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Preface

It is of fundamental importance to study the uniqueness of a solution in the theory
of partial differential equations, especially when the problem is nonlinear. Even if
we focus on initial value problems for evolutionary differential equations, there is a
large body of literature on fundamental equations.

This book is intended to serve as a short introduction to uniqueness questions for
initial value problems, especially when one considers generalized solutions that may
not be differentiable. For this purpose, we discuss three typical equations — ordinary
differential equations, scalar conservation laws, and Hamilton—Jacobi equations.

Let us first consider the initial value problem of an autonomous system of
ordinary differential equations of x = x(¢) € R" of the form

dx N
E:b(x), x(0)=XeRY, trel, (D)

where R" denotes the N-dimensional Euclidean space and I denotes a time interval
containing 0. Although a local-in-time solution exists when b is continuous, it may
not be unique. A conventional basic sufficient condition for uniqueness is that b
is Lipschitz continuous near X. However, there is a weaker and useful sufficient
condition for the uniqueness called the Osgood condition. This book begins with
such a uniqueness issue when b is continuous.

Even if b is discontinuous, it turns out that uniqueness for positive time holds
when b is monotone nonincreasing when the notion of a solution is defined in a
suitable way. Actually, this forward uniqueness has wide applications to the theory
of partial differential equations by considering the ordinary differential equation (1)
in an infinite-dimensional Hilbert space rather than RY . This book only gives basic
uniqueness issues for such problems.

If b is neither monotone nonincreasing nor noncontinuous, in general, the
solution may not be unique. However, if the derivative of b has some integrability
and the divergence of b is zero, the solution operator

X x(t,X)

can be uniquely determined to be almost all X. This type of theory was initiated
by DiPerna and Lions [32] in the 1980s. It remains an active research area related
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to fluid dynamics. This book provides an introduction to the theory by focusing on
the uniqueness part in a periodic setting. It also relates to the uniqueness issue of a
linear transport equation,

M Yu=0, xeRY, rel
ot
when b is not regular.
The uniqueness of a solution becomes more subtle for partial differential
equations if a weak solution (a generalized solution that may not be differentiable)
is considered. The first example is a scalar conservation law,

u 0
— 4+ — = R I
8t+8x (fw)) =0, xeR, tel,

when f is nonlinear. A typical example is the case where f (1) = u?/2. In this case,
the equation is called the Burgers equation. Even if the initial data are smooth, a
solution may develop a jump discontinuity called a shock. A conventional notion
of a weak solution may not guarantee uniqueness. An extra condition called the
entropy condition guarantees its uniqueness. This book provides an introduction to
the uniqueness of entropy solutions following the definition due to Kruzkov [68].
A key idea of the uniqueness proof is doubling variables. Most of the discussion on
conservation laws is taken from a book by Holden and Risebro [53].
The second example is a Hamilton—Jacobi equation:

u

o +H(x,Vu)=0, xeRY, rel,

where H is a continuous function called a Hamiltonian. In a spatially one-
dimensional case, if H(x, p) = p2 /2, then the Burgers equation is derived by
differentiating the equation. Thus, it is expected that a smooth solution may be
nondifferentiable in finite time. One should ask what the proper notion of a solution
is. The notion of a viscosity solution introduced by Crandall and Lions [29] is a very
suitable one to guarantee the uniqueness of a solution to an initial value problem for
a Hamilton—Jacobi equation. A key idea is another version of “doubling variables.”
This book is intended to serve as a short introduction to the theory. If H also depends
on u itself, it covers a scalar conservation law, so one must consider a discontinuous
viscosity solution. The book concludes by studying viscosity solutions with a shock
following [46].

The book was written for upper-level undergraduate students who plan on a
pursuing graduate-level studies on one of the important aspects of differential
equations. Of course, the book will help researchers in various fields to understand
problems that mathematical analysts are typically concerned with. Although some
basic knowledge of Sobolev spaces is necessary for Sect. 1.2 and Chap. 2, the book
will be accessible to those unfamiliar with the details of the theory of function
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spaces. Basic terminology is listed in Appendix (Chap.5). In principle, a basic
mathematical term will appear for the first time in italics. If no explanation of the
term appears in the nearby text, the reader is encouraged to consult the index to find
the term on another page, where the term should be defined. For example, the word
“measurable” first appears in Sect. 1.1.4, but its definition is given in Sects. 1.2.5
and 5.2. The reference is not exhaustive.

The book is organized as follows. Chapter 1 discusses the uniqueness problem
for ordinary differential equations. Starting with the Lipschitz condition and the
Oswood condition, Sect. 1.1 concludes by discussing equations with fractional time
derivatives. Section 1.2 discussed the initial value problem for (1) where —b is a
maximal monotone operator in a Hilbert space. Chapter 2 discusses equation (1)
for irregular divergence-free b and the transport equation. Chapter 3 is devoted to
the uniqueness of entropy solutions for scalar conservation laws. Chapter 4 presents
an introduction to the theory of viscosity solutions for Hamilton—Jacobi equations.
Chapter 5 presents basic terminology.

This book stems from course lectures by the second author given at the University
of Tokyo for upper-level undergraduate students focusing on some uniqueness issues
of solutions to differential equations. In nonlinear analysis, it often happens that it is
more difficult to prove the uniqueness of a solution than the existence of a solution,
especially when one considers a generalized solution. This is one reason why this
topic was chosen.

In course lectures, part of the scalar conservation law is explained based on an
excellent book by Holden and Risebro [53]. Thus, this part follows that book very
closely, although a few simplifications are made.

The authors are grateful to Professor Nao Hamamuki, who gave us useful
comments on the manuscript of this book. The authors thank Professor Hiroyoshi
Mitake for providing some key references on Hamilton—Jacobi equations. The
authors are also grateful to students who attended the course lectures at the
University of Tokyo for their valuable comments. Last but not least, the authors
would like to thank Ms. Satoko Kimura for preparing the final TeX file of this book.

The work of the second author was partly supported by the Japan Society
for the Promotion of Science (JSPS), through grants KAKENHI, No. 20K20342,
No. 19H00639, No. 18H05323, and No. 17H01091, and by Arithmer Inc. Daikin
Industries, Ltd. and Ebara Corporation, through collaborative grants.

Tokyo, Japan Mi-Ho Giga
March 2023 Yoshikazu Giga
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Uniqueness of Solutions to Initial Value
Problems for Ordinary Differential Equations

In this chapter, we recall several types of sufficient conditions to guarantee the
uniqueness of solutions to the initial value problem for ordinary differential equa-
tions. We first review classical Lipschitz- and Osgood-type uniqueness conditions.
We then consider a gradient flow of a convex function that is not necessarily
differentiable. This system may not satisfy the aforementioned uniqueness condition
because the gradient of a convex function may not be continuous. Because of the
monotonicity nature of the problem, we still find uniqueness.

We shall use standard notations. For m = 1,2, 3, ..., let R™ denote the m-
dimensional Euclidean space. In other words,

R" := {a:(al,...,am)‘aieRforlfifm},

where R denotes the set of all real numbers. Here ' € R means that a’ is an element
of the set R, i.e., a’ is a real number in this case. By definition, R! = R. For two
vectorsa = (a,...,a™) €e R and b = (b!,...,b") € R™, let {(a, b) denote the
standard inner product in R™ defined by

(a,b) := Zaibi.

i=1

We also denote (a, b) simply by a - b. Let |a| denote the Euclidean norm defined by
la] := (a,a)l/2 =.a-a.

If m = 1, then |a| is simply the absolute value of a. For a vector a € R™, the
superscript i of a' does not mean the power of a, unless m = 1. It represents the ith
component.

© The Author(s), under exclusive license to Springer Nature Switzerland AG 2023 1
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2 1 Uniqueness of Solutions to Initial Value Problems for Ordinary Differential...

1.1 Gronwall-Type Inequalities and Uniqueness of Solutions

We now consider an N-system of ordinary differential equations for x = x (¢) of the
form

X =b(x,t), x=dx/dt, (1.1)

where b = b(-, t) is a time-dependent vector field in RV and ¢ € R. This is a concise
form of the system

dx’ i1 N :
E(r)—b(x 0...x¥0,1), 1=i=N,

where x'(r) (1 < i < N) is an unknown function defined in some time interval
containing the origin, and b’ is a function of N + 1 variables. The concise form is
obtained by setting vector-valued (RY -valued) functions x (r) = (x L), ..., xN (t))
and b(x,1) = (b (x, 1), ...,V (x,1)).

Our main concern is whether or not a solution x satisfying the initial condition,
say, x(0) = X for a given X € R¥, is unique.

1.1.1 Lipschitz Condition

A standard sufficient condition is the Lipschitz condition. For a given vector-valued
(R™-valued) function f = f(x) = (f!(x),..., f™(x)) defined in a subset  of
RV, we set

[ luip@) = sup {1£ ) = FOI /v = ¥l | 5.y € 2 x # 3]

If [ f]Lip() is finite, then we say that f is Lipschitz (continuous) in © and the
quantity [ f]Lip(e) is called the Lipschitz constant. If f is Lipschitz continuous in
some neighborhood of each point of €2, then we say that f is locally Lipschitz in 2.

Here and henceforth, we use standard notations for function spaces. Let C(A, B)
denote the space of all continuous functions (mappings) from one metric space A to
another metric space B. The space RY is regarded as a metric space with the metric
d(z,w) = |z — w|. If B is R, then we simply write C(A) instead of C(A, R). For
an open set A in RY and fork = 1,2,..., by Ck(A, R™) we mean the space of
functions in C (A, R™) whose partial derivatives up to the kth order are continuous
in A. For a general set A in RY, by C¥(A, R™) we mean the space of functions on
A that are extendable as a function of CK(U, R™) for some open set U containing
A. If a function is in Ck(A, R™) for all k£ > 1, it is said to be smooth in A. The set
of all smooth functions in A with values in R is denoted by C*°(A, R™). It is easy
to see that a locally Lipschitz function is continuous (but may not be differentiable).
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By the fundamental theorem of calculus, it is well known that any C! function is

locally Lipschitz.
We begin by stating uniqueness of a solution when an R"-valued function (a
vector field) b is also continuous in time and (globally) Lipschitz in RV

Proposition 1.1

Let an RYN -valued function b be continuous in RY x I with I = [0, a], which
is a given interval with a > 0. Assume that b satisfies the Lipschitz condition
of the form

with some constant independent of t € I. Let x; € C! (Io, RY)NC,RVN) be
a solution of (1.1), with initial datum x;(0) = X; € R fori =1, 2. Then

lx1(2) —x2(®)| < | X1 — Xo|exp(M1t), tel. (1.3)

In particular, there is at most one solution x for (1.1) with a given initial
datum x(0) = X € RV,

Here C or int C denotes the interior of a set C ,1.e., the largest open set contained
in C.For I, I = (0, a). We use standard notation of the intersection V. N W of two
sets V and W in a set Z

VNW={zeZ|zeVandz e W}.
The union V U W is defined as
VUW={zeZ|zeVorze W}.

In Proposition 1.1, Z is taken as the space of all R" -valued functions on I and
V =C'(I,RN), W = C(, R") to define V N W. We also define

Usz{zeleeV,\forsome)»eA},
reA

ﬂvkz{zeleeVAforall)ueA}.
reEA

We shall often write the unique solution x of (1.1) with initial data x(0) = X by
x = x(t, X). Proposition 1.1 follows easily from a simple version of Gronwall
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inequality in the next section. For more general Gronwall inequalities and their
applications, see the book by Dragomir [33].

The existence of a solution x = x(#, X) of (1.1) in Proposition 1.1 in a possibly
shorter interval [0, a’] for some a’ € (0, a] is standard and known as a local
existence theorem. Moreover, the continuity of » alone is enough to guarantee such
an existence, which is known as Peano’s theorem. See, for example, [52, Chapter
2].

1.1.2 Gronwall Inequality

Lemma 1.2
Let ¢ be a nonnegative continuous function in [0, a], with a > 0. Assume that

'
@(1) < 9o +/ Me(s)ds, 1 €][0,al, (1.4)
0
with some nonnegative constant ¢y and M. Then

o(t) < poexp(Mt), t e [0,al. (1.5)

Proof of Proposition 1.1 Integrating (1.1) on (0, t) with x = x; fori = 1,2, we
see that x; satisfies the integral equation

t

xi (1) = X; +/ b(x;(s),s)ds, (i =1,2).
0
Thus, the difference x; — x, satisfies
t
X1(0) = x2(0) = X1 — Xa + /0 (b (115, 5) — b (x2(s), ) ds. (1.6)
We estimate (1.6) and invoke (1.2) to get
t
lx1(t) —x2(0)| < 1X1 — X2 +/ M |x1(s) — x2(s)| ds. (1.7
0

We now apply the Gronwall inequality with ¢ = |x; — x2|, 9o = | X1 — X»|. Since
(1.7) is simply (1.4), the estimate (1.5) in Lemma 2.1 yields (1.3). |

There are several ways to prove Lemma 1.2. We here present two proofs.
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Proof of Lemma 1.2 (Proof by iteration) We simply plug the estimate (1.4) into
the right-hand side of (1.4) to get

t Ky
o) < 9o+ M/ ((po + M/ (p(‘L’)d‘L’) ds
0 0

t
= (14 Mt)po + Mz/ (t — s)p(s)ds.
0

We repeat this procedure (a total of m times) to get

m i 1 pr
(Mt)! M ,
OESY ot T | =9 e(s)ds.
° : - Jo
j=0
We now obtain (1.5) since
Mm+l /t(t )m ( )d - Mm+1tm+1 0
—s)"p(s)ds| < ——— sup ¢ —
m!  Jo (m+ D! se0,n
as m — oo and
o
exp Mt =Y (M1)/ /j!
Jj=0
understanding that 0! = 1. O

Proof of Lemma 1.2 (Proof by a differential inequality) We set the right-hand
side of (1.4) by y(¢). Then (1.4) implies that y < My. If ¢g > 0, then y > 0 in
[0, @), which yields y/y < M. Integrate both sides on [0, ) to get

log y(t) —log o < Mt.
This implies y(t) < ¢oexp(Mt), which yields (1.5) for ¢g > 0. In the case g9 = 0,
we just let ¢g | O (i.e., o9 — 0, with g9 > 0) in (1.5) to conclude that ¢ = 0, which
clearly satisfies (1.5) with ¢g = 0. |

» Remark 1.3 Of course, Lemma 1.2 can be generalized in several ways.

(1) We may allow ¢ just a nonnegative integrable function in [0, @), not necessarily
continuous in (1.4).
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(2) The constant M in (1.4) is allowed to be merely an integrable (and nonnegative)
function of s in (0, a), retaining the continuity of ¢. The estimate (1.4) should

be replaced by
t
@(1) < goexp (/ M(s)ds) :
0

> Remark 1.4 The assumption of the uniqueness statement of Proposition 1.1 can
be weakened in several ways. For example, the uniqueness still holds if (1.2) is
replaced by

(b, DlLipsg) < M (1)

for all Bg, the closed ball of radius R < oo centered at the origin, provided that
M (¢) is integrable in (0, a). The continuity of b in time is not assumed.

1.1.3 Osgood Condition

If the Lipschitz condition is not fulfilled, the solution to the initial value problem
may not be unique, as the following simple example shows.

Example 1.5 (Figure 1.1)

Consider a scalar differential equation x = +/[x] with initial data x(0) = 0. Other than the solution
x = 0, we see that x(¢) = t|t|/4 is a solution. The function b(x) = +/]x| does not satisfy the
Lipschitz condition. In fact, [b]Lip(Bg) = 00 no matter how small R > 0 is.

Fig. 1.1 Solutions X

x=t|t|/4

el B

1l
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However, the Lipschitz condition is not a necessary condition to guarantee the
uniqueness of a solution. We consider a single ordinary equation

x=fx), tel=]|[0,a], (1.8)
with a continuous function f such that f(o) > 0 for ¢ > 0, f(0) = 0. Assume
that the initial data x(0) = X > 0. We consider a positive solution in /. We divide
(1.8) by f to get

Hf) =1.
Integrating over (0, 1) we get

G(x@®)—GXo) =1t

if G is a primitive (antiderivative) of 1/f, for example,

% do
G(o) = —_—
1 f(o)
If limy,—0 G(Xo) = —oo, in other words,
Yo _ (1.9)
o flo) '

for some § > 0, there exists no nonnegative solution for (1.8) with x(0) = 0 other

than the trivial solution x () = 0 for ¢t € I. Indeed, if there is another solution X,

then there is ty € [0, a) such that X(¢#) > 0 for ¢t € (9, tg + €) and x(f9) = O for

some ¢ > 0 since x is continuous on /. Integrating x/f (x) = 1 over (ty + &1, t) for

some g1 € (0,¢) and t € (tp + &1, to + €), we obtain
G(x(@)—G&(o+e)=t.

We fix ¢ and send ¢ | O in this setting. Since

lim G (Xo) = —o00
X0

by (1.9) and x (9 + €1) | O as e1 — 0, we end up with
G(x(t) +oo=t,

which is absurd. Thus, X cannot be positive in /.
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If f(o) = o, then condition (1.9) is fulfilled. Even if f(0) = o|logo]| so that
f/(0) = 00, (1.9) is still fulfilled since

/8 do /logS dt

—_— — =0

o ollogo| J.s |7l

by setting T = log o. For later convenience, we say that a continuous nondecreasing
function f satisfying f(o) > Oforo > 0, f(0) = 0 is simply a modulus.

Theorem 1.6

Let b be continuous in RN x I, with I = [0, al, with a > 0. Assume that b
satisfies the Osgood condition, i.e., there is a modulus f satisfying (1.9) (for
some & > 0) such that

|b(x, 1) =b(y, Dl = f (Ix = yI) (1.10)

forallt €I, x,y € RN, Then
G (x1(®) —x2()) =t + G (X1 — Xal) for tel (1.11)
provided that X1 # X;. Here x; € Cl(ID, RM) N C,RN) is a solution of

(1.1) with initial data x;(0) = X; for i = 1, 2. In particular, there is at most
one solution x for (1.1) with a given initial datum x(0) = X € RV,

Theorem 1.6 follows from another version of the Gronwall inequality given in
the next lemma. Condition (1.10) with (1.9) is often called the Osgood condition.

Lemma 1.7
Let ¢ be a nonnegative continuous function in I = [0, a] with a > 0. Assume
that ¢ is given nonnegative number and that ¢ satisfies the inequality

t
¢ = <ﬂo+/0 fle(s)ds, 1e€][0,al, (1.12)

with a modulus f. Then
G(p) = G(po) +1, (1.13)

where G is a primitive of 1/f (o) provided that ¢ > 0 on I. If o9 = 0, then
¢ = 0 provided that f satisfies (1.9) for some § > 0.
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Proof of Lemma 1.7 The proof is parallel to that using a differential inequality of
Lemma 1.2. Assume that ¢ > 0 on /. We set the right-hand side of (1.12) by y and
obtain y = f(¢) < f(¥), since 0 < ¢ < y and the modulus f is nondecreasing.
Since f(y) > Ofor y > 0, we have y/f(y) < 1. Integrating both sides of y/f (y) <
1 over (0, t), we get (1.13) since G(¢) < G(y) by the monotonicity of G.

We now discuss the case ¢g = 0. Suppose that ¢ were identically equal to zero.
Then there would exist z5p > 0 (fop < a) such that ¢(z) = 0 for t € [0, tp] and
@(tj) > O0and t; | 1o (ie., t; — 1o witht; > 19) as j — oo. This would imply
y(t) > Ofort >ty and y(r) = O for ¢ < #y. By (1.13) we see that

G (p(1) <G (p@t))) +1
for 1 > ¢;. If the condition (1.9) is fulfilled, then G (¢(t;)) — G (¢(to)) = —o0
since (¢j) — 0 as j — oo. This yields a contradiction since G (¢(?)) is finite and

independent of j. We thus conclude that ¢ = 0 if g9 = 0. O

Proof of Theorem 1.6 We argue in the same way as in the proof of Proposition 1.1
to get (1.6), i.e.,

t
x1(t) —x2(t) = X1 — Xo +/0 (b (x1(s), ) — b (x2(s), 5)) ds.

We estimate (1.6) and invoke (1.10) to get

t
[x1(t) = x2()] < 1X1 — X3 +/0 fx1(s) = x2(s)]) ds.

We now apply Lemma 1.7 with ¢ = |x; — x3] to get
G (Ix1 (1) —x2(0)) = G (1X1 — Xa|) +1.
The uniqueness under (1.9) follows from the last statement of Lemma 1.7. O

> Remark 1.8 Theorem 1.6 and Proposition 1.1 are still valid when R¥ is replaced
by an infinite-dimensional Banach space. However, applications to partial differen-
tial equations are rather limited because a differential operator is often unbounded
in a fixed Banach space; however, see Sect. 1.3.1 for Lipschitz semigroups.

We also note that we can assert the same uniqueness for a negative interval [—a, 0]
with a > 0, which we call backward uniqueness under the same assumption. Our
uniqueness results presented so far are for the forward uniqueness.
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1.1.4 A Solenoidal Vector Field Having Bounded Vorticity

We shall give a class of examples of vector fields that satisfy the Osgood condition
but may not satisfy the Lipschitz condition. This class of examples is important in
hydrodynamics.

We consider a solenoidal vector field u = (u', ..., u") in RV. In other words,
we assume divu = 0 in RY, where divu = vazl dut, 8; = 8/0x; foru' = u'(x),
x = (x1,...,xn). For a function f of x, we define its gradient Vf by Vf =
@1f,...,0nf). We define the Laplace operator A by Af = divu, u = Vf.
To derive the necessary formula, for a moment we assume that u € C 1 (RN ), i.e.,
u is continuously differentiable, and that the support of u is compact, i.e., suppu
is included in Bg for some R > O; here, suppu is the closure of the set of x
where u(x) # 0. The space CC1 (RV) denotes the space of all C! functions such
that its support is compact, in other words, the space of all compactly supported C'
functions.

We consider the case N = 2 or 3 to simplify the notation. In hydrodynamics, we
call w = curl u the vorticity (field) of the velocity vector field u, where

curlu = (82u3 — 83u2, 83141 — 81u3, 81142 — Bzul) , N =3,
curlu = 81142 — Bzul, N =2.

We are interested in whether or not u is Lipschitz continuous when w is bounded,
assuming, for example, u is continuous or, more generally, a Schwartz distribution.
It turns out that b(x, ) := u(x) satisfies a kind of Osgood condition (1.10) with
(1.9) but not Lipschitz continuous. In other words, a solenoidal velocity field with
bounded vorticity is continuous but may not be Lipschitz continuous.

To see this phenomenon, we recall the Biot-Savart law. For N = 3, we notice
that

— A =curlcurl —Vdiv, V =(0y,...,0n),

so that —Au = curlw if divu = 0. (The Laplace operator here acts on a vector
field. More precisely, the ith component of Au equals Au’.) Thus, formally,

u=(—A)"'eurlw = curl(—A) . (1.14)

Here (—A)~!g denotes the Newton potential of g, i.e., (—A) !g = E % g, where
E is the fundamental solution of —A and * denotes the convolution, i.e.,

(E # g)(x) = / CEG— gy

R
o o0

= / E(x —y)g(y)dy---dyn.
—00 —00
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Inthe case N = 3, E(x) = 1/ (4m|x|). Thus, relation (1.14) can be written
u = curl(E * w) = K% w; (1.15)

this relation is often called the Biot-Savart law. Here K = (Kjj)1<i j<3i8a3 x 3
matrix field when N = 3. Its explicit form is

0 —03E OhE
K=| 5E 0 —-0E
—0hE O E 0

Each component of K (denoted by K) satisfies
K@) < Ci/IxV"1 IVK@)] < Co/ x|V (1.16)

for all x € RV\{0} with C; and C5 independent of x.

In the case N = 2, formula (1.14) is still valid where the vorticity w is a scalar
and the curl ¢ in (1.14) should be interpreted as VJ-tp (:= (02, —01¢)) for a scalar
field ¢. This (1.14) yields (1.15) with K = curl E, E(x) = — (log|x|) /27 ; here
K is a 2-vector field. In this case, each component of K also satisfies (1.16). The
derivation of the Biot—Savart law presented here is formal but can be justified; see,
for example, [45, Chapter 2] where N = 2.

The next general lemma in particular shows that a solenoidal velocity field
u (with compact support) satisfies the Osgood condition (1.10) with (1.9) if its
vorticity  is bounded, i.e., |@||oo < 00, Where

lollso = sup [la)(x)| xe RN}

for a continuous function w. The norm || - || should be interpreted as an essential
supremum norm for just a Lebesgue measurable function; see Sect.1.2.5 for a
rigorous definition. The notion of support should be generalized for such w. For
a measurable function g, its support supp g is the smallest closed set Z such that
g = 0 almost everywhere in RN\ Z.

Lemma 1.9

Assume that supp g is included in B (R > 1) and g is bounded and
measurable in RN. Let K € C! (RN \{0}) satisfy (1.16) with some positive
constants C1 and Cj. Set v = K * g. Then v satisfies

[v(x) — v < enllglloolx — ¥ (C2lloglx — ¥l + L), x,yeR",
(1.17)

with L = Clog R + 2Cy and a constant cy depending only on N.
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Since f(0) = o (a1|logo| + ay) satisfies (1.9) for aj, ap > 0, (1.17) yields the
Osgood condition for a vector field u. We shall give a proof of Lemma 1.9.

Proof. Since

() — v(y)| < ||g||oo/ K(x—2) — K(y - 2)|dz.

Br

it suffices to prove that
/ IK(x —2) — K(y —2)ldz = eylx — y| (C2 [log |x — y[| + L), (1.18)
Br

with cy depending only on N. By translation, we may assume that x +y = 0, i.e.,
the middle point between x and y is the origin, so that x = —y and |x| = /2.
We set |[x — y| = n and observe that

/ IK(X—Z)—K(y—z)IdZE/ K(x—2) - K(y — 2)|dz
Br BrN{lz|=n}
+/ IK(X—Z)Idz+/ K(y - 2)] dz
BrN{lz|=<n} BrN{|z|=<n}
=1+1I+ 1.

To estimate /, we notice that |z| > n implies
lz—y—t(x—y)| >zl —ltx + (1 =)yl > |z| —n/2 > |z|/2 (1.19)

for ¢t € [0, 1] since |x| = |y| = n/2 (Fig. 1.2). Since

1
IK(X—Z)—K(y—Z)I=VO (VK ((x =y)t+y—2),x —y)dt

<Cf1 d X =yl
=02 X =Y
o lx=wt+y—zV

estimate (1.19) implies

dz N 1 vy
1 < Chlx —y| = (32 n/ (/ —r" " do ) dr
Benllzlzny (I21/2)Y n<r<k \Jjoj=1 N

R
~ 2Ny / Sar[sV] = 2V |5V | dog(R/m)
n
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Fig. 1.2 Location of z

where [SV7!| denotes the surface area of the unit sphere S¥~! in RV and do
denotes the surface element. (Here we invoke the Schwarz inequality |(x, y)| <
|x]|y| at the beginning.) The term /I is estimated as

II:/ |K(x—z)|dz§/ |K (z)|dz
BrN{|z|<n} {lz1=2n}

2n 1
§C1/ (/ ﬁrN—ldo) dr =y [ sV 2.
0 lo|l=171

The same estimate holds for /1. We have thus proved that
I+ I+ 1 <cyn{(Calog R +2Cy) + Caflogn]},
which yields (1.18), where cy = 2V |SV=1]. o

The function v may not be Lipschitz continuous in Lemma 1.9 even if g is
continuous. Moreover, there is an explicit counterexample of a solenoidal vector
field « in R whose vorticity w is bounded, but u itself is not Lipschitz continuous,
and its derivative 0 jui (1 < i,j < 2) has a logarithmic singularity. In fact, if
¢ € CLR?) N C> (R?\{0}) satisfies ¢(x1, x2) = x1x2 (— log |x)* with & € (0, 1)
near x = 0, then u = V-'¢ satisfies divu = 0 and curlu = —Agp = w is
a continuous function with compact support, so that @ is bounded. It is easy to
prove that u is not Lipschitz continuous (Exercise 1.5). However, by Lemma 1.9,
it satisfies the Osgood condition. Thus, there is at most one solution for the initial
value problem for x = u(x).
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1.1.5 Equation with Fractional Time Derivative

We next discuss the uniqueness problem for equations involving fractional time
derivatives. A diffusion equation with a fractional time derivative is an interesting
topic since it describes various interesting physical phenomena like anomalous
diffusion. We here consider the case when it only depends on time. We recall a
Caputo derivative with o € (0, 1) starting from t = 0, i.e.,

1 ! _
(3;!)6) (t) = m‘/(; (t_s) aa;x(s)ds, (120)
where I' () denotes the Gamma function, i.e.,

B = [oo e *sP1ds.
0

Instead of (1.1), we consider
'x = b(x,1), (1.21)

where b = b( , 1) is a time-dependent vector field in RY and > 0. We give a
uniqueness result similar to Proposition 1.1.

Proposition 1.10

Assume that « € (0, 1). Let b be continuous in RN x I, with I = [0, a),
which is a given interval with a € (0, 00]. Assume that b fulfills (1.2). Then
the solution x € C! (I RY)N C,RN) of (1.21) in I with a given initial
datum x(0) = X is unique provided that f ; 1X|dt < oo

We do not state the estimate of x (¢, X1)—x(#, X2) here. To prove this proposition,
we need a slightly different type of Gronwall inequality. We just give the simplest
version.

Lemma 1.11
Let ¢ be a nonnegative continuous function in [0, al, with a > 0. Assume that

t
o(1) §Mo/ (t —s)Po(s)ds, te€l0,al, (1.22)
0

with some constant Mo > 0, B € (0, 1). Then ¢ = 0.



1.1 Gronwall-Type Inequalities and Uniqueness of Solutions 15

We give here a proof by iteration since another one based on differential
inequality is more involved.

Proof of Lemma 1.11 Estimate (1.22) yields
0 < (1) < Mollglloot '™ /(1 = B).

Plug this inequality into the right-hand side of (1.22) to get

Millgloo T(L =BT 2 —B) 5 25

0=<¢@ =< 1 —p FG-25)

Here we notice that
t
/0 (t —s)P~'s?7ds = 1?7471 B(p. q),

1
B(p,q) = f (1 —7)P~'re ldr,
0

and we invoke the elementary formula indicating the relation with the beta and
gamma functions

_T(Pr@

Bl )=+,

Repeat the argument to get

k k—1
0 < oy < MEC TU=BFITC=B) yp)

< k=1,2,....
1-B Tk+1—kB)

The right-hand side is dominated by
M{My/T(k+1—kpB)

fort € [0, a] by taking constants M1, M> in a suitable way (which is independent of
k). Since B € (0, 1), the asymptotic behavior of I'(k+ 1 —kf) as k — oo (Stirling’s
formula) yields that M ]1‘ Mp/T'(k+1—kB) — 0as k — oo. Thus, we conclude
that ¢ = 0. |
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Proof of Proposition 1.10 For y > 0, let IY denote the Riemann-Liouville
operator, i.e.,

1 t
V0 = /0 (t — )" g(s)ds

Lt”_l xg, tp =max(t,0)
roy+t T o
By direct computation, we easily see that I"1+72 = I"'I”2 for y;, y» > 0. Since

9%x =119,

we observe that I*97x = I't = x(t) — x(0). Here, we invoked the assumption
/, ; 1X1dt < oo to guarantee the integrability of the integrand in I'~“% near s = 0,
so that (I'=%)(¢) is finite for r € I. Applying I* to both sides of (1.21) we get

x(t) = X + 1. (1.23)
Let x1 and x» be two solutions of (1.23). Then the difference satisfies
x1(t) —x2(t) = 1% (b(x1, 1) — b(x2, 1)) .
We set ¢ = |x1(¢) — x2(¢)| and estimate the preceding inequality using (1.2) to get
o <I*M¢ in [0,al].

We are now in a position to apply Lemma 1.11 with 8 =1 —«, My = M/ ' () to
conclude that ¢ = 0. O

» Remark 1.12 Unlike (1.1), the solution of (1.21) may be nondifferentiable at
t = 0, even if b is smooth. Indeed, if we consider x = %, then x is not differentiable
att = Osince @ € (0, 1). A direct calculation shows that 97 x = I'(¢+1), x(0) = 0.

1.2 Gradient Flow of a Convex Function

As we observed in Example 1.5, the continuity of » in (1.1) is not enough to
guarantee the uniqueness of the solution for its initial value problem. On the
other hand, the existence of a local-in-time solution is known as Peano’s existence
theorem. If b loses the continuity in x, we expect to have neither existence nor
uniqueness in general. However, if b(x) is a “monotone” decreasing function not
necessarily continuous, we expect to have uniqueness for positive time. Such a
situation typically arises when b is the negative of the gradient of a convex function.
Since the argument still works in a Hilbert space, not just in RY, we shall discuss
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(1.2) where x has values in a Hilbert space. This has wide application to partial
differential equations, which are regarded as the gradient flow of a convex function.

1.2.1 Maximal Monotone Operator and Unique Existence of
Solutions

Let H be a real Hilbert space equipped with an inner product ( , ). The norm | x|
of x in H is defined by ||x|| = (x, x)!/?. Let A be a mapping from a given subset
D(A) of H to 29\ {7}, the set of all nonempty subsets of H. The mapping A is often
called a set-valued operator or a multivalued function. We say that A is monotone if

(X' =y, x—y)=0

for all x,y € D(A) and x’ € Ax, y € Ay, where Ax denotes the set A(x) to
simplify the notation (Fig. 1.3). The set D(A) is often called the domain of A. Here
is a trivial example. The space RY is, of course, a real (finite-dimensional) Hilbert
space equipped with a standard inner product

N
(X, )= xivi
i=1

forx = (x1,...,xn), Yy = (V1,...,¥n). Inthe case H = R, Ax = {f(x)}is
monotone if and only if f is monotone nondecreasing.

Example 1.13 (Figure 1.4)
Let H = R, and set D(A) = H and Ax = {41} forx > 0, Ax = {—1} for x < 0. AQ is a given
subset in [—1, 1]. This operator is a monotone operator in R.

The reason we allow “multivalued” is that the notion of a maximal monotone
operator is important. We say that A C B for two set-valued operators A and B in
H if D(A) € D(B) and Ax C Bx forall x € D(A). By U C W we mean that
U is included in W, i.e., an element of U is always an element of W. We say that
a monotone operator A is maximal if A is maximal for the foregoing inclusion. In
other words, if there is a monotone operator B D A, then operator A agrees with B.
One observes that in Example 1.13, operator A is a maximal monotone operator if
and only if A0 =[—1, 1].

Fig. 1.3 Monotonicity x x’

v
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Fig. 1.4 The graph of Ax
operator A
1
X
0
 ——— i |

We shall consider an ordinary differential equation (inclusion) for x = x(¢) in H
of the form

X € —Ax, (1.24)

where —Ax = {—y | y € Ax}. Here is a fundamental unique existence theorem due
to Komura [65].

Theorem 1.14

Let A be a maximal monotone operator in a real Hilbert space H. Assume
that X € D(A). Then there exists a unique x € C ([0, c0), H) that is Lipschitz
continuous in [0, 00) such that x solves (1.24) with x(0) = X for almost every
t>0.

This is rather surprising because it asserts not only the existence of a global solu-
tion but also its (forward) uniqueness, i.e., uniqueness for + > 0 (cf. Remark 1.8).
The Eq. (1.24) looks ambiguous because Ax is a set but the solutions “know” how
to evolve.

We do not intend to give a proof of its existence. Rather, in what follows, we give
a proof for its uniqueness as a result of the contraction property.

Theorem 1.15 (Stability and uniqueness)
Let A be a monotone operator in H. Let x(t, X;) be a solution of (1.24) with
initial datum X; € D(A), i = 1,2, in the sense of Theorem 1.14. Then

lx(, X1) —x(@, X2)| < | X1 — Xall forall t=0.

(continued)
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Theorem 1.15 (continued)
In other words, the mapping X +— x(t, X) fort > 0 (often called a flow map)

is a contraction, and in particular, x(t, X) is uniquely determined by X.

Proof. We set x; = x(t, X;). The difference solves
d
a(xl —x3) =—(y1 —y2) forae. t>0,

with y; € Ax;. Take the inner product of both sides with x; — x; to get

d
<X1 — X2, E(xl —X2)> = —(x1 — x2, y1 — »2).

Since A is monotone, the right-hand side is always nonpositive, so that

| e

L4, 12 = - =0
5 2 =0l ={x - x, (- x) <0.

o

t

This yields the desired contraction property. In particular, x(¢, X) is uniquely
determined by taking X; = X». (In this proof we do not invoke the maximality
of A. The maximality is invoked to prove the existence of a solution.) O

By uniqueness the flow map x (¢, X) possesses the semigroup property x (¢ +
s, X) = x(t,x(s, X)), t,s > 0, so this flow map is often called a contraction
semigroup.

1.2.2 Canonical Restriction
We are interested in the velocity x because it looks ambiguous from (1.24). To

characterize this, we recall the notion of a minimal section or canonical restriction.
For a given x € D(A), we take y, € Ax satisfying

lyxll =inf{[Iyll | y € Ax}.

This is an element of Ax closest to the origin. Here, infS for a set S in R denotes the
infimum of a set S. If A is maximal monotone, it is easy to see that Ax is a nontrivial
closed convex set,' so there exists y, uniquely. The mapping x > y, is called the

1A set C in a (real) vector space is said to be convex if the segment between arbitrary two points
x,y € C is always cotained in C.



20 1 Uniqueness of Solutions to Initial Value Problems for Ordinary Differential...

canonical restriction (or the minimal section) of A. This operator is often denoted
by AV ie., Yy = AOx.

Theorem 1.16
Let x = x(t, X) be the solution of (1.24), with x(0, X) = X given in
Theorem 1.14. Then it is right differentiable in time for all t > 0. Moreover,

dt
o= —A%

forallt >0, where dx /dt denotes the right derivative.

We just provide a formal proof assuming that d¥x/dr exists at fo and dx/dz is
right continuous at fg.
Since dx/dr € —Ax, we see, by the monotonicity of A, that

<%(lo +5) = (=%), x(to +5) — x(t0)> =0 (s>0)
for any ¢ € Ax(tp). Dividing by s > 0 and letting s | 0, we see that
<d—x(t0), %(lo)> + <§, d—x(to)> <0
dr dr de
Thus, by the Schwarz inequality (|{x, y)| < ||lx||||y|| for all x, y € H), we have

dx(t)2< dxt)
5 1o < gl E(O

This implies

= i<l

H dx .
E(O)

d
We thus observe that —d—):(to) = A% (t9).

We conclude this subsection by studying an implicit Euler scheme for (1.24)
since it provides a method to deduce the canonical restriction. The scheme is of the
form
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where t > 0 is a time grid size that is usually small. In each step, we must solve the
resolvent equation

X—Xxp€ —TtAx or x4+ TAX 3 Xxp
for a given xo € H. Here, as previously, we write
—TAx={-ty|ye€e Ax} and x+7tAx={x+7y|ye€ Ax}.

The last operator x > x + 7 Ax is often written / +t A, where I denotes the identity
operator.
The range (image) R(I + t A) of the operator I + T A is defined by

R(UI+71A) ={x+71y|yeAx, x € D(A)}.

Lemma 1.17

Let A be a maximal monotone operator. Let x; be the solution of the resolvent
equation x +TAx > x¢ for xg € D(A) and t > 0. Then (x; —x()/T converges
to — A strongly in H as t | 0.

» Remark 1.18

(i) Minty’s theorem [73] states that a monotone operator is maximal if and only
any of x + T Ax > x¢ has a solution x for any xo € H and any t > 0. One may
relax the condition for t just for some t > 0. The proof of the existence of a
solution from maximality is nontrivial, and Hilbert space structure plays a key
role. Indeed, there is a counterexample for a Banach space like £7 (1 < p < oo,
p # 2) [27]; see also [74, Example 2.6].

It is easy to see that solution x; is unique. The proof of the uniqueness is
parallel to that of Theorem 1.15.
(ii) In the literature, the solvability of

x +tAx =xo forarbitrary xp € H

is often written R(I + tA) = H. The solution operator from xo +— x; is
called the resolvent operator (often denoted by J;). The operator J; is called
the Yosida operator.

(iii) Since (x; — xp)/t = (Jrxp — x0)/T = —AJrxp, the convergence result says
that AJ;xog — A%xqif xo € D(A). The operator A, = AJ, is called the Yosida
approximation of A.
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(iv) Although x; = J;xq is defined for any xo € H, the convergence x; — x( in
H as T — 0 does not hold for general xg. For example, consider Ax = 0 for
x € (—1,1) A(—1) = (—00,0], A(+1) = [0, 00) for x € H = R. Then x,
does not converge to xg if xo & [—1, 1].

Proof of Lemma 1.17 (based on properties of the weak convergence) We consider
the equation

X +TAx: 2 x9, T >0.

We first establish a bound for a difference quotient {; = (x; — x9)/7, T > 0. We
estimate the norm of ¢, to get

Xt — X0
||§f||2=<—Ax,, i >

T
X7 — X0 X7t — X0
=—<sz—770, TT >—<770, TT >,7706AXO

1
= _;<Axr — N0, Xz — X0) — (N0, &)

= _<n0s ;'L’)

by the monotonicity of A. Thus,

g2 11 < 1A oll1I¢- I

by the Schwarz inequality. This yields
g1l < 1A%l or  [|Azxoll < |A%X0]| (1.25)

using the notation in Remark 1.18 (iii). In particular, we have x; — x¢ in H as
T]0.

Because of this bound, ¢, weakly converges to some { € H by taking a
subsequence as t; | 0 (k — 00) if necessary. Here, we invoked a weak compactness
of a bounded set in a Hilbert space, that is, if ||y, is bounded, then there is a
subsequence y,,, and y such that

(Ymy>2) = (y,z) forall ze H

as k — oo, i.e., y,, converges to y weakly in H, which is denoted by y,,, — y.
For the proof, see [19, Theorem 3.16] and [90]. Since A is maximal,

Xy —> X0, (g — ¢ (weakly), —ip € Axq
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(as k — oo) implies that
— ¢ € Axp.

Indeed, (—¢&y, — 1, Xy —u) — (—=¢—n, xo—u) forany u, n € H as 7 | 0 so that
if n € Au, then (—¢ —n, xo —u) > 0 since (—¢; — n, x; — u) > 0 by maximality
of A. If —¢ & Axp, this would contradict the maximality of A. Thus, we conclude
that —¢ € Axo.

By (1.25) we see that —¢ = Alxq. Since any subsequence of {¢;} admits a
weak convergent subsequence with the limit { independently of the choice of a
subsequence, {; weakly converges to { without taking a subsequence as t | 0.
Since ¢; — ¢, we see that

¢l = sup (¢, @) = sup lim(¢;, @) <liminf sup ({r, @) = liminf ||¢|].
lpll=1 lpll=1740 0 =1 0

(This property is known as a lower semicontinuity of norm under weak convergence;

see [19, Proposition 3.5] and [90].) Since || || < || ]|, we observe that ||{¢ || — || ||
as t | 0. Since ¢; — ¢, this now implies the strong convergence of ¢; to ¢. Indeed,

g — ¢I> = &l + 1E 1% = 2060, &) — NS>+ Igl> = 21¢1* =0

ast | 0. m|

1.2.3 Subdifferentials of Convex Functions

A typical example of a maximal monotone operator is the subdifferential of a lower
semicontinuous convex function. We first recall the definition of a subdifferential.
Let E be a function in H with values in RU{+o0}. (If H is of infinite dimension, we
often call it a functional instead of a function.) We say that { € H is a subgradient
of Eatx € H if E(x) < o0 and

E(x+h)— E(x) = (h,{)
holds for all # € H. The set of all subgradients of E at x is denoted by d E(x). The
operator d E, which corresponds x to the set of all subgradients of E at x, is called
a subdifferential operator but is often called a subdifferential of E. The domain
D(0E) of the subdifferential is defined as
D@E) ={x € H | 9E(x) is not empty} .

‘We are interested in the case where E is convex, i.e.,

EQx—+(1—X)y) <AEx)+ (1 —AE(®y), forallA e€[0,1], x,yeH
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with the interpretation that co+a = 00, a < oo for any a € RU {o0}. By definition,
the domain

D(E)={x € H | E(x) < oo}

must be convex. By definition, D(0E) C D(E).

A simple example with a multivalued subdifferential is the subdifferential of
a convex function E(x) = |x| when H = R. In this case, dE is simply A of
Example 1.13, with A0 =[—1, 1].

We say that E is lower semicontinuous if

E(x) <liminfE(y), x € H.
y—)X

An indicator function Ix of a set K in H defined by

0, xeKk,

k@) = {oo,x € H\K,

is lower semicontinuous if and only if K is closed. The function Ik is convex if and
only if K is convex. See Figs. 1.5 and 1.6 when H = R.

Fig. 1.5 Convex and lower t @
semicontinuous ‘
e X
%
Fig. 1.6 Convex but not t @

lower semicontinuous
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Lemma 1.19

Let E be a convex, lower semicontinuous function in a Hilbert space H with
values in R U {4+o00}. Assume that E # oco. Then A = 0E is a maximal
monotone operator.

Proof (Monotonicity) We take {; € 0E(x;) for x; (i = 1,2). By definition, we
have

E(xi +h) — E(x1) = (51, h), E(x2) — E(x2 —h) < ({2, h).
Take i = x» — x1 and subtract the second inequality from the first. This yields
(&1 — &, x2 —x1) <0,

which is the desired monotonicity.
(Maximality). By Minty’s theorem (Remark 1.18 (i), Exercise 1.7), it suffices to
prove that for any xo € H there is a (unique) solution x = x, of the equation

x +1dE(x) 3 X0

or
1
—(x —x0)+0JE(X)>0
T

for some t > 0. The left-hand side equals d E; (x) if we set

e = xoll?
E.(x) = I — + E(x)

(see Exercise 1.10). Thus, x + td E(x) > xo is equivalent to d E; (x) > 0. If we are
able to find a minimizer x, of E, then we have E; (x.+h) > E;(x,) forallh € H.
Sowehave E; (xy +h) — E;(xy) > (0, h) forall h € H, so that d E; (x4) > 0. Thus,
it suffices to find a minimizer x, of E;.

We shall prove that there exists a minimizer x, of E; for a fixed ¢ > 0 by what is
called a direct method. Since E is convex and lower semicontinuous, E (x) + {(a, x)
is bounded from below (i.e., inf (E(x) + (a, x)) > —oo) with some a € H [19,
Proposition 1.10]. This looks easy, but it is nontrivial and follows from the Hahn—
Banach theorem on extension of linear functionals [19, Chapter 1], [90, Chapter
IV]. We admit this fact and prove a kind of coercivity: limjy |- o0 E¢(x) = 00. In
fact, we shall prove a stronger result of the form

1
E.(x) > 4—||x — x> —=C for xeH
T



26 1 Uniqueness of Solutions to Initial Value Problems for Ordinary Differential...

with some constant C > 0 independent of x. By the Schwarz inequality,
@, x = x0)l < llalllix = xoll = (@0)2llall) (@0) 72 lx = xoll)

Since aB < (&> + p?) / 2 for o, B > 0, we conclude that

1 2 2
la, x = xo)| = 7=llx = oI + Tfall”.
T

Thus,
l{a, x)| < a, x — x0)| + [{a, x0)
1 2
= —llx = xoll” + Ci
4t
with C; = [{(a, x0)| + 7lla||?>. (This says that a linear function is estimated from

above by 8|lx — xol|? for sufficiently large x for any choice of 8§ > 0.) Thus, we
observe that

1
Ee(x) = o~ I — xoll> — (a, x) + E(x) + (a, x)

> 1 I>-c
—lx —xp|l — C,
Z 1 0
with C = Cy — inf (E(x) + {a, x)). Hence, we obtain lim |y - o0 E(x) = 00.
We now prove the existence of a minimizer of E;. Let {x j}j?il be a minimizing
sequence of E;, i.e., {xj}j:1 satisfies

lim E;(x;) =infE; :=inf{E;(x) | x € H}.
Jj—00

(Our assumption E # oo evidently implies inf E; < o00.) By the definition of
{xj}‘f:l, there is a constant M such that E;(x;) < M for all j > 1. Since
limjy |00 E-(x) = 00, we conclude that {xj}?il is a bounded sequence in H.
Since {x j}?il is a bounded sequence, as in the proof of Lemma 1.17, {x;} has a
subsequence {x,} converging weakly to some x, € H. In other words, x;, — xx
as £ — oo. We shall prove that x, is indeed a minimizer of E;. We now recall
Mazur’s theorem [19, Corollary 3.8] (see also [90]), which asserts that if 7, — z
(weakly), then some convex combination of {z¢}7; converges to z strongly in H.
We apply Mazur’s theorem to conclude that for each k = 0, 1,2,..., there is a

convex combination {y,(f )} of {x e }zo:k such that y,gf ) converges to x, strongly in H
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(k

as m — o0. In other words, there is an integer n,, ) > k and real numbers {

satisfying

k
"z(n)

Zx’;;m=1 and A’;‘;mzo for k<¢<n®

m >

(h
(M __jz:kkm

such that y,(,f ) Xy as m — 00. (Note that Mazur’s theorem is another application
of the Hahn—Banach theorem.) By a diagonal argument, there is m (k) such that
Yk = y,]fl (k) Converges to x, as k — oo. By definition,

ng
_ k. . k _ 4 km(k) _ (k)
_Z)Ljexﬂ with )‘je_)‘je , N =n,’ .
£=k
In other words, yi is a convex combination of {x M} . Moreover, ||y — x«|| — O

as k — oo.
Since E- is convex, {yx} is still a minimizing sequence. Indeed, by convexity,

ny nj
E;(%) = E; (Z A@x,-(> <Y M E@xj).
=k =k

Since {x},} is a minimizing sequence of E;, for any § > O there is k(8) such that
E;(xj,) <inf E; + § for £ > k(8). Thus, for k > k(5),

ng
Ec(y) < Y A% (nfE; +8) = inf E; +3

since szz X )J;.[ = 1. Thus, {yx} is a minimizing sequence of E,. By the lower
semicontinuity of E;, we see that

E (xy) < 1}(minfET (yx) =inf E;.
—00

Thus, x, is a minimizer of E;. We have thus proved the existence of a minimizer of
E+, and the proof is now complete. O
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» Remark 1.20

(i) By Lemma 1.19, we are able to apply Theorems 1.14-1.16 when A is the
subdifferential d £ of a convex, lower semicontinuous function £ (E # 00).
Moreover, the initial datum X is allowed to be in D(0E), the closure of the
domain of dE in H with necessary modifications. For example, the modified
statement in Theorem 1.14 reads as follows. In the case A = JFE, for any
X € H there exists a unique x € C ([0, c0), H), which is Lipschitz continuous
in [8, o0) for any § > 0 such that x solves (1.24), with x(0) = X for almost
every t > 0. (The right differentiability in Theorem 1.16 holds for # > 0.) See
[18] for further details.

(ii) For xo € H, let x; be the solution of x + 7dE(x) > xo. This is a unique
minimizer of E;, as shown in the proof of Lemma 1.19. Thus,

sup E;(x;) < E¢(xp) = E(x9) < 00.

>0

If xo € D(E), this bound implies x; — xo in H. Since x; € D(dE), this
implies that D(E) C D(9E). By definition, D(E) D D(9E). Thus, D(E) =
D(OFE). Such a simple proof is given in [6, Chapter 2, p. 48].

1.2.4 Gradient Flow of a Convex Function-Energetic Variational
Inequality

The notion of the gradient flow of a convex function can be extended in a complete
metric space, which is more general than a Hilbert space. We conclude Sect. 1.2
by defining an evolutionary variational inequality, which is an extended notion of
X € —0E(x), and by proving the uniqueness of a solution.

We consider the gradient flow X € —dE(x), i.e.,

E (x(1) + 1) = E(x(1)) = (h, =x(1))

forall h € H. We set h = z — x(t) and observe that

L e = 22 = (e (0) — 2, £ 0) = (e — x(0), —)

YT x zIIF = (x Z, X =(z—x(), —x
<E()—Ext), ze€H.

This leads the definition of the gradient flow x € —JdE(x) in a general complete
metric space M. We say a curve x : (a,b) — M satisfies the evolutionary
variational inequality for x € —9E (x) if

%% dist (x(1),2)*> < E(z) — E(x(1)) forall ze M, (1.26)
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where dist denotes the distance in M. We may weaken this definition by considering
its integral form

t
% (dist (x (1), 2)% — dist (x(s), 1)2) < / (E(z) — E (x())dt, zeM,

where t,s € (a,b), t > s. The point is that a solution satisfying (1.26) is unique.
Indeed, let x; = x(¢, X;) (i = 1, 2) be a solution satisfying (1.26) starting from X;.
Then

1d dist 2
5 dis (x1(2), x2(2))

Ld dist (x1 (), 22| + d dist (x1 (5), x2(1))?
- — X , X2(s = xX1(8), x
2dr R T o 1

s=t

IA

E (x2()) — E (x1(1)) + E (x1(1)) — E (x2(1)) = 0.
This implies that
dist (x1 (1), x2(¢)) < dist(X1, X7).

In particular, the solution x satisfying (1.26) with x|,y = X is unique.

The notion of a solution of (1.26) can be extended to semiconvex functional E.
Instead of (1.26), for A-convex E, we still say that x is a solution of the evolutionary
variational inequality for x € —9E (x) if

1 d . 2 )\' . 2

5 dist(x(1), 2)” < E(z) — E (x(t)) — 7 dist (x(1), 2)

2dt 2
for all z € X. This solution is also unique because

dist (x1 (1), x2(1))* < dist(X1 X2)% exp(—Ar).

For a precise definition of an evolutionary variational inequality as well as A-
convexity, the reader is referred to the well-written book by [3]. There, the absolute
continuity of the curve x is assumed, so that dist (x(¢), z) is differentiable for almost
allt > 0.
1.2.5 Simple Examples
The theory of gradient flow of a convex function has wide application to partial
differential equations, and it gives a rigorous meaning to a solution. In this

subsection, we present a few examples closely related to Sobolev spaces. For
the basic properties of these spaces, the reader is referred to basic textbooks, for
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example, [19, Chapter 8, 9] and [36, Chapter 5]. To avoid discussing boundary
conditions, we consider functionals defined on the space of periodic functions.

By a function f on TV = ]—LNz1 (R/w;Z), withw; > 0@ =1,..., N), we mean
that f is a function on R" satisfying

f(x +wie;)) = f(x) forall xeRY,
where {e; },N: | is the standard basis of RY . In other words, f(x1, ..., xy) is periodic
in x; with period w;. Here, Z denotes the set of all integers. For p € [I1, oo],

let L?(TV) denote the space of all real-valued pth integrable functions f on TV
equipped with the norm

1/p 0] wyN 1/p
£l = (/ If(x)I”dx> _ (/ / If(x)lpdx> L 1=p<oo,
TN 0 0

[ flloo = ess.sup[f(x)|, p = oo.

xeTN

Here, o = ess. sup, pn | f(x)| (essential supremum of f on TV) is defined by
a=int{p | LY dIf1 > D},

where £V denotes the N-dimensional Lebesgue measure in RY and {| f| > B}
denotes the set

[x:(x],...,xN) }Ofxi <wj,i=1,...,N, |f(x)|>ﬁ].

When we write L? (T"), we always identify functions whose values agree with each
other almost everywhere (a.e.) so that L?(T") is a normed space. It is well known
that L?(T") is a Banach space. The space L>(TV) is a Hilbert space equipped with
the inner product

)= | | Fwstods, figer2at,

so that || fll2 = (£, f)'/%.
Let W1-7(TVN) denote the LP-Sobolev space of order 1. In other words,

whp (V) = {f e LP(TV) | D;f e LP(TY), j=1, N}

where g; = D; f denotes the distributional derivative of f in x}, i.e.,

dg
dex = —/ gjpdx
il X/ TN
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forallp € C* (TN), where C °(€2) denotes the space of all smooth functions in
with compact support in . Since TV is compact, C2°(TV) agrees with C*®(TV),
the space of all smooth functions in TV It is well known that W7 (T") is a Banach
space equipped with the norm

N I/p
Ifllwrr = [ IFIG+DUDFIG| . 1<p <o,

j=1

I fllwree =  max (Ilflloo, IDj flles) s P =00

The space W1 (TV) can be identified with Lip(T"), the space of all Lipschitz
continuous functions equipped with the norm || f'||co + [ fILip; see, for example, [36,
§5.8. b].

We next consider a couple of functionals.

A. p-Dirichlet energy for 1 < p < o0

As a Hilbert space, we set H = L3(TN). Let E,(u), u € H denote the p-
Dirichlet energy defined by

1
—/ |Vu|Pdx, u e WhP(TVN) N H,
pJtN

Ep(u) =
00, otherwise.
Here, Vu denotes the distributional gradient Vu = (Dqu, ..., Dyu) and |Vu|2 =
N
Yo [Djul?.
Lemma 1.21

Assume that 1 < p < oo. The functional E is lower semicontinuous in H
and convex.

Proof. The convexity is easy to prove since |y|? is a convex function. It remains to
prove the lower semicontinuity

Ey(u) < I}Cminpr(uk) for uy — u (ask — o0o) in H. 1.27)
— 00

We may assume that the right-hand side is finite so that uy € WLP(TV) and
supy> Ep(uk) is finite by taking a suitable subsequence. We first prove that £ (u)

is finite. It suffices to prove that u € WP (TV) if supgsg [1Djugll, < oo for all
j=1,2,..., N.By x-weak compactness, a bounded sequence { f;} in L”(T") has
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a x-weak convergent subsequence { fk,,,} (Exercise 1.9, [19, Theorem 3.16], [90]).
Since LP(TV) is the dual space of LP'(TV) with I/p+1/p =1forl < p < o0
(see [19, Section 4.3]), this means that there is some f € LP(TY) such that

im [ o= [ roar
m—00 TN TN

for all ¢ € LP'(TV). Since H D juka is bounded, we apply this property to the
sequence {D;uy} to get a subsequence {Dj Mkm} and g; € LP(TN) such that

lim Djukmgadx:/ gjpdx.
N N

m—0oQ T

We take ¢ € C2°(TV) < L” (TV) and observe that

9 9
lim <—/ ukm—(pdx> - _f U2 dx
m—00 TN 0x; ™ 0Xj

since uy — u in H = L*(TV). By the definition of Djuy,,,

I
— —dx = D; dx.
/’;‘N Hhin 8x] /TN ( /ukm)(p *

Sending k — 0o, we now observe that
a
_ / u_QO dx = gjv dx
™ N

forall ¢ € Cfo(TN). In other words, Dju = g; € LP(TN), so g is independent of
the choice of a subsequence {um . } (Thus, D juy converges *-weakly to D ju without

taking a subsequence.) It remains to prove that u € L?(TV). For 1 < p < 2, this is
trivial since L?(TV) ¢ H = L*(TV). We first recall the Poincaré inequality [36,
§5.8.1],

1
ek — @davll, < € (Ep@p)''”
where (uy)ay is the average of uy over TV, ie.,

1
(Uk)ay = |T—N|/TNukdx, TV = w; - on.

Here, C is a constant depending only on p and |TV|. (The Poincaré inequality is
valid for I < p < oo, but we keep 1 < p < oo in the following argument.) By the
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Holder inequality (which is called the Schwarz inequality in this case), we get
@avl < [TV Nl = 1T 172 ull2.
Thus, applying the Poincaré inequality yields
lullp < luk — idavllp + 1@yl
< C(Epu)"” + 1TV Jug .

Since uy — win L2(TVN) as k — 0o so that ||ug]|> is bounded, we now conclude that
supgsg llukllp < 0o. By *-weak compactness as previously, there is a subsequence
{uk,, } of {ur} and w € LP(T") such that

lim uy,, ¢ dx =/ we dx
™ ™

m— o0

for g € L? (TV). For ¢ € C°(TV),

k— 00

lim urpdx = / up dx
TN TN
since uy — u in L2(TN) as k — oo. Thus,
(w—u)pdx =0
TN

forall p € C* (TV). By the fundamental lemma of the calculus of variations (see
Exercise 2.3 or [19, Corollary 4.24]), this implies w = u almost everywhere (a.e.);
in particular, u € L?(T"). We thus conclude that u € W17 (TV).

By the lower semicontinuity of L”-norm under x-weak convergence ( [19,
Proposition 3.13], [90]), we conclude (1.27). O

We thus apply Theorem 1.14 with H = L*(TV) to solve u; € —0E,(u) for
1 < p < oo. In the case p = 2, the case of the Dirichlet energy is simply the heat
equation. For general p € (1, 00), the equation u, € —dE,(u) is simply the p-

Laplace diffusion equation u;, = div (|Vu|1”2Vu). This can be seen easily at least
formally as follows. We see

lim (Ep(u + eh) — E,(w)) /e = f |VulP~>Vu - Vhdx
é\LO TN

- /TN (div (|Vu|p_2Vu)) hdx

by integration by parts.
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B. Total variation energy
We next consider the total variation energy on H = L>(TV):

Vuldx, Diu e LY(T™) (=1,...,N
E(M) — /rN| I/t| X, ./u € ( )(.] ’ ’ )v

00, otherwise.

We note that this E is convex but not lower semicontinuous even for one-
dimensional problems. In fact, it suffices to construct a special sequence. We may
assume that N = 1 and w; = 1. We consider the sequence

1
19 |'x| < Rl
_ 4
ug(x) = (1] 1 1
T - < < —.
i |x|+’4—|x|—2
This sequence converges to
1
17 |x| < -,
up(x) = 1 4 1
07 - = =< A~
g =h=3

in L2(T") and E (uy) = 2; see Fig. 1.7. However, the distributional derivative Dju
does not belong to L! (TN), ie., upg & will (T). In other words, E(ug) = oco. Thus,
E is not lower semicontinuous. For a better formulation, we introduce total variation
for more general functions than W1-1(TV).

Fig. 1.7 Graphs of ug and uy
*k=1,2,..)
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For f € L'(TV), we define the (essential) total variation of f by

/TN|Vf| :=sup{/TNfdivg0dx

where ¢ = (¢1, ..., ¢n). The totality of f € L'(TV) having finite total variation
is denoted by BV (TV). If one interprets E by

ol <1, v e (ca)" |

Vu|,u € BV(TNYNH
Eiu) = /TNI | (T)

00, otherwise,

then this E| is a lower semicontinuous convex function. This gives a rigorous
formulation of the total variation flow u; = div(Vu/|Vul|) by u; € —9E(u). The
total variation equation is quite different from the p-Laplace diffusion equation.
The reader is referred to the textbook [5] for an analysis of the total variation
equation. Our unique existence result (Theorem 1.14), together with Remark 1.20,
guarantees the unique solvability for u, € —9E,(u) (1 < p < oo) for any initial
data ug € LZ(TN) since D(E ) is dense in H; see, for example, [36, §5.3] for the
density.

1.3 Notes and Comments

1.3.1 More on Uniqueness on Continuous Vector Field »

Condition (1.10) was introduced by Osgood [80] in the nineteenth century. As noted
in Remark 1.4, one can weaken the assumption in time in (1.10). Indeed, the right-
hand side of (1.10) can be replaced by M (¢) f (|x — y|), where M () is integrable
on [. This type of uniqueness result is often called Motel-Tonelli’s uniqueness
theorem, which went back to Tonelli [85]; see, for example, [1, Theorem 1.5.1]
or [52, Theorem 6.1]. However, in this situation, M(¢) is not allowed to be equal

to 1/t because fol dr/t = oo. Nevertheless, there is a uniqueness criterion called
Nagumo’s theorem [77], which asserts that uniqueness follows if one assumes
[b(, [)]Lip(RN) < 1/t,t € i; note that 1/¢ cannot be replaced by M/¢. There
are several generalizations of Nagumo’s theorem and Motel-Tonelli’s theorem. The
reader is referred to [24], [23], [25] for a more recent development of this topic.
In particular, in [25], a convex combination of Nagumo’s condition and Osgood’s
condition is considered.

So far we have discussed several sufficient conditions to guarantee uniqueness.
There is an interesting necessary and sufficient condition for uniqueness discovered

by Okamura [79].
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Theorem 1.22

Assume that b = b(x, t) is continuous in Bp % 1, with [ = [0, a), a > 0. For
any X € B there is at most one solution of (1.1) with initial datum X if and
only if there exists a nonnegative function V€ C'(U) satisfying the following
conditions:

(i) For a given point (x,y,t) € U, V(x,y,t) = 0is equivalent to x = y;
av . . .
(ii) v +b(x,1)- ViV +b(y,t)-VyV <0inU, where U = Bg X B x 1.

Here, V) (resp. V,) denotes the gradient in variable x (resp. y), i.e.,
Vy = (0/0x1,...,0d/dxy) (resp. Vy = (9/9y1,...,0d/dyn)). The function
V = V(x,y,t) plays the role of a kind of Lyapunov function. The proof that
the existence of V implies the uniqueness is easy. Indeed, let x; = x;(¥) (( = 1, 2)
be a solution of (1.1) with initial datum X;. We set ®(t) = V (x1(¢), x»(t), t) for
t € I, and by (ii) we observe that

do ov .
E(I):——i—b(x,t)-VxV—i—b(y,t)-VyV <0, rel.

ot @y D=1 (0,520

Since ®(0) = V(X, X, 0) = 0 by (i), this implies ®(¢#) < 0 for ¢t € I. However,
since ® > 0, this implies that ® = 0. By (i), this implies x1(t) = x»(¢) fort € I.

The converse is more involved. Here, we only give an idea of a proof. We
introduce a distance-like function d(P, Q) defined for P = (xq, yo, t0), O =
(X4, Vs, t4), With 1y < t,, where P, Q € U. We divide the interval [z, 7] such
thatto <t) <... <ty =t..Let A ={tg < t; <--- < t,,} denote its division. On
each interval [tx_1, t;] we consider a solution curve (x, y) = (x(¢), y(¢)) of

dx dy

— =b(x,1), — =b(y,1).

" (x, 1) i .0
We denote the left endpoint by Py = (x(tx—1 + 0), y(tx—1 + 0), tx—1) € U and the
right endpoint by Qx = (x(1x — 0), y(ix — 0), 1) € U (Fig. 1.8); here, x(1 £ 0) =
limg g x (¢ & €). We then consider the sum of jumps, i.e.,

m+1
Sa=Y_IPi—Qj_il. Qo=P. Pupi=0.

j=1

Note that the value SA may not be unique even if A is fixed. For given P, Q € U,
there is at least one division A and Py, ..., Py, Q1, ..., QO such that P, and Qg
are connected by a solution curve on [#;_1, #¢]. Indeed, there always exists a local-
in-time solution to (1.1) when b is simply continuous, which is known as Peano’s
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Fig. 1.8 Location of P, and
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existence theorem; for the proof, see [52, Chapter 2]. Checking an existence time
estimate, we conclude that if all subintervals are sufficiently small uniformly and
P, = (0,0, 1) (1 <k < m), then there is a solution curve (x, y) = (x(2), y(¢))
on [fx_1, t] starting from Py. We denote by Oy the end point at #, i.e., Qp =
(x (@), y(r), tr). We set

d(P, Q)= inf{SA | choice of A and
a solution curve (x, y) = (x(¢), y(¢)) on each subinterval }

For t, < tg we set d(P, Q) = d(Q, P). It turns out that this d satisfies d(P, Q) <
d(P, R) +d(R, Q) provided that the z-coordinate tp of P, tgp of Q, tg of R fulfills
tp < tg < tg. Moreover, d(P, Q) = 0 if and only if there is at least one solution
curve connecting P and Q on [f, t]. In other words, there is a solution

L b, b on l.r]

-V = ) ) -V = ) on ) B

dr * dr Y 0
with P = (x(t9), y(t0), to) and Q = (x(¢4), y(t4), ti). Furthermore, the value
d(P, Q) does not change even if Q is replaced by a point on a solution curve
connecting Q. We set

Vix, v, 1) =inf{d(P, @y, 0) | P=(X,X,5),5 <1,X € éR}.

This is close to what we would like to obtain; this V is not C 1 so one must
mollify to obtain the desired V. Property (ii) follows from the nonincreasing
property of d along solution curves. Property (i) follows from the uniqueness of
a solution.

This is an argument of doubling variables that plays an important role in showing
the uniqueness of an entropy solution as well as a viscosity solution for first-order
partial differential equations. We shall discuss these topics in Chaps.3 and 4. It
is also interesting to relate to ordinary differential equations through the idea of
characteristics.
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The Lyapunov-like function V in Theorem 1.22 is also important to characterize
the infinitesimal generator (defined later) of a Lipschitz semigroup. Let W be a
Banach space. We say that {S(¢) | t > 0} is a Lipschitz semigroup on Z C W if S(¢)
is a mapping from Z to Z satisfying the following conditions:

@ SOx=xxeZ),St+s)x=8St)SE$)x,t >0,x € Z;
(b) S(#)x is continuous in time on [0, co) with values in W for each x € Z;
(¢) Foreacht > 0, there is K such that

ISx = SOyl = Kllx —yll, x,yeZ, te€l[0,0).

Its infinitesimal generator b(x) is defined by

b(x) = }11?3 (S(h)x —x) /h

provided that the strong limit exists in W. Let b be a given continuous operator
from a closed set Z to W. In [61], a necessary and sufficient condition that b is an
infinitesimal generator of a Lipschitz semigroup is given by using a function like V
in Theorem 1.22 with the semitangent condition of Z. In other words, their condition
is a condition so that Eq. (1.1), with b independent of ¢, is in some sense uniquely
solvable in a Banach space. This result is extended to the case where b depends also
on time, i.e., nonautonomous case [62].

We conclude this subsection by mentioning the uniqueness results for equations
with fractional time derivatives. The uniqueness results are now available under
the Osgood condition, even for a single higher-order equation; see the recent paper
[82] for « > 1 and papers cited therein. However, compared with usual ordinary
differential equations, our understanding remains limited. For example, Montel—
Tonelli type results are not yet available.

1.3.2 Forward Uniqueness on Discontinuous Vector Field b

If we only consider forward uniqueness, our b is allowed to be discontinuous. The
unique solvability result (Theorem 1.14) goes back to Komura [65] and was well
developed by Brezis and others; see [6, 18], and [66]; see also [36, §9.6]. These
books are general references for Sect. 1.2. From the point of forward uniqueness,
the vector field b in (1.1) is allowed to have some discontinuity in x and ¢. Here is
a condition slightly weaker than monotonicity to guarantee uniqueness. Instead of
(1.24), we consider the problem

X e —A(t)x, (1.28)

where A() is a time-dependent set-valued operator in a Hilbert space H.
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Theorem 1.23
Assume that there is a function k = k(t) which is integrable on I = [0, a)

satisfying
(' =Y, x—y) +k@®)lx —yI> >0 (1.29)

forall x' € A(t)x, y € A(@)y, x,y € D (A(t)), t € I. Then a solution
x € C(I, H) (locally absolutely continuous in I with values in H) of (1.28)
with initial data X € H is unique.

The proof is very similar to that of Theorem 1.15. We set x; = x(¢, X;) with
X; € D (A(0)) fori = 1, 2. We argue similarly to get

1d
5= x| < k@®)x) — x|

for two solutions. By the Gronwall-type inequality (see Remark 2.10) this yields

lx1 —x2)2(1) < 1X1 — X2 > exp (2 / k(r)dz) :
1

This implies uniqueness. Condition (1.29) is often called the one-sided Lipschitz
condition. For a general discontinuous right-hand side of (1.28), the reader is
referred to the book by Deimling [31] and a more classical book by Filippov [40].
The latter already includes the one-sided Lipschitz condition when H is of finite
dimension.

The uniqueness issue remains of current interest. The reader is referred to the
recent paper [13], where b is discontinuous in x (and also in 7) across some
interfaces.

1.3.3 Estimates of Lipschitz Constant

From Theorem 1.16 we expect that the solution x in (1.24) has a Lipschitz bound:
lx(, X) — x(s, X)|| < |1A°X||(r —s), t>s5=0. (1.30)

Here, A is as in Theorem 1.14. This is actually true. We give here an idea of the

proof based on the construction of the solution. We admit the fact that the solution

x is constructed as a limit of the solution x; of the approximate problem

Xo=Aw, x0)=X
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as A | 0, where A, is the Yosida approximation of A; see Remark 1.18 (iii).
Since A, = AJ, is Lipschitz globally in time, this problem admits a globally-
in-time solution with values in H. The solution satisfies a contraction principle by
Theorem 1.15, i.e.,

X (s, X) —xa(s, DI < IX =Y, 1>s5=0,

since Aj is a monotone operator. Setting ¥ = x;(¢, X), ¢t > 0 and using the
semigroup property x; (s, x(z, X)) = x, (s + 7, X) (s, T > 0), we see that

lx:.(s + 7, X) — xa(z, XDl < [lxa(z, X) — X||.. (1.31)
Since x; solves
- X 1 (7
wo-X _1 | o
T T Jo
sending T — 0 implies
- X
timint | 2O "X 4, x) < a0
740 T

the last inequality follows from (1.25). By (1.31), we see that
Il < 14°X].
Thus,
lxx (2, X) — x0(s, Xl < |A°X ||t —s), 1,5 >0. (1.32)

If we admit that x is given as a limit of x; (as 2 | 0)in C ([0, T], H), T € (0, 00),
ie.,

lim sup [|x(t) —x; ()| =0,
O<t<T

then (1.32) implies (1.30).

1.3.4 AFew Directions for Applications

It is very popular to use ordinary differential equations (1.1) to describe time-
dependent phenomena in various areas of science and technology. In a planar
domain, a velocity field b of incompressible fluids with bounded vorticity satisfies
the Osgood condition but may not satisfy the Lipschitz condition. For the Euler
equation describing the motion of incompressible inviscid fluids, a global-in-time
(weak) unique solution was first constructed by Wolibner [89]. For this purpose, he
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solved (1.1) for a velocity field b satisfying the Osgood condition. In his setting, the
vorticity field is bounded and continuous. An elementary introduction to the Euler
equations is found in [78, Chapter 7]. For the Biot—Savart law and the vorticity, the
reader is referred to [45, Chapter 2]. In [45, Chapter 2], answers are given in what
follows to Exercises 1.3 and 1.4. The theory of DiPerna—Lions in Chap. 2 is also
introduced for the study of three-dimensional Euler equations.

Section 1.2 contains various applications to nonlinear partial differential equa-
tions, especially when the equation is quasi-linear, including the total variation flow
equation. Total variation flow is used in image analysis; see [5].

The equations with fractional time derivatives discussed in Sect.1.1.5 are
fundamental to studying a diffusion equation with fractional time derivatives. Such
an equation is useful for describing the anomalous diffusion found in contaminated
water diffusing in soil. See the classic book on fractional differential equations by
Podlubny [83]; see also the recent book by Kubica, Ryszewska, and Yamamoto [69]
for the theory of diffusion equations with fractional time derivatives. It turns out that
the equations with fractional time derivatives are actually derived as a kind of the
Dirichlet-Neumann map of a diffusion equation as recently observed in [48].

1.4 Exercises

1.1 Assume that a function b on R¥ is C!. Prove that b is locally Lipschitz, i.e.,
[blLip(Br) < oo for every R > 0.

1.2 Prove Remark 1.4. For simplicity, assume that a continuous function b =
b(x, t) satisfies

lb(x,1) =b(y, )] = M(@)|x —yl, 1€(0,a),

for x, y such that |x|, |y| < R, where R is a fixed positive number. Assume
that M (¢) is integrable on (0, a). Prove that a solution x of (1.1) with initial
datum X, with |X| < R in (0, a), is unique provided |x| < R in (0, a).

1.3 Let g be smooth in RV (with N = 2 or 3) and compactly supported. Show that
E % g is smooth, where E is the fundamental solution of —A.

1.4 Under the same assumption made in Exercise 1.3, prove that —A(E % g) = g.

1.5 Consider ¢ = ¢(x1, x2) such that

@(x1,x2) = x1x2 (= log [x])%, x = (x1,x2) € B] C R?,

with @ € (0,1) in By, and ¢ is smooth in R? and compactly supported.
Show that u = V-=1¢ satisfies divu = 0. Show that curlu = —A¢p =
is continuous in Bj. The derivative should be interpreted in the sense of a
Schwartz distribution, i.e.,

/ (curlu)t/fdx:/ w-Viydx, ¢ eCPR?
R? R?

for a scalar function. Show that u is not Lipschitz continuous.
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1.6 Assume that A is a monotone operator in a Hilbert space H and 7 > 0. Assume
that xg € x + TAx has a solution x € H for all xo € H. Show that A is a
maximal monotone operator. (This is an easy part of Minty’s theorem.)

1.7 Show that Ax is a closed convex set if A is a maximal monotone operator in a
Hilbert space.

1.8 Set E(x) = |x| on H = R. Solve the initial value problem

xe€e—0E(x), x(00)=XeH.

1.9 Let X be a separable Banach space and X* its dual space. We say that x,,, € X*
converges to x € X* sx-weakly if

(xm —x,y) >0
forall y € X as m — oo. Here (, ) denotes a canonical pair. An element
x* € X* is a bounded linear functional x* : X — R and (x*, y) := x*(y) for
y € X. Show that if {x,,} is bounded in X*, then there is a x-weakly convergent
subsequence of {x,,}. See, for example, [19, Theorem 3.16].

1.10 Let E be a lower semicontinuous convex function in a Hilbert space H with
values in R U {4-00}. Assume that E = co. For t > 0 and xo € H, let E; be

1
E:(x) = E(x) + —|lx — xol|*.
2t
Then

IE.(x) = dE(x) + %(x — Xp).
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Ordinary Differential Equations and Transport 2
Equations

We continue to consider a system of ordinary differential equations (1.1), but we
are more interested in the map X +— x(#, X), which is often called a flow map
generated by a vector field b. If the initial value problem for (1.1) admits a unique
local-in-time solution in a time interval I = (0, a) with some a > 0 independent
of X, the flow map is well defined. In Sect. 1.1, we gave a few sufficient conditions
so that the flow map is uniquely determined assuming the existence of solutions
to (1.1) with a given initial datum. Roughly speaking, if the vector field b satisfies
the Lipschitz condition or a weaker condition called the Osgood condition, then the
flow map is well defined. Since the Lipschitz continuity of » in R" is equivalent to
saying that the first distributional derivative of b is in L*° (see [36, §5.8. b]), it can
be written b € W1 (RY), where the W™ 7 () denotes the Sobolev space of order
m=20,1,2,...in LP(£2).

In this chapter, we are interested in the question of whether (1.2) can be replaced
by [I16(, Hllwr» < M, with finite p > 1. However, unfortunately, this does not
guarantee uniqueness; this can be easily seen if one elaborates Example 1.5. This
suggests that we need some extra conditions for b so that a flow map is well defined.
It turns out that if divb = O or at least div b is bounded, this is the case (under some
growth assumptions on b at the space infinity) provided that we regard the flow map
X +— x(t, X) for almost all X (almost everywhere (a.e.) X) in RY not for all X.
Such a theory was started by DiPerna and Lions [32] in the late 1980s.

In this section, we explain the uniqueness part of the theory of autonomous
equations, i.e., b is independent of time. To simplify the problem, we further assume
that b is periodic in space variables.
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2.1 Uniqueness of Flow Map

We consider a vector field (or R -valued function) b on TV = [TY.| (R/w;Z), with
wi>0@G=1,...,N),ie.,

b(x) = (b‘(x), ...,bN(x)) for xeTV.

In other words, we assume b is periodic in the ith variable with the period w;. In
this section, we always assume that

b e wh (V) for 1<j<N and divb=0 in TV. (2.1)

We simply write the first condition by 5 € WI(TV) instead of writing b €
(whicr» ))N, though the latter is more precise notation. Here, W17 (TV) is the
LP-Sobolev space introduced in Sect. 1.2.5. We are interested in discussing the
uniqueness of a solution to (1.1) with b independent of ¢, i.e.,

X =b(x)
or
dx! ,
d—xt(t) — b (xl(t), . ..,xN(t)>
for x(r) = (xl(t), coxl (t)) under condition (2.1). However, under condition

(2.1), a flow map X +— x(t, X) (generated by b) for a fixed time # may not be
integrable on TV . In other words, each component of this map may not belong to
L'(T"). To overcome this difficulty, we introduce a space

M =M(T") :={¢ : TV — R | (Lebesgue) measurable and
lp] < o0 ae.}.
This space is metrizable. For example, if we define a metric d as
d(@,¥) = llmin(|¢ — ¢, Dligipyy  for ¢, ¢ € M,
then (M, d) becomes a metric space. See Exercise 2.2 and 2.6. From this point
forward, || - || »¢rv) (or || - [|r) denotes the LP-norm in LP(TV). The convergence

in this metric corresponds to the convergence in measure, i.e., d(¢;, ) — 0 as
Jj — oo implies for any § > 0

ﬁN{xeTN||¢j—¢|(x)>5}—>0 as  j — oo,
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where £V denotes the N-dimensional Lebesgue measure; see Sect.1.2.5 or
Appendix 5.2 for a precise definition of a set in TN . For fixed ¢, we expect each
component x' of a solution x = x(¢, X) belongs to M as a function of X, i.e., the

mapping
x[t]: X = x(t, X)

is expected to be in M. We also expect the mapping x : ¢ > x[¢] to be defined for
all 7 € R, and it is continuous from R to M  i.e., x € C(R, M"). The reason we
expect x to be defined for all ¢ is that the value x[#](X) = x (¢, X) actually belongs
to the compact space TV, which prevents what is called blow-up phenomena.

If b is divergence-free, i.e., solenoidal, then the flow map x[¢] must satisfy the
volume-preserving property. In other words, for all ¢ € R,

eV (feeV | xir1e e a}) = ¥ ) 2.2)

for any (Lebesgue) measurable set A. More generally,

[woc(r,xndx:/ ¥ (y)dy
TN TN

for any measurable function ¥ on TV. See Exercise 2.8. (In general, for a
Lebesgue measurable set A, f_l(A) = {z eTV | f(2) € A} may not be Lebesgue
measurable for a Lebesgue measurable function f. The volume-preserving property
implicitly guarantees that x[#]~!(A) will be Lebesgue measurable if A is Lebesgue
measurable.) The property (2.2) is obtained by divd = 0. Here is a formal argument
assuming that x is C! in 7 and X. We set F = (Fij) = (Bxi/an) for the flow map
x = x(t, X). (This is a Jacobi matrix of the flow map X +— x (¢, X).) By the area
formula (or change of variable of integration), to see (2.2), it suffices to prove that
det F = 1 for all ¢, where det F denotes the determinant of F. Let tr M denote the
trace of N x N metrics M, i.e., it is the sum of the diagonal components of M. By
elementary calculus, we see that

d oF __,
—detF =detFtr| —F .
dr at

By Eq. (1.1), we see that

0F;; N
—L =" (@) (x) Fj.

at =1

d
Thus, P det F' = tr(Db) det F'. Here Db denotes the Jacobian matrix (Db);; =
0;bi, 1 <, j < N.We note that tr(Db) = divb. If divh = 0 so that tr(Db) = 0,
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we now observe that det F' is time independent. Since det F = 1 at = 0, we now
conclude that det F = 1 for all ¢. This formal argument is justified when the flow
map x[t] : X — x(z, X) isin C'(TN, TV). This is indeed true if b is C!, and it
is known as C! dependence with respect to the initial data; See, for example, [52,
Chapter 5].

We must consider a solution x = x(#, X) of the ordinary differential equation
(1.1), which is only continuous but may not be in C! in the time variable 7. If
one weakens the notion of a solution, there is a chance we lose the uniqueness.
To keep the uniqueness, we consider a special class of a solution that is often called
a renormalized solution. We consider a mapping ¢ +— x (¢, -) from R to (./\/l (TN ))N.

If this mapping is continuous, we simply write x € C (R, (M(TV ))N>. It is also

possible to consider the mapping X + x(-, X) from TV to (C(R))". This mapping
is often called a flow map.

Definition 2.1

Assume that x € C (I, (/\/l (TN))N>. We say that x is a (renormalized) solution
of (1.1)in R if

%(,3 ox)(t, X) = DB (x(t, X)) b (x(t, X)) on R xTV, 2.3)

(B ox)|—o (X) = B(X) on TV (2.4)

forall B € C'(TN, TV) such that B o x € L™ (R, (M(TN))N), where 8 o x is
a composite function defined by (Box)(t, X) = B (x(t, X)). Here DB denotes
the Jacobian matrix (DB);; = dB'/dx;, 1 <i,j < N.

The time variable in (2.3) should be interpreted in the sense of a distribution
whose variables are ¢ and X. In other words, (2.3) means that

—/ foo 8—(p(t,X)(ﬁox)(t,X)dth
TN —0co at

=/ /00 o, X)DB (x(t, X)) b (x(t, X)) dtdX
TN —c0

forall ¢ € C°(T x TV). Of course, if x is C! in ¢, then x must satisfy (2.3) for all
B and X if and only if x is a solution to (1.1) with x(0, X) = X.

We need to explain the space L*° (R, (./\/l (TN ))N). If V is a Banach space V,
then let L?(R, V) be the space of all pth integrable functions on R as defined in
Appendix 5.2 (4) using a Bochner integral. Since M (T") is not a normed space
but just a metric space, we must extend the definition. The space L™ (R, M(TN ))
is the space of all measurable functions f on R with values in M(T") such that
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d(f,0) is in L>°(R) as function of ¢. The space L™ (R, M(TN)N) is defined as
(L (R, M(TY)))".

Finally, we expect that the flow map will satisfy the group property, i.e., for any
t,s €R,

x(t+s,X)=x(,x(s, X)) forae. X. (2.5)

Theorem 2.2
Assume that (2.1) holds.

(i) (Existence) Then there exists a unique x = x(t, X), with

xeC (R, (M(TN)>N>

satisfying (2.2)—(2.5). In particular, there exists a renormalized solu-
tion to (1.1). Moreover, the mapping X +— (B o x)(-,X) is in
L' (TN, (C(I))N) for B given in (2.3), (2.4), where I is an arbitrary
closed bounded interval. Furthermore, for almost every X € TV the
a

function t — x(t, X) is in (C1 (R))N and 3—); = b(x) on R as a function
of t.

(ii) (Uniqueness) There is at most one (renormalized) solution x to (1.1)
satisfying all properties in (i).

It is not difficult to see that the space C (/) is regarded as a Banach space equipped
with || - ||oo norm since I is compact.

We shall focus on the uniqueness part of the proof. The main idea to prove the
uniqueness is to show that the function ug (x (¢, X)) depends only on ug € C oo(TN)
for any choice of a real-valued function ug. Since u(X, t) = ug (x(¢, X)) solves
a transport equation u; — b(X) - Vxu = 0 with initial datum uo(X), the problem
is reduced to the uniqueness of a (weak) solution to the transport equation with
nonsmooth solenoidal coefficient b. Here, u; = du/d¢, and Vx denotes the spatial
gradient in X. We shall postpone the uniqueness proof of Theorem 2.2 to the end of
Chap. 2.

For the reader’s convenience, we show that u(X, r) solves

u (X, 1) —b(X) - Vxu(X,t) =0 (2.6)
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Fig. 2.1 Characteristic curve t

x =x(t,X)

at least if b € C' and x is C! in its variables (f, X) € R x TV, We first prove that
(2.6) at t = 0. By direct calculation,

N ou dx’ L dug :
w(X.0) =3 o (X)) — - = D gt (XD B (x(1, X0),

i=1 i=

u N dug dx!

—(X,1) = — (x(, X)) —(, X).

7 00 ; o7 (V6 X)) = (6 X)

Att = 0, u,(X,0) = Y0, 0u0)(X)b/ (X), du/dX7|_y = (ju0)(X) since

;’Txij 0= 8;ij (6;j =1ifi = jand §;; = 0if i # j), so we have (2.6). We next set
=

u®(X) = u(X, s) for s € R. Then, by the group property, we see that

u(X,t+s)=ugx(t+s, X)) =uo(x (s, x, X)) =u’ (x@, X)).
Applying the result for ¢ = 0, with ug = u®, we have
u(X,s) —b(X) - Vxu(X,s) =0.
This yields (2.6). (The curve x = x(t, X) is often called a characteristic curve of

(2.6). It is easy to see that a solution u of (2.6) is constant along each characteristic
curve, i.e., for a fixed X, the function u (x(—¢, X), t) is constant in ¢; see Fig.2.1.)

2.2 Transport Equations

We are concerned with the uniqueness of a (weak) solution u = u(x, ) to a transport
equation

ur —b(x) -Veu =0 2.7
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Fig. 2.2 Support of ¢ t
TN

or

N ou

i _
up — Zb W= =0,

i=1

where b = (bl, BN ); here we denote the independent variables by x instead

of X. A notion of the weak solution u for (2.7) with initial datum uo € L'(TV) is
obtained by multiplying ¢ € C° (TN x [0, T)) (i.e., supp ¢ is compact in TV x
[0, T')) (cf. Fig. 2.2) and integrating over TV x [0, T]. Indeed, we have

T
// {pu; — ¢ (b(x) - Vyu)}dxdr = 0.
0Jrv

Integrating by parts yields

T T
—/ ¢ udxdt —/ Quodx —i-// (div(b¢)) u dxdt = 0. (2.8)
0JTN ™ 0JTN

This formula leads to a definition of a weak solution to (2.7). If Q = (0, T'), then
we simply write L? (0, T'; V) instead of L” (€2, V), the space of all pth integrable
functions on €2 with values in a Banach space V.

Definition 2.3

Let b be in W' (TV), and let ug be in L?(TV) (1 < p < o0). If a function
u € L (0, T; LP(TV)) fulfills (2.8) for all ¢ € C° (TN x [0, T)), then u is
called a weak solution to (2.7) with initial datum u¢. The vector field » may not
be divergence-free. Here p’ is the conjugate exponent of p,ie., 1/p+1/p’ = 1.
The integrability conditions guarantee that each term of (2.8) will be well defined
as a usual Lebesgue integral. We interpret 1 /0o = 0 so that p = 1 (resp. p = 00)
implies p’ = oo (resp. p’ = 1).
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Of course, it is straightforward to extend the definition of a weak solution to an
inhomogeneous problem of the form

ur—b-Vu=f

with initial datum uo and the inhomogeneous term f € L! (O, T; LY(TN )). We say
that u € L*° (0, T; L”(TN)) is a weak solution with initial datum ug if

T T T
—/ bru dxdt—f ¢tuodx+f/ (div(bgp)) u dxdt =f/ fodxdt
0 JTN ™ 0 JTN 0 JTN

forallp € C° (TN x [0, T)).
In this section, we simply say that u is a solution to (2.7) if it is a weak solution
of (2.8). We are now in a position to state our main uniqueness result.

Theorem 2.4

Let1 < p <00, andletb € Wl’p/(TN) be solenoidal, i.e., divb = 0 in TV.
Letu € L*® (0, T;L? (TN)) be a solution to (2.7) with initial datum uy = 0.
Then u = 0. (More precisely, u(x,t) = 0, a.e. (x,1) € TN x (0,T).) In
particular, if uy and uy are solutions to (2.7) with the same initial datum uy,
then w1 = uy since (2.7) is a linear equation.

A key observation is that 6 o u solves (2.7) with initial datum 6 o uq provided
that & € C'(R), with §’ € L (R). This is formally trivial since Eq.(2.7) is linear.
However, in our setting, this property is nontrivial. Such a fact is often called a
relabeling lemma. Here is a rigorous statement in this setting.

Lemma 2.5

Let 1 < p < oo, and let b € Wl’p/(TN). Assume that u €
L> (0, T; LP(TN)) is a solution to (2.7) with initial datum ug € LP(TV).
Then 0 ou € L*® (0, T;LP (TN)) is a solution to (2.7) with initial datum
6 o ug provided that 6 € C'(R), with 8’ € L®(R).

Admitting Lemma 2.5, we give a proof of Theorem 2.4 for 1 < p < oo. The
case p = oo is postponed to the next section.
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Proof of Theorem 2.4 for p < oo A heuristic idea is to take 8(c) = |o|P and
observe that |u|P = 0 o u is a solution to (2.7) so that

d Mhu:f WWLM=/‘meM)M=O
TN TN

dt Jo~

since divb = 0 implies div(bw) = b - Vw for a function w. However, since this 6
isnot C! or 6’ € L, we must circumvent it.

We shall take a suitable C! function 6. By Lemma 2.5, the function 6 o u is a
solution of (2.7). Assume that 6#(0) = 0. By taking ¢ = ¢ (¢) (spatially constant
function) in (2.8), we observe that

T
—/ ¢z</ 9(u)dx)dt—0+0=0
0 ™

since div(b¢) = 0. (This is the only place divb = 0 is invoked.) This implies

T
f wm(/ mmm)mzo
0 ™

for any ¥ € CZ°((0,T)) since we are able to take ¢ € C* ([0, T]) with

suppep C [0, T) such that ¢; = . Indeed, it suffices to take ¢ = — ftT Yrds.
Thus a fundamental lemma of the calculus of variations (cf. Exercise 2.3 or [19,
Corollary 4.24]) implies that

f Ow)(x,t)dx =0 forae. re(0,7). 2.9)
TN

Since @ is required to be C! with bounded first derivative, for a given positive
constant M we take

g(o) == (lo| A M)P,
0:(0) == (pe * §)(0) — (pe ¥ )(0) for o €R,

where p, € C°(R) is a Friedrichs’ mollifier in R, i.e.,

1
pe(0) = gp(a/s), p =0, suppp e (—1,1), /dea =1

for ¢ > 0; see Fig.2.3. Here a; A ap = min(ay, ap) for ay, ap € R. Since 6, € C*°
(Exercise 2.4), we plug such 6, into (2.9), and sending ¢ to zero (Exercise 2.5) yields

/ (lu| A M)P (x,1)dx =0
TN
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Fig. 2.3 A typical graph of p
and pg

pe (6<1)

for a.e. ¢ by the (Lebesgue) dominated convergence theorem (Theorem 5.1) because
{16 () [}Jo<¢ <1 is bounded in L>(T). Since u is in L> (0, T; LP(T")), we send
M to infinity and again use the dominated convergence theorem to conclude that

/ lu|? (x,t)dx =0, ae. t€(0,T).
TN

Thus, we conclude that u = 0 in L* (0, T; LP(T")). By Fubini’s theorem, this is
simply u(x, t) = 0 fora.e. (x,1) € TV x (0, T). o

In the rest of this section, we shall prove the relabeling lemma (Lemma 2.5). A
key idea is an approximation. From here, let p, be a Friedrichs’ mollifier in RV, i.e.,
fore > 0

1 X 00 N
pe)=—5p(Z), pecE®). | pdr=1 p=zo0.
& & RN

Lemma 2.6
Let 1 < p < oo, and let b € WUVB(TN), with B > p'. Let u €
L*® (O, T;LP (TN)) be a solution of (2.7) with initial datum uy € LP(TN).
Let pg be a Friedrichs’ mollifier in space variables. Then u, = u % p, satisfies
oy
at

with initial datum up, = ug* pg, with some real-valued function rg converging
fo zero in L' (0, T; L"‘(TN)) as & — 0, where

1/a =1/B 4+ 1/pif B or p is finite,

1 < a < ooisarbitrary if B = p = o0.

—b-Vu, =r,
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Proof of Lemma 2.5 admitting Lemma 2.6 By Lemma 2.6, we observe that

oug
ot

—b-Vu,=r. >0 in L (0, T;Ll(TN)>;

T
lim// |re| dxds = 0.
el0 Jo JRN

We take 6 € C!(R), with 8’ € L>(R). Since u, is smooth in space, we see that

in other words,

d

5(9 oug) —b-V(@oug) =rb oug.
Since §’ € L°°(R), the right-hand side 76" ou, — 0in L' (0, T; L'(RV)) as & | 0,
we formally conclude that 6 o u is a solution to (2.7) with initial datum 6 o ugy. Of

course, we must carry out these arguments in a weak form, (2.8). In other words, we
send ¢ | O for

T T
- ff ¢ (0 0 up) dxdr — f ¢ (0 o uge) dx + ff (div(bp)) 0 o u® dxdt
0JTN ™ 0JTN

T
=// ore (0’ oug)dxdr  with  wuge = ug * pe
0JTN

to get
T T
—[/ @ (0 o ug) dxdt —/ ¢(90u0)dx+// (div(bg)) 6 o u® dxdt =0
0JTN ™ 0JTN
for p € C2° (TV x [0, T)). 0

It remains to prove Lemma 2.6. For this purpose, it suffices to prove the
convergence of commutators.

Lemma 2.7
Let p, denote a Friedrichs’ mollifier in RV, Let 1 < p < 00, and let b €
WLA(TN)Y, with B > p'. If w € LP(TV), then

Re(w,b) = (b-Vw)xp, —b-V(wx*xp:) >0 in L“(TN)
as ¢ — 0, where « is given as in Lemma 2.6, in particular, in the case

p =o0sothat p = 1, a = B if B < oo. Moreover, |R:(w, b)|lfe« <
Cllw|lLr | Db|| 1 with some C > 0 independent of sufficiently small .
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Proof of Lemma 2.6 admitting Lemma 2.7 Direct calculation shows that

0
Eu‘g —b-Vu, = R.(u, b);

in other words,

T T
— / ¢rue dxdr — / duge dx + // (div(bo)) u, dxdt
0JTN

// R:(u, b)¢ dxdt

forall ¢ € C° (TV x [0, T)). By the second statement of Lemma 2.7, we have
| Re(u, b) || L (1) < CllullLr ()IDB]| 15

The right-hand side is bounded in ¢, so Lemma 2.7 yields

T T
lim/ ||Rg<w,b>||m<z>dt=/ lim || Re (. b) |« (1) d = 0
el0 Jo o &0

by a dominated convergence theorem. (One immediately observes that b is allowed
to depend on time t if b € L' (0, T; W#(TV)) andu € L* (0, T; LP(TV)). O

Proof of Lemma 2.7 We first observe that the term (b - Vw) * p, should be
interpreted as

(b - Vw) * pe) (x) = — fTN w(y) divy {b(y)pe(x — y)}dy

since Vw is not an integrable function. This identity is easily obtained if w is smooth
by integration by parts. We proceed with

N

9 .
(b~Vw)*pg—b.V(w*pE)=p€*(b~Vw)—Z<Epg*w)bl
i=1 !

=— /TN w(y) [divy {b()pe(x — )} + b(x) - (Vo) (x — y)]dy
= /TN w(y) ((b(y) = b(x)) - (Vpe)(x — y))dy — /Tw(w div b) * pe dy
=1+1I

Here, we use the relation Vy (pe(x — ¥)) = —(Vpe)(x — ).
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We next estimate /. Since p has compact support, p.(x) = 0 for [x| > Ce, with
some C independent of ¢. By changing ¢ by cpe with some ¢y > 0, we may assume
that C < min; w; /2. This choice implies that the ball B¢ (z) centered at z € TV with
radius C is contained in one periodic cell. We shall assume that ¢ < 1. By changing
the variable of integration by z = (y — x)/e, we obtain

I(x) = fl - {(b(y) = b(x)) - (Vpe)(x — y)w(y)}dy
x—y|<Ce

= / {w (Vo) (—2w(x + sz)} dz.
lz|=C

Since Vp is bounded, i.e., Co := [|[Vpll RNy < 00, we observe that

[1(x)] SCO/ ke(x, 2) lw(x + &2)|dz
lz|=C

with k¢ (x, 2) = |b(x 4+ €z) — b(x)| /¢. By the Holder inequality
111 gy < I Wy | Bl

we observe that

1 o
— 115 =/ {/ k (x,z)lw(erez)ldz} dx
o @ oy Wpgze

5/ / (ke (x, 2) lw(x + £2)[}¥ dzdx|Bc|*~ " =: J¢
TV Jiz|<C

for @ € [1, o0]. Here, |Bc| = LY (Be) (ie., the volume of a ball of radius C)
and it equals |SY~1|CN /N. Applying the Holder inequality for kY and |w|* with
1/ =1/8 + 1/p, we see that

1/B 1/p
J < |Bc|'7Ve {/ f kg(x,z)ﬁdzdx} {f / |w(x +sz)|pdzdx}
™ J|z|<C TV Jiz]<C

/B
= Cillwll e, {fTN/H Cksu,z)ﬂdmx}
zZ|I=
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2}1/2
2)1/2

with C; = |Bc|'=Y*|B¢|'/P = |Be|'~1/#. Since

N

b(x + £2) — b(x)| = {Z

i=1

1 .
/ <Vb’ (x + £62), £z> do
0

1
/ ‘Vbi(x + &‘O’Z)’ do
0

N
< ezl (Z
i=1

1
§8|z|/ |Db(x + €07)|do,
0

we see that

1
// kg(x,z)ﬂdzdxsff /|Db(x+wz)|ﬁda|z|ﬂdzdx
™ Jiz|<C T Jiz]<C JO
1/8
= CJIDbI v, with 02=</ Izl’SdZ> :
|z|=C

Here, | Db(x)| denotes the Euclidean norm of the N x N matrix Db(x) in RV <V,
In other words, | Db(x)|? = tr (Db(x)Db(x)T), where M7 denotes the transpose of
a matrix M.

We now conclude that

1/
| o crvy < CoJ < CoCrllwllprryy {/N/ ks(x,z)ﬂdde}
™ J|

z|<C

< CoC1Carllwll ppervy 1 DBl Lo vy -
By Young’s inequality for convolution, we have
Ize < lpellprllwdivblre < 1lwdivd|ge.
By the Holder inequality,
lwdivb|L« < [lwllzr Dbl 5.

Thus, the desired estimate || R: (w, )|« < C||lwl||Lr||Db| ;s now follows.

It remains to prove that || R, (w, b)||;« — 0 as e — 0. This can be carried out by
a density argument.

If w e WHP(TVN), then both (b - Vw) * pe and (b - V)(w * p,) converge to
(b-V)win LY(TN) as ¢ — Osince f % p, — f in L*(TV) if f € LY(TN); see
[19, Section 4.4]. Here, we invoke the property « < oo. Thus, R,(w,b) — 0 in
L*(TV) provided that w € W17 (TV).
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Suppose that 1 < p < oo. Since W'P(TV) is dense in LP(TV) for p < oo, for
w € LP(TV) there is a sequence {w,,} € W?(TV) converging to w in L?(T").
(This density follows from the fact that f * p1/, € C ©(TN) and f * p /m — fin
LP(TN) as m — oo for p € [1, 00). See [19, Section 4.4] and Appendix 5.2 (6).)
Since

Re(w, b) = Re(w — Wy, b) + Re(wpy, b),
we observe that
|Re(w, b)||Le < C3llw — willLe Dbl s + | Re (Wi, D)l Le

by the estimate of Lemma 2.7 proved earlier with some C3 > 0 independent of
sufficiently small ¢ > 0. Sending ¢ | 0 yields

limsup [|Rs (w, b)||Le < C3llw — willLr | DD 15 + 0.
el0

Letting m — oo yields a desired conclusion, i.e., R;,(w,b) — 0 ase — 0 in
LY(TV).

If p = B = oo, then, by our assumption, & < oo. This case is reduced to the
case = p < 00, § = 00.

It remains to prove the case § < oo, but p = oo. In this case, ¢ = B.
Unfortunately, w € L>(T") cannot be approximated by an element of W1 (TV)
in the L°° sense. However, it is still possible to approximate in a weaker sense. That
is, for any w € L (TV), there exists a sequence w, € L>(T") such that w,, — w
a.e. and |[wylloo < [|wlleo. (For example, it is enough to take wy, = p1/m * w. See
Exercise 2.10.) We are able to estimate

limsup || Rs (v, D) [ < C/TN |Db(x)|% |v(x)|* dx (2.10)

e—0

with some C independent of v € L>®(TV) and b. Indeed, from a similar argument
as previously, the term corresponding to / is dominated by

L, </ f (ke (r. 2) [0(x + £2)])* dzdx| Be|*!
cg D 7w Jig<c ’

1
5/ f 2 (/ |Db<x+wz)|‘*|v(x+sz)|‘*do) dzdv|Bel*,
™ J)z]<C 0

where 8 = «. We change the variable of integration by X = x 4+ €0z to get

1
= f / IZIO‘/ IDbX)|* v (X + (1 — 0)ez)|* dodzdx|Bc|*~!.
™ J|z|<C 0
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1

Since the shift operator is continuous in L* norm,” we see that

v(x+ (1 —0)ez) - v(x)

for almost all ¥ € TV as ¢ — 0 by taking a subsequence if necessary.” Since
v is bounded and |Db|* is integrable, by the dominated convergence theorem we
conclude that the last term converges to

C‘2¥|Bc|°‘_1/ IDb(x)|* lv(x)|*dx as ¢ 0.
N

A similar but much easier observation yields a similar estimate for /1. We thus
conclude (2.10).
By (2.10), we are able to estimate

lim sup | Re (w, bl o < lim sup | Re (w — wpn, )
el0 el0

folemﬂmm—wmmWM-
TN

Since ||lwnllo < lw|leo and w,, — w ae. as m — 00, by the dominated

convergence theorem, we conclude that the right-hand side tends to zero. The proof
for the convergence limg | || Re(w, b) || L« = 0 is now complete. O

2.3  Duality Argument

In this section, we shall prove the uniqueness result (Theorem 2.4) of a solution
to the transport equation (2.7) when it is bounded under the condition that the
coefficient b of the transport term is merely in W1 (T"). The argument presented
so far does not work for p = co. We study the case where p = oo by a duality
argument.

Let us explain a basic idea of the duality argument. This is a typical argument
for uniqueness. Consider a linear operator S from R” to R™. Suppose that we are
asked to check whether this mapping is injective or one to one. Since S is linear, it
is enough to show the kernel of S is just {0}. In other words, we are asked to prove
that Sx = 0 implies x = 0. The main idea of the duality argument is to reduce the

! This is one of the fundamental properties of the Lebesque measure. It states that lim, yl=o0 Ty f—
Sllparyy = 0 for o € [1, 00), where (7y f)(x) = f(x + y).
21f fo — fin LP(TN), there is a subsequence fe, that converges to f a.e.
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problem to the solvability of its dual problem S*z = y for all y € R”. If there is a
solution z, then

x-y=x-§7=8x-z=0

for all y € R". This implies x = 0.
So to carry out this argument, we need some existence theorem for a dual
problem.

Proposition 2.8

Let 1 < p < oo, and let uy € LP(TN). Assume that b € W-1(TV) N
LY (TN), with div b = 0. Then there exists a solutionu € L™ (0, T;L? (TN))
of (2.7) with initial datum ug. Here, 1/p +1/p’ = 1.

Proof. A typical way to prove the existence of a solution under nonsmooth
coefficients is as follows. We first approximate the problem by regularization, then
take a limit of a solution to the approximate problem. We need a priori estimates to
carry out the second step.

We begin with an a priori estimate assuming that » and u( are smooth. Let
x = x(t, X) be the flow map generated by b, i.e., x = b(x), with x(0) = X.
If b is smooth, then by the smooth dependence of the initial data [52, Chapter
5], x is smooth in ¢t and X. Moreover, by the uniqueness of the solution of (1.1)
(Proposition 1.1), the group property (2.5) holds. We first recall that u(X,t) =
up (x(t, X)) (uniquely) solves (2.7), i.e.,

ur —b(X)-Vxu =0
with smooth data
uli=o (X) = uo(X)
if b is smooth. By this solution formula, it is clear that
llullLoo () < lluollzoe-

By the group property (2.5), we have uog(X) = u (x(—t, X), t). Thus, ||ug|lp> <
llu]| Lo (2), so that

llullLoe () = lluollLoe-

Here, ||u||z4(t) denotes the norm of u in L4 (TV) with a parameter ¢. By a formal
argument, to obtain the volume-preserving property (2.2), we observed that the
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Jacobian det F of the flow map equals one, where F = (Fj;) = (dx'/9X7). Thus,
by (2.2), we see that

llullza () = lluollLa 2.11)

for 1 < g < oco. Combining the L* estimate, we see (2.11) holds for all ¢ € [1, co].
We next approximate our original b by b, = b % p,. Then there is a (unique)
solution u (x, 1) € C® (TV x [0, T)) of

U —be(x)-Vyu=0 (2.12)

with initial datum ug. = ug * pe for ug € LP(TN); the solution ug (x, ) is given by
ug(x,t) = ug (x:(t, x)). Here, x; is the flow map generated by b,, i.e., X, = b (x;),
with x;(0) = x € TV. Since u, solves (2.12), it solves its weak form, i.e.,

T T
—// ¢,u£dxdt—/ ¢uogdx+// (div(bed)) updxdt =0 (2.13)
0 JTN ™ 0 JTN

forall ¢ € C¥ (TN x [0, T)). We note that u, and uq, satisfy the norm-preserving
property (2.11).

Case 1 (1 < p < 00). Since (2.11) for u, implies that {u,}po<s<1 is bounded
in L (O, T; LP(TN )), by x-weak compactness, there is a subsequence f{u.}
converging to some u x-weakly in L (0, T; LP(TV)) for p € (1,00]; see
Appendix 5.2 (4) for x-weak convergence in L (0, T; LP(T")). We now send
&’ to zero in (2.13). It is easy to see that the first two terms of (2.13) converge to
the first two terms of (2.8), respectively. The only difficulty lies in handling the last
term. We proceed with

T T
/ / div(by ¢)updxds = / / (ber - V)ugdxdt (2.14)
0 JTN 0 JTN

since divb, = div(b * p;) = (divh) x p, = 0. By a standard property of the
mollifier, we see that b, — b in LP (TV) if p € (1,00] (e.g., [19, Section 4.4]).
Since u, — u x-weakly in L™ (0, T;LP(TN )), this implies that (2.14) converges

to
T T
// (b-qu)udxdt:// div(b¢)u dxdr
0 JTN 0 JTN

as ¢’ | 0. Here, we invoked the property

T T
lim// fgggdxdt=// fodxdr
el0 Jo JTN 0 JTN
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if fe = fin L1 (0, T; LP(TN)) and g, — g *x-weakly in L™ (0, T; L”(TN)) as
e | 0. To see this property, we notice

fege — fe=(fe— flge + f(ge — &)

T T
/ / fege dxdt — / / fgdxdr
0 JTVN 0 JTN

S”fs - f”Ll(O,T;LP/(TN)> “g"?”LOO(O,T;LI’(TN))

T
+‘// f(ge — g)dxdr
0JTN

by the Holder inequality (cf. Exercise 2.9). The first term tends to zero as ¢ | 0
since [|gell o (o,7;Lr(TV)) is bounded and f; — f in L' (0, T; Ll’/(TN)). The
second term tends to zero as & | 0 since g; — g *-weakly in L™ (0, T; L”(T")).
We thus obtain (2.8) when p € (1, oo].

Case 2 (p = 1). In this case, boundedness in Ll(TNA) does not imply weak
compactness. We approximate ug € L'(TV) by ug, € LP(TV), p > 1 such that

so that

luo — uomll;1 — 0asm — oo. Let ué, be an L™ (O, T; Lﬁ(TN)) solution with
initial datum u,, for (2.12), which is given by

y, (X, 1) = uom (xe (2, X)) .

Since (2.12) is linear, we apply (2.11) to uy, —u’ .| to get

iy — iy L (0) = llom — uom+1llLa (2.15)

forall 1 < g < p.Form = 1, we take a subsequence as ¢ — 0 to get U satisfying
(2.8) starting with ug; by Case 1. For m = 2, we take a further subsequence to get
a U, satisfying (2.8) starting with ug2. We repeat the procedure and obtain U, €

L*>® (O, T; LP(TV )) satisfying (2.8) with initial datum u(,, and moreover satisfying
N1Un — Un+1llp1(2) = lluom — wom+1ll 11
by (2.15). This implies that {U,} is a Cauchy sequence in L* (0, T; L' (T")).

Since U,, solves (2.8), letting m — oo yields the desired solution U =
limy,— 00 Uy, € L™ (0, T; L' (TV)) of (2.7) with initial datum ug € L'(TV). O
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» Remark 2.9

(i) The assumption b € WhI(TV) is used only to define divb in L' (TV). It is
enough to assume that b € LY (TN) with divb = 0 in the distribution sense.

(ii) Proposition 2.8 is still valid for a solution of u; — b - Vu = f (instead of
(2.7)) provided that f € L! (O, T;LP (TN)). Its weak form is given right after
Definition 2.3.

Proof of Theorem 2.4 for p = oo We shall prove that

T
// ugpdxdr =0
0JTN

for all ¢ € C (T x (0, T)). This implies u = 0 ae. in TV x (0,7T) by a
fundamental lemma of the calculus of variations (Exercise 2.3 and [19, Corollary
4.24)).

We first consider a dual problem, which is a backward problem:

D
E—b.vq>=¢ in TV x (0,T), @,y =0 in TV,

By Proposition 2.8 and Remark 2.9 (ii), there exists a solution
e L (0,73 L7(T))

for ® +b- VP = ¢ with (x,0) = 0 for ¢(x,1) = ¢(x, T — t). Setting
®(x,1) = d(x, T—1), we find asolution ® € L> (0, T; L>(TV)) to the preceding
backward problem.

We regularized ® and u by &, = & * p, and u, = u * p., respectively. The
resulting equation for @, and u; is

9D
8; —b -V, =, + Y. in TV x (0, T), ®,|,_r =0 in TV,
aug . N . N
W—hVue:rng x (0, 7), Ugli—g=0in T

with ¢ = @ * pe, Ye = (b - V) * p. —b - (VD) % p) and

re = (b-Vu)x pe —b- ((Vu) * pe) .
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We have r., ¢y — 0 (as ¢ | 0) in L! (0, T; Ll(TN)) by Lemma 2.6; the
external term ¢ is also allowed in Lemma 2.6. Multiply the second equation by
d,; integrating parts yields

T
_/f {ue(¢e+1/fs)+re<ps}dxdl‘=0;
0 JTN

here we invoke the property that div b = 0. The term fOTfTN re @, dxdr tends to zero
as ¢ | 0 since

T
// re®, dxdr
0 JTN

and || D, || (t) < |||l (t) and r, — Oin L! (O, T: L' (TN)). Similarly, the term
fOTfTN ug V. dxdr tends to zero as ¢ |, 0. Thus, sending ¢ to zero, we deduce

T
// ugpdxdt = 0.
0 JTN

T
=< ||q)€||Lw(0,T;LW(TN))/O lrell 1wy () de

24  Flow Map and Transport Equation

In this section, we shall give the uniqueness of a flow map X — x(z, X) stated in
Theorem 2.2 (ii) using the transport equation. The following discussion admits the
existence part (Theorem 2.2 (i)).

Proof of Theorem 2.2 (ii) If there are two different flow maps x(¢, X) and
x2(t, X), then there is at least one ug € C®(TV) such that ug (x1(¢, X)) #*
up (x2(t, X)) for some ¢ and a set of X of positive measure.

For any ug € C ©(TVN), we must prove the uniqueness of ug (x (¢, X)). Thanks
to Theorem 2.4, it suffices to prove that u(X, t) = ug (x(¢, X)) is the unique (weak)
solution of (2.7) in L (0, T; L°°(TN )). For notational convenience in the rest of
the proof, we will write the flow map x (¢, X) by ¢(¢, x), so that the variable in (2.7)
becomes x rather than X and u(x, t) = ug (¢(t, x)).

For each v € C®(TVN), h > 0,¢ € R, we set

Ap(t) =/ l{u()c,t—i-h) —u(x,t)} y(x)dx
TN h

1
_ er 0 (Pt + ) = o (p(r, 1)) (),
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By the group property (2.5), we see that

1
Ap(t) = /TN 7 {uo (¢ (2, @(h, x))) — uo (p(t, X))} ¥ (x)dx.

By the volume-preserving property (2.2), we see that

/TN uo (¢ (1, 9(h, x))) ¥ (x)dx = /TN uo (91, 2)) ¥ (p(=h, 2)) dz,

where we take z = ¢(h, x). Thus, we observe that
1
Ap(t) = er Zu(z, H{Y (p(=h,2)) — ¥ (2)}dz. (2.16)

We next note that (bo @) - (Vi op) € L® (R, L! (TN)) since ¢ has the volume-
preserving property (2.2), which implies

/ Ibow(x)ldX=/ Ib(w(t,X))ldx=/ 1b(x)]dx,
™ TN TN

/ [V op(x)|dx = / IV (@, x))|dx = / IV (x)| dx.
™ ™ ™
Moreover,
a
E(I/fow) =(boyp)- (VYoo
since 0, (t, x) = b (¢(t, x)) fora.e. x € TV and forallt € R by (i). Thus,

h
V(p(=h,2) —¥@) = —/0 b(p(=0,2)) - (V) (¢(—0,2)) do.

We plug this formula into (2.16) to get

1 h
Ap(t) = — er Eu(z’ 1) [/0 b(¢(—0,2)  (VY¥) (p(—0,2)) da} dz.

As previously, we invoke the volume-preserving property (2.2) and the group
property (2.5) to get

h
An(t) = — / Loy - v / U (9(0, %), ) dodx
™ h 0
1 h
__ / CORIEE / uo (¢ (1, (0, ))) dod
TN 0

h
= —/ b(x)~V1,ﬁ(x)l/ u(x,t+ o)dodx.
™ h Jo
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Since ¢ = ¢(¢, x) is continuous in ¢ € R fora.e. x € TV,

h

1
}}ﬁ}z A u(x,t+o)do =u(x,t) forall ¢

fora.e.x € TV. Since b-Vyy € L' (TV x (0, T)) and u is bounded on TV x (0, T)
independent of %, by the dominated convergence theorem we conclude that

An(t) — —/N b(x) - (V) ()ulx,t)dx as h | 0; (2.17)
T

this convergence is locally uniform in (0, T), i.e.,

lim sup |Ap(t) — ¥ ()| =0
hl0g<i<b
for any [a, b] C (0, T), where W denotes the right-hand side of (2.17).
It is easy to see that

Ap(t) —> i-/ ulx,tH)y(x)dx as h{0
ot ™™

in the sense of distribution as a function of . We thus conclude that u satisfies (2.8)
for ¢(x,t) = Y (x)n(), with n € CX ([0, T)). Thus, (2.8) is still valid for any
¢ € CX (TN x [0, T)) since the linear span of the product type is dense in the
class of test functions C2° (TN x [0, T)). a

> Remark 2.10 In the case of TV, (2.3) for general B is not invoked for the
uniqueness proof; we only use f = identity. However, if one considers the
problem in R¥ instead of TV, it is important to approximate the identity since, in
general, only bounded 8 with bounded |b(z)| / (1 + |z|) is allowed. This restriction
is important to understand (2.3) in the distribution sense.

2.5 Notes and Comments

Remarks on Flow Maps and Transport Equations

The contents of Chap.?2 is an active area of current research. The construction of
such a flow map x = x(¢, X) for non-Lipschitz vector field b is extended when b
is just in BV spaces [2]. Although the flow map x = x(#, X) is defined only for
almost all X € TV, it is known that x is Lipschitz in X with a small exceptional set
[4]. The estimate is now quantified by [30]. It is of the following form. For given
T >0, p > 1, and small ¢ > 0 there is a compact set K such that £N(TN\K) <e¢
and

x(t, X1) = x(t. X2)| = exp(CnAp(0)/e"7) 1X1=Xal, X1, X2 € K. 1 € [0.T],
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with C depending only on the dimension. Here,
= 1
x) = sup  Sup ———————
? ™ \0<i=<7 0<r<2 £V (B-(X))

X) —x(1,Y A
/ 1og(|x(t’ ) = x(t, )|+1)dY) dX} .
B (X) r

For simplicity, we assume that By(X) covers the fundamental domain Q of TV.
The quantity A, (x) is uniformly controlled by || Db||;1 provided that divh = 0. In
[30], divb may not be zero, but some uniform compressibility for the flow map is
assumed. Moreover, in [30], the flow map itself is studied directly without using the
transport equations.

Our strategy for proving the uniqueness of the flow map in Chap. 2 is to reduce
the uniqueness of the transport equation, as stated in Theorem 2.4. However, we
warn the reader that the uniqueness of the transport equation fails if one considers a
less regular vector field. In fact, if one relaxes the assumption

bew’'(TVy, divb=0
by
beL”(TY), DbeLP(TY), divh=0,

with1/p+1/p > 1 —1/(N — 1), then the assertion of Theorem 2.4 fails. In other
words, there is a nontrivial weak solution u to (2.7) with zero initial data. This is
first proved by Modena and Székelyhidi, Jr. [75] using a convex integration method.
A solution constructed there is not a renormalized solution, i.e., the assertion of
Lemma 2.5 does not hold for their solution u. This can be understood as meaning
there is a microscopic effect that cannot be captured by the macroscopic notion of
a weak solution. Recently, a nonrenormalized weak solution was constructed by
Drivas et al. [34] using a vanishing viscosity method with anomalous dissipation.
As pointed out in [86], such a solution is produced by a microscopic effect. The
notion of a weak solution is too weak to guarantee uniqueness even for linear
transport equations. In a very recent preprint, Huysmans and Titi [55] proved that
the uniqueness may fail even among renormalized solutions if one only assumes
that b = b(x, t) is bounded with divb = 0. (Note that their b depends on time .)
They constructed two different solutions which are given as subsequential vanishing
viscosity limits, of the same equation.

In the next two chapters, we will discuss scalar conservation laws and the
Hamilton—Jacobi equations, where a naive “weak solution” may not be unique. For
these equations one is able to recover uniqueness by considering a special class of
weak solutions.

It is of current interest to show the nonuniqueness of weak solutions for various
physically important nonlinear equations, even if the viscosity is included, for
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example, the Navier—Stokes equations [20]. However, it is not clear what kind of
extra condition would guarantee uniqueness.

The contents of Chap.2 are taken from the paper [32], where the problem
is studied on RY. In this book, we consider the problem on TV to simplify the
situation. Lemma 2.7 is a crucial step of the argument and is often called DiPerna—
Lion’s lemma. A variant of this lemma is called Friedrichs’ commutator lemma in
[39, Section 11.19]. This type of lemma is useful for studying mass conservation
laws for compressible flows.

2.6 Exercises

2.1 Give an example of the nonuniqueness of a solution to (1.1) with a given initial
datum when b € ) -, whr(RN).
2.2 Set

L= {qb TV > R | ¢ is Lebesgue measurable

and |¢| < o0 a.e.}.

Setd (¢, ) = |lmin (/¢ — ¥|, D11 (pny. Show that (L, d) is a metric space.
2.3 Let f be a locally integrable function in (0, 7). Assume that

T
fo J@OY@)dt =0

for all v € C2° ((0, T)). Show that f(¢) = 0 for almost all r € (0, T).

2.4 Let p, be a Friedrichs’ mollifier. Let f be continuous on R. Show that p, * f
is in C*°(R).

2.5 In the context of Exercise 2.4, show that p.* f converges to f locally uniformly
in R as ¢ tends to zero.
See [45] for details of Exercises 2.3-2.5.

2.6 Let L be the space defined in Exercise 2.2. Set

= lp(x) — ¥ (x)]
d = dx
@) /TN I+ ¢ (x) — ¢ (x)l

Show that (L, d) is a metric space.
2.7 Assume that {f,,}°>°_, is a sequence converging to f in LY (TV) as m — oo.
In other words,

lim [fm(x) — f(x)[dx =0.
™

m— 00

Show that { f,,} converges to f in measure.
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2.8 Assume that ¢ : TV — T¥ is a volume-preserving mapping. In other words,
¢ has the property that

N (|x eTV | p(x) € A}) = £N(A)

for any measurable set A. Show that

/w(w(X))dx:/ ¥ (x)dx
™ ™

for any measurable function ¥ on TV.
2.9 (i) For p € [1, c0), let p’ denote the conjugate exponent of p, i.e., 1/p +
1/p" = 1. Assume that a sequence { f,,,}~_, converges to f in LP(TN) as
m — 00. In other words,

lim | fmn(x) = f()” dx = 0.

m—0o0 T

Assume that a sequence {gm}‘r’nO

m — 00. In other words,

| converges x-weakly to g in LP'(TN) as

m—0oQ

lim gm(X)p(x)dx = / g(X)p(x) dx
TN TN
holds for all ¢ € L?(TV). Show that

lim Jm(x)gm(x)dx = /TN f(x)g(x)dx.

m—0o0 TN

(ii) Set f,,(x) = sinmx € L*(T), where T = R/(2nZ). Show that { Sl
converges weakly to 0 in L2(T) but

lim Fn(x)?dx #0.
TN

m—0oQ0

2.10 Let p, be a Friedrichs’ mollifier. For f € L>°(T"), show that p, * f converges
to f a.e. as ¢ tends to zero. Moreover, show that

Il fllLoe vy = Eﬁ)l I fellpooeonys N fellposeany < I llLooerny-
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Uniqueness of Solutions to Initial Value 3
Problems for a Scalar Conversation Law

In Chap. 2, we discussed the uniqueness of a weak solution to a transport equation,
which is linear and of the first order. In this chapter, we consider scalar conservation
laws, which are quasilinear but still of the first order. The major difference between
the linear transport equations with a divergence-free (solenoidal) coefficient and a
conservation law lies in the uniqueness problem of a weak solution. For the transport
equation, it is unique under a very weak regularity assumption. However, for a
conversation law, it may not be unique under a reasonable regularity assumption
allowing discontinuities. To recover uniqueness, one must introduce an extra
condition, called an entropy condition, that is not a regularity condition. Another
difference is that the solution may develop singularity even if the initial datum are
smooth for a conservation law but the solution is smooth for the transport equation
if all data and coefficients are smooth.

In this chapter, we introduce a scalar conservation law and observe that a
discontinuity —called a shock— may develop in finite time. To track the whole
evolution, we need to introduce a weak solution. However, unfortunately, weak
solutions may not be unique. To recover uniqueness, we introduce the “entropy
condition” and the notion of an “entropy solution.” After discussing the entropy
condition, we prove the uniqueness of an entropy solution. To avoid technical
complications, we discuss uniqueness in a periodic setting. A key idea in proving
uniqueness is a method of doubling variables that is due to Kruzkov [68]. The
contents of this chapter are essentially taken from a book [53] by Holden and
Risebro, with the modification that the uniqueness is discussed in a periodic setting.
This topic is also discussed in [36, Chapter 11], with an emphasis on systems of
conservation laws.
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3.1 Entropy Condition

In this section, we introduce a scalar conservation law and discuss the discontinuity
of a solution. If initial datum are smooth, we are able to solve the equation locally
in time, but it may develop discontinuity. To track evolution globally in time, we
introduce the notion of a weak solution by integration by parts. We notice that
uniqueness may be violated. There are several types of discontinuity. We only allow
a particular type of discontinuity that satisfies the entropy condition. This eventually
leads to the notion of an entropy solution.

3.1.1 Examples

We consider a flow map x (¢, X) generated by a vector field # on RV, ie.,
x(t,X)=u(x@, X),t) for t>0, x(0,X)=2X,

where x(t, X) = %x(r, X). The coordinate by X is often called the Lagrangian

coordinate, while the coordinate by x is called the Euler coordinate.

Assume that there is no acceleration. Physically speaking, there is no force by
Newton’s law. Then

. 32
t,X)=0 or mx(;,X)zo,

where the partial derivative is taken in the Lagrangian coordinate. We shall write
this law for u(x, t) for the Euler coordinate. Since

X=Vyu-x+u, with x=u(x,t) or
N
=) ogu't +ul with ¥ =u'(x,1),
=1

where the partial derivative in the direction of x, ¢ of u is in the Euler coordinate,
we see that ¥ = 0 is equivalent to saying that

N
usr+u-Vyu=0 or ui—i—Zujaxjui:O, 1<i<N.
j=1
If N =1, this is simply

u

2
ur+uu, =0 or u,+( ) =0, (3.1
2 X
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which is called the Burgers equation. Here u, = du/dx. This equation is a typical
example of a (scalar) conservation law

ur+ fu)x =0, (3.2)

where f is a function of u and f(u)y = & (f(w) = Z(f o w)(x). In (3.1),
fu) =u?)2.

We give another derivation of a conservation law modeling a traffic flow. We
consider the simplest situation: a road having only one lane parameterized by a
single coordinate x. All cars are assumed to move in only one direction, that of
increasing x. Let p(x, t) be the (number) density of cars at location x and time ¢.
The number of cars in the interval [a, b] at time ¢ corresponds to fah p(x, t)dx. Let
v(x, t) be the velocity of the car at x. The rate of cars passing a point x at some time
t is given by v(x, t)p(x, t). Thus, the change ratio of the number of cars in [a, b]
should be

d b
E/ px. 0)dx = — (v(b, Dp (b, 1) — via, Dp(a, 1) .

Since the right-hand side equals — fab(v,o)xdx and since (a, b) is arbitrary, we get

pr + (pv)x =0, (3.3)

which is a typical mass conservation law, for example, in fluid mechanics. (In a
multidimensional setting, it must be that

pr +div(pv) =0,

which is the fundamental mass conservation law in science. Here v is a vector
field.) In the simplest model, the velocity v is assumed to be a given function of
the (number) density p only. This one-dimensional model may approximate the
situation where the road is uniform with no obstacles like signals, crossings, or
curves forcing cars to slow down. We postulate that there is a uniform maximal
speed vmax for any car. If traffic is light, a car will approach this maximal speed, but
the car will have to slow down if the number of cars increases. If p reaches some
value pmax, all cars must stop. Thus, it is reasonable to assume that v is a monotone
decreasing function of p such that v(0) = vpax (> 0), v(Pmax) = 0. The simplest
function is a linear function, i.e.,

V(p) = Vmax(1 — p/pmax) Tor p € [0, pmax] (3.4)
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Fig. 3.1 Profile of V v

& Vmax

3 p
0 1{}1]1 ax

(Figure 3.1). If # = p/pmax, X = UmaxX is normalized, the resulting normalized
equation of (3.3) with (3.4) for u = u(x, t) is of the form

i+ (@l —u); =0 for uel0,1]
For further reference, we rewrite this equation as
ur+ @l —u)), =0 (3.5

by writing u = i, x = X. The Burgers equation (3.1) is obtained by setting i =
Sl —u), ¥ =x.

3.1.2 Formation of Singularities and a Weak Solution

An important feature of conservation law (3.1) is that the solution may become
singular in finite time.

Proposition 3.1

Assume that f is smooth in R and that its second derivative f" is positive
in an interval [a, B, which is nontrivial, i.e., « < B. Let ug € C*°(R) be
nonincreasing and ug(x) = B for x < —xo and uo(x) = o for x > xp with
some xo > 0. Then there exists a unique smooth solution u of (3.2), with
u(0,x) = uo(x), for x € R satisfying e < u < g in R x (—=To, T1), with
some Ty, T1 > 0, but the maximal (forward) existence time T1 must be finite.
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Fig. 3.2 Graph of ug

! t X
—Xp 0 Xo
Proof. We consider the equation for v € R of the form
vV = ug (x - f’(v)t) (3.6)

for a given x, t € R. Here, f’ denotes the derivative of f when f depends on just
one variable. See Fig. 3.2 for the profile of ug. This equation has a unique solution
v € [, B] for all x € R provided that 7 is sufficiently small, say, |t| < fo, with some
to > 0 by the implicit function theorem [67]. Indeed, differentiating

F(v,x,t) =v—ug (x — f'(v)1)
with respect to v we get

F
a—v(v,x, N =1+uo (x — f'(0) f"r.

0
This is bounded away from zero uniformly in x and small ¢, allowing negative ¢,
say, |t| < t9 since f” is bounded in [«, 8] and ug’ is bounded. Then, by the implicit
function theorem, we get a unique v = v, solving (3.6).

We shall write v = u(x, t) since v depends on (x, #). Since v solves (3.6), we see
that F (u(x,t),x,t) = 0 for x € R, ¢, with |¢| < #y. Since F depends on v, x and ¢
smoothly, we conclude that u is smooth in R x (—f#g, #p) by the smooth dependence
of parameters in the implicit function theorem. (The curve z = x — f/ (uo(z)) ¢ in
the x¢-plane with a parameter z € R is often called a characteristic curve (Fig.3.3).
The value of u on each characteristic curve z = x — f’ (uo(z)) f equals the constant
uo(z) by (3.6). Unlike the linear equation (2.6), the characteristic curve may depend
on the initial datum u.)
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Fig. 3.3 Characteristic t
curves

x_fi(ﬁ)f:_xo 7 x—f’(n{)tzxo

—Xp 0 -4 Xg

Differentiating both sides of (3.6) by setting v = u(x, 1), we get
we =ug' (x — f' @) (= f"Wut — f'w)),
[y =uo (x = f/@)t) (= f" @uxt + 1) f'(w).
Adding both sides we get
wr+ f @y = uo’ (x — £/ @) (—f" @i (ur + f'wuy)).

From this identity we see that u solves (3.2) in R x (—1y, t1), with u(x, 0) = ug(x),
x € R, if we choose a sufficiently small #; € (0, #p). Indeed, this identity implies
us+ f'(w)uy = 0 unless ug (u - f/(u)t) (—f”(u)t) = 1. However, the last identity
does not hold for # < 0 since u;, < 0 and f”(u) > 0, and also for small r > 0
independent of x since u( and f” (u(x, t)) are bounded. Thus, we get (3.2).

The uniqueness can be proved easily since the difference w := u; — us of two
solutions u1 and u, solves

wy + (pw)yx =0, w|z=0 =0,

with
1
p(x, 1) =/0 a4+ 6y —uz))do,

which is smooth and bounded with its derivatives. Indeed,

I d
f(ul)—f(uz)=/ @(f(uer@(ul —u2)))df = pw
0
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so we get the preceding w equation by subtracting equation (3.2) for u, from that for
u1. We next apply an idea of the method of characteristics (see Chap. 2, especially
the paragraph including (2.6)) to this w equation

w; + pwy + pxw = 0.

In general, it is more involved since p depends on time ¢. Here we simply use it as a
change of variables to remove the w, term. Let x = x(#, X) be the unique solution
of

X = p(x,t) forsmall |¢], x(0)=X.
We set
W(X,t) :=wx(, X), 1)

and observe that

W n
— =W Wy .
ar t T PWx

The w equation is transformed to
Wi +qgW =0, W|_,=0

for small |z], where ¢ = py (x(¢, X),t). This is a linear ordinary differential
equation, so the uniqueness (Proposition 1.1) yields W = 0. Thus, w = 0 on
R x (=6, 8) for small § > 0. A similar argument implies that the time interval
[t—, t+] where uniqueness w = 0 holds is open. Thus, w = 0 on (-1, t1), i.e.,
up =uponR x (=1, 7).

By (3.6) we see that

u(x,t)=p for x— f'(B)t < —xo,

u(x,t)=a for x— f'(a)t > xo.

Since ¢ < B, for sufficiently large ¢ the two characteristic curves xop = x —
f'(@)r and —xg = x — f/(B)r merge (Fig.3.3). Let t = t, be a number such
that f'(a)ty + xo0 < f'(B)ty — xo. Then u(-,t,) has two values, o and g,
on (f’(oe)t* + x0, f/(B)ty — xo). Thus, #; < t.. This implies that the (forward)
maximal existence time for a smooth solution is finite. m|
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‘We shall consider the initial value problem to (3.2) for t > 0. By Proposition 3.1,
we must introduce a notion of a weak solution as in Definition 2.3 to track the whole
evolution of a solution.

Definition 3.2

Assume that f € C(R). For ug € L*°(R), we say thatu € L (R x (0, T))isa
weak solution of (3.2) with initial datum uq if

f (ot + o f () dxdr + / ol odx = 0 3.7)
Rx(0,T) R

for all ¢ € C° (R x [0, T)). If up and u is periodic in x, i.e., a function on
T = R/wZ with some w; > 0, then ¢ should be taken from C2° (T x [0, T)).

We shall discuss the speed of jump discontinuity. Its speed is represented by the
magnitude of the jump, and such a representation is called the Rankine—Hugoniot
condition. Let x(¢) be a C! function defined on an interval [z, 1], with top < 71,
to,t1 € R.Let D = J X (ty, t1) be an open set containing the graph of x(¢) in
(to, t1), where J is an open interval in R. We set

Dr = {(x5t) € D |x >x(t)}’
Dy ={(x,1) € D|x <x(0)},

I =D, N Dy.

Here, I is simply the graph of the curve x = x(¢). See Fig.3.4.

Fig. 3.4 Sets Dy, D, and I’ L‘I .
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Lemma 3.3 _ .
Let f € C(R) be given. Let u be C' in D, and Dy, and let u satisfy (3.7) for
all € C° (D x (to, t1)). Then

x(0)(ug —ur) = fo— fr (3.8)

fort € (to, t1), with

we =lim{u(y,s) | (y,s) = (x(¢),1), (y,s) € D} (left limit),
ur =lim{u(y,s) | (y,s) = (x(¢),1), (y,s) € D} (right limit),
and fy = f(uye), fr = f(uy). (The speed s = x(t) is called the speed of the

shock.) Conversely, if u satisfies (3.2) in D, and Dy and satisfies (3.8), then u
satisfies (3.7) for all ¢ € C° (D x (tg, t1)).

Proof. Since u is a classical solution of (3.2) in each D; (i = r, £), integration by
parts yields

/ (Gt + x f (W)} dxdr = / (et + vy f () pdH!
D; aD;
:/ (vfui—i—viﬁ)god?-ll,
I

where (L, v}) is an external unit normal of 3 D;. Here, dH' denotes the line element
of the curve x = x(¢). Since u is a “weak solution” of (3.2) in D (i.e., u satisfies
3. 7)forall ¢ € C° (D x (19, 11))), we see that

/1“ {(vtrur + vfug) + (v;fr + vffg>} pdH! = 0.
Since v = —v¢ and ¢ 1is arbitrary, we now conclude (cf. Exercise 2.3) that
vf (e = up) +ve(fe = fr) = 0.
Since
(v vt) = @ =san/ (1 )

the desired relation (3.8) follows. Checking this argument carefully, we see the
converse is easily obtained. The relation (3.8) is called the Rankine—Hugoniot
condition. O
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3.1.3 Riemann Problem

We consider the following special initial value problem for (3.2), which is called the
Riemann problem. The initial datum we consider are

ue, x <0,

uog(x) = { (3.9)

u,, x >0,

where u; and u, are constants, i.e., ug, u, € R.
For simplicity, we assume that uy, > u, in this subsection. It is easy to see that

ue, x < x(1),

ur, x > x(t) (3.10)

us(x,t) = {

is a weak solution of (3.2) with (3.9) provided that x(t) = t(f¢ — f;)/(u¢ — u,) by
(3.8). If u, < ug and f is convex, it turns out that this is the only weak solution.
However, in the case where u, < uy and f is concave, there is another weak solution
called a rarefaction wave. Instead of writing a general form of a solution, we just
restrict ourselves to the traffic flow equation (3.5) where f(u) = u(1 — u). In this
case, the function

Uy, x < xo(t),
1 X

up(x, 1) = 5—2—t,xz(t) <x < x.(t), (3.11)
Ur, x > xp (1),

with x¢(1) = (% - u() 2, %, (1) = (% - u,> 2t, is a weak solution of (3.2) with
(3.9) provided that u, < u, (Figs.3.5 and 3.6). This is easy to check since there is
no jump and 1/2 — x/(2¢t) solves equation (3.2) in the region x; < x < x,. The
question is which is reasonable as a “solution.” Of course, it depends on the physics
we consider. For the traffic flow problem, consider the case where u, = 0 and
uy = 1. The solution ug in this case is time-independent since fy(0) = f¢(1) = 0,

Fig. 3.5 A rarefaction wave u

upg at time ¢
| 1
:.' pe ——
slope 2

xe(t) | % (0)

| ur
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Fig. 3.6 Characteristic t
curves

x = xp(t) 0 o B i

0

so that x () = 0. Is it natural to stop even if there are no cars in front of us? There is
no signal. From our intuition, u g looks like a more reasonable solution. The question
is how we determine this.
3.1.4 Entropy Condition on Shocks
We consider the viscous regularization of (3.2) of the form

ui + fu®)y =eul, (3.12)

with initial datum u( of the form of (3.9). We are interested in the case where the
limit tends to ug as ¢ — 0. We seek the solution u? of the form

ua(x,z):U<x_€”>, (.13)

where s is the shock wave speed s = ( fy— f;-)/(u¢—u,) determined by the Rankine—
Hugoniot condition. The function U = U (§) in (3.13) must satisfy

—sUs + (f(U))g = Ugst
if u® solves (3.12), where Ug = (d/d&)U (§). Integrate both sides to get

Us = —sU + f(U) + Co, (3.14)
where Cy is a constant of integration. (We consider this equation assuming that f is

C!, so that its initial value problem admits only one C! solution (Proposition 1.1).
If U is C!, then the right-hand side of (3.14) is C1, so that U is C%.) We postulate
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that u s is the limit of u® as & | 0; then we should have

up for x < st,
u, for x > st,

us(x,t) = lirr%)U ((x —s1)/8) = {
SO

lim U@E) =up, lim UE) = u,.
E——00 E—o00

If we postulate U is monotone, we have
lim U, =0
(i, Ue®

since limg_, 400 Ug always exists by (3.14). (The monotonicity follows from the
maximum principle for the derivative of u®.) Letting § — £o0 in (3.14), we obtain

Co = sug — fo = su, — fr.

The last equality also gives the Rankine—Hugoniot condition. Thus, we obtain an
ordinary differential equation for U with boundary condition at 00 of the form

d
@U(E)=—S UE)—ue), +(fUGE) - fo, (3.15)

U(co) =u,, U(—00) =uy.

Definition 3.4

If there exists a solution U of (3.15) with U (c0) = u,, U(—00) = uy (u, # uy),
we say that ug in (3.10) with x(¢) = st, s = (fe — fr)/(ue — u,) satisfies a
traveling wave entropy condition.

We shall derive an equivalent condition for u, and u,, so that ug satisfies a
traveling wave entropy condition.

Proposition 3.5

Let f € C'(R). Assume ug < u, (resp. u, < ug). Let us be of the form
of (3.10), with x = st, s = (fe — fr)/(ug — u,), where fy = f(ug) and
fr = f(uy). Then ug fulfills the traveling wave entropy condition if and only

(continued)
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Proposition 3.5 (continued)
if the graph of f (u) lies above (resp. below) the straight line segment joining

(ue, fo) and (u,, fr), ie.,

f@) > fo+s@—uy) = fr +s@—u,)
(resp. f(u) < fo+ s —ug) = fr +s@ —u;))

forallu € (ug, uy) (resp. u € (ur, ug)).

Proof. Assume that u; < u,. We first observe that Ug does not vanish. Indeed, if
there were & such that Uz (§9) = 0, then a = U (§p) should satisfy

—s(a—ug) + (f(@a) — fo) =0.

Thus, U = a is a solution to (3.15), which is unique by Proposition 1.1. Thus,
U must be a constant that cannot achieve at least one of the boundary conditions
U(c0) = uy, U(—00) = ug. Thus, Ug(§) > 0 for all £. This implies

Je+su—ug) < f(u)

for u € (ug, u,). Recalling the Rankine—Hugoniot condition, s = (f; — f»)/(ue —
u,), we observe the desired condition (Fig.3.7). The converse is easy. The case
u, < ug is parallel. |

If f is convex, this condition is equivalent to saying that f/(u,) < s < f’(u¢) for
u, < ug. This is a classical entropy condition for convex f. In the case of concave f

Fig. 3.7 Profile of f on
(e, ur)

I

the graph of f

Uy Uy
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like the traffic flow problem (3.5), if u, < ug, then ug does NOT fulfill the traveling
wave entropy condition.

In the next section, we discuss the Kruzkov entropy solution, which combines
such an entropy condition and the notion of a weak solution, so that one can check
the entropy condition for a general function whose jump (shock) curves are not
regular.

In Proposition 3.5, we discuss an equivalent condition when ug satisfies the
traveling wave entropy solution. One can write this equivalent condition in a
synthetic way as

sk —ug| < sgn(k —ug) (f (k) — f(ue))

for all k between u, and u,. Here, sgn denotes the sign function defined by

1, x>0,
sgnx =410, x=0,
-1, x < 0.

(Of course, one may replace u, with u, in the above inequality.) One may write this
another way to express the condition similarly. Let a = a(x, t) be a function defined
in D = J x (ty, t1), where J is an open interval in R. Let [a]] denote the difference
between the limit from D, and Dy, i.e.,

[all(x, 1) := a,(x, 1) —ag(x, 1), (x,t) €T =D, N Dy,
ar(x»t):hm{a(y,s)|(y’s)_>(x’t)9 (y75)€Dr},
ag(x, 1) =lim{a(y,s) | (y.5) > (x, 1), (v,5) € D¢}.

Proposition 3.6

Let f € C'(R). Consider the Riemann problem. The function us in (3.10)

satisfies the traveling wave entropy condition if and only if

slllu — kIl = [sgn(u — k) (f () — f) for all k € (ue, uy) if ug < uy
(resp. k € (ur, ue) if u, < ug)and

slllu — kIl = [sgn(u — k) (f () — f)] for all k & (ue, uy) if ue < uy,
(resp. k & (ur,ug) if uy < ug)

for u = ug, where x(t) = st with s = (f¢ — f)/(ue — up), fy = f(ue),
fr = f(ur)~
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Proof. We only give a proof when u, < u, since the proof for uy > u, is symmetric.
“If” part. Choosing k between u, and u,, we obtain

s (=(ug —k) = (u, —k)) < = (fr = f(K) = (fe = f(K))

or

f+stk—u) < fk).
Here, f = (f; + f¢)/2, % = (u, + ug)/2. This implies that the graph of f () must
lie above the straight line segment between (u¢, f¢) and (u,, f»). Proposition 3.5

now implies that u g satisfies the traveling wave entropy condition.
“Only if” part. Since the Rankine—Hugoniot condition holds,

s[lu — k|l = [sgn(u — k) (f ) — f k)]

for any constant k not between u, and u,. For constants k between u, and u,, if the
traveling wave entropy condition holds, then, by Proposition 3.5, we have

fk) > stk —ug) + f(ug) and
fk) > stk —up) + fuy,),

so that
fk) —sk > f — su.
Then we obtain
sllu — k|l > [sgn(u — k) (f ) — fK)].
O
» Remark 3.7 This proposition says that for the Riemann problem, the solution

satisfying the traveling entropy condition is exactly the KruZzkov entropy solution
defined later.

3.2  Uniqueness of Entropy Solutions

We first derive two equivalent definitions of an entropy solution. One is based on
what we call an entropy pair, and the other is its modification due to Kruzkov.
The first condition is easily motivated by a vanishing viscosity approximation. We
derive this condition by a formal argument. Then we introduce Kruzkov’s entropy
condition and discuss the equivalence of both definitions. We conclude this section
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by proving the uniqueness of an entropy solution. The key idea is a kind of doubling
variable argument.

3.2.1 Vanishing Viscosity Approximations and Entropy Pairs
We consider the initial value problem of a scalar conservation law of the form

ur+ fu)y =0 in 9=Tx(0,T), (3.16)
Ul;—g = uo on T. (3.17)

Here u = u(x,t) is a real-valued function on Q. In other words, to simplify the
presentation, u is periodic in x. The flux function f is always assumed to be at least
a locally Lipschitz (real-valued) function.

To obtain a solution, we consider a parabolic approximation

up + f )y = eug,, (3.18)
u®|,_y = uo (3.19)

for ¢ > 0. We expect that a reasonable solution will be obtained as a limit of the
solution of (3.18), (3.19) as ¢ — 0. Since ¢ looks like a viscosity coefficient in fluid
dynamics, this approximation is often called a vanishing viscosity approximation.

It is well known that (3.18) and (3.19) admit a global solution ©? that is smooth
for t > 0 for any given ug € L°°(T) provided that f is smooth. For a moment
we assume that f is smooth, so that u? is smooth for ¢+ > 0 (the initial condition
should be understood in a weak sense); see, for example, standard monographs on
parabolic equations [70,72]. We take a real-valued smooth function 1 defined on R,
and consider a composite function n(u®) = n o u®. Since u® satisfies (3.18), n(u®)
must solve

nw®): + 0 W®) fWus = en'W)us,. (3.20)
Since n(u)yx = n'(W®)u, + n”(us)(ui)z, we observe that n(u®)xx > 7' W®)uf,
provided that 7 is convex.

Assume that 1 is now convex, and take a function ¢ such that ¢ = n’ f’. Then
(3.20) yields

N +q)e = en' @ ug, < en(@®)xx. (321

We multiply (3.21) by a nonnegative function ¢ € C°(Qp) on Qo = T x [0, T)
and integrate by parts to get

/Q{wm(u*’")erxq(ug)}dxdtJr/Twlz—o n(ug)dx > —S/Q%Xn(us)dxdt.
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Here, we present a formal argument. The following argument can be justified if, for
example, sup, |u?| is bounded in ¢ and if u® tends to u almost everywhere (a.e.) in
Q as ¢ |, 0. Sending ¢ to zero we get

/Q{fpzn(u) + ¢xq ()} dxds +fT @lr=o n(uo)dx =0 (3.22)

for any ¢ € C2°(Qp) with ¢ > 0. In Q this condition implies
nw)r+q)x <0 (3.23)

in a distribution sense, which means —n(u); —g (u), is a nonnegative Radon measure
in Q.

This argument can be extended when 7 is merely convex by an approximation
for (3.22). (Incidentally, the inequality for taking n(n)xx > n'(U)uyy for n(u) = |u|
is known as the Kato inequality A|w| > (sgn w)Aw in a distribution sense. This
inequality is also obtained by approximately |u|, by, for example, /|u|? + 8,8 > 0.
See Exercise 3.8.)

Inequality (3.23) is trivially fulfilled if u solves (3.16) and u is smooth. However,
it will turn out that this inequality distinguishes admissible jumps and nonadmissible
jumps when u is discontinuous. We thus reach the following definition.

Definition 3.8

Let f be a locally Lipschitz function on R.

(1) A pair of functions (7, q) is an entropy pair for (3.16) if n is convex and g is
a primitive (antiderivative) of n’ f,i.e., ¢' = n' f’.

(2) Letu € L°°(Q) be a weak solution of (3.16), (3.17) with initial datum ug €
L*(T). Let (1, g) be an entropy pair for (3.16). We say that u is an entropy
solution of (3.16), (3.17) if u satisfies (3.22) for all ¢ € C2°(Qo), withp > 0,
where Qo =T x [0, T).

3.2.2 Equivalent Definition of Entropy Solution

For a convex function 1 on R, (5, ¢) is an entropy pair (for (3.16)) if we set

q(w) =/k n'(0) f'(T)dr.

The function ¢ is uniquely determined by 1 up to an additive constant. If we take
n(w) = |w — k| for k € R, then we have

q(w) =sgn(w — k) (f(w) — fk)).
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It is clear that if u is an entropy solution, then it must satisfy

fQ (@0l — K| + ox (sen(u — k) (f@) — F(R))} dedr + fT olio lito — kldx = 0
(3.24)

for all k € Rand all ¢ € C2°(Qyo), with ¢ > 0. This condition is often called the
KruZkov entropy condition. It is equivalent to the definition of an entropy solution.

Proposition 3.9

Let f be a locally Lipschitz function. Let u € L°°(Q) be a weak solution of
(3.16), (3.17) with initial datum uy € L°°(T). Then u is an entropy solution if
and only if u satisfies the Kruzkov entropy condition, i.e., (3.24) for all k € R
and for all p € C°(Qy), with ¢ > 0.

Proof. Since the “only if” part is trivial, we shall prove the “if” part. For n we set a
linear functional

A(n)=/Q{<pm(u)+¢xq(u)}dxdt+/T<plt=on(uo)dx

for a fixed ¢ € CZ°(Qo) and ug. This quantity A(n) is determined by n and is
independent of the choice of ¢ provided that (5, ¢) is an entropy pair. The Kruzkov
entropy condition (3.24) implies

Am;)) =0

for all n;(w) = aj|w — ki|, ki e R,a; > 0,i =1,---,m. Thus,

A (Z m) =Y Am) =0
i=1 i=1

since (37~ i, Y s, gi) is an entropy pair if (1;, ¢;) is an entropy pair. Since u is
a weak solution, we see that A(n) = 0 if n(w) = aw + B, o, B € R. Thus, the
convex piecewise linear function 7 of the form

nw) =aw+ B+ ni(w) (3.25)

i=1

satisfies A(n) > 0.
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As stated at the end of this subsection (Lemma 3.10), we notice that any
piecewise linear convex function is of the form (3.25) provided that there is only
a finite number of nondifferentiable points. We thus conclude that A(n) > 0 for
any piecewise linear convex function 7. Since a convex function 7 is approximable
(Exercise 3.5) by a piecewise linear convex function {¢;} i (having finitely many
nondifferentiable points) locally uniformly in R, we conclude that

A() = lim A(Z)) =0
j—>00

since u is bounded. O

Lemma 3.10
Let n be a piecewise linear convex function in R with m nondifferentiable
points. Then there are a; > 0, o, Bi, ki € R for 1 <i < m such that

nw) =aw+p+ Y niw), mw) =ailw—kl+p.
i=1

Proof. This can be easily proved by induction of numbers m of nondifferentiable
points of a piecewise linear convex function &,. If m = 0, it is trivial. Let {k;}[_ | be
the set of all nondifferentiable points of &,,. We may assume that k; < kp < --- <
k. Assume that m > 1. Taking «, 8, and & in a suitable way, we see that

En(w)=aw+ B+ n(w) for —oo0<w <k,

where k» is the second smallest nondifferentiable point of £,,; ko = oo if there is no
such point (Fig. 3.8).

Fig. 3.8 Profile of graphs
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We set
Ew)=aw+B+nw) for weR.
Since &, is convex and £ is linear for s > k1, &, — & is still convex and nonnegative

and &, — & = 0 on (—o00, k2). Moreover, the number of nondifferentiable points of
&n — & ism — 1, so by induction we conclude that &, is of the form of (3.25). O

3.2.3 Uniqueness

We are now in a position to state our main uniqueness result as an application of the
L'-contraction property.

Theorem 3.11

Assume that f is locally Lipschitz. Let u and v(€ L°°(Q)) be an entropy
solution of (3.16), (3.17) with initial datum uy and v, respectively. Assume
that u(-,t) — ug and v( ,t) — vg ast — 0 in the sense ole—convergence.
Then

llu —vllg1ery @) < lluo — vollL1(T)- (3.26)

In particular, a bounded entropy solution of (3.16), (3.17) is unique. (The
assumption of L'-continuity as t | 0 is unnecessary but we assume it to

simplify the proof.)

Proof. We double the variables of a test function ¢. Let ¢ = ¢(x,¢,y,s5) be a
nonnegative function such that ¢ € C°(Qo x Qo). Since u is an entropy solution
of (3.16), (3.17), the KruZkov entropy condition implies

f {lu — klgr + q(u, k)py} dxdr +f ¢ (x,0,y,s)up — kldx > 0
o T

when q(u, k) = sgn(u — k) (f(u) — f(k)). Plugging in k = v(y, s) and integrating
in (y, s), we get

/Q/Q (e, 1) = v(y, )l b + g (u(x, 1), v(y, )) ¢y} drdedyds

+f / d(x,0,y,s) |lug(x) —v(y,s)|dxdyds > 0.
0JT
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The same inequality holds for v; in other words, we have
foQ (e, 1) = (3. ) s +q (ux. 1), (3. 5)) by } drdrdyds
+ /f/Q ¢(x,0,y,0) |vo(y) — u(x, t)|dxdrdy = 0.
Adding these two inequalities yields
/Q/Q {luCe, 1) = vy, )1 (¢ + ¢5) + g, V) (px + ¢y) } dxdrdyds
+ fQ [ 10t = v 5118x, 0.3, avayas
+ [F/Q lu(x,t) —vo(y)|p(x,t,y,0)dxdedy > 0. (3.27)
Our strategy is as follows. We set
Ji= /Q/Q {luCe, 1) = v(y, )| (P + ¢s5) + g, V)(px + ¢y) } dxdrdyds
o= [ 10000 = 00,9190, dsdvas
J3 = [I‘/-Q lu(x,t) —vo(¥)| ¢(x,¢t,y,0)dxdrdy.

For a given 1y € (0, T), we would like to take a suitable ¢ so that J; equals I;
(i =1,2,3), with

T
1
b= lup(x) — vo(x)|dx, I3 :=DI.
T

Since (3.27) says J1 4+ J» + J3 > 0, we have

Lh+L+151>0, ie,

1
—/ |u(x,ro>—v<x,ro>|dx+5/ o (x) — vo(x)] dx
T T

+ 1/ lup(x) — vo(x)|dx > 0. (3.28)
2 Jr
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This is simply the desired contraction property (3.26). Unfortunately, there is no
good function ¢. We need a sequence ¢ = ¢, ./ .~ depending on three parameters
g,¢,¢” > 0. Let p, be a Friedrichs’ mollifier p, defined in §2.2 (see also
Lemma 3.12 in what follows). We further assume symmetry, i.e., pz(—0) = pg(0)
for all o € R. We set

t+s
PO, 1,y,8) = P (X = Y)per(t = $)Xer | —— — 10 )+

with xe» (1) = froo per(0)do. (We shall give a heuristic explanation as to why this
choice is good after the proof.) It suffices to prove

lim (lim (lim Ji(e, €, 5"))) =1 for i=1,2,3,

"0 \&’}0 \ el0

to get (3.28) since J; + Jo» + J3 = 0.
Since ¢, + ¢y = 0 and

t+s
Gt + s = pe(x — y)per (t — S)Xé// (T - tO) )
we observe that

Ji=Ji(e, &', €")

t+s
=- /Q/Q [u(x, 1) = v(y, )| pe(x — y)per(t — 5)per <T - to> dxdrdyds.

We apply the approximation lemma (Lemma 3.12 below) to conclude that

lim <lim <1im]1>> =1.
"0 \&’|0 \ el0

Similarly,

T S
lim J = / / o) = v, )] pe e (5~ 10) s
0JT

el0

For a given 1y € (0, T), we take &” > 0 small, say, ¢” < &, for some g; > 0, so
that x,» (% — to) = 1forall s € [0,10/2], &” < g;. We take ¢’ > O sufficiently
small so that supp p.s C [0, f9/2] to get

T
lim J, = / {/ lug(x) — v(x,s)| dx} e (s) ds.
0 T

el0



3.2 Uniqueness of Entropy Solutions 91

Since we have assumed that v(-, #) — vg in L1(T),
h(s) = / o) — vr. )l dx = o — v )l eny
T

is continuous at s = 0. We now apply Lemma 3.12 (ii) to conclude that

1
lim (limJ ) = ~h(0) =1
8}1%(8%1 2) 5 0 =15

for ” < &;. The proof for J3 is the same. We now conclude that

lim <lim <1im J,-)) =1
"0 \&’|0 \el0

so that J; 4+ J2 + J3 > 0 implies (3.28). The proof is now complete. O

Let us say a few words about why we choose ¢ as earlier. It is convenient to
use what is called a delta function §. It is defined as a distributional derivative of a
Heaviside function 1., i.e.,

8 = Dy 1.,

where 1.9(x) = 1ifx > Oand 1.¢(x) = 0 if x < 0. In other words,
de .
8(p) =— [ —1ls0dx for ¢ e CF(R).
R dx

By definition, §(¢) = — 000 3—fdx = ¢(0). We often write §(¢) by fR(S(x)<p(x)dx,

though § cannot be identified with any integrable function. We would like to take

t+s
¢(x1t7yvs)ZS(X_y)(S(t_S)1>0 (t()_ B )

Since ¢y + ¢y =0, ¢ + ¢y = —5(x — y)3(t — 5)5(t — to), we see that

J = —/ lu(x, tg) — v(x, tp)| dx = I.
R

Since u and v are not necessarily continuous, we must approximate § by mollifiers.
For J, + J3, we have

I
J1+ = /0 {/ lug(x) — v(x,s)ldx} S5(—s)ds
0 T
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1
+/° {/ lvo(x) —u(x,s)|dx}5(l‘)dl‘
0 T

1
- fo k()8 (t) dt = k(0),

—1

with
lvg(x) —u(x,t)|dx fort > 0,

ki) =477
/ lug(x) — v(x, —t)| dx for r <O0.
T

Since k is continuous at # = 0 and k(0) = |[ug — voll .1 1), We observe that
I 4 lluo — voll L1y = 0.
In our proof, we discuss J; and J» separately, so we use symmetry to simplify the

argument.

Lemma 3.12
Let p; be a Friedrichs’ mollifier on R defined in Sect.2.2. In other words,
pe(0) = s_l,o(a/s), where p € C°(R) satisfies p > 0 and fR pdx = 1.

(i) Let h € L®(T2) and h(x, x — z) — h(x, x) as |z| — O for a.e. x. Then

lim// h(x, y)ps(x — y)dxdy =/h(x,x)dx.
TJT T

el0

Let h € L°°(R) be compactly supported. Assume that h(x,x — z) —
h(x, x) as |z| — O for a.e. x. Then

lim//h(x,y)ps(x—y)dxdy:/h(x,x)dx.
el0 JRJR R

(ii) Assume further that p(—o) = p(o) foro € R. For h € L*°(0, T),

o 1
im /O H(5)pe(5)ds = 2h(0)

provided that h is continuous at s = 0.
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Proof of Lemma 3.12

(i) We may assume supp p C (—1, 1) by replacing o with o/&’ for small ¢’ > 0.
w] W]

We recall T = R/w| Z. We take & < w) /4, so that supp p C (—%, §). By this
choice, the support of p.(x — y) as a function of x, y is contained in a periodic
cell C = [—w1/2, w1/2) X [—w1/2, w1/2) of T? = (R/a)lZ)z. In particular,

w1/2
f pe(x —y)dy=1 for x € (—w1/2,w1/2).
—w1/2

We proceed with
1) :=/fh(x,y>ps(x—y>dxdy—fh(x,xmx
TJT T
=ffc (h(x. y) — hx, 1)) ps (x — y) dxdy.

Changing the variables of integration from (x, y) to (x, z) withz = (x — y)/e,
we obtain, by Fubini’s theorem, that

e)] < //C IhCr, y) — h(x, )] ps (x — v) dedy

=/ {/ Ih(x,x—sz)—h(x,X)lp(z)dX}dz
|x|<wi/2 |[x—ez|<w1 /2

S/ {/ Ih(x,x—ez)—h(x,x)|p(z)dx}dz,
[x|=w1/2 UJz|<1

Since the integrand is bounded by 2|/ ||« (independent of ¢ > 0) and h(x, x —
ez) = h(x,x) fora.e.x,z € Rase | 0, we conclude that /(¢) - Oase — 0
by the dominated convergence theorem. We thus obtained the first statement.
The proof for the second statement is parallel.

(i) By a change of the variable of integration, we see that

T
/ (s) e (5)ds = / h(e2)p(2)dz
0 0<z<l1

for sufficiently small ¢ > 0. Since k(z) — h(0) as z — 0, we now obtain

T
lif(}/ h(s)pe(s)ds = lim h(ez)p(z)dz = h(0) p(z)dz
€ 0

€10 Jo<z<1 0<z<l1
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by the bounded convergence theorem. The result follows if we note that
Jo° p(2)dz = 1/2 by symmetry. O

» Remark 3.13

(i) The definition of the entropy solution extends to a bounded function in R not
necessarily periodic. Although the uniqueness result still holds provided that
is in L' (R) N L>(R), the proof is more involved. For example, we must take ¢
to have compact support in the space direction; See, for example, [53] and [68].

(ii) All results here can be extended to multidimensional space. The conservation
law for a real-valued function u = u(x, t) is of the form

w +div f) =0 in TV x (0,T) = 0,

with f(u) = (fl(u), e, fN(u)). A pair of real-valued functions (7, q)
defined on R is said to be an entropy pair for this equation if it satisfies
g =n'f G =1,...,N),q = (¢",...,¢") and 5 is a convex function.
A function u € L®(Q) is said to be an entropy solution with initial datum
up € L®(TN) if

T N o
fo/@ (fpzn(u) + Zq’(u)cox[> dxdr +/TN @li=o n(uo)dx = 0
i=1

holds for all ¢ € CSO(QO), with ¢ > 0, and all entropy pairs. Here Qo =
TV x [0, T) and ¢, = g—)‘é. The KruZkov entropy condition is of the form

T N , .
/O/Q (%Iu — kI sentu = k) (£160 - 1K) gox,-)dxdr

i=1

+f ¢li_olu— K| dx > 0
TN

forall ¢ € CE’O(QO) with ¢ > 0 and k € R; see, for example, [68].

3.3 Notes and Comments

Most of the contents in this chapter are taken from Holden and Risebro’s book
[53], where T is replaced by R. The theory of conservation laws has a long
history. A weak formulation for the Burgers equation traces back to Hopf [54],
where a parabolic approximation was studied. The literature on the topic has grown
considerably since then. The reader is referred to the book [53].
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There are several ways to construct an entropy solution, for example, [53]. Of
course, parabolic approximation is one way. Other methods are based on the finite
difference method. A front tracking method was studied extensively by Holden and
Risebro [53]; it approximates f by a piecewise function; this seems to be very
effective even for systems of conservation laws. A completely different approach,
called a kinetic construction (not contained in [53]), traces back to Brenier [14],
as well as the second author and others [49], [50]. The idea involves introducing
an extra variable, which may be interpreted as a microscopic variable. All the
aforementioned methods work for scalar conservation laws in multidimensional
spaces. Note that there is a very accessible introduction to conservation laws in
the book [36, Chapter 11]. In [36], systems of conservation laws are discussed.

If one considers systems of conservation laws, the uniqueness of entropy
solutions is difficult because there are interactions of waves. Neverthless, there are
now several uniqueness results that go back to Bressan’s seminal works [16], [17],
where the main assumption is that the spatial total variation of a solution is small.
The reader is referred to [17] or [53] for this topic.

34 Exercises

3.1 (Hopf—Cole transformation) Let u be a solution of the (viscous) Burgers
equation u; + (u?/2)y = ury. Let w(x, 1) be defined as

X t
wix, 1) = / u(y, Hydy + f (ux(O, ) —u(0, t)2/2) dr.
0 0
Show that w satisfies
Wy + (wy)?/2 = Wy

in R x (0, 00). Show that v = exp(—w/2) solves the heat equation v, = vyy.

3.2 Let u be a solution of u; + (u%/2), = uy, in R x (0, 00). Set uy(x,1) =
Au(rx, A2r) for o > 0. Show that u; solves the same equation as u. Set
ve (x, 1) = v(ex, et). Show that v, solves v, + (v2/2), = ¢ Ly, fore > 0.

3.3 Consider (3.2), with f(u) = u?/ (u2 + (1 - u)z). Find the entropy solution to
the Riemann problem with initial datum (3.9), where u; = 0, u, = 1. In this
case, the equation is called the Buckley—Leverett equation. It is a simple model
of two-phase fluid flow in a porous medium. The unknown u represents a ratio
of saturation of one of the phases. It varies from zero to one. Note that f is
neither convex nor concave. The expected solution has a rarefaction and shock
simultaneously. Note that there is a numerical method based on the level-set
approach [88] discussed in Sect. 4.5.2.

3.4 Consider an equation for u = u(x, t) in R x (0, 0o) of the form

up+ U/2)y = —u
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with initial datum ug in (3.9). Find the entropy solution when uy = 1, u, = 0.
Consider the case where uy = 0, u, = 1. Find the entropy solution in this case.
3.5 Let € be a real-valued convex function on R. Prove that there exists a sequence
of piecewise linear convex functions {n; }?‘;1 such that
(i) n;j converges to & locally uniformly in R as j — oo and
(ii) n; has at most finitely many nondifferentiable points.
3.6 Let f be a strictly convex C ! function in the sense that f’ € C(R) is (strictly)
increasing. We set

ug, x < f'(up)t
ur(x,t) = (fH7 1/, flupt <x < fupt

ur, x> f'(ut

for uy < u,. Show that this is a weak solution of the Riemann problem to (3.2)
with initial datum u¢ defined in (3.9). This solution is called a rarefaction wave
solution. Show that u g is indeed an entropy solution by checking the Kruzkov
entropy condition.

3.7 Let & be a real-valued convex function on R. Prove that & is Lipschitz
continuous in any bounded interval (a, b).

3.8 Let u be a real-valued C? function on RV .
(i) Let n be a real-valued C 2 convex function on R. Show that

Anw) > n'(u)Au in RY.

(i) Show that
/ (Ap)|u|dx 2/ p(sgnu)Au dx
RN RN

for any ¢ € C°(RV) and ¢ > 0.
3.9 Let & be a real-valued C? function on RY. Show that £ is convex in R¥ if and

2
only if its Hessian matrix (%(x)) is nonnegative definite for all
Xi0Xj 1<i,j<N
x eRVie,
2
x)zizj = 0
Z 8x,~8xj ( ) '
I<i,j<N
forall z = (z1,...,zn) € RV,

3.10 Give an example of a function f € C (Rz\{O}) such that

a:= lim (lim f(x,y)) and b := lim <lim f(x,y))
x—0 y—0 \x—0

y—0

exists but a # b.
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Hamilton-Jacobi Equations

In the last chapter, we discussed uniqueness in a special class of weak solutions
called entropy solutions for scalar conservation laws, which are quasilinear first-
order equations. The notion of a weak solution and an entropy solution is based on
integration by parts or a variational principle.

In this chapter, we consider another class of nonlinear first-order equations whose
nonlinearity is very strong and not quasilinear. Such an equation is often called the
Hamilton—Jacobi equation. It is in general impossible to introduce the notion of a
weak solution by integration by parts. Instead, we introduce a notion of a weak
solution based on the maximum principle. Such a notion was first introduced by
Crandall and Lions [29] in the early 1980s as a viscosity solution and has been
extensively studied.

In this chapter, we study uniqueness problems of viscosity solutions for several
types of equations. We first observe that one-dimensional evolutionary Hamilton—
Jacobi equations are formally an integration of a one-dimensional scalar conserva-
tion law. We then discuss the uniqueness issue for its stationary form, the eikonal
equation, as well as evolutionary Hamilton—Jacobi equations. We also discuss a
scalar conservation law and its generalization from the viewpoint of viscosity
solutions to handle jump discontinuities.

4.1 Hamilton-Jacobi Equations from Conservation Laws

In this section, we derive a fully nonlinear equation of first order called a Hamilton—
Jacobi equation from a conservation law. We shall give another interpretation of the
entropy condition. We also derive a kind of stationary problem, the eikonal equation.
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4.1.1 Interpretation of Entropy Solutions

We consider a conservation law for a real-valued function u = u(x,t),x €e R, t > 0
of the form

ur + (f (), =0, (4.1)

where f is a given real-valued continuous function on R. We integrate from 0 to x
to get

U+ f(U) = f @(0,1)) 4.2)

if weset U(x, 1) = Jo u(y, 1) dy. We set

t
U(x,t):U(x,t)—/ £ (0, s)) ds
0
and obtain

Ui+ f(Uy) =0. (4.3)

This equation is fully nonlinear and called an (evolutionary) Hamilton—Jacobi
equation. This is simply a formal procedure since u may jump at x = 0, so the
value f (u(0, t)) is not well defined.

We consider a Riemann problem for (4.1) with initial condition

u(x,0) = up(x), 4.4)
with
4o (x) = {—cx, x <0,
o, x>0,

where ¢ € R, o # 0. To simplify the presentation, we set f(u) = u? /2, which
corresponds to the case of the Burgers equation. As we already observed in Chap. 3,

u(x,t) =up(x)

is an entropy solution to (4.1) with (4.4) if o < 0. It is not an entropy solution when
o« > 0. For @ > 0 the entropy solution is a rarefaction wave u g of the form

—a, x < xp(1),
X
up(x,t) = 7 xe(®) < x < xr (1),

o, x.(t) <ux,
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where x,(t) = —at and x,(t) = at. It is continuous for ¢ > 0. Thus, if @ > 0, then
U = Ug with

X
UR=/(; ur(y,t)dy

solves (4.3) since u g (0, t) = 0. However, if « < 0, then the term f (x(0, ¢)) should
be interpreted as f (u(40, t)) (= f (u(—0,t)) = f(«). Thus,

0<x,z)=f0 u(y,ody:/o uo(y) dy

solves (4.2) with the right-hand side f (#(0, t)) = f (). We thus conclude that

Vix,1) = /0 u(y, dy — fa)r = vo(x) — f(at,

with

—ax, x <0,
ax, x>0,

vo(x) = {

solves (4.3) with initial datum vg(x). Although V even “solves” (4.3) for o > 0, its
derivative u is not an entropy solution of (4.1). We have two solutions Ug and V
with the same initial datum vg if « > 0. We would like to choose a solution whose
spatial derivative is an entropy solution.

We recall that an entropy solution is obtained as a vanishing viscosity method. In
other words, it is as a limit of the e-approximated equation

uf + fu)y = euf,.

As previously, we set
X X
Ut(x,t) = / ut(y,t)dy — / f (uE(O, s)) ds
0 0
and obtain
U + f(US) =eU;,.

By the construction of an entropy solution, it is clear that our solutions Uy for o > 0
and V for & < 0 are obtained as a limit lim, o U?, at least formally.
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4.1.2 A Stationary Problem

We continue to assume that f(x) = u?/2. The solution V in Sect. 4.1.1 we found
does not change its profile. It is a translative solution of (4.3) or a soliton-like
solution. If we consider W = V + f(«)t, then W solves

— fl@)+ f(Wy) =0. (4.5)

This is a stationary Hamilton—Jacobi equation. For @ < 0, this solution is obtained
as a limit of aforementioned vanishing viscosity approach, while for o > 0, it is not
obtained as such a limit.

Although so far we assume for simplicity that f(u) = u?/2, all arguments in
Sects. 4.1.1 and 4.1.2 work for a general convex function f with f(o) = f(—o) for
all o0 € Rand f(0) = 0 with modification of the explicit formula of the rarefaction
wave ug.

The equation f(U,) = g(x) is often called the eikonal equation. If f(u) = u? /2,
then this is of the form |U,| = +/2g. In multidimensional cases, it is of the form

VU =G in ,

where G is a given function defined in a domain 2 in RY.

4.2  Eikonal Equation

In this section, we begin with a one-dimensional eikonal equation and then introduce
a notion of viscosity solution to distinguish jumps of derivatives. We conclude this
section by proving uniqueness (comparison principle) based on a kind of doubling-
variables argument, unlike in Chap. 3.

4.2.1 Nonuniqueness of Solutions

We consider a very simple example of the eikonal equation

du

—1=0 in (-1, (4.6)
dx

with the Dirichlet boundary condition
u(£l) =0. 4.7)

Here, u = u(x) is areal-valued function defined for x € (—1, 1). Itis clear that there
is no C! solution. If one allows continuous functions satisfying the equation except
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at finitely many points, there are infinitely many solutions (even if nonnegative
solutions are considered). For example,

uo(x) =1—|x|, x| <1,

1
ug(x) = z—ka(z"xx k=1,2,.... x| <1,

with
a(y) =max{l — |y — @m+ 1| |m € Z},

are such solutions (Fig. 4.1). One would like to choose a typical solution of (4.6)
and (4.7). One natural solution is a distance function from the boundary +1, which
corresponds to ug. See Exercise 4.8.

To conclude that a solution is unique, we must impose extra conditions like
an entropy condition, which is obtained using a vanishing viscosity method. We
consider for ¢ > 0

2

du .
—1 28@ m (—1,]) (48)

du
dx

Then it is easy to see that (4.8) under (4.7) admits a unique C 2 solution u,. Indeed,
it can be written as

1o (x) = { l—x+ee/f—e/%), 0<x <1,

¢ 1+x+ee /e —eX/%), —1<x<0.
The uniqueness can be proved using the uniqueness of the initial value problem
of ordinary differential equations in Sect. 1.1. (We do not give details here. The
uniqueness can also be proved by the maximum principle for second-order ordinary
differential equations; see, for example, [84].) If we take its limit as ¢ — O, then

Fig. 4.1 Graphs of uy
1
Up
/ 1 : Uy
d ‘uz X v ™,
T 1 T T X
-1 1 1 1
2 2
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evidently u,(x) — uo(x). We would like to choose ug as a “reasonable” solution
of (4.6) with (4.7). It is desirable to check whether or not it is a reasonable solution
without approximation. In other words, we must find a suitable notion like entropy
solution to choose a reasonable solution.

4.2.2 Viscosity Solution

We consider a general Hamilton—Jacobi equation in a domain (i.e., connected open
set) Q in RY of the form

H(x, Vu) = 0. 4.9)

Here H is a (real-valued) continuous function in @ x RV, and Vu = (3;u, ..., dyu)
is the gradient of a scalar function u = u(x), x € Q. To motivate the definition of a
viscosity solution, we consider a C 2 solution u and consider ¢ € C%(£2) such that
maxg(u —¢) = (u — ¢)(X) for some X € €. We know that at the maximum point X

Vu—@)E) =0, Vu-—¢9)&) <0

or Vu(®)=Ve®), Vu®) < V).

Here, VZu = (0x; 0x;u) denotes the N x N Hessian matrix of u and O denotes the
N x N zero matrix. For two symmetric matrices A and B, we say that A < B if the
corresponding quadratic form for B — A is nonnegative, i.e.,

(n,(B—A)n) =0
for all n € RM. Let A denote the Laplace operator, i.e., Au = Zl}V: 1 8i2u. Assume
that a solution u# of (4.9) is obtained as a vanishing viscosity approach, more
precisely u is given a limit of u® as ¢ | 0, and u® solves

H(x,Vu®) = eAu’.

Let x, € Q be a maximum point of u® — ¢ in Q. Assume that x, — £ as ¢ | 0.
Then,

H (xg, Vo(xe)) < eAp(xe)
since V2u < V2<p at x = x, implies Au < Ag at x = x,; we here note that
Au = tr(VZu) and Ap = tr(V2gp). Since u is a limit of u® and x, — %, we only

obtain

H (%, Vp®) <0
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instead of H ()2 Vgo()?)) = 0. Based on this observation, we arrive at the following
definition of a viscosity solution.

Definition 4.1

A function u € C (L) is said to be a viscosity subsolution of (4.9) in  if
H ()? Vgo()?)) <0

whenever (¢, X) € CH(Q) x  fulfills maxq(u — ¢) = (u — ¢)(£). A function
u € C(R) is said to be a viscosity supersolution of (4.9) in Q if

H (%, Vo) >0

whenever (¢, £) € CH(Q) x Q fulfills ming(u — ¢) = (u — @)(%). If u is a
viscosity sub- and supersolution, then u is said to be a viscosity solution.

It is easy to see that the C! function u is a viscosity subsolution if and only if u
is a subsolution, i.e.,

H(x,Vu(x)) <0 in .

We now check the example in the last subsection, where

du
H(x,Vu) = d_
x

It is easy to see that uy is a viscosity subsolution in (—1, 1), but it is not a viscosity
supersolution in (—1, 1), except k = 0. Thus, among {uy}, ug is the only viscosity
solution.

Note that the notion of viscosity solution for g—; —1=0and 1 — % =0is
different. In fact, —uy is a viscosity solution of 1 — % = 0, but it is not a viscosity

. du
solution of o

— 1 =0 (Exercise 4.1).

4.2.3 Uniqueness
We now consider the uniqueness problem for the eikonal equation
[Vu| — f(x)=0 in Q. (4.10)

Let 02 denote the boundary of 2.
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Theorem 4.2 (Comparison principle)

Let Q be a bounded domain in RN . Assume that f € C(Q) is positive in Q.
Letu € C(Q) and v € C(RQ) be a viscosity sub- and supersolution of (4.10),
respectively. If u < v on 3K, then u < v in Q. In particular, for a given
continuous boundary value g on 3K, a viscosity solution u of (4.10) in C(Q)
with u = g on 0S2 is unique.

Proof. We shall prove that u < v in Q. Since Q is compact, by continuity, « and
v are bounded (by Weierstrass’ theorem). By adding a suitable constant, we may
assume that u and v are nonnegative, i.e., #, v > 0 in Q.

It suffices to prove that Au < v in Qforall A € (0, 1) since lim; 41 Au = u in Q.
Note that ) = Au is a viscosity solution of

IVu| —Af(x) =0 in S. @11

We shall fix X in the sequel.

Although it is logically unnecessary, we first prove that u; < v in Q when v €
C1(Q) because it reveals the merit of using u; instead of u. If u; < v were false,
then the function u#; — v would take a positive maximum at some x, € Q. (The
existence of a maximum follows from Weierstrass” theorem since 2 is compact.) On
the boundary 92, we know u; < v, so x, € 2. Since u, is a viscosity subsolution
of (4.11), by definition,

IVu(x)| — Af (xs) < 0.
Since v is a classical subsolution of (4.10), we see that

V(x| = f(xs) = 0.

Subtracting the second inequality from the first, we end up with —Af (x,) + f (x4) <
0, which yields a contradiction since . < 1 and f > 0 on Q. Unfortunately, this
argument does not work if v is not C!.

To overcome this difficulty, we introduce a doubling-variables method (which
is, of course, different from Kruzkov’s for conservation law). We note that if « is
large, then —®,, is sufficiently large, i.e., &, < 0 away from the diagonal set
{(x, X) | X € §} We consider

Do (x,y) = up(x) — v(y) — alx — y|?
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for a large positive number a > 0. Assume that #; < v in Q would be false. Since
we assume u > 0, we see that u; < v on dQ2. Thus, there would exist xo € Q such
that m = &4 (xg, x9) > 0. This would imply

max ®, > m > 0.
QxQ

Let (xg, yo) € Q x Q be amaximizer of &, over Q x Q, i.e., max &, = Py (xg, Vo)
Such (x4, yy) exists because of Weierstrass’ theorem. Since m > 0 and both u
and v are bounded as @ — oo, it is easy to see that a|xy — yo|? is bounded. In
particular, x4, — y, — 0 as o — o0. Since €2 is bounded so that {x4} is bounded, by
compactness (Bolzano—Weierstrass theorem), there is a subsequence {x,’} of {xq}
converging to some £ € €. Similarly, {y,} has a subsequence {y,~} converging to
some § € Q. Since x4 — Yo — 0, we see that £ = . We shall denote {xy}, {ya}
by {x4'}, {ya’} for simplicity.

Since we have assumed that u; < v on 9%, we see that x ¢ Q. In fact, if
Xo's Yo' —> X € 0%, then, by the continuity of u and v, we see

m < limsup @y (xy/, Yor) < limsup (u;,(xy)) — v(yo')) = upr(*) — v(x) <0,
a'—o0 o' —00

which is a contradiction (Fig. 4.2).
We take « sufficiently large so that xy, y, € 2. Since ® is maximized at xy, Yy,
we see that the function
X 10 (0) — @a(x),  9u(x) =v(ye) + alx — Yol

takes its maximum at x, and the function

Yy () — Ya(3),  Ya(y) = up(xg) — alxg — yI?

W | — ¢, <0
b, K0 7
>
’/I 'f
s e s
Q [T Pe =m0 —v(x)
, ’
/’ I,’
i a positive maximizer
/ /’/ qja «0 (Xa) Ya)
/’I

b, <0 Q

Fig. 4.2 Values of @,
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takes its minimum at y,. By the definition of viscosity sub- and supersolutions, we
conclude that

Voo (xe)| — Af (xg) <0,
[V (o)l — f(Ya) = 0.

Subtracting the second inequality from the first and observing that V,¢y(xy) =
Vy ¥ (Ye), we now obtain

—Af(xa) + f(Ya) < 0.

Since xov — X and y,» — X, sending &’ — o0 yields
—A(®)+ fX) 0.

If f > 0 on €, this leads to a contradiction since A < 1. We thus conclude that
Au < v forall A € (0, 1), which implies u < v in Q.

Suppose that there are two solutions, u1 and u € C(R), of (4.10) with u; =
up; = g on 992. By the comparison just proved, we observe that u; < u, and
us < uyp in Q. This implies u; = uy. The proof is now complete. O

The assumption f(x) > 0 for all x € 2 is essential. If f takes a zero at some
point of €2, the uniqueness actually fails. In fact, if one considers

d
’a”' x| =0, x| <1
w(£1) =0,

then
v, (x) = min {(1 —xY/2,a+ x2/2}

is a viscosity solution for all a € [—1/2, 1/2] (Fig. 4.3). It turns out that there is at
most one solution if all its values on the set {x | flx)= O} are prescribed; see the
last paragraph of Sect. 4.5.1.

Note also that there may be no solution for given boundary data. Indeed, if we
consider (4.6) in (—1, 1) with u(—1) = 0, u(l) = 3, then there is no viscosity
solution u € C[—1, 1] satisfying this boundary value. One must interpret the
boundary condition in some weak sense.
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Fig. 4.3 Graphs of v, Vg

4.3  Viscosity Solutions of Evolutionary Hamilton-Jacobi
Equations

In this section, we consider an evolutionary Hamilton—Jacobi equation and discuss

the uniqueness of viscosity solutions under the periodic boundary condition. The
proof is similar to that in the last section.

4.3.1 Definition of Viscosity Solutions
We consider an evolutionary Hamilton—Jacobi equation of the form

ur+H@x,Vu) =0 in Qx(0,7T), (4.12)
where Q is a domain in RY or TV, which imposes a periodic boundary condition.
Here we continue to assume that H is a (real-valued) continuous function in  x

RY; Vu denotes the (spatial) gradient of a scalar function u = u(x, t) defined on
Qx(0,7),ie.,Vu=(0u,...,0oNu).

Definition 4.3

A function u € C(Q) with Q = Q x (0, T) is said to be a viscosity subsolution
of (4.12) in Q if

(R, 1)+ H (£, Vo(£,1)) <0

whenever ((p, (x, f)) e C1(Q) x Q fulfills maxgu — ¢) = (u — @)(£,1). A
function u € C(Q) is said to be a viscosity supersolution of (4.12) in Q if

(X, 1)+ H (£, Vo, 1)) =0

whenever (¢, (£,1)) € C'(Q) x Q fulfills ming (u — ¢) = (u — @) (£, 7). I u is
a viscosity sub- and supersolution, we say that u is a viscosity solution.
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4.3.2 Uniqueness

We now present a comparison principle for (4.12) under the periodic boundary
condition to simplify the situation. We set Q¢ = Q2 x [0, T') for later convenience.

Theorem 4.4 (Comparison principle)
Let @ = TN Assume that H (x, p) is continuous in TN x RYN. Assume that

|H(x, p) — H(y, p)l <n((1+1|pl)Ix — y]) forall (x,p)eT" xRY,

where 1 is a modulus, i.e., n(s) > 0 for s > 0and n(s) | 0as s — 0. Let
u € C(Qo) and v € C(Qo) be viscosity sub- and supersolutions of (4.12),
respectively. Ifu < v att =0, then u < v in Qq. In particular, a solution to
(4.12) with given initial datum g € C(TN) is unique.

Proof. As in the proof of Theorem 4.2, since the uniqueness (the second statement)
easily follows from the comparison principle (the first statement), we just give a
proof for the comparison principle. We may assume that u, v € C(Q) by taking T
smaller. We consider

Dx,1,y,8) =ulx,t) —v(y,s) —alx —y* = Blt —s|> =y /(T —t) — y /(T —s)

for sufficiently large o, 8 > 0 and sufficiently small y > 0.

Assume that u < v in Q were false. Then for sufficiently small y, there exists
(x0, t0) € Q such that ®(xg, 9, xg, to) > 0. We shall fix such y. Then this would
imply

max ® =mqg > 0.
0xQ

Let (Xop, taps Yaps Sep) € Q X Q be a maximizer of ® over Q x Q. As in the proof
of Theorem 4.2, we see that ot|xqp — Yup |2 + Bltag — Sap |2 is bounded as ¢ — o0,
B — oo. In particular, x4 — Yo —> 0, tap — Sap —> Oas @ — o0, B — 00.

As in the proof of Theorem 4.2, #4g, 545 > 0 for sufficiently large o, 8 because
of the initial condition.

We next observe that

@l xap — Yapl® + Bltap — sapl> = 0 (4.13)
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as a — 00, B — oo. In fact, since mqg > ®(x, 1, x, 1), we see that

limsup (u(x,?) —v(y,s) —y/(T —1t) =y /(T —5)) —mgg < 0.
x—y—0
t—s—0

Setting (x,t,y,5) = (Xaf, taf> YaB, Sap), WE Obtain

lim sup {@(xaﬂ, taBs Yo Sap) + | Xap — )’aﬂ|2 + Bltap — Saﬁ|2 - maﬂ} =0,

o,f—00
which yields (4.13) since ® (xeg, tag, Yapb, Sap) = Mag.

We take o, B sufficiently large so that 748, sqg > 0. Since ® is maximized at
(Xa, tap)s Yap, Sap), We see that

(x, 1) = u(x,t) — @up(x, 1),

Pap (X, 1) = V(Yap, Sap) + &|x — yap|* + Blt — sapl> + v /(T —1)

takes its maximum at (xqg, f4g). Similarly,

(v, 5) = v(y,5) — Yap(y, 5),
Vap(V, ) = U(Xap, tap) — |xap — ¥I> — Bltap — sI* — y /(T —5)

takes its minimum at (Yug, S¢g)- By the definition of viscosity sub- and supersolu-
tions, we conclude that

2:3(taﬁ - saﬂ) +v/(T — totﬁ)z +H (xozﬁa 20[()60[/3 - ya,B)) <0,
2B(tap — Sup) = ¥/ (T = $up)” + H (Yap, 20(¥ap — Yop)) = 0.
Subtracting the second inequality from the first, we conclude that
V/(T = tap)? + v /(T = sap)* <1 (14 20t xap — Yapl) [Xap — Yopl)

by the assumption of continuity of H with respect to x. Since &|xqg — Yop 12 - 0,
|Xap — Yapl = 0,and T — 14 < T, we conclude that

y/T*+y/T* <0,

which yields a contradiction. We thus conclude that u < v in Qy. O
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In the proofs of both comparison principles (Theorems 4.2 and 4.4), a key
property is that

Via(Xe) = VyVa(ya)
for Theorem 4.2 and
Vi@ap (Xap, tap) = VyWap(Yap: Sap)s  01Pap(Xap, lap) = OsVap(Yap, Sup)
for Theorem 4.4, which follow from
Velx —y? = =Vylx —y[3, 8t —9)? = —d5(t — 5)*.
For second derivatives, we have
Vilx = yI? = Vilx — yI* # =V lx — yI*.

This prevents us from extending the foregoing proofs directly to the second-order
problems.

4.4  Viscosity Solutions with Shock

In this section, we continue to study the uniqueness of a solution for an evolutionary

Hamilton—Jacobi equation whose expected solution may develop jump discontinu-

ities called shocks like conservation laws. We first recall the notion of viscosity

solutions for semicontinuous functions.

4.4.1 Definition of Semicontinuous Functions

We consider an evolutionary Hamilton—Jacobi equation of the form
up+H(x,t,u,Vu) =0 in Q=Qx(0,T), “4.14)

where © is a domain in RN or TV and H is a continuous function that may also

depend on ¢ and u. For a function u : Q — R U {Zo0} (i.e., with values in R U

{£00}), let u* denote the upper semicontinuous envelope, i.e.,

u*(x,t) =limsup{u(y,s) | ly —s|<e, |t—s|<e (y,5) € Q}
el0

for (x,1) € @ Similarly, u4(x, t) denotes the lower semicontinuous envelope, i.e.,
us(x,t) = —(—u)*(x, t) (Exercise 4.3).
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Definition 4.5

A function u : @ — R U {z00} is said to be a viscosity subsolution of (4.14) in
Qifu* < ocoon Q and

@(X, 1) + H (%, 1,u*(%, 1), Vo(&,1)) <0 (4.15)

whenever (q), (x, ﬂ) e CY(Q) x O fulfills maxgu* — @) = W* — @)(%,1). A
viscosity supersolution is defined by replacing u*, oo, u*(x, 1), <, max by u,
—00, Uy (%, ), >, min, respectively. If u is a viscosity sub- and supersolution, we
say that u is a viscosity solution.

It is easy to extend Theorem 4.4 to such a discontinuous solution. Moreover, if
r — H(x,t,r, p)is nondecreasing, then u dependence is also allowed.

Theorem 4.6 (Comparison principle)
Assume that H = H (x, r, p) is continuous in TV x R x RY. Assume that
r — H(x,r, p) is nondecreasing and satisfies

|Hx,r, p)—H(y,r,p)| <n((A+pD)Ix—yl). peRY, x,y e TV, reR

for some modulus 1. Letu : Q — RU {—o0}andv : Q — R U {400} be
viscosity sub- and supersolutions of (4.14), respectively. If u* < vy att = 0,
then u* < vy in Qo = Q x [0, T). In particular, a solution to (4.14) with
=g = uslimg =g € C(TN) is unique and continuous in Q.

The proof of u* < v, in Qg is the same as that of Theorem 4.4, replacing u and
v with #™ and v,, respectively, before comparing the inequalities

2,3(%1/3 - Saﬂ) +y /(T — totﬂ)z +H (xaﬁs U*(xotﬂv taﬁ), Za(xotﬂ - Yaﬂ)) <0,
2B(tap — Sap) — ¥/ (T = sap)* + H (Yap. v(Vap. Sap): 20 (Xap — Yap)) = .

By the choice of xu8, tag, Yups Sap, We KNOW u*(Xag, tap) > Vi (Yap, Sap). f r —
H (x, r, p) is nondecreasing, we may replace vy (Yug, Sap) With u* (xep, tap) so that
both inequalities are comparable. The remaining part is the same.

If 41 and uy are solutions with initial datum g, the comparison principle implies
ui < ugy and u3 < uyy. Thus, u; = uz € C(Qo).

We may weaken the monotonicity assumption that » — H(x, ¢, r, p) is nonde-
creasing by a weaker assumption such that 7 — H (x, r, p)+Ar is nondecreasing for
some A € R by modifying the structure assumption for H. The main idea to extend
the proof is the change of dependent variables u, v by e */u, e=*'v. However, if
H does not satisfy such monotonicity assumptions, the uniqueness may not hold in
general.
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4.4.2 Example for Nonuniqueness

We consider a scalar conservation law (3.2). Here we assume that f is a given strict
convex C! function in the sense that f’ € C(R) is (strictly) increasing. The equation
can be written in the form of (4.14), with

H(x,t,r,p)= f'(r)p.
For u, < uy, we consider

Ug, x < St,

us(x,t) = {

Uy, x > st;

see Fig. 4.4. If the speed s satisfies f'(u,) < s < f'(ug), then uy is a viscosity
solution in R x (0, 0o). (However, it is not a weak solution unless s satisfies the
Rankine—Hugoniot condition, i.e., s = s,, with

_ S — f).

Uy — Uy

*

see Lemma 3.8.) This shows the nonuniqueness of viscosity solutions. Of course,
this is not a direct counterexample of the comparison principle discussed previously
since these functions are neither periodic nor continuous up to initial data, but it is
easy to construct such an example under the periodic conditions with continuous
initial data. In Chap. 3, we introduced the notion of an entropy solution and proved
that it was unique. In this example, u, is an entropy solution, while u; with s 7 s,
is not even a weak solution. We shall introduce a notion of a proper solution so
that the speed of the jump satisfies the Rankine—Hugoniot condition and entropy
condition.

Fig. 4.4 Graph of u, at u
time ¢
O
Up
T -
X
0 x = st
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4.4.3 Test Surfaces for Shocks

In the definitions of viscosity solutions, we test a possibly irregular function u by
a smoother function ¢ (called a test function) from both above and below; see,
for example, Definition 4.5. If u is allowed to be discontinuous, as we saw in
Sect. 4.4.2, such tests are not enough. To overcome this difficulty, we also test
shocks. For simplicity, we consider a one-dimensional setting. In the case where
u is discontinuous at I', as in the paragraph after Definition 3.2, but I' may not be
smooth, we test the shock I" from both the right and left (or inside or outside with
respect to the orientation v*) by a smoother curve called a test curve (Fig. 3.4). The
speed of test curves (surfaces) will be given by the Rankine—Hugoniot condition or
entropy condition.

For a given point (xg, o) € Q and p > 0,6 > 0, let {S;};cA be a smooth family
of smooth hypersurfaces in ép (x0) C Q2 with xg € S;,, where A = As(t9) = (o —
8,19 + 8), and B, (xp) denotes a closed ball of radius p in RY centered at xy € RV.
Let n = n(., #) denote the unit normal vector field of S; that gives the orientation of
St; we assume that n(-, #) depends on ¢ at least continuously. Assume that B 0 (X0)\ S
consists of two domains. Let D; denote one of these domains such that 9 D; = §; in
ép (xp) and its inward normal agrees with n = n(-, t) for t € As(#p). We call D; a
region associated with (S;, n(-, t)). It is uniquely determined for given p and 8.

We simply say that {(S;, n(-, 7))} is an evolving hypersurface through (xg, tg).

Definition 4.7

(1) Letu : Q — R U {—o0} be upper semicontinuous and (xg, o) € Q. For
w < u(xo, tg), we say that an evolving hypersurface {(S;, n(-, t))} through
(x0, to) 1s an upper test surface of u at (xo, ty) with level p if

ulx,t) <u in Dy x {t}

for some p > 0 and 6§ > 0, where D, denotes the region associated with
(e, m(-, 1)).

(i) Let v : O — R U {400} be lower semicontinuous and (xg, fy) € Q. For
n > v(xop, tp), we say that an evolving hypersurface {(S;, n(-, #))} at (xo, fo)
is a lower test surface of v at (xg, fo) with level u if

v(x,t) > p in D x {t}

for some p > 0, and § > 0, where D; denotes the region associated with
(8¢, (-, t)). See Fig. 4.5.

If u(-, t) jumps across a hypersurface X, such a surface ¥; is often called a shock
surface. In this case, one may take X; as a test surface if %; is regular enough.
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t
t() +0T 77
toT // D¢ % {f}
t _____
o _ o4 | A < 1 < u(xoto)
0
\Hn(x, t)
X
%xg_/

B, (x0)

Fig. 4.5 Upper test surface

The graph of f

The graph of f;

P

Fig. 4.6 Convexification

4.4.4 Convexification

To give a rigorous definition of solutions, we recall a few properties of convexifi-
cation. Let f be a function defined on R. Let / be a bounded closed interval. Let
f1 : I — Rdenote the convex hull (convexification) of f in I, 1i.e., f7 is the greatest
convex function on [ less than or equal to I (Fig. 4.6). By definition, f; = f in [ if
I is a singleton.
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Lemma 4.8

(i) If f is continuous in I, then f; = f on 0l and f is continuous in I.
(ii) If f is C', then fris CVin I.
(iii) For f € C'la,d] (w00 < a < d < 00),

flx) = f;(x) for xelINnlJ,
with I = [a,b], J = [c,d], a < ¢ < b =< d, where ' denotes the
derivative. (At the boundary, the derivative is interpreted as the right or

left derivative.)
(iv) For f € Cl(R), the function F(a, b, x) = f[/a’b] (x) is continuous in

{(p.g.x)eR | p=<gq, p=<x=gq}

The proofs are elementary. They are safely left to the reader; see [46, Lemma
2.1].
4.4.5 Proper Solutions

To define a proper solution, we recall a recession function of p = Vu variable for
the Hamiltonian H : Q x R x RN — R ie.,

Hoo(x,t,r, p) = %»iﬂ)lAH(x’ t,r, p/A).

See Exercise 4.2. We always assume that Hy, exists and is continuous in its
variables. By definition, Hxo(x,t,7,0p) = ocHx(x,t,r,p) for o > 0, ie.,
positively homogeneous of degree one in p. Indeed,

Hoo(x,t,r,op) =limAH (x,t,r,op/X) = limoA H (x,t,r, p/A)).
oo p) =HmAH ( p/h) = lim ( p/)

Let f(r) = f(r; x,t, p) be a primitive of Hx(x, ¢, r, p) as a function of r. For a
closed interval I, let f; denote the convexification of f in I. Since f7 is C! in I by
Lemma 4.8 (ii), so that f 1/ is continuous on 7, we set

H'(x.t.r,p):= fl(rix.t.p), rel, (x,t)eQ, peRV

and call H' a relaxed Hamiltonian in I. This is independent of the choice of a
primitive f, so it is well defined. Since Hy, is positively homogeneous of degree
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one, sois H',ie.,
Hl(x, t,r,op) = GHI(x, t,r,p)

forallo >0, (x,t) e Q,rel,pce RN . Ifr — H(x,t,r, p) is nondecreasing so
that f(r) is convex, then the relaxed H! agrees with H, for any choice of I.

Definition 4.9

(i) Letu : Q — R U {—o0} be a viscosity subsolution of (4.14) in Q. We say
that u is proper subsolution of (4.14) if the inequality

V (xo, o) + H' (xo, to, u*(x0, t0), —n(x0, 1)) < 0 (4.16)

holds whenever (xg, fp) € Q admits an upper test surface {(S;, n(-, ))} of
u™ at (xg, to) with the level u (< u*(xg, t9)), where I = [,u, u*(xo, to)].
Here, V = V(xo, tp) denotes the normal velocity of {S;} at (xg, fp) in the
direction of n(xg, ty), and H I denotes the relaxed Hamiltonian.

(ii) For a viscosity supersolution v : Q — R U {+o0} of (4.14) in Q, we say
that v is a proper supersolution of (4.14) if the inequality

— V(x0, t0) + H" (x0, 10, v4(x0, 0), n(x0, 1)) > 0 4.17)

holds whenever (xg, fp) € Q admits a lower test surface {(S;, n(-, ¢))} of v,
at (xo, tg) with level u (> v4(xo, t9)), where I = [v(x0, to), u].

(iii) If u is a proper sub- and supersolution, we say that u is a proper solution.
The notion of proper sub- and supersolution is reduced to classical viscosity
sub- and supersolutions respectively if the function is continuous.

» Remark 4.10
i) If (4.16) is fulfilled with I = [,u, u*(xg, to)], then (4.16) holds for all I’ =
[, o] provided that o > u*(xg, t9) by Lemma 4.8 (iii).
(ii) If {(S;, n(-, 1))} is an upper test surface of u™ at (xg, tp) with level u, then it is

also an upper test surface with level p’ for any u’ € [u, u*(xo, to)]. Thus, for
a proper subsolution, the inequality

V (x0, to) + H (x0, t0, u*(x0, t0), —n(x0, t9)) < 0

with J = [u’, u*(xo, to)] is valid. By Lemma 4.8 (iv), letting u' 1 u*(xo, to)
yields

V (x0, 10) + Hoo (X0, 0, 4™ (x0, 10), —0(x0, 1)) < 0, (4.18)
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since HY = H, if J is a singleton. This inequality holds for any upper test
surfaces {(S;, n(-, 1))} at (xo, 1p).

(iii) Suppose that r +— H(x,t,r, p) is nondecreasing so that H! = H,, for any
1. If (4.18) holds for any upper test surface {(S;, n(-, ¢))} at (xg, #p) with level
u < u*(xo, tp), then (4.16) holds for u by the monotonicity of H in r. Thus,
u is a proper subsolution if u is a viscosity subsolution and (4.18) holds for
any upper test surface {(S;, n(-, 7))} at (xg, fp) with level u < u*(xp, t9). In
fact, if r — H(x,t, r, p) is nondecreasing, then every subsolution is a proper
subsolution, as stated subsequently in Theorem 4.11.

(iv) For a semiclosed interval (0, T], it is possible to define a proper solution in
Q' = Qx(0, T].Foru : Q' — RU{Z%o00}, we say that u is a proper subsolution
of (4.14) in Q' if it is a viscosity subsolution of (4.14) in Q’ (i.e., (4.15) holds
for ((p, (x, ﬂ) e CH(Q)) x Q' satisfying maxg(u* — ¢) = W* — @)(%,1)
with Q replaced by Q') and (4.16) holds for upper test surface {(S;, n(-, £))} at
(x0, 10) € Q' with level u (< u*(xo, 19)). If to = T, the family {(S;, n(-, 1))}
should be interpreted as being smooth in (T — §, T].

Ifr — H(x,t,r, p)isnondecreasing, then a proper subsolution is a conventional
viscosity subsolution under an asymptotic homogeneity assumption on H as
|p| = oo.

Theorem 4.11 (Consistency)

For H € C(Q x R x RN), assume that r — H(x,t,r, p) is nondecreasing
in R forall (x,t) € Q, p € RY. Assume that MH(x,t,r, p/A) converges to
Hoo locally uniformly in Q x R x RN as A | 0. In other words,

lim  sup PH(LLnE)—Hw@Jmp)=O (4.19)
240 (x,t,r,p)eK A

for every compact set K in Q x R x RN If u and v are viscosity sub- and
supersolutions of (4.14) in Q, then u and v are respectively proper sub- and
supersolutions of (4.14) in Q.

> Remark 4.12 By (4.19), the function Hs, is continuous in its variables. In
particular, by the homogeneity of Hu,

Hoo(x,t,r,0) =lim Hyo(x,t,r,0) =lim Hy(x, t,7r, 1) = 0.
al0 a0

By definition,

H'(x,1,r,0)=0

for any closed interval 1.
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Proof. The proof of a viscosity supersolution is similar to that of a viscosity
subsolution, so we only present the proof of a viscosity subsolution. By Remark 4.10
(iii), it suffices to prove (4.18). Let {(S;,n(-,7))} be an upper test surface at
(x0,20) € Q of u* with level u (< u™(xo, 19)). Let D; be a region associated with
(Sy,n(-, 1)). We set

D= D x{t}CBy(xo) x A, A= (tg—8.10+59).
teA

We take another upper test function {(Sl’, n'(, t))} with level u at (xo, fo) and
n(xo, 1) = n'(xo, 7o) such that

(x0.10) € S and S\ {(x0,%)} C D with s/:Usgx{t}.
teA

(By construction S; touches S; only at time o at point xo.) Let D; denote a region
associated with (St’ ,n'(., t)). To construct an appropriate test function! for u*, we

use a signed distance function of D’ = J,., D} x {t} C B,(xo) x A defined by

s / /
A1) = dlst.((x, 1),9D) , xe€ D/,
—dist ((x,1),0D"), x ¢ D'
From this point forward, by 3 D" we mean the boundary of D’ in ép (x0) X A. Since
9D’ is smooth, so is d in B,(xg) x A for sufficiently small § > 0 and p > 0; see,
for example, [67]. We fix u’ € (u, u*(xg, fo)) and define

gr(x, 1) = max (—Ld(x, 1) + u*(xo, to), ')

for L > 0 (Fig. 4.7). The function ¢ (x,t) is smooth outside D’ in a small
neighborhood of (xg, #p). Since u™ is upper semicontinuous, there is a maximizer
(xr,tr) of u* — @ in B, (xg) X A, where A = [to — 6, to 4+ 6]. Sending L — oo we
see that 0 < max(u* — ¢ ) — 0 and dist ((xL, ), BD’) — 0. Since (x, 1) ¢ D',
this implies (xp,t1) — (xo, tp). Moreover, u*(xz, tr) — u*(xp, tp) since u* is
upper semicontinuous and u™*(xp, 1) > u*(xo, to). Thus, for sufficiently large L
the function u* — ¢ takes its local maximum at (xz,?;) € ép (x0) x A, and at
(xr, t1) the function ¢y, is smooth.

! For a subset A in a metric space M equipped with distance d, the distance function dist(x, A)
from A is defined by

dist(x, A) ;= inf{d(x, y) | y € A}.
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Fig. 4.7 Graph of ¢, at
t=1t

u* (xo, to)
MJ'
=7 o X
X
“ ? fo /
~
Br‘(xo)

If u is a viscosity subsolution, then
dor(xr, 1) + H(xp, tp, u*(xp, 1), Vor(xp, 1)) < 0.
Dividing by |Ve(xr, )| = L and sending L — oo yields
V + Hoo(x0, f0, u™(x0, f0), —n(x0, 19)) < 0

since the convergence AH (x,t,r, p/A) — Hoo(x,t,r, p) is locally uniform in
(x,t,7,p)as A | 0and

\Y )
YeLo, i) ——n(xo, f), (xL, 1) —(x0, 1),
[Vor(xr, tr)l B0, i1)
QXL I
u*(xp, tr) —u*(xo, to), m —V (xo, o)
as A 0.
We have thus proved (4.18). |

4.4.6 Examples of Viscosity Solutions with Shocks

We consider a scalar conservation law (3.2), where f is a given strict convex C 1
function. For a < b we set

un (e, 1) a, x < st,
N(x, 1) =
b, x > st,
b, x < st,
us(x,t) = N
a, x > st.
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If the speed s satisfies the Rankine—Hugoniot condition, i.e.,

S_f(b)—f(a)
- b—a

then ug is a viscosity solution, while u is not a viscosity solution even if s satisfies
the Rankine—Hugoniot condition. If s satisfies the Rankine—Hugoniot condition,
then u y is still a weak solution (defined in Definition 3.2) of (3.2).

Proposition 4.13

Assume that ' € C(R) is (strictly) increasing and a < b. If s =
(f(b) — f(a)) /(b — a), then us is a proper solution of (3.2). If s < f'(b),
then uy is not even a viscosity supersolution of (3.2). If s > f’(a), then uy
is not even a viscosity subsolution of (3.2).

Proof. 1t is easy to see that ug is a viscosity solution. Thus, it suffices to check
the speed of a test surface for shocks. Let (xg, fp) be a point on a shock, i.e.,
xo = stg,to > 0. The line S; = {x = st} itself is a test surface of ug and uy
at (xo, tp) with level a. All other test surfaces at (xo, #p) are tangent to {S;}, so by
Remark 4.10 (ii) it suffices to estimate the normal velocity of {S;}. Equation (3.2)
can be written

uy + H@w,Vu) =0
if we set H(r, p) = f/(r)p. If we consider ug, then n = 1, so that

H(r,n) = —f'(r).
Since — f is concave,

_f®) — f@

P rel =|a,b],

d
Z(_f)l(r) =

which yields H! (r, —1) = —s by the definition of 5. Since V (x¢, o) = ¢, we now
observe that

V(xo0,t0) + H (b, —1) = 0.

Thus, ug is a proper subsolution. A symmetric argument shows that (u ) is a proper
supersolution.

It is easy to see that u y is not a viscosity subsolution or a viscosity supersolution
for the range indicated in the statement. O
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It is well known (Exercise 3.6) that the entropy solution # with initial datum
ul;—g = upnl;— is a rarefaction wave solution

a, x < fl(a)t,
ug(x,t) =3 (fH"'(x/0), fl@r <x < f'(bt,
b, x> f'(b),

where f'~! denotes the inverse function of f’. This function u is a continuous
viscosity solution, so there are no jumps. Consequently, there are no test surfaces for
shocks. Thus, ug is automatically a proper solution. For #r and ug, the notions of
proper and entropy solutions agree with each other. More generally, it turns out that
notions of proper and entropy solutions essentially agree for initial-value problems
[46]. We do not touch on this problem in this book.

4.4.7 Properties of Graphs

To derive some comparison principle, it is convenient to consider graphs of proper
solutions. For a function u : Q — R U {£o00}, we associate a function on 2 x R x
(0, T) of the form

0, z=<ux,1p),
—00, 7 > u(x,t).

iu (-x» Za [) = {
The set
{iv =0} :={(x,2.0) € Q x Rx (0, T) | iy(x,z2,1) =0}
is called the subgraph of u and denoted by sg u. Similarly, we set

0, z>u(x,1),
00z < u(x,t).

ILl(xv Z7t) = {

The set
(I, =0} :={(x,2,0) e R x Rx (0, T) | I,(x,z,1) = 0}

is called the supergraph of u and denoted by Sg u. This set {1, = 0} is usually called
the epigraph of u, and 1, is called the indicator function of Sgu in convex analysis.
By definition, sgu is closed if and only if u is upper semicontinuous. The closure
of sgu equals the subgraph of u*, i.e., Sgu = sgu*. Similarly, Sgu = Sgu,. By
definition, for a function u : Q@ — R U {00}, we see that i, = (i,)*, S0 iy* is
always upper semicontinuous. Similarly, I, is always lower semicontinuous.
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For later convenience, we first recall the (left) accessibility of a viscosity solution
of (4.14).

Proposition 4.14

Assume that H in (4.14) is continuous. Let u be a viscosity subsolution of
@.14)in Q = Q x (0, T). Then u* is left accessible at each (xqo, ty) € O,
i.e., there is a sequence {(xj,tj)};o:l C Q such that x; — xo, tj 1 to,
u*(xj,t;) — u*(xo, to) as j — oo.

This follows from the fact that u is a viscosity subsolution of (4.14) in  x (0, T']
for any T’ < T and that such a u is left accessible at + = T’. We do not give the
proof here. For the complete proof, see [22]; see also [47, §3.2.2].

As an application, we obtain some information of functions testing i,.

Lemma 4.15
Assume the same hypothesis as that of Proposition 4.14. Then i, is left
accessiblein Q = Q2 x R x (0, T).

Proof. Assume that i,+(xg, 20, 20) = 0 at (xo, z0, t9) € Q, so that u™*(xq, t9) >
—o0. Since u* is left accessible at (xg, ty) by Proposition 4.14, there is a sequence
{(xj,tj)};il C Q such that x; — xo, t; 1 to, u™(x;, ;) = u*(xo, tp) as j — oo.
Since i+ (x0, 20, tp) = 0, we see zo < u™(xg, to). If u™(xp, 1p) € R, then we take

zj = u*(xj, 1) — (u*(x0. 10) — 20) < u*(x;, 1)
and observe that i,«(x;, z;,¢;) = 0 and z; — zo. If u*(xo, o) = oo, then zg <
u*(xj, t;) for sufficiently large j. In this case, we set z; = zo. We thus conclude

that

L (xj,2,t)) =0, xj = x0, zj > X0, t;j 11

as j — oo. If i,«(xo, 2o, t) = —oo so that zg > u*(xo, fo), then zo > u*(x;, ¢;)
for sufficiently large j. Thus, taking z; = zo, we see that i, (x;, zj, ;) = —00. We
now conclude that i+ is left accessible in Q. |

We next check what kind of equations a test function of i, satisfies.
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Lemma 4.16

Assume that H is continuous and Hso exists. Let u be a proper subsolution
of (4.14)in Q = Q2 x (0, T). For ® € C'(Q) assume that i« — ® takes its
maximum over Q at (%, 2, 1), i.e.,

0

Then 3,® (X, 2, ) < 0 holds.

(A) Assume that V®(X,2,1) # 0, where V® = (V,®, 3, D). Then <
u* (%, 7). Moreover
(i) If 3, ®(%,2,1) # O, then 7 = u*(%,f) and 3,®(%,2,7) < O.
Moreover,

T4+ H (.5 u* @), p) <0, (4.20)

witht = —(3;®/0,®)(%,2,7) € R, p = —(V,®/0.D)(X,2,7) €
RY.
(ii) If 3,® (X, 2,1) =0 and 2 < u*(%, t), then

QPR 2,0+ H (R, F,u*®, 1), V@&, 2,1)) <0, 4.21)

with I = 2, u*(%,1)].
(iii) Assume (4.19). Assume that 3,® (%, Z, ) = 0 and z = u*(%, t). Then
inequality (4.21) holds.
(B) Assume (4.19). IfV® (%, 2,1) = 0, then 8, ®(%,2,1) < 0.

Symmetric statements hold for proper supersolutions.

Proof. Since i,+(x, z,t) is nonincreasing in z, (i,+ — ®)(X, z,f) cannot take its
maximum at  if 9, ® (%, Z,7) > 0. Thus, 3, P (X, 2, 1) < 0.

(A) The point (X, Z,7) belongs to the boundary of the subgraph sgu* since
Vo (3,2, 1) # 0. For £ = ®(&,2,f) the £-level set of ® touches sgu*
at (X,2,7), and the sublevel set {® < ¢} does not intersect sgu*. Thus,
Z < wu*(%,1). From this point forward, for a function F defined in Q, by
{F < £} (resp. {F < £}) we mean the set

{w €0 | F(w) <E} (resp. lwe 0 | F(w)fﬂ}).
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(i) By the definition of sgu™, the first statement is clear. Since
8zq)(£a 27 l{) < Oa

the £-level set of @ can be written as the graph of an implicit function Z =
Z(x,t) near (%, Z, 7). By the geometry of the ¢-level set of ® and sgu*,
u* — Z takes its local maximum at (%, 7). Since Z is an implicit function
satisfying ® (x, Z(x,t),t) = £, we see 9, Z(X,f) = r and VZ (X, ) = p.
Since u* is a subsolution, we get (4.20).

(ii) This is a crucial part of this lemma. We may assume that ® (%, 2,7) = 0
and £ = 0 without loss of generality. Since V, ®(0, 2, f) # 0, by rotation
we may assume that

V,®/|V®| = (=1,0,...,0) at (0,Z,1).
We set
W(x,z,0) 1= (x1 =R +x3+ - +xy +(@—2) + (@ —D)?+ At —1)— R
For a suitable choice of R > 0 and A € R, aball B = {V < 0} touches
sgu* only at (0, 2,7) i.e., sgu* N B = {(0,2,7)} and B C {® < 0}; see
Fig. 4.8. Thus,

OW/|V, U = 9,0/ |V, ®| at (0,%,1). (4.22)

By the choice of B we observe that

u(x,t) <z
Z
.._./_\n
f e ¥Y<0
iu. - \i
1, i X
X
D¢

Fig. 4.8 Ball {(x,2) € @ x R| ¥(x,z,7) <0}
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forx € D; = {x e Q | Y(x,z,0) < O}. We take S; as the boundary of
D, and n is the inward normal of D;. By definition, {(S;, n(-, #))} is an
evolving hypersurface through (0, 7), and D, is a region associated with
{(S;, n(-, £))}. Then {(S;, n(-, t))} is an upper test surface with level Z of u*
at (0, f) and n(-, 7) at O equals (1,0, ..., 0). By (4.22), the normal velocity
(in the direction of n(-, 7)) V of S; at X = 0 equals

V =0,W/|V,¥| =09,®/|V,®| at (0,%,71).
By the definition of a proper subsolution, we see that
V + H'(0,7,u%(0,7), —n) <0, (4.23)
with I = [2, u*(0, ﬂ] Since

Ex:
[V ®|

<P A

- (0723 t)v
Vi |

(0’ 27 f)’ n:

we conclude that (4.23) yields (4.21); here we invoke the homogeneity of
Hl(x, t,r,p)in p,~i.e., Hl(x, t,r,op) = (THI()C, t,r,p)foro > 0.
(iii) We modify W. Let ¥ be a C' function defined by

y . A

B, 20y = | LD, IR
‘P(xaz,t)—(Z—Z),lf z>2,

so that 9. < 0. Since sgu* is a subgraph, the set {¥ < 0} still touches

sgu* only at (0, 2, ). For ¢ > 0 we set

We(x,z,0) = W(x,z,1) —e(z — 2).

Let (xg, z¢, te) be a maximizer of i, — W,. Since i,+ — U takes a strict
maximum at (0, 2, 7), by a convergence of maximum points (e.g., [47,
Lemma 2.2.5] and Exercise 4.4) (x¢, z¢, 1) — (0,2, 1) as ¢ — 0. Since

9, We(x,z,1) =2min(z —z,0) — e < 0,

we apply (i) to get z, = u™*(x,, t;) and

=<0,

VW, (xe, Z¢, T
0 We(Xe, 2o, te) +AcH <-x81 Zey e, M)

Ae
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with Ay = —0,We(xg, 26, 1) for small ¢ > 0. By (4.19), letting ¢ — 0
yields

at\p(os 2’ i) + HOO (O’ f’ 23 VX\I](O, 27 i)) =< O
since A, | 0. The desired inequality follows from (4.22) and
V,U/|V, W = V,®/|V,®| at (0,%,7) since H,, is positively
homogeneous in the variable V, W.
(B) We may assume that @ is a separable type of the form
O(x,z,0) =¥ (x,2) +a@), (x,z,0¢€0.

We may assume that i,» — ® takes its strict maximum at (X, Z, f) by replacing
P by

S+ |x -5+ @-2+ -0
We consider a shift ®; of ® by defining
Dr(x,z,t) =D(x —§,z—1n,1),

with ¢ = (£, 7) € RV x R. By the convergence of maximum points, there is a
sequence (x¢, z¢, t;) converging to (£, Z, ) as ¢ — 0 such that

max(iyx — ®¢) = (lyr — Pe)(xe, 2¢, 1r).
0
Suppose that there is a sequence {; — 0 such that
V&, (xg, 250 1) # 0.

Since (xz;, z¢;. Ir;) = (X, Z, 1), we see

hm @CD;]. (.ng, Z;-j, l‘;-j) = @(D()’e, 2, f) = 0.

J—>00
If there is a subsequence ¢, such that

0P (x5 2,5 1;,) <0,

we apply (A) (i) with CD;jk at (x;jk )28, t;jk) to getz;; = M*(x;j’ fr;) and

Tk+H(x§jk’t§jk’Z§jk’pk) =< Oa
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with
= 0Py (v 2 1ey,) [ M
P = Ve @y, (g0 g0 1) / Mo
M= =0 D¢, (xg 02, 1;,) (> 0).

In other words,

alq){jk (-x{jkvzg'jkv t{jk)
+ M H (xljk’tfjk’ze“jk’ Viq, (g, 2050 1y,) / )‘k> =0.
By (4.19), sending k — oo, we obtain
»D(X,2,1) + Ho ()? 1,2, Vi@ (%, 2, f)) <0
since
O P(X, 2, 1) = lim 8Py, (xg;, 2¢;0 Ig;)
J—>00 ; ;
qu)(x’\, Z, f) = llIIl qu)§j ()C;-j, Z¢)s l;]-) =0,
j—>o00

azd>()?, 2, i) = 11m 8Z<D;j(x§j, Z{j’ [;-/.) = 0.

Since Hyo (%, £, Z, 0) = 0 by Remark 4.12, we now conclude that 3, ® (%, 2, ) <
0.

If 9; D¢, (x¢; 5 2¢;5 1r;) = O for sufficiently large j, we apply (A) (ii) and (iii)
to conclude that 3, ® (%, 2, /) < 0since H/ (%, 7, 2, 0) = 0 by Remark 4.12.

It remains to discuss the case where

@(D;(x;, 2z, [;-) =0

for sufficiently small ¢. We shall prove that @ is independent of x and z near
(%, 2, ). In other words, v is constant near (%, 2). If so, we are able to conclude
that

alq)()%’z’i) = al‘a(i) =< 0

since otherwise it would contradict the left accessibility of i+ in Lemma 4.15.

To show that @ is spatially constant near (x, Z, 1), we invoke the following
constancy lemma; see [43, Lemma 7.5], where C 2 regularity of ¢ is assumed.
This lemma is implicitly used in [21].
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Lemma 4.17
Let K be a compact set in R™ (m > 2), and let h be a real-valued upper
semicontinuous function on K. Let ¢ be a C' function on R with 1 < d < m.
Let G be a bounded domain in R?. For each { € G assume that there is a
maximizer (r¢, pc) € K of
He(r, p) =h(r,p) —¢(r =)

over K such that V¢ (ry — ¢) = 0. Then

hy() = sup {H;(r, p) | (r, p) € K}

is constant in G.

Wesetm =N+2,d =N +1, and
K={(x,z,0eR"||x =X +|z— 2|+t — 1| <8, ius(x,2,0) =0} C O
for some 6 > 0. We take ¢ > 0 small so that |{| < & implies
V&, (xc, z¢, 1) = 0.
We then set
G={ceR"||¢| <e)
and take

h(r, p) = iy=(r, p) —a(p) = —a(p) on K
¢(r)=¢() on RNHL

with r = (x, z), p = . Here, we extend v outside 2 x (0, T') so that the extended
function is C! in RV*!. Since (re, pe) = (X, 2¢, tr) is a minimizer of

He(r,p) =h(r,p) —¢(r =)

over K, with V¢ (r; — ¢) = 0, applying Lemma 4.17 implies that

hy(¢) = sup {Hc(r, p) | (r. p) € K}
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is constant in G. This implies that ¢ is constant for r such that |r — 7| < ¢, i.e.,
|x — %% + |z — Z|* < &. The proof of Lemma 4.16 is now complete. O

Proof of Lemma 4.17 By definition,
He (ry, pn) < hy(§) = h(re, pe) —¢(rg =) for ¢, neG.
Since
hy(n) = Hy(ry, py) = h(ry, py) —@(ry—n) = He(ry, py) +¢(ry—5) — ¢ (ry —n),
we observe that
heMm) < he(&) +¢(ry =) — ¢ (ry —m).
Since Ve (r, —n) = 0 and ¢ is C',
@Gy —m) =y = O <o (n—¢DIn—¢|
with some modulus o, i.e., »(0) = 0, w > 0, w(0) — 0as o — 0. Here, » can be

taken to be independent of 1 since V¢ is uniformly continuous on any bounded set.
We thus observe that

hg(m) —he(¢) =w(n—¢DIn—gl.
Changing the role of 1 and ¢, we end up with
lhg () — he ()| < @ (In—¢1)In—¢|

for all n, { € G. We now conclude that i is constant on G. m|

4.4.8 Weak Comparison Principle

As an application of Lemmas 4.15 and 4.16, we present here a version of a
comparison principle for periodic functions. Unlike the earlier comparison principle
(Theorem 4.4), the following comparison principle does not imply the uniqueness
of a solution. We consider (4.14) with Q = TV and H independently of x, 7, i.e.,

du+H@u,Vu)=0 in Q=T x(0,7). (4.24)
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Theorem 4.18 (Weak comparison principle)
Assume that H = H (r, p) is continuous and for M > Q there exists a constant
Cu

|H(r,p) — H(', p)| < Culr = r'[(Ipl + 1)

forr,r’ € R, with |r|, |r'| < M, p € RN. Assume that (4.19) holds for every
compact set K in Q x R x RN, Let u and v be bounded proper sub- and
supersolutions of (4.24), respectively. If u*(x,0) < vy4(x,0) for all x € TV,
then u* < vy in Q.

The proof is rather involved compared with that of Theorem 4.4. We present here
only the idea of the proof.
The Idea of the Proof. We may assume that u = u*, v = v,. Instead of considering
u and v, we consider i,, and I, defined in Sect. 4.4.7. We consider

\Il(x’ th’ y, w,s) = iu(-x’ Z7t) - Iv(yy w, S) - :(xv Zatv )’7 w, S)7

E(x,z,t,y,w,s) :=o|x — y|2 + |z — w|2 + a(t — s)2 +o/(T —1t),

where (x, z), (y,w) € TV x Rand 1,5 € (0,7T); here, « and o are positive
parameters. We argue by contradiction. We fix o > 0. We argue in the same
way as in the proof of Theorem 4.4 and conclude that a maximizer of W is away
from r = 0, s = O for sufficiently large « since initially i, (x, z,0) < [,(x, z, 0),
(x,z) € TV x R. We divide the situation into two cases.

Case 1. There is a sequence a; — 00 such that at a maximum of ¥ in
(TV x R x (0, 7)) the gradient (V, &, 3, E) = 0.
Case 2. For sufficiently large o, (V, &, 9, E) # 0 at a maximizer of W.

In the first case, one gets a contradiction by Lemma 4.16 (B). The second case is
itself further subdivided into two cases.

Case 2A. For sufficiently large «, 9, E # 0 at a maximizer of W.
Case 2B.  There is a sequence «; — oo such that 9; & = 0 at a maximizer of W.

To derive a contradiction in Case 2A, we use Lemma 4.16 (A) (i).

In Case 2B, we invoke the property of proper solutions. We provide a detailed
proof in this case. Let (%, Z, 7, 9, W, §) be a maximizer of ¥, with 7, § > 0. We have
0,E(%, 2,1, 9, W, 8) =0, so that Z must agree with . By Lemma 4.16, 2 < u(%, ),
W > v($, §), so that v($, §) < u(®, ).

We shall fix « so that 7, § > 0. We first note that

AAAAAAAAAAAA
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with
i=u® 0, 1=v@,39),

are also maximizers of W. Indeed, since i,(xX,z,7) = O for all z < # and
I,(3, w, §) = 0 forall w > 0, ¥ must take the same value for z, w € R satisfying
z <u,w > 7,and z = w. In particular, ag and a; are maximizers of ¥ since v < u.

Since W is maximized at ag, we apply Lemma 4.16 (A) (ii) and (iii) to a function

(x,z,t) ~> iy(x,z,0) — E(x,z,t, 9, w,5) — L,(y, w, S)
to conclude
WE+H (1, ViE) <0 at ao, (4.25)

with I = [0, a]. Similarly, we have

~%E+H (H,-V,E)>0 at a. (4.26)

Note that V,E(ag) = —VyE(a1), %E(ao) + ;E(a1) = o/(T — ). Thus,
subtracting (4.26) from (4.25) yields

o/(T —H* <0
since H! (r, p) is nondecreasing in r and v < #. This yields a contradiction to
o > 0. This is the end of the idea of the proof.
4.4.9 Comparison Principle and Uniqueness

In general, the uniqueness of a solution does not hold even if H is independent of u
for discontinuous solutions. As shown in [10], a solution of

ur+ (x = ux| =0,

starting with a characteristic function 1; of some closed interval /, is not unique,
where 17(x) = 1 forx € [ and 1;(x) = O for x ¢ I. This is related to fattening
phenomena for a level-set flow of a curvature flow equation; see, for example, [47].
Some additional condition is necessary to guarantee the uniqueness of the initial
value problem for (4.24).
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Theorem 4.19 (Strong comparison principle)
Assume the same hypothesis as that of Theorem 4.18 concerning u, v, and H.
Assume furthermore that

— H(r,p) > c/1+ p? withsome ¢>0 forall peRYreR.

If u*(x,0) < (v)*(x,0) for all x € TV, then u* < (v)* in Qg = TV x
[0, T). If (u*)+(x, 0) < vy(x,0) forall x € TV, then (u*)s < vy in Qo.

The proof requires several fundamental properties of viscosity solutions, so we
provide only a sketch of the proof.
Sketch of the Proof. We provide the proof only where u* < (v,)* atr = 0
since the proof for the remaining case is symmetric. Again we may assume that
u = u* and v = v,. Since v is a viscosity supersolution of (4.24), it is a viscosity

supersolution of
wy —cy 14+ | Vw2 =0

by our assumption. This equation has a strong comparison principle (e.g., [10]), so
the solution is unique even among semicontinuous functions; see, for example, [51].
The unique upper semicontinuous solution of the w equation with initial datum wy
is given by

w(x,t) = sup {x eR| d((x, z),sg_wo) < ct} ,

where sgwq denotes the closure of the subgraph sg wg of wg defined in Sect. 4.4.7.
Heuristically, this is easy to observe since our w equation requires that the graph
of w moves with upward normal velocity V = c. If one interprets this equation
as a surface evolution equation or front propagation of a set Ey, then the set E; at
time ¢ is the set of all points whose distance from Ej is less than or equal to cft.
For more details, see [46]. Since v is a viscosity supersolution of the w equation,
the comparison principle for the w equation with initial datum wo(x) = v*(x, 0)
implies that v > w in TV x (0, T). This implies that for § € (0, T) there is p > 0
that satisfies

v(x, 1) > v*(x,0)+p forall xeTV, 1>3. 4.27)
We shift v in time and set

vs(x,t) =v(x,t+48), t>0.
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Evidently, vs is a proper supersolution of (4.24) in TV x (0, T — §). Assume that
u <v*att =0.By (4.27), we see that u < v* < vs — p att = 0. Since vs is lower
semicontinuous up to ¢ = 0, applying weak comparison Theorem 4.18, we obtain
u<vsinTV x[0,T — 8). Sending § to zero, we conclude that u < v* in Qy since
li{snL %)nf vs < v* by the definition of upper semicontinuous function. This is the end

of the sketch of the proof.

For a given function ug : TV — R U {£o0} we say that u : TV x (0,T) —
R U {£o00} is a solution of (4.24) with initial datum u¢ if u is a proper solution of
(4.24) and

u*(x,0) = (us)*(x, 0) = (ug)*(x),
uy(x,0) = (") (x, 0) = (uo)s(x).

Our comparison principle implies the uniqueness of a solution.

Theorem 4.20

Assume the same hypothesis as that of Theorem 4.19 concerning H. Let u be a
bounded solution of (4.24) with initial datum ug. Then u* and u, are unique.
Moreover, (us)* = u*, and (U*)y = uy.

Proof. Let v be another solution. Since u* < (v,)* at t = 0, the strong comparison
principle (Theorem 4.19) implies that u* < (vy)* (< v*) in TV x (0, T). Replacing
the roles of v and u yields v* < u*. We thus conclude that v* = u*. Moreover, u* <
(us)™ < u* implies (u4)* = u*. A symmetric argument implies the uniqueness of
s and (u™)y = uy. |

There are several other situations in which the conclusion of the comparison
principle holds. For example, it applies to a conservation law starting with a special
class of initial data. The reader is referred to [46] for further examples.

4.5 Notes and Comments

4.5.1 AFew References on Viscosity Solutions

The theory of viscosity solutions is by now a standard tool to study nonlinear
(degenerate) elliptic parabolic partial differential equations of second order as well
as first-order equations like Hamilton—Jacobi equations, where expected solutions
are not smooth. The notion of a viscosity solution was first introduced by [29]
(see also [28]) in a different way for first-order Hamilton—Jacobi equations with a
nonconvex Hamiltonian. See the book by Lions [71] for the early stage and the one
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by Barles [9] for the development of the theory. One of the original applications of
the theory is to characterize the value function of control theory and differential
games for ordinary differential equations as a unique nondifferentiable solution
of Hamilton—Jacobi equations. The reader is referred to the book by Bardi and
Capuzzo-Dolcetta [7] as well as [36, Chapter 10].

The extension to second-order equations is not straightforward. It takes several
years to overcome the substantial difficulty of obtaining the key comparison
principle. The reader is referred to the well-written review article of Crandall, Ishii,
and Lions [26] and a shorter review by Ishii [59] for the development of the
theory. There are accessible textbooks by Koike [63,64]. The second-order problem
relates to stochastic controls. For this type of application see the books by Fleming
and Soner [41] and Morimoto [76]. The theory of viscosity solution also gives a
mathematical foundation [21, 37] for a level-set flow of the mean curvature flow
equations, which was introduced numerically by [81]. For this topic the reader is
referred to the book [47], which includes a necessary survey of viscosity solutions.
See also the lecture notes of Bardi et al. [8], where various applications, including
a level-set method, are presented.

In Sect. 4.2.3, we provide an example of where uniqueness fails for the eikonal
equation. For the eikonal equation (4.10), uniqueness with given boundary data is
valid provided that the value of a solution on the set {x | f(x) = 0} is prescribed.
This has its origins in the book [71, Section 5.5]. This type of uniqueness and
comparison principle is generalized by [38] and [60] for various Hamilton—Jacobi
equations with convex Hamiltonians; see also the recent book [87]. This type
of comparison principle is roughly stated as follows. If a subsolution u# and a
supersolution v have an order u < v on the (projected) Aubry set A other than
on boundaries, then # < v in a whole domain. The Aubry set is a notion related to
the Hamilton system corresponding to the Hamilton—Jacobi equation. It consists of
an equilibrium set and a point having a sequence of closed curves converging at this
point whose Euclidean length is bounded from below, but the corresponding action
integral converges to zero. For the eikonal equation (4.10), the Aubry set is simply
the equilibrium set {x | f(x) = 0}.

4.5.2 Discontinuous Viscosity Solutions

The contents up to Sect. 4.3 are basic materials on viscosity solutions. An elegant
proof of the uniqueness of the eikonal equation (Sect. 4.2.3) is due to [58].
Definition 4.5 of the viscosity solution for a semicontinuous function was
introduced by [56, 57]. Although this notion is very convenient when it comes
to constructing a continuous solution by Perron’s method [57], it is not enough
to establish the uniqueness of a solution for discontinuous initial data even if
the Hamiltonian H = H(x,t,r, p) is independent of r, i.e., independent of
the value of the unknown function. There are several approaches to recovering
uniqueness among semicontinuous functions. When H = H(x,t, p) is convex
or concave with respect to p, a notion of solutions is introduced by [11] and
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[12], so that the solution is unique among semicontinuous functions. For a general
H = H(x,t, p), uniqueness was established in [51] based on a level-set method;
the main assumption in [51] is that the recession function Hy, exists.

A proper viscosity solution to handle solution with shock is introduced by [46]
to describe a kind of bunching phenomenon of growing crystals on a surface. The
contents of Sect. 4.4 are essentially taken from [46]. Since there are many errors
in [46], we take this opportunity to correct them. For example, in [46, Proposition
2.5], it was claimed that u y is a viscosity solution when the speed of a shock comes
from the Rankine—Hugoniot condition. However, this statement is wrong. As in
Proposition 4.13, this uy is not even a conditional viscosity solution. Also, “left
accessibility” in Proposition 4.14 was written as “right accessibility” in [46]. We
also give a detailed proof of Lemma 4.15 (ii) in this book.

There is an interesting way to interpret a proper viscosity solution as an evolution
of its graph. If we rewrite the equation for the evolution of the graph, then the graph
may not stay as the graph of a function, and the function becomes multivalued. It is
natural to think that there is a very singular vertical diffusion that prevents such a
phenomenon and causes shocks. This idea is useful for the formulation of a proper
viscosity solution [88]. A discussion of the theoretical background of the topic can
be found in [44]. There is another approach to interpreting a solution with a shock by
introducing an obstacle to prevent overturn [15]. An extension of proper solutions
to second-order problems is not yet available.

4.6 Exercises

4.1 Find the unique viscosity solution of

dl 10 m LD
—|—=1=0 1in (—1,1),
dx
u(E1) =0
and
du
1—|=|=0 in (=1,1),
i in ( )
u(£1) = 0.

4.2 For a function f(p) = +/1+ |p|? (p € RY) calculate the recession function
Joo(P)-

4.3 Prove that the upper semicontinuous envelope f* of a real-valued function f
in an open set @ C R is actually upper semicontinuous and that it is smallest
among all upper semicontinuous functions greater than or equal to f.

4.4 Let {f,) be a sequence of real-valued continuous functions in , where
is an open set in RY. Assume that f,, converges to a continuous function f
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uniformly in Q as m — o0, i.e.,

Jim sup | fin () — f0)] = 0.

x€Q

Assume that there is X such that f(x) < f(X) for all x €  and that f(x) =

f(X) if and only if x = x. In other words, f takes its strict maximum at X.

Then there is a point x,, € €2 that converges to X such that max f,,, = f, (xn,)
Q

and limy, o0 fin (xXm) = f(X).

4.5 Let Q be a domain in RY. Assume that u,, € C(S2) converges to u € C(S)
locally uniformly in €2 as m — oo. Let u,, be a viscosity subsolution of (4.9).
Show that u is a viscosity subsolution of (4.9).

4.6 Assume that f;,, € C ([0, 1]) converges to f uniformly in [0, 1] as m — oo,
ie.,

Tim sup | fu(®) = f()] =0.

0<x<l

Let {x j}fi , be a sequence in [0, 1] converging to X as j — oo. Show that

Tim_ fu () = ).
j—o00

In other words, show that for any ¢ > 0, there are numbers m and jo such that
| fnxj) = fD)| <e

forallm > mg, j > jo.
4.7 Let P; be the space of all affine functions on RV ie.,

P1={a~x+b|aeRN, beR}.
Let M be a nonempty subset of P;. Set
f)=sup{p(x)| pe M}, xeRY, (4.28)
and assume that f(x) is finite. Show that f is a convex function. Show that
any real-valued convex function on RY is of the form (4.28), with a suitable
choice of M.
4.8 Let Q2 be a bounded domain in RV. Let d be the distance function from the

boundary 9€2, i.e.,

d(x) =inf{lx — y| | y € 09}.
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Show that d € C () is the unique viscosity solution of |[Vu| = 1 in Q with
u=0o0ndR.
49 Let g € C(RY) N L>®(RY) be a given function. Show that

)
u(x, 1) =inf{g(y>+% ‘ y eRN}

is a viscosity solution of
1 2
vy + §|Vv| =0

in RY x (0, 00). The function u is often called an inf-convolution of g.
4.10 Show that

ux,t)y=t— x|, xeR, >0,
is not a viscosity solution of
vy —[0xv| =0 (4.29)

in R x (0, 00), although u satisfies (4.29) outside x = 0.
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Appendix: Basic Terminology 5

In this appendix, we present definitions of basic terminology used in the book for
the reader’s convenience. For a given set W, x € W means that x is an element
of W.

5.1 Convergence

(1) Let M be a set. A real-valued function d defined on M x M is said to be a
metric if
(1) d(x,y) =0ifandonly if x = y forx,y € M;
(i) (symmetry) d(x,y) =d(y,x) forallx,y € M;
(i) (triangle inequality) d(x,y) < d(x,z) +d(z,y) forallx,y,z € M.
Here, X1 x X» denotes the Cartesian product of two sets X1 and X, defined by

X1 X Xp = {(xl,xz) |x,~ e X; fori = 1,2}.

The set M equipped with a metric d is called a metric space and denoted by
(M, d) if one needs to clarify the metric. Let W be a product of metric spaces
of (M;,di) i =1,...,m),ie,

m
Wzl_[MiZMIX"'XMm
i=1

3={(x1,...,xm) |xieMif0ri=1,...,m}.
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2

3

This W is metrizable, for example, with a metric

m 1/2
d(x,y) = (Zd,-<x,-, y,->2)
i=1

forx = (x1, ..., xm), Yy = 1y ..., ym) € W.If M; is independent of i, i.e.,
M; = M, then we simply write W as M.

A subset A of M is said to be open if for any x € A there is ¢ > 0 such that
the ball Bs(x) = {y € M | d(y, x) < ¢} is included in A. If the complement
A€ is open, then A is said to be closed. The complement A€ is defined by

A=M\A:={xeM|x¢A}.

For a set A, the smallest closed set including A is called the closure of A and
denoted by A. Similarly, the largest open set included in A is called the interior
of A and denoted by int A or simply by A. By definition, A = A if and only
if A is closed, and A = A if and only if A is open. The set Z\A is called the
boundary of A and denoted by dA. For a subset B of a set A, we say that B is
dense in A if B = A. A set A in M is bounded if there is xo € M and R > 0
such that A is included in Bg(xp). For a mapping f from a set S to M (i.e., an
M-valued function defined on §), f is said to be bounded if its image f(S) is
bounded in M, where

f&={f|xes}.

Let V be a real vector space (a vector space over the field R). A nonnegative
function || - || on V is said to be a norm if

@) |lx]l =0ifand only if x =0 forx € V;

(i) |lex]l = |c]llx]| forall x € V and all ¢ € R;
(i) (triangle inequality) ||x + y|| < ||lx|| + ||y|| forallx,y € V.
The vector space V equipped with a norm || - || is called a normed vector space
and denoted by (V, || - ||) if one needs to clarify the norm. By definition,

d(x,y) = lx =yl

is a metric. A normed vector space is regarded as a metric space with the
foregoing metric.

Let {Zj}?il be a sequence in a metric space (M, d). We say that {zj}j?‘;l
converges to z € M if for any ¢ > 0 there exists a natural number n = n(¢g)
such that j > n(e) implies d(z, z;) < ¢. In other words,

lim d(z. z;) = 0.
j—0
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We simply write z; — z as j — 00, orlim; oo zj = z. If {z;}72 | converges

to some element, we say that {z; ?":] is a convergent sequence.

(4) Let f be a mapping from a metric space (M, d;) to another metric space
(M3, d»). We say that f(y) converges to a € M, as y tends to x if for any

& > 0 there exists § = §(¢) > 0 such that

d(f(y),a) <e if di(y,x) <38.

We simply write f(y) — aasy — x orlimy_ f(y) =a.If
lim f(y) = f(x),
y—x

then f is said to be continuous at x € M. If f is continuous at all x € My,
then f is said to be continuous on My (with values in M3). The space of all
continuous functions on M with values in M> is denoted by C (M1, M>).

(5) Let {zj};?ozl be a sequence in a metric space (M, d). We say that {zj};?‘;l is
a Cauchy sequence if for any ¢ > 0 there exists a natural number n = n(g)
such that j, k > n(e) implies d(z;, zx) < . Itis easy to see that a convergent
sequence is always a Cauchy sequence, but the converse may not hold. We
say that the metric space (M, d) is complete if any Cauchy sequence is a
convergent sequence.

(6) Let (V.| -||) be a normed vector space. We say that V is a Banach space
if it is complete as a metric space. The norm || - || is often written as || - ||y
to distinguish it from other norms if we use several norms. We simply write
zj = zinV (as j — oo)iflimj_, Iz —zllv = 0and z € V for a sequence
{z; }?021- We often say that z; converges to z strongly in V (as j — o0) to
distinguish this convergence from other weaker convergences discussed later.

(7) Let V be areal vector space. A real-valued function (-, -) definedon V x V is
said to be an inner product if

(i) (x,x) >0forallx € V;
(1) (x,x) = 0if and only if x = 0O;
(i) (symmetry) (x,y) = (y,x) forallx,y € V;
(iv) (linearity) (c1x1 + cax2,y) = c1{x1, y) + ca{x2, y) forall x1,x2,y € V,
c1,C € R.
By definition, it is easy to see that

Izl = (z, 2)'/?

is a norm. The space with an inner product is regarded as a normed vector
space with the foregoing norm. If this space is complete as a metric space, we
say that V is a Hilbert space. The Euclidean space R" is a finite-dimensional
Hilbert space equipped with a standard inner product. It turns out that any
finite-dimensional Hilbert space is “isomorphic” to RY. Of course, a Hilbert
space is an example of a Banach space.
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(8) Let V be a Banach space equipped with norm | - ||. Let V* denote the

totality of all continuous linear function(al)s on V with values in R. (By
the Hahn—-Banach theorem, the vector space V* has at least one dimension.
Incidentally, Mazur’s theorem in the proof of Lemma 1.19 in Sect. 1.2.3 is
another application of the Hahn—Banach theorem.)

The space V* is called the dual space of V. Let {z j}‘/?il be a sequence in V*.
We say that {z j}?ozl converges to z € V* s-weakly if

lim z;(x) =z(x)
j—o0o

for any x € V. We often write z; X zin V* as j — o0. Such a sequence
{z; }?O | is called a s-weak convergent sequence. The dual space V* is equipped

with the norm

lzllvs == sup{z(x) | Ixll =1, x € V} = sup z(x).

lxl=1

The space V* is also a Banach space with this norm. Here, for a subset A in R,
by a = sup A we mean that a is the smallest real member that satisfies a > x
for any a € A. In other words, it is the least upper bound of A. The notation
sup is the abbreviation of the supremum. Similarly, inf A denotes the greatest
lower bound of A, and it is the abbreviation of the infimum. If sup A = a with
a € A, we write max A instead of sup A. The same convention applies to inf
and min.

Since V* is a Banach space, there is a notion of convergence in the metric
defined by the norm. To distinguish this convergence from x-weak conver-
gence, we say that {z;} 72 converges to z strongly in V* if

lim |z; —zllv= =0,
j—oo

and it is simply written z; — z in V* as j — oo. By definition, z; — z

L *
implies z; — z, but the converse may not hold.

(9) Let A be a subset of a metric space M. The set A is said to be (sequentially)

relatively compact if any sequence {z }?‘;1 in A has a convergent subsequence
in M. If, moreover, A is closed, we simply say that A is compact. When A is
compact, it is always bounded. When A is a subset of RY, it is well known
as the Bolzano—Weierstrass theorem that A is compact if and only if A is
bounded and closed. However, if A is a subset of a Banach space V, such
an equivalence holds if and only if V is of finite dimension. In other words,
a bounded sequence of an infinite-dimensional Banach space may not have a
(strongly) convergent subsequence.
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(10)

an

12)

There is a compactness theorem (Banach—Alaoglu theorem) that says if
{zj}?o=1 in a dual Banach space V* is bounded, i.e.,

sup ||zj[lv+ < oo,
j=1

then it has a *-weak convergent subsequence (Exercise 1.9).
Let V be a Banach space and V* denote its dual space. Let {x;}2, be a
sequence in V. We say that {x;}7>; converges to x € V weakly if

klin;o z(xx) = z(x)

for all z € V*. We often write x; — x in V as k — o0. Such a sequence is
called a weak convergent sequence.

If a Banach space W is a dual space of some Banach space V, say, W = V*,
there are two notions, weak convergence and x-weak convergence. Let {z; };?‘;1

be a sequence in W. By definition, z; A z (in W as j — o00) means that
lim; o zj(x) = z(x) for all x € V while z; — z (in W as j — 00) means
that lim; 0 y(z;) = y(z) forally € W* = (V*)*.

The space V can be continuously embedded in V** = (V*)*. However, V
may not be equal to V**. Thus, weak convergence is stronger than x-weak
convergence. If V. = V**  then both notions are the same. The space V is
called reflexive if V. = V**,

If V is a Hilbert space, it is reflexive. More precisely, the mapping x € V to
z € V* defined by

z(y)=(x,y), yeV

is a linear isomorphism from V to V*, which is also norm preserving, i.e.,
llzllv+= = |lx||. This result is known as the Riesz—Fréchet theorem. Thus, the
notions of weak convergence and x-weak convergence are the same.

Let f be a real-valued function in a metric space M. We say that f is lower
semicontinuous at x € M if

f&) <liminf £() := liminf {f () [ d(v. ) <4},

where lims ¢ denotes the limit as § — O but restricted to § > 0. Even if f
is allowed to take 400, the definition of the lower semicontinuity will still be
valid. If f is lower semicontinuous for all x € M, we simply say that f is
lower semicontinuous on M. If — f is lower semicontinuous, we say that f is
upper semicontinuous.
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(13) Let f = f(¢) be a function of one variable in an interval / in R with values
in a Banach space V. We say that f is right differentiable at t( € I if there is
v € V such that

Lilg”f(tO'}_h)_f(tO)_vh”/h:()

provided that o + & € [ for sufficiently small 2 > 0. Such v is uniquely
determined if it exists and is denoted by

dt
v = d—tf(l‘o)-

This quantity is called the right differential of f at tg. The function ¢ d:lr—tf ()
is called the right derivative of f. The left differentiability is defined in a
symmetric way by replacing & | O with 2 4 0. Even if both right and left
differentials exist, they may be different. For example, consider f(¢) = || at
to = 0. The right differential at zero is 1, while the left differential at zero is
—1. If the right and left differentials agree with each other at t = £y, we say that
f is differentiable at t = tg, and its value is denoted by %(to). The function
t — %(t) is called the derivative of f.If f depends on other variables, we

write df/0t instead of d f/dr and call the partial derivative of f with respect
tor.

5.2  Measures and Integrals

(1) For aset M, let 2 denote the family of all subsets of H. We say that a function
w defined on 2™ with values in [0, oo] is an (outer) measure if
1) w(®) =0;
(ii) (countable subadditivity) w(A) < Z;’il n(Aj) if a countable family
{Aj}i'il covers A, where Aj, A € 2M Tn other words, A is included in
a union of {Aj}§°=1, i.e., a point of A must be an element of some A ;.
Here, ¥ denotes the empty set.
(2) Aset A € 2™ is said to be pu-measurable if

p(S NAS) + (SN A) = u(S)
for any S € 2M. Let My be a metric space. A mapping f from M to My is
said to be p-measurable if the preimage f~'(U) of an open set U of My is

u-measurable. Here,

iUy ={xeM| fix) eU}.
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A set A with uw(A) = 0 is called a pu-measure zero set. If a statement P (x)
for x € M holds for x € M\A with u(A) = 0, we say that P(x) holds for
u-almost every x € M or shortly a.e. x € M. In other words, P holds in M
outside a p-measure zero set. In this case, we simply say that P holds almost
everywhere in M.
Let M be the set of all u-measurable sets. If we restrict u just to M, i.e.,
o = wlag, then @ becomes a measure on M. Since in this book we consider
w(A) for a p-measurable set A, we often say simply a measure instead of an
outer measure.

(3) Let A be a subset of RV. Let C be a family of closed cubes in R whose faces
are orthogonal to the x;-axis for some i = 1, ..., N. In other words, C € C
means

C

{(xl,...,xN)eRN |al- fx,-fai+€(i:1,...,n)}

for some a;, £ € R. Let |C| denote its volume, i.e., |C| = ¢V. We set

o
LNy =inf ) |Cjl
=1

{C;}5Z, covers Awith C; € C

It turns out that LY (C) = |C|; it is nontrivial to prove £V (C) > |C|. It is
easy to see that LN is an (outer) measure in RV . This measure is called the
Lebesgue measure in RY . Tt can be regarded as a measure in the flat torus
TV = ]_[fvzl(R/a),-Z). For a subset A of TV, we regard this set as a subset
Ay of the fundamental domain (i.e., the periodic cell [0, w1) X --- X [0, wN)).
The Lebesgue measure of A is defined by £V(A) = £N(Ap). Evidently,
LN(TV) = w; - - - wy, which is denoted by |T¥| in the proof of Lemma 1.21 in
Sect. 1.2.5.

(4) In this book, we only use the Lebesgue measure. We simply say measurable
when a mapping or a set is £V -measurable. Instead of writing £V -a.e., we
simply write a.e. Let € be a measurable set in TV or RV, for example, @ = TV.
Let f be a measurable function on 2 with values in a Banach space V. Then
one is able to define its integral over 2. When V = R, this integral is called
the Lebesgue integral. In general, it is called the Bochner integral of f over
Q. Its value is denoted by fQ fdcN or, simply, fQ f dx; See, for example, [90,
Chapter V, Section 5]. If 2 = TV and f is continuous, this agrees with the more
conventional Riemann integral. For p € [1, oo) and a general Banach space V,
let LP($2, V) denote the space of all measurable functions f with values in V

such that
l/p
£l = (/Q IIf(x)II”dx>
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is finite. If || f'|| , is finite, we say that f is pth integrable. If p = 1, we simply
say f is integrable. If f € LY(Q,V), we say that f is integrable in 2. We
identify two functions f,g € LP(Q, V) if f = g ae. and define L”(Q, V)
from LP (2, V) by this identification. It is a fundamental result that L (2, V)
is a Banach space equipped with the norm | - || ,. When V' = R, we simply write
L?(L2) instead of L” (€2, V). The case p = oo should be handled separately. For
a general Banach space V, let L>®(2, V) denote the space of all measurable
functions f with values in V such that

1 £l =intfo | £¥ ({x e @ |17 @y > a}) =0]

is finite. By the same identification, the space L°°(£2, V) can be defined.
This space L*>°(£2, V) is again a Banach space. Key theorems in the theory
of Lebesgue integrals used in this book include the Lebesgue dominated
convergence theorem and Fubini’s theorem. Here, we give a version of the
dominated convergence theorem.

Theorem 5.1
Let V be a Banach space. Let { fu}°_| be a sequence in LY(2, V). Assume
that there is a nonnegative function ¢ € L'(Q) independent of m such that

| fn )y < @) fora.e. x € Q. Iflimy, 0 fin(x) = f(x) fora.e. x € Q,
then

lim fm(x)dx=ff(x) dx.
m—00 Q

In other words, limy o0 | [ fin dx — [ f(x) dx|| v =0.

Usually, V is taken as R or RY, but it is easy to extend to this setting. For basic
properties of the Lebesgue measure and integrals, see for example a classical
book of Folland [42]. We take this opportunity to clarify *-weak convergence
in L? space. A basic fact is that (L?(Q))* = Lpl(Q) for 1 < p < oo, where
1/p +1/p’ = 1. Note that p = oo is excluded, but (L')* = L. Since L?”
is reflexive for 1 < p < oo, weak convergence and *-weak convergence agree
with each other. Let us write a x-weak convergence in L explicitly. A sequence
{fin} in L*°(2) x-weakly converges to f € L°°(2) as m — oo if and only if

lim /fmwdx:/fgadx
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for all ¢ € Ll(Q). For detailed properties of L? spaces, see, for example, [19,
Chapter 4].
For a Banach space V-valued L? function, we also consider its dual space. That
is, we have

(LP(Q,V)) = L7 (Q,V*) for 1<p<oo

with 1/p + 1/p’ = 1. (This duality—at least for reflexive V—can be proved
along the same line as in [19, Chapter 4], where V is assumed to be R. For
a general Banach space V, see, for example, [35, Chapter IV].) We consider
x-weak convergence in L*®°(Q2, V) with V = LI(U), 1 < g < oo, where Q2
is an open interval (0, T) and U is an open set in TV or RV since this case
is explicitly used in Chap. 2. A sequence {f,,} in L* (2, L1(U)) *-weakly
converges to f € L*° (2, LY(U)) as m — oo if and only if

T T
lim // fm(x,t)<p(x,t)dxdt=// F(x, Dex, Hdx dr

forp € L! (Q, Lq,(U)). (Note that the space L? (2, L4(U)) is identified with
the space of all measurable functions ¢ on Q2 x U such that fOT lle ||€q ) ()ydr <

00 or fOT (fy lox, 0|4 dx)p/q dt <ocoforl < p,q < 00.)

(5) Besides the basic properties of the Lebesgue integrals, we frequently use a few
estimates involving L?-norms. These properties are by now standard and found
in many books, including [19]. For example, we frequently use the Holder
inequality

1fgllp = I fIIrllgly

with 1/p = 1/r + 1/q for f € L"(Q), g € L1(RQ), where p,q,r € [1, o0].
Here, we interpret 1/co = 0. In the case p = 1, r = g = 2, this inequality
is called the Schwarz inequality. As an application, we have Young’s inequality
for a convolution

ILf*gllp < I fllqligl

for f e LIRN), g e L"RY) with 1/p =1/g+1/r —1land p,q,r € [1, 0);
see, for example, [45, Chapter 4]. In this book, we use this inequality when RY
is replaced by TV .

(6) In analysis, we often need an approximation of a function by smooth functions.
We only recall an elementary fact. The space C2°(S2) is dense in L”(2) for
p € [1, 00); see, for example, [19, Corollary 4.23]. However, it is not dense in
L*®(Q).
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Right differential, 144

S

Schwarz inequality, 13, 20, 147
Sign function, 82
Smooth, 2, 85
Solenoidal, 10
Strongly, 141, 142
Subdifferential, 23
Subgradient, 23
Subgraph, 121
Supergraph, 121
Support, 10, 11
Supremum, 142

T
Total variation, 35
Trace, 45

Traveling wave entropy condition, 80

U
Union, 3
Upper semicontinuous, 143

Upper semicontinuous envelope, 110

Upper test surface, 113

\'%
Viscosity solution, 103, 107
Viscosity subsolution, 103, 107

Viscosity supersolution, 103, 107

Vorticity, 10
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W

Weak convergence, 22

Weak convergent sequence, 143
Weakly, 26, 143

Weak solution, 49, 50, 76

Y
Young’s inequality, 56, 147
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