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Abstract. Formal Concept Analysis (FCA) is a mathematical frame-
work for analysing data tables that capture the relationship between
objects and attributes. The concept lattice derived from such a table is
a representation of the implicit knowledge about this relationship, where
each concept corresponds to a bicluster of objects and attributes. FCA
has been widely used for knowledge acquisition and representation, con-
ceptual data analysis, information retrieval and other applications. In
this paper, we use an extension of the classical FCA to deal with fuzzy
formal contexts, where the relationship between objects and attributes
is modelled by truth values indicating the degree to which an object pos-
sesses a property or attribute. Fuzzy Formal Concept Analysis (FFCA)
allows us to capture vague or imprecise information and handle uncer-
tainty or ambiguity in data analysis. Our purpose is to use aggregation
functions in order to manipulate and explore fuzzy formal concepts in
different ways depending on the desired properties or criteria. In this
work, we will focus on the structure of the extents of the concept lat-
tice. We define the aggregation of fuzzy extents point-wise and study
how it affects its structure. We characterise the aggregation functions
that preserve the fuzzy extent structure and show that they depend on
the number of objects in the context. Our results contribute to a better
understanding of how aggregation functions can be used to manipulate
and explore fuzzy formal concepts.

Keywords: Aggregation Function · Formal Concept Analysis · Fuzzy
Sets

1 Introduction

Aggregation functions have become a significant area of research in Fuzzy
Set Theory and its applications. The need to combine information, typically
expressed as numerical values, into a single output for decision-making has ge-
nerated interest in studying functions that enable such aggregation. Aggrega-
tion functions are now widely discussed in various conferences, and a biennial
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congress, AGOP, is devoted to them. For further information on this topic, refer
to [3,5].

Recently, there has been a considerable focus on developing a framework
that concentrates on preserving the properties of fuzzy algebraic structures under
aggregation functions. This framework is actively being developed and discussed,
and more details can be found in [2,7,10,11].

There are some approaches to FCA that use aggregation functions but they
are used in the classical setting, that is, they consider different measures on the
concept lattice and aggregate these measures to a single number by using the
operator [9,12]. In our approach, we focus on the concept lattice. In particular,
the infimum and the supremum of the concept lattice are defined in terms of
suprema and the infima of the powerset lattice [4,6]. The key point is that
the supremum and the infimum are aggregation operators, and the question
is whether changing these operations by another pair of aggregation operators
defines a new concept lattice. Directly from the classical theory of FCA we know
that we cannot interchange suprema with infima, therefore this claim will not
be satisfied by some aggregation operators.

Another implication of this study would be in the study of algorithms for the
computation of the concept lattice. Some of the most well-known algorithms,
such as FastCbO [8] or InClose [1], use the intersection of extents to recursively
find all the extents corresponding to a formal context. Since the fuzzy intersection
operation is, as we will show later, a particular case of aggregation of fuzzy
sets, we can expect that other aggregation functions (that preserve the extent
structure) may help in accelerating the process by incorporating them into these
algorithms.

The main section of this paper shows some of the properties that an aggre-
gation operator must satisfy to be an internal operation in the set of extents,
intents or formal concepts. Surprisingly, there are not many aggregation opera-
tors that preserve extents or intents. Even though this is only the first step in
this line, experimentation hints that only the infimum and the projections on
the components preserve these sets. In these preliminary steps, we will consider
aggregation functions on the unit interval [0,1] and the Gödel t-norm, which is
exactly the infimum.

The remainder of this work is structured as follows: in Sect. 2, we present
the preliminary ideas about aggregation functions and fuzzy FCA that will help
in the understanding of the results, that will be detailed in Sect. 3. Finally, in
Sect. 4, the final conclusions and future research lines are commented.

2 Preliminaries

In this section, we outline some of the concepts which will be necessary to follow
the paper. This work is set in the fuzzy framework so some concepts on fuzzy
structures and methods are presented.

A complete residuated lattice L = (L,∧,∨,⊗,→, 0, 1) is a structure such
that (L,∧,∨, 0, 1) is a complete lattice where 0 is the bottom element and 1 is
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the top one, (L,⊗, 1) is a commutative monoid, that is, ⊗ is an associative and
commutative binary operation and 1 is the identity element; and (⊗,→) is an
adjoint pair, that is

x ⊗ y ≤ z if and only if y ≤ x → z.

In this particular paper, the role of L will be played by the unit interval [0, 1].
One of the main concepts used in this work is that of aggregation function.

Here is a short description of what they are and their most important types.

Definition 1. ([5]) Let A : [0, 1]n −→ [0, 1] be a function. We say that A is an
aggregation function if:

(A1) A(0, ..., 0) = 0 and A(1, ..., 1) = 1. (Boundary conditions)
(A2) A(x1, ..., xn) ≤ A(y1, ..., yn) whenever xi ≤ yi for each 1 ≤ i ≤ n. (Mono-

tonicity)

Definition 2. Given an arbitrary set S, an aggregation function A : [0, 1] ×
[0, 1] −→ [0, 1] and two fuzzy subsets X,Y : S −→ [0, 1], the fuzzy set A(X,Y ) :
S −→ [0, 1] defined point-wise by

A(X,Y )(t) := A(X(t), Y (t))

is the aggregation of X and Y using A.

We give now some brief preliminaries on Fuzzy FCA. A fuzzy formal context
is a tuple K = (G,M, I) where G and M are the sets of objects and attributes,
respectively and I : G × M → [0, 1] is a fuzzy relation. The degree I(g,m) is
understood as the degree to which the object g has the attribute m. The concept-
forming operators ↑ and ↓ are defined as follows, for a pair of fuzzy sets X ∈
[0, 1]G, Y ∈ [0, 1]M ,

X↑(m) =
∧

g∈G

(X(g) → I(g,m)) Y ↓(g) =
∧

m∈M

(Y (m) → I(g,m))

As in the classical case, a fuzzy formal concept is a pair 〈X,Y 〉 ∈ [0, 1]G ×
[0, 1]M such that X↑ = Y and Y ↓ = X. The set of fuzzy formal concepts,
denoted by B(K) is a complete lattice with the following infima and suprema,
let {〈Xi, Yi〉}i∈I ⊆ B(K), then

∧
{〈Xi, Yi〉}i∈I =

〈
⋂

i∈I

Xi,

(
⋃

i∈I

Yi

)↓↑〉
,

∨
{〈Xi, Yi〉}i∈I =

〈(
⋃

i∈I

Xi

)↑↓
,
⋂

i∈I

Yi

〉
.

This hints at the preliminary idea of this work, the infimum operator is an
aggregation function and the supremum operator is known as its dual aggrega-
tion function. Thus we wonder, assuming A is an aggregation function with dual
A∗: can we ensure

〈
A(Xi), A∗(Yi)↓↑〉 is a formal concept?
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Table 1. A formal context (left) and an aggregation function (right) described as a
table on the chain {0, 0.25, 0.5, 0.75, 1}.

K m1 m2 m3

g1 0.25 0.5 0

g2 0.75 0.25 0

g3 0 1 0.75

A 0 0.25 0.5 0.75 1

0 0 0 0 0 0.5

0.25 0 0 0.25 0.5 1

0.5 0 0.5 1 1 1

0.75 0 0.75 1 1 1

1 0.5 1 1 1 1

Formal context Aggregation function

Example 1. Let L be the unit interval [0, 1] and let us consider the formal context
K and an aggregation function A whose restriction to {0, 0.25, 0.5, 0.75, 1} are
shown in Table 1. The formal concepts of the context above are the following.

〈 {g1, g2, g3} ,
{
0.25/m2

} 〉
(1)

〈 {
g1, 0.25/g2, g3

}
,

{
0.5/m2

} 〉
(2)

〈 {
0.5/g1, 0.25/g2, g3

}
, {m2} )〉 (3)

〈 {g3} ,
{
m2,

0.75/m3

} 〉
(4)

〈 {
0.75/g3

}
, {m2,m3} 〉 (5)

〈 {g1, g2} ,
{
0.25/m1,

0.25/m2

} 〉
(6)

〈 {
g1, 0.25/g2

}
,

{
0.25/m1,

0.5/m2

} 〉
(7)

〈 {
0.5/g1, 0.25/g2

}
,

{
0.25/m1,m2

} 〉
(8)

〈 {
0.25/g1, g2

}
,

{
0.75/m1,

0.25/m2

} 〉
(9)

〈 {
0.25/g1, 0.75/g2

}
,

{
m1,

0.25/m2

} 〉
(10)

〈 {
0.25/g1, 0.25/g2

}
, {m1,m2} 〉 (11)

〈 ∅, {m1,m2,m3} 〉 (12)

Consider for example concepts (7) and (8) above and the aggregation function A.

C7 =
〈{

g1,
0.25/g2

}
,
{
0.25/m1,

0.5/m2

}〉
,

C8 =
〈{

0.5/g1,
0.25/g2

}
,
{
0.25/m1,m2

}〉
.

We show the aggregation of the two previous extents using A, according to
Definition 2:

A
({

g1,
0.25/g2

}
,
{
0.5/g1,

0.25/g2
})

=
{
A(1,0.5)/g1,

A(0.25,0.25)/g2

}
=

=
{
1/g1,

0/g2
}

= {g1} .

An analogous procedure can be performed to aggregate the two intents. We
should remember that we can only aggregate fuzzy sets over the same universe.
Therefore, in general, we cannot aggregate extents and intents together.
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As an extreme case, we can consider the top � and the bottom ⊥ of the
concept lattice:

� =
〈{g1, g2, g3} ,

{
0.25/m2

}〉
,

⊥ = 〈{∅} , {m1,m2,m3}〉 ,

and examine the aggregation of these concepts (defining the aggregation by parts
–extents and intents–):

A(�,⊥) = A
(〈{g1, g2, g3} ,

{0.25/m2

}〉
, 〈{∅} , {m1,m2,m3}〉) =

=
〈
A ({g1, g2, g3} ,∅) , A

({0.25/m2

}
, {m1,m2,m3}

)〉
=

=
〈{

A(1,0)/g1,
A(1,0)/g2,

A(1,0)/g3
}
,
{

A(0,1)/m1,
A(0.25,1)/m2,

A(0,1)/m3

}〉
=

=
〈{0.5/g1,

0.5/g2,
0.5/g3

}
,
{0.25/m1,

1/m2,
0.25/m3

}〉
=

=
〈{0.5/g1,

0.5/g2,
0.5/g3

}
,
{0.25/m1,m2,

0.25/m3

}〉
.

Therefore, A(�,⊥) is not a fuzzy formal concept.

The last example shows that 〈A(Xi), A∗(Yi)↓↑〉 is not a fuzzy formal concept
in general. Nowadays, knowing the properties on aggregation functions which
preserve fuzzy formal concepts is an open problem.

3 Aggregation in FCA: First Results

In this section, we wonder what conditions endow to an aggregation function in
order to be closed on the set of fuzzy formal concepts. For a general aggregation
function, it may be easy to find a formal context such that the aggregation of
two given extents is not an extent.

Example 2. We continue our discussion using the same context and aggregation
function as in Example 1. We got that the aggregation of the extents of C1 and
C2 was the set {g1}. We can check that it is not an extent, since

{g1}↑↓ =
{
0.25/m1,

0.5/m2

}↓
=

{
g1,

0.25/g2
}

,

and therefore it is not a closed set of objects. The same reasoning (the compu-
tations are straightforward) can be done to deduce that the aggregation of the
intents of C1 and C2 is not an intent of the formal context.

One can also easily check that the aggregation of the two concepts � and ⊥
is not a concept, since:

{
0.5/g1,

0.5/g2,
0.5/g3

}↑↓
= {g1, g2, g3} ,

{
0.25/m1,m2,

0.25/m3

}↓↑
= {m1,m2,m3} .

Thus, A does not preserve the algebraic structures of extent or intent. Con-
sequently, neither of concept.
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Our aim in this work is to present a preliminary study of the conditions that
allow us to determine if an aggregation function will preserve those structures.

Definition 3. Let K = (G,M, I) be a formal context and denote by Ext(K),
Int(K) and B(K), the sets of extents, intents and formal concepts of K, respec-
tively. An aggregation function A is said to be:

– extent-consistent with K if A(X1,X2) ∈ Ext(K) for all X1,X2 ∈ Ext(K).
– intent-consistent with K if A(Y1, Y2) ∈ Int(K) for all Y1, Y2 ∈ Int(K).
– consistent with K if A(C1, C2) ∈ B(K) for all concepts C1 and C2 of K.

Example 3. Continuing with the same situation as in Example 1, we can see
that the aggregation function A is neither extent-consistent, intent-consistent,
nor consistent at all.

However, there are aggregation functions that will always preserve the alge-
braic structure, e.g., the minimum operator or the projections. Let us consider
the aggregation functions Am, π1 and π2 given by:

Am(x, y) := x ∧ y,

π1(x, y) := x,

π2(x, y) := y.

Proposition 1. Let K = (G,M, I) be a formal context. Then:

1. Am, π1 and π2 are extent- and intent-consistent with K.
2. π1 and π2 are consistent with K.

Proof. 1. Am is extent-consistent and intent-consistent since it is used in the
definition of the intersection of fuzzy sets: let S ∈ {G,M}, then, given two
extents or intents X,Y ∈ [0, 1]S , we have that (X ∩ Y )(s) := X(s) ∧ Y (s) =
Am(X(s), Y (s)) for all s ∈ S. Since the set of extents and the set of intents
are closed under intersections, then Am(X,Y ) = A ∩ Y is also an extent or
an intent, respectively. It is evident that the two projections are extent- and
intent-consistent since they always return one of their inputs.

2. The projections applied to concepts return one of their inputs, as mentioned
before, and therefore, projections are consistent with K.

Notice that Am may not be consistent with some formal context K, as shown
in the next example.

Example 4. Following our running example, let us compute:

Am(�,⊥) = Am

(〈{g1, g2, g3} ,
{
0.25/m2

}〉
, 〈{∅} , {m1,m2,m3}〉) =

=
〈
Am ({g1, g2, g3} , ∅) , Am

({
0.25/m2

}
, {m1,m2,m3}

)〉
=

=
〈{g1, g2, g3} ∩ ∅,

{
0.25/m2

} ∩ {m1,m2,m3}
〉

=

=
〈
∅,

{
0.25/m2

}〉
.

which is not a concept of the formal context, as it is easy to check.
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Let us now inspect a simple formal context, as given in the next table, for
a, b ∈ [0, 1]:

m1 m2

g1 a b

Let us suppose a < b. Then, the set of formal concepts (using, as we men-
tioned before, the Gödel logic structure) is:

〈{g1} ,
{
a/m1,

b/m2

}〉,
〈{b/g1

}
, {a/m1,m2}〉,

〈{a/g1} , {m1,m2}〉.

Note that if A is an aggregation function such that A(a, b) �∈ {a, b, 1}, then
A is not extent-consistent. By duality, it cannot be intent-consistent. This moti-
vates the following:

Conjecture. If there exists a, b ∈ [0, 1] such that A(a, b) �∈ {a, b} then there exists
a formal context K = (G,M, I) such that A is not extent-consistent (dually,
intent-consistent) with K.

Notice that we have removed the possibility A(a, b) = 1 in this conjecture.
Also, observe that Am, π1 and π2 satisfy A(x, y) ∈ {x, y} for all x, y ∈ [0, 1].
The proof of this conjecture would imply that the aggregation functions that
are extent-consistent or intent-consistent belong to the average class. As a main
result, fixed a formal context K, we wish to find a total classification or iden-
tification of the aggregation functions which preserve the algebraic structure of
extents and intents, that is, finding the ones which are extent-consistent with K

and intent-consistent with K.

4 Conclusions

In this work we have explored the properties an aggregation function must satisfy
in order to preserve the structure of extents, intents or formal concepts in the
setting of Fuzzy Formal Concept Analysis. We have discarded some preliminary
hypotheses via a series of illustrative examples and some conjectures have arisen
from experimentation. Even in the first steps in this line, we have found some
interesting results.

As a prospect of near future work, we intend to study thoroughly this pro-
blem in order to prove or refute the conjectures presented. Experiments suggest
that there are distinct situations depending on the size of the formal context.
These results will also have an impact from the practical standpoint: the con-
sistent aggregation functions could be incorporated into algorithms for concept
lattice construction in order to reduce the computational cost of exploring and
computing the set of extents, intents and concepts.
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5. Calvo, T., Kolesárová, A., Komorńıková, M., Mesiar, R.: Aggregation Operators:
Properties, Classes and Construction Methods, pp. 3–104. Physica-Verlag, Heidel-
berg (2002). http://dl.acm.org/citation.cfm?id=774556.774559

6. Ganter, B., Wille, R.: Formal Concept Analysis: Mathematical Foundation.
Springer, Heidelberg (1999). https://doi.org/10.1007/978-3-642-59830-2

7. Jana, C., Pal, M., Wang, J.: A robust aggregation operator for multi-criteria
decision-making method with bipolar fuzzy soft environment. Iran. J. Fuzzy Syst.
16(6), 1–16 (2019)
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