
Chapter 13
Optimal Control Problems
for the Whitham Type Nonlinear
Differential Equations with Impulse
Effects

Tursun K. Yuldashev, Najmiddin N. Qodirov, Mansur P. Eshov,
and Gulnora K. Abdurakhmanova

Abstract In the article the questions of solving optimal control problem for the non-
linearWhitham-type partial differential equations with impulsive effects are studied.
The modified method of characteristics allows partial differential equations of the
first order to be represented as ordinary differential equations that describe the change
of an unknown function along the line of extended characteristics. The unique solv-
ability of the initial value problems for the fixed values of control function is proved
by the method of successive approximations and contraction mappings. The quality
functional has a quadrate form. The necessary optimality conditions for nonlinear
control are formulated. Method of maximum principle is used. The definition of the
unknown control function is reduced to solving the nonlinear functional equations.

Keywords Optimal control problem · Whitham-type equations · Necessary
conditions of optimality · Method of successive approximations · Unique
solvability

13.1 Formulation of the Problem

A large number ofworks have been devoted to the study of linear and nonlinearwaves
(see [1–6] for an overview). In particulary, in [1] by Castro, Palacios and Zuazua an
alternating descent method for the optimal control of the inviscid Burgers equation
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is considered in the presence of shocks. It is computed numerical approximations of
minimizers for optimal control problems governed by scalar conservation laws.

Partial differential equations of the first order are locally solved by methods of the
theory of ordinary differential equations by reducing them to a characteristic system.
The application of the method of characteristics to the solution of partial differential
equations of the first order makes it possible to reduce the study of wave evolution
[7]. In [8, 9], methods for integrating of nonlinear partial differential equations of
the first order were developed. Further, many papers appeared devoted to the study
of questions of the unique solvability of the Cauchy problem for different types of
partial differential equations of first order (see, for example, [10–14]).

The theory of optimal control for systems with distributed parameters is widely
used in solving problems of aerodynamics, chemical reactions, diffusion, filtration,
combustion, heating, etc. (see, [15–19]). Various analytical and approximatemethods
for solving problems of optimal control systemswith distributed parameters are being
developed and effectively used (see, for example, [20–22]). Interesting results are
obtained in the works [23–28]).

In this paper we consider the questions of unique solvability and determination of
the control function in the nonlinear initial value problem for aWhitham-type partial
differential equation with nonlinear impulse conditions. So, in the domain Ω ≡
[0; T ] × R for t �= ti , i = 1, 2, . . . , k we study the following quasilinear equation

∂u(t, x)

∂t
+ u(t, x)

∂u(t, x)

∂x
= F (t, x, u(t, x), α(t)) (13.1)

with nonlinear initial value condition

u(t, x)|t=0 = ϕ

⎛
⎝x,

T∫

0

K (ξ)u(ξ, x)dξ

⎞
⎠ , x ∈ R (13.2)

and nonlinear impulsive condition

u
(
t+i , x

) − u
(
t−i , x

) = Gi (u (ti , x)) , i = 1, 2, . . . , k, (13.3)

whereu(t, x) is unknown state function,α(t) is unknowncontrol function, t �= ti , i =
1, 2, . . . , k, 0 = t0 < t1 < · · · < tk < tk+1 = T < ∞, R ≡ (−∞,∞), F(t, x, u,

α) ∈ C0,1,1,1(Ω × R × Υ ), Υ ≡ [0, M∗], 0 < M∗ < ∞, ϕ(x, u) ∈ C1(R2),∫ T
0 |K (ξ)| dξ < ∞, u

(
t+i , x

) = limν→0+u (ti + ν, x) , u
(
t−i , x

) = limν→0−u
(
ti −

ν, x
)
are right-hand side and left-hand side limits of function u(t, x) at the point

t = ti , respectively. Here we note that the points t = ti (i = 1, 2, . . . , k,) are given
and constants. In addition, all functions involved in this work are scalar; vector func-
tions are not used.

In most literature, the Burgers equation is called the equation (see, for examples,
[6, Formula 4.1, Page 106], [7, Formula 14.9, Page 82])
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∂u(t, x)

∂t
+ u(t, x)

∂u(t, x)

∂x
= μ

∂2u(t, x)

∂x2
.

Whenμ = 0 this equation is called the Hopf equation, which describes the Riemann
wave (see [7, Formula 4.6, Page 29]). Equation (13.1) has a nonlinear right hand
side. In this form, it is called a nonlinear Whitham-type equation (see [9]). One of
the features of this Eq. (13.1) is that it cannot be integrated in the usual characteristic.
Therefore, in this paper, an extended characteristic is introduced.

The differential equation (13.1) also describes the process of regulating the behav-
ior of students within the discipline and moral ethics established at the university for
many decades.

We use some Banach spaces: the space C (Ω,R) consists continuous function
u(t, x) with the norm

‖u‖C = sup
(t,x)∈Ω

|u(t, x)| ;

we also need in using the linear space

PC (Ω,R) = {
u : Ω → R; u(t, x) ∈ C

(
Ωi,i+1,R

)
, i = 1, . . . , k

}

with the following norm

‖u‖PC = max
{‖u‖C(Ωi,i+1)

, i = 1, 2, . . . , k
}
,

whereΩi,i+1 = (ti , ti+1
] × R, u

(
t+i , x

)
and u

(
t−i , x

)
(i = 0, 1, . . . , k) exist and are

bounded; u
(
t−i , x

) = u (ti , x).
To determine the control function α(t) in the initial value problem (13.1)–(13.3),

we use the following quadratic cost function

J [u(t, x)] =
T∫

0

γ (t)α2(t)dt, (13.4)

where γ (t) ∈ C([0; T ],R).

Problem Statement. Find a state functions u(t, x) ∈ PC(Ω,R) and control func-
tion α(t) ∈ {α : |α(t)| ≤ M∗, t ∈ ΩT }, delivering a minimum to functional (13.4)
and the state function u(t, x) for all (t, x) ∈ Ω, t �= ti , i = 1, 2, . . . , k satisfies the
differential equation (13.1), initial value condition (13.2), for (t, x) ∈ Ω, t = ti , i =
1, 2, . . . , k satisfies the nonlinear impulsive condition (13.3).
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13.2 Reducing the Problem (13.1)–(13.3)
to a Functional-Integral Equation

Since condition (13.2) is specified at the initial point of the interval [0, T ], then
problem (13.1)–(13.3) will be called the nonlinear initial value problemwith impulse
effects or, in short, initial value problem. Let the function u(t, x) ∈ PC(Ω,R) be
a solution of the initial value problem (13.1)–(13.3). We write the domain Ω as
Ω = Ω0,1 ∪ Ω1,2 ∪ · · · ∪ Ωk,k+1,whereΩi,i+1 = (ti , ti+1

] × R.On the first domain
Ω0,1 the Eq. (13.1) we rewrite as

Du[u] = F (t, x, u(t, x), α(t)) , (13.5)

where Du = (
∂
∂t + u(t, x) ∂

∂x

)
is Whitham operator.

Now we introduce the notation, which is called the extended characteristic:

p(t, s, x) = x −
t∫

s

u(θ, x)dθ, p(t, t, x) = x .

Weintroduce a functionof three dimensional argumentw(t, s, x) = u (s, p(t, s, x)) ,

such that for t = s it takes the form w(t, t, x) = u (t, p(t, t, x)) = u(t, x). Differ-
entiate the function w(t, s, x) with respect to the new argument s

ws(t, s, x) = us (s, p(t, s, x)) + u p (s, p(t, s, x)) · ps(t, s, x).

Then, taking into account the last relation, we rewrite Eq. (13.5) in the following
extended form

∂

∂s
w(t, s, x) = F (s, p(t, s, x), w(t, s, x), α(s)) . (13.6)

Integrating equations (13.6) along the extended characteristic, we obtain

t1∫

0

F (s, p(t, s, x), w (t, s, x) , α(s)) ds

= w(t, t−1 , x) − w(t, 0+, x), t ∈ (0, t1] , (13.7)

t2∫

t1

F (s, p(t, s, x), w (t, s, x) , α(s)) ds

= w(t, t−2 , x) − w(t, t+1 , x), t ∈ (t1, t2] , (13.8)
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...

tk+1∫

tk

F (s, p(t, s, x), w (t, s, x) , α(s)) ds

= w(t, t−k+1, x) − w(t, t+k , x), t ∈ (tk, tk+1
]
, tk+1 = T . (13.9)

Takingw(t, 0+, x) = w(t, 0, x),w(t, t−p+1, x) = w(t, s, x) into account, (0, T ] from
the integral relations (13.7)–(13.9) we have on the interval:

s∫

0

F (ς, p(t, ς, x), w (t, ς, x) , α(ς)) dς = [
w (t, t1, x) − w

(
t, 0+, x

)]

+ [
w (t, t2, x) − w

(
t, t+1 , x

)] + · · · + [
w(t, s, x) − w

(
t, t+p , x

)]

= −w(t, 0, x) − [
w

(
t, t+1 , x

) − w (t, t1, x)
] − [

w
(
t, t+2 , x

) − w (t, t2, x)
]

− · · · − [
w

(
t, t+k , x

) − w (t, tk, x)
] + w(t, s, x). (13.10)

Taking into account the impulsive condition (13.3), the last equality (13.10) we
rewrite as

w(t, s, x) = w(t, 0, x) +
s∫

0

F (ς, p(t, ς, x), w (t, ς, x) , α(ς)) dς

+
∑

0<ti<s

Gi (w (t, ti , x)) , (13.11)

where w(t, 0, x) is arbitrary constant along the extended characteristic, which to be
determined. The initial value condition (13.2) for Eq. (13.11) takes the form

w(t, 0, x) = ϕ

⎛
⎝p(t, 0, x),

T∫

0

K (ξ)w(t, ξ, x)dξ

⎞
⎠ .

Then, taking into account this initial value condition (13.2), from (13.11) we obtain
that
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w(t, s, x) = ϕ

⎛
⎝p(t, 0, x),

T∫

0

K (ξ)w(t, ξ, x)dξ

⎞
⎠

+
s∫

0

F (ς, p(t, ς, x), w (t, ς, x) , α(ς)) dς

+
∑

0<ti<s

Gi (w (t, ti , x)) . (13.12)

For t = s, from (13.12) we arrive at the nonlinear functional-integral equation

u(t, x) = Θ(t, x; u) ≡ ϕ

⎛
⎝p(t, 0, x),

T∫

0

K (ξ)u(ξ, p(t, ξ, x))dξ

⎞
⎠

+
t∫

0

F (s, p(t, s, x), u (s, p(t, s, x)) , α(s)) ds

+
∑

0<ti<t

Gi (u (ti , p(t, ti , x))) , (13.13)

where p(t, s, x) is defined from the integral equation

p(t, s, x) = x −
t∫

s

u (θ, p(t, θ, x)) dθ, p(t, t, x) = x, (13.14)

x ∈ R plays the role of a parameter.

13.3 Solvability of the Functional-Integral Equation (13.13)

For fixed values of control function α(t), we study the solvability of the functional-
integral equation (13.13).

Theorem 1 Let the positive quantities Δϕ,Δ f (t),ΔGi , χ1, χ21(t), χ22(t), χ3i , i =
1, 2, . . . , k be existed and for them following conditions be satisfied:

1. 0 < supx∈R |ϕ(x, 0)| ≤ Δϕ < ∞;

2. supx∈R |F(t, x, 0, α)| ≤ Δ f (t), 0 < Δ f (t) ∈ C[0; T ];
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3. 0 < |Gi (0)| ≤ ΔGi < ∞, i = 1, 2, . . . , k;

4. |ϕ(x1, u1) − ϕ(x2, u2)| ≤ χ1 (|x1 − x2| + |u1 − u2|) , 0 < χ1 = const;

5. |F(t, x1, u1, α) − F(t, x2, u2, α)| ≤ χ21(t) |x1 − x2| + χ22(t) |u1 − u2| ;

6. |Gi (u1) − Gi (u2)| ≤ χ3i |u1 − u2| , 0 < χ3i = const, i = 1, 2, . . . , k;

7. ρ = maxt∈[0;T ]
∫ t
0 H(t, s)ds + ∑k

i=1 χ3i < 1, where

H(t, s) = χ1 (1 + |K (s)|) + χ21(s)(t − s) + χ22(s).

Then, for fixed values ofα(t), the functional-integral equation (13.13)with (13.14)
has a unique solution in the domainΩ . This solution can be obtained by the following
successive approximations:

u0(t, x) = 0, un+1(t, x) ≡ Θ(t, x; un, pn), n = 0, 1, 2, . . . , (13.15)

where pn(s, t, x) is defined from the following iteration

p0(t, t, x) = x, pn(t, s, x) = x −
t∫

s

un−1 (θ, pn−1(t, θ, x)) dθ.

Proof By virtue of the conditions of the theorem, we obtain that the following
estimate holds for the first difference of approximation (13.15):

|u1(t, x) − u0(t, x)| ≤ sup
x∈R

|ϕ(x, 0)| +
∑

0<ti<T

|Gi (0)|

+ max
t∈[0;T ]

t∫

0

� f (s)ds ≤ �ϕ +
k∑

i=1

�Gi + �1 < ∞, (13.16)

where

�1 = max
t∈[0;T ]

t∫

0

� f (s)ds < ∞.

Taking into account estimate (13.16) and the conditions of the theorem, we obtain
that for an arbitrary difference of approximation (13.15) the following estimate holds:
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|un+1(t, x) − un(t, x)| ≤
∣∣∣∣∣∣
ϕ

⎛
⎝pn+1(t, 0, x),

T∫

0

K (ξ)un(ξ, pn(t, ξ, x))dξ

⎞
⎠

−ϕ

⎛
⎝pn(t, 0, x),

T∫

0

K (ξ)un−1(ξ, pn−1(t, ξ, x))dξ

⎞
⎠

∣∣∣∣∣∣

+
t∫

0

|F (s, pn+1(t, s, x), un (s, pn(t, s, x)) , α(s))

−F (s, pn(t, s, x), un−1 (s, pn−1(t, s, x)) , α(s))| ds
+

∑
0<ti<t

|Gi (un (ti , pn(t, ti , x)))

−Gi (un−1 (ti , pn−1(t, ti , x)))|

≤ χ1

[ t∫

0

|un(s, x) − un−1(s, x)| ds

+
T∫

0

|K (s)| · |un(s, x) − un−1(s, x)| ds
]

+
t∫

0

[
χ21(s)

t∫

s

|un(θ, x) − un−1(θ, x)| dθ

+ χ22(s) |un(s, x) − un−1(s, x)|
]
ds

+
∑

0<ti<t

χ3i |un (ti , x) − un−1 (ti , x)|

≤ max
t∈[ti ;ti+1]

t∫

0

H(t, s) |un(s, x) − un−1(s, x)| ds

+
k∑

i=1

χ3i max
t∈[ti ;ti+1]

|un (t, x)) − un−1 (t, x)| , (13.17)

where

H(t, s) = χ1 (1 + |K (s)|) + χ21(s)(t − s) + χ22(s).

In estimate (13.17), we pass to the norm in the space PC (Ω,R) and arrive at the
estimate

‖un+1(t, x) − un(t, x)‖PC ≤ ρ · ‖un(t, x) − un−1(t, x)‖PC , (13.18)
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where

ρ = max
t∈[ti ;ti+1]

t∫

0

H(t, s)ds +
k∑

i=1

χ3i .

Since ρ < 1, it follows from estimate (13.18) that the sequence of functions
{un(t, x)}∞n=1, defined by formula (13.15), converges absolutely and uniformly in
the domain Ω . In addition, it follows from the existence of a unique fixed point of
the operator �(t, x; u) on the right-hand side of (13.13) that the functional-integral
equation (13.13) has a unique solution in the domain Ω . The theorem has been
proven.

Corollary Let all the conditions of Theorem be satisfied. Then, for fixed values of
the control function α(t), the initial value problem (13.1)–(13.3) with impulse effects
has a unique solution in the domain Ω .

13.4 Determination of the Control Function

Let α∗(t) be optimal control function:

�J
[
α∗(t)

] = J
[
α∗(t) + �α∗(t)

] − J
[
α∗(t)

] ≥ 0,

where α∗(t) + �α∗(t) ∈ C(Υ ). We apply the maximum principle to our problem to
find the necessary conditions for optimality. To build the Pontryagin’s function we
use the Eq. (13.6):

H (α(s), w(t, s, x)) = ψ(s)F (s, p(t, s, x), w(t, s, x), α(s)) − γ (s)α2(s),
(13.19)

where for the new unknown function ψ(t) by differentiation (13.19) with respect to
the function w(t, s, x) we will obtain the following equation

ψ̇(s) = −ψ(s)Fw (s, p(t, s, x), w(t, s, x), α(s)) . (13.20)

Similarly, by differentiation (13.19) with respect to the control function α(t) we
obtain the following equation

ψ(s)Fα (s, p(t, s, x), w(t, s, x), α(s)) − 2γ (s)α(s) = 0. (13.21)

By differentiation the Eq. (13.21) with respect to the control function α(t) we obtain
the necessary condition for optimality

ψ(s)Fαα (s, p(t, s, x), w(t, s, x), α(s)) − 2γ (s) ≤ 0. (13.22)
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In (13.21) we express ψ(s) and substitute it into (13.22). Then we have

Fα (s, p(t, s, x), w(t, s, x), α(s)) ·
(

α(s)

Fα (s, p(t, s, x), w(t, s, x), α(s))

)

α

> 0.

Equation (13.21) we rewrite as

α(s) = ψ(s)

2γ (s)
Fα (s, p(t, s, x), w(t, s, x), α(s)) . (13.23)

Solving differential equation (13.20) with end-point condition ψ(T ) = ψT , we
obtain

ψ(s) = ψT · exp
⎧⎨
⎩

T∫

s

Fw (θ, p(t, θ, x), w(t, θ, x), α(θ)) ds

⎫⎬
⎭ . (13.24)

Substitute the presentation (13.24) into (13.23), we have

α(s) = ψT

2γ (s)
Fα (s, p(t, s, x), w(t, s, x), α(s))

× exp

⎧⎨
⎩

T∫

s

Fw (θ, p(t, θ, x), w(t, θ, x), α(θ)) dθ

⎫⎬
⎭ . (13.25)

Thus, in general case, the problem of optimal control is reducing to solve the Eqs.
(13.13) and (13.20) together as one system of two equations. It can be solved by
the method of successive approximations. But, if we consider the concrete form of
function, for example,

F (s, p(t, s, x), w(t, s, x), α(s)) = 2 s − 3p(t, s, x) + β(s)w(t, s, x) + δ(s)α(s),
(13.26)

then the Eq. (13.20) takes the form ψ̇(s) = −ψ(s)β(s) and the Eq. (13.25) takes the
form

α(s) = ψT

2γ (s)
δ(s) exp

⎧⎨
⎩

T∫

s

β(θ)dθ

⎫⎬
⎭ , (13.27)

where δ(s) and β(s) are given continuous on [0, T ] functions.
For s = t the obtained value on control function (13.27) we substitute into Eq.

(13.13):



13 Optimal Control Problems for the Whitham Type Nonlinear . . . 215

u(t, x) = ϕ

⎛
⎝p(t, 0, x),

T∫

0

K (ξ)u(ξ, p(t, ξ, x))dξ

⎞
⎠

+
t∫

0

[
2 s − 3p(t, s, x) + β(s)u (s, p(t, s, x))

+ ψT

2γ (s)
δ2(s) exp

⎧⎨
⎩

T∫

s

β(θ)dθ

⎫⎬
⎭

]
ds +

∑
0<ti<t

Gi (u (ti , p(t, ti , x)))

(13.28)

with (13.14). Equation (13.28) consists only one unknown function u(t, x) and it
can be easily solved by the method of successive approximations. In this case the
necessary condition for optimality (13.22) takes form γ (t) > 0.

13.5 Conclusion

In this paper the questions of unique solvability and determination of the control
function α(t) in the initial value problem (13.1)–(13.3) for a Whitham type partial
differential equation with impulse effects are studied. The modified method of char-
acteristics allows partial differential equations of the first order to be represented
as ordinary differential equations that describe the change of an unknown function
along the line of characteristics. The nonlinear functional-integral equation (13.13) is
obtained. The unique solvability of the initial value problem (13.1)–(13.3) is proved
by the method of successive approximations and contraction mappings. The deter-
mination of the unknown control function α(t) is reduced to solving the Eq. (13.25).
In the particular case of (13.26), solving of the optimal control problem is simple.
The process of solving state function u(t, x) reduced to solve functional-integral
equation (13.28) by the method of successive approximations.
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