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Abstract. In recent study, we develop the weighted generalized Hilfer-
Prabhakar fractional derivative operator and explore its key properties.
It unifies many existing fractional derivatives like Hilfer-Prabhakar and
Riemann-Liouville. The weighted Laplace transform of the newly defined
derivative is obtained. By involving the new fractional derivative, we
modeled the free-electron laser equation and kinetic equation and then
found the solutions of these fractional equations by applying the weighted
Laplace transform.
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1 Introduction

Fractional calculus is a natural development of classical calculus with a long
mathematical history. The fractional calculus concept has been applied in numer-
ous models. In a variety of domains, fractional models can be utilized to cap-
ture and comprehend complex processes (see related literature [1,2]). Fractional
calculus has progressed significantly as a result of its applications in practical
mathematics such as chemistry, mechanics, physics, engineering, and biology [3–
7]. In literature, several fractional operators exist with wide applications such as
the Riemann-Liouville [8], the ψ-Hilfer fractional derivative and its properties
[9], generalized Hilfer-Prabhakar fractional derivative with arising physical mod-
els [31], the fractional calculus iteration procedure on conformable derivatives
[10], the Hadamard fractional calculus and Hadamard-type fractional differen-
tial equations [11], kernel Hilbert space method for nonlinear partial differential
equations [12].

The generalization of fractional integral and derivative operators have
achieved remarkable attention in recent decades [13–20]. Various special func-
tions arise in the kernels of fractional operators, including the Wright function,
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the Gauss hypergeometric function, Mittag-Leffler function, Fox H-function and
Meijer G-function. The Hilfer-Prabhakar fractional derivative, which is an exten-
sion of the Caputo and the Riemann-Liouville fractional derivatives was pre-
sented by R. Hilfer in [13]. The fractional Prabhakar integral and derivative
operators are established by involving the generalized Mittag-Leffler function in
the kernel of the Riemann-Liouville fractional operators [14].

This research is inspired by the widespread use of fractional differential equa-
tions in engineering, economics, physics, and a variety of other fields of science
[21–27]. The purpose of this work is to enhance the existing literature on frac-
tional calculus and to provide the strong applicability in sciences.

We start this study by recalling some relevant definitions and notions.

Definition 1. [28] The j-gamma function is defined as:

Γj(ϑ) =

∞∫

0

xϑ−1e
−xj

j dx, R(ϑ) > 0, j > 0.

Note that Γ (ϑ) = limj→1 Γj(ϑ) and Γj(ϑ) = j
ϑ
j −1Γ (ϑ

j ).

Definition 2. [28] For �(ϑ) > 0, j > 0 and �(ς) > 0, the j-beta function is
defined as

Bj(ϑ, ς) =
1
j

∫ 1

0

τ
ϑ
j −1(1 − τ)

ς
j −1dτ.

Γj and Bj functions are related as Bj(ϑ, ς) = Γj(ϑ)Γj(ς)
Γj(ϑ+ς) .

Definition 3. For � ∈ Cn[â, �] and �
′(ς) > 0 on [â, �]. Then

ACn
�[â, �] =

{
Ψ : [â, �] → C Ψ [n−1] ∈ AC[â, �]

}
,

where Ψ [n−1] =
(

1
g′(ς)

d
dς

)n−1

Ψ.

Definition 4. [29] Let n ∈ N , j ∈ R
+, α, �, ε ∈ C, �(�) > 0, �(α) > 0, then

j-Mittag-Leffler function is defined by

Eε
j,�,α(ϑ) =

∞∑
n=0

(ε)n,jϑ
n

Γj(�n + α)n!
.

Weighted generalized fractional integral operator involving j-Mittag-Leffler func-
tion introduced in [30] is described in the following definition.

Definition 5. For s ∈ R\{−1}, j ∈ R
+, α, �, ω, ε ∈ C, �(�) > 0, �(ε) >

0, �(α) > 0. Let Φ be a positive increasing function on (δ, �], δ > 0 having
continuous derivative Φ′ on (0, �), and Ψ ∈ L1[δ, �], then

(Φ,sj J
ω,w,ε
δ+;�,αΨ)(ϑ) = (s+1)

1− α
j

j w−1(ϑ)
∫ ϑ

δ
(Φs+1(ϑ) − Φs+1(ς))

α
j −1Φs(ς)

×Eε
j,�,α(ω(Φs+1(ϑ) − Φs+1(ς))

�
j )Φ′(ς)w(ς)Ψ(ς)dς. (1)
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Definition 6. [31] Let Ψ ∈ C1[δ, �], δ > 0, 0 < ϑ < � < ∞, s ∈ R\{−1},
j, � > 0, ω, ε ∈ R, α ∈ (0, 1), k ∈ [0, 1] and

(
Ψ ∗ s

jJ
ω,−ε(1−k)
0+;�,(1−k)(j−α)

)
(ϑ) ∈ AC1[δ, �],

then generalized Hilfer-Prabhakar derivative is defined as

s
jD

ε,α,�
δ+;�,ωΨ(ϑ) = j

(
s
jJ

ω,−ε�
δ+;�,�(j−α)

( 1
ϑs

d

dϑ

)
s
jJ

ω,−ε(1−�)
δ+;�,(1−�)(j−α)Ψ

)
(ϑ).

Weighted generalized Laplace transform introduced in [32] is defined as follows:

Definition 7. For the real valued functions Ψ, w(x) �= 0 and Φ is such that
Φ′(ξ) > 0 on [a,∞), the weighted generalized Laplace transform of Ψ is given by

Lw
Φ{Ψ(t)}(u) =

∫ ∞

a

e−u(Φ(t)−Φ(a))w(t)Ψ(t)Φ′(t)dt, (2)

for all values of u.

Definition 8. [33] For some α ∈ R, the Caputo derivative of non integer order
α with Ψ(x) ∈ ACn([a, b]) is given by

(CDα
a+Ψ)(ϑ) = 1

Γ (n−α)

∫ ϑ

a
(ϑ − x)n−α−1Ψ (n)(x)dx, n ∈ N (3)

where n = [α] + 1.

Definition 9. [20] Let Ψ, ψ ∈ C1[δ, �], δ > 0, 0 < ϑ < � < ∞, � > 0, ε ∈ R,
α ∈ (0, 1), � ∈ [0, 1] and

(
Ψ ∗ J

−ε(1−�)
δ+;�,(1−�)(1−α)

)
(ϑ) ∈ AC1[δ, �], then weighted

generalized Hilfer-Prabhakar fractional derivative is defined as

Dε,α,�
δ+;�,ωΨ(ϑ) =

(
Jω,−ε�

δ+;�,�(1−α)

( d

dϑ

)
J

ω,−ε(1−�)
δ+;�,(1−�)(1−α)Ψ

)
(ϑ),

Samraiz et al. [34] proposed the modified weighted (j, s)-Riemann-Liouville frac-
tional integral of order ρ, which is stated as follows:

Definition 10. Suppose that Ψ be a continuous function on [a, b] and Φ
is strictly increasing differentiable function. Then modified weighted (j, s)-
Riemann-Liouville fractional integral of order ρ is given by

(Φ,sj J
ρ
a+,wΨ)(ϑ)

= (s+1)
1− ρ

j w−1(ϑ)
jΓj(ρ)

∫ ϑ

a
(Φs+1(ϑ) − Φs+1(t))

ρ
j −1Φs(t)Φ′(t)w(t)Ψ(t)dt, ϑ ∈ [a, b],

where ρ, j > 0, ω(ϑ) �= 0 and s ∈ R\{−1}.
Theorem 1. [32] Let Dj

wΨ , j = 0, 1, 2, ...,m−1 be weighted Φ-exponential order
with Ψ ∈ ACm−1

w [a, ξ). Furthermore, if the function Dn
wΨ is piecewise continuous

on an [a, T ], then the weighted Laplace transform of Dn
wΨ is defined by

Lw
Φ{Dn

wΨ}(u) = unLw
Φ{Ψ(ξ)}(u) −

n−1∑
j=0

un−j−1Ψj(a).
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Definition 11. [32] The convolution of Ψ and Φ is defined by

(Ψ ∗w
Φ h)(ξ) = w−1(ξ)

∫ ξ

a
w(Φ−1(Φ(ξ) + Φ(a) − Φ(t)))

×Ψ(Φ−1(Φ(ξ) + Φ(a) − Φ(t)))w(t)h(t)Φ
′
(t)dt.

Theorem 2. [30] Let Ψ be a piecewise continuous w-weighted Φ-exponential
order function on interval [a, ϑ]. Then

Lw
Φ{Ψ ,sj J

w,ω,ε
δ+;�,αΨ(ϑ)}(s)

= (s + 1)1− α
j (js)− α

k

(
1 − kω(ks)− �

k

)− ε
k

Lw
Φ{Ψ(ϑ)}(s),

with |jω(js)− �
j | < 1.

The present work is one in a sequence of studies starting by Garra et al. [20]
in 2014, then modified by Samraiz et al. [31] in 2020.

2 Weighted Generalized Hilfer-Prabhakar Fractional
Derivative and Weighted Laplace Transform

In the current section, we describe the weighted generalized Hilfer-Prabhakar
fractional derivative. The weighted Laplace transform of the novel operator is
also evaluated.

Definition 12. Let Ψ, ψ ∈ C1[δ, �], δ > 0, 0 < ϑ < � < ∞, s ∈ R\{−1}, η, � >

0, ω, ε ∈ R, α ∈ (0, 1), � ∈ [0, 1] and
(
Ψ ∗ ψ,sη J

ω,w,−ε(1−�)
δ+;�,(1−�)(η−α)

)
(ϑ) ∈ AC1[δ, �],

then weighted generalized Hilfer-Prabhakar fractional derivative is defined as

ψ,
s
η D

ε,w,α,�

δ+;�,ω
Ψ(ϑ) = η

(
ψ,

s
η J

ω,w,−ε�

δ+;�,�(η−α)

( w−1(ϑ)

ψs(ϑ)ψ′ (ϑ)
d

dϑ

)
w(ϑ)ψ,

s
η J

ω,w,−ε(1−�)
δ+;�,(1−�)(η−α)

Ψ
)
(ϑ), (4)

where ψs(ϑ) = (ψ(ϑ))s, ψs(ϑ) �= 0 and w(ϑ) �= 0.
We observe that, the generalized Hilfer-Prabhakar fractional derivative oper-

ator given in [31] can be achieved with choice of parameters ψ(ϑ) = ϑ and
w(ϑ) = 1 in (4). The choice of the parameters ψ(ϑ) = ϑ,w(ϑ) = 1, η = 1, s = 0,
gives Hilfer-Prabhakar fractional derivative introduced by Garra et al. in [20]
presented in Definition 9. If we set ψ(ϑ) = ϑ, w(ϑ) = 1, � = 0 and ε = 0
in (4), we get (η, s)-Riemann-Liouville fractional derivative operator given in
[35]. Corresponding to the choice of the parameters ψ(ϑ) = ϑ, w(ϑ) = 1 and
� = 0 in (4), we obtain (η, s)-Prabhakar fractional derivative given in [36]. If
we substitute ψ(ϑ) = ϑ, w(ϑ) = 1, � = 0, and s = 0 in (4), we get η-Prabhakar
fractional derivative operator given in [8], the choice of the parameters ψ(ϑ) = ϑ,
w(ϑ) = 1, � = 0, s = 0 and η = 1 in (4) gives Prabhakar fractional derivative
operator presented in [14].
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Proposition 1. Let s ∈ R\{−1}, η ∈ R
+, α, �, ω, ε ∈ C, �(�) > 0, �(α) > 0

and � > 0 then integral operator ψ,sη J
ω,w,ε
δ+;�,α is bounded on C[δ, �], δ ≥ 0 i.e.,

|(ψ,sη J
ω,w,ε
δ+;�,αΨ)(ϑ)| ≤ G‖wΨ‖C[δ,�],

where

‖wΨ‖C[δ,�] = max{|wΨ | : 0 < x < �}

and

G = (s+1)
− α

η (ψs+1(�)−ψs+1(δ))
α
η

η

∑∞
m=0

|(ε)m,ηωm|
|Γη(�m+α)|m!

× (ψs+1(�)−ψs+1(δ))
�
η

m[
m
η (�+α)

] . (5)

Proof. We first prove that the series in the Eq. (5) is convergent. Let bm denotes
the mth term of the series, then we have

bm+1
bm

= |(ε)m+1,ηωm+1(ψs+1(�)−ψs+1(δ))
�(m+1)

η |
|(ε)m,ηωm(ψs+1(�)−ψs+1(δ))

�(m)
η |

×
[

m�+α
η

]
|Γη(�m+α)|m![

(m+1)�+α
η

]
|Γη(�(m+1)+α)|(m+1)!

= η
−�
η

|m+ ε
η |

m+1

∣∣∣Γ(
�m
η +α

η

)∣∣∣∣∣∣Γ(
�m
η + �

η +α
η

)∣∣

×
[

m�+α
η

]
|
[

(m+1)�+α
η

]
|
ω|(ψs+1(�) − ψs+1(δ))

�
η |

∼ ω|(ψs+1(�)−ψs+1(δ))
�
η |

(
∣∣ �

η m|
) �

η
→ 0(m → ∞).

This implies that the series on the right side of (5) is convergent and hence G is
finite.

Now, Consider

|(ψ,sη J
ω,w,ε
δ+;�,αΨ)(ϑ)| ≤ (s+1)

1− α
η

η w−1(ϑ)
∫ ϑ

δ
(ψs+1(ϑ) − ψs+1(ς))

α
η −1ψs(ς)

×∣∣Eε
η,�,α(ω(ψs+1(ϑ) − ψs+1(ς))

�
η )w(ς)Ψ(ς)

∣∣ψ′(ς)dς. (6)
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Substitute u = ψs+1(ϑ) − ψs+1(ς) on the right side of (6), we get

|(ψ,sη J
ω,w,ε
δ+;�,αΨ)(ϑ)| ≤ (s+1)

− α
η

η w−1(ϑ)
∫ ψs+1(ϑ)−ψs+1(δ)

0
u

α
η −1

×|Eε
η,�,α(ω(u)

�
η )|‖wΨ‖C[δ,�]du

≤ ‖wΨ‖C[δ,�]
(s+1)

− α
η

η w−1(�)
∫ ψs+1(�)−ψs+1(δ)

0
u

α
η −1

×|Eε
η,�,α(ω(u)

�
η )|du

≤ ‖wΨ‖C[δ,�]
(s+1)

− α
η

η w−1(�)
∑∞

m=0
|(ε)m,ηωm|

|Γη(�m+α)|m!

× ∫ ψs+1(�)−ψs+1(δ)

0
(u)(

�
kη )m+(α

η )−1du

≤ ‖wΨ‖C[δ,�]
(s+1)

− α
η (ψs+1(�)−ψs+1(δ))

( α
η

)

η

∑∞
m=0

|(ε)m,ηωm|
|Γη(�m+α)|m!

× (ψs+1(�)−ψs+1(δ))
( �

η
)m[

m
η (�+α)

] ,

which gives

|(ψ,sη J
ω,w,ε
δ+;�,αΨ)(ϑ)| ≤ G‖wΨ‖C[δ,�].

This completes the proof of Proposition 1.

Theorem 3. Let s be any real number except −1, η, � > 0, ω, ε ∈ R, α ∈
(0, 1), � ∈ [0, 1]. If Ψ ∈ L1[δ, �], then the weighted generalized Hilfer-Prabhakar
fractional derivative ψ,sη D

ε,w,α,�
δ+;�,ω is bounded on C[δ, �]

‖ψ,sη D
ε,α,�
δ+;�,ωΨ(ϑ)‖ ≤ A1A2‖wΨ‖[δ,�],

where

A1 = (s+1)
− �(η−α)

η (ψs+1(�)−ψs+1(δ))
�(η−α)

η

η

×∑∞
n=0

|(−ε�)n,ηωn|
|Γη(�n+�(η−α))|n!

(ψs+1(�)−ψs+1(δ))
�n
η[

�n
η +

�(η−α
η )

] , (7)

and

A2 = (s+1)
− (1−�)(η−α)−η

η (ψs+1(�)−ψs+1(δ))
(1−�)(η−α)−η

η

η

×∑∞
m=0

|(ε(�−1))m,ηωm|
|Γη(�m+(1−�)(η−α))|m!

(ψs+1(�)−ψs+1(δ))
�m
η[

�m
η +

(1−�)(η−α
η )

] . (8)
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Proof. Using Proposition 1, we have

‖ψ,sη D
ε,w,α,�
δ+;�,ω Ψ(ϑ)‖

=
∥∥∥η

(
ψ,sη J

ω,w,−ε�
δ+;�,�(η−α)

(
w−1(ϑ)

ψs(ϑ)ψ′(ϑ)
d

dϑ

)
w(ϑ)

(
ψ,sη J

ω,w,−ε(1−�)
δ+;�,(1−�)(η−α)Ψ

)
(ϑ)

∥∥∥
≤ ηA1

∥∥∥
(

w−1(ϑ)
ψs(ϑ)ψ′(ϑ)

d
dϑ

)
w(ϑ)

(
ψ,sη J

ω,w,−ε(1−�)
δ+;�,(1−�)(η−α)Ψ

)
(ϑ)

∥∥∥
= A1

∥∥∥
(

ψ,sη J
ω,w,−ε(1−�)
δ+;�,(1−�)(η−α)−ηΨ

)
(ϑ)

∥∥∥
≤ A1A2‖Ψ‖[δ,�],

where both A1 and A2 are given by (7) and (8).

Proposition 2. Let s ∈ R \ −1, η, �, ρ > 0, ω, ε, σ ∈ R, α ∈ (0, 1), � ∈ [0, 1],
ρ > α + �η − α� and Ψ ∈ L1[δ, �], then

(
ψ,sη D

ε,w,α,�
δ+;�,ω (ψ,sη J

ω,w,σ
δ+;�,ρΨ)

)
(ϑ) = (ψ,sη J

ω,w,σ−ε
δ+;�,ρ−αΨ)(ϑ).

In particular
(

ψ,sη D
ε,w,α,�
δ+;�,ω (ψ,sη J

ω,w,ε
δ+;�,αΨ)

)
(ϑ) = Ψ(ϑ).

Proof. Using the Definition 12 and semi group property of (5) given in [30], we
have (

ψ,sη D
ε,w,α,�
δ+;�,ω (ψ,sη J

ω,w,σ
δ+;�,ρΨ)

)
(ϑ)

= η
(

ψ,sη J
ω,w,−ε�
δ+;�,�(η−α)

(
w−1(ϑ)

ψs(ϑ)ψ′(ϑ)
d

dϑw(ϑ)
)

ψ,sη J
ω,w,−ε(1−�)
δ+;�,(1−�)(η−α)(ψ,sη J

ω,w,σ
δ+;�,ρΨ)

)
(ϑ)

= η
(

ψ,sη J
ω,w,−ε�
δ+;�,�(η−α)

(
w−1(ϑ)

ψs(ϑ)ψ′(ϑ)
d

dϑw(ϑ)
)(

ψ,sη J
ω,w,−ε(1−�)+σ
δ+;�,(1−�)(η−α)+ρΨ)

)
(ϑ)

=
(

ψ,sη J
ω,w,−ε�
δ+;�,�(η−α)

(
ψ,sη J

ω,−ε(1−�)+σ
δ+;�,(1−�)(η−α)+ρ−ηΨ)

)
(ϑ)

=
(

ψ,sη J
ω,σ−ε
δ+;�,ρ−αΨ)

)
(ϑ).

The proof of the Proposition 2 is completed.

Theorem 4. For s ∈ R\{−1}, η, �, ρ > 0, ω, ε ∈ R, α ∈ (0, 1), � ∈ [0, 1],
ρ > α + �η − α� and Ψ ∈ L1[δ, �] then

(
ψ,sη J

ρ
δ+,w(ψ,sη D

ε,w,α,�
δ+;�,ω Ψ)

)
(ϑ) = (ψ,sη J

ω,w,−ε
δ+;�,ρ−αΨ)(ϑ).
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Proof. Using the Definition 12 and Theorem 2.5 given in [36], we get
(

ψ,sη J
ρ
δ+,w(ψ,sη D

ε,w,α,�
δ+;�,ω )Ψ)

)
(ϑ)

= η
(

ψ,sη J
ρ
δ+,wψ,sη J

ω,w,−ε�
δ+;�,�(η−α)

(
w−1(ϑ)

ψs(ϑ)ψ′(ϑ)
d

dϑw(ϑ)
)

ψ,sη J
ω,w,−ε(1−�)
δ+;�,(1−�)(η−α)Ψ

)
(ϑ)

= η
(

ψ,sη J
ω,w,−ε�
δ+;�,�(η−α)+ρ

(
w−1(ϑ)

ψs(ϑ)ψ′(ϑ)
d

dϑw(ϑ)
)

ψ,sη J
ω,w,−ε(1−�)
δ+;�,(1−�)(η−α)Ψ

)
(ϑ)

=
(

ψ,sη J
ω,w,−ε�
δ+;�,�(η−α)+ρ

(
ψ,sη J

ω,−ε(1−�)
δ+;�,(1−�)(η−α)−ηΨ

))
(ϑ)

=
(

ψ,sη J
ω,−ε
δ+;�,ρ−αΨ

)
(ϑ).

This completes the proof.

Theorem 5. The weighted Laplace transform of generalized Hilfer-Prabhakar
fractional derivative is given by

Lw
ψ{ψ,sη D

ε,w,α,�
δ+;�,ω Ψ(ϑ)}(u) = (s + 1)

α−η
η (ηu)

α
η

(
1 − ηω(ηu)− �

η

) ε
η

×Lw
ψ{Ψ(ϑ)}(u) − η(s + 1)− �(η−α)

η (ηu)
−�(η−α)

η

×
(
1 − ηω(ηu)− �

η

) ε�
η

ψ,sη J
ω,w,−ε(1−�)
δ+;�,(1−�)(η−α)Ψ(δ+).

Proof. Using the Definition 12 and Theorem 1, we have

Lw
ψ{ψ,sη D

ε,w,α,�
δ+;�,ω Ψ(ϑ)}(u)

= η(s + 1)− �(η−α)
η (ηu)

−�(η−α)
η

(
1 − ηω(ηu)− �

η

) ε�
η

×Lw
ψ

{
ψ,sη J

ω,w,−ε(1−�)
δ+;�,(1−�)(η−α)

[1]
Ψ(ϑ)

}
(u)

= η(s + 1)− �(η−α)
η (ηu)

−�(η−α)
η

(
1 − ηω(ηu)− �

η

) ε�
η

×
[
uLw

ψ{ψ,sη J
ω,w,−ε(1−�)
δ+;�,(1−�)(η−α)Ψ(ϑ)}(u) − ψ,sη J

ω,w,−ε(1−�)
δ+;�,(1−�)(η−α)Ψ(δ+)

]

= (ηu)(s + 1)− �(η−α)
η (ηu)

−�(η−α)
η

(
1 − ηω(ηu)− �

η

) ε�
η

×Lw
ψ{ψ,sη J

ω,w,−ε(1−�)
δ+;�,(1−�)(η−α)Ψ(ϑ)}(u) − η(s + 1)− �(η−α)

η (ηu)
−�(η−α)

η

×
(
1 − ηω(ηu)− �

η

) ε�
η

ψ,sη J
ω,w,−ε(1−�)
δ+;�,(1−�)(η−α)Ψ(δ+)

= (ηu)(s + 1)− �(η−α)
η (ηu)

−�(η−α)
η

(
1 − ηω(ηu)− �

η

) ε�
η

×
[
(s + 1)− (1−�)(η−α)

η (ηu)
−(1−�)(η−α)

η

(
1 − ηω(ηu)− �

η

) ε(1−�)
η
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×Lw
ψ{Ψ(ϑ)}(u)

]
− η(s + 1)− �(η−α)

η (ηu)
−�(η−α)

η

(
1 − ηω(ηu)− �

η

) ε�
η

×ψ,sη J
ω,w,−ε(1−�)
δ+;�,(1−�)(η−α)Ψ(δ+)

= (s + 1)
α−η

η (ηu)
α
η

(
1 − ηω(ηu)− �

η

) ε
η

Lw
ψ{Ψ(ϑ)}(u) − η(s + 1)− �(η−α)

η

×(ηu)
−�(η−α)

η

(
1 − ηω(ηu)

−�
η

) ε�
η

ψ,sη J
ω,w,−ε(1−�)
δ+;�,(1−�)(η−α)Ψ(δ+),

this proves the proof of the Theorem 5.

3 Free-Electron Laser Equation Involving Weighted
Generalized Fractional Operators

In recent decades, several methods for tackling the generalized fractional integro-
differential free-electron laser problem have been proposed. In the present
section, we offer a more generalized model of the free-electron laser problem
involving the newly defined operator.

Theorem 6. The solution of free-electron laser problem

ψ,sη D
ε,α,�
δ+;�,ω,wΨ(ϑ) = ρψ,sη J

σ,ω,w
δ+;�,αΨ(ϑ) + f(ϑ), (9)

ψ,sη J
ω,−ε(1−�)
δ+;�,(1−�)(η−α),wΨ(δ+) = D, D ≥ 0, (10)

where ϑ ∈ (0,∞), f ∈ L1[0,∞), α ∈ (0, 1), � ∈ [0, 1], ω, ρ ∈ R, δ > 0, � > 0,
ε, σ ≥ 0 is given by

Ψ(ϑ) = D
∑∞

m=0 ρm(s + 1)− �(η−α)+α−η
η (ψs+1(ϑ) − ψs+1(δ))

�(η−α)+α(1+2m)
η −1

×E
(ε+σ)m−ε(�−1)
η,�,�(η−α)+α(1+2m)(ω(ψs+1(ϑ) − ψs+1(δ))

�
η )

+
∑∞

m=0 ρm(s + 1)2m
(
ψ
,sη J

ω,w,(ε+σ)m+ε
η,�,α(1+2m) f

)
(ϑ).

Proof. Applying weighted Laplace transform on both sides of (9) and using The-
orems 2 and 5, we get

Lw
ψ{ψ,sη D

ε,α,�
δ+;�,ω,wΨ(ϑ)}(u) = ρLw

ψ{ψ,sη J
σ,ω,w
δ+;�,αΨ(ϑ)}(u) + Lw

ψ{f(ϑ)}(u). (11)

The Eq. (11) can be presented as

Lw
ψ{Ψ(ϑ)}(u) =

Dη(s+1)
− �(η−α)

η (ηu)
−�(η−α)

η

(
1−ηω(ηu)

�
η

) ε�
η

(s+1)
α−η

η (ηu)
α
η

(
1−ηω(ηu)

−�
η

) ε
η

+ Lw
ψ {f(ϑ)}(u)

(s+1)
α−η

η (ηu)
α
η

(
1−ηω(ηu)

−�
η

) ε
η

×
(
1 − ρ(ηu)− 2α

η

(
1 − ηω(ηu)

−�
η

)− ε+σ
η

)−1

.
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By using the binomial expansion, we get

Lw
ψ{Ψ(ϑ)}(u)

=
Dη(s+1)

− �(η−α)
η (ηu)

−�(η−α)
η

(
1−ηω(ηu)

�
η

) ε�
η

(s+1)
α−η

η (ηu)
α
η

(
1−ηω(ηu)

−�
η

) ε
η

+ Lw
ψ {f(ϑ)}(u)

(s+1)
α−η

η (ηu)
α
η

(
1−ηω(ηu)

−�
η

) ε
η

×∑∞
m=0 ρm(ηu)−2αm

η
(
1 − ηω(ηu)

−�
η

)− (ε+σ)
η m

,

= Dη
∑∞

m=0 ρm(s + 1)− �(η−α)+α−η
η

×(ηu)− �(η−α)+α(1+2m)
η

(
1 − ηω(ηu)

−�
η

)− (ε+σ)m−ε(�−1)
η

+
∑∞

m=0 ρm(s + 1)− α−η
η (ηu)− α(1+2m)

η

×(
1 − ηω(ηu)

−�
η

)− ε+m(ε+σ)
η Lw

ψ{f(ϑ)}(u).

Applying inverse Laplace transform, we obtain

Ψ(ϑ) = D
∑∞

m=0 ρm(s + 1)− �(η−α)+α−η
η (ψs+1(ϑ) − ψs+1(δ))

�(η−α)+α(1+2m)
η −1

×E
(ε+σ)m−ε(�−1)
η,�,�(η−α)+α(1+2m)(ω(ψs+1(ϑ) − ψs+1(δ))

�
η )

+
∑∞

m=0 ρm(s + 1)2m
(
ψ,sη J

ω,w,(ε+σ)m+ε
η,�,α(1+2m) f

)
(ϑ).

Hence the proof is completed.

Remark 1. Let s = 0, ψ(ϑ) = 1, w(ϑ) = 1, η = 1, ε = � = 0, σ = � = 1, α → 1,
f(ϑ) = 0, ω = ir, ρ = −iΠp with r, p ∈ R, then the Theorem 6 convert to the
following free-electron laser equation

d

dϑ
Ψ(ϑ) = −ipΠ

∫ ϑ

0

(ϑ − t)eir(ϑ−t)Ψ(t)dt, Ψ(0) = 1.

Corollary 1. Let ψ(ϑ) = 1, w(ϑ) = 1, s = 0 and η = 1, then we have the
problem given in [20] is defined as follows:

Dε,α,�
δ+;�,ωΨ(ϑ) = ρJσ,ω

δ+;�,αΨ(ϑ) + f(ϑ), (12)

J
ω,−ε(1−�)
δ+;�,(1−�)(η−α)Ψ(δ+) = A, A ≥ 0,

where ϑ ∈ (0,∞), f ∈ L1[0,∞); α ∈ (0, 1), � ∈ [0, 1], ω, ρ ∈ R, � > 0, ε, σ ≥ 0.
The solution to the fractional equation is

Ψ(ϑ) = C
∑∞

m=0 ρm(ϑ)�(1−α)+α(1+2m)−1

×E
(ε+σ)m−ε(�−1)
�,�(1−α)+α(1+2m)(ω(ϑ)�)

+
∑∞

m=0 ρm
(
J

ω,(ε+σ)m+ε
δ+,�,α(1+2m)f

)
(ϑ).
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4 Fractional Kinetic Equation Involving Weighted
Generalized Fractional Operators

Physics, control systems, dynamic systems, and engineering have all become
more interested in developing mathematical models of various physical phenom-
ena due to their importance in the field of applied research. The fundamental
equations of mathematical physics and the natural sciences known as the kinetic
equations, define the continuation of a substance’s motion. In the present seg-
ment, we establish a generalization of the kinetic equation. The reader is referred
to related literature [37–40].

Theorem 7. Then solution to the Cauchy fractional problem

cψ,sη D
ε,α,�
δ+;�,ω,wM(t) − M0f(t) = bψ,sη J

ω,w,σ
δ+;�,qM(t), f ∈ L1[0,∞); (13)

subject to

ψ,sη J
ω,w,−ε(1−�)
δ+;�,(1−�)(η−α)M(δ) = d, d ≥ 0,

with s ∈ [0,∞), � ∈ [0, 1] ω ∈ C, c, b ∈ R(c �= 0), α, �, q, η > 0, δ, ε, σ ≥ 0 is
given by

M(t) = d
∑∞

n=0

(
b
c

)n
(s + 1)

− �(η−α)+(α−η)(n+1)+qn
η (ψs+1(t) − ψs+1(δ))

�(η−α)+α+(q+α)n
η

−1

×E
(ε+σ)n+ε(1−�)
η,�,�(η−α)+α+(q+α)n

(ω(ψs+1(t) − ψs+1(δ))
�
η )

+
M0

c

∑∞
n=0

(
b
c

)n
(s + 1)n+1

ψ,sη J
ω,(ε+σ)n+ε

δ+;�,(q+α)n+α
f(t).

Proof. Applying weighted generalized Laplace transform on both sides of (14),
we have

cLw
ψ{ψ,sη D

ε,α,�
δ+;�,ωM(t)}(u) − M0L

w
ψ{f(t)}(u) = bLw

ψ{ψ,sη J
ω,σ
δ+;�,qM(t)}(u).

By considering the hypothesis of Theorems 2 and 5, we get

c
[
(s + 1)

α−η
η (ηu)

α
η

(
1 − ηω(ηu)

− �
η

) ε
η Lw

ψ {M(t)}(u) − η(s + 1)
− �(η−α)

η (ηu)
−�(η−α)

η

×
(
1 − ηω(ηu)

− �
η

) ε�
η

ψ,sη J
ω,−ε(1−�)
δ+;�,(1−�)(η−α)

M(δ+)
]

− M0L
w
ψ {f(t)}(u) = b(s + 1)

− α
η (ηu)

−α
η

×
(
1 − ηω(ηu)

−�
η

) −σ
η Lw

ψ {M(t)}.
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We can rewrite the above equations as
⎡
⎢⎣ c−b(s+1)

− α−η+q
η (ηu)

− α+q
η

(
1−ηω(ηu)

−�
η

)− ε+σ
η

(s+1)
− α−η

η (ηu)
− α

η

(
1−ηω(ηu)

−�
η

)− ε
η

⎤
⎥⎦Lw

ψ{M(t)}(u)

= cηd(s + 1)− �(η−α)
η (ηu)− �(η−α)

η

(
1 − ηω(ηu)− �

η

) ε�
η

+ M0L
w
ψ{f(t)}(u),

Lw
ψ{M(t)}(u) = cηd

⎡
⎢⎣ (s+1)

− �(η−α)+(α−η)
η (ηu)

− �(η−α)+α
η

(
1−ηω(ηu)

− �
η

) ε(�−1)
η

c−b(s+1)
− α−η+q

η (ηu)
− α+q

η

(
1−ηω(ηu)

−�
η

)− ε+σ
η

⎤
⎥⎦

+

⎡
⎢⎣ (s+1)

− α−η
η (ηu)

− α
η

(
1−ηω(ηu)

−�
η

)− ε
η

c−b(s+1)
− α−η+q

η (ηu)
− α+q

η

(
1−ηω(ηu)

−�
η

)− ε+σ
η

⎤
⎥⎦M0L

w
ψ{f(t)}(u).

Taking
∣∣ b
c (s + 1)− α−η+q

η (ηu)− α+q
η

(
1 − ηω(ηu)

−�
η

)− ε+σ
η ∣∣ < 1, we get

Lw
ψ{M(t)}(u) =

[
ηd(s + 1)− �(η−α)+(α−η)

η (ηu)− �(η−α)+α
η

(
1 − ηω(ηu)− �

η

) ε(�−1)
η

+(s + 1)− α−η
η (ηu)− α

η

(
1 − ηω(ηu)

−�
η

)− ε
η

c−1M0L
w
ψ{f(t)}(u)

]

×∑∞
n=0

(
b
c

)n
(s + 1)

− (α−η+q)n
η (ηu)

− (α+q)n
η

(
1− ηω(ηu)

−�
η

)− (ε+σ)n
η

= dη
∑∞

n=0

(
b
c

)n
(s + 1)

− �(η−α)+(α−η)(n+1)+qn
η (ηu)

− �(η−α)+α+(α+q)n
η

×
(
1− ηω(ηu)

−�
η

)− (ε+σ)n+ε(1−�)
η

+ M0
c

∑∞
n=0

(
b
c

)n
(s + 1)

− (α−η)(n+1)+qn
η (ηu)

− α+(α+q)n
η

×
(
1− ηω(ηu)

−�
η

)− (ε+σ)n+ε
η

.

Applying inverse Laplace transform, we get

M(t) = d
∑∞

n=0

(
b
c

)n
(s+1)

− �(η−α)+(α−η)(n+1)+qn
η (ψs+1(t)− ψs+1(δ))

�(η−α)+α+(q+α)n
η

−1

×E
(ε+σ)n+ε(1−�)
η,�,�(η−α)+α+(q+α)n

(ω(ψs+1(t)− ψs+1(δ))
�
η )

+M0
c

∑∞
n=0

(
b
c

)n
(s + 1)n+1

ψ ,sη J
ω,(ε+σ)n+ε

δ+;�,(q+α)n+α
f(t).

Hence the proof is done.

In next example, we establish the corresponding growth model and shows
the behaviour by sketching its graph.

Example 1. The solution to the growth model

ψ,sη D
ε,α,�
δ+;�,ω,wM(t) − M(t) = 0 (14)
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subject to

ψ,sη J
ω,w,−ε(1−�)
δ+;�,(1−�)(η−α)M(0) = d◦,

is

M(t) =
∞∑

n=0

t2n

Γ2(n + 0.5)
, 0 ≤ t ≤ 1. (15)

Solution 1. By setting c = b = 1, s = 0, ψ(t) = t, � = 0, η = 1, σ = 0, ε = 0,
δ = 0, α = 1, q = 1, d = d0 = 1 M0 = 0, we obtained Eq. (15). The graph of
this equation is

0.2 0.4 0.6 0.8 1.0
t

0.5

1.0

1.5

M t

Fig. 1. For ψ(t) = t the graph in Fig. 1 shows the increasing behaviour with 0+ ≤ t ≤ 1.

Remark 2. [37] If we take s = 0, ψ(t) = 1, w(t) = 1, η = 1, σ = ε = � = 0,
α → 0, and b = −cp, then we have

M(t) − M0f(t) = −cpDp
δ+M(t), M(0) = d, d ≥ 0,

where Dp
δ+ is the Riemann-Liouville fractional derivative operator.

Corollary 2. Let s = 0 ψ(t) = 1, w(t) = 1 and � = 0, then we obtain the
Cauchy problem given in [40] and is defined by

cηD
ε,α
δ+;�,ω(t) − M0f(t) = bηJ

ω,σ
δ+;�,qM(t), f ∈ L1[0,∞);

ηJ
ω,−ε
δ+;�,η−αM(0) = d, d ≥ 0,

with ω ∈ C, c, b ∈ R(c �= 0), α, �, q, η > 0, ε, σ ≥ 0. The resolution to the
equation is given by

M(t) = d
∑∞

n=0

(
b
c

)n

t
α+(q+α)n

η −1E
(ε+σ)n+ε
η,�,α+(q+α)n(ω(t)

�
η )

+M0
c

∑∞
n=0

(
b
c

)n

ηJ
ω,(ε+σ)n+ε
δ+;�,(q+α)n+αf(t).
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5 Conclusions

In this article, we introduced a new weighted generalized Hilfer-Prabhakar frac-
tional derivative operator. This operator generalized many existing fractional
derivatives. The novel operator was applied to the kinetic differintegral equation
and the free-electron laser equation to create their fractional models as appli-
cations. The classical Laplace fails to find the solutions to these models, so we
utilized a weighted Laplace transform. By using the specific values of the param-
eters the fractional growth model is presented that is strongly applicable in the
field of science. The graph of the explored model is sketched that has increasing
behaviour. We conclude, that the results presented in this article are more gen-
eral and this idea may use to explore new weighted version of Furthermore, such
fractional operators will be helpful to developed physical models. Then these
new operators can be utilized to modeled physical problems like free electron
laser equation and kinetic equation. The solutions to these models can be found
by using Laplace transform of some other significant ways.
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