance to the books [195] and [177].

The starting point is the following problem proposed by the French mathemati-
cian Gaspard Monge in 1781, [149], that we present here in modern language. Given
two metric spaces X and Y, two probability measures u € P(X),v € P(Y), and a
cost functionc : X x Y — R, we look foramap T : X — Y pushing the first one
onto the other, i.e. satisfying T4 = v, and minimizing the integral

M(T) = /Xc(x, T (x))du(x).

Box 4.4 Memo—Image Measures

An important notion in measure theory is that of image measure. Given a
measure i € M(X) on a space X and a measurable function 7 : X — Y, we
define the image measure or push-forward of p through T as a measure Ty
on Y characterized by

(Ty)(A) == (T~ (A))

for every measurable set A C Y. Equivalently, we can require

/¢d(T#u) :=/¢0Tdu
Y X

for every bounded and measurable function (or, by approximation, for every
bounded and continuous function) ¢ : Y — R. The case of sets can
be recovered using ¢ = 14. Note that image measures pass to the limit

through a.e. convergence (if 7, — T w-a.e. then (7,,)z#u A Ty) but not
through weak convergence (for instance consider X = [0,27], u = Ll,
T, (x) = sin(nx) and T (x) = 0).

In the problem considered by Monge X and Y were subsets of Euclidean space, i
and v were absolutely continuous, and c(x, y) = |x — y| was the Euclidean distance.
Roughly speaking, this means that we have a collection of particles, we know how
they are distributed (this is the measure w), and they have to be moved so that they
will be arranged according to a new prescribed distribution v. The displacement has
to be chosen so as to minimize the average displacement, and the map T describes
the movement.

Monge proved many properties of the optimal transport map 7 in the case he
was interested in, but never cared to prove that such a map existed. In this sense, the
problem remained unsolved until the reformulation that Leonid Kantorovich gave
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in 1942, [124]. His formulation consists in the problem

(K) min{/ cdy :yell(u, v)}. “4.11)
X

xY

Here I1(u, v) is the set of the so-called transport plans, i.e. TI(u,v) = {y €
P(X X Y): (my)uy = u, (my)sy = v, } where 7, and 7, are the two projections
of X x Y onto the two factors X and Y. These probability measures over X x Y
are an alternative way to describe the displacement of the particles of u: instead
of saying, for each x, which is the destination 7'(x) of the particle originally
located at x, we say for each pair (x, y) how many particles go from x to y. It
is clear that this description allows for more general movements, since from a
single point x particles can a priori move to different destinations y. If multiple
destinations really occur, then this movement cannot be described through a map
T.

If we define the map (id,T) : X — X x Y by (id, T)(x) = (x, T(x)), it
can be easily checked that yr := (id, T)#u belongs to IT(u, v) if and only if T
pushes o onto v and the functional f c dyr takes the form f c(x, T(x))du(x), thus
generalizing Monge’s problem.

Kantorovich’s generalized problem is much easier to handle than the original
one proposed by Monge and the direct method of the calculus of variations proves
that a minimum does exist (at least when c¢ is l.s.c. and bounded from below).
This is not the case for the original Monge problem, since in general we can
only obtain weakly convergent minimizing sequences 7, — 7 but the limit T
could have a different image measure than v. Hence, the general strategy to prove
the existence of an optimizer in the Monge problem consists in first considering
the minimizer y of the Kantorovich problem and then trying to prove that it is
actually of the form (id, T)#u. This is possible (see, for instance, [177, Chapter
1]) under some conditions on p and on the cost c. Anyway, we will not consider
this question here. Another important fact which makes the Kantorovich problem
easier to consider is that it is convex (it is a linear optimization problem under
linear constraints) and hence an important tool will be the theory of convex
duality.

As we already did in this chapter, we first find a formal dual problem, by means
of an inf-sup exchange. With this aim, we first express the constraint y € IT(u, v)
in the following way: notice that, if y is a non-negative measure on X x Y, then we
have

if y € M, v)

0
sup /¢dﬂ+/ WdV—/ (¢(x)+1ﬁ()’))dl’={ )
b eCX), X Y XxY 400 otherwise

e C(Y)
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Hence, we can remove the constraints on y if we add the previous sup. Then, we
look at the problem we get by interchanging the inf in y and the sup in ¢, V:

Sup/ ¢du+/ de+inf/ (c(x,y) — (@(x) + ¥ (¥))) dy.
o JX Y v JXxy

We can then re-write the inf in y as a constraint on ¢ and v, since we have

0 ifpdY <c,
—o0  otherwise '

inf/x , (c(x,y) — () + v () dy = i

y=0

where ¢ @ Y denotes the function (x, y) — ¢ (x) + ¥ (y).

The validity of the exchange of inf and sup can be proven with the techniques
that we developed in Sects. 4.3 and 4.5. A precise proof can be found, for instance,
in Sect. 1.6 of [177], based on the fact that it is (magically) possible to prove a
compactness result for the functions ¢ and ¥ when X and Y are compact and c is
continuous (indeed, it is possible to restrict to functions sharing the same modulus
of continuity as ¢). A different proof, based on the reduction to a particular case of
the Fenchel-Rockafellar duality theorem, is presented in [195].

We then have the following dual optimization problem:

(D) maX{/¢dM+ Ydv ¢€C(X),W€C(Y),¢@Iﬂ56}.
X Y
4.12)

We now look in particular at the case where ¢ is the Euclidean distance (i.e.
X =Y c R? and ¢(x,y) = |x — y|; for the case where the cost is a strictly
convex function of x — y we refer to Box 4.5 below). A first observation concerning
the dual problem is that for any ¢ one can choose the best possible (the largest)
function ¢ which satisfies, together with ¢, the constraint ¢ (x) + ¥ (y) < c(x, y).
Such a function is given by

¥ (y) = inflx — y[ — ¢ (x)
and it belongs to Lip;. This means that we can restrict the maximization in the dual
problem to ¥ € Lip,; and, analogously, to ¢ € Lip,. Furthermore, if we now know

¢ € Lip, there is an easy expression for the function ¥ (y) = infy [x — y| — ¢ (x),
which is just ¥ = —¢ (see Exercise 4.22). In this case the dual problem becomes

(D — dist) max{/q&d(u—v) : ¢eLip1(X)}.
X
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Box 4.5 Good to Know!—The Brenier Theorem in Optimal Transport

The use of primal-dual optimality conditions in optimal transport allows
us to say that for any optimal y in (K) and any optimal pair (¢, ¥) in (D)
we have ¢ (x) + ¥ (y) = c(x, y) for all (x, y) € spt(y), while in the other
points we have an inequality. When V¢ (x) and V,c(x, y) exist, this implies
Vo (x) = Vyc(x, y). If c is of the form c(x, y) = h(x — y) for a function A
which is strictly convex and C!, this gives y = x — VA*(Vo (x)) := T (x),
which proves the existence of a transport map 7. The only delicate assumption
is the differentiability of ¢, but ¢ can be assumed to share the modulus of
continuity of ¢, which is Lipschitz continuous on compact sets, hence V¢
exists a.e. This applies to all costs of the form %(z) = c|z|? for p > 1, for
instance.

In the very particular case h(z) = % |z|> we have Vi* = id. We then obtain
T(x) =x —V¢(x) = Vu(x), where u(x) = %|x|2 — ¢ (x). Moreover, by the
trick of choosing the best possible ¢ given ¥, we can assume that ¢ is of the
form

1
¢(x) = inf ~|x — yI* — ¥ (»).
y 2

This can be written ad © = v*, where v(y) = %lyl2 — ¥ (y) and shows
that the optimal transport map for the quadratic cost is the gradient of
a convex function (see [45, 46]). This applies to the case where convex
functions are differentiable p-a.e., in particular if u is absolutely continuous.
Moreover, when p and v have densities f and g respectively, one can
write the condition 74 = v in the form of a change-of-variable formula
involving the determinant of the Jacobian: |det(DT (x))| = f(x)/g(T (x))
a.e. In the case T = Vu and u convex this becomes the Monge—Ampere
equation

det(D*u) = L
g(Vu)
This is a second-order non-linear elliptic PDE which would need to be
completed by some boundary conditions. What replaces the boundary
conditions is the condition Vu(spt ) C sptg.

Besides Brenier’s original papers [45, 46] we refer to [177, Chapter 1].

Another important aspect of the optimal transport problem when the cost is given
by the Euclidean distance is its connection with minimal-flow problems. Let us
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concentrate on the case of a compact connected domain  C R? and consider
(B) min{||v|| D ve MYQ): V~V=u—v}, (4.13)

where ||v|| denotes the mass of the vector measure v and the divergence condition
is to be read in the weak sense, with no-flux boundary conditions, i.e. — f Vo-dv =
f¢d(u —v) for any ¢ € Cl(Q). Indeed, if Q is convex then the value of this
problem is equal to that of the optimal transport problem with c(x, y) = |x — y|
(if €2 is not convex then the Euclidean distance has to be replaced with the geodesic
distance inside 2)

This minimal flow problem was first proposed by Beckmann in [22], under the
name of the continuous transportation model. This problem is actually strongly
related to the Kantorovich problem with the distance cost c(x, y) = |x — y|, as we
will show in a while, although Beckmann was not aware of this, the two theories
being developed essentially at the same time.

In order to see the connection between the two problems, we start from a formal
computation. We re-write the constraint on v in (4.13) by means of the equality

sup/—Vgﬁ.dv—}-/qﬁd(u—v):{O EV-v=p—v
Q Q

¢ 400  otherwise

Hence one can write (4.13) as
min||v||+sup/ —Vo - dv+/¢d(u—v)
v ¢ JQ Q
=Sup/¢d(M—V)+inf||VI|—/ V¢ - dv,
¢ Jo v Q

where inf and sup have been exchanged formally as in the previous computations.
Then, one notices that we have

11‘1,f||V|| _/quﬁ. dV:lgf/Q d|v| (1—V¢. an

and this leads to the dual formulation for (B), which gives

—o0  otherwise

ﬂ)_{o if Vo] < 1

sup / ¢ d(u —v).
$:1VoI<1/Q

Since this problem is exactly the same as (D-dist) (a consequence of the fact that
Lip, functions are exactly those functions whose gradient is smaller than 1, when
the domain is convex), this gives the equivalence between (B) and (K) (when we use
c(x,y) = |x — ylin (K)).
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The proof of the duality for (B) is proposed as an exercise (Exercise 4.23), in the
more general case

(B—K) min{/Kd|v| D ve MYX); V~v:,u—v},
Q

where a given continuous weight K : X — R, is integrated against the total
variation measure |v|. In this case the dual is given by

sup{/gmw—v) : ¢eLip,|w>|sK}

and the corresponding Kantorovich problem is the one with cost given by ¢ =
dg, the weighted distance with weight K (see Sect. 1.4.3), since the functions ¢
satisfying |V¢| < K are exactly those which are Lip; w.r.t. this distance.

As a transition to congestion problems, we will now see how to provide a new
equivalent formulation of (K) and (B) with geodesic cost functions.

We will use absolutely continuous curves w : [0,1] +— Q. Given w €
AC([0, 1]; 2) and a continuous function ¢, we write

1
Ly(w) 12/0 P (w(®)|e' ()] dt,

which coincides with the weighted length if ¢ > 0. We will write C (the space
of “curves”) for AC([0, 1]; R2), and consider probability measures Q on the space
C, which is endowed with the uniform convergence. Note that the Ascoli-Arzela
theorem guarantees that the sets {w € C : Lip(w) < ¢} are compact for every £. We
will associate with Q two measures on 2. The first is a scalar one, called the traffic
intensity and denoted by ig € M (); it is defined (see [63]) by

1
/(PdiQ 32/ (/ ¢(w(1))|w/(t)|dt> dQ(w)Z/ Ly(w)dQ(w),
Q Cc Mo C

for all ¢ € C(€2, Ry). The interpretation is the following: for a subregion A, ip(A)
represents the total cumulated traffic in A induced by Q, i.e. for every path we
compute “how long” it stays in A, and then we average on paths.

We also associate with any traffic plan Q € P(C) a vector measure v¢ via

1
V& € C(Q:; RY) / &-dvg :=/ </ E(w()) -d(t)dt) dO(w).
Q Cc \Jo
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We will call v the traffic flow induced by Q. Taking a gradient field § = V¢ in the
previous definition yields

/QV¢~ dvg = /C[fﬁ(w(l)) — ¢((0)]d0(w) = /Q¢ d((en#Q — (e0)# Q)

(e; denotes the evaluation map at time ¢, i.e. ¢;(w) = w(t)) so that, if we set
(e0)#Q = p and (e1)#Q = v, we have

Vevg=pu—v

in the usual sense with no-flux boundary conditions.

It is easy to check that we have |vg| < ip, where |vg]| is the total variation
measure of the vector measure vg. This last inequality is in general not an equality,
since the curves of Q could produce some cancellations.

A re-formulation of the optimal transport problem with cost dx can then be given
in the following way:

min{/CLK(a))dQ(a)) D (e)#Q =, (e1)#Q = V}-

It it then possible to show that, given an optimal Q, the measure y := (eg, e1)#Q is
an optimal transport plan in (K) for the cost ¢ = di, and the vector measure v is
optimal in (B-K).

Yet, this language allows us to consider many other interesting situations, and in
particular the case of congested traffic, where the weight function K is in general
not given a priori but depends on the traffic intensity itself. We present here the
extension to the continuous framework of the notion of Wardrop equilibrium (a
very common definition of equilibrium in traffic problems, introduced in [196], and
generally used on networks) proposed in [63].

Congestion effects are captured by the metric associated with Q via its traffic
intensity: assume ip < £ and set

Ko(x) :==g(x,ig(x))

for a given increasing function g(x, .) : Ry — Ry. We then consider the weighted
length Lk, as well as the corresponding weighted distance dk,,, and define a
Wardrop equilibrium as a measure Q € $(C) such that

O(fw : Liy(w) =dky(@(0), w(1)}) = 1. (4.14)

Of course this requires some technicalities, to take into account the case where ig
is not absolutely continuous or its density is not smooth enough.

This is a typical situation in game theory, and a particular case of Nash
equilibrium: a configuration where every agent makes a choice, has a cost depending
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on his own choice and on the others’ choices, and no agent will change his mind
after knowing what the others chose. Here the choice of every agent consists of a
trajectory w, the configuration of choices is described via a measure Q on the set
of choices (since all agents are indistinguishable, we only care about how many of
them made each choice), the cost which is paid is L Ko (w), which depends on the
global configuration of choices Q and, of course, on w, and we require that Q is
concentrated on optimal trajectories, so that nobody will change their mind.

Box 4.6 Important Notion—Nash Equilibria

Definition Consider a game where several players i = 1, ..., n must choose
a strategy among a set of possibilities S; and assume that the each player tries
to optimize (say, minimize) a result depending on what everybody chooses.
More precisely, for every i we have a function f; : Sy x --- x S, — R and
we say that a configuration (sq, ..., s,) (Where s; € S;) is an equilibrium
(a Nash equilibrium) if, for every i, the choice s; optimizes S; > s —
fi(Sty oo, 8i—1,8,Si+1,---,8,) (i.e. s; is optimal for player i under the
assumption that the other players freeze their choice).

Nash equilibria need not exist in all situations, but Nash proved (via convex
analysis and fixed point arguments) that they always exist when we consider
the so-called mixed strategies. This means that we accept that every player,
instead of choosing an element s; € S;, only chooses a probability on S; and
then randomly picks a strategy according to the law he has chosen.

The notion of Nash equilibrium, first introduced by J. Nash in [157, 158] in
the case of a finite number of players, can be easily extended to a continuum
of players where each one is negligible compared to the others (rnon-atomic
games). Considering for simplicity the case of identical players, we have a
common space S of possible strategies and we look for a measure Q € £(S).
This measure induces a payoff function fop : § — R and we want the
following condition to be satisfied: there exists a C € R such that fp(x) = C
for Q-a.e. x, and fp(x) = C everywhere (if the players want to minimize the
payoff fo, otherwise, if it has to be maximized, we impose fo(x) < C), i.e.
fo must be optimal Q-a.e.

For all notions related to game theory we refer for instance to the classical
book [162].

A typical problem in road traffic is to find a Wardrop equilibrium Q with
prescribed transport plan y = (eg, e1)#Q (what is usually called an origin-
destination matrix in the engineering community, in the discrete case). Another
possibility is to only prescribe its marginals u© = (eg)#Q and v = (e1)# Q. More
generally, we impose a constraint (eg, e1)#Q € I' C P(2 x 2). A way to find such
equilibria is the following.
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Let us consider the (convex) variational problem

(W) min {/ H(x,ig(x)) dx : Q € P(C), (ep, e1)#Q € 1"} (4.15)
Q

where H'(x,-) = g(x,-), H(x,0) = 0. Under some technical assumptions, the
main result of [63] is that (W) admits at least one minimizer, and that such a
minimizer is a Wardrop equilibrium (which is consistent with what proven in [23]
in the discrete case on a network). Hence, the Wardop equilibrium problem is a
potential game (see [148]) as one can find an equilibrium by minizing an overall
functional. Moreover, yg := (eg, e1)#Q solves the optimization problem

min{/ dgo(x,y) dy(x,y) : yel"}.
QxQ

In particular, if T" is a singleton, this last condition does not play any role (there
is only one competitor) and we have the existence of a Wardrop equilibrium
corresponding to any given transport plan y. If, on the contrary, ' = TI(u, v),
then the second condition means that y solves a Monge—Kantorovich problem for a
distance cost depending on Q itself, which is a new equilibrium condition.

In the case where I' = II(u,v) it is possible to prove that (W) is indeed
equivalent to a variational divergence constrained problem a la Beckmann, i.e.

(B — cong) min{/ H(x, |v(x)]) dx : V-V:u—v}, (4.16)
Q

which is a variational problem of the form of those studied in Sects. 4.3 and 4.4. It
is then possible to prove that the optimizers of this problem are the vector fields of
the form v where Q solves (W).

We now switch to optimal transport problems with other costs, and in particular
c(x,y) = |x — y|P. Since these costs do not satisfy the triangle inequality the dual
formulation is more involved than that in (D-dist) and no Beckmann formulation
exists.’ Instead, there exists a dynamic formulation, known as the Benamou—Brenier
problem, [24]. We can indeed consider the optimization problem

1
(BB,) min{/ / v [P dos dt : 90, +V - (0:¥)) =0, 00 = 1, 01 =V}
0 JQ

5> We mention anyway [120] which reformulates optimal transport problems with costs which are
convex but not 1-homogeneous in x — y into transport costs with 1-homogeneous costs, for which
a Beckmann formulation exists, after adding a time variable.
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which consists in minimizing the integral in time and space of a p-variant of the
kinetic energy among solutions of the continuity equation with prescribed initial
and final data.

Box 4.7 Good to Know!—The Continuity Equation in Mathematical
Physics

Assume that a family of particles moves according to a velocity field v,
depending on time and space: v(, x) stands for the velocity at time ¢ of any
particle which is located at point x at such an instant of time. The position of
the particle originally located at x will be given by the solution of the ODE

Ve (@) = vi(yx (1))
yx(0) = x.

4.17)

We then define the map Y; through Y;(x) = y,(¢), and, if we are given the
distribution of particles at # = 0, we look for the measure o; := (Y;)#00. We
can then prove that o; and v; solve together the so-called continuity equation

90t +V - (0rv:) =0

(as usual, with no-flux boundary condition on 92 if we assume that we have
yx(t) €  for all (¢, x)). For the use of this equation in optimal transport
theory and related topics we refer to [177, Chapter 4].

It is possible to prove that the minimal value in (BB,) equals that of (K) with
cost |x — y|? and that the optimal solutions of (BB,) are obtained by taking an
optimal transport map 7T for this same cost in the Monge problem, defining 7; :=
(1—1)id+1tT, and setting o; = (T3)gu and v, = (T —id)o ()" A corresponding
formula may be given using the optimizers of (K) if they are not given by transport
maps.

Concerning Problem (BB,), we observe that it is not a convex optimization
problem in the variables (p, v), because of the product term p|v|? in the functional
and the product pv in the differential constraint. But if one changes variables,
defining w = pv, then using the variables (p, w), the constraint becomes linear
and the functional convex. The important point for convexity is that the function

|w‘l7 .
DpT if s > 0,

RxRY 5 (s,w)~ {0 if (s, w) = (0, 0), (4.18)

+00 otherwise
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is convex (and it is actually obtained as sup{as +b-w : a+ #Iblp, < 0}; see
Exercise 4.8).

Some analogies and some differences may be underlined between the optimal
flow formulation a la Beckmann of the OT problem with p = 1 and the dynamic
formulation a la Benamou—Brenier of the case p > 1. Both involve differential
constraints on the divergence, and actually we can also look at the continuity
equation as a time-space constraint on V;, - (p, w) making the analogy even
stronger. Yet, there is no time in the Beckmann problem, and even when time
appears in the Lagrangian formulation with measures Q on curves it is a fictitious
time parameter since everything is invariant under reparameterization. On the other
hand, time plays an important role in the case p > 1. This is also the reason
why the models that we will present in a while, for congestion problems where the
congestion effect is evaluated at each time, will be so close to the Benamou—Brenier
problem.

The models that we want to introduce are known as Mean Field Games (MFG
for short). This theory was introduced around 2006 at the same time by Lasry and
Lions, [132-134], and by Caines, Huang and Malhamé, [117], in order to describe
the evolution of a population in a game with a continuum of players where collective
effect of the players’ presence on each player recalls what is called in physics a mean
field. These games are very particular examples of differential games: typically, in a
differential game the role of the time variable is crucial since if a player decides to
deviate from a given strategy (a notion which is at the basis of the Nash equilibrium
definition), the others can react to this change, so that the choice of a strategy
is usually not defined as the choice of a path, but of a function selecting a path
according to the information the player has at each given time. Yet, when each player
is considered as negligible, any deviation he/she performs will have no effect on the
other players, so that they will not react. In this way we have a static game where
the space of strategies is a space of paths.

We can give a Lagrangian description of the equilibria by using again measures
on paths, or an Eulerian description through a system of PDEs, where the key
ingredients are the density p and the value function ¢ of the control problem solved
by each player, the velocity v(z, x) of the agents at (¢, x) being, by optimality, related
to the gradient Vo (z, x). For a general overview of MFG theory, see the lecture notes
by P. Cardaliaguet [60], based on the course by P.-L. Lions at College de France
[141].

Let us describe in a more precise way the simplest MFG models. We look at a
population of agents moving inside a compact connected domain €2 and assume that
every agent chooses his own trajectory w solving a minimization problem

T (1o'®)?
min / ( > +h[gt](w(t>>> dt + W (w(T)),
0

with given initial point x (0). Here W stands for the preferences of the agents in terms
of their final position, and A[o](x) is the cost of moving around x: the mean-field
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effect is modeled through the fact that the function # depends on the density o, of
the agents at time ¢. The dependence of the cost on the velocity @’ could of course
be more general than a simple quadratic function.

For now, we consider the evolution of the density o; as an input, i.e. we assume
that agents know it. Hence, we can assume the function % to be given, and we want
to study the above optimization problem. The main tool to analyze it, coming from
optimal control theory, is the value function ¢ (see Sect. 1.7): we know that it solves
the Hamilton—Jacobi equation —o;¢ + %|V<p|2 = h with final datum (T, x) =
W (x) and that the optimal trajectories w(¢) can be computed using ¢, since they are
the solutions of

o' (1) = =Vo(t, o(1)).

This means that the velocity field which advects the particles when each agent
follows the optimal curves will be given by v = —Vg. If we want to find an
equilibrium, the density o; that we fixed at the beginning should also coincide with
that which is obtained by following this optimal velocity field v and so ¢ should
evolve according to the continuity equation with such a velocity field. This means
solving the following coupled (HJ)+(CE) system:

—thg + L = hip)
dp—V-(pVg) =0, (4.19)
@(T.x) = W), p(0.x) = po(x).

The above system is a PDE, and Eulerian, description of the equilibrium we
were looking for. In Lagrangian terms we could express the equilibrium condition
in a similar way to what we did for Wardrop equilibria. Consider again the space of
curves C and define the kinetic energy functional K : C — R given by

1 T /2
K(w):z/o |/ |2(t) dt.

For notational simplicity, we write Ky for the kinetic energy augmented by a final
cost: Ky (w) := K (w) + ¥ (w(T)); similarly, we denote by Ky ; the same quantity
when also a running cost 4 is included: Ky ;(w) := Ky (w) + fOT h(t, w(1))dr.

We now define an MFG equilibrium as a measure Q € $(C) such that Q-a.e.
the curve w minimizes Ky , with given initial point when A(t, -) := hl(e/)#Q].
Whenever (x,0) + h[o](x) has some continuity properties it is possible to
prove the existence of an equilibrium by the Kakutani fixed point method (see, for
instance, [107] or [144], where such a theorem is used to prove the existence of an
MFG equilibrium in a slightly different setting).

On the other hand, the assumption that / is continuous does not cover a very
natural case, which is the local one, where h[p](x) directly depends on the density
of p at the point x. We can focus for instance on the case h[p](x) = V(x)+g(p(x)),
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where we identify the measure p with its density w.r.t. the Lebesgue measure on 2.
The function V : 2 — R is a potential taking into account different local costs of
different points in 2 and the function g : Ry — R is assumed to be nondecreasing
and models congestion effects.

In this case it is not possible to prove the existence of an equilibrium using a
fixed point theorem, but luckily there exists a variational formulation. Indeed, we
can consider all the possible population evolutions, i.e. pairs (p, v) satisfying d;p +
V - (pv) = 0, and we minimize the following energy

r 1
Ap, V) :=/ / (Ept|vt|2+PtV+G(PZ)> dxdt+/ Vdpr,
0 Q Q

where G is the anti-derivative of g, i.e. G'(s) = g(s) for s € RT with G(0) = 0.
We fix by convention G (s) = 400 for p < 0. Note in particular that G is convex,
as its derivative is the nondecreasing function g.

The above minimization problem recalls, in particular when V. = 0, the
Benamou-Brenier dynamic formulation for optimal transport. The main difference
with the Benamou—Brenier problem is that here we add to the kinetic energy a
congestion cost G; also note that usually in optimal transport the target measure pr
is fixed, and here it is part of the optimization (but this is not a crucial difference).

As is often the case in congestion games, the quantity A(p, v) is not the total
cost for all the agents. Indeed, the term | [ % p|v|? is exactly the total kinetic energy,
the last term f W dpr is the total final cost, and the cost f V dp; exactly coincides
with the total cost induced by the potential V; yet, the term [ G(p) is not the total
congestion cost, which should instead be | pg(p). This means that the equilibrium
minimizes an overall energy (we have what is called a potential game), but not the
total cost; this gives rise to the so-called price of anarchy.

In order to convince the reader of the connection between the minimization of
A(p, v) and the equilibrium system (4.19), we will use a formal argument from
convex duality. A rigorous proof of duality would, by the way, require the problem
to be rewritten as a convex optimization problem, with a change of variables, using
again w = pv.

We will formally produce a dual problem to min A via a min-max exchange
procedure. First, we write the constraint d;p + V - (pv) = 0 in weak form, i.e.

T
/ / (poy$ + Vb - pv) dr di + / do dpo — / derpr =0 420)
0 Q Q Q

for every function ¢ € C L([0, T1 x ) (note that we do not impose conditions on
the values of ¢ on €2, hence this is equivalent to completing the continuity equation
with a no-flux boundary condition pv - n = 0).
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Using (4.20), we can re-write our problem as

T
min ﬂ(P»V)+sup/ /(pat¢+v¢'PV)dth+/ ¢odpo—/ dpror,
o,V ¢ Jo JQ Q Q

since the sup in ¢ takes the value O if the constraint is satisfied and +oo if not. We
now switch the inf and the sup and look at the maximization over ¢ of

/ dodpo + inf / W — ¢r)dpr
Q r-VJQ

Tr
+/0/Q<§Pt|Vr|2+,0tV+G(,0t)+,03t¢+v¢'/0V> dxdr.

First, we minimize w.r.t. v, thus obtaining v = —V¢ (on {p; > 0}) and we replace
%,o|v|2 + V¢ - pv with —%p|V¢|2. Then we get, in the double integral,

1
il;f {G(p) —p(=V -0+ §|V¢|2)} = —sup{pp — G(p)} = —=G*(p),
P

where we set p := —V —0;¢+ % |[V|? and G* is defined as the Legendre transform
of G. Then, we observe that the minimization in the final cost simply gives as a result
0if W > ¢7 (since the minimization is only performed among non-negative pr) and
—oo otherwise. Hence we obtain a dual problem of the form

T
sup{—8(¢,p> 2=/¢0dp0—/ /G*(p)dxdr Qo= }
Q 0o Ja =0+ 3|Vl =V +p

Note that the condition G(s) = 4o0 for s < 0 implies G*(p) = 0 for p < 0. This
in particular means that in the above maximization problem one can assume p > 0
(indeed, replacing p with p4 does not change the G* part, but improves the value
of ¢, considered as a function depending on p). The choice of using two variables
(¢, p) connected by a PDE constraint instead of only ¢ is purely conventional, and
it allows for a dual problem which has a sort of symmetry w.r.t. the primal one.

The arguments from convex duality developed in Sect.4.2.4 would allow
us to say that optimal pairs (p,v) are obtained by looking at saddle points
((p, V), (¢, p)), provided that there is no duality gap between the primal and
the dual problems, and that both problems admit a solution. This would mean
that, whenever (o, v) minimizes (A, then there exists a solution (¢, p) of the dual
problem, such that

* v minimizes %,0|v|2 + V¢ - pv,ie. v=—V¢ p-a.e. This gives (CE): 9;p — V -
(pVe) =0.

e p minimizes G(p) — pp, i.e. g(p) = pif p > 0or g(p) > pif p = 0 (in
particular, when we have g(0) = 0, we can write g(p) = p); this gives (HJ):
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—0;¢ + %IV(]&l2 =V 4 g(p) on {p > 0} (as the reader can see, there are some
subtleties where the mass p vanishes).

* pr minimizes (W — ¢7)pr among pr > 0. This is not a condition on pr,
but rather on ¢7: we must have ¢7 = ¥ on {pr > 0}, otherwise there is no
minimizer. This gives the final condition in (HJ).

This provides an informal justification for the equivalence between the equilibrium
and the global optimization. It is only informal because we have not discussed if we
have duality gaps and whether or not the maximization in (¢, p) admits a solution.
Moreover, once these issues are clarified, we will still only get a very weak solution
to the coupled system (CE)+(HJ). Nothing guarantees that this solution actually
encodes the individual minimization problem of each agent.

It is also possible to provide a Lagrangian version of the variational problem,
which then has the following form:

T
J(Q) = /CK dQ+/O§((€z)#Q)dt +/Q‘I’ d(er)#Q,
0 € PO), (e0)#Q = po

min , (4.21)

where G : P(Q) — R is defined by

Jo (V@)p&x) + Glpx)) dx if p < L7,
400 otherwise.

G(p) = {
The functional G is a typical local functional defined on measures (see [35] and
Sect. 3.3). It is lower semicontinuous w.r.t. the weak-* convergence of probability
measures provided lims_, oo G(s)/s = 400 (which is the same as limy_, o g(s) =
+00).

In the Lagrangian language, it is possible to prove that the optimal Q satisfies
the following optimality conditions: setting p; = (e)#Q and h(t,x) = g(p;(x))
(identifying as usual measures and densities), if we take another competitor 0, we
have

Jn(0) = Ju(0).

where J}, is the linear functional

T
Jh(Q)=/KdQ+// h(t,X)(ez)#QJr/ Wd(er)#Q.
C 0JQ Q
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Since we only consider absolutely continuous (e;)#Q, the functional J,
is well-defined for any measurable # > 0. Formally, we can also write

Jofo (. x)(ensQ = [ dQ [, h(, y(1))dt and hence we get that

T
Q'—>/CdQ(V) (K()/)Jr/oh(t,V(t))dt+\I’(7/(T)))

is minimal for Q = Q. This corresponds to saying that Q is concentrated on curves
minimizing Ky 5, hence it is a Lagrangian MFG equilibrium. Unfortunately, this
argument is not rigorous at all because of two main difficulties: first, integrating
h on a path has no meaning if 4 is a function which is only defined a.e.; second,
in order to prove that Q is concentrated on optimal curves one needs to compare
it to a competitor O which is indeed concentrated on optimal curves, but at the
same time we need (ez)#é <« L%, and these two conditions can be incompatible
with each other. These difficulties could be fixed by a density argument if & is
continuous; another, more technical approach requires 7 € L° by choosing a
precise representative. This is explained for instance in [178] and is based on
techniques from incompressible fluid mechanics (see [13]). In any case, it becomes
crucial to prove regularity results on % or, equivalently, on p.

A general L* regularity result is presented in [135] and is based on optimal
transport techniques. Here we want, instead, to briefly mention that this question can
be attacked using the techniques for regularity via convex duality of Sect. 4.4. By the
way, the first use of duality-based methods as a way to prove regularity can indeed
be found in time-dependent problems, in [47] (later improved by [12]), in the study
of variational models for the incompressible Euler equation. This was later adapted
in [61] and [171] to density-constrained or density-penalized mean-field games.

We can then come back to the primal and the dual problems in variational MFG
and do our usual computation taking arbitrary (p, v) and (¢, p) admissible in the
primal and dual problem. We compute

Ap.¥)+B@.p) = [ ¥ = pridor
T
+ [ (60 +67 () = po) axar

1 T
+—/ /|v+V¢|2d,0. (4.22)
2Jo Ja

Note that we have (G(p) + G*(p) — pp) > %|,0 — ¢~ (p)|> where g = G’ and
A = inf G”. We assume A > 0 and, for simplicity, @ = T¢. Using

T
Ap.v) + B, p) zc/o/gm—g*l(pnzdxdt
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we can deduce, with the same technique as in Sect. 4.4, p € H 1 (we can get both
regularity in space and local in time). By the way, using the last term in (4.22), we
can also get [[ p|D?*¢|* < oco.

4.7 Exercises

Exercise 4.1 Assume that a functional F : WH7(Q) — R U {400} of the form
F(u) = fQ L(x, u(x), Vu(x)) dx is convex and that the function L : Q x Rx RY —

R is continuous in all variables and C? in its last variable. Prove that L(x,s,-)is
convex for every (x, s).

Exercise 4.2 Given a function f : X — R U {400} and a function & : X — R4,
prove that we have (f + ¢h)* — f™* in the sense of pointwise convergence, as
e — 0t.

Exercise 4.3 Prove that the function f : Ry — RU{+o00} given by f(x) = x logx
admits a unique extension to R which is convex and L.s.c., and compute its Legendre
transform.

Exercise 4.4 If f : RN — Ris given by f(x) = |x|log|x|, compute f* and f **.
Exercise 4.5 Given p,r € (1, 00), let ||-||, be the norm on RY defined via ||x||, :=

Q- Ix;")/", and f the function given by f(x) = %||x||f. Compute f*.

Exercise 4.6 Let f : RY — R be convex. Prove that f is C!'! if and only if f* is
elliptic (meaning that there exists a ¢ > 0 such that f(x) — c|x |2 is convex).

Exercise 4.7 Prove that a convex and l.s.c. function f : X — R U {+o0} is
1-homogeneous (i.e. f(tx) = tf(x) for every t+ > 0 and every x € X) if and
only if f* takes its values in {0, +o00}.

Exercise 4.8 Let f : RY — R be a finite-valued superlinear convex function.
Prove that the function & : RY x R — R U {+oo0} defined via

if (¥) ifr>0,

ift =0,x=0,
400 ift=0,x£0,
400 ift <0

hx, 1) =

is convex and L.s.c. The function 4 is called the perspective function of f.

Exercise 4.9 Given f : X — RU {400} and & € X, define fz, : X — RU {400}
via fg, (x) :== f(x) — (§, x). Prove that we have fgg (&) = f*(& + &) forevery £.

Exercise 4.10 In dimension N = 1, prove the equivalence between these two
facts:
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1. f*is strictly convex;
2. f satisfies the following property: it is C! in the interior  of its domain, and it
coincides with x > sup,cq f(x) + V(X)) - (x — x').

Exercise 4.11 Let X be a normed space with the following property: all convex and
Ls.c. functions f such that 9f is surjective are superlinear. Prove that X’ has this
other property: all convex and weakly-* l.s.c. functions are bounded on bounded
sets.

Exercise 4.12 Discuss what does not work in the following (wrong) counter-
example to the statement of Exercise 4.11. Consider X = LZ(Q) and F(u) :=
f |Vu|2 (a functional set to +oo if u ¢ H 1(€2)). This functional is not superlinear
because it vanishes on constant functions, but for every u € H 2(Q) we do have
dF (u) = {—Au}, which shows that any L? function (the elements of the dual of the
Hilbert space on which the functional is defined) is a subgradient, so the subgradient
is surjective.

Also discuss what would change if we took F(u) := f |Vu|2 ifu e H(} (2) (and
F = +o00 outside of HO1 ().

Exercise 4.13 Given a smooth open and connected domain @ C R?, and f €
L2(Q), set Hyi(Q) = {v € LE(Q;R?Y : V.v e L%Q)} and consider the
minimization problems

(P) := min{F(u) :=/ (%Wulz—i- %Iulz—i-f(x)u) dx :ue Hl(sz)}
Q

(D) := min{G(V) ::/ <£|V|2+1|V-V—f|2> dx : ve Hdiv(Q)},
a\2 2

. Prove that (P) admits a unique solution;

. Prove min(P) + inf(D) > 0;

. Prove that there exist v € Hg;, () and u € H' () such that F(u) + G(v) = 0;
. Deduce that min(D) is attained and min(P) + inf(D) = 0;

. Justify by a formal inf-sup exchange the duality min F'(«) = sup —G (v);

. Prove min F' (1) = sup —G(v) via a duality proof based on convex analysis.

AN N AW =

Exercise 4.14 Consider the problem

min{A(V) = /dH(v(x))dx : veLz,V.v=f}
T

for a function H which is elliptic. Prove that the problem has a solution, provided
there exists at least an admissible v with A(v) < +oo. Prove that, if f is an H !
function with zero mean, then the optimal v is also H!.
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Exercise 4.15 Let H : R — R be given by H(z) = /1 + |z|> + |z|* and Q be
the d-dimensional torus. Consider the equation

v. ((1 +2|W|2)w> ¢
H(Vu) :

1. Given f € H™'(Q) such that (f, 1) = 0 (i.e. f has zero average), prove that
there exists a solution u € H'(2) to this equation, which is unique up to additive
constants.

2. If f e H!, prove that the solution u is H?.

3. What can we say if f € L>?

Exercise 4.16 Let f € L'([0,1]) and F € W'1([0, 1]) be such that F/ = f and
F(0) = F(1) = 0 (in particular, f has zero mean). Let 1 < p < oo be a given
exponent, and ¢ be its conjugate exponent. Prove

h ! | 1
min{/ —lu’()|? dt +/ fOu@)dr : ue WHP([0, 1])} = ——||F||'zq([0 1)
0o P 0 q ’

Exercise 4.17 Let H : RY — R be given by

@]+ D32 =6y — 1

H@) = 12

1. Prove that H is C! and strictly convex. Is it C!1? Is it elliptic?

2. Compute H*. Is it C!, strictly convex, C!"! and/or elliptic?

3. Consider the problem min{ f H(v) : V.v = f} (on the d-dimensional torus,
for simplicity) and find its dual.

4. Supposing f € L?, prove that the optimal « in the dual problem is H?.

5. Under the same assumption, prove that the optimal v in the primal problem
belongs to W17 forevery p < 2ifd =2,for p =d/(d — 1)if3 < d < 5, and
forp=6/5ifd > 3.

Exercise 4.18 Given a function H : RY — R which is both elliptic and C"! (i.e.
there are two positive constants cg, ¢ such that coI < D?*H < ciD,letu € HZL -(£2)
be a weak solution in Q of V - (VH(Vu)) =0.

1. Prove that we have u € Hl%) o

2. Prove the same result for solutions of V - (VH(Vu)) =f,fel?

loc*
3. If Q is the torus, prove that the same result is global and only uses the lower

bound on D2H.



204 4 Convexity and its Applications

Exercise 4.19 Given a function g € Lz([O, L)), consider the problem

L
min {/ %m(z) —g*dr : u(0) = u(L) = 0,u e Lip([0, L]), |u| < la.e.} .
0

1. Prove that this problem admits a solution.

2. Prove that the solution is unique.

3. Find the optimal solution in the case where g is the constant function g = 1 in
terms of the value of L, distinguishing L > 2 and L < 2.

4. Computing the value of

L
sup{—/ W' @) + |z dr = z e H'([0, LD}
0

find the dual of the previous problem by means of a formal inf-sup exchange.

5. Assuming that the equality inf sup = supinf in the duality is satisfied, write the
necessary and sufficient optimality conditions for the solutions of the primal and
dual problem. Check that these conditions are satisfied by the solution found in
the case g = 1.

6. Prove the equality inf sup = sup inf.

Exercise 4.20 Given ug € C 1([0, 1]) consider the problem

1
min{/ l|u(r> —uo))Pdr W > 0},
0 2

which consists in the projection of u( onto the set of monotone increasing functions
(where the condition #” > 0 is intended in the weak sense).

1. Prove that this problem admits a unique solution.

2. Write the dual problem

3. Prove that the solution is actually the following: define Up through Uj = uo, set
Uy := (Up)** to be the largest convex and l.s.c. function smaller than Uy, take
u=Uj.

Exercise 4.21 Consider the optimal control problem (1.20): write the constraint

y = f(t,y;a) as a sup over vector test functions p and, via a formal inf-sup

inversion as is usually done in convex duality, formally recover the Pontryagin

Maximum Principle.

Exercise 4.22 Given a space X let us fix a cost function ¢ : X x X — R4 which
is symmetric (c(x, y) = c(y, x) for all x, y) and satisfies the triangle inequality
c(x,y) < c(x,z) +c(z,y),as well as c(x,x) = 0. For ¢ : X — R define ¢° :
X — Rvia ¢°(x) := infy c(x, y) — ¥ (y). Prove that a function ¢ is of the form
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¥¢ if and only if it satisfies ¢ (x) — @ ()| < c(x, y) for all x, y. Also prove that for
functions satisfying this condition we have ¢¢ = —¢.

Exercise 4.23 Prove the equality
min{/ Kdv| : ve MY Q) V~v=,u—v}
Q

=max{/¢d(M—V) : |V¢|SK}
Q

using the duality methods inspired by those developed in Sect. 4.3.

Hints

Hint to Exercise 4.1 If F is convex, then it is weakly l.s.c.

Hint to Exercise 4.2 Prove that the limit is actually a sup and do a sup-sup
exchange.

Hint to Exercise 4.3 The only extension takes the value 400 on (—o0,0) and
Fro=el,

Hint to Exercise 4.4 The function f is no longer convex, and f*(y) = el¥I=1.

Hint to Exercise 4.5 Check that we have f*(y) = % [1y] If,/.

Hint to Exercise 4.6 For elliptic functions f we have an improved monotonicity of
df, and, applying this to f*, if we assume it to be elliptic, we obtain c|& — &> <
(& — &) - (x — x9) whenever x € 3f*(&) and x9 € df*(&y). This implies that f
is C! and V f is ¢~ !-Lipschitz. For the converse implication, we want to prove the
inequality f*(§) > f*(£0) + x0 - (€ — &) + 57 |€ — &>, where L = Lip(V f) and
xo € 3f*(&o). To prove this, first consider ming f*(&) — f*(&) — xo - (€ — &) +
ﬁ | — &0|* + 8|& — &|* for &, 8 > 0, and prove that the minimum is attained at
& = &o.

Hint to Exercise 4.7 When f is 1-homogeneous, use f*(y) = sup,.q ,(tx) -y —
f(tx) = sup, t£*(y).

Hint to Exercise 4.8 Consider sup, ;.44 r+py<oaf +b - x.

Hint to Exercise 4.9 Use the definition of f* and a change of variables.

Hint to Exercise 4.10 Use Point 3. of Proposition 4.23.
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Hint to Exercise 4.11 Use the fact that the superlinearity of f is equivalent to the
boundedness of f* on each ball, and that the surjectivity of df is equivalent to
f* (&) # W forevery & € X'.

Hint to Exercise 4.12 Even for smooth functions it is not true that we have F (v) >
Fu)+ f (—Au)(v—u) because of boundary terms. Taking into account these terms,
the subdifferentials of F always have zero-mean.

Hint to Exercise 4.13 In point 3. use v = Vu where u solves (P).

Hint to Exercise 4.14 Use the results on regularity via duality, after proving that we
can use j(v) = v.

Hint to Exercise 4.15 Note that the equation is just V - (VH(Vu)) = f and
associate with it a variational problem.

Hint to Exercise 4.16 Use the duality of Sect. 4.3 in 1D, where only one vector field
v = F is admissible.

Hint to Exercise 4.17 H is not elliptic (since it does not grow as |v|?) but C1-1,
while H* is elliptic and not C1!.

Hint to Exercise 4.18 Use the regularity via duality and adapt the case of the
Laplacian when f € L.

Hint to Exercise 4.19 The sup in the last point gives the constraint |u’| < 1. The
solution in point 3. is given by u(¢#) = min{t, L —t, 1}.

Hint to Exercise 4.20 The dual is MaX, el =0 —3 [1¢'1> + [ ¢'ug. Use the func-
tion ¢ = Uy — Uj.
Hint to Exercise 4.21 Write miny o sup, J Lt y,0)—p' -y+p-flt,y, ).

Hint to Exercise 4.22 When ¢ satisfies |¢(x) — ¢ (y)| < c(x, y), use this inequality
to obtain ¢¢ > —¢ (the opposite inequality is trivial).

Hint to Exercise 4.23 Consider F(w) := max{f ¢d(u—v) : |V +w| <K}



Chapter 5 ®
Holder Regularity Qe

This chapter presents some classical results from the regularity theory of uniformly
elliptic PDEs and in particular those results related to Holder regularity (i.e. proving
that the weak solutions of some elliptic PDEs, and/or their derivatives, belong to
%), Itis a priori less variational in spirit than the rest of the book, since it concerns
solutions of some PDEs, which may or may not be obtained as minimizers of some
variational problems, but its connections with the calculus of variations are crucial.
In particular, the whole modern approach to the calculus of variations consists
in relaxing the problems to large functional spaces, where compactness results
are available, but where functions are not smooth enough to provide a “classical”
formulation of the problem: it is then important to be able to come back, at least in
some cases, to classical solutions, i.e. to prove that the solution of a minimization
problem in H'! is actually C' (or C'*, or C). Moreover, the very theory that we
present in this chapter is the core argument in the solution of Hilbert’s 19th problem,
which is a problem in the calculus of variations: is it true that the solution of smooth
variational problems are smooth functions? A historical discussion of this problem
will be presented, after Sects.5.1 and 5.2. These two sections are devoted to the
classical Schauder estimates (prove that the solution gains in regularity compared
to the data, if the data are themselves in C¥¥; these sections essentially follow
what is done in many classical books on the topic, such as [95, 97]). We then
move to Sect. 5.4 which is devoted to the most difficult case: proving at least some
regularity without any assumption on the coefficients of the equation besides their
uniform ellipticity. This was the key ingredient in the solution given by De Giorgi
to Hilbert’s 19th problem. The chapter closes with a discussion section on other
regularity results (in W* 7 spaces instead of C**® and including boundary regularity)
followed by a list of exercises.
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208 5 Holder Regularity
5.1 Morrey and Campanato Spaces

We will define and analyze in this section some functional spaces defined by integral
inequalities which will turn out to coincide, in some cases, with the space of Holder
continuous functions, and which will be very useful in proving Holder regularity
results.

We consider an open domain €2 with the following regularity property: there
exists a constant A € (0, 1) such that

12N B(xo, R)| = A[B(x0, R)| (6.1
for every xo € €2 and every R < diam(£2). We denote by Qy, r the set QN B(xgp, R).

Every Lipschitz domain (in particular, every convex domain) satisfies this property

while a typical example of a domain not satisfying it is a domain with a cusp such

as {(x1,x2) € R? : x3 <xt, x; €0, 1]}.

Given p € [1, 00) and A € R4 we define the Morrey space

LP*(Q) == {u € LP(Q) : sup R*k/ lu|? dx < —|—oo},
QXo,R

x0,R

where the sup in the definition is taken over xp € 2 and R < diam(€2). We define a
norm on this vector space via

1/p
| o = supR*A/ lu|? dx )
X(),R on,R

We then define the Campanato space

LPMQ) = {u € LP(Q) : sup R_)‘/ lu — (u)x, rIP dx < +oo} ,
on,R

x0,R

where the sup in the definition is taken over the same set of pairs (xg, R) and
(U)xo,R 1= fQ LU We also define a seminorm on this vector space by
X()»

1/p
L] g 1= <sup R’k/ |t — (u)xo.r1” dx)
XO’R QXQ.R

and a norm by setting

all ppr:= lullLr + [u] pps.
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We summarize in the table below the different spaces that one obtains for
LP* and L£P** depending on p and A. This will depend on the dimension d. We
consider for simplicity scalar-valued functions (otherwise, the same would be true
componentwise).

r<d r=d red,d+pl | A>d+p
Lrr | =t L> {0} {0}
A Py 0,4
L =LP “BMO” C” R

What we mean is

« If A < d the two spaces LP* and £P** coincide and their norms are equivalent.
The only non-trivial fact to prove is the inequality ||u||;px < C|lul| L which
is done in Proposition 5.3.

o If A, = d the spaces LP* all coincide with L>°(2). This can be easily seen
considering that we have a.e. [u(xp)|? = limg_o fQXo,R |#|? and this quantity is

bounded whenever u € LP¢ (on the other hand, if u € L* then we easily have
ullppa < C(A)||ul[L).

e If A = d the spaces L” * do not coincide with L (2) but with the spaces where
a suitable mean oscillation of u is bounded. This is called the space of Bounded
Mean Oscillation (BMO) functions when p = 1 (this explains the quotation
marks in the table above, since calling it BMO when p > 1 is an abuse of
language) and was introduced in [121], but we will not discuss it further.

o If A > d the space L7 only contains the zero function. This can also be easily
seen by considering the formula |u(xg)|? = limg_g foo-R |ulP together with

f%R lul? < C(A)R™4 foo_R lul? < R*?||u||; p. and taking R — 0.

» If A > d the space £P** coincides with the space of functions which admit a
representative satisfying

lu(x) —u(y)| < Clx — y|*

for « = % and C < C(A)||u||£p,,\, i.e. C%¢ functions; on the other hand,
it is clear that C%¢ functions belong to £7*4? functions and ||u|| £ can be

estimated in terms of the C%® norm. This will be proven in Theorem 5.4 and is
the main result of this section. Once we identify £7** with C%¢ functions it is
clear that for « > 1 we only have constant functions.

In order to prove the results leading to the above characterizations of the spaces
LP* and LP* we first need the following lemmas, where we assume that Q
satisfies (5.1) and we set A = d + po, for @ which can be positive or negative.
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Lemma 5.1 Take u € ~U”)‘(Q) and two numbers r, R < diam(2) withr < R <
2r. Then we have

|<u)xo,R - (u>xo,r| = C[M]LPJ»VO[,

where the constant C only depends on A, p and d.

Proof For every point x € Qy, , we have [(u)x, r — (U)xo,r| < [{U)xy, R — u(x)| +
[ (x) — (u)y,,r| so that we have

() x0. 8 = (W)xgr P < 2P (1) g & — 4 (OIP + [(x) = (1) 0./ 1P)

and then

=< 2p—l (][ |<M>xo,R - M(X)|pdx +f |u(x) - (”)xo,r|pdx> :
Qug.r Sgr

Then we use

]i s & — uCOIP dx < cf i)y 2 — u ()P d,
X0

Q)cO‘R
where the constant C is an upper bound to @kl BaoBI _ R 2 Then
|Qx0.r‘ — A|B(xo,r)] Ard — A~ ’

using u € LP*(Q) and A = d + pa, we obtain
|(”>xo,R - <u)x0,r|p < C(R*P +r%P) < CroP.

The result follows. O
Lemma 5.2 Take two points xo, yo € , a function u € LP*(), and set R =
|x0 — yol. There exists a constant C only depending on A, p, d such that

|(u>x0,2R - <u>yo,2R| =< C[U]LPJ R,

provided 2R < diam(€2).

Proof Consider the set Qy)2r N 2y, 2g. Since it contains 2, r its measure is at
least A|B(xg, R)|, so that we have

[Qx,2R] [2y0,2R] - 24

1Qx9.28 N Qyp 2Rl 120,28 N Qyp2r] — A
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We then take x € Q) 2r N 2y,,2r and write

() x.2R — (W) .20 17 < 277 ([ g 2k — u(O)IP + |u(x) — ()yy 28 1),

which gives, averaging over x,

() xg,2r — (1) yo,2R1"

<C ][ |()xg,2r — u(x)|Pdx +][ lu(x) — (u)y,,2r 1" dx
Q5. 2RNQy0,2R Qxo,2RNL2y 2R
=c(f tuhnar—uld £ e~ iy anlr ) < CR.
QXQ.ZR Q)'O,ZR

which concludes the proof. O
We now prove the following.

Proposition 5.3 Assume A < d. Then we have LP*(Q) = LPM(Q) and the two
norms are equivalent (up to a multiplicative constant depending on 2).

Proof Since we can cover $2 with a ball of the form B(xg, diam(£2)) it is clear that
we have ||u||Lr < C||u||pp.» and by using

g & 1" s][ lulP dx
QxO.R

we have
R—*/ | — (u)xo,r|” dx = R—“”][ |t — (u)xo,r]” dx
Q)cO‘R on.R

< CR“”’][ ul? dx + CR™|(u) . r1”
Q

x0, R

< CR*“P][ l? dx < [lullpo.
on.R
which implies [M].EM < Cllul|pp.x-

We now need to obtain the opposite inequality. Take u € £P* with A = d + ap,
a < 0. We fix R < diam(£2) and consider a sequence 2%Rfork=0,..., ko such
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that 20 R € (diam($2)/2, diam(S2)). Using Lemma 5.1 we obtain

ko—1

() x0.k] < 1)y dtogl + D [(t) o ot g = () g 211
k=0

o0
< Cllullp1 + Clul ppr R Zz’m.
k=0

Since o < 0, the last sum is convergent, so that we obtain [(u)y, r| < CllullLr +
CR"‘[u]Lp,x. Using again o < 0 together with R < diam(£2) we obtain |{u)x,, r| <
C||u||£,,,AR“.

Then we use

R’A/
Q

P < CR*”P][ = )y 7” + CR™ (i) 2?
Q

X0, R X0, R

< C[u]pLM + Cllul| pra

which proves the opposite inequality. O
The most interesting case is the following

Theorem 5.4 Assume % > d. Then we have u € LP*(Q) if and only if u admits
a continuous representative satisfying lu(x) — u(y)| < Clx — y|*. Moreover, the
best constant C in this inequality and the seminorm [u] Lp are comparable up to

multiplicative constants only depending on A, p, d.

Proof First of all, it is clear that every u satisfying |u(x) — u(y)| < Clx — y|*
belongs to LP *X(Q), since in this case we have

lu(x) — (u)xy,rl < CR® forall x € Qy, r

and integrating this inequality over £2,, g after raising it to the power p provides
uel? ’)‘(Q) with a seminorm bounded by C.

We now have to find a Hoélder continuous representative for functions u €
L”’)‘(Q). We fix a point x9 € €2 and look at R + (u), gr. We consider the
sequence () »-g and use (Lemma 5.1)

[(tt) g2k g — (1) gy 2-a+0 | < Clul ﬂ,,AR“z—k“.

This proves that this sequence is Cauchy, and that it admits a limit. Moreover, for
every r > 0 we can find k such that 2~ ®*DR < » < 27%R and () g 0-kp —
() xo,r| < C[u]_Ep.xr“. This shows that R — (u)x,, g has a limit £(xg) as R — 0
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and that we have
[£(x0) — (t)xo,R] < C[M]L;:,AR“. (5.2)

We observe that the function xo +— £€(xp) is a representative of u since it
coincides with u at every Lebesgue point of u#. Up to changing u on a negligible
set, we will assume £(xg) = u(xp) for every xg. We now consider xq, yo € €2, set
R = |xp — yo|, and assume 2R < diam(€2). We then consider

[ (x0) — u(yo)| < |u(xo) — (U)xg,2R| + [{U)xg,2R — (W) yg,2R| + (Ut} yy.2R — u(yo)|

= C[M]LMR“,

where we estimate the first and last term thanks to (5.2) and the second one using
Lemma 5.2. |

Box 5.1 Memo—Lebesgue Points of L' Functions
A very useful notion concerning L 110 . functions is that of Lebesgue points, as
it allows us, for instance, to select a precise representative.

Definition Given a function u € L}OC(Q) a point x is said to be a Lebesgue
point of u if we have

lim lu(y) —u(x)|dy = 0.
r—0 B(x,r)

In particular, this condition also implies u(x) = lim,_,¢ fB(x " u(y) dy, but
is stronger. Note that on Lebesgue points we also have u, (x) — u(x) every
time that u,, is defined as a convolution u,, = 7, *u for a rescaling 1, X §g of
a fixed convolution kernel 7 € CZ° (actually, bounded kernels with bounded
supports are enough).

A well-known theorem in geometric measure theory is the following:

1

Theorem Foranyu € L,

(R2) a.e. point x € 2 is a Lebesgue point.

The set of Lebesgue points depends on the representative of u (since
u(x) appears in the definition). Yet, it is possible to define £(x) :=
lim inf,_ ¢ fB(x’ " u(y) dy; the value of £ does not depend on the represen-
tative of u. We then consider the set of points x where lim,_,¢ fB(x’r) lu(y) —
£(x)|dy = O; this set is independent of the representative; moreover £ is a
representative of u. It is also possible to define £ as the limsup, of course.
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Theorem 5.4 provides an extremely useful characterization of Holder continuous
functions. It allows us, for instance, to recover the well-known injection of Sobolev
spaces into Holder continuous functions, due to Morrey. Indeed, we have:

Proposition 5.5 The space WP () continuously injects into L*(Q) for » =
1+ % =d+1-— %. Whenever p > d, we then have a continuous injection of

WP (Q) into CO*(Q) fora =1 — %

Proof We start from the Poincaré—Wirtinger inequality followed by a Holder
inequality with exponents p and p’:

/ [ — (U)xy, Rl dx < CR/ |Vu|dx
on.R QXQ,R
d

1/p
< CR|Qy 1| / VulPdx ) <CRTV.
QxO,R

We used the fact that the constant in all forms of the Poincaré inequality is
proportional to the diameter of the domain, here R (see Box 5.2). The above
inequality proves

[M].[Z” < Cl|Vul|rLr

and from Proposition 5.4 we conclude the Holder regularity whenever 1 — % > 0.
O

Box 5.2 Memo—Dependence of the Constants on the Domain in Poincaré
and Soboley Inequalities

It is well-known that for every open and connected domain €2 there exist
constants C, (2) such that we have

lullLr = Cp(S)[IVullLr

for functions # which belong either to WO1 P (Q) or to WHP() and have
zero mean. These inequalities are called the Poincaré inequality in the case
of zero boundary conditions, or the Poincaré—Wirtinger inequality for zero-
mean functions. We also saw in Proposition 2.2 that this also holds when u
vanishes on a subset of measure at least |€2|/2 (or on a subset of the boundary
with H9~! measure at least 7—Id_1(8$2) /2; the ratio 1/2 could be replaced
with other ratios, but then the constant would also depend on this ratio). How
do these constants C, depend on the domain £2? In the Poincaré case (in

W(} 'P), it is easy to see that the constant is monotone by inclusion (since

(continued)
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Box 5.2 (continued)

if Q c @ and u € Wé "P(Q) then the extension of u to 0 outside  also
belongs to Wol’p (€2')). Hence, one can estimate the value of the constant C),
just by looking at it when €2 is a ball. For the case of the Poincaré—Wirtinger
inequality or of functions vanishing on a certain proportion of the domain this
is not true, and we will only concentrate on the case of balls.

When @ = B(0,R) a simple scaling argument shows C,(2) =
RC,(B(0, 1)). Indeed, if u € WLP(B(0, R)) then ug defined via ug(x) =
u(Rx) belongs to WLP(B(0, 1)) (and this transformation preserves the
boundary value, the mean, and the proportion of the vanishing set) and we
have

R™P|lullLrs.8) = |lurllLrB0.1) < Cp(BO, ))|[VugllLrs0.1)
=Cp(B(O, D)R[|Vu(R)||r50,1)=Cp(BO, D)R'™/?||VullLr 80, R)-

The scaling is different when the norms on the sides of the inequality do
not share the same exponent. This is possible thanks to the Sobolev injection

tifg < p* = prp (when p < d, otherwise one just needs g < co) we have
indeed, under the same assumptions on u,

llullLe < Cpq (|| VullLr.

Here for Q@ = B(0, R) the same scaling argument shows C, ,(2) =

Rl_%+% C,(B(0, 1)). This also shows that only the critical injection for g =
p* can be true in the whole space as it is the only case where 1 — % + g = 0.

When different exponents are involved it is more convenient to express the
norms in terms of averages instead of integrals: the Sobolev inequality for
Zero-mean or Wol’p functions becomes

1/q 1/p
<][ |u|? dx) <CR (][ |Vu|pdx)
B(0,R) B(0,R)

and the general case for functions in W!-? becomes

1/q 1/p
(][ K dx) < (Rp][ |Vul|P dx +][ |u|P dx) .
B(O,R) B(O,R) B(O,R)
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5.2 Regularity for Elliptic Equations in Divergence Form
and Smooth Coefficients

5.2.1 Preliminaries

We start with a very useful algebraic lemma, which can be found in any classical
book on elliptic regularity.

Lemma 5.6 Assume that an increasing function ¢ : [0, Ry] — Ry satisfies, for
everyr < R/2,

b < A (e n (%)a) #(R) + BR?

for some constants A, B, & > 0 and exponents oo > B > 0. Then there exists an
g0 = &o(A, o, B) such that, if ¢ < &g, we also have ¢ (r) < Crf forallr € [0, Ro]
for a constant C = C(A, B, Ry, $(Ro), o, B).

Proof For every T < 1/2 we have ¢(tR) < A(e + t%)¢(R) + BRP. Choosing
y € (B, o), we can take 7 such that 2At% = t¥ and we can assume without loss of
generality that A is large enough so that T < 1/2. We then take g9 = ¢ so that, for
& < &y, we have

#(tR) < A(go + t*)¢(R) + BRP < 2A1%¢(R) + BRP < t7$(R) + BRP.

(5.3)
We now iterate this estimate, thus obtaining
k—1
¢)(‘L’kR) < ‘L'kyd)(R) + BRP*-DB Z Iv=8)
j=0

This inequality can be proven by induction. It is already proven for k = 1 as it
coincides with (5.3). Assuming it is true for k we then obtain

¢ R) < "o («*R) + Bt RP

IA

k—1
‘[(k+1)y¢(R) + BRB*Bv—B Z =P + Bt*PRP
Jj=0

IA

k
— T(k+1)V¢(R) + BRP 4P Z.Cj(yfﬂ).
j=0

Using t < 1 and y > 8 we have Zﬁ‘:o /=P < C and then we obtain

(¥ R) < T ¢(R) + BCRPr VP < ¥,
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where C is a new constant also depending on B, R and ¢ (R). We also used ¥ < 7.
Choosing R = Ry and finding for every r a value of k such that t**D Ry < r <
%Ry one obtains, using the monotonicity of ¢ and its boundedness, the estimate
#¢(r) < CrP. O

We now need some estimates on constant coefficient equations. In the following
pages, when there is no ambiguity and a point xg is fixed, we write B, for B(xg, r)
for every radius r > 0.

Proposition 5.7 Assume that u solves V - (AVu) = 0 in Bg, where A is a fixed
symmetric and positive definite matrix with Aminl < A < Amax I, and take r < R.
Then there exists a constant C, only depending on Apin, Amax, Such that we have

2 r\4 2
/B|u| dng(E) /BR lu|? dx, (5.4)

d2
/|u— WP < € (5 /|u— W rlde. (55

Proof We can prove (5.4) with constant C = A A~ First, note that if u

max min*
solves V - (AVu) = 0 then ua(x) := u(A'?x) is harmonic. In particular ui is

subharmonic and Remark 2.7 implies that its averages on balls are non-decreasing
functions of the radius of the ball:

d
AV2oRde< (& / A5 dx.
/,'“( o drs () [ @l P d

A change of variable y = A!/2x gives

2 a 2 r\? 2
wldes [ wo)Pdys(%) [ wPay= (%) [ wPar.
Bn . Al/2B, R Al2Bp R B

min” AmaxR

Setting ' = Ainr and R' = Ay R, this provides

N\ d
/ lul>dx < C (r—,> / lu|? dx
. R By

as soon as 1’ < f\\'”f” R, with C =
d max

Al A¢ . Since the inequality is true with

constant C = ¢~“ whenever restricted to r > cR, then (5.4) is also satisfied without
the restriction r’ < %R’ .

In order to provem€§.5), we use the Poincaré—Wirtinger inequality, then (5.4)
applied to Vu, which also solves the same constant-coefficient equations, and then
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the Caccioppoli inequality (see Proposition 5.8):

lu — (), dx < Cr? [ |Vu|*dx
B, B,

d
gcrz(i) / |Vu|? dx
R B

R

2(r\¢ 1 2
<Cr (E) ﬁ/BzR [ — (u)xy,2r|" dx.

This proves (5.5) as soon as r < R/2. In the case r > cR (here ¢ = 1/2) we use the
fact that > [, [u — |* dx is minimal when ¢t = f, u dx, so that we have

/ |u—<u>x0,,|2dxs/ |u—<u>x0,R|2dxs/ lu — (u) .1 dx,
B, B, Br

which yields the inequality with C = ¢~@+2). O

We now finish this preliminary section by proving the Caccioppoli inequality,
which we present in the general case, i.e. for non-constant coefficients, for future
use.

Proposition 5.8 Assume that u solves V - (A(x)Vu) = 0 in Bg, in the sense that
we have [ A(x)Vu - Vo = 0 for every ¢ € HO1 (BR), or that u is non-negative and
that it solves V - (A(x)Vu) > 0, in the sense that we have f A(x)Vu - Vo <0 for
every ¢ € HO1 (Bg) with ¢ > 0. Also assume that A(x) is, for every x, a symmetric
and positive definite matrix with Apinl < A(x) < Apard. Then, for every r < R,
we have

C
Vil dr = s [ o,
B, (R —r)" /g

where C = 4\ pax/ Amin-

Proof Let n € Lip(Bg) be a function such that n = 0 on dBg, n = 1 on B, and
V| < (R — r)~!. The important fact is that, in both cases (when the equation is
satisfied as an equality or as an inequality), we can use ¢ = n®u. Then we have
V¢ = 2unVn + Vun?® and hence

/ Ax)Vu - Vm]2 dx < —2/ A(Xx)Vu - Vonu dx.
Bgr Br

It is possible to apply a Holder inequality on the right-hand side, thus obtaining

1 1

2 2

dx < </ A(x)Vu-Vunzdx> (/ A(x)Vn~Vnu2dx> ,
Bgr Bg

/ Ax)Vu -Vnnu
B

R
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so that we have

4A
/ Ax)Vu - Vunzdx < 4/ A(x)Vn - Vnu2 dx < %/ nu2 dx.
Bgr Bg (R - V) Bgr

Using A > Al and restricting the integral on the left-hand side to the set B,
where = 1 provides the desired inequality. O

5.2.2 Schauder Regularity

We prove here a sequence of three incremental theorems about the regularity of
solutions of V - (A(x)Vu) = V - F in Morrey and Campanato spaces. These results
are part of what is usually called Schauder regularity theory, presented here using
the powerful tools of Campanato spaces. The analysis requires a small preliminary
lemma.

Lemma 5.9 For every vector field F € L*>(Bg) and every matrix field A(x) such
that A(x) is symmetric and satisfies Apinl < A(x) < Apaxl for every x for two
positive constants Apin, Amax > 0, there exists a unique solution w € HOl (BR) of
V.- (A(x)Vw) = V - F, and such a function w satisfies

Afm.n/ |Vw|2dx§/ |F—(F>XO,R|2dx§/ |F|? dx.
Bgr Bgr Bgr

Proof The existence of such a w can be obtained by minimizing the functional
w > f (%A(x)Vw -Vw+ F - Vw) dx among w € Hé (BRr) and the uniqueness

is due to the strict convexity of this functional. Testing the equation against w itself
provides

/ A(x)Vw-dex:—/ F-Vwdx = — (F = (F)xy,r) - Vwdx,
Bg Bg Bg
where we use for the last inequality the fact that we have [ Vw = 0 because

w e HO1 (BR). Replacing A with A1 on the left-hand side and applying a Holder
inequality on the right-hand side provides

12 12
Amm/ Vw2 dy < (/ P - <F>XO,R|2dx) (/ |Vw|2dx) .
Bg Bg Bg

Dividing by ( i |Vw|2)]/ % on both sides and taking the square gives the first part of

the claim. We then conclude by using once more the fact that v > [ |F — v|% dx is
minimized when v is the average of F. O
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Theorem 5.10 Let u be a solution of V - (AVu) = V - F in Q, where A is a
constant symmetric and positive-definite matrix and F € L£>*(Q) with » < d + 2.
Then Vu € L>*() for every subdomain ' compactly contained in Q.

Proof Given a ball Bg C Q we write 1 = u + w in such a ball, where w is the
solution of V- (AVw) = V. F with w € HO1 (BR). Then u solves V - (AViu) = 0.
Note that we have (Vw)y, g = 0, hence (Vu)y, r = (Vit)x, r. We then define
¢(r) == [ [Vu — (Vu)y,.-|* dx and we have

¢(r)§/ |Vu—(Vﬁ)xO’r|2dx§2/ |Vﬁ-<Vﬁ)xo,r|2dx+2/ |Vw|? dx

r\d+2 5 5 2 By
c(—) Vil — (Vil)y gPdx +2 | |[Vw?dx
R Br B

R

IA

IA

F\d+2 ) ,
(%) / Vit = (Vit) o | dx+c/ Vw2 dx
R Bg Bg

d+2 d+2
<c(H)" ¢>(R)+C/B F = (FprPar =€ (£) 7 pR) + CR

R

In the inequalities above we used the formula (5.5) applied to Vi, which also solves
the same constant-coefficient equation as i, and then Lemma 5.9, as well as the
assumption F € £>*. Finally, by Lemma 5.6 we obtain ¢(r) < Cr*, which gives
the claim. The restriction to a subdomain €’ compactly contained in €2 is required
to cover it with finitely many balls contained in €2, with a uniform radius Ry. O

Theorem 5.11 Let u be a solution in Q of V - (A(x)Vu) = V - F, where A is a
symmetric and positive-definite matrix depending continuously on x and satisfying
Aminl < A(x) < Apaxd for every x, for two positive constants Amin, Amax > 0.
Assume F € L**(Q) with A < d. Then Vu € L**(Q) for every subdomain '
compactly contained in Q2.

Proof Given a ball Bg C Q we write 1 = u + w in such a ball, where w is the
solution of V- (A(x0)Vw) = V- (F + (A(x0) — A(x))Vu) with w € H} (Bg). Then
u solves V - (A(xg) Vi) = 0. This is a useful trick: if a function solves an equation
with variable coefficients, we can “freeze” the coefficients at a point, and of course
add on the other side of the equation the difference between the coefficients at x and
at such a point, which will hopefully be small. We then define ¢ (r) := fBr |Vu|? dx
and we have

¢(r)§/ |Vu|2dx§2/ |V12|2dx+2/ |Vw|? dx
(DY [ wvapdr+2 [ vwld
=< (R) ., |Vl + [Vw|“ dx

R Br
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< c(%)d/giwuﬁderc/Jilvu)Fdx
< c(%)dqs(k)w/zi GP d,

where G := F + (A(xp) — A(x))Vu). Here we used formula (5.4) applied to Vi,
and again Lemma 5.9. We now use

/|G|2dx§2/ |F|2dx+2a)(R)2/ |Vu|? dx,
Bg Bg Bgr

where w is the modulus of continuity of A. Using the assumption F € L>* we then
obtain

r\4 A
9(r) = C (%) ¢(R) +CR* + Cop(R)

as soon as w(R) is small enough. Again, by Lemma 5.6 we obtain ¢ (r) < crt,
which gives the claim (with the same need to restrict to compact subdomains as in
Theorem 5.10). |

Theorem 5.12 Let u be a solution of V - (A(x)Vu) = V - F in Q, where A is a
symmetric and positive-definite matrix which is C 0. v 1t x and satisfies Apind <
A(x) < Anpaxd for every x, for two positive constants Ayin, Amax > 0. Assume
F € C%*(Q). Then Vu € C%*(Q) for every subdomain Q' compactly contained
in Q.

Proof We now combine the ideas of the two previous proofs. We fix again a ball
Br C Q and write u = i + w, where w is the solution of V - (A(xg)Vw) =
V-(F+(A(xg)—A(x))Vu) withw € HO1 (BRr). We then define, as in Theorem 5.10,
o(r) == fBr |Vu — (Vu)y, 1> dx, and we get

r\d+2 )
¢>(r)§c(E) ¢>(R)+C/ Vw2 dx.

Bpr

Again as in Theorem 5.10 we bound fBR [Vw|? by

/ |G — (G)xo.r|* dx 5/ |G — (F)y g dx.
Br Br
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We then obtain

IVw>dx < C | |G — (F)y rl*dx
Bgr Br

< C|[ |F = (F)y.rl?dx+Co(R)? [ |Vul*dx.
Bgr Bgr

We use Theorem 5.11 to obtain Vu € LZ%9~¢ for arbitrary ¢ > 0, so that
(R)? [|Vu|? can be bounded by CR?**9~¢ (we use w(R) < CR®, by assump-
tion). Then we get, using the assumption F € CO¢ = £24+2«

d+2
¢(r) S C (%) (b(R) + CRd+2O! + CRZCH_d_E.

Using Lemma 5.6 we obtain ¢ (r) < Cr2*+4=¢ je Vu e L2d+20=¢ Thig means
Vu € %4/ In particular, Vu is continuous and hence locally bounded. Up
to restricting to a compact subdomain, we can use Vu € L* and then the term
(R)? [ |Vu|? is now bounded by C R?**<. This allows us to write

o) = ¢ (2)7 )+ cR

and the result follows by using once more Lemma 5.6. O
We can then extend this to higher-order regularity:

Theorem 5.13 Let u be a solution of V - (A(x)Vu) = V - F in Q where A is a
symmetric and positive-definite matrix which is C** w.r.t. x and satisfies Apind <
A(x) < Aol for every x, for two positive constants Apin, Apax > 0. Assume
F € Ck% Then Vu € C**(Q) for every subdomain Q' compactly contained in Q.

Proof This theorem can be proven by induction. The case k = 0 coincides with
Theorem 5.12. Once we know it for a certain k, in order to prove it for k + 1
we differentiate the equation. Denoting by the superscript ’ the derivatives w.r.t.
a certain variable x; we have

V- (AX)Vu') =V - F — V- (A (x)Vu)

so that u’ solves the same equation where in the right-hand side F is replaced by
F’ — A'(x)Vu. Since we assume F € C¥t1-® we also have F € C*¢ and, by the
induction assumption, we know Vu € cke Moreover F/, A’ (x) € cke gince
F,A € C*t1.% Then using the equation solved by u’ we obtain Vu' e Ck<.
Applying this to all partial derivatives of u this provides Vu € Ck+1.e, O

It is also possible to obtain a result when the right-hand side is not expressed as
a divergence.
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Theorem 5.14 Let u be a solution of V - (A(x)Vu) = f in Q, where A is a
symmetric and positive-definite matrix which is C ka vt x and satisfies Apind <
A(x) < Apard for every x, for two positive constants Apin, Apmax > 0. Assume
f e CkL(Q). Thenu e Ck1-2(Q) for every subdomain Q' compactly contained
in Q.

Proof First we prove u € Clkof Locally around a point with x; = a, consider
the vector field F(xi,...,x,) = e [ f(s,x2,...,x,)ds. This vector field
satisfies V - F = f and has at least the same regularity as f (indeed, we took
the antiderivative in one variable, which improves the regularity, but in the other
variables the regularity is not improved). We then have V - (A(x)Vu) = V - F and
this provides Vu € C k1@ We then differentiate the equation in a direction x; and

loc
denote by the superscript ’ the derivatives w.r.t. to x;. We have

V- (A)VW) = f =V - (A(x)Vu) =V - (fe; — A’ (x)Vu).

In the right-hand side the vector field fe; — A'(x)Vu is at least Ck—L.% pecause
of the assumptions on A and f, and on what we proved on Vu. Then we obtain

/ k—1,a . k+1,a
Vu' € Cp,. ", whichmeansu € C; [~ m|

5.3 Hilbert’s 19th Problem and the De Giorgi Theorem

Hilbert’s nineteenth problem is one of the 23 Hilbert problems proposed in 1900
by David Hilbert (see [115]): the question is whether the solutions of “regular”
problems in the calculus of variations are always analytic. Indeed, Hilbert noted
that some classes of PDEs, like the Laplace equation, only admit solutions which
are analytic functions, and that these equations share the property of being the
Euler-Lagrange equations of a certain class of variational problems of the form
min f H (Vu), where H is convex and smooth. To make the question more precise,
convexity and smoothness can be quantified, and boundary data can be imposed
(possibly non-analytic). We can formulate the question by assuming that D>H is
both bounded from below and from above by positive multiples of the identity,
say Apinl < D?H < A,ul, and wonder whether all solutions of the variational
problem inherit the regularity of H.

We proved in Sect. 2.3 that harmonic functions are analytic, but the arguments
used there cannot be translated to more general equations, so we will concentrate
on C* regularity. Since the Euler-Lagrange equation of min [ H (Vu) is the non-
linear PDE V - (VH (Vu)) = 0 the question is whether all solutions of this PDE are
C™ if H is C® and satisfies Apin]l < D*H < A gl Differentiating the equation
(which is possible, for instance, because of the regularity u € H 2 which can be
obtained thanks to the techniques of Sect. 4.4) provides

V- (D*H(Vu)Vu') =0
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for every partial derivative u’. By setting A(x) = D?H (Vu(x)) we saw in
Theorem 5.13 that A € C* implies Vi’ € C*%. Since H € C, the regularity
of A only depends on Vu, so that we have Vu € cke = vu' e CckY, ie.
Vu € C*t1.« This allows us to improve the regularity by one degree at each
iteration of the argument, and provides u € C®. The techniques due to Morrey
and Campanato that we presented are not the only possible ones, but the results
are quite classical. The first results proving smoothness (up to analyticity) of the
solutions of elliptic second-order PDEs starting from some initial regularity date
back, for instance, to Bernstein [28]. Yet, this requires a initialization, i.e. we need
at least u € C in order to have A € C%%.

This was the state of the art in the first half of the twentieth century (see for
instance [169], which improved Bernstein results); then, independently, in the *50s
both Ennio De Giorgi [72, 73], and John Forbes Nash [159, 160] filled this gap, by
proving the following remarkable theorem: it u solves V - (A(x)Vu) = 0, without
assuming any regularity of A but only the bounds A,,;;,I < A(x) < AL, then
u € C%. By applying this to u’ with A = D?>H (Vu) one obtains u’ € C%¢ i.e.
u € C*, De Giorgi’s proof arrived first, followed by Nash’s proof slightly later,
but the latter was more general: indeed, Nash proved the same result for solutions
of parabolic equations d;u = V - (A(x)Vu), which includes the elliptic case when
the solution is time-independent. De Giorgi’s proof passed through the following
statement: all functions u which satisfy an inequality of the form

c
IV — k)] dx < ——— (u — k)% dx
/B(xo,r) (R—71)? JBxo.R) =

for every k are necessarily locally Holder continuous. The class of these functions
is now usually referred to as the De Giorgi class. Subsequently, Jiirgen Moser gave
an alternate proof of these results in a celebrated short paper [154], and this will be
the proof we present in the next section.

As it can be seen in both Moser’s proof and in the definition of the De Giorgi
class, the order structure of R plays an important role in the theory, and the same
result cannot be obtained for vector-valued functions solutions of elliptic systems, in
contrast to the theory of Sect. 5.2, which could be adapted to systems (as is done, for
instance, in [95, 97] and in many classical texts about the subject, which we avoided
here for simplicity). Later on counter-examples in the vector-valued case appeared,
as in De Giorgi [75] and Giusti and Miranda [102].

5.4 Moser’s Proof

In this section we consider solutions and subsolutions of V - (A(x)Vu) = 0 (and
later we will add a right-hand side) with a matrix field A without any regularity
assumption, but only A ;I < A(x) < Ayl (together with measurability in x, of
course). Since we will not be able to apply any approximation argument (differently,
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for instance, from the case A = I discussed in Sect.2.3) it is crucial to clarify the
notion of solution that we use:

Definition 5.15 A function u is said to be a solution of V - (A(x)Vu) = 0 in Q if it
belongs to HZLC(Q) and fQ A(x)Vu - Vo = 0 for every function ¢ € CL]. (2). In this
case, the same equality also holds for functions ¢ € HO1 (') for every Q' C Q such
that we have u € H'(Q).

A function u is said to be a subsolution of V - (A(x)Vu) = 0 (and we write
V- (A(x)Vu) > 0) in Q if it belongs to HILC(Q) and fQ A(x)Vu -V <0 for every
function ¢ € C Cl (2) with ¢ > 0. In this case, the same equality also holds for non-
negative functions ¢ € Hd () for every Q' C € such that we have u € H'(Q).

In the sequel, we will often use the term solution and subsolution without
explicitly saying “of V - (A(x)Vu) = 0”. We have the following results

Proposition 5.16

1. If u is a solution in Q and f : R — R is convex and f and f’ are Lipschitz
continuous, then f(u) is a subsolution. The same is true if u is only a subsolution
but f is also assumed to be non-decreasing.

2. If f is convex and u is a solution such that f(u) € LIZOC(Q), then f(u) is a
subsolution. The same is true if [ is convex and non-decreasing, and u is a
subsolution.

3. If u is a solution or a non-negative subsolution, then |u|P is a subsolution for
every p < 2%/2.

4. If u is a solution or a non-negative subsolution, then |u|P is a subsolution for
every p € (1, 00).

Proof

1. If u is a solution we take ¢ = f'(u)y for ¥ € C!. Thanks tou € H,\ and f’
Lipschitz continuous we have ¢ € H', and since ¢ is compactly supported in 2,

it is then an admissible test function, so that we have
0= / A(x)Vu-Vodx = / AX)V(f(w)- Vi dx+ / AX)Vu-Vuf” )y dx.
Q Q Q

Assuming ¢ > 0 the last term is non-negative, so that we obtain f AX)V(fw))-
Vi < 0and f(u) (which is HZL . because f is Lipschitz) is a subsolution. If u
is only assumed to be a subsolution then we need to require f’ > 0 in order to
use ¢ = f’(u)y as a non-negative test function and obtain 0 > [ A(x)Vu - Vo,
from which the result follows.

2. If f is convex but we remove the assumption that f and f’ are Lipschitz
continuous we approximate f with an increasing sequence f;, of Lipschitz
and C!'! convex functions. We then obtain that f,,(«) are subsolutions and the
Caccioppoli inequality provides local bounds of their H' norm in terms of the

L? norm on larger domains. If f(u) € L%OC then the L? norms of f,(u) are
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bounded (we use f,(u) < f(u) together with a uniform lower bound with an
affine function f,(#) > au + b) and this implies a similar bound on their H 1
norms, thus obtaining at the limit f(u) € Hlloc. From this we obtain that f(u) is
a subsolution.

3. If u is a solution or subsolution, it is Hlloc and then LIZOIZ for every p < 2*/2. We
can then apply the previous point to the convex function s +— [s|? (the positivity
is needed for subsolutions since otherwise this function is not monotone).

4. Given an exponent p > 1 we can always write it as p = p{ for large n and
p1 < 2*/2. The previous argument shows that the power p; of a subsolution is
always a subsolution, so that we can iterate it and obtain that |#|” is a subsolution.

O

5.4.1 L Bounds

We now quantify some of the estimates that we used in the previous proposition and
we obtain the following:

Proposition 5.17 If u is a nonnegative subsolution in 2, and B, := B(xq, r) and
Br := B(xo, R) are two balls compactly contained in Q withr € (R/2, R), then
for every p € (1,2*/2) we have

1/p RZ
(][ Iulz”dx> sC—Q][ lul? dx,
B, (R - r) Br

for a constant C only depending on p, Anin, Amax-

Proof We start from the Caccioppoli inequality (Proposition 5.8), which provides

C
Fvulars S f e
B, (R—1)" Jpyg

where we wrote averages instead of integrals since r and R are assumed to be
comparable up to a factor 1/2. Then we use the Sobolev inequality (see the Box 5.2)

1/p
( |u|2”dx> §C<r2 |Vu|2dx+][ |u|2dx>.
B, B, ,

Combining the two, we obtain

1/p Cr2
( |u|2pdx> 50(—2][ |u|2dx+][ |u|2dx)
B, (R —r)" /B, B,
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which, together with fBr lul> < (R/r)? fBR lu|? and r € (R/2, R), gives the claim.
O

Theorem 5.18 If u is a nonnegative subsolution in Q and B, := B(xo, Ro) is
compactly contained in , then u € L°°(BR,,2) and we have

1/2
lu(x)| < C (f |u|2dx> fora.e. x € By
BRO

for a constant C only depending on d, Amin, Amax.

Proof We fix a sequence of radii Ry = Rg/2 + 2~ *®*DRy for k > 0 and a
sequence of exponents m; = p* where p is a fixed exponent in (I,2*/2). We
apply Proposition 5.17 to u™* with r = Ry41 and R = Ry. Since Ry € (Ro/2, Ro)
for every k, the assumption » € (R/2, R) is satisfied. We then have R%/(R—r)? =
RZ/(R — Rig1)? < 45+2 hence

(f

We raise both sides to the power 1/(2my) so that we obtain norms:

1 1
2mp41 1 2my
][ Jua |2+ < (C4kymm f ™ dx | .
B B,

We set y; := log(]|ul| L2k (Bg )), where the norms are computed in terms of the
k

l/p
i) dx < C4k][ u|™ dx.
BRk

Ri+1

Ri41

normalized Lebesgue measure on each ball. We just proved

logC + klog4
logC +klogd

! logC + jlog4
2my, '

Ve = Y=Y+
ij

Vi1 =
Jj=0

Since the series of W

is convergent (remember that m; grows exponen-
; .
tially) we have yx < C + yg for all k, and then

el L2 (B xg Ry = ClUllL2(B(xo, RY)-
We then use

Ry \ 27
||u||L2mk(B(xO’R/2)) =< ||u||L2”'k(B(x0,Rk))
R/)2

and ||u||Lzmk(B(x0,R/2)) — ||u]| Lo (B(xy, R/2)) in Order to obtain the claim. m|
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5.4.2 Continuity

We have just proven that solutions and non-negative subsolutions are locally L
functions. We need now to study better local L°° bounds in order to prove a certain
decay of the oscillation of the solutions, if we want to prove that they are Holder
continuous.

We then act as follows.

Lemma 5.19 Ifu is a solution in Q2 valued in an interval [a, bl and h : [a, b] — R
is a convex function such that h" > |I'|* then v := h(u) is a subsolution such that

/ |[Vo2dx < CRY™?
B(xo,R)

whenever B(xg, 2R) is compactly contained in 2, for a constant C only depending
ond, Apin, Amax-

Proof We come back to the proof that v is a subsolution, i.e. we test the equation
against ¢ = h’(u)y. We take ¥ = n> where 7 is a cut-off function with n = 1 on
B(xp, R), sptn C B(x0,2R) and |Vn| < %. We first assume that % is smooth, and
the result will be true for general & by approximation: we have

oz/ A(x)Vu~V<pdx:/ A(x)Vu~Vuh”(u)n2dx+2/ AQG)Vu-Vyh'(w)ndx,
B B B

2R 2R 2R

from which we obtain

/ A(x)Vv - Vup?dx = / A(x)Vu - Vulh' @))*n? dx
Bar

Bar

5/ A(x)Vu - Vuh" (u)n* dx

Bag

= —2/ A(x)Vv - Vnndx.
Bag

Applying the Holder inequality to the right-hand side exactly as for the proof of
the Caccioppoli inequality we get

Am,-,,/ |Vv|? dx 5/ A(x)Vv - Vun? dx 54/ A(x)Vn - Vndx
Bg Bor

Bar

< 4A,W/ |Vn|?dx = CRY2,
Bag

which concludes the proof for & smooth. For general A, we first note that & is
bounded on [a, b] so that v = h(u) is bounded, hence L2, and this guarantees (point
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2. in Proposition 5.16) that v is a subsolution. Then, we observe that the condition
h" > |W'|* is equivalent to e ™" being concave, so that it is enough to approximate

e~ with a sequence of smooth concave functions k&, and take h, := —log(k,); we
write the inequality of the claim for %, and then use the lower semicontinuity of the
L? norm of the gradient. O

We define osc(u, E) as esssup{u(x) : x € E} —essinf{u(x) : x € E}.

Theorem 5.20 There exists a constant ¢ < 1 only depending on d, Ain, Amax Such
that osc(u, B(xg, R/2)) < cosc(u, B(xg,2R)) whenever B(xg,2R) is compactly
contained in Q and u is a solution in SQ.

Proof Fix a ball B(xp, 2R) compactly contained in 2. We know that u is locally
L*°, hence osc(u, B(xg, 2R)) < oo. Up to adding a constant and multiplying by a
constant we can assume —1 < u < 1 a.e. in B(xg, 2R) and osc(u, B(xg, 2R)) =
2. The claim is proven if we are able to find a universal constant strictly smaller
than 2 which bounds osc(u, B(xg, R/2)) from above. Looking at # on B(xg, R) one
of the two sets {u > 0} N B(xgp, R) or {u < 0} N B(xp, R) has measure smaller
than | B(xg, R)|/2. We assume for simplicity that we have |[{u > 0} N B(xg, R)| <
|B(xg, R)|/2. Fix ¢ > 0 and take v = h(u) with & : [—1, 1] — R defined via
h(s) = (—log(l +& —s))4,i.e.

h(s) = ifs <eg,
—log(1+¢e—s) ifs>e.

The function A satisfies 4”(s) > |h’(s)|? and in particular is convex, so that v is a
nonnegative subsolution. Then, thanks to Theorem 5.18, we have

|v|2dx§CR2][ Vo> dx < C,

[T A scf
(B(x0,R/2)) B(xo.R)

B(xo,R)

where the second inequality is a Poincaré inequality as in Proposition 2.2 and
Box 5.2 justified by the fact that v vanishes on a set which has at least half of
the measure of the ball B(xg, R), and the last inequality comes from Lemma 5.19.
Since this last constant C does not depend on & we can pass to the limit ¢ — 0 and
obtain

c

—log(1 —u(x)) <C foreveryx € B(xo,R/2) =u(x)<l-e "~ <l.

This shows that in B(xo, R/2) the oscillation is at most 2 —e~¢ < 2 and proves the
result. O

It is then easy to obtain the following final result, which is the main result of
[154] and [72]:

Theorem 5.21 There exists an exponent o only depending on d, Ayin, Amax Such
that all solutions in Q2 admit a representative which is locally C%* in Q.



230 5 Holder Regularity

Proof Consider a set Q' C Q on which u is essentially bounded: |u(x)|] < M
for a.e. x € Q'. Then, consider a set Q” such that B(x,8) C ' forall x € Q"
and for a fixed § > 0. Take two Lebesgue points x, y of u. Assume x,y € Q.
For those points we have |u(x) — u(y)| < osc(u, B(x,r)), where r = |x — y|,
as well as u(x)|, |u(y)| < M. Let k be the largest integer such that 4r < §. We
have osc(u, B(x,r)) < ckosc(u, B(x, 4%r)) for a constant ¢ > obtained in Theo-
rem 5.20, but we also have osc(u, B(x, 45r)) < 2M since B(x, 4%r)) c €. Then

u(x) — u(y)| < 2Mc*, where 45ty > §, ie k > % — 1. Then
k

k< Cr® where @ = =1 This proves [u(x) — u(y)| < Clx — y|%, ie. u is

log4
C%% on the Lebesgue points of u in ©”. This Holder continuous function can be
extended, preserving the modulus of continuity, to the whole ©”, and this is still a
representative of u on . If we do this construction on a countable and increasing
sequence of sets /! these representatives are each an extension of the previous one,
and this provides a representative of u which is locally C%. O

5.4.3 The Non-Homogeneous Case

For completeness, we want to study what happens for solutions of V - (A(x)Vu) =
V. F.

We will first start with the case of solutions u € HO1 (2) (i.e. with homogeneous
Dirichlet boundary conditions) and define the notion of subsolution in this same
case.

Definition 5.22 A function u is said to be a subsolution of the Dirichlet problem
V.- (Ax)Vu) = V - F (and we write V - (A(x)Vu) > V . F) in Q if it belongs
to H}(Q) and [, A(x)Vu - Vg < [, F - Vi for every function ¢ € Hj(Q) with
¢ = 0.

We have the following result.
Proposition 5.23

1. Ifu is a non-negative subsolution and h : Ry — R is a non-decreasing Lipschitz
function such h(0) = 0, then we have

Af,,,-,,/gh’(u)wmzdx§/Q|F|2h’(u)dx,

2. If u is a non-negative subsolution and F € Ld(Q) then u € LP(Q) for all
p < oQ.

3. If u is a non-negative subsolution and F € Ld(Q) then u? € H& (2) for all
p € [1, c0).
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4. If u is a non-negative subsolution then for every p € [0, 00) we have

min

A2 /up|Vu|2dx§/ |F|*u? dx. (5.6)
Q Q

5. If u is a non-negative subsolution and F € L4(R2) for some q > d, then u €
L% () and ||u||p> is bounded by a constant only depending on d, q, Apin, Q
and || F||Lq.

Proof

1. Let us use ¢ = h(u), and assume that 2 (u) is in HOI. We then obtain

/ A(X)Vu - Vuh'(u)dx < / F - Vuh'(u)dx.
Q Q
This implies

Am,-,J W ()| VulPdx < / |FI[Vull (u)dx
Q Q

3 3
< </|F|2h’(u)dx> </|W|2h’(u)dx>
Q Q

which provides the claim since in particular this can be applied when A (u) is a
non-decreasing Lipschitz function of # which vanishes at 0 (because in this case
we do have h(u) € Hol).

2. If d = 2 then we have u € L?(R2) for all p < oo because this is true for every
H' function. If d > 2, then we have |F|> € L9/2 and (%)’ = ﬁ = % Assume
now u € LP for acertain p and take h(s) = s”+! with m2*/2 = p. This function
cannot be used in the estimate that we just proved since it is not globally Lipschitz
but can be approximated by a sequence of Lipschitz continuous functions #4,
such that k), < K’ (take, for instance, &, (s) = min{h’(s), n} and define h,
accordingly) for which we have

A;m/h;(u)wmzdx 5/ |F?h! (u) dx 5/ [FI?H (u) dx < oo,
Q Q Q

where the finiteness of the last integral comes from |F|> € L2 and h'(u) =
cu™ e LW/, Passing to the limit this implies

m m *
/um|w|2dx<oo = wurtleng' = uitlelL?,
Q

which means u € LP+2". This proves that the integrability of u can be improved
by induction and u € L?(2) for all p < oco.
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3. Now that we know u € LP(2) for all p < oo the same argument as before
provides u3itl € H' forallm = 2p/2*. Note that we can also use p < 1 and
even p = 0 as the only assumption on p is that 4(s) = s"*! is non-decreasing,
so that m = 0 is allowed.

4. Given p € [0, oo[ we define h(s) =

sPH!

p+1
h(u) € H(}. This allows us to obtain the desired estimate as in the first point of
the proof.

5. Let us start from the case 2| = 1. In this case the L norm of u is increasing
in m. Set mg := inf{lm > 1 : ||u||gm > 1}. f mg = +o0 then ||u||pn < 1
for all m and ||u||L~ < 1. In this case there is nothing to prove. If mg > 1 then
[lul|pm < 1 for all m < mg and, by Fatou’s lemma, we also have ||u|[;mo < 1.
If mp = 1 we then have ||ul|zmo = ||ull;1r < Cllull;2 < Cl|Vul|;2 and we
know from Lemma 5.9 that u is bounded in H! in terms of || F|| 12, and hence of
||F||Le. In any case, we obtain that [|u||;mo is bounded in terms of || F||rq¢, and
for m > mqg we have ||u||p» > 1, an inequality which we will use to simplify the
computations.

Using (5.6) we have

so that A'(s) = s” and we know

q=2

4 rq_ KB

—2/ |V(u§+‘)|2dx5c/ |F|2updx§C</ uia dx) o
(p+2) Ja Q Q

where the constant C depends on A,,;;;, and || F||14(g). Let us fix an exponent

such that 8 < % but 8 > %2. This is possible because g > d. We then use the

q
Sobolev injection of HO1 into L*# and obtain

q=2

1 q=2
(/ u(p+2)ﬂ)ﬁ <C(p+2)? (/ quqz) T
Q Q

We now raise to the power 1/(p + 2) and assume pq /(g — 2) > mo. We then
have

2 P 2
2 ) 2
Nl rs < llullpoe2s < C(p +2) 792 |ul]|” pg, = C(p+2)"+2||u|IL;1q2,
La~

k

where we used ||u|| e = 1. Setting r = B(g —2)/q > 1 and my = mor® we
La-
then have
_2
Hullpmerr < C(pr+2) 6 [l Lo
where py = mku. Passing to the logarithms and using the exponential

behavior of pj as in the proof of Theorem 5.18 we then obtain

lullme < Cllullzmo < C,
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where all constants depend on d, q, Ain, Q2 and || F||ra.

For the case where |2| # 1, we simply perform a scaling: if u is a subsolution
in Q with the matrix field A(x) and the datum F(x) then we define ug, Ag and
Fgr asur(x) = u(Rx), Agp(x) = A(Rx) and Fgr(x) = F(Rx), and we obtain
V-(ArRVugr) > RV - Fgin %Q. Indeed, for every non-negative test function we
have [ A(x)Vu - Vo < — [, F - Vg and the change of variable x = Ry gives

/1 AR(Y)Vu(Ry) - Vo(Ry)dy < —/ Fr(y) - Vo(Ry)dy,

1o Q

which gives the desired inequality using Vu(Ry) = %VMR(y) and Vp(Ry) =
%V(pR (y). Choosing R such that |%Q| = 1 provides the desired estimate on

HurllLoe = |lullzoe.
O

We can now obtain a precise result on solutions.

Theorem 5.24 [fu € H(} (2) is a solution of V - (A(x)Vu) =V - F in Q with F €

L1(R2) for some q > d, thenu € L*®(2) and ||u||p~ < C(d, q, Amin, Q)| F||La-
d

Moreover, if Q = B(xo, R) we have C(d, q, Apin, Q) = R1_3C(d, q, Amin)-

Proof First we prove that ||u||z can be bounded in terms of || F'|| ¢, without being
precise about the exact dependence of the bound on this norm.

Consider h : R — R given by h(s) = v/s% + €2 — . The function & is convex,
smooth, and 1-Lipschitz. We set v = h(u). Taking ¢ = h'(u)y as a test function,
with ¢ € C Cl and non-negative, we obtain

/ A(x)Vv - Viyrdx —I—/ A(X)Vu - Vuh" (u)y dx = —/ FH (u) - Vi dx.
Q Q Q

Since the second term in the left-hand side is nonnegative, we obtain
/ A(X)Vv - Viyrdx < —/ Fh' (u) - Vi dx.
Q Q

This is valid for ¥ € cj. but, by density, also for v € HO1 since both AVv and
FHK (u) are in L?. Hence v is a non-negative subsolution with right-hand side V -
(Fh (u)). We then obtain

[[Vu? + &2 —gl|pe < C(|Fh'()||Le) < C(||F||La)
(where we used |#'| < 1). Sending ¢ — 0 we obtain

[lulpoe < C(IF||La).



234 5 Holder Regularity

We now need to investigate more precisely the dependence of the bound. The
map F — u is well-defined (thanks to Lemma 5.9) from L? to H' but we proved
that it maps L? into L* and that it is bounded on the unit ball of L9. It is linear,
so we necessarily have ||u||ro < C||F||rs. The constant C depends here on all
the data, including the domain. When Q2 = Bg := B(xg, R) we perform the same
scaling as in the last part of the proof of Proposition 5.23, and we obtain

[lu|lpee = [lurllLe < C||RFR||La(B))

1/q |_d 1/q
=CR< IF(Ry)I"dy> =CR 9 (/ IF(y)I"dy) :
B Bpg

O

We are now able to consider the full case, where we consider a right-hand side F
without imposing Dirichlet boundary conditions:

Theorem 5.25 Ifu HZLC(Q) is a solution in Q of V - (A(x)Vu) = V - F with
F e L?OC(Q) for some q > d, then u € Cloo’f‘ (R2) for an exponent o depending on
q,d, MApin and Ay

Proof Consider a ball Bg := B(xg, R) and decompose u into u = u + w with
w e HO1 (Br) asolution of V- (A(x)Vw) = V- F. Then i solves V- (A(x)Vu) = 0.
Set ¢ (R) := osc(u, Bg). Theorem 5.20 proves that we have

- 7\ % ~ 7\ %
oscli, Br) = € () oselii, Br) = € () (ose(u. Br) + wllz(p)

for a certain exponent «g depending on d, A, and A.. Then we obtain, using
Theorem 5.24,

1—-4

F\ @ \_d
¢(r) < C(E) (@(R)+CR' ™)+ CR' ™4
sc(£) s +cr T sc(2) s+ R,

where «] is any exponent strictly smaller than ¢ and smaller than 1 — g. We then

0,01
loc -

obtain, using once more Lemma 5.6, the estimate ¢ (r) < Cr®!,i.e.u € C |

We note that the assumption g > d is essential throughout this analysis, since in
the case A = Iand F = Vu we are just dealing with the Sobolev injection of W14
: 0,
in C™%.
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5.5 Discussion: L? Elliptic Regularity and Boundary Data

The results in this chapter mainly concern the regularity of the solutions of elliptic
equations in terms of Holder spaces, in the spirit of a statement of the form “if Au =
f with f € C*%, then u € C¥*22” (a result which is included in Theorem 5.14).
The general idea is that solutions gain two degrees of regularity compared to the
data in the right-hand side, provided the coefficients of the equation are compatible
with this smoothness. A natural question, different but following the same scheme,
would be whether a similar statement is true in L? spaces. Starting from the easiest
case of the Laplacian, the question is whether it is true that Au = f with f € L?
implies u € WP,

Since any solution of Au = f can be written as u = & + I' x f, where i is
harmonic and I" is the fundamental solution of the Laplacian (see Sect.2.3), and
harmonic functions are C*°, we only consider the regularity of I" x f. We already
know from Proposition 2.12 that f € L? = D*(I' % f) € L” is true for p = 2. We
want to extend this to other exponents p.

The strategy for this amounts to a standard procedure in harmonic analysis, called
real interpolation: if a linear operator 7 : LPNLY — LPN L4 is bounded both in the
L? norm and in the L? norm, then for every r € (p, g) it is also bounded in L" (i.e.
if there are constants C, and C, such that |[Tf||zr < Cpl|fllr and [|Tf||La <
Cyll fllLa, then there exists a constant C,, which can be explicitly computed in
terms of p, q,r, Cp, Cy, such that ||Tf]|r < Cy||f|lLr). Actually, the conditions
for this interpolation result are even weaker, since we do not necessarily need the
continuity of 7 in L? and L7, but a weaker condition; we need the existence of a
constant C such that

1LF11Z

TSI > 1)) < Cp=y

foralls > O,

and the same replacing p with ¢g. We usually say that 7 maps L” into the Lorentz
space L7 (also called L7 for “L? weak”; see [106] for the theory of Lorentz
spaces) and L? into L9 *°. This condition is satisfied when ||T f||zr < C,ll| fllLr
because of the estimate |{|g| > }[tP < || g||€,, valid for every function g. This
interpolation result is called Marcinkiewicz interpolation, see [143, 202], as well as
[98] where the whole content of this section is explained in detail.

In the case of the operator T defined via T f := (I" * f);; (the second derivative
of the convolution I' * f w.r.t. the variables x; and x ;) we know that T is continuous
in L? (see Proposition 2.12). The idea is then to prove the weaker estimate above
in the case p = 1. Note that if D?I" was an L' function the continuity of 7 would
be trivial in all the L? spaces; unfortunately, D>I"(x) ~ |x|~¢ fails L' integrability
close to 0. On the other hand, the function x > |x|™¢ is a typical example of an
L' function since {x : |x|7¢ > 1} = B(0,t~Y%) and thus |{x : |x|™¢ >
t}| = c¢/t. It is then reasonable to expect that f € L! would imply Tf € L.
If the condition to be in L could be expressed as the finiteness of a norm or
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of a convex functional, it would be clear that the convolution with an L! density f
would preserve it (it is always true that convex functionals which are invariant under
translations decrease by convolution with probability measures), and decomposing
f into positive and negative parts and rescaling by their masses one would have
llg* fllx < llgllxIlfll1 for every translation-invariant norm || - || x. Unfortunately,
the L1 space is a very pathological space on which it is impossible to define
a norm with the desired properties and the proof of (I' x f);; € L' is more
involved than just a convolution argument. In particular, the proof in [98, Section
9.4] strongly uses the condition D3F(x) ~ |x|_1_d.

This allows us to prove that 7 maps L' into L' and L? into L2. By
interpolation, it also maps L" into L" for all r € (1, 2). By considering a sequence

fn A 8o it is not difficult to understand that 7 cannot map L' into L',
It is then possible to consider the case p € (2, 0o) via a duality argument. Indeed,
we can take f, g € C2°(S2) and write

/(Tf)gdx =/(r*f)i,»gdx :/<r*f>gi,»dx
Q Q Q

= /Qf(Tg)dx < HWALelITgll Ly < CUANLrllgl Ly

where we used the fact that both the second-order derivations and the convolution
with even kernels are self-adjoint operators in L2, and the L boundedness of T,
since p’ < 2. By arbitrariness of g, the above estimate means ||Tf||.r < C||f]|Lr,
which proves the result for p > 2.

We then obtain the following result.

Theorem 5.26 For every open domain @ C RY and any p € (1, 00) there exists a
constant C such that

T % fllw2r@) = ClIfllLr.

In particular, if u solves Au = f in Q and Q' C Q is a compactly contained
subdomain, we have the estimate

Nullw2r @y = CULfILr + 1lullLr@)s

for a constant C depending on p,d, Q' and Q.

Note that an alternative interpolation argument could be based on the fact that
T maps L? into L?> and L* into BMO (a space which is not so different from
£>%). Indeed, one can take Theorem 5.12, rewrite it replacing C%® with £294+2¢
and adapt the proof to the case « = 0 (actually, the assumption ¢ > 0 is not
needed, only o < 1 is important). As a particular case, we find that the solution
of Au = V - F is such that Vu € £>? whenever F € £>%. If one takes f €
L>® ¢ £>% and a solution of Au = f, it is possible to differentiate the equation
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and find Au’ = f’, view f' as the divergence of a vector field F = fe, where the
unit vector e is oriented as the direction of the derivative denoted by ’, and deduce
Vu' € £, ie. D>u € £2“. 1t is then possible to apply an interpolation theorem
due to Stampacchia ([187]; see also [97, 101] and [11] as some examples of books
explaining this approach to elliptic regularity in detail) to prove that 7 maps L” into
L? for p > 2, and then use the duality argument above to extend to p < 2. Note
that this approach does not use the fundamental solution of the Laplacian and can
be more easily extended to the case of equations with variable coefficients.

Before stating a result on variable coefficients we discuss the role of the data on
the boundary. Indeed, all the estimates presented so far (in this section but also in the
rest of the chapter) are local, in the sense they are valid in the interior of the domain
where the equation is solved, i.e. on subsets ' C Q with coefficients depending on
the distance between ' and 9$2. The question is whether we can obtain regularity
results (in C*% or in W*?) for Dirichlet problems and/or other boundary data.

We will see shortly a sketch of a technique to prove these regularity results for
Au = f with homogeneous boundary conditions # = 0 on 92 when 92 is flat.

Let @ C R be a compact domain with a flat part in 92 and R : RY — R?
a reflection which fixes this part. For instance, if Q = [0, 119, we can consider
R(x1,...,xq3) = (—x1, ..., x4). The map R is linear, self-adjoint, with determinant
equal to —1, and R? =id.

Assume that u € H(} (€2) solves in the weak sense Au = f. Define Q:=QuU
R(Q2) and

u(x) ifx € Q,
—u(Rx) ifx € R(Q2).

ulx) =

We define in analogous way f. Note that the condition u € HOl (i.e. zero on the
boundary) makes i well-defined on 2 N R(£2) and we have i € HO1 (€2). This is not
the case for f if we do not assume any boundary condition on it, but f € L?(2)
clearly implies f € L? ().

We can check that we also have Ai = f in . This is left as an exercise (see
Exercise 5.12). Using several reflections like the one presented here, we conclude
the following.

Proposition 5.27 Assume that u € HO1 (R2) is a weak solution of Au = f (i.e. we
have f Vu-V¢ = — f f ¢ forevery ¢ € Ccl(Q)) with f € LP(Q2) and 2 is a cube.
Thenu € WP ().

The main idea in proving the above result consists in reflecting enough times
so as to see f and u as restrictions of functions f and i on a larger domain
containing  in its interior, and satisfying Aii = f Since reflections preserve the
LP behavior, we obtain i € WP, Note that this same idea would not work as well
for other regularity results, which require better than mere summability for f, since
the reflection with the change of sign does not preserve continuity or higher-order
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regularity. On the other hand, Exercise 5.13 proposes a different reflection formula
for Neumann boundary conditions, which preserves first-order regularity.

The same techniques can then be extended to the case of non-zero boundary data,
since if we want to prove u € W?” necessarily we need to assume that the trace
of u on 9% is the trace of a W2” function, so we can write the boundary condition
asu—g € H(} () for some g € W2, and then we apply the previous result to
v =u — g, which solves Av = f — Ag € LP.

It is then possible to extend the result to other domains which are not the cube
after a suitable diffeomorphism S : @ — Q where Q is a cube. Yet, u o s-1
no longer solves on Q a constant-coefficient equation, but a more complicated
elliptic equation involving variable coefficients depending on the Jacobian of S.
Hence, proving regularity results for the Laplace equation up to the boundary on a
domain with non-flat boundaries is equivalent to proving the same regularity results
for variable coefficients on the cube or, equivalently, local regularity results (since
the reflection tricks transforms the boundary into an interior region). These results
usually require regularity of the coefficients, which translate into regularity of S
and hence of 0€2. This justifies the interest in general equations, and the final result
which can be obtained by a non-trivial combination of all the techniques seen so far
(+ other technical ingredients) is the following (see, for instance [98, Sections 9.5
and 9.6]).

Theorem 5.28 Assume that 2 C R? has C'! boundary and let u be a solution of
Yo ja ui; = finQ withu—g € Hy(Q). Assume g € WP (Q) and a'l € C(Q).
Then we have u € WP (Q).

5.6 Exercises

Exercise 5.1 Write and prove a Caccioppoli-type inequality between the L?(B,)
norm of Vu and the LP (Bg) norm of u for solutions of V - (|Vu[P~2Vu) = 0.

Exercise 5.2 Givenu € le’cp (Rd), assume that we have
/‘ IVulP dx < Cri f(r),
B(xo,r)

where f : Ry — R, is defined as f(r) = —logr forr < e~!and f(r) = 1 for
r > e~ L. Prove that u is continuous and that we have

lu(x) — u(y)| < Clx — ylf(lx — yD/?

(possibly for a different constant C).
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Exercise 5.3 Consider the equation Au = f(u), where f : R — R is a given C*°
function. Assume that u € H'(S) is a weak solution of this equation and f has
polynomial growth of order m (i.e. | f(¢)] < C(1 + |¢])™. In dimension d = 1, 2,
prove u € C°. In higher dimensions, prove it under the restriction m < 2/(d — 2).

Exercise 5.4 Let u > 0 be a continuous function on an open domain €2 which is a
weak solution of

Au=./u inQ,
u=1 on 092.

Prove that we have u € Clzo’cl/z(Q) and u € C* if u > 0. Prove that we have u > 0

if Q is contained in a ball of radius R sufficiently small (how much?). For larger
domains €2, is it possible to have minu = 0 ?

Exercise 5.5 Given a function H : RY — R which is both elliptic and C"! (i.e.
there are two positive constants co, c| such that cgl < D*H < ¢1I), letu € Hlloc(Q)
be a weak solution of V - (VH (Vu)) = 0in Q.

loc n Cll(;g'

2. Prove the same result for solutions of V - (VH(VM)) =f,fe€ Lfoc for p large
enough.

Exercise 5.6 Letu € lec be a weak solution of V - ((3 + sin(|Vu|2))Vu) = 0.

Prove that we have u € Cl%g
1.

Exercise 5.7 Letu € H NLS be a weak solution of V- (A(x, u)Vu) = 0, where

loc

1. Prove that we have u € H?
Also prove u € C* on any open set where sup |Vu| <

Aij(x,u) = (14 u?|x1H)8;; — u’xix;.

Prove that we have u € C*.

Exercise 5.8 Consider a Lipschitz open domain Q@ C R¢, a measurable map 7 :

Q — Q and a scalar function u € H ,LC(Q) which is a weak solution in 2 of

2
v. (ww) 0.
L+ u(r()?

1. If 7 is the identity, prove that u 4 arctan « is a harmonic function.
2. If T € C*°, prove u € C®(Q).

Exercise 5.9 Let p, be a sequence of C! functions on a smooth open domain  C
R¢ which is bounded in LN H' and g a given C? function on Q. Let u,, € H' ()
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be the unique weak solution of

Au, =Vu-Vp, in<Q,
U, =g on 052.

. Find a minimization problem solved by u,,.

. Prove that we have ||u,||L~ < ||g||L>-

. Prove that u,, is bounded in H' ().

. Prove that u, is locally Holder continuous, with a modulus of continuity on each
subdomain Q' compactly contained in € which is independent of n (but can
depend on Q).

5. If p, weakly converges in H! to a function p prove that we have u, — u (the

convergence being strong in H! and locally uniform), where u is the unique

solution of the same problem where p, is replaced by p.

A W =

Exercise 5.10 Consider the equation Au = f(|Vu|?), where f : R — Ris a
given C* function. Prove that, if u € C LQ) ¢ HY () is a weak solution of this
equation, then we have u € C*°. What is the difficulty in removing the assumption
u € C'(Q)? Which assumption should we add to f so as to prove the result for H'
weak solutions?

Exercise 5.11 Let Q = (a, b1) X (az, b2) X ... (ay, by) C R? be a rectangle and
feCX(Q). Letu e HOI(Q) be the solution of Au = f with u = 0 on dQ. Prove
u e C®(Q).Canwesay u € C2°(Q)? Do functions f such thatu € CZ°(Q) exist?

Exercise 5.12 Prove the claim Afi = f concerning reflections in Sect. 5.5.

Exercise 5.13 If u € H'(Q) is a weak solution of Au = f in Q with Neumann
boundary conditions (i.e. [ Yu - V¢ = — [ f¢ for every ¢ € C1(Q)) with f €
LP(2) and 2 is a cube, prbve u € W2P(}). If moreover f e Whr(Q) prove
ue wWHr(Q).

Exercise 5.14 Let T C R? be an equilateral triangle and f € LP(T). Let u €
HO1 (T) be the solution of Au = f withu = 0 on dT. Prove u € W2P(T).

Hints

Hint to Exercise 5.1 Test the equation against ¢ = un?’.

Hint to Exercise 5.2 Follow the same proof as for Campanato spaces and Proposi-
tion 5.5.

Hint to Exercise 5.3 Differentiate the equation to obtain a right-hand side of the
form V - F with F € L?, p > d, and then go on with Holder regularity.
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Hint to Exercise 5.4 Start from u bounded to obtain u € C%® and go on with
Schauder’s estimates. To study minu, use # < 1 to obtain Au < 1 and compare
to the solution of Au = 1.

Hint to Exercise 5.5 Combine regularity via duality and the strategy for Hilbert’s
19th problem.

Hint to Exercise 5.6 Start from Moser’s result to obtain u € C%®. View it as an
equation of the form V - VH (Vu) with H uniformly convex when |Vu| is small.

Hint to Exercise 5.7 Start from Moser’s result and go on with Schauder’s estimates.

Hint to Exercise 5.8 For the second question, start from Moser’s result and go on
with Schauder’s estimates. For the first, compute the gradient of u 4 arctan u.

Hint to Exercise 5.9 Write the equation as V - (e 77" Vu,) = 0.

Hint to Exercise 5.10 Start from the fact that the right-hand side is bounded to
obtain u € W>? < C* and go on. Without at least u € Lip this does not work and
the right-hand side could be only L!.

Hint to Exercise 5.11 Use the reflection method.

Hint to Exercise 5.12 Take a test function ¢ on Q and define a test function ¥ on
Qvia ¥ (x) 1= ¢(x) — ¢(Rx).

Hint to Exercise 5.13 Use reflections without changing the sign. Prove that they
preserve the Sobolev regularity of f.

Hint to Exercise 5.14 Use six reflections.



Chapter 6 ®
Variational Problems for Sets Chock or

In this chapter we present some classical and less classical optimization problems
where the unknown, instead of being a function, is a set (of course, identifying
sets with their indicator functions can let us back to the functional setting). These
problems, which also belong to the calculus of variations in a broad sense, are
sometimes called shape optimization problems, in particular when the important
feature of the set is its shape (rather than its size and/or its position in the space) and
when partial differential equations are involved.

We will collect here a few problems all involving in some sense the notion of
perimeter or of length of the set. The first one is the most classical one: minimizing
the perimeter for fixed volume. The second one replaces the perimeter with another
quantity, called A1(€2), which can be both defined as the minimal value of a
variational problem in H(}(Q) or as an eigenvalue of a differential operator; in
this case the perimeter and more generally the use of lower-dimensional measures
appears in the proof of the result (the optimality of the ball) that we present, and
not in the statement. The last class of problems is less classical and involves optimal
networks, i.e. one-dimensional closed and connected sets of finite length. Presenting
and studying these problems will require us to introduce the so-called Hausdorff
measures, i.e. the lower-dimensional measures that we can define on subsets of R?
(even for non-integer dimensions). So far in the rest of the book we essentially only
used the natural surface measure on the boundary of a set, which we denoted by
H4=! but we never rigorously introduced. In Sect. 6.3 we will mainly use, instead,
the 1D case H': we will present some problems very naturally arising in modeling
(choosing the best urban transportation system or the best reinforcement for a given
membrane), and then the main cornerstone in the proof of the existence of optimal
sets. This key ingredient will be the so-called Gofgb theorem, which states the
lower semicontinuity of the length (in the sense of the H ! measure) in the class
of connected sets, for the Hausdorff convergence.

The chapter closes with a digression on variants and alternative proofs for the
isoperimetric inequality and, as usual, a section of exercises.
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244 6 Variational Problems for Sets
6.1 The Isoperimetric Problem

This section is devoted to one of the most classical problems in the calculus of
variations, consisting in finding the set with maximal volume among those with
fixed perimeter. Because of this constraint, it is called the isoperimetric problem. A
legend connects the first instance of this optimization problem with the foundation
of the ancient city of Carthage. When Queen Dido arrived on the Tunisian coasts
from the East she wanted to build a new city but was only allowed by the local
tribes to use a fixed (and supposedly small) amount of land: she was given a bull’s
hide, and told she could take as much land for her new city as she could enclose
with it. Then, she had two clever ideas. The first was not to cover the land with the
hide, but have the hide cut into a very long and thin strip of leather which she would
use to enclose a portion of land. The second was to choose the position where to
put the leather, and hence the shape of the land portion she would enclose with the
strip, in an optimal way (and here is where mathematics comes into play: she chose
a semi-circle having the coastline on its diameter).'
Mathematically, Dido solved the problem

max{|A| : A C Q,Per(A; Q2) =L},

where Q2 represented the existing land (and Q€ := R2 \ 2 the sea), Per(-; 2) stands
for the perimeter inside 2 (not counting the coastline), and L was the length of the
strip. In the sequel of this section, after introducing precise mathematical definitions
and properties concerning the perimeter Per(A) of a set A and its variant Per(A; €2),
we will mainly concentrate on the case where €2 is the whole space. In this last case
it is very easy to see that this problem is equivalent to the following one:

min{Per(A) : |A| =V}

in the sense that if Ag solves the problem with fixed perimeter, then it must also solve
this second one, choosing V = |Ag|. Moreover, both these problems are equivalent,

1 One can find the legend concerning the bull’s hide in Virgil, [194], Book 1, lines 365-368 but
without any mention of Dido’s tricks to optimize her city.

Devenere locos, ubi nunc ingentia cernis
moenia surgentemque novae Karthaginis arcem,
mercatique solum, facti de nomine Byrsam,
taurino quantum possent circumdare tergo.

The first part of the trick (cutting the hide into strips) is then described more explicitly by Justinus
in [123] but, still, no word about the choice of a circular shape, which seems to be a myth among
mathematicians. See also [156] for a discussion about this legend and which parts of it have
been added in the mathematical folklore. Being married to a historian with Greek and Phoenician
expertise, I can say that the importance given to this part of Dido’s legend by mathematicians is
not really shared by classicists.
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by scaling properties, to the minimization of the ratio

Per(A)

d—1"

|Al"

where d is the dimension of the ambient space. This last formulation of the problem
has the advantage of avoiding constraints on the set A, which allows us more easily
to write optimality conditions in the form of a PDE. This is proposed, for instance,
in Exercise 6.2, but not developed in detail as we will not need it to prove the main—
and very classical—result of the section, i.e. that this problem is solved by the ball.
Also the adaptation to the case where €2 is a half-space (a rough approximation of
Dido’s coastline setting) is proposed as an exercise (Exercise 6.4).

6.1.1 BYV Functions and Finite Perimeter Sets

A very useful variant of the space of Sobolev functions is the space of BV functions,
which can be defined once we know the space of vector measures on a domain
Q c R? (see Box 3.5).

Box 6.1 Memo—BYV Functions of Several Variables

The space of functions with bounded variation on an open domain 2, called
BV(Q) is defined via

BV(Q) :={u € LY(Q) : Vu e M4 (Q)},

where the gradient is to be intended in the sense of distributions in 2 (i.e.
(Vu, ) = — qu(p for every function ¢ € CZ°(£2)). The condition for a
function u € L1(Q) to belong to BV(£2) (i.e. for the distributional gradient
to be written as a measure) is the following:

supH/ uVsodx' 3 <peC§°(Q),||¢||Lw§1} < to0.
Q

The norm on the space BV is given by [lu|lgv := [lul|;1 + [|Vul| pq (and
[IVu|| pq coincides with the above sup).

We can see that the space W1, where the gradients are in L!, is a subset
of BV, since when a gradient is an L! function it is also a measure.

BV (L) is a Banach space, which is continuously injected in all L? spaces
for p <d/(d — 1) (ford = 1, we already saw in Box 1.8 that BV is injected

(continued)
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Box 6.1 (continued)
in L*°). If Q is bounded, the injection is compact for every p < d/(d — 1)

and in particular in L.

Thanks to this compact injection and to the Banach—Alaoglu Theorem in
the space of measures, given a sequence u, which is bounded in BV(2),
when €2 is bounded it is always possible to extract a subsequence u,, strongly

converging in LY(Q) to a function u, with Vuy, A Vu.

Some non-trivial indicator functions may belong to the space BV, differently
than what happens for Sobolev spaces. For smooth sets A we can indeed see, as a
simple consequence of the divergence theorem, that we have

d—1
Vi = —n~'7-(‘aA ,

where n is the exterior unit normal to A, and H?! is the standard d - 1)-
dimensional surface measure.

Definition 6.1 We say that a set A C 2 is a set of finite perimeter if 14 € BV(2),
and we define its perimeter Per(A; Q) as ||V1A||M(Q). When Q = R? we simply

write Per(A) instead of Per(A; RY).

Note that the perimeter of A defined in this way depends on the domain 2: the
two numbers Per(A; Q) and Per(A; ') can be different even if A C Q N Q'. More
precisely, this perimeter corresponds to the part of the boundary of A which is not
in 9€2.

We now want to state some equivalent definitions of the perimeter, in terms of
approximation via sequences of sets for which the notion of perimeter is clearly
well-defined. For simplicity, we state it in the case of the whole space (i.e. Q2 = R?).

Proposition 6.2 For every set A of finite perimeter in R we have
Per(A) := inf[liminf?f’_l(aAn) tA, €C, 1g, = lain L‘(Rd)},
n

where the class C can be chosen as the class of all smooth and bounded sets or as
that of all bounded polyhedra.

Proof From the semicontinuity of the norm in the space of measures it is clear
that the inf in the right-hand side is larger than Per(A). Indeed, for any set A € C
(for both choices of C) we have Per(A) = ||V14|lpq = H’ ' (dA) and for any
sequence A, € C with 14, — 1,4 in L! and liminf, ‘7—(‘171(8An) < 00 we can
see that the sequence u, := 1,4, is bounded in BV and, up to subsequences, we

* o
have V1,4, — v, where the limit v can only be V14 because of the convergence
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in the sense of distributions of 14, to 1 4. Then, we obtain Per(A) = [[V1al||pf <
liminf, [[V14,[| A = liminf, Per(A,).

‘We then only need to show the opposite inequality, i.e. to find a suitable sequence
of sets A, € C. We start from the case where C is the class of smooth compact sets.
We fix a set A of finite perimeter and set # = 1,4. Take a smooth and compactly
supported convolution kernel 1, — §¢p defined by rescaling a fixed kernel n;, and
define v,, := n, *u. The function v, is smooth and, for each n, uniformly continuous
(since it has the same modulus of continuity as 1, up to a multiplicative factor
[lue||11). In particular, since it is L' and uniformly continuous, it tends to O at infinity
(see Exercise 6.1). In particular, its level sets {v, > r} are all bounded for every
r>0.

We have f [Vun| < [|Vul|pq since the norm of the gradient is a convex
functional invariant under translations, hence it decreases under convolution. We
use the coarea formula to write

1
/ H (v, = r}) dr =/ |Vu,| < Per(A).
0 RY

If we fix § > 0 we can then choose a number r,, € [, 1 — §] such that

Per A

Per({vn = ra}) < H'™ (fon = ap) = T—=

and r,, is not a critical value for v, (since, by Sard’s lemma, a.e. value is not critical).

Box 6.2 Important Notion—Co-area Formula
Consider a Lipschitz function f : R? — R™, where n > m. Define, at any

differentiability point of f, the Jacobian factor Jf(x) := /", | det(My)|?

where the matrices M, are all the m x m minors of Df. We then have the
following change-of-variables formula (see [84, Section 3.43])

[oemirea= [ ( / gdﬂ”"") ay
R R ()

which is valid for any measurable function g : R” — R for which the
integrals make sense (for instance g > O or g € L'(R?)). Note that, when
m = 1, we have Jf = |V f|, and when m = n we have Jf = | det(Df)|. The
latter case gives the standard change-of-variable formula.

See [84, Chapter 3] for proofs and details.
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Box 6.3 Memo—Sard’s Lemma
For a C! function f : R? — R™ we define the set of critical values of f as
f({x € R? : rank(Df) < min{n; m}}). When m = 1, this means the image
of the set of points where V f vanishes.

Sard’s lemma states that, given a C¥ function f : RY — R”, with k >
max{n —m + 1, 1}, the set of critical values is Lebesgue-negligible in R”. In
the case m = 1 this requires C” functions.

In particular, the set A, := {v, > r,} is a smooth set (as a consequence of the
implicit function theorem, and we use here Vv,, # 0), and we then take u, = 14,.
As we already pointed out as a consequence of limy|— o0 v (x) = 0, such a level

set is compact. By construction the perimeter of A, is bounded by }1) e_rz‘g and u, is

bounded in BV. We want to prove that we have u,, — u in L'. Up to subsequences,
we have u, — w strongly in L' and a.e. Since u,, € {0, 1}, we also have w € {0, 1}
a.e. Consider a point x which is a Lebesgue point (see Box 5.1) for u.

In particular, this implies v, (x) — u(x) asn — oo. Consider the case w(x) = 1.
Then u,(x) = 1 for large n, i.e. v,(x) > r, > §. Then u(x) > 4, which means
u(x) = 1. Analogously, w(x) = 0 implies u(x) = 0. Finally we have w = u and
u, — u strongly in L.

This means that we found a sequence of sets A, such that 14, — 14 and their
perimeter is bounded by (1 — 28)~! Per(A), which shows

Per(A)
1—-26

> inf{liminf?ﬂ_l(aA,,) tAn€C, 1a, — 14 inLl(Rd)},
n

and the claim follows since § > 0 is arbitrary.

Replacing the class of smooth domains with that of polyhedra is easy, using a
suitable approximation argument. Given a smooth compact domain A and a number
§ > 0 it is indeed possible to find a polyhedron A with ||14 — 1;l < & and
Per(A) < Per(A)(1 + §) by a simple triangulation procedure (it is enough to cover
dA with local charts and approximate the smooth function defining the boundary
with piecewise affine functions). This allows us to find a sequence A, of polyhedra
showing the desired result. O

6.1.2 The Isoperimetric Property of the Ball

In this section we will prove the following inequality: given a set A and a ball
B = B(0, R) with the same volume as A (i.e. |A| = a)de, where w,; stands for
the volume of the unit ball in Rd), we have Per(A) > Per(B). This means that
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the ball minimizes the perimeter among sets with fixed volume, i.e. it solves the
isoperimetric problem. The idea to prove this fact is

* to prove that a minimizer for the perimeter under volume constraints exists, using
the theory of finite perimeter sets and the properties of the BV space,

e to prove that any set which is not a ball can be modified via a suitable
transformation which preserves the volume but reduces the perimeter.

Actually, the very first step is delicate, since we are considering arbitrary sets in
R4, and the injection of BV([RY) into L'(§) is not compact. It would indeed be
possible for a minimizing sequence A, to escape at infinity, so that 14, , despite
being bounded in BV, does not converge in L', since its pointwise limit would be 0,
but this does not preserve the L! norm.

Two possible strategies to overcome this difficulty in dimension 2 are proposed
in the exercises (see Exercises 6.6, 6.15). Since the same strategies do not work
in higher dimensions, for the general proof we first add an additional constraint,
imposing the sets A to be contained in a given ball B(0, Ry), and minimizing among
them, and later prove that the minimizer is the same ball whatever Ry is. We follow
the approach of [74], as described, for instance, in [142, Chapter 14].

We start from an easy existence result.

Proposition 6.3 Given a number V > 0 and a radius Ry such that |B(0, Ry)| >V,
the optimization problem

min {Per(A) : A C B(0, Ro), |A| =V}

admits at least one solution.

Proof We consider a minimizing sequence A, and define u, := 14,. Since
Per(A,) is bounded and |A, | is fixed, the sequence u, is bounded in BV (£2) where
Q = B(0, Ry + 1) (we add 1 to the radius so that d B(0, Ry) is now included in
the interior of the domain 2 = B(0, Ro + 1) and there is no ambiguity between
the perimeter inside €2 or in the whole space). We can then extract a subsequence
un, which converges strongly in LY(Q) and ae. to a function u € BV(S) and

Vi, X Vu. The ae. convergence shows that u is also an indicator function
u =14 and A C B(0, Rg). We then have, because of the strong L! convergence,
|A| = [u =limg [u,, =limg|A,,| =V and, because of the weak-* convergence
of the gradients, Per(A) = [|Vul||pq < liminfy [[Vuy,, || p¢ = liminfy Per(A,,).
This shows that A solves the problem. O

We now want to prove that, for each Ryp and V < |B(0, Rp)|, the ball B :=
B(0, r) with wgr? = V is a minimizer of the above problem. This will then be
used to prove that, for every set A with |A| = V, we have Per(A) > Per(B). This
strategy, consisting in first proving the existence of a minimizer under an additional
constraint depending on a parameter Ry (here, being included in B(0, Rp)) and then
proving that this minimizer is the same for every Ry, is dangerous: indeed, for the
problem without constraints we could make use of simpler optimality conditions
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(such as those of Exercise 6.2), but this could be impossible in the constrained
case, as they are based on perturbations of the minimizer which could violate the
constraints; on the other hand, for the problem without constraints the existence
itself of a minimizer would be more delicate and may be impossible to prove via the
direct method of the calculus of variations. In our case, we will hence need to prove
that the minimizer is a ball (we will prove that any ball of radius r contained in
B(0, Rp) is a minimizer) by using necessary optimality conditions which compare
it to other competitors which are guaranteed to be contained in B(0, Rp). This will
be done thanks to the notion of Steiner symmetrization described in Sect. 6.1.3.

Proposition 6.4 Given a number V > 0 and a radius Ry such that |B(0, Ry)| >V,
any solution of the optimization problem

min {Per(A) : A C B(0, Ry), |A| =V}

is necessarily a ball of radius r with wqr® = V.

Proof We take an optimal set A and apply the symmetrization described in
Sect. 6.1.3 with respect to an arbitrary e € S?=1 First, we note that A C B(0, Rp)
implies S.(A) C B(0, Rp), hence we should have Per(S.(A)) > Per(A). This
means that we have equality and the set A" of Lebesgue points of A is convex in
the direction e (Theorem 6.8). Since this is valid for any e, we deduce that A’ is
convex. Now we can apply Proposition 6.9, which implies that A and S.(A) are
translations of one another. This implies that A is a ball, thanks to the next lemma.

O

Lemma 6.5 A convex set A such that for every e the set S, (A) is a translation of A
is necessarily a ball.

Proof Without loss of generality, we can assume that the origin is the barycenter of
A. This does not change the shape of A or S.(A), or the conclusion, but it allows
us to obtain A = S,(A) for every e. In particular, A is symmetric w.r.t. every
hyperplane passing through its barycenter. Now, take two points x, x” € dA. By
choosing e oriented as x — x’ we obtain that x and x’ are at the same distance (by
symmetry) from the hyperplane passing through 0 and orthogonal to e. Yet, they
also have the same projection onto this hyperplane, and hence |x| = |x’|. Since all
points of d A are at the same distance from the origin, A is a ball. O

We can then conclude:

Proposition 6.6 Given a number V. > 0, let B be a ball with radius R such that
wqRY = V. Then, for any measurable set A C R¢ with |A| = V = |B| we have
Per(A) > Per(B).

Proof We can assume that A is a finite perimeter set, otherwise there is nothing to
prove. Then, using Proposition 6.2, we consider a sequence of smooth and compact
sets A, such that Per(A,,) — Per(A) and |A,| — |A|. Each set A, is bounded,
hence contained in a ball of radius Ro(n), depending on n. We can assume Ro(n)
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large enough so that V < wq Ro(n)?. We then have
Per(A,) > min {Per(A) - A C B, Ro(n)), |A| = V} = Per(B,) = dwg R4,

where R, is a radius such that wy R,‘f = |A,|. We then have R,, — R. This shows
Per(A) > Per(B) and proves the isoperimetric inequality. O

6.1.3 Steiner Symmetrization of Sets With Respect to a
Hyperplane

In this section we consider the following construction: given a set A C R? with
|A] < oo and a vector e € S9! we construct a set S.(A) which has the same
measure as A but is symmetric w.r.t. the hyperplane {x : x - ¢ = 0}. For simplicity
of notation we describe this construction when e = ¢4 is the last element of the
canonical basis, but it can of course be adapted to any unit vector e.

In this case, let us define

0x1, . xge1) = LYAxg 1 (X1, ..., Xd—1, xq) € A)),

where £! is the one-dimensional Lebesgue measure. For a.e. (x1,...,x4-1) €
R?-! we have £(x1,...,xq-1) < +00. We then define
L(x1, ..., Xa-1)
Se(A) = {(XL---,Xd_l,Xd) D lxdl < e e—

We can easily see that S, (A) is symmetric w.r.t. {x; = 0} and has the same measure
as A. We now want to prove that S, (A) has a smaller perimeter than A, and in many
cases strictly smaller.

We start from the easiest case.

Proposition 6.7 Assume that A is a polyhedron and that none of its faces contains
segments directed as e = eq. Then we have

Per(S.(A)) + 6L (B)” < Per(A)
er _ er
¢ Per(A) ~
where B is the set of all points (x1,...,X4—1) € R4 such that the set {x4
(X1,...,X4-1,Xxq) € A} is disconnected (i.e. it is composed of more than one

segment).

Proof Let 7 be the projection onto the (d — 1)-dimensional plane orthogonal to
e. The set w(A) is a polyhedron which can be decomposed into a finite number
of polyhedra F; such that, for each i, there is a number N; > 1 and some affine
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functions flij for j =1,..., N; with

N;
Anal(Fy = e R s xg € 1f7 000 xamn), £ xa-D])
j=1

Note that we have B = Ui N1 F;. Moreover, we have

N;
L(xy, ..oy Xg—1) = Zf;}(xl’-u,xd—l) —Jfi (1. xa-1)

j=1

and

Per(A) = ZZ/ (V119552 + 1419 7512) ax,

¢ 2
Per(S,(A)) = 22[“/F’_ J1+ ’VE

where all these integrals on F; are actually integrals of constant functions. We then
use the convexity of the function v — /1 + |v|? to obtain

N.
1 1
+ -
WZ/F (V1+IV 552+ 141915 2) dx
j=17F

while

4+ |Ve2drx,

2

2/ 1+ V—foj(m, s Xa-1) = fi (k1. xa-1)| da.
Fi

We deduce

N;
Per(A) > ZZ/ VANZ 4+ |Ve2dx.
i j=17Fi
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From N; > 1 we immediately obtain Per(A) > Per(S.(A)) but we can do more.
Indeed, we have

Per(A) — Per(S,(A) = 3. / (\/16+|V6|2—\/4+|V({|2) d.
Fi

i:N;j>1

We then use

12 6
>
VIO VL2 + 4+ VE? ~ 16+ |VE|?

\/16—1- Ve — \/4+ Ve =

and, thanks to the Holder inequality, we have

S S -
Z/Fimd’“ Z/Fi\/mdx

itN;>1 itN;>1
2

> YL Ey | =L B

i:Nj>1

Together with

Z /,/16+|W|2dx52/ VAN? +|VE2 dx < Per(A)
F; T JF

itN;>1

we obtain the desired inequality. O
By approximation, we can obtain the following result:

Theorem 6.8 Let A be a finite perimeter set in R? and e a unit vector. Then we have
Per(S.(A)) < Per(A). Moreover, if Per(S.(A)) = Per(A) then the set of Lebesgue
points of A is convex in the direction e: whenever it contains two points x, x' with
x — x’ oriented as e, it also contains the segment [x, x'].

Proof Given A there exists a sequence of polyhedral sets A, such that 14, — 14
in L! and Per(A,) — Per(A). Without loss of generality, we can assume that all A,
are polyhedra with no face containing vectors parallel to e (otherwise we just need
to tilt them a little bit). We then have

6L (B.)?
Per(S.(A,)) < Per(S.(Ay)) + W < Per(A,).

The L! convergence of 14, to 14 can be seen as L! convergence of functions
defined on RY~!, valued in L'(R). This implies in particular the convergence of
the functions ¢,, associated with the sets A,, to £ (associated with A), and hence the
sets S.(A,) converge (in the sense that their indicator functions converge in L'to
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the indicator function of the limit) to S.(A). By semicontinuity of the perimeter we
obtain

Per(S.(A)) < liminfPer(S.(A,)) < liminfPer(A,) = Per(A),
n

which proves the first part of the claim. Moreover, in the case of equality

d—1
Per(S,(A)) = Per(A) we also obtain lim, %er(—A(B))Z = 0,ie LB, — 0.

This means that for a.e. point of R4~ the set {xqg : (x1,...,Xq-1,xq) € Ay} isa
segment for large n. Hence, for a.e. point of R4~ the set {xqg @ (x1,...,X4-1,%4) €
A} is also a segment. If we denote by A’ the set of Lebesgue points of A, we
then deduce that for every point of R4 the set {xqg : G,y xq—1,xq) € A’}
is also a segment.” If this was not the case, there would be two points x, :=
(X1, ..., %X4-1,a), xp := (x1,...,%x4—1,b) € A’ and a number ¢ € (a, b) such
that x. := (x1,...,Xx4—1,¢) ¢ A’. Yet, if the points x, and x; are of density 1 for
A, knowing that almost any vertical section of A is convex, we also deduce that x,
is of density 1 (more precisely, the proportion of points in B(x., r) not belonging to
A is at most the sum of the proportion of points in B(x,, r) not belonging to A and
of the proportion of points in B(xp, r) not belonging to A, these two proportions
tending to O by the fact that x, and x; are of density 1). This proves the claim. O

We also have the following result:

Proposition 6.9 Let A be a bounded convex set in R and e a unit vector. If
Per(S.(A)) = Per(A) then A is a translation of S.(A) in a direction parallel to
the vector e.

Proof 1If A is convex we can write

(x1,..., xq—1) € w(A),
A={x=(X1,..-,x¢1_1,xaz): _ n ;

f G, e xg—1) S xg < fT(x1, e Xa-1)
where f7 is a suitable concave function and f~ a suitable convex function. We
can then perform globally a computation similar to the one we performed in
Proposition 6.7 and obtain

Per(A):ﬂd_l(aeA)—}-/ <\/1+|Vf+|2+\/1+|Vf—|2) dx,

(4)

2 This simple and clarifying fact was not explicitly mentioned in the original paper by De Giorgi,
[74], but is an observation contained in [91] and due to G. Alberti and N. Fusco.
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where 9, A is the vertical part of the boundary3 of A, situated in 7 ~1(3(r (A))). On
the other hand we have

Per(Se(A)) = H~ (0, (Se(A)) + / 21+ 1vep dx,
7(A)

where £ = f+ — f~. Moreover, by construction, Wd_l(ae(Se(A)) = ﬂd_l(BeA)
since above each point of d(w(A)) = (7 (S.(A))) the two sets contain a segment
of the same length. Hence, in the case of equality Per(S.(A)) = Per(A), we
can conclude that we have a.e. the equality \/l +IVSFH2 + \/1 +|VF ]2 =
2/1 + |V£|? (since there would be equality of the integrals, but we have a pointwise
inequality because of the same convexity argument as in Proposition 6.7). This
implies, by strict convexity and using £ = f*— f~,thatwehave VT = -V f~ =

V£/2. We then find f+ = £/2 4 c¢T and f~ = —£/2 + ¢~ for two real constants
c*. By subtracting these two equalities we obtain ¢™ = ¢~, which shows that A is
the translation of S,(A) by a vector cTe. O

6.2 Optimization of the First Dirichlet Eigenvalue

The starting point of this section is the following variational problem in a fixed open
domain Q:

Jo IVul*dx

o D ue Hj(Q)\ {0}t .

min { R(u) :=

The ratio R(u) is called the Rayleigh quotient. Finding a lower bound on it is
equivalent to finding a constant in the Poincaré inequality for functions in HO1 ().
We first study this problem for fixed :

Proposition 6.10 For every bounded domain Q2 the problem
min{R(u) : u € Hj (Q) \ {0}}

admits a solution. Such a solution can be chosen non-negative, is C* in the interior
of Q and satisfies —Au = L1 ()u where L1(2) > 0 is the smallest positive number

3 Another option to get rid of this vertical part is to observe that the proofs of Propositions 6.7
and 6.8 could be adapted to show that the Steiner symmetrization decreases not only the total
perimeter Per(A) but also the relative perimeters Per(A; €2) for every open set €2 which is—after
choosing a coordinate frame where ¢ = e;—a cylinder of the form {x € RY . (X1y...,X4—1) €
'} for an open set Q' € R4, and that the equality Per(A) = Per(S.(A)) implies the equality
Per(A; ) = Per(S.(A); 2) in any such open set. This allows us to restrict to open sets compactly
contained in 7 (A).
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A such that a non-zero solution to —Au = A(Q)u exists. Moreover, \1(R2) is also
the value of the problem.

Proof Let us start from the existence of a solution. We take a minimizing sequence
U, € H(} (£2) and it is not restrictive, by multiplying it by a constant, to assume
[lunll;2 = 1. Then, the bound on R(u,) becomes a bound on ||Vu,l||;2 and u,
is bounded in H!. We can then extract a subsequence which converges weakly
in H' to a function u € HO1 (2). The weak convergence Vu, — Vu in L?
implies ||[Vu||;2 < liminf, ||Vu,||;2, while the strong convergence u, — u in
L? (due to the compact embedding of H! into L?) proves [lull;2 = 1. Hence
R(u) < liminf, R(u,) and u is a minimizer. Of course any multiple of u is also a
minimizer, but the same is true for |u#|. Hence, we can assume that u is non-negative.

We now look at the optimality conditions. We take a function ¢ € HO1 () and
look at R(u + £¢). We have

Jq IVul?dx +2¢ [, Vu - Vg dx + o(e)
14 2¢ [qupdx + o(e)

=</ |Vu|2dx+28/Vu'V¢dx+0(8))
Q Q
X (1—28/u¢dx+0(8))
Q

:/ |Vu|2dx+28</ Vu~V¢dx—M/u¢dx>+0(s),
Q Q Q

where M = fQ |Vu|?> = R(u) equals the value of the minimum. By optimality, we
then obtain

R(u+¢e¢p) =

/w.wsdx—M/uqsdx:o
Q Q

for every ¢, which means —Au = Mu in the weak sense. From u € L? we obtain
ueH 1200 and, differentiating the equation, we then obtain u € Hl406 and so on, up
tou € C*°.

This also proves that u is an eigenfunction of the (negative) Laplacian operator,
with eigenvalue equal to the minimal value of the problem. Moreover, for any
eigenvalue A, if v is a corresponding eigenfunction, i.e. a solution of —Av = Av,
we easily see (by testing against v and integrating by parts) that we have R(v) = A.
This shows that among all the eigenvalues the one corresponding to the minimizer
is the minimal one, so we write M = A (2). |

Remark 6.11 By proving that solutions of —Au = Au are analytic (which we
did not do in Sect.2.3, where we only proved it for A = 0) or applying a strong
maximum principle for elliptic PDEs (see for instance [98, Theorem 3.5]), it is also
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possible to prove that, when €2 is connected, there is a unique (up to multiplicative
constants) minimizer u, but we will not do this in this book.

When studying the problem in a fixed domain €2, we see that a geometric quantity
called A1 (€2) appears. This quantity is also the inverse of the optimal constant in the
Poincaré inequality on H(} (2). Since when €' D  all the functions in HO1 (2) can
be extended to 0 and such an extension belongs to HOl (2)), we easily see that we
have 11(Q2) < A1(Q).

A natural question in shape optimization (the branch of optimization theory
where the unknown is a set 2 and we optimize quantities related to the solution
of some PDEs in Q2) is to find the domain £ which minimizes A1 (£2) under volume
constraints.* The answer is, again, that the optimal set is the ball, as we state in the
next theorem, also known as the Faber—Krahn inequality (see [85, 129, 130]).

Theorem 6.12 Let Q@ C R be an arbitrary bounded domain and B the ball with
the same measure as 2. Then we have A1(2) > A1 (B).

We note that in the proof of this fact the definition of A; as an eigenvalue is not
important, and the result would stay true even if €2 was unbounded, but with finite
measure, if defining 11 (2) := inf{R(u) : u € C°(Q), u # 0}.

Proof The proof consists in taking an arbitrary competitor in the minimization
problem defining 1 (€2) and associating with it a function in H& (B) with a smaller
Rayleigh quotient. The construction will be made by a radially decreasing rear-
rangement, which makes this new competitor also radial, but this is not important.
For this, it is sufficient to take # > 0 in CZ°(2) (we can restrict to u > 0
thanks to Proposition 6.10 and then to u € C2° by density) and consider u°, its
radially decreasing rearrangement (see Definition 6.13), which is clearly supported
on B. The Polya—Szegd inequality (see Remark 6.15 below) proves that we have

[IVu®ll;2 > ||Vu||;2 and the definition itself guarantees |[u°||;2 = ||u||;2, so that
R(u°) < R(u). Hence, we have 11 (B) < R(#°) < R(u) and, u being arbitrary, we
obtain A1 (B) < A1(2). O

Definition 6.13 Given a nonnegative function u € L'(RY) we define its radially
decreasing rearrangement as the unique function u° such that its level sets {u#° > 1}
are balls with the same measure of the corresponding level set {u > ¢}. The function
u° can be defined as

o0
Mo(x)=/ 1B,R()) dt
0

where R(r) := (|{u > t}|/wq)'/? is the radius of a ball with the same measure as
the level set {u > t}.

4 This recalls the isoperimetric problem, where 1| was replaced by the perimeter. Yet, we note that
the perimeter is no longer involved, which makes it very inappropriate that some mathematicians
still call these kinds of optimization problems “generalized isoperimetric inequalities”.
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Theorem 6.14 For every u € C*° RY), u > 0, and every increasing function ¢ :
Ry — R with 9(0) = 0 we have [ ¢(u) = [ ¢(u®). For every function f : Ry x
Ry — Rwith f(0,s) = f(¢,0) = 0 for every s,t € Ry which is convex in the
second variable we have

/Rd fu, |Val) dx > /Rdf(u", Vuc)) dx.

Remark 6.15 As a particular case of the above theorem, we have ||Vu||r >
[IVu®||Lr, a fact which is known as the Pélya—Szegd inequality (see [170]).

Proof The layer-cake representation of the integral of a nonnegative function [ u =
fooo [{u > t}| dr shows that the integral of a function only depends on the measure
of its level sets, which easily shows that we have f o) = f @ (u®) for every @ (the
condition ¢ (0) = 0 is required for the finiteness of the integral when integrating on
the whole space, while the monotone increasing behavior of ¢ is not strictly needed,
even if it easily shows the correspondence between the level sets).

For the integrals depending on the gradient, we first observe that every convex

function f vanishing at O can be written as f(s) = sg(l/s) for a convex and
nonincreasing function g. Indeed, we take g(1/s) = f(s)/s, which is clearly a
nondecreasing function of s because of the convexity of f and f(0) = O0; this

proves that g is nonincreasing. Then, we write
t
g(s) =sf(1/s) =sf*(1/s) =s sup - — f*(t) = supt — sf*(1),
t S t

which proves that g is also convex as a sup of affine functions of s. We should then
consider the quantity

1
/Rd f e, IVal)dx = /R Vulg (u, W)
dx —/ dt/ ( >d7-{d_1,
{u=t} [Vul

where the correspondence between f and g is done in the second variable, and the
last equality is due to the co-area formula (Box 6.2). We then use the fact that for
a.e. ¢ the gradient Vu does not vanish on {# = ¢} (Sard’s lemma) and {u = t} =
df{u > t}. By the isoperimetric inequality, since {# > ¢} and {u° > t} have the
same measure and the latter is a ball, we have H! {u =1t}) > ! ({u® = t}).
Moreover, we have, again by the coarea formula

% 1
Hu > 1o} =/ dt/ — qH T,
to {u=t} [Vul
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and a corresponding formula holds for #°. This implies that for a.e. # we have

/ L gge1 = / L gt
fu=r} |Vul fuo=1} 1Vu®|
We then use the convexity of g to write, for a.e. ¢
1 d—1 d—1 1 -1
f,— ) dHT = H T ((u = 1)) t, — | dH?
8 8
(u=t) [Vul {u=t) [Vu|

zﬂ“%w=ﬂm<nf ! Mﬂ”>
fu=r} |Vul

f{u=t} IVl_u\ ™!
H =1} )

=ﬂ*%w=ﬂm(n

and the fact that g is nonincreasing allows us to obtain

1 oy Toay dHA!
, d(]_{d—l W_l o _ , {uc=t} |Vu°| ]
/{u_t} g (t |W|> > H T (e =1 g (t e 1)

If one replaces from the beginning # with u° all these inequalities are equalities,
in particular because |Vu°| is constant on {#° = t} since u° is radially symmetric.

This shows
1 1
|Vul|g (| u, dx > [Vu®|g | u°, dx,
R Vul R Vue

and the claim. O

6.3 Optimal 1D Networks and the Golab Theorem

In this section we briefly present some variational problems which all share the
following features: the unknown is a one-dimensional connected set whose length is
prescribed or minimized, and the optimization problem involves, besides its length,
a penalization or a constraint which forces it to be spread as much as possible
in the domain (as close as possible to some points of the domain, for instance)
or, more generally, to be as large as possible. These 1D connected sets could be
called “networks”. The important point compared to many other problems in applied
mathematics usually classified as network optimization is that here the network itself
is the main unknown (differently from what happens, for instance, in the problems
related to Wardrop equilibria described in Sect. 4.6, where the network is given and
we optimize the traffic on it).
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We will discuss some examples of such problems together with their interpre-
tation, and provide the tools to prove the existence of a solution. The qualitative
description of the minimizers and their regularity will only be informally described
with references, as they are outside the scope of an elementary book such as this
one.

6.3.1 Steiner Trees, Irrigation and Transportation Networks,
and Membrane Reinforcement

This section begins with a very classical problem: the Steiner problem of the optimal
connection of a given number of points.

Steiner Trees Many optimization problems are known in mathematics and com-
puter science under the name of Steiner tree problems, and they all involve the
connection of a given set of points under some constraints. The most widely known
is probably the Steiner tree problem on graphs. Given a non-oriented graph with
a cost on each edge, and a subset of vertices (called terminals), we look for a
tree of minimum total cost (equal to the sum of the costs of the edges composing
the tree) that contains all such vertices (but may include additional vertices). This
generalizes, for instance, two famous combinatorial optimization problems: the
search for a shortest path in a graph and the problem of finding a minimum spanning
tree. Indeed, if we only prescribe two terminals then the Steiner tree problem reduces
to finding the shortest path connecting them. If all the vertices of the graph are
terminals, then the Steiner tree problem is equivalent to finding a minimum spanning
tree (i.e. a connected set of edges with minimal total cost arriving at each vertex of
the graph). However, while these two precise problems are solvable in polynomial
time, this is not the case for the Steiner tree problem, which is an NP-hard problem.
More precisely, its decision variant is NP-complete: given the graph, the costs and
the terminals, we wonder whether there exists a tree of cost less than some given
threshold connecting all the terminals; this problem was among Karp’s original list
of 21 NP-complete problems, [125].

However, the Steiner tree problem on graphs can be classified as discrete
optimization, while the variant which is closer to the spirit of the calculus of
variations is the Euclidean Steiner tree problem. In this variant we do not look at
a graph, a set of terminals is prescribed as a finite subset of the Euclidean space R?,
and any possible tree is admitted. For this, we first need to give a precise definition
of length for an arbitrary measurable subset of R? (or, more generally, of a metric
space). We will choose as a definition of the length the value of the one-dimensional
Hausdorff measure H' (see Box 6.4).
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The problem then consists in solving
min {7{1(2) . Y CR4 compact, connected, and containing D}, (6.1)

where D C R? is a given set of points, usually finite. In this case, it can be proven
that the optimal set X is a network composed of finitely many segments whose
endpoints either belong to D or are extra points, called Steiner points which are of
order 3 (i.e. three segments stem out of these points) and the three segments at each
Steiner point lie on the same plane and meet at 120°. Moreover, the network is a
tree, i.e. it has no cycles, and the maximum number of Steiner points that a Steiner
tree can have is #D —2. The case where #D = 3 is at the basis of the whole analysis,
and shows two possible behaviors: if the angles of the triangle formed by the three
given points are all less than 120 degrees, the solution is given by a Steiner point
located at the so-called Fermat point; otherwise the solution is given by the two
sides of the triangle which form an angle of 120 or more degrees. We refer to [100]
for a general presentation of the problem, and to [166] for modern mathematical
results in a more general framework, including the case where D is not finite (see
also [167] for an example where D is fractal), or the case where the ambient space
is a general metric space.

Box 6.4 Important Notion—Hausdorff Measures

Hausdorff measures are a notion of k-dimensional “surface” measures for sets
contained in a higher-dimensional Euclidean space or even in a metric space
(X, d).

With each k£ > 0 we associate a constant w; whose general definition is
given by w; = 7 ( fooo tk/2e=t dz‘)_1 (the denominator being the so-called
Euler’s T" function) but whose main property is that, when k is an integer, it
coincides with the volume of the unit ball in R¥. Given k > 0, we consider a
subset A C X, a positive number § > 0, and we define

w

HE(A) = z—l’jinf{Z(diam(A,-))k : Ac| A diam(4) <81,

1 1

where the infimum is taken among countable coverings of A. This means that
we try to cover A with small sets and consider the sum of the power k of their
diameters. We then define

H(4) = supH{(A) = lim H(A).

§>0

(continued)
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Box 6.4 (continued)
It is possible to prove the following facts:

* The quantity 7—(§ is additive on pairs of sets whose distance is at least 24;
this property is inherited by H*, which is additive on Borel sets and is
hence a nonnegative measure. On the other hand, it is not necessarily a
finite measure.

o If X =R?and A C R* x {0} c RY then H¥(A) = L¥(A).

¢ When k = 0 we have H° (A) =#A,ie. H is the counting measure.

e If A = yp([0,1]) is the image of an injective curve, then H! (A) =
Length(y).

e If for a set A we have 7—(k°(A) € (0,00) for some kp, then we have
?{k(A) = +oo0 for every k < ko and 7—Ik(A) = 0 for every k > ko. It is
possible to define the Hausdorff dimension of a set A as inf{k : H (A) =
0}.

* Whenever ¢ = X — Y is an L-Lipschitz function we have 7—(k(<p(A)) <
LYHF (A).

One can also consider non-integer k and sets with non-integer dimension
are often called fractals. As an example, we can consider the standard triadic
Cantor set C in [0, 1], which has 7—(]‘(C) =2Key fork = log2/log3.

We refer to [15, Chapter 2] for proofs and details.

Existence Results: Hausdorff Convergence and the Golab Theorem In the case
of the Euclidean Steiner tree problem with finitely many terminals we can reduce
the study to a finite-dimensional issue, after proving that we only need to choose at
most #D —2 extra points and the topology of the network (which is the most difficult
part of the optimization: once the topology is fixed, the choice of the position of the
points amount to minimizing a sum of length, i.e. a convex function). Yet, this is no
longer possible in the most general variants of the problem (and will not be possible
for the other problems that we will present in the rest of the section). Hence, we need
an abstract theorem which guarantees the existence of an optimal set. This requires
a notion of convergence on sets to be chosen which is relevant for these problems.
Note that the choice which was made in Sect. 6.1 (i.e. identifying sets with their
indicator functions and using the space BV) is no longer reasonable, since here
we face sets which are often Lebesgue-negligible (indeed, if H'(A) < +o0 and
A CR?ford > 1 we necessarily have L2(A) = 0), which would then be identified
with the O function... Moreover, the choice of the space BV was adapted to deal
with perimeters, while here, even when d = 2 and hence perimeters are also given
by lengths, we consider the length of sets which are not necessarily boundaries of
other sets.
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Box 6.5 Important Notion—Hausdorff Convergence

Definition On a bounded metric space (X,d) we define the Hausdorff
distance dy between two closed subsets A, B C X via

du(A, B) : = max { sup{d(x, A) : x € B}, sup{d(x, B) : x € A}}
=inf{§ >0 : A C Bs, B C As).

We can prove the following facts

e dpy is a distance on the set C(X) of closed subsets of X;

* a sequence A, converges for dy (we say that it Hausdorff converges) to
A if and only if the functions x — d(x, A;) uniformly converge to x +—
d(x, A);

e if (X, d) is complete then (C(X), dy) is also complete;

e if (X, d) is compact then (C(X), dy) is also compact.

The notion of Hausdorff convergence is very closely related to that of
Kuratowski convergence (see Definition 7.7). When the ambient space X is
compact, the two notions coincide.

We refer to [15, Chapter 4] for proofs and details.

With the notion of Hausdorff convergence it is then possible to prove existence
results using the direct method of the calculus of variations, since from any sequence
of competitors X,, as soon as they are contained in some compact set, it is
possible to extract a subsequence which converges in the Hausdorff sense. The other
ingredient consists in the semicontinuity of the functional to be minimized, and in
the case of the length functional this is exactly the content of the so-called Golab
theorem that we state below and prove in the next subsection.

Theorem 6.16 Let X be a compact subset of the Euclidean space R? and C, C X a
sequence of closed connected subsets Hausdorff-converging to a closed set C C X.
Then C is connected and we have

H'(C) < liminf H' (C,,).

The proof will be the object of Sect. 6.3.2.

Remark 6.17 We note that the assumptions that the sets are connected cannot be
removed in the Gotab theorem: otherwise just take a sequence of sets A, defined
by numbering the rational points of [0, 1]*> and adding a segment of length 27/ /n
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around the j-th rational point g; € [0, 112 for j < n.Since A, D {q1,92,---,qn}
and the set {g; : j € N} is dense, we can see that we have dy (A, [0, 1]2) -0
but H'(A,) < 1/n while H' ([0, 1]1%) = +o0o. However, this does not mean that
connectedness is necessary, nor that it is the only reasonable assumption to require
for the semicontinuity to hold. For instance, in [70], the authors introduce what
they call the concentration property (a set A C  is said to satisfy it if, roughly
speaking, inside every ball B(x,r) C €2 centered at a point x € A we can find a
smaller sub-ball of comparable radius which contains enough length of A) and prove
the same lower semicontinuity result whenever C, is a sequence of sets satisfying
the concentration property in a uniform way. Anyway, as the reader may guess from
the fact that we did not provide a precise definition for this property, connectedness
is a much easier notion to deal with.

Remark 6.18 We also note that, even under connectedness assumptions, the result
of the Golab theorem could not hold in the case of H* for k > 1. For instance,
we can consider the same rational points ¢; as before and define A, C [0, 173 via
A, = [0, 11% x {1} U U’}-zl 0B(q;, 2’j/n) x [0, 1]. We then have a sequence of
connected sets A, composed of a horizontal square and many vertical cylinders. We
also have dy (Ap, [0, 1) = 0 but H2(A,) < 1 + 1/n while H>([0, 1]°) = +oc.

Even if the reader will have already guessed the procedure, we describe in detail
how to prove the existence of an optimal set for Problem (6.1).

Proposition 6.19 If D C R? is compact and contained in a compact connected set
with finite H' measure, then the problem

min {7{] () : TCR? compact, connected, and containing D}

admits at least one solution.

Proof We take a minimizing sequence X,. Let 7 be the projection onto the convex
hull of D: such a map is 1-Lipschitz and it is the identity on D. It reduces the
Hausdorff measures, so that %, := 7 (%, is again a minimizing sequence. The sets
fl,, are contained in the same compact set (the convex hull of D, which is contained
in a ball), so that we can extract a Hausdorff convergent subsequence. We call ¥
its limit. The set ¥ contains D: indeed, for every x € D we had d(x, f),,) = 0 and
by the uniform convergence of the distance functions we find d(x, ¥) = 0 for all
x € D,i.e. D C . Moreover X is connected, thanks to Theorem 6.16. Hence, X is
an admissible competitor. Again, Theorem 6.16 gives the semicontinuity of the !
measure and proves that ¥ is a minimizer. O
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Irrigation and Transportation Networks: The Average Distance Problem We
present here a very natural problem proposed in [54]. Given a compact domain
QCRYa nonnegative density f € L! (2), and a number L > 0, solve

min{ /d(x, 2) f(x)dx : ¥ C Q compact, connected, and such that H! )< L} .
Q

This can be interpreted in many ways. The name irrigation, which was first used
to describe these problems, comes from considering ¥ as a network of irrigation
channels, and f as the density of the need for water. There is a budget constraint
preventing the use of networks which are too long, and among the admissible ones
we try to be as close as possible (on average, but weighted with f) to all points of .
Another natural interpretation views X as a transportation network: we want to build
a subway system, connected, arriving as close as possible on average (weighted
with the population density f) to all points of the city €2, but the budget constraint
bounds the length of the network. If we forget the possible modeling interpretation,
a reasonable name for this problem, which has been used, is the average distance
problem, even if, unfortunately, it does not convey the information that the unknown
is a network.

Of course many variants are easy to consider, replacing the length constraint with
a penalization and/or replacing the distance in the integral with other increasing
functions of it. In general we can consider problems of the form

min {/ Y(dx, X)) f(x)dx + g(‘Hl(E)) ;X C Q compact, connected}
Q

for some non-decreasing and L.s.c. functions v, g : R — [0, 4+-00] (this includes
the previous case when ¢ = id and g = I|o,1]). For suitable choices of ¥ and
g, the above problem also has an interpretation in terms of computer graphics or
image processing: if f stands for an object whose shape can be roughly simulated
by that of a 1D network but which is observed through a blurred density, we could
be interested in replacing it with its skeleton, i.e. a truly 1D object which passes
through the middle of the density, as close as possible to the important parts of the
density, but without using too much length.

This leads to a huge branch of generalizations (and this was the original scope
of [54]) where, instead of prescribing a unique density f, two densities f* are
prescribed, and we compute the value of an optimal transport problem (see Sect. 4.6)
where the cost depends on X. A possibility is

CE(X, )’) = min{lx - y|’ d(xv Z) +d()’, 2)}7
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which consists in giving two options: walking from x to y or walking to the subway
system X, move on it to a new point, and then walk towards the destination y, and
the cost is the walking time. More generally, one could consider a cost depending
on H' (yNX)and H! (y \ ), to be minimized among all curves y connecting x to
y, where the part outside ¥ is more expensive than the one on X.

Similar arguments to those used for the Euclidean Steiner problem can prove the
existence of a minimizer. Note that in the case where the cost involves H' (yNn¥%
and H l()/ \ X) a variant of the Gotab theorem is needed, where we consider the
semicontinuity of (C, K) H(C\ K) among pairs of compact sets, the first one
being connected, w.r.t. the Hausdorff convergence of both of them (see [42]).

Then, [54] raised a certain number of interesting questions, that we briefly list
here:

1. (Regularity). Study the regularity properties of the solutions, which are expected
to be composed of a finite number of smooth curves connected through a finite
number of singular points.

2. (Absence of loops). Study the topological properties of the solutions, which are
expected to be loop-free. When d = 2 this can be expressed by saying that R?\
is connected.

3. (Triple points). Study the nature of the singular points, which are expected to be
triple junctions with angles of 120 degrees.

4. (Distance from the boundary). Study the cases when the optimal solutions do not
touch the boundary 92, which is expected to occur at least for convex 2.

5. (Behavior for small lengths). Study the asymptotic behavior of the optimal X,
as L — 0. Itis expected that X is a smooth curve without singular points located
close to the point xy which minimizes fQ |x — xo] f(x)dx.

6. (Behavior for large lengths). Study the asymptotic behavior of the minimal value
and of the optimizers as L — oo. For the optimizers, find the weak limits as
L — oo of %(Hﬂz L

The answers to most of these questions have been given in subsequent papers, most
of which are restricted to the case where d = 2 and f is bounded from below
and above by positive constants. For instance in [57] the topological question is
clarified, thus giving a full answer to question 2 and partial answers to questions
1 and 3: it is proven that X is composed of a finite number of curves connected
through a finite number of singular points which are all triple junctions, but the
regularity of these curves and hence the angle condition had not been settled yet
(note that one needs to define tangent vectors, and hence discuss regularity, in order
to fully answer question 3). The regularity is widely discussed in [179], where the
blow-up of the optimal ¥ (i.e. the limits in the Hausdorff convergence of the sets
%(2 N B(xg,r) — xg) as r — 0) are studied. More precisely, [179] proved that X
has a blow-up limit (a full limit, not up to subsequences) K C B(0, 1) at every point
Xxo € X, and characterized the possible limits K according to the nature of the point
xo: K is aradius of the unit ball if x( is an endpoint, it is the union of two radii if xq is
an ordinary point (the two radii forming a diameter or an angle larger than 120°), or
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is the union of three radii forming angles of 120° if xq is a triple junction. Moreover,
a partial regularity result was proven, namely that every branch of ¥ isa C!! curve
in a neighborhood of every point x such that diam({x € Q2 : d(x, ) = [x—x¢|}) is
sufficiently small. Since this assumption is always satisfied if xg is a triple junction,
the three branches starting at a triple junction are indeed C!-! near the singularity,
and their tangents form angles of 120 degrees at xo, which fully answers question 3.
The general regularity of the optimal ¥ is discussed and summarized in [136], and
the fact that C'! is the best that we can expect, even for f € C*, is presented in
[190]. In all these papers, as well in the survey [137], the possibility that ¥ contained
corners far from the triple junction was left open, but considered as a technical
difficulty to overcome since it was expected that in the end these curves would be
smooth. Yet, [183] provided clever counterexamples which showed that the presence
of corners was indeed possible. We will not discuss the other questions listed above,
but only mention that the answer to Question 6 has been given in [153] with a
I'-convergence technique very similar to the one that we will explain in Sect.7.3.
By the way, the techniques developed in [153] can be used to improve the results
presented in Sect. 7.3 or in the original paper [38].

Optimal Membrane Reinforcement We consider now a different problem
inspired by mechanics: the domain  C R? represents a membrane fixed on its
boundary, and the function f represents a force exerted on it and pushing it down,
so that the shape of the membrane will be represented by a function u vanishing
on 0€2 and solving Au = f; we can then reinforce the membrane on a set ¥ C 2
where we are able to impose u = 0, but the length of X is either penalized or
constrained. More precisely, given @ C R%, £ € Q, and f € L?(RQ), we consider
the energy

1
E(u) = -/ [Vul? dx+/ fu dx,
2 Jo\x Q

defined for u € H(} (2'\ ¥). We denote by uy the unique minimizer of E over
H} (R \ ¥), which is also the unique solution of

Aus = f (6.2)
in the weak sense in 2 \ X. The profile uy stands for the displacement of the
membrane when it is subject to the force field f but the boundary is fixed and

the membrane is also “glued” along ¥. The compliance of the membrane is then
defined as

1 1
C(2) = —E(us) = -/ |Vus|? dx = —-/ fus, dx,
2 Ja\x 2 Ja
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where the value of the optimal energy is computed using (6.2). Using the last
equivalent expression, this value can be interpreted as a measure of how much the
membrane resists the force f, and is proportional to the work of such a force.

We then consider the problem
min {C(Z) +AH (D)= —Euz)+ 2 H' (Z): = cQ compact and connected} ,

where the parameter A > 0 is given, and the length penalization could also be
replaced by a length constraint.

We observe, which is useful for lower semicontinuity and then existence (see
Exercise 6.17), that we have

C(E):sup{—/gfudx—%/Q\Z|Vu|2dx : ueCfo(Q\E)}.

We note anyway that this problem only makes sense in R2. Indeed, in higher
dimensions, one-dimensional sets do not play a role in the definition of Sobolev
functions, and in particular the set C2°(Q2 \ X) is dense in HO1 (R2), for every closed
subset ¥ of finite length. This is due to the fact that 1D sets in dimension d > 2
have zero 2-capacity.

Box 6.6 Important Notion—p-Capacity of a Set

Definition Given a number p < d we define the p-capacity of a set A C R?
as

inf{/Rd [VulPdx : u e Cfo(Rd), u = 1 on a neighborhood ofA} .

For instance, the p-capacity of a point is O (and the condition p < d is
crucial), which exactly fits the condition for Sobolev functions to be well-
defined on points. If A is a smooth surface of positive and finite H* measure,
the condition to have zero capacity becomes p < d — k.

We refer to [84, Chapter 4] for proofs and details.

We could then generalize the problem to arbitrary dimension and, replacing the
exponent 2 with p, provided we assume p > d — 1, we consider

1
E,(u) = —/ |Vul|P dx+/ fu dx,
P Jo\s Q
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and then
1 1
Cp(X) = —Ep(us) = — Vug|? dx = —— [ fuyx dx,
P Ja\s P Ja
where p’ is the dual exponent of p. We then solve
min {CP(E) +AH (Z) = —E@us) + A\ H' (Z) : = C € compact, connected}.

It is not possible, on the other hand, to modify the dimension of ¥ without imposing
additional constraints, since there is no Gotab theorem for ?{k, k > 1. Among other
generalizations, one could remove the condition # = 0 on d€2, and define uy as
a minimizer of E, among functions u € WP (Q) which vanish on ¥, i.e. on the
closure in WP (Q) of Cfo(ﬁ\ %). In this case ux would solve A,u = f with
Neumann boundary conditions on 9€2.

It is interesting to observe (as pointed out in [55]) that, when we have f > 0,
the average distance problem can be recovered at the limit p — oo of the Neumann
case. Indeed, using I"-convergence techniques (see Sects.7.1 and 7.2) one can see
that as p — oo the penalization %fQ\E |[Vu|? becomes a constraint ||Vu|| < 1,

and the function which maximizes | fu among those functions u € Lip, satisfying
u =0on X is exactly d(-, ).

For all these problems, besides existence results, the regularity of the optimal X
is very interesting and much more delicate than in the average distance case, as any
small perturbation of X globally affects uyx: it has been addressed in [65] and [51].
Moreover, we stress that these are typical examples of shape optimization problems
(see [50, 113, 114]), where the unknown is a set and the functional depends on the
solution of a PDE on such a set. This was already the case for the optimization
of the Dirichlet eigenvalue, and we point out that the eigenvalue case with length
constraints on X has also been studied, in [191].

6.3.2 Proof of the Golqb Semicontinuity Theorem

The semicontinuity result which is the object of this section was first proven in
[103], but the proofs in this section are essentially taken from [15] up to some minor
modifications.

Lemma 6.20 Assume that A C X is a connected subset of a metric space X and
xo € A. Then, if r > 0is such that A\ B(x, r) # 0, we have H (ANB(xo, 7)) > r.
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Proof Consider the function ¢ : A — R defined by ¢(x) = min{r, d(x, xo)}. This
function is continuous, so that it sends connected sets into connected sets. Moreover,
it is 1-Lipschitz, so that it reduces the Hausdorff measures. Furthermore, we have
@(A) = [0, r] because xo € A and A contains points at distance larger than r from
x0. We then obtain

r=H(p(A)) < H' (9(A\ B(xo, 7)) +H (p(A N B(xo, 1))
= H' (9(A N B(xp, 1)) < H'(AN B(xo, 1)),

where we used (A \ B(xp,r)) = {r} and hence H! (p(A\ B(xgp,r))) =0. a

Proposition 6.21 Let X be a compact connected metric space with H (X) < +o0.
Then there exist a Lipschitz continuous curve y : [0, 1] — X parameterized with
constant speed, with |y’| < 2H! (X)), and such that y ([0, 1]) = X.

Proof We first observe that the space X satisfies the assumptions of Theorem 1.21,
i.e. it is thin. Indeed, using Lemma 6.20, for every r < diam(X)/2 and every point
x € X we have H! (B(x, r)) > r, which shows that the maximal number of disjoint
balls of radius r that one can find in X is at most C/r.

This implies that every pair of points in X can be connected by an AC curve, and
hence by reparameterization by a Lipschitz curve. We then take two points xp, yo €
X and a Lipschitz curve wq : [0, £9] — X connecting them. Such a curve can be
chosen to be a geodesic parameterized with unit speed (so that £y = Length(wy)).
Then, we iteratively construct a sequence of curves in the following way: we set
Iy =: Uf:o w; ([0, 1]) and, if 'y # X, we consider the function X > x + d(x, I'y).
We call d; the maximal value of this function, which is strictly positive (otherwise
I'y = X, since I'y is closed). We then consider a point x;4; which maximizes this
function and yi4; € Ik such that d(xx11, yk+1) = dx. We consider a Lipschitz
curve w, again a geodesic parameterized by constant speed, with w(0) = xx41 and
w(l) = yr41 and set 1y := inf{r > 0 : w(t) € ['r}. We then set zz+1 = w(fp)
and reparameterize w so as to obtain a Lipschitz curve wyy1 : [0, £x4+1] — X which
is parameterized by unit speed and such that wg4+1(0) = zx+1, ©r+1€k+1) = Xk+1
and a)k+1(t) ¢ I’y fort > 0. We have Length(wk+1) = ek—i—l > d(xk_H, Zk+1) > dy.
In this way we have H' (wg+1([0, €x+11)) > di and 3", H' (i ([0, 1)) < H' (X)
(since the images of these curves are essentially disjoint). We deduce dy — 0 and
since we have X C (Ufz1 I'i)a, we deduce that 'y, := Uf’il I'; is dense.

We now build a sequence of curves yi in the following way. Each y; will
be defined on [0, 2L;] where L; := ?{I(Fk) = Zf:o ¢;. The first curve yp :
[0,2Lg] — X is defined by

wo (1) if t < £y,
() = )
wo(2ly — 1) ift = L.
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Once yy is defined, define yx as follows: let #; be an instant (it will not be unique)
such that y (fx) = zk+1, then take

Vi () iftr <1y,

k41 — 1) ifty <t <t + L1,

W1t + 26 — 1) it + by <t <t + 24,
Vit — (e + 28k11))  if 2 > 1 + 2041

Vir1(f) =

This means that we transform yj into yx41 by “inserting” the curve wi41 inside i
first in the forward direction, and then backward. All curves yj are parameterized by
unit speed and the image of y, equals the set I'y (and most points of 'y are visited
twice by yx). Moreover, they are all closed curves with y4(0) = ¢ (2Ly) = xo € X.
We can then reparameterize all these curves into curves p; with constant speed on
the same interval, say [0, 1]. In this way we have Lip(yx) = 2Ly < 2H! (X). Hence,
we can apply to this sequence of curves, which are equi-continuous and valued in a
compact set, the Ascoli—Arzela theorem and obtain, up to extracting a subsequence,
a uniform limit y.

If we take an arbitrary point x € 'y for every j > k we have x € y;([0, 1]),
hence x = y;(s;) for some points ¢; € [0, 1] so that, by extracting a convergent
subsequence t; — ¢, we find x = y(s). This proves I'oc C y([0, 1]). Since
y ([0, 1]) is compact and hence closed, and ', is dense, we deduce y ([0, 1]) = X.

This proves that there exists a Lipschitz curve with Lipschitz constant at most
2H' (X) which covers the set X. The proof is not yet complete since we do not
know if this curve is parameterized with constant speed.

In order to obtain a curve parameterized with constant speed it is enough to solve

min{Lip(w) : w: [0, 1] - X surjective}.

By applying once more the Ascoli—Arzela theorem it is clear that a solution w exists.
Suppose that the optimizer w is constant on a subinterval (7o, 1) C [0, 1]; then
we could remove it and reparametrize the curve sending in a piecewise linear way
[0, fo] U [#1, 1] into [0, 1], which would multiply the Lipschitz constant by 1 — (¢] —
to) < 1 and contradict the optimality. So, w is not constant on any interval, allowing
us to apply Proposition 1.13 and reparametrize w as a constant speed curve without
increasing its Lipschitz constant (see also Remark 1.14). O

The above proposition, or simple variants of it, are crucial in all the proofs of
Golab’s theorem. Observe that in our construction we defined a sequence of curves
covering the set X twice, and such that their length was exactly equal to twice the
H' measure of their image. We did not try to preserve this fact in the conclusion (i.e.
taking the limit and then extracting a curve parameterized by constant speed), as it
is not important for us in the sequel. Yet, it would have been possible to impose this
on the curve y and the original proof by Gotab [103] passes through this fact: each
set C,, is covered by a curve ¥, such that Lip(y,) = Length(y,) = 2H! (Cp), then
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at the limit we have a curve y with Length(y) < liminf, 2H ! (Cp) covering the set
C. The conclusion comes after proving H! ) < % Length(y ), which more or less
corresponds to saying that y also covers each point of C at least twice. This was also
done in a more recent proof of the same theorem, see [5], in a more general setting
(in metric spaces instead of the Euclidean setting studied by Gotab). However, the
last part of the proof (proving that y covers each point twice) is delicate, so we will
use a different strategy, the one presented in [15].°

Proof (of Theorem 6.16) Let us first prove that C is connected. If not, there are two
subsets A, A which are closed, non-empty and disjoint such that A1 U Ay = C.
Set e := d(A1, A2) = min{d(x1, x2) : x; € A;} > 0. The Hausdorff convergence
of C, to C implies that, for n large, we have C, C (A1)¢/3 U (A2)¢/3. Moreover,
both C;;N(A1)¢/3 and C;; N (A2), /3 are non-empty since every pointof C = AjUA;
is a limit of points of C,,. But this is a contradiction to the connectedness of C,,, as
we would have C,, = (C, N (A1)s/3) U (Cy N (A2)e/3), which is a disjoint union of
two non-empty closed sets.

We then move to the semicontinuity of the length. Up to extracting a subse-
quence, we assume H! (Cy) — L, and we want to prove H! (C) < L.

First we prove Wl(C) < +o0. To do this, we define a sequence of measures

Un Via w,(A) = ‘HI(A N C,) and, up to subsequences, we have u, A u for a
nonnegative measure y with w(X) = L. Take x € X and r < diam(X)/2 (note
that if diam(X) = O there is nothing to prove). Since x is a limit of points in C,
we can fix ' < r and find x, € C, with x, — x and B(x,,r’) C B(x, r). From
Lemma 6.20 we have u, (B(x,, r")) > r’, so that we have u,,(B(x, r)) > r’. Taking
first the limit n — oo and then r’ — r we deduce w(B(x, r)) > r, which shows
O1(u, x)1/2 forall x € C (see Box 6.7 below). This shows

L=puX) =)= %le ©),

(where we also used the fact that the mass passes to the limit via weak-* convergence
in compact spaces: it is enough to test the weak-* convergence yt, — w against the
function 1 in order to obtain w(X) = L). This implies that C has finite H ! measure
and almost proves the theorem, up to a factor 2.

3 Note that [15] exploited a variant of Proposition 6.21, as, after producing the curves w; and
observing that I's, is dense, instead of using this to cover the whole set with a single curve, the
authors proved H Y(X \ I'o) = 0, which is very interesting and of course enough for the proof of
Gotab’s theorem, but less elementary than what we did. From this point of view, in this part of the
proof we have followed [71, Section 30] instead of [15].
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Box 6.7 Important Notion—Differentiation of Measures

Given a positive measure ¢ on a metric space X and a real number k > 0
we define for every point the upper and lower k-dimensional densities of w as
follows:

u(B(x,r) u(B(x,r)

O (1, x) := limsup — O (w, x) := liminf
r—0 i r—0

El

a)krk

where the numbers wy are some dimensional constants which coincide with
the unit volume of the k-dimensional unit ball in R¥ when & is an integer.

The following theorem holds, and its proof is based on suitable covering
arguments:

Theorem Assume that  is a locally finite measure on X and B C X is a
Borel set. Then for every ¢ > 0 we have the following implications:

@k(,u,x) >cforallx € B= u(B) > c(Hk(B),
@k(,u,x) <cforallx € B= u(B) < 2kc?{k(B).

We refer to [15, Chapter 2] or [14, Chapter 2] for proofs and details.

We now use Proposition 6.21 to say that H Lae. point x € C can be expressed
as x = y(¢) for a Lipschitz curve y such that y’(¢) exists and is not zero. Indeed,
for a.e. ¢ the curve y is differentiable (since it is Lipschitz continuous) and satisfies
l¥’|(t) = ¢ > 0; if we remove the instants ¢ such that this does not hold we are
only removing a set of points x = y(¢) which is Hl—negligible (as a Lipschitz
image of a Hl—negligible set). We now take such a point x and, up to a change of
coordinates, we can say x = 0 and y'(t) = e;. We fix a small value of r > 0 and
consider the points x; = y(%r) € C. Using the differentiability of y, we have
Xy € B(%rel, re(r)) where lim,_, ¢ (r) = 0. For large n, the sets C,, intersect each
of the balls B(%reh r2¢(r)). Applying Lemma 6.22 below® we obtain H'(C, N
B(x,r)) =2r(1 — % — 2&(r)). Taking the limit n — oo, this gives u(B(x,r)) >
2r(1 — % — 2g(r)). Taking the liminf for r — 0, we obtain that the density of u at

6 This argument was not present in [15], but fixes a small issue in the proof therein, where the
estimate giving density 1 has to be clarified; this issue was also fixed in [166] with a very similar
argument. The construction of our Lemma 6.22 allows us anyway to exclude one of the cases
considered in Lemma 3.2 of [166] and is slightly shorter. On the other hand, it exploits the
Euclidean setting in which we work, while [166] deals with general metric spaces.
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x is at least 1 — % for any N, hence it is 1. This provides
L=pu(X) =z u(C) = H (C)

and proves the claim. O

Lemma6.22 If A C R? is a compact connected set in RY such that A N
B(%rel, g) #W@forallk = —(N—1),..., N—1, then we have WI(AOB(O, r)) >

2r — 3 — 4.

Proof The set A is connected but this is not necessarily the case for A N B(0, r).
We distinguish two cases: either we have A C B(0, r), in which case AN B(0, r) is
indeed connected, or A \ B(0, r) # @, in which case every connected component of
A N B(0, r) must touch dB(0, r).

Let us choose some points x; € AN B(%rel, g). If AN B(0, r) is connected then
considering the 1-Lipschitz function ¢(x) = x - e, we see that we have

N -1
r—2¢

H' (AN B, 7)) > H' (@ANBO,r)) = (xn—1 —X_N-1))-€1 =2

and the claim is proven.

We consider now the case where the connected components of A N B(0, r) all
touch d B(0, r) and consider in particular the connected components which contain
each xi. For one such connected component B C A N B(0, r), we have for sure

‘Hl(B)zli—jI%—Ze

whenever two points x;, x; belong to B (via the same argument using the function
¢ as before), but also

7{1<B>z(zv—|i|>%—e

whenever a single point x; belongs to B (to prove this, we use instead ¢(x) =
r — |x|). Hence, the set of indices k = —(N — 1),..., N — 1 is partitioned into
some classes, each corresponding to one connected component, and each of them
contributes to T{I(B) the maximum between |i — j|r — 2¢, where i and j are the
extreme indices of the class (its “diameter”), and (N — |i|)r — &, where i is an index
which maximizes N — |i| in the class.
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We need to look at the partition into classes which minimizes the sum of these
contributions. It is clear that, in order to minimize the sum of the contributions, the
classes have to be connected.” Indeed, if a class contains i and j but not & with
i < h < j, then merging the class of 4 with that of i and j reduces the total
contribution (indeed, the diameter of the union would be—in this very particular
case—smaller than the sum of the diameters, and the maximal value of N — |i| on
the union is the maximum between the two maximal values).

We then consider the class including i = 0. If it includes all the indices we then
obtain a contribution of 2(N — 1) — 2. If not, let us call k; the largest negative
index not included in this class and k> the smallest positive one. We then have three
contributions, equal to [(k—2—1)— (k1 +1)]5 —2¢, (N+k1) 5y —¢ and (N —k2) 1 —¢,
so that the sum is 2r — 2Nr — 4¢. The case where the class of 0 includes all negative
indices but not all positive ones or vice versa is treated similarly and gives a total
contribution of 2r — %V—r —3e. In all cases, we obtain H! (ANBO,r)) > 2r— %’ —4e.

]

6.4 Discussion: Direct Proofs, Quantitative Versions, and
Variants for the Isoperimetric Inequality

In this section we come back to the isoperimetric problem and provide some
sketches of some direct proofs, i.e. proofs where it is directly proven that we have
Per(A) > Per(B) (when B is a ball with the same volume as A) without using
variational arguments (i.e. proving that a minimizer of the perimeter exists and that
it must be the ball).

A Proof Via Fourier Series We start with a proof which is really two-dimensional.
It is due to Hurwitz [118] but can be found, for instance, in [88] together with a
variant for the higher dimensional case. It applies when A is a set whose boundary
is a Jordan curve, and in particular this requires A to be connected and simply
connected. It is however not difficult to reduce to this case in dimension 2 (indeed,
it is easy to see that we can restrict to convex sets, as taking the convex hull of a
set in dimension 2 increases the volume but reduces the perimeter, differently than
what happens in higher dimensions, see Exercise 6.5).

Consider a set A C R* whose boundary is given by a closed curve y that we
can assume to be parameterized with constant speed on the interval [0, 27] and be

7 This must not be confused with the connectedness in R?: a class of indices including 0 and 2 but
not 1 is disconnected, but this just means that the connected component of AN (B(0, r)) containing
xo and x2 does not pass through xj.



276 6 Variational Problems for Sets

27 -periodic. If we set L = Per(A) we have |y/| = ﬁ We then observe that the
area of A can be written as

1 2
|A| = 5/ y(@® Ay () dr.
0

This can be seen, for instance, by approximating y with polygonal curves and
computing the area of each triangle. Here the vector product v A w in R? is given by
the determinant of the 2 x 2 matrix whose columns are v and w or, equivalently, to
the product of their Euclidean norms times the sine of the (oriented) angle between
them. We identify R? with C and see that for two vectors v, w € C we have
v A w = Re(ivw). We then have

2
|A] = lRe </ iy@)y'(t) dt) .
2 0

We write y as a Fourier series, i.e. y(1) = ), .7 a,e™ . Then we have y'(1) =

YoneZ apine™ and y'(1r) = —i Y oneZ a,ne” " Hence, we obtain,
Al =m ) nla,l,
nel

where we used the fact that the functions e’ are orthogonal in L2([0, 27]) and each
has squared L? norm equal to 277. On the other hand, from the value of |y’|, we also

have

2

L o 2 2 2
E=/|ﬂmm=h2wmw
0 nel

We thus obtain

L? =42 " |nflag* = 47> > " nlay|* = 4| Al.
nel neZ

Note that this coincides exactly with the isoperimetric inequality that we wanted to
prove, since if write |A| = 7r? our goal was to prove L > 2nr, i.e. L? > 4722 =
4| Al.

The key point in this proof was the inequality |n|> > n, which is satisfied for
every n € Z. Moreover, note the cases of equality: the only possible way to obtain
an equality in the isoperimetric inequality is if @, = 0 for every n such that |n|> > n,
i.e. for n # 0, 1. This clearly shows that only curves of the form y (t) = ag + a; elt
realize the equality, and they are circles.

It is even possible to use this approach to prove a stability result, i.e. to make
the inequality quantitative. This means proving inequalities of the form Per(A) >
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Per(B)+¢(A), where €(A) is an error term which quantifies how different A is from
a ball. In our case we can define w(f) := y (1) — (ag + ae'?), i.e. w is the difference
between y and the corresponding circle. The Fourier coefficients of w are the same
as those of y except for the coefficients of the modes n = 0, 1, which vanish. We
then use the inequality

2
In|* > n+ S+ In?),

which is valid for n € Z \ {0, 1}. To check this, we just need to prove that the
difference g(n) := n*—n— %(1 +1n?) = %nz —n— % is non-negative on [2, co) U
(—00, —1]. The function g is a convex function whose minimum is attained as n =
%, hence it is increasing on [2, c0), where it is thus non-negative since g(2) = 0,
and decreasing on (—oo, —1], where it is thus non-negative since g(—1) > 0.

‘We then obtain

82
L2 =dx? Y Pl 2 4n°) nlanl” + 2= 3 (4 InPla
nel neZ n#0,1

2

8m 2
=4x|Al + T“w”Hl-

From this inequality it is possible to obtain an inequality of the form
Per(A) > Per(B) + c|lwl[3,; = Per(B) + ¢/||o[]

where the constant ¢ in the first inequality is given by %1].[2 Per(B)~!. As for the
second inequality, we use the Sobolev injection H! c L°°. This shows that any set
whose perimeter is almost optimal in the isoperimetric inequality is, in terms of L*®
distance of the boundary, close to a ball. This is not the most classical or general way
of expressing this quantitative fact (which we will come back to later) but is a very
clear statement, presented in [88] and compared to the previous stability results by
Bonnesen [31]. Note that similar techniques can also be used to solve isoperimetric
problems in higher codimension, i.e. comparing the length of a closed curve (image
of Sl) in R3 with the area of a minimal surface, parameterized by the unit disc,
having the curve as a boundary datum, see for instance [8].

A Proof Via Transport Maps We provide here another direct proof of the
isoperimetric inequality, this time in arbitrary dimension. The methods are based
on optimal transport (see Sect. 4.6) but can also be adapted to use other non-optimal
transport maps.

The technique is the following; we take a smooth domain A C R? and we choose
R such that |A| = |B(0, R)|. We set B := B(0, R). We then consider the uniform
measures on A and B, and consider a transport map 7 sending one into the other.
Assume that the Jacobian matrix of 7 has only non-negative eigenvalues. It then
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satisfies the condition

| B

1
(with no absolute value at the determinant). Hence we can write

1 1 R
wgRY=|A|= /(det(DT))ﬁdx < —/ V~de:—/ TdH~''.n < =Per(A),
A d Ja d Jaa d

where the inequalities are obtained thanks to the arithmetic-geometric inequality
% Dk = (1'[,»)\,-)5 applied to the eigenvalues of DT (which gives an inequality
between the determinant and the trace, i.e. the divergence of T'), and to the fact that
T is valued in B, whence T - n < R. This shows Per(4) > dwyR?~! = Per(B).

Note that we only need to use a map 7 such that the Jacobian matrix DT
has non-negative eigenvalues and that it transports one measure onto the other.
These properties are satisfied by the Brenier map (see Box 4.5). The regularity
of such a map can depend on the smoothness of A but it is possible to make the
above argument rigorous even when 7 is not smooth. Indeed, the Monge—Ampere
equation will be solved a.e. by T = Vu replacing DT = D?u with its absolutely
continuous part (since u is convex D?u is a positive measure), while the divergence
theorem requires the use of the full distributional derivatives, but the positivity of
the Hessian implies a sign on the singular part. The first appearance of this proof of
the isoperimetric inequality in the literature is due to Knothe [128], and we follow
here the presentation given by Gromov in the appendix of [145]. Both Knothe and
Gromov worked on this before the discovering of the Brenier’s map and then used
an alternative map, which is now called the Knothe transport map. We do not give
the details of the construction of this map here, for which we refer to [128] and to
[177, Section 2.3]; roughly speaking, it is a map obtained in the following way: its
first component is the monotone map which sends the projection of one measure
on the first coordinate axis onto the projection of the other; we then disintegrate
both measures according to the value of x; and iterate the construction projecting
the disintegration on the second axis, and so on. The result is a map of the form
Tk (x1,...,xq) = (T1(x1), Ta(x1,x2), ..., Tp(x1, ..., xq)), where each map T; is
increasing in the variable x;. Hence DTk is a triangular matrix with non-negative
entries on the diagonal.

This proof can also be used to prove the uniqueness of the optimal sets.

For this, the use of the Brenier map strongly simplifies the study of the equality
cases. Indeed, assume we have equality in the above inequalities. This implies

the equality (det(DT)ﬁ = [—ll(V - T) a.e. and, from the cases of equality in the
arithmetic-geometric inequality, we get that the eigenvalues of DT should all be
equal. Thanks to the condition on the determinant, they are equal to 1. If the matrix
is known to be symmetric (which is the case for Brenier’s map, but not for Knothe’s),
then we get DT = I and T (x) = x+x. Since T would be a translation, we conclude
A = B, up to translations.
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It is slightly harder to do this for the Knothe transport, since DT is not symmetric.
Yet, if all the eigenvalues are 1, one deduces that 77 (the first component) is a
translation. Let us call x4 and x? the barycenters of A and B respectively; then, the
barycenters of the two projected measures are (x4); and (x?), respectively. If the
transport map is a translation, then the barycenters also are obtained by translations
from one another, so that we have (x?); = T1((x*)1). If we assume from the very
beginning that A and B are centered at the origin, then the map 77 is the identity,
since it is a translation which fixes the origin. This means 71(A) = my(B). This
is not yet enough to get A = B. Yet, we can exploit the fact that the directions of
the axes used to define Tx are arbitrary. Hence, if A is a set giving equality in the
isoperimetric inequality, then its projections onto any direction coincide with those
of the ball. This implies A C B and, by equality of the volumes, A = B.

Extensions: Anisotropic Isoperimetric Inequalities and Quantitative Variants
Given a bounded and convex body K C RY, containing O in its interior, we can
associate with it a norm || - ||x on R defined via ||x||x := sup{x -y, y € K}
(this norm can be non-symmetric if K is not symmetric). We also consider its dual
norm ||x||%, characterized by {x : [|x||}; < 1} = K. Since 0 belongs to the
interior of K, which is bounded, there exist two balls centered at 0, one contained
in K and one containing K, so that we can find two constants mx < Mg with
mgl||x]] < ||x|lxk < Mk||x||. We can then define an anisotropic perimeter, or K -
perimeter, by taking

Perg (A) :=/ Inallx dH1,
A

where ny4 is the exterior normal to A. This definition works for smooth sets E. For
sets of finite perimeter we can just consider || — V1,4|| but measuring the norms
of the vector measure V14 with the norm || - || instead of using the Euclidean
norm. Note that it is important to use here the negative sign on the gradient, since
the normal is opposite to the gradient, and K could be non-symmetric.

We then have a natural question about the isoperimetric inequality for this notion
of perimeter. The answer was suggested by Wulff [199] at the beginning of the
twentieth century for applications in crystallography, and then proven by Gromov
in [145]: the optimal set is K itself, so that we have

1

S 1= 1/
Perg (A) > Xl Perx (K) =d|A|'"4|K |1/, (6.3)

The last equality comes from the fact that we always have |K| = Lperg (K ), as can
be seen by approximating K with convex polyhedra and computing the volume of
each pyramid based on each face and arriving at the origin.

Now that we have addressed the question of how to find the optimal sets and
discussed the equality cases (note that for (6.3) it is also true that the only equality
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case is given by K up to translations and dilations), it is natural to ask about the
stability of the optimizers: if a set A is almost optimal in the isoperimetric inequality,
is it almost a ball, and in which sense? Can we say the same for the case of Perg ?
We already saw an answer in the 2D case for the isotropic perimeter, but as we
already mentioned, it is not possible in general to quantify this proximity between
almost optimal sets and optimal sets in an L* sense. The usual approach is the
following: first we introduce the isoperimetric deficit §(A) of A as follows

S(A) = M —1.

-1 1
d|Al'"7|K|4
Then, we define the asymmetry index Ag (A) of a set A via

||]]-A - ]]-xo-l-rK”L'
|A]

Ak (A) ::inf{ : xp € RY, rd|K|=|A|},

which is the proportion of the volume of the symmetric difference of A and any
copy of K, dilated and translated so as to fit the same volume as A. The question is
then to estimate § (E) from below in terms of Ag (A).

The best answer to this question has been provided in a paper by Figalli, Maggi
and Pratelli [87], where they find an inequality with an optimal exponent:

Ak (A) = C(d)y5(A). (6.4)

The constant C(d) that they find is not necessarily optimal, but the exponent
% is optimal, and the constant C(d) they find is independent of K and grows
polynomially w.r.t. d.

Before their study, many works had been devoted to the Euclidean case (i.e.
K = B), first obtaining a proof in dimension 2, [29, 31], then among convex
competitors, [89], in arbitrary dimension, then without the convexity constraint but
with a non-optimal exponent ;11 [109]. The Euclidean question had been closed by
Fusco, Maggi and Pratelli in [92], which was the starting point for [87]. Yet, in
all these works the main technique is based on the Steiner symmetrization which
we already saw in Sect. 6.1.3 or on some of its variants, but unfortunately this tool
is less flexible in the anisotropic case. Indeed, a symmetrization procedure exists
in order to prove Perg (E) > Perg, k) (Se(E)) (see [126] and [193]), and this can
be iterated in order to obtain the desired isoperimetric inequality, but it is harder
to obtain sharp quantitative estimates. In the case of a more general convex body
K, a first stability result for the isoperimetric inequality was presented in [82], but
with a non-optimal exponent. The strategy of [87], instead, is based on the proof by
transport maps (which can be easily adapted to the case of the anisotropic perimeter,
using the estimate

[ remar=l < [Tl ar = = Rpers(a),
0A A
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when T sends the uniform measure on A onto the uniform measure on RK, with R
chosen such that R?|K| = |A|). Of course, the difficult part of the proof consists in
finding which of the inequalities which are used can be made quantitative. Besides
[87], we also refer to [175] for a short review on these results.

6.5 Exercises

Exercise 6.1 Prove that if f : RY = Ris uniformly continuous and L' then we
have limjx| 00 f(x) = 0.

Exercise 6.2 Let A be a solution of

Per(A)

mimn —m——
d—1"
A AT

among all finite perimeter sets A C RY. Assume that in a certain open set Q we
can write A as an epigraph of a smooth function: there exists an f : R4~ — R
such that for x = (x1,...,x4-1,x4) € Q we have x € A if and only if x; >
f(x1,...,xq-1). Prove that f solves

\Y
v. (Y ),
VI+IV 2
for some constant ¢ € R, and find this constant in terms of A.

Exercise 6.3 Given two smooth and strictly positive functions a,b : RY — R,
consider the isoperimetric problem where both the volume and the perimeter are
weighted by variable coefficients:

S 4 adH!
ngn ﬁ“\—d;l’
(fabdx)
among all smooth domains A C R?. Assume that a solution exists and that it is a
convex domain A. Prove that A has a C* boundary.

Exercise 6.4 Using the isoperimetric property of the ball in the whole space, prove
that when @ = RZ := {x € R? : x; > 0} the half ball B(0, R) N R% solves the
problem

max{|A| : A C Q,Per(A; 2) = L}.
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Exercise 6.5 Show that in dimension 3 there are compact sets with perimeter
smaller than that of their convex hull, i.e. sets A such that Per(co(A)) > Per(A),
where co(A) is the smallest convex set containing A.

Exercise 6.6 Prove the following fact: if A, is a sequence of subsets of R? such
that |A,| 4+ Per(A,) < C and we define A}, as S, (Se,(A,)), where e, e is the
canonical basis of R? the sequence of sets A/, is contained in a compact domain of
R?. Use this to prove the existence of an optimal set in the isoperimetric problem in
the whole space without first restricting to compact sets. What fails for d > 27

Exercise 6.7 Prove the well-known inequality ||u||;a/@-1) < C||Vul|p1 (with
optimal constant) using the isoperimetric inequality, and deduce the Sobolev
injection W7 c L?” for p > 1.

Exercise 6.8 Let 2 be an open, connected, bounded, and smooth subset of R? and
p € (1, 00). Prove that the following minimization problem admits a solution

, {fQ |Vu|P dx

min | S e e Wé’p(sz>\{0}},
Q

that this solution may be taken non-negative, and that it satisfies
Apu = cuP™!

for a suitable constant ¢ < 0. Assume p > 2 and consider G := |Vu|P~2Vu: prove
Ge HZ‘OC(Q).

Exercise 6.9 Let © be an open, connected, bounded, and smooth subset of RY.
Prove that the following minimization problem admits a solution

| Jo IVul?dx .
min § = D u € Hy(Q), udx #0¢,
| Jqudx| @
that this solution may be taken to be non-negative, and that any solution is C°.
Prove that the solution is unique up to multiplicative constants and strictly positive
inside 2.

Exercise 6.10 Given two functions u,v > 0 in L2(R%) prove that we have
J #°v° > [ v and deduce that the radially decreasing rearrangement does not

intrease the I/% distance.

Exercise 6.11 Letu > 0 be a Lipschitz continuous function with compact support
in RY, and u* its symmetrization. Prove that u° is also Lipschitz, and Lip(u°®) <

Lip(u).
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Exercise 6.12 Let  be an open and bounded subset of R¢. Consider the following
minimization problem

min{/ <%|Vu(x)|2 +cos(u(x))> dx : ue HOI(SZ)} .
Q

. Prove that it admits a solution, which can be taken to be positive
. Write the PDE satisfied by the solutions.

. Prove that the solutions are C in the interior of the domain Q.
. Prove that if 11 (£2) > 1 then the only solution is u = 0.

. Prove that if A{(2) < 1 then u = 0 is not a solution.

. Prove that, if Q is a ball, there exists a radial solution.

AN AW =

Exercise 6.13 Given an open bounded set Q C R with volume Q] > 2wg (wgq
denoting the volume of the unit ball in Rd) and a function f € LY(Q), prove that
the following problem has a solution

min {Per(A) + Per(B) +/ f(x)dx : A,BCQ, |A|=|B|= a)d}.
ANB

Also compute the above minimal value when €2 is the smallest convex domain
containing B(e, 1) and B(—e, 1), where e is an arbitrary unit vector e € R, and
f=1onQ.

Exercise 6.14 Let Q C R? be the unit cube @ = (0, 1)¢. Prove that for any
measurable set A C €2 there exists a unique solution to the problem

min{l/ |Vu(x)|2dx+/u(x)dx—/ u()dx : u eHol(sz)}.
2 Ja A Q\A

Let us call such a solution u 4. Write the Euler—Lagrange equation satisfied by u 4.
Prove thatif A, — A (in the sense 14, — 14 in L") then u A, — U4 in the strong
HO1 sense.

Prove that the problem

min{/ lua(x)> dx + Per(A) : AcQ}
Q

admits a solution. Removing the perimeter penalization, prove that we have

inf{/ lua(x)?dx : ACQ}:O
Q

and that the infimum is not attained.
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Exercise 6.15 Let A C R? be a bounded measurable set. Let 7(A) C R be defined
viamr(A) = {x e R : Ll({y e R : (x,y) € A} > 0}. Prove that we have
Per(A) > 2L (7 (A)). Apply this result to the isoperimetric problem in R?, proving
the existence of a solution to

min{Per(A) . A CR?, Abounded, |A| = 1}.

Exercise 6.16 Let I' be the image of an injective Lipschitz curve with end-
points x,y € R and [x, y] be the segment from x to y. Prove H(T) >
Vadg (T, [x, y])2 + |x — y|2. Is the same estimate true if we only assume that I
is compact and connected?

Exercise 6.17 Prove the existence of a minimizer for the problem
min {C(E) + AH! () :=TcQ compact and connected} ,

where A > 0 is given, and we set
1
C(x) =sup{/ fudx — -/ IVul?dx : ue CSO(Q\E)}.
Q 2 Ja\s

Exercise 6.18 Prove that the functional A +— |A| is w.s.c. for the Hausdorff
convergence but not continuous.

Hints

Hint to Exercise 6.1 If not there are infinitely many disjoint balls of fixed radius
where f > ¢ > 0.

Hint to Exercise 6.2 Perturb the function f into f + e and compute the first-order
development of the ratio. The value of the constant is ¢ = — %.

Hint to Exercise 6.3 Since A is locally the epigraph of a convex, and hence
Lipschitz, function f, perturb f into f 4 e¢ and use the PDE to prove its regularity,
in the spirit of Chap. 5.

Hint to Exercise 6.4 For any competitor A in this problem consider A obtained
by taking the union of A and its symmetric set as a competitor in the standard
isoperimetric problem.

Hint to Exercise 6.5 Use for instance A = B(0, 1) x ([—-L, —L +¢&e]U[L —¢, L]).

Hint to Exercise 6.6 After two Steiner symmetrizations, the set A;, is such that if it
contains a point (x1, x2) it also contains the rectangle [—|x1], |x1]|] x [—|x2[, |x2[]
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and the perimeter condition yields the result. On the other hand, even if combined
with the volume condition, this does not work for d > 2.

Hint to Exercise 6.7 Foru > 0, write [ |Vu| as [;° Per({u > t}) df and bound this
from below in terms of |{u > r}|. Alsopwrite [ |it|™ = [ mt™ = u > t}| dt. For
the last question, apply the case p = 1 to |u|®.

Hint to Exercise 6.8 Follow the same steps as in the proof of Proposition 6.10. For
the regularity, use Sect. 4.4.

Hint to Exercise 6.9 Follow again similar steps as in the proof of Proposition 6.10.
Then use the equation Au = c.

Hint to Exercise 6.10 Write [fvdx = [ fooo dtdsl,~;(x)1,~s(x) and com-
pare the intersection of these Jevel sets fof u, v and u°, v°. For the L? distances,
expand the squares.

Hint to Exercise 6.11 Use Remark 6.15 and send p — oo.

Hint to Exercise 6.12 When A1(2) > 1 the functional is convex, if not one can
Taylor-expand the cosine to find a better competitor than 0. For the existence of a
radial solution, replace u with u°.

Hint to Exercise 6.13 Take a minimizing sequence and use the bound on the
perimeters to obtain strong L' and hence a.e. convergence of the indicator functions.
For the specific example of €2 containing B(e, 1) and B(—e, 1), take A = B(e, 1)
and B = B(—e, 1).

Hint to Exercise 6.14 The function u 4 is the solution of Au = f,for f =214 —1.
Strong L? convergence of the right-hand side implies strong convergence in H& of
the solutions. When penalizing the perimeter, we obtain strong L' convergence of
14, on a minimizing sequence, which is also strong L? because these functions are
bounded in L*°. Without this penalization we could have 214, — 1 — 0.

Hint to Exercise 6.15 The perimeter decreases by Steiner symmetrization and the
perimeter of the symmetrized set is at least twice the measure of its projection. If
we replace A with ¢(A), where ¢(x, y) = (¥ (x), y), and i is a Lipschitz function
with ' = 1 on w(A) and ¥/ = 0 elsewhere, the perimeter again decreases. This
allows us to modify a minimizing sequence so that it is compact in x. The same
construction can then be performed in y.

Hint to Exercise 6.16 Use H'(T') > |x — z| + |z — y| for a point z such that
d(z,[x,y]) = du (T, [x, y]) and optimize over possible z. If T" is not a curve this
estimate could be false, think of x = (—1,0), y = (1,0) and I" = [x, y] U [a, b]
witha = (0,0)and b = (0, L), L > 1.

Hint to Exercise 6.17 Take a minimizing sequence X, which converges to X in
the Hausdorff sense. Prove the lower semicontinuity of the functional by fixing a
function u € CZ°(2 \ X) and proving that for large n we have u € C°(Q2 \ X).
Combine with the Gotab theorem.
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Hint to Exercise 6.18 Use |Q2] — |A| = sup{f dx 1 ¢ < 1,9 € CX(2\ A)}.
For the failure of lower semicontinuity, use a sequence of small sets which become
denser and denser.



Chapter 7 ®
I'-Convergence: Theory and Examples Qe

This chapter is devoted to a very natural question in optimization, which consists
in investigating the limit of a sequence of optimization problems. Which is the
correct notion of convergence which guarantees the convergence of the minimal
values and/or of the minimizers?

Although the question is very natural in optimization in general, its leading
approach has been particularly popularized in the framework of the calculus of
variations. The reason for this can be found in the connections with the convergence
of solutions of some PDEs, which are the Euler-Lagrange equations of variational
problems. This also explains the name which has been chosen to denote this
convergence: according to the terminology in [76] it is called I"-convergence and
it is to be considered as a variational counterpart of a previously existing notion of
convergence for differential operators (hence, PDEs) based on the convergence of
the corresponding graphs, called G-convergence (see [185]); I' was then chosen as
a variant of G. As we will see, ['-convergence is equivalent to a suitable notion of
convergence of the epigraphs of the functions to be minimized, and is consequently
also called epiconvergence but it is much less frequently referred to by this name
than I"'-convergence.

In this chapter the first section will be devoted to the abstract theory, for
simplicity in a metric setting (as a reference for the topological case we refer to
[69], while for a simpler introduction to the topic we refer to [40]); we will then
move in the second section to some easy examples in the framework of the calculus
of variations where the I'-limit is in some sense not surprising, or at least shares
a similar form with the approximating functionals. This includes a very simple 1D
example of homogenization. Then, Sects. 7.3 and 7.4 will be devoted to two, very
different, examples where the limit optimization problem is quite different from the
approximating ones. One of these examples, related to the perimeter functional and
useful for the numerical approximation of perimeter optimization, is a very classical
result in the calculus of variations and I"-convergence and is known (at least to a part
of the variational community, in particular the Italian community) as the Modica—
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Mortola approximation of the perimeter. The other is an optimal location problem
appearing both in logistic and practical optimization issues and in the quantization
of measures in signal theory. Its presentation in textbooks about I'-convergence is
less classical. We then finish the chapter with a discussion section about variants
of the Modica—Mortola approach for other problems involving lower-dimensional
energies, and with an exercise section.

7.1 General Metric Theory and Main Properties

Let us fix a metric space (X, d). Given a sequence of functionals F,, : X — R U
{400} we define their I"-liminf and their I"-limsup as two other functionals on X, in
the following way.

(I-liminf Fy,)(x) := inf{liminf F,, (x,) : x, — x},
n

(I'-limsup F,)(x) := inf{lim sup F,(x,) : x, — x}.
n

We say that F,, I'-converges to F, and we write F), —F> F,if
(I'-liminf F,,) = (I'-limsup F,,) = F.

Very often we will write F~ instead of I'-liminfF, and F* instead of
I'-limsup F;,.

. . r .
In practice, proving F,, — F requires us to prove two facts:

o (T-liminf inequality): we need to prove F~ > F, i.e. we need to prove the
inequality liminf, F,(x,) > F(x) for any approximating sequence x, — Xx;
of course it is sufficient to prove it when F, (x,) is bounded, at least after passing
to a subsequence;

o (T-limsup inequality): we need to prove F + < F,i.e. we need to find, for every
X, a sequence x, — x such that limsup, F,(x,) < F(x) (such a sequence is
called a recovery sequence) or at least, for every ¢ > 0, find a sequence with
limsup,, F;,(x,) < F(x) 4+ ¢ (in which case we call this sequence an e-recovery
sequence). We will see later that this inequality can be restricted to suitable
dense subsets. In any case, it can obviously be restricted to the set {F < 400},
otherwise the inequality is trivial.

We will see that the notion of I'-convergence is exactly what we need in order
to consider limits of optimization problems, since we have the following main
properties (that will be proven in this section):

* if there exists a compact set K C X such that infy F,, = infx F}, for any n, then
F attains its minimum and inf F;, — min F;
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e if (x,), is a sequence of minimizers for F, admitting a subsequence converging
to x, then x minimizes F;

e if F, is a sequence I"-converging to F, then F,, + G will I"-converge to F' + G
for any continuous function G : X — R U {+4o00}.

The first two properties above explain the relation between I'-convergence and
the convergence of the minimization problems, i.e. they provide, under suitable
conditions, the convergence of the minimal values and of the minimizers. The third
property explains why we have developed all this theory instead of just looking for
ad-hoc tricks to study the limits of minima and minimizers of a given sequence of
problems: because the theory of I'-convergence allows us to avoid re-doing all the
work when similar functionals (for instance, if adding continuous perturbations) are
considered.

Note that the theory developed here deals with minimization problems, and
indeed the definitions of I'-liminf, I"-limsup and I'-limit are not symmetric. If one
wanted to study the limit of a sequence of maximization problems it would be
necessary either to change the sign of the functionals, or to re-do the entire theory by
changing all the inequalities, following a mirror theory which is sometimes called
I'*-convergence.

In order to prove the three properties above we will prove a series of technical
facts.

Proposition 7.1 If F, LF then for every subsequence F,, we still have F,, LF .

Proof Let us take a sequence x,, — x corresponding to the indices of this
subsequence and let us complete it to a full sequence using x, = x for all the
other indices. We have

linyinf Fy () > liminf Fy (xy) = (- lim inf F,) (2),
n

which proves that the I'-liminf of the subsequence is larger than that of the full
sequence.

For the I'-limsup, let us take an e-recovery sequence x, — x for the full
sequence. We then have

limsup Fy, (x,,) < limsup F, (x,) < (I'-limsup F,)(x) + ¢,
k

thus proving (I'-limsup Fy,,) < (I'-limsup F,) + ¢.
This proves that passing to a subsequence increases the I'-liminf and reduces the
I"-limsup, but when they coincide they cannot change, thus proving the claim. 0O

Proposition 7.2 Both F~ and F are Ls.c. functionals.

Proof Let us take x € X and a sequence x; — x. We want to prove the
semicontinuity of F . It is not restrictive to assume F~ (x;) < +oo for every k.
Fix an arbitrary sequence of strictly positive numbers g — 0. For each k there
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is a sequence X, x such that lim, x, x = xx and liminf, Fj,(x, 1) < F~(xx) + &k.
We can hence choose n = n(k) arbitrarily large such that d(x, x, xx) < & and
Fo(xpx) < F~(xx) 4 &x. We can assume n(k + 1) > n(k) which means that the
sets of indices n that we use defines a subsequence. Consider a sequence X, defined
as

- Xpk ifn=n(k),
Xy =

x if n # n(k) for all k.
We have lim,, X, = x and

F~(x) < liminf F,(x,) < lin’}{iann(k) (Xn@k),k) < liminf F'~ (xz),
n

which proves that F~ is l.s.c.

We now want to prove the semicontinuity of F*. We can assume, up to
subsequences, that F+(xy) is finite for every k and that lim F*+(x;) exists and is
finite as well. For each k there is a sequence x, j such that lim, x, y = x; and
limsup,, F,(x,k) < FT(xx) + &x. This means that we can hence choose n = n(k)
such that for every n > n(k) we have d(x, x, xx) < & and F, (x,.x) < FT(x) +&.
We can choose the sequence n(k) such that n(k + 1) > n(k). We now define a
sequence X, defined as

Xn =xpiifnk) <n <n(k+1).
We have lim,, x,, = x and

Ft(x) <limsup F,(%,) < li]?1 FT(xp),
n

which proves that FT is Ls.c. O

Proposition 7.3 Assume Ft < F on a set D with the following property: for every
x € X there is a sequence x, — x contained in D and such that F(x,;) — F(x).
Then we have FT < F on X.

Proof Let us take x € X and a sequence x, — x as in the statement. We then
write F(x,) < F(x,) and pass to the limit, using the semicontinuity of F* and
the assumption F(x,) — F(x). This provides F*(x) < F(x), as required. m|

The sets D with the property described in the assumption of Proposition 7.3 are
said to be dense in energy. This means that they are dense but the approximating
sequence that can be found in D for every limit point in X also satisfies an extra
property: it makes the functional F' converge. The name “energy” comes from the
fact that often the functionals are called energies. Note that only F, and not F,,, is
involved in this definition.
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eps r .
Proposition 7.4 If F,, — F and there exists a compact set K C X such that
infy F, = infx F, for any n, then F attains its minimum and inf F,, — min F.

Proof Let us first prove liminf, (inf F,,) > inf F'. Up to extracting a subsequence,
we can assume that this liminf is a limit, and I'-convergence is preserved. Now,
take x,, € K such that F,,(x,) < inf F,, + % Extract a subsequence x,, — xo and
look at the sequence of functionals F,, , which also I"-converge to F. We then have
inf F < F(xo) < liminf F,, (x,,) = liminf(inf F,).

Take now a point x, and ¢ > 0. There exists x,, — x such that lim sup F, (x,) <
F(x) + ¢. In particular, limsup, (inf F,,) < F(x) 4+ ¢ and, ¢ > O and x € X being
arbitrary, we get lim sup, (inf F,,) <inf F.

We then have

limsup(inf F;;) < inf F < F(x¢) < liminf(inf F;;) < limsup(inf F},).
n n n

Hence, all inequalities are equalities, which proves at the same time inf F;, — inf F
and inf F = F(xp), i.e. the min is attained by xo. O

r . .
Proposition 7.5 If F,, — F, x, € argmin F},, and x, — x, then x € argmin F.

Proof First notice that |, {x,} U {x} is a compact set on which all the functionals
F,, attain their minimum, so we can apply the previous proposition and get inf F;, —
inf F. We then apply the I'-liminf property to this sequence, thus obtaining

F(x) < liminf F,,(x,) = liminf(inf F,,) = inf F,
n

which proves at the same time x € argmin F and argmin F # . O

Proposition 7.6 If F), iN F, then for any continuous function G : X — RU {400}
wehaveF,,+G—r> F +G.

Proof To prove the I'-liminf inequality, take x,, — x: we have liminf(F, (x,) +
G(xp)) = (liminf F,, (x,)) + G(x) > F(x) + G(x). To prove the I"-limsup inequal-
ity, the same e-recovery sequence x, — x can be used: indeed, lim sup(F, (x,) +
G(xy)) = (limsup F,,(xp)) + G(x) < F(x) + ¢ + G(x). O

We finish this abstract section by showing the relation between I'-convergence
and the convergence of the epigraphs of the functions F},.
We recall the following definition (as usual, adapted to metric spaces).

Definition 7.7 In a metric space X a sequence of sets A, C X is said to be
Kuratowski-converging to A if

e forevery x € A there exists a sequence x, with x, € A, and x,, — x;
» forevery sequence x, with x, € A, and every x which is a limit of a subsequence
Xp, of x, we have x € A.
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As we underlined in Box 6.5, in compact metric spaces this notion of conver-
gence is equivalent to that of convergence in the Hausdorff distance.
We can then state the following result.

Proposition 7.8 Given a sequence F,, : X — R U {+00} of functionals on a metric
space X and another functional F : X — RU {400} the following are equivalent

« £, 5 F
* Epi(F,) Kuratowski converges to Epi(F) in X x R.

Proof We will show that the first condition in the Kuratowski convergence of the
epigraphs is equivalent to the I'-limsup inequality and the second to the I'-liminf
inequality.

Indeed, let us assume that we have the I'-limsup inequality and let us take
(x0,t9) € Epi(F). We know that there exists a sequence x, — xo with
limsup, F,(x,) < F(xo) < to. We can assume F,(x,) < 400, at least for n
large enough. If we define ¢, := max{#, F,,(x,)} we have (x,, t,) € Epi(F,) and
(x5, ty) = (x0, tp), which shows the first condition in the Kuratowski convergence.
Conversely, if we assume that this condition holds and take a point xop € X we can
consider the point (xg, F(xo)) € Epi(F) and we obtain the existence of a sequence
(xn, ty) € Epi(F,) with (x,,t,) — (xo, F(x0)), which means 7, > F,(x,) and
ty, = F(xo).In particular, lim sup,, F;,(x,) < limsup, t, = F(xo) and the I"-limsup
inequality is satisfied.

We now assume that we have the ['-liminf inequality and take a sequence
(xn, ty) € Epi(F,) as well as a point (xg, fp) which is a limit of a subsequence
of such a sequence. Up to replacing the x, which do not belong to this subsequence
with xp, we can assume that the whole sequence x,, converges to xo, while we only
have #,, — tp on a subsequence. On this subsequence we have fyp = limy 1,, >
liminfy Fy, (x,,) > liminf, F,(x,) > F(xo) because of the I'-liminf inequality.
We then obtain 79 > F(xp), i.e. (xo,%) € Epi(F), which shows the second
condition of the Kuratowski convergence. Conversely, we assume that this condition
is satisfied and take a sequence x,, — xo. There exists a subsequence such that
limg F(x,,) = £ := liminf, F,(x,) and we can assume ¢ < -oo. Then we
have (x,,, F(x,,)) — (xo,¢) and (x,,, F(x,,) € Epi(F,,). Up to completing this
subsequence with some points (x,, t,) € Epi(F;) we can apply the second condition
of Kuratowski convergence in order to obtain (xg, £) € Epi(F), i.e. £ > F(xg),
which is the I'-liminf condition that we wanted to prove. O

A consequence of the above equivalence, considering that the Hausdorff and
the Kuratowski convergence on compact sets are equivalent and compact, is that
from every sequence of functions F,, : X — R,y one can extract a I'-converging
subsequence (see Exercise 7.3; the limit can of course be infinite-valued, and
possibly the constant +00). This can be used in order to obtain a compact notion
of convergence on cost functions, and has been used for instance in [94] for price
optimization.
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7.2 T-Convergence of Classical Integral Functionals

In this section we discuss some first, easy, examples of I'-convergence in the
framework of the calculus of variations, i.e. we consider integral functionals defined
on functional spaces.

We start from the most trivial situation, where we consider an integral functional
depending on a parameter, one of the involved functions converges in a suitable
sense to another function of the same form, and the limit functional is just obtained
by using this limit function. We describe this via an easy example.

Example 7.9 Consider X = L?(2) for a smooth open domain € R?, and some
functions f, € L%(2). Consider

1 . L,p

Ligyp + dx  ifue W, (Q),
o) = fg(,,l ul fnu) ue Wy (Q)
+

00 if not.

Assume f, — f.Then we have F), L F where F is defined by replacing f;,, with
f.

The statement of the above example can be proven in the following way. For the
I'-liminf inequality, assume u,, — u in L? and F,(u,) < C. Using the L? bounds
on u, and f, we see that the W!-» norm of u, is bounded, so that we can assume
Vi, — Vu in LP and, by semicontinuity [ 5|Vu|? < liminf [ 1|Vuy|?. In what
concerns the second part of the integral, we clearly have [ f,u, — [ fu since we
have weak convergence of f;, and strong of u,. We then obtain liminf F, (u,) >
F (u). For the I'-limsup inequality it is enough to choose u# with F(#) < 400 and
take u, = u.

This I"'-convergence result implies the convergence of the minimizers as soon as

they are compact for the L? strong convergence. This is true for p > dz_fz so that

WP compactly embeds into L. In this case, we can for instance deduce the L>
convergence of the solutions u, of A,u, = f, to the solution of A,u = f. Note
that the linear case p = 2 could be easily studied by bounding the norm ||u,, —u|| g
in terms of || f, — f||y-1 (which tends to O since L? compactly embeds into H )
but the situation is more complicated in the non-linear case and the I'-convergence
is a useful tool.

As a last remark, we observe that for p > % the choice of the strong L?
convergence to establish the I"-convergence is irrelevant. We could have for instance
chosen the weak L? convergence and deduced the strong L? convergence in the I'-
liminf inequality from the W!” bound. We could have chosen other norms, but in
this case it would have been necessary to first obtain a bound on [|u,||y1,p.

The I'-Limit of the L?” Norm when p — co The next examples that we consider
involve the behavior of the L? norms when p — oo and, without any surprise, the
limit involves the L°° norm.
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We first consider the following situation:

Example 7.10 Consider X = L'(R) endowed with the topology of weak conver-
gence in L', where Q is a measurable space with finite measure. For p € [1, +o0],
define F, : X — RU{+o00} via F),(u) = ||u||.» (a functional which takes the value

+ooifu € L! \ L?). Then we have, as p — oo, the I"-convergence F), —F> Feo.

The reader can check that, as soon as the measure of 2 is 1, then the statement
of the above example is a particular case of the statement of Exercise 7.1, since
F, < F, as soon as p < g. When the measure of 2 is finite but not equal to
1 we have F, = QP F »» Where the functionals Fp are increasing in p, and
lim,_ |SZ|1/ P =1, which gives the same result.

It is often more useful to deal with the following variant, that we fully prove:

Proposition 7.11 Consider X = L'(Q) endowed with the topology of weak
convergence in L', where Q is a measurable space with finite measure. For p €
[1, 00), define Fp : X — R U {+o0} via F,(u) = c(p) fQ |u|? dx (a functional
which takes the value +00 ifu € L'\ L?). Assume that the coefficients c(p) satisfy
limp_moc(p)l/p = 1. Then we have, as p — 00, the I'-convergence F), —F> F,
where

} lae
Fu) = 0 iflul <lae
+o0  ifnot.

Proof Let us first prove the I"-liminf property, taking a sequence u , with F, (up) <
C < oo and assuming u,, — u, we need to prove |u| < 1. We fix an exponent pg
and, for p > pg, we write

1/po 1/p
(fynar) ™ < (f unr o)
Q Q

_(c(p)‘Fp<up))1/P<< c )“"
B 2t/p ~ el

Using ¢(p)!/? — 1 we can take the limit as p — oo of the right-hand side of the
above inequality and obtain

1/po 1/po
(7[ |u | PO dx) < liminf(][ |up|”O dx) <1,
Q r Q

where we used the lower semicontinuity, for fixed pg, of the LP° norm w.r.t. the
weak convergence in L'.We can then take the limit py — oo and use the well-
known fact that, for a fixed function on a set of finite measure, the L” norm
converges to the L° norm as p — oo, to deduce ||u|| > < 1, which is equivalent
to the I"-liminf inequality.
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For the I'-limsup inequality we just need to prove that, given a function u# with
lu] <1 a.e., we can find a recovery sequence. We choose u, = [pc(p)]~"Pu. This
sequence converges to u since p~'/? — 1 and ¢(p)~'/? — 1; moreover we have
Fp(u) < % — 0, which is the desired result. m|

Remark 7.12 The most common choice for the coefficient c(p) in the previous
proposition is ¢(p) = 1 but c¢(p) = 1 is also useful; both satisfy the assumption
guaranteeing the I"-convergence to F.

With essentially the very same proof we can also obtain the following.

Proposition 7.13 Consider X = L' () for a bounded convex domain Q@ C RY
and, for p € [1, 00), define F, : X — R U {400} via Fy(u) = c(p) fQ [Vul? (a
functional which takes the value +0c ifu € L'\ WP). Assume that the coefficients
c(p) satisfy lim,_, oo c(p)!/P = 1. Then we have, as p — o0, the T'-convergence

r
Fp, — F, where

0 ifu € Lip; .
+oo0  ifnot.

F(u) =

Proof Once we observe that, in a convex domain, the condition u € wl.oeo
and |Vu| < 1 ae. is equivalent to u € Lip;, the proof is exactly the same
as in Proposition 7.11. The recovery sequence can be taken to be, again, u, =
[pc(p)]_l/”u, and for the I'-liminf condition we just note that u, — u in L
together with a bound on [[Vup||zr0 implies the weak convergence u, — u in
W1-Po and allows us to use the lower semicontinuity of the norm. We then obtain a
uniform bound on ||Vul|zr, independent of py, i.e. Vu € L. |

Elliptic Functionals with Variable Coefficients We now consider a more sur-
prising example. We consider a sequence of functions a, : [0, 1] — R such that
Amin < an < Apmay for two strictly positive constants Ayin, Amax. We then define a
functional on L2([0, 1]) via

I an )DL 4y ifu e W2, u(l) =0,

+00 if not.

Fu(u) == (7.1)

We now wonder what the I'-limit of F, could be. A natural guess is to assume,

up to subsequences, that we have a, X ain L™ and hope to prove that the
functional where we replace a, with a is the I'-limit. If this was true, then we
would also have I'-convergence when adding [ fu to the functional, for fixed
f € L? (since this is a continuous functional, and we can apply Proposition 7.6),
and convergence of the minimizers. The minimizers u, would be characterized by
(anu),) = f with a transversality condition u},(0) = 0, so that this would imply
an(X)u,(x) =[5 f(t)dt and hence u),(x) = (a,(x))~" [ f(t)dt. We then see
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that the weak convergence of a, is not a good assumption, but we should rather
. *
require a; ! — a='

We can now prove the following.
Proposition 7.14 Assume that a, is such that Apin < a, < Apax and a,; 1A a!
in L. Let F, be defined by (7.1) and F be defined analogously by replacing ay,

r
with a. Then F, — F (w.r.t. to the L' convergence).

Proof To prove the I'-liminf inequality, we write F,, (u) = fol L(u),, a_l) dx, where

L:R xRy isgivenby L(v, s) = |v| . We take a sequence u, — u with F,(u,) <
C. This bound implies that u,, is bounded in H! and then u/, — u’ in L?. We can
easily check that L is a convex function of two variables, for instance by computing
its Hessian,! which is given by

Hence, by semicontinuity (see Proposition 3.9), we deduce from a,; LA a1 and
u,, — u’ that we have liminf F, (u,) > F(u).
To prove the I'-limsup inequality, given u with F(u) < +oo (i.e.u € H'), we

define u,, via u;, = “~u’" and u, (1) = 0. We see that u,, is bounded in L? and hence

. . . . — * —
u,, — v. Integrating against a smooth test function and using a,, I~ a7 we see

that we have v = %u" = u’, so that we obtain u,, — u’, the weak convergence being
intended in the L? sense. Thanks to the final value u,(1) = u(1) = 0, we deduce
weak convergence of u,, to u in H', and strong in L?. We then have

F _ 1 ror L, L, _
n(un) = Ean”n U, = Eau U, —> Eau -u = Fu),

which proves the I"-limsup inequality. O

In the above proof, we strongly used the fact that we are in 1D, since we defined
a recovery sequence by choosing u,,. In higher dimensions, one could consider a
functional of the form f vy |2 but the functions aiVu could not be gradients!
Indeed, the hlgher-dlmensmnal situation is much trickier, and it is (very partially)
addressed in Exercise 7.11.

Remark 7.15 The above situation also includes one of the most studied cases, that
of periodic homogenization. Assume a; : R — [anin, amax] is a given 1-periodic
function taking its values between a,,;, and a4, with a,,;,, > 0, and consider in
particular the case where a; only takes values in {a;in, @max}. Let us define the

! One can also refer to the computations in (4.18), as we are facing a perspective function.
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quantity r := [{x € [0, 1] : a;(x) = apmin}l € (0, 1). Define a,(x) := aj(nx).

r . . . .
Then we have F,, — F, where F is obtained using the constant function a =
(ran_liln + {1 -r)a, ;x)_l. This can be interpreted in terms of materials: a mixture of
two different materials with conductivity a,,;, and a4y in proportions r and 1 — r
produces a composite material whose conductivity is the (weighted) harmonic mean

of the two conductivities.

7.3 Optimal Location and Optimal Quantization

This section is devoted to a very natural optimization problem: approximating a
probability density with a finite number of points. This can be interpreted in different
ways. The first comes from a classical optimization question in logistics or urban
planning: suppose that we want to choose where to ideally put N post offices in
a town Q2 and that we know how the population (or the demand) is distributed in
the domain €2; where should we place the N offices? We suppose that we want to
minimize the average distance for the population to reach the closest post office. In
this case, if f is the population density, we solve

min{/ dx,S)f(x)dx : SCQ,#S:N},
Q

where the set S stands for the position of the post offices. We can also decide to
consider the average of a power of the distance, in which case we fix p > 0 and
solve

min {/ d@x, )P f(x)dx : S C Q,#S = N} . (7.2)
Q

Note that these optimization problems are exactly the ones presented in Sect. 6.3, but
the constraint on S is different: we impose here the number of points, i.e. H(S),
while in Sect. 6.3 we considered the measure H' (together with a connectedness
constraint, which is necessary for the existence).

Another interpretation of the same problem comes from signal processing. We
can consider f as the probability distribution of a signal, supported on a whole
domain €2, and we want to approximate it with a probability measure concentrated
on N points (compare with what we discussed in Sect. 6.3.1 about the 1D skeleton
of an image); such a measure will be of the form Z]/y:l a;dy; and S will stand for
{xj : j =1,...,N}. Given S, the value fd(x, S)? f(x)dx is indeed equal to
min{W,(f,v)? : spt(v) C S}, where W, is the Wasserstein distance of order p
among probability measures (this only works for p > 1, as the Wasserstein distance
is not defined for p < 1).
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Box 7.1 Good to Know!—Wasserstein Distances

Given two probability measures u, v € P(2) and an exponent p > 1 we
define

1/p
W, (i, v) :=inf{/ =yl dy :y ey, v)} ,
QxQ

where IT(u, v) is the set of transport plans from p to v (i.e. measures on €2 x €2
with marginals u and v) see Sect. 4.6.

It is possible to prove that the above quantity, called the Wasserstein
distance of order p between p and v, is indeed a distance on P(2) if Q2 is
bounded (otherwise we need to restrict our attention to the set of measures
w with finite moment of order p, i.e. such that f [x|?du < +00), and that
it metrizes the weak-* convergence of probability measures (in duality with
C(£2)) when 2 is compact. When u has no atoms it is also possible to define
W, as follows

1/p
Wy, v) = inf{/ x—=T@)|Pdu : T:Q — Q, Tep = v}
Q

and an optimal map T, called the optimal transport, exists whenever Q2 C RY
and pu < L9,

Given a closed set S € RY and an absolutely continuous measure /. the
problem

min{W,(w, v) : spt(v) C S}

has a unique solution, given by v = (Ils)#u, where Ilg is the projection
onto S, which is well-defined Lebesgue a.e. (more precisely, the projection
exists and is unique on any differentiability point of x — d(x, ), which is
a Lipschitz function, differentiable a.e. because of the Rademacher theorem),
and the map T = Il is the optimal transport from w to v.

For more details we refer to [177, Chapter 5].

Note that the weights a; of each atom x; are not prescribed, and will finally
be equal to the measure (w.r.t. f) of the region which is projected on each x;, i.e.
aj = fv,- f(x) dx where

V= (I'IS)_I({xj}) ={x : |x —xj| <|x —x;| forall i}
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is the so-called Voronoi cell of the point x ;. We then see that, once the points of S are
known, the optimization among possible weights is easy,” while the optimization
of the position of the points x; is a non-convex optimization problem. The main
unknown is hence the support S and we are interested in understanding how S covers
Q (or {f > 0}) as N — oo. It is indeed clear that, as N — oo, the optimal sets Sy
become denser and denser and that the optimal value f d(x, Sy)? f(x) dx tends to O.
We need to find the speed of convergence (i.e. find an exponent o > 0 and a constant
¢ such that [d(x, Sy)” f(x)dx = O(N~%) and limy N* [d(x, Sy)? f(x)dx =
¢) and the limit distribution of Sy, i.e. the average number of points per unit volume
when N is very large. Intuitively, one can guess that this density will be higher
where f is larger, but we can also try to find an explicit expression in terms of f
and, if possible, an exponent § > 0 such that it is of the order of f B,

All these questions can be attacked via I"-convergence tools.

We start by associating with every set S with #§ = N the uniform probability
measure on S, i.e. us = % > yes 8y € P(K). Our question is to identify the limit
as N — oo of the measures ug, where Sy is optimal. Identifying S with g is
natural and useful for two reasons; first, if we need to identify the limit density of
the optimal set Sy what we need to find is exactly the weak-* limit of 1g, ; second,
this identification allows us to set all the optimization problems for different values
of N on the same set X = P(2).

We will indeed define a sequence of functionals F on the space of probability
measures such that their minimization is equivalent to finding the optimal set Sy . We
will then look for their I'-limit F so that we can deduce that the optimal measures
isy converge to the minimizer w of F. If this minimizer is unique and easy to find,
we have the answer to our asymptotical question.

We define now the functionals Fy : P(2) — R U {400} whose I"-convergence
will be the object of this section. We set

NP/ [Cd(x, S)P f(x)dx  if u = ps with #S = N,

Fy(w) = .
otherwise.

This choice requires at least a clarification, i.e. why is the integral multiplied by
NP/49 This normalizing factor corresponds to the guess @ = p/d for the speed of
convergence and, without it, we could easily expect the I"-limit to be the constant
0 functional. Now, when the I'-limit is constant, every p is a minimizer and we
do not obtain any information on the limits of the minimizers s, . On the other
hand, multiplying F by a multiplicative constant does not affect the minimizers,
and the goal is to choose a good scaling so that the limit is non-trivial. Choosing

2 We underline another possible quantization problem, where the unknown is still the set § =
{x1, ..., xn}, but the weights are prescribed and equal to 1/N, so that the problem becomes the
minimization of W, (f, v) among empirical measures; in this case the Voronoi cells have to be
replaced by a more involved notion, that of Laguerre cells (or power cells), which we will not
develop here, see for instance Section 6.4.2 in [177].
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NP/? is a sort of bet: if we are able to find a I'-limit which is non-constant and
whose minimal value is a finite strictly positive number, we also prove that we have
[d(x, SN)P f(x)dx = O(N~P/?).

We consider the unit cube [0, 1]¢ and define the constant

O0pd = inf{liminf NW/ d(x, Sy)P dx, #Sy = N}
N [O,I]d

as well as, for technical reasons, the similar constant

Op.a = inf{liminf Np/d/ d(x, Sy U a0, 11%) dx, #Sy = N} .
N [O,l]d

Proposition 7.16 We have 6, 4 = 0, 4 and 0 < 6, 4 < oo.

Proof We have of course 0, g > ép,d. To prove the opposite inequality, fix ¢ > 0
and select a sequence of uniform grids on [0, 1]¢: decompose the boundary into
2d M9~ small cubes, each of size 1/M, choosing M such that M~ < eN"Vd We
call such a grid G . Take a sequence Sy which almost realizes the infimum in the
definition of 6, 4, 1.. #Sy = N and liminfy N?/? [, 14 d(x, SyUI[0, 1]9)7 dx <

0p.d + €. We then use

d(x, Sy UGy) < d(x, Sy U0, 11%) +

vd—1
7

Lemma 7.17 allows us to deduce from this, for &; > 0,

g a-1\"
d(x, SN UGN)? < (1 +e)d(x, Sy U0, 119 + C(e1, p) [ .

We then obtain
lim inf Np/d/ d(x, Sy UGy)P dx
N [O,I]d

- 1
< (U +e)0pa+e(l +ep)+limsup C(d, p, e)) NP/ —
N MPr

<(+e)bdpa+el+e)+CWd,p,ee’.
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If we use #(Sy UG y) < N+2dM?~" = N+ O(N“@=D/4) = N4 0(N) we obtain
a sequence of sets Sy := Sy U Gy such that

lim inf (#SN)P/d/ dx,Sy)Pdx < (1+e)(1 +¢e1)8pq+Cd, p,e1)e’.
[0,114

Taking first the limit ¢ — 0 and then &; — 0 we obtain 6, 4 < 0, 4.

In order to prove 0, 4 < +00, just use a sequence of sets on a uniform grid in
[0, 119: we can decompose the whole cube into M 4 small cubes, each of size 1 /M,
choosing M such that M ~ N1/

In order to prove & > 0 we also use a uniform grid, but choosing M such that
M? > 2N. Then we take an arbitrary Sy with N points: in this case at least half of
the cubes of the grid do not contain points of Sy . An empty cube of size § contributes
at least C841P in the integral, i.e. cM~@+P) Since at least N cubes are empty we
obtain 6, 4 > cNP/4 . N . M~{+P) = 0(1). O

Lemma 7.17 Given p > 0 and ¢ > 0, there exists a finite constant C (g, p) such
that we have

x+ )P <A +e)x? +Ce, p)y? forallx,y>D0.

Proof Since the inequality is trivial for y = 0, it is enough to prove that we have

(x+ )P =1 +e)x?
sup <
x,y>0,y>0 yP

By homogeneity, we can restrict to y = 1 and thus we must consider

sup (x + 1)? — (1 + &)x?.

x>0

Since we have (x + 1)? — (1 + &)x? < 0 for x large enough (depending on ¢), the
above sup is clearly a maximum and is thus finite, which proves the claim. O

We then define the functional F : £(2) — R U {400} through

. f
F(u) = 9p,d/Q Guacyrld dx,

where 1% is the density of the absolutely continuous part of .

The role and the value of the constants 6, 4 deserve a small discussion. First of
all, we note that in order to study the limit behavior of the minimization problem
(7.2) we introduced some constants whose definition require us to solve a very
similar problem. This may seem disappointing but, luckily, we do not need to
compute the precise value of 6, 4 (we just need to be sure that it is a non-zero
finite number) if we want to investigate the limit behavior of the minimizers. Indeed,
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they do not depend on any multiplicative constants in front of the functionals they
minimize. This is also related to another interesting fact: the limit distribution of
the N points of the sets Sy essentially depend on scaling (see [111] where a
general framework is presented in order to obtain the asymptotical behavior of
point configurations optimizing a large class of functionals, including the setting
we present in this section) while the precise value of 6, 4 is instead related to how
points arrange locally once their density is known. This is a different, and more
geometrical question, which is not easy to answer: typically points are arranged on
a regular lattice and we need to understand the best possible lattice configuration.
In dimension d = 2 the answer is the same for every p, the lattice where each point
is placed at the center of a regular hexagon is the optimal one, and this allows us
to compute the value of 6, . The optimality of the hexagon can be seen as related
to the fact that we are minimizing | 4 |X]P dx among sets A with fixed volume and
which tile the space: the best A without the tiling constraint would be the ball, and
the hexagon is in some sense the closest to the ball among the possible tilings. Many
optimization problems among possible tilings have the hexagon as a solution in
dimension 2, a fact which is known as the honeycomb conjecture, see also Sect. 7.5.
The I'-convergence result that we will prove is the following.

Proposition 7.18 Assume that Q2 is a closed cube and that f is strictly positive

and continuous. Then we have Fy AN F in P(Q) (endowed with the weak-*
convergence) as N — 00.

Proof Let us start from the I'-liminf inequality. Consider uy A u and assume
Fy(uy) < C. In particular, we have uy = pus, for a sequence of sets Sy
with #Sy = N. Let us define the functions Ay (x) := N”/df(x)d(x, Sn)P. This
sequence of functions is bounded in L', so we can assume that, as a sequence
of positive measures, it converges weakly-* to a measure A up to a subsequence.
Choosing a subsequence which realizes the liminf, we will have liminfy Fy(uy) =
A(R2).

In order to estimate A from below,> we fix a closed cube Q C . Let us call §
the size of this cube (its side, so that |Q| = §9). We write

Jn(Q) = NP/ / F)d(x, Sy)P d
[

p/d
= (min f) ( ) #Sy N Q)P / d(x, (Sy N Q) U Q)P dx.
0

un(Q)

We note that the last part of the right-hand side recalls the definition of 6 p.d- We also
note that if we want to bound Ay (Q) from below we can assume limy #Sy N Q =
0o, otherwise, if the number of points in Q stays bounded, we necessarily have

3 Note the analogy of the proof with that of the Gotab theorem. Many lower semicontinuity or
I"-convergence theorems are proven in this way.
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An(Q) — 0. So, the sequence of sets Sy N Q is admissible in the definition of ép,d
after being scaled so as to fit the unit cube: indeed, if the unit cube in the definition
of 6 p.a 1s replaced by a cube of size §, the values of the integrals are multiplied by
891P_ We then have

linllvinf #Sy N Q)P /Q d(x, (Sy N Q)U Q)P dx > 89170, 4 = 89P0, 4

and hence

p/d
) 89P 9, 4.

We now use the fact that, for closed sets, when a sequence of measures weakly
converges, the mass given by the limit measure is larger than the limsup of the
masses:

hnzlvinf AN(Q) = <inn f) lirrzlvinf<MN(Q)

1 p/d J
MQ) = liminf 2y(Q) = (innf> (@) 5170, 4.

This can be re-written as

A p/d
(Q) . (min f) ( 10| ) 6.
10| 0 n(Q)
We now choose a sequence of cubes shrinking around a point x € €2 and we use
the fact that, for a.e. x, the ratio between the mass a measure gives to the cube and

the volume of the cube tends to the density of the absolutely continuous part (see
Lemma 7.19), thus obtaining (also using the continuity of f)

ac 1 p/d
AN (x) = 0paf(x) (m) .
This implies
limnt Fy () = 1(Q) = / A(x) dx = F ().
Q

We now switch to the I'-limsup inequality. Let us start from the case u =
Y iailo,, ie. u is absolutely continuous with piecewise constant density ¢; > 0
on the cubes of a regular grid. In order to have a probability measure, we assume
> ;ailQil = 1. Fix ¢ > 0. Using the definition of 6, 4 we can find a finite set
So € [0, 119 with #Sy = No such that N§/* [ s d(x, 50)? dx < 6 4(1 + €). We
then divide each cube Q; into M,.d subcubes Q; ; of size §; on a regular grid, and on
each subcube we put a scaled copy of Syp. We have Ml.d Sl.d = |Q;|. We choose M;
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such that NoMl.d ~ a;j|Q;|N (take M; to be the integer part of (ai|Qi|N/No)1/d)
so that, for N — oo, we have indeed uy — w (where up is the uniform measure
on the set Sy obtained by the union of all these scaled copies). Note that with this
construction, in general we do not have exactly N points in Sy, but we can complete
this set with arbitrary points, and the proportion of the number of points that we
added over N tends to 0. We now estimate

Fy(uy) < NP/ 28;1”9,,,(1(1 +£)N(;p/d max f.
l’.]

For N large enough, the cubes Q; ; are small and we have

fdx=( +e)5;d/ f dx.

max f < (1 +¢)
Qi.j Qi.j

0i.j

Thus, we get

—p/d
Fy(un) < NPMg, 4(1+ )Ny 7' Zaf/ £ dx.
. 0i
L]

Note that we have 8; = |Q;|'/4/M; ~ Né/dN_l/dai_l/d, whence

limsup Fy (1un) < 0,.4(1 +8)Z/ pi/ddx =+ &) F(p).
N ij Qi.j Cli

This shows, & being arbitrary, the I"-limsup inequality in the case u = ) ; a; 1g;.

We now need to extend our I'-limsup inequality to other measures p which are
not of the form u = ), a;1¢,. We hence need to show that this class of measures
is dense in energy.

Take now an arbitrary probability p with F(u) < oo. Since f is assumed
to be strictly positive, this implies % > 0 a.e. Take a regular grid of size
o — 0, composed of k4 disjoint cubes Q; and define u; := Zi a;lg, with
a; = u(Q;)/10;i| (one has to define the subcubes in a disjoint way, for instance
as products of semi-open intervals, of the form [0, Sk)d). It is clear that we have
Wk — p since the mass is preserved in every cube, whose diameter tends to 0.

We then compute F (ug). We have

u(Q»)‘f’/d_

F(ue) §Z(mQa_Xf)IQiI( O
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We use the function U (s) = s~ /d_which is decreasing and convex, together with
Jensen’s inequality, in order to obtain

w(Q\ P (u(Q») <][ . ) ][ ‘
=U U acq U (%) dx.
<|Qi|> o ) =U\J, ) =1, v

This allows us to write

P = 3 (s r) 104 f, vwerar=Ymax ) | vian

1

We finish by noting that, for k — oo, we have maxgp, f < (1 + &)f on Q;
for a certain sequence of positive numbers & — 0 (depending on the modulus of
continuity of f), so that (maxg, f) fQ~ U(u) < (1+ &) fQi FU(u%). We then
get

F(u) < (1 +e)F(u),

which concludes the proof. O

Lemma 7.19 Let us denote by Q(x,r) the cube x + [—r, r]d, centered at x and
with side 2r, so that its volume is (2r)?. Then, for every locally finite measure p on
R? whose Radon—Nikodym decomposition is i = pu% dx + u*™8, we have

lim % = u%(x) for Lebesgue-a.e. x.
r r

Proof Because of the characterization of Lebesgue points (see Box 5.1), if x is
a Lebesgue point of the L}OC function u* we know that we have fQ(x " ne —

1 (x). Hence, it is enough to prove lim, u*"8(Q(x, r))/(2r)d = 0 for a.e. x.
Using Q(x,r) C B(x,\/gr) and |B(x,\/3r)| < Cri, it is enough to prove
lim, u*"8(B(x, r))/a)drd = 0 for Lebesgue-a.e. x. We consider then E, = {x :
lim sup,. wWme(B(x,r)) /a)drd > ¢} and we need to prove that E. is Lebesgue-
negligible for every ¢ > 0. Let A be a Lebesgue-negligible set on which 11*"¢ is
concentrated and set B = E, \ A. We have u*"8(B) = 0 since BN A = @;
moreover, the theorem about densities and differentiation of measures presented in
Box 6.7 provides eH! (B) < u*"8(B) = 0 so that E, \ A is Lebesgue-negligible.
Since A is also Lebesgue-negligible, this proves the claim. O

Note that the assumption that 2 is a cube is just made for simplicity in the
I'-limsup, and that it is possible to get rid of it by suitably considering the
“remainders” after filling €2 with cubes.

The above proof is a simplified version of that in [38] where f was only assumed
to be Ls.c. (note that here we only used its continuity in the I"-limsup part, since for
the I'-liminf the lower semicontinuity would have been enough). Actually, in [153]
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(which deals with the average distance problem presented in Sect.6.3.1, but the
answer to question 6 raised in [54] gives rise to a very similar problem to this one)
even this assumption is removed, and f is only assumed to be L'.

The consequences of the previous I'-convergence proof include the two follow-
ing results:

Proposition 7.20 Assume that Sy is a sequence of optimizers for (7.2) with N —
00. Then, the sequence wy = |Ls, weakly-* converges to the measure p which is
absolutely continuous with density p equal to cf¢/@*P) where ¢ is a normalization
constant such that [ p = 1.

Proof We just need to prove that this measure u is the unique optimizer of F. First
note that F' can only be minimized by an absolutely continuous measure, as singular
parts will not affect the value of the functional, so it is better to remove a possible
singular part and use the same mass to increase the absolutely continuous part.

We use again the notation U(s) = s~ P/¢, and write p = cf%4/(@*P) a5 in the
statement. Then we have, for u < .Ed,

ac
F(p) = Qp,d/ fUW*)dx = 91;,,160][ U (M—> dp
Q@ Q P

o MaC
()0
Q\ P

= 0p.acoU (/ n dx) = 6p.acoU(1) =6 qco
Q

where ¢ is such that cop@tP)/4 = £ je.
d+p

co = i/ +p) _ (/ Fit dx) :
Q

The inequality follows from Jensen’s inequality, and is an equality if and only if
u /p is constant, which proves the claim since the mass has been fixed as 1. O

The following result is probably one of the most well-known in the field of
quantization of measures, and is known as Zador’s theorem (see [105]).

Proposition 7.21 If we call my the minimal value of (7.2) then we have my =
O (N P/ and more precisely we have

d+p
d d
lim NP 9my =6, 4 (/ fT dx>
N Q

Proof We apply again the properties of [I'-convergence. Since my =
N~P/4 min Fy we just need to compute the limit of min F, which equals min F.
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This computation is contained in the proof of Proposition 7.20, and we saw that the
minimal value of F is 6, 4co, which proves the desired claim. O

These two results are standard in the subject and do not necessarily need to be
expressed in terms of I'-convergence. We refer for instance to the classical book
[105], which discusses the topic of optimal quantization of measures from a different
point of view. Yet, the language of I"-convergence provided a unified framework to
attack this and similar questions about the optimal location of resources, whether
they are points, lines, small balls. .. the reference list includes, but is not limited to
[38, 55, 56, 179]. We also underline [39], where the constraint on the cardinality of
the set S is replaced by a constraint on the measure v. More precisely, instead of
considering

min{W, (f,v)? : #spt(v) < N},
the authors of [39] considered problems of the form
min{W, (f,v)” : G(v) < N},

where G is another functional defined on atomic measures, for instance

Yoeap ifv=>", axby,
400 if v is not purely atomic,

Gv) =

for an exponent ¢ < 1, which is one of the functionals studied in Sect.3.3. Note
that we can recover the standard case presented in this section when o« = O.
The approach via I'-convergence of [39] is more involved than what we presented
here, in particular because they consider an extended variable which also carries
information on the local distribution of the masses of the atoms.

7.4 The Modica—Mortola Functional and the Perimeter

In this section we consider another example of I'-convergence, and actually one
of its most classical examples, as the title of the paper by Modica and Mortola
[146, 147], where this result is proven, suggests. This result is concerned with
the approximation of the perimeter functional via some functionals which are
more typical for the calculus of variations, i.e. integral functionals involving the
squared norm of the gradient. This I"-convergence result is particularly interesting
for numerical reasons; indeed, from a computational point of view, it is very difficult
to handle perimeters, both because we are more accustomed to handling functions
instead of sets, and because the perimeter is an energy which only involves a
lower-dimensional subset, thus making the number of relevant pixels in the domain
proportionally very small, and the computation unstable. Replacing the perimeter
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with a more standard functional involving derivatives of functions allows us to use
more robust and more classical numerical methods. In some sense, the interest of
the result presented in this section is exactly the opposite of that of the previous
section: if in Sect. 7.3 we had a clear idea of the sequence of minimization problems
that we wanted to study, and the goal was to investigate the asymptotic properties
of the minimizers, in this section the important minimization problem is the limit
one, and we want to deliberately build an approximating sequence which is easier to
handle. On the other hand, both sections share this important aspect that the I"-limit
is quite different in nature than the approximating functionals.
We consider the following sequence® of functionals defined on L' (),

o) e EfoIVulPdx + o [o W) dx  ifu € HL(Q),
‘ . +00 if not,

where W : R — R is a continuous and bounded function satisfying W(0) =
W) = 0and W > 0 on R\ {0, 1}. We denote by ¢ the constant given by
co = fol VW,

We also define

coPer(A) ifu =14 € BV(RY),

F(u) = {
400 if not.
In this case we stress that the perimeter of A is computed inside the whole space,
i.e. also considering d A N 9€2.
We will prove the following result, which is due, as we already said, to Modica
and Mortola [146].

r
Proposition 7.22 Assume that Q2 is a bounded convex set in RY. Then F, — F in
LY(Q), ase — 0.

Proof Let us start from the I'-liminf inequality. Consider u, — u in L.
Note that the Young inequality %|a|2 + 21—8 |b|> > ab provides the lower bound

Fg(ug)2/Q\/W(us)IVusldx=/Q|V(<1>(us))ldx,

where ® : R — R is the function defined by ®(0) = 0 and &' = +/W. Note that,
W being bounded, we have |® (u.)| < Clu.|. This means that ® (u,) is bounded in
BV() and, up to a subsequence, it converges strongly in L! to a function v. Up to
another subsequence we also have pointwise convergence a.e., but we already had

4 Throughout this section the approximation parameter is &, which is a continuous parameter, so
that when we speak about sequences or even about I'-convergence we mean that we consider an
arbitrary sequence &, — 0.
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ue — uin L! (hence a.e. up to subsequences), so that we get v = ®(u). We then
have V@ (u;) — V& (u) in the sense of distributions and weakly as measures, and
the lower semicontinuity of the norm implies ® (1) € BV(£2) and

IV @)l g < liminf/ IV® ()| dx < liminf Fy(up).
& Q &

On the other hand, since we can of course assume F(u.) < C, we also have
Jo W(ug) < Ce and, by Fatou, [ W(u) = 0, i.e. u € {0, 1} a.e. This means that
we do have u = 14 for a measurable set A C 2. Note that in this case we have
Ow) = ®(1)u = P(1)14. Since we have (1) = fol VW > 0, this implies
14 € BV(R2), and we finally have

F(u) = (1) Per(A) < liminf Fe (ue).

We now switch to the I'-limsup inequality. We first consider the case u = 14
with A smooth and d(A, 92) > 0. We need to build a recovery sequence u;. Let us
define sdy4, the signed distance function to A given by

d(x,A) ifx ¢ A,

d =
sdato) {—d(x,AC) ifx € A

Take a function ¢ : R — [0, 1] such that there exist L.+ > 0 with ¢ = 1 on
(—oo,L_],¢ =0o0n[Ly,+00),and ¢ € cY[-L_, L+]). Define

ugzd)(S‘i?A).

Note that |[Vsd4| = 1 a.e. and hence we have ¢|Vu,|? = %|¢>’|2 (‘dTA) and

1 d
Fulus) = Z/Q(|¢/|2+ W) (STA) dx.

We now use the co-area formula (see Box 6.2) which provides the following
equality, valid at least for Lipschitz functions f, g : 2 — R:

/g|Vf|dx=/ dt/ gdH!,
R Jir=n)
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We apply it to the case f = sdy4, for which the norm of the gradient is always 1.
We then have

1
Pt = oo [ (192 + W) (é) A (sda = 1) e

1
= E/ <|¢’/|2 + W(¢)) (r) -Wd_l({sdA = er))dr,
R

where the second equality comes from the change of variable t = er.
Since A is smooth we have, for every r, the convergence

H({sdy = er}) — Per(A).

We can restrict the integral to r € [—L_, L] which allows us to apply dominated
convergence and obtain

lim Fy (u,) = Per(A)/ (|¢’|2 + W(¢)) r)dr.
& R

Moreover, it is clear that we have u, — 14 in L! because of dominated
convergence.
‘We now have to choose ¢. Choose a function ¢ defined as a maximal solution of

the Cauchy problem
¢ =~ W),
$(0) = 3.

We necessarily have lim,_, _ é(r) =1 and lim;— 450 @(r) = 0. The function ¢ is
C'! and monotone non-increasing.’ Fix 8 > 0 and let -+ be defined via dro) =1-8
and ¢(r) = 8. We then take ¢ = ¢ to be a function such that ¢s = ¢ on [r_, r+],
¢s € C1([r— — 268, ry +268]), and lp5| < lon[r_ =28, r_JU[ry,ry +268],¢5 =1
on (—oo, r—2§) and ¢5 = 0 on (R4 + 26, +00). We have

/R (1P + W) ar = 1+ swpws+ [ (157 + W) o) ar

<cs +/ (157 + W) ) dr
R

5 Note that this function also coincides with the heteroclinic connection between the two wells 0
and 1 for the potential W, as described in Sect. 1.4.5.
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Note that we have

[ (@ +w@)erar=2 [ Jwaiia
:—2/Rd;dr<(boq;) dr

= -2 (®(@(+00)) — D(G(~00))

=2®(1) = 2c¢p,
which means

lim Fg(ug) < (co + C6) Per A.
&

Since this holds for arbitrary § > 0, we obtain
(C-limsup F)(u) < coPer A = F(u).

We now need to extend our I'-limsup inequality to other functions u# which are
not of the form u = 14 with A smooth and far from the boundary, but only u = 1 4
with A of finite perimeter. We hence need to show that the class S of indicators of
smooth sets far from the boundary is dense in energy.

We start from a set A of finite perimeter with d(A, d2) > 0 and set u = 14.
The construction of Proposition 6.2 shows precisely that, if we take a smooth and
compactly supported convolution kernel n, — &g defined by rescaling a fixed kernel
n1, and define v, := 1, * u, we can chose r, € (8,1 — §) so that the set A, :=
{va > ry} is a smooth set with Per(A,) < P& and 14, — 14 in L. This is
not yet the desired sequence, since we have F(u,) < (1 — 28)~!F(u) instead of
lim sup,, F'(u,) < F(u), but this can be fixed easily. Indeed, for every ¢ this allows
us to find # € S with ||i — u||;1 arbitrarily small and F (i) < (1 — 28)"LF ),
which can be turned, using §,, — 0, into a sequence which shows that S is dense in
energy.

We now have to get rid of the assumption d(A, 02) > 0. Using the fact that
2 is convex, and assuming without loss of generality that the origin O belongs to
the interior of 2, we can take u = 14 and define u, = 1, 4 for a sequence f, —
1. The sets 7, A are indeed far from the boundary. Moreover, we have F(u,) =
co Per(t,A) = t,‘f_lF(u) — F(u). We are just left to prove u, — u strongly in
L'. Because of the BV bound which provides compactness in L' we just need to
prove any kind of weak convergence. Take a test function ¢ and compute [ gu, =
ftnA ¢ = () [, ¢(tay)dy — [, ¢, as soon as ¢ is continuous. This shows the
weak convergence in the sense of measures u,, — u and, thanks to the BV bound,
strong L' convergence, and concludes the proof. O
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We do not detail here some interesting variants of the above I'-convergence
result, where one could impose a volume constraint on A in the perimeter min-
imization (as for the isoperimetric problem of Sect.6.1), which corresponds to a
constraint on [ u in the approximation, or prescribe boundary values. Note that, in
general, imposing constraints (which are stable under the convergence used in the
I'-convergence) do not affect the I'-liminf part, but make it harder to prove the I'-
limsup part, since we need to produce a recovery sequence which satisfies them.
Moreover, it is not possible to evoke Proposition 7.6, since the function G imposing
the constraints is not continuous (as it takes the values 0 and +o00). Yet, in many
simple cases it is not hard to slightly modify the unconstrained recovery sequence
in order to preserve the constraints.

7.5 Discussion: Phase-Field Approximation of Free
Discontinuity and Optimal Network Problems

This section discusses some recent and less recent works on the approximation
of variational problems involving energy terms concentrated on lower-dimensional
objects, in the same spirit as the Modica—Mortola result of the previous section. This
kind of approximation is usually referred to as phase-field approximation, since the
sharp behavior {0, 1} (belonging or not to a set) is replaced by a continuous variable
u € [0, 1], which recalls what is usually done in phase transition models, where
instead of just considering water and ice, intermediate states, corresponding to
different proportions of melted ice, are considered. This terminology was introduced
by Van der Waals, who was the first to propose an energy of the form of the Modica—
Mortola energy in this setting.

Optimal Partitions, and a Particular Case of the Steiner Problem We already
mentioned in a different setting the so-called honeycomb conjecture, a name which
encompasses several optimal partition questions where a large domain (and ideally
the whole space) has to be partitioned into pieces of unit volume so as to minimize
a global energy. The most well-known problem among them consists in minimizing
the average perimeter: how do we tile R by a partition into cells A; of unit volume
so that the asymptotic average perimeter of the partition, defined via

- > HTHBA; N B(O, R))
R—o00 |B(0, R)|

is minimal? (Note that |B(0, R)| also approximately equals the number of cells
in the same ball, since cells have volume 1.) In dimension two the question dates
back to antiquity and the conjecture that the hexagonal tiling (exactly the one used
by bees) should be optimal is usually attributed to Pappus of Alexandria (fourth
century). An affirmative answer was first given by Fejes Toth [86], in the restricted
case where each cell is required to be a convex polygon, while the general case
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was proven many years later by Thomas C. Hales [108]. On the other hand, in
higher dimensions the picture is rather unclear. The problem when d = 3 was first
raised by Lord Kelvin (the same Lord Kelvin who gave his name to the temperature
unit) in 1894, and he conjectured that a certain tiling made of suitably adjusted
truncated octahedra (whose faces are 8 slightly curved hexagons and 6 squares) may
be optimal. This tiling satisfied suitable first-order optimality conditions and was
therefore a satisfactory competitor. Yet, in [197], Denis Weaire and Robert Phelan
found a counter-example, proving that a tiling made of a block of 8 polyhedra of
two different types, one with 14 faces and the other with 12, gave a better average
perimeter, even if the improvement was only of about 0.3%.

It is natural to attack the question numerically. Of course it is impossible to really
attack the asymptotic question, but one can fix a large domain 2 with volume N € N
and look for the solution of the problem

N
min {ZPer(Ai) 1 |A;| =1, (A;); is a partition of Q ¢ .

i=1

Note that it is irrelevant whether the perimeters of A; are defined as Per(A;; 2) or
Per(A;; R?), since the boundary 9 is fixed and would be fully covered by U; 94;.

This can be clearly approximated via a suitable modification of the Modica—
Mortola functional by studying

N
1
Z £/|Vui|2dx + —/W(ui)dx up € HH(R),
min i 2 Q 2¢e Q ,

/uizl,u1+-~-+u1\/=1

which is what is done in [163] for numerical purposes. It is shown in this paper
that both Kelvin’s solution and the Weaire—Phelan solution can be found, depending
on the initialization of the optimization algorithm (the optimization problem being
non-convex, the output can depend on the initialization). This is remarkable, due to
the very small gap between the energies of the two configurations.®

Yet another remarkable fact is that the same approach can be used to attack a very
particular instance of the Euclidean Steiner tree problem’ (see Sect. 6.3.1). Indeed,
assume that we want to connect a set D of N points which lie on the boundary of a

6 According to some texts on the internet, after the publication of [163] a new configuration better
than that of Weaire—Phelan was discovered in [161], but after a careful look at the latter paper it
seems that this is not exactly what is claimed in it.

7 This very natural approach is due to E. Oudet, but is not contained in any particular paper, despite
being the starting point of many oral presentations on the subject.
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convex domain  C R2. Since the competitors ¥ connecting them will be trees, i.e.
with no loops, we can prove that they determine a partition of 2 into N sets, and the
total perimeter of the sets in the partition will be equal to twice the length of ¥ plus
the length of 92. Hence, we can find a solution of the Steiner problem by solving

N, ) u; € HY(Q),
min Z§/|w,~|2dx+£/W(ui)dx S 4euy=1,%,
i=1 <79 @ Trlu;] = 1 on T

where I'; is the part of €2 bounded by two consecutive points of D.

The Mumford-Shah Functional and the Ambrosio—Tortorelli Approximation
The calculus of variations has had a very strong impact in some parts of applied
mathematics related, for instance, to image analysis and reconstruction, and it would
have been a pity to end a book on it without mentioning any of these ideas, one of
the most well-known being the so-called Mumford—Shah functional (see [155]). The
starting point to arrive to this functional is a general procedure in signal processing:
when observing some data g we can expect that these data have been noised, and we
would like to denoise them; to do so, we look for another signal # which minimizes a
sum d(u, g) + R(u), where d(u, g) is a term called the data fidelity, which ensures
that u is as close as possible to the observed data, while R is a regularizing term
which ensures that « fits as much as possible the a priori properties of the signal we
are looking for (for instance being continuous, being sparse. . . ). For image analysis,
we identify images with functions defined on a (typically rectangular) domain and
valued in [0, 1] (for gray-scale images, otherwise we can consider functions valued
in [0, 1]? for color pictures), and the a priori idea that we have is that the images
should be smooth, except at contours which are the boundaries of different objects.
A reasonable choice of a regularization term is then

R(u) := inf{/ [Vul>dx + AHTN(S) tu e H‘(Q\S)}, (7.3)
Q\S

where the infimum is among all possible closed sets S such that u € H'(Q2\ ),
so that if there is no such set with finite +?~' measure the value of R is +o0. In
practice, the functions u with R(u) < 400 are smooth outside a small jump set of
dimension d — 1, which corresponds to the desired contours. The parameter A tunes
the relative importance of the two parts of the functional, so that a very small value
of A allows for larger and larger jump sets.

It is possible to re-express a relaxed version of the functional R with the language
of BV functions.
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Box 7.2 Important Notion—Decomposition of the BV Derivative, and SBV
Functions

Definition Given a function u € BV (£2) we say that a point xo belongs to the
jump set J, if there exists a unit vector v and two constants u™* with u™ # u~
such that

lim lu —ut|dx =0.
=0/ B(xo,r)N{x:(x—x0)-£v>0}

We can prove that |Vu| > |[u™ —u~ |7—(T7IJ_MI, so that J, is a countable union

of sets with finite H?~! measure. Note that at every point of J, the vector v
will be unique and will also play the role of the normal to J,,.

Given u € BV() we decompose its distributional gradient Vi € M(£2)?
as

Vu = (Vu)™ + (Vu)“™ + (Vuy"",

where (Vu)“ is the absolutely continuous part of the measure Vu but the
singular part is also decomposed into two sub-parts, (VuY*" which is the
restriction of Vu to the set J,,, and (Vu)¥", which is the remaining (“Cantor’”)
part. In dimension d = 1 this corresponds to the decomposition of a measure
into its absolutely continuous part, atomic part, and the remaining singular
part, as done in Sect. 3.3. In the general case atoms have been replaced with
(d — 1)-dimensional objects. The name “jump” comes from the fact that
atoms in u” in 1D exactly correspond to jumps, and “Cantor” refers to the
devil’s staircase function u introduced by Cantor, whose derivative u’ has
no absolutely continuous part (indeed, u” = 0 a.e.) nor atoms (indeed, u is
continuous) but « is non-constant.

Definition A function u € BV(f2) is said to belong to the space SBV(£2) (the
set of special functions of bounded variations) if (Vu)"" = 0.

We refer to [14] for the theory of BV functions and for more details.

With this language, we can then choose
R = [ (7P ax + 290,
Q

Of course this expression does not coincide with the one in (7.3) since the set J,, has
no reason to be closed, but one has to interpret this as a suitable relaxed version of
(7.3).
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The Mumford—Shah problem then consists in solving
min{a/ lu—gl*dx+ Ru) : ue SBV(Q)} ,
Q
a problem which can be re-written in two variables as

min oe/ Iu—glzdx—i-/ |Vu|? dx + AHI1(S).
w,S:ucH(Q\S) Jo Q\S

It is important to stress that the existence of an optimal u is not straightforward,
as the functional that is minimized does not fit into classical lower semicontinuity
theorems, except for d = 1, where Wd_l(S) = #S and we can see R(u) as a
particular case of the functionals studied in Theorem 3.28 applied to u’. For the
higher-dimensional case, a different semicontinuity theorem is necessary, and this
is part of a whole theory of SBV functions developed by Ambrosia. We refer to
[9, 10] for existence results in this setting and to [14] for a detailed exposition of
the theory. As an example, we mention the following non-trivial statement: given a
sequence of functions u, € SBV(2) with ||(Vu,)%||Lr, ||un|lrLe and 'Hd_l(Ju”)
all uniformly bounded in n (for some p > 1), there exists a subsequence strongly
converging in L' to a function u € SBV() and each of these three quantities is
lower semicontinuous along this sequence.

The numerical treatment of the Mumford—Shah minimization problem is made
difficult by the role played by the jump set, which concentrates an important part
of the energy, despite being Lebesgue-negligible. On a space discretization of the
problem (actually, image problems are discrete in space, since the number of pixels
in the image, though large, is finite), this means that an important part of the energy
is contained in a very small proportion of pixels. A phase-field approximation for
this problem was necessary, and has been developed by Ambrosia and Tortorelli
in [16, 17]. The main idea is the I"-convergence of the following functional of two
variables:

e 1
Re(u, ¢) :=/¢|W|2dx+x -/ |Vgo|2dx+—/(l—<p)2dx .
Q 2 Ja 2e Jo

When ¢ — 0, the variable ¢ tends to be as close as possible to the constant 1, but the
first term favors the fact that it could take the value 0. At the points where ¢ = 0 or ¢
is very small, the condition u € H' coming from the first term is no longer enforced.
As a result, when optimizing this functional and sending ¢ — 0, the variable ¢
takes values very close to 0 on a set S on which u is finally allowed to jump, and the
second term, which closely resembles the Modica—Mortola functional, penalizes the
H4~! measure of this set S. The precise statement which can be proven is the I'-
convergence of R to R in L?(£2), which then allows us to add the data fidelity term
and obtain a useful result in order to approximate the Mumford—Shah functional.
Note that here we do not use a double-well potential W as in Sect. 7.4. The reason
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for this is that we expect ¢ = 1 at the limit (hence, we want one only well), but the
other term (the one involving ¢|Vu |2) acts as a second well favoring ¢ = 0.

Because of the possible jumps on {¢ = 0}, these problems are also called free
discontinuity problems (the discontinuity region being part of the optimization). See
[41] for the general theory on this approximation.

Approximation of the Steiner Problem and of Connected Networks The
Ambrosio—Tortorelli result reveals a very clever idea behind this approximation: if
a condition has to be enforced everywhere except at a small set S, it is possible
to penalize it with a weight ¢ (so that we morally have S = {¢ = 0}) and
add a Modica-Mortola-like functional £ [, [Ve|* + 5= [o(1 — ¢)? on ¢, which
imposes that at the limit we have ¢ = 1 a.e. and we pay for the measure HIL(S).
This idea could be applied to other optimization problems, one of the simplest
being the average distance problem presented in Sect. 6.3.1, at least in its variant
where the length is penalized instead of being constrained. Indeed, the quantity
fQ d(x, ) f(x) dx could be written as (see Sect.7.3)

min {W;(f,v) : sptv C }.

This quantity, using the bidual problem of the optimal transport for the linear cost
presented in Sect. 4.6, could in turn be written as

min {[|[V|[1 : V-v=f—v,sptv C T} =min{||v|]|;1 : Vv = f outside £},

where the last equality comes from the elimination of the variable v: if the
divergence has to be equal to f — v but v is an arbitrary measure concentrated
on X, then this is equivalent to requiring that the divergence equals f outside X.

A tempting idea would then be to solve a minimization problem in the variable
v and @, including a term like ||v||;1, a term of the form % fgod|V -v— f|,and a
Modica-Mortola term which mimics the length of the set S = {¢ = 0}. The only
problem here® consists in the fact that we are forgetting the connectedness constraint
on S. This can be fixed by using the distance function d, associated with the weight
¢ (see Sects. 1.4.4 and 4.6)

1
dy(x,y) = inf{/o ey@)ly' ®ldr - y(©0) =x,y(1) = y}.

Indeed, imposing dy(x, xo) to be small somewhere does not only mean that ¢ is
small at x, but also that a whole path can be found which connects x to xo where ¢
is small, and this can be used to prove connectedness. More precisely, it is possible
to prove the following result (see [32]): if u. is a family of positive measures on

8 Besides the fact that we expect a similar construction could only work in the case d = 2, since
Modica—Mortola functionals provide H9~! terms, and we want to obtain H'.
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Q c R?and ¢, € H'(Q) N C(Q) satisfy ¢ = 1 on dQ and 0 < ¢, < 1in Q, if
ce — 0 and x, is sequence of points of 2 such that

1. x; — xo for some xo € €2,

2. We A wu for some measure i on €2,

3. dy, (-, x¢) converges uniformly to some 1-Lipschitz function d on €,

4. we have sup,. oS¢ (@s, Ue, Xe) < 400, where
3 2 1 2 1

Se(@, i, x0) i== | [Vol"dx+ — [ (1 —@)*dx + — [ dy(x,x0) due(x),

2 Ja 2e Jo ce Jo

then

1. the compact set K := {x € Q; d(x) = 0} is connected,

2. x0 € K,

3. spt(u) C K,

4. we have H' (K) < liminfs_¢ S, (@e, e, Xe).

We then obtain an approximation for the average distance problem
min {/ dx,2)f(x)dx + H((EZ) @ TcQ compact and connected}
Q
which is given by

e 1 1
min/ d|V|+—/ |V(p|2dx+—/(l—<p)2dx+—/d(p(x,xo)d|V~v—f|,
Q 2 Ja 2e Jo ce Ja

where the unknowns are the vector field v, the weight function ¢, and the base point
xo (indeed, if we fixed xo we would obtain the problem where we impose that X is
connected and contains xg). For fixed ¢ > 0 the existence of a minimizer for this
problem is not straightforward, because of the term in d,,. Indeed, as it is defined as
an infimum, it is easy to see that ¢ > d,(x, y) is u.s.c. for most reasonable notions
of convergence on ¢, but lower semicontinuity is more delicate. A simple result that
one can prove (see [32]) is the following: if ¢, — ¢ uniformly and there exists
a lower bound ¢ > 0 such that ¢, > c for every n, then dy, (x,y) — dy,(x,y)
for every pair (x, y). Counterexamples exist without the lower bound, and it is not
clear whether the weak H' convergence (that we can easily obtain in this setting
because of the penalization ¢ [ |V|?) can help. In order to obtain the existence of
the minimizers for fixed ¢ > 0 it is then possible to restrict to functions ¢ satisfying
a lower bound ¢ > ¢}, and to add a term of the form &” [ |Vg|? for p > d and m
large enough, which is enough to guarantee compactness in C°.
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It is then easy to find a variant for the optimal compliance problem (see again
Sect. 6.3). We consider the Neumann case, i.e. the problem we want to approximate
is

min [C,,(Z) + )(HI(Z) : ¥ C Q compact and connected} ,

where
1

Cp(X) := —inf{p

/ |Vu|? dx+/fu dx : uec§°(§\z)}.
Q\Z Q

It is annoying that C, is defined as a sup (as a negative inf), which prevents us
from obtaining a min-min formulation; yet, the convex minimization problem which
defines it can be treated by convex duality and transformed into a maximization,
since we can prove that we have

1 _
inf{—/ |Vu|pdx+/ fu dx, : ueCfo(Q\Z)}
P Ja\x Q

1 /
=sup{——// |V|de:V-V=f—v,sptvCE)}.
P Jo\z
This suggests that we should simply consider

. 1 / e 1 1
mm/ —/|V|p dx+—/ |Vgo|2dx+—/(l—(p)2dx+—/dw(x,xo)d|V~V—f|.
4 2 Ja 2e Jq ce Ja

Finally, these ideas can be used to attack the simplest and most natural optimiza-
tion problem among compact connected sets, which is the Euclidean Steiner tree
problem (see [138] besides [32]). The precise result, which unfortunately cannot
be expressed explicitly in terms of I'-convergence (because the variable v has
disappeared), is the following.

Theorem 7.23 Let Q' be the convex hull of the set D and Q D Q' a larger convex
open set. For all ¢ > 0 let ¢. be a minimizer of ¢ +— S¢(¢, i, X0), where xo € D
and w is an arbitrary measure such that spt ;x O D\ {xo}, among the H' continuous
functions bounded from below by ¢, from above by 1, and equal to 1 on d2. Consider
the sequence of functions dy, (-, xo), which are 1-Lipschitz and converge, up to
subsequences, to a certain function d. Then the set K := {d = 0} is compact,
connected and is a solution to the Steiner Problem (6.1).

All these results can then be used for numerical computations (see [32], but
also [33]), but of course they require us to handle the computation of dy, and of
its gradient with respect to ¢. This can be done, for instance, via the so-called Fast
Marching method (see Rouy and Tourin [174] for a consistent discretization, [182]
for an efficient algorithm, and [25] for the computation of the gradient).
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Branched Transportation Networks In this very last part of the section we
consider a minimal flow problem, where, contrary to what happens in traffic
congestion (Sect. 4.6), joint transportation on a common path is encouraged. This is
reasonable when we consider “economy of scale” principles: when a single planner
needs to organize a transport (building a transportation network, for instance), the
total cost happens to be sub-additive (the cost of moving two objects cannot exceed
the sum of the two costs), and in many cases it has decreasing marginal costs (i.e.
the cost of adding a unit to a given background quantity is a decreasing function of
the background, which means that the cost is actually concave).

Note that we are considering here the transport cost as a function of the mass, and
not of the length. The silent assumption is that the cost will be linear in the length
(is the case in all minimal flow problems). Many branching structures transporting
different fluids, such as road systems, communication networks, river basins, blood
vessels, leaves, trees and so on... may be easily thought of as coming from a
variational principle for a cost of this kind. In all these cases, the shape of the optimal
solution for this kind of problem follows the same principle: particles are collected
at some points, move together as much as possible, and then branch towards their
different destinations. This is why these problems are nowadays known as branched
transportation problems.

The formalization of the discrete framework of these problems is very classical
in optimization and operational research.

Translating into our language the work of Gilbert [99] (see also [100], these two
works presenting this question as an extension of Steiner’s minimal length problem),
we consider two atomic probability measures o = Y \" | a;8y, and v = 37 _, b;8y;
supported in some compact subset 2 C R?, and we want to connect them through
a weighted oriented graph G = (si, k), Where the s are oriented segments s; =
(pk, qx) in R9 and 6; € R, is a weight associated with the segment s;. We denote
by §x the orientation ‘Z::z ’;  of s and by |s| its length |gx — pil.

We count as incoming the mass conveyed by the segments s = (pk, k) reaching
x, i.e. such that x = g, increased by the mass given by wu, i.e. increased by a;
if x = x;. Similarly, the outgoing mass at x is the total weight of the segments
st = (pk, qx) leaving x, i.e. such that p; = x, increased by the mass taken out by
v,i.e. by b; if x = y;. The set of graphs irrigating v from p is denoted by G(u, v).

For « € [0, 1], we define the cost of a-irrigation of a graph G, also called the
Gilbert energy, as

Ea(G) =Y 0 Isil,

k=1

which means that the cost of moving a mass m along a segment of length [ is m®I.
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Given u, v atomic probabilities, we want to minimize this energy among all
graphs sending p to v, which reads

min {Ey(G) : G € G(u, v)}.

Note that for @ € [0, 1] the function ¢ — #* is concave and subadditive; it is strictly
concave and strictly subadditive for & € (0, 1). In this way larger tubes bringing the
mass from u to v are preferred to several smaller ones transporting the same total
mass. As for the case of the Steiner problem, it can be seen that optimal graphs have
no cycles. It is possible to prove optimality conditions on the free junctions in the
graph, which generalize the 120° condition of the Steiner problem.

More recently Xia, in [200], has proposed a new formalization leading to
generalizations of this problem to arbitrary probability measures n and v, and this
gave rise to a wide literature on the subject (see [27] or [177, Section 4.4]). The
main idea was to translate the Kirchhoff law constraint into a divergence constraint.

Given a finite graph G = (s¢, 0x), we associate with G the vector measure

VG =) OiH), € MUQ).
k

We can express both the cost and the constraint in terms of vg only. First note that
G € G(u, v) (i.e. it satisfies mass balance conditions for irrigating v from w) if and
only if V - vg = p — v. Then, we also write

8:(6) = Y o lal = [ ot art o),
k=1 sptVg

where 6 is the density of vg w.r.t. the H ! measure.
This suggests a continuous Eulerian formulation of Gilbert’s problem by gener-
alizing the Gilbert energy, the minimization problem becoming

min  {Mg(v):ve ML (Q), V.v=p—v). (7.4)

Obviously, one needs to define the energy M,, (which is also called the “«-mass” of
v). Xia’s original idea is to define it by relaxation, i.e.

My (V) = inf{liminfSa(Gn) :Gp € G(y, V), VG, — V in MgiV(Q)} ,
n

where the convergence in Mgiv(Q) means vg, = vandV.vg, =, —v, = V.v
as measures.

As a consequence of a famous rectifiability theorem due to B. White [198], one
can prove that M, (v) < +oo implies that v is a measure concentrated on a set E of
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dimension 1 and satisfying

dv \*
My (V) = — ) daH".
™) /E < de1>

It can also be proven that, when p and v are both atomic measures, we retrieve
Gilbert’s original problem.

From the point of view of the practical search for solutions, branched transport
problems lie in between combinatorial optimization (they are similar to the Steiner
minimal connection problem, which is, on a graph, known to be NP-hard) and
continuous minimal flow problems. The numerical methods for finding a solution
have to face at least two difficulties: concavity (and hence the high number of local
minimizers) and singularity (i.e. working with singular structures such as networks
instead of using L? or smoother functions, as in the congested traffic case).

Inspired by the previous works on phase-field approximation of lower-
dimensional objects, in [164, 176] an approximation for branched transport has
been proposed in the two-dimensional case Q@ C RZ. Let Mgiv(Q) be the space
of vector measures on 2 with divergence which is also a measure (endowed with
the weak convergence of both the measures and their divergences). Consider on
Mgiv(Q) the functionals

Mg(v)zs“—l/ |v(x)|ﬂdx+g“+1/ |Vv(x)|? dx, (7.5)
Q Q

defined on v € H'(Q;R?) and set to +00 outside H' N Mgiv(Q). The exponent
B = 42’:12 is fixed via suitable scaling computations.

Compared to the Modica—Mortola case, here the double-well potential is replaced
with a concave power. Note that concave powers, in their minimization, if the
average value for u is fixed in a region (which is in some sense the meaning of
weak convergence), prefer either u = 0 or |u| to be as large as possible, i.e. there is
sort of a double well at zero and infinity.

Theorem 7.24 Assume d = 2 and o € (%, 1): then we have I"-convergence of the

Sfunctionals MY to cM®, with respect to the convergence in Mgiv(Q), as e — 0,
where c is given by

1
c=a " (deoar/(1 —a))' ™, where co = / Vb —tdt.
0

It is interesting to observe that the above I"'-convergence result is a sort of higher-
dimensional counterpart of a result of Bouchitté et al. [37], who found (in a more
general framework, with applications to the stability of charged droplets) the I"-limit
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of the following energy

Fe(u) = 8"‘_1/ W(u)dx-i—s““/ lu'|? dx
R R

whenever o € (0, 1) is a given exponent and W : Ry — R is a cost function such
that W(0) = 0, W'(0) > 0 and W(s) ~ s for s — oo, where B = %¢=%. The
I'-limit is a functional F on measures of the same form as those studied in Sect. 3.3,

and more precisely

Fu) = {Zz g(ai) ifu= Zi a,-(le.

400 if u is not purely atomic,

where g(s) is proportional to s*. Theorem 7.24 differs from the result of [37] in
that it concerns one-dimensional energies in a 2D setting, while [37] concerns O-
dimensional energies (the limit measures are forced to be purely atomic) in a 1D
setting. The 2D statement can be guessed (but not easily proven) from the 1D result
via a slicing procedure.

As a consequence of the approximation result contained in Theorem 7.24,
E. Oudet performed efficient numerical simulations by minimizing the functionals
MY (more precisely: first a large value of ¢ is fixed, so that the problem is more
or less convex, and a minimizer is found by gradient descent, then, following a
continuation method, the value of ¢ is reduced and at every step the gradient descent
starts from the previously found minimizer). In the end we find a “well-chosen”
local minimizer, quite satisfactory in practice. This has been used in [168] to solve
a shape optimization problem consisting in finding the set with unit volume which
is the closest in the sense of branched transport to the Dirac mass 8¢, a set which is
conjectured to have fractal boundary.

7.6 Exercises

Exercise 7.1 Let (F},), be a sequence of functionals defined on a common metric
space X, such that F;, < Fj,y for every n. Assume that each F, is L.s.c. and set

F :=sup,, F,. Prove F, —F> F.

Exercise 7.2 Consider a continuous function F : X — R defined on a metric
space (X,d) and a function G : X — [0, 4+00]. Define FnJr = F + %G and
F,=F— %G.

1. Prove that we have F," EN F if and only if the set {G < +o0} is dense.

2. Prove that we have F,~ L Fifand only if G is finite everywhere and locally
bounded around each point of X.
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Exercise 7.3 Let (F},), be a sequence of functionals defined on a common compact
metric space X. Prove that there exists a subsequence F;;, and a function F such that

r
Fy, — F.

Exercise 7.4 Prove the result of Proposition 7.11 when |€2| is not of finite measure,
but has o -finite measure.

Exercise 7.5 Let us define the following functionals on X = L3([—1,1])

1 1 .
Py e |3 S W OP A+ [ @ — P dr it u e H(=1, 1),
! +00 otherwise;
together with
1 rl 2 . 1
Hw) = 3 [ @) —t*dr ifu e Hy([—1,1]),
+00 otherwise;

and F(u) := %f_ll lu(t) — t|?dr forevery u € X.

. Prove that, for each n, the functional F,, is l.s.c. for the L2 (strong) convergence.

. Prove that F is l.s.c. for the same convergence, but not H.

. Find the minimizer u,, of F,, over X.

. Find the limit as n — oo of u,,. Is it a strong L? limit? Is it a uniform limit? A
pointwise a.e. limit?

5. Find the I'-limit of F},.

6. Does the functional H admit a minimizer in X?

W =

Exercise 7.6 Let @ C R? be an open domain. On the space HOl (£2) consider the
sequence of functionals

) =/ |:|Vu(x)|2 N sin(eu(x))} &
Q 2 &

1. Prove that, for each ¢ > 0, the functional F, admits at least a minimizer u,.

. Prove that the minimizers u, satisfy ||Vu€||i2 < 2|lugl|z1 and that the norm

[luelly X is bounded by a constant independent of €.

[\

. Find the I'-limit Fjy, in the weak HOl topology, of the functionals F; as & — 0.
. Characterize via a PDE the unique minimizer u¢ of the limit functional Fj.

. Prove u; — ug in the weak H(} topology.

. Prove that the convergence u, — uy is actually strong in Hol.

AN DN B~ W

Exercise 7.7 Prove the convergence in the last question of Exercise 5.9 using I'-
convergence.
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Exercise 7.8 Given a sequence of functions a, : 2 — R which are bounded from
below and above by two strictly positive constants a_, a4 and a function a bounded
by the same constants, prove that we have

if and only if we have a,, — a in L? (and hence in all L? spaces for p < 00).

Exercise 7.9 Consider the following sequence of minimization problems, for n >
0,

. ! ' (1)) 3.0 ., |
min / 3 — 5 -t |5 tsin (nt) Ju@)) dt:ue H ([0,1]),u(0)=0¢,
0 \ 5 +sin“(n1) 2

calling u,, their unique minimizers and m,, their minimal values.
Prove that we have u,, (1) — t> — 2¢ uniformly, and m,, — —2/3.

Exercise 7.10 Consider the functions a, : [0, 1] — R given by a,(x) = a(nx)
where a = ZZkeZ Lok, 2k+1] + ZkeZ Lp2k—1,2¢). Given f € Ll([O, 1]) with
fol f(@)dt =0and p € (1, +00), compute

1
lim min {/ <%an|u’(t)|l’dt + f(t)u(t)) dr : ue whe(lo, 1])}.
0

n—o00

Exercise 7.11 Let @ C R? be the unit square = (0, 1)?> and S = {0} x (0, 1) C
082. Consider the functions a,, : 2 — R defined via

R ifx e [Z, &) fork e Z
an(x,y) = : 2%k+1 2k+2
Ay ifx e[55-, 55F) fork € Z,

where 0 < Ag < Ay are two given values. On the space L2(€2) (endowed with the
strong L? convergence), consider the sequence of functionals

JqanVul* ifu € X,

400 if not,

Fou) = {

where X ¢ L%() is the space of functions u € H'(Q) satisfying Tr[u] = O on S.
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Set for convenience

1 1\ !
L4+l Ao+ A
A* = u and ‘,40 = g.
2 2

Find the I'-limit of F},. Is it of the form F(u) = f |Vul|? foru € X?

Exercise 7.12 Let u,, ¢, be two sequences of fuinctions belonging to H 1 ([0, 1D.
Assume

Up — uo, o — @0, En(un, ¢n,[0,1]) <C,

where E, is the energy defined for every interval J C [0, 1] through
2 L2 T 2
En(u, ¢, J) = e’ O + —le (O + S| — @) | dr,
J 2n 2

C € R is a given constant, the weak convergence of u,, and v, occur in L2([0, 1],
and ug is a function which is piecewise C U on [0, 1] (i.e. there exists a partition
0=1y<t <--- <ty =1suchthatuy e C'((t, ti+1)), and the limits of u( exist
and are finite at 1 = tl.jE but uo(s;") # uo(tl*) fori=1,...,N —1).

Denote by J the family of all the intervals J compactly contained in one of the
open intervals (¢, t;+1[). Also assume, for simplicity, that we have u, — ug in
H'(J) for every interval J € 7.

Prove that we necessarily have

1. 9o = 1 a.e. and ¢, — @ strongly in L.

2. liminf,— « E; (un, @, J) > f 146(t)|2 dt for every interval J € 9.

3. liminf,_, o E, (4, ¢n, J) > 1ffor every interval J containing one of the points
t;.

4. C > liminf, oo En(itn, @n. [0, 11) > [0 luh(0)>dr + (N — 1).

Exercise 7.13 Let u, be solutions of the minimization problems P, given by
e 1
. i / 2 s 02 3 . 1
P, = mm{/ <§|u ®)] +2— sin“(u())+107|u(t) — t|> dt tueH ([O,n])}.
0 &

Prove that u, converges strongly (the whole sequence, not up to subsequences!!) in
L! to a function up as ¢ — 0, find this function, and prove that the convergence is
actually strong in all the L? spaces with p < oo. Is it a strong L°° convergence?
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Hints

Hint to Exercise 7.1 Use F,, > F,, and the semicontinuity of each F,,.

Hint to Exercise 7.2 For F, the only difficult part is the I'-limsup. Use Proposi-
tion 7.3. For F, the only difficult part is the I"-liminf.

Hint to Exercise 7.3 Consider the sets Epi(F,;) N (X x [0, M]), and prove that any
local Hausdorff limit of epigraphs is an epigraph.

Hint to Exercise 7.4 Consider a sup of restrictions to finite-measure subsets.

Hint to Exercise 7.5 The key point to realize is that the I'-limit of F}, is F and not
H.

Hint to Exercise 7.6 Use a suitable Taylor expansion of the sine function to justify
that the I'-limit is the pointwise limit. The strong H'! convergence comes from the
convergence of the minimal value.

Hint to Exercise 7.7 Use the variational formulation of Exercise 5.9 and prove
I'-convergence noting that we indeed have strong convergence of the coefficients
in the integrand.

Hint to Exercise 7.8 Use an inequality of the form % > % — qiz(t —5) +clt — |2
Hint to Exercise 7.9 Use Proposition 7.14.
Hint to Exercise 7.10 Again, use Proposition 7.14.

Hint to Exercise 7.11 For the I'-liminf, separately deal with d,u, (the number A,
will appear) and dyu, (here the number A, will appear). For the I"-limsup, use the
antiderivative in one direction.

Hint to Exercise 7.12 Adapt the result that we briefly sketched for the Ambrosio—
Tortorelli approximation.

Hint to Exercise 7.13 Adapt the proof of the Modica—Mortola result to this case
with infinitely many wells and find the minimizer of the limit functional, which is a
combination of the number of jumps and the L' distance from the identity.
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