
Chapter 6 
Real-Time Hybrid Substructuring Using an Inertial Shaker 
Transfer System 

David Vanasse III, Sergio Lobo-Aguilar, and Richard Christenson 

Abstract Real-time hybrid substructuring (RTHS) is proposed as a cyber-physical method, combining both experimental 
and numerical testing, to capture the system-level dynamic interaction between numerical and physical substructures. With 
RTHS, a structural dynamic system can be partitioned into separate experimental and numerical components or substructures 
and interfaced together as a cyber-physical system similar to hardware-in-the-loop (HWIL) testing. The substructures that 
are well understood are simulated in real time using analytical or numerical models, while the substructures of particular 
interest, overly complex, or nonlinear are tested experimentally using physical specimens. In an RTHS test, the experimental 
and numerical substructures communicate together in real time by transferring displacement and force signals through a 
feedback loop using controlled actuation and sensing. 

In a typical RTHS configuration, a transfer system is used to impart numerically determined displacements onto the 
physical substructure, and force sensors are used to measure the resulting restoring forces. The measurements are feed back 
into the numerical model to determine the displacement response at the next integration time step. Depending on the structural 
system’s configuration, this traditional RTHS substructuring approach may not be desirable, and it may be required to apply 
forces or loads to the physical substructure through the transfer system and measure the specimen response (displacement 
or acceleration) for input to the numerical component. This might be the case for fluid–structure interaction problems or for 
physical testing of the bottom floor of a multistory building – as proposed here with use of an inertial shaker as the transfer 
system. In this study, an inertial shaker is utilized to transfer story shear force from the numerical substructure to the physical 
substructure. 

Keywords Real-time hybrid substructuring · Inertial shaker 

6.1 Introduction 

This research will first demonstrate the successful completion of a real-time hybrid substructuring (RTHS) test in a traditional 
manner, then make an extension to a newly proposed method using an inertial shaker to apply force feedback. For RTHS 
tests with force feedback, there is certainly concern for closed-loop system stability [1–5]. Typical applications of RTHS 
with force applied by the transfer system utilize a hydraulic actuator attached between an inertial frame of reference and 
the substructure interface on the physical component [1]. The system being examined here is a two-story seismically excited 
building model, first investigated with the bottom story numerically modeled and top story physically tested. The closed-loop 
system will be shown to capture the dynamic interaction between the two stories and provide realistic system-level seismic 
response of the building system. The setup and procedure for physically testing the bottom story while numerically modeling 
the top story is then proposed. For this novel approach, the first story is subjected to a ground acceleration as it sits upon 
a bench-scale shake table and the calculated story shear [1] of the top floor is imparted to the top of the first story through 
the use of an inertial shaker as the transfer system. In turn, the absolute acceleration of the top of the first story is measured 
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with an accelerometer and used as input to a numerical model of the top story of the building structure. The dynamics and 
procedure of the inertial shaker approach will be well defined to lay framework for future research on more advanced RTHS 
testing. 

As RTHS continues to become more feasible due to advances in numerical computing power, digital signal processing, 
and high-speed actuation [6–8], innovation in the general framework and coupling of the substructures should be further 
explored. This research intends to promote that dialog in the substructuring community. 

The structure of this chapter is as follows: Sect. 6.2 introduces the framework for this RTHS test in the two different 
substructuring realizations. In Sect. 6.3, the experimental setup and compensation methods are presented. The results of the 
testing for the traditional realization and extension to the new method are provided in Sect. 6.4. Section 6.5 is a conclusion 
of this research, followed by acknowledgments. 

6.2 Real-Time Hybrid Substructuring (RTHS) Realizations 

This section provides the conceptual substructuring of the two variations of performing an RTHS test on a two-story structure, 
including the interactions between the numerical and physical models. The goal of both methods is to accurately capture the 
full-system response to seismic excitation, without experimentally testing the full structure. This text takes a controls-based 
approach at RTHS as demonstrated in Fig. 6.1. Here, the numerical substructure is a linear model with measurements from 
the physical component as inputs, and with outputs applied to the physical substructure to close the feedback loop. 

6.2.1 Realization 1 

The first setup, denoted as Realization 1 herein, requires physical testing of the top story and numerically modeling the 
bottom story. From the physical test, the top story absolute acceleration . ẍa

2 is measured. The story shear Vs is calculated with 
Eq. (6.1), where m2 is the second story mass. The story shear Vs is then input to a state-space model of the bottom story as a 
force acting on the top of the bottom story: 

.Vs = m2ẍ
a
2 (6.1) 

External Excitation 
(Realization 2) 

Physical Inputs Physical Structure Measurements 

Substructure Interface 

(only for Realization 2) 

Numerical Structure 

Eq. 2.1 & 2.2 
(Realization 2) 

Eq. 2.1 
(Realization 1) 

Numerical Outputs 

External Excitation 
(Realization 1) 

Numerical Inputs 

Fig. 6.1 Control-based RTHS framework
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Seismic excitation of the full structure is also a numerical input. Feedback arises through application of the absolute first 
story displacement . xa

1 as a seismic excitation at the base of the top story in the physical substructure via the shake table. The 
absolute first story displacement is calculated via Eq. (6.2): 

.xa
1 = x1 + xg (6.2) 

The value xg is ground displacement, measured by the shake table displacement sensor for each excitation in a fully 
physical test. The value x1 represents first story displacement relative to the moving base, which is computed numerically. 
Ground displacement is then synchronized with the measured table acceleration prior to implementation in the numerical 
model. 

6.2.2 Realization 2 

Realization 2 involves simulation of the top story, while experimentally testing the bottom story. The seismic excitation 
imparted by the shake table for Realization 2 is not filtered by a numerical lower story, which eliminates a potential source 
of error from Realization 1. However, the interaction between stories is now transferred via the inertial shaker, which is more 
involved due to its operation from a noninertial reference. The inertial shaker force on the first story must be equal to the 
story shear force that occurs at the top of floor one in the full-scale experiment. As seen by Eqs. (6.1) and (6.3), the numerical 
substructure requires accurate parameter values of the second story mass, and inertial shaker [active mass damper (AMD)] 
mass, m2, mAMD respectively to apply a force of the correct magnitude. 

.ẍAMD = Vs

mAMD
− ẍa

1 (6.3) 

Here, . ẍa
1 , .ẍAMD, and mAMD are the absolute first story acceleration, inertial shaker acceleration relative to the moving 

story, and inertial shaker mass, respectively. Additionally, the measurement of first story acceleration . ẍa
1 must have the 

correct magnitude with minimal delay to avoid inaccuracy and instability. Another challenge is applying the story shear 
from a moving reference though the inertial shaker. The inertial shaker acceleration, .ẍAMD, must track the command from 
the numerical model in magnitude and phase. The requirements on measurement of . ẍa

1 and tracking of .ẍAMD are to prevent 
instability in the closed loop. The proposed method is more challenging due to the inertial shaker operation in a noninertial 
reference frame versus the traditional approach of applying story shear Vs via a hydraulic actuator from a fixed reference. 
However, this approach is worth investigating for extension to other systems where imparting force to the physical structure 
via the transfer system is of particular interest, such as fluid-loaded structures. Figure 6.2 shows the interactions between the 
substructures for both realizations. 

6.3 Experimental Setup 

This section describes the methods for each test, followed by compensation techniques. The investigated system is a reduced-
scale model of a low-rise building subject to earthquake excitation. For this RTHS test, where the scaled full-system 
experimental test does not involve high-power consumption, is not likely to damage equipment, does not present any issues of 
structure size (full-scale or high-rise structure), etc., the scaled two-story physical experiment is viable for the full structure. 
While this is not always the case in applications when RTHS is desirable, testing the full system physically provides baseline 
results to evaluate the validity of the methods. In all tests, the top and bottom floor experimentally and numerically have the 
inertial shaker present for uniformity. In experimental tests where the inertial shaker does not play an active role, its motion 
is prevented by constraining its position to the end of the track. The research was performed at the National Laboratory of 
Structural Models and Materials at the University of Costa Rica (LanammeUCR) in San Jose, Costa Rica. 

Due to the presence of feedback, actuators and sensors must be compensated to preserve stability and performance. The 
results are highly dependent on the tracking performance of actuators and time delay of sensors. This research implements 
inverse feedforward compensators designed by pole-zero placement. Section 6.3.2 shows the design process.
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Fig. 6.2 RTHS realization diagrams 

Fig. 6.3 Full structure setup 

6.3.1 Fully Experimental Setup 

The two-story physical structure shown in Fig. 6.3 consists of two stacked single-story sections. Each single story is 
constructed by mounting a Quanser AMD-2 cart with a Faulhaber Coreless DC Motor 2338S006 atop a Quanser AMD-
2 structure. The inertial shakers (AMD-2 carts) use a Quanser VoltPAQ-X2 2 Channel Linear Voltage Amplifier. In the full 
structure test, both inertial shakers are locked in place, so they do not translate relative to the story. The structure is secured 
to a Quanser Shake Table II providing seismic excitation at the base of the first story. Sensors include Quanser capacitive DC 
accelerometers with full-scale range ± 5g, mounted to the shake table and each story of the structure. The shake table has a 
built-in displacement sensor. The actuators include the Quanser shake table and the two inertial shakers that remain inactive 
for this experiment. MATLAB/Simulink with QuaRC for Windows – Real-Time Control Software is the DAQ interface 
as well as control module. The Quanser Shake Table II and amplifier are powered with a Quanser UPM180-25PWM-B 
Universal Power Module (180 V, 25 A) – PWM-B.
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To perform system identification, a band-limited white noise (BLWN) is first applied as seismic excitation to the two-
story structure. The measured ground and story acceleration time histories are used to find frequency response functions 
(FRFs) from input (ground acceleration) to output (floor acceleration). The test structure is modeled as a two-degree-of-
freedom structure with modal damping as outlined in [9]. From the measured FRF, natural frequencies and modal damping 
are experimentally determined. 

Next, the full physical structure is subjected to various seismic excitations including both near-field and far-field 
earthquakes. These measurements will be used to evaluate the RTHS test performance. 

6.3.2 Fully Numerical Setup 

A numerical model of the full structure is generated as a foundation for the numerical substructures in the RTHS tests. 
The accuracy of the numerical model in each realization is crucial to avoid instability or inaccurate results. Equation (6.4) 
governs the motion for the two-degree-of-freedom lumped parameter model, adopted as a slight variation of the model used 
extensively for seismic vibration mitigation via MR dampers [8, 10–12]. 

.Mẍ + Cẋ + Kx = −M�ẍg (6.4) 

The system matrices are. 

. M =
[

m1 0 

0 m2

]
. C =

[
c1 + c2 −c2 

− c2 c2

]

. K =
[

k1 + k2 −k2 

− k2 k2

]
.� =

[
−1 

− 1

]

Matrices M, C, and K are the mass, damping, and stiffness matrices, respectively, while � is a location vector as defined 
above. The parameters mi, ci, ki are the lumped story mass, lumped flexural element damping, and lumped flexural element 
stiffness, respectively, for the ith floor. Stiffness values are determined by evaluating the steel columns as fixed-fixed beams, 
and modal damping is applied to determine the viscous damping coefficients. By Eq. (6.4), the continuous system has been 
simplified to a two-degree-of-freedom model and the vector x = [x1 x2]T consists of the displacement of the bottom and top 
stories relative to the moving base, respectively. The command to the Quanser shake table is a displacement time history; 
however, the table accelerometer provides measurement of ground acceleration . ẍg to be stored for numerical application. 
The higher-order nonlinear effects do not significantly impede the numerical model from matching the experimental data. 
Equation (6.4) can be written in state-space form of Eqs. (6.5) and (6.6) by defining the state vector .z = [x ẋ]T, input scalar as 
.u = ẍg,which is recorded prior from fully physical tests, measurement vector .y = [

ẍa
1 ẍa

2

]T, and matrices A–D accordingly. 
For the story accelerations within the measurement vector, subscripts 1 and 2 represent first and second story, respectively, 
while superscripts “a” indicate an absolute measurement: 

.ż = Az + Bu (6.5) 

.y = Cz + Du (6.6) 

. A =
[

0 I 
− M−1K −M−1C

]
. B =

[
0
�

]

C = [−M−1K − M−1C] . D =
[
0 

0

]
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6.3.3 Transfer System Compensation 

In both RTHS methods, the stability and accuracy of the closed-loop test are heavily dependent on the sensors and actuators. 
In an RTHS test, both random error (sensor noise) and systematic error (actuator/sensor magnitude and phase disagreements) 
can be detrimental [8], though reduction of systematic error tends to be more important [13, 14]. An uncalibrated actuator will 
prevent displacement compatibility of the numerical model with the physical model; when actuators have a considerable time 
delay, or phase lag, this means the actuation happens slightly later than when it is commanded. The effect may be frequency 
dependent and is a common source of instability in RTHS tests [15]. Tracking of actuator excitation magnitude is also critical. 
This is more self-explanatory; the actuators should excite the structure at the commanded magnitude. Sensors have the same 
restrictions; if there is a phase lead/lag or high gain factor at frequencies of importance, the physical sensors will incorrectly 
feed data back into the numerical model. In this experiment, the first and second natural frequencies of the structure were 
experimentally determined to be 1.32 Hz and 3.58 Hz, respectively. The target frequency range of compensation for both 
actuators and sensors is thus 0–10 Hz. 

Frequency response functions provide a convenient method for identifying the magnitude of input/measurement 
amplification and phase lead or lag. An FRF can be used to generate two plots: the first is the amplification in decibels 
versus frequency, and the second is the phase lead or lag versus frequency in degrees [16]. To collect FRFs for the shake 
table and inertial shaker, a band-limited white noise (BLWN) is individually commanded to each with no command sent 
to the other. The constant autospectral density function of a BLWN removes input bias from the FRF to accurately capture 
hardware dynamics [16]. 

To maintain fidelity of the substructuring, inverse feedforward compensation is employed as needed. This begins with 
building a transfer function (TF) that produces an FRF matching that of each sensor or actuator, then inverting the TF, 
ensuring it is stable, and placing it in line with the sensor [17]. If done successfully, the FRF of the collected data from 
the sensor/actuator with the feedforward compensator should have near-zero dB (unity) gain and a phase of zero degrees 
within the frequency range of 0–10 Hz. More detailed processes for transfer system compensation in RTHS tests such as 
minimum-phase inverse compensation and P-type iterative learning control are presented by [7]. 

The Quanser shake table and inertial shaker are equipped with a built-in feedback-feedforward position controllers and 
are experimentally proven to track commands well. A 10 Hz low-pass filter is implemented for all signals commanded to the 
shaker. The accelerometers are compensated as described above. 

6.3.4 Realization 1 Setup 

The first RTHS test, described in Sect. 6.2.1 and shown in Fig. 6.2, is a physical test of the top floor interacting with a 
numerically modeled bottom floor. The physical testbed is that of Sect. 6.3.1 without one structure, as shown in Fig. 6.4. The  
inertial is again locked in place for this test. The numerical bottom floor is seismically excited by the previously measured 

Fig. 6.4 RTHS Realization 1 
experimental setup
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earthquake acceleration time history, which in turn induces an acceleration to the numerical bottom floor. The only active 
actuator in the physical model is the shake table itself, which moves with the numerical bottom floor per Eq. (6.2). The 
shake table acceleration and displacement are recorded to ensure command tracking. The shake table induces motion of the 
physical top story, pictured in Fig. 6.4. The top story accelerometer sends a reading to the numerical model. At the next time 
step, this measured second story acceleration is converted to a story shear via Eq. (6.1) and input to the numerically simulated 
first story state-space model. The physical/numerical interface crossings can be realized by the numerical first story absolute 
displacement sent to the shake table command, and conversely the physical second story acceleration converted to a story 
shear imposed on the numerical first story. 

The state-space model requires modification from its form in Sect. 6.3.1 to numerically model the bottom floor only. The 
equations of motion for the bottom floor can be written in the form of Eqs. (6.5) and (6.6) if the state vector is replaced by 
.z1 = [x1ẋ1]T, input scalar is replaced by input vector u1= .

[
ẍg Vs

]T, output vector is replaced by .y1 = [
x1ẍ

a
1

]
, and matrices 

A–D are rewritten as a new A1-D1 as follows: 

. A1 =
[

0 1 
−k1 
m1 

−c1 
m1

]
. B1 =

[
0 0 

− 1 1 
m1

]

. C1 =
[

1 0 
−k1 
m1 

−c1 
m1

]
. D1 =

[
0 0 

0 1 
m1

]

Here, the states and outputs are all for the bottom floor, as indicated by the subscript. 

6.3.5 Realization 2 Setup 

The second RTHS test proposed by this research is a simultaneous numerical simulation of the top story and experimental 
test of the bottom story in real time. The physical testbed is identical to Fig. 6.1; however, the inertial shaker is no longer 
locked in place. Any mass above the bottom story moving along with x1 is considered negligible. The sensors required 
include accelerometers on the inertial shaker, physical top floor, and shake table. Actuators in this method include the shake 
table and inertial shaker. 

This nontraditional setup is more involved than that of Sect. 6.3.3. The ground motion is directly applied by the shake table 
physically, and the subsequent first story displacement is feed into the numerical model. The first story measured acceleration 
seismically excites the simulated top floor. The numerical top floor acceleration is then converted to a story shear via Eq. 
(6.1). Next, the measured bottom floor acceleration . ẍa

1 and calculated story shear Vs are input to Eq. (6.3) to determine the 
inertial shaker acceleration .ẍAMD required to produce that same shear force. The commanded displacement xAMD is relative 
to the moving first story and is required to command the AMD. The measurement . ẍa

1 is necessary because the inertial shaker 
acts in a noninertial reference frame. To avoid damage, .ẍAMD is integrated twice to determine xAMD, which is compared to 
the allowable stroke. 

Again, a new state-space model must be developed with a new state vector .z2 = [x2ẋ2]T, new input defined as scalar 
.u = ẍa

1 , new output defined as scalar .y2 = ẍa
2 , and matrices A–D are rewritten as a new A2-D2 as follows: 

. A2 =
[

0 1 
−k2 
m2 

−c2 
m2

]
. B2 =

[
0 

− 1

]

.C2 =
[ −k2 

m2 

−c2 
m2

]
.D2 =

[
0

]

With the interactions across the physical/numerical interface modeled correctly, this RTHS test will be successful with 
sensors and actuators that track sufficiently well.
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6.4 Results 

The goal of this study is to validate traditional RTHS proceedings and present a new approach via realizations 1 and 2, 
respectively. Realization 2 can be extended to a variety of complex tests to reduce the degree of complication. RTHS testing 
additionally reduces the scale of failures due to the reduction in dynamic physical components. 

6.4.1 System Identification 

To adjust the state-space models, a BLWN is applied as seismic excitation to the full physical 2DOF structure as outlined in 
Sect. 6.3.1. The BLWN is a low-pass white noise with a 10 Hz cutoff frequency, chosen per the structural natural frequencies. 
The resulting FRFs from ground acceleration to story acceleration are shown in Fig. 6.5. 

The numerical model matches the physical model in terms of dynamics, including natural frequencies and damping 
ratios within the frequency range of concern. This validates the simplification to a two-degree-of-freedom model for this 
application. 

6.4.2 RTHS Tests 

Upon completion of sensor and actuator compensation, the first RTHS substructuring realization can be tested. Initially a 
BLWN seismic excitation is employed to ensure the single degree of freedom (SDOF) physical substructure displays two 
modes at the frequencies of the full physical structure (2DOF). The RTHS interactions between substructures successfully 
create a transformation from one natural frequency at 2.47 Hz to two natural frequencies near 1.32 and 3.58 Hz as shown in 
Fig. 6.6. 

As shown, the RTHS test results produce a similar FRF magnitude to the full physical test; however, the second mode 
occurs at 3.74 Hz with 30 dB attenuation rather than 3.58 Hz with 25 dB attenuation. 

Subsequently, a series of earthquake time histories are input as ground excitation to the numerical bottom floor in RTHS 
Realization 1 tests. Results for the 1995 Kobe, Japan, 1994 Northridge, California, and 1992 Cape Mendocino earthquakes 
are displayed. 

As shown in Fig. 6.7, the time histories from the Kobe 1995 excitation display excellent agreement with the fully physical 
test performed prior, particularly for the second story, which is the physical substructure. In an RTHS test, the goal is to 
impart well-known dynamics to an uncertain substructure physically with the same results as a full-scale test. Therefore, the 
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Fig. 6.7 Kobe 1995 acceleration time histories (RTHS Realization 1) 

second story performance is of greater importance. Northridge and Cape Mendocino time histories exhibit better magnitude 
agreement for the bottom story and reduced magnitude accuracy in the second story when compared to Kobe (Fig. 6.8). All 
RTHS time histories are similar in nature: they underpredict first story acceleration and overpredict second story acceleration. 
Regardless, the frequencies and phase are in excellent agreement throughout all three tests. 

Future tests will conduct RTHS Realization 2, following the procedure outlined in this chapter (Fig. 6.9). 

6.5 Conclusion 

This study presented the successful completion of a traditional RTHS test for a low-rise structure and proposed framework 
for a novel approach to investigation of the bottom floor dynamics. It has been proven that real-time hybrid substructuring 
provides a worthy approach to reduced-scale testing. Realization 1 has been validated by reporting closely matched FRFs
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Fig. 6.8 Northridge 1995 acceleration time histories (RTHS Realization 1) 
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Fig. 6.9 Cape Mendocino 1992 acceleration time histories (RTHS Realization 1) 

between the fully physical and RTHS tests. Furthermore, a more intuitive understanding is gained by the evidence shown 
in the latter portion of Sect. 6.4.2, which compares earthquake time histories between the RTHS and fully physical tests. 
The presence of two vibration modes in an SDOF structure further validates RTHS. The procedure for a Realization 2 
setup is well defined in Sect. 6.3.3. As an extension, the numerical model for Realization 2 can be altered to represent a 
high-rise structure. If all interactions (story shear, seismic excitation) are transferred accurately, the method is viable. The 
nontraditional approach of imparting forces on the physical substructure and recording motion may be applied to a variety 
of complex test procedures, including wind or fluid-loaded structures. 

In the Realization 1 test, the second natural frequency shown in the RTHS test attenuated more than the physical test, 
and it occurred at a higher value. Potentially, the system identification may have slightly overpredicted the stiffness or 
underpredicted mass for either structure. While both stories were the same Quanser product, one may have experienced 
plastic deformation due to yielding, introducing nonlinearity to the dynamics.
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For future procedures conducting the Realization 2 test, it may be necessary to add a static mass to the physically tested 
bottom story. Justification arises through the unaccounted mass from the lower section of the top story columns that have 
little displacement relative to the bottom story in a fully experimental test. 
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