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Abstract. Although CT is a rapidly expanding field of educational research, it
is a relatively new concept in official national curricula. From the perspective of
curriculum policy, CT is closest to two subjects taught in primary and secondary
schools: computing/informatics and mathematics. Since informatics is not present
as a separate subject in many countries, proponents of CT should find alternative
routes for introducing this new body of knowledge in curricula. There are three
main ways as to how it has been done in various countries: (A) adding CT into
the existing informatics/computing curriculum, (B) integrating CT in the curricu-
lum of some other subject — most likely, mathematics, and (C) introducing CT
through cross-curriculum theme and interdisciplinary STEM/STEAM projects.
This paper discusses the similarities and differences of computational and math-
ematical thinking that could potentially empower each other though meaningful
integration in math lessons. Using the cases of Finland, Estonia, and Lithuania as
examples, different approaches to integrating computational thinking into K-12
education will be contrasted and compared.

Keywords: Computational Thinking - Mathematical Thinking - informatics
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1 Introduction

There is a well-known story about a philosophy professor who took an empty jar to his
lecture. Standing in front of the class, he pulled some rocks out of his belongings and
filled the jar with them. Everyone agreed that the jar was full. He then pulled out some
pebbles and so filled the larger gaps between the rocks. The jar once again was full.
Surprisingly, he then pulled out a box of sand and let it fill up the remaining spaces in
the jar. The jar was full again. Even though this scene must have been unexpected, it
proves the point that all the larger and smaller pieces you placed in the jar represent
aspects of your life. It matters a lot if the jar is first filled with rocks or sand — if the sand,
small unneccessary items are put in the jar first, you’ll never have enough time for the
big important things in your life.

This widely popular story has had its place as a reminder to set priorities in one’s
life and take time for important things. Yet, this paper won’t try to argue or support that
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matter. Computational thinking has been one of the most popular topics around computer
science education in schools for more than 15 years, and many of the educators believe
computational thinking to be one of those big rocks or at least some pebbles in the jar. But
is it actually necessary or could we maybe solve the question of adding computational
thinking teaching in K-12 differently?

First, we will provide an overview of two constructs — computational and mathe-
matical thinking, then discuss the similarities and differences. Three cases from small
European countries are used as examples to contrast and compare different approaches
to introducing Computational Thinking in K-12 education. The metaphors of the rocks,
pebbles and sand will help us to explain the challenges and solutions where identifying
a suitable level of granularity of CT elements might avoid overwhelming the existing
curricula.

2 Key Concepts

2.1 Computational Thinking

Computational Thinking (CT) as a term was coined by Wing [1], although it was not
a totally new concept [2]. Its roots go back to the 1980s when Seymour Papert was
first to mention it in his work about the LOGO programming language [3]. During the
last 15 years, computational thinking has been at the centre of educational research as
well as school innovations. Wing [1] described CT as a way of thinking that “involves
solving problems, designing systems, and understanding human behaviour, by drawing
on the concepts fundamental to computer science” [1, p. 33]. Over the years, there
have been a number of attempts to operationalise the definition of CT, yet it has still
remained a challenge. On a larger scale, proposed definitions of CT can be divided into
two categories: ones that are more related to programming and computing concepts and
the ones that see computational thinking as a broader problem solving skill [4]. First
group of definitions value the computer science counterpart in them, adding skills like
programming, debugging, computational models and solutions, and the use of software
to them [2, 5-7]. The more universal definitions of computational thinking see it as a
broader, transferable skill that could be addressed in the context of different subjects.
Those definitions include CT components like problem identification, decomposition,
algorithmic thinking, evaluation and generalisation as well as data practices [8—10].

Despite the ongoing discussion, studies mostly agree that integrating computational
thinking in the school context will be beneficial. Weintrop et al. [6], who studied com-
putational thinking in the context of mathematics and science, stated three main benefits
of the integration. Firstly, it will develop the reciprocal relationship between learning
mathematics, science and CT concepts; secondly, it will help to create a more accessible
classroom environment; and finally, it keeps the mathematics and science classrooms
aligned with current professional practices.

Integrating CT in the school context can be done on different levels. It can be 1)
unplugged, meaning no computers are used, 2) include digital gadgets like programmable
robots, or 3) be screen-based, with visual- or text-based programming environments
[11]. Kotsopoulos et al. [12] proposed a four-phased Computational Thinking Pedagog-
ical Framework (CTPF) that consisted of unplugged, tinkering, making and remixing
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stages. They stressed that a sequential approach may be helpful to understand the idea
of computational thinking for novice learners.

From the perspective of policy makers, there are overall three different approaches to
implement computational thinking to school education: 1) adding computational think-
ing across the curriculum in different subjects; 2) computational thinking is taught as
a separate subject and 3) implementing computational thinking ideas into subjects that
already exist in the school curricula [13].

2.2 Mathematical Thinking

Mathematical thinking does not refer solely to a specific subject, rather to a larger set of
mathematical processes and operations that could generally be applied to any field [14].
As Polya [15] stated, the most important part of mathematical education is that it should
teach students to think. Harel and Sower [16] stressed that mathematical understanding
and thinking should be kept apart. Mathematical understanding refers to making sense
of a particular mathematical problem, while mathematical thinking is something more
universal, the key to understanding.

Habits of Mind were introduced by Cuoco, Goldenberg, and Mark in 1996 [17] for
rethinking and reorganizing high school mathematics learning and teaching. They argued
that high school mathematics teaching should provide students with real mathematical
methods in order to help them think about mathematics in the way that mathematicians
do. They suggested that those habits of mind could be divided into two: ones that are
not limited to mathematics only, but cut across other disciplines, and the ones that are
related to mathematics, so-called content specific habits. Mathematics related habits
include skills like “thinking big and talking small” meaning generalizing and abstract-
ing, thinking in ways of functions, using multiple points of view and mixing deduction
and experiment. General habits include skills like finding patterns, experimenting, for-
mulating written and oral descriptions, tinkering, inventing, using visualization, and
conjecturing and guessing [17].

Mathematical literacy is defined in PISA as “...an individual’s capacity to formulate,
employ and interpret mathematics in a variety of contexts. It includes reasoning math-
ematically and using mathematical concepts, procedures, facts and tools to describe,
explain and predict phenomena. It assists individuals to recognise the role that mathe-
matics plays in the world and to make the well-founded judgements and decisions needed
by constructive, engaged and reflective citizens” [18, p. 65]. This definition emphasises
the need to use mathematics in context and to develop a deeper understanding of mathe-
matics concepts because more and more daily-life situations and problems require some
basic level of mathematical reasoning [19].

Mathematical literacy in the new PISA 2022 Mathematics Framework Draft [20]
consists of the relationship between mathematical reasoning and problem solving skills
(Fig. 1). Firstly, one has to be able to notice the mathematical nature in a (real life)
situation and formulate it in the correct mathematical terms. The employment stage
refers to the need to use the mathematical tools taught in school to solve the problem.
Lastly, the outcome has to be evaluated in the context of the (real-life) problem. All
those steps mentioned above are supported by mathematical reasoning skills.
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Fig. 1. Mathematical thinking process illustrated in PISA 2022 Mathematics Framework Draft
[20]

2.3 Similarities between Computational and Mathematical Thinking

In the organising principle for mathematics curricula Habits of Mind, Couco and his
colleagues stated that high school students should be helped to “learn and adopt some
of the ways that mathematicians think about problems” [17]. About a decade later when
teaching informatics was at a crossroad, Wing dreamed that everyone should be taught
the basics of computational thinking — the ways and tools computer scientists use when
solving problems [1]. Although those concepts differ from each other, they also share
similar traits, not to mention the similarities in how the problems were addressed.

When trying to understand and compare the real heart of the two concepts, math-
ematical and computational thinking, one notices a similar aim of those two ways of
thought processes. Going back to the 80’s, Halmos [21] outlined that the existential
reason for mathematics or as Stanic and Kilpatric [22] said — the real heart of it, is to
solve problems. Winding 20 years ahead, similar ideas are used to describe the essence
of computational thinking. Wing [1] said that “computational thinking involves solving
problems” [1, p. 33], later computational thinking as an activity was seen as something
“associated with, but not limited to, problem solving” [8]. Therefore, computational
thinking not only shares ways with mathematical thinking [23], but also has similar
overall aim. While going more in depth with the comparison of those concepts, several
authors have made their statements about that.

Sneider and his colleagues [24] tried to describe the connection between mathemat-
ical and computational thinking using a Venn diagram (Fig. 2). Mathematical skills are
related strictly to the subject, like counting, arithmetic, algebra, geometry and others.
Computational thinking involves skills like simulation, algorithmic reasoning, gaming,
programming and others. But these two ways of thinking also share a number of sim-
ilar capabilities like problem solving, modeling, analyzing and interpreting data and
statistics and probability.

Swedish researchers Brating and Kilhamn [25] have studied the connections between
algebraic and computational thinking in the context of changes in the local curriculum.
Teaching mathematics includes fostering algebraic thinking. They stated that at least
on the theoretical level, both algebraic and computational thinking value the process
of problem-solving more than the result, although the domains themselves are rather
different from each other [25, 26].
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Fig. 2. The overlap of Computational and Mathematical thinking illustrated by a Venn diagramm
[24]

Pei et al. [27] also see the overlap between computational and mathematical thinking.
They describe how computational thinking and mathematical habits of mind are strongly
related and mutually supportive. Therefore, adding a computational aspect to the math-
ematics classroom will create a larger and more meaningful mathematics learning expe-
rience. Weintrop and his colleagues [6] also saw computational thinking as a beneficial
component of mathematics classrooms. They formulated a taxonomy where the integra-
tion of CT can be divided into four categories: data practices, modeling and simulation
practices, computational problem-solving practices and systems-thinking practices [6].
More recent research on integrating computational thinking into mathematics education
was conducted by Kallia and her colleagues [28], who described computational thinking
as an’umbrella’ concept that does not depend on the context, therefore, is adaptable
to different situations. It was agreed that while talking about computational thinking in
the context of mathematics education, three main aspects should be considered: problem
solving as a fundamental part of mathematics education in which computational thinking
can be taught, cognitive process meaning the different thinking processes that mathe-
matical and computational thinking share, and transposition or the ability to phrase the
solution of a mathematical problem [28].

The overlap between those concepts has been noticed and acted on already at a larger
scale. The need to “encompass the synergistic and reciprocal relationship between math-
ematical thinking and computational thinking” is clearly stated in the draft of the PISA
2022 Mathematics framework [20, p.7]. Enriched with many examples, the main empha-
sis is on how those two concepts complement each other, giving out endless possibilities
to deepen the understanding of mathematics while interacting more effectively with new
technologies. More precisely, students should be able to show their computational think-
ing skills in the three parts of mathematical literacy described above [20]. In addition
to the named benefits of integrating CT into mathematics classes, Stephens and Kadije-
vich [29] also described examples of integrating CT into mathematics classes in several
countries. Since the integration of CT into mathematics is complex, countries have cho-
sen different levels of integration (cross-curricular integration vs a separate subject) or
fundamentally different approaches (more of a gradual introduction vs having a formal
subject for everyone).
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3 CT-Related Curriculum Policies in Three Countries

Computational thinking has been added to national curricula in various countries. While
some of the countries have chosen to teach computational thinking as a separate disci-
pline, other countries have divided it into several subjects as a cross-curricular approach
or added it into the curricula of the subjects students are already familiar with [13]. An
overview of the three different approaches in Lithuania, Finland and Estonia is introduced
in the next sections.

3.1 Lithuania

The Lithuanian education system is free of charge and is compulsory until the student
is 16 years of age. School education consists of mainly three parts: primary, basic and
secondary education, all together 12 years. In addition to that, youth schools are an alter-
native to basic education that offer pre-vocational training during the studies. Secondary
education curricula consist of compulsory and optional modules and this level of edu-
cation can be acquired in either gymnasiums, pre-gymnasiums, full or short secondary,
vocational or other schools [30].

Information technology (IT) courses are part of compulsory education in Lithuania.
At primary level, informatics is taught as a part of other subjects. In the lower secondary
school (grade 5-10) IT is taught for one hour a week, emphasising students to see
the integrative nature of IT and how it benefits their overall study process. While IT
is compulsory at the lower secondary level, it is an elective course at upper secondary
school (grade 11-12). The level of I'T studies in schools at both lower and upper secondary
school level depends heavily on the level of skills and knowledge of the teachers [30-32].

Teaching and learning computational thinking (lithuanian “informatinio mastymo”)
concepts are also part of the compulsory IT course. The subject includes five areas
of knowledge: information; digital technologies; algorithms and programming; virtual
communication; security, ethics and legal principles. The studies in upper secondary
school include topics related to electronic publishing, database design and management,
and programming [30, 31]. In 2023 a new curriculum will come into effect that will
change the matter of IT education. More of a cross-curricular approach at the primary
school level is being introduced, including studying CT components in other subjects
[32]. The new curriculum, that is most probably going to be accepted in the summer
of 2022, continues with a compulsory computer science education as a separate subject
from the 5th grade, setting teaching computational thinking skills as one of the main
learning outcomes in the basic school as well as secondary school level.

3.2 Finland

The Finnish educational system also consists of basic education (grades 1-9) and upper
secondary education. Upper secondary education can be divided into two: more general
and rather academically oriented education, and vocational education which aims is to
prepare students for direct employment or further studies in the polytechnics [33]. Up
until recently, only basic education was compulsory. Continuing studies in the upper
secondary or vocational level was rather popular with more than 90% of young people
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electing to do so, but it was not officially compulsory. Starting from August 2021, the
compulsory education was extended, now students have to complete an upper secondary
qualification (either from the general or vocational education) or attend school until
18 years of age [34, 35].

Years 1-2 Years 3-6 | Years 7-9
Digital competence | using digital media, technological fluency | impact of technology, tech-integration
Math step-by-step instructions visual programming | algorithmic thinking,
good computing conventions
Crafts robots, automation embedded systems,
own artifacts

Fig. 3. Computer Science related topics in Finnish basic school (Niemeli et al., 2017)

Finland has approached teaching CT as a more cross-curricular activity. The division
of computer science related topics in basic school level can be seen above (Fig. 3).
Starting from 2016, they were one of the first countries in the European Union to set
“algorithmic thinking” and programming as a mandatory part of the curriculum starting
from the 1st grade [31]. In the basic education, i.e.grades 1-9, learning and teaching
CT is integrated in different subjects from arts to environmental studies, but mainly in
the mathematics lessons. Algorithmic thinking is stated as one of the 20 objectives for
Maths. Later on in upper secondary education, different courses related to programming,
computer science and CT are offered [32]. The introduction to CT skills is a continuous
process where in every grade some additional skills are taught. It starts with learning
to give step-by-step instructions in the first two school years that is followed by using
visual programming tools. During the years in the basic education, they are gradually
introduced to more and more complex concepts. In whatever subject the programming
tasks are used, they always serve a higher purpose for the learning process and are also
aligned with transversal competences in the national core curriculum [31].

3.3 Estonia

The Estonian education system also consists of nine years of basic education that can
be followed by general upper secondary or vocational education. Education is provided
free of charge and the studies are meant to support the lifelong learning process [36, 37].

The informatics related subject has been on and off the national curriculum in Estonia.
From the mid 90s to the early 2000s, it was part of the national curriculum as an elective
course named informatics. In the first decade of the 2000s, informatics was not a separate
subject in the curriculum, but students had to be introduced to compulsory information
and communications technology (ICT) skills by the end of basic school as a part of other
subjects. From 2011, informatics or subjects related to the concept are back as elective
subjects in basic as well as upper secondary education [38].

More of an holistic approach of informatics education throughout the twelve years
of school has been offered to be in the new updated national curricula and is described
in the figure above (Fig. 4). New versions of the syllabuses were sent to the government
in January 2022 and hopefully will be in action from 2023. In the basic education cur-
riculum, the central concepts that the curriculum is based on are 1) design thinking for
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7-9 llnfovmauon society technologies Digital project: loT, AR, robo

4-6 Programming | Digital hygiene Digital media

1-3 Coding | Digital safety Digital art

Grades

Fig. 4. Holistic view of K-12 informatics curriculum (Niemeli et al., 2021)

creative and collaborative learning and 2) computational thinking for a more thorough
way of solving real world problems. As seen in Fig. 4, during grades 1-6, students
are introduced to basic concepts of different fields, whereas in grades 7-9 the knowl-
edge will be brought together to solve real-life problems in a collaborative way. During
the upper secondary school level, the informatics related subjects stress the importance
of developing practical ICT, creative thinking and collaboration skills. Therefore, the
outcomes of the elective courses can be put into action during the collaborative soft-
ware project. Students in basic and in upper secondary school level have to conduct an
empirical research or practical project to graduate, therefore adding digital project in
the lower secondary school and collaborative software project in the upper secondary
school level gives students more possibilities to pass the mandatory part of curriculum
in more collaborative and 21st century self-directed learning ways.

4 Discussion

As shown above, there is no one way to integrate computational thinking ideas into school
curriculum. Several examples of integrating CT into mathematics have been introduced
by Stephens and Kadijevich [29], but in general three main ways of integration have
been identified [13]: (1) CT as a cross-curricular theme; (2) CT as a separate subject; (3)
selected CT ideas integrated in a few chosen subjects. As our study showed, often some
kind of mix of these approaches is used. Lithuania has a long history of computer science
education [38], therefore it is no surprise that the main way to bring computational
thinking ideas to K-12 education is through a separate computer science curriculum,
but pilot studies have already been conducted to introduce more of a cross-curriculum
approach in primary schools in the future [32]. Finland has also worked on a mix of
cross-curricular integration and single-subject model, although the main responsibility
for teaching CT lies on mathematics teachers [13, 32]. Estonia falls somewhere between
these two approaches. Computational thinking is mentioned in the “not yet official but
already in use” documentation for the upcoming elective informatics subject both in basic
and secondary school. Although elective courses have many benefits, such as having a
wide range of topics to cover and an unlimited number of lessons that the school themself
can agree on, it also brings up some problems. Dagiene and Stupuriene [30] mentioned
that although informatics is a compulsory subject in Lithuania, the level of teaching
depends heavily on the knowledge and skills of the teachers. Estonia is facing a similar
problem — although teaching ICT skills is set as a priority in Estonia, there is a lack of
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competent IT teachers [39], and the actual level of IT education varies between schools.
It has been calculated that only a quarter of teachers actually have qualifications to teach
IT. Although having computational thinking skills integrated into the next curriculum is
already a step ahead, it might still not be enough.

Now, imagine the jar full of rocks, pebbles and sand again. School curricula are
mostly full and those already existing subjects like mathematics can be seen as rocks in
the jar, filling biggest parts of the curricula. This also means that adding new courses
or subjects automatically refers to the need to discard some of the existing learning
outcomes. Therefore, the integration of CT or anything else new has to be thought
through, adding them in smaller pieces, or as pebbles and sand to the jar.

Some countries see teaching computational thinking as a quite a pebble in the jar of
curriculum — it has its place as a separate subject like Lithuania does. As shown before,
they soon will have an additional way of cross-curricular approach at the primary level.
This could be seen as some sand in the existing slots in the jar. Finland has taken
another path, adding computational thinking as smaller pieces mainly in the context of
mathematics to the curriculum. While trying to visualise it, mathematics could be seen
as a bigger rock and the computational thinking counterpart as a sand to fill in the gaps
around it. Estonian approach is more difficult to picture. Is computational thinking added
as a sand to the learning outcomes of informatics lesson that could easily fill the voids
or is it just adding additional pebbles to the jar that are already falling out of the jar?

As discussed above, computational thinking shares many similarities with mathe-
matical thinking, sharing similar sub-skills [6, 24] and a ground-base [1, 17, 24, 25].
Using the same metaphor, the integration of CT into mathematics classes could also
be illustrated with rocks, pebbles and sand. The smallest granularity of CT elements
in the mathematics classroom could be computational tasks meant only for the gifted
students as a way to enrich the school-level mathematics or prepare them for the mathe-
matics competitions. The next level of granularity, pebbles, could address some specific
learning outcomes of mathematics curricula and engage all students in widening their
understanding of abstract mathematical concepts in computational context that might be
more interesting, closer to real life. The largest granularity level of CT elements would
bring in another “rock” in the jar by introducing CT as a separate course — if the existing
curriculum allows it. On the other hand, the “CT rock” could be also introduced as a
cross-curricular theme, in the form of interdisciplinary project-based learning as it is
done in Finnish case of phenomenon-based learning.

5 Conclusions

This paper considers the similarities and differences of computational and mathematical
thinking, two concepts that could potentially empower each other in school curricula.
The three main ways to introduce how computational thinking has been integrated in the
K-12 education was illustrated by the examples of three close countries: Finland, Esto-
nia and Lithuania. While introducing computational thinking in K-12 education is seen
as important and beneficial by many authors, making changes to the existing curricu-
lum is never easy. Designing school curricula is a highly contextualized and politicized
process, which is why every country has to find their own way for introducing computa-
tional thinking in schools. We have provided some arguments for adding computational
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thinking in everyday school-life as smaller pieces in the context of similar concepts like
mathematics could be a solution for some countries, to avoid overwhelming the existing
curricula.
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