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Abstract This paper is an introduction to the space of arcs and the space of jets
of an algebraic variety. We also introduce the Nash problem on arc families, which
makes a bridge between the theory of the space of arcs and the theory of birational
geometry. We then focus on applications of the space of arcs to the theory of
birational geometry and show the recent results.
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3.1 Introduction

3.1.1 Overview

Roughly speaking, an arc is a very small portion of a curve on a scheme and an
m-jet is the approximation up to degree m of an arc. The space of arcs is the set of
all arcs on a scheme and the space of m-jets is the set of all m-jets on a scheme.
These spaces have the natural scheme structures and reflect the properties of the
base scheme. The space of arcs plays the following roles:

1. arole to describe singularities of a variety (local problem);
2. arole to describe the global structure of a variety (global problem) and
3. the role as a differential algebra (algebraic problem).

These roles are based on understandings of the structure of the arc space, which
is simultaneously developing with the study on 1-3. We should mention that these
roles mutually interact and the works corresponding to them are not exclusively
classified into one of the roles 1-3. We should also mention that the theory of the
space of arcs/jets is still developing, so in the future, more roles will potentially
appear.

The following is a brief history of the development of the space of arcs/jets whilst
mentioning the roles 1-3 in each step.

3.1.2 Brief History

The space of arcs and the space of m-jets appeared for the first time in the short
preprint in 1968 by John Forbes Nash. But according to an expert, Monique
Lejeune-Jalabert, of Nash problem, the concepts, arcs and jets were already studied
by Isaac Newton in seventeenth century. In his book “ La Méthode des Fluxions et
des Suites Infinies” Newton shows the method to express the x, y-coordinates of a
plane curve by one parameter series which is the origin of an arc. Actually it is a
natural question how to describe a curve by one parameter and it is not so mysterious
to find this question in old literature. But we should have waited till the twentieth
century for the concept “moduli space” consisting of all such parametrization.

In 1968, John Forbes Nash wrote a short preprint “Arc structures of singularities”
in which he introduced the space of arcs. The preprint was not published at the
beginning, but circulated in the world and was read by many people.

In 1995, the paper was eventually published as [81] in the issue of celebration
of Nobel laureate Nash in Duke Mathematical Journal. Twenty seven years have
passed since the paper was written. In those years Nash had suffered from mental
disease, but later recovered miraculously, about which the reader can see in the book
“A Beautiful Mind” [80].
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Coming back to mathematics, the paper by Nash also posed a problem, so called
“the Nash Problem”. After the preprint was circulated around the world in 1968,
the space of arcs in relation with the Nash problem is studied by many people,
Bouvier, Gonzalez-Sprinberg, Hickel, Lejeune-Jalabert, Nobile, Reguera-Lopez and
others (see, [12, 39, 44, 68-70, 82, 89]). The first direct answer to the Nash Problem
is obtained by Ana Reguera ([89]) in 1995. This is an affirmative answer to the
problem in the case of simple singularities on a surface. Then, by the contributions
of many people, the problem was completely solved in 2013. It took 45 years after
the problem was posed. [1, 10-13, 19, 20, 38, 39, 46, 54, 63, 70, 71, 74, 84-90, 92]
The reader can see a more detailed history about the Nash Problem in Section
4. As a matter of fact, the problem is affirmatively solved for two-dimensional
singularities by J.F.de Bobadilla and M.P.Pereira [11] and toric singularities of
arbitrary dimension as well by S. Ishii and J. Kollar [46]. But otherwise, it was
negatively solved by S. Ishii and Kollar for dimension greater than 3 and by T. De
Fernex [19], J. Johnson and J. Kollar [63] for dimension 3. In spite of the fact that the
answer is negative for many cases, the Nash Problem still holds great significance.
The problem bridges the theory of arc space and the theory of birational geometry.
So the Nash Problem plays an important role on (1) in a viewpoint of birational
geometry.

A surprising step in this direction is made by M. Mustata in [77] at the beginning
of the twenty-first century. He characterizes a locally complete intersection canoni-
cal singularity (a kind of singularity in birational geometry) by irreducibility of all
the spaces of jets. After that there appear similar characterizations of singularities in
birational geometry in terms of the space of arcs/jets (see Corollary 3.5.38). Some
birational invariants (“mld” and “lct”) of singularities are also interpreted in terms
of the arc space. By making use of the interpretations some important results in
birational geometry are obtained. One important point about these invariant is that
the interpretations by the space of arcs/jets also work for the base field of positive
characteristic. Comparing with the case of characteristic 0, algebraic geometry of
positive characteristic is difficult to study, because some convenient properties do
not hold in positive characteristic [60]. In such a situation, the interpretations by the
space of arcs are expected to play significant roles. These things will be explained
in Section 5.

Aside from the Nash Problem, a remarkable idea “motivic integration” on the
space of arcs is introduced by Kontsevich [67] in 1995. He proved that birationally
equivalent Calabi-Yau manifolds have the same Hodge numbers by making use
of motivic integration. This is considered as the role (2) of the space of arcs.
Unfortunately there is no written version of [67], however we can read the papers
by J. Denef and F. Loeser [23-27] which describe their own developments of
the theory of motivic integration including Kontsevich’s original idea. Motivic
integration leads the people to “motivic zeta function” on the arc space [23, 24]
and also Batyrev’s “stringy function” [7, 8]. These functions describe global and
local structures of the variety, therefore these are considered as the roles (2) and
also (1) of the space of arcs. Local theory of singularities in terms of zeta function
is developed by Veys [93-95] and Veys and Zuniga-Galindo[96]. In this paper we
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do not step into motivic integration, since there are many good expository papers by
A. Craw [17], W. Veys [97], F. Loeser [72].

The space of arcs/jets on an affine variety becomes an affine scheme and the
coordinate ring of the space of arcs/jets has a canonical structure of differential
algebra. From this viewpoint, the space of arcs/jets is studied by Arakawa and
Moreau [4], Buium [15], and Kolchin [64]. These are the role (3) of the space of
arcs.

Because of the limitation of the pages, the proofs are given only when the proof
helps the understanding of new concepts. For statements for which we omit the
proofs, we show the citations so that the reader can find the proofs.

3.1.3 The Goal of this Chapter

In this expository paper, we introduce the space of arcs/jets and show basic
properties of the space of arcs/jets with a focus on (1) in a viewpoint of birational
geometry.

For the reader not so familiar to birational geometry, we introduce basic notions
in birational geometry in the fifth section.

The reader interested in the other roles is encouraged to see the references cited
above.

Throughout this paper k is an algebraically closed field of arbitrary characteristic
unless otherwise stated and a variety is an irreducile reduced separated scheme of
finite type over k. The basic knowledge of algebraic geometry is based on [43] by
Hartshorne.

3.2 Construction of the Space of Jets and the Space of Arcs

3.2.1 Construction of the Space of Jets

Definition 3.2.1 Let X be a scheme of finite type over k and K DO k a field
extension. For m € N, a k-morphism Spec K[t]/(t’”“) — X is called an m-jet
of X and a k-morphism Spec K[[¢]] — X is called an arc of X. We denote the
unique point of Spec K [t]/ (mth by 0, while the closed point of Spec K[[¢]] by O
and the generic point by 7.

Theorem 3.2.2 Let X be a scheme of finite type over k. Let Sch/k be the category
of k-schemes and Set the category of sets. Define a contravariant functor Fn)f :
Sch/k — Set by

FX(Z) = Homi(Z xspeck Speck[t1/(t™ ), X)
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for an object Z of Sch/k. And for a morphism f : Z — Z' in Sch/k, define
FX(f):

Homy (2’ X Spec k SpeCk[l]/(th), X) — Homy(Z Xspeck SPeCk[f]/(me), X)
byo' o' o (f x 1).

Then, F,f is representable by a scheme X, of finite type over k. This X, is called
the space of m-jets of X or the m-jet scheme of X.

Lt}

Here, “F,ff is representable by X,,” means that the functor F,ff is naturally
isomorphic (i.e., there exists an invertible natural transformation) to the functor
Homy (Z, X,,). In particular, for an object Z € Sch/k the following bijection holds:

Homy (Z, X;,) >~ Homy (Z Xspeck Speck[t]/(t””'l), X). (3.1)

The above theorem is proved in [14, p. 276]. In this paper, we prove this by

a concrete construction of X, for affine X and then patching them together for a
general X. For our proof, we need some preparatory discussions.

Note 3.2.3 Let X be a k-scheme. Assume that F,X is representable by X,, for every
m € N. Then, for m < m’, the canonical surjection k[t]/(tm"H) — k[t]/(tm+1)
induces a morphism
Y * X = Xom.
Indeed, the canonical surjection &[]/ (tm/“) — k[t]/ (#+1) induces a morphism
Z xspeck Speck[t1/(" +1) = Z xspeck Specklt1/(" ),

for an arbitrary k-scheme Z. Therefore we have a map

Homy (Z X speck Speck[1]/(" 1), X) — Hom(Z X speck Speck[t]/(t" 1), X)
which gives the map by the bijection (3.1)

Homy(Z, X,) — Homy(Z, X,,,).
Take, in particular, X,/ as Z,
Homy (X', X,v) = Homy(X,,,r, X1y)

then the image of idx , € Hom(X,s, X,) by this map gives the required
morphism.
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This morphism v,/ , is called a truncation morphism. In particular for m = 0,
Ym0 ¢ X — X is denoted by 7,,. When we need to specify the scheme X, we
denote it by 7 X.

Actually v, , “truncates” a power series in the following sense: A point o of
X,y gives an m'-jet o : Spec K[t]/(t’"/“) — X, which corresponds to a ring
homomorphism o* : A — K|[t]/ (1™ *1), where A is the affine coordinate ring of
an affine neighborhood of the image of «. For every f € A, let

a*(f) =ap+art + art? 4+t apt™ + -+ am/tml,
then
W om @) (f) = a0 + a1t + azt® + -+ + ayt™.

This fact can be seen by letting Z = {«} in the above discussion.

As we did already in the above argument, we denote the point of X,,, correspond-
ing to o : Spec K[r]/(t"™+') — X by the same symbol «. Then, we should note that
() = «(0), where in the left hand side we regard « as a point of X,,, while in
the right hand side we regard it as a morphism Spec K [t]/(t"!) — X.

3.2.2 Morphisms of the Spaces of Jets

Proposition 3.2.4 Let f : X — Y be a morphism of k-schemes of finite type.
Assume that the functors F, ,ff and F,,{ are representable by X,,, and Y,,, respectively.
Then for every m € N there is a canonical morphism f, : X;, — Yy, such that the
following diagram is commutative:

Xm LY Yo
X Vr.
x L vy

Proof Let X,, x Speck[t]/(t"+!) — X be the “universal family” of m-jets of X,
i.e., it corresponds to the identity map in Homy (X,,,, X,,,). By compositing this map
and f : X — Y, we obtain a morphism

X X Speck[t]/(tm+1) — Y,

which gives a morphism X,, — Y,,. Pointwise, this morphism maps an m-jet o €
X of X to the composite f o« which is an m-jet of Y. To see this, just take a point
a € X, and see the image of {«} x Speck[¢]/ (#"*t1y — Y. The commutativity of
the diagram follows from this description. O
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Proposition 3.2.5 For k-schemes X and Y, assume that the functor FX and FY are
representable by X, and Yy, respectively. If f : X — Y is an étale morphism, then
Xm =Yy Xy X, for everym € N.
Proof By the above proposition we have a commutative diagram:
X L5 ¥,
! !

x Ly

It is sufficient to prove that for every commutative diagram:

Z — Y,

i \
f

X — Y
there is a unique morphism Z — X, which is compatible with the projections to X
and Y;,. By definition of Y,,, we are given the following commutative diagram:

Z —> Z Xspeck Speck[t]/(t"*1)

\ \

x L Y.

As f is étale, there is a unique morphism Z xspecx Speck[t]/(#" 1) — X which
makes the two triangles commutative. This gives the required morphism:

Z — Xn.

As a corollary of this proposition, we obtain the following lemma:

Lemma 3.2.6 Let U C X be an open subset of a k-scheme X. Assume the
Sfunctors F,ff and FnL{ are representable by X,, and Uy, respectively. Then, U,, =
()~ ().

Proof of Theorem 3.2.2 Since a k-scheme X is separated, the intersection of two
affine open subsets is again affine. Therefore, for an affine covering {U;}; of a k-
scheme X, if the functor F,,lf ! is representable by (U;),, for every i, then we can
patch (U;);,’s together to obtain X, by Lemma 3.2.6. Now, it is sufficient to prove
the representability of FX for affine X. Let X be Spec R, where we denote R =
klx1, ..., xn]/(f1, .., fr). It is sufficient to prove the representability for an affine
variety Z = Spec A. Then, we obtain that

(3.2.2.1)  Hom(Z x Speck[r]/(t™*"), X) ~ Hom(R, A[r]/(:" 1))

~ {(p € Hom (k[xl, Xl A[t]/(th))’ o(f)=0fori=1,., r} .
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0 (¢Y) (m)

Ifwewrltego(xj)—a +a; t+a(2)2+ +a; t’”fora € A, it follows that

0, N, ,
o(fi) = Fi( )(Cl;)) + Fi( )(a;))t + ..+ Fi(m)(a;))tm

for polynomials Fl.(s) in ay)’s (1 <j <n,0 <! <ys). Then the above set (3.2.2.1)
is described as follows:

={¢e Hom(k[x] j(), . (.’”) lj=1,., ] )‘go(x(l)) F(A)(a(l)) }

:Hom(k [xj,le), . ](m)] /(F(g)( (Z))) A)

If we define X,, = Speck[x;, x;D, . xj('")]/(Fi(S) (x;[))), the last set is bijective to

Hom(Z, X,,).

This completes the proof of Theorem 3.2.2. O

Remark 3.2.7 The functor FX is also representable even for k-scheme of non-finite
type over k. The existence of the space of jets for wider class of schemes is presented
in [98].

3.2.3 The Space of Arcs

Definition 3.2.8 The system {{,,’ ; : Xy = X }m<m’ is a projective system. Let
Xoo = 1<an X,» and call it the space of arcs of X or arc space of X. Note that
X 1s not of finite type over k if dim X > 0.

Remark 3.2.9 The reader may be afraid that the projective limit of the schemes
hm X,» may not exist. But in our case we need not to worry, since for an affine
scheme X = Spec R, the m-jet scheme X,, = Spec R,, is affine for every m € N.
Here, the morphisms v, m - B = Ry corresponding to v, , are direct system.
It is well known that there is a direct limit Roy = hm R, in the category of k-
algebras. The affine scheme Spec R, is our projective Timit of X . For a general
k-scheme X, we have only to patch affine pieces Spec R

Using the representability of FmX we obtain the following universal property of
Xoo:

Proposition 3.2.10 Let X be a scheme of finite type over k. Then for a k-algebra A
we obtain:

Homy (Spec A, X)) =~ Homy (Spec A[[¢]], X).
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Proof In case X is affine k-scheme X = Spec R. Then by the representability of
FX we obtain an isomorphism of projective systems:

2 \: \
Homy (Spec A, X,,) =~ Homy(Spec A[¢]/(z™*1), X) ~ Homg(R, A[t]/(t"*1))
\A A A '

Homy (Spec A, X, 1) =~ Homy(Spec A[r]/(t™), X) =~ Homy(R, A[t]/("™))
Then, we obtain an isomorphism of the projective limits:

Homy (Spec A, lim X,) ~ Homy (R, A[[7]]),

m

which gives the required isomorphism for affine scheme X.
For a general X, see [9]. When we study singularities locally, we need only the
affine case. |

Remark 3.2.11 Note that in general

A @ kl[1]] 2 A[[]] = lim A[e]/ (™).

m

Indeed, for example, for A = k[x], the ring A[[#]] contains Z?io fi (x)ti such that
deg f; are unbounded, while A ®; k[[¢]] does not contain such an element.
Now, consider the case A = K for an extension field K D k, the bijection

Homy (Spec K, X~0) =~ Homyg (Spec K[[¢]], X)

shows that a K-valued point of X, is an arc Spec K[[¢]] — X.

In [51, Proposition 2.13] the author sloppily stated Proposition 3.2.10 for every
k-scheme Z instead of Spec A. But actually the correct statement proved at this
moment is in the form as Proposition 3.2.10.

Definition 3.2.12 Denote the canonical projection Xo, — X, induced from the
surjection k[[¢]] — k[t]/(tm“) by ¥, and the composite 7, o ¥, by 7. When we
need to specify the base space X, we write it by 7%.

A point x € X, gives an arc oy : Spec K[[¢]] — X and 7w (x) = «,(0), where
K is the residue field at x. In the same way as in the case of m-jets, we denote both
x € X~ and &y by the same symbol «.

For every m € N, v,,(X o) is a constructible set, since ¥, (Xoo) = Y/ m (X))
for sufficiently big m’ ([41]). We know that the image of a morphism of finite type
is a constructible set.

Definition 3.2.13 Denote the canonical morphism X — X, induced from the
inclusion k < k[#]1/(t™*!) (m € N U {oo}) by 0,,. Here, we define k[¢]/(t" 1) =
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k[[t]] form = oc0. Ask — k[t]/(t’"“) is a section of the projection k[t]/(t’"“) —
k, our morphism o, : X — X, is a section of 7, : X,,, = X.

Let x € X be apoint and m € NU{oo}. Then the fiber scheme 7, L(x) is denoted
by X, (x).

For a point x € X, let K be the residue field at x, then define
om(x) : Spec K[1]/(t" ") — X

as the m-jet that factors through Spec K — X whose image is x. Therefore, o, (x)
is the constant m-jet at x, this is denoted my x;,.

Example 3.2.14 Under the notation in the proof of Theorem 3.2.2, for X = A7,

we have (f1, ..., fr) = 0. Therefore, it follows X,, = AZ(mH) and the truncation

MOrphism Y, = X — X is the projection AF " 1 = ARCHHD s gnCw=m)

n(m+1)
A,

—

Example 3.2.15 Let X be a non-singular variety of dimension n. Then for every
m € N, the space of m-jets X, is a non-singular variety of dimension n(m + 1)
and the truncation morphism ¥, @ Xy — Xy 1s a locally trivial fiber space

with the fiber A,((m/fm)n. Indeed, if X is non-singular, then at each point x € X there
is an open neighborhood Uy such that we have an étale morphism U, — Aj}. By
Proposition 3.2.5, it follows that (Ux)m = Uyx XAz AZ(mH) ~ Uy Xspeck A" . This
shows that 7, : X,, — X is a locally trivial fiber space with the fiber Akm”. For

(m'—m)n
Ak

m < m',wehave(Uy)y = (U X Spec k by the discussion above. Hence,

Ym'.m * Xm — X is a locally trivial fiber space with the fiber A,(cmlfm)”.

Example 3.2.16 Let X be the hypersurface in Ai defined by the equation f = xy+
z2 = 0. We leave the calculation of X to the reader and here we calculate X5. The
space of 2-jets X, is defined in Az by the equations xy + z> = xWy + xyM +
2720 = x@y 4 xOyM 4 xy@ 4 2071 4 2772 = 0. We can prove that X is
irreducible and non-normal as follows: As an open subset X \ {0} is non-singular,
T ! (X \ {0}) is 6-dimensional non-singular variety. On the other hand 7, ! 0) is
a hypersurface in Ag defined by the equation xVy( 4 7M7) = 0, therefore its
dimension is 5. As X» is defined by three equations, every irreducible component
of X, has dimension greater than or equal to 9 — 3 = 6. By this 7, 1(0) does not
produce an irreducible component of X,. Hence, X5 is irreducible. On the other
hand, by the Jacobian matrix, we can see that the singular locus of X» is ! 0).
This locus is of codimension 1 in X», which yields that X» is not normal. The origin
is the unique singular point of X and is called an “Aj-singularity”. Later on, in
Corollary 3.5.38, we will have that X,,, (m € N) are all irreducible.

Example 3.2.17 Let X be the plane curve defined by x> — y> — x> = 0 Then
nl_l(X \ {0}) — X \ {0} is a locally trivial fiber space over X \ {0} with the fiber

A}c, which shows that 77 1(X \ {0}) is of dimension 2. On the other hand, we have
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T ! 0) ~ A%. Therefore X consists of two irreducible components 7~ ! (X \ {0}
and 7 1(0).

Example 3.2.18 Consider the space of 1-jets for an arbitrary scheme X of finite
type over k. For every closed point x € X, the set of closed points of 7|~ ! (x) is the
set of morphisms Spec k[r]/(t?) — X with the image x. This set is nothing but the
Zariski tangent space of X at x. Therefore, 71 : X1 — X is regarded as the “tangent
bunlde” of X.

Example 3.2.19 1f X = Al then Xoo = Specklx;, x{". x| j = 1.....n]
which is isomorphic to A,‘zo = Spec k[x1, x2, ..., xi, ...]. Here, we note that the set
of closed points of AZ° does not necessarily coincide with the set

k® :={(a1,a2,...) | ai €k}

(see the following theorem).

Theorem 3.2.20 ([48], Proposition 2.10, 2.11) Every closed point of A7° is a k-
valued point if and only if k is an uncountable field.

3.2.4 Thin and Fat Arcs

The concept “thin” in the following is first introduced in [33].

Definition 3.2.21 Let X be a variety over k. We say that an arc « : Spec K[[t]] —
X is thin if « factors through a proper closed subvariety of X. An arc which is not
thin is called a fat arc.

An irreducible subset C in X, is called a thin set if C is contained in Z, for a
proper closed subvariety Z C X. An irreducible subset in X, which is not thin is
called a fat set.

In case an irreducible subset C has the generic point y € C (i.e., the closure {y}
contains C), C is a fat set if and only if y is a fat arc.

The following holds by the definition and the valuative criterion of properness:

Proposition 3.2.22 ([49] Proposition 2.5) Let X be a variety over k and a :
Spec K[[t]] = X an arc. Then, the following hold:

(i) a is a fat arc if and only if the ring homomorphism o* : Ox 40y — KI[[t]]
induced from o is injective;

(ii) Assume that o is fat. For an arbitrary proper birational morphism ¢ : Y — X,
the arc o is lifted to Y .

Remark 3.2.23 A fat set in X, for a variety X introduces a discrete valuation on
the rational function field K (X) of X (see Definition 3.5.22).
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A Nash component (see section 4) is a fat set and the Nash map (see section 4)
is just the correspondence to associate a fat set to the valuation induced from the fat
set ([49)]).

Example 3.2.24 One of typical examples of fat sets is an irreducible cylinder
(i.e., the pull back w,;l(S) of a constructible set S C X,,) for a non-singular
X. Actually, let C be an irreducible closed subset of X, and take an m-jet o, :
Spec k[t]/(tm+1) — X in C, then, at a neighborhood of x = o, (0) = m, (), X
is étale over Aj. Therefore, we may assume that X = Aj and x = 0. Assume that
(/. 1 (ovyy) 1s thin, then it is contained in Z, for some proper closed subset Z C X.
The m-jet oy, corresponds to a ring homomorphism

m
oy klxy, ..., x0] = kle]/ ", oy (x;) = Zal.(/)tj.
j=1

Let xi(j ) be an indeterminate for everyi = 1,...,nand j > m + 1. Let

(

o klxn, Xl = kG i =1, = m 4 D]

be an arc defined by

m o0
o (x;) = Zai(”tj + Z x,-(j)tj.
=1

j=m+1

Let o*(f) = Fola”. x") + Fi@” . x"))t + - + Fo@” x")t + - for
f € Iz. Then, as xl-(] )’s are indeterminates there is £ such that Fy # 0. Hence, we
obtain @ € w,;l(C) such that ¢ & Z.

Example 3.2.25 ([21]) For a singular variety X, an irreducible cylinder is not
necessarily fat. Indeed, let X be the Whitney Umbrella that is a hypersurface defined
by xy? —z2 =0in A}. Form > 1, let

oy, klx, v, 21/ (ey? = 2%) = K1/
be the m-jet defined by o, (x) = t, o, (y) = 0, @, (z) = 0. Then, the cylinder
w,;l(am) is contained in Sing(X)eo, Where Sing(X) = (y = z = 0). This is proved
as follows: Let an arbitrary o € 9, !(etn) be induced from

a* klx,y,z] — k[[t]]

with

00 o0 S
() =) ait ot () =) bt dt@) =) et
j=1 Jj=1 j=1
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where we note that a; = 1. Then, the condition a*(xy? — z2) = 0 implies that the
initial term of «* (xy?) and that of a*(z2) cancel each other. If «*(y) # 0, then the
order of a*(xy?) is odd. On the other hand, if a*(z) # 0, the order of a*(z2) is
even. Hence if a*(y) # 0 or a*(z) # 0, then the initial term of o* (xy?) and that of
a*(z%) do not cancel each other. Therefore, a*(y) = a*(z) = 0, which shows that

Vol (@) C Sing(X)oo-

3.3 Properties of the Space of Arcs and the Space of Jets

3.3.1 Group Actions on the Space of Jets/Arcs

Note 3.3.1 Consider G = A,i \ {0} = Speck[s,s~'] as a multiplicative group
scheme. Usually this group scheme is denoted by Gy, but this symbol would conflict
with the space of m-jets. Therefore we do not use the usual symbol in this paper.
For m € N U {oo}, the morphism k[z]/(z"+') — k[s,s™!,¢]/(t" ") defined by
t +— s -t gives an action

tm = G Xspeck Speck[11/(t"*1) — Speck[r]/("*)
of G on Spec k[¢]/(t"*"). Therefore, it gives an action
Uxm G Xspeck Xm —> Xm
of G on X,,. As u,, is extended to a morphism:
Tim © Af Xspeck Speck[t]/(t" 1) — Speck[r]/(™*h),
we obtain the extension
Hxm  Af Xspeck Xm = Xom
of wxm.

Note that y,, ({0} x @) = x,,,, where x,, is the trivial m-jet on x = «(0) € X.
Therefore, every orbit wx,, (G X {a}) contains the trivial m-jet on «(0) in its closure.

Proposition 3.3.2 For m € N U {o0}, let Z C X,, be a G-invariant closed
subset. Then the image 1,,(Z) is closed in X. In particular the image w,(Z) of
an irreducible component of Z C X,, is closed in X.

Proof Let Z C X,, be a G-invariant closed subset. Then, we obtain:

Tixm(AL x Z2) = Z.
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On the other hand, i y,, {0} x Z) = o, o 1, (Z) by Note 3.3.1. Therefore, as Z is
closed, it follows that

Z Doy omu(Z) D on(mn(Z)),

which yields 7, (Z) D 7, (Z). O
Note 3.3.3 Let G := A"\ {0} = Speck[s, s~!] be as above. As we have an action

mxm : G Xspeck Xm —> Xm
of G on X,,, we have the Ox-graded algebra @;>0%; with %y = Ox such that
Xm = Spec ®i>0%,;.
Indeed, we can define
Ri = {f € Ox, | Wyu(f) =s"-f}.

Lemma 3.3.4 ([56]) For every m € N, the base scheme X is the categorical
quotient of X,, by the action of G.

Here, the definition of the categorical quotient is found in [76, Definition 0.5].

3.3.2 Morphisms of the Space of Jets/Arcs

Proposition 3.3.5 Let f : X — Y be a morphism of k-schemes of finite type. Then
there is a canonical morphism foo : Xoo —> Yoo Such that the following diagram is
commutative:

Xoo ELY Yoo
rr,if I I ”IE .
Sy

Proof The morphism f is induced as the projective limit of f,, (m € N) (see
Proposition 3.2.4). O

Proposition 3.3.6 Let f : X — Y be a proper birational morphism of k-schemes
of finite type such that flx\w : X\ W =~ Y\ V, where W C X and V C Y are
closed. Then fo, gives a bijection

Xoo \ Woo = Yoo \ Vo
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Proof Leta € Yoo \ Voo, then () € X \ V. As X \ W >~ Y \ V. We obtain the
following commutative diagram:

Spec K((t)) — Y
\: 1.
Spec K[[1]] — X

Then, as f is a proper morphism, by the valuative criteria of properness, there is
a unique morphism & : Spec K[[¢t]] — Y such that f o & = «. This shows the
bijectivity as required. O

Remark 3.3.7 The bijection above is not isomorphic in general. Actually the
following is an example that X, \ Woo — Yoo \ Vo is not isomorphic.

Let (Y, y) be a germ of isolated singularity and f : X — Y be a resolution of
the singularity (Y, y). Let W := f~!(y) and V := {y}. Take a k-valued arc « €
()1 (y)\ Vo and let & € X o be the corresponding arc to o by the above bijective
map. Then, by Grinberg and Kazhdan [42], the formal neighborhoods (X«0)g of Xoo
at @ and (Yoo)y Of Yoo at o are described as follows:

(Xoo)g = D%, and (Yoo)e = D™ x Z,

where D = Spfk[[x]] and Z; is the formal neighborhood of a scheme Z of finite
type over k at a k-valued point z € Z. In [28, Example], we can take Z singular at
z, which implies that

(Xoo)a # (Yeo)a-

The following is the version for m = oo of Proposition 3.2.5:

Proposition 3.3.8 If f : X — Y is an étale morphism, then
Xoo >~ Yoo xy X.

Proof As 1<ian(Ym xy X) = (limm Y,) xy X, the case m = oo is reduced to the
case m < oo which is proved inﬁoposition 3.2.5. O

Proposition 3.3.9 There is a canonical isomorphism:
X %t V) = X X5 Y,

for everym € NU {oo}. Here, Xy means X spec for avoiding the bulky notation.

Proof For an arbitrary k-scheme Z,

Homk(Z7 Xm Xk Ym) = Homk(za Xm) X Homk(Z7 Ym)v
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and the right hand side is isomorphic to
Homy (Z xj Speck[r1/("™ 1), X) x Homg(Z xx Speck[r]/(:"™+1), ¥)

~ Homg(Z xx Speck[t]/(t™ 1), X xi Y).

~ Homy(Z, (X Xk Y)m).
The case m = oo follows from this. O

Proposition 3.3.10 Let f : X — Y be an open immersion (resp. closed immersion)
of k-schemes of finite type. Then the induced morphism f,, : X,, — Yy, is also an
open immersion (resp. closed immersion) for every m € N U {o00}.

Proof The open case follows from Lemma 3.2.5 and Proposition 3.3.8. For the
closed case, we may assume that Y is affine. If Y is defined by f; (i =1, .,r) in an
affine space, then X is defined by f; (i = 1, ., 7, ., u) with r < u in the same affine
space. Then, Y,, is defined by FI.(S) (i=1,.r s <m)and X, is defined by Fi(s)
(i=1,.r.,u, s <m)in the corresponding affine space. This shows that X,, is a
closed subscheme of Y;,. |

Remark 3.3.11 In the above proposition we see that the property open or closed
immersion of the base spaces is inherited by the morphism of the space of jets and
arcs. But some properties are not inherited. For example, surjectivity and closedness
are not inherited.

Example 3.3.12 There is an example that f : X — Y is surjective and closed
but foo : Xoo — Yo is neither surjective nor closed. Let X = A% and G =

((g nO_ 1 >) be a finite cyclic subgroup in GL(2, C) acting on X, where n > 2 and
€

€ is a primitive n-th root of unity. Let Y = X/ G be the quotient of X by the action
of G. Then, it is well known that the singularity appeared in Y is A,_;-singularity.
Then the canonical projection f : X — Y is closed and surjective. We will see
that these two properties are not inherited by fo, : Xoo — Yoo. Let p be the image
f(0) € Y. Then, by the commutativity

foo

Xoo — Yoo
| X U 24
x L v

we obtain (7%X)~1(0) = fogl o ()~ 1(p). Here, (w*)~1(0) is irreducible, since X
is non-singular. On the other hand (7 =1 p) has (n—1) irreducible components by
Petrov [81] and Ishii and Kollar [46]. Therefore the morphism f, is not surjective
forn > 3. As X \ {0} — Y \ {p} is étale, The morphism

(X \{0Doo = Y\ {PDco
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is also étale by Proposition 3.3.8. Since Y is irreducible by Corollary 3.5.38, foo
is dominant. Therefore, f, is not closed.

Next we think of the irreducibility of the arc space or jet schemes. The following
is proved in [64]. In [47] we gave another proof by using [46, Lemma 2.12] and a
resolution of the singularities. Here we show a proof without a resolution.

3.3.3 The Structure of the Space of Jets/Arcs

Theorem 3.3.13 ([47, 64]) If characteristic of k is zero, then the space of arcs of a
variety X is irreducible.

Proof By Ishii and J. Kollar [46, Lemma 2.12] we obtain the following:

(1) Given any arc ¢ : Spec k'[[s]] — X, we construct an arc @ : Spec K [[s]] - X
such that ¢ € {®} and @(0) = @ (1) = ¢(n), where n and 7 are the generic
points of Spec k'[[s]] and Spec K [[s]], respectively, while 0 is the closed point
of Spec K[[s]].

(2) We construct an arc ¥ such that ® € (¥} and ¥ (7)) € X \ Sing X.

Now for this ¥ we apply the procedure (1) again, then we obtain a new arc
¥’ : Spec K'[[s]] — X

such that ¥ € {¥'} and ¥/ (0') = W' (i) = ¥ (#) € X \ Sing X, where 0’ (resp. 77')
is th~e closed point (resp. the generic point) of Spec K'[[s]]. If we denote 7 (¥') =
w/(0) = A, then as A € X \ Sing X, it follows that

v e 77 1(X \ Sing X),
where the set of the right hand side is irreducible. This yields
¢ € m~1(X \ Sing X),

hence Xo, = ¢ € 7~ 1(X \ Sing X) which is irreducible. O

Example 3.3.14 ([46], Example 2.13) If the characteristic of k is p > 0, X is not
necessarily irreducible. For example, the hypersurface X defined by x” — y”z =0
has an irreducible component in (Sing X)~ which is not in the closure of X \
(Sing X)o-

Note that if the characteristic of k is 0, then every arc in (Sing X) lies in the
closure of X \ (Sing X). But in our case chark = p > 0, an arc (x(¢),0,0) €
(Sing X)oo N 710, 0, 0)) belongs to X« \ (Sing X)«o if and only if x(¢) has the

form x(¢) = 2?11 ajptj/’>
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Example 3.3.15 ([48]) Let X be a toric variety over an algebraically closed field of
arbitrary characteristic. Then, X is irreducible.

Next let us think of the space of m-jets. The space of m-jets of a variety is not
necessarily irreducible even if the characteristic of & is zero (see Example 3.2.17).
The geometric structures of X and the space of arcs/jets affect each other.

Proposition 3.3.16 ([S5]) If X is smooth, then X, is also smooth for every m € N.
Conversely, if there is m € N, such that X,, is smooth, then X is smooth.

Generally speaking, if X, has property (P) for some m € N, then X has property
(P) for many properties (P).

As the k-scheme X is the categorical quotient of X, for every m € N by the
action of G (Lemma 3.3.4), we obtain by Mumford et al. [76] the following:

Proposition 3.3.17 ([56]) The following is a list of the statements of the form X,
has (P) foranm € N, then X has (P).

(1) X,, reduced = X reduced

(i1) X,, connected = X connected

(iii) X, irreducible = X irreducible

@v) X, locally integral = X locally integral

(V) X locally integral = X locally integral
and normal and normal

Example 3.3.18 The converse of (i) does not hold in general. We give here an
example in [40]. Let X be defined by xy = 0 in A%. Then, X itself is reduced
but X, is not reduced for any m € N. Indeed, let I, be the defining ideal of X, in
(AZ)m- Then I, is a homogeneous ideal of C[x@, y©@ x My xm) ym7,
The degree O part of I, is generated by

£ ©,0)

y
and the part of degree 1 is generated by

FONORIMING

as C[x©@, y©l-modules. Then, f :=x@yD & I, but f2 € I,.

The paper [40] shows more general statement. Let / be a reduced monomial ideal
on Acn, then I, is not a monomial ideal in general but /T, is a monomial ideal for
every m € N

Remark 3.3.19 About (ii), we have the converse statement: If X is connected, then
X, is connected for every m € N. This can be seen as follows: Let P € X,
be any point and let x = m,,(P). Then, the orbit Og(P) of P by the action of
G is irreducible and the closure Og(P) contains oy, (x). Thus, every point of X,
is connected to the section o, (X) by an irreducible curve. Since 0,,(X) >~ X is
connected, X, is connected.
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Example 3.3.20 The converse of (iii) or the converse of (iv) do not hold in general.
For example, let X C A3C be a curve defined by x3 = y2 = x2 — 73 = 0. Then, the

main component 1, l(X,eg) of X, has dimension m + 1. Here, X, is the open
subset consisting of non-singular points of X. On the other hand, since 7, L0) is
defined in (43,,) "1 (0) = A" by 2m — 2 equations, it follows that dim 7, (0) >
m + 2. This shows that X, is not irreducible for any m € N. As X,, is connected, it
also shows that X, is not locally integral for m € N.

Example 3.3.21 The converse of (v) does not hold in general. For example, let X
be a normal surface defined by x> + y? + z2 = 0in A3C. It has an A;-singularity at
the origin. Then, X, is irreducible by Mustata [77] but not normal for any m € N.
Indeed, it is known that X,, is of dimension 2(m + 1) for every m € N. On the other
hand, we can see that dim Sing(X,,) = dimu,, 1(0) = 2m + 1, which shows that
X, 1s not normal.

Next we will think of further properties.

Theorem 3.3.22 ([56]) If X, is locally a complete intersection for an m € N, then
X is also locally a complete intersection.

Example 3.3.23 If X is locally a complete intersection, then X,, is not necessarily
locally a complete intersection. Example 3.3.20 shows such an example.

Definition 3.3.24 Let X be a normal variety defined over k.

(i) If for a Weil divisor D on X there exists ¥ € N such that » D is a Cartier divisor,
we call D a Q-Cartier divisor on X.
(i1) If every Weil divisor on X is Q-Cartier divisor, we say that X is Q-factorial.
(iii) If for a canonical divisor K x of X there exists » € N such that r K x is a Cartier
divisor, then we call X a Q-Gorenstein variety and the minimal such r € N
the index of X.

Remark 3.3.25 The property Q-Gorenstein plays an important role in birational
geometry. Indeed, sometimes one needs to compare the canonical divisors Ky and
Ky of the varieties X and Y, respectively, in the situation that there exists a birational
morphism ¢ : ¥ — X. But the problem is how to compare them, because Ky and
Ky are on the different varieties and there is no canonical way to compare two
divisors on different varieties. Here, if Kx is a Cartier divisor, then one can pull it
back directly to get a Cartier divisor ¢*Ky on Y and compare Ky and ¢*Kx. A
variety with Q-Cartier divisor K is called a Q-Gorenstein variety and studied in
the Section 3.5.

Definition 3.3.26 Let D be a Q-Cartier Weil divisor on a normal variety X defined
over k. Let ¢ : Y — X be a birational morphism. Let r € N be such that rD is a
Cartier divisor. Define ¢*D € Q ®z Div(Y) as follows:

1
¢*D = ;w*(rD),



180 S. Ishii

where note that ¢p*(r D) is well defined, as r D is a Cartier divisor. The Q-Cartier
divisor ¢* D is called the pull-back of D.

Theorem 3.3.27 ([56]) If X,, is Q-factorial for an m € N, then X is Q-factorial

Theorem 3.3.28 ([56]) If X,, is Q-Gorenstein of index r for an m € N, then X is
Q-Gorenstein of index < r(m + 1).

In the following we show some results about singularities canonical, log-
canonical, terminal, and log-terminal on the jet schemes. These notions will be
introduced in Definition 3.5.2.

Theorem 3.3.29 ([56]) Assume chark = 0. If X,, has at worst canonical (resp.
terminal, log-terminal) singularities for an m € N, then X has at worst canonical
(resp. terminal, log-terminal) singularities.

Theorem 3.3.30 ([56]) Assume chark = 0. If X,, has at worst log-canonical
singularities for an m € N, then X has at worst log-terminal singularities.

Theorem 3.3.31 ([56]) Let f : X — Y be a morphism of k-schemes. If the induced
morphism f,, : X, = Yy, is flat for some m € N, then f is flat.

Example 3.3.32 The converse of the theorem does not hold. Let X C A% be defined
by the equation 9+ x4+ yd = 0, with d > 3, then it is a normal surface with the
singularity at the origin 0 = (0,0,0). Let f : X — Y = A}: be the first projection
(t,x,y) — t. Then, as f is a surjective morphism from a reduced scheme to a
non-singular curve, it is flat. However, for every m > 2 the induced morphism
fm + Xm — Y., is non-flat. This is shown as follows: For every m € N, consider the
commutative diagram:

X, o v,
T 4 24
x L oy

As 7Y is smooth, it is sufficient to prove that f o X is not flat for m > 2. Note that
(X)~1(X \ {0}) is irreducible and of dimension 2(m + 1).
Form < d, (xX)~1(0) = (xA)~1(0) = A3 Form > d, as (xX)~1(0) is
defined by m + 1 — d equations in A3™ it follows that
dim(zX)710) = 3m — (m + 1) +d > 2(m + 1).
If we assume that m > 2, in both cases above we have

dim(f o 7X)71(0) = dim(zx)~1(0) > 2m + 1 = dim(f o 75) "' (1),

where 0 # ¢ € Y. This yields that f o 7X is not flat.
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The structures of the space of arcs and the space of jets are determined by the
base scheme. So, it is natural to ask whether the converse holds, i.e., whether the
space of arcs/jets determine the base scheme. This problem can be divided into the
global case and the local case. First we discuss the global problem. This is again
divided into two cases. The first one is posed under the additional assumption of
existence of certain morphisms:

Proposition 3.3.33 Let X and Y be two schemes over k and G as in Note 3.3.3. If
there exists a G-equivariant isomorphism X, = Y, of m-jet schemes for some
m € N U {oo}, then there is an isomorphism X =Y.

Proof As X and Y are the categorical quotients of X,, and Y,,, respectively by the
action of G (Lemma 3.3.4), the G-equivariant isomorphism of X,, and Y, provides
with the isomorphism of the categorical quotients. O

If there is a morphism f : X — Y, the induced morphism f;,, : X,, — Y,
is G-equivariant. Therefore, by the previous proposition and the universality of the
categorical quotient, we obtain the following:

Corollary 3.3.34 Let f : X — Y be a morphism of schemes over k. If the induced
morphism f, : Xm — Y is an isomorphism for some m € N U {oo}, then the
morphism f is an isomorphism.

Remark 3.3.35 This corollary can be proved directly by using the fact that the
morphism of the base spaces induces the morphism of the sections in the jet-
schemes.

Now for the second case of global version, let us be just given an isomorphism
of m-jet schemes and consider if it induces an isomorphism of base schemes. The
following is a counterexample for this problem. We use the counterexample of the
cancellation problem called Danielewski’s example.

Theorem 3.3.36 ([53]) Let X and Y be hypersurfaces in A% defined by xz — y* +
1 = 0and x*>z — y*> + 1 = 0, respectively. Then, X #* Y but X,, ~ Yy, for every
m € N U {oo}.

Now let us turn to the local problem. The following is the affirmative answer
to the local problem assuming the existence of a morphism between the base
schemes. Here, we note that the notation X,,(x) in the following is defined in
Definition 3.2.13.

Theorem 3.3.37 ([73]) Let f : (X,x) — (Y,y) be a morphism of germs of a
varieties. Assume that f induces isomorphisms f,, : X, (x) = Y, (y) forallm €
N U {oo}, then f is an isomorphism.

Remark 3.3.38 Unlike the global version, only one isomorphism f,,, : X, =~ Y,
does not guarantee that f is isomorphic. Actually, for example the isomorphism
f1: X1(x) = Y1(y) gives just that the Zariski tangent spaces of these singularities
are isomorphic. One can see an example with isomorphic fj but not isomorphic f
in the following:
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Let X C A% be the closed subvariety defined by x> — y? + x3 = 0. Then,
the inclusion morphism X — A% =: Y is not an isomorphism. But the induced
morphism of the Zariski tangent spaces is an isomorphism.

The following is a modified version of local isomorphism problem.

Theorem 3.3.39 ([22, Proposition 4.12]) Let f : (X, x) — (Y, y) be a morphism
of germs of a varieties. Assume that f induces bijective morphisms f,;, : Xp(x) —
Y () for allm € N U {00} (equivalently, f,, induces bijection | X, (x)| = Y (¥)|
of underlying spaces), then it follows that:

(i) The morphism f is a closed immersion;

(ii) Let X — A be a closed immersion to a smooth variety A and let Ix and Iy
be the defining ideals of X and Y, respectively, in A. Then, Ix D Iy holds and
Iy is integral over Iy. Here, we note that by the isomorphism f1 : X1(x) =~
Y1(y), which is viewed as an isomorphism of the Zariski tangent spaces, we
can identify the ambient spaces of X and of Y.

Conversely, let X C Y C A be closed subschemes with smooth A and 0 € X a
point. Assume that the defining ideal Ix of X is integral over the defining ideal Iy of
Y around 0. Then, we obtain the equalities | X, (0)| = |Y;,(0)| of underlying spaces
for everym € N U {oo}.

At the end of this section, we show a mysterious theorem by Grinberg and
Kazhdan [42] about the formal neighborhood of a point of the arc space. This
result is reproved in [28] in a simple way. This theorem is also used to construct
the example in Remark 3.3.7 in this chapter.

Theorem 3.3.40 ([28, 41]) Let X be a scheme of finite type over a filed k, and
Sing X the singular locus. Let y € X0 \ (Sing X) oo be a k-valued point and (X ),
the formal neighborhood of y. Denote the formal disk Spf(k[[t]]) by D and the
product of countably many copies of D by D*°. Then, there exists a scheme Y =
Y (y) of finite type over k and a k-valued point y € Y, such that

(Xoo)y = D x Yy,

where Yy is the formal neighborhood of y in Y.

It is a very interesting problem to find the relationship between the singularity of
(Y, y) and (X, y(0)). Some people started to study this problem.

3.4 Introduction to the Nash Problem

In this section, we introduce the Nash problem. The author introduced the problem
in the expository paper [51] in 2007. After that researches on this problem developed
remarkably, so it seems a good timing to introduce the problem again and show
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the progress after 2007. In this section, we assume the existence of resolutions of
singularities. It is sufficient to assume that the characteristic of k is zero.

3.4.1 Basics for the Statement for the Nash Problem

One of the most mysterious and fascinating problem in arc spaces is the Nash
problem which was posed by Nash in his preprint in 1968. It is a question about
the Nash components and the essential divisors. First we introduce the concept of
essential divisors.

Definition 3.4.1 Let X be a variety, g : X1 — X a proper birational morphism
from a normal variety X and E C X an irreducible divisor. Let f : X5 — X be
another proper birational morphism from a normal variety X». The birational map
f~log: X; --» X, is defined on a (nonempty) open subset E° of E because,
by Zariski’s main theorem, the “fundamental locus” of a birational map between
normal varieties is a closed subset of codimension > 2. The closure of (f ~'og)(E?)
is called the center of £ on X>.

We say that E appears in f (or in X»), if the center of E on X is also a divisor.
In this case the birational map f~' o g : X| --» X» is a local isomorphism at the
generic point of £ and we denote the birational transform of £ on X, again by E.
For our purposes E C X is identified with E C X». Such an equivalence class is
called a prime divisor over X.

Let a prime divisor £ over X appear on g : X1 — X. If g is not an isomorphism
at the generic point of E, then we call E an exceptional divisor over X.

Definition 3.4.2 Let X be a variety over k and let Sing X be the singular locus
of X. In this paper, by a resolution of the singularities of X we mean a proper,
birational morphism f : ¥ — X with Y non-singular such that the restriction
Y\ f~'(Sing X) — X \ Sing X of f is an isomorphism.

A resolution f : ¥ — X whose fiber f~!(Sing X) is of pure codimension one
is called a divisorial resolution.

Definition 3.4.3 An exceptional divisor E over X is called an essential divisor
over X if for every resolution f : ¥ — X the center of E on Y is an irreducible
component of f~!(Sing X).

For a given resolution f : ¥ — X, the center of an essential divisor is called an
essential component on Y.

Proposition 3.4.4 Let f : Y — X be a resolution of the singularities of a variety
X. The set

irreducible components of f ~' (Sing X)
&=&y)x =

which are centers of essential divisors over X

corresponds bijectively to the set of all essential divisors over X.



184 S. Ishii

In particular, the set of essential divisors over X is a finite set.

Proof The map
{essential divisors over X} — &y,;x, E > centerof E onY

is surjective by the definition of essential components. To prove the injectivity, take
an essential component C and the blow up ¥’ — Y with the center C. Then, there
is a unique divisor E C Y’ dominating C. Let Y” — Y’ be a resolution of the
singularities of Y’. Then, E is the unique exceptional divisor on Y” that dominates
C. Therefore, every exceptional divisor over X with the center C C Y has the
center contained in E on a resolution Y” of the singularities of X. Therefore, by the
definition of essential divisor, this E is the unique essential divisor whose center on
YisC. O

C. Bouvier and G. Gonzalez-Sprinberg also introduce “essential divisors” and
“essential components” in [12] and [13], but we should note that the definitions are
different from ours. Nash problem is about our essential divisors and not about their
“essential divisors”. In order to avoid a confusion, we give different names to their
“essential divisors” and “essential components” and clarify different points among
them.

Definition 3.4.5 ([12, 13]) An exceptional divisor E over X is called a BGS-
essential divisor over X if E appears in every resolution. An exceptional divisor
E over X is called a BGS-essential component over X if the center of E on every
resolution f of the singularity of X is an irreducible component of f~!(E’), where
E’ is the center of E on X.

We will see how different they are from our essential divisors and essential
components. First we see that they coincide for 2-dimensional case. To show this
we need to introduce the concept minimal resolution.

Definition 3.4.6 A resolution f : ¥ — X of the singularities of X is called the
minimal resolution if for any resolution g : ¥’ — X, there is a unique morphism
Y — Y over X.

It is known that for a surface X the minimal resolution f : ¥ — X exists. It is
characterized by the fact that ¥ has no exceptional curve of the first kind over X.

For higher dimensional variety X, the minimal resolution does not necessarily
exist. For example, X = {xy —zw = 0} C A* has two resolutions neither of
which dominates the other. These two resolutions are obtained as follows: First take
a blow-up f : Y — X at the origin of X which has the unique singular point at the
origin. Then, f is a resolution of the singularity of X and the exceptional divisor
E of f is isomorphic to P! x P!, Here we have two contractions g : Y > v,
g2 Y — Y> whose restrictions on E are the first projection p; : E = P! xP! - P!
and the second projection p; : E = P! x P! — P! respectively. Then both ¥;’s are
non-singular, therefore f; : ¥; — X (i = 1, 2) are resolutions of the singularity of
X. Itis clear that there is no morphism between Y; and Y> over X.
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Proposition 3.4.7 If X is a surface, then each of the set of “essential divisors”,
“BGS-essential divisors” and “BGS-essential components” are bijective to the set
of the components of the fiber f~'(Sing X), where f : Y — X is the minimal
resolution. These are also essential components on the minimal resolution.

Remark 3.4.8 Four concepts “essential divisor”, “essential component”, “BGS-
essential divisor” and “BGS-essential component” are mutually different in general.

First, our essential component is different from the others, because it is a
closed subset on a specific resolution and the others are all equivalence classes of
irreducible divisors.

Next, a BGS-essential divisor is different from a BGS-essential component or an
essential divisor. Indeed, for X = (xy —zw = 0) C A%, the exceptional divisor
obtained by a blow-up at the origin is the unique essential divisor and also the unique
BGS-essential component, while there is no BGS-essential divisor, since X has a
resolution whose exceptional set is P}C, which is not a divisor.

Finally a BGS-essential component and an essential component are different.
Indeed, consider a cone generated by (0, 0, 1), (2,0, 1), (1,1, 1), (0, 1, 1) in R3.
It is well known that a cone generated by integer points in a real Euclidean space
defines an affine toric variety (see [36, 83] for basic notion of toric varieties). Let
X be the affine toric variety defined by this cone. Then the canonical subdivision
adding a one dimensional cone R>¢(1, 0, 1) is a resolution of X. As the singular
locus of X is of dimension one, there is no small resolution. Therefore, the divisor
Dq1,0,1) is the unique essential divisor, while D(1,1,2y and D3 1,2) are BGS-essential
components by the criterion [12, Theorem 2.3].

Definition 3.4.9 Let X be a variety and 7 : X, — X the canonical projection. An
irreducible component C of 7~ (Sing X) is called a Nash component if it contains
an arc « such that «(n) ¢ Sing X. This is equivalent to saying that C ¢ (Sing X)eo.

The following lemma is already quoted for the irreducibility of the space of arcs
(Theorem 3.3.13).

Lemma 3.4.10 ([46]) If the characteristic of the base field k is zero, then every
irreducible component of w =" (Sing X) is a Nash component.

We note that for the positive characteristic case this lemma does not hold. Indeed,
Example 3.3.14 is an example that 7! (Sing X) has an irreducible component
which is not a Nash component.

Let f : Y — X be aresolution of the singularities of X and E; (I = 1, .., r) the
irreducible components of f~!(Sing X). Now we are going to introduce a map .4’
which is called the Nash map

Nash components essential essential
of the space of arcs ¢ —> | components ¢ >~ { divisors
of X onY over X
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Note 3.4.11 (Construction of the Nash Map) The resolution f : ¥ — X induces
a morphism f : Yoo — X of schemes. Let 7Y : Yoo — Y be the canonical
projection. As Y is non-singular, (7)™ (E;) is irreducible for every /. Denote by
(rV)~1(E))° the open subset of (7" Y U(E) consisting of the points corresponding
to arcs B : Spec K[[t]] — Y such that B(n) & f’l(Sing X).Let C; (i € I) be the
Nash components of X. Denote by C; the open subset of C; consisting of the points
corresponding to arcs « : Spec K[[¢]] — X such that «(n) & Sing X. As C; is a
Nash component, we have C? # (. The restriction of f, gives

e Ey - et

=1 iel

By Proposition 3.3.6, f/, is surjective. Hence, for each i € [ there is a unique /;
such that 1 < [; < r and the generic point 8, of (¥ )_l(Egi)" is mapped to the
generic point ;; of C?. By this correspondence C; + Ej, we obtain a map

Nash components irreducible
W+ { of the space of arcs | —> components
through Sing X of f~!(Sing X)

Lemma 3.4.12 The map /V is an injective map to the subset consisting of the
essential components on Y.

Proof Let /(C;) = E|;. Denote the generic point of C; by «; and the generic point
of (r¥)~'(E) by 1. If E;, = Ey fori # j.thena; = fL(B1) = flo(B) = a;.
a contradiction. This gives the injectivity of

To prove that the {Ej, : i € I} are essential components on Y, let Y/ — X be
another resolution and ¥ — X a divisorial resolution which factors through both ¥
and Y'. Let E; C Y’ and Ej; C Y be the irreducible components of the exceptional
sets corresponding to C;. Then, we can see that Ej; and El/,- are the image of Eli-
This shows that Ej, is an essential divisor over X and therefore Ej, is an essential
component on Y. |

Problem 3.4.13 Is the Nash map

Nash components essential essential
of the space of arcs { —> { components ¢ =~ 1 divisors
through Sing X onY over X

bijective?
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3.4.2 History of the Nash Problem

Here we will see the results for this problem according to time line. The first
affirmative result for the Nash problem was given by Nash himself.

Theorem 3.4.14 ([81]) The Nash problem is affirmatively answered for an A,-
singularity (n € N), where an A,,-singularity is the hypersurface singularity defined
byxy — 7"t =0in A/3<~

It is difficult to realize the essential divisors for higher dimensional case, but for
two-dimensional case the essential divisors are just the exceptional divisors on the
minimal resolution. So, the people thought that surface case is the easiest for the
problem and many people studied the problem for surface case. The first concrete
result after Nash’s paper is the following:

Theorem 3.4.15 ([89]) The Nash problem is affirmatively answered for a minimal
surface singularity. Here, a minimal surface singularity means a rational surface
singularity with the reduced fundamental cycle. (A rational singularity is defined
in Definition 3.5.6 in the next section.) The fundamental cycle is introduced by M.
Artin (see [5] for the definition).

Theorem 3.4.16 ( [70, 88, 90]) The Nash problem is affirmatively answered for a
sandwiched surface singularity and D,-singularity for n > 4. Here, a sandwiched
surface singularity means the formal neighborhood of a singular point on a surface
obtained by blowing up a complete ideal in the local ring of a closed point on a non-
singular algebraic surface. A complete ideal is defined by O. Zariski and Samuel
(see [99], Vol II, Appendix 4 ), but the idea of a sandwiched singularity is that it is
a singularity which is birationally sandwiched by non-singular surfaces.

These are results on rational surface singularities, the following gives affirmative
answer for some non-rational surface singularities:

Theorem 3.4.17 ([86]) The Nash problem is affirmatively answered for a normal
surface singularities with the reduced fiber E of the singular point on the minimal
resolution such that E - E; < 0 for every irreducible component E; of E.

This result is generalized to a wider class of surface singularities in [74]. We omit
the statement, since it is not simple.
The following results are for arbitrary dimension.

Theorem 3.4.18 ([46]) The Nash problem is affirmatively answered for a toric
singularity of arbitrary dimension.

When we say just“toric variety”, we always assume normality of the variety.
There is a notion “not-necessarily normal toric variety” and an even wider class
“pretoric variety” that now we define.
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Definition 3.4.19 A variety X is called a pretoric variety if

(1) there are a toric variety Z with the torus 7’ and a finite morphism p : X — Z
étale on T,

(2) for the normalization v : X — X, X is a toric variety with the torus 7' and
the composite p o v : X — Z is the equivariant quotient morphism by the
group N'/N, where N and N’ are the lattice on which the fans of X and Z,
respectively, are defined, and

(3) the subset v~ (Sing X) is an invariant closed set on X.

We will see two typical examples of a pretoric variety.

Note 3.4.20 ([37]) Here, we introduce a not-necessarily normal affine toric variety.
A not-necessarily normal affine toric variety is of the form X = Spec C[I"], where
I' ¢ M = 7" is a finitely generated semigroup with 0 and I" generates the abelian
group M. Then, the torus T = Spec C[M] acts on X . Denote by K (I") C MR, the
convex cone which is the convex hull of I" and by T the intersection K (I") N M.
Then, X+ is a normal toric variety and the inclusion C[I"] — C[T] induces the
equivariant normalization X7 — X.

Example 3.4.21 A not-necessarily normal toric variety is a pretoric variety. This is
proved as follows: Let X = Spec C[I"] be a not-necessarily normal toric variety of
dimension n. Let ¢ C Ng be the cone such that 0¥ = K (I") under the notation
as above. Let X = Spec C[o¥ N M] be the normalization of X. Subdivide ¢ into
simplicial cones without adding any 1-dimensional cones. Let 71, 12, .., Ty be the
n-dimensional simplicial cones which are obtained by this subdivision. We can take
generators e?), efl') of 7; in I'". Define M; = @?:]Ze;'), then M; is a subgroup
of M of finite index. Let M’ be the intersection ()'_; M;. Then, M’ is a subgroup
of M of finite index. It follows that ¥ N M’ C I'. Indeed, an arbitrary element
u € 0¥ N M’ is contained in T; N M; for some i. Then, by the definition of M;,
we have that u = 7, aje;.') with aj € Z=g. As eﬁ.l)’
u € I'. By this inclusion ¥ N M’ C I' we obtain a finite morphism p : X — Z =
Spec C[o¥ N M’]. The other conditions for a pretoric variety follow immediately.

s are in I, it follows that

The following is an example of a pretoric variety without a toric action.

Example 3.4.22 Let X be Spec C[x, y] and X be Spec C[x, y3, y4], then X is a

non-normal toric variety with the normalization v : X — X. Therefore we have
a diagram X —> X —2> Z as in Definition 3.4.19. Here, Z = Spec C[x, y'2] is
constructed according to the previous example. Let X be Spec C[x, y+y2, y3, y*1,
then Xy is a pretoric variety with the diagram: X — Xo — Z. By the definition,
X does not admit a toric action.

Theorem 3.4.23 ([49]) The Nash problem is affirmatively answered for a pretoric
variety of arbitrary dimension.

Theorem 3.4.24 ([11) The Nash problem is affirmatively answered for non-rational
quasi-rational hypersurface singularities of arbitrary dimension.
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‘We have a notion of the local Nash problem which is a slight modification of the
Nash problem ([50]).

Theorem 3.4.25 ([50]) The local Nash problem hold true for quasi-ordinary sin-
gularities. Here, a quasi-ordinary singularity is a hypersurface singularity which
is a finite cover over a non-singular variety with the normal crossing branch
locus. We note that a quasi-ordinary singularity is not necessarily normal and its
normalization is toric.

The paper [87] by Plénat and Popescu-Pampu gives the affirmative answer to the
Nash problem for a certain class of higher dimensional non-toric singularities.

So far we have seen the affirmative answers. But there are negative examples
given in [46] by Ishii and Kollar .

Example 3.4.26 ([46]) Let X be a hypersurface defined by xf —i—x% —i—x; ~|—x2 +xS6 =
0in A%. Then the number of the Nash components is one, while the number of the
essential divisors is two. Therefore the Nash map is not bijective.

By the above example we can construct counter examples to the Nash problem
for any dimension greater than 3 by making the product with A} for n > 1.
Therefore at that moment of the paper, the unsolved case for Nash problem was
only 2- and 3-dimensional cases. Then, J. F. Bobadilla and M.P.Pereira proved the
affirmative answer for 2-dimensional case.

Theorem 3.4.27 ([11]) The Nash problem is affirmatively answered for surfaces.
This result is based on the topological observation by Bobadilla as follows:

Proposition 3.4.28 ([10]) Nash problem for surface singularities depends only on
the topological type.

Later on, algebraic proof of the Nash problem for surface is given by De Fernex
and Docampo as a corollary of their main theorem:

Theorem 3.4.29 ([20]) Let ¢ : Y — X is a terminal model which means
proper birational morphism from Y with at worst terminal singularities and ¢-nef
canonical divisor of Y. Then, the irreducible exceptional divisors on Y are in the
images of the Nash map. In particular, irreducible exceptional curves on the minimal
resolution of a surface are in the image of the Nash map.

Here, we should note that the minimal resolution of a surface singularity is the
terminal model.

The first 3-dimensional negative example for the Nash problem is given by De
Fernex.

Example 3.4.30 ([19]) The singularity of 3-dimensional hypersurface in A‘(‘:
defined by

(x%—i—x%)m—i—x?—i—x%—i—x%—i—xi—i—xg:O
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has one Nash component and has two essential divisors. Thus the Nash map is not
bijective.

The following is a bit more systematic example for the negative answer to the
Nash problem for threefolds obtained by Johnson and Kollar:

Example 3.4.31 ([63]) For the singularities on X (m) := (xy —z*>+u™ = 0) C A¢
the Nash map is not surjective for odd m > 5 but surjective for even m and m = 3.
Thus the simplest example where the Nash map is not bijective is

2., 5 4
(xy —z"4+u’ =0) C Ag.

Now we can formulate a new version of the Nash problem:
Problem 3.4.32

(1) Characterize the image of the Nash map.
(i1) Characterize the singularities for which the Nash problem is affirmative.

Related to these problems, we have one characterization of the image of the
Nash map given by Reguera [91]. To formulate her result, we introduce the concept
“wedge” which is also used in [11].

Definition 3.4.33 Let X be a k-scheme. Let K D k be a field extension. A K-
wedge of X is a k-morphism y : Spec K[[A,?]] — X. A K-wedge y can be
identified to a K[[A]]-point on Xo.. Denote by 0 and 7 the closed point and the
generic point of Spec K [[A]], respectively. We call the image y (0) € X the special
arc of y and call the imagey (7) € Xoo the generic arc of y.

Theorem 3.4.34 ([91]) Let E be an essential divisor over X and f : Y — X a
resolution of the singularities of X on which E appears. Let o € X, be the generic
point of feo(w¥)"V(E) and k(a) the residue field of a. Then the following conditions
are equivalent:

(i) E belongs to the image of the Nash map;

(ii) For any resolution of the singularities g : Y' — X and for any field extension
K of k(a), any K -wedge y on X whose special arc is a and whose generic arc
belongs to (w*X)~1(Sing X), lifts to Y';

(iii) There exists a resolution of the singularities g : Y' — X satisfying condition
(ii).
As an application of this theorem, we obtain Theorem 3.4.16.
There are some notions “the Nash problem for a pair (X, Z)” consisting of a
variety X and a closed subset Z (see [38, 85]).
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3.5 Applications to Birational Geometry

3.5.1 Opverview of Birational Geometry in Connection with the
Space of Arcs

Birational geometry is the study properties of varieties which do not change under
birational maps. In this viewpoint we identify varieties which are birationally
equivalent each other. In each equivalence class, is there a “good” representative?
We think that smaller variety is better, where we say X is smaller than Y if there is
a proper birational morphism ¥ — X.

“Find a minimal variety (called a minimal model) in the equivalence class.”

This is one of the most important problems in birational geometry so called
“Minimal Model Problem”. In dimension one and two, it is classically well known
that there are smooth minimal models in an equivalence class. But in higher
dimensional case, it is known that we cannot have such a model by the example
following Definition 3.4.6. So we need to reformulate the Minimal Model Problem
allowing mild singularities. In this way, mild singularities (terminal, log terminal,
canonical, log canonical, see Definition 3.5.2 below) allowable in minimal models
appeared around 1980. Minimal Model Problem was solved in dimension three in
the most basic form by S. Mori [75]. Then, the problem is generalized to several
variants. By the work [6], a large part of the problems for arbitrary dimensional
case in characteristic 0 is solved. However in its most general setting the problem
is still open and the main point of the problem is reduced to certain behaviors of
“the minimal log discrepancy”, an invariant of a singularity. The research of this
direction is still going on and the author thinks that it is good for the reader to know
what is known and what is not.

In this section, we discuss about the expression of this invariant by the space
of arcs and obtain one of the required behavior for Minimal Model Problem for
a special case. We also obtain the characterization of the mild singularities by the
space of jets.

3.5.2 Basics in Birational Geometry

Henceforth, we always assume that X is normal and Q-Gorenstein variety (see
Definition 3.3.24). The reader who would like to study this direction closely, please
refer to [35] or [65]. A typical example of Q-Gorenstein variety is a variety of
locally a complete intersection. Here, the condition that X is “locally a complete
intersection” means that at each point of X there is an affine open neighborhood
embedded into a smooth affine variety with codimension ¢ and defined by exactly
¢ equations in the smooth variety. In particular, a hypersurface is an example of
locally a complete intersection.
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First we define the log discrepancy for a pair (X, a®) consisting of a normal Q-
Gorenstein variety X and a coherent multi-ideal sheaf a C Ox with a real exponent
e, which means

€s

e el s
a=a; ---af, e=(er,...,e) €RY

where a; C Ox are non-zero coherent ideal sheaves.
As we assume that X is Q-Gorenstein, for a morphism

p:Y =X
the pull-back ¢* Ky is always defined and becomes a Q-Cartier divisor on Y again

(see, Definition 3.3.26).

Definition 3.5.1 Let E be a prime divisor over a normal Q-Gorenstein variety X.
Then we define log discrepancy kg + 1 € Z of X at E as follows:

kg +1:=ordg(Ky — ¢*Kx) + 1,

where ¢ : Y — X is a birational morphism such that Y is normal, E appears on Y
and ordg means the coefficient of the divisor at E.

Log discrepancy of a pair (X, a®) consisting of a normal Q-Gorenstein variety
X and multi-ideal sheaf a® with a real exponent at E is defined as follows:

S
a(E: X, o) i=kp +1 =) e - ve(a),
i=1
where v is the valuation defined by E.

Definition 3.5.2 We say that a pair (X, a®) is terminal / canonical / log terminal /
log canonical at a point x € X if

E : exceptional prime divisor over X

inf a(E; X, a%)| " .
with center containing x

}>1/21/>0/20,

respectively.

We say that X has terminal / canonical / log terminal / log canonical singularities,
if (X, Ox) is terminal / canonical / log terminal / log canonical, respectively, at every
point of X.

By the definition, the following implications are clear:

terminal = canonical = log terminal = log canonical.

One can see that if X is smooth and a = Oy, then for every exceptional prime
divisor E over X, we have a(E; X, Ox) > N := dim X. Therefore we also obtain

smooth =] terminal
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According to the definition, in order to decide whether the pair is terminal or so
one should check all prime divisors with the center containing x. However, if there
is a “log resolution” for the pair, then we can decide by checking only finite number
of exceptional prime divisors.

Definition 3.5.3 Let (X, a®) be as above. A morphism ¢ : ¥ — X is called a log
resolution of (X, a°), if the following hold:

(i) ¢ is a proper birational morphism from a non-singular variety Y’;
(ii) the ideals a; - Oy are all locally principal on Y;
(iii) the union of all exceptional sets and the divisors defined by a; - Oy is set
theoretically a divisor with normal crossings.

Proposition 3.5.4 ([32, Proposition 7.2]) Let X be a normal and locally a com-
plete intersection variety defined over an algebraically closed field k of arbitrary
characteristic. Assume there exists a log resolution ¢ : Y — X of a pair (X, a®).

Ifa(Ei; X,0¢) > 1/ =1/ >0/ >0, for every exceptional divisor E; on
Y with the center containing x, then (X, a®) is terminal / canonical / log terminal /
log canonical at x, respectively.

Remark 3.5.5 At present, existence of log resolutions is known when the base field
k is of characteristic 0 (by Hironaka [45], see also [66]) or dim X < 3 (by Abhyankar
[2, 3] and Cossart-Piltant [16]).

By using a resolution of the singularities ¢ : ¥ — X we have another important
and popular notion of a singularity.

Definition 3.5.6 We say that a variety X has rational singularity at x € X if the
following hold:

(i) X is normal; '
(i) X has a resolution of the singularities ¢ : ¥ — X and the vanishing R’ ¢, Oy =
0 holds for every j > 1 in a neighborhood of x.

Rational singularities do not affect the cohomologies between X and the smooth
variety Y. So, a rational singularity is considered as a singularity close to a smooth
point. It is well known that the singularities appearing on a toric variety are rational.
It is natural to ask the relation of a rational singularity and the other classes of
singularities defined above.

Proposition 3.5.7 ([34,62]) Assume the base field k is of characteristic 0. If (X, a®)
is log terminal at x € X, then the singularity (X, x) is rational.

Definition 3.5.8 The minimal log discrepancy for a pair (X, a®) at a point x € X
and at a proper closed subset W C X is defined as follows:

(i) Whendim X > 2,

mld(x; X, a®) = inf{a(E; X, a®) | E : prime divisor with the center at x},
mld(W; X, a®) = inf{a(E; X, a®) | E : prime divisor with the center in W}.
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(i) When dimX = 1, define mld(x; X, a®) and mld(W; X, a®) by the same
definitions as above if the right hand sides of the above definition are non-
negative and otherwise define mld(W; X, a®) = —oo.

Here, we remark that either mld(x; X, a) > 0 or mld(x; X, a®) = —oo holds in
any dimension.

Proposition 3.5.9 Let (X, a°) be a pair as above and x € X a point. If the pair is
terminal / canonical / log terminal / log canonical at x, then

mld(x; X,a%) >1/>1/ >0/ > 0.

Conversely, if mld(x; X, a®) > O, then the pair is log canonical at x. But for the
other cases the converse does not hold in general.

Example 3.5.10 Let X = Az, {x, v, z} a coordinate system on Az and a := (x - y).
Then,

mld(0; X,a) =1 > 0,

but (X, a) is not log terminal at the origin 0 because the exceptional divisor £
obtained by the blow up by the prime ideal (x, y) has the log discrepancy

a(E; X,a)=kp+1—vg(x-y)=14+1-2=0.
A modified pair (X, a®) (1/2 < e < 1) from the above gives an example that has
mld(0; X, a®) > 1,

but (X, a®) is not terminal because for a prime divisor E as above has the log
discrepancy

a(E; X,a) =kg+1—e-vg(x-y)=1+1—-2e < 1.

Definition 3.5.11 Let E be a prime divisor over X with the center at x. We say that
E computes mld(x; X, a®) if

mld(x; X, a%)
a(E,X,a°) =14 or
negative

Remark 3.5.12 1f there exists a log resolution factored through the blow up at x,
then there exists a prime divisor computing mld for the pair. Therefore, if chark =
0, then such a prime divisor always exists.
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If all e; are rational numbers, then the set of log discrepancies is discrete, which
implies the infimum is minimum or —oo and therefore there exists a prime divisor
computing mld.

Definition 3.5.13 For a pair (X, a®) we define the log canonical threshold at x €
X as follows:

let, (X, a®) = sup {c € Rog | (X, a*) is log canonical at x } ,

where a® = a{'“ -+ - ag**

Remark 3.5.14 For a pair (X, a®) and a point x € X the Ict, (X, a®) is obtained as
follows:

. e - kp+1 E : prime divisor with
@) let; (X, 0) = inf { 2 eive(@) | the center containing x }
(ii) If ¢ : ¥ — X is a log resolution of (X, a®) and E; (j =1, ..., m) are prime
divisors on Y with the center containing x, which are either exceptional or in
the support of a; - Oy’s. Then it follows that:

. ke, +1
Icty (X, a®) = min = (-
j=lm | Yoei - vEg;(a;)

Note 3.5.15 Roughly speaking, a generalized MMP is in the form as follows:

“In the birational equivalence class of pairs (X, a®) with singularities of type (P),
does there exist a minimal model (Xo, a) with the singularities of the same type?”

Here, (P) is the representative of “terminal”, “log terminal”, “canonical”, “log
canonical”. Note that in MMP singularities are studied under a general setting but
in this paper we restrict our attention to locally complete intersection case,

In order to get a minimal model, one strategy, called Minimal Model Program,
is established around 1990 and the successful cases of the problem so far all follow
from this program.

This program to get a minimal model, roughly speaking, goes as follows:

(1) If a pair with the singularities of type (P) is a minimal model, then there is
nothing to do anymore.
(i1) If a pair is not a minimal model, then we do

(C) contract of extremal ray, which is to construct a certain proper birational
morphism X — X’ to obtain a new pair (X', a’).
Assume the new pair has the singularities of the same type. If the new pair
(X', a’°) is a minimal model, we stop. Otherwise continue the process;i.e.,
go to (1) above and follow the instruction.
Assume the new pair (X', a’“) does not have singularities of the same
type, then we do the following:
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(F) make a birational map called a flip X --+ X” to get a new pair (X", a”)

instead of the contraction.

Assume the new pair (X", a”*

) is a minimal model, then we stop.

Otherwise continue the process: i.e., go to (1) above and follow the instruction.
In this way we carry out: step (C) or step (F). If the procedure stops at some
stage, then it means that we get a minimal model. It is known that the possible
number of steps (C) is limited, but that of (F) is not obvious. V. Shokurov proved
that if the following two conjectures (ACC Conjecture and LSC Conjecture)
hold, then the possible number of steps (F) is finite.

See [35] for more detailed information about Minimal Model Program.

Conjecture 3.5.16 (ACC Conjecture) Let J C R>o be a DCC set. (Le., there is no
infinite strictly decreasing sequence in J). Then the following set satisfies ACC (i.e.,
there is no infinite strictly increasing sequence).

M(N,J) :={mld(x; X, a°) | dimX = N, a:ideal, ¢; € J}.

Conjecture 3.5.17 (LSC Conjecture) For a pair (X, a®) the following map is lower
semi continuous (LSC):

X - RU{—00}, x— mld(x; X, a°),

i.e., for every r € R>q the set {x € X | mld(x; X, a®) > r} is an open subset of X.

Conjecture 3.5.18 (MN Conjecture) For N and e, there exists a number £ . which
depends on N and e, such that for every pair (X, a®) and a pointx € X (dim X = N)
there exists a prime divisor £ computing mld(x; X, a®) and satisfying kg < €y .

MN Conjecture is Mustata-Nakamura’s conjecture posed by them in [79] and
proved for special cases (surfaces and monomial ideals on arbitrary dimensional
affine space).

They prove the relation of the conjecture and ACC Conjecture as follows:

Theorem 3.5.19 (Theorem 1.5, [79]) Fix a point x € X on a variety X with
“mild” singularities such that the assertion in MN Conjecture holds for (X, x).
Then, for every fixed DCC set J, the following set satisfies ACC:

M(J; X, x) := {mld(x; X, a®) | a : multi-ideal with exponents e; € J}.

For the precise meaning of “mild singularities”, the reader can see in [79].

Remark 3.5.20 In ACC Conjecture and also in MN Conjecture, X and x may vary.
But even for fixed x € X, the problem is not easy. These conjectures appeared
motivated by MMP, but the problems themselves are interesting from the point of
view of singularity theory. So these are studied under various conditions and in such
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a situation the space of arcs contributed quite a bit. We will see it in the following
subsection.

3.5.3 Log Discrepancies via the Spaces of Arcs

Let E be a prime divisor over a normal locally complete intersection variety X. In
this subsection we will express the log discrepancy kg + 1 of X at E in terms of
the space of arcs of X. We assume that X is just a variety over k unless otherwise
stated. First we prepare the notion of the contact loci of an ideal in the space of arcs.

Definition 3.5.21 ([33]) For an affine variety X and an ideal a C Oy, we define
Cont™ (a) = {a € X | ordy(a) = m}
and
Cont="(a) = {& € Xo | Ordy(a) > m},
where the order ord, is defined by o € X, as follows:
ordy(a) := ord; a®(a) := min{ord, «*(f) | f € a}.

Here, a* : Ox — k[[]] is the ring homomorphism corresponding to «.

These subsets are called contact loci of the ideal a. The subset Cont="(a) is
closed and Cont™ (a) is locally closed. Indeed, let Z C X be the closed subscheme
defined by the ideal a C Oy, then, by the definitions we have;

Cont="(a) = ¥ (Zm—1),
Cont™ (a) = Cont="(a) \ Cont=""*!(a),

which implies that the former subset is closed and the latter subset is locally closed.
One can also see that both are cylinders.

In Definition 3.2.21, we introduced the concepts “thin” and “fat” for an arc and
also for an irreducible subset on the space of arcs.

Definition 3.5.22 Let o : Spec K[[t]] — X be a fat arc of a variety X and
a* 1 Ox,q0) — KI[t]] the local homomorphism induced from «. Here, 2 (0) € X
is the image of the closed point 0 € Spec K[[#]] by «. By the definition of a
fat arc, a* is injective, therefore it is extended to the homomorphism of fields
a* : K(X) — K((t)), where K(X) is the rational function field of X. Define a
function vy : K(X) \ {0} — Z by

Vo (f) = ord; a™(f).
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Then, v, is a discrete valuation of K (X). We call it the valuation corresponding
to .

Definition 3.5.23 A valuation v on the rational function field K (X) of a variety X
is called a divisorial valuation over X if v = g - vg for some g € N and a divisor
E over X. The center of a divisor E is called the center of the valuation v = ¢ - vE.
A fat arc o of X is called a divisorial arc if v, is a divisorial valuation over X. A
fat set is called a divisorial set if the generic point is a divisorial arc.

Proposition 3.5.24 ([21], [60, Corollary 3.26]) Let o € X be the generic point
of an irreducible fat component of a contact locus Cont™ (a) or of a cylinder i, 1(s)
(S C X locally closed). Then « is a divisorial arc.

We will think of the converse implication.

Definition 3.5.25 ([52]) For a divisorial valuation v over a variety X, define the
maximal divisorial set corresponding to v as follows:

Cx(v) :={a € Xoo | @ : fatand, v, = v},

where { } is the Zariski closure in X .

Proposition 3.5.26 Let E be a prime divisor over X and ¢ : Y — X a birational
morphism on which E appears. Let n € E be the generic point. Let & € Yo, be the
generic point of (w¥)~1(n), where 1Y : Yoo — Y is the canonical projection. Then,

Cx(VE) = ¢oo(@).
More generally for g € N, let ng_1 € E4_1 be the generic point of the space of
(g — )-jets of E. Let a4\ be the generic point Of(l/f;_l)_l (ng—1) Then,
Cx(q - vE) = Poo(ttg—1).
Proof The statements of the proposition follows from

Cx(q - vE) = @oo(Cont? (Ep))

where Eg C E is the open dense subset consisting of points p € E such that E and
Y are both smooth at p ([52, Proposition 3.4]). |

The following is a kind of converse of Proposition 3.5.24:

Proposition 3.5.27 ([21, 60]) Let X be a variety over an algebraically closed field
of arbitrary characteristic. For every divisorial valuation v over X the maximal
divisorial set is an irreducible fat component of a contact locus and, in particular,
of a cylinder.
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As the arc space X of a variety X of dimension > 0 is a scheme of infinite
dimension over k, codimension of a closed subscheme of X, is not defined in
general. But for subscheme of special type we can define the codimension whose
important role is describing invariants of singularities on X.

Let X be an arbitrary variety over an algebraically closed field k, and let n =
dim X. Let 7y C Ox be the Jacobian ideal sheaf of X. In a local affine chart this
ideal is defined as follows:

Restrict X to an affine chart, and embed it in some AZ, so that it is defined by a
set of equations

Si(uy, .o ug) == fr(uy, ..., uq) =0.

Then fy is locally defined, in this chart, by the d — n minors of the Jacobian matrix
(df;/0u;). Let S C X be subscheme defined by #y. Note that S is supported exactly
over the singular locus of X.

We decompose

o
Xoo \ Soo = |_| XS, where XS :={y € X | ord, (Fx) = e},
e=0

and let X, o0 := ¥ (Xo) and an’oo = Y (XE), where ¥, 0 Xoo — Xy 1S the
truncation map. Also, let

XZ¢:={y € Xoo | ord, (Fy) < e} and X3¢ = ¥, (XZ°).

m,o0

We will need the following geometric lemma on the fibers of the truncation maps.
A weaker version of this property was proven by Denef and Loeser in [24, Lemma
4.1]; the sharper stated here is taken from [32, Proposition 4.1].

Lemma 3.5.28 ([24, 32, 60]) For m > e, the morphism an_H’
piecewise trivial fibration with fibers isomorphic to A".

e
o = Xmooisa

Proposition 3.5.29 ([21, 60]) For an irreducible component C of a cylinder in X o
such that C ¢ Sing(X)eo, then there exists e such that

CCi=Yu(C)N anfoo

is a nonempty open subset of Y, (C) and the codimension of Cy° inside X,%foo
stabilizes for m > e.
Then we define

codim(C, Xoo) = codim(C;°, X5-6) for m > e.

m

Remark 3.5.30 The codimension of defined above is not the codimension in the
usual sense. Let C be as above and s = codim(C, X ) the codimension as defined
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above. Let r be the maximal length of a sequence C = Cyp C C; C --- C Cr = X0
of strictly increasing irreducible closed subsets of X, then we have the inequality

r <s.
The inequality can be seen as follows: from the strictly increasing sequence,
C=CcCC---CC

of irreducible closed subsets of X, we have the sequence

Ym(C) = ¥ (Co) C Ym(C1) C -+ C Y (Cy)
form > 0, since C; = l(iLl’llﬂm(C,').

The inequality s < r can be a strict inequality, see for instance [59, Example 2.8].
The published version of the paper [21] contains a wrong statement

in Remark 3.3. The corrected remark is contained in the uploaded version
arXiv:math/0701867.

Definition 3.5.31 Let E be a prime divisor over X, then the Mather discrepancy
ke € Z- and the Jacobian discrepancy jr € Zx are defined as follows:

Let ¢ : Y — X be a proper birational morphism from a normal variety Y such
that E appears on Y. Then, there is a canonical Oy-homomorphism

P (N"2x) —> A"y = Oy(Ky)

on the smooth locus of Y, where #n is the dimension of X. Denote the image of the
homomorphism above by Im C Oy(Ky). Then

Im = j@y(Ky)

for an ideal sheaf .7 in a neighborhood of the generic point n € E, because n € Y is
a smooth point and therefore Oy (Ky) is invertible. Define

~

kg :=ve(J) and jg :=ve(fy).
We call kg — Jje the Mather-Jacobian discrepancy of X at the prime divisor E.

If X is non-singular, then A" 2y = Ox(Kyx), and Im = ¢*Ox (K ). Therefore
by Definition 3.5.1, we obtain

kg = kg

for every prime divisor E over X.
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Proposition 3.5.32 Let E be a prime divisor over X. If X is locally a complete
intersection, then

ke =kg — je.
In particular, if X is smooth, then kg = ke.

Proof As X is locally a complete intersection, we have
N Q2x = Jx - Ox(Kx).

(See for example, Proposition 9.1 in [32]). Therefore, by pulling back of this
equality onto a normal Y by the birational morphism ¢ : ¥ — X where the
exceptional prime divisor E appears, we obtain

ke = ke — jE,

which yields the required equality. O

There are some researches studying singularities in terms of invariants, say
Mather discrepancy or Mather-Jacobian discrepancy, which are involving kg or
IQE — JjE (see for example [18, 29, 53, 58]). The infimum of these is well described
in terms of the space of arcs, and because of that we have “Inversion of Adjunction”
for these invariants. However, there have some differences from kg for general Q-
Gorenstein variety which we do not step into in this paper. For a variety of locally
a complete intersection, by virtue of Proposition 3.5.32, we have a description of
infimum of log discrepancies in terms of the space of arcs (see Theorem 3.5.34).

Proposition 3.5.33 ([21, 60]) Let E be a prime divisor over a variety X defined
over an algebraically closed field k of arbitrary characteristic and g € N, then for
the divisorial valuation q - vg we have

codim(Cx(q - vE), Xoo) = q(le + 1).

By making use of this description, we obtain the interpretation of mld and Ict by
the space of arcs. In following discussions we will denote the symbol

Cont" (a;) N --- N Cont"* (a;) by Cont”(a).
Similarly, denote
Cont="1(a;) N --- N Cont="s(az) by Cont="(a).

Here, w = (w1, ..., wy).

Theorem 3.5.34 ([30, 32, 60]) Let k be an algebraically closed field of arbitrary
characteristic. Let X be a normal and locally complete intersection variety defined
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over k and a¢ = a‘f‘ .- af" a multi-ideal with real exponents e = (e, ..., es). For
a pair (X, a®) the mld is described in terms of the arc space as follows:

mld(x; X, a%)
=infy ez, {codim (Contw(a) N Cont’ (Fy) N~ L(x), Xoo) —v—>; eiw,-} .

= inf {codim (Contzw(a) N Cont="(Fy) N~ (x), Xoo) —v— Z eiwi}.

v,w; €2~
= i

In particular, if X is smooth, then we have the following:

v,w; €Z>(

mld(x; X, a®) = inf !codim (Contw(a) Nx '), Xoo> — Zeiwi}

i

= inf {codim (Contzw(a) Nz 'x), Xoo) — Zeiwi} .

v,w; €Z>(

We have the same expression of mld(W; X, a®) for a proper closed subset W C X
with replacing =" (x) by w =Y (W) in the right hand sides of the equalities above.

Theorem 3.5.35 ([78, 100]) Let X be a smooth variety defined over k and a° a
multi-ideal on X with real exponents e. For a point x € X and a cylinder C C X,
we define

codim, (C, Xo)

:=min{codim T | T : irreducible component of C with x € w(T)}.

For a pair (X, a®) the Ict is described in terms of the arc space as follows:

Ict, (X, a®) = inf {

s
weZzO

codim, (Cont” (a), Xoso) }
Y eiw; '

. { codim, (Cont=% (a), Xoo) }
inf .
weZ‘;O Z e W;

Proof These formulae are essentially proved in [78] in characteristic 0 and in
[100] in positive characteristic. However in these papers it is formulated under the
condition that a is a single ideal and e = 1 and we do not find the proof for this
general form in any references. So we write down the proof here. It will also suggest
the proof of Theorem 3.5.34.
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For the first equality in the statement, it is sufficient to show the following
equality:

. { kg +1
lnf ——————
Yoiei-ve(a)

inf

over Xwith center x weZs

E : prime divisor } _ {codimx (Cont¥(a), Xoo) }

Z e;w;
by Remark 3.5.14. First show > of the above equality. Take a prime divisor E over
X with the center at x and define w; := vg(a;) for every i and w := (wy, ..., wy).
Then, we have

Cx(vg) C Cont”(a).
As the center of E is x, we obtain x € w(Cx(vg)). Therefore it follows that

kg +1 = codim(Cx (vE), Xoo) > codimy (Cont” (a), Xoo).

This gives the required inequality

kg +1 - codimy (Cont™ (a), X0)
>ei-vg(ap) ~ > eiw; )

For the opposite inequality, take any w = (wj,...,w,) and take an irre-
ducible component 7 C Cont"¥(a) such that x € m and codim(T, X)) =
codimy (Cont” (a), Xoo). The generic point of the cylinder T gives a divisorial
valuation vy = ¢ - vg for some g € N and a prime divisor E. Note that the center
of E on X contains x. By the definition of the valuation, we have

Cx(q -vg) D T, which yields
codim(Cx (g - vg), Xoo) < codim, (Cont" (a), X0).
As g - vp(a;) = w;, we have

kg +1 _qtke+1) - codim, (Cont® (a), Xoo)
> e - ve(ap) dewi T Yoieiw; '

as required.

About the second equality in the statement, the inequality > is obvious, since
Cont® (a) C Cont=" (a). For the opposite inequality, it is sufficient to show that for
every w = (w1, ..., wy) € ZL, there exists w’ = (w}, ..., w;) € ZL; such that

codim, (Cont“’,(a), Xso) - codim, (Cont=% (a), Xoo)

Yieiw: - > eiw;
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To show this, take an irreducible component T C Cont=" (a) such that x € 7(T)
and codim(7T, Xo) = codim, (Cont=% (a), Xo). Let vy be the divisorial valuation
defined by the generic point of 7. Then w! := vr(a;) > w; and T C Contw/(a).
Hence, we obtain

codim, (Cont” (a), Xo) < codim(T, Xo) = codim, (Cont=" (a), Xo0)

and ) ; e;w; > Y, e;w;, which yield the required inequality. |

The following shows the relation of the mld between smooth variety A and a
closed subscheme X on A. It is called “Inversion of Adjunction”.

Theorem 3.5.36 ([30, 32, 60]) Let k be an algebraically closed field of arbitrary
characteristic. Let A be a smooth variety over k and X C A a closed subscheme of
locally complete intersections with codimension c. Let @ = @} --- a5 be a multi-
ideal on A with exponents in Rsq such that a; := a;Ox # 0 for every i. Let Ix be

the defining ideal of X in A. Then for a point x € X the following equality holds:
mld(x; X, a®) = mld(x; A, 0 - I§).
For a proper closed subset W C X the following holds:
mld(W; X, a®) = mld(W; A, a° - I§).

Corollary 3.5.37 Let k be an algebraically closed field of arbitrary characteristic.
Let X be a normal variety of locally complete intersections with dimension d. Let
x € X be a point and W C X a proper closed subset. Then, we have the equalities:

mld(x; X, Ox) = inf{(m + 1)d — dim " (x)},
m

mld(W; X, Ox) = inf{(m + 1)d — dim ;' (W)},
m

The following corollaries are proved in [30, 77] for the base field of characteristic
0 in different ways from the following proof. The proof below is based on
the expression in Corollary 3.5.37 and it works for the base filed of arbitrary
characteristic. In [61, Corollary 10.2.9] one can find more general statements and
the proofs for them.

Corollary 3.5.38 Let X be a normal local complete intersection variety defined
over algebraically closed field k of arbitrary characteristic. Then the following
hold:

(i) X has log canonical singularities if and only if X, is locally a complete
intersection for every m € N,
(ii) X has canonical singularities if and only if X, is irreducible for every m € N,
(iii) X has terminal singularities if and only if X, is normal for every m € N.
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Proof Letd = dim X. As X is locally a complete intersection, X is locally defined
by ¢ := N — d equations in a non-singular variety A of dimension N. Then, X,,
is locally defined by (m 4 1)c equations in a non-singular variety A,, of dimension
(m + 1)N (cf. the construction of X,,). Therefore, we have

(3.5.38(i)) dmX, >(m+1)N - m+1)c=(m+ 1)d,

where the equality holds if and only if X, is locally a complete intersection.
First we show the equivalence in (i). We know that the restriction

7Tm_1 (Xreg) = Xreg

of 1, is a smooth morphism of relative dimension md. Therefore, by the formula in
Corollary 3.5.37, X has log canonical singularities if and only if for every m € N,
the following inequality holds:

(m + 1)d — dim X,, (W) > 0,

where W is the singular locus Xgine of X. This is equivalent to the equality in (3.5.38
®).

For the both implications of (ii), we may assume that X,, is locally a complete
intersection of dimension (m 4+ 1)d by the result (i). Actually, if we assume that
X has canonical singularities, then by (i) we obtain that X,, is locally a complete
intersection for every m € N. If we assume that X, is irreducible, then it has
dimension (m + 1)d, because it contains an open dense subset 7, 1 (Xreg) Which
has dimension (m + 1)d. As X, is locally defined by (m + 1)(N — d) equations in a
smooth variety A, of dimension (m + 1) N, the subscheme X, is locally a complete
intersection.

Now, again by the formula in Corollary 3.5.37, X has canonical singularities if
and only if for every m € N and the singular locus W C X, the following inequality
holds:

(m+ 1)d —dim X,,(W) > 1,

which yields dim X,,, (W) < (m + 1)d. This is equivalent to the fact that none of the
irreducible components of X, (W) can be an irreducible component of X,,, since
X is of pure dimension (m + 1)d. This holds if and only if X, is irreducible for
every m € N.

For the proof of (iii), we may assume that X,, is irreducible and locally a
complete intersection of dimension (m 4 1)d by the same reason as in the proof of
(i1). We know that a local complete intersection variety is Gorenstein, in particular,
it satisfies Serre’s condition S>. Thus X, has the property S>. Now, X has terminal
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singularities if and only if for every m € N and the singular locus W C X, the
following inequality holds:

(m+ 1)d —dim X,,,(W) > 2,

which yields dim X,, (W) < (m + 1)d — 2. Here we note that the singular locus of
X s just X, (W). Indeed, it is obvious that the singular locus of X, is contained
in X, (W), as the compliment nm_l(Xreg) of X, (W) is non-singular. To show the
opposite inclusion, denote the local Jacobian matrix of the embedding X,, C A,, by
J and the Jacobian matrix of the embedding X C A by Jy. Then J has the following
form:

As we may assume that X,, C A,, is a complete intersection, X,, is non-singular at
apoint p if and only if the Jacobian matrix J has full rank at p. Here, if p € X,,,(W),
then Jy does not have full rank, therefore J cannot have full rank.

Hence, the inequality dim X,,(W) < (m + 1)d — 2 is equivalent to the fact that
X 1s normal by the Serre’s criteria for normality. O

The LSC Conjecture holds for a normal local complete intersection variety. It is
proved in [31] for characteristic 0 by making use of Inversion of Adjunction (Theo-
rem 3.5.36) and the description of mld in terms of the arc space (Theorem 3.5.34).

Theorem 3.5.39 ([31]) Let X is be a normal, local complete intersection variety
over an algebraically closed field k of arbitrary characteristic. Let a® be a multi
ideal on X. Then the function x — mld(x; X, a®), x € X, is lower semicontinuous.

Remark 3.5.40 By these theorems we can see the equivalence of a geometric
property of X and a somehow weaker geometric property of X,,. So it is natural
to ask for a condition on X,, such that it forces X to be smooth. One candidate
for such a mild condition is that X, has at worst rational singularities for every
m € N U {oo} (By Proposition 3.3.16 we know that the existence of m such that X,,
is smooth implies the smoothness of X, but we require a weaker condition for X,,,.)

The following is a negative answer to the expectation:
Example 3.5.41 ([57]) Let k be a field of characteristic 0. Let X be a hypersurface
in A,ICV defined by the polynomial f = xf + xé’ + -+ xl‘f,. Ifd > 1, then it is
clear that (X, 0) is not smooth, and if d? < N, then the jet scheme X, has at worst

rational singularities for every m € N.

The study of singularities by making use of the space of arcs is still developing.
The author hopes to write a paper including the new results in future.
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