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Abstract. It is shown how to compute quotients efficiently in non-
commutative univariate polynomial rings. This extends earlier work
where efficient generic quotients were studied with a primary focus on
commutative domains. Fast algorithms are given for left and right quo-
tients of polynomials where the variable commutes with coefficients.
These algorithms are based on the concept of the “whole shifted inverse”,
which is a specialized quotient where the dividend is a power of the
polynomial variable. It is also shown that when the variable does not
commute with coefficients, that is for skew polynomials, left and right
whole shifted inverses are defined and may be used to compute right and
left quotients. In this case their computation is not asymptotically fast,
but once obtained, they may be used to compute multiple quotients, each
with one multiplication. Examples are shown of polynomials with matrix
coefficients, differential operators and difference operators. In addition,
a proof-of-concept generic Maple implementations is given.

Keywords: Non-commutative polynomials + Skew polynomials - Ore
Algebras + Generic Algorithms - Efficient quotients

1 Introduction

In symbolic mathematical computation it is important to have efficient algo-
rithms for the fundamental arithmetic operations of addition, multiplication
and division. While linear time algorithms for additive operations are usually
straightforward, considerable attention has been devoted to find efficient meth-
ods to compute products and quotients of integers, polynomials with integer
or finite field coefficients and matrices with elements from a ring. For these,
both practically efficient algorithms and theoretically important bounds are well
known.

For integer and polynomial division, efficient algorithms based on Newton
iteration allow the computation of quotients in time proportional to multiplica-
tion. Until recently, these algorithms left the original domain to perform arith-
metic in related domains. For integers, this involved computing an approximation
to the inverse of the divisor in extended precision approximate arithmetic or in a
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residue ring, and for polynomials it involved computing the inverse of the reverse
of the divisor polynomial in ideal-adic arithmetic.

We have recently shown how these quotients may be computed without
leaving the original domain, and we have extended this to a generic domain-
preserving algorithm for rings with a suitable whole shift operation [10]. For inte-
gers the whole shift multiplies by a power of the representation base and for poly-
nomials it multiplies by a power of the variable, in both cases discarding terms
with negative powers. The previous paper developed the concept of the whole
shifted inverse and used it to compute quotients efficiently. Non-commutative
domains were mentioned only briefly.

The present article expands on how these methods may be used to compute
quotients of non-commutative polynomials. In particular, it is shown that

e the whole shifted inverse is well-defined on non-commutative polynomial rings
Rla),

e its computation is efficient,

e they may be used to compute left or right quotients in R[z], each with one
multiplication,

e left and right whole shifted inverses may be defined on skew polynomials
R[z;0,0], and

e they may be used to compute the right and left quotients in R[z; o, d], each
with one multiplication.

The remainder of this article is organized as follows. Section2 presents
some basic background, including notation, the definition of division in a non-
commutative context, and the Newton-Schulz iteration. Section 3 considers divi-
sion of non-commutative polynomials in R[z], showing O(n?) algorithms for clas-
sical division and for pseudodivision. It recalls the notion of the whole shifted
inverse, proves it is well-defined on non-commutative R[z] and shows that it can
be used to compute left and right quotients in this setting. Section 4 recapitu-
lates the generic algorithms from [10] that use a modified Newton iteration to
compute the whole shifted inverse. It also explains why it applies when poly-
nomial coefficients are non-commutative. Section5 gives an example of these
algorithms applied to polynomial matrices. Section 6 extends the discussion to
skew polynomials R[z;c,d], defining left and right whole shifted inverse, and
showing how they may be used. Section 7 gives linear ordinary differential and
difference operators as examples, before concluding remarks in Sect. 8.
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2 Background

2.1 Notation

We adopt the following notation:
precg u number of base-B digits of an integer u, |logg |u|] + 1
prec, p number of coefficients of a polynomial p, degree, p + 1
uquov, uremv quotient and remainder (see below)
uxquowv, uxremv left and right (pseudo)quotient and remainder,
x € {1,Ip,r,pr}
shift,, v, shinv,, v whole shift and whole shifted inverse (see below)
Rlx;0,6], R[z,d] skew polynomials (see Sect. 6)
iUy U coefficient of skew polynomial v with variable powers
on the left, right.
xshift, v, xshinv,v left and right whole shift and shifted inverse,
x € {l,r} (see Sect. 6)

X value of X at it" iteration

The “prec” notation, standing for “precision”, means the number of base-B digits
or polynomial coefficients. It is similar to that of [4], where it is used to present
certain algorithms generically for integers and polynomials. In particular, if we
take integers to be represented in base-B, i.e. for any integer u # 0 there is
h = precg(u) — 1, such that

h
u:ZuiBi, u; €Z,0<wu; < B, up #0, (1)
i=0

then integers base-B behave similarly to univariate polynomials with coefficients
u;, but with carries complicating matters.
2.2 Division

The notion of integer quotients and remainders can be extended to more general
rings. For a Euclidean domain D with valuation N : D — Zx>¢, such that for
any u,v € D,v # 0, there exist g, € D such that

u=qu+r, r=0or N(r) < N(v).

The value q is a quotient of v and v and r is a remainder of dividing u by v and
we write

q =uquowv r=uremuv
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when these are unique. When both the quotient and remainder are required, we
write u div v = (u quo v,u rem v). When D is a non-commutative ring with
a valuation N, there may exist left and right quotients such that

u=vq +r, r,=0or N(r,) < N(v)

2
U= ¢qr ¥+ Ty, rg =0 or N(rg) < N(v). @

When these exist and are unique, we write
¢, = ulquow r, = ulremv Gr = UTQUOV TR = UTTEmMU.

For certain non-commutative rings with a distance measure || - ||, a sequence
of approximations to the inverse of A may be computed via the Newton-Schulz
iteration [7]

Xivn) = X + X (1 — AX () 3)
where 1 denotes the multiplicative identity of the ring. There are several ways to
arrange this expression, but the form above emphasizes that as X(;) approaches
A~ the product Xi)(1 — AX(;)) approaches 0. For C"*™ matrices, a suitable
initial value is X () = A"/(n Tr(AAT)), where AT is the Hermitian transpose.

2.3 Whole Shift and Whole Shifted Inverse

In previous work [10] we studied the problem of efficient domain-preserving com-
putation of quotients and remainders for integers and polynomials, then general-
ized these results to a generic setting. To this end, we defined the notions of the
whole shift and whole shifted inverse with attention to commutative domains.
We recapitulate these definitions and two results relevant to the present article.

Definition 1 (Whole n-shift in R[z]). Given a polynomial u = Z?:o u;xt €
Rx], with R a ring and n € Z, the whole n-shift of u with respect to x is

shift,, ,u = Z wizt T (4)
i+n>0

When x is clear by context, we write shift,u.

Definition 2 (Whole n-shifted inverse in F[z]). Given n € Z>o and v €
F[z], F a field, the whole n-shifted inverse of v with respect to = is

shinv,, ,v = 2" quo v. (5)
When x is clear by context, we write shinv,v,
Theorem 1. Given two polynomials u,v € F[z], F a field, and 0 < degreeu <

h,
wquo v = shift_p (u - shinvy, v). (6)
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Algorithm 1 Classical division for non-commutative R[x] with invertible vy,

1:

2: function DIV (u = 31wz’ € Rlz],v = 38 vz’ € Rlz], 7 € S2)
3 v < inv v

4: q<+0

5: ré—u

6: for i < h—k to 0 by —1 do

7 t 4 (Pigk Xo ")zt

8

: q—q+t
9: r<r—txXyzv
10: return (q, r)
11:

12: LDIV(u, v) — DIV (u, v, (21))

13:
14: RDIV(u, v) — DIV (u, v, (12))

For classical and Karatsuba multiplication it is more efficient to compute
just the top part of the product in (6), omitting the lower h terms, instead of
shifting:

shift _j (u - shinvy, v) = MULTQUO(u, shinvy, v, h),

with MuLTQUO(a,b,n) = ab quo 2™ computing only degree a + degreeb —n + 1
terms. For multiplication methods where computing only the top part of the
product gives no saving, some improvement is obtained using

shift _ (u - shinvy, v) = shift_(j, ) (shift_x u - shinvy v).

Theorem 2. Given v € Flx], with F a field and h > degreev = k and suitable
starting value w g, the sequence of iterates

W(iy1) = w(y) + shiftp (we (shiftn ] — vw)))

converges to shinvy, v in [logy(h — k)] steps.

A suitable starting value for w(g) is given by SHINVO in Sect. 4.

3 Division in Non-Commutative R[x]

We now lay out how to use shift and shinv to compute quotients for polynomials
with non-commutative coefficients. First we show classical algorithms to compute
left and right quotients in R[z]. We then prove two theorems, one showing that
z"lquov = z™rquov in this setting, making the whole shifted inverse well defined,
and another showing that it may be used to compute left and right quotients.
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Algorithm 2 Non-commutative polynomial pseudodivision

1:

2: function PpIv (u = 3" wa’ € Rlz],v = Y% vz’ € Rlz],m € S»)
3: q<+0

4 T u

5 for i <~ h—k to 0 by —1 do
6 t <+ Uitk " ,

7 g+ q+txguy

8: r<rXzv—tXrv

9 return (g, r)

10:

11: LPDIV(u,v) — PDIV(u, v, (21))
12:

13: RPDIV(u,v) — PDIV(u,v, (12))

3.1 Definitions and Classical Algorithms

Let u and v be two polynomials in R[z] with Euclidean norm being the polyno-
mial degree. The left and right quotients and remainders are defined as in (2).
Left and right quotients will exist provided that vy is invertible in R and they
may be computed by Algorithm 1. In the presentation of the algorithm, 7 denotes
a permutation on two elements so is either the identity or a transposition. The
notation X, is a shorthand for x o7 so a X; b = a X b when 7 is the identity
and a X, b =0 X a when 7 is a transposition.

There are some circumstances where quotients or related quantities may be
computed even if vy is not invertible. When R is an integral domain, quotients
may be computed as usual in K[z] with K being the quotient field of R. Alter-
natively, when R is non-commutative but vy commutes with v, it is possible to
compute pseudoquotients and pseudoremainders satisfying

mu=uvq,+ 1L, degreer, < degreev
UM = qr U+ Tr, degree ry < degreev
m = vZ*k“,

as shown in Algorithm 2. In this case, we write

q. = ulpquov r, = Ipremv

qr = UTPQUOV T, = Ipremao.

Requiring v to commute with v is quite restrictive, however, so we focus our
attention to situations where the inverse of vy, exists.
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3.2 Whole Shift and Whole Shifted Inverse in R[x]

We now examine the notions of the whole shift and whole shifted inverse for
Rx] with non-commutative R. First consider the whole shift. Since z commutes

with all values in R[z], we may without ambiguity take, for u = Z?:o u;x! and
n € 7,

shift, u = Z " (uzt) = Z (usx?)z™. (7)

i+n>0 i+n>0

That is, the fact that R[x] is non-commutative does not lead to left and right
variants of the whole shift.
We state two simple theorems with obvious proofs:

Theorem 3. Let w € R[z]. Then, for all n € Z>, shift_,shift,w = w.

Theorem 4. Let u,v € Rlx| with degreeu = h and degreev = k. Then, for
m € 7,

shift_ (v X v) = shift_x (shift_,, (u) x v)
shift _p,—pm, (u x v) = shift_p (u x shift_,, (v)).

We now come to the main point of this section and show shinv is well-defined
when R is non-commutative.

Theorem 5 (Whole shifted inverse for non-commutative R[z]).
Let v = Ef:o vz’ € R[z], with R a non-commutative ring and vy invertible in
R. Then, for h € Z>o,

2" lquov = 2" rquov.

PROOF. Let ¢, = z"lquov and ¢z = x"rquov. If h < k, then ¢, = gz = 0.
Otherwise, both ¢, and ¢ have degree h — k > 0 so

Vi Qup—g, = 1 Qrp—p Uk =1 (8)
k k
Vi gy =0 > tnigp =0, 0<i<h—k  (9)
j=M =M
where M = max(0,7 — h + 2k). We show by induction on 4 that ¢, = ¢g; for
0 < i < h — k. Since vy, is invertible, (8) and (9) give
Wk = Grn—k = Uy (10)

and

k—1 k—1

quy = — Z Uk_l VjQuitk—j Qqri = — Z Aritk—j Vj ’U,;l, 0<i<h-—k (11)
J=M j=M
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Equation (10) gives the base of the induction. Now suppose ¢, = qg; for N <
i < h — k. Then for i = N > 0 equation (11) gives

k—1 k—1
—1 —1
quy = — E Vi VjQuNk—j = — E U VjQrN4k—j
j=M j=M
k—1 k—1
_ -1, | _ —1
= UV Vj QRN k—j+k—eVe U
ji=M =M
k—1
_ —1
= - E § vy, U] RN k—jtk—t | VeV
j=M
k—1
_ -1 _
= - § QRN +k—j VeV, = QrpN-
=M

|
Thus we may write shinvy, v without ambiguity in the non-commutative case, i.e

shinvy, v = 2" lquowv = z" rquow. (12)

3.3 Quotients from the Whole Shifted Inverse in R[r]

We consider computing the left and right quotients in R[x] from the whole shifted
inverse. We have the following theorem.

Theorem 6 (Left and right quotients from the whole shifted inverse
in R[z]). Let u,v € R[z], R a ring, with degreev = k and vy, invertible in R.
Then for h > degree u,

ulquov = shift_j (shinvy (v) x u) and
urquov = shift_ (u x shinvy (v)).

Proor. Consider first the right quotient. It is sufficient to show
u = shift_p, (u x shinv, v) X v 4 ry
for some 7 with degreery < k. It suffices to show
shift_p u = shift_,, (shift,h(u x shinvy v) x U). (13)
We have
(u x shinvy, v) x v = u x ((z" rquow) x v) (14)
=ux (2" —p), p=0ordegreep <k

= shift, u — u X p.
shift,u = (u x shinvy v) X v+ u X p. (15)



378 S. M. Watt

Since h > 0, Theorem 3 applies and equation (15) gives
u = shift_, ((u x shinv, v) x v) + shift_ (u x p)
with the degree of shift_;(u x p) less than k. Therefore

shift_,u = shift_k_h((u x shinvy, v) X 11)
= shift_ (shift_p (u x shinvj, v) x v)),

by Theorem 4, and we have shown equation (13) as required. The proof for lquo
replaces equation (14) with

v X (shinvy, v x u) = (v x (" 1quov)) x u
and follows the same lines, mutatis mutandis. O

As in the commutative case, it may be more efficient to compute only the top
part of the product instead of computing the whole thing then shifting away part.
Now that we have shown that shift and shinv are well-defined for non-commutative
RJz], we next see that shinv may be computed by our generic algorithm.

4 Generic Algorithm for the Whole Shifted Inverse

Earlier work has shown how to compute shinv efficiently for Z, both for Euclidean
domains F[z], and generically [10]. The generic version shown here in Algo-
rithm 3. We justify below that it applies equally well to polynomials with non-
commutative coefficients. The algorithm operates on a ring D that is required
to have a suitable shift and certain other operations and properties must be
defined. For example, on F[z], F' a field, these are

. u-z" ifn>0
shift, u = ]
uquox~ " ifn <O

coeff(u, i) = u;
SHINVO(v) = (1/vpx — 1/vg - v—1 - 1/vg, 2)
HASCARRIES = false
Murr(a,b) = ab
MurTMoD(a, b,n) = abrem z".

The iterative step of Algorithm 3 is given on line 32. Since D.POWDIFF computes
shift, 1 — v - w, this line computes

shift,,w + shifto,,_s (w - (shiftpl — v - w)) (16)
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Algorithm 3 Generic SHINV(v, h)

Input: ve€ D;h € Z~o where 0 < k =precv—1<h
Output: shinv,v € D

1: function D.SHINV (v, h)

> Domain-specific initialization
(w, £) <= D.SHINVO(v) > Initialize w to £ correct places.
return D.REFINE(v, h, k,w,£) > One of D.REFINE]L, D . REFINE2, D REFINES.

> Below, g is the number of guard places and d is the precision doubling shortfall.

function D.REFINEL (v, h, k, w, {)

if D.HASCARRIES then g < 1; d< lelse g < 0; d+ 0
h<h+g
w < D. shifty,_j_¢(w) > Scale initial value to full length
while h —k+1—-d>{¢do

w 4 D.STEP(h,v,w, 0, )
L £+ min(20 —d,h—k+1—4d) > Number of accurate digits
return w

: function D.REFINE2 (v, h, k, w, )

if D.HASCARRIES then g < 2; d< lelse g+ 0; d+ 0
w < D.shift, w
while h —k+1—-d>{do
m <+ min(h —k+1—1£,0) > How much to grow
L w < D.shift_4 D.STEP(k+E+m+d— 1+g, v, w,m, K—g)
L Ll+m—d

return w

: function D.REFINE3 (v, h, k, w, {)

if D.HASCARRIES then g < 2; d< lelse g+ 0; d<+ 0
w < D. shifty w
while h —k+1—-d>{¢do
m<+ min(h —k+1—1¢,¢)
s+ max(0, k —20+1—g)
w < D.shift_4 (D.STEP(k+€+m—s— 1+d+g, D.shift_s v, w, m, E—g))
b Ll+m—d
return D. shift_4(w)

: function D.STEP (h, v, w, m,{)
: > Compute D.shift, 1 —vw efficiently.
: function D.POWDIFF (v, w, h, £)

D.shifty, w + D. shiftzy—n MULT (w, D.POWDIFF (v, w, h — m, {))

¢ + if D.HASCARRIES then 1 else 0
L+ D.precv+ D.precw —{¢+c > ¢ for coeff to peek
ifv=0Vw=0VL2>hthen
‘ return D.shift, 1 — D.MuLT(v, w)
else
P <+ D.MurTMoD(v, w, L)
L if D.HASCARRIES A D.coeff(P, L — 1) # 0 then return D.shift; 1 — P

else return — P
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The shift operations are multiplications by powers of =, with shift,p = pa”.
The expressions involving k, h, ¢ and m for shift amounts arise from multipli-
cation by various powers of z at different points in order to compute shorter
polynomials when possible. Since « commutes with all values, it is possible to
accumulate these into single pre- and post- shifts. With this in mind, the R][x]
operations + and - ultimately compute the polynomial coefficients using the
operations of R and the order of the multiplicands in (16) is exactly that of the
Newton-Schulz iteration (3). The form of SHINVO above is chosen so that it gives
a suitable initial value for non-commutative polynomials.

The computational complexity of the REFINE methods of Algorithm 4 may be
summarized as follows: The function D.REFINE1 computes full-length values at
each iteration so has time complexity O(log(h—k)M (h)) where M (N) is the time
complexity of multiplication. The function D.REFINE2 reduces the size of the val-
ues, computing only the necessary prefixes. The function D.REFINE3 reduces the
size of some values further and achieves time complexity O( Ziozgl(hfk) M (2%),
which gives time complexity O(M(N)), N = h — k for the purely theoretical
M(N) € O(N log N), for Schonhage-Strassen M(N) € O(N log N loglog N) and
for M(N) € O(N?),p > 0.

5 Non-commutative Polynomial Example

We give an example of computing left and right quotients via the whole shifted
inverse with R[z] = F;?*?[z] using the algorithms of Sects.3 and 4. Note that
RJ[z] is not a domain—there may be zero divisors, but it is easy enough to check
for them. This example, and the one in Sect. 7, were produced using the Domains
package in Maple [5]. The setup to use the Domains package for this example is

with(Domains) ;

F := GaloisField(7);

F2x2 := SquareMatrix(2, F);

PF2x2 := DenseUnivariatePolynomial (F2x2, x);

We start with

461 5 [22] 4 [21] 5, [20] o [33 45
e Rt B e B B B R P

_[43]) 2, [53],, [12
U= g5 " 04| |61

The whole 5-shifted inverse of v is then
s _[54] 5, [60] 5 10 [51]
shinvs v = -34]x + _41}32 + {22]334— 63
From this, the left and right quotients and remainders are computed to be

_[26] 5, [61] 5 [20] 31 _[16] 14
qL_Ll}x+{00_”C+{33_””+{00}’ “‘_41_9”[43]’

_[85] 8, [11] 2, [05],, [40 _[20],, [o4
= 50" Tl15]" T55" T 260 ™7 2177 |56]"
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Taking a larger example where u has degree 100 and v degree 10, D.REFINE1
computes shinvigov with one guard digit in 6 steps with intermediate values of
w all of prec 92. Methods D.REFINE2 and D.REFINE3 compute the same result
also in 6 steps but with values of w having prec 4, 8, 16, 32, 64, 92 successively.
Method D.REFINE3 uses a shorter prefix of v on the first iteration (s = 3).
The Maple code used for this example is given in Fig. 1.

6 Division in R[x; 0, ]

We now examine the more general case where the polynomial variable does not
commute with coefficients. For quotients and remainders to be defined, a notion
of degree is required and we note that this leads immediately to Ore extensions,
or skew polynomials. After touching upon classical algorithms, we introduce
the notions of left and right whole shifted inverse. We note that the modified
Newton-Schulz iteration may be used to compute whole shifted inverses, though
in this case there is no benefit over classical division. Finally, we show how left
and right whole shifted inverses may be used to compute right and left quotients,
each with only one multiplication.

6.1 Definitions and Classical Algorithms

Consider a ring of objects with elements from a ring R extended by z, with
x not necessarily commuting with elements of R. By distributivity, any finite
expression in this extended ring is equal to a sum of monomials, the monomials
composed of products of elements of R and x. To have a well-defined degree
compatible with that of usual polynomials, it is required that

Vre R3a,b,c,de€ R st. ar —rz=ax +b=xc+d. (17)

We call the elements of such a ring skew polynomials. Condition (17) implies
that for all » € R there exist o(r),d(r) € R such that

xr=o(r)z+d(r). (18)

Therefore, to have well-defined notion of degree, the ring must be an Ore exten-
sion, R[z; o, d]. Ore studied these non-commutative polynomials almost a century
ago [6] and overviews of Ore extensions in computer algebra are given in [1,2].
The subject is viewed from a linear algebra perspective in [3] and the complexity
of skew arithmetic is studied in [9]. The ring axioms of R[x;o,d] imply that o
be an endomorphism on R and § be a o-derivation, i.e. for all r, s € R

O(r+s)=46(r)+4(s) O(r-s)=o(r)-6(s)+4(r)-s.

Different choices of o and ¢ allow skew polynomials to represent linear differ-
ential operators, linear difference operators, g-generalizations of these and other
algebraic systems.
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Condition (18) implies that it is possible to write any skew polynomial as a sum
of monomials with all the powers of x on the right or all on the left. We will use
the notation u; for coefficients of skew polynomials with all powers of the variable
on the right and ;u for coefficients with all powers of the variable on the left, e.g.

h h
u = E w;xt = E z*u.
i=0 i=0

Algorithm 4 gives left and right classical division in R[x;o,d]. As in Sect. 3,
X is multiplication with arguments permuted by w. When o(r) = r, R|x;0,0]
is a differential ring, usually denoted R[z,d], and Algorithm 4 specializes to
Algorithm 1. The left division algorithm applies only when o is bijective. If left
division is of primary interest, start from ro = zo*(r) + 6*(r) instead of (18)
and work in the adjoint ring R[z;o*,0*].

Some care is needed in Algorithm 4 to avoid duplicating computation. Notice
that for RSKEWDIV the application of QCOEFF on line 6 requires n-fold applica-
tion of o to invyg and that the computation of ¢ x ;v on line 7 is coeff(t) z+F x v.
The latter requires commuting A — k powers of x across v over the course of the
division. Depending on the cost to compute o, it may be useful to create an
array of the values o(invey,) for 4 from 0 to h — k. It is also possible to pre-
compute and store the products x* x v, with 2'*! x v obtained from 2’ x v by
one application of (18). Then the x' x v may be used in descending order in the
for loop without re-computation. Both of these pre-computations are performed
in the Maple program for P[RDiv] shown in Fig. 2.

6.2 Whole Shift and Inverse in R[x; 0, ]

It is possible to define left and right analogs of the whole shift and whole shifted
inverse for skew polynomials. In general, the left and right operations give dif-
ferent values.

Definition 3 (Left and right whole n-shift in R[z;0,0]). Given u €
R[z;0,0] and n € Z, the left whole n-shift of w is

Ishift,, v = E 2,
i+n>0

the right whole n-shift of u is

rshift,, , u = E wxt T
i+n>0

When x is clear by context, we write 1shift,u and rshift, u.
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Algorithm 4 Classical division for R[z; 0, d] with invertible vy,

1:

2: function SKEWDIV (u,v € R[z;0,0], 7 € S2, QCOEFF)
3: v* <+ Inv v

4: g 0;r+u

5: for i < h—k to 0 by —1 do _

6: t + QCOEFF(7iyk,v",i,k) X z*

7 q+—q+t;rr—txzv

8: return (q, r)

9.

10: LSKEWDIV(u, v) — SKEWDIV (u, v, (21), (a,b,n,k) — o~ *(b x a))

11:
12: RSKEWDIV(u, v) — SKEWDIV(u, v, (12), (a,b,n,k) — a x 0" (b))

Definition 4 (Left and right whole n-shifted inverse in R[z;0,d]). Given
n € Z>o and v € R[z;0,0], the left whole n-shifted inverse of v with respect to
L Ishinv,, , v = 2" lquow
the right whole n-shifted inverse of v with respect to x is

rshinv,, , v = 2" rquo v

When x is clear by context, we write Ishinv, v and rshinv,, v.

Modified Newton-Schulz Iteration. For monic v € R|x;0,d], the whole
shifted inverses may be computed using modified Newton-Schulz iterations with
g = 1 guard places as follows:

h—k+g h—k—1+g

Wr(0) = Wr(0) =2 — Vk-1T

W (j41) = Wy () + rshift_j (wL(i) x (rshifty, 1 — v x wL(i))),

Wr (1) = Wr(iy + Ishift_p ((Ishifty, 1 — wr(y X v) X we()), (19)
rshift _; wy ;) — Ishinvy v
Ishift _; wg ;) — rshinvy v.

These generalize D.REFINE] in Algorithm 3. For D.REFINE2 and D.REFINE3,
the shifts that reduce the size of intermediate expressions are combined into
one pre- and one post-shift in R[z]. But on R[z;0,d] we do not expect these
simplifications of shift expressions to be legitimate.

Even though (19) can be used to compute whole shifted inverses, it does
not give any benefit over classical division. In the special case of R[z,d], the
multiplication by v and then by w make it so each iteration creates only one
correct term, so h — k iterations are required rather than log,(h — k). In other
skew polynomial rings, e.g. linear difference operators, the iteration (19) can still
converge, but with multiple iterations required for each degree of the quotient.
It is therefore simpler to compute Ishinv and rshinv by classical division.
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6.3 Quotients from Whole Shifted Inverses in R[x; o, d]

It is possible to compute left and right quotients from the right and left whole
shifted inverses in R[x;0,d]. Although computing whole shifted inverses is not
asymptotically fast as it is in R[x], once a whole shifted inverse is obtained it
can be used to compute multiple quotients and hence remainders, each requiring
only one multiplication. This is useful, e.g., when working with differential ideals.
In some cases this multiplication of skew polynomials is asymptotically fast [8].

Theorem 7 (Quotients from whole shifted inverses in R[z;0,d]). Let
u,v € Rlx;0,0], with R a ring, k = degreev, h = degreeu, and vy, invertible in
R. Then

urquov = rshift_p (u X Ishinvy, v) (20)
ulquowv = Ishift_p (rshinv,v x ). (21)

PROOF. We first prove (20). For h > k, we proceed by induction on h — k.
Suppose h — k = 0. Since u — (up, X 1/vg) X v has no term of degree h, we have

urquov = up X 1/vg.
On the other hand, when h = k, Ishinv, v = 1 /v so
rshift _, (u x Ishinvy v) = up, x 1/vg

and (20) holds. For the inductive step, we assume that (20) holds for h—k < N.
For h—k= N, let u=q x v+ o(z*) and let Q, ¢ and @ be given by

=(Qr" *+§) xv+r,  QER, Geola" "), reo(xh),

=u—Qz"F xw.

>

With this, 4 has degree at most h — 1. The inductive hypothesis gives 4 rquov =
rshift_, (@ x Ishinvy, v). Therefore,

t=u—Qz"* xv=(trquov) xv+#, € oz
= rshift_p (4 x Ishinvy, v) X v + 7
= u= (rshift,h(ﬁ x 1shinvy, v) + Qxh_k) X v+ 7
= rshift_p (4 x 1shinvy, v + Qth_k) X v+ .
From this, we have

urquov = rshift_; (4 x lshlnvh v+ Q:c%*k)
= rshift_,,
= rshift_,

(i
(( 2h7k)
(u

= rshift_ h(u x Ishinvy, v — Q"% x v x (x lquov) + Qx%_k)
(
(

u — Qx" % x v) x Ishinv, v + Qx

x Ishinvy, v — Q"% x v x Ishinvy, v + szh_k)

= 1shift_p, (u x Ishinv, v — Q"% x (2" + o(z*)) + Q2" ")

= rshift_p (u x Ishinvy v + Q X o(x h)) = rshift_p (u x I1shinv, v).
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This completes the inductive step and the proof of (20). Equation (21) is proven
as above, mutatis mutandis. ([

As in the commutative case, it may be more efficient to compute only the required
top part of the product in (20) and (21) rather than to compute the whole
product and then shift by —h.

7 Skew Polynomial Examples

7.1 Differential Operators

We take Fxr[y, 0,] as a first example of using whole shifted inverses to compute
quotients of skew polynomials. We use Algorithm 4 to compute the left and right
whole shifted inverses, and then Theorem 7 to obtain the quotients. We start
with v and v

u = (3y+6)0; + (3y + 1)0; + 6yd; + 4y0; + (2y +1)0y + (2y + 5)
v =40; + (2y +5)0, + (4y + 6).
The whole shifted inverses Ishinvsv = djlquov and rshinvs = d)rquowv are
computed by Algorithm 4.
Ishinvs = 285 + (6y + 1)92 + (4y° + 4y + 3)9, + (5y° + y° + 3y + 2)
rshinvs = 207 + (6y + 1)0; + (4y° + 4y +5)0, + (5y° + 4> + y + 1).
Then ¢, = Ishift_5(rshinvsv X u) and g¢g = rshift_5(u x Ishinvs v) so
g = (6y +5)0; + (49 + 3y + 3)0 + (5y* + 5y* + 5)d,
+ (y* + 3y + 59> + 5y + 2)
r= (5y° + 4y* 4 3y° + 6y + 49)9, + (3y° + 2y* + v° + 5y + 5)

ar = (6y +5)0) + (4y* + 3y + 1)0; + (5y° + by* + 4y + 3)9,
+ (y* + 3y + 59> + 3y + 5)
e = (5y° + 4y* +6y%)0, + (3y° + 3y* + 5y° +y® + 4y +5).

A proof-of-concept Maple implementation for generic skew polynomials is given
in Fig. 2. The program is to clarify any ambiguities without any serious attention
to efficiency. The setup for the above example is

with(Domains) :
LinearOrdinaryDifferentialOperator :=
(R, x) -> SkewPolynomial(R, x, r->r, R[Diff], r->r):

F = GaloisField(7):
R = DenseUnivariatePolynomial(F, ’y’):
Lodo := LinearOrdinaryDifferentialOperator(R, ’D[y]’):
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7.2 Difference Operators

We use linear ordinary difference operators as a second example, this time with
o not being the identity. We construct Fr[y, A,] as Fr[y][A,; E, E—1]. As before,
we use Algorithm 4 to compute the left and right whole shifted inverses, and
then Theorem 7 to obtain the quotients. We take v and v to be

u = yAS + 3y + G)Ai + (6y + 5)A2 + 3yA§ +(2y+1)A, + 5y
v =4A2 + (6y + 1) A, + (6y + 6).

The whole shifted inverses Ishinvsv = A‘Zlquo v and rshinvs = A‘quuo v are
computed by Algorithm 4.

Ishinvs = 2A3 + (4y + 2) A2 + (v + 4y) A, + (24° + 6y° +y)
rshinvs = 2A3 + (4y + 1) A2 + (1> +2)A, + (24° + y° + 4y + 1).
Then ¢, = Ishift_5(rshinvsv X u) and ¢z = rshift_5(u x Ishinvs v) so
q = (2y + 3)A% + (4y° + 3y + ) A2 + (y° + 5y + 6y + 4) 4,
+ (2y* + 63 +4y? + 4y + 4)
= (2y° + 6y* + 6y + 5y + 3)A, + (20° + 2y* + 4y® + 2y + 1)
n = 29A3 + (492 +5) A2 + (4P + 5% +y + 6) A, + (25 +4y® + 5y + 1)
re = (29" +3y* +49° + y*) A, + (29° + 6y + 5y° + 3y + 5y).
The Maple setup for this example is

# Delta(f) acts as subs(y=y+1, f) - f for f in R
LinearOrdinaryDifferenceOperator := proc(R, x, C)
local E := R[ShiftOperator];
SkewPolynomial (R, x, r—>E(r,C[1]), r->R[‘-‘](E(r,C[1]),r),
r->E(r,C[-“1(C[11)));

end:

F = GaloisField(7);

R = DenseUnivariatePolynomial(F, ’y’);

Lodo := LinearOrdinaryDifferenceOperator (R, ’Deltaly]’, F)

7.3 Difference Operators with Matrix Coefficients

As a final example, we take quotients in F72X2 ly, Ay] to underscore the genericity
of this method.

e (8] 20 s (o 1)+ (2] [
(et ) (sl ) (2212
S R o R )
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# (o) o+ [os) o+ [13]v+ [35]) &
(el o 2

o= ([5a)v o)+ [sa) o [1] e [33) o [35]) &
(Bl e o 1)

The Maple setup for this example is the same as for the previous example but
with F := SquareMatrix(2, GaloisField(7)).
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fshinv := proc (PR, method, h, v, perm)
local R, x, k, vk, ivk, vkml, w, ell, m, s, g, rmul, pmul, pshift, monom,
step, refine, refinel, refine2, refine3;

R := PR[CoefficientRing];
pmul  := (a, b) => PR["*"] (perm(a, b));
rmul := (a, b) -> R ["* ] (perm(a, b));
monom := (¢, x, n) -> PR["* ] (PR[Polynom] ([c]), PR["""](x, n));
pshift := (n,v) -> shift(PR, n, v);
step := proc(h, v, w, m, ell)
PR+ ]( pshift(m,w), pshift(2*m-h,pmul(w,PR[*-"]1( PR[*""1(x,h-m), pmul(v,w) ))) )
end;

refinel := proc (v, h, k, w0, el110) local m, s, w, ell;
w := pshift(h-k-ell0+1, w0); ell := ellO;
while ell < h-k+1 do
w := step(h, v, w, 0, ell); ell := min(2%ell, h-k+1)
od;
w
end;
refine2 := proc (v, h, k, w0, el10) local m, w, ell;
w := w0; ell := ellO;
while ell < h-k+1 do
m := min(h-k+1-ell, ell);
w := step(k+ell+m-1, v, w, m, ell); ell := ell+m

refine3 := proc (v, h, k, w0, el110) local m, s, w, ell;
w := w0; ell := ellO;
while ell < h-k+1 do
m := min(h-k+1-ell, ell); s := max(0, k-2%ell+1);
w := step(k+ell+m-1-s, pshift(-s, v), w, m, ell); ell := ell+m

od;
W
end;
if method = 1 then refine := refinel
elif method = 2 then refine := refine2
elif method = 3 then refine := refine3
else error "Unknown method", method
fi;
x  := PR[Polynom] ([R[0],R[111); k := PR[Degreel (v);
vk := PR[Lcoeff] (v); ivk := R[T" 1 (vk, -1);
if h < k then return 0
elif k = 0 or h = k or v = monom(vk,x,k) then return monom(ivk,x,h-k)
fi;
vkml := PR[Coeff] (v, k-1);
w := PR[Polynom] ([rmul (ivk, rmul(R[-"](vkml), ivk)), ivk]); ell := 2;

g := 1; # Assume all coeff rings need a guard digit
pshift(-g, refine(v, h + g, k, w, ell))
end:

fdiv := proc (PR, method, u, v, perm) local mul, h, iv, q, r;
(a, b) => PR["*7](perm(a, b));

PR [Degree] (u);

iv  := fshinv(PR, method, h, v, perm);

q shift (PR,-(h-k) ,mul (shift(PR,-k,u),iv)); # Need only top h-k terms
r := PR["-"](u, mul(q, v));
(q, 1)

end:
1fdiv := (PR, method, u, v) -> fdiv(PR, method, u, v, (a,b)->(b,a)):
rfdiv := (PR, method, u, v) -> fdiv(PR, method, u, v, (a,b)->(a,b)):

Fig. 1. Maple code for fast generic polynomial shinv and left and right division
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SkewPolynomial := proc (R, x, sigma, delta, sigmalnv)
local P, deltaStar, mult2, MultVarOnLeft, MultVarOnRight;

# Table to contain the operations.
P := DenseUnivariatePolynomial(R, x);

# If x*r = sigma(r)*x + delta(r), then
# r*¥x = x*sigmalnv(r) - delta(sigmalnv(r)) = x*sigmalnv(r) + deltaStar(r)
deltaStar := r -> R[*-"](delta(sigmalnv(r)));

P[DomainName] := 'SkewPolynomial';
P[Categories P[Categories] minus {CommutativeRing,IntegralDomain};
P[Properties] := P[Properties] minus {Commutative("*7)};

P[ThetaOp] := P[Polynom] ([R[0], R[1]]); # The variable as skew polynomial.

P[Apply] := proc(ell, p) local i, pi, result; # Apply a skew polynomial as an operator.
pi :=p; # delta”i (p)
result := R["* ] (P[Coeff] (ell, 0), pi);
for i to P[Degree](ell) do # For Maple, for loop default from is 1.
pi := delta(pi);
result := R["+ ](result, R[ * ] (P[Coeff] (ell, i), pi))
od;
result
end:

P[*""] := proc(a0, n0) local a, n, p; # Binary powering
:= a0; n := n0; p := P[1];
while n > 0 do
if irem(n,2) = 1 then p := P["* 1(p, a) fi; a := P[**](a, a); n := iquo(n,2);
od;
P

end:

P[**7] := proc() local i, p; # N-ary product
p := P[1]; for i to nargs do p := mult2(p, args[il) od; p

end:

mult2 := proc(a, b) local s, i, ai, xib; # Binary product
xib := b; ai := P[Coeff](a,0);
s := P[Map] (c->R[**7](ai, c), xib);

for i to P[Degreel(a) do
xib := MultVarOnLeft(xib); ai := P[Coeff](a, i);
s :=P[+1(s, PMap](c—>R[**7](ai,c), xib));

# Compute x*b as polynomial with powers on right.
# x*xsum(b[i]*x”i, i=0..degb) = sum(sigma(b[i])*x~(i+1) + delta(b[i])*x~i, i=0..degb)
MultVarOnLeft := proc(b) local cl, slist, dlist;
cl := P[ListCoeffs] (b);
slist := [ R[0], op(map(sigma, cl1)) ]; dlist := [ op(map(delta, cl)), R[0] I;
P[Polynom] (zip(R["+7], slist, dlist));
end:
# Compute b*x as polynomial with powers on left.
# sum(x"i*b[i], i=0..degb)*x = sum(x”(i+1)*sigmaInv(b[i]) + deltaStar(b[i])*x"i, i=0..degb)
MultVarOnRight := proc(b) local cl, slist, dlist;
cl := P[ListCoeffs] (b);
slist := [ R[0], op(map(sigmaInv, c1)) 1; dlist := [ op(map(deltaStar, cl)), R[O]
P[Polynom] (zip(R["+7], slist, dlist));
end:

—

# Continued in Part 2...

Fig. 2. Maple code for generic skew polynomials
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# ... continued from Part 1.

# For v = sum(vr_i x7i, i = 0..k) = sum(x”i vl_i, i = 0..k)
# return polynomial with vl_i, interpreting powers as on left,
# abusing the representation of output.
P[ConvertToAdjointForm] := proc(v) local v_adj, i, rci, rcip;
v_adj := P[0];
for i from P[Degreel(v) to 0 by -1 do

rci  := P[Polynom] ([P[Coeff] (v,i)]);

v_adj := P["+ ](v_adj, (MultVarOnRight@@i) (rci));
od;
v_adj

end:

# For v = sum(x”i vl_i, i = 0..k) = sum(x"1i vr_i, i = 0..k)
# return polynomial with vr_i, interpreting powers as on right,
# abusing the representation of input.
P[ConvertFromAdjointForm] := proc(v_adj) local v, i, rci;
v := P[0];
for i from O to P[Degreel] (v_adj) do
rci := P[Polynom] ([P[Coeff](v_adj,i)]);
v := P["+ ] (v, (MultVarOnLeft@@i) (rci))
od;
v
end:

# Shift by power on left.

P[LShift] := proc(n, vO) local v, shv, i, k;
v := P[ConvertToAdjointForm] (vO); k := P[Degreel(v);
if k + n < 0 then shv := P[0]
elif n < O then shv := P[Polynom] ([seq(P[Coeff] (v,i), i = -n..k)])
else shv := P[Polynom] ([seq(R[0], i=1..n), seq(P[Coeff](v,i), i=0..k)1)
fi;
P[ConvertFromAdjointForm] (shv)

end:

# Shift by power on right.

P[RShift] := proc(n, v) local i, k;
k := P[Degree] (v);
if k + n < 0 then P[0]
elif n < O then P[Polynom] ([seq(P[Coeff] (v,i), i = -n..k)])
else P[Polynom] ([seq(R[0], i=1..n), seq(P[Coeff](v,i), i=0..k)1)
fi

end:

# Quotient and remainder

P[GDiv] := proc(perm, gfun) proc (u, v) local h, k, x, ivk, t, q, r, i, qi;
x P[Polynom] ([R[0], R[1]]); ivk := R[Inv](P[Lcoeff](v));

:= P[Degree] (u); k := P[Degree] (v);

q := P[0]; r = u;

for i from h - k by -1 to 0 do
qi := qfun(P[Coeff] (r,i+k), ivk, i, k);
t P[ * ] (P[Constant] (qi), P[" " 1(x,1));

q P[*+71(q, t);

r :=P[-"1(r, P["* ] (perm(t, v)));

od;

(q,
end end:
P[RDiv0] := P[GDiv] (rperm, (u,iv,n,k)->R[** ] (u, (sigma@@n) (iv)));
P[LDiv] := P[GDiv] (lperm, (u,iv,n,k)->(sigmaInv@@k) (R[** ](iv,u)));

# Continued in Part 3...

Fig. 2. (continued)
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# ... continued from Part 2.

# A slightly less repetitive RDiv.

P[RDiv] := proc (u, v) local h, k, x, ivk, sigma_ivk_i, x_i_v, q, r, i, qi;
x P[Polynom] ([R[0], R[1]11); ivk := R[Inv](P[Lcoeff](v));
h P[Degree] (u); k := P[Degree](v);

# Precompute sigma”i(ivk) and x"i*v for required i.

sigma_ivk_i[0] := ivk;

for i from 1 to h-k do sigma_ivk_i[i] := sigma(sigma_ivk_i[i-1]); od;
x_i_v[0] := v;

for i from 1 to h-k do x_i_v[il]

Pl * 1(x, x_i_v[i-1]) od;

q :=P[0]; r = u;
for i from h - k by -1 to 0 do

qi := P[Constant] (R[** ] (P[Coeff] (r, i+k), sigma_ivk_i[i]));
q :=P[+1(q, P[**"1(qi, P[*771(x,1)));
r :=P[-"1(r, P[**71(qi, x_i_v[il]));

od;

(q, 1)

end:

# Needed for some versions of Maple.

P[0] := P[Polynom] ([R[0]]);

P[1] := P[Polynom] ([R[1]]);

P[*-"]1 := proc()
local nb := P[Polynom] (map(c-> R[*-"1(c), P[ListCoeffs] (args[nargs])));
if nargs = 1 then nb else P[ +7](args[1], nb) fi

end:

# Return the table
P
end:

Fig. 2. (continued)

8 Conclusions

We have extended earlier work on efficient computation of quotients in a generic
setting to the case of non-commutative univariate polynomial rings. We have
shown that when the polynomial variable commutes with the coefficients, the
whole shift and whole shifted inverse are well-defined and they may be used to
compute left and right quotients. The whole shifted inverse may be computed
by a modified Newton method in exactly the same way as when the coefficients
are commutative and the number of iterations is logarithmic in the degree of the
result. When the polynomial variable does not commute with the coefficients,
left and right whole shifted inverses exist and may be computed by classical
division. Once a left or right whole shifted inverse is obtained, several right or left
quotients with that divisor may be computed, each with a single multiplication.
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