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Abstract. In this work, we establish a relation between the generation
of broadband sound for the inertial subrange in turbulent flows and the
turbulence cascade mechanism. A dimensional analysis of the perturbed
convective wave equation (PCWE) source term is used to obtain the
time scale of the aeroacoustic source term and its relation to the turbu-
lent length scales. Based on these findings, a new method to estimate the
grid cut-off frequency (fcco) is proposed. The frequency feco deter-
mines the maximum frequency up to which the turbulent structures are
fully resolved by the grid of the flow simulation. For hybrid aeroacous-
tic simulations, this maximum resolvable frequency of the flow simula-
tion also determines the maximum frequency content of the aeroacoustic
sources and therefore the highest frequency that can be resolved in the
subsequent acoustic simulation of broadband sound. The ability of the
new method to estimate the faco is tested against two common meth-
ods frequently used in literature. The test case of a forward-facing step
is chosen which is a common aeroacoustic benchmark case and known
to generate broadband sound. The new method shows promising results
when the estimated grid cut-off frequency is compared against the esti-
mations from the two reference methods.

Keywords: broadband sound - turbulent time scale + grid cut-off
frequency

1 Relevant Turbulent Time Scale for Broadband Sound

1.1 Energy Cascade and Kolmogorov’s Hypothesis

The idea of the energy cascade of turbulence was introduced by Richardson in
1922 and describes the transfer of energy from large scales of turbulent motion
to smaller scales. The first basic concept is that turbulence can be considered
to be composed of eddies of different sizes. The term eddy is not clearly defined
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but is commonly seen as a turbulent motion, localized in a region of size [ which
is at least moderately coherent over this region [1]. The second basic concept
of the energy cascade is that large eddies are unstable, break up and transfer
their energy to smaller eddies. This break-up process and energy transfer repeat
for every level of smaller eddies until the eddy size and local Reynolds number
become so small that molecular viscosity is effective in dissipating the kinetic
energy of the smallest eddies.

For sufficiently high Reynolds numbers and within the universal equilibrium
range, the transfer of energy to successively smaller scales is equal to the tur-
bulent dissipation rate e [1]. When the size of the eddy ! is within the inertial
subrange, an associated timescale 7; can be defined. The time scale 7; is referred
to as the eddy turnover time, and it describes the time it takes for an eddy of
length-scale I to break up into eddies of the next smaller level (say lengthscale
1/2). From this definition and using dimensional analysis, an associated velocity

scale u; can be introduced
l
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The dissipation rate of the turbulent kinetic energy € can be obtained and related
to u; and 7; by
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and by combining Eq. 1 and 2 a relation between the time and length scales can

be acquired
(3)

The pressure fluctuations associated with a turbulent motion of size [ can there-
fore be defined as
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Thereafter, the derivative of pressure p; for an eddy in the Lagrangian frame can

be approximated. Considering the break-up of an eddy with lengthscale [ into
smaller eddies of lengthscale 1/2 over the period 7, it yields
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The turbulent kinetic energy is distributed among the eddies of different
sizes. The turbulent motions of lengthscale [ correspond to the wavenumber
k = 2m/l. The total turbulent kinetic energy k is obtained by integrating the
energy spectrum over the whole wavenumber space

k:AmEmmn. (6)

From Kolmogorov’s second similarity hypothesis it follows that the energy spec-
trum function E(k) can be described in the inertial subrange as

E(k) = Ce2/3x75/3 (7)

pe%l%

where C is a universal constant with C' ~ 1.5.
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1.2 Dimensional Analysis of the PCWE Acoustic Source Term

In this section, a dimensional analysis of the source term of the perturbed convec-
tive wave equation (PCWE) is carried out to relate the turbulent energy cascade
to the primary mechanisms of broadband sound generation for the inertial sub-
range. The PCWE fully describes acoustic sources generated by incompressible
flow structures and their wave propagation through flowing media. By introduc-
ing the acoustic scalar potential @,, the speed of sound ¢y, and the density pg
of the acoustic medium, the perturbed convective wave equation is defined by

1 D*¢, 0&°®, 1 Dp D 0 0
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Considering that the turbulent velocity fluctuations u; are much smaller than the
mean flow velocity U;, the derivative of the incompressible pressure fluctuation
Dp/Dt can be approximated as the time derivative of the pressure fluctuation
dp/dt in the Lagrangian frame, so that the PCWE source term Spcye can be

approximated as
1 Dp 1 dp
v T )

S e = ——— 2P .
pewe pocd Dt pocd dt

A similar relation was derived by [2] for the noise source term of fine-scale
turbulent structures using the gas kinetic theory analogy and considering fine-
scale turbulence as small blobs of fluid moving randomly. Using Eq. 3 and Eq. 5,
the dimensional analysis of the acoustic source term Spc,. associated with the
turbulent motion of lengthscale [ results in

1 dp P €313 p 12 pE
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pcwe ~ (10)
and reveals the dependency of the acoustic source term on the dissipation rate
€ and the eddy-turnover time 7;. This dependency, which was established from
the perspective of dimensional analysis, implies that the primary mechanism of
broadband sound generation in the inertial subrange is related to the turbulence
cascade mechanisms.

2 Estimation of the Grid Cut-Off Frequency
for LES-Based Aeroacoustic Simulations Regarding
Broadband Sound

2.1 Problem Description

The hybrid aeroacoustic approach utilizes a separate treatment of the flow and
the acoustic fields. In the first step, a scale-resolving flow simulation computes
the near-field flow quantities from which acoustic source terms are obtained.
Subsequently, the acoustic source term is used to compute the acoustic wave
propagation in a separate simulation.
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Fig. 1. Comparison of broadband sound spectra from simulation data and experiment.
(Color figure online)

Large-eddy Simulation (LES) is widely used to compute the transient, turbu-
lent flow fields. However, LES only resolves the turbulent eddies up to a certain
lengthscale, often implicitly determined by the numerical grid of the flow simula-
tion. The effect of turbulence that is not resolved by the grid is usually incorpo-
rated by a subgrid-scale model. Therefore, the maximum resolved wavenumber
of the turbulent structures is set by the grid resolution. Besides the time-step
increment in combination with the Nyquist theorem, the maximum resolved
wavenumber in the flow simulation determines the maximum frequency content
of the acoustic source terms, hence the maximum resolvable frequency in a sub-
sequent acoustic simulation. Figure 1 exemplifies the broadband sound spectrum
obtained from a hybrid aeroacoustic simulation in comparison to measurement
data. Despite a sufficiently fine time-step and a well-refined acoustic grid, there
exists a cut-off frequency beyond which the sound spectrum from the simulation
trails off from the measurement data. This cut-off frequency is attributed to the
resolution of the flow simulation grid. Therefore, such a behaviour indicates a
lack of spatial resolution in the flow computation which leads to an underpre-
diction of the sound pressure level [3]. Since in most acoustic applications, the
maximum frequency of interest is known prior to the simulation; it is necessary
to choose the grid resolution of the flow simulation such that the grid cut-off
frequency (e.g. feco in Fig. 1) matches the highest frequency of interest.

2.2 Two Frequently Used Approaches in Literature

There are two common methods available in the literature to determine the grid
cut-off frequency fgco which is used to ensure that the acoustic source region is
resolved up to the frequency of interest. Ideally, such methods should predict the
faco based on RANS (Reynolds-Averaged-Navier-Stokes) simulation data prior
to the expensive LES and acoustic simulations. For both methods, the grid cut-
off wavenumber kgoo = 27/2A = 7w/A is obtained from the Nyquist theorem
in which A is the grid cell length. According to the Nyquist theorem, at least
two grid cells per lengthscale are required to resolve a given wavenumber [4].
The first method (M1) is based on Taylor’s frozen turbulence hypothesis. Thus,
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it relates the maximum resolved wavenumber and frequency to the convection
velocity U, and estimates the fgco via Eq. 11.

Uec kgeco _ Ue
2 2A (11)

The convection velocity U, is defined as the velocity by which the turbulent eddy
structures are transported downstream. Considering the mechanism of broad-
band sound generation explained in the previous section using Eq. 10, the frozen
turbulence hypothesis is unsuitable for estimating the timescale in the inertial
subrange. Furthermore, Eq. 11 assumes a wave-like propagation with a constant
velocity for turbulent fluctuations, thus establishes a linear relationship between
frequency and wavenumber. This is incompatible with the physics of turbulence
and contrary to findings of the dimensional analysis presented in the previous
section in Eq. 3. As a result, method M1 typically overestimates the cut-off
frequency.

The second method (M2) was introduced by Mendonga [5] (see also [3]). This
method attempts to address the problem of the frozen turbulence hypothesis in
M1 by incorporating the turbulent kinetic energy into the equation. The grid
cut-off frequency based on M2 is given in Eq. 12.

fGCO =

2
sk

2A

Although turbulence is taken into account by method M2, it still suffers from
the assumption that the wavenumber and frequency are linearly related. This is
simply because a wave-like propagation is assumed as in M1, but the propaga-
tion speed is changed to be the root mean square of the velocity fluctuations.
Furthermore, the spectral distribution of the turbulent kinetic energy across dif-
ferent lengthscales is ignored. As velocity fluctuations are orders of magnitude
smaller than the convection velocity, this method predicts much smaller cut-off
frequencies compared to M1, often underestimating the fgco as it is shown in
the upcoming Sect. 2.4.

faco = (12)

2.3 A New Method to Estimate the Grid Cut-Off Frequency

In this section, we propose a new grid cut-off estimation method (M3) using the
findings from dimensional analysis and considering the spectral distribution of
turbulent quantities. The dependency of the acoustic source term on the dis-
sipation rate and the eddy-turnover time in Eq. 10 implies that the primary
mechanism of broadband sound generation in the inertial subrange is the turbu-
lence cascade. Therefore, the frozen-turbulence hypothesis used in method M1 is
invalid for the aeroacoustic sound generation of the inertial scales. The relation
from Eq. 10 also explains why acoustic sources are dominant on solid walls where
the turbulence dissipation rate is at its maximum. Therefore, the local turbu-
lence intensity should not be considered as an indicator of the acoustic source
intensity. Instead, the dimensional analysis shows that the source intensity for
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the inertial scales is attributed to the local turbulence dissipation rate. This is
partly the reason why Eq. 12 leads to large errors in proximity to the wall where
production and dissipation are not locally in balance. Moreover, Eq. 10 reveals
that the eddy turnover time is indeed the relevant timescale for the acoustic
source term generated by the inertial scales. The relation between the time and
length scales in Eq. 3 shows that the assumption of a linear relationship between
time and length scales (frequency and wavenumber) in M1 and M2 is inaccurate.
As [ is located in the inertial subrange, Eq. 3 can be rewritten as a function of
wavenumber k = 27/l using Kolmogorov’s model for the energy spectrum of a
fully turbulent flow (Eq. 7) to obtain the eddy turnover time 7, as a function of
wavenumber:

T = [H3E(I€)]7% =C Fe iR (13)
The maximum wavenumber resolved by the grid in an LES with implicit filtering
is kgoco = 2m/24, in which A is the local grid spacing. Thus, the grid cut-off
frequency faco = Taco " follows from Eq. 13:

faco = C3le kLoo)3 = C2le (n/A)?)5 . (14)

Our proposed cut-off estimation method M3 in Eq. 14 expresses the dependency
of the cut-off frequency on the turbulence dissipation rate. This is consistent
with our analysis in Eq. 10 in which € proves to play the key role in broadband
sound generation by the inertial eddies. Furthermore, the spectral distribution
of the turbulent kinetic energy and timescale of the turbulence cascade is built
into M3. Consequently, this criterion provides an accurate estimation for the
grid cut-off frequency, as will be discussed in the next sections.

2.4 Approach to Compare the Methods

To verify the capability of the proposed method for an accurate estimation of
faco, we performed wall-resolved large-eddy simulations on three numerical
grids with different resolutions. The open-source code OpenFOAM was used for
the simulations. A forward-facing step (FFS) was chosen as the testcase, which
is a common aeroacoustic benchmark case and is known to generate broadband
sound. As the present work considers transient, low Mach number flows (Ma?
< 1), we chose a finite volume-based LES with an incompressible, isothermal
formulation. To model unresolved scales, the WALE (Wall-Adapting Local Eddy-
Viscosity) subgrid-scale model was used. Additionally, RANS simulations were
carried out with the k-w-SST turbulence model with no wall-functions applied.

In Fig.2, a lateral view of the simulation domain is shown. The step has
a height h of 12mm and faces an incoming turbulent boundary layer with a
thickness 6 &~ 11 mm. The Reynolds number based on A is about 8000. A no-slip
boundary condition is applied on the boundaries indicated with w in Fig. 2. Slip
conditions are used at the boundaries labeled with s and periodic conditions
are utilized at the lateral boundaries (perpendicular to the image plane). At the
outlet o, a Neumann condition is applied. The method to develop a boundary
layer with thickness § was adopted from [6]. A recycling plane was used (indicated
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in red in the left part of Fig.2) to map the velocity field back to the inlet
boundary m. At the other inlet boundary u, a constant freestream velocity is set.
200 probes are distributed in the flow field domain for further spectral analyses.
For the sake of brevity, we focus on the results extracted from probes P1 and
P2 shown in Fig.2 as they represent the spectral behaviour observed in other
probes. Probe P1 is positioned in the region where an attached fully developed
turbulent boundary layer is present and P2 is located in the wake region of the
step.

Y e
e L

Fig. 2. Left: Simulation domain in side view with probe positions (P1, P2) and bound-
ary conditions, e.g. (m) inlet velocity mapped from the recycling plane shown with
a red dotted line, (u) fixed freestream inlet velocity, (o) outlet with Neumann condi-
tion, (s) walls with slip and (w) no-slip condition. Right: Block divisions used for the
block-structured grid. The colours of the blocks indicate different refinement strategies.
(Color figure online)

A fully orthogonal, block-structured grid was used for the simulations. The
different block types are sketched in Fig.2 (right). The yellow blocks indicate
the turbulent-free regions where a relatively coarse grid resolution is required.
The grid is uniform in the streamwise direction except in red blocks where a
streamwise refinement was applied near the step. The coarse grid has a dimen-
sionless cell width of Azt = 150 in streamwise, AyT = 0.8 — 8 in wall-normal,
and Azt = 20 in spanwise directions. The medium grid has a dimensionless cell
width of Az+ = 80 and for the fine grid Az™ = 30. The spanwise and wall-
normal resolutions are identical for all three grids. Note that for the comparison
of the methods, the LES filter width A is set to be the maximum edge length of
each cell. This means that the filter width is equal to the streamwise cell width
except for a few cells near the step.

The local mean velocity U and the turbulent kinetic energy k computed
from the LES of the fine grid are used as the input data for methods M1 and
M2 respectively. The turbulence dissipation rate € needed for method M3 is also
obtained from the fine grid LES and is later compared to the result from the
k-w-SST RANS simulation. The dissipation rate was determined from the RANS
simulation by the relation € = f*wk, with 8* = 0.09 [7].

2.5 Results

Figure3 (left) shows the resulting energy spectra at point probe P1 from LES
with three different grids. The spectrum obtained from the coarse grid clearly
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trails off from that of the medium and fine grids. For the coarse grid, method
M3 (“cutoff_Spectral”) estimates the grid cut-off frequency to be at 362 Hz quite
accurately. Method M1 (“cutoff_Taylor”) results in an overestimated cut-off fre-
quency 973 Hz, conversely, method M2 (“cutoff_Mendong¢a”) underestimates it
to be 74 Hz. A similar tendency can be found when the spectra from the medium
and fine grids are compared. Again, the predicted faco = 539 Hz from method
M3 fits best to the frequency where the spectrum of the medium grid starts to
dwindle away. Once more, M1 overestimates and M2 underestimates the cut-off
frequency.

In Fig. 3 (right), the M3 criterion using LES and RANS results are compared
for probe P1. The criterion using the turbulence dissipation rate obtained from
k-w-SST somewhat overestimates the grid cut-off frequency in comparison to
the accurate prediction based on the LES data. This error is mainly due to the
eddy-viscosity hypothesis as well as other simplifications made in the RANS
model.
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Fig. 3. Energy spectra from LES at probe position P1. Estimated faco from the
different methods are indicated based on LES data (left). Estimated feco based on
M3 from RANS data in comparison to feco from LES data (right). (Color figure
online)

Figure4 (left) presents the energy spectra obtained from probe P2 located
after the step in which a similar trend regarding the performance of the different
methods is observed.
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Fig. 4. Energy spectra from LES at probe position P2. Estimated fcco from the
different methods are indicated based on LES data (left). Estimated faco based on
M3 from RANS data in comparison to feco from LES data (right). (Color figure
online)
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Figure4 (right) is a similar plot as in Fig.3 (right) but for the probe P2,
where the method M3 based on the RANS data slightly underestimates the cut-
off frequency in comparison to the LES based approach. However, even with
incorporating less accurate RANS modelled data into the M3 criterion, it still
outperforms the other two methods fed with accurate LES-resolved data (com-
pare both plots of Fig. 3 against each other, and both plots in Fig.4).
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Fig. 5. Pressure spectra from LES at probe position P1 (left) and P2 (right). Estimated
faco from the different methods are indicated based on LES data. (Color figure online)

In Fig.5, the obtained pressure spectra from position P1 and position P2
are shown together with the foco predictions based on LES data. The pressure
spectra at P1 (Fig. 5, left) show that the method M3 accurately estimates the
faco-. Obviously, method M1 overestimates and method M2 underestimates the
faco- The pressure spectra at position P2 (Fig. 5, right) do not show such a clear
superiority of method M3 over M2. While the spectra reveal a fgco of 600 Hz for
the medium mesh, method M3 predicts faco =~ 717 Hz and M2 faco =~ 363 Hz.
For the coarse mesh, the spectra show a fgco of 300 Hz. Method M3 estimates
faco =~ 538 Hz and M2 predicts faco =~ 194 Hz. Regarding the pressure spectra
at P2, both methods, M2 and M3, predict the feco with an offset of about the
same magnitude, with M2 underestimating and M3 overestimating the fgco.
It is noteworthy that in comparison to M2, method M3 predicts the fgco for
the medium mesh more accurately where the LES grid resolves finer turbulent
structures and the assumption of the LES filter lying in the inertial subrange is
more substantiated. Method M1 shows the worst performance in predicting the

feco in Fig.5 (right).

2.6 Summary and Final Remarks

Using the dimensional analysis of the PCWE source term, an aeroacoustically
relevant timescale for the inertial subrange was obtained and its relation to
turbulence lengthscales was derived. Subsequently, the grid cut-off estimation
method M3 was proposed. As expected from the dimensional analysis, the new
method performs best for the FFS test case and the prediction of fgco always
lies between that of the M1 and M2. However, method M3 requires reasonably
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accurate data for the local turbulence dissipation rate to provide valid estima-
tions. As the accuracy of RANS models, especially in regard to e varies from case
to case, choosing an appropriate turbulence model is essential for accurate cut-
off frequency estimations. As the energy spectra reveal, our proposed method
based on RANS data still predicts the fgco more accurately than the other
methods M1 and M2 do with LES data.

As a final remark, the authors want to emphasize that the method to esti-
mate the mesh cut-off frequency is only an additional mesh resolution criterion
to ensure that the highest frequency of interest is resolved within the relevant
acoustic source region (see Sect.2.1). All other essential criteria required for a
proper large-eddy simulation should be additionally met. To give some examples:
the LES filter width should lie within the inertial subrange as suggested, among
others, by [1] and [4]. As a rule of thumb, Pope [1] recommends to resolve about
80% of the turbulent kinetic energy. For wall-bounded flows, near-wall mesh
resolution requirements are given and discussed in [3].
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