Chapter 6 ®
Equilibrium States of Mean-Field Models <o
and Bogoliubov’s Approximation Method

6.1 Topological Framework

Recall that Py is the set of all finite subsets of the (cubic) lattice I' = 74, for some
(space dimension) d € N. Fix once and for all N € N (spin number for quantum
spins) or a finite set 2 (the spin set for fermions). These parameters define two
different (separable, unital) C*-algebras, Spin(N, I') and CAR(S2, I'), which are
always denoted by U/, as explained above. In the fermion case, one has additionally
to consider the even (CAR) C*-subalgebra CAR(£2, I')¢, which is denoted by U/©. If
one considers the quantum spin case, I/ is just the original algebra, i.e., U® =U =
Spin(N, I'). Recall that Sect. 5.1 presents the notation in more detail.

For simplicity of notation, as there is no risk of confusion with other objects, the
(topological) dual space ' of { is denoted here by U/*, as is usual. The space U/*
is a Banach space when it is endowed with the usual norm for linear functionals on
a normed space, that is,

lollop = sup )
P aau Al

for all continuous linear functionals p € U*. However, the norm topology is too
strong in practice. The natural topology in the study of infinite systems is given
by the o (U*, U)-topology, usually called the weak™ topology of /*. It is the initial
topology of the family of linear mappings p +— p (A) from U* to C for all algebra
elements A € U. It is, by definition, the coarsest topology on U/* that makes the
mapping p +— p (A) continuous for every A € U. See [18, Section 3.8]. The
topology of the dual space U* is, by default, the weak™ topology. In this case, U*
is a (Hausdorff) locally convex space, and its (topological) dual space is U/: Any
element of U** = U is of the form p +— p (A) for some algebra element A € U.
See, e.g., [18, Theorem 3.10]. In fact, recall that in Sect. 4.5.1, we define the weak*
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topology for states of any separable C*-algebra (like I/) in a more concrete way, via
an explicit metric. See Definition 4.80 and Exercise 4.82. It is important to notice
that this metric does not reproduce the weak™* topology in the whole space U*, but
only in its norm-bounded subsets, like any set of states of /.

The convex subset of invariant states on U is denoted by £y C U™*. See again
Sect. 5.1 for more details. One easily verifies that E; is a weak*-closed set. In
addition, recall that any continuous linear functional p € U* is a state iff p(1) = 1
and || pllop = 1, 1 € U being the unit of /. Hence, from the Banach-Alaoglu theorem
[18, Theorem 3.15] and the closedness of Eq, the set E| of invariant states is a
weak*-compact subset of the unit ball of /*. See Proposition 4.84 for a direct proof
of compactness of the set of states of separable unital algebras, keeping in mind that
the (spin or fermion) algebra I/ is of this type.

Proposition 7.334 tells us then that the convex weak*-compact space E; of
invariant states is the weak™® closure of the convex hull of the (nonempty) set &}
of its extreme points:

E| =co&; .

The set &, € E1 € U™ also refers in the literature to the extreme boundary of Ej.
Here, recall that extreme points of the convex set E are called here ergodic, because
of the formal analogy to the classical case.

As discussed above, since the (spin or fermion) algebra U is separable, the
weak™ topology is metrizable on any weak*-compact subset of U*. See, e.g.,
Proposition 4.84 or [18, Theorem 3.16]. In particular, the space E; is metrizable,
in this case. This is an important property, which strongly simplifies the study of
E1, in particular because it allows for Choquet decompositions of invariant states as
barycenters of ergodic ones.

Nonetheless, in spite of the metrizability of the weak™ topology in E1, the space
E; of all invariant states has still a fairly complicated geometrical structure: In 1961,
E. T. Poulsen [16] constructed an example of a metrizable simplex with dense set
of extreme points. This simplex is now known as the Poulsen simplex because it
is unique [17, Theorem 2.3], up to an affine homeomorphism. One can show that
the set E of invariant states is also a simplex and, in fact, the Poulsen simplex. In
particular, the following assertion holds true:

Theorem 6.1 (Density of Ergodic States) The set &1 of ergodic states is a weak*-
dense subset of the set E1 of all invariant states.

Proof Recall that, for alln € N,
Ap={(x1,....,xg) € :|x;| <n} € Py.

For any invariant state p € E| and n € N, let p, be the product state defined by

Pn = ® 'O|Z/{Ay,+(2n+l)x :

xezd
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It is a periodic state, whose periodis 2n +1,...,2n+ 1) € 74, and satisfies
Pn (A) =p(A) , A €Uy, .

Here, Uy = Spin(N, A) (quantum spin case) or Uy = CAR(L2, A) (fermion case)
for any A € Py (see Sect.5.1). Note that this construction is possible also in the
fermion case because any invariant state p € E| is even, thanks to Theorem 5.3. See
Proposition 4.193. Then,

1
[Anl

Po= = D o (6.1

XEA,

is a well-defined invariant state, where 7, : &/ — U, x € I', are the translation
automorphisms, that is, the unique unital x-homomorphisms defined by (5.4), in the
quantum spin case, and (5.9), in the fermion case. Fix A € U)o, where we recall
that Uhoc € U is the x-algebra of local elements, defined as the (countable) union of
Up forall A € Py (see again Sect. 5.1). Then,

lim p, (A) = p (A)
n—od
and so, 0, converges in the weak™ topology to the invariant state p € E, by density

of the *-algebra Uy € U of local elements. Moreover, o, being a product state,
there is a constant C > 0 (depending on A € Py) such that

Pn (Tx (A*)Ty(A)) = 0n (Tx (A*)) Pn (Ty(A)) ,

whenever |x — y| > C. Then, using the notation |B|> = B*B,

1
n(|Ael?) = D0 b (m(A)ry(A))

2
|A@| xXeAp yeAy

1 ~
=y 2 A(mAn@)

xelAy yeAyp:lx—y|>=C

1
TaE Y 2 A(mAnw).

xelAy yeAp:lx—y|<C

Oy

Thus,

Pn(|Ael®) =

1
Ap 2 A (@A) (m ) + o). 6.2)
Xx,yEAy
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Since p, is an invariant state, for any A € Py and A € U,

—an () = |A | D o (A +0u™h,

xeA xely

:ﬁn (4)

which, combined with (6.2), yields
. N 2
lim 5, (1Ael) = |Bu ()
{— 00

Using this last equality and Equation (6.1),

D Bnot(Al)

xelA,

hm 0 (lA[l ) = l1m
! |An|

= tim —— 3 5, (| ane?)

T o [A] A
n

ot (M) = |on (W) . (63)

|A |x€A
By density of the x-algebra Ujoc € U of local elements, (6.3) holds true for any
(spin or fermion) algebra element A € U, i.e., p, is dispersionless at infinity
(Definition 5.35). By Theorem 5.37, o, € &) is therefore ergodic for each n € N.

O

In fact, it turns out that also the full set of states of the unital C*-algebra U
associated with an infinitely extended (quantum spin or fermion) system has the
property proven above for that set of invariant states: U is a so-called approximately
finite-dimensional (AF) C*-algebra, i.e., it is generated by an increasing family of
finite-dimensional C*-subalgebras. In this case, by [22, Lemma 11.2.4], the set £ of
extreme points of the set E of all states of U/ is weak*-dense in E, i.e.,

=cof =€. (6.4)

For more details, we recommend [21, Section 8]. Note that, astonishingly, (6.4) do
not prevent E from having a unique center [24] (i.e., a sort of maximally mixed
point).

The property of having a dense extreme boundary should however not be so
surprising for mathematicians. The existence of such convex sets is well-known
in infinite-dimensional vector spaces. For instance, the unit ball of any infinite-
dimensional Hilbert space has a dense extreme boundary in the weak topology. It
turns out that this situation is not accidental, but generic for weak*-compact convex
sets in infinite dimension. See [21, Section 2.3] for more details, which has been
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extended in [23] for the dual space X'*, endowed with its weak™ topology, of any
infinite-dimensional, separable topological vector space X.

In the sequel, we will show that such a property is not just a mathematical
curiosity, but has important consequences in terms of thermodynamic properties
of infinitely extended (quantum spin or fermion) systems.

6.2 Spin and Fermion Mean-Field Models

In Definition 5.5, we introduce spin and fermion interactions on the cubic lattice
r=z4 (d € N). Here, it is convenient to remove from this definition the self-
conjugate property of interactions and use the vector space

Ye = {®+id": @, d' interactions in the sense of Definition 5.5}

of complex interactions, where, for all ¥, ¥’ ¢ VC and « € C,v+V e VC and
aW e VC are, respectively, defined by

(W + W) (A) =W (A) + V' (A), (@xW¥)(A) =a(¥(A)), AePy.

Cf. Eq.(5.11). Invariant (with respect to space translations) complex interactions
are defined exactly as in the real case. See Definition 5.5 (iii). In Definition 5.6,
we introduce a real Banach space W) of invariant (spin or fermion) interactions
which is now embedded in a complex Banach space of (complex, invariant, spin, or
fermion) interactions:

Definition 6.2 (A Banach Space of Invariant Complex Interactions) The
Banach space of (short-range) invariant complex interactions is defined by

Wic = {® € V* : @ is an invariant interaction for which | ®| < oo},

where the norm of Wic is defined like in Definition 5.6, that is,

. 1
lol=" >, ZIe@WIeRfUfoc}.  @eV".

APy, 0eA
This space serves to define a much more general Banach space of mean-field
models:

Definition 6.3 (A Banach Space of Mean-Field Models) The space of mean-field
models is the real Banach space M| = W x £2(N; Wic)z, where

CEWE) =W = W)y SWE W= ) W17 < oo,
neN
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whose norm is defined by
mll = @I+ 1W_ll2 + V412, m= (P, V_, W) eM,.

Here, W_ represents the mean-field attraction of the model, while W refers to its
mean-field repulsion.

Note that W) C M, using the identification ® = (&, 0, 0) for & € W.
Similar to Definition 5.10, local energy observables, or Hamiltonians, are defined
for all complex interactions as follows: For all ® € V€ and A € P s

HY= Y o@)eu.
A/E’Pf, A CA

These complex local Hamiltonians are then used to define local Hamiltonians for
any mean-field model in M;:

Definition 6.4 (Local Energy Observables) For any m = (&, V_, W) € M,
and finite subset A € Py,

. 1 v, , w_,
HY = H? —i—mZ(IHA*’ 12— |H, " |2) € Re{lls},
neN

where, as is usual, |[A|?> = A*A. The self-conjugate element HY = (HJ)* is the
(local) “Hamiltonian associated with the (finite) region A and the mean-field model

ER)

m.

Note that the identification & = (&,0,0) for ® € W, is coherent with
Definitions 5.10 and 6.4, since H{(\(b,O,O) = Hf for any A € Py.

By Definition 6.4, the Hamiltonian associated with a mean-field model
(@, W_, W) has a mean-field attraction term, and a repulsion one, respectively,
defined from the components W_ and W4 of m = (&, V_,¥,) € M;. The
mean-field model m is said to be “purely attractive” iff W = 0, while it is “purely
repulsive” iff W_ = 0. Distinguishing between these two special types of models
is important because the effects of mean-field attractions and repulsions on the
structure of the corresponding sets of (globally stable) equilibrium states can be
very different. For instance, by [1, Theorem 2.25], mean-field attractions have no
particular effect on the structure of the set of (generalized) equilibrium states. By
contrast, mean-field repulsions have a geometrical effect, by possibly preventing
the set of equilibrium states of being a face of the set of all invariant states. See [1,
Lemma 9.8].

Exercise 6.5 Show that, for A € Py and m € Mj,

|HE| < 1Al Im]) (6.5)
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Example 6.6 Like in Example 5.9, let n € RT, Q@ = {4, ]}, U = CAR{", |},
I'), and take the (canonical) Hilbert basis {es x}(s,x)e(1, LxT of 2 {1, 4} xI'). The
“BCS interaction” Wpcs € VV1 is defined by Wpcs(A) = 0 whenever |A| ¢ {1}
and Wpcs({x}) = 771/2 (e)w) (ex,T) for every x € I'. Then, the (reduced) BCS
model of superconductivity refers to the purely attractive mean-field model n =
(@, (Ypcs, 0,0, ...),0), where & = Oy, for U = 0 (see Example 5.9). In this
case, we get as local Hamiltonians the usual (reduced) BCS Hamiltonians:

Hi=— Y Y ale)alen)—n Y Y a(ens) alens)

se{t, ) x,yeA, |x—y|=1 se{t, ) xeA,

n
Y afenn) aen) alens)aen)
x,yeA

Here, n > 0 is the “BCS interaction strength.” If we take ® = Py, for U # 0,
then we obtain the so-called BCS-Hubbard model.

See Sect.6.6 for more details. Another, more general, example is given in
Sect. 6.9.

6.3 Free Energy Density of Mean-Field Models

Recall that the entropy density functional s : E1 — Rg is the thermodynamic limit
of the von Neumann entropy per unit volume:

s(p) = lm m Se(0) .

See Theorem 5.20, which states that this functional is affine! and bounded on the
convex weak*-compact space E; of all invariant states. We show next its continuity
properties with respect to the weak™ topology:

Lemma 6.7 (Ergodic Abundance) The entropy density functional s : E; — ]R(J)r
is affine and weak™-upper semicontinuous. Additionally, for any invariant state p €
E\, there is a sequence (py)neN C &) of ergodic states converging to p and such
that

s(p) = lim 5(pp) .
n—00

1 Recall that a function & on a convex set K is affine iff A(Ax + (1 — 1) y) = Ah(x) + (1 — MDA(Y)
forallx,y € K.
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Proof Theorem 5.20 tells us that, for any invariant state p € EJ,

1
s(p) = inf{mSg(p) L e N} .

In other words, s is given by the infimum of weak*-continuous functionals S, :

E; — R+ It is therefore weak™-upper semicontinuous, by Lemma 7.144. Now, it
is shown in the proof of Theorem 6.1 that the states

o Ty

xeA,l

for n € N are not only invariant but also ergodic and moreover, as n — 00, they
converge to p in the weak® topology. Recall that g, is a periodic (product) state,
whose periodis 2n + 1, ...,2n 4+ 1) € Z4, for which

Pn (A) = p (A)

for any A € Uy, . If s can be defined for invariant states, thanks to Theorem 5.20,
then it can also be defined for periodic states by redefining the parameter N &
N (defining the algebra Spin(N, I')), in the quantum spin case, or the spin set 2
(defining the algebra CAR(S2, I')), in the fermion case, in order to see any periodic
state as an invariant state. In particular, s can be defined as an affine functional on
periodic states, and in this case, for any fixed n € N,

1
On © x) = Oon) = —— Sy .
§ (pn © Tx) = 5(Pn) 7™ (p)

. 1
5(0p) =

|Anl X
The above sequence (0,)neny S &1 of ergodic states thus satisfies all the desired
properties. For more details, see [1, Lemma 1.29]. m]

Notice that the convergence of the entropy density along sequences of pure
invariant states, referring to the second part of the lemma, has a classical analogue
called “ergodic abundance” [11, Section 2.1]. Important applications of this property
have been recently found (see [11] and references therein) to the so-called “nonlin-
ear thermodynamic formalism” of classical dynamical systems.

Recall that the energy density observable associated with an invariant interaction
® € W refers to Definition 5.10 (ii). Extended to all complex interactions, it
corresponds to

1
o= Y. mc1>(z\)euf (6.6)

APy, OeA

for any @ € Wic. From Proposition 5.11, it defines an energy density functional
¢p : E;1 — R for any interaction ® € W),. See Definition 5.12. This definition
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is also extended to all complex interactions: For any invariant state p € E; and
® e WE,

eap(p) = pleo) . (6.7)

It is clearly an affine functional on the convex weak*-compact space E; of all
invariant states. Its main basic properties are gathered in the following lemma:

Lemma 6.8 For any complex interaction ® € Wic, the energy density functional
eo : E1 — Ris affine and weak™*-continuous. Moreover, for any ®, ®' € Wic and
invariant state p € Eq,

lew(p) — ear ()] < |P — @',

Proof The properties directly follow from Eq. (6.7). Note that the last inequality is
already mentioned after Definition 5.12. Its proof results from direct computations
using the bound

lew (p) — ear(P)| = [eao—a (P)| < llea—a|l

and the explicit expression for the algebra element eg, as well as the definition of
the norm of interactions given in Definition 6.2. O

In addition to the energy and entropy density functionals, we need the so-called
space-averaging functionals, in order to study the thermodynamic properties of
mean-field models. This new functionals are defined on the convex weak*-compact
space Ep of all invariant states as follows: Recall that, for any (spin or fermion)
algebra element A € U,

1
Ag = — 7, (A) , (6.8)
[ Adl xehy

where the unital x-homomorphisms 7, : Y — U, x € I', are the above-defined
translation automorphisms (see Egs. (5.4), for the quantum spin case, or (5.9), for
the fermion case), while, for any natural number £ € N, A, € Py is defined by (5.2).

Then, we use Corollary 5.34 to define a the space-averaging functionals on
invariant states:

Definition 6.9 (Space-Averaging Functional) Fix a fixed (spin or fermion) alge-
bra element A € U. Then, the “space-averaging functional” associated with this
algebra element is the mapping A 4 from the space E of invariant states to R defined
by

P> Aa(p) = lim p(A7A) € [lo(A)P IAP] .
{—o00
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Observe from Definitions 5.35 and 6.9 and Theorem 5.37 that an invariant state
is ergodic iff it is dispersionless at infinity, i.e., p € &1 iff

A () =1p(A)>=84(p), Acl. (6.9)

The space-averaging functional is therefore explicitly given on the (dense) set £ of
ergodic states.

Lemma 6.10 The space-averaging functional has the following properties:

(1) At fixed (spin or fermion) algebra element A € U, Aj is weak™-upper
semicontinuous and affine.
(ii) At fixed invariant state p € E1 and for all algebra elements A, B € U,

|Aa(p) — A (p)| = (1A +1IBIDIA = B .

Proof Except for the upper semicontinuity property, all the assertions directly
follow from the definition. The upper semicontinuity of A4, A € U, follows by
combining Lemma 7.144 with the fact that A4 is the infimum over a family of
continuous functionals:

_ 2
Ax (p) —;2§{p(|Az| )

This property is proven by using the von Neumann ergodic theorem and the GNS
representation of states (Theorem 4.113). See proof of Corollary 5.34 or [1, Section
1.3] for more details. O

Note that the space-averaging functionals cannot be generally weak*-continuous.
This is a consequence of the density of the set & < E; of ergodic states: By
Theorem 6.1, if A, is weak™-continuous, then (6.9) holds true for all invariant
states, i.e., A4 = 4. Therefore, it must exist an algebra element A € U such
that A4 is not weak*-continuous; otherwise, all invariant states would be ergodic,
thanks to Theorem 5.37. In fact, we have the following general statement concerning
the continuity of A4:

Theorem 6.11 Fix a (spin or fermion) algebra element A € U and let 64 be
the weak*-continuous convex function defined by 84 (p) = |p(A)|* on the convex
weak*-compact convex space E| of invariant states. Then, one has:

(i) Ay is weak*-continuous iff 4 is a constant function.
(i) Ay is weak™-discontinuous on a weak™-dense subset of invariant states, unless
84 is a constant function.
(iii) A4 is weak*-continuous on the dense subset £ of ergodic states.
(iv) For all invariant states, p € Ei, Aa(p) = [y (84) with u, being the
positive linear functional of Theorem 7.339, on weak™-continuous complex-
valued functions on E1. (See also Theorem 4.68 and related remarks.)
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(V) We have y (A4) = 54, where vy (A y) is the so-called y -regularization of Az
on E1, defined by
y (Ay) (p) =sup{p (B) : B € Re{ld} such that Vo € E1, w (B)
< A (@)} .

See Definition 7.340 and Proposition 7.347.

Proof (i)-(iii) result partially from Theorems 7.339 and 5.37. (iv) follows from
Lemma 6.10 (i) combined with Theorems 7.339 and 5.37: By affineness and upper
semicontinuity of A4 (see Lemma 6.10 (i) and [1, Lemma 10.17]) as well as from
Theorems 5.37 and 7.339,

Ap(p) = up (Aa) = pp (84) .

It remains to prove (v): By Corollary 7.342, the y-regularization y (A4) on Ej is
the largest weak™-lower semicontinuous and convex minorant of A4 on Ej. Since

Aa(p) = lim p(A7A.) € [IpGOR, 1AI]

for any invariant state p € Ej, the function 84 is a weak™-continuous convex
minorant of A4 on Ej. Therefore, for any invariant state, p € E1, 54 < y (Ay) <
Ay, and it follows that y (A4) (p) = 84 (p) for any ergodic state p € &;. By
weak*-density of & € E| (Theorem 6.1), (v) follows. O

We are now in a position to define the free energy density associated with mean-
field models at fixed (non-zero) temperatures:

Definition 6.12 (Free Energy Density) For any mean-field model m =
(@, W_, ¥,) € M and inverse temperature 8 € (0, 00), the “free energy density
functional” f, g : E1 — R on the space E| of all invariant states is defined by

fmp = Aw, = Au_ +eo—B7's = A, — Ay +op

(see Definitions 5.22 and 6.9, Theorem 5.20, and Eq. (6.7)), where, for any sequence
U e ¢3(N; Wic) of complex interactions,

Ay =) A, -

neN

The free energy density is clearly the same as the one of Definition 5.22 for any
® € W) € M;and 8 € (0, 00). Note that Ay is well-defined, because, for any
sequence ¥ € 2(N; Wic) of complex (invariant) interactions,
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D sup [Acy, (0] =D llew, 1P < D 1017 < 00, (6.10)

neNpeEl neN neN

thanks to Lemma 6.8 and Definition 6.9.

The (previous) free energy density functional fg g of Definition 6.12 looks
natural, as the energy and entropy per unit volume associated with the invariant
interaction @ in a given invariant state p. Nevertheless, the mean-field terms in the
new free energy density functional f,, g, defined above by means of the functionals
space-averaging Ay, , may look more intriguing. To explain the origin of these new
terms, we come back to finite-volume systems:

Recall that the Gibbs states of Definition 5.19, i.e., equilibrium states at finite
volume, are minimizers of the finite-volume free energy, which leads to the
concept of the pressure. See Proposition 3.13 and Definition 3.16. In particular, by
considering the local Hamiltonians HX1 of Definition 6.4, given a fixed mean-field
model m € M and inverse temperature 8 € (0, 0co), we can define, for any finite
(nonempty) region A € Py, the pressure

. L.

Pup g = —mlnf{FHXw’/g(p) pe E(UA)} , 6.11)

where the free energy functional Fym g is the one of Definition 5.19, for H = HY.

Then, by taking, for instance, the sequence (5.2) of cubic boxes in I', one may ask

about the limit £ — oo of the sequence (Pym g)een, as well as the corresponding
12

Gibbs states. Such a limit is known in statistical mechanics as the “thermodynamic

limit.” Answering such a question naturally yields the free energy density functional
of Definition 6.12:

Theorem 6.13 For any mean-field model m € M| and inverse temperature B €
(0, 00),

= —inf E;) = lim Pym R.
Pﬁ(m) n fm,,s( ) z—lfgo HAZ,,BE

Idea of Proof Any state p € E(U) on U can be seen, by restriction, as a state
,OIMA € E(Up,) onUp, € U for any £ € N. Using Definition 6.4 and Proposi-

tion 3.13, we thus deduce that, for any mean-field model m = (o, W_, W) € M,
B € (0, 0c0) and all states p € EU),

> p(Hy, |>—|AI2

neN

\p+n _ 1 [
Y r(H, Tag? (HR)

2
|A | neN

1
+ ——Sly, )
BlAgl = e



6.3 Free Energy Density of Mean-Field Models 257

with equality when p|y " is the Gibbs states of Definition 5.19 for H = HXZ. When
the state p is invariant, i.e., p € Eq,

lim {Lp(Hj{’) S(pl )}zw(p)—ﬁ_lﬁ(p)ﬁfcpﬁ(p)-
t=oo [ [Ag]" A ﬂIAI Hhe ’

See Theorem 5.20 and Definition 5.12. Moreover, for any invariant state p € Ej
and any complex (invariant) interaction ¥ € WE, one checks from direct estimates
that

1
Jlim (| —PUHY ) = p(l(ew] )) =0

with (ey), € U being given by
o1
(ew), = Al Z Tx(ey) ,
xeNy

the algebra element ey € U being the energy density observable (6.6). See also
Eq. (6.8). By Definition 6.9 of A.,,, it follows that

lim HY > =A .
) 00|Ag|2p(| A[| ) (4V] (10)

Using Corollary 7.314, we deduce that

lim PHm g = —inf fmﬂ(E1) = —1nf{fmﬂ(p) pE El} .

{—00

The upper bound is more difficult to derive, in particular for non-zero mean-field
attraction W_ # 0. See [1, Chapter 6] for more details. O

Like in Definition 5.28, we define the pressure as follows:
Definition 6.14 (Pressure Function on M) For 8 € (0, 00), the function p g
M — R defined by
m > pg(m) = —inf f, g(E1)

is called “pressure function” at temperature 7 = 1.

Similar to Proposition 5.30, for two fixed sequences Wi e ¢*(N; Wic) of
complex (invariant) interactions, the pressure function is a continuous convex real-
valued function

D > pg(P, W, Wy)
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on the real Banach space W) of invariant interactions. In addition, for all ®,
d eW,

|pﬁ(q>a "IJ*?\ILI») _pﬁ(q)/v \II*’ lI‘I+)| = H(D - <D/” .

The arguments are the same as those proving Proposition 5.30. We can therefore
study tangent functionals to this function, as discussed from Proposition 5.30.
However, in the sequel, we perform, instead, a more direct study of the minimizers
of the free energy density functional, which are naturally viewed as equilibrium
states of the corresponding mean-field model. In fact, this study becomes quite
interesting, and highly non-trivial, in the presence of non-zero mean-field terms W..

6.4 Equilibrium States of Mean-Field Models

The free energy density functional on the set E; of invariant states is in general
not weak*-lower semicontinuous: By Lemmata 6.7, 6.8, and 6.10, observe from
Definition 6.12 that, for any mean-field model m = (&, W_, W) € M| and 8 €
(0, 00),

fmp = Aw, + (—A\y_ +ep — ﬂ_15) .
———

upper semicont.

lower semicont.

The free energy density functional fy, g : E1 — R, which is an affine functional
on the convex weak*-compact space E| of invariant states, has thus a topological
drawback. In particular, it is not clear from the beginning whether there are solutions
to the variational problem

inf oy (E1) ,

or not. The situation is much simpler in the absence of mean-field terms W.: When
Wy = 0, the set Mg g C E; of all minimizers of f¢ g, named the globally stable
equilibrium states for the interaction ® € W) at inverse temperature 8 € (0, 00),
appearing in Definition 5.22 is always nonempty, f g being lower semicontinuous
on a compact set. See Proposition 7.172. The generalization of the notion of globally
stable equilibrium states to the mean-field case is done, as is usual, via the (weak™)
limits of approximating minimizers:

Definition 6.15 (Equilibrium States) For any mean-field model m € M and 8 €
(0, 00),

Qnp = {a) € E1 : (pp)nen € Eq weak™® converging to w such that nl_i)rr;ofm’ﬁ(,on)

=inf fy g(E1)} .
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The set Qm g is clearly convex, f, g being affine (Lemmata 6.7, 6.8, and 6.10) on
a convex set, i.e., E1. Note also that it is not empty, since any sequence of invariant
states has weak*-convergent subsequences, the space E; of invariant states being
weak*-compact.

Elements of the set Qg € E7 of all weak™ limits of approximating minimizers
of fy g are named again “globally stable equilibrium states” at temperature 7 =
ﬁ_l, associated with the mean-field model m. The extreme elements of the convex
set Qm g are called “pure globally stable equilibrium states.” As before, we say that
there is a “(first-order) phase transition” for m € M at temperature T = B! if
Qm, g contains more than one element. Recall that, in contrast with the finite-volume
situation, there are possibly many globally stable equilibrium states, even in the
absence of mean-field terms. See, for instance, Corollary 5.39. This is reminiscent of
the non-uniqueness of irreducible representations of the infinite-dimensional unital
C*-algebra U.

Globally stable equilibrium states in the above sense are directly related with
the thermodynamic limit of Gibbs states associated with local Hamiltonians of
Definition 6.4. We shortly explain this fact: For any cubic box Ay, € T', £ € N,
let w HY B € EUp,) be the Gibbs state of Definition 5.19, which is periodically

extended (with period (2¢ + 1) in each direction of I' = Z4), and define

1

— m e& 1 CE
™ ZwHAk,ﬂofx 1 CE;

xXeNy

Pe,m,p =

These invariant states are particular cases of the ones used in the proofs of
Theorems 6.1 and Lemma 6.7. They are in particular ergodic. Then, one can prove
the following statement:

Theorem 6.16 (Limit of Space-Averaged Gibbs States) For any mean-field
model m € My and inverse temperature B € (0, 00), the weak® accumulation

points of (P¢,m,p)eeN belong to Q. g.

Idea of Proof One uses the notion of tangent functionals (Definition 3.18), as
explained in Proposition 5.30. See [1, Section 2.6] for more details. O

Observe that Theorem 6.16 does not exactly refer to the limits of Gibbs states.
In fact, the set E () of all states on U being weak*-compact, Gibbs states, seen
as periodic states on U/, have weak*-convergent subsequences, but it is not clear
that such limits always belong to the set E of invariant states, as for the sequence
{6e,m.gleen C Ej. If a weak*-convergent sequence of Gibbs states has an invariant
state as limit, then it must belong to Q2 g. This condition can be ensured by taking
periodic boundary conditions, as explained in [1, Chapter 3]. In particular, in this
case, the weak*-accumulation points of Gibbs states {a’H}\“z .pleeN belong to Qu p.

Apart from the fact that E;| is convex and weak™-compact, recall that it has a
weak™ —dense set of extreme points, i.e., the set £ of ergodic states is dense in E.
See Theorem 6.1. Moreover, the space-averaging functional of Definition 6.9 takes
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a simple (explicit) form on this dense set:

Aa(p) = p(A)?,

for all ergodic states p € &, thanks to Theorem 5.37. In particular, the free energy
density functional of Definition 6.12 equals the following function on the dense set
of ergodic states:

Definition 6.17 (Nonlinear Free Energy Density) For any mean-field model m =
(¢, V_,¥;) € M; and B8 € (0,00), the “nonlinear’ free energy density
functional” g.,, g : E1 — R on the space Ej of all invariant states is defined by

Im.p(0) = lew, (D) 13 — llew_ (0) I3+ ¢co — B 's

= llew, (0) 13— lew_ (D) I3 +fop(0) .  p€Ey,

(see Definition 5.22, Theorem 5.20, and Eq. (6.7)), where, for any sequence ¥ &
2(N; Wic) of complex interactions,

ew (0) = (ew, (0)),cy € CN) .

Note that, for any sequence ¥ € ¢>(N; W(lc) of complex (invariant) interactions,

llew (@) 13 = Y sup few, (P> < D W% < o0, (6.12)
neN PEEL neN

thanks to Lemma 6.8. The nonlinear free energy density functional g, g is not affine
anymore, but has, instead, the following important properties:

Lemma 6.18 For every mean-field model m € M and inverse temperature 8 €
(0, 00), g, g is weak™*-lower semicontinuous. Additionally, for any invariant state
o € E\, there is a sequence (0,)neN C &1 of ergodic states weak*-converging to p,
such that

Im,p(P) = lim_gm p(0n) -

Proof To prove the lower semicontinuity, combine Lemmata 6.7 and 6.8 together
with the weak™*-continuity of the functional p > ey (p) from E; to 22(N), which
is deduced from (6.12) and Corollary 7.314. The second part of the lemma directly
follows from the corresponding property of the entropy density (see Lemma 6.7)
combined with the previously proven continuity of the mapping p > ey (p). O

2 We adopt this terminology, because of the formal analogy to the classical “nonlinear thermody-
namic formalism,” as, for instance, described in [11].
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As already explained above, the nonlinear free energy density functionals equal
the usual ones on the dense set of ergodic states:

fm,g () = G, (0) » pe€&r,

thanks to Theorem 5.37. More generally, for (possibly non-ergodic) invariant states,
both functionals are related to each other via the following assertion:

Lemma 6.19 For any mean-field model m € M, B € (0, 00) and every invariant
states p € Ey, f g (0) = Wy (gm,ﬂ) with v, being the positive linear functional
defined by Theorem 7.339 on the Borel-measurable® functions on E.

Proof Combine Lemmata 6.7 and 6.8 with Theorems 7.339 and 6.11 (iv). O

The nonlinear free energy density functional is clearly not affine, in contrast with
the free energy density functional, but it is, at least, weak*-lower semicontinuous. In
fact, being not affine, g, 4 has a geometrical drawback, whereas, being not weak*-
lower semicontinuous, fy, g has a topological drawback. Nonetheless, interestingly,
both functionals lead to the pressure function of Definition 6.14:

Theorem 6.20 For any mean-field model m € M and inverse temperature p €
(0, 00),
inf fy g (E1) = inf fy g (1) = inf gy g (E1) = inf gy g (E1) > —00,

with &1 being the weak*-dense set of ergodic (or extreme) states of E| (Theo-
rem 6.1).

Proof We apply the extension of the Bauer maximum principle (Lemma 7.344) to
the weak™-compact and convex space K = E| and the functional

fmp = Aw, + (-Aw_ +eop — /3_15)
——

upper semicont.

lower semicont.

for any mean-field model m = (&, V_,¥;) € M; and B € (0,00). See
Lemmata 6.7, 6.8, and 6.10. In fact, using Lemma 7.344, we conclude that

inf f, g (E1) = inf fo, g (1) = inf gy g (E1) (6.13)

3 Semicontinuous functions on a metric space, like gy, - are special cases of Borel-measurable
ones. Moreover, gy, g is the supremum of a countable family of continuous functions, because
(up to a sign) the entropy density functional has this property. See Lemma 7.144 and related
discussions.
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keeping in mind that the free energy density functional f, g equals the nonlinear
one, gy, g, ON the (dense) set &) of ergodic states. Additionally, using Lemma 6.18,
we deduce the following facts:

* Omp is weak™®-lower semicontinuous, and, thus, there is a minimizer w € E; for
the variational problem

infgm,/g (Ey) = Om, B (w) .

» There is a sequence (0,)neny C & of ergodic states weak™*-converging to w and
such that

Om,p(0) = nli>nc}o gm,ﬂ(ﬁn) .

It follows that

inf 9m,B &) = infgm,ﬂ (E1) ,

which combined with (6.13), in turn, yields the assertion. m]

This theorem opens the door to a new definition of equilibrium states, which can
now be defined as minimizers of the weak*-lower semicontinuous nonlinear free
energy functional:

Definition 6.21 (Nonlinear Equilibrium States) For any mean-field model m €
M and B8 € (0, 00),

Mump = {0 € El : g p (@) =inf g g (D)} .
The elements of A;Im’ g are called here “nonlinear (globally stable) equilibrium
states” of the mean-field model m at inverse temperature .

Clearly, ]l;lm, g is nonempty, since gy g is weak®-lower semicontinuous
(Lemma 6.18). See Proposition 7.172. In general, this set of minimizers differs
from the set Q2 g of (usual) globally stable equilibrium states of Definition 6.15,

i.e., My g 7# Qm,g. Recall that

Qg = {w € E1 : 3(pn)nen C E| weak™ converging to  so that lim f,, ﬂ(,on)
n—oo

inf f p(E1)}

for any mean-field model m € M and inverse temperature 8 € (0, c0). In
fact, even if they are generally different sets, there is a strong relation between
both notions of equilibrium states: It turns out that A;Im, g S Qm,g, i.e., nonlinear
equilibrium states are special cases of globally stable equilibrium states of mean-
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field models. What is more, the nonlinear equilibrium states generate the convex set
of all equilibrium states, for all mean-field models. These properties are precisely
stated in the following lemma and Theorem 6.25:

Lemma 6.22 For any mean-field model m € M and inverse temperature f €
(0, 00), the following properties hold true:

(i) Qm g is a (nonempty) convex weak*-compact subset of Ej.
(ii) A;Im, g is a (nonempty) weak™*-compact subset of E.
(iii) The weak*-closed convex hull of Mm,,g belong to Qum. g, ie., co([\;lm,,g) -
Qm g.

Proof

(i) The set Qm g is convex, f, g being affine (Lemmata 6.7, 6.8, and 6.10) on
the convex set Ej. Since the (spin or fermion) algebra U/ is separable, the
weak™ topology is metrizable on any weak*-compact subset of U/*; see, e.g.,
Proposition 4.84 or [18, Theorem 3.16]. As E| is weak™-compact, one uses the
metric generating the weak™ topology on E in order to show that Qy g C E4
is weak*-closed and therefore weak*-compact.

(i) It is a direct consequence of the weak™-lower semicontinuity of gy g
(Lemma 6.18) together with the weak*-compactness of E;. See Proposi-
tion 7.172.

(iii)) By Lemma 6.18, for any w € A;Im,,g, there is a sequence (0,)en C &1 weak™-
converging to w such that gy, g(0n) = fm g (0n) converges to gy, g(w), asn —
oo. Since, by Theorem 6.20,

gm,ﬁ(w) = inf fm,ﬁ (Ey) ,

we obtain that w € Q. As a consequence, the assertion holds true because
Q, is convex and weak™*-compact.
O

In fact, we can strengthen Lemma 6.22 (iii) by showing that

cO(Mum p) = Qum.p

for any mean-field model m € M and inverse temperature 8 € (0, co). To prove
this equality, we use a relatively recent result of convex analysis [25, Theorem 1.4],
which corresponds in our (less general) setting to Theorem 7.345. More precisely,
we apply this theorem to the y-regularization of the free energy density functionals
Om,p and fy, g on the convex weak*-compact space E; of invariant states, defined
by

¥ (8m.p) () =sup{p (B) : B € Re{d} so that Vor € Ej, w (B) < gy g (@)} .
¥ (fm.g) (0) =sup{p (B) : B € Ref} sothat Vor € Ej, w (B) < f 5 (@)} .
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for any mean-field model m € M and inverse temperature 8 € (0, 00). See
Definition 7.340 and Proposition 7.347.

Corollary 6.23 For any mean-field model m € M and inverse temperature €
(0, 00),
inf V(fm,ﬁ)(El) = inf fm,ﬁ (E1) = inf fm,ﬁ (&)

= inf Om,p &) = infgm’ﬁ (Ep) = infy(gm‘ﬂ)(El) .

Proof Combine Theorem 6.20 with Theorem 7.345. O

The next question is the following: How are the y-regularizations y (f, g) and
¥ (8m,p) on the convex weak*-compact space E of invariant states (i.e., the largest
weak*-lower semicontinuous and convex minorants of, respectively, fy, g and gy, g
on E1, by Corollary 7.342) related to each other? A simple and satisfying answer to
this question is given by the following lemma:

Lemma 6.24 For any mean-field model m € M and inverse temperature f €
(0, 00), we have y (f,g) = ¥ (8m,p) on the space E\ of invariant states.

Proof
Lower bound: As Ay (p) = |p(A)|* on & (see, e.g., Theorem 6.11 (iv)), for any
ergodic state p € &1,

Foop (B) = o (6) = Bm.p () -

where, for any invariant state p € E,

g @ = lew. @B+ (~Aw (@ +eo@-BTs(0) . (614)
~———

convex semicont.

affine lower semicont.

See Lemmata 6.7, 6.8, and 6.10. Therefore, for any ergodic state p € &,

fu (D) =¥ (Fm p)(P) = Gin.p(0) - (6.15)

By Lemma 6.18, for any invariant state p € E|, there is a sequence (0,)nen C &)
of ergodic states converging to p and such that

nll)ﬂolo Om,8(On) = B, p(P) -

By (6.15) and weak*-lower semicontinuity of y(fy g), for any invariant state
p€E,

Iimy (i ) (Pn) = 0 () Z ¥ () (0.

implying ¥ (fu g) < ¥ (m. p)-
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Upper bound: By Theorem 7.339 and Jensen’s inequality (Lemma 7.330; see also
[1, Lemma 10.33]),* for any invariant state p € Ej, there is a (unique) positive
linear functional p, such that

h(p) < up (h)

for any convex weak*-lower semicontinuous complex-valued functions 4 on Ej. By
convexity and weak*-lower semicontinuity of y (g, g), it follows that

Y @m.p) (0) < iy (¥ @mp)) S (0m,p)

which combined with Lemma 6.19 yields y (g, g) < fm g and therefore y (g, g) <
Y (fm,ﬁ)- o

We are now in a position to prove that the weak*-closed convex hull of the set
nonlinear globally stable equilibrium states (see Definition 6.21) is precisely the set
of all (usual) globally stable equilibrium states (Definition 6.15):

Theorem 6.25 For any mean-field model m € M and inverse temperature B €
(0, 00),

Qm.p = cO(Mu p) .

Moreover, if W_ =0, then Qum g = A;Im,f;.

Proof Apply Theorem 7.345 to the convex and weak*-compact space K = E;
of invariant states and the real functional ¢ = f, g to show that the set M of
minimizers of y (f, g) over Ej is

M = co(Qm,g) -

As y (g, g) = Y (Fn. g) (Lemma 6.24), we also deduce from Theorem 7.345 that

M = co(ll;[m,,g) .

4For any p € E, the positive linear functional z p is associated with a probability measure on the
set &1 of ergodic states such that

p=[ dp,(0) P
&

(in the weak sense). This is reminiscent of the Riesz-Markov theorem. This observation highlights
the use of Jensen’s inequality, which states that the image of an expectation value of a random
variable by a convex function is less than or equal to the expectation value of the image of the
random variable by the same function.
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By Lemma 6.22, it follows that

Qg =co (Qm,ﬁ) = CO(Mm,/g) .

Assume now W_ = 0. Then, g, B becomes convex. So, Mm is also convex and
weak*-compact, because of Lemma 6.22 (ii) and the equality

CO(Mm’ﬁ) = Mm’ﬁ . O

6.5 Approximating Invariant Interactions

In the previous sections, we describe the set of globally stable equilibrium states
of mean-field models by means of different variational problems. However, it is a
priori not clear how useful these variational formulae are to study phase transitions.
To answer to this question, it is convenient to consider the so-called Bogoliubov
approximations of mean-field models, which are reminiscent of the “approximating
Hamiltonian method” used in the past to compute the pressure associated with
particular mean-field models, as explained in [1, Section 2.10]. In [1], we generalize
this method in such a way that it can be applied to all elements of the Banach space
of mean-field models, as well as to the corresponding equilibrium states. We use
the viewpoint of game theory by interpreting the mean-field attractions W_ and
repulsions W of any model m = (&, W_, W, ) € M, as attractive and repulsive
players, respectively. This leads to a two-person zero-sum game named in [1] the
“thermodynamic game,” which is defined as follows:
Using the Hilbert space of square-integrable sequences

CN) = N0 = fe=(anen SCllelF =) lanl* < oo} :
neN

we first define approximating (short-range) invariant interactions associated with
mean-field models:

Definition 6.26 (Approximating Interactions) For any mean-field model m =
(&, W_,W,) € M; and sequences c¢_, ct € ¢£*(N), we define the corresponding
“approximating interaction” to be

Prc_.cp) =@ +2) (ReferWy,} —Refcmw_,})ew,.
neN

This interaction is a well-defined element of the Banach space WV, because, for any
m=(d,V_,¥,)e Mjandc_, c; € £2(N),
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1Pm (e, el < UPT+2 ) (lewn] [Win] +[en| [¥—n])
neN

S NN+ 2lle iy 1Pl + 2 lle—lla Y-
<max {1,2 flcy 15, 2 le_[l,} llmll < o0,
thanks to the triangle and Cauchy-Schwarz inequalities. See Definition 6.3.

For each mean-field model m = (&, V_,V¥,) € M and c_,c4+ € ZZ(N),
observe from Definition 5.10 that, for any finite subset A € Py,

Hfm(t',.,6‘+) : Z (D(A/) — H[‘:\I>+2 Z (RG{EH[\\I}+H} _ Re{c—_Hff,n }) .
AEePys, NCA neN

Compare this expression with the full Hamiltonian

. 1 v, , w_,
HX‘:Hf\D—i-—lAl ) (|HA+- 2 —HY |2)
neN

associated with the mean-field model m = (&, W_, W, ) € M, for A € Py. See
Definition 6.4. (Recall that the identification ® = (P, 0, 0) for ® € W), is coherent
with Definitions 5.10 and 6.4.) In particular,

— Dy (e, — Wi
AT HE = HY™ ) e 3 = le-13 = Y (10817 Y = e P
neN
— |
—IOAT HY " = e )

(6.16)

This last expression shall be considered in infinite volume limit A 1 I': If (6.16)
would vanish as A 1 T, then one could replace the mean-field model by the simpler
model given by the corresponding approximating interaction. Note, however, that
this argument is only heuristic, since we compare in the left-hand side of (6.16) a
sum over non-commuting elements of the spin or fermion algebra with complex
numbers. In fact, the relation between mean-field models and its approximating
interactions can be more properly understood via their respective pressures (Def-
inition 6.14). See also Theorem 6.13, which links the pressure function with local
Hamiltonians.

Using Definition 6.14 and Theorem 6.20, we first recall the pressures associated
with mean-field models m = (&, WV_, V) € M; and their approximating
interactions ®n(c_, c4) for c_, cy € £2(N), at a given inverse temperature 8 €
(0, 00):
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* Pressure of mean-field models:

— pp(m) = inf fiy g(E1) =inf fi g (E1) = infgm g (£1) = inf g g (E1) ,
(6.17)

where, by Definition 6.17, for any invariant state p € Ej,
mp (0) = llew, (0) 15 = llew () 15 +fa 5 (0) + (6.18)

with ey (0) = (e, (), o € €2(N) for any W € £2(N; WF).
* Pressure of approximating interactions:

— pﬁ(d>m(c_, C+)) = inf f(bm(f—»&r),ﬁ (El) = inf f@m(cf,CJr),,B (51) s (619)

where, by Definition 6.12, for any invariant state p € Eq,
Fom(c_.co).p (P) = 2Re(cy, ew, (p)) = 2Re(c—, ew_ () + o p(0)  (6.20)

with (-, -) being the usual scalar product in the Hilbert space 2(N).

Keeping in mind (6.17) and (6.19), the question we shall answer is whether one can
find particular sequences d, d_ € £>(N) such that

pp(m) = pg(Pm(d4,d-)) .

In fact, we construct such sequences via the so-called thermodynamic game
associated with the given mean-field model. However, before explaining (later,
in Sect.6.7) in detail this game and the related construction of sequences, we
make a simple observation, leading us to the appropriate payoff function for the
thermodynamic game. In fact, one should compare (6.19) with (6.18) in light of the
following equality:

Lemma 6.27 For any invariant state p € E; and every sequence W € £>(N; Wic),

sup =l +2Re (e, ew ()] = llew (o) 1
cel2(N)

with unique maximizer d (p) = ey (p) = (ew, (P))neN € £2(N).

Proof Obviously, for any invariant state p € E|, complex number ¢ € C, and
algebra element A € U,

lp(A—c)>=1p(A)|* —2Re{p(A) & +c|* >0, (6.21)
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which in turn implies that

1 ()1 = sup {~Ie? + 2Re o (4) &)}
ceC

with unique maximizer d = p (A). This assertion yields the lemma, keeping in
mind that e (p) = p (eq) for any invariant state p € E| and complex interaction
(ORS VV(IC Here, e € U° is defined by (6.7). O

Keeping in mind Eqs. (6.18) and (6.19) and Lemma 6.27, we define the following
approximating free energy density for mean-field models:

Definition 6.28 (Approximating Free Energy Density) For any mean-field model
m € M and 8 € (0, 00), the corresponding “approximating free energy density”
is the function hy g : 2(N) x £2(N) — R defined by

hanp (= ) = —lles 3 + lle— I3 +1nf fo e )5 (ED -

The thermodynamic game will be the two-person zero-sum game whose payoff
function is nothing else than the above-defined approximating free energy density
for the given mean-field model. Before explaining this game in Sect. 6.7, as well as
its consequences for the theory of equilibrium states of general mean-field models,
we first study the special case of purely attractive mean-field models. In fact,
considering the special attractive case gives some insight in how to tackle the above-
explained problem for general mean-field models.

6.6 Purely Attractive Mean-Field Models and Application to
the BCS Theory

6.6.1 Purely Attractive Mean-Field Models

Recall that mean-field models are elements m = (&, V_,W,) € M;, where
M| = W x £3(N; Wic)z. See Definition 6.3. Recall that, for any such a mean-
field model m, the component W_ represents its mean-field attraction, while W
is its mean-field repulsion, and, consequently, a mean-field model (&, W_, W) is
said to be purely attractive if W = 0, while it is purely repulsive if W_ = 0. In this
section, we are interested in the study of purely attractive mean-field models. This
is the easiest mean-field case to study. Moreover, (partial) results referring to this
particular case are pivotal to analyze the general case, later on. We start by proving
arelation between the pressure function (Definition 6.14) of purely attractive mean-
field models and the (payoff) function of Definition 6.28:
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Proposition 6.29 For any purely attractive mean-field model m = (&, V_,0) €
M and inverse temperature B € (0, 00),

pp(m) = —inf fu g(E)) = — inf  hyp(c_,0)
c_eBRr(0)

with hy g (c—, 0) defined as in Definition 6.28 and Br(0) C ¢2(N) being a closed
ball of sufficiently large radius R > 0, centered at 0.

Proof Fix m = (®,¥_,0) € M; and 8 € (0,00). By Theorem 6.20 and
Definition 6.17,

inf fo p(E1) = inf g (61) = inf [=lew. @) 13 +fo5 0} -
1
From Lemma 6.27, Egs. (6.19)—(6.20) and Definition 6.28, it follows that

inf o p(ED) = inf inf e I3 —2Re e ew (9)) +fop (0]
pe€i c_el2(N)

— inf inf {||c_||2+ ()}
PEEi c_el?(N) 2 o0 (0

= inf {||c,||%+inffq>m(cﬂo),ﬁ (51)]

c_el?2(N)

= inf { c_|3 + inf E }
c_el2(N) lle=1l3 fome.0).p (ED

= inf hgnpg(c-,0). (6.22)
c_el?(N)

Finally, the existence of a radius R > 0 such that

inf hn(c—,0)= inf hypg(c-,0)
c_el?2(N) c_€BRr(0)

directly follows from the fact that, for all sequences c_ € EZ(N ),

linffe, 0.5 (ED| <2 sup l{e—. ew_ (0))| + |inffe g(ED]

PEL

< 2llell2a W + |inffe g(E1)

’

(Lemma 6.8). |

by the Cauchy-Schwarz inequality, as well as the bound |eg_(0)| < [W_]|

Proposition 6.29 is reminiscent of the so-called Bogoliubov approximation,
which formally consists in replacing specific operators appearing in the Hamiltonian
of a given physical system with constants that are determined as solutions to some
self-consistency equation or to some associated variational problem.
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In light of Proposition 6.29, the set of minimizers of the approximating free
energy density /iy g (-, 0) should play an important role. As a consequence, we
define the set

Conp = {d €?(N) : hmp(d_,0) = inf hmp (c,O)} (6.23)
c_el?2(N)

for any purely attractive mean-field model m = (&, W_, 0) € M/ and every inverse
temperature § € (0, 00). The set Cin, g C £2(N) is nonempty, norm-bounded, and
weakly compact when W_ 3 0. See [1, Lemma 8.4]. The next step is to understand
the relation between the above set of minimizers of the approximating free energy
density and globally stable equilibrium states.

Recall the definition of globally stable equilibrium states: For any mean-field
model m € M and 8 € (0, 00),

Qum.p = [a) € Eq : (pp)nen € Eq weak™® converging to o so that ,,lilgofm’ﬁ(p")
=inf fy s(E1} .

See Definition 6.15. This set is always convex and weak*-compact, by Lemma 6.22
(1). When the model is purely attractive, the set of globally stable equilibrium
states is a face of Ep. Recall that a face F of a convex set K is defined to be
a subset of K with the property that, if p = Ayp; + --- + Aypp € F with
Ply--spn €K, A,....,, €O, Dand Ay +---+ X1, =1, then py,..., 0, € F.
See Definition 7.333.

Lemma 6.30 For any model m = (®, W_, 0) € M| and B € (0, 00),
Qm.p = {w €Ep: fm,ﬁ (w) = inf fm,ﬁ(El)}

with extreme points being all ergodic, i.e., E(Qum,g) = Qm, g NEL. In particular, it is
a (nonempty) weak*-closed face of the convex weak*-compact space E1 of invariant
states.

Proof For § € (0,00) and any purely attractive mean-field model m =
(®,¥v_,00 € My, fm)ﬂ is weak*-lower semicontinuous and affine; see
Lemmata 6.7, 6.8, and 6.10 as well as Definition 6.12. The weak*-lower
semicontinuity of f g yields

Qmp = {w € E| : fnp (@) =inf f, g(E)} .

while its affineness on the convex set E| of invariant states implies that the set
& (Q2m,p) of extreme points of 2m g belongs to the set £ of ergodic states of Ej,
ie.,

& (Qm,ﬁ) = Qu,p NnE& .
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Lemma 6.30 of course holds true for all interactions ® = (¥, 0,0) € My, in
particular for all approximating interactions of Definition 6.26, associated with any
(not necessarily purely attractive) mean-field model.

Now, we are in a position to establish a precise relation between the solutions to
either variational problems given in Proposition 6.29. This is done through globally
stable equilibrium states associated with approximating interactions and leads to
self-consistency conditions for these equilibrium states:

Proposition 6.31 (Gap Equations) For any purely attractive mean-field model
m = (&,V_,0) € M and inverse temperature € (0,00), the following
properties hold true:

(i) For all ergodic globally stable equilibrium states & € Qum g N €1,
d_=cy_ (@) = (ew_, (®))nen € Cm.p

and & € Q<Dm(d_‘0)‘ﬁ-
(ii) Conversely, for any fixed d— € Cy g,

Qo @d_0,NE S QmpNEr

and every w € Qo,,(d_,0),p satisfies the equality d_ = ey_ ().
Proof

(i) Any ergodic equilibrium state & € Qum g N &1 is a solution to the right-hand
side of (6.22), and the solution d_ = d_ (&) of

inf {Ilc_I|§ + o (0.8 (‘5)}

c_ef2(N)

satisfies the (Euler-Lagrange) equation d_ (c?)) = ey_ (w), by Lemma 6.27. The
two infima in (6.22) commute with each other and, thus, d_ = d_ (&) € Cm g
and @ € Q<I>m(d,,0),ﬂ-

(ii) By definition, any sequence d_ € Cy, g satisfies

d_|3 + inf p) = inf {c_2+inf p}.
ld—1I3 ey} fom@_ 0. () el lle—1l2 peE; fom.0,8 (0)
(6.24)

Since the two infima in the right-hand side of this equality commute with each
other as before, any equilibrium state @ € Qo,,d_,0),p satisfies d_ = ey_ ()
because of Lemma 6.27 and

Qo @d_0,NE S QmpNEr

because of Eq. (6.22).
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Corollary 6.32 For any purely attractive mean-field model m = (&, W_, 0) € M
and inverse temperature B € (0, 00),

Q =co U Q .
m,p (decm,,g <I>m(d-,0),;3>

Proof Combine Proposition 6.31 with Lemma 6.30. O

In the physics literature on superconductors, the self-consistency condition
(Euler-Lagrange equation)

d_=r¢y_ (w) , d_€Cmp, @€ Ly 0.6

refers to the so-called gap equation. We keep this terminology here, although in a
much broader and abstract sense. Proposition 6.31 and Corollary 6.32 demonstrate
that, for all ergodic (globally stable) equilibrium states & € Qm g N &1, the pair
(O, ew_ (c?))) solves the gap equation, since & € Qa,,_,0),8- This mathematically
justifies the theoretical physics approach using the above self-consistency condition
to find the infinite-volume properties of mean-field models. Note that we have shown
this property only for purely attractive mean-field models, so far, but we will explain
it in the sequel for any general mean-field model.

6.6.2 Application to the BCS Theory on Lattices

The gap equation is pivotal to prove the existence of phase transitions for mean-
field models. To illustrate this, as a physically relevant application, we describe the
(reduced) BCS model of superconductivity:

(i) General Setup Like in Example 6.6, fix Q@ = {1, |} and Y = CAR({*, |}, ).
We consider fermions in the cubic box

Ag ={(x1,...,x9) €T :|x;| <€}

for some fixed length £ € N. As the BCS model is usually written in Fourier space,
we additionally define

N 2

Ai—AC—7 d7
1= orypiestmal

the reciprocal lattice of quasi-momenta (referring to periodic boundary conditions).
Then, for any spin s € {1, |} and (quasi-) momentum k € A}, let
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. 1 .
Drs (L, x) = WXAgeXp (—ik - x) sy, xel, re{t, ),
4

where §s is the Kronecker delta, while x,, is the characteristic function of the
cubic box Ay.

(ii) The BCS Hamiltonian the Lattice Theoretical foundations of supercon-
ductivity go back to the celebrated BCS theory—appeared in the late 1950s
(1957)—which explains conventional type I superconductors. The lattice version
of this theory is based on the so-called (reduced) BCS Hamiltonian defined, for any
£ €N, by

1
BCS - A Ak A I
Hy,” = Z €(k)ak,sak,s__|Ae| Z Nk.qA 48—k, | qq.)0—q.1 >
keA;, se{t, !} k,quj
kinetic term attractive interactions
where ax s = a (q&k,s) annihilates a fermion with spin s € {7, |} and (quasi-)

momentum k € A;f, while £ is the Fourier transform of some real-valued function
¢ on I". In physics, {€ (k) }xe A is (up to some constant) the spectrum of the discrete
Laplacian and

_Jn=0for [k—¢g| <C
Td =10 for k—gq|>C

with constant C € (0, oo]. For simplicity, take once and for all C = oco. In this case,
the BCS Hamiltonian can be written in the “x-space” as

Ui
Hﬁfs = Z e(x —y)ay ays— Al Z a;’Ta;‘Jay&ay,T (6.25)
x,yeAy, s€{1,]} £ x,yeNy

forany £ € N, where ay s = a (es, x) annihilates a fermion with spin s € {1, |} and
lattice position x € I'. Here, {€s x}s,x)eft,4)xr is the (canonical) Hilbert basis of

) x D).

(iii) BCS Mean-Field Model Like in Example 6.6, the “BCS interaction” Wpcs is
defined by Wpcs(A) = 0 whenever [A| ¢ {1} and Wpcs({x}) = n'/%a, ay 4 for
any x € I'. Then, for the purely attractive mean-field model

n= (P, (Vpcs, 0,0,...),0) € M,

where ® € W is some invariant interaction, we observe that

n __ [ n * *
HA[ = HA@ - _lAzl Z Ay 4Gy 1Ay, dy,1 »
x,yelNy
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Pn(c-,0 —
Hy, 0 _ HY —n'/? Z (cﬁla:,Tajw —l—c,‘]ax,Lax,T) ,

xelAy

forany ¢ € Nand c_ € £2(N). Note that the use of general sequences c_ € 22(N)
is not necessary in this example, since the model has only one non-zero attractive
mean-field component, Wgcs. One can thus consider constants c— = ¢c_; € C,
instead of full sequences c¢_ € £2(N). By Corollary 6.32, if one is able to determine
the set of states

U Q. d_,0),8 (6.26)
d_eCnp

then we obtain from it all the equilibrium states of the purely attractive mean-
field model n. Under periodic boundary conditions [1, Chapter 3], we would then
know all accumulation points of Gibbs states (in particular all correlation functions)
associated with local Hamiltonians HX@’ { e N,

(iv) Thermodynamic of the BCS Model Recall that ¢ is some real-valued function
on I'. We define the parameter ® € W) of the mean field model n by

®(A) =

1 x . )
1 +5x‘y (8 x =) (ax’ﬁay’T +ax’¢ay’¢
+e(y —x) (a;"Tax,T + a;,ﬂx,i)) (6.27)

whenever A = {x, y} and ® (A) = 0, otherwise. Here, 8,y is the Kronecker delta.
Observe that, for any £ € N,

n _ yBCS
HAz_HAe ,
as well as

Dy(c_,0
HA[ -0 = E e(x—y) a;say,s
x,y€Ag, s€{t,}}

_ 711/2 Z (c,a;‘,Tajyi +c_,ax,¢ax,¢)

xelAy

for any complex number c_ € C. This approximating model is quadratic in the
annihilation and creation operators. Such Hamiltonians can be exactly diagonalized,
which means that the corresponding pressure can be explicitly computed as a func-
tion of the parameter c_. As a consequence, via Theorem 6.13, the approximating
free energy density /1, g (c—, 0) of Definition 6.28, the solutions to the variational
problem

inf{hn’ﬁ (c—,0):c_ € (C} = inf{hn,,g (c—,0) :|c-] < R}
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of Proposition 6.29 and the set

U Qeuw 08
d_eCnp

can be accurately computed by analytic and/or numerical methods. Thus, the full
thermodynamic behavior of the (reduced) BCS Hamiltonian Hﬁecs ,as £ — 00, can
be completely determined. In particular, one can show for large temperatures, i.e.,
B! > 1, that

Cop =10} and | J Qo,w .0.4=20,004=R0p={0p}=ns,
d_eCnp

thanks to Corollary 6.32. Moreover, if n > 0 is sufficiently large (and fixed for all
B > 0), then there is an inverse temperature 8. such that, for any 8 > S,

Cop = {V/Irexp (i) : ¢ € [0,27)}

and

U Qw06 ={wp: 0 €10, 2m)}
d,ECmﬂ

for some positive number » > 0. As a consequence of the self-consistency condition
(gap equation), wg o, # gy, for any ¢1, ¢y € [0,27) with ¢; # ¢. This
refers to the existence of a superconducting (first-order) phase transition at inverse
temperature B, > 0, with the breakdown of the gauge invariance. Additionally, the
order parameter » > ( can be shown to be directly related, at all temperatures, to
the Cooper pair condensate density

. i ' 1 Tr (c(’;co exp(—ﬂHﬁfS))
r = lim A PHECS (c5e0) = lim

t—o0 |Ay| t—o0 |Ag| Tr <eXp(—ﬂH§CS))
¢

where

. 1
=
1A

1 A oa
Z Qx| Ox,t = Nl Z e, | A—k,1

XEAy keAy

annihilates one Cooper pair within the condensate, i.e., in the zero mode for electron
pairs. The adjoint operator ¢;j creates such a pair. Here, WyBCS g is the Gibbs state of
e

Definition 5.19 associated with the BCS Hamiltonian Hﬁzcs . For more details, we
recommend [26].
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6.7 Thermodynamic Game

In [1], we generalize the results presented in Sect. 6.6 to all mean-field models of the
Banach space M. In the current subsection, we explain the main lines of this result.
As mentioned above, we use the viewpoint of game theory, via the “thermodynamic
game,” that we now define precisely. First, recall that ~, g : 2(N) x £2(N) - Ris
the approximating free energy density defined by

Mg (c—, c4) = —lleq I3 + lle—lI3 +1inf fo (. cpy.p (E1)

for any mean-field model m € M and inverse temperature 8 € (0, 00). See
Definitions 6.26 and 6.28. Given 8 € (0,00) and m = (&, V_, V) € My, the
thermodynamic game associated with the mean-field model m is then the two-person
zero-sum game whose payoff function is the approximating free energy density

/’lm’ﬂ:

(i) The two players are denoted by (—) and (+). In fact, we interpret the mean-field
attractions W_ and repulsions W4 of the model m = (&, W_, W, ) as two players
that we, respectively, call the attractive and the repulsive player.

(ii) The sets of strategies of the attractive and repulsive player are, respectively, the
following subspaces of £>(N):

2 ={c_e*N) : forallneN,c_, =0if¥_, =0},
€ ={cy € P(N) : foralln e N, cp, =0if Wy, =0}.

(iii) The value i g (c—, c4) € R is the loss of the player (—) for the (attractive)
strategy ¢_ € £2 and the gain of the second for the (repulsive) strategy ¢ € Ei:

(—) Without exchange of information, by minimizing

Wy (€)= sup I (cocy)

C+ eéi
the player (—) obtains her/his least maximum loss

g - f
Fin.p _c_Heng_ i p ()
(+) By maximizing

b ..
hm,ﬂ (c4) = 0_116152_ hawp(c—,cq) ,

the player (+) obtains her/his greatest minimum gain
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b .
Fmﬂz sup hmﬁ(c+)<F
C+E£

En 8 and Ft p are called the “conservative values” of the thermodynamic game,

while [an B fn 5] is its “duality interval.” Observe that, in general, Fm B < F:t
That is, the thermodynamlc game may not admit a “cooperative equlllbrlum
which is, by definition, any saddle point of the payoff function A g. See [1, p.
42].

(iv) The corresponding sets of “conservative strategies” are

Cop = 1ds €2 1 Fp g =hy ,(d)}

(6.28)
g . 2 1 f
Cmﬂzd_eﬁ Fmﬂzh d-)

In the particular case of a purely repulsive mean-field model, i.e., when W_ = 0,
Cﬁ,l g = = {0}, just because 22 ={0). Similarly, if ¥, = 0, then Cm p= = {0}. In both

cases (W_ = 0 or W4 = 0), we have

b

Fop= =F, ;= p="hpm). (6.29)

See Proposition 6.29 for the purely attractive case. For a justification of this
equality in the purely repulsive case, see the proof of Theorem 6.34 below. By
[1, Lemma 8.4], the sets of conservatives strategies have the following important
properties:

Proposition 6.33 For any mean-field model m = (&, V_, V) € M and inverse
temperature B € (0, 00), the sets of conservatives strategies have the following
properties:

) C]bnﬁ C Zﬁ_ - EZ(N) has exactly one element d.
() Clﬁnﬁ circ EZ(N) is nonempty and norm-bounded.

The relevance of the thermodynamic game results from the fact that the conser-
vative values F]bn p and Fil 8 of the game can be written as variational problems
over states, corresponding in particular to the pressure function (Definition 6.14).
This refers to a generalization of Proposition 6.29 to all (not necessarily purely
attractive) mean-field models. To state the assertions, we recall two free energy
functionals associated with mean-field models m = (&, WV_,¥,) € M| ata
given inverse temperature 8 € (0, 00):

* By Definition 6.12, the usual free energy density functional f,, g : E1 — Ris
defined by

fm,p = Awy — Aw_ +fo 8-
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e In the proof of Lemma 6.24, Eq. (6.14), we introduce also a non-conventional
free energy density functional fi)n g E1— R, defined by

Fro.p (0) = llew, () 13 — Au_ (p) + oz () - (6.30)

Note that f':n g = fm,p> by Theorem 6.11 (v). We are now in a position to give the
main statement of this subsection:

Theorem 6.34 For any mean-field model m € M and inverse temperature B €
(0, 00), the conservative values equal:

b . . eob
F. m.p = Sup 1nf hawp(c—,cq) = 1nffm’ﬂ(E1),

C+€E2 c_et*

anﬂi inf  sup hm g (c—,cy) = inffy g(E) .

c— EZ C+ 622

Idea of Proof The complete proof of this theorem can be found in [1]. See in
particular [1, Theorem 2.36]. This is done in a similar way as in Proposition 6.29.
The main issue now is that the infimum and supremum defining F m, B and Ftt do
not generally commute with each other. In fact, as already remarked above, one has
in general that F is strictly smaller than Ft . To circumvent this problem, we
proceed as follows Note from Proposition 6. 29 ‘that

b

Fop

sup infinf {—fle. 3+ lle- 13+ fo(c_.c0r.5 (0)]

C+€€2 c_et? pe

sup inl;fl {—||C+||% + f(@m(0,c1),9_,0),8 (P)} .

€
C+€Zi L

Now, by the von Neumann min-max theorem [1, Theorem 10.50], the new func-
tional

2
(c45 P) = =llet 3 + Fom©.c00,w_,0),8 (P)

on K%r x E7 has a saddle point and the infimum and supremum in the last equality
can be interchanged. Doing this, one computes that

Fy, 5 = inffy, 5 (E1) . 6.31)

Note that by combining this equality with (6.17), one proves the identity (6.29) for
the purely repulsive case. To prove the second part of the theorem, i.e., the equality
F?n p = inffy, g(E1), the trick with the saddle point is not necessary anymore,
because one can directly use (6.31) instead: In fact, observe that (6.31) yields
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SUp e (e, ¢4) = lle I3+ inf {lew, (0) I + fanic_000) )

C+€[%_
Thus, by Lemma 6.27 combined with (6.17),

inf sup fim.g(c— ) = inf {llew, (p) 15 = llew_ (o) I3 + fo.5(0) }
1

c_et? C‘*'E[E—
= inffy 5(E1) .

Compare this last argument with the proof of Proposition 6.29. O

By Definition 6.14 and Theorem 6.34, note that the pressure of any mean-field
model m € M) is equal to

pg(m) = —inf f,, g(E;) = — inf sup  hmpg(c—,cq)
c_el?2(N) C+EE2(N)

=— inf sup Ampg(c—,cq) .
c_el? C+e[%r

Recall that the infimum and supremum in this expression do not commute in
general. A sufficient condition for them to commute is given through Sion’s minimax
theorem [27] as follows:

Lemma 6.35 Let 8 € (0,00) and m = (O, V_, V) € M| be any mean-field
model such that W_ # 0 and W # 0. If, for any fixed c4 € *>(N), the function
hum,g (-, cq) on 02(N) is quasi-convex, i.e., for all r € R, the level set

fe- e @) i hmp e =7}

is convex, then an g = an B

Proof [28, Lemma 4.2]. O

To conclude, a result like Theorem 6.34 justifies on the level of thermodynamic
functions the replacement of specific operators appearing in the Hamiltonian of
a given physical system by constants which are determined as solutions to some
self-consistency equation or some associated variational problem. This refers to
the Bogoliubov approximation, which was used for (purely attractive mean-field)
Fermi systems on lattices, already in 1957, to derive the celebrated Bardeen-Cooper-
Schrieffer (BCS) theory for conventional type I superconductors [29-31]. The
authors were of course inspired by Bogoliubov and his revolutionary paper [32]. A
rigorous justification of this theory was given on the level of ground states by Bogoli-
ubov in 1960 [33]. Then a method for analyzing the Bogoliubov approximation in a
systematic way—on the level of the pressure—like in Theorem 6.34 with both mean-
field repulsions and attractions was introduced by Bogoliubov Jr. in 1966 [34, 35]
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and by Brankov, Kurbatov, Tonchev, and Zagrebnov during the 1970s and 1980s
[36-38]. This method is known in the literature as the approximating Hamiltonian
method and leads—on the class of Hamiltonians it applies—to a rigorous proof of
the exactness of the Bogoliubov approximation on the level of the pressure, provided
it is done in an appropriated manner. Note however that the conditions on model
imposed by [36-38] are still much more restrictive than those of Theorem 6.34. See
discussions in [1, Section 2.10].

6.8 Self-Consistency of Equilibrium States

In Sect. 6.7, we introduce the thermodynamic game, which provides an efficient
method to study phase transitions driven by mean-field interactions. It refers to
a two-person zero-sum game whose payoff functions is defined as being the
approximating free energy density functional of Definition 6.28. By Theorem 6.34,
the conservative values of this game are directly related with variational problems
over invariant states, naturally associated with any mean-field model. In fact, as
we have seen, the largest of both conservative values is nothing else than the
conventional pressure.

It turns out that, like in the special case of purely attractive mean-field models (cf.
Corollary 6.32), the thermodynamic game also provides a complete characterization
of the set of globally stable equilibrium states (Definition 6.15) of mean-field
models, as follows:

Recall that the set of globally stable equilibrium states refers to

Qm,p = [a) € E1 : 3(pn)nen € E| weak™ converging to »
S0 that 1im fun 5(p) = inf Joy (E1)

for any mean-field model m € M and inverse temperature B8 € (0, c0). Having in
mind the second variational problem of Theorem 6.34, we also define the set

Q5= {a) € Ei : f 5(w) = inf ffmﬁ(El)]

of non-conventional (globally stable) equilibrium states. Note that ffn is weak*-
lower semicontinuous but only convex (and not affine). In particular, an P is a
nonempty weak*-compact convex subset of Ej.

In [1, Lemma 8.3 (#)], it is proven that, for any m = (&, V_, W) € M/ with
W, # 0, and all functions c_ € Ez(N), the set

{d+ €l max fim,p (=, c4) = hm,p (c—, d+)} (6.32)

C+€€+
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has exactly one element, which is denoted by r4 (c_). By [1, Lemma 8.8], if ¥y # 0,
then the mapping

Iy ic— =14 (co) (6.33)

defines a continuous functional from ¢2 to Z%r itself, i.e., from the set of attractive
strategies to the set of repulsive strategies of the mean-field model m. We call this
mapping “the thermodynamic decision rule” of the mean-field model m € M. Note
that in the particular case of purely attractive mean-field models (i.e., when ¥ = 0
and hy, g is thus not depending on ¢ ), one hasry = 0.

For any mean-field model m = (&, W_, W, ) € My, it is convenient to introduce
a family of approximating purely attractive mean-field models by

m(cq) = (P (0, ct), W_,0) € M, cy € £2(N). (6.34)

Then, for every pair of strategies c_ € £>, ¢, € 63_, we define the (possibly empty)
sets

Qm.p (e cp) ={w € Qo cpiew (@ =c_ and ey, (w) =cy} S E;
(6.35)

as well as
Qup(c+) = {0 € Qeyyp e, (@) =ci} CEr, (6.36)

where, for any fixed invariant state p € E1 and W € EZ(N; W(lc),

ew (0) = (ew, (0)nen € L2(N) with ew, (0) = p (ew,)

for all n € N. By Lemma 6.30, note that Qg (_,c;),s and Qm(,),p are
(nonempty) weak*-closed faces of E1, since m(c4) is a purely attractive mean-
field model. Then, we obtain a (static) self-consistency condition for (conventional
or non-conventional) globally state equilibrium states, which refers, in a sense, to
Euler-Lagrange equations for the variational problem defining the thermodynamic
game. More precisely, we have the following statements:

Theorem 6.36 For any mean-field model m = (®,W_,V,) € M and fixed
inverse temperature 3 € (0, 00), the following properties hold true:
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®

Qm g =co U Qg (d-,r4(d-))
d,eCf“ﬁ

(ii) The set £(Qm,p) of extreme points of the weak™-compact convex set Qum g is
included in the union of the sets

E(Qmp(d_,ry(d-)), d_eCt

m,f

of all extreme points of Qg (d—,14(d_)), d_ € Cf; B which are nonempty,
convex, mutually disjoint, weak*-closed subsets of E|.
(iii)) When W # 0,

Cop=1ldi)  and Q) 4, =Qmp(dy) .

Proof Assertion (i) results from [1, Theorem 2.21 (i)] and [1, Theorem 2.39 (i)],

while (ii) corresponds to [1, Theorem 2.39 (ii)]. As already mentioned the fact that
Crbn B = = {d4} refers to Proposition 6.33. However, the identity Q mp = = Qum,pg (dy)
was not considered in [1], but its proof is similar to the one of [1, Lemma 9.2]. See
[28, Theorem 4.3]. For more details, see also Theorem 7.346 and discussions before
and after this theorem, which explain in a general context the strategy of proof used

here. O

Theorem 6.36 implies in particular that, for any extreme state & € £(Qm,g) of
Qm, g, there is a unique d_ € C; p such that

ey_(w)=d- and ey, (©) =14(d-). (6.37)

In the physics literature on superconductors, recall that the above equality refers
to the so-called gap equations. Conversely, for any d_ € C m, B there is some
generalized equilibrium state o satisfying the condition above, but @ is not
necessarily an extreme point of Qp g.

To conclude, note that Theorem 6.36 yields the equality Qy g = Q]bn 8 for any
purely repulsive or purely attractive mean-field model m € M. However, for mean-
field models m € M with both non-trivial attractive and repulsive mean-field
interactions, there is no reason for this equality to hold true, in general.
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6.9 From Short-Range to Mean-Field Models

Realistic effective interparticle interactions of quantum many-body systems are
widely seen as being short-range, not mean-field. However, the rigorous mathe-
matical analysis of phase diagrams of short-range model turns out to be extremely
difficult, in general, with many important fundamental questions remaining open
still nowadays. By contrast, mean-field models come from different approximations
or Ansitze, and are thus less realistic, in a sense, but are technically advantageous,
while capturing surprisingly well many real physical phenomena. Indeed, the study
of phase diagrams of mean-field models can be performed by self-consistency
equations related to the associated thermodynamic game. This is illustrated at the
end of Sect. 6.6 for the BCS theory of superconductivity.

Here, we discuss a precise mathematical relation between mean-field and short-
range models, by using the long-range limit that is known in the literature as the
Kac limit. This is done in [28] in an abstract, model-independent, way. To be more
pedagogical, however, we restrict our discussions to a specific example. This gives
us, additionally, the opportunity to illustrate results of previous sections, in particular
those of Sects. 6.7-6.8, for a specific mean-field model having both positive and
attractive mean-field terms.

6.9.1 The Short-Range Model

Like in Example 6.6, fix @ = {1, |} and &/ = CAR({?, |}, ). {€s x}(s,x)cxT 1S,
as before, the (canonical) Hilbert basis of £2($2 x I'). We use the shorter notation
ax,s = a (esx) for the “annihilation operator” of a fermion with spin s €  and
lattice position x € I". We consider fermions inside the cubic box

Ag={(x1,...,xq) e :|x;| < £}

for any £ € N. Fix once and for all, in the present subsection, an invariant interaction
® e W;. For two parameters y_, y+ € (0, 1) and the fixed invariant interaction
® € W, we define the local Hamiltonians

Hp, (v-,v+) = HY, + Yo vivi i (k=) akayak as
x,yeNg,s,te{, ]}

= > vIvo (- =) a) yay axacs. (6.38)

X,yENy

Here, vy is a (non-zero) pair potential characterizing interparticle forces, whose
range of action is tuned by the parameter y, € (0, 1). The (non-zero) function
v_ encodes the hopping strength of Cooper pairs. The corresponding term of the
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Hamiltonian thus implements a BCS-type interaction whose range is tuned by the
parameter y_ € (0, 1).

As is usual in theoretical physics, v_, v4 are assumed to be fast decaying,
reﬂection—symmetric,5 and positive definite, i.e., the Fourier transform v_, V4 of
v are positive functions on R?. This choice for v, is reminiscent of a superstability
condition, which is essential in the bosonic case [39, Section 2.2 and Appendix G].
For simplicity, we assume that v_, v € ng (Rd , R) are both compactly supported.
Because of some technical issues, we also assume that

(U <v_(k), keRY, ye(1).

The definition of the Fourier transform of a function v we used here is
¥ (k) ﬁf v (x) e kxgdy | keR?. (6.39)
R4

Observe that the sequence of local Hamiltonians Hp, (y—, y4+), £ € N, is the one
associated with the invariant interaction:

D (y-, y—i—) =d+ ‘lJer,er - “I’v,,y, eEWr,
where the invariant interactions Wy_ ,,_, Wy, ,,, € W) are defined by

Yy, (A)=0=W (A)

Vs V+
whenever |A| > 2, while, forany x, y € ',
Wy, (yD) = (2= 8cy) D vive vy (x — y) a}aya} s .
s,te{1,)}
Wy (o y) = (2= 80y) vV (1= (= ¥ af 4 ax yany

dx,y being the Kronecker delta. Using these definitions, we have

D(y—,v+)
HAe (v, vy) = HAKV Y+

for all natural numbers £ € N and y_, y4 € (0, 1). Therefore, we can apply to
@ (y_, y4+) all the above results on the thermodynamic behavior of models of W, C
M;.

For instance, for all parameters y_, y+ € (0, 1), the energy density functional

oy E1 > R

5 That is, v4 (x) = v (—x). Usually, v4 (x) = v+ (]x]) for some function vy : Ra’ — R.
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associated with the invariant interaction ® (y_, y+) € W is defined by

Lo 1
Coy_yp) (p) = lim TV (Ha, (=, v+))

for any invariant state p € E1. See Proposition 5.11 and Definition 5.12. It naturally
splits into three components:

Coy_yp) = o+ ew, - vy
~—~— ——— ~———
free term  jnieraction term +  interaction term —

With this, for any inverse temperature 8 € (0, 00) and y—_, y+ € (0, 1), the free
energy density functional fg,_,.) g : E1 — R of Definition 6.12 equals

. -1
foyp.p=Co(oyn —B s=rtu, , —tu,_, +fop (6.40)

where s : E; — R(J)r is the entropy density functional of Theorem 5.20. By
Theorem 6.13, the thermodynamic limit of the (grand-canonical) pressure equals

Pp (y—y+) = lim Pry, ¢ yi).p = —inffoq_y,).p (E1) < 00 (6.41)

for B € (0, 00) and y_, y+ € (0, 1). See also (6.11). Recall that the globally stable
equilibrium states of the short-range model are, by definition, the solutions to this
variational problem. They form the set

Qo p ={@ € El fou_ o p (@ = —Pg(y—, )}

for any fixed 8 € (0, 00) and y_, y4+ € (0, 1). By Lemma 6.30, it is a (nonempty)
weak*-closed face of the convex weak™-compact space E| of invariant states.

6.9.2 The Mean-Field Model

The Kac, or long-range, limits refer here to the limits y+ — 07 of short-range
models that are already in the thermodynamic limit. For small parameters y+ < 1,
the short-range model defined in finite volume by (6.38) has an interparticle (4) and
BCS (—) interactions with very large range (O(yL 1)), but the interaction strength
is small as yﬁ, in such a way that the first Born approximation® to the scattering
length of the interparticle and BCS potentials remains constant, as is usual. One

O Thatis, [pa y$ve (yax) dx = [pa v (x) dx = 92(0).
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therefore expects to have some effective mean-field, or long-range, model in the
limits y+ — 0F.

Given ® € W), the effective local Hamiltonians in the limits y+ — 0T of short-
range models should be

. @ N+
H/ﬁv (-, n4+) = Hy, + Al Z ay ay.ay (s
E  veApsite(td)

mean-field repulsion +

|Ae| > al.dlaxacy (6.42)
X, YENAy

mean-field attraction —

for all natural numbers £ € N and some positive parameters n_, 4 € R(‘)". Compare
this Hamiltonian with (6.38). It refers to the mean-field model

mO- ) = (@02 Py ) e My
where
_ = (Wpes, 0,...), Wy = (Wi, 0, ...) € £2(N; WD)

with Wgcs € Wic being the “BCS interaction” of Example 6.6 for n = 1, defined
by Wpcs(A) = 0 whenever |A]| ¢ {1} and

Wpcs({x}) = ax, ax,¢

for all lattice sites x € I', while W € W) C Wic is the invariant interaction defined
by Wi (A) = 0 whenever |A| ¢ {1} and

Wine({x}) = ay paxy +ay ax

for all lattice sites x € I.

We then apply to the mean-field model m(n—, n4) the results obtained above for
general elements of M. For instance, the space-averaging functionals Ay, : E1 —
R associated with the above sequences W_, W, € ¢*(N; Wic) are equal to

Bu (p) = Jim |2 > o(n (4w (An) € [ 1422
x,yeNy

for any invariant state p € E, where

A_ =ap, a0+ = ewpcg and Ay = a(’)“ﬁao,T + Claiaow = ey, -
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See Eqs.(6.6) and (6.8) as well as Definitions 6.9 and 6.12. For any inverse
temperature B € (0,00) and n_,ny € Rar , the free energy density functional
fm(y_,n.),p + E1 = Rof Definition 6.12 equals

funr_na)p = 1400, —1-Aw_ +fop- (6.43)

By Theorem 6.13, the thermodynamic limit of the (grand-canonical) pressure equals

8 L .
PB =, n4) = lem PH/ﬁ\e R B —inf e p).p (E1) < 00 (6.44)

e ¢]

for any 8 € (0,00) and n_,n4+ € R(J{ . As before, the globally stable equilibrium
states of the mean-field model are the limits of minimizing sequences for the
functional fu,(,_ ), g- They form the set

| we E1:3(pn)nen S E1 weak™ converging to w so that
Q). =

. ;
nli)ngofm(n,,m),ﬂ(l)n) =—Pg(n-,n4)

for B € (0,00) and n—, ny € RS‘. By Lemma 6.22, it is a (nonempty) convex
weak™*-compact subspace of the space E of invariant states.

6.9.3 Thermodynamic Game and Bogoliubov Approximation

A mathematically rigorous computation of the pressure and equilibrium states of the
short-range model to show possible phase transitions is elusive, beyond perturbative
arguments, even after decades of mathematical studies. By contrast, such a question
can be solved for the mean-field model. This is done by using the thermodynamic
game explained in Sect. 6.7.

In this case, the approximating interactions of the mean-field model m(n_, n4)
equal

. 1/2 N 1/2 -
Py (c—, ) =P +2 (77+/ Re {C+’]} Wine — r)_/ Re {C—,I‘IJBCS}> e W

for all sequences c_,cy € ZQ(N); see Definition 6.26. Note that the use of full
sequences c_, ¢4 € £2(N) is not necessary here since the model has only one non-
zero attractive and repulsive mean-field part. In other words, both sets of attractive
and repulsive strategies for the associated thermodynamic game are identified with
the set of complex numbers: c-. = ¢c-1 € Cand ¢y = c41 € C. The
approximating interaction of the mean-field model leads to the following sequence
of local Hamiltonians
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~ . 1/2 —
Hp, (- n4.co.cq) = HY + 77+/ (cx +c4) Z ay Ax.s
xeAg,se{1,{}

+02 Y (cmat qal, +eoanang) (6.45)

xelAy

for any two complex numbers c_, c4 € C, natural numbers £ € N, and some
positive parameters n—, ny € R(J{ . Then, by Theorem 6.34 and Eq.(6.44), the
conservative values of the thermodynamic game equal

Friy o = inf_sup {=les P +le-1? = Py (o conmin o))

c-eC C+E(C
=—P;(1-.13) (6.46)

and

b . .
mir g = Sup_inf {=lesl? 4 le- = Py (e epomy no))

C+E(C c-€

F

=Pl (- 14) - (6.47)

Here, we have the non-conventional pressure defined by

b . b
Pﬁ (- n+4) = _mffm(nf,m),ﬂ (E1) (6.43)
where, for any invariant state p € Ej,

2
b
T n . (P) = 114 \p<a6‘,¢ao,¢ +ag a0,)| —n-Aw_(p) +fop (0)

= Fam_mi).p ()
(see (6.30)), while Pg : C? x (Rg )2 — R is the function defined by

Pple—scp.mne.n) = lim Py o cocop
= _inffcbm(n,,rpr)(cf!cur) (El) <00, (649)

thanks to Theorem 6.13. Note that a usual choice for the free interaction ® € W
is given by (6.27). In this case, the approximating Hamiltonians (6.45) are quadratic
in the annihilation and creation operators. It can be exactly diagonalized, and the
variational problems (6.46) and (6.47) can be analytically and numerically studied,
in this case. The sets Qum;_ ;,),p and
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b . L b . b =
amomp = {“’ € Ev: Fragy_ i, p(@) = 10f Ty, (ED = Fm(nﬂnw,ﬂ}

of equilibrium states can also be explicitly determined, thanks to Theorem 6.36.

6.9.4 The Kac Limit

We now perform the Kac, or long-range, limits y — 0% of short-range models.
First, using a cyclic representation of the C*-algebra U/ induced by any invariant
state (Theorem 4.113) as well as the spectral theorem, one can prove [28] that
the energy densities associated with the invariant interactions W,_,_ and W
converge pointwise to

V+: ¥+

lim ey, . (0) =940z (o) (6.50)

y+r—0t

for any invariant state p € E1, where we have from (6.39) that
Oi(O)i/ ve (x)d% > 0.
R4

Recall that v_, v are assumed to be positive definite, i.e., the Fourier transforms
V_, V4 of v_, v, respectively, are positive functions on R?. Comparing (6.40)—
(6.41) and (6.43)—(6.44) in light of (6.50), this suggests that the parameters n_, ny €
Rg of the mean-field models to be taken in the limits y+ — 0T are

n+ = \Afi(O) € Rg.

This is partially confirmed by [28, Theorem 5.15], which in the example presented
here refers to the following theorem:

Theorem 6.37 Let ® € Wy and v_, vy € ng (Rd , R) be reflection-symmetric,
positive definite functions on R¢ with Y_(y~'k) < Y_ (k) for k € R?. Fix an
inverse temperature 3 € (0, 00).

(1) Convergence of infinite-volume pressures:

lim lim Pp(y—.y4) = P} (9-(0),94(0) .

y+—0F y_—0%

(ii) Convergence of equilibrium states: For any yy € (0, 1), take any weak*
accumulation point w,, of any net (wy_ y, )y_c©0,1) S Qo y.),p 45 Y- —>
0. Pick any weak* accumulation point @ of the net (wy, )y, e(,1), as Y+ —> 0t.
Then,
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wy_, — w — ® € QumE_(0).9.(0).8 -
V- Y+ weak* . —0+ Y+ weak s —0+ m(v-(0),v+(0)),8

This theorem demonstrates that the mean-field model is generally an idealization
of short-range models in the long-range limit. In addition, [28] gives some explicit
error estimates, and one can deduce approximated phase diagrams on short-range
models for sufficiently small parameters y+ € (0, 1).

Note, however, that Theorem 6.37 uses a special order for the limit of small y+ €
(0, 1): First y_ — 0% and then ;. — 0. It means that the attractive forces have a
much larger range than the one of repulsive forces. One can ask whether this is just
a technical artifact. As a matter of fact, it is generally not so, and the hierarchy of
ranges does have a strong effect on the equilibrium states and pressure of the model:

Proposition 6.38 Let ® € W) andv_, v, € Céd (Rd, R) be reflection-symmetric,
positive definite functions on R with ¥_(y~'k) < V_ (k) for all k € R? and
y € (0,1). Fix B € (0, 00). If (V= .n)neN and (Y+ n)neN converges to zero, then

P} (9-(0), 9+(0)) < Himinf P (4., v—n) < limsup Py (v.n, v-.n)

< Py (9-(0),94(0)) .

Proof See [28, Proposition 5.14]. O

Recall that the supremum and infimum in (6.46) and (6.47) do not commute,
in general. See [1, p. 42]. A sufficient condition for them to commute is given by
Lemma 6.35. Thus, we generally have

P (9-(0), 94.(0)) # Py (9-(0), 91.(0))

and Proposition 6.38 suggests that the limits Yo+ — 0T of short-range models
can lead to a different system from the one described by the conventional mean-
field model, which is the thermodynamic limit the finite-volume system associated
with the local Hamiltonians (6.42). In fact, applying [28, Theorem 5.17] to the
model presented above, one can reach the here called “non-conventional mean-field
model”:

Theorem 6.39 Let ® € Wy and v_, vy € ng (Rd , R) be reflection-symmetric,
positive definite functions on R¢ with Y_(y~'k) < Y_ (k) for k € R?. Fix an
inverse temperature 3 € (0, 00).

(1) Convergence of infinite-volume pressures:

lim Tim Pg (y-, yy) = P; (¥-(0), 94(0)) .

y-—0" yp—

(ii) Convergence of equilibrium states: For any y_ € (0, 1), take any weak*
accumulation point w,_ of any net (wy_ y, )y, c0,1) S Qo y.),p S Y+ —
0. Pick any weak* accumulation point @ of the net (w,_)y_ec(0,1), as y— —> 0t.
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Then,

b
wy, — w — w e Q

—r weak*,y;—0t - weak*,y_—0t m(T-(0).9+(0).5 *

As there is no reason to have the equality Q% = Qbm for a given arbitrary mean-
field model m € M, Theorems 6.37 and 6.39 generally describe different physical
situations. In fact, one can even prove that the limit of Kac pressures can attain all
the values of the duality interval

12 [PE6-(0).0,0). Py (0).9..0))]

of the thermodynamic game associated with the mean-field model m(v_(0), v4(0)) €
M 1-

Theorem 6.40 Let ® € Wy and v_, vy € ng (Rd , ]R) be reflection-symmetric,
positive definite functions on R¢ with Y_(y~'k) < Y_ (k) for k € R?. Fix an
inverse temperature B € (0, 00). For any p € 1, there are two sequences (Y4 n)neN
and (y— n)neN of real numbers in the interval (0, 1) converging to zero, such that

lim Pg (V- V4m) =P

n—oo

Proof See [28, Theorem 5.19]. |

This theorem shows that interplay of the long-range limits y+ — 0% of short-range
models can be highly non-trivial. In fact, as expected, any such long-range (Kac)
limit leads to mean-field pressures and equilibrium states. However, in the presence
of both repulsive and attractive forces, the limit mean-field model is not necessarily
what one traditionally guesses. In fact, it strongly depends upon the hierarchy of
ranges between attractive and repulsive interparticle forces. We have seen that if
the range of repulsive forces is much larger than the range of the attractive ones,
then in the Kac limit for these forces, one may get a limit mean-field model that is
unconventional. See Theorems 6.39 and 6.40.

6.9.5 Historical Observations

The study on long-range limits presented here follows a rather old sequence of works
on the Kac limit, basically starting from 1959, with Kac’s own work on classical
one-dimensional spin systems. The first important result [40] on this subject was
provided by Penrose and Lebowitz in 1966, who proved the convergence of the
free energy of a classical system toward the one of the van der Waals theory.
Shortly after, the results of this seminal paper were extended to quantum systems
(Boltzmann, Bose, or Fermi statistics) by Lieb [43]. In 1971, Penrose and Lebowitz
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went considerably further than [40] with [41]. See also [42] for a review of all these
results of classical statistical mechanics. These outcomes form the mainstays of the
subsequent results on the Kac limit, and we recommend the book [44] for a more
recent review on the subject in classical statistical mechanics, including the so-called
Lebowitz-Penrose theorem and a more exhaustive list of references.

Studies on the Kac limit are still performed nowadays in classical statistical
mechanics; see, e.g., [45—47]. By contrast, to our knowledge, [28, Theorem 5.19] is
the unique recent study on the subject for quantum systems, and the sole important
results before [28, Theorem 5.19] are those of [43], which refer to quantum particles
in the continuum, but may certainly be extended to lattice systems. The main
innovation of [28, Theorem 5.19] is the fact that the convergence in the Kac limit is
proven not only for pressure-like quantities (for instance, the thermodynamic limit
of the logarithm of canonical or grand-canonical partition functions), as in previous
works, but also for equilibrium states, i.e., for all correlation functions. These results
on states were made possible by the variational approach of [1] for equilibrium
states of mean-field models, which we present in a simpler setting in the first part
of the current chapter. Additionally, also in contrast with previous results on Kac
limits, our method allows for coexistence of both attractive and repulsive long-range
forces. This important extension is related to the game theoretical characterization
of equilibrium states of mean-field models (cf. thermodynamic game) discussed
in Sects. 6.7 and 6.8. This approach thus paves the way for the study of phase
transitions,” or at least important fingerprints of them like strong correlations at
long distances, for models having interactions whose ranges are finite, but very
large. It also sheds a new light on mean-field models by connecting them with short-
range ones, in a mathematically precise manner. Such studies can be important for
future theoretical developments in many-body theory, since long-range interactions
are expected to imply effective, classical background fields, in the spirit of the Higgs
mechanism of quantum field theory. This is shown in [48-50] for mean-field models.

6.10 The Generalized Hartree-Fock Theory as a Mean-Field
Theory

In Sect. 5.7, we introduce the generalized Hartree-Fock theory [77, Definition 3.1],
which approximates equilibrium states of fermion systems by means of (general)
quasi-free states. Here, we illustrate the affinity of this method with mean-field
theories. To this end, we consider an explicit, albeit still very general, fermion
system that is similar to the model (6.38) studied in Sect. 6.9 in the context of the
Kac limit.

7 Mean-field repulsions have generally a geometrical effect by possibly breaking the face structure
of the set of (generalized) equilibrium states (see [1, Lemma 9.8]). When this appears, we have
long-range order for correlations. See [1, Section 2.9].
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6.10.1 The Short-Range Model

In the current section, we only consider fermion systems, i.e., Y = CAR(R2,T).
As before, Q2 denotes an arbitrary finite subset, which is fixed once and for all,
and we use the short notation a, s = a (es,x) for the “annihilation operator” of a
fermion with spin s €  at lattice position x € I'. Again, {€;}(s x)exr is the
(canonical) Hilbert basis of £2(2 x I'), defined by esx(5,X) = 1if (s,x) = (5, %)
and e 4 (5, X) = 0, else. Considering fermions inside the cubic box

Ne={(x1,...,x9) €T :|x;| < ¢}

for any £ € N, the local Hamiltonians of our prototypical example studied here are
equal to

. * * *
Hy, = E h(x —y)af ays+ E V(X —y)ay ayay (axs
Xx,yEAy, s€EQ Xx,yEAy, s,teQ2

whereh : ' - Rand v : I' — R are two reflection-symmetric® functions. The
(non-zero) function h encodes the hopping strength of fermions, while v is a (non-
zero) pair potential characterizing interparticle forces. In contrast with (6.38), the
function v has not necessarily positive values.

Such a family (Hp,)¢en of Hamiltonians is encoded by the (translation) invariant
interaction ®,y = &+ W, € V C Y€ (Definition 5.5), where the invariant self-
conjugate interactions ®p, ¥, € V are defined by

Wy (A) =0 = Pp(A)
whenever |A| > 2, while, forany x, y € ',

. 1
®n ({x, ¥h) = (1 - E&c,y) Zh(x -y <a;,gay,s + a;’sax,s> )

seQ

vy ({x, ¥} = (2 - 5x,y) Z v(ix —y) a;,tay,ta:,sax,s ,

s,teQ
dx,y being the Kronecker delta. In fact, using these definitions, we have

_ q)h,v
Hp, = HAK

for all natural numbers £ € N and functionsh: " - Randv:I" — R.

8 That is, h (x) = h (—x) and v (x) = v (—x) for everyx € I'.
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We additionally impose the two reflection-symmetric functions h and v to be
summable, i.e.,

Ihfp =) th(x)<oo and  [vlr =) |v(x)| <oo.

xel xel

This implies that &,y € W) C W%C . See Definitions 5.6 and 6.2. In fact, note that
the absolute summability of h and v is a necessary and sufficient condition to have
®p v € Wi. Itis a very weak condition in view of applications in condensed matter
physics. For instance, taking h (x) = 0 when |[x| > 1 and v(x) = 0 for x # 0,
one obtains the celebrated Hubbard model. Note, moreover, that the summability of
h and v is important to ensure the existence of the infinite-volume dynamics, via
the celebrated Lieb-Robinson bounds (see, e.g., [94, Sections 4.1-4.2]). In fact, as
explained in Paragraph 6.10.3, the existence of an infinite-volume dynamics is used
in our arguments in order to link the generalized Hartree-Fock theory to mean-field
models, via the KMS theory.

Observe from Proposition 5.11 and Definition 5.12 that the energy density
functional

eay, - E1 > R

1
= lim —p (H
p oy, (p) = fim e (Ha)

associated with the invariant interaction ®,, € W) naturally splits into two
components:

ep,, = €, + ey, )
free term  interaction term

where ¢, : E; — Rand ey, : £; — R are, respectively, equal to

. 1
eoy (p) = im —— 37 hx—y)p(a}ars)

* |Ae| x,yEAy, s€Q
1
- 2 Z h(x)p (a;,saO,S + ag,sax,s) (6.51)
xell, seQ
and
. 1
ey, (p) = le)ngo T Z vix—y)p (a;’tay,ta;"sax’s)

x,yENy, s,teQ2

= Z v(x)p (aa"tao,ta;"saxgs) (6.52)

xell, s,teQ
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for any invariant state p € Ej. With this, for any inverse temperature 8 € (0, 00),
the free energy density functional fg, g : E1 — R of Definition 6.12 can be written
as

: -1 -1
f%,v,ﬂ =ep,, —B s=c¢p, +ey, —f 5,

where s : E; — Rg‘ is the entropy density functional of Theorem 5.20. By
Theorem 6.13, the thermodynamic limit of the (grand-canonical) pressure equals

Pp = lim Py,, p = —inffe, g (E1) <00 (6.53)

for any B € (0, co) and absolutely summable, reflection-symmetric, functions h :
I' > Randv:I" — R. See also (6.11). Recall that the globally stable equilibrium
states of the short-range model are, by definition, the solutions to this variational
problem. They form the set

Qoy,y.p = {w € Ei:fp,,p @ = _Pﬂ] (6.54)
for any fixed B € (0, 0o) and summable reflection-symmetric functionsh : I' — R

andv : ' - R. By Lemma 6.30, it is a (nonempty) weak*-closed face of the convex
weak™*-compact space E of invariant states.

6.10.2 Restriction to Quasi-Free States

In Definition 4.217, we introduce the notion of quasi-free states on self-dual CAR
C*-algebras. As explained after Proposition 4.219 with G = H = £?(Q2 x I'), recall
from Corollary 4.207 that

U = CAR(Q,T) = CAR(t*(Q x IN))
can be naturally identified with SCAR(£2(2 x IM)gq), where
QXD =(QxT) @ 2(Qx DY
see Definition 4.195. We can thus use this identification of C*-algebras to define
from Definition 4.217 quasi-free states on /. They are uniquely defined via Pfaffians
and the two-point correlation functions p (ay say,) and p(ax’sa;‘,t) forx,y € I" and
s, t € Q. Such a quasi-free state p onl{ is called here simple, whenever p(ay say ) =
Oforallx,y e 'ands, t € Q.
Let

Q1 ={p € E| : pisaquasi-free state}
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be the (nonempty®) set of quasi-free states on /. Note that a convex combination
of quasi-free states is a state that is not necessarily quasi-free. In particular, Q; is
not a convex subset of the convex weak*-compact set E1, but it is weak*-closed and
therefore weak™-compact. This can be straightforwardly deduced from the definition
of quasi-free states.

As explained in Sect. 5.7, we follow Bach, Lieb, and Solovej’s approach [77] to
the Hartree-Fock theory applied to the Hubbard model and, thus, minimize the free
energy density functional in the set of all (not necessarily simple) quasi-free states.
In other words, instead of (6.53), we study the variational problem

inff(bhﬂv,ﬂ (Ql)

for any inverse temperature § € (0,00) and summable reflection-symmetric
functionsh : I' = Rand v: I' — R. Its solutions form a set denoted by

Qo = [0 € Qi p (@) = infTo,, 5 Q0] .

which is in general rather different from the set Q¢ , g of globally stable equilib-
rium states defined by (6.54).

To show that Qg,, .4 is not empty, we observe that any invariant state p € E|
uniquely defines a quasi-free state via the corresponding symbol, and we rewrite the
variational problem over quasi-free states as follows:

Lemma 6.41 For any invariant state p € E\, there is a (unique) quasi-free state
qp € Qi satisfying

9dp (ax,say,t) =p (ax,say,t) and qdp (ax,sa;t> = Io(ax,sa;(’t)

forallx,y € T and s, t € Q. The mapping q : p — q, from E1 to Q1 is weak*-
continuous and satisfies q, = p for any quasi-free state p € Q.

Proof The existence and uniqueness of g, € Q) for any given p € Ej are a
consequence of Exercise 4.216 and Proposition 4.219 together with Corollary 4.207,
keeping in mind the definition of quasi-free states on CAR algebras just explained
above. The weak™ continuity of ¢ can be verified by direct computations. See
Definitions 4.80 and 4.217. We omit the details. |

Corollary 6.42 For each inverse temperature B € (0,00) and any invariant
interaction ® € W,

inffg g (Q1) = inffe g 0 q (E1)

and

9 See, e.g., Proposition 4.219.
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{we Q1o p @ =inffpp (2D} =g ({w € El:fpp (@ =inffeg0q(ED})

is a nonempty weak*-compact subset of Q1 C E|.

Proof The assertions are consequences of Lemma 6.41 combined with Lem-
mata 6.7 and 6.8. Note in particular from these statements that fo g o g is a
weak*-lower semicontinuous functional on E|, which is a weak*-compact set. As a
consequence, the set of minimizers of f g o ¢ in E is a nonempty weak*-closed,
and thus compact, subset of Q| C Ej. m]

Applying this last corollary to the (short-range) model &,y € W; € M,
for any summable functions h : ' — Rand v : ' — R, we conclude in
particular that Qg, , g is a nonempty weak*-compact subset of Q; < E; for
any inverse temperature § € (0, co). In addition, the energy density functionals,
respectively, associated with the kinetic and interparticle interactions have the
following properties:

Corollary 6.43 For any summable reflection-symmetric functionsh : I' — R and
v:I' = R, we have e, 0 q = eo, and

2
ew, 0q () =v(0) Y _ p(af.a0s) + (Z p (aé;,sao,s)> > v

seQ seQ xel’
+ZV(X) Z <|,0 (ax’sa0’1)|2 _ |p (ag’tax,s)|2> .
xel s,teQ

Proof To obtain the equality eq, 0 g = ¢g, it suffices to combine Lemma 6.41 with
the explicit expression of the energy density e, given in Eq.(6.51). Now, recall
from (6.52) that

ew, ()= Y v(x)p(aj,a0.a} (axs)

xel, s,teQ

for any invariant state p € E;. If p € Q; is a quasi-free state, then the 4-point
correlation function p (ag‘ tao,laj;’sax,s) for x € T and s,t € Q can be written

in terms of 2-point correlation functions via the corresponding Pfaffians. More
explicitly, one gets from Definitions 4.195 and 4.217 that, forany p € Q1,x € T
and s, t € €,

p (5,043 sax.5) = p (a (efp) @ (evo) @ (e5) @ (es.x))

0 plagaoy)  plagaiy) plag axs)
_pe| ~P@o.@0.0 0 plaoat ) p(aoay.s)
_,O(a(’;’ta;’s) _p(ao,ta;ckys) 0 p(a:,sax,s) '

_p(aa(,tax,s) —p(ao,iax,s) _p(a;,sax,s) 0
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where ef . = (0, (esx, ")) € 22(2 x Ty, the right-hand side of the first equality
being written within the self-dual approach. It remains to compute this Pfaffian
from its definition. See, e.g., the equation before Definition 4.217. By the CAR
(Definition 4.163), note that, for any x, y € " and s, t € €,

* *
Ax,sAyt + Ay tdx s = 0, Ax sy ¢ + ay dx,s = 8x,y53,tl ,

keeping in mind that a, s = a (s x) € U with {es +}(s,x)eaxT being, as is usual, the
(canonical) Hilbert basis of £2(2 x TI'). By plugging the CAR relations just stated,
as well as the self-conjugate (or Hermitian) property of states, into the computation
of the above Pfaffian, we arrive at
p (ag a0,y saxs) = p (agaor) p (a3 sax.s) — p (ag.,a5 5) o (a0.tax s)
+p (ao,ta:,s) 1Y (aak,tax,s)
=p (a(*)‘,tao,t) 1Y (a(*)isao,s) +p ((ax,saO,t)*) 1Y (ax,sao,t)
—p (a;,sao,t) 1Y (Cla;ax,s) ~+ 8x,08s,10 (a&sao,s)
=p (ag)k,taO,t) P (af)k,sao,s) +p ((ax,sao,t)*) 1Y (ax,sao,t)
-pP ((aatax,s)*) 1Y (ag,tax,s) + 5x,05s,t,0 (afisao,s)
= 0 (a§ a0.) o (a5 sa0,5) + [P (ax,sa0.0)|* = |0 (4 )

+8+,085,00 (af sa0.5)

for any invariant quasi-free state p € Qj, lattice position x € I', and spin s, t €
2. Using this result together with Lemma 6.41, we deduce the expression in the
corollary for the energy density functional ey, o g. O

Since the free energy density functional of the model studied here equals
fq)h,v;ﬂ = Cqy + ey, — ﬂ_lﬁ )

for any inverse temperature § € (0,00) and summable reflection-symmetric
functionsh: I’ — Rand v : I’ — R, we conclude from Corollaries 6.42 and 6.43
that the variational problem

inffd)hy»ﬂ (Ql)

on the weak*-compact set Q; of invariant quasi-free states on U/ can be studied by
minimizing on the set E of all invariant states the weak*-lower semicontinuous'”

10T prove the lower semicontinuity of grh,ﬁ 8> combine Lemmata 6.7, 6.8, and 6.41, as is already
done in the proof of Corollary 6.42.
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functional g, | g o ¢, Which is quadratic in the energy densities and thus similar to
the nonlinear free energy density functional g,, g : E1 — R of Definition 6.17, for
a mean-field model m € M. In fact, by Definition 6.17 and Corollary 6.43, there is
a mean-field model my v € M such that, for any invariant state p € E; and every
inverse temperature 8 € (0, 00),

2
G p (P) = Frvp (0) + (Zp (a:;,sao,s)) D v

seQ xel’
+ @ 2 (Ie (acsaod) = o (a3 ) )
xel 8,te2

where f; hv,p - E1 — Ris the weak*-lower semicontinuous and affine functional
defined by

Finp (0) = e, (0) +V(0) Y p(aga0s) — B 's (p)

seQ2

for p € E1 and B € (0, 0c0). Remark that Ompy. = fq)hyv’lg on the set Q; of invariant
quasi-free states but this equality does not a priori hold true on the whole set E| 2
9r.

The mean-field model my, y can be explicitly written by using some bijection from
N to @ x I', but we omit its explicit form to simplify our discussions and focus on
the main arguments. Observe only that the mean-field model my, y € M, refers to a
fermion system, whose local Hamiltonians (Definition 6.4) are

HY'™ = 3 hG—naiay+v0) Y a

x,yeA, seQ x€eA, seQ
2
] k
e Y e
zel X€EA, seQ
2 2
1
ES
+|A| ZV(Z) Z Z Ax+z,s0x,t| — Z Ay (Ax+z.s
zel s,te2 X, x+zeA x,x+z€A

for any finite subset A € Py. This mean-field model is highly non-trivial and even
includes BCS-type interactions; see, e.g., Example 6.6. This may give the impression
that the original short-range model can imply a superconducting phase transition
at low temperatures (for non-positive v), but one shall refrain from making such
rapid conclusions, since the generalized Hartree-Fock theory could significantly
overestimate the true free energy density.
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6.10.3 Thermodynamic Game and Bogoliubov Approximation

The set Mmh.v, g of minimizers of the variational problem

infgmh.v,ﬁ (El)

(see Definition 6.21) can be completely described via Bogoliubov approximations
for the associated mean-field models, as explained in Sect. 6.5. This brings us to the
thermodynamic game introduced in Sect. 6.7. In fact, similar to Lemma 6.27, the
following assertions hold true:

Lemma 6.44 (Bogoliubov Approximation) Ler p € E| be any invariant state.
(1) Given y > 0, the positive number
rp)=v Y pl(agsas)
seQ

is the unique maximizer of the variational problem

sup {—ﬂ +2ry Z 0 (aasao,s)} = (J/ Z o (aé,sa0,8)> .

re]Rar seQ seQ

(ii) For any function & € £2(2 x T, U),

sup {—llcl +2Re e, p @)} = 10 ©)13
cel2(Q2xTI)

with unique a maximizer

d(p) =p (&) = (p (& (5., X)) s vyeqixr € (@7 xT).

Proof The proof is the same as the one of Lemma 6.27 and it is therefore omitted.
We only remark that the variational problem in (i) can be restricted to positive

numbers because p (aa‘ Sa()ys) € Ry, a state being by definition a positive functional
and agj jaos > 0inU. |

To apply Lemma 6.44, we need to keep track of the sign of the function v at
each lattice site. With this aim, as is usual, one splits v into its positive and negative
components, v = v —v_, where v4 (x) = sup{v(x), 0} and v_(x) = sup{—v(x), 0}
for all x € I'. This is similar to what is done for mean-field models for which we
must distinguish between the effects of mean-field attractions and repulsions. For
the sake of simplicity, we assume from now that v = v; > 0. Notice, however,
that this special case already yields a non-trivial thermodynamic game, that is, the
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corresponding mean-field model is neither purely attractive nor repulsive. In fact,
the generalization to functions v not having a definite sign is straightforward; it is
only a matter of “bookkeeping.”

Theorem 6.45 (Hartree-Fock Thermodynamic Game—Repulsive Case) For
any inverse temperature B € (0, 00) and summable reflection-symmetric functions
h:T - Randv:T — Ry,

infgy, . g (E1) = inf sup sup
, c—€l2(22xsupp(v)) }’EIRBr ¢+ €02(Q2 xsupp(v))

2 2 2 :
{le-13 = llesl = 72 +inf o, (e .c,..p BV

where
Fom, (e comnp = T 0 +20 VI D p (a5 a08) +2 D" Vv(x)
’ seQ xesupp(v)
X Z Re {c+ (s, t,x)p (ax’sao,t) —c_(s,t,x)p (af;’tax,s)} .

s, teQ2

Idea of the Proof The proof is a slightly simplified version of the one of The-
orem 6.34, which uses among other things Lemma 6.44 together with the von
Neumann min-max theorem [1, Theorem 10.50] to be able to exchange the two
suprema of the assertion with the infimum over invariant states p € Ej. O

Recall that

IVip =) Ivx)l < oo

xel

and supp(v) C I' stands for the support of the function v. Here,
Py, (€= 4, 1) = Py (e, (4, 7)) €W

refers to the approximating interactions associated with the mean-field model my, y.
See Definition 6.26.

It is now clear from Theorem 6.45 that the variational problem inf g, g (E1)
for non-zero functions v can be seen as the conservative value of a (“Hartree-Fock
thermodynamic” ) game, with players (—) and (+), whose sets of strategies are
2292 x supp(v)) for (—) and 22(92 x supp(v)) X Ra’ for (4). The minimizers
of g, ,.p can also be derived from this game:

Note that fq,mh LJ(eerr),B is an affine and lower weak™ semicontinuous functional

on E1, which is a weak*-compact and convex set. Thus, define its weak*-compact
and convex set of minimizers by
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Qg (c_crr)p = {w € Bl o, (cconp@ =0f fo corp (El)} .

By [1, Lemma 8.3 (#)], for any 8 € (0, co) and summable reflection-symmetric
functionsh: ' — Randv: T — R(')", v=£0,and all c_ € £2(92 x supp(v)), there
is exactly one element, which is denoted by

r1(c2) = (dy (c),r(co)) € £2(2% x supp(v)) x R,
such that

. 2 2 2
Moo @) =le-l3+sup  sup  f—llepl3—r
' reRy ¢ €0?(2%xsupp(v))

FnF oy e crnp (ED)|
2 2 2, -
= lle-ll3 = lld+ (c)lly = x (e-)” +inf fo,  (c_dico)riey.p (ED) -

Using the set

Coop = {d— € (@ x supp(v)) : inf g, | 5 (E) = by (d_)} ,

one can characterize minimizers of the nonlinear free energy functional g, 4 as

follows: For all strategies c_ € £2(2* x supp(v)) and (cy, r) € £2(Q* x supp(v)) X
RS’ , we define the (possibly empty) set

. 1/2
Q':Dmh.v'ﬁ(c;’ Cp 1) = {w € Qq)mh N CENCTWON: ”V”l"/ Zw (ag,SQO,S) =r,
seQ

VV(x)w (axysao,t) =c+(5,6x), VV(X)w (a(’)k’tax,s) =c_(s,t,x), (s,t,x) € Q?

X supp(v)] CEp.

Note that the above set Q(bmhv‘ p(c—, cy,r) of self-consistent equilibrium states is
an instance of (6.35). With these definitions, we have the following assertion:

Theorem 6.46 (Self-Consistency—Repulsive Case) For any inverse temperature

B € (0, o00) and summable reflection-symmetric functionsh : I' — Randv : T —
R+
0 H

Mmh,\uﬁ = U Q‘bmh'v’ﬁ(d—7 d"r (d—) , I (d—))

f
d_ ethvv'ﬂ

Proof This theorem is proven like Theorem 6.36 (i). For a complete proof, see [1,
Theorem 9.4]. |
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Similar to Theorem 6.36, this last theorem characterizes minimizers of the
nonlinear free energy functional g, g by (static) self-consistency conditions,
which refer, in a sense, to Euler-Lagrange equations for the variational problem
defining the thermodynamic game.

It turns out that under mild conditions on the functions h and v, the approximating
interactions @, , (c—, ¢+, r) have exactly one equilibrium state. By Theorem 6.36
(i), note additionally that Qe,, (d_.d,(d-).rd-)).p 15 never empty, for any d_ €

Cﬁm B Thus, under these conditions, the corresponding sets Q‘bmhw glc_,cq,1)
of self-consistent equilibrium states have at most one element, and, from the last
theorem, we arrive at

M= | Qo |, (d-.dy(d-).x(d-)).p -
#

d_ eth’vy 8

In other words, in this case, the set of minimizers of Omy, .8 is nothing else than
the collection of the unique equilibrium states of the corresponding approximating
interactions @y,  (d—,d+ (d-),r(d-)) for d_ € C:I . What is more, beyond
this nice property of Gy it turns out that the same condition guaranteeing
the uniqueness of the equilibrium state of Qo,, plc—, cy,r) also implies that

Mmh‘v, g S Qi, ie., all the minimizers of Omy,,p Ar€ quasi-free states. In other
words, the Hartree-Fock equilibrium states for model considered in this subsection
are exactly the minimizers of g, . g in the set of all (i.e., not necessarily quasi-free)
invariant states, that is, the nonlinear equilibrium states of an explicit mean-field
model my, y.

In order to prove this claim, we now discuss in more detail the relation between
the variational problem

infgmhvv,ﬁ (El) ’
along with its set Mmh,v, g of minimizers, and the variational problem
inf g, | 5 (Q1) = inffa, 4 (Q1) .
along with its set Qg,, g of minimizers, given by the generalized Hartree-Fock

theory, which is our main concern in Sect. 6.10:
Since Q1 C E|, one has trivially the inequality

infgy, g (E) <infgg,  5(Q1) .

Further, one observes that the approximating (invariant) interaction Dy (e, c4,7)
associated with the mean-field model my, , € M forc_, ¢y € 22(Q% x supp(v))
andr € Rar corresponds to even self-adjoint elements of I/ that are quadratic in the
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creation and annihilation elements a, s, a} ¢, forx € I' and s € Q. For instance, the

associated local Hamiltonians (Definition 6.4) (for positive v > 0) are equal to

Py, (€—sC47)
HO™WTT = 3 he =y agas+ (vO + 20 Ivi?)
X, yeA, seQ

z : *
X axysax,s

xX€eEA, seQ

+2 Z VvV (@) Z Z Re {cy (5, t, X)@xtz 5t

zel S,teQ xeA

—c_ (s, t, x)a;taxﬂ,s}

for any finite subset A € Py and every c_, cy € 2(Q*xT)andr € Rg’. Such kind
of quadratic, or bilinear, Hamiltonians can be explicitly diagonalized by a so-called
Bogoliubov transformation, as already shown in Berezin’s book [95], published in
1966. In other words, the thermodynamic game associated with Theorem 6.45 can
be studied from finite-volume systems for which explicit computations can be made.

More generally, if the reflection-symmetric functions h and v are not only
summable but also decaying sufficiently fast,'' as |x|] — oo, such bilinear
Hamiltonians are well-known to generate an infinite-volume dynamics which is a
strongly continuous group of Bogoliubov x-automorphisms, as given by Definition
4.181 and Corollary 4.183. See, for instance, [96, Lemma 2.8]. Araki proves in
[69, Theorem 3] the existence of a unique KMS (Kubo-Martin-Schwinger) state
associated with such a group of Bogoliubov *-automorphisms, which turns out to
be a quasi-free state. See, for instance, Proposition 3.33 for the KMS condition in
finite dimensions. For more details, see, e.g., [55, Sections 5.3-5.4]. If the bilinear
model defining the dynamics is invariant, its KMS state is also invariant. If it is
gauge-invariant, then the KMS state is also (globally) gauge-invariant and therefore
a simple quasi-free state.

The relation between KMS states and minimizers of a variational problem
derived from the same sufficiently short-range interaction has been studied for lattice
fermions by Araki and Moriya [15]: It turns out that all minimizers of a variational
problem like

inf §a, (e cnp (ED
for sufficiently decaying reflection-symmetric functions h and v are KMS states.
See, e.g., [97, Theorem 3.1]. Since, in this case, the KMS state is unique, invariant,

and quasi-free, we conclude that

Qo (ccr.r).p = {0} S Q1.

1 For instance, they show a sufficiently fast polynomial decay.
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Therefore, it follows, in this situation, that
My, 5= Qop, (- dico)re.p = Qayyp S Q1 s
d,eCtu“h B

meaning in particular that

infgy, g (ED) =infgy,  g(Q1) =inffg, , 5(Q1) .

This explicitly shows the mean-field character of the general Hartree-Fock theory
applied on our prototypical (though very general, quartic) short-range model
(Sect. 6.10.1), which includes the celebrated Hubbard model, widely used in
Physics, as one simple example.

To conclude, notice that if one would only consider simple (i.e., gauge-invariant)
quasi-free states in the Hartree-Fock theory for our prototypical model, everything
that is said above still applies, mutatis mutandis, by considering the (simpler)
nonlinear energy density functional

2
Gy, (0) = Frvp (0) + <Zp (a(’isao,s)> D v

seQ xel
=2 Y e (agans)l
xel s,teQ

instead of

2
Gy p (0) = Frv.p (0) + (Zp (aaisao,s)) D v

seQ2 xel
+ X v X (Iefansaod) = |o (05 @)
xel’ s,teQ2

In particular, even in this simpler case, for positive v > 0, we still have a non-trivial
thermodynamic game with two players, (—) and (4), whose sets of strategies are
now £2(2% x supp(v)) (as before) for (—) and Rar (instead of 52(92 xsupp(v)) x R;{)
for (+).
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