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Ordinary Differential Equations and Transport 2
Equations

We continue to consider a system of ordinary differential equations (1.1), but we
are more interested in the map X +— x(#, X), which is often called a flow map
generated by a vector field b. If the initial value problem for (1.1) admits a unique
local-in-time solution in a time interval I = (0, a) with some a > 0 independent
of X, the flow map is well defined. In Sect. 1.1, we gave a few sufficient conditions
so that the flow map is uniquely determined assuming the existence of solutions
to (1.1) with a given initial datum. Roughly speaking, if the vector field b satisfies
the Lipschitz condition or a weaker condition called the Osgood condition, then the
flow map is well defined. Since the Lipschitz continuity of » in R" is equivalent to
saying that the first distributional derivative of b is in L*° (see [36, §5.8. b]), it can
be written b € W1 (RY), where the W™ 7 () denotes the Sobolev space of order
m=20,1,2,...in LP(£2).

In this chapter, we are interested in the question of whether (1.2) can be replaced
by [I16(, Hllwr» < M, with finite p > 1. However, unfortunately, this does not
guarantee uniqueness; this can be easily seen if one elaborates Example 1.5. This
suggests that we need some extra conditions for b so that a flow map is well defined.
It turns out that if divb = O or at least div b is bounded, this is the case (under some
growth assumptions on b at the space infinity) provided that we regard the flow map
X +— x(t, X) for almost all X (almost everywhere (a.e.) X) in RY not for all X.
Such a theory was started by DiPerna and Lions [32] in the late 1980s.

In this section, we explain the uniqueness part of the theory of autonomous
equations, i.e., b is independent of time. To simplify the problem, we further assume
that b is periodic in space variables.
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2.1 Uniqueness of Flow Map

We consider a vector field (or R -valued function) b on TV = [TY.| (R/w;Z), with
wi>0@G=1,...,N),ie.,

b(x) = (b‘(x), ...,bN(x)) for xeTV.

In other words, we assume b is periodic in the ith variable with the period w;. In
this section, we always assume that

b e wh (V) for 1<j<N and divb=0 in TV. (2.1)

We simply write the first condition by 5 € WI(TV) instead of writing b €
(whicr» ))N, though the latter is more precise notation. Here, W17 (TV) is the
LP-Sobolev space introduced in Sect. 1.2.5. We are interested in discussing the
uniqueness of a solution to (1.1) with b independent of ¢, i.e.,

X =b(x)
or
dx! ,
d—xt(t) — b (xl(t), . ..,xN(t)>
for x(r) = (xl(t), coxl (t)) under condition (2.1). However, under condition

(2.1), a flow map X +— x(t, X) (generated by b) for a fixed time # may not be
integrable on TV . In other words, each component of this map may not belong to
L'(T"). To overcome this difficulty, we introduce a space

M =M(T") :={¢ : TV — R | (Lebesgue) measurable and
lp] < o0 ae.}.
This space is metrizable. For example, if we define a metric d as
d(@,¥) = llmin(|¢ — ¢, Dligipyy  for ¢, ¢ € M,
then (M, d) becomes a metric space. See Exercise 2.2 and 2.6. From this point
forward, || - || »¢rv) (or || - [|r) denotes the LP-norm in LP(TV). The convergence

in this metric corresponds to the convergence in measure, i.e., d(¢;, ) — 0 as
Jj — oo implies for any § > 0

ﬁN{xeTN||¢j—¢|(x)>5}—>0 as  j — oo,
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where £V denotes the N-dimensional Lebesgue measure; see Sect.1.2.5 or
Appendix 5.2 for a precise definition of a set in TN . For fixed ¢, we expect each
component x' of a solution x = x(¢, X) belongs to M as a function of X, i.e., the

mapping
x[t]: X = x(t, X)

is expected to be in M. We also expect the mapping x : ¢ > x[¢] to be defined for
all 7 € R, and it is continuous from R to M  i.e., x € C(R, M"). The reason we
expect x to be defined for all ¢ is that the value x[#](X) = x (¢, X) actually belongs
to the compact space TV, which prevents what is called blow-up phenomena.

If b is divergence-free, i.e., solenoidal, then the flow map x[¢] must satisfy the
volume-preserving property. In other words, for all ¢ € R,

eV (feeV | xir1e e a}) = ¥ ) 2.2)

for any (Lebesgue) measurable set A. More generally,

[woc(r,xndx:/ ¥ (y)dy
TN TN

for any measurable function ¥ on TV. See Exercise 2.8. (In general, for a
Lebesgue measurable set A, f_l(A) = {z eTV | f(2) € A} may not be Lebesgue
measurable for a Lebesgue measurable function f. The volume-preserving property
implicitly guarantees that x[#]~!(A) will be Lebesgue measurable if A is Lebesgue
measurable.) The property (2.2) is obtained by divd = 0. Here is a formal argument
assuming that x is C! in 7 and X. We set F = (Fij) = (Bxi/an) for the flow map
x = x(t, X). (This is a Jacobi matrix of the flow map X +— x (¢, X).) By the area
formula (or change of variable of integration), to see (2.2), it suffices to prove that
det F = 1 for all ¢, where det F denotes the determinant of F. Let tr M denote the
trace of N x N metrics M, i.e., it is the sum of the diagonal components of M. By
elementary calculus, we see that

d oF __,
—detF =detFtr| —F .
dr at

By Eq. (1.1), we see that

0F;; N
—L =" (@) (x) Fj.

at =1

d
Thus, P det F' = tr(Db) det F'. Here Db denotes the Jacobian matrix (Db);; =
0;bi, 1 <, j < N.We note that tr(Db) = divb. If divh = 0 so that tr(Db) = 0,
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we now observe that det F' is time independent. Since det F = 1 at = 0, we now
conclude that det F = 1 for all ¢. This formal argument is justified when the flow
map x[t] : X — x(z, X) isin C'(TN, TV). This is indeed true if b is C!, and it
is known as C! dependence with respect to the initial data; See, for example, [52,
Chapter 5].

We must consider a solution x = x(#, X) of the ordinary differential equation
(1.1), which is only continuous but may not be in C! in the time variable 7. If
one weakens the notion of a solution, there is a chance we lose the uniqueness.
To keep the uniqueness, we consider a special class of a solution that is often called
a renormalized solution. We consider a mapping ¢ +— x (¢, -) from R to (./\/l (TN ))N.

If this mapping is continuous, we simply write x € C (R, (M(TV ))N>. It is also

possible to consider the mapping X + x(-, X) from TV to (C(R))". This mapping
is often called a flow map.

Definition 2.1

Assume that x € C (I, (/\/l (TN))N>. We say that x is a (renormalized) solution
of (1.1)in R if

%(,3 ox)(t, X) = DB (x(t, X)) b (x(t, X)) on R xTV, 2.3)

(B ox)|—o (X) = B(X) on TV (2.4)

forall B € C'(TN, TV) such that B o x € L™ (R, (M(TN))N), where 8 o x is
a composite function defined by (Box)(t, X) = B (x(t, X)). Here DB denotes
the Jacobian matrix (DB);; = dB'/dx;, 1 <i,j < N.

The time variable in (2.3) should be interpreted in the sense of a distribution
whose variables are ¢ and X. In other words, (2.3) means that

—/ foo 8—(p(t,X)(ﬁox)(t,X)dth
TN —0co at

=/ /00 o, X)DB (x(t, X)) b (x(t, X)) dtdX
TN —c0

forall ¢ € C°(T x TV). Of course, if x is C! in ¢, then x must satisfy (2.3) for all
B and X if and only if x is a solution to (1.1) with x(0, X) = X.

We need to explain the space L*° (R, (./\/l (TN ))N). If V is a Banach space V,
then let L?(R, V) be the space of all pth integrable functions on R as defined in
Appendix 5.2 (4) using a Bochner integral. Since M (T") is not a normed space
but just a metric space, we must extend the definition. The space L™ (R, M(TN ))
is the space of all measurable functions f on R with values in M(T") such that
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d(f,0) is in L>°(R) as function of ¢. The space L™ (R, M(TN)N) is defined as
(L (R, M(TY)))".

Finally, we expect that the flow map will satisfy the group property, i.e., for any
t,s €R,

x(t+s,X)=x(,x(s, X)) forae. X. (2.5)

Theorem 2.2
Assume that (2.1) holds.

(i) (Existence) Then there exists a unique x = x(t, X), with

xeC (R, (M(TN)>N>

satisfying (2.2)—(2.5). In particular, there exists a renormalized solu-
tion to (1.1). Moreover, the mapping X +— (B o x)(-,X) is in
L' (TN, (C(I))N) for B given in (2.3), (2.4), where I is an arbitrary
closed bounded interval. Furthermore, for almost every X € TV the
a

function t — x(t, X) is in (C1 (R))N and 3—); = b(x) on R as a function
of t.

(ii) (Uniqueness) There is at most one (renormalized) solution x to (1.1)
satisfying all properties in (i).

It is not difficult to see that the space C (/) is regarded as a Banach space equipped
with || - ||oo norm since I is compact.

We shall focus on the uniqueness part of the proof. The main idea to prove the
uniqueness is to show that the function ug (x (¢, X)) depends only on ug € C oo(TN)
for any choice of a real-valued function ug. Since u(X, t) = ug (x(¢, X)) solves
a transport equation u; — b(X) - Vxu = 0 with initial datum uo(X), the problem
is reduced to the uniqueness of a (weak) solution to the transport equation with
nonsmooth solenoidal coefficient b. Here, u; = du/d¢, and Vx denotes the spatial
gradient in X. We shall postpone the uniqueness proof of Theorem 2.2 to the end of
Chap. 2.

For the reader’s convenience, we show that u(X, r) solves

u (X, 1) —b(X) - Vxu(X,t) =0 (2.6)
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Fig. 2.1 Characteristic curve t

x =x(t,X)

at least if b € C' and x is C! in its variables (f, X) € R x TV, We first prove that
(2.6) at t = 0. By direct calculation,

N ou dx’ L dug :
w(X.0) =3 o (X)) — - = D gt (XD B (x(1, X0),

i=1 i=

u N dug dx!

—(X,1) = — (x(, X)) —(, X).

7 00 ; o7 (V6 X)) = (6 X)

Att = 0, u,(X,0) = Y0, 0u0)(X)b/ (X), du/dX7|_y = (ju0)(X) since

;’Txij 0= 8;ij (6;j =1ifi = jand §;; = 0if i # j), so we have (2.6). We next set
=

u®(X) = u(X, s) for s € R. Then, by the group property, we see that

u(X,t+s)=ugx(t+s, X)) =uo(x (s, x, X)) =u’ (x@, X)).
Applying the result for ¢ = 0, with ug = u®, we have
u(X,s) —b(X) - Vxu(X,s) =0.
This yields (2.6). (The curve x = x(t, X) is often called a characteristic curve of

(2.6). It is easy to see that a solution u of (2.6) is constant along each characteristic
curve, i.e., for a fixed X, the function u (x(—¢, X), t) is constant in ¢; see Fig.2.1.)

2.2 Transport Equations

We are concerned with the uniqueness of a (weak) solution u = u(x, ) to a transport
equation

ur —b(x) -Veu =0 2.7
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Fig. 2.2 Support of ¢ t
TN

or

N ou

i _
up — Zb W= =0,

i=1

where b = (bl, BN ); here we denote the independent variables by x instead

of X. A notion of the weak solution u for (2.7) with initial datum uo € L'(TV) is
obtained by multiplying ¢ € C° (TN x [0, T)) (i.e., supp ¢ is compact in TV x
[0, T')) (cf. Fig. 2.2) and integrating over TV x [0, T]. Indeed, we have

T
// {pu; — ¢ (b(x) - Vyu)}dxdr = 0.
0Jrv

Integrating by parts yields

T T
—/ ¢ udxdt —/ Quodx —i-// (div(b¢)) u dxdt = 0. (2.8)
0JTN ™ 0JTN

This formula leads to a definition of a weak solution to (2.7). If Q = (0, T'), then
we simply write L? (0, T'; V) instead of L” (€2, V), the space of all pth integrable
functions on €2 with values in a Banach space V.

Definition 2.3

Let b be in W' (TV), and let ug be in L?(TV) (1 < p < o0). If a function
u € L (0, T; LP(TV)) fulfills (2.8) for all ¢ € C° (TN x [0, T)), then u is
called a weak solution to (2.7) with initial datum u¢. The vector field » may not
be divergence-free. Here p’ is the conjugate exponent of p,ie., 1/p+1/p’ = 1.
The integrability conditions guarantee that each term of (2.8) will be well defined
as a usual Lebesgue integral. We interpret 1 /0o = 0 so that p = 1 (resp. p = 00)
implies p’ = oo (resp. p’ = 1).
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Of course, it is straightforward to extend the definition of a weak solution to an
inhomogeneous problem of the form

ur—b-Vu=f

with initial datum uo and the inhomogeneous term f € L! (O, T; LY(TN )). We say
that u € L*° (0, T; L”(TN)) is a weak solution with initial datum ug if

T T T
—/ bru dxdt—f ¢tuodx+f/ (div(bgp)) u dxdt =f/ fodxdt
0 JTN ™ 0 JTN 0 JTN

forallp € C° (TN x [0, T)).
In this section, we simply say that u is a solution to (2.7) if it is a weak solution
of (2.8). We are now in a position to state our main uniqueness result.

Theorem 2.4

Let1 < p <00, andletb € Wl’p/(TN) be solenoidal, i.e., divb = 0 in TV.
Letu € L*® (0, T;L? (TN)) be a solution to (2.7) with initial datum uy = 0.
Then u = 0. (More precisely, u(x,t) = 0, a.e. (x,1) € TN x (0,T).) In
particular, if uy and uy are solutions to (2.7) with the same initial datum uy,
then w1 = uy since (2.7) is a linear equation.

A key observation is that 6 o u solves (2.7) with initial datum 6 o uq provided
that & € C'(R), with §’ € L (R). This is formally trivial since Eq.(2.7) is linear.
However, in our setting, this property is nontrivial. Such a fact is often called a
relabeling lemma. Here is a rigorous statement in this setting.

Lemma 2.5

Let 1 < p < oo, and let b € Wl’p/(TN). Assume that u €
L> (0, T; LP(TN)) is a solution to (2.7) with initial datum ug € LP(TV).
Then 0 ou € L*® (0, T;LP (TN)) is a solution to (2.7) with initial datum
6 o ug provided that 6 € C'(R), with 8’ € L®(R).

Admitting Lemma 2.5, we give a proof of Theorem 2.4 for 1 < p < oo. The
case p = oo is postponed to the next section.
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Proof of Theorem 2.4 for p < oo A heuristic idea is to take 8(c) = |o|P and
observe that |u|P = 0 o u is a solution to (2.7) so that

d Mhu:f WWLM=/‘meM)M=O
TN TN

dt Jo~

since divb = 0 implies div(bw) = b - Vw for a function w. However, since this 6
isnot C! or 6’ € L, we must circumvent it.

We shall take a suitable C! function 6. By Lemma 2.5, the function 6 o u is a
solution of (2.7). Assume that 6#(0) = 0. By taking ¢ = ¢ (¢) (spatially constant
function) in (2.8), we observe that

T
—/ ¢z</ 9(u)dx)dt—0+0=0
0 ™

since div(b¢) = 0. (This is the only place divb = 0 is invoked.) This implies

T
f wm(/ mmm)mzo
0 ™

for any ¥ € CZ°((0,T)) since we are able to take ¢ € C* ([0, T]) with

suppep C [0, T) such that ¢; = . Indeed, it suffices to take ¢ = — ftT Yrds.
Thus a fundamental lemma of the calculus of variations (cf. Exercise 2.3 or [19,
Corollary 4.24]) implies that

f Ow)(x,t)dx =0 forae. re(0,7). 2.9)
TN

Since @ is required to be C! with bounded first derivative, for a given positive
constant M we take

g(o) == (lo| A M)P,
0:(0) == (pe * §)(0) — (pe ¥ )(0) for o €R,

where p, € C°(R) is a Friedrichs’ mollifier in R, i.e.,

1
pe(0) = gp(a/s), p =0, suppp e (—1,1), /dea =1

for ¢ > 0; see Fig.2.3. Here a; A ap = min(ay, ap) for ay, ap € R. Since 6, € C*°
(Exercise 2.4), we plug such 6, into (2.9), and sending ¢ to zero (Exercise 2.5) yields

/ (lu| A M)P (x,1)dx =0
TN
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Fig. 2.3 A typical graph of p
and pg

pe (6<1)

for a.e. ¢ by the (Lebesgue) dominated convergence theorem (Theorem 5.1) because
{16 () [}Jo<¢ <1 is bounded in L>(T). Since u is in L> (0, T; LP(T")), we send
M to infinity and again use the dominated convergence theorem to conclude that

/ lu|? (x,t)dx =0, ae. t€(0,T).
TN

Thus, we conclude that u = 0 in L* (0, T; LP(T")). By Fubini’s theorem, this is
simply u(x, t) = 0 fora.e. (x,1) € TV x (0, T). o

In the rest of this section, we shall prove the relabeling lemma (Lemma 2.5). A
key idea is an approximation. From here, let p, be a Friedrichs’ mollifier in RV, i.e.,
fore > 0

1 X 00 N
pe)=—5p(Z), pecE®). | pdr=1 p=zo0.
& & RN

Lemma 2.6
Let 1 < p < oo, and let b € WUVB(TN), with B > p'. Let u €
L*® (O, T;LP (TN)) be a solution of (2.7) with initial datum uy € LP(TN).
Let pg be a Friedrichs’ mollifier in space variables. Then u, = u % p, satisfies
oy
at

with initial datum up, = ug* pg, with some real-valued function rg converging
fo zero in L' (0, T; L"‘(TN)) as & — 0, where

1/a =1/B 4+ 1/pif B or p is finite,

1 < a < ooisarbitrary if B = p = o0.

—b-Vu, =r,
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Proof of Lemma 2.5 admitting Lemma 2.6 By Lemma 2.6, we observe that

oug
ot

—b-Vu,=r. >0 in L (0, T;Ll(TN)>;

T
lim// |re| dxds = 0.
el0 Jo JRN

We take 6 € C!(R), with 8’ € L>(R). Since u, is smooth in space, we see that

in other words,

d

5(9 oug) —b-V(@oug) =rb oug.
Since §’ € L°°(R), the right-hand side 76" ou, — 0in L' (0, T; L'(RV)) as & | 0,
we formally conclude that 6 o u is a solution to (2.7) with initial datum 6 o ugy. Of

course, we must carry out these arguments in a weak form, (2.8). In other words, we
send ¢ | O for

T T
- ff ¢ (0 0 up) dxdr — f ¢ (0 o uge) dx + ff (div(bp)) 0 o u® dxdt
0JTN ™ 0JTN

T
=// ore (0’ oug)dxdr  with  wuge = ug * pe
0JTN

to get
T T
—[/ @ (0 o ug) dxdt —/ ¢(90u0)dx+// (div(bg)) 6 o u® dxdt =0
0JTN ™ 0JTN
for p € C2° (TV x [0, T)). 0

It remains to prove Lemma 2.6. For this purpose, it suffices to prove the
convergence of commutators.

Lemma 2.7
Let p, denote a Friedrichs’ mollifier in RV, Let 1 < p < 00, and let b €
WLA(TN)Y, with B > p'. If w € LP(TV), then

Re(w,b) = (b-Vw)xp, —b-V(wx*xp:) >0 in L“(TN)
as ¢ — 0, where « is given as in Lemma 2.6, in particular, in the case

p =o0sothat p = 1, a = B if B < oo. Moreover, |R:(w, b)|lfe« <
Cllw|lLr | Db|| 1 with some C > 0 independent of sufficiently small .
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Proof of Lemma 2.6 admitting Lemma 2.7 Direct calculation shows that

0
Eu‘g —b-Vu, = R.(u, b);

in other words,

T T
— / ¢rue dxdr — / duge dx + // (div(bo)) u, dxdt
0JTN

// R:(u, b)¢ dxdt

forall ¢ € C° (TV x [0, T)). By the second statement of Lemma 2.7, we have
| Re(u, b) || L (1) < CllullLr ()IDB]| 15

The right-hand side is bounded in ¢, so Lemma 2.7 yields

T T
lim/ ||Rg<w,b>||m<z>dt=/ lim || Re (. b) |« (1) d = 0
el0 Jo o &0

by a dominated convergence theorem. (One immediately observes that b is allowed
to depend on time t if b € L' (0, T; W#(TV)) andu € L* (0, T; LP(TV)). O

Proof of Lemma 2.7 We first observe that the term (b - Vw) * p, should be
interpreted as

(b - Vw) * pe) (x) = — fTN w(y) divy {b(y)pe(x — y)}dy

since Vw is not an integrable function. This identity is easily obtained if w is smooth
by integration by parts. We proceed with

N

9 .
(b~Vw)*pg—b.V(w*pE)=p€*(b~Vw)—Z<Epg*w)bl
i=1 !

=— /TN w(y) [divy {b()pe(x — )} + b(x) - (Vo) (x — y)]dy
= /TN w(y) ((b(y) = b(x)) - (Vpe)(x — y))dy — /Tw(w div b) * pe dy
=1+1I

Here, we use the relation Vy (pe(x — ¥)) = —(Vpe)(x — ).
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We next estimate /. Since p has compact support, p.(x) = 0 for [x| > Ce, with
some C independent of ¢. By changing ¢ by cpe with some ¢y > 0, we may assume
that C < min; w; /2. This choice implies that the ball B¢ (z) centered at z € TV with
radius C is contained in one periodic cell. We shall assume that ¢ < 1. By changing
the variable of integration by z = (y — x)/e, we obtain

I(x) = fl - {(b(y) = b(x)) - (Vpe)(x — y)w(y)}dy
x—y|<Ce

= / {w (Vo) (—2w(x + sz)} dz.
lz|=C

Since Vp is bounded, i.e., Co := [|[Vpll RNy < 00, we observe that

[1(x)] SCO/ ke(x, 2) lw(x + &2)|dz
lz|=C

with k¢ (x, 2) = |b(x 4+ €z) — b(x)| /¢. By the Holder inequality
111 gy < I Wy | Bl

we observe that

1 o
— 115 =/ {/ k (x,z)lw(erez)ldz} dx
o @ oy Wpgze

5/ / (ke (x, 2) lw(x + £2)[}¥ dzdx|Bc|*~ " =: J¢
TV Jiz|<C

for @ € [1, o0]. Here, |Bc| = LY (Be) (ie., the volume of a ball of radius C)
and it equals |SY~1|CN /N. Applying the Holder inequality for kY and |w|* with
1/ =1/8 + 1/p, we see that

1/B 1/p
J < |Bc|'7Ve {/ f kg(x,z)ﬁdzdx} {f / |w(x +sz)|pdzdx}
™ J|z|<C TV Jiz]<C

/B
= Cillwll e, {fTN/H Cksu,z)ﬂdmx}
zZ|I=
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2}1/2
2)1/2

with C; = |Bc|'=Y*|B¢|'/P = |Be|'~1/#. Since

N

b(x + £2) — b(x)| = {Z

i=1

1 .
/ <Vb’ (x + £62), £z> do
0

1
/ ‘Vbi(x + &‘O’Z)’ do
0

N
< ezl (Z
i=1

1
§8|z|/ |Db(x + €07)|do,
0

we see that

1
// kg(x,z)ﬂdzdxsff /|Db(x+wz)|ﬁda|z|ﬂdzdx
™ Jiz|<C T Jiz]<C JO
1/8
= CJIDbI v, with 02=</ Izl’SdZ> :
|z|=C

Here, | Db(x)| denotes the Euclidean norm of the N x N matrix Db(x) in RV <V,
In other words, | Db(x)|? = tr (Db(x)Db(x)T), where M7 denotes the transpose of
a matrix M.

We now conclude that

1/
| o crvy < CoJ < CoCrllwllprryy {/N/ ks(x,z)ﬂdde}
™ J|

z|<C

< CoC1Carllwll ppervy 1 DBl Lo vy -
By Young’s inequality for convolution, we have
Ize < lpellprllwdivblre < 1lwdivd|ge.
By the Holder inequality,
lwdivb|L« < [lwllzr Dbl 5.

Thus, the desired estimate || R: (w, )|« < C||lwl||Lr||Db| ;s now follows.

It remains to prove that || R, (w, b)||;« — 0 as e — 0. This can be carried out by
a density argument.

If w e WHP(TVN), then both (b - Vw) * pe and (b - V)(w * p,) converge to
(b-V)win LY(TN) as ¢ — Osince f % p, — f in L*(TV) if f € LY(TN); see
[19, Section 4.4]. Here, we invoke the property « < oo. Thus, R,(w,b) — 0 in
L*(TV) provided that w € W17 (TV).
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Suppose that 1 < p < oo. Since W'P(TV) is dense in LP(TV) for p < oo, for
w € LP(TV) there is a sequence {w,,} € W?(TV) converging to w in L?(T").
(This density follows from the fact that f * p1/, € C ©(TN) and f * p /m — fin
LP(TN) as m — oo for p € [1, 00). See [19, Section 4.4] and Appendix 5.2 (6).)
Since

Re(w, b) = Re(w — Wy, b) + Re(wpy, b),
we observe that
|Re(w, b)||Le < C3llw — willLe Dbl s + | Re (Wi, D)l Le

by the estimate of Lemma 2.7 proved earlier with some C3 > 0 independent of
sufficiently small ¢ > 0. Sending ¢ | 0 yields

limsup [|Rs (w, b)||Le < C3llw — willLr | DD 15 + 0.
el0

Letting m — oo yields a desired conclusion, i.e., R;,(w,b) — 0 ase — 0 in
LY(TV).

If p = B = oo, then, by our assumption, & < oo. This case is reduced to the
case = p < 00, § = 00.

It remains to prove the case § < oo, but p = oo. In this case, ¢ = B.
Unfortunately, w € L>(T") cannot be approximated by an element of W1 (TV)
in the L°° sense. However, it is still possible to approximate in a weaker sense. That
is, for any w € L (TV), there exists a sequence w, € L>(T") such that w,, — w
a.e. and |[wylloo < [|wlleo. (For example, it is enough to take wy, = p1/m * w. See
Exercise 2.10.) We are able to estimate

limsup || Rs (v, D) [ < C/TN |Db(x)|% |v(x)|* dx (2.10)

e—0

with some C independent of v € L>®(TV) and b. Indeed, from a similar argument
as previously, the term corresponding to / is dominated by

L, </ f (ke (r. 2) [0(x + £2)])* dzdx| Be|*!
cg D 7w Jig<c ’

1
5/ f 2 (/ |Db<x+wz)|‘*|v(x+sz)|‘*do) dzdv|Bel*,
™ J)z]<C 0

where 8 = «. We change the variable of integration by X = x 4+ €0z to get

1
= f / IZIO‘/ IDbX)|* v (X + (1 — 0)ez)|* dodzdx|Bc|*~!.
™ J|z|<C 0
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1

Since the shift operator is continuous in L* norm,” we see that

v(x+ (1 —0)ez) - v(x)

for almost all ¥ € TV as ¢ — 0 by taking a subsequence if necessary.” Since
v is bounded and |Db|* is integrable, by the dominated convergence theorem we
conclude that the last term converges to

C‘2¥|Bc|°‘_1/ IDb(x)|* lv(x)|*dx as ¢ 0.
N

A similar but much easier observation yields a similar estimate for /1. We thus
conclude (2.10).
By (2.10), we are able to estimate

lim sup | Re (w, bl o < lim sup | Re (w — wpn, )
el0 el0

folemﬂmm—wmmWM-
TN

Since ||lwnllo < lw|leo and w,, — w ae. as m — 00, by the dominated

convergence theorem, we conclude that the right-hand side tends to zero. The proof
for the convergence limg | || Re(w, b) || L« = 0 is now complete. O

2.3  Duality Argument

In this section, we shall prove the uniqueness result (Theorem 2.4) of a solution
to the transport equation (2.7) when it is bounded under the condition that the
coefficient b of the transport term is merely in W1 (T"). The argument presented
so far does not work for p = co. We study the case where p = oo by a duality
argument.

Let us explain a basic idea of the duality argument. This is a typical argument
for uniqueness. Consider a linear operator S from R” to R™. Suppose that we are
asked to check whether this mapping is injective or one to one. Since S is linear, it
is enough to show the kernel of S is just {0}. In other words, we are asked to prove
that Sx = 0 implies x = 0. The main idea of the duality argument is to reduce the

! This is one of the fundamental properties of the Lebesque measure. It states that lim, yl=o0 Ty f—
Sllparyy = 0 for o € [1, 00), where (7y f)(x) = f(x + y).
21f fo — fin LP(TN), there is a subsequence fe, that converges to f a.e.
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problem to the solvability of its dual problem S*z = y for all y € R”. If there is a
solution z, then

x-y=x-§7=8x-z=0

for all y € R". This implies x = 0.
So to carry out this argument, we need some existence theorem for a dual
problem.

Proposition 2.8

Let 1 < p < oo, and let uy € LP(TN). Assume that b € W-1(TV) N
LY (TN), with div b = 0. Then there exists a solutionu € L™ (0, T;L? (TN))
of (2.7) with initial datum ug. Here, 1/p +1/p’ = 1.

Proof. A typical way to prove the existence of a solution under nonsmooth
coefficients is as follows. We first approximate the problem by regularization, then
take a limit of a solution to the approximate problem. We need a priori estimates to
carry out the second step.

We begin with an a priori estimate assuming that » and u( are smooth. Let
x = x(t, X) be the flow map generated by b, i.e., x = b(x), with x(0) = X.
If b is smooth, then by the smooth dependence of the initial data [52, Chapter
5], x is smooth in ¢t and X. Moreover, by the uniqueness of the solution of (1.1)
(Proposition 1.1), the group property (2.5) holds. We first recall that u(X,t) =
up (x(t, X)) (uniquely) solves (2.7), i.e.,

ur —b(X)-Vxu =0
with smooth data
uli=o (X) = uo(X)
if b is smooth. By this solution formula, it is clear that
llullLoo () < lluollzoe-

By the group property (2.5), we have uog(X) = u (x(—t, X), t). Thus, ||ug|lp> <
llu]| Lo (2), so that

llullLoe () = lluollLoe-

Here, ||u||z4(t) denotes the norm of u in L4 (TV) with a parameter ¢. By a formal
argument, to obtain the volume-preserving property (2.2), we observed that the
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Jacobian det F of the flow map equals one, where F = (Fj;) = (dx'/9X7). Thus,
by (2.2), we see that

llullza () = lluollLa 2.11)

for 1 < g < oco. Combining the L* estimate, we see (2.11) holds for all ¢ € [1, co].
We next approximate our original b by b, = b % p,. Then there is a (unique)
solution u (x, 1) € C® (TV x [0, T)) of

U —be(x)-Vyu=0 (2.12)

with initial datum ug. = ug * pe for ug € LP(TN); the solution ug (x, ) is given by
ug(x,t) = ug (x:(t, x)). Here, x; is the flow map generated by b,, i.e., X, = b (x;),
with x;(0) = x € TV. Since u, solves (2.12), it solves its weak form, i.e.,

T T
—// ¢,u£dxdt—/ ¢uogdx+// (div(bed)) updxdt =0 (2.13)
0 JTN ™ 0 JTN

forall ¢ € C¥ (TN x [0, T)). We note that u, and uq, satisfy the norm-preserving
property (2.11).

Case 1 (1 < p < 00). Since (2.11) for u, implies that {u,}po<s<1 is bounded
in L (O, T; LP(TN )), by x-weak compactness, there is a subsequence f{u.}
converging to some u x-weakly in L (0, T; LP(TV)) for p € (1,00]; see
Appendix 5.2 (4) for x-weak convergence in L (0, T; LP(T")). We now send
&’ to zero in (2.13). It is easy to see that the first two terms of (2.13) converge to
the first two terms of (2.8), respectively. The only difficulty lies in handling the last
term. We proceed with

T T
/ / div(by ¢)updxds = / / (ber - V)ugdxdt (2.14)
0 JTN 0 JTN

since divb, = div(b * p;) = (divh) x p, = 0. By a standard property of the
mollifier, we see that b, — b in LP (TV) if p € (1,00] (e.g., [19, Section 4.4]).
Since u, — u x-weakly in L™ (0, T;LP(TN )), this implies that (2.14) converges

to
T T
// (b-qu)udxdt:// div(b¢)u dxdr
0 JTN 0 JTN

as ¢’ | 0. Here, we invoked the property

T T
lim// fgggdxdt=// fodxdr
el0 Jo JTN 0 JTN
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if fe = fin L1 (0, T; LP(TN)) and g, — g *x-weakly in L™ (0, T; L”(TN)) as
e | 0. To see this property, we notice

fege — fe=(fe— flge + f(ge — &)

T T
/ / fege dxdt — / / fgdxdr
0 JTVN 0 JTN

S”fs - f”Ll(O,T;LP/(TN)> “g"?”LOO(O,T;LI’(TN))

T
+‘// f(ge — g)dxdr
0JTN

by the Holder inequality (cf. Exercise 2.9). The first term tends to zero as ¢ | 0
since [|gell o (o,7;Lr(TV)) is bounded and f; — f in L' (0, T; Ll’/(TN)). The
second term tends to zero as & | 0 since g; — g *-weakly in L™ (0, T; L”(T")).
We thus obtain (2.8) when p € (1, oo].

Case 2 (p = 1). In this case, boundedness in Ll(TNA) does not imply weak
compactness. We approximate ug € L'(TV) by ug, € LP(TV), p > 1 such that

so that

luo — uomll;1 — 0asm — oo. Let ué, be an L™ (O, T; Lﬁ(TN)) solution with
initial datum u,, for (2.12), which is given by

y, (X, 1) = uom (xe (2, X)) .

Since (2.12) is linear, we apply (2.11) to uy, —u’ .| to get

iy — iy L (0) = llom — uom+1llLa (2.15)

forall 1 < g < p.Form = 1, we take a subsequence as ¢ — 0 to get U satisfying
(2.8) starting with ug; by Case 1. For m = 2, we take a further subsequence to get
a U, satisfying (2.8) starting with ug2. We repeat the procedure and obtain U, €

L*>® (O, T; LP(TV )) satisfying (2.8) with initial datum u(,, and moreover satisfying
N1Un — Un+1llp1(2) = lluom — wom+1ll 11
by (2.15). This implies that {U,} is a Cauchy sequence in L* (0, T; L' (T")).

Since U,, solves (2.8), letting m — oo yields the desired solution U =
limy,— 00 Uy, € L™ (0, T; L' (TV)) of (2.7) with initial datum ug € L'(TV). O
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» Remark 2.9

(i) The assumption b € WhI(TV) is used only to define divb in L' (TV). It is
enough to assume that b € LY (TN) with divb = 0 in the distribution sense.

(ii) Proposition 2.8 is still valid for a solution of u; — b - Vu = f (instead of
(2.7)) provided that f € L! (O, T;LP (TN)). Its weak form is given right after
Definition 2.3.

Proof of Theorem 2.4 for p = oo We shall prove that

T
// ugpdxdr =0
0JTN

for all ¢ € C (T x (0, T)). This implies u = 0 ae. in TV x (0,7T) by a
fundamental lemma of the calculus of variations (Exercise 2.3 and [19, Corollary
4.24)).

We first consider a dual problem, which is a backward problem:

D
E—b.vq>=¢ in TV x (0,T), @,y =0 in TV,

By Proposition 2.8 and Remark 2.9 (ii), there exists a solution
e L (0,73 L7(T))

for ® +b- VP = ¢ with (x,0) = 0 for ¢(x,1) = ¢(x, T — t). Setting
®(x,1) = d(x, T—1), we find asolution ® € L> (0, T; L>(TV)) to the preceding
backward problem.

We regularized ® and u by &, = & * p, and u, = u * p., respectively. The
resulting equation for @, and u; is

9D
8; —b -V, =, + Y. in TV x (0, T), ®,|,_r =0 in TV,
aug . N . N
W—hVue:rng x (0, 7), Ugli—g=0in T

with ¢ = @ * pe, Ye = (b - V) * p. —b - (VD) % p) and

re = (b-Vu)x pe —b- ((Vu) * pe) .
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We have r., ¢y — 0 (as ¢ | 0) in L! (0, T; Ll(TN)) by Lemma 2.6; the
external term ¢ is also allowed in Lemma 2.6. Multiply the second equation by
d,; integrating parts yields

T
_/f {ue(¢e+1/fs)+re<ps}dxdl‘=0;
0 JTN

here we invoke the property that div b = 0. The term fOTfTN re @, dxdr tends to zero
as ¢ | 0 since

T
// re®, dxdr
0 JTN

and || D, || (t) < |||l (t) and r, — Oin L! (O, T: L' (TN)). Similarly, the term
fOTfTN ug V. dxdr tends to zero as ¢ |, 0. Thus, sending ¢ to zero, we deduce

T
// ugpdxdt = 0.
0 JTN

T
=< ||q)€||Lw(0,T;LW(TN))/O lrell 1wy () de

24  Flow Map and Transport Equation

In this section, we shall give the uniqueness of a flow map X — x(z, X) stated in
Theorem 2.2 (ii) using the transport equation. The following discussion admits the
existence part (Theorem 2.2 (i)).

Proof of Theorem 2.2 (ii) If there are two different flow maps x(¢, X) and
x2(t, X), then there is at least one ug € C®(TV) such that ug (x1(¢, X)) #*
up (x2(t, X)) for some ¢ and a set of X of positive measure.

For any ug € C ©(TVN), we must prove the uniqueness of ug (x (¢, X)). Thanks
to Theorem 2.4, it suffices to prove that u(X, t) = ug (x(¢, X)) is the unique (weak)
solution of (2.7) in L (0, T; L°°(TN )). For notational convenience in the rest of
the proof, we will write the flow map x (¢, X) by ¢(¢, x), so that the variable in (2.7)
becomes x rather than X and u(x, t) = ug (¢(t, x)).

For each v € C®(TVN), h > 0,¢ € R, we set

Ap(t) =/ l{u()c,t—i-h) —u(x,t)} y(x)dx
TN h

1
_ er 0 (Pt + ) = o (p(r, 1)) (),
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By the group property (2.5), we see that

1
Ap(t) = /TN 7 {uo (¢ (2, @(h, x))) — uo (p(t, X))} ¥ (x)dx.

By the volume-preserving property (2.2), we see that

/TN uo (¢ (1, 9(h, x))) ¥ (x)dx = /TN uo (91, 2)) ¥ (p(=h, 2)) dz,

where we take z = ¢(h, x). Thus, we observe that
1
Ap(t) = er Zu(z, H{Y (p(=h,2)) — ¥ (2)}dz. (2.16)

We next note that (bo @) - (Vi op) € L® (R, L! (TN)) since ¢ has the volume-
preserving property (2.2), which implies

/ Ibow(x)ldX=/ Ib(w(t,X))ldx=/ 1b(x)]dx,
™ TN TN

/ [V op(x)|dx = / IV (@, x))|dx = / IV (x)| dx.
™ ™ ™
Moreover,
a
E(I/fow) =(boyp)- (VYoo
since 0, (t, x) = b (¢(t, x)) fora.e. x € TV and forallt € R by (i). Thus,

h
V(p(=h,2) —¥@) = —/0 b(p(=0,2)) - (V) (¢(—0,2)) do.

We plug this formula into (2.16) to get

1 h
Ap(t) = — er Eu(z’ 1) [/0 b(¢(—0,2)  (VY¥) (p(—0,2)) da} dz.

As previously, we invoke the volume-preserving property (2.2) and the group
property (2.5) to get

h
An(t) = — / Loy - v / U (9(0, %), ) dodx
™ h 0
1 h
__ / CORIEE / uo (¢ (1, (0, ))) dod
TN 0

h
= —/ b(x)~V1,ﬁ(x)l/ u(x,t+ o)dodx.
™ h Jo
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Since ¢ = ¢(¢, x) is continuous in ¢ € R fora.e. x € TV,

h

1
}}ﬁ}z A u(x,t+o)do =u(x,t) forall ¢

fora.e.x € TV. Since b-Vyy € L' (TV x (0, T)) and u is bounded on TV x (0, T)
independent of %, by the dominated convergence theorem we conclude that

An(t) — —/N b(x) - (V) ()ulx,t)dx as h | 0; (2.17)
T

this convergence is locally uniform in (0, T), i.e.,

lim sup |Ap(t) — ¥ ()| =0
hl0g<i<b
for any [a, b] C (0, T), where W denotes the right-hand side of (2.17).
It is easy to see that

Ap(t) —> i-/ ulx,tH)y(x)dx as h{0
ot ™™

in the sense of distribution as a function of . We thus conclude that u satisfies (2.8)
for ¢(x,t) = Y (x)n(), with n € CX ([0, T)). Thus, (2.8) is still valid for any
¢ € CX (TN x [0, T)) since the linear span of the product type is dense in the
class of test functions C2° (TN x [0, T)). a

> Remark 2.10 In the case of TV, (2.3) for general B is not invoked for the
uniqueness proof; we only use f = identity. However, if one considers the
problem in R¥ instead of TV, it is important to approximate the identity since, in
general, only bounded 8 with bounded |b(z)| / (1 + |z|) is allowed. This restriction
is important to understand (2.3) in the distribution sense.

2.5 Notes and Comments

Remarks on Flow Maps and Transport Equations

The contents of Chap.?2 is an active area of current research. The construction of
such a flow map x = x(¢, X) for non-Lipschitz vector field b is extended when b
is just in BV spaces [2]. Although the flow map x = x(#, X) is defined only for
almost all X € TV, it is known that x is Lipschitz in X with a small exceptional set
[4]. The estimate is now quantified by [30]. It is of the following form. For given
T >0, p > 1, and small ¢ > 0 there is a compact set K such that £N(TN\K) <e¢
and

x(t, X1) = x(t. X2)| = exp(CnAp(0)/e"7) 1X1=Xal, X1, X2 € K. 1 € [0.T],
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with C depending only on the dimension. Here,
= 1
x) = sup  Sup ———————
? ™ \0<i=<7 0<r<2 £V (B-(X))

X) —x(1,Y A
/ 1og(|x(t’ ) = x(t, )|+1)dY) dX} .
B (X) r

For simplicity, we assume that By(X) covers the fundamental domain Q of TV.
The quantity A, (x) is uniformly controlled by || Db||;1 provided that divh = 0. In
[30], divb may not be zero, but some uniform compressibility for the flow map is
assumed. Moreover, in [30], the flow map itself is studied directly without using the
transport equations.

Our strategy for proving the uniqueness of the flow map in Chap. 2 is to reduce
the uniqueness of the transport equation, as stated in Theorem 2.4. However, we
warn the reader that the uniqueness of the transport equation fails if one considers a
less regular vector field. In fact, if one relaxes the assumption

bew’'(TVy, divb=0
by
beL”(TY), DbeLP(TY), divh=0,

with1/p+1/p > 1 —1/(N — 1), then the assertion of Theorem 2.4 fails. In other
words, there is a nontrivial weak solution u to (2.7) with zero initial data. This is
first proved by Modena and Székelyhidi, Jr. [75] using a convex integration method.
A solution constructed there is not a renormalized solution, i.e., the assertion of
Lemma 2.5 does not hold for their solution u. This can be understood as meaning
there is a microscopic effect that cannot be captured by the macroscopic notion of
a weak solution. Recently, a nonrenormalized weak solution was constructed by
Drivas et al. [34] using a vanishing viscosity method with anomalous dissipation.
As pointed out in [86], such a solution is produced by a microscopic effect. The
notion of a weak solution is too weak to guarantee uniqueness even for linear
transport equations. In a very recent preprint, Huysmans and Titi [55] proved that
the uniqueness may fail even among renormalized solutions if one only assumes
that b = b(x, t) is bounded with divb = 0. (Note that their b depends on time .)
They constructed two different solutions which are given as subsequential vanishing
viscosity limits, of the same equation.

In the next two chapters, we will discuss scalar conservation laws and the
Hamilton—Jacobi equations, where a naive “weak solution” may not be unique. For
these equations one is able to recover uniqueness by considering a special class of
weak solutions.

It is of current interest to show the nonuniqueness of weak solutions for various
physically important nonlinear equations, even if the viscosity is included, for
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example, the Navier—Stokes equations [20]. However, it is not clear what kind of
extra condition would guarantee uniqueness.

The contents of Chap.2 are taken from the paper [32], where the problem
is studied on RY. In this book, we consider the problem on TV to simplify the
situation. Lemma 2.7 is a crucial step of the argument and is often called DiPerna—
Lion’s lemma. A variant of this lemma is called Friedrichs’ commutator lemma in
[39, Section 11.19]. This type of lemma is useful for studying mass conservation
laws for compressible flows.

2.6 Exercises

2.1 Give an example of the nonuniqueness of a solution to (1.1) with a given initial
datum when b € ) -, whr(RN).
2.2 Set

L= {qb TV > R | ¢ is Lebesgue measurable

and |¢| < o0 a.e.}.

Setd (¢, ) = |lmin (/¢ — ¥|, D11 (pny. Show that (L, d) is a metric space.
2.3 Let f be a locally integrable function in (0, 7). Assume that

T
fo J@OY@)dt =0

for all v € C2° ((0, T)). Show that f(¢) = 0 for almost all r € (0, T).

2.4 Let p, be a Friedrichs’ mollifier. Let f be continuous on R. Show that p, * f
is in C*°(R).

2.5 In the context of Exercise 2.4, show that p.* f converges to f locally uniformly
in R as ¢ tends to zero.
See [45] for details of Exercises 2.3-2.5.

2.6 Let L be the space defined in Exercise 2.2. Set

= lp(x) — ¥ (x)]
d = dx
@) /TN I+ ¢ (x) — ¢ (x)l

Show that (L, d) is a metric space.
2.7 Assume that {f,,}°>°_, is a sequence converging to f in LY (TV) as m — oo.
In other words,

lim [fm(x) — f(x)[dx =0.
™

m— 00

Show that { f,,} converges to f in measure.
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2.8 Assume that ¢ : TV — T¥ is a volume-preserving mapping. In other words,
¢ has the property that

N (|x eTV | p(x) € A}) = £N(A)

for any measurable set A. Show that

/w(w(X))dx:/ ¥ (x)dx
™ ™

for any measurable function ¥ on TV.
2.9 (i) For p € [1, c0), let p’ denote the conjugate exponent of p, i.e., 1/p +
1/p" = 1. Assume that a sequence { f,,,}~_, converges to f in LP(TN) as
m — 00. In other words,

lim | fmn(x) = f()” dx = 0.

m—0o0 T

Assume that a sequence {gm}‘r’nO

m — 00. In other words,

| converges x-weakly to g in LP'(TN) as

m—0oQ

lim gm(X)p(x)dx = / g(X)p(x) dx
TN TN
holds for all ¢ € L?(TV). Show that

lim Jm(x)gm(x)dx = /TN f(x)g(x)dx.

m—0o0 TN

(ii) Set f,,(x) = sinmx € L*(T), where T = R/(2nZ). Show that { Sl
converges weakly to 0 in L2(T) but

lim Fn(x)?dx #0.
TN

m—0oQ0

2.10 Let p, be a Friedrichs’ mollifier. For f € L>°(T"), show that p, * f converges
to f a.e. as ¢ tends to zero. Moreover, show that

Il fllLoe vy = Eﬁ)l I fellpooeonys N fellposeany < I llLooerny-
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