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Abstract. The fuzzy core is well-known in theoretical economics, it
is widely applied to model the conditions of perfect competition. In
contrast, the original author’s concept of fuzzy contractual allocation
as a specific element of the fuzzy core is not so widely known in the lit-
erature, but it also represents a (refined) model of perfect competition.
This motivates the study of its validity: the existence of fuzzily con-
tractual allocations in an economic model; it also implies the existence
(non-emptiness) of the fuzzy core and develops an approach from [15].
The proof is based on two well-known theorems: Michael’s theorem
on the existence of a continuous selector for a point-to-set mapping
and Brouwer’s fixed point theorem. In literature, only the non-emptiness
of the fuzzy core was proven under essentially stronger assumptions—
typically, it applies replicated economies and Edgeworth equilibria.

Keywords: Fuzzy core · Fuzzy contractual allocation · Edgeworth
equilibria · Perfect competition · Existence theorems

1 Introduction

In modern economic theory, the idea of perfect competition is implemented
in many ways. Among others one can find the famous Aumann [3] approach based
on a model with a non-atomic set of economic agents, non-standard economies
according to Brown–Robinson [5] and, of course, the asymptotic Debreu–Scarf
Theorem [6], as well as other results, including the contractual approach devel-
oped by the author. The history of the idea of perfect competition goes back
to Edgeworth and his well-known conjecture [7] that the core (contract curve)
shrinks into equilibrium. The proof of this conjecture, based on the idea of repli-
cation of economic agents, was proposed in [6]. Later it turned out that the limit

The study was supported by the Program of Basic Scientific Research of the Siberian
Branch of the Russian Academy of Sciences (Grant no. FWNF-2022-0019).

c© The Author(s), under exclusive license to Springer Nature Switzerland AG 2023
M. Khachay et al. (Eds.): MOTOR 2023, CCIS 1881, pp. 308–323, 2023.
https://doi.org/10.1007/978-3-031-43257-6_23

http://crossmark.crossref.org/dialog/?doi=10.1007/978-3-031-43257-6_23&domain=pdf
http://orcid.org/0000-0002-5549-025X
https://doi.org/10.1007/978-3-031-43257-6_23


On the Existence of Fuzzy Contractual Allocations 309

allocations from the core of the replicated economy, named by Aliprantis as Edge-
worth equilibria, are elements of the fuzzy core of the economy—a concept intro-
duced in [2]. Edgeworth equilibrium is an attainable allocation whose r-fold rep-
etition belongs to the core of the r-fold replica of the original economy, for any
positive integer r.

Due to Debreu–Scarf theorem on the limit coincidence of equilibria
and the core for the replicated economy, the fuzzy core was started to be
also applied to state the existence of competitive equilibrium. As a result, now
the fuzzy core is widely used in theoretical economics, e.g. see [1,8,9]. One can
see also [4] as one of the latest results on the existence of fussy core (under essen-
tially stronger assumptions than in [15]). The original author’s concept of fuzzy
contractual allocation [10,12–14] is not so widely known in the literature, but it
also represents an effective model of perfect competition in its simplest form.
The idea of fuzzy contractual allocation is that, in the current contractual situa-
tion, agents can break contracts asymmetrically, without coordination with other
individuals and without transferring information about their intentions, i.e. act-
ing in a secret manner. Further, individuals can try to find a new contract, such
that this contractual interaction—a break and a signing of a new contract—is
beneficial to each of its participants. If this happens, we are talking about fuzzy
contractual domination. Allocations that are not dominated in this sense are
called fuzzy contractual. They have the highest level of stability and, as it fol-
lows from the analysis, every fuzzy contractual allocation belongs to the fuzzy
core and presents competitive equilibrium. This allows us to state that it is
a model of perfect competition.

Thus, both notions—fuzzy core and fuzzy contractual allocation—play key
roles in modern economic theory, and the conditions under which they exist
have a high theoretical meaning. The paper examines this problem and states
the existence of fuzzy contractual allocations for an economy under very weak
conditions1. This also implies the non-emptiness of the fuzzy core. Our proof is
based on two well-known theorems, they are Michael’s theorem on the existence
of a continuous selector for a point-to-set mapping and Brouwer’s fixed point
theorem. A direct proof of the existence of fuzzy contractual allocations is a new
result, while the non-emptiness of the fuzzy core is well known (under stronger
assumptions). In [15] I suggested the direct proof of fuzzy core non-emptiness,
which is efficient and shortest one among others; it also was stimulating our mod-
ern study, which develops our approach. As a result, I have produced new results
that can be incorporated in proving the existence of Walrasian equilibrium
in economies, even with infinite-dimensional commodity spaces, e.g. see [11].

1 A convex model with a compact set A(X) of feasible allocations and preferences
that are continuously extendable to a neighborhood of A(X).
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2 An Economic Model, Fuzzy Core and Contractual
Approach

I consider a typical exchange economy in which L denotes the (finite-dimen-
sional) space of commodities. Let I = {1, . . . , n} be a set of agents (traders
or consumers). A consumer i ∈ I is characterized by a consumption set Xi ⊂ L,
an initial endowment ei ∈ L, and a preference relation described by a point-
to-set mapping Pi : X ⇒ Xi where X =

∏
j∈I Xj and Pi(x) denotes the set

of all consumption bundles strictly preferred by the i-th agent to the bundle xi

relative to allocation x ∈ X. It is also can be applied the notation yi �i xi which
is equivalent to yi ∈ Pi(x) (to simplify notations; preferences can indirectly
depend on other agents consumption xj ∈ Xj j ∈ I, j �= i). So, the pure
exchange model may be represented as a triplet

E = 〈I, L, (Xi,Pi, ei)i∈I〉.

Let us denote by e = (ei)i∈I the vector of initial endowments of all traders
of the economy. Denote X =

∏
i∈I Xi and let

A(X) = {x ∈ X |
∑

i∈I
xi =

∑

i∈I
ei }

be the set of all feasible allocations. Now let us recall some definitions.
A pair (x, p) is said to be a quasi-equilibrium of E if x ∈ A(X) and there

exists a linear functional p �= 0 onto L such that

〈p,Pi(x)〉 ≥ pxi = pei, ∀i ∈ I.

A quasi-equilibrium such that x′
i ∈ Pi(x) actually implies px′

i > pxi is a Wal-
rasian or competitive equilibrium.

An allocation x ∈ A(X) is said to be dominated (blocked) by a nonempty
coalition S ⊆ I if there exists yS ∈ ∏

i∈S Xi such that
∑

i∈S yS
i =

∑
i∈S ei and

yS
i ∈ Pi(x) ∀i ∈ S.

The core of E , denoted by C(E), is the set of all x ∈ A(X) that are blocked
by no (nonempty) coalition.

Everywhere below we assume that model E satisfies the following assumption.
(A) For each i ∈ I, Xi ⊂ L is a convex closed subset, ei ∈ Xi and, for every

x = (xj)j∈I ∈ A(X):

Pi(x) = co[Pi(x) ∪ {xi}] \ {xi}

is a convex set.
Notice that due to (A) preferences may be satiated, i.e., Pi(x) = ∅ is possible

for some agent i and x ∈ X. However, if Pi(x) �= ∅, then preference is locally
non-satiated at the point x.

For the existence of objects under study, we apply the following (weak) pref-
erence continuity assumption.
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(C) For each i ∈ I there is a point-to-set mapping P̂i : X ⇒ L such
that for every x ∈ A(X) the image P̂i(x) is convex, open in L, implements

Pi(x) = P̂i(x) ∩ Xi

and for every yi ∈ P̂i(x) the set

P̂−1
i (yi) = {z ∈ X | yi ∈ P̂i(z)}

is open one in X.

Remark 1. Notice that our modern assumptions (A) and (C) are a bit stronger
of applied in [15]. In (A) I assume in addition that αyi + (1 − α)xi ∈ Pi(x)
for every yi ∈ Pi(x) and α ∈ [1, 0). For (C) now I assumed also that images
Pi(x), x ∈ A(X) can be extended to a neighbourhood of Xi, i ∈ I.

Also, below without loss of generality to simplify notations, I will assume
that Xi is convex and has full dimension, i.e. int Xi �= ∅ ∀i ∈ I.

In the framework of model E , a formal mechanism of contracting and recon-
tracting can be introduced. This mechanism reflects the idea that any group
of agents can find and realize some (permissible) within-the-group exchanges
of commodities referred to as contracts. The mechanism defines the rules of con-
tracting.

2.1 Fuzzy Core and Fuzzy Contractual Allocations

The concept of the fuzzy core is fruitfully working in the theory of economic
equilibrium. I recall that any vector

t = (t1, . . . , tn) �= 0, 0 ≤ ti ≤ 1, ∀i ∈ I
maybe identified with a fuzzy coalition, where the real number ti is interpreted
as the measure of agent i participation in the coalition. A coalition t is said
to dominate (block) an allocation x ∈ A(X) if there exists yt ∈ ∏

I Xi such that
∑

i∈I
tiy

t
i =

∑

i∈I
tiei ⇐⇒

∑

i∈I
ti(yt

i − ei) = 0 (1)

and
yt

i�i xi, ∀i ∈ supp(t) = {i ∈ I | ti > 0}. (2)
The set of all feasible allocations which cannot be dominated by fuzzy coalitions
is called the fuzzy core of the economy E and is denoted by Cf (E).

We begin with a study of the specific properties of the fuzzy core allocations.
The elements of fuzzy core are defined via conditions (1), (2) which for non-
satiated preferences, i.e., when Pi(x) �= ∅, ∀i ∈ I, the domination may be equiv-
alently rewritten in the form2

0 /∈
∑

i∈I
ti(Pi(x) − ei).

2 Admitting some inaccuracy in formulas here and below, we identify a vector
with a one-element set containing it.
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Thus x ∈ Cf (E) is now equivalent to3

0 /∈ co[∪
I
(Pi(x) − ei)], (3)

that after applying separation theorem allows us to conclude that the elements
of the fuzzy core are quasi-equilibria. Below we propose other useful in appli-
cations characterizations of fuzzy core points presented in “geometrical” terms
(introduced in [10]). To this end, let us consider the sets

Υi(x) = co(Pi(x) ∪ {ei}), i ∈ I.

Due to the convexity of Pi(x), for Pi(x) �= ∅, conclude

co(Pi(x) ∪ {ei}) = ∪
0≤λ≤1

[λPi(x) + (1 − λ)ei] = ∪
0≤λ≤1

λ(Pi(x) − ei) + ei, i ∈ I.

This implies that the condition z + e ∈ ∏
I Υi(x), where e = (e1, . . . , en), is

equivalent to the existence of 0 ≤ λi ≤ 1 and [yi ∈ Pi(x) �= ∅ and yi = ei,
if Pi(x) = ∅], i ∈ I such that

z = (λ1(y1 − e1), . . . , λn(yn − en)).

Hence, due to (1), (2)

x ∈ Cf (E) ⇐⇒ � z ∈ LI , z �= 0 : z + e ∈
∏

I
Υi(x) &

∑

i∈I
zi = 0 ⇐⇒

∏

I
Υi(x)

⋂
A(LI) = {e}, (4)

where A(LI) is a subspace defined by the balance constraints of a pure exchange
economy:

A(LI) = {(z1, . . . , zn) ∈ LI |
∑

i∈I
zi =

∑

i∈I
ei}.

Notice that characterization (4) is also valid for satiated preferences. In doing
so, we have proven the following

Proposition 1. An allocation x ∈ A(X) is the element of fuzzy core if and
only if relation (4) is true.

The direct and effective proof of fuzzy core non-emptiness is based on relation
(4) and I suggested it earlier in [15]. In the case of a 2-agent economy, Fig. 1
presents a graphic illustration of conducted analysis in the Edgeworth’s box
for a 2-goods economy. In this case, an allocation x = (x1, x2) lying in the fuzzy
core is equivalent to the convex hulls of P1(x1) ∪ {e1} and of [ē−P2(ē−x1)] ∪
{e1}, ē = e1 + e2 having only one point, e1, in common.

3 Clearly, for a dominating fuzzy coalition t one may always think that
∑

i∈I ti = 1.
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Fig. 1. Fuzzy core

One more important notion, which probably still is not good enough qualified
in theoretical economy, is the notion of fuzzy contractual allocation. First I recall
briefly the conceptual apparatus of the theory of barter contracts, see [10,12,13].

Any vector v = (vi)i∈I ∈ LI satisfying
∑

i∈I vi = 0 is called a barter
(exchange) contract. Such barter contracts are used in pure exchange economies,
as well as in the consumption sector in the economy with production. In what fol-
lows, we assume that any barter agreement is valid. With every finite collection
V of (permissible) contracts, it can be associated allocation x(V ) = e+

∑
v∈V v,

where the vector e = (e1, . . . , en) ∈ X is an initial endowments allocation. If
e +

∑
v∈U v ∈ X ∀U ⊆ V , i.e., if any part of the contracts is broken one can

get anyway a feasible allocation, then we call V a web of contracts. The con-
sideration of webs of contracts allows us to study a huge massive of contractual
interactions including different possibilities of contracts breaking (one of them
is a fuzzy contractual interaction) for details see [10,12,13].

Let V be a web of contracts. For every v ∈ V we consider and put into cor-
respondence an n-dimension vector

tv = (tv1, t
v
2, . . . , t

v
n), 0 ≤ tvi ≤ 1, ∀i ∈ I,

and let
vt = (tv1v1, t

v
2v2, . . . , t

v
nvn)

be the vector of commodity bundles formed from contract v = (vi)i∈I when
all agents “break” individual bundles (fragments) of this contract in shares
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(1 − tvi )i∈I . Denote T (V ) = T = {tv | v ∈ V } and introduce

V T = {vt | v ∈ V, tv ∈ T}, Δ(V T ) =
∑

vt∈V T

vt. (5)

Definition 1. An allocation x ∈ A(X) is called fuzzy contractual if there exists
a web V such that x = x(V ) and for every T (V ) there is no barter contract
w = (w1, . . . , wn) ∈ LI ,

∑
i∈I wi = 0, such that for

ξi = ξi(T, V,w) = ei + Δi(V T ) + wi, i ∈ I (6)

one has
ξi �i xi ∀i : ξi �= xi. (7)

So, for this kind of allocation the negation of domination means that the imple-
menting web of contracts is stable relative to asymmetric partial breakings of con-
tracts with or without concluding a new contract.

In economic terms, this notion can be explained in the following way. During
recontracting agents may make mistakes, coordination among coalition members
may work imperfectly, information can be hiden and so on. As a result, an agent
i can (erroneously) think that after the partial breaking of current contracts
he/she will have a commodity bundle xT

i = ei + Δi(V T ) and that commodities
from xT

i may be mutually beneficial exchanged so that to dominate the current
allocation x = (xi)I . If allocation x(V ) is not fuzzy contractual, then the last
possibility may (potentially) destroy agreements and allocation will be changed.
Thus fuzzy contractual allocations are protected from this kind of agreement
destructions. Notice, that agents also allow only break contracts and do not
conclude a new one.

We continue from a preliminary result describing mathematical properties
of fuzzy contractual allocations, that is of interest in its own right.

Proposition 2. An allocation x ∈ A(X) is fuzzy contractual if and only if4

Pi(x) ∩ [xi, ei] = ∅ ∀i ∈ I (8)

and ∏

I
[(Pi(x) + co{0, ei − xi}) ∪ {ei}]

⋂
A(LI) = {e}. (9)

Notice that in this proposition Pi(x) = ∅ is possible for some i ∈ I: by def-
inition ∅ + A = ∅ for any A ⊆ L. Condition (8) indicates that a partial break
of contracts without signing of a new one cannot be beneficial. The requirement
(9) denies the existence of a dominating coalition after the partial asymmetric
break of the contract v = (x − e).

Figure 2 illustrates Proposition 2 result in the Edgeworth’s box. Here
P̃2(x2) = ē−P2(ē−x1), ē = e1 + e2 and one can see that preferred bundles are
extended along linear segment with endpoints x1, e1.
4 A linear segment with ends a, b ∈ L is the set [a, b] = co{a, b} = {λa + (1 − λ)b |
0 ≤ λ ≤ 1}.
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Fig. 2. Fuzzy contractual allocations

Proof of Proposition 2. Let x be a fuzzy contractual allocation implemented
by a web V , i.e., x = x(V ) for some web V , satisfying Definition 1. Then (8) is
clearly true one. Suppose that (9) is false and therefore does exist y = (yi)I �= e
which belongs to the left part of equality (9). Consider coalition S = {i ∈ I |
yi �= ei}. Notice Pi(x) �= ∅, i ∈ S and find zi ∈ Pi(x), i ∈ S such that yi =
zi + λi(ei − xi), for some real 0 ≤ λi ≤ 1, i ∈ S and yi = ei, i /∈ S. Determine
wi = yi − ei, i ∈ I. Since

∑
i∈I yi =

∑
i∈I ei then

∑
I wi = 0 and therefore

w = (wi)i∈I is a contract with supp (w) = S �= ∅. One can write

zi = yi − ei + λi(xi − ei) + ei = wi + λi

∑

v∈V

vi + ei, i ∈ S.

Now for all v ∈ V put ti = tvi = λi, i ∈ S, and ti = 1, i /∈ S and apply
T (V ) = {tv}v∈V for allocation x = x(V ). We have xT = e + Δ(V T ), whereby
construction xT

i = ei + ti(xi − ei), ∀i ∈ I. Therefore, by construction

ξi = wi + xT
i = zi ∈ Pi(x), ∀i ∈ S = {j ∈ I | xi �= ξi},

that contradicts (7).
Show that if a contractual allocation x satisfies (8) and (9) then it is fuzzy

contractual relative to the web V = {x − e}. Assume contrary and find T = {t}
and a contract w = (wi)I , supp (w) = S �= ∅, such that

wi + ti(xi − ei) + ei ∈ Pi(x), ∀i ∈ S ⇐⇒ zi = wi + ei ∈ Pi(x) + ti(ei − xi), ∀i ∈ S.

Let us determine zi = ei for i /∈ S. Now due to contract’s definition conclude∑
i∈I zi =

∑
i∈I ei that implies the allocation z �= e belongs to the left part

of (9) and this is a contradiction. �

Notice that as soon as for every feasible allocation x = (xi)I we have

ei ∈ Υi(x) ⊂ (Pi(x) + co{0, ei − xi}) ∪ {ei}, ∀i ∈ I,
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then due to Propositions 1, 2 every fuzzy contractual allocation belongs
to the fuzzy core of economy. However, in general, the property of an alloca-
tion to be fuzzy contractual is still a bit stronger than being an element of fuzzy
core. The following result clarifies the relationships between two fuzzy notions.

Lemma 1. Let x ∈ A(X) and Pi(x) �= ∅ for all i ∈ I. Then x ∈ Cf (E) implies:
∏

i∈I
(Pi(x) + co{0, ei − xi})

⋂
A(LI) = ∅. (10)

The comparing of formulas (10) and (9) makes clearer the difference between
fuzzy core allocation and fuzzy contractual one. One can see that this difference
is not too big that allows us in appropriate circumstances to interpret alloca-
tions from fuzzy core as fuzzy contractual ones.5 Moreover, the fact that every
element of fuzzy core is a quasi-equilibrium (this is why fuzzy core is so popular
in existence theory) can be also easily derived from formula (10). In fact, sepa-
rating sets in (10) by a (non-zero) linear functional π = (p1, . . . , pn) ∈ LI one
can conclude:

(i) pi = pj = p �= 0 for each i, j ∈ I; this is so because π is bounded on A(LI) =
{(z1, . . . , zn) ∈ LI | ∑

i∈I zi =
∑

i∈I ei}. So, one can take p as a price
vector.

(ii) Due to construction and in view of preferences are locally non-satiated
at the point x ∈ A(X) the points xi and ei belong to the closure
of Pi(x)+co{0, ei − xi}. Therefore, via separating property we have

∑

j �=i

pej + pxi ≥
∑

I
pej ⇒ pxi ≥ pei ∀i ∈ I,

that is possible only if pxi = pei ∀i ∈ I. So, we obtain budget constraints
for consumption bundles.

(iii) By separation property for each i we also have

〈p,Pi(x) + co{0, ei − xi}〉 ≥ pei,

that by (ii) implies 〈p,Pi(x)〉 ≥ pxi = pei. So we proved that p is
(quasi)equilibrium prices for allocation x = (xi)i∈I .

As a result, one can see that if an economic model is such that every quasi-
equilibrium is equilibrium, then every fuzzy core allocation is fuzzy contactual
one and therefore two fuzzy concepts are equivalent each other. Conditions deliv-
ering this fact are well known in literature; for example, it is the case when
an economy is irreducible. Moreover there is also a nice possibility to describe
fuzzy contractual allocation as an equilibrium with nonstandard prices, see [14].

5 Earlier in literature allocations from fuzzy core were interpreted only as Edgeworth’s
equilibria and served as a technical tool more than an economic concept.
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3 Existence Theorems

Theorem 1. Let in an exchange economy A(X) be bounded and assumptions
(A), (C) hold. Then fuzzy contractual allocations do exist.

Corollary 1. In Theorem 1 conditions fuzzy core is non-empty, i.e. Cf (E) �= ∅.

The existence of contractual core, fuzzy and fuzzy-contractual allocations
can be established by applying Brouwer (or Kakutani) fixed point theorem
and Michael’s [16] continuous selector theorems. The proof of Theorem 1 is
presented below; we use characterization described in Proposition 2.

4 Proofs

For the further analysis we need auxiliary lemmas. Let NS ⊂ A(X) be an area
of all lower unstable contractual allocations, i.e. x ∈ A(X) for which (8) is false;
also let Ω ⊂ A(X) be a subset consisting the points x ∈ A(X) for which (9) is
false. Below I study some properties of these sets.

Lemma 2. If economy E obeys (A) and (C), then NS and Ω are open in A(X).

Proof. An area of all lower stable contractual allocations is specified as

LS = {x = (xi)i∈I ∈ A(X) | Pi(x) ∩ [xi, ei] = ∅ ∀i ∈ I}

and now I consider its supplement NS = A(X) \ LS, this is the set of all
allocations for which there is an agent interested in a partial break of current
contract v = x − e. Suppose Pi(x) ∩ [xi, ei] �= ∅ for some i ∈ I. It means there
is yi ∈ P̂i(x) ∩ [xi, ei], yi �= xi. Since P̂i(x) is assumed to be an open one, there
is a finite set A ⊂ P̂i(x) such that

yi ∈ int(coA) ⇒ x ∈ Θ =
⋂

a∈A

P̂−1
i (a),

where Θ ⊂ X is open in X. Due to P̂i(z), z ∈ A(X) are also assumed to be
convex ones we conclude yi ∈ coA ⊂ P̂i(z) ∀z ∈ Θ. Now if ε > 0 is so that

zi ∈ L, ||zi − yi|| < ε ⇒ zi ∈ coA & x′ ∈ A(X), ||x′ − x|| < ε ⇒ x′ ∈ Θ,

then for these allocations one can conclude

[x′
i, ei] ∩ coA �= ∅ ⇒ [x′

i, ei] ∩ Pi(x′) �= ∅ ∀x′ ∈ A(X) : ||x′ − x|| < ε.

As a result we conclude NS is the neighbourhood of every its point and, there-
fore, is an open subset of A(X).
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Next I consider Ω ⊂ A(X). The reasoning is similar to that presented above:
for every x ∈ Ω one can find t = (ti)i∈I ∈ [0, 1]I and a contract w = (wi)i∈I ,∑

i∈I wi = 0, such that

yi = wi + ti(xi − ei) + ei ∈ Pi(x), ∀i : yi �= xi.

For these i ∈ I there are finite Ai ⊂ L such that

yi ∈ int(coAi) ⊂ P̂i(z), ∀z ∈
⋂

i:yi �=xi

P̂−1
i (Ai) ∩ A(X) ⊂ Ω.

It implies there is ε > 0 such that

z = (zi)i∈I ∈ A(X), ||z − x|| < ε ⇒ yi = wi + ti(zi − ei) + ei ∈ P̃i(z), ∀i : yi �= xi.

As a result Ω ⊂ A(X) is a neighbourhood of every its point and therefore it is
an open subset in A(X), as we wanted to prove. �

Let us study other properties of these allocations from Ω. Assuming x ∈ Ω
we consider the set of contracts ϕ(x) that fuzzily block this allocation:

ϕ(x) = {(vi, ti)I ∈ (L × [0, 1])I |
∑

I
vi = 0, v �= 0 : ∀i /∈ supp (v), ti = 1 &

∀i ∈ I vi + ti(xi − ei) + ei = gi(x), ∀i ∈ supp (v), gi(x) �i xi}. (11)

The following lemma presents crucial properties of the point-to-set mapping ϕ(·).
First I recall the definition of lower hemicontinuous6 point-to-set mapping.

Definition 2. Let Y , Z be topological spaces. A point-to-set mapping ψ : Y ⇒ Z
is called lower hemicontinuous (l.h.c.) iff

ψ−1(V ) = {y ∈ Y | ψ(y) ∩ V �= ∅}
is open for every open V ⊂ Z. For a metric spaces Y , Z a l.h.c. mapping can be
equivalently characterized as follows:

For every y ∈ Y , z ∈ ψ(y) ⊂ Z and every sequence ym → y there is a sub-
sequence ymk

∈ Y and a sequence zk ∈ ψ(ymk
), m, k ∈ N such that zk → z

for k → ∞.

Lemma 3. If x ∈ Ω the set ϕ(x) is convex and non-empty. Moreover, the map-
ping ϕ : Ω ⇒ (L × [0, 1])I is lower hemicontinuous one.

Proof. I first state the convexity of ϕ(x). Let (w′, t′), (w′′, t′′) ∈ ϕ(x) and α ∈
(0, 1). Then, from the convexity of preferences (A), having in mind t′i = 1 for i /∈
supp (w′) and, similarly, t′′i = 1 for i /∈ supp (w′′) we have:

∀i ∈ supp (w′) ∪ supp (w′′)
6 According to the modern views, the term semi-continuous mapping is specifically
applied for a function—point-to-point map—and hemicontinuous for a correspon-
dence.
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α(w′
i + t′i(xi − ei) + ei) + (1 − α)(w′′

i + t′′i (xi − ei) + ei) �i xi.

Thus, with respect to t = αt′ + (1 − α)t′′, for any α ∈ [0, 1] the contract

w = αw′ + (1 − α)w′′ : (w, t) ∈ ϕ(x).

Next, we show that due to (C) point-to-set mapping ϕ(·), defined in (11) is
lower hemicontinuous.

Indeed, let (v, t) ∈ ϕ(x) be fixed. Now according to (11), for i ∈ I such
that vi �= 0 we have

gi(x) = vi + ti(xi − ei) + ei ∈ Pi(x).

Clearly, without loss of generality it is enough to study the case gi(x) ∈ intPi(x).
Now let Ai ⊂ int Pi(x) be a finite subset such that gi(x) ∈ int(coAi), i.e. coAi

is a neighborhood of gi(x). We specify

Vi =
⋂

a∈Ai

P−1
i (a).

Due to (C) and (A) this is an open neighborhood of x ∈ A(X) such that gi(x) ∈
coAi ⊂ Pi(y) for every y ∈ Vi. So, if xm ∈ A(X), xm → x for the natural
m → ∞, then for some k ∈ N we have: ∀m ≥ k ∀i ∈ supp (v)

gi(xm) = vi + ti(xm
i − ei) + ei ∈ coAi ⊂ Pi(xm) & gi(xm) → gi(x).

As a result, via (11) one concludes (vm, tm) = (v, t) ∈ ϕ(xm) for all m ∈ N
big enough. This proves, by definition, ϕ(·) is lower hemicontinuous in x ∈ Ω ⊂
A(X). �

In the proof of Lemma 4 below I apply the following Michael theorem (see
[16] p. 368, Th 3.1′′′, (c)) on the existence of a continuous selector in its simplified
finite-dimensional presentation.7

Theorem 2 (Michael, 1956). Let Y and Z be subsets of finite-dimensional
linear spaces. Then every l.h.c. point-to-set mapping ψ : Y ⇒ Z having nonempty
convex images ψ(y) ⊂ Z ∀y ∈ Y has a continuous selector.

Lemma 4. There is a continuous function h : Ω → A(X) such that for some
continuous ξi : Ω → Xi, γi : Ω → [0, 1] such that ξi(x) ∈ Pi(x) ∪ {xi} one has

hi(x) = ξi(x) + γi(x)(ei − xi), ∀x ∈ Ω, i ∈ I
and, moreover, for any x ∈ Ω there exists i ∈ I such that hi(x) = ξi(x) �i xi,
i.e. ξi(x) ∈ Pi(x) and γi(x) = 0.
7 Note that in original paper item (c) has a typo for the range of φ : X → K(Y ).
Author denoted K(Y ) as a set of all convex subsets of Y , but speak and prove
the result for a narrower class of sets D(Y ) ⊂ K(Y ), see p. 372. Here I present a less
general result, to avoid a cumbersome specification of D(Y ).
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Proof. According to assumptions and Lemma 3, the correspondence ϕ(·) spec-
ified in (11) obeys all requirements of Michael’s theorem on the existence
of continuous selector: a lower hemicontinuous correspondence having domain
Ω ⊂ A(X), and with convex non-empty images. Thus, there is a continuous
mapping satisfying

(v, t)(·) : Ω → (L × [0, 1])I such that (v(x), t(x)) ∈ ϕ(x) ∀x ∈ Ω.

By definition, we have
∑

i∈I vi(x) = 0 and, ti(x) = 1, gi(x) = xi for i /∈
supp (v(x)) and

∀i ∈ supp (v), vi(x) + ti(x)(xi − ei) + ei = gi(x) ∈ P(x).

Therefore, for fi(x) = vi(x) + ei = gi(x) + ti(x)(ei − xi), i ∈ I we obtain∑
i∈I fi(x) =

∑
i∈I ei. Thus, we find a continuous mapping f : Ω → A(LI)

such that

∀x ∈ Ω e �= f(x) ∈
∏

i∈I
[(Pi(xi) + co{0, ei − xi}) ∪ {ei}]

⋂
A(LI).

Now we define tmin(x) = minj∈I(tj(x)) and specify

hi(x) =
xi + gi(x) + (ti(x) − tmin(x))(ei − xi)

2
, x ∈ Ω, i ∈ I. (12)

So, as ∑

i∈I
(gi(x) + ti(x)(ei − xi)) =

∑

i∈I
ei,

∑

i∈I
(ei − xi) = 0

we conclude ∑

i∈I
hi(x) =

∑

i∈I
ei.

Moreover, for i ∈ I such that ti(x) = tmin(x) we have hi(x) = xi+gi(x)
2 that due

to xi ∈ cl Pi(x) and gi(x) ∈ Pi(x) gives hi(x) ∈ Pi(x). Now we need to show
only that hi(x) ∈ Xi ∀i ∈ Xi.

For gi(x) = xi one can put (ti(x)−tmin(x))
2 = αi ∈ [0, 1] and by (12) conclude

hi(x) = (1 − αi)xi + αiei ∈ Xi.

For gi(x) ∈ Pi(x) ⊂ Xi via (12) for βi = ti(x)−tmin(x) we have (1−βi)xi+βiei ∈
Xi and therefore

hi(x) =
gi(x)

2
+

(1 − βi)xi + βiei

2
∈ Xi.

This proves the map specified in (12) has range A(X). Now putting

ξi(x) =
xi + gi(x)

2
, γi(x) =

ti(x) − tmin(x)
2

, i ∈ I,

we can redefine the map h : Ω → A(X); it obeys all requirements of Lemma 4. �
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Proof of Theorem 1. Recall that
LS = {x = (xi)i∈I ∈ A(X) | Pi(x) ∩ [xi, ei] = ∅ ∀i ∈ I}

is an area of all lower stable contractual allocations and we consider its supple-
ment NS = A(X)\LS, this is the set of all allocations for which there is an agent
interested in a partial break of current contract v = x − e. For x ∈ NS condi-
tion (8) is false. Also we specified Ω ⊂ A(X) as a subset consisting the points
x ∈ A(X) for which (9) is false. Now let us suppose that

Ω ∪ NS = A(X)

and show that it is impossible. According to the assumptions and Lemma 2, NS
and Ω are an open subsets of A(X).

We specify q : NS → A(X) by formula

q(x) =
x + e

2

and “glue” this mapping with h(·) defined in Lemma 4, setting

f(x) = α(x)q(x) + β(x)h(x), x ∈ A(X),

where α : A(X) → [0, 1], β : A(X) → [0, 1] are continuous functions, such
that α(x) = 1 for x ∈ NS \ Ω, β(x) = 1 for x ∈ Ω \ NS, and α(x) + β(x) = 1
∀x ∈ A(X). For example they can be specified as

α(x) =
ρ(x, LS)

ρ(x, LS) + ρ(x, A(X) \ Ω)
, β(x) =

ρ(x, A(X) \ Ω)

ρ(x, LS) + ρ(x, A(X) \ Ω)
, x ∈ A(X),

where ρ(x, S) is a distance from the point x to the set S ⊂ A(X).8 Obvi-
ously, for Ω ∪ NS = A(X) the mapping f : A(X) → A(X) is continuous and,
by Brouwer’s theorem, it must have a fixed point x̄ = f(x̄). However, where is
it?

Suppose x̄ ∈ NS \ Ω. Then f(x̄) = q(x) = x+e
2 �= x̄, since otherwise x̄ = e /∈

NS.
Suppose x̄ ∈ Ω \NS. Then f(x̄) = h(x̄) = (hj(x̄))j∈I and by Lemma 4 there

is i ∈ I such that hi(x̄) ∈ Pi(x̄) that is impossible by (A).
Suppose x̄ ∈ NS ∩ Ω. Now f(x̄) = α(x̄)q(x̄) + β(x̄)h(x̄). Clearly α(x̄) > 0

and β(x̄) > 0, since the contrary is impossible. Recall that we also have hi(x̄) =
ξi(x̄) + γi(x̄)(ei − x̄i) ∀i ∈ I. Now for i0 ∈ I, which is interested in a partial
breaking of the contract x̄ − e, at the fixed point we have

x̄i0 = α

[

x̄i0 +
1
2
(ei0 − x̄i0)

]

+ β[ξi0(x̄) + γi0(x̄)(ei0 − x̄i0)]

= x̄i0 + α
1
2
(ei0 − x̄i0) + β[ξi0(x̄) − x̄i0 + γi0(x̄)(ei0 − x̄i0)] ⇒

[
1
2
α + βγi0(x̄)

]

(ei0 − x̄i0) + β(ξi0(x̄) − x̄i0) = 0. (13)

8 It is standardly defined as ρ(x, S) = infy∈S ρ(x, y).
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Clearly ξi0(x̄) = x̄i0 is impossible, otherwise (13) implies x̄i0 = ei0 . Therefore
ξi0(x̄) ∈ Pi0(x̄). Also at a fixed point x̄ ∈ NS for some λ ∈ (0, 1] we have

λ

[
1
2
α + βγi0(x̄)

]

= μ > 0, μ(ei0 − x̄i0) + x̄i0 ∈ Pi0(x̄).

At the same time, due to (ξi0(x̄) − x̄i0) ∈ Pi0(x̄) − x̄i0 and (A) we conclude

λβ(ξi0 (x̄) − x̄i0 ) ∈ Pi0 (x̄) − x̄i0 ⇒ ∃ηi0 (x̄) ∈ Pi0 (x̄) : λβ(ξi0 (x̄) − x̄i0 ) = ηi0 (x̄) − x̄i0 .

Now, due to (13) and (A) we have μ(ei0 − x̄i0) + ηi0(x̄) − x̄i0 = 0 ⇒
μ(ei0 − x̄i0) + x̄i0

2
+

ηi0(x̄)
2

= x̄i0 ⇒ x̄i0 ∈ coPi0(x̄) = Pi0(x̄),

which is impossible.
Thus, the assumption Ω ∪ NS = A(X) implies the existence of a continu-

ous mapping f : A(X) → A(X) with no fixed point in A(X). This contradicts
Brouwer’s theorem. So, the assumption that there are no fuzzy contractual allo-
cations lead us to a contradiction and it proves the theorem. �
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