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1 Introduction

In 1987, Medley offered an explanation of the “present state of the art of research in
teaching” (p. 105). By doing so, he outlined the categories of variables that could be
studied and provided strong guidance for high-quality research on these variables.
His guidance suggested that research should seek to find out why teaching quality
varies widely and to do that, one must have a conceptualization of what good teaching
is, an instrument that is valid for distinguishing good teaching from poor teaching,
and a plan for collecting accurate data and for analyzing that data. While aspects
of research on the relationship between all of the variables that shape the complex
act of teaching students in a formal learning environment have remained unchanged
since 1987, much has changed in educational research including the emergence of
new methodologies and the increasing presence of technology both as a tool for
teaching and learning and as a tool for research, making research on the connections
between and among the variables both richer and more flexible than Medley originally
suggested.
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In this chapter, our goal is to provide some clear examples of the ways in which
the field of mathematics education has been able to pursue the interactions put forth
by Medley (1987) thanks to the emergence of new theories, research methods, and
technologies. We discuss some of the critical ways in which the research landscape
has changed since the original article was published. First, we look at methodolo-
gies that have become more widespread since Medley introduced his framework.
Second, we explore some examples of research methods that offer new ways of
thinking about research questions related to teaching and learning in formal environ-
ments. These methods are important because they have opened opportunities to look
across the variables in ways that were unavailable to researchers until recently. We
finish by considering the opportunities that have been created by technology. These
have changed the ways we collect data and the data we collect. We close by briefly
discussing how the changes discussed in this chapter specifically relate to presage-
process—product research (Medley, 1987). Our goal in this chapter is not to present
a comprehensive review of the literature, rather, we seek to highlight both where the
field is now in terms of research methods and tools as well as to provide examples of
the ways in which Medley’s framework is being pursued in newer research. We have
chosen to rely on Fig. 3 in Chap. 1 (Manizade et al., 2023) rather than the original
Medley model for the purposes of our discussion, except where noted.

2 Changing Methodologies

Since Medley’s framework was originally proposed, the field has seen the emergence
of new research methodologies (i.e., scientific frameworks), methods (i.e., specific
approaches), and tools (i.e., instruments) that allow innovative lenses with which
to make sense of the multi-faceted enterprise that is teaching and learning. In this
chapter, we offer brief overviews of just a few of the methods currently available
for answering questions related to the presage-process—product model. These tools
sometimes allow us ways to look at connections between more than two variable cate-
gories (e.g., cultural-historical activity theory) or allow us to conceive of research as
a web of interconnected studies all serving to develop a larger theory (e.g., Design-
Based Research). Below, we talk about the emergence of Qualitative and Mixed
Methods methodologies as well as emerging psychometric models, then we intro-
duce several methods that provide new ways of thinking about the interconnected
nature of the variables for teaching and learning. These include teaching experiments,
Design-Based Research, cultural-historical activity theory (CHAT), and quantitative
ethnography.
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3 Qualitative and Mixed Methods Research Methodologies

In 1987, qualitative research was not often used in education. While there were
certainly some examples of qualitative research emerging (e.g., Erlwanger, 1973),
those studies were not as widely accepted as quantitative studies. However, with
the shifts in ontology and increased acceptance of new methods, the field of math-
ematics education research became more open to—and, indeed, primarily focused
on—qualitative research. The reason is simple: quantitative research methodologies
are particularly appropriate for a model of teaching and learning that relies on transfer
of knowledge from the expert to the novice. As we moved toward theories of learning
that were more grounded in constructivism, socio-cultural theories, and critical theo-
ries, new questions were being asked. As an array of new learning theories emerged,
the definitions of teaching and learning became more diverse and even questions
could be pursued. Rather than asking if teachers who took teaching methods courses
in mathematics or science are more effective than those who did not, researchers
began wondering in what ways particular backgrounds might shape learning expe-
riences (Type E—teacher’s competencies, knowledge and skills—and Type F—pre-
existing teacher characteristics) and their interaction on Type A (student learning
outcome) variables (e.g., Manizade et al., 2023; Medley, 1987)) and how teachers
conceive of making content learnable for children (Type D variables interacting with
Type B and A variables (e.g., Manizade et al., 2023; Medley, 1987)). Further, with the
emergence of new theories of learning, the definitions of what constitutes learning,
and, thus, how learning is measured, also changed. Consider, for example, Wenger’s
theory of situated cognition (Wenger, 1998). Within this theory, “learning” is defined
as a change in participation, because learning is viewed as becoming a member of a
community of practice. Thus, as one learns, one becomes a fully-integrated member
of the community of practice. If participation is the goal, a written assessment of
content knowledge is no longer an appropriate instrument for measuring learning
and new approaches need to be developed. Thus, it is consistent with the rise of the
cognitive, socio-cultural, and critical theories that qualitative research would become
a critical tool for research.

Once qualitative methodologies were established as a norm within the field, it was
natural for some researchers to use qualitative and quantitative methods together to
better understand a phenomenon. Thus, mixed methods approaches have been used
by some researchers to understand the interactions inherent in the learning envi-
ronment. Grounded in pragmatism (Johnson et al., 2007), mixed methods research
is a methodology that combines qualitative and quantitative methods to produce
“defensible and usable research findings” (p. 129). For example, a researcher may
conduct a survey (quantitative), then conduct interviews with a subset of partici-
pants (qualitative) to more deeply understand the findings of the survey (Creswell,
2014). For example, in one recent study (Starrett et al., 2021), researchers used
surveys and interviews with teachers and students to understand how teacher’s prox-
imity to their school impacted their use of place-based education, thus using mixed
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methods to connect Type I (external context) variables to Type D (pre- and post-
active mathematics teacher activities), Type C (interactive teacher activities), and
Type B (student learning activities). Another approach to mixed methods analysis is
to use the various analyses to dig into specific aspects of the data. For example, an
approach the first author of this chapter has used (e.g., Izsdk et al., 2010; Orrill &
Cohen, 2016), included mixture Rasch analysis of an assessment of teacher’s math
knowledge. Our goals was to identify specific mathematics tasks that teachers found
difficult or with which different groups of teachers had different experience. From
those data, we were able to identify specific items on which to focus in the qualitative
analysis of the interviews. Using this approach, we were able to not only see how
teachers performed on the assessment, but also to generate assertions about why they
performed in these ways, thus providing us with additional information for designing
effective instruction. These methods allowed us to more thoroughly understanding
Type E variables.

For understanding the ways in which teachers, their experiences, and their actions
intersect with student learning, access to a wide array of methodologies is crucial.
While quantitative research is still used, studies using qualitative and mixed methods
approaches are as accepted in most venues as quantitative research. The critical factor
in high-quality research is not the methodologies and methods used, but rather the
alignment of the methods and methodologies to the research questions.

4 Continuing to Develop Quantitatively: Emerging
Psychometric Models

Methods for conducting quantitative research have also continued to develop since
1987. While quantitative research has remained theoretically grounded in positivism
and still adheres to the methodological frameworks that were in place in the 1980s,
quantitative research has benefitted tremendously from increased access to computers
and the emergence of new models that has been possible because of computers. Now
that nearly everyone has access to extremely powerful computing technology, quanti-
tative analysis can be more robust and more accessible than ever. Particularly impor-
tant for presage-process—product research are the myriad statistical and psychometric
models that have emerged in the past few decades. In this section, we briefly introduce
four such models that have played a role in our own research on teacher knowledge
and student learning: Item Response Theory (IRT), mixture Rasch Models, Diag-
nostic Classification Models, and Topic Models. We have selected these four models
because each provides researchers with different information about learning. Further,
we included IRT because of its widespread use. Each of the four offers a way to better
connect the variables highlighted by Medley. We do not, however, intend this as an
exhaustive list.

Item Response Theory (Baker, 2001; Baker & Kim, 2004) is probably the most
influential psychometric model in widespread use as it has largely replaced classic test
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theory for scoring standardized tests. Rather than simply assigning a score indicating
how many items are correct or incorrect, IRT provides various kinds of information.
First, IRT provides a score that expresses a participant’s performance in terms of
the number of standard deviations above or below the mean of participant scores.
The second piece of data provided by IRT is information regarding the difficulty of
an item, where difficulty is reported as the probability that someone scoring at the
identified difficulty level would have a 50% chance of answering the item correctly.
IRT provides researchers with information that allows them to consider not just
whether “learning” has occurred, but where there may be deficits in aspects of content
knowledge as well as a relative weighting of participant’s performances. Because
of the information that it can return, IRT is currently a critical component in the
development of learning trajectories (e.g., Clements et al., 2011; Confrey et al.,
2017), which sit at the intersection of student learning (Type A), teacher planning
(Type D), and teacher knowledge of students (Types G & H).

Building from IRT, mixture Rasch models (Izsdk & Templin, 2016; Rost, 1990)
look for latent trends in the patterns of responses among participants to determine
whether all the participants should be placed along the same continuum or whether
there are groups within the data that performed in ways different from others. This
approach has been used to identify patterns of reasoning among teachers. These
patterns highlight that performance on an assessment can be tied to patterns in
teacher’s reasoning about the content (e.g., [zsdk et al., 2010; Orrill & Cohen, 2016).
The data can also be used to capture a different kind of “learning”. Rather than
focusing only on whether participants have improved their scores on an assessment,
researchers can also determine whether participants have changed latent classes. Such
change would indicate a fundamental shift in the ways the participants are reasoning
about the mathematics items on the assessment (Izsdk et al., 2010). While mixture
Rasch has primarily been used for in-depth consideration of Type E variables, we
assert that it could be used as a lens for understanding the relationship between Type
E and Types C and D (how teachers plan and implement instruction). It could also
be readily used to look at connections between Type A and Type C and D variables
if an assessment were given to students and correlated to observations of classroom
practice.

Another emerging family of models is Diagnostic Classification Models (DCMs;
Bradshaw et al., 2014; Izsédk & Templin, 2016; Rupp et al., 2010). DCMs require an
a priori defining of the specific attributes each item of an assessment measures (e.g.,
Tatsuoka et al., 2016). From that mapping, analysis is done on participant’s perfor-
mance, and results are reported as the probability that the participant has mastered
each individual attribute. For example, in Bradshaw et al. (2014), the authors identi-
fied four attributes being measured by the assessment of fractions: referent unit under-
standing, partitioning and iterating, appropriateness, and multiplicative comparison.
The attribute inventories that are returned in place of traditional test scores can provide
insights into specific aspects of understanding demonstrated by a given sample, thus
providing data that can shape the instructional experiences for participants. As with
mixture Rasch models, DCMs provide an opportunity to connect teacher or student
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understanding of mathematics (Type A or E) to the activity in the classroom (Type
BorC).

One final emergent psychometric model is Topic Modeling (e.g., Blei, 2012).
Topic Models allow a statistical analysis of qualitative data to show a change in
patterns of language usage. Topic models rely on looking for particular words in
natural text or natural speech to see their patterns of co-occurrence. From those
patterns, groupings are created that separate participants. For example, in Kim
et al. (2017), the researchers found three main themes in their analysis of student’s
responses on a science assessment. The first theme featured answers that included
appropriate technical terms for middle grades science students (e.g., change, variable,
dependent). The second theme was discipline-specific terms (e.g., energy, popula-
tion, kinetic). The third theme focused on everyday language (e.g., put, stronger, big,
think). Across four assessments, the participating middle school students shifted
from using the everyday language topic to the other two topics (Linking Type B
to Type C variables). These results suggested that students were learning about the
discipline. Topic Modeling is particularly important for measuring learning through
a socio-cultural lens.

New psychometric models do not fundamentally change the design and limita-
tions of quantitative research. Thus, they have some limitations outlined by Medley
in terms of looking at relationships between the variables. However, the new models
allow measurement of different kinds of learning (e.g., change in participation or in
natural language use, rather than acquisition of knowledge), and they open oppor-
tunities for mixed methods approaches such as those described in the discussion
of mixed methods above. So, even within the realm of quantitative research, there
are more tools available to support asking questions in new ways and looking at
relationships through different theoretical lenses than was possible in 1987.

5 Emerging Research Approaches

In this section, we introduce four of the approaches to research that have changed the
ways in which we can answer questions about teaching and learning in formal (and
informal) contexts. As with the discussion above, we do not assert that these are the
only approaches appropriate for research in the presage-process—product framework.
Rather, these are tools that have been used, or are emerging in use, in mathematics
education and the learning sciences to answer research questions related to the vari-
ables in Medley’s framework and the connections between them. Certainly, there are
many other approaches that could also be used for this purpose. Below, we discuss:
Teacher Experiments, Design-Based Research, Cultural-Historical Activity Theory
(CHAT), and Quantitative Ethnography. Teaching experiments are featured because
of their prominence in mathematics education research over the past three decades,
while the other approaches were selected because they offer robust and diverse path-
ways for making sense of the complexity of learning environments through their
analytical lenses or through iterative implementation. For each, we describe what
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it is, some benefits and limitations for the approach, and some examples of studies
done with the approach.

6 Teaching Experiments

6.1 Whatis It?

Teaching experiments stem from Piaget’s clinical interviews (Steffe & Thompson,
2000) and have roots in Russian education research (e.g., Davydov, 1975). Teaching
experiments are fundamentally constructivist and have been used with a wide variety
of constructivist perspectives, ranging from radical constructivism to social construc-
tivism (Cobb, 2000). In a teaching experiment, the researcher serves in the role of
a teacher and conducts a series of teaching episodes, usually working with a small
group of students or one individual (Cobb & Steffe, 1983). The key goal is to develop
a “living model of student’s mathematics” (Steffe & Thompson, 2000, p. 284), testing
and revising instructional activities designed to support student learning (McClain,
2002).

Teaching experiments go beyond the scope of a clinical interview by aiming to
help the researcher understand the change and progress of a student’s mind rather
than just the current state of the mind. The teacher-researcher constructs a conjecture
about student’s mathematical knowledge, then tests the conjecture with teaching
episodes designed to move the student’s understanding forward, reformulating the
conjecture after each episode (Cobb & Steffe, 1983; Steffe & Thompson, 2000).
Initial hypotheses can be abandoned based on student’s responses as it is vital that
the teacher-researcher allows the student’s contributions to guide the trajectory of
the teaching episode.

Typically, a teaching experiment consists of the teacher-researcher, the student(s),
and an observer. The role of the observer is to witness and document student’s reac-
tion and behavior. The teacher-researcher, constantly interacting with the students
and instantaneously reacting to the students, may not be able to capture all relevant
observations (Cobb, 2000). The teacher-researcher engages the students in instruc-
tional tasks or activities to observe and promote mathematical learning and reasoning
by posing tasks and asking follow-up questions (Steffe & Thompson, 2000). The data
that is collected is qualitative and meant to record the models of student’s mathe-
matical understanding. The teacher-researcher uses this data to revise conjectures as
teaching episodes progress and to revise the activities in the episodes. Ultimately,
a model of student thinking about the specific content or topic is generated by the
researcher, with a variety of qualitative data to support the model (Cobb & Steffe,
1983). From the perspective of the framework of research on teaching mathematics
adapted from Medley (Manizade et al., 2023), teacher experiments allow conjec-
tures to be made about how student mathematics learning outcomes (Type A) are
shaped by the interactive mathematics teacher activities (Type C) that are pre-active
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activities (Type D) from considering student’s engagement in previous mathematics
learning activities (Type B). In a sense, while the outcome of the teaching experi-
ment is a theory about student’s learning, the experiment itself is an iteration of the
relationships of Type A, B, C, and D variables conducted by a person with compe-
tency, knowledge, and skill (Type E) in the mathematics, in student learning, and in
designing instructional interventions.

6.2 Benefits and Limitations

One clear benefit of teaching experiments is the insight they provide about how to
support a student or small group of students to move forward in their understanding
of specific concepts. A unique feature of teaching experiments is that the researcher
is directly involved with the teaching. Therefore, the researcher should have teaching
experience and the ability to interact and engage with students (Steffe & Thompson,
2000). The goal is to elicit and support thinking during these interactions; teacher-
researchers should be cognizant of how their actions and language are perceived by
students (Tallman & Weber, 2015).

Teaching experiments are powerful tools for understanding learning, however,
they are also very challenging. One clear challenge of this method, particularly for
inexperienced researchers, is that data collection and data analysis are simultaneous
during the series of episodes (Tallman & Weber, 2015). Additionally, to demonstrate
the evolution of the conjectures and model building, the researcher-teacher needs to
maintain on-going documentation of the reasoning for decisions and the interpreta-
tion of student’s thinking (McClain, 2002). Self-reflexivity becomes a key assump-
tion, where the researcher-teacher acknowledges that he/she is an active participant
of the student’s constructions (Steffe & Thompson, 2000; Tallman & Weber, 2015).
A common data analysis method after the series of teaching experiments is retro-
spective analysis, changing and revising the hypothesized model (Cobb & Steffe,
1983).

6.3 Examples

Many researchers used teaching experiments as exploratory tools, usually as part of
larger projects. Simon and colleagues (2018) conducted a teaching experiment with
a single student as part of the Measurement Approach to Rational Number (MARN)
Project. Their goal was to understand how instruction could promote student’s
construction of the concept of multiplication with whole number and fractions, and to
develop a hypothetical learning trajectory based on their analysis. The participant was
a fifth-grade student, Kylie, that the research group had been working with for two
years, conducting various clinical interviews and teaching experiments. One of the
teaching experiments involved the use of a computer application called Java Bars as
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the instructional tool. Simon served as the teacher-researcher and posed several multi-
plication tasks designed to explore Kylie’s changing conceptions about the meaning
of the multiplier. The research group initially used the concept of generalizing assim-
ilation, as defined by Piaget (1952) as the theoretical base for their hypothetical
learning trajectory. They hypothesized that the progression of their instructional
tasks would stimulate changes in the assimilatory structure of the student. However,
during the initial teaching episodes, the researchers were not seeing any evidence of
conceptual change and modified the teaching tasks. Using retrospective analysis of
the data collected, Simon and colleagues revised their hypothetical learning trajectory
conjecture to rather be stimulated by reflective abstraction, also a construct defined by
Piaget (1952). When reporting their findings, the authors included a detailed descrip-
tion of the progression and rationale of the learning trajectory. The research group
went on to conduct more teaching experiments with the revised instructional tasks
and hypothetical learning trajectory (Simon et al., 2018). This research is focused
on the interaction of student mathematics learning activities and student mathemat-
ical outcomes (Type B and Type A)—that is, how does an instructional intervention
affect learning. Because it was a teaching experiment, though, it extended to Type
C, interactive mathematics teacher activities, because one of the outcomes of this
work was a hypothetical learning trajectory which could be used to guide other
teachers for supporting student learning. Finally, consistent with the Framework of
research on teaching mathematics as shown in Fig. 3 of Manizade and colleagues
(Manizade et al., 2023), Type G research (individual student characteristics, abilities,
and personal qualities) is also tacitly happening as the teacher-researcher is consis-
tently assessing the student’s abilities and understandings to make the instructional
decisions that lead to particular learning activities.

Teaching experiments can also be done with larger groups of students. A study
conducted with 299 undergraduate calculus students by Wagner and colleagues
(2017) consisted of eight teaching episodes which were designed to study the change
in student’s ability to generate examples for the purpose of understanding novel
concepts. The researchers formulated a hypothesized learning sequence and devel-
oped an instructional sequence of tasks and questions. The learning progression
was broken down into intended student’s awareness and behavior on specific skills
and views. Over the course of eight teaching episodes, the teacher-researcher intro-
duced the tasks, which progressed from more rigid to more open-ended to allow
students to show their views and ability to generate examples. Data analysis was
done using emergent codes from the participant’s words and phrases from the reflec-
tions and written tasks. The evidence showed a progression of positive changes in
the student’s views of generating examples. The researchers revised their proposed
learning sequence for the third iteration of the teaching experiment, where new
students were chosen who had not yet learned calculus material, to test their revisions.

As with the Simon et al. (2018) example, this research approach follows a Type
C-B-A flow, moving from considering interactive mathematics teacher activities to
student mathematics learning activities to student mathematics learning outcomes.
The researcher plays the role of a teacher, so data can be gathered on Type C, inter-
active mathematics teacher activities. Second, the research group designs a set of
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activities based on data from Type G (individual students characteristics, abilities,
and personal qualities) and Type A (student learning outcomes) to simulate student
learning experiences that could occur in the classroom, allowing the study of Type B
(student mathematics learning activities) variables. Finally, the researchers analyze
data and make assertions on how the activities impact student learning. Both groups
used iterative design to develop a learning theory, ultimately laying out a trajectory
of activities for teacher to implement and student to experience (Type C and Type
B). Simon et al. (2018) implicitly also study the individual student Kylie, providing
details about her abilities and personal qualities (Type G). In summary, teaching
experiments are an extension of clinical interviews and align to constructivist learning
theories. The researcher becomes a teacher in this methodology where he/she formu-
lates, tests, and revises a hypothesis of a model for a change in student thinking as a
response to some instructional sequence (Cobb, 2000; Steffe & Thompson, 2000).

7 Design-Based Research

7.1 Whatis It?

Design-Based Research (DBR) approaches originated from a desire to pursue
research questions that cannot be answered in a laboratory setting (e.g., Brown,
1992; Collins, 1992). Underlying the development of DBR was a desire to develop
an approach that overcame the issues in attempting to apply results from educa-
tion laboratory studies into actual classrooms (Cobb et al., 2003; McKenney &
Reeves, 2013). Over time, Brown’s and Collin’s notions of “design experiments”
matured into an approach known by many names, that we refer to as Design-Based
Research (DBR; Design-Based Research Collective (DBRC), 2003). DBR focuses
on the development and refinement of theory along with the development and refine-
ment of innovations that embody that theory (e.g., Barab & Squire, 2004; Cobb et al.,
2003; DBRC, 2003; McKenney & Reeves, 2013). DBR is an approach to research
that relies on a trajectory of inter-connected studies conducted, often over several
years, rather than a single study (Cobb et al., 2003). It is inherently grounded in
partnerships between researchers and practitioners.

A unique feature of DBR is the dual goal of generating a theory and developing and
refining a particular intervention that embodies that theory (McKenney & Reeves,
2013; Sandoval, 2014). Researchers focus on both problematizing the context and
on using theories to generate usable knowledge (DBRC, 2003). The development of
such theories is a key component of DBR (Cobb et al., 2003). Through the iterative
processes, conjectures are made, tested in the natural setting, revised based on the
outcome, and tested again. The theory becomes emergent through this process and
is refined at the end of the project (Barab & Squire, 2004). Because of this focus
on developing theory and innovation together, DBR projects tend to include serious
consideration of student learning outcomes (Type A), student mathematics learning
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activities (Type B), interactive mathematics teacher activities (Type C) and pre or
post-active mathematics teacher activities (Type D). Many also include consideration
of teacher competencies, knowledge, and skills (Type E); external context variables
(Type I); and teacher development and experiences (Type J).

DBR projects usually span several years. The reason for this is twofold. First,
DBR focuses on iterative in design (Cobb et al., 2003; DBRC, 2003), which involves
multiple implementations, data collection and analysis cycles. Second, to understand
an innovation and the theory it embodies in a way that moves toward generalizable
knowledge, different grain sizes must be considered. Studies may focus on a single
tool with a few students, then that tool used in a classroom, then that tool used in the
context of the delivery of a piece of curriculum, etc. Because the studies focus on
a series of related questions of different grain sizes, they often benefit from mixed
methods approaches across the lifespan of the research (DBRC, 2003). Rather than
having confined control variables, multiple dependent variables such as classroom
environment and learning outcomes are examined to generate a deep understanding
of the issues and the effect of the intervention (Cobb et al., 2003).

In DBR, researchers partner with various stakeholders to achieve the goals of
refining theory and refining the intervention. Interventions can be educational prod-
ucts, policies, or programs (McKenney & Reeves, 2013). Examples of stakeholders
are teachers, school leaders, coaches, and subject matter experts. These participants
become an integral part of the development and implementation of the design, sharing
their expertise to collaboratively work through the project (DBRC, 2003). Much of
the work is conducted in a natural authentic setting, such as schools and classrooms;
the context is problematized and studied as a vital part of understanding the learning
and teaching that occurs (Barab & Squire, 2004).

The overall structure of DBR is flexible and iterative, but also systematic. It is
a sequence of approaches rather than just one approach (Barab & Squire, 2004).
Several models of approaches have been offered by researchers (e.g., Eljersbo et al.,
2008; McKenney & Reeves, 2012; Reeves, 2011). Most of these models include the
initial phase of exploring and analyzing a problem, followed by the construction
of a design and then reflection and evaluation. Since the entire process is iterative
and usually non-linear, most researchers using DBR work back and forth through
those phases. Theories are developed and tested throughout the process until enough
evidence and data is gathered for a mature theory and usable knowledge. Usable
knowledge can be declarative knowledge, such as describing a certain phenomenon
or prescriptive knowledge, such as ways to facilitate learning with a certain interven-
tion (McKenney & Reeves, 2019). In the initial phase, researchers study a setting and
develop testable conjectures about how to address an educational problem or how to
influence a change in students learning (Cobb et al., 2003). Data analysis becomes
an ongoing process as both researchers and practitioners aim to deepen their under-
standing of phenomenon that occur in the natural setting (Barab & Squire, 2004). This
collective partnership and iterative design process can be seen as unique features of
DBR whose purpose is to close the gap between educational research and classroom
practice and to further theoretical knowledge that can influence change in settings
facing similar problems (DBRC, 2003; McKenney & Reeves, 2019). The DBR
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approach has been applied in various sectors of education such as learning sciences,
curriculum development, instructional design and teacher professional development
(See special issues of journals such as Educational Researcher (2003, 31(1)), Journal
of the Learning Science (2004, 13(1)) and Educational Psychologist (2004, 39(4)).

7.2 Benefits and Limitations

One of the key benefits of DBR is its ability to inform the development of a usable
intervention while also yielding a generalizable theory. This two-faceted benefit
ensures that both the immediate outcome of the project (the intervention) has educa-
tional merit while also ensuring that there is something beyond a single application
of the theory that can support teaching and learning. This ensures that the theory can
continue to inform practice beyond the lifespan of the intervention.

Due to its multi-faceted design, DBR can be a challenging approach even for
experienced researchers. The role of the researcher is less defined and more fluid; she
can be the designer and the implementor, which can introduce threats to validity and
objectivity (Barab & Squire, 2004). Furthermore, the researcher needs to anticipate
and communicate means of support for the various groups of people involved in the
project, who often can have different opinions and perspectives on educational issues
(Cobb et al., 2003). Time and personal commitment are devoted to maintaining close
and respectful relationship with partnerships (Cobb et al., 2003). Another source of
difficulty arises from the various sources of data and the extended period of collection
time (DBRC, 2003). Various techniques for data collection and analysis are often
required along with an appropriate balance between rich data and a surplus of data
to ensure validity (McKenney & Reeves, 2013) and often retrospective analysis is
needed for theory development (Cobb et al., 2003). Despite these limitations and
challenges, researchers have found DBR to be useful for a wide range of studies. A
few such studies are highlighted in the next section.

7.3 Examples

Barab and colleagues (e.g., Barab et al., 2010) combined DBR and socially respon-
sible design to create an intervention that would help students develop their iden-
tity both as individuals and members of their community along being educated to
be knowledgeable citizen of the world. The project spanned over five years and
included several iterative components, ultimately designing a video game that became
known as Quest Atlantis (QA), with teachers, students, community members and
web designers as part of the research partnership. Key to the DBR methodology, the
research group developed a theory about transformational play: that video games can
serve as effective mediums for deep and sustained learning by providing engagement
not possible in the classroom (Barab et al., 2010). This theory has also been used
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by other researchers (e.g., de Sousa et al., 2018) as a framework to their work. One
project that grew from the theory developed by Barab and colleagues is the extension
of the Adventures of Jasper Woodbury mathematics curriculum work that has been
undertaken by Gresalfi and her colleagues (e.g., Gresalfi & Barnes, 2012). Like the
development of Quest Atlantis and the development of the original Adventure of
Jasper Woodbury series (e.g., CTGV 1992; 1994), Gresalfi has undertaken the new
work related to the Adventures of Jasper Woodbury by engaging in a DBR approach
that looks at the relationship of student mathematics learning activities (Type B) and
student mathematics learning outcomes (Type A), but also incorporates variables of
Types C (interactive mathematics teacher activities) and G (individual student charac-
teristics, abilities, and personal qualities). Her group designed the Boone’s Meador
mission as an activity that provides insight into Type B variables (student mathe-
matics learning activities). In Boone’s Meadow, students are tasked with making
calculations and decisions regarding how to reach a destination in order to save an
endangered eagle. The game measures student learning outcomes based on student’s
responses and decisions made throughout the activity, shedding insight into Type A
variables (student mathematics learning outcomes). The game includes feedback that
is meant to reflect the actions of a teacher, thus including Type C variables (interactive
mathematics teacher activities), as well as how that feedback affects the activity of the
game (Type B—student learning activities) and student learning (Type A—student
learning outcomes). Gresalfi and Barnes (2012) did two iterations of DBR to design
and explore the effect of consequential feedback, which is feedback that is embedded
in context and requires students to evaluate their mathematical reasoning based on
the outcome of their decisions. The two rounds of implementations spanned across
two years; data sources included videotapes of discussions and student work. Several
rounds of data analysis were done using both a priori and emergent codes. The team
saw an increase in the use of mathematical justification and critical engagement when
feedback was embedded in context and given prior to the end of the game.

An extension of DBR that arose in the early 2010s is Design-Based Implemen-
tation research (DBIR), in which implementation becomes the vital focus of theory
development and analysis (Penuel et al., 2011). DBIR often includes the combination
of learning sciences research and policy research. One such example of DBIR is the
work of Cobb and colleagues (e.g., Cobb et al., 2013), who partnered with four urban
schools to improve the quality of mathematics instruction with an 8-year project titled
Middle School Mathematics and the Instructional Setting of Teaching (MIST). The
focus of improving mathematical instruction was broken down into increasing the
learning of conceptual understanding, justifying solutions, and explicit connection
between multiple representations. The researchers believed that a reorganization of
teacher’s instructional practice was necessary for these improvements to occur.

The research partnership consisted of school and district leaders, math coaches,
teachers, and researchers. The iterative design process consisted of yearly cycles
of data collection, analysis and feedback: they documented district’s improvement
strategies, collected and analyzed data to assess the implementation of the strate-
gies, and recommended revisions of strategies for the following year. Additionally,
a secondary level of focus was on gathering data to test and revise conjectures about
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supports and accountability measures that the research group had generated from
literature. Examples of data collection methods include audio-recorded interviews,
district organizational schedules, evaluation forms, online surveys, classroom obser-
vations, and student achievement data. Cobb’s team (Cobb et al., 2003) analyzed
their recommendations for each district, looking patterns and similarities to find
potential generality. After the third year of data collection, retrospective analysis
was conducted to provide evidence for conjectures about major components of their
emerging theory of action for instructional improvement in mathematics.

As part of the theory development, the researchers designed, tested and modified
conjectures about instructional improvement, more specifically on methods of both
supporting and holding teachers accountable for reorganization of practices. They
developed an interpretative framework that captured four general supports that the
districts used in the improvement strategies: new positions, learning events, orga-
nizational routines and tools. The research on the ways that mathematical instruc-
tion improved map to Medley’s Type E variables, focusing on teacher competency,
knowledge, and skills. The researchers also attended to the ways in which a change
in teacher’s instructional practice, including variable D, pre and post-active math-
ematics teacher activities, and variable C, interactive mathematics teacher activi-
ties, was tied to mathematics teacher’s competence, knowledge, and skills (Type E).
Further, the MIST research team was able to provide recommendations for the district
on how to support teachers. The four recommendation areas focused on variables
of Type I (external context variables) and J (mathematics teacher development and
experience). Therefore, MIST was able to study the relationship of variables of Type
E (teacher’s competence, knowledge and skills), D (pre and post-active mathematics
teacher activities), and C (interactive mathematics teacher activities) by surveying
and observing teachers. Recommendations are also focused on variables Type 1
(external context variables) and J (mathematics teacher training and experience) as
the research team partnered with the school leaders to influence those categories
outside of teacher control. MIST has continued to work with schools as partnerships
in implementing strategies to improve math instruction and teacher practices (see
Cobb et al., 2018 for more detail).

8 Cultural Historical Activity Theory

8.1 Whatis It?

Cultural-Historical Activity Theory (CHAT) is a theoretical framework for
conducting sociocultural research. CHAT supports the analysis of human interac-
tion while considering how an individual or group of individuals and their interac-
tions with the environment affect their activities (Kuutti, 1996; Cole & Engestrom,
1993; Engestrom, 1993). The basic idea of CHAT is that humans should not be sepa-
rated from their participation in various activities; therefore, rather than focusing on
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the individual as the unit of analysis, CHAT instead focuses on the activity in which
people participate (Cole & Engestrom, 1993; Engestrom, 2004). Thus, the unit of
analysis includes both the setting and individuals. The activity system refers to a
collective concept—it is object-oriented, designed to think about the phenomenon in
terms of the inner relations of activity and collaborative relationship between people
(Roth, 2012). For the purposes of this chapter, we are focusing solely on the psycho-
logical aspects of CHAT and not on economic or materialist aspects. We assert that
is most productive for this chapter’s focus.

CHAT was initiated and developed by Russian theorists who saw behaviorism and
analytical psychology lacking in its ability to describe cultural realities. The pedigree
of CHAT can be traced back to dialectical materialism, and then to Lev Vygotsky who
founded the first-generation of activity theory in the 1920s, centering it around his
core idea: cultural mediation that is graphically expressed as a triangle with subject,
object, and mediating artifact/tool comprising the vertices (Cole, 1998). The basic
elements could be described as:

e Subject—The individual or subgroup involved in the activity.

e Object—The problem space or recipient of action to which the activity is directed
to be molded or transformed in reaching the outcome that is sought.

e Mediating Artifacts/Tools—Internal mental signs and external physical objects
that facilitate and support thinking processes and regulate interaction between
the individual and the world. The artifact is “an aspect of the material world that
has been modified over the history of its incorporation into goal-directed human
action” (Cole, 1996, p.117)

Beyond the prevailing behaviorist theories about the stimulus—response associ-
ation at that time, Vygotsky’s mediation triangle, as a semiotic process between
subject, mediating artifact, and the object of an activity, was a revolutionary way
individual make meaning of the world (Cole, 1996; Cole & Engestrom, 1993;
Yamagata-Lynch, 2007).

The first-generation theory was critiqued, because the unit of analysis still focused
on individuals. To overcome it, Alexei Leont’ev (1981), Vygotsky’s colleague
and disciple, along with his colleagues, created a second generation of CHAT,
which took into account inter-relationships between the individual and the commu-
nity, history, context, and interaction of the situation and activity. According
to Leont’ev (1974): “activity is...a system possessing structure, inner transforma-
tions, conversations, and development” (p. 10). Thus, the consequences of events
and activities that occur during the activity can qualitatively change the participants,
the participant’s participation purpose and motivation, the social environment of the
activity, and the activity itself (Rogoff, 2008; Rozin, 2004; Yamagata-Lynch, 2010).

According to Engestrom (2004), Leont’ev never graphically expanded Vygotsky’s
original model to illustrate a collective activity system. In addition, Leont’ev and his
colleagues did not adequately address the methodological challenges for capturing,
analyzing, and presenting activity-based data. To address these shortcomings,
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Fig. 1 Expanded Tools
mediational triangle
(EMT) (Engestrom & Cole,
1993)
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Engestrom created the third generation of CHAT, offering a foundation for under-
standing and designing learning as a transformation of human activities and orga-
nizations. Engestrom and his colleagues developed CHAT as an analytical frame-
work by introducing a descriptive model of activity, which can be used in anal-
yses of complex qualitative data. Compared to other sociocultural learning theo-
ries, Engestrom’s theory of expansive learning puts the primacy “on communi-
ties as learners, on transformation and creation of culture, on horizontal movement
and hybridization, and on the formation of theoretical concepts” (Engestrom, 2010,
p.2). Cole and Engestrom (1993) further detailed the representation of modeling
human activity as a system form in the diagram of expanded mediational triangle,
shown as Fig. 1. This is the triangle that typifies CHAT research.

The triangle provides an organizer to support researchers in mapping complex
human interactions that take place in collective settings. The uppermost sub-triangle
is identical to Vygotsky’s basic structure of mediated action. In addition to the basic
components of Subject, Tools and Object presented in the basic first-generation
triangle, the expanded mediational model also includes the following three elements:

e Rules-norms, regulations, convention and gnorms, regulations, convention and
guidelines that afford or constrain action and interaction within an activity system.
Community-multiple individuals and subgroups involved in an activity.

Division of Labor-distribution of work and responsibilities between members of
the community.

The Rules, Community, and Division of Labor in the bottom portion of the
triangle model add the sociohistorical collective nature of mediation that was not
addressed by Vygotsky (Engestrom, 1999a, 1999b). The outcome is the results or
consequences that the subject finds once the activity is completed (Engestrom, 1993,
1999a). Engestrom (1999a) explained that the relationship between components of
an activity system is two-way as people not only use instruments, but also renew
them, they not only use rules, but also reformulate them.

The interactions among the components of the triangle model highlight tensions
that are inherent in human activities; researchers find tensions in activity systems
when elements from one or more components pull participants away from achieving
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the purpose of the activity thus cause changes in activities, so tensions may either
promote or hinder human activities. (Cole & Engestrom, 1993; Engestrom, 1993,
2004; Yamagata-Lynch, 2003). We argue that from the perspective of Medley’s
(1987) variables, CHAT is appropriate for looking at relationships between any subset
of the variables, depending on the data to be collected. Because CHAT was developed
to consider complex systems, it is particularly suited to the task Medley was concep-
tualizing in the development of the presage-product-process perspective (Medley,
1987).

8.2 Benefits and Limitations

The primary benefit of CHAT is its inherent ability to make sense of a complex
system in a way that accounts for the actors and mediators at work in that system
(Yamagata-Lynch, 2010). As exemplified in the examples below, CHAT provides a
means for making sense of external context variables and the effects they have on
instructional activities for teachers and students. This is important if the field wants
to extend beyond Mendeley’s (1987) original assertion that only two adjacent levels
of variables can be considered at one time.

The limitations of CHAT are important considerations. First, it is not appropriate
for considering human thinking, as it relies on observable activity (Yamagata-Lynch,
2010). This has implications for the kinds of growth that can be considered, how
knowledge is characterized, and other elements of consideration that can only be
observed by proxy. Further, the triangle model, while supporting sense-making about
human activity systems, also oversimplifies those systems (Yamagata-Lynch, 2003,
2010). That is, complex human interactions are summarized to the point that they
are “...not as rich and complex as real experiences” (Yamagata-Lynch, 2010, p. 33).
Finally, CHAT is complicated to learn. This is because it requires the researcher
to be proficient in qualitative methods, to understand and honor the complexity of
collecting trustworthy data, and the ability to bring all of that together within a very
specific theory (Yamagata-Lynch, 2010).

8.3 Examples

One of the challenges of STEM education is to integrate activities, content, and
tools in a meaningful in-class activity. Using CHAT models as a basis for analyzing
learning, teaching, and in-class interactions between different subjects calls for the
transformation of authentic scientific/mathematics practices into classroom activity
systems. Here we provide two examples that have relied on Engestrém’s theorizing
of CHAT. We also invite the reader to look at the work of Schmittau, who used
cultural-historical theory as put forward by Vygotsky to make sense of student’s
mathematical learning (e.g., Schmittau, 2004, 2005, 2011).
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CHAT has become an important lens in mathematics education research because it
has “power to deal with complexity in educational systems” (Jaworski & Potari 2009,
p- 222). To build on early research with use of activity theory in mathematics
teaching—learning, as well as with a focus on the classroom tasks and their related
macro-social setting, Jaworski and Potari (2009) considered teaching as activity in
their study in the 10th grade classroom of a UK secondary school where students in
this grade group are considered “lower achievers”. They used CHAT to consider
the role of the social framework within which classroom teaching is situated.
They had two primary goals. The first was to understand the relationship between
teacher-student interactions and the ways in which cognition is evident in classroom
dialogue. The second was to analyze the relationships between classroom interac-
tion and cognition within the broader cultural context in which learning occurs. They
employed triangles from EMT to characterize the “subject” to be any teacher or pupil
learning in this setting, each with their goal or object for their activity.

Specifically, Jaworski and Potari (2009) analyzed teacher-student interactions
through classroom dialogue, which they viewed as a micro-analysis. In an episode
offered by the authors, the teacher, Sam, had planned a didactical inquiry including
in-class activities and relevant resources. In the implementation of this plan, Sam met
with some “tensions” (p. 229). For example, students who had not done their home-
work completely derailed Sam’s lesson plan. Jaworski and Potari suggested expla-
nations behind the homework issue. They talked about the task that teacher assigned
to students: from a teacher’s perspective, the activity seemed “logico-mathematical”
and reasonable in “didactical communities”; however, for student peer and family
communities, it is “strange and unreasonable”.

The representation of the application of CHAT to allow analysis from both
teacher’s and student’s perspective. For example, through their analysis, Jaworski and
Potari (2009) determined: teacher’s object could be “understanding of basic statistical
terms and associated concepts,” while pupil’s object would be “classroom survival’;
teacher’s rules could be “teacher/student authority structures,” while pupil’s rules are
“homework expectations within the school”; and the outcomes for teachers are “Non
achievement of object due to pupils not taking the required responsibility, tension in
the classroom”, for pupils are “survival by ignoring terms of homework, contravening
rules and contributing to classroom tension” (p. 231). By illustrating the descriptive
power of CHAT for making sense of the observable activities in mathematics class-
rooms, the researchers framed teacher’s mathematics teaching as inconsistent with
their socio-cultural histories. Further, they found that the teaching did not match non-
dominant student’s learning. This highlighted, for the researchers, the lack of oppor-
tunities for mathematics teachers to challenge privilege-oriented activities. Without
these opportunities, many well-intentioned mathematics teachers may unconsciously
continue to perceive, explain, and respond to the classroom activities and specific
learners through the dominant discourse system, which triggers the equality that they
originally desired to abolish. (Jaworski & Potari, 2009).

When we place this study in Manizade et al.’s (2023) adaptation of Medley’s
(1987) framework, we can see the role of external context variables (Type I), where
the teacher’s preparation of instructional materials (e.g., homework designed for
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students), school rules about homework, and student’s parent’s supportive attitudes
toward homework are all factors that contribute to student’s responses to home-
work. In Sam’s example above, his preparation for class belongs to Type D (math-
ematics teacher’s competencies, knowledge, and skills), including his requirement
for students to do pre-work before class, and his design of in-class activities based
on student’s pre-work. The relationship of variables of Type I (external context vari-
ables) to Type D (pre- and post-active teacher activities) show up as tensions between
tool and community in EMT framework. Then, in the analysis of the student’s
and teacher’s perspectives, we can see interactions between variables of Type C
(interactive teacher activities) and Type B (student learning activities), but unlike
other research in which the influence is only considered in one direction (e.g., from
Type C to Type B), CHAT allowed the researchers to understand the relationship in
both directions—that is, the student’s perspectives on the learning activities and the
teacher’s perspectives on the student’s characteristics, abilities, and personal qualities
(Type G) through the lens of their interaction with the learning activities. In summary,
this example of mathematics teaching—learning interaction in the CHAT framework
shows the power of this new method for addressing the interactions between and
among the presage-process—product variables in Medley’s framework.

In a separate study, Black et al. (2010) offered new insights into student’s identity
development by exploring an implicit mediation: they drew on Leont’ev’s approach
to gain an understanding of “self” related to mathematics. Mediation has a complex
and abstract nature, studying an unintentional and less obvious object, like iden-
tity development or mental functioning, could be implicit. Driven by the interest
in student’s perception of themselves in relation to future aspirations, particularly
their mathematical identity shifts, Black et al. (2010) conducted post-observation
interviews with Mary and Lee (aged 16—17 years), two students studying advanced-
subsidiary level (AS level) mathematics in England, to explore the relationship
between learner’s identity and mathematics. Black and colleagues (Black et al.,
2010) adopted the methodological tool “leading activity” adopted from Leont’ev,
which framed their understanding that activities become leading and can trigger a
new activity when new motives are generated that surpass the original motive. In
this work, the researchers found that satisfying mathematics-learning experiences
implicitly mediated a “leading identity” that affected student’s career choice, for
example, in Mary’s case, her identity also represented as her motive for studying
mathematics is ‘vocational (get a good job)’; however, in Lee’s case, his focus on
study as an activity is mediated by both his identity shifting and motive for attending
a university. As such, Black et al. (2010) built on CHAT theories by presenting a
relationship between self-identity and one’s motive to engage in activity.

Considering the Black et al. paper (2010) from the perspective of Medley’s frame-
work, we can see the interaction of variables of Type G (individual student charac-
teristics, abilities, and personal qualities) with Type A (student learning outcomes).
In Mary’s case, her engineering project experience as a leading activity significantly
drove her to her future potentiality. Meanwhile, her self-awareness of the needs as
“I like hands-on stuff”” with some other positive aspects in her personality contribute
to her motivation to become an engineer. In contrast, Lee did not value mathematics
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as much as Mary did, so his purpose for studying mathematics and engagement
with the subject was less meaningful than Mary’s (Black et al., 2010). This analysis
highlights how Type G variables (individual student characteristics, abilities, and
personal qualities) may impact learning outcomes.

9 Quantitative Ethnography

9.1 Whatis It?

Quantitative ethnography (QE) is an emerging approach to research that attempts to
bring quantitative and qualitative analysis of data into the same conceptual frame-
work (Shaffer, 2018a, 2018b). That is, QE draws from the tools, perspectives, and
approaches of both qualitative traditions and quantitative traditions to create a mixed
methods approach that is philosophically consistent with both. This is a research
approach that builds from the emergence of Big Data, which has allowed the collec-
tion of data that can be simultaneously as rich as traditional ethnographic data while
being collected in quantities previously reserved for only the largest studies (Shaffer,
2017, 2018a; Wooldridge et al., 2018). While many approaches to working with big
data have focused on statistical analysis, QE offers a different approach.

QE has been developed grounded in the belief that learning is an interpersonal
activity. Learning is conceived of as making meaning of the world in a way that is
consistent with how a particular group makes meaning of the world (Shaffer, 2018a).
Thatis, learning is about induction into acommunity of practice (e.g., Lave & Wenger,
1991; Wenger, 1998) and, thus, it is about learning the Discourse of that community or
culture. Discourse, in this case, refers to Gee’s (2014) notions of “Big D Discourse,
which is any culture’s way of being, including people’s ways of talking, listening,
interacting, believing, valuing, and feeling. In this case “small d” discourse becomes
the observable behaviors through which researchers can gain insight into Discourse,
as Discourse cannot be readily observed. “Small d” discourse is what people actually
say and do. Thus, when we use QE to assess and understand learning, we are looking
for the ways in which participants express their changes as they are inducted into a
community of practice. This focus on induction as the outcome of learning makes QE
particularly appropriate for considering student learning outcomes (Type A) in light
of the instructional environment variables including student activities, interactive
teacher activities, and pre and post-active teacher activities (Types B, C, and D) while
considering many contextual variables, including Type H (internal context variables),
Type I (external context variables) and Type J (mathematics teacher development and
experience).

In quantitative ethnography, the research process is distinctly and necessarily
mixed methods (Wooldridge et al., 2018). The data collected are rich in nature,
just as they would be in traditional ethnography. They are collected using rigorous
qualitative methods and may include traditional qualitative data such as observations
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and interviews, or newer forms of data collection such as data collected by the
computer as students work together in a virtual environment. Such data could include
clickstream data as well as full transcripts of interactions. The analysis of the data is
where we start to see the mixed methods nature of the approaches. For example, in
epistemic network analysis (ENA; Shaffer et al., 2009, 2016; Shaffer & Ruiz, 2017;
Shaffer, 2018b), the data are coded using frameworks from discourse analysis (Gee,
2014), which structures analysis by breaking data into segments that are typically a
single utterance and joining those segments into logical chunks called stanzas. Then,
ENA draws from traditional qualitative research, particularly grounded theory (e.g.,
Charmaz, 2014) to code data using approaches such as those used in grounded theory
or inductive analysis (e.g., Maxwell, 2013) to create a coding scheme which is then
applied to every segment. Once this is done, ENA draws from social network analysis
(e.g., Robins, 2015) to mathematically create a visual display of the interactions
between codes. The visual display (e.g., Fig. 2), shows the prevalence of single code
(represented by a node) through the size of the node, and it shows the strength of the
connections between nodes through line thickness. In this way, the visual shows those
ideas (codes) that co-occurred in a single statement, which is a proxy measure for the
codes having some kind of connection to each other for the person speaking. From this
visual, additional statistical analysis, such as t-tests to determine whether particular
groups are significantly different, or additional qualitative analysis, such as looking
at all of the instances in the transcripts captured by particular node connections can
be pursued.

As an example, we present two ENA maps from the first author’s dataset in Fig. 2.
This data was collected as part of a larger study focused on how middle school
mathematics teachers understand proportional reasoning. The two teachers featured
here (Autumn and Patricia—all names are pseudonyms) are representatives of the
larger pool of 32 teachers. Each teacher responded to a number of items related to

B Unit Rate
@ unitRate
Scaling up Down
@ scaina Do
« Ratio Multiplic
[T — @ oo st coms
[ [ re—
» Rule
» Horllign Kncwiedge @ Rule
# Horiton Knowledge
Covary @ e
@ covary
Autumn Patricia

Fig. 2 Two teacher’s ENA plots showing the knowledge resources they used for reasoning about
proportional situations
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proportions that were designed to help us understand how they reason about propor-
tional situations. Part of the data was collected using a face-to-face clinical interview
(Ginsburg, 1997) and part was collected using a think-aloud protocol mailed to the
participants for which they used a Livescribe pen that captured their talking and
their writing to create a record of their thinking. The coding scheme was developed
using a grounded theory approach (Weiland et al., 2020). The figure shows the ENA
mapping of our analysis of Autumn and Patricia’s responses to the items. In these
maps, each node shows a particular mathematical understanding that was included
in their response, and the lines connecting the nodes show where they discussed
those mathematical ideas in the same utterance. For example, in Autumn’s map, we
can see that Comparing Quantities, Scaling Up and Down, and Covary were the
most commonly used knowledge resources because those nodes are largest. Further,
we can see that she often talked about Covary and Scaling together and she talked
about Scaling and Comparing Quantities together frequently. In contrast, we can
see that Patricia relied more on Ratio as a Multiplicative Comparison and Scaling
Up and Down. However, she did not demonstrate strong connections between the
knowledge resources that were as frequent as Autumn demonstrated. By using ENA,
we can see different patterns among teacher’s data, which helps us understand what
knowledge they access while solving problems and where there may be opportunities
for professional learning. While this may appear to be only focused on variable Type
E (mathematics teacher’s competencies, knowledge, and skills), we would argue that
itis also capitalizing on Type C (interactive mathematics teacher activities) and Type
D (pre and post-active mathematics teacher activities) because we have found that
situating conversations of teacher knowledge in the context of the decisions teachers
make about students and instruction provides additional insights into the teacher’s
knowledge of the content as it relates to their teaching. Thus, doing this kind of
research relies on the interaction between Types C, D, and E to understand teacher
knowledge in context.

9.2 Benefits and Limitations

Quantitative ethnography is unique in its approach to using large amounts of data to
create thick, rich accounts of the situation. From the perspective of Medley’s (1987)
framework, this method allows us to look explicitly at the interactions within a single
element or to look at interactions across elements depending on the framing of the
research questions. In fact, using epistemic frame theory (Shaffer, 2004, 2006, 2009,
2018b), which is one set of axioms that can form the basis for the framing of the
study and the analysis of data, one would specifically consider how the elements
of learning or teaching are situated within the culture of the classroom over time.
Learning would only be conceived of as interpersonal, meaning that the interactions
between teachers and students would be one site in which one would look for changes
in the nature of discourse. QE allows the collection of large amounts of rich data that
can be analyzed in ways that capitalize on both statistics and qualitative approaches.
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Despite its origins as an assessment tool for learning in simulation environments,
QE has evolved to be useful for other kinds of analyses, such as the analysis of teacher
knowledge shown above. Thus, while it is grounded in a clear theory of learning, the
methods can be used in other ways. This is consistent with other methods as well,
including grounded theory.

Depending on the research question and focus for coding, there are tools that
can help with the initial coding of data for QE. If the data being analyzed can be
coded by the computer, that can save considerable time as coding a large body of
data can be very slow. Studies that adhere more closely to the ideas of measuring
discourse as a means for understanding Discourse, for example, could include coding
of keywords and concepts that could be captured through computerized coding. In
contrast, work like that done by the first author cannot benefit from computerized
coding, because interviewees do not necessarily use consistent language to express
certain understandings and because some keywords are used in a variety of ways
ranging from ways that indicate strong understanding to ways that do not. Thus, for
some research, QE can be very time intensive, while for other research it is less so.

9.3 Examples

Much of the initial work with ENA that has led to the development of QE was focused
on learning games designed to help learners assimilate into the community of prac-
tice relevant to the game. For example, Nephrotex (e.g., Arastopoor et al., 2012)
and RescuShell are two simulations that provide engineering students with virtual
internships during their first year of an engineering program. In each, students are
presented with a design problem that they work to solve. In one recent study of
these environments (Chester et al., 2015), the researchers wanted to know what
students learn from a course based entirely on working in these two simulations.
They collected data from 50 students across the semester. Data collected included
pre and post-surveys built into each simulation as well as all of the student’s chats,
emails, notebook entries, and work products entered into the systems throughout
the semester. Data were analyzed using an engineering epistemic frame that had
codes in the categories of knowledge, skills, identity, values, and epistemology. The
researchers were able to analyze these data using ENA to measure student’s develop-
ment within the engineering epistemic framework. From the analysis, they learned
that participating in two virtual internships was more effective than participating in
just one. While participation in one simulation led to connection making between
skills and knowledge, participation in a second simulation led to additional connec-
tions with knowledge of the client and epistemic aspects of engineering, which the
authors assert are important aspects of thinking like an engineer. They also found that
students were more satisfied with the course at the end of the second simulation than
at the end of the first, though student satisfaction was predominantly positive for both.
From the perspective of the framework of research on teaching mathematics adapted
from Medley (Manizade et al., 2023), this is research focused on Type A variable
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(student mathematics learning outcomes). But, it uses Type B (student learning activ-
ities) and Type E (teacher’s competencies, knowledge, and skills) variables to explore
the student learning. Specifically, the researchers used student’s evidence from their
activities (Type B) to determine the learning outcomes (Type A); and the measure of
those learning outcomes was based on how similar the student’s connection-making
had become to the instructor’s (Type E). Because moving students to think in ways
that are consistent with the instructor is the explicit goal of these simulations, the
planning (Type D—pre- and post-active mathematics teacher activities) and interac-
tive mathematics teacher activities (Type C) are developed as explicit stepping stones
connecting teacher knowledge to student knowledge.

While popular in the learning sciences, QE is only beginning to emerge in math-
ematics education. One example of a mathematics education implementation of QE
is from pilot work completed by the first author and her colleagues (e.g., Burke et al.,
2012; Orrill & Shaffer, 2012). That research focused on the knowledge resources
in-service middle school mathematics teachers exhibited as they reasoned about a
number of mathematics tasks. In this work, Knowledge in Pieces (e.g., diSessa,
2018) was used as a conceptual framework to drive the identification of fine-grained
understandings being used by the teachers. The focus on this work was determining
whether there are differences among the relative connectedness of the knowledge
resources for the teachers. The hypothesis being that teachers who exhibit more
connections between and among their knowledge resources may be better situated to
engage with a wider range of student ideas. The work showed that there were unique
patterns of knowledge resource used among the teachers and suggested that areas
worthy of further research included consideration of teacher’s classroom experience
(e.g., the development of pedagogical content knowledge) and the relative strength
of teacher’s mathematics knowledge. As noted above, this line of research embeds
teacher’s competencies, knowledge, and skills (Type E) in the work that teachers do,
which is interactive, pre-active, and post-active mathematics teacher activity (Type
D and Type C) to understand how it impacts student’s opportunities to learn.

10 Technology for Research

As we alluded to in the discussion of quantitative methods, technology has revolu-
tionized aspects of the research enterprise. It has changed the kinds of data we can
collect, which changes the kinds of questions we can ask. Suddenly, we can access
new data through tracking devices (e.g., Lee et al., 2015), uncover thinking in news
ways by collecting data using different tools (e.g., Hickman, 2015), and engage in
mathematical thinking in different ways as technology allows us to interact in more
tangible ways this those ideas (e.g., Hegedus & Roschelle, 2013). While a compre-
hensive review of the ways in which technology has shaped presage-process—product
research is beyond the scope of this chapter, we offer three examples of the ways
in which technology has fundamentally shaped the research that can be done. We
first look at eye tracking, which allows the capture of data previously unavailable
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to researchers, thus being appropriate for questions about the interactions between
student learning outcomes and learning activities (Types A and B) with the interac-
tive mathematics teacher activities (Type C). Then, we discuss the use of dynamic
geometry software as one tool that is useful for better understanding how people
reason about geometric situations as it allows the researcher and participant to move
away from discussing a single example, to instead potentially focusing on an entire
class of examples. This allows us to consider the interplay of variable Types A,
B, C, and D, but even more, it allows us to ask different questions about student
learning outcomes (Type A) and teacher’s competency, knowledge, and skills (Type
E) than we can ask without dynamic environments. We end with a discussion of 360°
video, which opens opportunities for both teaching and researching teaching, and
has supported researchers in adding in important ways to the literature on teacher
noticing. As with CHAT, 360° video opens an array of possibilities for the researcher
to examine all the variables acting together to create the learning environment.

11 Eye Tracking

11.1 Whatis It?

Eye-tracking technology has made it possible to track and record the eye movement
of people looking at screens or paper, which provides data focused on what the person
is attending to on the screen. Eye tracking was initially used primarily in reading
research but has been gaining popularity in the field of mathematics, particularly
being used to analyze multimedia learning processes. Multimedia learning can be
referred to as creating mental models from resources that contain both verbal, both
spoken and written, and pictorial representations, such as graphs, animations, or
tables (Mayer, 2005). Eye trackers can either be attached to a computer monitor or to
a head mount wore by the participant. In a recent review of 161 eye tracking studies
in mathematics education research (Strohmaier et al., 2020), almost all of the studies
used a computer monitor attachment. The data provided from eye trackers is usually
in the form of coordinates, which are then categorized into groups of events using
automated or manual algorithms (Strohmaier et al., 2020). The information gained
from eye tracking can be used, for example, to improve the design of instructional
material or answer questions about the differences between novice and experts. Eye
tracking provides insight into the relationship between variables of Type B (student
learning activities) and Type A (student learning outcomes). More specifically, it
allows researchers to better understand which aspects of the screen (instructional
activity) students focus on as they complete their work. Assertions can be made
about the design of the activity and how it influences student learning. Implicitly,
researchers can study individual student characteristics, abilities, and personal qual-
ities (Type G) and internal context variables (Type H) such as patterns in where
student attention is given.
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11.2 Benefits and Limitations

Eye tracking has allowed researchers to gain insight into visual attention, which
is often done too quickly and even subconsciously for participants to register and
report on; researchers now have access to data that is not observable to people. This
technology provides objective and numerical data that can be used both in qualitative
and quantitative research; this unique information on what is being attended to, for
how long, and in what order can be used in numerous ways to answer questions that
were unable to be addresses previously (van Gog & Scheiter, 2010).

With any use of technology comes limitations. There can be data loss, particularly
in very young or old participants; about 10% of data can be blinks and saccades,
which provide no valuable information. Additionally, accuracy of the eye tracking
device can be hindered with head-mounted devices (Strohmaier et al., 2020). It is
noteworthy for researchers to be aware that eye tracking only reports data on what
the participant is attending to; there is no data on that can give any explanation as to
why the participant is looking at certain places. Therefore, researchers must rely on
making inferences about any cognitive processes underlying the movement.

11.3 Examples

Eye tracking can be used to provide data for numerous research purposes. For
example, it can be used to study how participants split their attention when presented
with texts and diagrams. For example, Andra et al. (2015) investigated difference
between how students look at formulas and graphs of linear equations, thus linking
variables of Type A to Type C, with implicit attention to Type B. The review
mentioned previously (Strohmaier et al., 2020) found that a majority of the mathe-
matics studies covered the topic of numbers and arithmetic, studying, for example,
how participants represent and process numbers, calculations, and equations. The
topic of geometry, particularly shapes and form, was another common topic for
researchers to investigate (See Strohmaier et al., 2020 and the special issue of
Learning and Instruction (2010, 20(2) for mathematics examples).

12 Dynamic Geometry Software

12.1 Whatis It?

To enhance twenty-first century student’s learning process and academic perfor-
mance, a pioneering technology development, dynamic geometry software (DGS)
has become a main feature that acknowledges the idea of ‘interpretative flexibility’
(Ruthven, 2018). By borrowing the idea of creating dynamic rather than static
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graphics from contemporary drawing software, it is possible to drag the objects such
as points, line segments, or circles of the graphics while retaining the defined proper-
ties, and the dynamic feature can be reflected in some “transformation” manipulation,
such as translations, reflections, rotations, and dilations, with the help of mouse or
tracker-ball on a laptop. DGS has been regularly used worldwide for teaching and
learning geometry, with software like GeoGebra, Geometer’s SketchPad, and Cabri
Géometre being common in many mathematics classrooms. More and more, it is
being used to uncover understandings about mathematics concepts in ways that attend
to transformations, thus allowing the researcher and participant to have something
visual to discuss as they consider the mathematical ideas. DGS can be used to better
understand student learning outcomes (Type A) as well as the interaction between
Type B (student mathematics learning activities) and Type A variables. Research on
teacher knowledge, such as that discussed below, can also focus on Type E (mathe-
matics teacher’s competencies, knowledge, and skills) and, if a researcher wanted to
understand the ways in which DGS can be used to promote learning, a design that
connects variable Types E (teacher competency, knowledge and skills), D (pre and
post-active teacher activities), C (interactive teacher activities), B (student learning
activities), and A (student learning outcomes) could be developed.

12.2 Benefits and Limitations

In Geometry class, DGS could support children’s learning transition from “because
it looks correct” or “because it works in these situations” to robust mathematical
understanding of the geometric situation (Jones, 2000). To be specific, applying
DGS can provide opportunities for students to find patterns in abstract geomet-
rical graphics, so they can conceptualize mathematical ideas, such as invariance, or
perceive mathematics rules, such as the relationship of the leg lengths in triangles,
with less vagueness. For example, purposive manipulation like dragging along a
circle can help make a defined property—the unchanging measure of an angle of
circumference—comprehensible and convincing to students. Despite the benefit of
visualization and facilitation, teachers hold different perspectives on the efficiency
issue of students using software in class. In some situations, only teachers use soft-
ware for in-class presenting because they concern that students would invest in-class
time to get familiar with software operation (Ruthven, 2018).

As a research tool, DGS opens new ways to engage teachers and students in
explaining how they understand geometric concepts. Rather than being limited to
describing a phenomenon based on a drawing on paper, the interviewer and inter-
viewee can engage in showing each other what they mean. This opens a pathway for
richer understanding of participant’s knowledge.
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12.3 Examples

Martinovic and Manizade (2020) explored teacher’s thinking through the use of DGS
by examination of both the teacher’s written work and GeoGebra sketches from 23
in-service secondary school teachers in the USA. How these teachers visualized
and verified the trapezoid area formula conjectures in GeoGebra is quantitatively
as well as qualitatively analyzed as “empirical proofs” (p. 3) of their strategies and
connection to teaching. From the qualitative analysis, the authors identified four
distinct strategies: eyeballing, measurement, constructions, and written statements,
and they found that the teachers used a combination of these four strategies. They
also found out teacher’s “misconceptions” (p. 16) that were magnified in the process
of using technology, and some operation failure of that some teachers may treat
DGS as a paint software. Overall, this study contributes on the teacher’s strategies
of visualizing and verifying the trapezoid area formula conjectures, also widen the
scope of potential research on teacher’s knowledge in the context of geometry class.
This study focused on Type E (teacher competencies, knowledge, and skills), with
implications for improving and modifying Type J (mathematics teacher development
and experiences).

Nagar (2019 ; Nagar et al., 2022) found four categories of invariance that teachers
were able to identify by engaging them with a series of four DGE protocols. He
found that teachers did not discuss invariance at all without prompting, but when
prompted, they were able to use the DGE to highlight important aspects of the
geometry. This was particularly interesting given the notoriously difficult task of
uncovering invariance in other work (e.g., Laborde, 2005). Consistent with Nagar’s
speculations that this work will inform how we teach students to better understand
geometry, we would consider it research focused on variable Type E (mathematics
teacher competencies, knowledge, and skills) with implications for variable Types
D (pre- and post-active teacher activities), C (interactive teacher activities), and B
(student learning activities).

12.4 360° Video and Other Full-Room Video Capture

12.4.1 Whatisit?

The emergence of affordable video tools and better computer programs for control-
ling video has opened opportunities for research classrooms to be built that are
designed for researchers to capture the entire experience of the classroom. These
rooms can include multiple video cameras and multiple microphones. Sometimes,
they include a control room from which a researcher can control the data collection.
The goal of these rooms is to capture as much data as possible in real time.

At the same time as these teaching and research labs are emerging, new technolo-
gies are making it possible to collect full-room video in other ways, too. For example,
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some researchers are using video cameras that are designed to capture 360° views
rather than just the normal framing of video. Other researchers are using tools that
allow you to control a tablet computer to follow a speaker and record that person
as they teach or present. This can allow remote data collection as well as collection
of data using a number of devices in a single setting. Similarly, some researchers
have used wearable video cameras, such as GoPros, to see what each participant in
a study can see (e.g., Sherin et al., 2008). Like CHAT, this kind of research is rich in
the research opportunities it opens. We would argue that any variables, except Type
F (pre-existing mathematics teacher characteristics) and Type I (external context
variables) could be studied using this technology depending on the design of the
study.

12.5 Benefits and Limitations

While the benefits of capturing classroom activity this way are myriad, it is not
true that the data is unbiased. As with any data, there is always bias in video data
because a human has made a set of decisions based on a set of criteria for data being
collected in the space (e.g., Hall, 2000). However, these whole-room approaches
to video capture allow something closer to unbiased capture of the experience to
happen. While dedicated video suites remain relatively rare because they require
dedicated space, the other options (e.g., 360° cameras, GoPros, etc.) are relatively
inexpensive and easy to set up in a variety of settings. Clearly, capturing the volume
of data made available through this application requires careful attention to research
design to ensure that the studies resulting from high volumes of data are doable.

12.6 Examples

In one line of research, the 360° video technology is being used to create the research
stimuli. Preservice teachers are asked to watch 360° videos of children learning
mathematics as part of lessons on teacher noticing (e.g., Kosko et al., 2020; Zolfaghari
et al., 2020). The research has focused both on what the preservice teachers notice in
the 360° video versus traditional video views as well as how to promote preservice
teacher’s noticing of student’s strategies. Findings in the Kosko et al. (2020) showed
that preservice teachers who used the 360° videos were more successful in noticing
both reform-oriented and content-specific aspects of the instruction than those who
relied on traditional video views. This research considers the connection between
Type B (student learning activities) and Type E (teacher’s competencies, knowledge,
and skills) variables by looking at them through the teacher interactive, pre-active,
and post-active activities (Types D and C) that were implemented.

In another line of research related to video technologies is research focused on
determining the most effective uses of the technology for a variety of teaching,
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learning, and research purposes. For example, van der Kleij and colleagues (2019)
undertook a study in Australia to explore the feasibility of using GoPro cameras
with iPads to capture student—teacher interactions. Their findings showed that the
two technologies used together can be useful and that teachers are able to engage
in teacher noticing activities while viewing the videos created with these devices.
This was similar to the findings of Sherin et al. a decade earlier (2008), though they
only considered wearable cameras and not the addition of the iPad tablets. As with
the research above, this study is considering students learning activities (Type B)
by watching the planned instruction (Type D—pre-active teacher activities) as it is
enacted (Type C—interactive teacher activities).

13 Presage-Process—Product Research in the 21st Century

While this chapter cannot possibly provide an exhaustive discussion of the ways in
which research has evolved since the Medley (1987) framework was introduced, we
have attempted to offer insights into changes that have shaped the ways in which
we think about research, learning, and teaching as well to provide some examples of
approaches to research that simply were not available in 1987. Despite the develop-
ment in methods and tools, it still holds that one cannot study the interactions of the
variables without considering the mediating factors (which, often, are other variables
from Medley’s framework). His assertion that we need to have a clear conception
of good teaching, valid instruments, and appropriate data is still at the heart of good
research. Perhaps more than in 1987, modern researchers recognize that teaching is
multifaceted and there is no single definition of “good teaching”; thus the onus is on
the researcher to define the construct and clearly convey the purpose of the research
(e.g., Orrill & Cohen, 2016).

Looking back, we can see the emergence of new methods and theories that attend
far more to contextual variables and rich details than those commonly in use in 1987.
Rather than trying to find particular variables that explain learning or teaching, the
field is now more concerned with context and complexity. The research methods and
theories that are in use and emerging now reflect that shift. In part, technology is to
be thanked for this change as it has made data collection and analysis much easier
than it was in 1987.

The advantage of our current research landscape lies in the ways we can chal-
lenge Medley’s (1987) assertion that “research designed to correlate nonadjacent
points is not worth doing” (p. 111). With the tools and approaches we now have
available, current researchers have opportunities to think about the relationships
between Medley’s variables in ways that are more robustly interconnected and less
hierarchical. For example, QE and CHAT are both explicitly focused on finding the
connections between and among elements within and between the variables. CHAT,
particularly, is interested in how teaching, learning, and instruction interact with each
other. Similarly, DBR is expressly focused on including the context of the research
as part of the consideration of what happened.
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At the same time, we challenge Medley’s assertion about the necessity of looking
only at adjacent variables, as we can now examine the relationships between and
among variables in ways Medley could not have imagined. QE, for example, with its
ability to draw on large datasets to yield thick, rich description can help us understand
connections between the adjacent variables. Instead of being limited to understanding
whether Type B student learning activities (Manizade et al., 2023) shape student’s
Type A learning outcomes, we can now look across large groups of students to find
out how those activities shaped learning, how particular groups of students (Type
G—individual student characteristics, abilities, and personal qualities and Type H—
interactive context variables) interacted with those activities and what was learned,
and the influence on individual and group learning outcomes. Teaching experiments
offer one model for diving deeply into student outcomes and their relationship to
student learning activities by focusing explicitly on student characteristics.

As with QE, DBR also allows us to conduct research on multiple pairs of adjacent
variables simultaneously. The unique characteristic of partnering with a variable of
professionals allows for each group to provide insight and perspective that can be
used to study multiple variables. By partnering with teachers, each DBR project indi-
rectly provides informal development experiences (Type J) that can influence teacher
competency, knowledge, and skills (Type E). The initial phase of DBR projects
includes exploring and understanding a project in natural context (McKenney &
Reeves, 2013), which gives researchers the opportunity to examine internal context
variables (Type H) through interviews and questionnaires to better design student
mathematics learning activities (Type B).

The examples of DBR studies described in the previous section were able to study
multiple pairs of variables. The goal of MIST was to improve interactive mathematics
teacher activities (Type C). The research group studied external context variables of
the support systems (Type I—external context variables) and teacher pre-active and
post-active activities (Type D). They made recommendations for changes in the
support system to influence these practices (Type C). Additionally, they observed
interactive teacher activities (Type C) to understand how the changes in support
impacted what happened in the classroom (student mathematics learning activities,
Type B, and student learning outcomes, Type A). They spent several years on inves-
tigating variables of individual student characteristics (Type G) and internal context
(Type H) variables. The knowledge of these variables directly affected the design
of QA, a student learning activity (Type B). Then, the group collected data on the
relationship between this activity and learning outcomes.

As shown throughout this chapter, there are explicit and implicit connections
between the variables of interest to any research effort focused on the relationship
between teaching and learning. When these connections are not explicitly attended
to in the research design, the result is research that yields inconclusive or confounded
findings. For example, large scale studies of professional development, in an effort
to yield clear relationships between teacher development and experience (Type J)
and student learning outcomes (Type A) rely on data of Type E (teacher competence,
knowledge, and skills) and Type A (student learning outcomes) only without consid-
eration of the steps in between that mediate the effectiveness of the PD (e.g., Wayne
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et al., 2008, 2011). It is for this reason that conclusive findings from PD are often
elusive (Yoon et al., 2007) or very broad, such as those offered by Garet et al. (2011).
Attending to only measures of teacher knowledge and student knowledge can also
lead to the appearance that professional development had no significant impact on
student learning, when the actual relationship is more complicated than those data
would suggest (e.g., Garet et al., 2011). This lack of attention to the “in-between”
variables is understandable given the immense complexity of understanding not only
whether PD impacted student learning (cf., Banilower et al., 2006, 2007). However,
exploring the relationships in-between Type E (teacher’s mathematics competencies
knowledge and skills) and Type A (student learning outcomes) is critical for under-
standing how, when, and under what conditions teacher professional development
can lead to better student learning. The kinds of methods and technologies discussed
in this chapter open opportunities for thinking about these connections in new ways.

Our parting observation is that we believe the presage-process—product framework
remains a relevant way to conceptualize research. In this chapter, we have attempted
to highlight the ways in which the research field has changed over the three decades
since Medley offered his framework. We assert that the evolution of research method-
ologies, research methods, and available technologies has fundamentally changed the
landscape in ways that allow the inclusion of multiple variables, rather than limiting
them only to adjacent relationships and has allowed more careful consideration of
connections and relationships between and among the variables than was possible
with quantitative methods and classic test theory.
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