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Abstract. Information geometry is the study of interactions between
random variables by means of metric, divergences, and their geometry.
Categorical probability has a similar aim, but uses algebraic structures,
primarily monoidal categories, for that purpose. As recent work shows,
we can unify the two approaches by means of enriched category the-
ory into a single formalism, and recover important information-theoretic
quantities and results, such as entropy and data processing inequalities.
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1 Metrics and Divergences on Monoidal Categories

A monoidal category (15, Sect. VII.1] is an algebraic structure used to describe
processes that can be composed both sequentially and in parallel. Before intro-
ducing their metric enrichment, we sketch their fundamental aspects and their
graphical representation. See the reference above for the full definition and for
the details.

1.1 Monoidal Categories and Their Graphical Calculus

First of all, a category C consists of objects, which we can view as spaces of
possible states, or alphabets, and which we denote by capital letters such as
X, Y, A, B. We also have morphisms or arrows between them. A morphism
f: A — B can be seen as a process or a channel with input from A and output
in B. Graphically, we represent objects as wires and morphisms as boxes, to be
read from left to right.

X f Y

Morphisms can be composed sequentially, with their composition represented
as follows,

Y
X f 9 VA
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and having a category means that the composition is associative and unital.
A relevant example is the category FinStoch of finite sets, which we view as
finite alphabets, and stochastic matrices between them, which we view as noisy
channels. A stochastic matrix f : X — Y is a matrix of entries f(y|x) € [0, 1],
which we can view as transition probabilities, such that > f(ylz) =1 for each
reX.

A monoidal structure on C is what allows us to have morphisms with several
inputs and outputs, represented as follows.

X Y

9
A B

This is accomplished by forming, for each two object X and A, a new object,
which we call X ® A. This assignment is moreover functorial, in the sense of a
two-variable functor ® : C x C — C, meaning that we also multiply morphisms.
Given f: X - Y and g: A — B we get a morphism fRg: X® A —-Y ® B,
which we represent as follows,

X f Y

A h B

and which we can interpret as executing f and g independently and in parallel.
We also have morphisms with no inputs or outputs. For example, a state or
source is a morphism with no inputs.

] X

This is accomplished by means of a distinguished object I, called the unit, with
the property that X ® I =2 I ® X = X, so that it behaves similarly to a neutral
element for the tensor product. In FinStoch, I is the one-element set: stochastic
matrices I — X are simply probability measures on X.

A monoidal category is then a category C equipped with a distinguished
object I, called the unit, and a product functor @ : Cx C — C which is associative
and unital up to particular isomorphisms. This makes the structure analogous

to a monoid, hence the name. A monoidal category is symmetric whenever there
is a particular involutive isomorphism

Y / X
for each pair of objects X,Y, analogously to commutative monoids. For the

details, see once again [15, Sect. VIL1].
Let’s now equip these structures with metrics and divergences.
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1.2 Metrics and Divergences, and a Fundamental Principle
Definition 1. A divergence or statistical distance on a set X is a function

X x X —2— 0,00

(#,y) —— D(z | y)
such that D(x || ) = 0.

We call the pair (X, D) a divergence space.
We call the divergence D strict if D(x || y) = 0 implies x = y.

Every metric is a strict divergence which is moreover finite, symmetric, and
satisfies a triangle inequality. The Kullback-Leibler divergence (see the next
section) is an example of a non-metric divergence.

Definition 2. A divergence on a monoidal category C amounts to

— For each pair of objects X andY, a divergence Dx y on the set of morphisms
X =Y, or more briefly just D;

such that

— The composition of morphisms in the following form

f g
x~ Yy~ gz
~__ ~_
1 g

satisfies the following inequality,

D(gofllgof)<D(f I f)+Dgld) (1)
— The tensor product of morphisms in the following form

foh
PR
X®A Y®B
~_ 7
f'on’

satisfies the following inequality,
D((feh) | (ff @) <D(f || ')+ DR ). (2)

We can interpret this definition in terms of the following fundamental prin-
ciple of categorical information geometry: We can bound the distance between
complex configurations in terms of their simpler components.

For example, the distance or divergence between the two systems depicted

below
] i f—X l if’ —X
g —Y ¢

g —Y
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is bounded by D(p,p") + D(f, f’) + D(g,g’). More generally, for any string dia-
grams of any configuration, the distance or divergence between the resulting
constructions will always be bounded by the divergence between the basic build-
ing blocks.

An important consequence of this principle, which can be obtained by setting,
for example, p = p’ and f = f’ but not ¢ = ¢’ in the example above, is that
adding the same block to both sides, in any sequential or parallel direction, cannot
increase the distance or divergence. This is a wide generalization of Shannon’s
data processing inequalities, which say that the divergence between two sources
cannot increase by processing them in the same way. (See [18, Sect. 2.1])

In the next two sections we are going to see two main examples of monoidal
categories with divergences: Markov categories, in particular FinStoch, and cat-
egories of couplings.

2 Markov Categories and Divergences

Markov categories are particular monoidal categories with a structure that makes
them very well suited for modeling probabilistic processes.! They were defined
in their current form in [5], building up on previous work (see Sect. 2.1).

A Markov category is a symmetric monoidal category where each object X is
equipped with two particular maps called “copy” and “discard”, and represented

as follows.
X
X { X —e
X

Note that the copy map has output X ® X and the discard map has output
I, i.e. “no output”. These maps have to satisfy some properties (commutative
comonoid axioms) which ensure that the interpretation as “copy” and “discard”
maps is indeed consistent. See [5] as well as [18] for more details on this.

Ezample 1 (The category FinStoch ). We can construct a category of finite alpha-
bets and noisy channels, called FinStoch, as follows.

— Its objects are finite sets, which we denote by X, Y, Z, etc.

— A morphism X — Y is a stochastic matriz, i.e. a matrix of nonnegative entries
with columns indexed by the elements of X, and rows indexed by the elements
of Y,

Xxv —L 0,1
(x,y) —— f(ylz)

! Despite the name, Markov categories are not only suited to model Markov pro-
cesses, but arbitrary stochastic processes. Indeed, arbitrary joint distributions can
be formed, and the Markov property states that the stochastic dependencies between
the variables are faithfully represented by a particular graph. If the graph is (equiv-
alent to) a single chain, we have a Markov process. In general, the graph is more
complex. In this respect, Markov categories are similar to, but more general than,
Markov random fields. See [6] for more details on this.
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such that each column sums to one,

Z flylz) =1 for every = € X.
yey

We can interpret f(y|z) as a conditional or transition probability from state
x € X to state y € Y, or we can interpret f as a family of probability measures
fz over Y indexed by the elements of X.

FinStoch is a Markov category with the copy maps X — X ® X given by
mapping = to (x,z) deterministically for each z € X, and discard maps given
by the unique stochastic matrix X — 1, i.e. a row matrix of entries 1.

2.1 A Brief History of the Idea

The first known study of some aspects of probability theory via categorical
methods is due to Lawvere [12], where he defined the category FinStoch out-
lined above, as well as its generalization to arbitrary measurable spaces. Some of
those ideas reappeared in the work of Giry [9] in terms of monads. Lawvere was
also the first to see the potential of enriched category theory in metric geometry
[13], although it seems that he never used these ideas to study probability theory.

The same categories of probabilistic mappings were defined independently
by Chentsov [1], and used to set the stage for the (differential) geometry of
probability distributions [2]. Interestingly, Chentsov’s work involves categories
of probabilistic mappings as well as their geometry, but he never merged the
two approaches into a geometric enrichment of the category of kernels (most
likely because at that time, enriched category theory was still in its infancy).?
The influence of Chentsov on the present work is therefore two-fold, and the
main challenge of this work is integrating his two approaches, geometric and
categorical, into one unified formalism.

Markov categories, and the more general GS or CD categories, first appeared
in [8] in the context of graph rewriting. Similar structures reappeared indepen-
dently in the work of Golubtsov [10], and were applied for the first time to
probability, statistics and information theory. The idea of using “copy” and “dis-
card” maps to study probability came independently to several other authors,
most likely initially unaware of each other’s work, such as Fong [4], Cho and
Jacobs [3], and Fritz [5]. (Here we follow the conventions and terminology of [5].)

Finally, the idea to use both category theory and geometry to study the
properties of entropy was inspired by the work of Gromov [11]. This work has a
similar philosophy, but follows a different approach.

For more information on the history of these ideas, we refer the reader to [5,
Introduction|, to |7, Remark 2.2|, and to [18, Introduction].

2 The geometry of the category of Markov kernels studied by Chentsov in [2, Sects. 4
and 6] is not metric geometry, it is a study of invariants in the sense of Klein’s Erlan-
gen Program. More related to the present work are, rather, the invariant information
characteristics of Sect.8 of [2]. Much of classical information geometry, and hence
indirectly this work, is built upon those notions.
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2.2 Divergences on Markov Categories

As Markov categories are monoidal categories, one can enrich them in diver-
gences according to Definition 2 (see also [18, Sect. 2]).
Here are two important examples of divergences that we can put on FinStoch.

Ezample 2 (The Kullback-Leibler divergence). Let X and Y be finite sets, and
let f,g: X — Y be stochastic matrices. The relative entropy or Kullback-Leibler
divergence between f and g is given by

f(ylz)
gylz)’

with the convention that 0log(0/0) = 0 and plog(p/0) = co for p # 0.

D (f || g) = max > _ f(ylx)log
yey

Ezample 8 (The total variation distance). Let X and Y be finite sets, and let
f,9: X — Y be stochastic matrices. The total variation distance between f and
g is given by
1
Dr(f |l g) = max > > |F(ylw) - g(yl)|-

yey

See [18] for why these examples satisfy the conditions of Definition 2. This in
particular implies that all these quantities satisfy a very general version of the
data processing inequality, see the reference above for more information.

Remark 1. Tt is well known that the KL divergence and the total variation dis-
tance, as well as Rényi’s a-divergences, are special cases of f-divergences [16].
It is still an open question whether all f-divergences give an enrichment on
FinStoch. However, Tsallis’ ¢g-divergences do not [18, Sect. 2.3.4].

3 Categories of Couplings and Divergences

Besides Markov categories, another example of divergence-enriched categories
relevant for the purposes of information theory are categories of couplings. The
category FinCoup has

— As objects, finite probability spaces, i.e. pairs (X, p) where X is a finite set
and p is a probability distribution on it;

— As morphisms (X, p) — (Y, q), couplings of p and g, i.e. probability measures
s on X ® Y which have p and ¢ as their respective marginals;

— The identity (X,p) — (X,p) is given by the pushforward of p along the diag-
onal map X — X ® X

— The composition of couplings is given by the conditional product: for s :
(X,p) = (Y,q) and y : (Y,q) = (Z,7)

(1o 5)(w,) = 3 2BV,

where the sum is taken over the y € Y such that ¢(y) > 0.
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More information about this category, and its generalization to the continu-
ous case, can be found in [17].

The two choices of divergence outlined in the previous section also work for
the category FinCoup.

Ezxample 4 (Kullback-Leibler divergence). Let (X, p) and (Y, q) be finite prob-
ability spaces, and let s and ¢ be couplings of p and ¢. The Kullback-Leibler
divergence

s(z,y)
Dir(s]t) =) s(z,y)log
10=2 i(z.y)
can be extended to a divergence on the whole of FinCoup, i.e. the conditions of
Definition 2 are satisfied.

Ezxample 5 (Total variation distance). Let (X, p) and (Y, ¢q) be finite probability
spaces, and let s and t be couplings of p and q. The total variation distance

Da(s,t) = 5 3 |s,) — tl,)|

can be extended to a divergence on the whole of FinCoup, i.e. the conditions of
Definition 2 are satisfied.

The category FinCoup is moreover an enriched dagger category. A coupling
(X,p) — (Y,q) can also be seen as a coupling (Y, q) — (X,p), and this choice
does not have any effect on the metrics or divergences. This property is analogous
to, but independent from, the symmetry of the distance in a metric space.

Categories of couplings and Markov categories are tightly related, for more
information see [5, Definition 13.7 and Proposition 13.8]. Further links between
the two structures will be established in future work.

4 Recovering Information-Theoretic Quantities

One of the most interesting features of categorical information geometry is that
basic information-theoretic quantities can be recovered from categorical prime
principles. These include Shannon’s entropy and mutual information for discrete
sources. Here are some examples, more details can be found in [18].

4.1 Measures of Randomness

Markov categories come equipped with a notion of deterministic morphisms, [5,
Definition 10.1]. Let’s review here the version for sources.

Definition 3. A source p on X in a Markov category is called deterministic if
and only if copying its output has the same effect as running it twice indepen-

dently:
X @ X
@—{ - ®
X @ X
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Let’s try to interpret this notion. First of all, if p is a source which outputs
deterministically a single element x of X, then both sides output the ordered
pair (z,z), and hence they are equal. Instead, if p is random, the left-hand
side will have perfectly correlated output, while the right-hand side will display
identically distributed, but independent outputs.

In FinStoch Eq. (3) reduces to

for all x € X, so that deterministic sources are precisely those probability distri-
butions p whose entries are only zero and one, i.e. the “Dirac deltas”. It is then
natural to define as our measure of randomness the discrepancy between the two
sides of Eq. (3).

Definition 4. Let C be a Markov category with divergence D. The entropy of a
source p s the quantity

H(p) = D(copyop | (p®p)), (4)
i.e. the divergence between the two sides of (3). (Note that the order matters.)

Ezxample 6. In FinStoch, equipped with the KL divergence, our notion of entropy
recovers exactly Shannon’s entropy:

Hyr(p) = Dk r(copyop || (p@p))

= > p@)d,. log M
z,x'€X p(l‘)p(x )
=—D_ plx) logp(x
reX

Example 7. FinStoch, equipped with the total variation distance, our notion of
entropy gives the Gini-Simpson index [14], used for example in ecology to quan-
tify diversity:

1

Hr =2 3" |p(@)8s0 — px)p(’)]
z,x'eX
- % > @) [ 1-p(a)+ > pla’
rzeX z' £
=1 Z p(a:)Q.

rzeX

Rényi’s a-entropies can also be obtained in this way (see [18, Sect.4.2.2]),
while it is still unclear whether Tsallis’ g-entropies can be obtained in this way
for g # 2 (see [18, Question 4.4]).

The fundamental principle of Sect. 1 implies a data processing inequality for
entropy generalizing the traditional one. See [18, Sect. 4] for more details.
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4.2 Measures of Stochastic Interaction

Just as for determinism, Markov categories are equipped with a notion of stochas-
tic and conditional independence [5, Definition 12.12 and Lemma 12.11]. For
sources it reads as follows.

Definition 5. A joint source h on X ® Y in a Markov category displays inde-
pendence between X and Y if and only if

For discrete probability measures, this is exactly the condition

p(x,y) = px) p(y),

i.e. that p is the product of its marginals. It is a natural procedure in information
theory to quantify the stochastic dependence of the variables X and Y by taking
the divergence between both sides of the equation.

Definition 6. Let C be a Markov category with a divergence D. The mutual
information displayed by a joint source h on X ®Y is the divergence between the
two sides of Eq. (5),

Ip(h) = D(h || (hx @ hy)).

Note that the order of the arguments of D matters.

In FinStoch, with the KL divergence, one recovers exactly Shannon’s mutual
information. This is well known fact in information theory, and through our
formalism, it acquires categorical significance. Using other notion of divergences
one can obtain other analogues of mutual information, such as a total variation-
based one. Moreover, once again the fundamental principle of Sect. 1 implies a
data processing inequality for mutual information generalizing the traditional
one. See [18, Sect. 3| for more on this.
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