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Preface

Welcome to the Lecture Notes in Computer Science (LNCS) proceedings of the work-
shop Empowering Novel Geometric Algebra for Graphics & Engineering (ENGAGE
2022) at the Computer Graphics International conference (CGI 2022). CGI is one of
the oldest international conferences in Computer Graphics in the world. The ENGAGE
workshop has been organized since 2016 as part of the annual CGI conference. CGI is
the official conference of the Computer Graphics Society (CGS), a long-standing inter-
national computer graphics organization. CGI has been held in many different countries
across the world and gained a reputation as one of the key conferences for researchers
and practitioners to share their achievements and discover the latest advances in Com-
puter Graphics. In 2022, CGI 2022 (and the ENGAGE 2022 workshop) continued to
be virtual due to the pandemic that was still all over the place. ENGAGE 2022 was
organized online by MIRALab, University of Geneva. The official date of the workshop
was September 12, 2022. Finally, some of the presentations from ENGAGE 2022 are
available on YouTube.

In retrospective, the ACM Siggraph 2001 and 2003 conferences saw Geometric
Algebra (GA) featured in the form of a Keynote and a Course. Since then, the GA
community has highlighted the benefits of employing W. K. Clifford’s GA, quaternions
and octonions for computer graphics and vision problems. The Siggraph 2019 course
on projective GA (PGA), GAME 2020 and the Siggraph 2022 course on GA further
boosted GA and associated algebras as a language for graphics. The advances were
presented at the Workshops CGI 2016 on “Geometric Algebra in Computer Science and
Engineering” and annually at CGI 2017-2022 in the ENGAGE workshops and have
underlined the power of GA for analysis, computation and graphics.

This extraordinary ENGAGE 2022 LNCS proceedings (due to special circumstances)
is composed of 10 papers. We accepted 10 papers from 12 invited submissions. To ensure
the high quality of publications, each paper was reviewed double blind by at least three
experts in the field and the authors of accepted papers were asked to thoroughly revise
their papers taking into account the review comments prior to publication.

The accepted papers focused specifically on important aspects of geometric alge-
bra including algebraic foundations, digitized transformations, orientation, conic fitting,
protein modelling, digital twinning, and multidimensional signal processing.

We would like to express our deepest gratitude to the CGI 2022 organizers for again
hosting the ENGAGE workshop, and to all the PC members and external reviewers who
provided timely, high-quality reviews. We would also like to thank all the authors for
contributing to the workshop by submitting their work.

January 2023 Eckhard Hitzer
George Papagiannakis
Petr Vasik
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The Supergeometric Algebra: The Square
Root of the Geometric Algebra

Andrew J. S. Hamilton®)

JILA and Department of Astrophysical and Planetary Sciences,
Box 440, U. Colorado Boulder, Boulder, CO 80309, USA
Andrew.Hamilton@colorado.edu
https://jila.colorado.edu/~ajsh/

Abstract. This paper gives a pedagogical account of the Supergeomet-
ric Algebra (SGA), the square root of the Geometric Algebra (GA). The
fact that a spinor can be treated as a bitcode is emphasized.

Keywords: Supergeometric Algebra - Geometric Algebra - spinors

1 Introduction

It is remarkable that the foundations of the Clifford algebra, or Geometic Algebra
(GA), were established a century and a half ago by Grassmann [1,2] and Clifford
[3], but it took a David Hestenes [4-7] to berate the physicists that the GA is
something they really ought to pay attention to.

I think the Supergeometric Algebra (SGA), the extension of the GA to
include spinors, deserves similar close attention by a wider audience. The name
follows the common practice of physicists to prepend the word “super” to spino-
rial extensions of theories. From a strictly mathematical perspective, there’s
nothing new in this paper. Cartan, who introduced spinors to mathematics in
1913 [8], was thoroughly familiar with everything to do with geometric algebras
and spinor algebras [9].

The present paper aims to give a pedagogical introduction to the SGA. A
more formal exposition can be found in [10]. The most important single concept
I hope to convey is that

A spinor is a bitcode. ‘ (1)

The second important concept is that, as proved by Brauer & Weyl (1935) [11],

The Geometric Algebra is the Supergeometric Algebra squared. ‘ (2)

If you are a computer scientist, you should be intrigued by the notion that a
spinor is a bitcode. If you are interested in the GA, you should be aware of the
fact that there is a natural way to represent objects in the GA with a bitcode.
© The Author(s), under exclusive license to Springer Nature Switzerland AG 2023
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4 A. J. S. Hamilton

A prominent application of the SGA is to the fermions and forces of physics.
A companion [12] to the present paper shows how the Dirac algebra of space-
time symmetries (the GA of Spin(3,1)) and the geometric algebra of the group
Spin(10), well known as a possible grand unified group, combine as commuting
subalgebras of the Spin(11,1) geometric algebra in 1141 spacetime dimensions,
unifying the four forces of Nature. The paper [12] is based on [13].

For simplicity, the treatment in the present paper takes all dimensions to
be spatial. All results generalize to arbitrary dimensions of space and time. For
the most part, time dimensions can be treated mathematically as if they were
imaginary (with respect to the imaginary ¢) spatial dimensions.

2 Spinors as a Bitcode

Background. When a gymnast or ballet dancer rotates by one full turn, they
return to where they started. Human experience might suggest that this is a law
of Nature, that anything rotated by one full turn would necessarily return to its
original state. Cartan first showed in 1913 [8] that mathematically there are more
fundamental objects, which he called spinors (French spineurs), that require
two full turns to return them to their original state. Cartan showed moreover
that, within the context of rotations, there is nothing more fundamental than
spinors. These properties stem from the topological properties of the rotation
group: the usual rotation group (the special orthogonal group SO(N), in N
spatial dimensions) is not simply-connected, but it has a double cover (Spin(N))
that is simply-connected. Figure 1 illustrates Dirac’s belt trick [14], a well-known
demonstration of the non-trivial topological properties of the rotation group.

Dirac in 1928 [15] rediscovered spinors from a physics perspective when he
discovered his eponymous equation, a relativistic version of Schrédinger’s [16]
non-relativistic equation of quantum mechanics. Dirac’s equation provided an
experimentally successful description of the behavior of the electron, and pre-
dicted that an electron should have an antiparticle, a positron, which was dis-
covered in 1932 [17].

With the establishment of the standard model of physics in the 1960s s
and 1970s s (see [12] for more), it has become apparent that all known matter
(fermions and quarks) is made of spinors, and that all known forces (the three
forces of the standard model, plus gravity) emerge from symmetries of spinors.
If indeed spinors are so fundamentally plumbed into the laws of Nature, then we
humans would do well to pay attention.

Spinors, Vectors, and Rotors. In physics, a spinor is an object of spin %,
whereas a vector is an object of spin 1. Whereas a vector rotates to itself under
a rotation by 360°, a spinor requires two turns, 720°, to rotate it back to itself.
Spinors and vectors exist in arbitrary dimensions of space, and more generally
of spacetime.

If you are familiar with the GA, you may perhaps have heard the idea that
a spinor is a rotor. That is not the right way to think about a spinor. A rotor is
an element of the group Spin(N) of rotations in N space(time) dimensions. As a
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Fig. 1. A version of Dirac’s belt trick [14], which illustrates the non-trivial topological
properties of the rotation group. The trick demonstrates how an object tethered by
ropes to another object gets tangled up when rotated by one full turn, but can be
returned to its original state by rotating it a second full turn. The upper row of images
are photographs of blocks and hawsers crafted by Tomas Herrera. The graphic in the
lower row is by Liberty S. Hamilton.

multivector, a rotor is an element of the even geometric algebra; more specifically,
a rotor is an element of the group Spin(/N) obtained by exponentiating the bivec-
tors of the GA. Any multivector a in the GA transforms under a rotor R as

R: a— RaR, (3)

where R is the reverse (inverse) of R, and since a rotor is a multivector, that is
how a rotor transforms. By contrast, a spinor ¢ transforms under a rotor R as

R: ¢ — Ry. (4)

It is true that the transformation law (4) makes it legitimate to conceptualize
that a spinor encodes a rotation (a Dirac spinor in 3+1 spacetime dimensions is
indeed a “Lorentz gyroscope”), but a spinor is mathematically different from a
rotor.

In mathematics, a dimension-n representation of a group is a set of n X n
matrices multiplication of which reproduces the action of the group, along with
a set of n-dimensional column vectors upon which the matrices act, rotating the
vectors among each other.

A Cartesian vector is an element of the fundamental representation of the
group SO(N) of orthogonal rotations in N dimensions. The dimension of the
vector representation is N. The index i of a vector x; runs over ¢ = 1,...,N. I
was thrilled to learn this secret in high school, that a vector could be represented
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as an algebraic object z; with a Cartesian index ¢. It meant that geometry
problems could be solved by translating them into algebra. I could throw away
my geometry textbook.

A spinor is an element of the fundamental representation of the group Spin(V),
the covering group (double cover) of the orthogonal group SO(N). The dimension
of the spinor representation is 2[V/2]. The index of a spinor can be expressed as a
bitcode with [N/2] bits, each of which can be either up T or down |.

Examples. The simplest spinor is a Pauli spinor, which lives in N = 2 or 3
dimensions. A Pauli spinor has [N/2] = 1 bit, and 2(¥/2 = 2 complex compo-
nents, a total of 4°C of freedom. The one bit can be either up T or down |. In
Dirac’s bra-ket notation, basis Pauli spinors are sometimes denoted |1) and |[).
The distinction between even and odd dimensions N is addressed in Section 5.

The next simplest example is a Dirac spinor, which lives in N = 3+1 space-
time dimensions. A Dirac spinor has [N/2] = 2 bits, and 2/V/2 = 4 complex
components, 8°C of freedom altogether. The Dirac bits comprise a boost bit,
which can be either up 9} or down |}, and a spin bit, which can likewise be either
up T or down |. The spinor is said to be right-handed if the boost and spin bits
align, f}7T or |}, left-handed if they anti-align, {}| or {}T. The chiral components
of a Dirac spinor, right- or left-handed, are called its Weyl components. Only
massless spinors can be purely chiral: a massive spinor, such as an electron,
is necessarily a (complex) linear combination of right- and left-handed spinors.
Chirality plays a central role in the standard model of physics, in that only the
left-handed chiral components of Dirac spinors couple to the weak force: the
right-handed components do not feel the weak force.

It has been known since the mid 1970s s [18,19] that each generation of
fermions of the standard model organizes elegantly as spinors of the group
Spin(10) in N = 10 dimensions. The companion paper [12] shows how the stan-
dard model and the Dirac algebra can be combined as commuting subalgebras
of the Spin(11, 1) geometric algebra in N = 1141 spacetime dimensions. Spinors
of Spin(11,1) have [N/2] = 6 bits, and 2[/?l = 64 components.

Formalities. How should spinors be thought of geometrically? Start with N-
dimensional Euclidean space RY. Partition the orthonormal basis vectors of
Euclidean space into [N/2] pairs, and call them ~;" and ~;, i = 1,...,[N/2].
If the number N of dimensions is odd, one vector, vy, remains unpaired (see
§5 for more on the GA in odd dimensions). Unlike the GA, the SGA requires
a complex structure from the outset, involving a commuting imaginary ¢ which
can be identified naturally as the quantum mechanical imaginary (do not confuse
the index ¢ with the imaginary ¢). The grouping of vectors into pairs 'yi'*' and
v, stems from this inevitable intrinsic complex structure. This is a good thing,
because quantum mechanics requires a complex structure, which must come
from somewhere. Chiral combinations -; and «; (with a barred index 7) of the
orthonormal basis vectors are defined by

i v i 5)

’Yl \/§ ) ’Yl - \/i I
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Fig. 2. Right-handed rotation by angle 6 in the ~;f4; plane. The [N/2] conserved
charges of Spin(NN) are eigenvalues of quantities under rotations in [N/2] planes v; v, ,
i = 1,...,[N/2]. A spinor is a bitcode with [N/2] bits, each of which specifies the
corresponding charge of the spinor, either +% (1), or —% ().

which are normalized so that 4; -+ = 1. The vectors *yj' and 77, can be thought
of as, modulo a normalization, the real and imaginary parts of a complex vector
~; whose complex conjugate is ;.

A pillar of modern physics is Noether’s (1918) theorem [20], which states that
with each symmetry of a system is associated a conserved charge. Spin(/V) has
[N/2] conserved charges, which are the eigenvalues of quantities under rotations
in each of the v;"; planes, Fig. 2. The [IN/2] bits of a spinor specify its [N/2]
charges, each of which can be either +% (signified up 1) or —% (signified down |).

For “ordinary” spatial rotations, the conserved charge is the projection of the
angular momentum, or spin, in the 'yl-'" ~; plane (in fundamental units, & = 1).
However, in other applications of the SGA, the word charge may refer to other
conserved charges, such as the conserved charges of the standard model of physics
[12].

Under a right-handed rotation by angle € in the '7;“7; plane, Fig. 2, the
chiral basis vectors ; and ~; transform by a phase, Fig. 3,

Yi—e Py, m—ey (6)

The signs follow the physics convention that a right-handed rotation by angle 6
rotates a phase by e, (If one of the two orthonormal dimensions, say v; ,isa
time dimension, then the rotation in the 'yj v; plane becomes a Lorentz boost,
and the transformation (6) becomes

vi— ey, m—eflyl) (7)

The transformation (6) identifies the chiral basis vectors «; and ; as having
i-charge equal to +1 and —1. All other chiral basis vectors, v; and ~; with j # 1,
along with the unpaired basis vector «yy if N is odd, remain unchanged under a
rotation in the 'yf v, plane, so have zero i-charge. The ¢-charge of a multivector
(or tensor of multivectors) can be read off from its covariant chiral indices:

i-charge = number of ¢ minus 7 covariant chiral indices . (8)

A spinor 1,
'(/J = ¢a6a ) (9)
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Fig. 3. The spiral lines track the phase angle F6 of right- and left-handed chiral basis
vectors v; and ~; (left two images), Eqgs. (6), and F60/2 of basis spinors €..;.. and
€..7... with ¢’th bit up and down (right two images), Eqgs. (11), under a rotation by
angle @ in the ~;"v; plane. It takes one full turn, § = 27, to rotate vectors ~; and
~z to themselves, but two full turns, § = 47, to rotate the spinors €._;... and €. ;... to
themselves.

is a complex (with respect to the imaginary i) linear combination of 2l¥/2] basis
spinors €,. Chiral basis spinors comprise 2[V/2] basis spinors €,
(10)

ea = ealu‘a[N/Q]

where a = ay...apy /2] denotes a bitcode of length [N/2]. Each bit a; is either up
T or down |. For example, one of the basis spinors is the all-bit-up basis spinor
€T

Under a right-handed rotation by angle 6 in the 'yj 7; plane, basis spinors
€. ;... and €_ 5 . with i-bit respectively up and down transform as, Fig. 3,

€. —e 2% i e —e%e ;. (11)

The transformation (11) shows that basis spinors € _; . and €_ ;. have i-charge

respectively +3 and —1 in each of its [N/2] bits. The i-charge of a spinor (or
tensor of spinors) can be read off from its covariant chiral indices:

i-charge = % (number of i minus 7 covariant chiral indices) . (12)

whereas an orthonormal Cartesian basis vector ')/;r or 7y, sticks out in one dimen-
sion at a time, a basis spinor €, sticks out in all dimensions at once. This sticking-
out-in-all-dimensions-at-once, like a hedgehog, is perhaps one of the things that
makes it hard to visualize a spinor. The reason a Cartesian vector can stick out
in a single dimension ¢ is that it can be constructed from a tensor product of
spinor pairs in which the 7’th bit of each of the two spinors points in the same
direction, while all bits other than ¢ point in opposite directions, canceling each
other out.

3 Spinor Metric

The existence of a metric is fundamental to the GA, and the existence of a
spinor metric is similarly fundamental to the SGA. The Euclidean metric d;; (or
Minkowski metric 7,,,,,) is that vectorial tensor of rank 2 that remains invari-
ant under SO(N) (or SO(K, M) in K+M spacetime dimensions). Similarly, the
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spinor metric €y, is that spinor tensor of rank 2 that remains invariant under
Spin(N) (or Spin(K, M) in K+M spacetime dimensions).
The scalar product of two spinors y and 1 can be denoted with a dot,

X (13)

The fact that the scalar product must be a scalar, therefore carry zero charge,
implies that the spinor metric €,, = € - €, can be non-zero only between basis
spinors whose indices are bit-flips of each other, b = a. Each non-zero component
€aq Of the spinor metric equals 1, with the sign depending on the component
a and the number N of dimensions. See [10] for details.

Whereas the Euclidean (or Minkowski) metric must be symmetric, the spinor
metric can be either symmetric or antisymmetric. There prove to be two possible
choices for the spinor metric, differing from each other by a factor of the pseu-
doscalar, denoted € and e,5;. In Nature, it is Nature that makes the choice. The
following chart shows the symmetry of the spinor metric € or g, in N spacetime
dimensions:

Nmod8: 1 2 3 4 5 6 7 8
£2 + + - - - - + 4+ (14)
€2 + - - - - 4+ 4+ +

The chart exhibits the well known period-8 Cartan-Bott periodicity [21,22] of
geometric algebras.

The chart (14) shows that in 3 or 4 spacetime dimensions, the spinor metric is
necessarily antisymmetric. Thus the Pauli metric in NV = 3 dimensions, and the
Dirac metric in N = 341 spacetime dimensions, are necessarily antisymmetric.

4 Column Spinors and Row Spinors

It is not only mathematically correct (in the context of representation theory),
but also conceptually helpful, to think of a spinor ¢ as a column vector (of
dimension 21V/ 2]), and a rotor R as a matrix that acts on the column spinor .
More generally, any multivector @ can be represented as a 2V/2 x 2[V/2] matrix
that acts by matrix multiplication on a column spinor 9, yielding a.

Associated with any column spinor v is a row spinor -, equal to the trans-
pose of the column spinor 1 multiplied by the spinor metric tensor ¢,

v-='e. (15)

A scalar product x - 1 of spinors can be thought of as the matrix product of a
row spinor - with a column spinor 1,

X-Y=x'el. (16)

The notation - for a row spinor, with a trailing dot symbolizing the spinor
metric, is extremely convenient. The dot immediately distinguishes a row spinor



10 A. J. S. Hamilton

from a column spinor; and the dot makes transparent the application of the
associative rule to a sequence of products of spinors, Eq. (19). A row spinor -
transforms under a rotor R as

R: - —¢-R, (17)

as follows from the fact that a spinor transforms as (4), and a scalar product of
a row and column spinor must be a scalar.

In opposite order, the product of a column spinor ¢ and a row spinor x -
defines their outer product ¥ -. The outer product transforms under a rotation
in the same way (3) as a multivector,

R: ¢x-=9x'e — (RY)(RY) e = R(Yx )R . (18)
Multiplication of outer products satisfies the associative rule
(x)(p€) =v(x - 9)¢- (19)

which since x - ¢ is a scalar is proportional to the outer product ¥¢-. The asso-
ciative rule (19) makes it straightforward to simplify long sequences of products
of column and row spinors, a process known in quantum field theory as Fierz
rearrangement.

A core property of spinors in physics is that they satisfy an exclusion prin-
ciple. The exclusion principle underlies much of the richness of the behavior of
matter at low energy. According to the usual rules of matrix multiplication, a
row matrix can multiply a column matrix, yielding a scalar, and a column matrix
can multiply a row matrix, yielding a matrix, but a row matrix cannot multiply
a row matrix, and a column matrix cannot multiply a column matrix:

( ) =() inner product = scalar ,
(20a)
( ) = outer product = multivector ,
(20Db)
( ) ( ) =0 forbidden , (20c)
=g forbidden .
(204d)

These rules resemble the rules for fermionic creation and destruction operators
in quantum field theory: creation following destruction is allowed, and destruc-
tion following creation is allowed, but creation following creation is forbidden,
and destruction following destruction is forbidden. It can be shown that the mul-
tiplication rules for row and column spinors indeed reproduce those of fermion
creation (row) and destruction (column) operators in quantum field theory.

It would seem that the distinction between column and row spinors, as real-
ized in Nature, is profound.
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5 The GA Is the Square of the SGA

Brauer & Weyl (1935) [11] first proved the theorem that the algebra of outer
products of spinors is isomorphic to the GA, in any number of even N spacetime
dimensions. They used a language familiar to physicists, that of tensors, and
representations of groups. [10] gives a proof of the theorem in the language of
the GA.

In the notation of the present paper, the Brauer-Weyl isomorphism says that
there is an invertible linear mapping between outer products of column and row
basis spinors €, and €, - and basis multivectors 4 of all grades,

€a€h = CopyA, YA =CRleaEr, (21)
that respects the algebraic structure, that is, it respects addition and multipli-
cation of spinors and multivectors. The outer product is neither symmetric nor
antisymmetric in ab. The full set of 2V/2 x 2N/2 outer products of basis spinors
yields the entire 2"V-dimensional geometric algebra.

The simplest example of the Brauer-Weyl isomorphism is the Pauli SGA in
N = 2 dimensions, where the outer products of the two spinors T and | map
to the basis multivectors of the GA in 2 dimensions, consisting of one scalar, 2
vectors, and one pseudoscalar, a total of 1+2+1 = 4 = 22 multivectors,

L=(1-1D-, m=V21T-, y=-V2Il-, L=-i(l1+1)-. (22)

1 scalar 2 vectors 1 pseudoscalar

The spinor metric adopted in the algebra (22) is the antisymmetric choice (right
column) in the chart (14), which ensures that the algebra is the same as that of
the Pauli algebra in N = 3 dimensions, Eq. (25).

The natural complex structure of spinors means that spinors live naturally
in even spacetime dimensions N. The group Spin(/N) on the other hand exists
in either even or odd dimensions, and likewise the GA lives in both even and
odd dimensions. There are two ways to extend the SGA to odd N dimensions.

The first is to project the odd N-dimensional GA into one lower dimension, by
identifying the pseudoscalar Iy of the odd-dimensional GA with the unit multi-
vector (times a phase), whereupon the pseudoscalar Iy_; of the one-dimension-
lower even-dimensional algebra is promoted to a vector in the N-dimensional
algebra.

An example is the Pauli algebra in N = 3 dimensions. The orthonormal
basis vectors of the Pauli algebra, here denoted ~;", 47, and 73, are commonly
denoted o;, ¢ = 1,2, 3. The pseudoscalar I3 of the Pauli algebra, the product of
the three vectors, is identified with the imaginary 7 times the unit scalar 1,

I3 E’yf"yl_'yg (= o10903) =1i1. (23)

As a result of the identification (23), the pseudoscalar Iy of the 2-dimensional
algebra is promoted to a vector of the 3-dimensional algebra,

I =~ (= 0103) = ivs (= ios) . (24)
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The 3-dimensional geometric algebra differs from the 2-dimensional geometric
algebra in that the former possesses a higher level of symmetry: whereas in
2 dimensions there is just one rotation, generated by the bivector oj09, in 3
dimensions there are 2 more rotations, generated by the bivectors o103 and
09203.

The Pauli SGA in N = 3 dimensions (with the standard choice ¢ of spinor
metric, the center column in the chart (14)) is essentially identical to the Pauli
SGA (22) in N = 2 dimensions, except that the 2D pseudoscalar I5 is promoted
to a vector s, Eq. (24),

1=(T-1D), m=v211, wm=—(1+1), mv=-v2[]-. (25

1 scalar 3 vectors

The rest of the Pauli GA, comprising the 1 pseudoscalar and 3 bivectors, are just
i times the 1 scalar and 3 vectors, since the pseudoscalar I3 has been identified
with the imaginary, Eq. (23).

The other way to extend the SGA to odd dimensions is to embed the odd
N-dimensional algebra into one higher dimension N+1, and to treat the extra
vector vn1 as a scalar. The extra scalar vector 1 serves the role of a parity
operator (or a time-reversal operator, if one of the dimensions is a time dimen-
sion), by virtue of anticommuting with all the original N orthonormal vectors.

6 Conjugation

Spinors have an intrinsic complex structure, and there is a discrete operation,
complex conjugation, that converts spinors (and multivectors) into their complex
conjugates. The basis spinors €, are treated as real, so the complex conjugate of
a spinor ¥ = %€, is the spinor with complex-conjugated coefficients,

Pt = (W) € (26)

In quantum field theory, complex conjugation turns a spinor into an anti-spinor.
The operation (26) of complex conjugation is not however Lorentz-covariant;
under a rotor R, the complex conjugate spinor ¥* transforms as

R: " — (RY)" = R*4° . (27)

The conjugation operator C' is introduced to restore Lorentz covariance. The
conjugate spinor v is defined to be the product of the conjugation operator C'
and the complex conjugate spinor ¥*,

= Cy* . (28)

(Do not confuse conjugation with reversion in the GA; the conjugation overbar
~ is shorter and thinner than the reversion overbar —.) The conjugation operator
C is defined as a Lorentz-invariant operator with the property that commuting
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it through any rotor R converts the rotor to its complex conjugate, CR* = RC.
With the conjugation operator so defined, the conjugate spinor i transforms
under a rotor in the same way as any other spinor,

R: ¢ — C(RY)* = RCY* = Ri) . (29)

The conjugate spinor 1 is the antiparticle of the spinor 1, expressed in a Lorentz-
covariant fashion.

In physics, the operation of conjugation is often conflated with the operation
of converting a column spinor to a row spinor, so that the conjugate of a spinor
® is taken to be the conjugate row (or row conjugate) spinor 1-. The reason
for the conflation is that in quantum field theory a field is a linear combination
of creation and destruction operators, and the partner of a fermion destruction
operator (column spinor) is the anti-fermion creation operator (conjugate row
spinor). However, the two operations are distinct, and it is wise to keep them
so. All four operations — fermion creation and destruction, and anti-fermion
creation and destruction — occur in quantum field theory.

If all spatial N dimensions are spatial (no time dimensions), then the conju-
gation operator C' coincides with the spinor metric tensor . If there is a time
dimension, then in the chiral representation the conjugation operator is, up to
a phase, the product of the spinor metric and the time vector (or a product of
all the time vectors, if there is more than one time dimension). Some texts refer
to the spinor metric tensor as the conjugation operator, which I find egregiously
confusing.

7 Supersymmetry

The Supergeometric Algebra is not the same as the algebra of supersymme-
try. The supersymmetry algebra is the extension of the Poincaré algebra to
include symmetries generated by spinors. The Poincaré algebra is the algebra of
global translations and Lorentz transformations of flat (Minkowski) space. The
Poincaré algebra is not the same as the Dirac algebra (the GA in 3+1 space-
time dimensions). The Poincaré and Dirac algebras share the property of having
both vector and bivector generators, but the vectors of the Poincaré algebra,
the momentum generators P,,, commute, whereas the vectors ~,, of the Dirac
algebra anticommute.

In the SGA in 4 spacetime dimensions, the 4 symmetrized outer products of
the 2 right-handed with the 2 left-handed spinors yield the 4 chiral basis vec-
tors. The coefficients of the mapping coincide with those of the supersymmetry
algebra, which is unsurprising since the mapping must respect the properties of
spinors and vectors under Lorentz transformations.

My own idiosyncratic view is that supersymmetry may not be Nature’s way.
The algebra of outer products of spinors yields the entire geometric algebra,
including multivectors of all grades, not just vectors. String theory is apparently
a theory not merely of strings (whose worldtubes are generated by bivectors),
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but of branes of all dimensions (whose worldtubes are generated by multivectors
of all grades). Hopefully Nature’s way will in due course become apparent to
enterprising observers and experimentalists, as has happened in the past.
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Abstract. Formulas to calculate multivector exponentials in a base-
free representation and in a given orthogonal basis are presented for an
arbitrary Clifford geometric algebra Cl, ,. The formulas are based on
the analysis of roots of the characteristic polynomial of a multivector
exponent. Elaborate examples how to use the formulas in practice are
presented. The results may be useful in theory of quantum circuits or in
the problems of analysis of evolution of the entangled quantum states.

Keywords: Clifford (geometric) algebra - exponentials of Clifford
numbers - computer-aided theory

1 Introduction and Notation

Mathematical models of physical, economical, biological, etc. processes often
require computation of exponential of matrix. Since in many applications the
matrices can be replaced by multivectors (MV), the exponential of MV [13,14,
19,20] in geometric (Clifford) algebras has a wide range of applications as well.

Exponential of matrix can be computed by a number of different ways
[6,11,12,16,28]. The review article [21] presents twenty methods'® related to the
approximate (finite precision) methods only. According to [21], our approach in
this paper can be identified as METHOD 8 and falls into the class of polynomial
methods, except that here we provide explicit and exact formulas for the basis
expansion coefficients instead of recursive approximation. The polynomial meth-
ods [21] are known to have O(n*) complexity and, therefore, are prohibitively
expensive except for small n. As far as the exact (closed form) formulas for
exponentials and other functions are concerned, most of works deal either with

! The article is named “Nineteen dubious ways to compute the exponential of a matrix,
twenty-five years later”. One more method was added in the revised version of the
original article (published in 1978), however, authors wanted to preserve the article
title. The next article update is planned in 2028.
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the low dimensional cases [11,12,28] (dimensions 5 and 6 are already causing
problems [16]) or with matrices that are representations of some Lie groups [22]
or, alternatively, have some other special symmetries [6].

In the context of geometric algebra (GA) there often appears a need to com-
pute the rotor, which is an exponential of bivector. The simplest half-angle rotors
are related to trigonometric and hyperbolic functions. The GA exponential of an
arbitrary bivector can be computed using the method of invariant decomposi-
tion [23], where the bivector is decomposed into commuting orthogonal 2-blades,
exponentiation of which are more or less straightforward. For low dimensional
cases other decomposition techniques can be applied as well [10,17].

When dealing with exponentials of pure bivector A one should always keep in
mind that in general they do not form a group. For example, there are elements
of Spin, (2,2) which can’t be written in the form +e“. Also SO, (1,3) contains
elements, which are not exponentials of bivectors [19], p224.

For n < 3 explicit formulas for computation of general exponentials [3,8,9]
and all of square roots [2,7] are known. The formulas for low dimensional algebras
are faster and more easy to implement.

In this paper the explicit formula to calculate the exponential function of a
general MV in an arbitrary Cl,, , is presented. In Sect. 2 the methods to generate
characteristic polynomials in Cl, 4 algebras characterized by arbitrary signature
{p, ¢} and vector space dimension n = p+q are discussed. The method of calcula-
tion of the exponential is presented in Sect. 3. In Sect. 4 we demonstrate that the
obtained GA exponentials may be used to find the elementary and special GA
functions. Below, the notation used in the paper is described briefly. For those
readers who are unfamiliar with Clifford geometric algebras we recommend an
excellent textbook by Lounesto [19].

In the orthonormalized basis used here the geometric product of basis vectors
e; and e; satisfy [19] the anti-commutation relation, e;e; + e;e; = 42§;;. The
number of subscripts indicates the grade. For a mixed signature Cl,, algebra
the squares of basis vectors, correspondingly, are e = +1 and e? = —1, where
i=1,2,...,pand j=p+1,p+2,...,p+q. The sum n = p+ q is the dimension
of the vector space. The general MV is expressed as

27 —1
A=ay+ Zaiei + Zaijeij +---+ar.p€1..n = aop + Z ajey, (1)
i i<j J
where a;, a;;... are the real coefficients. The ordered set of indices will be denoted
by a single capital letter J referred to as a multi-index. Note, that in the multi-

index representation the scalar is deliberately excluded from summation as indi-
cated by the upper range 2" — 1 in the sum in the last expression.

We shall need three grade involutions: the reversion (e.g., €12 = €31 = —e12),
the grade inverse (e.g., €123 = —e123) and the Clifford conjugation (€123 = e123).

Also we shall need the Hermitian conjugate MV A" and non-zero grade negation
(see Table 1) operation denoted by overline A. The MV Hermitian conjugation
expressed for basis elements e; in both real and complex GAs can be written
as [20,25]
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AT =ab +ater 4+ +alser) + -+ afperny - = af + ZaJe (2)

where a* s the complex conjugated J-th coefficient and e;l denotes inverse basis
element, e;leJ =1.

2 MYV Characteristic Polynomial and Equation

The algorithm to calculate the exponential and associated functions presented
below is based on a characteristic polynomial. There is a number of methods
adapted to MVs, for example, based on MV determinant, recursive Faddeev-
LeVerrier method adapted to GA and the method related to Bell polynomials [1,
15,26]. In this section these methods are briefly summarized.

Every MV A € Cl, , has a characteristic polynomial xa()) of degree d in R,
where d = 2(%] is the integer, n = p+ ¢. In particular, d = 2"/2 if n is even and
d = 2("*t1/2 if n is odd. The integer d may be also interpreted as a dimension of
real or complex matrix representation of Clifford algebra in the 8-fold periodicity
table [19]. The characteristic polynomial [1,15,26,27] is defined by

xa(A) = —Det(A — A) Zc(d B (A (3)

The variable in the characteristic polynomial will be denoted by A and the roots
of xa(A) = 0 (called the characteristic equation) by A;, respectively. For real GA
the coefficients C(y) = C(z)(A) are real. They depend on a selected GA and MV
A. The coeflicient at the highest power of A is always assumed C(g) = —1. The
coefficient C'(;)(A) represents MV trace, C(1)(A) = Tr(A) = d (A),, where (A),
is the scalar part of MV in (1), i.e. (A); = ag. The coefficient C4)(A) is related
to MV determinant DetA = —C'4)(A)

Table 1. Optimized expressions for determinant of MV A in low dimensional GAs,
n < 6. The overbar denotes a negation of all grades except of the scalar, A := 2(A)o—A.

Clp.q Det(A)

p+qg=1,2AA

p+q=3,4 (AAAA+2AAAA)

p+q=>56 L(HHHH+2HHHH)  with H=AA

Table 1 shows how the MV determinant can be calculated in the low dimen-
sional (n < 6) GAs. This table may be used to find the coefficients C(y(A) in
the characteristic polynomial (3). For a concrete algebra it is enough to replace
the products of A’s in the Table 1 by products of (A — A).
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In Faddeev-Leverrier method [18,27] the coefficients C()(A) in polyno-
mial (3) are calculated recursively, beginning from C(;)(A) and ending with
C(a)(A). We start from a multivector Ay by setting Ay = A. Then we com-
pute the coefficient C)(A) = %(A(k)>0 and in the next step the new MV
At = A(A(k) — C(k)), where the product on the rhs is a geometric prod-
uct:

Ay =A— Cuy(A) = i
A@) =A(Aw) — Ciy) = Cip(A) = 5(A@))o, "

Ay = A(Au-1) — Ca—n)) = Cay(A) = §{Au-1))o-

The determinant of A then is Det(A) = —Ag) = —Cq) = A(A(d_l) — C(d—l))-
The coefficients of characteristic equation satisfy the following properties

9C (1) (tA) 80(1)(tAk)
ot ot

where ¢ is a scalar parameter. We shall need (5) in the proofs of theorems.

In the matrix theory a minimal polynomial p4(A) establishes the conditions
of diagonalizability of matrix A that represents the MV A. In particular for
n > 2, it is well-known that matrix is diagonalizable if and only if the minimal
polynomial of the matrix does not have multiple roots, i.e. when the minimal
polynomial is a product of distinct linear factors. It is also well-known that the
minimal polynomial divides the characteristic polynomial. This implies that if
roots of the characteristic equation are all different, then matrix/MV is diago-
nalizable. The polynomial ua(A) can be defined for MV as well. An algorithm
on how to compute the minimal polynomial without any reference to matrix
representation of the MV is given in Appendix A.

= k‘tk_IC(k) (tA), = ktk_lc(l)(tAk)a (5)

3 MYV Exponentials in Cl, , Algebra

3.1 Exponential of MV in Coordinate (Orthogonal Basis) Form

Theorem 1 (Exponential in coordinate form). The exponential of a gen-
eral MV A given by Eq. (1) in Cl, 4 is the multivector

d on-1 d—2 \m —~d—m—2 T Ad—k—m—1
1 A _ Ciy (A) Oy (e A
exp(A) == M [1+ 3 e, 2m=o N k=0 ) (A) Ciy (e )
d i=1 7 E:T:O (r+1) C(dfrfl)(A) AT
(6)

d 2" -1
:éZexp()\i)(l +3 e bJ(Ai)), bs(N) € R,C. 1)
=1 J

Here \; and )\f denotes, respectively, the root of a characteristic equation and
the root raised to power j. The (first) sum in (6) is over all roots A\; of charac-
teristic equation xa(A) = 0, where xa(X) is the characteristic polynomial of MV
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A expressed as xa(A) = Z?:o Cla—i)(A) A", The symbol C’(l)(eBAk) =d (eT]Ak>0
denotes the first coefficient (the coefficient at \4~1) in the characteristic polyno-
mial that consists of geometric product of the Hermitian conjugate basis element
eTJ and k-th power of initial MV: ejf]A’C = eT] AA---A.

——

k terms

Note, because the roots of characteristic equation in general are the complex

numbers, the individual terms in sums are complex. However, the result exp(A)
always simplifies to a real Clifford number if GA is real.

Proof. Using computer algebra package [4] we first checked the expression was
valid for dimensions n < 6. For general n the formula can be proved by using
formula (9) from Theorem 2 and noting that projection coefficient onto basis
element e; can simply be written as Tr(eTJA”) = C’(l)(eTJA’"). O

Example 1. Ezponential of generic MV in Cly g (different roots). Let’s com-
pute the exponential of A = 8 — 6ey; — 9e3 + Sejs — bes + Gegs — 4dejos
with Eq. (6). We find d = 4. Computation of coefficients of the characteristic
polynomial ya(\) = 0(4) (A) + C(g) (AN + C(g) (A))\Q + C(l)(A))\S + C(O) (A))\4
yields O(o) (A) = —1, C(l)(A) = 32, C(g)(A) = —758, 0(3) (A) = 10432,
Cuy(A) = —72693. The characteristic equation ya(A) = 0 then becomes
—72693 + 10432\ — 758\ + 32)\3 — X\* = 0, which has four different roots:
A =12 — V53, Ay = 12 +1v53, A3 = 4 — iv/353, \y = 4 + 1v/353. This means
that the MV is diagonalizable. For every multi-index J and each root \; we have
to compute coefficients in Eq.(7),

Ao (ehata (320(1>(e}A)—cm(eTJAZ))—7530(1)(ef,A)+3zc(1)(ef,A2)—c(l)(ef,A3)
bs(Ai) = TANFTO6AZ —1516X; 110432 '

where we still have to substitute the coeflicients C(l)(eT,Ak)

T AR ol T T T T T T
Clyle;A )‘erl €r—2 €j=3 ©€j=12 ©j=13 €j=23 €j=123

k=1 ‘ 0 —24 -36 20 -20 24 16
k=2 ‘ 192 —224 —416 32 —128 384 —856
k=3 ‘8208 5952 5508 —11572 7468 888 —7984

that are different for each multi-index J. The Hermite conjugate elements are
eT] = {—e1, —eg, —€3, —€12, —€13, —€33, €123 }. After substituting all computed

quantities into (6) we finally get

1
exp(A) = (e8 cos a + cos ,6’) (3612 sin o — §e4 sin ,6’) e
«

2° B
11 2 7
( Zsina — %e‘l sin 6) e + ( a e?sino — Be4 sinﬁ) es
Zsina + ze 1sin B | e1s + ie12 sina — —etsin 8 ) e
16} 2a 23

1
( Zsina + %64 sin ﬂ) ea3 + §e4 (cos B — e cos a) €123, (8)

where a = /53 and G = v/353.
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3.2 Exponential in Basis-Free Form

The basis-free exponential follows from Eq. (6) after addition of terms over the
multi-index J.

Theorem 2 (MV exponential in basis-free form). In Cl,, algebra the
exponential of a general MV A of Eq. (1) can be computed by following formulas

d—1 ,d—m-—1

exp(A Zexp Z(Z)\Cdkml())Am )
m=0 . .
_Zexp < Z( Z d b 2)(A)) <Am+1>0>
m=0 k=0

(10)
1
a—1,. ;.
Zj:é(] +1) Cla—j—1)(A) N
(11)
The expression (A™ 1) _q = L (A™*+1 — Am+1) indicates that all grades of multi-

vector At are included except of the grade-0, because the scalar part is simply
a sum of exponents of eigenvalues divided by d.

d
=3 exp() (3 + BOOBO). BN =

The formula (9) has some similarity with exponential of square matrix in [12].

Proof. We will prove basis-free formula (9) by checking the defining equation

8 exp(At)

5t . = Aexp(A) = exp(A)A, (12)

where A is independent of a scalar parameter t. For this purpose we shall verify
that the expression (9) for exponential in the Theorem 2 satisfies the iden-
tity (12).

First, using properties of characteristic coefficients in (5) and noting that
the replacement A — At implies \; — \;t, and performing differentiation

%%t(m) _ we obtain that exp();) in the right hand side of (9) (and also of

(6)) after differentiation is replaced by A; exp(A;),

d—1 ,d—m—1

ZA exp(\ Z( Z ANCla—k—m—1)(A )> AT, (13)

t=1 m=0

0 exp(At)
ot

where the weight factor 3();) further plays no role in the proof. Next, we multiply
the basis-free formula (9) by A

d—1 ,d—m—1

d
Aexp(A) = exp(\i) B(\) Z( > /\f(f(dkml)(A)> AL (14)
=1 k=0

m=0



22 A. Acus and A. Dargys

and subtract the second equation from the first for each fixed root A;, i.e. tem-
porary ignore the summation over roots,

(m)%t(m) L Aexp(A)) . exp(A (Zl AP Cra—iy (A A’“qd,k)(A))
= exp(A) B(\) ((A? — AN Cloy(A) + -+ (A — A) c<d,1)(A)) . (15)

Using the Cayley-Hamilton relation for A, which follow from (4),
d
Z AFCg_iy(A) = AYCo)(A) + AT 1C (1) (A) + - -+ + Clay (A) =0,

4. we solve for the highest powers A% and \¢, and
substitute them into the difference formula (15). As a result, after expansion we
obtain zero. O

and the same relation for \¢

Example 2. Ezponential of MV in Clyo (multiple and zero eigenvalue). Let’s
compute the exponential of A= -4 —e; —ey —e3 —eq — 2v/3e1234 with basis-
free formula (10). Using Table1 one can easily verify that Det(A) = 0. For
algebra Cly o we find d = 4. The characteristic polynomial is xa(\) = C4)(A) +
O(g)(A)/\+C(2) (A)/\2+C(1)(A))\3+C(Q)(A))\4 = —64)\2 1673 - \* = —)\2(8—1—/\)2.
The roots are A\ = 0, A\ = 0, A3 = —8, Ay = —8. Because multiple roots appear,
we have to compute a minimal polynomial of MV A (see Appendix A), which is
ua(X) = A8+ A). Since pa(A) has only linear factors, the MV is diagonalizable,
and the formula for pa(\) can be applied without modification. It is also easy
to verify that the minimal polynomial divides the characteristic polynomial,

2 2 .
N /pa(X) = % = —A(8 + ). This confirms the property that non-
repeating roots of a characteristic polynomial are sufficient but not necessary

criterion of MV diagonalizability. Then, we have

d—2 d—m—2
1 k m—+1
B(X)B(N) = . A Cla—r—m—2)(A) (A7) o
Zg 0(J+1)C(d i= 1>(A)>\fmz:o kZ:O
s by
=i (A -0 + ax; <4—1+6A+)<8+A (A% =0 + Zx s )(8+A 7(A%)-0

- ﬁ - 4(>\,¢+4)el - 4(,\i+4) €2 — 4(A,~+4) €3 — 4(A,;+4) €4 — 2)\\{5—861234‘

(16)
From the middle line one may suppose that the sum over roots would yield
division by zero due to zero denominators. The last line, however, demonstrates
that this is not the case, since after collecting terms at basis elements we see that
all potential zeroes in the denominators have been cancelled. Unfortunately, the
cancellation would not occur if the MV were non-diagonalizable. Lastly, after
performing summation Z "1 exp(Xi) (4 +B(Ai)B();)) over complete set of roots
{A1, A2, A3, Aq} = {0,0, —8, —8} with exponent weight factor exp();), which can
be replaced by any other function or transformation (see Sect.4) we obtain

1+e8 1—e8

exp(A) = =2 + — P

(e1+ex+es+es—2V3er31).
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3.3 Making the Answer Real

Formulas (6) and (9) include summation over (in general complex valued) roots
of characteristic polynomial, therefore, formally the result is a complex number.
Here we are dealing with real Clifford algebras having real coefficients, conse-
quently, a pure imaginary part, or numbers in the final result, must vanish.
Because the characteristic polynomial is made up of real coefficients, the roots
of the polynomial always come in complex conjugate pairs. Thus, the summation
over each of a complex root pair in the exponential (and other real valued func-
tions) will give real final answer. Indeed, assuming that symbols a, b, ¢, d, g, h are
real and computing the sum over a single complex conjugate root pair we come
to the following relation,

exp(a + ib)% + exp(a — ib)

c—id 2e”((cg + dh) cos b+ (ch — dg) sinb)
g—ih g%+ h? ’

the right hand side of which formally represents a real number as expected. The
left hand side is exactly the expression which we have in (6) and (9) formulas
after summation over one pair of complex conjugate roots. However, from sym-
bolic computation point of view the issue is not so simple. In general, the roots
of high degree (when d > 5) polynomial equations cannot be solved in radicals
and, therefore, in symbolic packages they are usually represented as the enu-
merated formal functions/algorithms of some irreducible polynomials. In Math-
ematica the formal solution is represented as Root[poly, k]. In order to obtain
real answer, therefore, we have to know how to manipulate with these formal
objects algebraically. To that end there exist algorithms which allow to rewrite
the coefficients of irreducible polynomials poly after they have been algebraically
manipulated. The operation, however, appears to be nontrivial and time con-
suming. In Mathematica it is implemented by RootReduce[] command, which
produces another Root[poly’, k'] object. Such a root reduction typically raises
the order of the irreducible polynomial. From pure numerical point of view, of
course, we may safely remove spurious complex part in the final answer to get a
real numerical value.

4 Elementary Functions of MV

Formulas (6) and (9) appear to be more universal than we have expected initially.
In fact they allow to compute any function and transformation of MV (at least
for diagonalizable MVs) if one replaces the exponential weight exp();) by any
other function (and allows to use complex numbers). Here we shall demonstrate
how to compute log(A),sinh(A), arcsinh(A) and Bessel Jo(A) GA functions of
MV Ain Cl, o that appeared in Example 2. The example with zero and negative
eigenvalues was chosen to demonstrate that no problems arise if formal symbolic
manipulations are addressed.
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After replacement of exp(A;) by log(A;) in (9) and summing-up over all roots
one obtains

1
log A = (10g(04) + log(~8))
1
8

We shall not attempt to explain what log(—8) means in Cly ¢ since we want to
avoid presence of complex numbers in real Cly o. We shall assume, however, that
exp(log(—8)) = —8 and exp(log(04)) = lim,—o, exp(log(x)) = 0. Then it is
easy to check that under these assumptions the exponentiation of log A yields
exp(log(A)) = A, i.e., the log function in Eq. (17) is formal inverse of exp.

There are no problems when computing hyperbolic and trigonometric func-
tions and their inverses?. Indeed, after replacing exp()\;) by sinh()\;), arcsinh();)
and Bessel Jy(A) in (9) one finds, respectively,

(17)

+ < (log(—8) —log(04)) (el +eyt+e3teq+ 2\/561234) .

1
sinh A :g smh(S) (—4 — €] — €y —e3 — €4 — 2\/581234),

arcsinh A :% arcsinh(8)(—4 — e; — ex — e3 — eq — 2v/3e1234), (18)
1 1
JO(A) :5(1 + J0(8)) + g(Jo(S) — 1)(61 + ey +e3+eyq+ 2\/561234) .

It is easy to check that sinh(arcsinh(A)) = A is satisfied indeed. Here we do
not question where special functions of the MV argument might be applied in
practice. The purpose of the last procedure was aimed just to demonstrate that
the formulas (6) and (9) allow to perform computations over a much larger class
of functions and transformations related to MVs.

5 Conclusion

The paper shows that in Clifford geometric algebras the exponential of a general
multivector is associated with the characteristic polynomial of the multivector
and may be expressed in terms of roots of respective characteristic equation.
In higher dimensional algebras the coefficients at basis elements, in agreement
with [3], include a mixture of trigonometric and hyperbolic functions. The pre-
sented exponential formulas can be generalized to large class of trigonometric,
hyperbolic functions and their inverses, as well as for fractional powers, special
functions, etc.

A Minimal Polynomial of MV

A simple algorithm for computation of matrix minimal polynomial is given in
[24]. Tt starts by constructing d x d matrix M and its powers {1, M, M?, ...} and

2 Tt looks as if the complex numbers are inevitable in computing trigonometric func-
tions in most of real Clifford algebras, except of Cls o as well as few others [5].
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subsequently converting each of the matrices into vector of length d x d. The
algorithm then checks consequently the sublists {1}, {1, M}, {1, M, M?} etc.
until the vectors in a running sublist are found to be linearly dependent. Once
a linear dependence is established the algorithm returns a polynomial equation,
in which the coeflicients of linear combination are multiplied by proper powers
of a chosen variable x.

In case of GA, the orthonormal basis elements e; are linearly independent,
therefore it is enough to construct vectors made from real coefficients of MV.
Then, the algorithm starts searching when these vectors of coefficients become
linearly dependent.

The vector constructed from MV matrix representation has d? = (2[%)2
components. This coincides with a number of coefficients (2") in MV for Clifford
algebras of even n and is twice less than a number of matrix elements d x d for
odd n. The latter property can be easily understood if one remembers that for
odd n the matrix representation of Clifford algebra has a block-diagonal form.
Therefore, only a single block will suffice for required matrix algorithm. The
Algorithm 1 below describes how to compute the minimal polynomial of MV
without addressing to matrix representation.

Algorithm 1: Algorithm for finding minimal polynomial of MV in Cl,, ,
MinimalPoly(A)

Input: multivector A = ao + Z?Ll ayey and polynomial variable x

Output: minimal polynomial ¢; + cox + c3z? + - - -
/* Initialization */

nullSpace={}; lastProduct=1; vectorList={};

/* keep adding new MV coefficient vectors to vectorList until null space becomes
nontrivial */

While[nullSpace==={},

lastProduct=AoclastProduct;

AppendTo[vectorList, ToCoefficientList[lastProduct]];
nullSpace=NullSpace[Transpose[vectorList]];

I;

/* use null space weights to construct the polynomial ¢ + c2A +c3AZ 4 ..., with A
replaced by given variable z */

return First[nullSpace] - {0, 2!, 22,.. ., glensthoullSpace]—11

All functions in the above code are internal Mathematica functions, except
of o (geometric product) and ToCoefficientList[] which is rather simple. The
latter takes MV A and outputs a coefficient vector, i.e. ToCoefficientList[ag +
aie; + ages + -+ + arll— {ap,a1,a9,...,ar}. The real job is done by Mathe-
matica function NullSpace|], which searches for linear dependency of inserted
vector list. This function is a standard function of every linear algebra library. If
the list of the vectors is linearly dependent it outputs weight factors of a linear
combination for which the sum of vectors becomes zero, and an empty list oth-
erwise. The AppendTo[vectorList, newVector| appends the newVector to
the list of already checked vectors in vectorList.
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Abstract. In this paper, we discuss a generalization of Vieta theorem
(Vieta’s formulas) to the case of Clifford geometric algebras. We compare
the generalized Vieta’s formulas with the ordinary Vieta’s formulas for
characteristic polynomial containing eigenvalues. We discuss Gelfand —
Retakh noncommutative Vieta theorem and use it for the case of geo-
metric algebras of small dimensions. The results can be used in symbolic
computation and various applications of geometric algebras in computer
science, computer graphics, computer vision, physics, and engineering.

Keywords: Geometric algebra - Clifford algebra - Vieta theorem -
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1 Introduction

In algebra, Vieta’s formulas (or Vieta theorem) relate the coefficients of any
polynomial to sums and products of its roots. These formulas are named after
the famous French mathematician Frangois Viete (or Franciscus Vieta). In this
paper, we extend Vieta’s formulas to geometric algebras. We discuss the noncom-
mutative Vieta theorem in geometric algebras and compare it with the ordinary
Vieta theorem.

In this paper, the notion of characteristic polynomial in geometric algebras
is used. Note that the determinant is used to calculate the inverse in geometric
algebras [3,13,17,18]. In [1,2,17], the explicit formulas for the characteristic
polynomial coefficients Cy) are presented in the cases n < 6. The characteristic
polynomial in geometric algebras is also discussed in [11] and used to solve the
Sylvester and Lyapunov equations in [15,16].

In Sect.2, we introduce generalized Vieta’s formulas in geometric algebras
and compare them with the ordinary Vieta’s formulas for characteristic poly-
nomial containing eigenvalues. The generalized Vieta’s formulas do not con-
tain eigenvalues. In Sect. 3, we discuss Gelfand — Retakh noncommutative Vieta
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theorem for an arbitrary skew-field with some remarks. In Sect. 4, we apply non-
commutative Vieta theorem to the geometric algebras G, , in the case of small
dimensions n = p + q.

The results of this paper can be useful in symbolic computation and various
applications of geometric algebras and characteristic polynomials in computer
science, computer graphics, computer vision, physics, and engineering.

2 Generalized Vieta’s Formulas in Geometric Algebras

Let us consider the real (Clifford) geometric algebra G, 4, n = p+¢ > 1 [5,12,14]
with the generators e,, a = 1,2,...,n and the identity element e = 1. The
generators satisfy

€q€h + epeq = 2Nape, a,b=1,2,...,n,

where 1 = (1,) is the diagonal matrix with its first p entries equal to 1 and the
last g entries equal to —1 on the diagonal. The grade involution and reversion
of an arbitrary element (a multivector) U € G, , are denoted by

k(k—1)
2

0= 0 0 T=3 1" ),
k=0

where (U) is the projection of U onto the subspace g;;q of grade k =0,1,...,n.
Let us consider the following faithful representation (isomorphism) of the
complexified geometric algebra C® G, 4, n =p+¢

Mat(2%,C) if n is even,

B:CRGpq— Mpq:= {Mat(?nzl,(C) o Mat(Q%,C) if n is odd. )

The real geometric algebra G, , is isomorphic to some subalgebra of M, 4,
because G, , C C ® G, , and we can consider the representation of not mini-
mal dimension

B+ Gpg = B(Gpq) C Mpg.
We can introduce (see [17]) the notion of determinant
Det(U) := det(B(U)) € R, UegG,,
and the notion of characteristic polynomial
pu(N) ==Det(e —U) = AV —C)AN ! — . = Ciy_yA = Cvy € G0, =R,
U€Gpy N=231  Cupy=CnU)ed =R, k=1,..,N, (2)

where ng is a subspace of elements of grade 0, which we identify with scalars.

Let us denote the solutions of the characteristic equation @y (A) = 0 (i.e.
eigenvalues) by A1, ..., An. By the Vieta’s formulas from matrix theory, we know
that

Ciy = (—1)k+1 Z Niy Ny - Ny k=1,...,N,

1<i <ig<--<ipg<n
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in particular,
Cay=M+--+ Ay =Tr(U), e Cny = —A1-+-Any = —Det(U),

where Tr(U) := tr(8(U)) = N(U)o is the trace of U. The elements Cyy), k =
1,..., N are elementary symmetrical polynomials in the variables A1, ..., An.

2.1 The Casen =1

Let us consider the particular case n = 1. In this case, the geometric algebra
Gp,q is commutative and N = 2. We have

C(l) =AM+ X2 ER, C(z) = -\ €R. (3)
But also we have (see [17])
Coy=U+U€Gl, =R,  Cp=-UU0egl =R (4)

The elements y; := U and yy := U are not scalars (and are not equal to the
eigenvalues A1 and Ag), but they are solutions of the characteristic equation
pu(z) = 0, x = y1,y2 by the Cayley — Hamilton theorem (see the details in
Sect. 4). Using

N —(U+DA+UU =0,

we get the explicit formulas for the eigenvalues

~

%(U—H?i\/(U+(7)2—4U(7):%(U+Ui (U —1U)?)

= (U)o = v({U)1)? (5)

which do not coincide with the explicit formulas for y; o
Y12 = (U)o £ (U)1, (6)

Because the scalar /((U)1)? does not coincide with the vector (element of
grade 1) (U);. We see that the role of the roots A; 2 (which are complex scalars)
of the characteristic equation is played by some combinations y; 2 of involutions
of elements (which are not scalars). In the case of degenerate eigenvalues, we
have (U); = 0 and the coincidence A2 =y12 = U = (U)o.

A12

2.2 The Case n =2

Let us consider the particular case n = 2. We have N = 2 and
C(l) =AM+ X €R,| C(z) = -\ €R (7)

But also we have (see [17])

Coy=U+Ue@l =R,  Cu=-UUecGl, =R. (8)
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Note that UU = UU in the case n = 2. The elements y1 = U and yo := U
are not scalars (and are not equal to the eigenvalues A; and Ag), but they are
solutions of the characteristic equation py(z) = 0, © = y1,y2 by the Cayley —
Hamilton theorem (see the details in Sect. 4). Using

A — (U+U)A+UU =0,

we get the explicit formulas for the eigenvalues

A12:%(U+§i\/(U+5)2—4U5)=%(U+5ﬂz (U -T)2)
= (U)o = V(U1 +(U)2)?, (9)

which do not coincide with the explicit formulas for y; o

yr2 = (U)o = (U)1 + (U)2), (10)

where the scalar \/((U)1 + (U)2)2 = /({(U)1)2 + ({(U)2)? is not equal to the
expression (U)1 + (U)z. The role of the roots A2 (which are complex scalars)
of the characteristic equation is played by some combinations y; » of involutions
of elements (which are not scalars).

In the case of degenerate eigenvalues, we have (U); = (U)s = 0 and the
coincidence A1 2 = 112 = U = (U)o in the case of two Jordan blocks; or
(U)1)? = =({U)2)* # 0 and Mo = (U)o # y12 = (U)o £ ((U)1 + (U)2) in
the case of one Jordan block. For example, for U = 5e + 3(es + e12), we have
AM2=5and y12 =5e+ %(62 + e12) in the case n=p =2, ¢=0.

2.3 The Case n =3

Let us consider the case n = 3. We have N = 4 and the formulas (see [17])

Cay U+ 0+0+70,

Coy = —(UU +UU + U+ 00 + 00 + 00),

Clay = UDT + UOU + UTT + 00T,

Clay = ~UDTT. (11)
These formulas look like the ordinary Vieta’s formulas for eigenvalues:

Cay=A1+ A2+ A3+ Ay,

Clay = —(Mda + AAs + A + Aods + Aods + Aga),

C3) = AMA2A3 + A1 deAs + A Az A + A2 Az Ay,

Cluy = =AM A2A3M4. (12)
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The elements
yr:=U = U)o+ (U)1 + U2+ (U)s, y2:=0U= U+ (U —(U)2—(U)s,

ys =0 = (U)o — (U + U)s — (U, ya:=0 = (U)o — (U)1 — {U)a + (U)s,

[}

are not scalars (and are not equal to the eigenvalues A1, A2, Az, A\q), but they
are solutions of the characteristic equation ¢y (z) = 0, = y1, Y2, Y3, ya by the
Cayley — Hamilton theorem (see the details in Sect. 4).

We call the formulas (4), (8), (11) and their analogues for the cases n > 4
generalized Vieta’s formulas in geometric algebra. The formulas (4), (8), (11)
were proved in [17] using recursive formulas for the characteristic polynomial
coefficients following from the Faddeev — LeVerrier algorithm. In this paper, we
present an alternative proof of these formulas using the techniques of noncom-
mutative symmetric functions (see Sects. 3 and 4).

3 On Gelfand — Retakh Noncommutative Vieta Theorem

Let us discuss the following Gelfand — Retakh theorem (known as the noncommu-
tative Vieta theorem [10], see also [4,6]). In Sect. 4, we use it for the characteristic
polynomial in geometric algebras.

Theorem 1 ([10]). If {z1,...,xn} is an ordered generic set (i.e. Vandermonde
quasideterminants vy, exist for all k =1,..., N ) of solutions of the equation

Py(z) =2 —azV "t - —any =0 (13)

over a skew-field, then for k =1,2,... ,N:
ar, = (1)1 Z Yis, = Yirs
1<i)<ig < <ip, <N

where
-1
Yk = VETEVy, .

In [10], the definition of Vandermonde quasideterminants vy, is given (see also
[8,9]). In this paper, we use another definition of the elements vy, from [7]:

k—1

v = Pk—l(mk) =y — (yk—l 4ot yl)xZ—Q 4+t (71)k71yk—1 .. y1(14)

In particular, we have
_ _ _ .2
v =1, Vg = Tz — Y1, v3 =23 — (Y2 + Y1)T3 + Y21 (15)
Let us give examples.

In the case N = 1, substituting = z; into (13), we obtain y; = 1 = a;
and v; = 1.
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In the case N = 2, the Eq. (13) with a; = y2 + y1 and as = —yoy; can be
rewritten in the form

(z —y1)z —y2(z —y1) = 0. (16)
Substituting = z; into (16), we obtain (z1 — y1)z1 — y2(z1 — y1) = 0 and we
can take y; = z1. Substituting z = zo into (16), we obtain
(w2 —y1)r2 —y2(r2 — Y1) =0 (17)
and we can take yo = ’UQCL’Q'U;l in the case of invertible vs := 29 — y1 = T3 — 1.
If [22,v2] = 0, then yo = 22 by (17).
In the case N = 3, the Eq. (13) with a; = y5+y2 +y1, a2 = —(ysy2 + ysy1 +
y2y1), and ag = ysyay1 can be rewritten in the form
(2 = (Y2 + y1)7 + y2y1)z — y3(2® — (y2 + Y1)z + y2p1) = 0. (18)

Substituting x = x; and = = x5 into (18), we conclude that we can take again
y1 = 21 and yo = vgmgvgl in the case of invertible vo = x5 — y; = ©o — x1. If
[#2,v2] = 0, then y, = x. Substituting = x3 into (18), we obtain (#% — (y2 +
Y1)23 + Y2123 — y3 (22 — (Y2 +y1)23 + y2y1) = 0 and we can take y3 = vswzv;*
in the case of invertible v3 := 23 — (ya + y1)z3 + y2y1. We get y3 = x3 in the
case [z3,vs3] = 0. And so on.

Remark 1. The condition [vy, x| = 0 is equivalent to
[Ej,x] =0,  j=1,... k-1,

where Ej, j = 1,...,k — 1 are noncommutative elementary symmetric polyno-
mials in the variables yi_1, ..., y1:

Ei=yp1+-+y1, Ep_1=Yp—1- Y291

For example, in the particular case N = 4, when all [vx, 2] =0, k=1,..., N,
we can take yr = xx, k = 1,2,3,4, in the case

[z2,21] =0, [z3,2021) =0, [z3,204+21] =0, [v4,232021] =0,
(4, w322 + 2371 + 2221) =0, [v4,23 + 22 + 1] = 0.

We use this particular case below in G, , with n =p+ ¢ = 3.

4 Application of Noncommutative Vieta Theorem
to Geometric Algebras

Let us apply Theorem 1 to the particular case of the characteristic polynomial
@u(A) in geometric algebra G, ;. The elements ap = Cy) € R, k = 1,...,N
from (13) are scalars now. We need N solutions x1, Za, ... zy of the characterstic
equation ¢y (x) = 0. By the Cayley — Hamilton theorem, we can take x1 = U:

eu(U) = 0. (19)

We have the following statement.
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Theorem 2. We have

ou(U) = pu(U) = pu(U) = 0. (21)

Proof. We know that (see Lemma 10 in [17])
Det(U) = Det(0') = Det({7) = Det (D).
Using the definition of characteristic polynomial (2), we get
©5(A) = Det(Xe — ) Det(/\e —U) =Det(Ae = U) = py(N).

Using the Cayley — Hamilton theorem ¢y (U) = 0, we get p5(U) = 0. Substi-
tuting U for U, we get @U(ﬁ) = 0. We obtain the other formulas in a similar
way. O

4.1 The Casen =1

In this case, the geometric algebra is commutative. We can take y; = x4 = U
in Theorem 1 by the Cayley — Hamilton theorem. The element z2 = U satisfies
the characteristic equation (see Theorem 2). We have v =29 —21 =U —U =
—2(U)1. If (U)1 # 0, then yo = zo = U and we obtain the formulas (4).

4.2 The Case n = 2

We can take y; = z1 = U in Theorem 1 by the Cayley — Hamilton theorem.
The element x5 = U satisfies the characteristic equation (see Theorem 2). We
have vg = @9 — 7y = U — U = —2(U)s. If (U)2 = 0, then we can use the
formulas from the case n = 1. If (U)s # 0, then vy = Aeja, A # 0 is invertible

and yo = 112[71)2_ 1 — U because the pseudoscalar ejs commutes with all even
elements and anticommutes with all odd elements. We get the formulas (8).

4.3 The Casen =3

We can take y; = x1 =U i in Theorem 1 by the Cayley — Hamllton theorem.
Let us consider xo = U We have vo = @9 — 21 = U U and [vg,x5] = 0

because [U, U] = 0 in the case n = 3. Thus we can take yp = 5.
Let us consider z3 = U. We have

[23,v3] = [73,25 — (21 + T2)T3 + T271] = 0,

because the elements x1 + 2o = U + U and 2221 = UU belong to the center
Cen(Gp,q) = ggq D Q;q, and can take y3 = x3.
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Let us consider x4 = U. We have
[4,v4] = [x4,:r2°i —(x3+ 2 + 331)%2; + (z322 + 2321 + T2x1)2s — (T37221)] =0,

because the elements x1 + o :y~+ (~f~z}\nd ToT1 = UuU belong to the center
Cen(Gp,q), and x3xy = x4x3, i.e. UU = UU in the case n = 3. We take ys = 24.

We obtain y, = zx, £k = 1,2,3,4 and the following formulas, which are
another version of the formulas (11):

qnzﬁ+ﬁ+5+a
qmz—@ﬁ+ﬁ5+ﬁU+ﬁﬁ+ﬁU+5m,

Cpyy = OOU + UOU + UOU + 00U,

Clay = ~UOTU. (22)

Note that we obtain these formulas for the element U with invertible expressions
va, v3, and vy (for other elements U, other sequences x1, xo2, x3, 24 can be

considered). Also note that not every sequence y1, y2, ¥3, ¥4 from {(7 , ﬁ, U LU}
gives the correct Vieta’s formulas (see Theorem 3 and Lemma 7 in [17], the
formulas (11) and (22) are two of several correct forms).

4.4 The Cases n > 4

The generalized Vieta’s formulas in the cases n > 4 are more complicated. We
use the additional (triangle) operation (see [17])

n k(k—1)(k—2)(k—3)
Ut =Y (-1 U= Y, U= Y. (U (23)
k=0 k=0,1,2,3 mod 8 k=4,5,6,7 mod 8
Note that
Det(U?) # Det(U),  pua(N) #eu(N),  ou(U?)#0 (24)

in the general case (compare with the statements of Theorem 2).
In the case n = 4, the generalized Vieta’s formulas have the following form

Coy=U+0 + 0%+ T2,

Coay = —(UT + UT® +UT® + U0 + UU + (00)%),

Cpsy = UTD® + UDTA + U@D)® + 0(00)>

Coy = ~UT(OT)2, (25)

where the coefficients C(), k = 1,2,3,4 are not elementary symmetrical poly-
nomials because of the additional operation of conjugation A. These formulas
look like the ordinary Vieta’s formulas
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Cay =AM+ A2+ A3+ Ay,

Cioy = —(Mda + A1 A3 + A + A3 4 Aoy + Ashy),

Clay = MAas + A dads + MAshs + Adsa,

Clay = —A1A2A3)y, (26)

if we ignore the operation A. The analogues of the formulas (25) for the cases n =
5,6 are presented in [1] (see Theorem 5.1 and Sect. 8). These formulas also have
the form of elementary symmetric polynomials, only if we ignore the operation A,
and can be interpreted as generalized noncommutative Vieta’s formulas. These
formulas do not follow directly from the Gelfand — Retakh noncommutative
Vieta theorem, it is not easy task to guess the “right” (generic) ordered set of
solutions z1, xg, x3, ...x N of the characteristic equation to obtain the elements
Y1, Y2, Y3, - - ., yn we need in the generalized Vieta’s formulas. This is a task for
further research.

5 Conclusions

In this paper, we discuss a generalization of Vieta’s formulas to the case of geo-
metric algebras. We apply the Gelfand — Retakh theorem to the characteristic
polynomial in geometric algebras. We show how to express characteristic coeffi-
cients in terms of combinations of various involutions of elements. We compare
the generalized Vieta’s formulas with the ordinary Vieta’s formulas for eigen-
values. The role of the roots (which are complex scalars) of the characteristic
equation is played by some combinations of involutions of elements (which are
not scalars). The cases of small dimensions n < 3 are discussed in details. The
case of arbitrary eigenvalues (including the case of degenerate eigenvalues) is
considered. We plan to discuss Vieta’s formulas in more complicated cases n > 4
in details using different techniques in the extended version of this paper. We
also hope that the new approach presented in this paper (related to noncom-
mutative symmetric functions) will help to find more optimized formulas for the
determinant and inverse in geometric algebras in the cases n > 6.

Acknowledgements. This work is supported by the Russian Science Foundation
(project 21-71-00043), https://rscf.ru/en/project/21-71-00043/.

The author is grateful to K. Abdulkhaev and N. Marchuk for useful discussions.
The author is grateful to the four anonymous reviewers for their careful reading of the
paper and helpful comments on how to improve the presentation.

References

1. Abdulkhaev, K., Shirokov, D.: Basis-free formulas for characteristic polynomial
coefficients in geometric algebras. Adv. Appl. Clifford Algebras 32, 57 (2022).
https://link.springer.com/article/10.1007/s00006-022-01232-0


https://rscf.ru/en/project/21-71-00043/
https://springerlink.bibliotecabuap.elogim.com/article/10.1007/s00006-022-01232-0

11.

12.

13.

14.

15.

16.

17.

18.

On Noncommutative Vieta Theorem in Geometric Algebras 37

Abdulkhaev, K., Shirokov, D.: On explicit formulas for characteristic polynomial
coeflicients in geometric algebras. In: Magnenat-Thalmann, N., et al. (eds.) CGI
2021. LNCS, vol. 13002, pp. 670-681. Springer, Cham (2021). https://doi.org/10.
1007/978-3-030-89029-2_50

Acus, A., Dargys, A.: The inverse of a Multivector: beyond the threshold p+¢q = 5.
Adv. Appl. Clifford Algebras 28, 65 (2018)

Connes, A., Schwarz, A.: Matrix Vieta theorem revisited. Lett. Math. Phys. 39,
349-353 (1997)

Doran, C., Lasenby, A.: Geometric Algebra for Physicists. Cambridge University
Press, Cambridge (2003)

Fuchs, D., Schwarz, A.: Matrix Vieta Theorem, Amer. Math. Soc. Transl. ser. 2,
vol. 169, Amer. Math. Soc., Providence (1995)

Fung, M.K.: On a simple derivation of the noncommutative Vieta theorem. Chin.
J. Phys. 44(5), 341-347 (2006)

Gelfand, 1., Krob, D., Lascoux, A., Retakh, V., Thibon, J.-Y.: Noncommutative
symmetric functions. Adv. Math. 112, 218-348 (1995)

Gelfand, 1., Retakh, V.: Quasideterminants. I, Selecta Math. 3, 417-546 (1997)

. Gelfand, I., Retakh, V.: Noncommutative Vieta theorem and symmetric functions.

In: Gelfand, .M., Lepowsky, J., Smirnov, M.M. (eds.) The Gelfand Mathematical
Seminars, 1993-1995. Birkhauser Boston. 1996. arxiv.org/abs/q-alg/9507010v1
Helmstetter, J.: Characteristic polynomials in Clifford algebras and in more general
algebras. Adv. Appl. Clifford Algebras 29, 30 (2019)

Hestenes, D., Sobczyk, G.: Clifford Algebra to Geometric Calculus - A Unified Lan-
guage for Mathematical Physics. Reidel Publishing Company, Dordrecht Holland
(1984)

Hitzer, E., Sangwine, S.: Multivector and multivector matrix inverses in real Clif-
ford algebras. Appl. Math. Comput. 311, 375-389 (2017)

Lounesto, P.: Clifford Algebras and Spinors. Cambridge University Press, Cam-
bridge (1997)

Shirokov, D.: Basis-free solution to Sylvester equation in Clifford algebra of arbi-
trary dimension. Adv. Appl. Clifford Algebras 31, 70 (2021)

Shirokov, D.: On basis-free solution to Sylvester equation in geometric algebra. In:
Magnenat-Thalmann, N., et al. (eds.) CGI 2020. LNCS, vol. 12221, pp. 541-548.
Springer, Cham (2020). https://doi.org/10.1007/978-3-030-61864-3_46

Shirokov, D.: On computing the determinant, other characteristic polynomial coef-
ficients, and inverse in Clifford algebras of arbitrary dimension. Comput. Appl.
Math. 40, 173 (2021)

Shirokov, D.: Concepts of trace, determinant and inverse of Clifford algebra ele-
ments. In: Progress in analysis. Proceedings of the 8th congress of ISAAC, vol.
1, pp. 187-194. Peoples’ Friendship University of Russia (2012). (ISBN 978-5-209-
04582-3/hbk). arXiv:1108.5447


https://doi.org/10.1007/978-3-030-89029-2_50
https://doi.org/10.1007/978-3-030-89029-2_50
http://arxiv.org/org/abs/q-alg/9507010v1
https://doi.org/10.1007/978-3-030-61864-3_46
http://arxiv.org/abs/1108.5447

Transformations, Orientation
and Fitting



®

Check for
updates

Conjecture on Characterisation
of Bijective 3D Digitized Reflections
and Rotations

Stéphane Breuils' ®)®, Yukiko Kenmochi?®, Eric Andres®®,
and Akihiro Sugimoto*

! University of Savoie Mont-Blanc, LAMA Laboratory, Chambéry, France

stephane.breuils@univ-smb.fr

2 Normandie Univ., UNICAEN, ENSICAEN, CNRS, GREYC, Caen, France

yukiko.kenmochi@unicaen.fr

3 University of Poitiers, XLIM Laboratory, UMR CNRS 7252, Poitiers, France

eric.andres@univ-poitiers.fr
4 National Institute of Informatics, Tokyo, Japan
sugimoto@nii.ac. jp

Abstract. Bijectivity of digitized linear transformations is crucial when
transforming 2D /3D objects in computer graphics and computer vision.
Although characterisation of bijective digitized rotations in 2D is well
known, the extension to 3D is still an open problem. A certification algo-
rithm exists that allows to verify that a digitized 3D rotation defined by
a quaternion is bijective. In this paper, we use geometric algebra to rep-
resent a bijective digitized rotation as a pair of bijective digitized reflec-
tions. Visualization of bijective digitized reflections in 3D using geometric
algebra leads to a conjectured characterization of 3D bijective digitized
reflections and, thus, rotations. So far, any known quaternion that defines
a bijective digitized rotation verifies the conjecture. An approximation
method of any digitized reflection by a conjectured bijective one is also
proposed.

1 Introduction

Geometric algebra has revealed its sufficient capability of handling linear trans-
formations for geometric object manipulations, and has become a more powerful
tool for the computer graphics and/or computer vision communities. In this
paper, we propose to exploit digitized linear transformations, more specifically,
digitized reflections and rotations, with the help of geometric algebra. The major
problem with transformations in the digital world is that important properties
may be lost. One of those crucial properties is bijectivity. Applying a trans-
formation that is not bijective means that information may be simply lost or
irreversibly altered (in case an interpolation is added in the process).

Bijective digitized rotations are a subject of study for almost thirty years
now. First introduced in [1], the subset of angles for which digitized 2D rota-
tions are bijective has been fully characterized [8,10,14]. Interesting links have
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been made using Gaussian integers between twin Pythagorean triplets and the
angles of digitized bijective rotations [14]. More recently, Pluta et al. [13] have
brought a new light into this research subject by showing that similar results
using Eisentein integers exist for the hexagonal grid.

In 3D and higher dimensions, characterization of bijective digitized rotations
remains largely open. Pluta et al. [12] proposed a certification algorithm that con-
firms whether a given Lipschitz quaternion, which corresponds to a 3D rotation
whose matrix representation is with only rational elements, defines a bijective dig-
itized rotation, but characterization based on such quaternions remains elusive.

Meanwhile Andres et al. [2] proposed an algorithm for bijective digitized reflec-
tions in 2D which easily deduces a method that generates bijective digitized rota-
tions. Breuils et al. [3] used geometric algebra to reformulate the problem and
characterized 2D bijective digitized reflections. This is the starting point of the
present paper. Here we look into the 3D characterization problem by using tools
from geometric algebra [6,11] in order to overcome the problems of fundamentally
handling 4D objects that Pluta et al. [12] encountered due to using quaternions.
Geometric algebra allows us to establish a strong link between bijective digitized
3D reflections and bijective digitized 3D rotations. We first start by expressing
the problem in geometric algebra’s framework, and then focus more specifically on
reflections, rotations, and the way in which Pluta et al. [12] described the prob-
lem with help of quaternions. This leads to a conjecture on characterization of
rotation vectors corresponding to bijective digitized rotations in 3D, as well as
the related bijective digitized reflections. The geometric algebra tools enable us to
project Pluta et al. [12]’s quaternions into 3D and also visualize Pluta et al. [12]’s
results, which so far match our proposed conjecture. The conjecture leads us to
believe that all the cases where a digitized 3D rotation is bijective, correspond to
2D cases that are elevated to 3D. This greatly limits the scope of direct bijective
digitized 3D rotations. If confirmed, it implies that further research will have to
be conducted on approximated bijective digitized rotations. In the paper, we offer
a different avenue to prove the conjecture that, if proven correct, would answer a
thirty year old question. At the end of the paper, we propose an approximation
method of any digitized reflection by a conjectured bijective one.

2 Digitized Reflections and Rotations via Geometric
Algebra

Geometric algebra of a vector space is an algebra over a field such that the
multiplication of vectors called the geometric product is defined on a space of
elements, i.e., multivectors [6]. Geometric algebra is an intuitive and geomet-
ric object-oriented algebra that allows to define geometric transformations in
an efficient way. Definitions and compositions of geometric transformations are
given in the geometric algebra of R3, also called Gz; see [6].

Let us briefly review reflections and rotations with geometric algebra. For
more details, see [3,6,11]. We here focus on reflections and rotations expressed
as two reflections. Since Pluta et al. [12] proposed a certification algorithm for
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3D bijective digitized rotations represented by quaternions, we recall the link
between quaternion algebra and geometric algebra. We then finish this section
with the bijectivity condition and characterization of digitized reflections in 2D.

2.1 Reflections

A reflection is the isometric mapping from R? to itself with a hyperplane as a set
of fixed (invariant) points. It is defined as follows with geometric algebra when
the hyperplane goes through the origin.

Definition 1. Given a hyperplane passing through the origin, with its normal
vector m € R4, denoted by H(m), the reflection of point x € R™ with respect to
H(m) is defined as

um R4 — R4

X — —mxm ! = — L _mxm.
[lm]|2

Reflections U™ are said rational if all the components of m are rational. Note
that any rational reflection U™ can be represented by m = > ., u;e; such
that u; € Z and ged(uq, -+ ,uq) = 1.

2.2 Rotations

Any rotation is expressed as the composition of two reflections with geometric
algebra. If a first reflection w.r.t. H(m) followed by a second reflection w.r.t.
H(n), is applied to a point x € R? we have the point x’ such that

x' = —n(-mxm~Yn~! = (nm)x(nm)~!. (1)
In other words, x’ is the rotation of x around the intersection of m and n. Indeed,
assuming n and m are both normalized, we have

x' = (cos ¢ + sin ¢ I)x(cos ¢ — sin ¢ I), (2)

where ¢ is the angle between n and m in the rotation plane whose bivector is I.
Note that the angle of this rotation corresponds to 2¢.

More generally, the algebraic entity representing the rotation of angle  with
respect to the rotation axis whose bivector is U is defined as

0 0 U
Q = cos = + sin - —. (3)
2 2|4
Then, a point x is rotated to x’ as follows:
X' = QxQ, (4)

T = 0 _ qin 2 U
where QT = cos 3 sin 5 oy
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2.3 Geometric Algebra Rotations and Quaternions

The subalgebra composed of the scalar and bivectors R & /\2 R3? is isomorphic
to the division ring of quaternions; see [9]. Let us consider a quaternion

g=a+bi+cj+dk, a,bec,deR, (5)
where i2 = j2 = —1, ij = k and ki = j, jk = i. The pure imaginary components
can be related to the canonical basis of A*R? (bivectors) as follows:

i=es3, j=e3, k=emn. (6)
In G3, we can easily verify that e?, = e3; = e?; = —1 and

ij=egeis=enn=k, ki=epeyy=e3z3=j jk=epzen=ey3=1i (7)

2.4 Cubic Grids and Cells and Digitized Reflections

In order to digitize points, we need a grid. In the following, we use the cubic grid
also called the integer lattice defined as

Zd:{x: Z aiei|a¢eZ}.
i=1,...,d
To a point  on the cubic grid, it is handy to add the set of points that have the
point x as image after a rounding operation. This is called a digitized cell.

Definition 2 (transformed digitized cell). Let us consider a transformation
T such that any basis vector e; is transformed to Te;TT. The digitization cell of
k € Z3 transformed by T is defined as

Cr(k):={xeR*|Vie[ld |x—«l| <|x—r+TeT|
and ||x — k| <|x—K— TeiTTH}.
If 7 =1,ie. 7T is the identity, C;(0) is the typical digitized cell of the origin.

Figure 1 shows elements of Z3 with a digitized cell associate to a point of the
cubic grid Z3.

Definition 3 (Digitization operator). The digitization operator on a cubic
grid is defined as

"D : R4 — 7
D, Wi€i D iy gluit slei

This allows to define a digitized reflection as the composition of a reflection
and digitization.

Definition 4. Given a hyperplane H(m), a digitized reflection with respect to
H(m) is the composition of the reflection U™ with the digitization operator D
as follows

R™ 74 — 74

’ x +— Dol™(x).



Conjecture on the Characterisation in 3D 45

N

x & y
C] (2e1

(@ (b)

Fig. 1. (a) illustrates a set of points of 72 as black points, whose associated digitization
cells (voxel) are represented by wireframed cubes. The cube colored in blue is the
digitization cell of 2e1, i.e., C1(2e1). (b) shows the rotated points and digitization cells
by a geometric algebra rotation @, where the cube colored in blue represents Cq(2e1).
(Color figure online)

2.5 Bijectivity Condition of Digitized Reflections
and Characterization in 2D

In general, the digitization operator is not bijective, and, therefore, it is likely to
produce holes and/or coincident points. However, there exist subsets of digitized
transformations that are bijective. The characterization of these subsets were
shown for digitized reflections in [3] and for rotations in [8,14].

For the characterization of bijective digitized reflections, the key idea is to
investigate the structure of the set of remainders.

Definition 5. Given a reflection U™, the set of remainders S™ is defined as

Sm . 7dx7d_, R4
(XaY) = um(x) -y

Given the set of remainders, the bijectivity condition is given as follows
(see [14] also).

Proposition 1. A digitized reflection R™ = D oU™ is bijective if and only if
Yy € 24, 3x € 74, S™(x,y) € C1(0),
where C1(0) corresponds to origin-centered digitized cell.

Note that the above condition can be divided into two parts like [14]:

Vy € 74, 3x € 7Z¢,8™(x,y) € C1(0) <
vx € 74,3y € 74, 8™ (x,y) € C_.m_(0) ° (8)

[Tl
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provided S™(Z4,Z%) N C1(0) = S™(Z4,Z%) N Crme (0). Then,

T, = 8™(z4,24) N (c1<o) UC (0)) \ (c1<o) NC.m (0)) =0. (9

Equation (9) shows that no integer point exists inside the intersection of any
remainders and the digitized cells, which indicates that bijectivity is retained.
In [3], the characterization of digitized reflections using the bijectivity condi-
tion is presented. The idea there consists of expressing the bijectivity condition
using a geometric algebra rotation Q in 2D and expressing the set of remainders
of digitized reflections by the set of remainders of digitized rotations. Let us
present the resulting bijective digitized reflections as the proposition below:

Proposition 2 ([3]). Given a rational reflection line H(m) such that m =
—aey +bey, a,b € N*, the rational digitized reflection R™ is bijective if and only
ifa=1,0=2k+1ora=kb=k+1.

3 Conjecture on the Characterization in 3D

We have seen that characterization of 2D bijective digitized reflections is known.
In contrast, characterization of 3D bijective digitized reflections and rotations is
an open problem. Pluta et al. [12] presented an algorithm that certifies whether or
not a given Lipshitz quaternion (quaternion with integer components) is bijective.
We start by making the same assumption as the conjecture of [12].

Conjecture 1 ([12]). Given a vector m € R%, if one of the components of m
is irrational, the digitized reflection with respect to the hyperplane H(m) is not
bijective.

In order to give a conjecture on bijectivity, we first extend the certification
algorithm [12] to digitized reflections. We then brute-force search bijective digi-
tized reflections to capture an idea of their distributions. The brute-force search
result yields a conjecture on 3D bijective digitized reflection. This conjecture
enables us to deduce a conjecture on 3D bijective digitized rotations. Let us
start by describing the certification algorithm.

3.1 Certification of Bijective Reflections Through Lipshitz
Quaternions

The composition of a bijective digitized reflection (or non-bijective) with a bijec-
tive reflection is bijective (or non-bijective). Then, one possible certification algo-
rithm for digitized reflections simply consists in composing the input normal
vector with a reflection with respect to either the normal vector e;,es or es.
The result is a geometric algebra rotation and can be expressed with a Lipschitz
quaternion [4]. Thus, the resulting geometric algebra rotation can be certified
through Algorithm 1 of [12] with the four coefficients of the resulting geometric
algebra rotation.



Conjecture on the Characterisation in 3D 47

(@ (b)

Fig. 2. (a) Red points are sampled unit normal vectors that are in A. Yellow circle
arcs result from the boundary of A on the unit sphere (b) certified digitized reflections
that are in A. (Color figure online)

Thanks to this algorithm, we can employ a brute-force search method for
the bijective digitized reflections in a given window. Without loss of generality,
let us study the bijectivity of digitized reflections in the domain A delimited as
A={(z,y,2) € Z®|x >0,y > 0,2 > x + y} . Note that results in other domains
can be obtained from octahedral symmetry of A.

The method of brute-force search for bijective digitized reflections in A is as
follows. We start by sampling the domain A with normal vectors, and for each
normal vector m;, we apply the geometric algebra certification algorithm as
explained above. Both sampled m; in A and the resulting certified transforma-
tions are shown in Fig. 2. Note that this result was obtained with the geometric
algebra implementation ganja.js [5].

We observe in Fig. 2b that all the vectors m; in A such that the digitized
reflections U™ are certified to be bijective are on the planes 11 : x = 0,73 : 2 =0
and w3 : z = = + y. and there is no other digitized reflection Uy, such that m
is outside the intersection of A and these planes. Furthermore, without loss of
generality, given any conjectured bijective digitized reflection m,. € m N A, i.e.,
m. = bey + ces (b,c € N,ged(b, ¢) = 1), we find that either b=k, c=k+1 (k €
N)orb=1,c=2k+1 (k € N). This latter observation suggests that any of the
certified bijective digitized reflections can be expressed as an extension of the
2D bijective digitized reflections; see Fig. 5. This is the motivation of having the
conjecture presented in the next section.

3.2 Bijective Digitized Reflections on Base Planes 7w, w3, 73

In this section, we focus on digitized reflections on the planes 71, 7, 73 and give
some conditions of bijectivity.

Proposition 3. Any 3D digitized reflection R™ such that m € m1NA is bijective
iff

m=key+ (k+1)es or

m = ey + (2k + 1)es,

where k € N*,
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(b)

Fig. 3. Dark green points are the elements of the set of remainders in S™(x,y) N
(C1 (0) UCﬁ (O)) Both C1(0) and Cﬁ (0) are denoted with blue cubes. (a) The dig-

[m]|

itized reflection is bijective since there is no element in S™(Z*, Z*)N (C’1 (0) UC‘L (0)) \
(Cl(O)ﬂCﬁ (0)) . (b) The digitized reflection is not bijective as there is one element of
the set of remainders in each connected component of S™(Z*, Z*)N (C1 (0) UCﬁ (0)) \
(C1 0)n CHi:H (0)) (Color figure online)

Proof. Let m = ae; + bes + ces, thena =0and ¢ >b>0asm € m; NA. The
set of remainders ™, defined in Definition 5, is contained in the planes parallel
to 1, such as © = n (n € Z); so the minimal distance between two planes of the
set of remainders is 1. Furthermore, max(C;(0) - e1) = max(C'L| (0) -e1) =0.5.

[m]]

Thus, the intersection S™(x,y) N ((31 (0)UC m, (O)) € m. This yields

Iy = S™(Z2,Z°) N (cl(o) UCm, (0)) \ (cl(o) NCom (0)) €m.
Therefore, the bijectivity condition can be rewritten and proved as Zs (Eq. (9));
Proposition 2 can be applied. O

Similarly, the following proposition holds as well.

Proposition 4. Any 3D digitized reflection R™ such that m € moNA is bijective
if

m=ke; +(k+1l)es or

m = e + (2k + 1)es,

where k € N.
Examples of the set of remainders for these two last digitized reflections are

shown in Fig. 3. Now let us consider the case where the reflection plane normal
vectors m are on 7s.
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(a) (b)

Fig. 4. Both C;(0) and Cﬁ (0) are denoted with a blue cube. The plane z=x+y is
shown. Dark green points are the elements of the set of remainders in S™(x,y) N

(C1 (0) Ucﬁ (0)) Since no element of the set of remainders is in (Cl (0) ucﬁ (0)) \
(Cl(O) ﬂcﬁ (0)), the digitized reflection with respect to m is bijective (a), while it is

not bijective (b) as some elements of the set of remainders are in (Cl (ou Cﬁ (0)) \
(C1 (0)n CHi:H (0)) (Color figure online)

Proposition 5. Any 3D digitized reflection R™ such that m € w3NA is bijective

if
m = ke; + (k+ 1)ex + (2k + 1)esz or
m=e; + (2]{1 + 1)82 + (2k + 2)83 or
m=(k+1)e; + kea + (2k + 1)es or
m = (2k + 1)e; + ex + (2k + 2)es,
where k € N*.

Proof. Let m = ae; + bes + ces, then ¢ > a,c =a+ b as m € m3 N A. The set
of remainders is on the planes parallel to 73, for example, in C;(0) UC_m_(0):

[fm]l

S™(x,y) N (01(0) ucﬁm)) emUms+1Ums—1
The set of remainders for both bijective and non-bijective digitized reflections
whose normal vectors are in 73 N A is shown in Fig.4. The set of remainders
for both bijective and non-bijective digitized reflection whose normal vectors are
in 73 is shown in Fig. 4. These bijective or non-bijective normal vectors can be
obtained from normal vectors of digitized reflections that are on the plane z = 0
through orthogonal projection. Furthermore, Propositions 3 and 4 extends well
to digitized reflections whose normal vectors are on the projected plane. Thus,
the bijectivity condition can be rewritten and proved as Zo (Eq. 9). a
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Fig.5. (a) The intersection of the symmetric planes with the 2-sphere is shown in
black. The yellow dots represent elements in the symmetric planes and in the domain
A. (b) The red dots represent the bijective reflections that generate certified Lipschitz
quaternions. (Color figure online)

3.3 Conjecture on Bijectivity for Digitized Reflections
and Rotations

The three last propositions are the base for the following conjecture.

Conjecture 2. The characterisation of 3D bijective digitized reflections is the
extension of 2D bijective digitized reflections: a 3D digitized reflection is bijective
if and only if it can be expressed with one of the normal vectors presented in
Propositions 3, 4, and 5 or its octahedral symmetry.

Any rotation is the product of two vectors in geometric algebra of R3. More-
over, it is possible to generalize the conjecture to all the 2-sphere using the octa-
hedral symmetry and the planes 71, ™o, m3. The extension leads to all certified
Lipschitz quaternion; this naturally allows to extend Conjecture 2.

Conjecture 3. Any bijective digitized rotation in 3D can be defined as the com-
position of two (conjectured) bijective digitized reflections.

4 Approximation with a Bijective Digitized Reflection

As seen in Fig. 2, the angular distribution of bijective digitized transformation
is sparse. If our conjectures are valid, there would be a need to propose approx-
imation methods for arbitrary angles. The idea of this section is to extend the
approximation algorithm presented in [3] to R and approximate any digitized
reflection with its nearest bijective one. First, let us consider the set of conjec-
tured bijective digitized reflection as

By, = {U™ | m=\1—p)kes + p(l — Nkey + (k+ 1)es,
m = A(1 — p)er + (1 — Aez + (2k + 1)es,
m = (k+ 1)e; + key + (2k + 1)es,
m = le; + (2k + 1)es + (2k + 2)es,
Mp€{0,1} M+ p =1,k € N* k < kypas }-
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Fig. 6. Approximation of two digitized reflections, the normalized normal vector is
shown with green dot, bijective normal vectors are shown with red dots and nearest
bijective digitized reflection is shown in blue. The nearest symmetry plane is the y = 0
plane in (a) and z = = + y plane (b). (Color figure online)

for a given k.. € N*. We present here a straightforward way to approximate
any digitized reflection ™ with a bijective digitized reflection U™ of By, . for
a given k4. such that
arg min d(m, m,) (10)
UBEBy, ..
where d(a, b) is the angular distance between two vectors a and b.

For this, we look for m that minimize the above objective on each plane of 7,
T, m3. Let us consider that m € m;. Let P;(m;) be the orthogonal projection
of m; into 7;. Then the above optimization on 7; consists in finding k; that
minimizes

arg min  d(m,P;(m;)). (11)
UM EBL,, 0 N7
Without loss of generality, let us consider the case j = 2 with writing P;(m;)) =
(2,0, z). Minimizing the above objective results in

-~ . (‘ kz— (k+ 1)z
ko = arg min = =
Fellz=s M= ) rameny N (b + 1)z + ke

Note that this latter computation requires a constant time operation and does
not depend on k.. Furthermore, the changes to perform for other symmetry
planes merely consists in replacing z with y for the symmetry plane x = 0, and
z with y for the symmetry plane z = x + y. The solution of (10) is the minimum
among the three solutions of (11) for j = 1,2, 3. Figure 6 shows the computation
of the nearest bijective reflections of two non-bijective digitized reflections.

z— (2k+ 1)z
z+ (2k+1)z

3
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5 Conclusion

We proposed conjectures on bijective 3D digitized reflections and rotations using
geometric algebra. We presented an extension of the certification of any Lips-
chitz quaternion to any digitized reflections whose normal vector has rational
components. We also showed how any reflection is approximated by the nearest
bijective digitized reflection. Proving the conjectures is certainly our perspec-
tive while the study of bijectivity is limited to the cubic lattice. Naturally, an
extension of the presented conjectures to other 3D Bravais lattice with geometric
algebra [7] is also expected as a perspective of this article. We are also interested
in adapting the presented conjectures to the case where the number of points of
73 is finite; in this case there would be more bijective digitized reflections and
rotations.
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Abstract. Oriented elements are part of geometry, and they come in
two complementary types: intrinsic and extrinsic. Those different ori-
entation types manifest themselves by behaving differently under reflec-
tion. Dualization in geometric algebras can be used to encode them; or
vice versa, orientation types inform the interpretation of dualization. We
employ the Hodge dual, to include important algebras with null elements
like PGA. Oriented elements can be combined using the meet operation,
and the dual join (which is here introduced for that purpose). Software
written to process one orientation type can be employed to process the
complementary type consistently.

1 Oriented Geometry

In many applications of geometry, it makes sense to consider the geometric prim-
itives as being oriented. In ray tracing, for instance, the rays are lines oriented
in the direction of their propagation, and they interact with oriented surfaces
which bound the interior of shapes. In mechanical motions, axes have a sense
of turning — clockwise or counter-clockwise. There is thus a need for an algebra
that computes consistently with such orientations.

However, many of the frameworks for geometric computation (such as ‘homo-
geneous coordinates’) are based in the mathematics of projective geometry, which
traditionally neglects scalar factors independent of sign. Stolfi [1] was among the
first to reintroduce signs in his thesis-based book ‘Oriented Projective Geom-
etry’. The rich illustrations of the various mathematical models, which were
clearly meant to clarify, ultimately perhaps obscured the algebraic structure;
the framework was never adopted universally.

In the last few decades, the formalization of geometric computations has a solid
foundation in geometric algebra (or Clifford algebra) [2,3], with its ability to have
not only subspaces as elements of computation (in a Grassmann-algebra man-
ner), but also the ability to transform them universally with versors (represent-
ing orthogonal transformations), projection operators, etc. By choosing appropri-
ate representation spaces with suitable metrics, this unifying framework can use
versors to model changes of d-dimensional attitude (in the GA of directions Ry),
Euclidean motions (in the plane-based PGA Ry 0,1 [4,5]), conformal transforma-
tions (in the conformal CGA Ryy1.1 [2,6]), 8D projective transformations (in the
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3D line algebra Rs 3 [7]), and more. However, also in geometric algebras the con-
sistent processing of orientational aspects has been mostly neglected.

There are actually two complementary types of orientation we want to rep-
resent. A line in 3D, for instance, can be oriented ‘along’ (as in linear motion
and momentum) or ‘around’ (using the line as an axis). We will call these an
“intrinsic’ and ‘extrinsic’ orientation, respectively. Both are needed: when mod-
elling 3D dynamics in PGA [4,8], the extrinsic line of an axis or rate is encoded
as a 2-blade and the intrinsic line of a force or momentum as a dual 2-blade.

This paper aims to make orientation treatment integral to geometric algebras,
by relating it directly to the common operation of (Hodge) dualization.

2 Two Complementary Types of Orientation

Let us consider some simple situations which we may want to represent in our
algebraic framework, see Fig. 1. Actually doing so using current geometric alge-
bras will convey a computational paradox in the next section.

Fig. 1. Lines of complementary orientations reflect differently in a mirror.

In Fig.1 top left, a plane is given, and an oriented line perpendicular to
it. This line was made as the join of two points (not indicated), and therefore
by the order of these points acquires the indicated orientation direction ‘along’
the line, which we will call intrinsic orientation. When we reflect the points
in the indicated plane, the ordered line based on them acquires the opposite
orientation. If we had instead considered an ordered line parallel to or even in
the reflection plane (Fig. 1 bottom left), that line’s orientation would have been
preserved after reflection.

In Fig. 1 top right, we see an ‘axis line’ perpendicular to the reflection plane.
Let us consider that extrinsically oriented line as having been constructed as
the intersection of two orthogonal oriented planes (orthogonal to the reflection
plane and to each other, not indicated). The two planes might have been ori-
ented by labeling their ‘front’ and ‘back’. Their meet line acquires an extrinsic
orientation ‘around’ itself, by the ordering of the two planes whose meet it is
(by the orientation of the shortest rotation angle that would achieve coincidence
of the planes). This time, when we reflect the situation in the reflection plane,
the two orthogonal planes remain unchanged (if extrinsic) or both swap signs
(if intrinsic), and so their meet line after reflection is the same as before. By
contrast, if we have a meet line parallel to the reflection plane (Fig.1 bottom
right), its orientation changes sign. It should, because when used as a rotation
axis, the sense of rotation is reflected in the mirror.
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That is how oriented geometry works in 3D. There are two types of lines: join
lines (sometimes called ‘spears’) and meet lines (often called ‘axes’), and they
are both useful. For instance, when encoding 3D classical mechanics, join lines
are local orbits or momenta of points, driven by motions that specified by meet
line axes (finite for rotations, ideal for translations) [8]. The two types of lines
show different reflection behavior, so they are geometrically and algebraically
different.

Similarly, there are two types of planes: the ones with inside/out specification
have an extrinsic orientation like /&, and the ones made as the join of points
have an intrinsic orientation like «@>. The former may be used to denote local
inside/outside of a planar patch of a composite object, the latter for handedness-
preserving local texture mapping.

3 A Representational Paradox

However, when we start encoding the situation in geometric algebra, we appear
to run into trouble. Let us take the simplest GA model, the algebra of directions
3D DGA Rj; (we call it DGA since it is a model of reality used to encode
directions in 3D space; though its structure is simply that of the algebra Rs;
we want to focus on how it is used to model reality). To use it to codify the
phenomena of Fig. 1, we should choose our origin at the point of intersection of
the reflection plane and the (orthogonal or parallel) line considered.

In 3D DGA, reflection of a vector x in a plane with normal n is done by
x — —nxn~! [2]. This is simply the conversion to geometric algebra of the
familiar reflection formula x +— x —2*2*n of linear algebra, reflecting a vector
x in an origin plane with normal vector n (converted to GA by replacing the
dot product with the geometric product through a-b = (ab + ba)/2).

So we apparently use vectors in DGA to represent planes through the origin
by their normal vector n. Therefore in this simple model, it makes sense to con-
sider the reflected x also to be the normal vector of a plane; that gives a single
type of algebraic vector element which can be consistently interpreted geomet-
rically in DGA. For multiple reflections by a versor V, made as the geometric
product of a number of |V| vectors, applied to an element X of grade |X|, the
sandwiching formula becomes:

X — V[X]=()XViyxy-t (1)

The derivation is immediate from the vector reflection formula, see e.g. [3].
Although here briefly motivated by DGA, Eq. (1) is actually the general formu-
lation in any GA. Only the geometric semantics of the algebraic vectors differs
per model; the algebra is always the same. Moreover, any geometric algebra has
a wedge product A; it geometrically represents the intersection of planes, so we
refer to it as the meet. It produces k-blades from vectors. There is also a join
operation V, but we will be obliged to modify it; more about that later in Sect. 8.
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The sign occurring in Eq. (1) is the natural sign one expects for multiple
reflections of elements, in the normal representation of extrinsically characterized
mirrors. Note that for even versors (the ‘motions’ of the algebra), there is no
nett sign change: orientations can only swap under nett reflection.

To be concrete, let us provide 3D DGA with an orthonormal basis of planes
{e1,e2,e3}. We take as mirror the plane e;. The two orthogonal planes e; and
e; meet in the extrinsically oriented line e; A e3 = e15 of Fig. 1(top right). If
we reflect the situation, Eq. (1) gives e; — ezle1] = —egejes = e; and hence
the plane e; is preserved. The plane e; is preserved as well, and therefore so
is the meet line ejs; we can of course also compute that preservation directly
as eslejs] = egejpe3 = ej2. A meet line parallel to the mirror, such as ess of
Fig. 1(bottom right) reflects to es3 = ea A e3 — ex A (—e3) = —eqs, just as we
motivated geometrically.

Now consider an intrinsically oriented line, geometrically coinciding with ez,
see Fig. 1(top left). How are we going to represent it? The element e;2 is no
longer available, and moreover exhibits the wrong reflection behavior: we want
a reflection in the es-plane to change the sign of that intrinsic line in the es-
direction. The element ej reflects properly es — es[es] = —eszeses = —es, but in
DGA it already has the meaning of (the normal vector of) a plane. So there is no
element available, yet such a ‘join line’ is an oriented element that we would like
to compute with. Somehow, we need to extend DGA to truly become the algebra
of oriented directions, with both complementary types incorporated. DGA by
itself does not seem big enough, since we have run out of algebraic elements.

4 Dualization

Like any geometric algebra, DGA has a dualization operation * (here geomet-
rically corresponding to ‘taking the orthogonal complement’). This dualization
implies that an element of the algebra can be written in two ways, with possi-
ble consequences for its geometrical interpretation. For instance, the vector es
represents the externally oriented plane £>; but algebraically, es = ez, so the
element e, could also be seen as characterizing geometry related to that plane.
To consistently identify that geometrical interpretation, we should be guided by
how algebraic elements and their duals transform.

We first derive how ‘dual’ elements reflect differently than ‘direct’ elements
under a versor V. The difference is a sign that is related to the parity of the
Versor:

VixX] = () % (V[X]). (2)

The proof should be straightforward once we have defined the dualization. Any
linear dualization works in principle, but let us focus on the Hodge dual. The
Hodge dual * is a linear operation, and therefore can be defined for arbitrary X
by decomposing it on an orthogonal basis of blades X = ", X;E;, and specify-
ing how dualization works on the orthogonal basis elements. (Here ‘orthogonal
basis’ means that the basis blades are composed from a basis of orthogonal basis
vectors.) We choose an implicit definition:
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Hodge x on orthogonal basis element : E; (xE;) = T, (3)

where 7 is the pseudoscalar of the algebra; a chosen sign for the pseudoscalar
therefore fixes the sign of the Hodge dual. For d-D DGA Ry, we use Z = I; =
ejey - -eg; for d-D PGA Ry 1, we use Z = egly. Since in a general algebra, E;
may be null, we could not simply define xE; = E; 'Z instead of Eq. (3).

Algebraically, Eq. (3) states that, for any orthogonal basis element E; (like
ep1in 3D PGA), the dual contains ‘the other indices’ (like es3 in 3D PGA),
and possibly a permutation sign. For a general X = > . X;E; we simply have
*X = ZZ X; x E;, since dualization is defined to be linear.

With that definition of the Hodge dual, we can attempt to prove Eq. (2) first
for the basis elements, then for general X. From Eq. (1), a versor V applied
as sandwich to the pseudoscalar gives V[Z] = (—1)IVIZ, the factor being the
determinant of the map V][]. We can write Z = E; x E; which transforms
to V[Z] = V[E;]V[¥E;]. But we also have Z = V[E;] * V[E;] by the defini-
tion of the Hodge dual for the element V[E;]. We thus find V[E;] x V[E;] =
(—)IVIV[E;] V[xE;]. If E; is invertible, then so is V[E;] and we can deduce that
V*E;] = (—1)IV « V[E;]. By linearity, this then extends from E; to general X,
giving Eq. (2). O

Note that the last part of this derivation does not work for null elements,
even though the Hodge dual is well-defined for them. Such null elements occur
in very useful algebras like PGA, so we need to be able to handle them. Our
solution is to postulate Eq. (2) for all intrinsic elements, as the map V[] by which
intrinsic elements should transform:

VixX] = (- «V[X]. (4)

The right hand side is always well defined, since the versor acts on a direct
element X of the algebra.

With this equation for the transformation of Hodge duals, we can perform
transformations on them without getting out of the algebra — there is thus no
practical need to introduce a dual space to store the dual elements. You do need
to know whether an element is to be considered as dual, though.

Applying Eq. (4) requires retrieving X from X . This is the Hodge undual-
ization, which generally differs from dualization by a possible sign:

x X = (=) DX X (5)

where | X| denotes the grade of X, and n the dimension of the representational
space (so for d-D PGA Ry 0,1 we have n = d+ 1). For an orthogonal-basis blade
E;, of grade k: (xEi)(x(xEx)) = Z = Ex(xEx) = (=1)F"=F) (xE})Ey, so that
* 1B, = (=1)FF) « E, = (=1)*("=D x E;. Equation (5) for general X then
follows by linearity. [

It is now possible to tie duality to the objective geometric property of orien-
tation type, for we observe that the sign in Eq. (4), which depends on whether
V] is a nett reflection, is very reminiscent of the difference in behavior between
intrinsic and extrinsic orientations of geometric primitives observed in Fig. 1.
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The central idea of this paper is that (Hodge) duals are encoding the comple-
mentary orientations within the existing structure of any geometric algebra.

5 Complementary Orientation by Hodge Dualization

Let us illustrate the dual relationships by an example in 3D DGA: consider the
reflection in ez, so that V' = e3. The orthogonal plane e3 ~& changes sign under

this reflection in es /&, since esles] = —es, which is 7. The element %es is
algebraically equivalent to es, since xe12 = e3. And indeed, xeio also changes
Sigl’l: %[‘kelg] = 63(*912)63 = — % (6361263) = — % €ej13.

At this point, we may not quite know how to interpret xe;s, other than that
it has a geometry related to the extrinsic line e ¢; should we view xe;5 as the
intrinsic line 4, or as the orthogonal intrinsic plane «g>7 But we have just seen
that of the two choices to interpret xe;s, the intrinsic line 4 changes sign under
reflection in es, while the geometry shows that is unchanged. This suggests
that xej should be interpreted as the intrinsic line 4. That is indeed confirmed
by noting that es > and xejs 4 also behave identically under the other two
reflections in the planes e; & and ey (>: they are both invariant.

Similarly, the dual rewriting of the algebraic element e;5 ¢ is the equivalent
*e3, and this should be interpreted as the intrinsic plane «g>: they both change
sign under an e;-reflection or es-reflection, and are invariant under es-reflection.

We thus find that dual rewriting of algebraically equivalent elements produces
geometrical objects with identical symmetries, and that they can be interpreted
as being of the complementary type of orientation. More precisely, one algebraic
element A can be parametrized in two different ways: direct as A, giving the
extrinsic orientation as geometric interpretation (this was the implicit under-
standing in most earlier texts); and dually as A = *B, giving the intrinsically
oriented version of a geometric element B.

In Fig.2 we suggest an iconic visualization of the various elements of 3D
DGA and 3D PGA; this helps guide a more intuitive application of the algebras.

6 Visualization of Oriented 3D DGA Primitives

The algebra 3D DGA has extrinsic elements that are normal directions (of vary-
ing dimensions) at one location, which we will call the origin.

Planes: The extrinsically oriented coordinate planes are the basis elements of
this algebra, and they are visualized as e; ,& and e, (* and e3 4. Their duals,
the intrinsically oriented planes, are xe; & and xes @ and ez <&>.

Lines: The intersection of two coordinate planes produces the corresponding
extrinsically oriented meet line. This gives es3 ¢ and es; ~& and ejs ¢. Their
duals are the intrinsically oriented lines xes3 & and xe3; ™ and xejs 4.
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Point: 3D DGA has only one point, the meet e123 of the coordinate planes. It
is extrinsically oriented, which we may indicate by a right-handed screw symbol
like e123 &7. Its dual xe;o3 is that same origin point, but now with an intrinsic
orientation. We denote it by xej23 &7, with open point and open arrowhead.

Volume: At the other end of the blade spectrum, there is the element 1. It
represents the externally oriented volume element, which we tentatively denote
by an un-anchored right hand screw symbol 1 &. Its dual is the intrinsically
oriented volume element, which we could denote by %1 5, with open arrowhead.

[ £
© © +
1 *1 €0123 *€0123
< ®
JQ 6-‘ d? Q @ .@ . ' ° o
(31 €2 es3 *€1 *€2 *e3 €032 | €031 | €021 ||*€032 | *€012 |*€021
- \ 4
4/) \(\ L\" ))/ \b\ * 2> ‘aU :\ {_V > v >
€23 €31 €12 *€23 | X€31 | *€12 €o1 €02 €03 *€01 | *€p2 | *€p3
&' v
& & ¢ ®
€123 *€123 €0 *€0

Fig. 2. Left: The oriented basis elements of 3D DGA, the algebra of normal directions
of origin planes. Right: The additional oriented elements for 3D PGA, the algebra of
general planes. The gray sphere denotes the ideal plane at infinity.

7 Visualization of Oriented 3D PGA Primitives

Since FEuclidean motions can be represented as multiple reflections in offset
(hyper)planes, they form the versors of an algebra in which the vectors repre-
sent geometric hyperplanes. This is PGA (plane-based geometric algebra) Ry .1
[4,5]. Tt parametrizes (hyper)planes through their normal vectors as n — deg,
similar to [n',4] in ‘homogeneous coordinates’. The PGA embedding consis-
tently includes Euclidean elements like offset lines and points, as meet and join
of multiple planes.
Since 3D PGA subsumes 3D DGA, the total visualization table is Fig. 2.

Lines and Their Duals: In 3D PGA, lines and their duals are rather straight-
forward to depict. The element e;5 is the extrinsically oriented line ¢, in PGA as
well as in DGA. It was equal to the dual xeg in DGA, the intrinsically ori-
ented es-plane. In PGA, eq3 is equal to the dual xeg3 (since egge12 = eg123 = 7),
which is an ideal join line at infinity. We will depict the ideal elements in grey;
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then the chosen icon of the intrinsically oriented ideal line xegs3 «, ' clearly
encodes that its spatial oriented properties are similar to those of e ¢.
Conversely, in 3D PGA eg3 is algebraically equal to xej5. The ideal extrinsic
line eg3 is the ‘ideal axis’ of a translation in the es-direction, and we visualize
it as eg3 & ¢ (you can imagine how this ‘axis’ would act on a finite point in
the middle by translating it upwards). The dual line xeqo is intrinsic, and may
be depicted as 4 (just as it is in DGA). Both eg3 & ¢ and xejy 4 clearly have
the same reflection symmetries in the non-ideal coordinate planes e, es, es.
(There is no need to check reflection behavior in the ideal plane ep: since it is

not invertible, it cannot reflect: so Eq. (1) is not defined for it.)

Planes and Points: In 3D PGA, the 1-vector (a geometrical plane) is dual
to a 3-vector (a geometrical point). The exceptional ideal plane ey has unusual
reflection properties: it is invariant under the reflection in any coordinate plane
e1, €, - - -, and we may depict it as =” (it has an inward extrinsic orientation, as
you can see by taking the limit of an offset extrinsically oriented plane n—de, for
large ). By contrast, its dual xey equals e123, the oriented point at the origin.
That acquires a minus sign under any reflection by Eq. (2). As in DGA, we depict
it as ej23 &7, an origin point with a 3D screw-based orientation symbol.

The extrinsic coordinate plane e3 & is visualized simply by its normal vector,
and its dual xes by the intrinsic orientation «@>. This dual xes is algebraically
equal to xe3 = eg21, and the question arises how we show depict the latter
element. Let us first see how it occurs geometrically.

Consider a point Z at location z = zes, which is represented as Z = O+zZ =
€123 + z€p21 (see [8]). As z becomes large this tends to become ega1. Thus ega;
can be conceived as the oriented point at infinity in the positive es-direction,
and we might depict it as \~, a solid point on the grey ideal plane. But under
reflection in the es-plane, es[egz1] = —esepa1€3 = €po1: it is invariant. That is
not at all what we expect from the visualization ega; '~ under an es-reflection!

Algebraically, the point Z reflects to e3[Z] = —eja3 + zep21 = —(e123 —
zep21) = —(O—2z7), which is a negatively oriented point at the reflected location
—z. From this, we understand why the direction ego; should indeed be invariant,
or this double negation would not work. Thus indeed the infinite es-direction
should not change under es-reflection; but the icon ego; ~ does not convey this.

An algebraically more appropriate way of approaching egs; could be to write
ep21 = €12 A (—eg); this shows that ego; is the intersection of the extrinsically
oriented line ejs ¢ with the invariant ideal plane eg, and that it thus inherits
the symmetries of e1s ¢. A fairly faithful depiction of that construction would
be eg21 (¢, but this does not convey the point-like nature of the element egs1.

It is a dilemma. We propose to use the icon ego; ~ , but with the understand-
ing that its reflection properties are those of ej» ¥ (and hence of xe3). Those are
strange: under an es-plane reflection, epz; = must be invariant, but under an
e;-reflection it should become its opposite —eg21 . So be it.

The dual xegs; is an intrinsically oriented point at infinity. We depict it as °
an open dot on the ideal plane. This actually has the same reflection symmetry
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as e3, and the intrinsic direction icon ' thus behaves as we would expect from
a 1-dimensional direction element: in an es-reflection it becomes ' . Directions
are intrinsically oriented ideal elements.

Scalar and Pseudoscalar: The extreme elements of grade 1 and d + 1 of the
PGA algebra Ry 1 are less obvious (or helpful?) to visualize.

The geometric positively oriented d-volume represented by the algebraic ele-
ment 1 could be denoted by an unlocalized right-handed screw symbol, like & in
3D, an unanchored version of the icon for ejo3 &7, as in DGA.

The geometric dimension of the pseudoscalar eg123 is one less than that of a
point. Such a geometric dimension of —1 is merely a scalar, so it could simply
be denoted by a sign + for €0123 and _ for —€0123-

The dual volume *eq123 is algebraically identical to the element 1. We have
as yet no clear intuition of how an intrinsic signed number *eg123 should differ
from its extrinsic counterpart, so for now denote it in grey as ‘.’.

8 The Dual Join

From PGA (hyper)planes as basic extrinsically oriented elements, we can con-
struct extrinsically oriented (hyper)lines, etc. by intersection. That geometric
intersection operation (actually, piece-wise linear intersection, see [3]) is per-
formed algebraically by the fundamental meet operation in any geometric alge-
bra, the extension of the anti-symmetric (Grassmann) product A on the hyper-
plane vectors. When its arguments X and Y are transformed by a versor V', the
meet product transforms like an ‘outermorphism’:

VIXINVY] =V[X AY]. (6)

As we have seen, dual elements will play a role in our geometric modelling, so
we can wonder what the meet of duals of X and Y is. It may seem to make sense
to express the outcome again as a dual (see e.g. [3]). We then define this total
combination operation on X and Y as the join, denoted by X VY:

join: x (X VY)=%X AxY. (7)

However, when we look at a specific result, we find for the join of two points (see
[8]): €123 V (€123 + €1€0123) = €123 V €32 = * '(eg Ae1) = x 'eg1 = ea3. Thus
the join line connecting the two points separated in the positive e;-direction
is represented as an eztrinsically oriented element es3 $&. In the context of
oriented geometry, we would much rather have the result of joining two points
in an intrinsic form, oriented intrinsically from the first point to the second,
since that has the correct transformation symmetries. As we have seen, this is
the dual xes3 & of the extrinsic result. So for the purposes of oriented geometry,
we would rather define a new join Vv, which we could dub the dual join, through:

dual join: X VY = «X A *Y. (8)
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Now the result of this dual join of the two points above is xes3 &, the desired
intrinsically oriented element. Note that the dual join is indeed the dual of the
join: X VY = (X VYY), hence its suggested name.

The dual join transforms like an outermorphism under versors:

VIX VY] = VX AxY] = VEX] A VY] = - = VIX] VYY) (9)

By contrast, the classical join of Eq. (7) contains an odd number of dualizations,
and thus transforms as V[X VY] = (=1)VI V[X] Vv V[Y] (see [5]).

The classical join is associative, but the dual join is somewhat awkward in
this respect. It is not associative in the explicit form given for two arguments: you
cannot simply apply that formula twice to compute X VY VZ as (X VY)V Z.
Rather, the extension of the dual join to more than two arguments should be
done via its duality to the associative classical join:

XVYVZ=+r(XVYVZ)=+X A*Y AN*Z.

Example: The PGA points Qg = O = eq23, @1 = O + e1Z = eq23 + €p32
and Q2 = O + exZ = eja3 + €p13 classically join (see [5]) to form an extrinsic
plane: Qo V Q1 V Q2 = * (xQo A *xQ1 A *Q2) = * (€123 A x€032 A *€013) =
*x"1(ep21) = e3 & By contrast, the dual join Qo V Q1 V Q2 = x*Qo A*Q1 A*xQo =
*e3 is the desired intrinsic plane xe3 <g>.

We adopt the meet and the dual join as our preferred combination operations
on oriented geometric elements. The meet preserves the orientation type, the
dual join switches to the complementary type.

9 The Four Sibling Relationships

We now have two complementary ways of looking at oriented elements (intrinsic
and extrinsic), and two dually related combination operations (meet and dual
join) to produce new elements from a pair of existing oriented elements, be they
intrinsic or extrinsic. These 2 x 2 possibilities combine to produce four closely
related structural connections in oriented geometric algebra. To be specific, we
take the equation ez A e; = e3; and relate it to four associated expressions, by
dualization of arguments and dualization of the combination operator.

Meeting Extrinsics: In the normal vector interpretation, the equation ez A
e; = ez states how a line is made from the meet of two planes:

esNe; =e3z & ALK =r (10)

The resulting bivector e3; can be used to construct a rotation versor around the
extrinsic axis es; by exponentiation as exp(—es1¢/2).
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Meeting Intrinsics: Duality x in 3D DGA allows us to rewrite e3 = xeja,
e; = xey3 and e3; = *eq, so Eq. (10) can also be read as:

* €12 N\ x€23 = %€y <> ‘}/\}/:@ (11)

As the sketch shows that this retrieves the usual intuitive construction in the
algebra of direction vectors (sometimes called VGA), with the usual outer prod-
uct, to make an oriented bivector from the outer product of two vector directions.

Dual-Joining Extrinsics: We apply the dual join operation to rewrite Eq. (11:
eiaVey =xey & ¢V =g (12)

This denotes how two extrinsically oriented lines can be dual-joined to become
an intrinsic plane, with an orientation determined by the smallest rotation.

Dual-Joining Intrinsics: Finally, we rewrite Eq. (12) in dual form:
*e3V xe; =e3; <> @VQ:\(\. (13)

This shows how two intrinsic planes dual-join to form an extrinsic line, with the
orientation again determined naturally by the smallest rotation.

The combination of different orientation types in 3D DGA mostly yields
trivial equalities like e3 A xe3 = eja3 = *x1 <+ & A = &' = b and
xez3 Ne; =0 < <> A K = 0. We may investigate the geometric significance of
such mixed combinations later, but not in this paper.

10 Computing with Complementary Orientations

The regular way of computing with PGA is based in the extrinsic ‘planes as
vectors’ paradigm, which can naturally construct Euclidean motion versors as the
exponentials of extrinsic bivectors (the ‘axes’). In previous texts on PGA, that
extrinsic orientation was assumed, often implicitly (though [8] briefly mentions
the issue). The same holds for the other algebras: some orientation is implicitly
assumed, often only to be gathered from how an author defines the sandwiching
action for a single vector (the sign in their equivalent of our Eq. (1)).

We would of course also like to transform those new intrinsically oriented
elements of the form xB, since they are useful in modelling reality. This is simple,
since Eq. (4) tells us how to revert to a corresponding transformation on an
extrinsic element B:

VxB] = (-1)/V! « V[B]. (14)

There is therefore no real need to develop separate software to implement the
intrinsic elements, including endowing them with their own sandwich product.
But beware: using Eq. (14) is not the same as evaluating the extrinsic element
A algebraically equivalent to xB, transforming that, and rewriting in dual form!
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As a PGA example, using the reflector p = e3 — dey (the plane offset by
0 in the positive es-direction), on the extrinsic plane ez gives: es — ples] =
—(e3—deg) e3 (e3—deg) = —e3+20ey = —(e3—2dey), which is the opposite plane
—e3 G~ offset by 2des from the origin. For the intrinsic xes we find by Eq. (14):
xe3 — P[xe3] = — x pleg] = x(e3 — 2dey), the intrinsic plane «g> offset by 2de;.
However, had we naively evaluated xe3 = egs1, transformed that and rewritten
in dual form, we would have found: plega1] = —(es — deg) epa1(e3 — deg) =
—eg21 = — + e3; which is clearly wrong: the null elements wreak havoc and even
the orientation sign is incorrect.

11 Conclusion

We have found that a single copy of a geometric algebra can support the repre-
sentation of both extrinsic and intrinsically oriented elements. Those two com-
plementary orientation types are related by dualization, and using the Hodge
dual allows us to represent the duals within the original algebra. Since intrinsic
elements transform differently than extrinsic elements under reflections, we do
need to tag whether an element is intended to be used dually; if so, the correct
reflection follows Eq. (4), so it may take an extra minus sign relative to the stan-
dard extrinsic sandwiching Eq. (1). For even versors, there is no sign difference
between the complementary orientation types, which are both just moved along.

We used the Hodge dual throughout, since we have found algebras with null
elements and a null pseudoscalar useful in applications; notably the plane-based
PGA encoding Euclidean motions. The fundamental structure that supports
complementary orientations can however be carried by any form of dual; we
may soon consider employing the Poincaré dual [9] instead.

We found that elements of the same orientation type can be combined to
produce an element of the same type by the meet operation, or of the comple-
mentary type by the dual join. That dual join is exactly dual to the join usually
introduced in treatments of geometric algebras that ignore orientation types.

By courtesy of the (Hodge) dual, complementary orientation types can be
accommodated in existing geometric algebras. This makes them complimentary
as well as complementary; so you might as well use them!

Acknowledgement. My sincere thanks to Steven De Keninck for catching a major
oversight in the computational mapping, leading to refinement of Eq. (4).
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Abstract. We introduce a new conic fitting algorithm using Geomet-
ric Algebra for Conics (GAC) that not only minimises the overall dis-
tance to a data set, but also causes the fitted conic to pass through pre-
scribed waypoints. Moreover, the expression for points at infinity (also
called improper points) in terms of GAC is derived; hence, the use of
the improper waypoints in the conic fitting problem is enabled. Finally,
a MATLAB implementation of the fitting algorithm and experimental
results based on custom data sets are included.

Keywords: conic fitting - geometric algebra - Clifford algebra - proper
point - point at infinity - ideal point - improper point - waypoint

1 Introduction

Geometric Algebra for Conics (GAC), originally introduced in [9], and conse-
quently elaborated in [4], has already proven to be a useful tool for conic manip-
ulation, [1], and for elementary conic fitting, [5], as well as conic fitting with
additional geometric constraints such as axial alignment or location of the conic’s
centre at the origin of the coordinate system, [7,8].

However, other additional geometric constraints imposed on a fitted conic can
be thought of. For example, we may demand that a conic fitted among data points
should also pass through a given set of waypoints. Such a fit can be helpful, e.g.
when computing the conical trajectories of dynamical systems numerically; at the
beginning, some points of a trajectory are found and, afterwards, the conic is fitted
among them, as in [2]. Nevertheless, the conic fitted by basic algorithms cannot
ensure the fulfillment of the initial condition, i.e. that the resulting conic will pass
through the corresponding initial point. As will be shown in Sect. 4, conic fitting
through given waypoints can be performed using GAC in a way similar to the
original GAC fitting algorithm described in [5] and briefly recalled in Sect. 2.

The research was supported by a BUT grant no. FSI-S-23-8161.

© The Author(s), under exclusive license to Springer Nature Switzerland AG 2023
E. Hitzer et al. (Eds.): ENGAGE 2022, LNCS 13862, pp. 67-79, 2023.
https://doi.org/10.1007/978-3-031-30923-6_6


http://crossmark.crossref.org/dialog/?doi=10.1007/978-3-031-30923-6_6&domain=pdf
http://orcid.org/0000-0002-4463-8255
https://doi.org/10.1007/978-3-031-30923-6_6

68 P. Loucka

In addition, unlike an ellipse, a parabola and a hyperbola also pass through
one, respectively two, points at infinity, also called ideal points or improper points.
Hence, such points can also be considered waypoints in the presented conic fitting
problem. Through the use of improper points in the real projective plane RP?, we
can easily extend the GAC embedding of points in the plane R? (accordingly called
proper points) to express the improper points in terms of GAC and incorporate
the use of improper points into the derived conic fitting algorithm.

Let us note that rigorous proofs of statements are mostly omitted throughout
the paper, as the focus is placed on the results.

2 Fitting in GAC — Without Given Waypoints

GAC constitutes a Clifford algebra CI(5,3) with embedding C : R? - R%3 of a
point x = ze; + yey of the plane R? defined as

1 1
C(z,y) =Ny +xey +yeg + 5(.%'2 +yH)n, + 5(932 —yH)n_ + zyn.. (1)

Consequently, the inner product null space (IPNS) representation of a general
conic section @ in GAC is given by

2

Q=0 Ty + T i + 0 1y +v'eq + v%eq + 071y (2)

Also, we can represent a point embedded into GAC (using operator (1)) in
vector form as

Pr= (O 01 x y %(xQ +y?) %(xg -7 ZZI)T 3)
and a GAC conic section (2) as a vector
Qr=(v* v~ vt o' Wv? vt 0 O)T. (4)

Moreover, an associated bilinear form of the inner product of vectors in GAC
is given by the matrix

O3x3 O3x2 —13 001 Lo

B=103x3 FEy 09y3|, where I3s=[0 10 and Fs = (0 1) . (B
—I3 Ozx2 Ozxs 100

Hrdina, Ndvrat and Vasik, [5], define a conic fitting problem in terms of GAC

as follows: For a conic represented by a vector ) of the form (4) and for Np given

data points represented by vectors P; of the form (3), we assume the objective
function to be given by
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where - denotes the inner product between vectors in GAC. The conic best fitting
the points with respect to this function is represented by the ) that minimises
this function. To avoid the geometrically meaningless minimum @)=0, the authors
of [5] consider the natural normalisation constraint

Q*=1. (7)

Using the matrix of the bilinear form (5), the objective function (6) then
reads

Q~> (PBQ)’=Y_ Q"BRP'BQ=Q"PQ,

7

and thus, it is a quadratic form on R®3 with the matrix

P= Z BP,PTB.
i

To formulate the solution to the optimisation problem (6), (7), it is advan-
tageous to decompose the matrix P into the following blocks:

P P O
P=|pPr P o],
0O 00

where Py is a 2 x 2 matrix, P; is a 2 x 4 matrix and P, is a 4 x 4 matrix.
The subscript ¢ denotes that this block corresponds to the CRA part in GAC.
Similarly, B. denotes the middle 4 x 4 part of B, (5), and it coincides with the
matrix of the inner product in CRA, [3]. Using the defined vectors and matrices,
the desired solution is acquired according to the following proposition.

Proposition 1. The solution to the optimisation problem (6), (7) for conic fit-
ting in GAC is given by Q = (wT vl O)T, where v = (17+ vl v? v*)T is an
eigenvector corresponding to the minimal non-negative eigenvalue of the opera-
tor

Pcon :BC(PC _PITPO_1P1)
and w = (T)x @_)T s a vector acquired as
w = —P&lPlv.

The proof of Proposition 1 and the corresponding algorithm implemented in
MATLAB together with the experimental results can be found in [5,7,8].
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3 Proper and Improper Points in GAC

To shed light on the meaning of improper points, let us in short recall the concept
of the real projective plane RP?, [11]:

Let E = (Pg, Lg, Zr) be the usual Euclidean plane with points Pg = R?, lines
Lr, and the usual incidence relation Zg € Pg x Lg of the Euclidean plane. We
can easily extend the Euclidean plane to the real projective plane by including
elements at infinity.

Now, for a line [, let us consider the equivalence class [I] of all the lines that
are parallel to [. For each such equivalence class, we define a new point pp; that
serves as an improper point at which all the parallels contained in the equivalence
class [I] intersect. Furthermore, we define one line at infinity ., on which all the
points py; lie. Consequently, the real projective plane can be defined as follows:

Definition 1. Real projective plane RP? is a triple (P, L, T), where

° P=P[EU{p[l]|l€£]E},
° L::ﬁ]EUloo,
e I=Igu {(p[l],l)UEE]E} U {(p[l],loo)“EE]E}

A sketch of three distinct bundles (equivalence classes) of parallel lines can
be seen in Fig. 1—on the left, we can see the lines depicted in plane R2; on the
right, we can see the situation in RP?: all the parallels from one equivalence
class intersect in one common improper point on the line at infinity, which can
be imagined as a circle with an infinite radius where the antipodal points are
assumed to be identical (so every bundle of parallels really intersect in one point,
not in two points, as it would seem at first glance).

i
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Fig. 1. Parallel lines and their common improper points in RP? (taken from [11])

In contrast with the proper points, the improper points are not part of the
plane R?, so an improper point is usually depicted using the direction (vector)
of the parallel lines that meet at it, as illustrated in Fig. 2.
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Having a notion of improper points, we can state that a parabola has one
improper point corresponding to the direction of its axis of symmetry, while
a hyperbola has two improper points in the directions of its asymptotes (see
Fig.2).

Fig. 2. Improper points of parabola and hyperbola

3.1 Homogeneous Coordinates

The concept of RP? allows us to distinguish between proper and improper points
and, at the same time, to carry out computations with them as if they were not
different at all. Using homogeneous coordinates, every point of RP? (proper or
improper) can be represented as a line in R3 according to the following definition.

Definition 2. Let x = (z,y),x € RP?, be a proper point, then its homogeneous
coordinates are
x=k(x,y,1), keR~ {0},

while the homogeneous coordinates of an improper point X = (8,t), Xeo € RP?,
are
Xoo = k(s,t,0), keR~ {0}.

Note that the triple (0,0,0) does not represent any point of RP?.

Remark 1. While the homogeneous coordinates (a, b, ¢) represent the same point
in RP? as a triple k(a,b,c) for every non-zero k, it is very advantageous to
take k =1 when assigning homogeneous coordinates to the points of the real
projective plane. For the sake of computational simplicity, we will assume that
the homogeneous coordinates of a proper point x = (z,y) and of an improper
point Xe = (s, ), respectively, are given by the mapping

(z,y) = (z,9,1),
(s,t) ~ (s,t,0).
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3.2 Projectivisation of GAC

With homogeneous coordinates in hand we will show it is possible to use GAC
for the representation of proper and improper points alike. Such a representation
can be achieved by extending the domain of the point embedding C : R? - R
(see (1)) to RP? in the following way.

Definition 3. Using the embedding C : R? = R53 of the form (1), we define the
projective embedding CP : RP? - R>3 of a point p = (a,b,¢), (a,b,c) = (0,0,0),
in the real projective plane RP? as

1 1
CP(a,b,c) = c*n, + acey + beey + §(a2 +b3)n, + i(a2 —b*)n_ + abn,. (8)

Corollary 1. Since homogeneous coordinates of a proper point x = (x,y) are
(z,9,1), it follows that the projective embedding CP, (8), maps a proper point
into GAC in the same way as the embedding C':

1 1
CP(z,y,1) = C(x,y) =Ny + xeg +yeq + §(z2 +yHn, + §(x2 —yHn_ + zyn..

On the other hand, an improper point Xe = (8,t) with homogeneous coordi-
nates (s,t,0) is mapped by CP in a simpler way:

1 1
CP(s,t,0) = 5(52 + %), + 5(82 —t2)n_ + stns. (9)

Consequently, in addition to the IPNS vector representation of a proper point
x = (x,y) embedded into GAC of the form (3), we can also define such a vector
representation of an improper point Xe = (8,t) according to (9) as

Par=(0 0 0 0 0 (s2+2) L(s2-12) st)". (10)

4 Fitting in GAC - With Given Waypoints

To successfully fit a conic among the data points as tightly as possible while
ensuring that the fitted conic will pass through the prescribed waypoints, we
must exploit the structure of GAC and the vector-matrix description of the
conic fitting problem as presented in Sect.2. Fortunately, as will be shown, a
solution to the conic fitting problem with waypoints can be formulated in a way
similar to the solution to conic fitting without waypoints.

As in the case of conic fitting without waypoints, we are given Np data points
represented by vectors P; of the form (3) and we seek a conic represented by a
vector @ of the form (4) minimising the objective function (6) while fulfilling
the normalisation constraint (7). Let us note that we assume all the data points
P; to be proper points, since fitting among the improper points without actually
passing through them would be geometrically meaningless.

In addition, we demand the fitted conic to pass through Ny waypoints W;
that can be either proper or improper, unlike the data points P;, and therefore
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each of them must be either of the form (3) or (10). For a conic @ to pass through
the waypoint W, their inner product must be zero, i.e.

W.Q=0.

Using the matrix ¥ of waypoints W, where the j-th column is waypoint W,
we can formulate the condition of conic @) passing through all the waypoints
W; as

7.Q=0. (11)

To successfully reach the solution to the given optimisation problem, we
define a matrix By and the decomposition of matrix ¥ of waypoints as:

0
0 -1 _

BO = (_1 0) bl W: Wl W2 WNW = E bl
X

where 0 stands for the zero matrix of type 2 x Ny, = is of type 4 x Ny and X
has a size of 2 x Ny,. Moreover, we define the matrix
T\ =T
By = (Bo X) =7 B, (12)
where “4” stands for the Moore-Penrose pseudoinverse, since the matrix B X
is generally not square.
Consequently, we can formulate a statement similar to Proposition 1 and,
again, reach the solution using an eigenproblem.

Proposition 2. The solution to the optimisation problem (6), (7), (11) for conic
fitting in GAC is given by Q = (wT vT O)T, where v = (17* vl v? v*)T s an
eigenvector corresponding to the minimal non-negative eigenvalue of the operator

PY =B.|BLPB, - (BLP+P]B,) +P.]
and w = (EX ﬁ’)T 18 a vector acquired as

w = —By,v.

4.1 Implementation

Below, we summarise an algorithm for conic fitting with given waypoints imple-
mented as a MATLAB function. Let us note that the reduced forms of some
vectors and matrices were employed to avoid a few unnecessary computations
with zero elements, similarly to the conic fitting algorithms in [7,8].

Algorithm QW

Inputs:
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a, b, ¢ column vectors of z,y, z homogeneous coordinates of waypoints
(if a point is proper, take z = 1, if improper, z = 0; see Remark 1)
PX, py column vectors of x,y coordinates of data points

Outputs:

Conic fitted conic in form (4)
obj_function value of objective function (6) for fitted conic

function [Conic, obj_function] = QW (a,b,c,px,py)
ND = length(px);
s = sign(c);

Xi = [s a.*xs b.xs 1/2x(a.”2+b."2)]’;
Chi = [1/2%(a.”2-b."2) a.xb]’;

B = zeros(6);
13=[001;010;100];
B(1:3,4:6) = -13;
B(4:5,2:3) = eye(2);

B(6,1) = -1;

Bc = B(3:6,1:4);

BO = [0 -1;
-10];

Bw = (pinv(B0’*Chi))’+Xi’+*Bc;

D = ones(6,ND);

D(2,:) = px;

D(3,:) = py;

D(4,:) = 1/2x(px."2+py."2);
D(5,:) = 1/2x(px."2-py."2);
D(6,:) = px.*py;

P = 1/ND#Bx(D+D")xB’;
Pc = P(3:6,3:6);
PO = P(1:2,1:2);
P1 = P(1:2,3:6);

PWcon = Bex(Bw’#P0xBw—(Bw’«P14+P1’+Bw)+Pc);
[EV,ED] = eig(PWcon);
EW = diag(ED);

k_opt = find(EW == min(EW(EW>0)));
v_opt = EV(:,k_opt);

kappa = v_opt’«Bc*xv_opt;
v_opt = 1/sqrt(kappa)*v_opt;

w = —Bwxv_opt;
Conic = [w;v_opt;0;0];

obj_function = Conic(1:6)’«P*Conic(1:6);
end

4.2 Number of Waypoints and Degrees of Freedom of the Conic

It is widely known that a general conic is uniquely determined by five points of
RP? or, more precisely, it is uniquely determined by five points when no four of
them lie on the same line. Moreover, when no three points out of these five lie on
the same line, the conic passing through them is not only uniquely determined,
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but also regular [6,10]. This well corresponds with the fact that a conic has five
degrees of freedom.

Taking such knowledge into account, it is hence not possible to fit a conic
through more than a few waypoints while minimising the objective function (6)
and satisfy the normalisation constraint (7).

As already suggested, conic fitting through five or more waypoints would
make no sense in our problem. Therefore, a maximum of four waypoints comes
into play. Since we can use either proper or improper waypoints or even a combi-
nation of both types of waypoints, we get 14 cases of what waypoints to employ
in total, as can be seen in Table 1.

Table 1. Combinations of waypoints by type and total number

1A |1B|2A 2B |2C |3A |3B|3C 3D 4A 4B |4C 4D 4E
proper 1 0 |2 1 /0 |3 2 /1 |0 |4 |3 |2 1 0
improper 0 |1 O 1 |2 |0 |1 |2 |3 |0 |1 |2 |3

It can be further shown that the presented algorithm works safely for two
waypoints at most; the reasons for this are various. Since the normalisation
constraint (7) makes some of conic elements dependent, at least one degree of
freedom is lost. Moreover, some combinations are geometrically unreasonable,
e.g. the case 3D, where the conic is required to pass through 3 improper way-
points. Finally, since the waypoints constraint (11) may imply an overdetermined
system of equations, our solution cannot generally satisfy all the equations (not
even after using the pseudoinverse in (12)).

5 Experimental Results

We applied the conic fitting algorithm with given waypoint(s) on three different
datasets listed in Table 2 (the location of the points in each dataset was deliber-
ately chosen to resemble the shape of a regular conic; hence, the corresponding
datasets were named elliptical, parabolic and hyperbolic, respectively).

Moreover, by varying the total number and types of the waypoints used, we
offer 8 selected cases of fits from Table 1. The particular waypoints used in the
experiments are listed in Table 3.

Table 2. Datasets used

xi3430—173—4—3—1‘72—271—101 3 57‘76—4—4—3—31224

yi|-1 123 3 2—1—3—4‘0 3—268—2—2—10‘1 2 31 -15474

N— —————
elliptical parabolic hyperbolic
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In Fig.3 we can see four cases of the elliptical dataset fitted by an ellipse,
each fit as a result of fitting a conic with one more proper waypoint than in the
preceding subfigure (see Table 3). The outcome of this experiment corresponds
with the commentary on degrees of freedom given in Subsect. 4.2: in cases 1A
and 2A the conic passes through all the waypoints, while in cases 3A and 4A it
does not because the associated systems of equations are overdetermined.

Table 3. Waypoints used and the corresponding cases

w2 3-4-2/4 61/-T1516

w33 1 -4/ 5 121 2421

/111 1[0 0010100

—_— =~ =~
1A-4A 1B 2C 2B 3C

6 6
4
2
1A 0 2A
)
-4
-6
6 6
6
4
2
3A 0 4A
-2
-4
6 -6

Fig. 3. Conic fits using 1-4 proper waypoints

The second experiment summarised in Fig.4 was intended to show the
behaviour of the algorithm in the cases when only improper waypoints are pre-
scribed (here, we limited ourselves to geometrically meaningful cases, i.e. two
improper waypoints at most).
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Fig. 4. Conic fits passing through 1 and 2 improper points respectively
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Fig. 5. Conic fits with both proper and improper waypoints

In the case 1B, where one improper waypoint was given, a parabola with the
axis of symmetry passing through the same improper waypoint was fitted. While
this result may not be surprising, it is actually far from obvious. Even though
the dataset was meant to resemble a parabolic shape and every parabola has
one improper point, the algorithm could still have fitted a hyperbola with one
asymptote passing through a given waypoint and the other one might have been
a result of the optimisation process. In fact, it can be shown that the employed
fitting algorithm with only one improper waypoint and no proper waypoint fits
a conic with ezactly one improper point, i.e. a parabola.

Similarly, in the case 2C, a hyperbola passing through ezactly two given
improper waypoints is fitted.

Finally, let us explore the situations when both proper and improper way-
points are fitted at the same time (see Fig.5). While the case 2B might have
turned out the same as the case 1B, where one improper waypoint was used as
well, the additional proper waypoint helped to create a hyperbolic fit passing
through both given waypoints (moreover, it can be shown that the fit through
one proper and one improper point results in a parabola using very specific con-
figurations of points only). Let us also note that the second improper point lying
in the direction of the second asymptote was a mere result of optimisation.
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Even though the case 3C makes use of three waypoints and hence, as already
indicated, is not very reliable, there are functioning cases, like the one in Fig. 5.

6 Conclusion

A novel GAC-based algorithm for conic fitting through given waypoints was
presented and thus became a part of a wider group of conic fitting algorithms
using GAC (see [5,7,8]). Also, a MATLAB implementation of the algorithm
described was included. Additionally, thanks to projectivisation of GAC, the
expression of improper points in terms of GAC was found and, consequently,
the improper waypoints could be used in the algorithm as well.

The introduction of improper points into GAC also made possible the fitting
of a parabola with a prescribed direction of its axis of symmetry (Fig.4, 1B) and
fitting of a hyperbola with given directions of its asymptotes (Fig.4, 2C), while
both fits still aim to minimise the overall distance to the data points. Potentially,
improper points in GAC can also be used for the construction of a conic from
five points using the wedge operation (for details see [4,5]).

As already mentioned, the algorithm derived for conic fitting through given
waypoints (proper or improper) can be useful when numerically computing the
conical trajectories of dynamical systems, as in [2], where a fitted conic should
pass through the prescribed initial point.

Finally, it was experimentally shown that the algorithm works safely when
two waypoints at most are employed, while more waypoints may cause the fitted
conic to miss the waypoints. Precise reasoning for this behaviour, together with
a more comprehensive analysis of fitting through waypoints, will be the subject
of further research.
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Abstract. The state of the art in protein structure prediction (PSP)
is currently achieved by complex deep learning pipelines that require
several input features. In this paper, we demonstrate the relevance of
Geometric Algebra (GA) for modelling protein features in PSP. We do
so by proposing a novel GA metric based on the relative orientations
of amino acid residues. We then employ this metric as an additional
input feature to a Graph Transformer (GT) to aid the prediction of
the 3D coordinates of a protein. Adding this GA-based orientational
information improves the accuracy of the predicted coordinates even after
few learning iterations and on a small dataset.

Keywords: protein structure prediction - 3D modelling - geometric
algebra - graph transformer

1 Introduction

The last Critical Assessment of Protein Structure Prediction (CASP14) was won
by AlphaFold 2, reaching an unprecedented global distance test (GDT) score of
above 90% in almost 70% of the proteins in the CASP dataset [1-3]. AlphaFold
2 confirmed that deep learning (DL) is the most successful approach for PSP,
and significantly cheaper and faster than experimental techniques [4-6].

A typical DL-based PSP pipeline is generally composed of several cascaded
neural networks, whose end goal is the prediction of 3D coordinates of some of
the atoms in the protein backbone [7]. In recent literature, Transformer networks
have been proven to be particularly suitable for this task [1,7,12]. Transformer
networks are sequence-to-sequence models first introduced in [8], and have found
widespread application in fields including speech synthesis [9], semantic corre-
spondence [10] and trajectory forecasting [11].
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In PSP, for example, two of the seven networks employed in [7] are Trans-
former networks to predict and refine the coordinates of the backbone atoms,
respectively. Similarly, a multiple sequence alignment (MSA) Transformer fol-
lowed by a GT has been employed to predict 3D coordinates starting from the
protein’s sequence of amino acids in [12].

The 3D coordinates are predicted by training the network on several biolog-
ical and chemical features of the protein. These features are extracted starting
from its amino acid sequence (or primary structure) [14]. It has been shown
that the interresidue distances (e.g. distance between amino acid pairs), the sec-
ondary structures of the proteins (e.g. the folding patterns such as helices, sheets
or turns), as well as some measure of the orientation between amino acids (e.g.
angle maps) are among the most relevant features when learning accurate 3D
coordinates [7,13,14].

GA is a suitable candidate to represent the features mentioned above due
to its intuitive handling of geometrical objects and operations on them [15,16].
GA has already found some applications in protein modelling, especially in the
molecular distance problem [17,18], but to the best of our knowledge there has
not been an effort to employ GA modelling for PSP.

The goal of this paper is hence to (1) employ GA to model a protein and
capture information about the orientation of the amino acids and (2) use this
information as a feature in a GT network. The motivations of using GA are that:
(1) GA easily deals with geometrical objects such as planes, which naturally
occur in the protein geometry (2) our GA feature is more compact compared
with torsion and valence angles, which also grasp orientational information, but
are more than one and asymmetrical, as seen in [13] and (3) it has a clear physical
meaning, since it is related to secondary structures (see Sect.2.1).

The rest of the paper is structured as follows: in Sect.2 protein modelling
through GA and graphs are presented, in Sect.3 the learning architecture is
introduced, in Sect. 4 results are presented and in Sect. 5 conclusions are drawn.

2 Modelling Proteins

2.1 Proteins as Rigid Bodies

The atoms in the protein backbone determine its overall shape. Each amino acid
is bonded to an a-carbon (C,), which is preceded by a nitrogen (N) atom and
followed by a carbon (C) atom. Hence, there is a one-to-one correspondence
between an amino acid ¢ and a triplet {N, C,, C};.

Each {N, C,, C} triplet lies on a plane. We can take advantage of this infor-
mation and associate each triplet ¢ with a plane IT; in Conformal Geometric
Algebra (CGA): let A;, B; and C; be the CGA representations of the Euclidean
coordinates of the atoms {N, C,, C};. II; can be then computed as the 4-blade:

II; = A; AN B; AN Ci; Ao (1)
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where no, = e + €, with e? = +1,& = —1 being two basis vector of G410 and A
denoting the outer product.

In this way, a protein is modelled as a collection of planes not too dissimar
to the gas of 3D rigid bodies of AlphaFold 2 [19] (see Fig.1).

AN
‘ v \j\v/\ A
. A

Y axis x

Fig. 1. A toy helix protein as a collection of planes. IT; = RiniRij

For each pair of planes II;, II; we can then form a rotor that rotates II; into
II; as presented in [20]:
R L - mm) )
ij = — L1l
{€)o

where { = 2 — (I II; + II;II;) and (-) is the grade projector operator.

We now use the cost function é)\(R) as defined in [21] that quantifies the
variation of R from the identity. €\ (R) is a weighted sum of a translational and
a rotational term:

Caine(R) = M (R R)o + Aa((RL — 1)(Ry — 1))o (3)

in which the translational error is represented by R = R - e, and the rotational
error by ((R. — 1)(Ry — 1)) = ((R — 1)(R — 1))g. As we are interested in
an orientational feature, we will focus exclusively on the rotational part (i.e.
A1 =0, =1).

Since each amino acid can be associated with a plane, and each pair of planes
can be associated with a rotor and eventually to a cost, we can then build an
N x N matrix M as follows:

(4)

CA1>\2 (Rij) if dij < 15A
0 otherwise

where N is the amino acid sequence length and d;; is the Euclidean distance
between the Cy, of residues i,j measured in A. We call M a “cost map”. An
example of a cost map is given in Fig. 2.

It is possible to establish a relationship between the secondary structure and
the patterns in the cost maps. By secondary structure we refer to local folding
patterns of a protein, including a-helices, 3-sheets or turns. We illustrate this
relationship by assigning an arbitrary colour to each secondary structure: red to
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Fig. 2. Cost map for protein 2hc5 from the PDB database [24]

a-helices, green to (3-sheets, blue to turns and white to all the others. In Fig. 3
we see how the same colour patches have almost identical cost map patterns.

To the best of our knowledge, this is the first example of a single orientational
map based on GA that matches the secondary structures.

Fig. 3. Colour coded secondary structures overlapping the cost map of protein 2hc5.
(Color figure online)

2.2 Proteins as Graphs

It is also possible to represent a protein as a heterogeneous graph ¢(V, E) with
V and FE being its set of nodes and edges, respectively. By heterogeneous graph
we refer to a graph with different types of nodes and edges. If |[V| = N is the
total number of nodes, the graph can be described as a set of adjacency matrices
for each of the K edge types, i.e. {4} |, where Ay € RV*N or in tensor form
A € RVXNXK “Along with A, we can also define a feature matrix X € RV*P,
where D is the dimensionality of the features, or equivalently we can say there
are D node types.

For our experiment, we employed the PDNET dataset and recast it in graph
form [14]. PDNET is composed of a stack of 57 N x N channels for each of its
proteins. We can hence associate each pairwise feature with an edge type and
each per-amino acid feature with a node type. Of the 57 channels, 3 of them
correspond to 3 pairwise features (FreeCon, CCMPred and potential). To these
3 we added distance maps (defined as D;; = d;;, where d;; = ||T; — T}||2, with
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T € RY*3 being the ground truth coordinates of the C,, atoms of the protein)
and cost maps M, to obtain a total of K = 5 pairwise maps of size N x N, with
N being the protein chain length. They correspond to the edges of the protein
graph, i.e. the adjacency matrices A € RV*NXK=5_ The remaining 54 channels
are the matrices and their transposes of the remaining 4 features (SA, PSSM, SS,
entropy), which are associated with a single amino acid. Ignoring the transposed
matrices, we are left with 27 channels, which can be manipulated and arranged
in a feature matrix X € RVxXP=27,

The input to the architecture is then given by the pair of tensors {A, X }(i)
for each protein 7 in the dataset.

3 Architecture

The end-to-end architecture, derived from [12], is composed of two parts: (1)
a GT and (2) 3D projector. A summary of the architecture is shown in Fig. 4.
We omitted the MSA Transformer of [12] as the employed dataset allows us to
directly perform node and edge embedding on its features.

feature dISta‘nce node embedding edge embedding
channels T+ map X A

. K
o D
N —_— >
X N N

3D node representatlon i é

coordinates

3D b Graph
I:l s Projector Transformer

N

N

Fig. 4. The employed architecture

3.1 Graph Transformer

The GT has been implemented as described in [22]. The goal of a GT is to learn
informative meta-path within the graph, i.e. an ordered sequence of node types
and edge types. The output of the I-th layer of a GT with C attention heads is
a node representation with same dimensionality as X, i.e. Z € RV*P which can

be written as
c

70 = Po(ATTAVXW) (5)

=1
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where @ is the concatenation operator, o(-) is the sigmoid function, A; is the
degree matrix of fll(»l) (defined as Ay, = >, Amn), X is the feature matrix,
W € RP*D is a trainable weight matrix and A = A" 4 I in which A"
is the adjacency matrix from the i-th channel of the metapath tensor A®) e
RNXNxC A ig evaluated as A) = A~1Q;Q,. Q; and Qa, both € RN*NxC|
are two adjacency tensors selected according to Q = ¢[A;((W,)], where A €
RNXNXK s the adjacency tensor, ¢(-) is the convolution operator, ((-) is the
softmax function and W, € REXCXK are the weights of . Z contains the node
representations from C' different meta-path graphs.

3.2 3D Projector

The 3D projector is a simple fully connected layer obeying P = Z(IWp, where
Z(@L) is the output of the L-th layer of the GT, Wp € RP*3 is the weight matrix
of the projector and P € RV*3 are the 3D coordinates of the N C, atoms in
the protein chain.

To train the model, a distance map is evaluated for each protein from the
predicted coordinates P as ]~)Z-j = d,j, where d;; = ||P; — Pj||2 is the Euclidean
distance between the 3D coordinates of the i-th and j-th amino acid in P.

The total loss to minimize is equal to & = A + %. The first term
minimizes the L loss between D (the ground truth distance map) and D,
as L = = va Z;V |D;; — Dij|l1. The seccind term mazimizes the struc-
tural similarity index (SSIM) between D and D weighted by an arbitrary coef-
ficient @ = 10 to make % of the same order of magnitude of £}, namely

LHr=a (1 — SSIM{D, 15}) The loss is measured over distance maps and not

over 3D coordinates as 3D coordinates depend on a reference frame, while dis-
tances are rotationally and translationally invariant.

3.3 Training Details

We trained the model consisting of the GT and 3D projector on the PDNET
dataset. The model consists of 108813 trainable parameters, of which 108648 of
the GT and 165 of the projector. The train and validation sets are subsets of
PDNET composed of 200 proteins each, while the test set contains 150 proteins.
The optimizer has been set to Adam with exponentially decaying learning rate,
with initial learning rate 79 = 1 x 1072 and decay rate per epoch v = 0.9. The
GT has C = 4 attention heads and L = 3 layers. The batch size has been fixed
to B = 1 and the network has been trained for E = 5 epochs, for a total of 1000
training iterations.
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Combinations of n € {1 x 1071, 1x 1072,1 x 1073,3 x 1074}, F € {3,5,10},
B € {1,50,100}, L € {3,6,10}, C € {1,4,5} have also been implemented and
tested, but the hyperparameters above were found to be optimal for our problem.

The code has been written as a Jupyter Notebook on Google Colaboratory,
run on an NVIDIA Tesla K80 GPU and it uses PyTorch for the DL architecture,
the Clifford library for GA operations [23] and the PDB Module of Biopython
for handling protein data. The GT was derived from [12]. Scripts and datasets
are available upon request to the authors.

4 Results

We trained the architecture and collected results for two cases: (1) with cost
maps (D = 27, K = 5) and (2) without cost maps (D = 27, K = 4), to verify
whether adding a single additional GA-based adjacency matrix Ay in our graph
could provide an improvement.

From the predicted coordinates P € RV*3 we constructed distance maps
D € RV*N  and we then measured the mean absolute error (MAE) and SSIM
between D and D. The MAE and SSIM distributions are presented in Table 1,
while the distributions and percentiles over the test set are visualized in Figs.5
and 6 for the MAE and the SSIM, respectively.

Table 1. Metric between original and predicted distance maps. Results without costs
are in parenthesis.

Set | Metric | Max Mean Min Std

Train | SSIM 0.98 (0.90) | 0.88 (0.43) | 0.12 (—0.10) | 0.10 (0.22)
Test | SSIM 0.99 (0.86) | 0.88 (0.43) | 0.38 (—0.14) | 0.10 (0.25)
Train | MAE (A) | 27.9 (23.3) | 6.09 (7.38) | 2.16 (3.32) |2.69 (3.05)
Test | MAE (A)|10.3 (12.8)]5.99 (7.02) | 2.49 (3.58) |2.35 (1.91)

Note in Table 1 how the average SSIM doubles from 0.43 when coordinates
are predicted without cost maps to 0.88 when coordinates are predicted with
cost maps. Similarly, the average MAE decreases by 1.29 A and 1.03 A on the
train and test sets, respectively, when we include cost maps. From Fig.5 it can
be seen that the median MAE of the test set is found to be at about 5 A with
costs maps and at about 7 A without cost. The improvement introduced with
cost maps is even more evident in Fig. 6, in which the median SSIM of the test
set is >0.4 without cost maps and >0.8 with cost maps.

We then aligned P and T via singular value decomposition (SVD) (see
Appendix A) and performed the GDT, and evaluated the GDT_TS (total score)
and GDT_HA (half size) between predicted coordinates P and ground truth
coordinates T, obtained from the Protein Data Bank (PDB) [24].

Pe1h TPeoh TPouh T Psi

GDT.TS = I (6)
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Fig. 5. MAE measured over the testing set. Distribution (left) and cumulative proba-
bility (right).
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Fig. 6. SSIM measured over the testing set. Distribution (left) and cumulative proba-
bility (right).

GDT.HA — P<05A + p<1,&: Pooi T Poyi (7)
where p_, i indicates the percentage of an amino acid’s coordinates in P whose
distance from the corresponding amino acid’s coordinates in 7" is below n A.

Results for selected proteins are shown in Table2. Note how both the
GDT_TS and the GDT_HA generally increase by at least a factor of 2 when
adding cost maps as an additional feature. Examples of the predicted coordi-
nates and relative distance maps are given in Figs. 7, 8, 9 and 10.
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Fig. 7. Top row, from left to right: original, predicted and predicted (without cost
maps) distogram for protein 2gomA. Bottom row: original (red) and predicted (blue)
C coordinates. Left: with costs, right: without costs (Color figure online)
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Fig. 8. Top row, from left to right: original, predicted and predicted (without cost
maps) distogram for protein 1dm9A. Bottom row: original (red) and predicted (blue)
C coordinates. Left: with costs, right: without costs (Color figure online)
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Fig. 9. Top row, from left to right: original, predicted and predicted (without cost
maps) distogram for protein 2fztA. Bottom row: original (red) and predicted (blue) Cq
coordinates. Left: with costs, right: without costs (Color figure online)

G 10 20 30 40 50

o

Fig. 10. Top row, from left to right: original, predicted and predicted (without cost
maps) distogram for protein 2fyuK. Bottom row: original (red) and predicted (blue)
C coordinates. Left: with costs, right: without costs (Color figure online)
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Table 2. Metrics between original and predicted coordinates with and without (-) cost
maps after SVD alignment. MAE and SSIM are measured on distance maps.

Protein | MAE SSIM GDT_TS GDT_HA
2gomA | 249 |0.86 |31.2 9.84
2gomA (-)|5.31 |0.53 |13.9 4.10
1zvlA 2.83 | 0.96 288 10.2
1zviA (-) |4.78 |0.46 |14.0 3.39
1dm9A  |3.58 095 |255 7.93
1dm9A (-)|6.94 036 |6.25 0.48
Im8nA 359 |0.92 [22.0 7.92
Im8nA (-) | 5.04 |0.49 |11.0 2.08
2zt A 3.65 0.96 | 18.6 4.49
2ztA (-) |6.81 |0.55 |8.96 1.60
2fyuK 344 098 151 3.30
2fyuK (-) |6.69 |0.82 |4.72 1.41

5 Conclusions

In this paper we introduced a measure of the orientation between amino acids
based on GA. We presented the ideas behind the modelling of a protein as a
collection of planes, we introduced a measure of the “distance” between each
pair of planes and arranged it in matrix form, i.e. a cost map.

We then employed these matrices as an additional feature in a GT + 3D
projector pipeline to predict 3D coordinates of C,, atoms in proteins. We did
so by adapting in graph form a dataset comprising several biochemical features
already available in the literature, to which we added cost maps. Eventually, we
compared the 3D coordinates predicted including cost maps with coordinates
predicted without them.

We showed that our GA-based cost maps aids the convergence of the model
and the prediction of more accurate coordinates in terms of GDT_TS and
GDT_HA scores with respect to ground truth. In addition, the distance maps
constructed from the coordinates predicted including costs are closer to the orig-
inal distance maps in terms of both MAE and SSIM.

Despite training the model on a dataset of only 200 short proteins and for few
iterations, we managed to obtain reasonable protein structures. We are confident
that including cost maps on a larger scale problem (e.g. larger training set, more
learning iterations, higher dimensionality of node and edge embeddings, etc.)
can constitute an asset in PSP by increasing prediction accuracy with a minimal
amount of additional information.
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Abstract. Digital twin (DT) has been applied to increasingly com-
plex systems, including environments, energy, and digital cities, due to
advancement of data collecting, high-speed networks, big data, artificial
intelligence, and other technologies. Because of the complexity of the
actual world and newly suggested criteria for the construction of the
linkage between the real and virtual spatial, developing and using DT
has been significantly hampered. The classic modeling approaches of sep-
arating expression from analysis have grown to be a significant barrier.
These problems can be resolved due to the benefits of geometric algebra
(GA) expression and computation in multidimensional space. The paper
studies the concept of DT, employs the essential principles of GA as a
tool, and proposes the DT’s modeling and analysis methods. To inves-
tigate how DT is formulated and built, a typical multi-factor coupling
scenario of passive infrared sensor (PIR) was presented as an example.
The results demonstrate the effectiveness of the approach presented in
this paper in simulating human-sensor interactions, producing reaction
records in real space, and successfully deriving the pedestrian trajectory
from PIR recordings. The study presented in this article offers fresh per-
spectives on how to build DT in complicated scenarios and may also shed
new light on how to analyze human behavior using PIR.

Keywords: Digital twin -+ Geometric algebra - Passive infrared
sensors * Trajectory extraction

1 Introduction

Digital twin (DT), also known as digital mirroring, was first proposed by Pro-
fessor Michael Grieves [1]. The fundamental concept is to employ information
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technology to model physical entities so that they can interact with digital mod-
els of their properties and actions [2, 3]. Because of their connection, homogeneity,
modularity, and intelligence, DTs are not just mirrors of physical entities but
also information receivers and feedbackers [4-6]. They may even act as prophets
and foretellers of the actual world [7,8]

Real space, virtual space, data flow from real space to virtual space, and
information flow from virtual space to real space are the four fundamental com-
ponents of DT [3,9]. Real space and virtual space are fairly obvious among them,
although data flow and information flow are often disregarded and even ignored
as the link between real space and virtual space. This naturally leads to the
current study on DTs concentrating on two primary areas: 1) The real-space
detecting apparatus 2) Virtual space analysis and mining techniques [10]. It is
challenging to build a connection between the two spaces since the two tasks are
often independent and performed by different groups [11,12].

The separation between detecting and analysis is mostly seen in two aspects.
The first is the variation in the underlying mathematical underpinning. The
detecting and modeling techniques based on Euclidean geometry and compu-
tational geometry are still dominant since the representation of current DTs is
more concentrated on the description of entities’ geometries and structures. For
the analysis model, the statistical methods based on the detecting data and the
dynamic model based on the mechanism of system are more popular. There is
still few solution to the contradiction between the geometric representation of
things and the algebraic computation of their properties. Secondly, there is the
inconsistency between the expression unit and the calculation unit, that is, entity
modeling only solves the collection and expression of data, what’s worse, analy-
sis models are often limited by a specific field, which make a big inconsistency
of these two jobs in the granularity and semantics. Therefore, in view of the
difficulty of establishing the relationship between real space and virtual space,
building the underlying theory that combines geometry and algebra, expression
and calculation is crucial for the future application of DTs [12].

Geometric algebra (GA), also known as Clifford algebra [13], is a combination
algebra based on dimensional operations. It is an algebraic language for describ-
ing and computing geometric problems, created based on the Hamilton quater-
nion and Grassmann’s extended algebra [14]. Geometries can be represented and
produced algebraically in a unified way in terms of dimensions and relationships
based on the expression theory of GA. The inner product, outer product, and
geometric product provide the fundamental strategies for the unified computa-
tion of geometric patterns and spatial topological relations in multidimensional
and coordinate-independent environments [15]. GA is currently the theoretical
foundation and computing tool for mathematical analysis, geographic informa-
tion science, geometry, and other fields [16]. The aforementioned accumulation
can serve as a theoretical and methodological foundation for the creation and
evaluation of DTs.

Passive infrared sensors (PIR) is a kind of sensor based on the principle of
pyroelectric effect, which detects infrared photoelectrons radiated from objects.
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Typically, it is used in motion detectors for security alerts and behavioral study
of people [17,18]. In the analysis of sensor response and human behavior, the
established information mirror model of DT offers fresh perspectives for research-
ing PIR. Scalability and verification capabilities of the DT-oriented PIR virtual
scene allow for the construction and verification of analytical models of human
behavior characteristics. Due to the complexity of real space, the PIR scene
must take into account not only the connectivity between various sensor nodes
and their spatial-temporal responses to pedestrians in the scene, but also the
integrated expression of the sensor topology network that is produced by the
connectivity of the sensor nodes and the pedestrians’ trajectories [19]. It is chal-
lenging to properly characterize the spatial-temporal link between sensor nodes
and sensor response using traditional methods, which has constraints in the
representation of high-dimensional relationships and dynamic trajectories.

This paper studied the concept of DT and used geometric algebra to propose
the modeling and analysis methods of DT. The expression and construction of
DT were investigated using the PIR scene as an example. The viability of the
strategy described in this research was confirmed using the PIR simulation sce-
nario that was built to study sensor response and human behavior. The work was
divided into three sections: Sect. 2, which covered the theoretical underpinnings
and fundamental concepts, Sect.3, which presented the building of GA-based
DT. Then, in part 4, DT modeling of the PIR scene was shown. In Sect. 5, the
conclusion and debates were presented.

2 Basic Idea

The study adds a mathematical space that facilitates data modeling and infor-
mation simulation to Professor Grieves’” DT expression model from a realizable
and calculable standpoint, as seen in Fig. 1. The definition of algebraic system is
related to the abstract mode of the real world, solving practical problems through
the definition of dimensions and metrics. To achieve the unified representation of
objects in the complex real space, object expression requires the usage of GA’s
multivector structure. The GA operator realizes the object’s function, and the
operator must be compatible with the object’s real-space objective law. After
that, it will be possible to build real-world analysis and mining methods based
on GA equations and use the information from virtual space to inform real-world
planning and design.
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Fig. 1. Research idea and Conceptual diagram.

3 Construction of Geometric Algebra-based Digital Twin

GA is used to explore scene representation and computation in order to advance
the development of DT’s capacity to be computed, applied, and analyzed. A
consistent multi-element modeling framework is created for DT objects in various
dimensions and kinds. The framework makes it possible to represent the function
and behavior of physical entities in real space.

3.1 Geometric Algebraic Systems Definition

GA defines basis vectors which are linearly independent to represent space and
uses blades to represent fundamental objects. To enhance the blade’s expres-
sive capacity, more dimensions should always be added [20]. As an example,
the Euclidean space R? for a three-dimensional space can be created by spec-
ifying a set of base vectors {ej,es,e3} or by adding a dimension ey to create
a homogenous space A3. Homogeneous space, as opposed to Euclidean space,
allows for the representation of flat objects like lines and planes. Similar to this,
the conformal space C? is built by adding the extra dimensions eg and e,.. The
conformal space, as opposed to the homogeneous space, allows for the repre-
sentation of rounded objects like spheres and circles. The conformal geometric
algebraic (CGA) expands the dimension by adding positive space e} and neg-
ative space e_, and via a sequence of transformations turns it into a parabolic
space made up of ep and ey, [21].

The distinction between positive and negative space demonstrates the various
operational properties of the basis vectors in GA. The following definition of a
metric matrix of the space’s basis can be used to describe this feature:
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mi1 -+ Min
M= & (1)

Mnp1 * - Mpn

where, m;; = e; - e;. Conformal space’s basis vectors ey and e, are null vectors,
and these vectors satisfy the conditions that €3 = 0,e2, = 0 and €g - €0 = —1,
the metric matrix of the d-dimensional conformal space is defined as:

€) €1 €2 -+ €4 o
000...0-1\ e
010...00 e1

M = 001...00 €9 (2)
000---10 | eq
—100---0 0 ) ex

3.2 Object Representation Based on Geometric Algebra

Blades, which expand dimensions via outer products, are the foundation for the
representation of objects in GA. k-blade is obtained by the outer product of
k linearly independent vectors. In CGA, the outer product inherits the spatial
structure (Grassmann structure) in the geometry construction. Therefore, multi-
dimensional geometric objects can be expressed uniformly under the framework
of CGA [16,22]. The Fig.2 below shows the representation of basic geometric
objects in CGA.

3.3 Geometric Algebra Operator Definition

An essential starting point for the analysis and mining of object characteristics
in virtual space is the representation of entity functions and behaviors as oper-
ators in real space. The aforementioned GA definition can be used to establish
the dimensional unity and object-independent operation of geometric objects,
resulting in a unified interface for the construction of computing operators. The
GA operator library is created using the basic operators of GA, which are pri-
marily divided into three categories: dimension operators for object building,
transformation operators for object transformation, and relation operators for
calculating object relationships.

Dimension operators are used to construct spatial objects, which are orga-
nized and decomposed by adding or subtracting dimensions. The majority of
dimensional operations are binary operations with data parameters ParD as
their input and output objects.
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Fig. 2. Representation of Basic Shapes in Conformal Geometry Algebraic.

fopa = f(2,{ParD, ParDs}, opg) = ParDs (3)

Table 1 demonstrates that dimensional operators mostly consist of GA funda-
mental operators like inner, outer, and geometric products as well as dimensional
operators like projection and reflection.

Transformation operators are used to change the algebraic form and spa-
tial attribute of the parameters. It has the ability to alter spatial aspects as
well as optimize the algebraic structure (such as translation and rotation). The
transformation operator has both unary and binary forms.

{fO;Dc = f(la{PaT1}70pc) = PG/I‘Q (4)
fOPc = f(27{PaTDlaPa'rTl}70pc) = PU/TD2

where Par; is the general parameter, ParT; and ParD; represent transformation
parameters and data parameters, respectively. Common transformation opera-
tors are shown in Table 2.

Relational operators, which are primarily used to determine the connec-
tion between objects, are based on subspace calculation operators. Because of
this, all relational operators do binary computations, and all of their results are
semantic parameters.

fop, = f(2,{ParDy, ParDs},op,) = ParS; (5)

where ParS; is the semantic parameter. The relational operators are shown in
Table 3.
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4 Digital Twinning of PIR Scene

The main functions of the real-world PIR network are realized by three ele-
ments: sensors, humans, and the application scenes. The PIR network gathers
the response information from the sensors where pedestrian walking through.
PIR network is the ideal application scenarios for creating DT because they
can support sensor arrangement and pedestrian path planning on the one hand,
and can simulate the sensor response under the behavior of a particular crowd
in a virtual scene on the other. Based on the sensor response data provided,
pedestrian trajectory and behavior in real space can also be analyzed [2].

Table 1. Dimension operators

Type Operation Expression Description
Basic Outer product op(a,b) =aANb Basic calculation of
operators dimensions. op() and ip()
are used to increase and
decrease dimensions; gp()
and iv() can generate
multidimensional objects.
Inner product ip(a,b) =a-b
Geometric product |gp(a,b) =a-b+aAbd
Invert iv(a) = a~! = rv(a)/(axrv(a))
Dimension | Extract grade i grd(a, i) = (a), Dimension extraction
operators operators, which can be
used to extract specific
subspaces
Norm norm2(a) = a * rv(a)
Duality dual(a) = a* = a/In,
Projection Prj(a,b) = (a-b)b~!
Reflection Rej(a,b) = bab—!

rv(a) is the reverse operation, which will be described in Table 2.

Table 2. Transformation operators

Type Operation Expression Description
Sequence Reverse rv(a) = (71)n(n—1)/2a The order adjustment
adjustment operators of dimension
operators Grade involution|giv(a) = (=1)"a components

Conjugate con(a) = (_1)n(n+1)/2a
Transformation|Reflect Ref(a, D) = (=1)"*DaD ! The reflection of a on D,
operators where d is the dimension of D

Scale Scal(p) = (1 + eoo)p + (1 — enc)p ™t Scale at rate p

— eeoolnp
t
Translate Trans(t) = 1+ %te(x) =e 2°% Translation distance ¢
_0
Rotor Rotor(0,1) = cos(%) — sin(%)l = e~ 2! |Rotation angle 6 around axis [
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Table 3. Spatial relation calculation operators.

Type Operation |Expression Description

Relational point-point |dst_pt(A, B) = vV—2A’ - B’ The distance from point A to B.
measure point-line | dst_pl(P,lap) = (eco A A’ A B" A P)*

operators

. . A AB'AC!AD!
point-circle | dst_ps(A, Spcp) = Wﬁ

line-circle |dstls(lap,ScpEg) = The distance between two
((eco NA" AB"YN (C' A D' A E"))? objects reflected by the size and
the positive and negative values.

circle-circle |dst_ss(Sapc, SpEF) =
(A" AB'"AC"YN (D' AE' AF'))?

Topological intersection | meet(A, B) = ANB = B*- A The intersection of A and B
relation union join(A,B) = AUB = AA (M*1 - B) |Minimum computing space, M
judgment is the largest common divisor of

operators A and B
A’ and B’ are the CGA expression of point A and B.

4.1 Data and Framework

The sensor response data from Mitsubishi Electric Research Labs (MERL), as
well as the spatial layout data and sensor network data of the sensor network
entity scene, were utilized as the data sources for this paper. Between March 21,
2006, and May 24, 2007, 156 sensors’ reaction data to human movement were
gathered in the dataset.

Figure 3 illustrates the DT modeling framework. Using GA, we can estab-
lish the virtual spaces V; for expression, V5 for PIR scene interaction response,
and V3 for pedestrian trajectory mining. The specification of the GA system,
object representation, and functional operator of each virtual space are distinct
as a result of the various application aims. In order to achieve the generation of
the sensor response record when the pedestrian moves in the scene, the virtual
space V5 needs to define multivector representations of the buildings, sensors,
and people in C3GA. It is also necessary to construct the response operator of
the sensor and the motion operator of the pedestrian. To create the whole sen-
sor network scenario, virtual space V3 must specify network nodes and network
edges in NnGA (nD network algebra [23]). The network extension and trajec-
tory extension operators can be functionally developed in order to determine
the actual trajectories of pedestrians using sensor data that has already been
collected.
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Virtual Space V;
GA Space © C3GA [y =TI
MYV expression - 2

1L

Real Space MV 50

[ |

Building

Mathematics space| ' Virtual Space V.
2

Algebraic GA space - C3GA =T TTIL]
MYV expression : &
My, Building |- s T

Vsensor

multvector

nm
MV
Function : e
response L
operator Fyiion

Virtual Space V3
GA Space © NnGA
@HHuman MV expression :
MV piding
Vsensor
. . M V;Vetwark
Function :

M sensor

NExtend

F TExtend

Fig. 3. Digital Twin Modeling Framework.

4.2 Digital Twinning for Interaction of PIR scene

Based on the above framework, we established the sensor-human response virtual
scene in conformal space (Fig.4). In the response process, the individual human
under the action of motion Fi,oti0n continuously interacts with the response
operator Fresponse Of the sensors. The sensors’ 0-1 response sequence, X femor,
was computed to provide response data. In the real world, crowds moving in the
same location will also provide a series of response data. In order to evaluate the
accuracy of the reaction simulation in virtual scene, MERL’s event log states
that a sample of the sensor response data collected during the fire evacuation
was utilized for comparison. Figure 4 depicts the actual response sequence in the
real world and the simulated response sequence in the virtual scene. Since the
actual human movement is unknown, there is a slight difference between the
simulated response results of the sensor in the virtual and real scene. The main
gaps are found in stairwells, elevator halls, and other areas where people move
frequently.

The correlation coefficient between the number of responses in the actual
world and the virtual scene is 58.36%. In general, the virtual world can accu-
rately simulate the human-sensor reaction if the challenging aspects, including
randomness and unpredictability in the movement of the crowd, are removed.
The accuracy rating for our simulation of the sensor response during the early
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stage of evacuation was 67.62%. This could be the case because human behav-
ior is more irregular during evacuation, making it challenging to simulate using
the usual human behavior pattern. The key to increasing simulation accuracy is
choosing the correct behavior model to build Fryman-

(1) Definition of C3GA
(2) MV expression of PIR scene
MVBMI(Img =V ®"'®S, DL O DF

MVirsor = Foonson * +++ Frensr,
MV

Real space

(3) Operator expression of functions in PIR scene
//The sensor response function, S is the sensor response range
X (P =759=0

Response times
1-10
11-20

21-40
® 41-50

// Human motion function, where a is the moving distance,
1 is the turning point, and 0 is the turning angle

Frion Ponan) = TR )Py (TR )

1 re. o . -
here T, = 1- —ae,= ¢ > ", R,= cos(—)- sin(—)/= e 2
where 7, zaem e P cos(z) sm(zjg e
(4) Sensor-human interaction computation in PIR scene

//input: MV, MV timans

sensors >

. k
//output: sensor response sequence XX,

Virtal space
Response times

1-10

P i, = Frion' Prtnan) = (TR ) P (TR N 11-20
X = S Fop (P <020:1 21-40
Human,=1 ® 41-50

Fig. 4. DT for data generating of sensor-human response.

4.3 Digital Twinning for Data Mining of PIR Scene

On the basis of the PIR network model and response data in real space (Fig.5),
we also created a mining virtual scene to analyze pedestrians’ trajectories. The
network space NnGA was established because the pedestrians’ trajectories are
constrained to the network of actual space. Additionally, the nearby sensor nodes
will respond continually in a finite amount of time when human passes by.
Although the PIR cannot directly detect the trajectory, it is feasible to mine
potential trajectories based on the spatiotemporal correlation of the responses
of Sufficient number of sensors nearby. We developed trajectory extending algo-
rithms and trajectory extending algorithms under time constraints based on this
characteristic (the left part of Fig. 5). The trajectories can then be extracted from
the response data (the right part of Fig.5).
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(1) Definition of network space NnGA: 2 0 000
base:{e,e,,-,€,} - [EE [T TITTITTITI | 15104 23 (7 I 2
]

e,,node i and node j is connected I = | :

metric: M, = [ O
0, others

(2) MV expression of PIR scene:

MV iy =V, ®-+-®S, @@L ®--@P, !

buiting
MV, =P MY in = Priiman, ++ P, g ]

Sensor Sensor; truman = 4 Human, T+ Human,,

+o+ Py

Sensor,
node:e,
MV,

netework =

edge:e;

path:e,  @e, & -®e,

(3) Operator expression of functions in PIR scene Response data of sensors
//extending function of network, s is the extending length

Frpend(M.5)=M* = M AM... AM,
: —_—

//extending function of trajectory; X* is the response data

Froend M X ,9) = [ [ (@ AM)=(Q' AM) AN (Q° A M)
k=1

. : o Jedifi=j & X", =1 [ i
where Q" is response matrix, 0" = ’ g i .

0,0thers . » = T+ ok A
//extending function of trajectory with time constraints Az, L
where s is the extending length; X is the response data ol [~

sensor

Frrant M Xy 8,5) = [T(C* A M) =(C' AMY ALA(CE A M)

where C* is constrained response matrix,

to+kAr
qifi=j& 3 X,,, >0

CuA = I=ty +(k=1)Ar
0,0thers
(4) Trajectory generation based on sensor response data
/finput: X% . At start time 7}, end time 7, ; Generated trajectory

sensors
output: trajectory set S

T = Pt (M X 5 =)

S =T, where T,0; i =1, -,n; j=1,-,m;

i

Fig.5. DT for data mining of PIR scene and trajectory reconstruction.

5 Conclusion and Discussion

This paper proposes a DT modeling and analysis approach based on GA con-
sidering the absence of DT’s underlying mathematical theory. GA’s space defin-
ability and expression unity can be used to construct DT systems for a variety of
purposes. The behavior and function of entities in virtual space can be defined,
and the relationship and feedback between virtual space and actual space can
be achieved, by building corresponding operators in GA.

The paper proposes a framework for DT modeling based on GA, there is still
a lot of work to be carried out in the future. Include as follows: 1) Facing the
complex real space, it is necessary to construct a richer GA system, especially in
the expression of semantics and knowledge; 2) Basic geographic transformation,
metric, and relational computing operators are provided by GA, but they often
need to be expanded for real-world issues. It is essential to provide a practical
and expandable GA operator library; 3) While space definability and operator
extensibility are desirable characteristics of GA, they also place extra expecta-
tions on DT developers. Building a meta-space and meta-operator library will
therefore be a crucial area of study for universal DT modeling.
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Abstract. The octonion Fourier transform (OFT) is a hypercomplex
Fourier transform that extends the quaternion Fourier transform. This
paper deals with the generalization of Beurling’s uncertainty principle for
octonion-valued signals and on R, and therefore extends three uncer-
tainty principles (UP), namely Hardy’s UP, Gelfand-Shilov’s UP, and
Cowling—Price’s UP, to the OFT domain.
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1 Introduction

The octonion algebra is an eight-dimensional (8D) algebra that extends the four-
dimensional (4D) quaternion algebra and the complex and real number algebras.
However, if we lose commutativity in the associative quaternion algebra, we lose
both associativity and commutativity in the octonion algebra, which makes the
calculations non-obvious.

During the last few years, a great deal of attention has been paid to the
study of hyper-complex signals, including quaternionic, octonionic, and Clif-
ford algebraic signals, in general. Hyper-complex Fourier analysis has found
many practical uses, especially in color image processing. Within this context,
researchers have brought to light octonion signals that generalize quaternion sig-
nals through the octonion Fourier transform (OFT). Recently, OFT has emerged
as a research stream in the hyper-complex Fourier domain, and many results have
been established for real and octonion-valued functions. For example, we refer to
[3,4,10-12].

The uncertainty principle (UP) is a crucial tool in mathematics and physics,
especially in quantum physics and signal processing. In quantum mechanics,
the UP was first suggested by the German physicist W. Heisenberg in 1927. UP

This work is dedicated to Mohra Zayed’s parents, who believed in their daughter and
supported her. May God bless them.
© The Author(s), under exclusive license to Springer Nature Switzerland AG 2023

E. Hitzer et al. (Eds.): ENGAGE 2022, LNCS 13862, pp. 111-122, 2023.
https://doi.org/10.1007/978-3-031-30923-6_9


http://crossmark.crossref.org/dialog/?doi=10.1007/978-3-031-30923-6_9&domain=pdf
http://orcid.org/0000-0002-0993-7217
http://orcid.org/0000-0002-3305-7340
https://doi.org/10.1007/978-3-031-30923-6_9

112 Y. El. Haoui and M. Zayed

roughly states that the more precisely the position of a particle is determined, the
less precisely its momentum can be known, and vice versa. From the point of view
of signal processing, UP has the following characterization: “It is impossible to
accurately locate a signal simultaneously in the time domain and in the frequency
domain”. There are many forms of the uncertainty principle associated with the
Fourier transform, such as the Heisenberg uncertainty principle, Hardy, Gelfand—
Shilov, and Cowling—Price UPs. [6]. A more general version of the uncertainty
principle is called Beurling’s theorem, where decay has been measured in terms
of a single integral estimate involving a signal f and its Fourier transform f .

Theorem 1. (Beurling uncertainty principle)
Suppose that f € L*(R™) is such that

// 2)||f () 2™ =W dzdy < oo

where f(y) = f(2)e 2 @Y g then f =0 almost everywhere.
Rn

The original proof of Theorem 1 is based on results of complex analysis and, in
particular, on the Phragmén-Lindelof principle, and was given, without a found
proof, for n = 1, by A. Beurling at the end of the 1980s,s, and proved after
Hormander [9] in 1991, then it was extended on R™, for n > 1 by by S.C. Bagchi
et al. in [1]. The strength of Theorem 1 consists in its immediate implication of
the weak form of Hardy’s uncertainty principle [7],

Theorem 2. (Hardy uncertainty principle)
Let f € L2(R") satisfy |f(z)] < Ce~™1=F and |f(y)| < C’e~™Pl* where C
and C' are two positive constants.

(i) If a8 > 1, then f =0 almost everywhere.

(i) If o = 1, then f(z) = ce=™l=I"  where ¢ is a positive constant.

(iii) else there are infinitely many linearly independent functions satisfying the
conditions.

The purpose of this paper is to: Firstly, we establish a relationship between
the octonion Fourier transform and the 3-dimension Clifford—Fourier transform,
which we believe will be useful in the future for the mathematical community
to establish new results in octonion analysis. This relationship is given also
in terms of the octonion norm. Secondly, by reducing the calculations to real-
valued functions on R3, using a new norm for OFT, we establish the Beurling
uncertainty theorem for the first time in the OFT domain, which allows us,
by following the classical approach, to derive three variants of UPs including
Hardy’s UP. The rest of the paper is structured as follows. Section 2 introduces
the necessary background of octonion algebra over R3, and the Clifford algebra
Cly 3 and its associated Clifford-Fourier transform. Then Sect.3 reviews the
octonion Fourier transform (OFT) and states several of its important properties.
Section 4 establishes the main results of the paper, i.e. Beurling’s UP, Hardy’s
UP, Gelfand—Shilov’s UP, and Cowling—Price’s UP for the OFT.
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2 On Octonion and Clifford Algebra C/3

This section aims to provide a deeper understanding of the octonion algebra,
which acts as a backbone for further developments. It also provides a defini-
tion of the Clifford algebra of signature (0,3) and recalls the associated three-
dimensional (3D) Clifford-Fourier transform.

2.1 Octonion Algebra

The algebra of octonions O is is defined as a non-commutative and non-
associative 8D real algebra over R® with the basis {eg, e1, ez, €3, €4, €5, €6, €7},
where eq is the unit element 1 which is omitted whenever clear from the context.
The octonion o € O can be explicitly expressed as follows:

0= 09 + 01€1 + 02e2 + 03€3 + 04€4 + O5€5 + 0g€s + O7€7
= (00 + o01€1 + 0262 + 0363) + (04 + o5eq + oges + 0763) ® ey
=a+b@®ey (1)

where ® denotes the octonion multiplication, og,...,07 € R, and a and b € H
are quaternions. The form (1) is called the quaternion form of an octonion.

Table 1. Octonions Multiplication Table

Basis elements
®©| 1 e1 e e e es e er
1 1 e €2 es e4 €5 es €7
e1 en —1 e3 —ex es —es —er e
es ea —e3 —1 e €6 €r —€4 —€5
e3 es e —e1 —1 er —eg es —es
es €4 —e5 —eg —er —1 e e —e3
es es es —er eg —ep —1 —es e2
es €6 €7 es —es —eax ez  —1 —e;
er | et —ee €5 €4 —e3 —ez2 €1 =1

Octonion algebra multiplication is given in Table 1, describing the results of
multiplying the element in the ith row by the element in the jth column from
the right. We easily observe that for 1 <4,5 <7,

6,‘@61‘:—1, and €i®ej:_ej ®e; lfz#.]

In addition, in the table, it is easily observed that the multiplication is non-
associative., from (e.g., e4s = €2 ® (e3 ® e5) # (€2 @ e3) ® e5 = —ey).
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Moreover, by identifying, the algebras span{l},span{1,es}, and span{l, ey,
e, e3}, respectively, with the real numbers R, the complex numbers C, and
the quaternion algebra H, we remark that R, C, and H are a sub-algebras of O.

Convention: with regard to the non-associative nature of octonion algebra, by
convention, the multiplication of octonions throughout the article is from left to
right, so that

POPE - Opn="_(((p1Op2) Op3) Ops)---) O pn

for any p; € O.

We will call the part Sc(o) := op, the scalar part of o and Vec(o) := 0 — og,
the vector part of o.
The octonion conjugate is defined by

0 =09 — Vec(o). (2)

For all 0,p € O, we have

The norm of o equals

Note that the octonion norm fulfils the law of composition, i.e., for any o,p € O,

lo® p| = |o| |pl, (5)

then, we say then that the octonion algebra has a multiplicative norm.
The exponential of an octonion o is given by:

Z ; (6)

where o' =0 ® o0 ® 0--- ® o. Since octonions are non-commutative, the relation
—_—

Q,

1 times
e*tP = e°©eP will not always be true. However, this property is confirmed when
o and p are commutative.

Lemma 1. Let § € R and pn € O, with p?> = —1. Then we have the following
natural generalization of Euler’s formula for octonion algebra

> (On) 0 i 62z+1
eeuzz(;!b) :g( “Z @i+ 1)l
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Vec(o)

———= is a square of —1, we get the following
[Vec(o)|

Consequently, by remarking that
lemma

Lemma 2. FEvery octonion o € O — {0} can be written in polar form by

0 = |ole”” (8)
i=7
Zoiei
where § = arctan (‘ Vec(o) D and p = Vec(o) = =1 belongs to the
Sc(o) [Vec(o)] Egiz 2

unit sphere
S?:={oc0:|of =1}
of the Euclidean space R.

Lemma 3. [10] Let a,b € H, then

(). e4a ®a = a®ey (it). e4 ® (a®eq) = —a (ii7). (a O] e1) ®eq = —a
(iv). a@ (bOes) = (bO®a)®es(v). (a@es) Ob = (a®b) ®ey (vi). (a®
1) ®(b®ey) =-b®a.

Furthermore, for an octonion 0 = a + b ® ey4, a,b € H in the quaternion form,
we have [10, Lemma 2.11]

0=a—-b®ey. (9)
and

lof? = |af® + [b]*. (10)
An octonion valued function f : R3 — O may be written as

f=fo+ fier+ faea + -+ freq (11)

where each f; is a real valued function.
For 1 < p < oo, we denote the spaces LP(R?, Q) as the collection of all octonion
valued functions f : R3 — O with the finite norm

ity = ([ 1wirn) <

where @ := (21,22, 3), € R? and dx := dz1drodrs stands for the usual Lebesgue
measure on R3. For p = 0o, L™ (R3 , (O)) is the collection of essentially bounded
measurable functions with the norm || f|| = ess supzers|f(x)|. The next tech-
nical lemma yields the equivalence between the membership of an octonion func-
tion f in the octonion L!-space (respectively L?-space) and the membership in
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the quaternion L'-space (respectively L2-space) of the components of f in its
quaternion expression.
Expressing an octonion signal with the quaternion form as in (1), we obtain

f=g+h®eu, (12)
where g and h are two quaternion signals, then we get the equivalences:

Lemma 4.

(i) f € LY(R3,Q0) if and only if g, h € L*(R3, H),
(ii) f € L3(R3,Q) if and only if g, h € L*(R3, H).

Proof. (i) Suppose that f € L'(R?, Q). Regarding the fact that |g| < |f| and
|h| < |f], we obtain that g, h € L'(R3, Q). The reciprocal implication holds
true since |f| = |g+ h @ eq] < |g| + |h|.

(ii) Both implications are a consequence of the identity |f|? = |g|? + |h|?.

2.2 Clifford Algebra C/;3; and Its Clifford-Fourier Trans-
form

The real Clifford algebra C¥y 3 is Clifford’s geometric algebra over R3, ie. O3
is 8D linear space with basis:

{1,e1,e9,€e3,€12, €13, €23,i3}, (13)

where 1 is the unit element, and we used the conventional index notation e;o =
€1 0€9,€13 = €1 O €3, €23 = €3 0 €3,143 = €1 O € 0 €3, here the symbol o stands for
the Clifford multiplication.

The associative geometric multiplication of the basis vectors obeys to the laws

exoepy=ecr=-1 ke{l,23}
€L 0€e = —€oe k#l, k,lE{l,Q,S}

Table 2. Cly 3 Multiplication Table

Basis elements

o 1 e e es ez e13 ez i3

1 1 e €2 e3 ez €13 €23 13
e1 e1r —1 e e3 —ex —e3 i3 —ea3
ez ez —ei2 —1 e e —i3 —e3 ei13
e3 ez —e13 —e23 —1 i3 el e2  —el2
€12 €12 ez —eq 13 —1 €23 —€13 —€3
€13 €13 €3 —i3 —e1 —e23 —1 e €2
€23 €23 i3 €3 —e2 e13 —e2 —1 —er

i3 93 —e23 €13 —e12 —e3 ez  —e1 1
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Clifford algebra Cfy 3 multiplication is given in Table 2, from which observe
that ey, es, e3, €12, €13, €23 are square roots of —1.
We recall that the 3D Clifford—Fourier transform is defined by for f €
Ll(RS, Cg()?g), by (see [2])

JT&D[_ﬂ (wl,wz,wg) — / f($1,132,$3) ° 876127\"&)111 ° ef&227rw212 ° e*egQ‘rrwgz?, d:l'},
R3
(14)

Remark 1. Although the octonion algebra and the CYj 3-algebra are both of
dimension 8 and non-commutative, they are clearly not identifiable with each
other because the latter is associative and the other is not. They do, however,
share the fact that one can dive into both of them the Euclidean space R3, the
algebra of reals R (isomorphic to the Clifford algebra C¢g ), the algebra of com-
plex numbers C (isomorphic to the Clifford algebra Cly 1), and the algebra of
quaternions H (isomorphic to the Clifford algebra C¥y 2). Therefore, the multipli-
cations ® and o match on the quaternions, and in particular, on the complex and
real numbers where the two symbols will be omitted. Furthermore, by using the
formula (1), one can switch from an algebra of octonions problem to the Clifford
algebra Cl 3 restricted to the algebra of quaternions on R?, which is associative
and for which the results of the Fourier—Clifford analysis are established, as it is
an instance of the general real Clifford algebra C¥,,.

3 Octonion Fourier Transform

In this section, we recall the definition of the octonion Fourier transform (OFT),
outline some of its important results used in the sequel, and then add some new
results. More details have been discussed in [10-12].

In what follows, we often use the shorthand © = (21, z2,x3), w = (w1, w2, ws3) €
R? and the R3-Lebesgue measure as dax = dzidxadas.

Definition 1. If f € LY(R3,0), then the OFT of f is defined as follows:
f@[f]('lﬂ) _ f(CC) ® 6761271'11)111 ® 6782271'102932 ® 6764271‘11)3{1?3 d.’IZ, (15)
]RS

The OFT shares many properties with the classical (complex) and quaternion
Fourier transforms (for more details on the properties of the OFT, see [3,4]).

Proposition 1. The octonion Fourier transform Fg, enjoys the following prop-
erties:
P(1) Fo is a R-linear:

Folafi + Bf2] = aFolfi] + BFolf2], «a,B€R.
P(2) Shift property: For o, 3,7 € R
Folf((z1 — a,z2,23)](w) = cos(2rz1a)U(w) — sin(2rz1) Fof](z1, —x2, —23) @ e1,
Folf((z1,22 — B,23)|(w) = cos(2mz2B) Folf|(w) — sin(2mz23) Fo[fl(w1, wa, —ws) © ez,
Folf((z1, 22,73 — 7)|(w) = cos(2mz37)Folfl(w) — sin(2rz3y) Folfl(w) © ea.
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P(3) Scaling property: For a, 3,~v € R\{0}

Tl T2 T
Fo |1 (2.%2.2) | (w) = lamrlFol s, ua)
a By
P(4)The Riemann-Lebesgue theorem | llim Folf](w) = 0.
w | —0o0
The OFT is not an O-linear operation (see [12, Lemma 3.7]); thus P(1)

does not hold for any a, 3 € O, because the multiplication of octonions is not
associative. The following theorem demonstrates that the OFT is invertible ( see

[4])-

Theorem 3 (Inversion formula). For f € L'(R? Q), such that Fp[f] €
LY(R3,Q), the inverse of the OFT can be computed as follows:

f(a:) _ F@[.ﬂ(w) @ 66427rw3w3 @ 66227Tw2w2 @ eel2ww1w1 dw, (16)
R3
The next example indicates that the OFT of a Gaussian octonion function is
another Gaussian octonion function.

Ezample 1 (OFT of a Gaussian octonion function). Consider a Gaussian octo-
|2

nion function f given by f(x) = oe "1*I" where 0 = a + b ® e4 is a constant

quaternion. Then

Folfl(w) = f(w). (17)

The following lemma shows that the OFT retains the energy of octonion-
valued signals. [4, Theorem 18]:

Lemma 5 (Parseval theorem). For f € L?(R3,Q), one has

[Fo [£]1l, = 1£1l, - (18)

Remark 2. L'(R? 0)NL3(R3,0), like in the classical case, is dense in L(R3, Q).
Thus, standard reasoning on density leads us to extend the definition of the OFT
of f € LY(R3,0)N L?(R3,0) in a unique way to the whole of L?(R3, Q). Hence,
we consider that the definition of the OFT is an operator of L?(R?, Q) into
L?(R3,0).

In the following, the even and odd parts are denoted by f. and the f,,
receptively, in the third variable x3, of f, given by the following:

(f($1,1’2,$3) - f($1,$2, —$3)) .

(19)

L 1
fe= 3 (f(z1,z2,23) + f(z1,22,—23)) ,and f, = 3
We prove the following formula, which is based on the norm of an octo-

nion signal f in terms of the norms of its odd and even parts in its quaternion
decomposition, using long but simple calculations.
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Lemma 6.

(2 + 1f (@1, 22, =23)[*) = lgel* + [go]* + [hel* + |ho|*. (20)

[N

The OFT and 3D-Clifford-Fourier transform have the following relationship:

Lemma 7.

Folf] = Fsp[f+] + Fap[f-] ©@ea. (21)

where
J+ =9+ ho®es, f_(x) =he(—x1,—22,23) — go(—21, —T2,23) ®e3 (22)

and g, h are the quaternion parts in the decomposition (12) of f.
Lemma 7 can be proved using Lemma 3 and the Euler formula for the octonions

(7).

Remark 3. The lemma is significant insofar as it makes it possible to note that
the computations of the OFT of an octonion-valued signal are reduced to the
computations of the 3D Clifford-Fourier transform of a quaternion-valued signals.

Given that the 3D Clifford transforms of f, and f_ lie in the quaternion
algebra and considering the two formulas (21) and (10), we have the following
lemma:

Lemma 8. For f € L'(R3,0), we have

2 2 2
Folf]] = |Fonlss]] +|Fen 1] (23)
We define a new module of Fg[f] as follows :
m="7
> 1 Folfmll®. (24)
m=0
Furthermore, we define a new L2-norm of Fp[f] as follows
2
IFelfllo =1 [, [Folfltw)| dw. (25)
R3 @)

It is interesting to observe that |Fo[f]|, is not equivalent to|Fg[f]| unless f is
real valued.
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4 Uncertainty Relations for the Octonion
Fourier Transform

The classical UP is a fundamentally accurate result of signal processing and
illustrates the precision with which a signal can be measured in space and in its
spectral (frequency) domain. UPs have recently been studied for hypercomplex
Fourier signals, including quaternion-valued signals, space-time-valued signals
and Clifford-Fourier signals. See, for example, [5,8].

Inspired by the generalization of Beurling’s theorem in terms of the quater-
nion algebra [5], we investigate in this section Beurling’s UP for the OFT.

4.1 Beurling’s up

The following useful proposition is an extension of Beurling’s UP for the quater-
nion Fourier transform [5, Thm. 4.2] on R? to the 3-D quaternion Fourier trans-
form signals.

Proposition 2. Let f € L?(R3,R) and suppose that

/ / @)l Fsplf](w) ]2 1 dzdw < oo. (26)
R3 JR3

Then f =0 almost everywhere.

Now, according to Proposition 2, we prove an analogue of Theorem 1 for the
OFT.

Theorem 4 (Beurling’s UP). Suppose f € L*(R3,Q) with

//\f(;c)\|f@[f](w)|oe2ﬂlw\\lw\da;dw<oo. (27)
R3 JR3

Then f = 0 almost everywhere.

Proof. We can assume without loss of generality that f € L?(R? R). Indeed, if
we suppose that the result is proven for a real-valued function f,, € L?(R3 R),
which is a component of f given by the form (11), then the assumption (27)
implies that

/ / |f7n(x)||f®[f7n](W)‘ezﬂ‘zmw‘dibdw < 00,
R3 JR3

hence we will have f,, is 0 almost everywhere. and therefore so is f.

Now, let f € L2(R?,R), and f = g+h®e4 be the quaternion form of f given
by (12), and let f; f_ be the functions given by (22), then we have f = g,h =0,
and consequently fi = f. and f_ = —f,(—z1, —22,23) ® e3.

By Lemma 6 we get that f, and f_ are both in L?(R3,R).
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Moreover, by noticing from Lemma 8 that |Fsp[f+]| < |Folf]|, the assumption
(27) yields that

/ / | i (@)|| Fsp [ fe](w)]e?™ v dpdw < oo,
R3 JR3

which is equivalent to

/ / | fe(@)|| Fap [fe(w) ™= dadaw < oo,
R3 JR3

and

/ | = fo(—21, —T2,23) @ €3] Fap [ fo(—21, —22, 23) @ €3] (w)]e*™ " | dzdw < co.
r3 JR3

As | — fo(—x1, —x2,23) ® e3| = | fo(—x1, —22,23)|, we can, easily, prove the last
inequality is alternatively

/ / | foll Fap [fo] (w)| 2™ dapdaw < oo.
Rr3 JR3

However, based on Proposition 2, we get f. = f, = 0, therefore f = f. + f, = 0.

Corollary 1 (Hardy’s UP).
Let f € L?(R3,Q). Suppose for some a, 3 > 0, f satisfies

[f(@)| < Cem™ ", and | Fo[f)(w)]o < C'e” 0T,
where C' and C' are positive constants. If moreover
af >1
then f =0 almost everywhere.

Corollary 2 (Gelfand—Shilov’s UP).
Let f € L?>(R3,Q), and assume that

|f(.’13)|627r%‘33|”d;1; < 00, and / |f@[f](w)|062”%lwlqclw < oo, (28)
R3 R3

1 1
for some a, >0, 1 <p,q < oo with —+ = =1. Then
P q
f =0 almost everywhere whenever (p,q) # (2,2) or a8 > 1.

Corollary 3 (Cowling—Price’s UP).
Let f € L?(R3,Q), and assume that

[ (s@lert) dw < . [ (1Follwloe™ ) dy < .

1 1
with 1 < p,q < oo,—+ —=1. Ifaf > 1, then f =0 almost everywhere.
p q
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5 Conclusion

In the present paper, we first proved an analogue of Beurling’s theorem in the
framework of octonions based on the quaternion form of octonions, the version
of Beurling’s uncertainty principle related to the quaternion algebra, and the
relation between the Fourier transform of octonions on R? and the 3D Clifford-
Fourier transform. We then derived other variants of the uncertainty principle.
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Abstract. We show how the octonion Fourier transform can be embed-
ded and studied in Clifford geometric algebra of three-dimensional
Euclidean space C1(3,0). We apply a new form of dimensionally minimal
embedding of octonions in geometric algebra, that expresses octonion
multiplication non-associativity with a sum of up to four (individually
associative) geometric algebra product terms. This approach leads to
new polar representations of octonion analytic signals.

Keywords: Clifford geometric algebra - octonions * Fourier
transform - analytic signal - polar representation

1 Introduction

Hypercomplex Fourier transforms experienced rapid development during the last
30years. A historical overview of this field can be found in [3], a variety of
approaches is included in [7], and a recent comprehensive textbook is [8]. For a
recent survey of signal and image processing in Clifford geometric algebra, see
Sect. 6 of [10]. In Definition 9 of [4] a Clifford algebra based hypercomplex Fourier
transform producing a multidimensional analytic signal was defined. In the book
[5] this approach is applied for the non-associative and non-commutative hyper-
complex algebra of octonions. Apart from its non-associativity, octonions have
many outstanding algebraic properties (e.g. the highest dimensional normed divi-
sion algebra). It is therefore of great interest for us in this work to use a recently
invented minimal embedding [11,12] of octonions in the Clifford geometric alge-
bra of three-dimensional space CI(3,0) and consequently embed the octonion
Fourier transformation (OFT) in C1(3,0). This embedding allows to break down
non-associative octonion multiplication into sums of associative geometric prod-
ucts, and therefore to easily apply existing geometric algebra computing software
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[1,2,15]. And it allows to establish new polar representations for octonion ana-
lytic signals.

We first review in Sect. 2 the properties of octonions [13] and in Sect. 3 the
new embedding of octonions in Clifford geometric algebra CI(3,0). Then we
present in Sect.4 the OFT of [5], as well as octonion analytic signals, and in
Sect. 5 embed the OFT in CI(3,0). Finally, in Sect. 6 we utilize the polar decom-
position of [9,16] for complex biquaternions and multivectors in C1(3,0) to intro-
duce new polar representations for octonion analytic signals.

2 Octonions

Here we first briefly summarize important octonion algebra properties (see [13],
pp. 300-302, and [11]), assuming a, b, ¢, z,y € O.

— Octonions O form an eight-dimensional bilinear algebra over the reals R with
basis {17 €1,€3,€e3,€e4,€5, €q, 67}-
— The multiplication table! is given by (1 <4,j < 7)

e, xe;, = —]., e, x€e; = —€; x¢; for 4 7&], €, x€;41 = €43, (1)

where (4,7 4+ 1,7 + 3) can be permuted cyclically and translated modulo 7.

— Via the Cayley-Dickson doubling process, octonions can directly be defined
from pairs of quaternions p1, pa, ¢1,¢2 € H (note the order of factors, qc(...)
is quaternion conjugation):

(p1,q1) * (P2, 42) = (p1p2 — aclaz)qr, @2p1 + qrac(p2)). (2)

— O has no zero divisors, i.e., ab = 0 implies a = 0 or b = 0.

— O is a division algebra, i.e., axz = b and ya = b have unique solutions x,y for
non-zero a.

— O admits unique inverses.

— O is non-associative, i.e., in general a(bc) # (ab)c.

— O is alternative, i.e., a(ab) = a?b and (ab)b = ab?.

— O is one of only four alternative division algebras over R: R, C, H, Q.

— O is flexible, i.e., a(ba) = (ab)a.

— O has a (positive-definite quadratic form) norm ||...|| : @ — R, the norm is
preserved (i.e. admits composition), such that ||ab|| = ||al|||].

— O is one of only four unital norm-preserving division algebras over R:
R,C,H,O.

— O is essential for treating triality, an automorphism of the universal cov-
ering spin group Spin(8) of the rotation group SO(8) or RS. Triality is
not an inner automorphism, nor an orthogonal matrix similarity, nor a
linear transformation CI(8,0) — CI(8,0), nor a linear automorphism of
SO(8). Triality permutes three elements in the center of CI(8,0), namely
{—1, e12345678, —€12345678 }, With basis vectors e;, (1 < i < 8), of R8. Triality
is a restriction of a polynomial mapping CI(8,0) — CI(8,0) of degree two.

Furthermore, like for complex numbers, quaternions and biquaternions, there
is a polar decomposition for octonions [16].

! This depends obviously on deliberate ordering and sign choices for the basis elements.
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3 Embedding of Octonions in Clifford Geometric Algebra
of Three-Dimensional Euclidean Space

For readers not familiar with Clifford geometric algebra we refer to the excellent
textbook [13], and to the tutorial introduction [6]. The current section summa-
rizes the results needed from [11].

The Clifford geometric algebra CI(3,0) of Euclidean space R3 has eight basis
elements

{1,01,09,03,101 = 023, [0y = 031,103 = 012, 1 = 0123}, (3)

where {01, 09,03} forms an orthonormal vector basis of R3. We can construct
in C1(3,0) an octonionic product [11], after splitting it in its even subalgebra
Cl1*(3,0) with basis

{1, 023,031,012}, (4)
and the set C1~(3,0) of odd grade (w.r.t. grades in CI(3,0)) elements

{01,02,03,1 = 0123} (5)

We will use the Clifford conjugation? (indicated by an overbar M), i.e. the
composition of (main) grade involution (M ) and reversion (M), which preserves
grades zero and three, but changes the signs of grades one and two in CI(3,0).
A realization of the octonionic product of M, N in CI(3,0) is given by four
geometric algebra product terms

M=M,+M_, N=N,+N._,
M%N=M,N, + N_M_+N_M, + M_N;, (6)
with even grade parts M, N, € CI™(3,0) and odd grade parts M_,N_ €
C17(3,0). The multiplication table is Table 1, with octonionic product illustra-
tion in Fano plane diagram form in Fig. 1.
The octonion conjugate (anti-involution) in CI(3,0) is given by

M*=M, —M_=DM,;—M_, (MxN)*"=N*xM* (7)

Computing the octonion norm yields (including norm-preservation):
8
IM|| = M*M* = (MM)=M+M=) M,  |MxN|=|M[N]. (8)
i=1

where M; € R,1 < i <8, are the coefficients of M in the CI(3,0) basis (3).
The above reviewed embedding is very flexible. It even allows to reversely

embed Clifford geometric algebra C1(3,0) in octonions by defining the geometric

product in terms of the octonionic product (see [11], Sect. 3.3 for details):

MoNy D wnN,, MoN. 9N,

MN. QN M, MO N = —(N_ %)% (M, +1). 9)

2 Note that by construction My = (M)+.
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Table 1. Multiplication table for octonion embedding in C(3,0). The upper left 4 x 4-
block corresponds to My Ny, the upper right 4 x 4-block to N_M,, the lower left
4 x 4-block to M_N, and the lower right 4 x 4-block to M _N_ of (6).

Left factors | Right factors

1 Io1 Ios Ios o1 o) o3 I
1 1 Io1 Ios Ios o1 o) o3 I
Io1 Io1 | —1 —Iosz | Iog I o) —02 | —01
Ios Ios | Ios -1 —Ilo1|—o3 |1 o1 —02
Ios Ios | —1os | 1o —1 o) —o1 |1 —03
o1 o1 | —1 o3 —o2 | —1 los | —Ioo|1Ioy
o2 oy |—o3 |—1 o1 —Ios | —1 Io1 Ios
o3 o3 | o2 —o1 | —1 Ios —Io1 | —1 Ios
I I o1 o9 o3 —Io1 | —Ios | —Iosz | —1

4 QOctonion Fourier Transform

From now on, if no brackets are given, the order of multiplication is assumed to
be from left to right. According to Sect.4.2.1 of [5], the OFT of an integrable
real signal f € L'(R3,R) can be defined as

]_-{f}(u) _ / f(x)e—e127rulac1e—e227ru29c26—e427ru3x3d3x7 (10)
R3

with three-dimensional position- and frequency vectors, and volume element
X = (z1,20,23) €R®,  u= (u1,u,u3) € R® d*x = dridradas, (11)

respectively, and octonion units {e1,e3, €4} in the exponents. As pointed out in
[5], any triplet of octonion units could be used in the octonionic kernel of (10), as
long as the three do not form a quaternionic subalgebra, by that reason, e.g., the
triplet {e1,eq, e} is excluded, compare the multiplication table Table2.3 and
its Fano plane visualization Fig.2.2 in [5]. In the latter the triplet {e1,es,es}
clearly lies on a straight line.

Given suitable integrability conditions, the inverse OFT can be computed as

f(X) — fﬁl{f{f}}(x) :/ J;{f}(u)ee427ru3w3 ee227ru2z2 ee127ru1w1 d?)u’
]R3
d*u = duydugdus. (12)
Abbreviating sy = sin(2rugzy), ¢ = cos(2rurxy), k = 1,2,3, we can express
the kernel of (10), using multiplication table Table 2.3 of [5], as

6791271'11/1221676227FU2:D2679427‘FU3$3 — (Cl _ 8161)(02 _ 8262)(03 _ 8364)
= C1C2C3 — S§1C2C3€1 — C152C3€2 — C1C253€4

+ S189c3€3 + S1C283€5 + c1S283€6 — S1S283€7. (13)
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O- —_
Ji 102

Fig. 1. Illustration of C(3,0) basis elements under the octonionic product (6) in
Table 1, see [11] for details.

The significance of this decomposition is, that therefore a real signal f €
L'(R3,R) is decomposed by the OFT (10) into eight spectral components of
distinct even-odd symmetries: {eee,oee,eoe,eec0,00e,0€0,600,000}, where e=even,
o=odd. Following the multiplication table Table2.3 of [5], and using the alter-
native octonion multiplication property of Sect. 2, we find the following conju-
gations (4,7 = 2,...,7)

€5 i F g (14)

ai(ej) = eiejei = {_ej i :j .
)

This allows to express all F{f}(tui, tua, ug) in terms of F{f}(u) each time
using four suitable a; conjugations. For example,

F{fH(—u1,uz,uz) = ar(as(as(az(F{f}(u))))). (15)

As a consequence the OFT in all eight octants of the three-dimensional frequency
space can be obtained from the OFT only applied to the first octant, where all
three frequency components are positive (i.e. {u; > 0,u2 > 0,uz > 0}).

4.1 Hypercomplex Analytic Signal

A real signal f € L'(R,R) can be extended to a complex analytic signal with
positive frequency by multiplying its Fourier transform Fr{f}(u) with (1+sgnu),
u € R being the frequency, and back transforming

U(x) = Fg {1 +sgnw)Fr{f}(u) } (2), (16)

equivalent to application of the Hilbert transform, where ® means convolution,

HIf@) = ()@ f(), () = f@) +iHlf@)] = B) e f(). (17)
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We can recover the original signal as the real part of ¢(z), i.e.,

£(2) = 5 (9() + ccl(z). (18)

Analogously, we can construct for real three-dimensional signals f €
L'(R3 R) an analytic hypercomplex signal with triple convolution by (see
Sect. 5.2.3 of [5] for details)

¢@hmw@f%un+mgaxwua+@£;xw<>+m{@

®®® f(l’l,CCQ,Ig)
=f 4 vie1 + vaey + vi2€3 + v3ey + vizes + vazes +ver, (19)

which has only three-dimensional frequency values u = (u1,u2,ug) in the first
octant of frequency space, where all three frequency components are positive
(+ + +). The original signal f € L'(R3 R) is the scalar real component of
(21,29, x3). The corresponding analytic signals ¥ (x1,x2,x3)k, k = 2,...,8 in
the other seven octants are obtained by simply changing the three plus signs in
(19) to (7++)7 (+7+)a (7 7+)7 (++7)7 (74»7)7 (+7 7)3 (7 - 7)7 respectively.
And we can recover the original signal simply by

8
1
f($1,$2,$3 gzw $1,$2,x3 (20)
k=1
Instead of computing ¥ (x1,x2, x3)k, k = 2,...,8, one by one, we can obviously

also obtain them from 1 (z1,x2,23)1 by applying to it compositions of octo-
nionic conjugations (14) as, e.g., in (15). We note that [5], p. 167, states for
Y(x1, e, x3)1 of (19): The exact polar representation of this signal is unknown.

This outline of the OFT and its corresponding analytic first octant frequency
spectrum signal may suffice here to be able to somewhat appreciate its uniquely
interesting properties, due to its octonionic kernel. For more details we refer
to [5].

5 Embedding the OFT in Clifford Geometric Algebra
of Three-Dimensional Euclidean Space

Now we reach the main purpose of this work to extend the embedding of octo-
nions in Clifford geometric algebra CI(3,0) of Sect.3 to a full embedding of
the OFT. An essential first step is the question on how to identify the three
unit octonions ej, ez, and e, with corresponding non-scalar basis elements of
Cl(3,0). In [5], page 70, when defining the OFT, it is emphasized that the
choice of e, e9, and ey, for constructing the transformation kernel is not unique,
but other triplets suggested always include es, located at the center of the Fano
diagram Fig. 2.2 in [5]. Comparing this situation with our Fano diagram Fig. 1,
we conveniently choose the three basis blades o1, —1,—Ic3. We observe that
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o1,—1 € C17(3,0) are both odd-, and —Io3 € C1*(3,0) is even graded, respec-
tively.

We therefore define the embedding in the geometric algebra C1(3,0) of the
OFT of a real signal f € L'(R? R) as

f{f}(u) = / f(X)e—0127ru1m1 *61271'71,212 *61032ﬂu3z3d31‘. (21)
R3

The kernel of the embedded OFT can be expressed in geometric algebra, using
multiplication table Table 1, as

K = [6—0127ru1321 *6127ru2:c2] *610327\'u3x3

= [(Cl — 0'181) * (CQ + .[82)] * (Cg + 10583)

= C1C2C3 — 81C2C301 + 6152631 + 01625310'3 — 8182C301 * I — §1C28301 % (10'3)
+ 182831 % (Ios) — s18283[01 * I * (Io3)

= c1CoC3 — S1CoC3071 + c1S9¢3] + c1cas3l03 — s189¢3lo1 + S1C28309
+ C1828303 — 818283]0’2

0163(02 + SQI) — 5103(02 + 821)0'1 + 5153(02 — SQI)O’Q + 6153(02 — 821)10'3

= Cg(Cl — 510'1)((32 + 52[) + 83(810’2 + 010'10'2)(62 — SQI)
03(01 — 810'1)(02 + SQI) + 83010'2(01 — 8101)(02 — 32_[)
[03(62 =+ 52_[) + 830'10'2(02 — SQI)KCl — 810'1)

= [63€I2ﬂu2x2 + 531036_12”“2”2](01 — $101) (22)

New we observe that to change the sign of any of the three frequency components
in the result, GA has very simple involutions

K(_u17u27u3) = U3K(U17U27U3)037 K(Uh —UQ,US) = 0'3[?(71«1771/2771'3)03:

K(u1,us2, —us3)

= O’lK(Ul,U2,U3)0'1, K(fulv 7U2,U3) = K(u17u25u3)7
K(—ul,ug, —’u,g) = (J'Qf((’u,l,’ug,ug)()‘z7 K(ul, —Uuz2, —U3) = 0'21?(11,1711,2,11,3)0'27
K(—Uh—uz,—us) =01f((u17u27u3)017 (23)

with grade involution K that changes the sign of all odd grade parts. Note that
the frequency sign change only operating in octonion algebra always requires a
composition of four conjugations (as e.g. in (15)).

5.1 Embedding of Octonion Analytic Signal in Geometric Algebra
Cli(3,0)

We now ask how the octonion analytic signal, defined in (19), can be embedded in
the geometric algebra C1(3,0) of three-dimensional Euclidean space R3? Similar
to our study of the kernel of the embedding of the OFT, we therefore need
to apply the embedding of octonion multiplication in geometric algebra to the
convolution factor product that appears in the definition of the octonion analytic
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signal (19). We again replace e, es, and ey, by the three C1(3,0) basis blades
o1, —I, and —Io3, and obtain?

{6(a1) + 017%61] « [5(zs) — Iﬁ%]} « [6(zs) — Iag,i]

mI3
1 1 1
The following threefold convolution, carried out algebraically in the geometric

algebra C1(3,0), will therefore give the embedding of the octonion analytic signal
of (19) in CI(3,0)

Ylar, w2, w3)1 = [6(2a) (3(x2) - %z) - Iagﬁ%s(a(xz) +I7%2)]
(6(%)4"71%&) ®®® f(21,r2,3) (25)

= f+wvi01 —vol —v3log — vi2lo1 + V1309 + Vo303 + vios.

Furthermore, the seven simple GA involutions of (23) will also analogously yield
the embedded version of the octonion analytic signal for the other seven octants,
which corresponds to changing one, two or all three signs of o1, —I, and —Ios3,
n (25):

P(x1, w2, 23)2 = 03 (21, X2, 73)103,  Y(T1,22,23)3 = 03¢(x1,T2,23)103,

( )2 =03
V(1,22 23)a = Y(T1,22,23)1,  Y(T1,22,23)5 = o1¢(21, T2, T3)107,
Y(x1,2,73)6 = 02(T1, T2, T3)102,  Y(T1,T2,23)7 = 02p(T1, T2, T3)102,
(a1, T, 73)s = 019(1, T, T3)101, (26)
where in number ordering of the octants we simply follow Fig. 4.10 and Table 5.4
of [5]. The original scalar signal can always be reconstructed from the eight
octant specific signals of (25) and (26), and therefore from the purely positive
frequency (in the first octant of the three-dimensional frequency space) signal
(1,2, 73)1, a8

8
f(@1,22,23) = ézw (27)
k=1

which is the octant generalization of the reconstruction (18) of a real one-
dimensional signal from its complex analytic signal. The single complex con-
jugation in (18) is replaced by the seven geometric algebra involutions of (26).

6 Polar Representation of Embedded Octonion Analytic
Signal

As shown in [16], Theorem 1, there exists an elegant and very compact polar
decomposition for complex biquaternions. Due to the isomorphism between com-

3 Note the close algebraic analogy to the computation in (22), associating ¢, and
d(xr), as well as s, and —1/(7xy), for k =1,2,3.
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plex biquaternions and the Clifford algebra C1(3,0), this can be carried over to
multivectors in C1(3,0) as well, see [9], Sect. 4.3, equation (49).

As for notation, unit vectors u (two degrees of freedom (DOF')), unit bivectors
iz (two DOF'), and the central unit pseudoscalar I = o193 in CI(3,0) square to

u? = +1, iz = —1, I’ = —1. (28)

The even subalgebra of CI(3,0) is isomorphic to quaternions H: Cly(3,0) = H.
That means general multivectors M in C1(3,0) can always be represented as
complex (I? = —1) (bi)quaternions:

M =M+ M- =p+Iq, (29)
where p and ¢ are (isomorphic to) quaternions
p= M, =aye®’, q=I1"'M_=ae*", a,a,cRY, Z'ZZ, = 2'3 =1,

with unit bivectors i,,i, € Cl2(3,0).
The polar decomposition of M € CI(3,0) is

g0 21z for ¢=0,
Tevoe2iz for p=0,
M =D + Iq = 6a06a2i2 1+21f fOI‘ q= pf (31)

/ y .
g0 et o212 003l (i} arwige.

where in line three (compare (26) in [9]) we have the special case that the quotient
p~lq results in a unit bivector f = p~lq. The value of iy = i, in lines one
(compare (19) in [9]) and three, io = ip in line four, while in line two we have
i3 = i4. We note that line one is a special case of line four for o; = a3 = 0. Line
two (compare (19) in [9]) is a special case of line four for a; = 0 and a3 = 7/2. So
essentially only lines three and four of (31) matter, and we have one special (line
three) case with idempotent factor (1££) and one general case (line four: see
Sect. 4.2 of [9] for all computational details) with full exponential factorization.
The latter has the necessary eight DOF': four DOF are given by the phase angles
ag, k=0,1,2,3, two DOF by unit vector v’ and two by unit bivector is.

To better understand how to compute the generic case decomposition of line
four of (31), we present the following numerical example (see details in Appendix

A).
Ezample 1.

M =1+ 20, + 309 + 40y + 50 + 61 = ¢1:0436 155740 ,—0.66405 iy 183041
v =0.9047 01 — 0.1544 05 + 0.3972 03,
19 = 0.2959103 + 0.6685102 + 0.682310. (32)

We thus propose to use this new polar representation method (31) for the embed-
ded octonion analytic signal (25), is one way to answer the open question for
the exact polar representation of (19).



132 E. Hitzer

Another way to answer this question can be proposed based on analysis of
a separable three-dimensional signal f(z1,x2,73) = g1(x1)g2(x2)g3(x3), gk €
LY(RY RY), k =1,2,3, that leads to a decomposition of the form

Y1 = arasas| cos(az)e” ' —sin(az)Ioze®’ ] (cos(a) + sin(ay)or),  (33)
or more general

Y1 = A cos(a)e™ " + sin(as)ize®’] (cos(ar) + sin(aq )u), (34)

with suitably defined amplitudes ai, A € R, angles a € R, £ = 1,2,3, unit
vector u € R3, and unit bivector iy € C12(3,0).
Further research has to show which of these two ways may be preferable.

7 Conclusion

We have briefly reviewed octonions and their new minimal embedding in the
geometric algebra of three-dimensional space CI(3,0). We further reviewed the
notion of OFT and octonion analytic signal, embedded both in C1(3,0), and
finally suggested two interesting possibilities for polar decompositions of the
embedded octonion analytic signal. Further research, including concrete appli-
cations to non-separable signals, is desirable.
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well as the organizers of the workshop ENGAGE 2022, and of CGI 2022.

A Computation of Example 1

The C1(3,0) multivector
M =1+20; + 303 +4I0; + 5103 + 61 (35)
has according to (30)
p=1+4lo; + 5103, q=1"120, +30y+6I)=6—2I0; —3I0y. (36)
A first step is to norm M by division with the square root of M M.

MM = (1+ 201 + 302 + 4I01 + 5lo3 + 61)(1 — 201 — 309 — 4lo1 — 5105 + 61)
=1-4-9+16+25-36+1(12—16) = -7 — 41
=65 —T—AL 2X1.0436 ,2x1.83041

V65 ’

showing that cg = 1.0436 and a3 = 1.8304. We therefore have

A /MM — 61'0436 61'83041, (38)

(37)
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and
—1
N=MVMM — (p + Iq)€71'0436671'83041
=1.9519 + 1.180707 — 0.271205 + 1.701903
—0.4520103 — 1.0212105 — 1.0424107 — 0.88281
=N, +II"'N_=P+1IQ.
Therefore

P =1.9519 — 0.4520103 — 1.0212I 09 — 1.042410,,
@ = —0.8828 — 1.180710; + 0.2712105 — 1.7019103.

And we represent P as a rotor

_ apip __ —0.66405x%(0.2959103+40.6685102+0.682310
P =ape = 24786 ¢ ( 8 2 v,

that is

ap = VPP = 24786, as=ap = —0.66405,
is = ip = 0.2959105 + 0.66851 05 + 0.68231 0.

ag =1/ QQ = 2.2679.

e = NP~! = Naple PP = 1 40.82780; — 0.141305 + 0.363403,

We will soon need

We finally have

with unit vector part

’ <NP_1>1
= ———=0.9047 0, — 0.1544 0.3972
U (NP 1] o1 o2 + o3,
and 2.2679
o = atanhZ—i = atanhm = 1.5574.

In summary the polar decomposition gives
G ’ . B
M = 10436 (155740’ ,—0.6640542 ,1.83041

u' = 0.9047 01 — 0.1544 09 + 0.3972 03,
1o = 0.2959103 + 0.6685109 + 0.6823107.
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(42)

(43)

(45)

(46)

(47)

All computations have been verified with The Clifford Multivector Toolbox for

Matlab [15].



134

E. Hitzer

References

10.

11.

12.

13.

14.

15.

16.

17.

. Ablamowicz, R.: Computations with Clifford and Grassmann Algebras. Adv. Appl.

Clifford Algebras 19, 499-545 (2009). https://doi.org/10.1007 /s00006-009-0182-3

. Aragon-Camarasa, G., Aragon-Gonzalez, G., Aragon, J. L., Rodriguez-Andrade,

M.A.: Clifford Algebra with Mathematica, Preprint, version 2 (2018). https://doi.
org/10.48550 /arXiv.0810.2412

Brackx, F., Hitzer, E., Sangwine, S.J.: History of Quaternion and Clifford-Fourier
Transforms. In: Hitzer, E., Sangwine, S.J. (eds.) Quaternion and Clifford Fourier
Transforms and Wavelets, Trends in Mathematics (TIM), vol. 27, pp. xi-xxvii.
Birkhéuser, Basel (2013)

Biilow, T., Sommer, G.: Hypercomplex signals-a novel extension of the analytic
signal to the multidimensional case. IEEE Trans. Signal Process. 49(11), 2844—
2852 (2001). https://doi.org/10.1109/78.960432

Hahn, S.L., Snopek, K.M.: Complex and Hypercomplex Analytic Signals - Theory
and Applications. Artech House, Norwood (MA) (2017)

Hitzer, E.: Introduction to Clifford’s geometric algebra. SICE J. Control, Meas.
Syst. Integr. 51(4), 338-350 (2012). http://arxiv.org/abs/1306.1660

E. Hitzer, S.J. Sangwine (eds.), Quaternion and Clifford Fourier Transforms and
Wavelets, Trends in Mathematics 27, Birkh#user, Basel (2013). https://doi.org/
10.1007/978-3-0348-0603-9

Hitzer, E.: Quaternion and Clifford Fourier Transforms, 1st edn. Foreword by S.J.
Sangwine, Chapman and Hall/CRC, London (2021)

Hitzer, E.: On factorization of multivectors in C1(3,0), Ci(1,2) and CI(0,3), by
exponentials and idempotents. Complex Variables Elliptic Equ. 68, 1-23 (2021).
https://doi.org/10.1080,/17476933.2021.2001462

Hitzer, E., Lavor, C., Hildenbrand, D.: Current survey of Clifford geometric algebra
applications. Math. Meth. Appl. Sci. 2022, 1-31 (2022). https://doi.org/10.1002/
mma.8316

Hitzer, E.: Extending Lasenby’s embedding of octonions in space-time algebra
ClI(1,3), to all three- and four dimensional Clifford geometric algebras Cl(p,q),
n = p+ q = 3,4. Math. Meth. Appl. Sci., 1-24 (2022). https://doi.org/10.1002/
mma.8577

Lasenby, A.: Some recent results for SU(3) and octonions within the GA approach
to the fundamental forces of nature. Math Meth Appl Sci. (2023). https://doi.org/
10.1002/mma.8934

Lounesto, P.: Clifford Algebras and Spinors, 2nd ed., London Mathematical Society
Lecture Note Series, vol. 286. Cambridge University Press, Cambridge (UK) (2001)
Matthew Chapter 7 Verse 8, New International Version of the Bible. https://www.
biblegateway.com/. Accessed 01 June 2022

Sangwine, S.J., Hitzer, E.: Clifford multivector toolbox (for MATLAB). Adv.
Appl. Clifford Algebras 27(1), 539-558 (2016). https://doi.org/10.1007/s00006-
016-0666-x

Sangwine, S.J., Hitzer, E.: Polar decomposition of complexified quaternions and
octonions. Adv. Appl. Clifford Algebras 30(2), 1-12 (2020). https://doi.org/10.
1007/s00006-020-1048-y

Shilhavy, B.:  https://vaccineimpact.com/2022/44821-dead-4351483-injured-
following-covid-19-vaccines-in-european-database-of-adverse-reactions/. Accessed
02 June 2022


https://doi.org/10.1007/s00006-009-0182-3
https://doi.org/10.48550/arXiv. 0810.2412
https://doi.org/10.48550/arXiv. 0810.2412
https://doi.org/10.1109/78.960432
http://arxiv.org/abs/1306.1660
https://doi.org/10.1007/978-3-0348-0603-9
https://doi.org/10.1007/978-3-0348-0603-9
https://doi.org/10.1080/17476933.2021.2001462
https://doi.org/10.1002/mma.8316
https://doi.org/10.1002/mma.8316
https://doi.org/10.1002/mma.8577
https://doi.org/10.1002/mma.8577
https://doi.org/10.1002/mma.8934
https://doi.org/10.1002/mma.8934
https://www.biblegateway.com/
https://www.biblegateway.com/
https://doi.org/10.1007/s00006-016-0666-x
https://doi.org/10.1007/s00006-016-0666-x
https://doi.org/10.1007/s00006-020-1048-y
https://doi.org/10.1007/s00006-020-1048-y
https://vaccineimpact.com/2022/44821-dead-4351483-injured-following-covid-19-vaccines-in-european-database-of-adverse-reactions/
https://vaccineimpact.com/2022/44821-dead-4351483-injured-following-covid-19-vaccines-in-european-database-of-adverse-reactions/

A
Acus, Arturas 16
Andres, Eric 41

B
Breuils, Stéphane 41

C
Chacoén, Pablo 83

D
Dargys, Adolfas 16
Dorst, Leo 54

H

Hamilton, Andrew J. S.
Haoui, Youssef E1 111
Hitzer, Eckhard 123

K
Kenmochi, Yukiko 41

3

Author Index

L

Lasenby, Joan 83
Loucka, Pavel 67
Luo, Wen 96

P
Pan, Binghuang 96
Pepe, Alberto 83

S
Shirokov, Dmitry 28
Sugimoto, Akihiro 41

Y

Yin, Yilei 96
Yu, Zhaoyuan 96
Yuan, Linwang 96

Z
Zayed, Mohra 111
Zhou, Chunye 96

© The Editor(s) (if applicable) and The Author(s), under exclusive license

to Springer Nature Switzerland AG 2023

E. Hitzer et al. (Eds.): ENGAGE 2022, LNCS 13862, p. 135, 2023.

https://doi.org/10.1007/978-3-031-30923-6


https://doi.org/10.1007/978-3-031-30923-6

	 Preface
	 Organization
	 Contents
	Foundations of Geometric Algebra
	The Supergeometric Algebra: The Square Root of the Geometric Algebra
	1 Introduction
	2 Spinors as a Bitcode
	3 Spinor Metric
	4 Column Spinors and Row Spinors
	5 The GA Is the Square of the SGA
	6 Conjugation
	7 Supersymmetry
	References

	Calculation of the Exponential in Arbitrary Clp,q Clifford Algebra
	1 Introduction and Notation
	2 MV Characteristic Polynomial and Equation
	3 MV Exponentials in Clp,q Algebra
	3.1 Exponential of MV in Coordinate (Orthogonal Basis) Form
	3.2 Exponential in Basis-Free Form
	3.3 Making the Answer Real

	4 Elementary Functions of MV
	5 Conclusion
	A  Minimal Polynomial of MV
	References

	On Noncommutative Vieta Theorem in Geometric Algebras
	1 Introduction
	2 Generalized Vieta's Formulas in Geometric Algebras
	2.1 The Case n=1
	2.2 The Case n=2
	2.3 The Case n=3

	3 On Gelfand – Retakh Noncommutative Vieta Theorem
	4 Application of Noncommutative Vieta Theorem to Geometric Algebras
	4.1 The Case n=1
	4.2 The Case n=2
	4.3 The Case n=3
	4.4 The Cases n4

	5 Conclusions
	References

	Transformations, Orientation and Fitting
	Conjecture on Characterisation of Bijective 3D Digitized Reflections and Rotations
	1 Introduction
	2 Digitized Reflections and Rotations via Geometric Algebra
	2.1 Reflections
	2.2 Rotations
	2.3 Geometric Algebra Rotations and Quaternions
	2.4 Cubic Grids and Cells and Digitized Reflections
	2.5 Bijectivity Condition of Digitized Reflections and Characterization in 2D

	3 Conjecture on the Characterization in 3D
	3.1 Certification of Bijective Reflections Through Lipshitz Quaternions
	3.2 Bijective Digitized Reflections on Base Planes 1,2,3
	3.3 Conjecture on Bijectivity for Digitized Reflections and Rotations

	4 Approximation with a Bijective Digitized Reflection
	5 Conclusion
	References

	Complementary Orientations in Geometric Algebras
	1 Oriented Geometry
	2 Two Complementary Types of Orientation
	3 A Representational Paradox
	4 Dualization
	5 Complementary Orientation by Hodge Dualization
	6 Visualization of Oriented 3D DGA Primitives
	7 Visualization of Oriented 3D PGA Primitives
	8 The Dual Join
	9 The Four Sibling Relationships
	10 Computing with Complementary Orientations
	11 Conclusion
	References

	On Proper and Improper Points in Geometric Algebra for Conics and Conic Fitting Through Given Waypoints
	1 Introduction
	2 Fitting in GAC – Without Given Waypoints
	3 Proper and Improper Points in GAC
	3.1 Homogeneous Coordinates
	3.2 Projectivisation of GAC

	4 Fitting in GAC - With Given Waypoints
	4.1 Implementation
	4.2 Number of Waypoints and Degrees of Freedom of the Conic

	5 Experimental Results
	6 Conclusion
	References

	Modelling Proteins and Cities
	Using a Graph Transformer Network to Predict 3D Coordinates of Proteins via Geometric Algebra Modelling
	1 Introduction
	2 Modelling Proteins
	2.1 Proteins as Rigid Bodies
	2.2 Proteins as Graphs

	3 Architecture
	3.1 Graph Transformer
	3.2 3D Projector
	3.3 Training Details

	4 Results
	5 Conclusions
	References

	How Does Geometric Algebra Support Digital Twin—A Case Study with the Passive Infrared Sensor Scene
	1 Introduction
	2 Basic Idea
	3 Construction of Geometric Algebra-based Digital Twin
	3.1 Geometric Algebraic Systems Definition
	3.2 Object Representation Based on Geometric Algebra
	3.3 Geometric Algebra Operator Definition

	4 Digital Twinning of PIR Scene
	4.1 Data and Framework
	4.2 Digital Twinning for Interaction of PIR scene
	4.3 Digital Twinning for Data Mining of PIR Scene

	5 Conclusion and Discussion
	References

	Signal Processing with Octonions
	Beurling's Theorem Associated with Octonion Algebra Valued Signals
	1 Introduction
	2 On Octonion and Clifford Algebra C 0,3
	2.1 Octonion Algebra
	2.2 Clifford Algebra C 0,3 and Its Clifford-Fourier Transform

	3 Octonion Fourier Transform
	4 Uncertainty Relations for the Octonion Fourier Transform
	4.1 Beurling's up

	5 Conclusion
	References

	Embedding of Octonion Fourier Transform in Geometric Algebra of R3 and Polar Representations of Octonion Analytic Signals
	1 Introduction
	2 Octonions
	3 Embedding of Octonions in Clifford Geometric Algebra of Three-Dimensional Euclidean Space
	4 Octonion Fourier Transform
	4.1 Hypercomplex Analytic Signal

	5 Embedding the OFT in Clifford Geometric Algebra of Three-Dimensional Euclidean Space
	5.1 Embedding of Octonion Analytic Signal in Geometric Algebra Cl(3,0)

	6 Polar Representation of Embedded Octonion Analytic Signal
	7 Conclusion
	A Computation of Example 1
	References

	Author Index

