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Abstract We obtained the non-local transformations of the Cole—Hopf type, which
translate the Liouville equations with three and four independent variables into the
Bianchi equations. The solutions with arbitrary functions of these Liouville equations
are constructed.
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1 On the Group Properties of Bianchi Equations

Consider a homogeneous equation with a dominant partial derivative with variable
coefficients (Bianchi equation)

Uxyz + Qlixy + by, + cly, +duy +euy, + fu, + gu = 0. (D

In the paper [1] some group properties of this equation have been considered. It is
known that the set of equivalence transformations for (1)

T=ak), y=p60»), z=70@), u=w(x,y 2u. )

Two equations of the form (1) are called equivalent in function [2, p 117], if they
pass into each other during transformations (2), in which

ax) =x, B =y, 7@ =z
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In the paper [3] it was shown that two equations of the form (1) are equivalent in
function if and only if the Laplace invariants

Hy=a,+ac—d, Hy=a,+ab—e, Hy =c, + bc — f,
Hy=b,+ab—e, Hs =b,+bc— f, Hs=c, +ac—d,
H; = ay, +bd +ce+af — 2abc — g, 3)
Hg =b,, +bd + ce +af — 2abc — g,
Hy = ¢y, + bd 4+ ce +af —2abc — g

are the same for both equations.
If we look for the operator allowed by the Eq. (1)

ady + Oy + 70, + TO,,
then it turns out that part of the system of defining equations will be
due=0,8=0,y=0, 91=0.
It is known [2, pp. 99-100] that in this case the Lie algebra of the Eq.(1) there is

L = L" & L*, where the algebra L" of dimension 7 is formed by operators of the
form

X =¢"(x,9.200 +&x, 3,00, + E(x,y.20. + o(x, y, Dudy, (4
and L* is an Abelian subalgebra typical of linear equations with the operator
w(x, y, z)0,, where w is the solution of the Eq.(1). It is clear that the operator
ud, is allowed by any Eq. (1), therefore, this operator can be included in L* and
assume that o(x, y, z) is defined in (4) up to a constant summand.

To construct the defining equations we use the third continuation of the

operator (4)

X3 =¢'0, + €20, + €0, + oud, +1'0,, + 704, + 7200+
+7-118ul] + 7'128”12 4 7_138u13 + 7_2281‘22 + 7_2381423 + 7_338u33+
_}_7_111814111 + 7_112814112 + 7_1138u“3 + 7_122814122 + T1238ulz3+

133 222 223 233 333
7 Ouy + T Ouygy + T Oy + 777 Oy + 777 Oy -
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The notation used here is u| = uy, Up = Uy,..., U12 = Uyy,..., U333 = U ;. We get

T = o+ (0 — EDur — ua — Eus,

72 = oyu — Eluy + (0 — E)ug — Eus,

7 =ou —&uy — Eur + (0 — E)us,
T2 = Oxyll + (Uy - _iy)ul + (ox — )%y)MZ - ;yu3_
—&un + (0 — & — éi)uu — Eury — Eum — Guos,
T3 = Ot + (0, — ;Z)ul - 5)%1”2 + (ox — fﬁz)bﬂ—
—&un — Eupn + (0 — & — iz — Guoz — Guss,
T = oyu — & uy + (0, — & )ua + (0 — & )uz—

—Eluny — Euiy — Eup + (0 — &) — E)ux — Euz,
123

T = Oxy U + (O—_vz - E;yz)ul + (0x; — giyz)MZ + (ny - 5)%);1)“3_

&+ (0r = &, — & unn + (0y — &, — & Juiz—
—& un+ (0, — &, — f)%y)uzs — & u3—
—&lung — Euiz — i + (0 - & — 55 — & ui—
—fium — Euxs — Eunss.

By applying the operator X3 to the Eq. (1), we obtain the defining equations

L=El=g=g=6=6=0,

oy + (bfl)x + bygz + szS =0,

oy + fol + (ng)y + Cz§3 =0,

o, + a, &' +a,8 + (a&¥), =0,
Oxy +COx + bUy + (fgl)x + (fgz)) + fz§3 =0,
Oz + ao, 4+ bo, + (e€) +e,6% + (e€?), =0,
Oy, +aoy +co, +d & + (dE€?), + (d€3), =0,
Oxyz; + a0y, +boy, +coy, +doy +eoy + fo,+

+(g£1)x + (gfz)y + (953)Z =0.

Defining Eq. (5) can be written using Laplace invariants (3) in the form

g=e=2=¢=8=¢=0,
(0 +bE" + ¢ + a8, = (Hy — Hs)& + (Hy — H)E,
(0 +b&' + ¢ +a&®), = (Hs — H3)&' + (H) — He)E3,
(04 b&" + & +a&®). = (Hy — Ho)€&' + (He — H)E,
Hi &'+ (Hi &)y + (H £, =0,
He &' + (He&?)y + (Ho€), =0,
(H2€1)x + H2y£2 + (H2£3)z = Oa
(Hs&Y)y + Hay& + (Hs83), = 0,
(H3&Y)y + (H3€?)y + H3.8* =0,
(Hs&M)y + (HsE%)y + Hs.£ =0,
(H7£1)x + (H7§2)y + (H7§3)z =0,
(Hs&")y + (Hs€?), + (Hs&), =0,
(Ho&")y + (Ho&?)y + (Ho&?), = 0.

(&)

(6)
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The first row in (6) shows that
¢=¢), i=13.

The second, third and fourth rows from (6) are differential equations for determining
the function o, after ¢!, €2, €3 have been obtained. The equations starting from the
fifth row are responsible for the results of the group classification.

Some consequences can be deduced directly from the defining equations in the
form (6). If all H;,i = 1,9, are identically equal to zero, then the Eq. (1) is equivalent
to the equation u,,. = 0 and admits an infinite-dimensional Lie algebra of operators
of the form

€' x)0s + E(0)0y + ()0,

with arbitrary £'(x), €2(y), £3(2).
Let’s introduce the relations into consideration

H; H, H;

2=—, PB3=—, P3=—, 7
pe=rge Pn=ge PR =g (
(nHy)y. _ (nHy). _ (nHy),
Q=" = <1n113:> L= R ,ZI;)),
(In Hy), n I15)xy n vz
44 = nH: 5 5 = H: ) de = H:V 9 (8)

(In Hi)xy: .
g =—p—=, =1, 8, 9.

i

Substitute H; = py3Hg, Hg # 0, in the fifth row (6)

P23 (Hon&' + (He&)y + (Ho€)2) + pasc Ho€' + pasy Ho€’ + pas: He&® = 0.
Since the term in parentheses vanishes, it follows
& poay 4+ E poay + E pas3. = 0. 9)
The identity (9) means that either py3 = const or p,3 is an invariant of the group G

with the operator (4).
If po3 = const, then from the fifth and sixth rows (6) we get

¢'(In H), + €2(In He), + & (In He), + &2 + & = 0. (10)

Differentiating by y, z we get

g1 ((In Hé)yz)x + g2 ((In H6)yz)y + 53 ((In H6)yz)z

+&4+ =0 1
(lll Hﬁ)yz (ln Hﬁ)yz (ln H6)yz Ey gz ( )

Subtracting (10) from (11) and then multiplying by (In He),./Hs, we get
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&g + €46y + Eq6: = 0.
Thus, again either g¢ = const or g is an invariant of the group G with the operator
(CF

Then similar identities can be obtained for py2, p13, ¢i,i = 1, 5.
Similar identities can be obtained for relations

H H H
Pi=—", P=_" P3=FS-
9

For example, considering the relation P;, we come to the identity
E P+ EPy+E P =0.

Again, either P, = const, or P; is an invariant of the group G with the operator (4).
If P; = const, then row 12 from (6) gives

¢'(In Hy), 4 &*(In Hy)y 4+ & (In Hy). + £} 4+ & + & =0. (12)
Differentiating by x, y, z we get

1 ((]n HS)xyz)x 2 ((11‘1 HS)xyz)y 3 ((11‘1 HS)xyz)z
(In HS)xyz (In HS)xyz (In HS)xyz

+&LHE+HE =00 (13)

Subtracting (12) from (13) and multiplying by (In Hg),,./Hg, we get

€'gse + Eqsy + g5, = 0.

Thus, either gg = const or gs is an invariant of the group G with the operator (4).
Based on the above statements, classes of equations of the form (1) admitting Lie
algebras of the largest dimensions were listed in the work [1].
Inthe case when g; = const,i = 1, 6, the invariant H; is a solution of the Liouville
equation (this follows from (8)), the formula of the general solution of which is known

[2, p 123]. Similarly, if any of the constructions ¢;, i = 7,9, is constant, then the
corresponding invariant H; is the solution of the equation

(In Hi)xyz = q; H;.

In this regard, the task of constructing is of interest exact solutions of the three-
dimensional analogue of the Liouville equation

Uy, = €". (14)

We can propose the following method of constructing an exact solution based on
the application of Lie groups of point transformations.
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The usual algorithm for calculating the group of point transformations allowed
by the Eq. (14) leads to the Lie algebra of operators

X = £()0x + (30 +((2)0; — (€' () + 7' (») + ()0,

where £(x), n(y), ((z) are arbitrary functions.
To determine the invariants of the group allowed by the Eq. (14), we obtain the
system
dx dy dz du

) e @ —fm -1 -C@)"

5)

The first integrals of the system (15) have the form
u +In[EX)n(y)C(2)| = Cy,

o) =Y =C, okx) —x(@) = Cs,

’ 1 / 1
YY) =—— x@=—-—=.

P
7= o) RE)

Let’s introduce new variables

v=u+In[f@)n(C@)I], t=pkx) -9y, T=pkx) —x@.

Invariant with respect to the group of point transformations allowed by the Eq.(14)
, the solution has the form v = w(¢, 7). As a result, we come to the equation for
determining the function w

Wypr + Werr = ev. (16)

The Eq. (16) has a solution

—12
n— —.
t+7)3

Then (here £(x)n(y)((z) > 0)

-12
=1 ! -
u n(€(x)n(y)¢(z)) + In Qo) — () — x(2))?

L1 1

—In () n(y) ¢() .
p(x) = P(y) — x(2))?

Denoting A(x) = 2p(x), u(y) = —¥(y), v(z) = —x(z), we obtain an exact solution
of the Eq. (14), depending on three arbitrary functions
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I VXV e
A+ 10) + (@)

In [4, 5] some group properties of the fourth-order Bianchi equation were con-
sidered. The homogeneous Bianchi equation of the fourth order is

U x xyx3x4 + A1Uxyx3x4 + AUy x3x4 + A3Uy xyx4 + a4uX1X2X3+
FappUy,y, + A13Uxx, + Qlallyyxy + 23U 5, + A4l g vy + Q34U+ 17
+ai3uy, + a12alty, + ar3alty, + axsuy, + arpzau = 0.

It is implied here that the coefficients are variable.
The Laplace invariants for this equation have the form

hij = aix; + aja; — aij,
hi jk = Gix;x, + aiajx + ajaic + axaij — 2a;a;ax — ajji,
R jki = Gixixe + @Gk + ajaig + araij + aaijt+
+aijan + aiaj + aiajr — 2a;a;a, — 2a;axaji—
—2a,-a1ajk - Zajaka,-l — 2a‘,-aza,~k — 2aka1a,~j—|—
+6a;a;ara; — ajju, i, j,k, 1} =1{1,2,3,4}, j<k<l.

Here we consider coefficients that differ in the order of the indices to be equal (for
example, a3 = ap31). There are a total of 28 Laplace invariants for this equation.
Two equations of the form (17) are equivalent in function if and only if they have all
the corresponding Laplace invariants equal.

Note that if all Laplace invariants are identically zero, then the Eq.(17) is equiv-
alent to the equation uy, x,x,x, = 0 and admits an infinite-dimensional Lie algebra of
operators of the form

€' (X)) 0y, + E2(x2) 0y, + € (x3)0y, + EH(x2) Oy,
with arbitrary & (x;).

Similarly to the case of the third-order Bianchi equation, we can introduce into
consideration the constructions

hji (lnhi,j)x,-x,- .. -—
p”=_’7 qgij = ———» lv]:154;
Yook Y hi
hyg (In 7 ji)xx; ..
Pijk = h " qt’jk:%, L, by ={i,j kk
: i jk i jk
h 5 Inh; ;
p?ﬂd:%, qijklz(l’;l]‘dw? {I’l,nl,l’lz,l’l3}:{i,j,k,l}.
i,jkl i,jkl

These constructions are used in [5] to obtain classes of fourth-order Bianchi equations
with certain group properties.



84 A. Mironov and L. Mironova

It is easy to notice that for constants ¢;;, g;jx, gijx the Laplace invariants are again
solutions of the Liouville equation and its three-dimensional and four-dimensional
analogues.

2 Three-Dimensional Analogue of the Liouville Equation

Let us consider an approach to the problem of constructing exact solutions to non-
linear equations based on non-local transformations of variables. Equation

Uypy, = Ae' (18)
is a three-dimensional analogue of the Liouville equation
Ugy = Ae". (19)

Equation (19), in particular, plays a key role in the problem of group classification
of second-order hyperbolic equations [2, pp. 116-125]

Vxy +a(x, y)vx +b(x, y)v, +c(x, y)v =0.

The general solution of the Eq. (19) is well known and can be constructed in various
ways [2, p. 123], [6, pp. 239-240]. As noted earlier, the Eq. (18) is used in the study
of the group properties of the third-order Bianchi Eq. (1).

Here a non-local transformation (such as the Cole—Hopf substitution [7]) is
constructed, translating the Eq. (18) into the simplest Bianchi equation

Vyeyz = 0, (20)

which has a general solution with three arbitrary functions

v=oax,y)+8(x, 2+, 2). 21

In this case, an algorithm based on the use of group methods is used [6, pp. 237-241].
Equation (18) admits the Lie algebra of operators

X = £(x), + (1), + (). — (E(x) +N(y) + €(2))us

where £(x), 1(y), ((z) are arbitrary functions [1].
On the other hand, the Eq. (20) admits the Lie algebra of operators

Xo = €(X)(9X + U(Y)ay + C(Z)az’
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where £(x), n(y), ((z) are also arbitrary. In addition, like any linear equation, Eq. (20)
admits a stretching operator
Y =v0,.

In this regard, assume that there is a non-local transformation
u = (v, vy, vy, V) (22)
such that the system of Eqs. (18), (20), (22) admits the Lie algebra of operators

X = E)0, + (1), + €2, — (Ex) + 1) + €(2)),
Y =v0,.

We find the first continuations of operators

Xy = @) 4 n()y + (D). — (€X) + 7)) + {())Du—
—(E®) = @)y, — (i(y) = 1), = (@) = (Du) D+
)0y, + 1My 0y, + ((2)0,,,

Y1 = v0, + 0,0, +v,0,, +v;0,,.
We get relations
Yi(u — Q)u=p = vy + Vrpy, + 030y, + V00, =0, (23)

X1 = @lumy = =€ + 1+ {) + EE@vaipy, + N(NVy00, + (@V:00, = 0.
(24)
Since the function v has the form (21), from (23) and (24) we get the system

. (a+ /6 + ’Y')va + (ax + B, + (ay + ’Yy)‘:pvy + (Bz + 7)o, =0,
—(€+ 77 + Q) + &) (o + ﬁx)‘ﬁvx + ﬁ(y)(ay + 'Yy)(va + C(Z)(ﬁz + 'YZ)QOvZ =0.
(25
The system (25) is satisfied by the relation

CUL VY,

u=pW,v,,vy,v,)=In =Inc+Inv, +Inv, +Inv, —3Inv. (26)

Substituting (26) into the Eq. (18) taking into account (21) leads to a formula
defining a class of solutions to the Eq.(18) depending on three arbitrary functions

e (_6 HCINEICONHE ) o

M)+ L)+ f3(2)?

Here fi(x), f2(y), f3(z)—arbitrary continuously differentiable functions.
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3 Fourth-Order Analogue of the Liouville Equation

Now consider the equation
Uxyzt = Ae", (28)

related to the fourth-order linear Bianchi equation, whose group properties are con-
sidered in [4, 5].
Similarly to the case of the Eq. (18), we construct a non-local transformation that
translates the Eq. (28) into the equation
Uy = 0, (29)
the general solution of which
v=alx,y,z2) + B,y 0 +y(x,z,0) + 0y, z,0). (30)
Equation (28) admits a Lie algebra of operators

X = £y + (1), + (@), + T(1)0; — (E(x) +7(y) + C(2) + 7(1))0,,

where £(x), n(y), ((z2), 7(¢) are arbitrary functions [5].
On the other hand, the Eq. (29) admits the Lie algebra of operators

Xo = &(x)0x + n(y)ay + ()0 + T()0,,

as well as the stretching operator
Y =v0,.

Looking for a non-local transformation
M=g0(v, Uy, vystvvt) (31)

such that the system of Eqs. (28), (29), (31) admits the Lie algebra of operators

X = £(xX)0, +n(1)dy + (). + T(1) — E®) +10() + (@) + 7(1))Dus
Y =v0,.

We calculate the first continuations of operators

X1 = £@X)0x +n(dy + ((2)0: + T()D, — (€(x) + 1) + {(2) + F(1))D—
_(g(x) - f(x)ux)aux - (77()’) - U(Y)M\)au‘ - (C(Z) - C(Z)uz)au;_
—(7(t) — 7.-(l‘)’/tt)au, + g(x)vxavx + 7'7()’)Uy5vy + C(Z)vzav: + 7'—(l)vtavts

Y1 =00, +v:0,, +v,0,, + 00, + v:0,,
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and we write down the ratios

Yi(u — ©)lu=p = vy + Vxpy, + V300, + V200, + V0, =0, (32)

X1t = Plump = =€ + 1+ C+ 1) + Evepu, + 0300, + Cuapu, + Fuigpy, y 303-)

The function v has the form (30), therefore from (32)—(33) we get the system

(a+B+~+ 6)901) + (ox + B + V)P, + (ay + By + 5y)§0vy+
+(a; + v, + 6z)30v; + B+ v+ 51)%}, =0,

RN : . 34
—(€+ n+ C +9) + Elax + B +_'7x)§0vx + 77(O‘y + 6y + 5)’)301)‘."‘ 34
+C(a; + 7, + 51)901}1 + (6 + Y+ 61)901}, =0.
The system (34) is satisfied by the relation
= In SVl (35)
v

Substituting (35) into (28) and taking into account (30), we get the solution of the

Eq.(28)
u=m<§ FI0) B L@ fi) )
A (i) + L) + @)+ fa@)* )’

where f1(x), f2(y), f3(z), fa(t)—arbitrary continuously differentiable functions.
This paper has been supported by the Kazan Federal University Strategic Aca-
demic Leadership Program (Priority—2030).
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