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Abstract. By using the underlying theory of proper scoring rules, we
design a family of noise-contrastive estimation (NCE) methods that are
tractable for latent variable models. Both terms in the underlying NCE
loss, the one using data samples and the one using noise samples, can
be lower-bounded as in variational Bayes, therefore we call this fam-
ily of losses fully variational noise-contrastive estimation. Variational
autoencoders are a particular example in this family and therefore can
be also understood as separating real data from synthetic samples using
an appropriate classification loss. We further discuss other instances in
this family of fully variational NCE objectives and indicate differences
in their empirical behavior.

1 Introduction

Estimating the parameters of a model distribution from a training set is an
important research topic with applications in deep generative models (e.g. [5,
8,15,18,24,28]), out-of-distribution (OOD) or anomaly detection [16,17,23,32]
and representation learning [2,4,19,22]|. Maximum-likelihood estimation is the
method of choice when the parametric model distribution is normalized and can
be evaluated efficiently (which is the case for “elementary” probability distribu-
tions and for normalizing flows [24]). The expressiveness of a model distribution
can be enhanced by introducing latent variables and by using an unnormalized
distribution (also known as energy-based model). Both of these modifications
prevent the maximum likelihood method from being applicable: latent variables
often lead to intractable integrals or sums when computing the marginal likeli-
hood, and likewise the normalization factor (also called the partition function)
of an unnormalized model is typically intractable.

Latent variables are usually addressed by utilizing the evidence lower bound
(ELBO) of the likelihood as in variational Bayes (e.g. [12]), and parameters
of unnormalized models can be estimated from data by methods such as score
matching [11] or noise-contrastive estimation (NCE, [9,10]). NCE can intuitively
be understood as learning a binary classifier separating training data from sam-
ples drawn from a fully known noise distribution. Variational NCE [26] aims to
enable the estimation of unnormalized latent variable models from data by lev-
erging the ELBO. It succeeds only partially, since the ELBO cannot be applied on
all terms in the NCE objective, and an intractable marginal remains. In this work
we derive modified instances of NCE that allow the application of the ELBO on
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all terms, and the resulting objective is therefore free from intractable sums (or
integrals). We call the resulting method fully variational noise-contrastive esti-
mation. Interestingly, variational autoencoders [14,25] are one particular (and
important) instance in this family of fully variational NCE methods.

2 Background

Proper scoring rules Let P C R%, and let G : P — R be a differentiable convex
mapping. The Bregman divergence between p € P and g € P is defined as

De(plla) = G(p) — (Gla) + (p— 9)TVG(a), (1)
i.e. Dg(p|lg) is the error between G(p) and the linearization (first-order Taylor
expansion) of G at ¢. Convexity of G implies that Dg(pl|g) is non-negative. If
G is strictly convex, then Dg(p|lg) =0 iff p =q.

Now let p and ¢ be the parameters of a categorical distribution, i.e. P(X =
klp) = pr and P(X = k|q) = g for a categorical random variable X with values
in {1,...,d}. The domain P is therefore the probability simplex, P = {p €
[0,1]% : >, _japr = 1}. In this setting D(pl|q) can be stated as

Da(plla) = G) — Gla) + Exnp |35 G(@)] ~ Exny [3G(0)]
= G(p) + Exnp | 75G0) = G(0) ~ Bxong [ 756G (@) (2)
Minimizing D¢ (p||q) w.r.t. ¢ for fixed p is equivalent to
arg min Do (pllg) = arg min ~G(g) > (k= a)50:Gla)

_ o o
= argmaxEx ., [52:G(q) + G(0) ~ 2, 415 Gl0)]

= argmaxEx ., [S(X,q)], (3)

where we defined the proper scoring rule (PSR) S as follows,

S(w,0) ® 2Gla) + Gla) = Y av=Gla). (4)

Note that maximization w.r.t. ¢ only requires samples from p, but does not
need the knowledge of the distrbution p itself. Therefore proper scoring rules
are one method to estimate distribution parameters when only samples from an
unknown data distribution p are available.

If G is strictly convex, then the resulting PSR is a strictly PSR. If e.g. G is
chosen as the negated Shannon entropy, then S(z,q) = log g, is called the log-
arithmic scoring rule underlying maximum likelihood estimation and the cross-
entropy loss in machine learning. It is an instance of a local PSR [20], which does
not depend on any value of ¢, for 2’ # x (the score matching cost [11] being
another example). We refer to [7] and [3]| for an extensive overview and further
examples of proper scoring rules.
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PSRs for binary RVs When X is a binary random variable, and therefore x €
{0, 1}, then we only need one parameter p € [0, 1] to characterize the correspond-
ing Bernoulli distribution. For a differentiable convex function G : [0, 1] — R the
induced Bregman divergence between p € [0,1] and v € [0,1] is given by

Da(pullv) = G(p) = G(v) = (k= v)G'(v) (5)
and
arg min D¢ (pllv) = arg max, G)+ (n—v)G'(v)
= arg Vrél[%wi] EynBer(u) [G(V) + (2 — V)G (v)]. (6)
The resulting PSR S is therefore
S(1,v)=Gv)+ (1 -v)G(v) S(0,1-v) =Gv) —vG'(v). (7)

G can be recovered via
G(v) =vS(L,v) + (1-v)S(0,1-v) = EyBer(p) [S(z,2v 4+ (1—2)(1-v))]. (8)

Noise-contrastive estimation Noise-contrastive estimation (NCE, [9,10]) ulti-
mately casts the estimation of parameters of an unknown data distribution as
a binary classification problem. Let 2 C R™ and X be a mn-dimensional ran-
dom vector. Let py the (unknown) data distrbution, py a model distribution
(with parameters ) and p,, a user-specified noise distribution. Let Z be a (fair)
Bernoulli RV that determines whether a sample is drawn from the data (respec-
tively model) distribution or from the noise distribution pgs.! NCE applies the
logarithmic PSR to match the posteriors,

pa(z) Po(x)
P nZ=1X=0)=—-—"—— P,Z=11X=20)=——""—", (9
A= = @ T e @
which yields the NCE objective

po(X) Pn(X)

o) = B [ )] + B [y i 0

After introducing rg(x) def po(x)/pn(x) this reads as
IncE(8) = Exop, [-1og (14 79(X)™")] + Exnp, [~log (1+r9(X))], (11)

establishing the connection to logistic regression. At first glance this is superfi-
cially similar to GANs [§8], but it lacks e.g. the problematic min-max structure
of GANSs. In contrast to e.g. maximum likelihood estimation, NCE is applicable
even when the model distribution is unnormalized, i.e.

Po(a) = 750} (@) (12)
for an unnormalized model p)(x) and an intractable partition function Z(6) =
>, pY(x).2 NCE allows to estimate the value of the partition function Z(6) for

! We omit the possibility of using general Bernoulli RV for notational simplicity.
2 For brevity we use sums to refer to marginalization of RV, but these sums should
always be understood as the appropriate Lebesque integrals.
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the obtained model parameters 6 by augmenting the parameter vector to (6, Z)
and use the relation pg(z) = p)(x)/Z. Extensions to the basic NCE framework
are discussed in [1,21].

NCE is not directly applicable to latent variable models, where the joint
density pp(X, Z) is specified, but the induced marginal py(X) is only indirectly
given via

po(x) = polx,2) =) polalo)pz(2), (13)

where we use a generative model for the joint py(X, Z).

Using latent variable models greatly enhances the expressiveness of model
distributions, but exact computation of the marginal py(z) is often intractable.
By noting that the term under the first expectation in Eq. 11 is concave w.r.t.
ro(x), Variational NCE [26] proposes to apply the evidence lower bound (ELBO)
to obtain a tractable variational lower bound for the first term in Eq. 11. Unfor-
tunately, the second term in Eq.11 is convex in 7y and the ELBO does not
apply here. Importance sampling is leveraged instead to estimate the intractable
expectation inside the second term. In the following section we show how the
ELBO can be applied on both terms in a slightly generalized version of NCE.

3 Fully Variational NCE

First, we generalize the NCE objective (Eq. 10) to arbitrary strictly proper scor-
ing rules for binary random variables,

T NeB(0) = Eamp, [S (1 5255 )| + Bang, [8 (0, 1555) | (19)

where ry is the density ratio, r¢(z) def po(x)/pn(x). Jo.NcE is maximized w.r.t.
the parameters 6 in this formulation. Recall that r¢(z)/(14rg(x)) is the posterior
of z being a sample drawn from the model pg, and 1/(1 +rg(z)) is the posterior
for x being a noise sample. Our aim is to determine a convex function G such
that both mappings

fi(r) =S, r/(147)) and fo(r) = 5(0,1/(1 4 1)) (15)

are concave. If this is the case, then

Fi(ro(x)) = fi (zoe(x)) _ (W) Y (szu,z)qk(zm )

pn(2) pn(2) Pn(2)ak(2|7)
NI o) R A Crores))

for k € {0,1}. g(Z]X) is a posterior corresponding to the encoder part. Overall,
Js.nck in Eq. 14 can be lower bounded as follows,

JsNcE(0) =Eznp, [[1(ro(2))]+Eznp, [fo(re(x))] > max Js.roner(6,91,¢0) (16)

41,90
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with the r.h.s. defined as the fully variational NCE loss,

def pg(l’,Z)
JS—vaCE(&QhQO) = Ew~pd,2~ql(z|w) {fl (pn(‘r)ql(z‘r)>:|

+ Eonpn,zmgo(Z|2) [fo (z%]():i)(;’(i)mﬂ .

Note that we allow in principle two separate encoders, ¢; and qg, since the ELBO
is applied at two places independently. For brevity we introduce the following
short-hand notations for the joint distributions,

(17)

Pai(@,2) E pa(e)qr(z|z) Pok(@,2) © pu(@)ai(zlz),  (18)

resulting in a more compact expression for Js_tNCE,

JS—vaCE<9,Q1,qO) = E(I’Z)anm |:f1 (lw’z)))] +E(z,z)~ﬁn,o |:f0 <W>:| .

pn,l(xaz Pn,O(va)
(19)

From pg(x)pg(z|x) = pe(z,z) we deduce that the lower bound is tight, i.e.
Js-ncE(f) = maxy, 4 Js-tvnce (0, ¢1,¢0) when the encoders ¢; and gy are equal
to the model posterior, ¢1(Z|X) = qo(Z|X) = po(Z|X) a.e. Js.tyncE in Eq. 17
is formulated as a population loss, but the corresponding empirical risk can be
immediately obtained by sampling from pg, p, and the encoder distributions.
Now the question is whether such concave mappings f; and fy satisfying
Eq. 15 for a PSR S exist. Since common PSRs such as the logarithmic and the
quadratic PSR violate these properties, existence of such a PSR is not obvious.
The next section discusses how to construct such PSRs and provides examples.

4 A Family of Suitable Proper Scoring Rules

In this section we construct a pair (f1, fo) of concave mappings, such that the
induced functions S(1,-) and S(0, ) in Eq. 15 form a PSR. The following result
provides sufficient conditions on such a pair (f1, fo):

Lemma 1. Let a pair of functions (fo, f1), fr:(0,00) — R, satisfy the following:

1. Both f, and fo are concave,
2. f1 and fo satisfy the compatibility condition

folr) = —rfi(r) (20)

for allr >0,
3. the mapping G(p) = pfi(p/(1—p))+ (1= p) fo(p/(1—p)) is convez in (0, 1).

Then S is a PSR. Such pairs (f1, fo) are said to have to double ELBO property.
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Proof. We abbreviate Sy (u) := S(1, p) and Sp(1—p) := S(0,1—p) and recall the
relations between S and G:

G(p) = pS1(p) + (1—p)So(1—p)
)

So(1—p) = G(p) — pG'(n (21)
S1(p) = G(u) + A=p)G' (1) = So(1—p) + G'(n)
and therefore G’ (1) = Sy () — So(1—p). We calculate
G'() = S1(p) — So(L—p) + pS1(p) — (1 =) SH(1—p) (22)

Combining these relations implies that

pS1(p) = (1=p)Sp(1—p) =0 = So(l — p) = 725 - S1(w) (23)

Now the relation between p and r is p = r/(1 + ) and therefore r = p/(1 — p),
which we use to express (f1, fo) in terms of (S1, Sp),

filr) =51(p) = S1(r/(A+71)  folr) = So(1—p) = So(1/(1+7)).  (24)
Using du/dr = (1 +7)~2 and

filr) = 5251 () 0(r) =~ So(1 = ),

the condition can be restated as

(L) folr) =1 (L+r)2fi(r) = fo(r) = —rfi(r), (25)

which is the second requirement on (f1, fo). Now if (f1, fo) satisfy Eq. 20, then
(51, Sp) satisfy the relations of a binary PSR in Eq. 21 for an induced function
G. If G is now convex, then (S7,5y) is a PSR. O

One consequence of the condition in Eq. 20 is, that f; is increasing and fj is
decreasing or vice versa. This further implies that S cannot be symmetric, i.e.

S(]-nu) 755(0,1—/14), (26)

and positive and negative samples are penalized differently in the overall loss.
This is in contrast to many well-known PSR, which are symmetric (such as the
logarithmic PSR used in NCE). The condition also implies that

Y(r) = —f1(r) — I (r) 0.

Since f; is concave and r > 0, —rf{(r) > 0. This has to be compensated
by fi increasing sufficiently fast with r. Since fi(r) > —rf{(r) > 0, fi is
increasing and fj is decreasing in R>(. This observation yields some intuition
on Js.syncg in Eq.17: the first term aims to align pg with ps; by maximizing
po(z,2)/pn(z, z) for real data (and its code), whereas the second term favors
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mis-alignment between py and p,, o for noise samples (by minimizing the likeli-
hood ratio pg(z, 2)/pno(z, 2)).

Equation 20 immediately allows to establish one pair (f1, fo) satisfying the
double ELBO property: we choose f1(r) = logr, which yields f{(r) = —1 and

therefore fo(r) = —r. Both f; and f; are concave. Further,
S1(p) =log 1, So(l—p) = —1£; (27)
and therefore
G(1) = pS1 () + (1= ) So(1—p2) = o (log 722 — 1) , (28)

which is convex in (0,1). Thus, we have established the existence of one PSR
allowing the ELBO being applied on both terms as in Eq. 16. This example can
be generalized to the following parametrized family of PSRs:

Lemma 2. A family of PSRs satisfying the double ELBO property is given by

fi(r) =log(r + B3) fo(r) = Blog(r +6) —r (29)
for any 5> 0,.
Proof. This follows from
folr) = —rfi(r) = =i = —IHEE — 14 B fo(r) = Blog(r + B) — .
Further, G” can be calculated as

1 B 1

(L=p)?Br—p—=0) (1 —p)*(p+p6(1—p)

which establishes the convexity of G' (due to (1 — )2 > 0 and pu+ B8(1 —p) >0
for u € (0,1) and G > 0). O

G'(p) =— >0, (30)

A 2-parameter family of PSRs is given next.

Lemma 3. For « € (0,1] and 8 > 0 we choose
filr) = 2(r+p)" fo(r) = =5 (r+ )
This pair induces a strictly PSR satisfying the double ELBO property.
Proof. Both fi and fj are clearly concave. We deduce
filr)=(r+p)" folr) = =r(r+9)*~" = —rfi(r),  (31)
hence (f1, fo) satisfy the condition in Eq.20. G”(u) can be calculated as
i (uw(l—u))% P B o)l -p)
1—p (1= p)?(u+ B = p))?

The first factor is positive for o € (0,1], 3 > 0 and p € (0,1). Analogously, the
second factor is positive since the numerator is positive for the allowed values of
(i, o, ), and the denominator is a product of squares. O

(32)
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Since
lin(f)lJr foria,8) =-1 = lil%lJr filrse, B) = (r+B)71, (33)

we deduce that the limit o — 07 yields the pair (f1, fo) from Lemma 2 (up to
constants independent of 7).

\ :
T 5----- T delB
-2

— R

= s

. 0,8

Al .
- Log PSR —6 }|--- Log. PSR

(a) S1 e

Fig. 1. Several pairs (f1, fo), in particular (f°°, £, (f29, f8°°) and (f2°, f&) for
a =1/2 and 8 = 1 (solid curves). Both fi and fo are concave functions. The pair
(f1, fo) induced by the logarithmic PSR is shown for reference (dashed curve, which is
concave in (a), but convex in (b)).

For visualization purposes it is convenient to normalize f; and fj such that
f1(1) = fo(1) =0 and f{(1) = 1 (and therefore f{(1) = —1). With such normal-
ization the above pairs are given by

fi(rsa, B) = S ((r 4 B)™ — (14 B)%)

(34)
folria, B) = == ((ar = B)(r + B)” — (o = B)(1+ B)).

Few instances of (f{”, f&?) are depicted in Fig.1. We further introduce the
fully variational NCE loss parametrized by («, 3),

, def po(z,2)
Jf(f,£CE(97Q17QO) = E(m,z)~pd,1 {fl <W§@’B)]

+Ez 2)vpno [fo (pe(x,z));a’ﬁ)} )

pn,()(xa z

(35)

We would like to get a better understanding of these PSRs in terms of losses
used for binary classification. Recall that

==04) r=-4£ = a(4) G?SAA)) = exp(AQ).

_Pr 1
- 1+1/r 1+r 1—p 1—0(A)

_ p _
g M= g

r

Here A is the logit of the binary classifier. We minimize a classification loss,
hence we consider the negated PSRs. Thus, we obtain for the logarithmic PSR,
—log(p) = —log(o(A)) = log(1 + exp(—A)) = soft-plus(—A)
—log(1 —p) = —log(l — a(AQ)) = —log(c(—A)) = soft-plus(A),
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10
0.0
—_ 2 . i,o
________ A 5
B Y 2 4 — 7 5
'y -2 - - - softplus
— e N -
—_— 6(1]’5 NN | A A
- - = softplus | _¢ R - = 1 2 3
(a) Class 1 (b) Class 0

Fig. 2. The PSRs from Fig. 1 reinterpreted as binary classification losses in terms of
log-ratios A = logr. The soft-plus loss corresponds to the logarithmic PSR.

where soft-plus(u) ef log(1 + e*). Inserting fi(r) = log(r + B) and fo(r) =
Blog(r + B) — r yields

—fi(r) = —log(r+p8) = — 10g(6A+ﬂ) = —soft-max(A4, log 3) = soft-min(—A, —log )
—fo(r) =1 — Blog(r+p8) = e* + Bsoft-min(—A, —log 3)
Finally, fi(r) = r%/a, fo(r) = —r®T1/(a + 1) results in

—fi(r) =—Lir* = —éeaA ~olr) = %Hraﬂ _ %He(owkl)A'

Graphically, the difference between the logistic classification loss and the double-
ELBO losses is, that the logistic loss solely penalizes incorrect predictions and
the double ELBO losses strongly favor true positives instead (as shown in Fig. 2).

We conclude this section by a noting that non-negative linear combinations
of double ELBO pairs have the double ELBO property as well:

Corollary 1. The set of pairs with the double ELBO property is a convex cone.
This follows from the linearity of the relations Eq. 20 and Eq. 8.

5 Instances of Fully Variational NCE

In this section we discuss several instances of JgﬁCE for specific choices of a and
(. For easier identification of known frameworks we focus on normalized model
distributions py, but the extension to unnormalized models is straightforward.

5.1 Variational Auto-Encoders: («,3) = (0,0)

We choose (a,3) = (0,0) in the 2-parameter family given in Lemma 3, i.e.
f1(r) = logr and fo(r) = —r. The resulting fully variational NCE objective
therefore is given by

100 (0:41:00) = Eqoaypss |10 (2LEDN| g, L, | 22 ] g
onop(?:010) = Bz ~pa {Og (pm(x,z) @2 p, o2, 2) (36)
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We first focus on the second term:

Ees)mpns [p(x)] - Y @<L (37)

pro(m:2)] e

Now if supp(pg) C supp(pn,0), then the r.h.s. of Eq. 37 is exactly 1, otherwise it
is bounded by 1 from above.> We assume that supp(pg) C supp(pn0), then the
last term in Eq. 36 is 1, and since E,.p, [log p,(z)] is constant, we obtain

0,0 . po(z, 2)
vaNCE(aa q1, QO) = EwNdezN(h(Z\w) |:10g ((h (Z|.’17) )] . (38)

After factorizing pe(z, z) = po(z|2)pz(z) this can be identified as the variational
autoencoder loss (up to constants independent of 6 and ¢1),

T (0.a1) = Eunp, [Eovg(210) logpe(@]2)] — Drr(ai(Z]2)|pz)] . (39)

def
= Jvae(0,q1)

Thus, in this setting standard VAE training can be understood as variance-
reduced implementation of J&EICE (since the stochastic second term becomes a
closed-form constant). If supp(pe) € supp(pn,o0), then

{ppesfw)) ] =1 (40)

and optimizing the VAE loss Jyag is maximizing a lower bound of J&%CE. Now
let gqo(Z]X) be a deterministic encoder, i.e. go(z|x) = 1[z = go(x)]. In this setting

. z, T
Jfo\;l(\]TCE(oa q1, QO) = JVAE(G, Q1) — Eman |:p9(p(g;§)):|

= JVAE(@, ql) - Zx pg($,go($) (41)

Intuitively, JfOV’I%CE aims to autoencode real data well, but at the same time
prefers poor reconstructions for arbitrary inputs. J&%CE uses importance weight-
ing to estimate ) py(z, go(x)). This term only becomes relevant in the objective
if the two encoders ¢; and ¢o are tied in some way (otherwise go may map the
input to a constant code that is unlikely to be sampled from ¢).

It is interesting to note that deterministic (and tied) encoders yield somewhat

different objectives when comparing classical autoencoders, VAEs and the fully
variational NCE:

Jar(0,9) = Eznp, [log po(z|g(x))] (42)
Jvar(0,9) = Jar(b, 9) + Eznp, [logpz(g9(2))] — v (43)
Tanen(0:9) = Fan(8.9) = > polx, 9(x)), (44)

3 If we use unnormalized models pj, then Eq.37 is bounded by Z(6).
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where v := max, logpz(z) is introduced to ensure logpz(z) — v < 0,* which
allows us to obtain the following chain of inequalities,

Jar(0,9) > Jvar(b,g) > J&%GE(&Q)- (45)

Jf Neg can be also interpreted as a well-justified instance of regularized autoen-
coders [6]. When using tied stochastic encoders gy = ¢; satisfying supp(pg) C
supp(pn,0), using the empirical version the 2nd expectation in Eq.36 (instead
of dropping it due to being a constant) can be beneficial in scenarios explicitly
requiring poor reconstruction of certain inputs. The downside is a higher vari-
ance in the empirical loss and its gradients. Overall, a variational autoencoder
can be generally understood as variance-reduced instance of fully variational
NCE.

5.2 “Robustified” VAEs: (a,3) = (0,1)
Now we consider the pair fi(r) =log(1+r) and fo(r) = log(1 +r) — r. We read

po(x, 2
Teonce (05 41,90) = B 2)mpa {log (1 + (’()ﬂ

pn,t (z, j) o) (46)
Polx, 2 bol\x, z

E(z,2)~pno |10g (1 - '

+ (z,2)~pPn,0 |:Og< +pn,o($,2)) pn,O(xvz)]

We assume supp(pg) C supp(pn,0), then the 3rd term can be dropped (see
Sect. 5.1). With tied encoders ¢g=¢; =qo we arrive at a near-symmetric cost

- Po\T, z po(x, 2
Jance = B, )~pan {log <1+9()))] +Ez ympo [log (1+"()>]

pn,l(m,z pno x z

po(7,2) po(z, 2)
B |08 (7 5 )]+ oo s (452500 )
(

= E(z,2)~pa, [S0f-plus(A(z, 2)] + E (s 2)mp, , [SOft-plus(A(z, 2)] 47)

where we introduced the shorthand notation A(z, z) = log ps(z, z) — log p,(x) —
log q(z|x). This lower bound is tight if q(z|x) = pg(z]z) = pe(z, 2) /pe(x). In this
case the ratio inside the log simplifies to

po(r,2) _ po@,2)pe(x) _ po(x)
p(®)q(2lz)  pa()pe(z,2)  P(T)

(48)

and A(z, z) = logpg(x) — log p,,(z). Note that logp,(z) is expected to be small
for real samples = and large for noise samples. Jy ycg can be interpreted as a
version of VAEs aiming to reconstruct both real and noise samples well, but
is based on a robustified reconstruction error (but with different and sample
dependent truncation values for real and noise samples). In practice this cost
appears to behave similar to AEs and VAEs (see Sect. 6.2 and Table 1).

* This is only necessary for continuous latent variables as pmf’s are always in [0, 1].
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5.3 Weighted Squared Distance: (a, 8) = (1,0)

As a last example we consider fi(r) = r and fo(r) = —r?/2:
; 1 po(z,2) \°
J170 9 ) N p@(x Z) ) N 49
vaCE( 141, 90) (z,2)~pa,1 |:pn,1($,2) 9 (@,2)~pno Prol@, 2) (49)

Note that the encoder g; cancels in the first term, as

po(x, 2 pa(w q1 Ix po(x, 2) po(|2)
E = Ez~ .
(z,2)~pa,1 |:pn1 J? Z ] ; |1’) ZN;)Jg |:pn(:1;) (50)

Therefore q; does not appear in the r.h.s. of Eq. 49 and can be omitted. Further,
the last term in Jflv’gCE is the (Neyman) x2-divergence between pg(X,Z) and

Pn(X)qo(Z|X). After some algebraic manipulations it can be shown that Jflv’gCE
is (up to constants) a weighted squared distance,

gL (0, q0) = 1 Z (pg(CC, Z) - pd,O(xa Z))2 (51)

tvNCE7> 90) = 5 = Pro(T, 2) .
Overall the aim is to minimize the weighted squared distance between the gen-
erative joint model pg(X, Z) and the data-encoder induced one py(X)q(Z|X).
In contrary to the setting where o = 0 (or « is at least small) and therefore it
is natural to model log pg, it seems more natural to model py directly (instead
of the log-likelihood) in Eq.49. Hence, the choice @ = 1 is connected to density
ratio estimation [29,30], that typically uses shallow mixture models to represent
the density ratio pg/py,. In fact, Jflv’l(\)ICE in Eq. 49 is closely related to least-squares
importance fitting [13] when ¢y = ¢;.

6 Numerical Experiments

In this section we illustrate the difference in the behavior of several instances of
Jf(f,’_%CE—in particular in comparison with classical autoencoders and VAEs—on
toy examples.

6.1 Noise-Penalized Variational Autoencoders

First, we demonstrate the capability to steer the behavior of an 784-256-784
autoencoder (with deterministic encoder) by using JfO\;-ONCE (Eqg.44). The noise
distribution p,, is a kernel density estimate of inputs depicting the digit “1” from
a validation set. Since the cost for false positives induced by fo ' — 7 is higher
than the cost for false negatives (—f"°(r) = —logr), anything resembling a
digit “1” is expected to be poorly reconstructed—even when those digits appear
frequently in the training data. Figure 3 visually verifies this on test inputs. This
feature of Eq. 44 is useful when training data for OOD detection is contaminated
by outliers, but a collection of outliers is available; or when an autoencoder-based
OOD detector is required to identify certain patterns as OOD.
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Fig. 3. The impact of the 2nd term in Eq. 44 on the reconstruction of test inputs (a).
pr is chosen as a kernel-density estimator of several digits in a validation set showing
“1”, with samples shown in (b). Reconstructions of the inputs using a VAE-trained
encoder-decoder are given in (¢), and (d) shows the corresponding reconstruction for a
encoder-decoder trained using JfOV‘_ONCE (Eq. 44). Input patches showing a “1” are poorly
reconstructed (as intended).

6.2 Stronger Noise Penalization Using Jf(z,’_(l)\ICE

Since f' 0 penalizes false positives stronger than fi* 0 does for false negatives,
we expect different solutions for different choices of a. With infinite data and
correctly specified models log pg, all PSRs will return the same solution (up to
the issue of local maxima), but we only have finite training data and clearly
underspecified models.

We fix the decoder variance to o3,, = 1/8% and use a kernel density estimate
with bandwidth oxge = 204ec as noise distribution p,. By setting o > 0, noise
samples (which are near the training data in this setting) force the model pg to
explicitly concentrate on the training data. Samples x ~ p,, have a larger recon-
struction error as compared to the VAE setting (o = 0). Table1 lists average
decoding log-likelihoods for several values of a. VAEs reconstruct noise samples
worse than standard autoencoders (AEs) due to their latent code regularization.
This behavior is generally amplified for increasing «, as the difference between
the average reconstruction error grows with a. We also include J?J;ICE (Sect. 5.2)
for reference, which behaves in practice similar to VAEs. Figure 4 visualizes the
decreasing reconstruction quality of samples drawn from p,,.

In order to avoid vanishing gradients when o« > 0 in the initial train-
ing phase, in view of Cor. 1 we use actually a linear combination of JI"(:/)I\?CE
(with weight 0.9) and JfO\h?ICE (with weight 0.1) as training loss. Table1 lists
the values for two ReLU-based MLP networks (trained from the same ran-
dom initial weights) obtained after 100 epochs. Since the log-ratios such as
log r =log pg(x, z) —log pn1(z, z) can attain large magnitudes, expressions such
as r® and r*T! are evaluated using a “clipped” exponential function: we use the
first-order approximation e (u — T + 1) when v > T for a threshold value T,
which is chosen as T" = 10 in our implementation.
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Table 1. Average log-likelihood logpe(z|g(z)) in nats Higher values indicate lower
reconstruction error.

(a) 784-128-784 (b) 784-256-128-256-784

Method/(a, 8) | ® ~ pa |z ~ pn | Difference  Method/(«, 8) | & ~ pa | x ~ pn | Difference

AE 766 —1138 | 1904 AE 756 -919 1675

VAE 765 —1609 | 2374 VAE 769 —1373 | 2142

(1/256,0) 749 | —1665 | 2414 (1/256,0) 774 —1402 | 2176

(1/64,0) 698 | —1863 | 2561 (1/64,0) 748 | —1520 | 2268

(1/16,0) 753 —41818 | 2571 (1/16,0) T —1463 | 2240

(0,1) 736 | —1656 | 2392 (0,1) 775 | —41372 2147

izl eyl tlela 7|2|r|6]uld|9]a plE|t|e|4ld|va S|&||6]q]|%]s
2067|015 < 20& 2015 ~209 %815 8208498315
qi7/D47/6k5 92|54 2|6|% 5 ¢\7%4 2525 97542 EEE
4lo740[ 3\ 4l@[9]e[o[i[3[t a[o[a]¢[o[i[a]y sl@w([¢o|¥L
37|22 3ldl7(217VZF 3lalz(23 ] H2E se7E[E] 5]
T2 BTEIN E[4]2[3]8]R R[4 [E[8]s E2]4]2]E]5]a]2
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(a) Noise samples  (b) AE: -1138 nats (c) VAE: -1609 nats (d) a=7: -1818 nats

Fig. 4. Reconstruction of samples z ~ p, (a). VAEs (c) and Jogog (d) increasingly
force such samples to be poorly reconstructed compared to AEs (b), while maintaining
a similar reconstruction error for training data x ~ pq (see Table1).

7 Conclusion

In this work we propose fully variational noise-contrastive estimation as a
tractable method to apply noise-contrastive estimation on latent variable mod-
els. As with most variational inference methods, the resulting empirical loss only
needs samples from the data, noise and encoder distributions. We are largely
interested in the existence and basic properties of such framework and unravel
a connection with variational autoencoders. In light of this connection, VAEs
are now justified to be steered explicitly towards poorly reconstructing samples
from a user-specified noise distribution.

The utility of our framework for improved OOD detection and enabling gen-
eral energy-based decoder models is left as future work. Further, the highly asym-
metric nature of the classification loss suggests a potential but yet-to-explore
connection with one-class SVMs [27] and support vector data description [31].
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