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Preface

This volume contains some of the reports which were presented at the Conference
“Differential Equations, Mathematical Modeling and Computational Algorithms”.
This conference was held in Belgorod, Russia, October 25-29, 2021, at Belgorod
State National Research University. A lot of people from different cities and countries
participated in the conference. Unfortunately, not all could submit the paper for the
Proceeding, and we have collected some of them only.

There were certain plenary talks which were presented by leading mathematicians,

for example

e Michael Ruzhansky (Belgium) “Nonharmonic Pseudo-Differential Analysis”
e Josef Diblik (Czech Republic) “Global Solutions to Functional Differential

Equations of Mixed Type”
Sandra Pinelas (Portugal) “Difference and Differential Equations: Oscillatory
Behavior”

e Vladimir Rabinovich (Mexico) “Dirac Operators on R” with Singular Potentials”
e FEugene Tyrtyshnikov (Russia) “On Correct Statements of I11-Posed Problems”
e Alexander Soldatov (Russia) “Generalized Cauchy—Riemann Equations with

Power-Law Singularities in Coefficients of Lower Order”

e Tynysbek Kalmenov (Kazakhstan) “Minimality Criteria for the Laplacian”
e Armen Sergeev (Russia) “On Ginzburg-Landau Equation”
e Victor Nistor (France) “On Some Results of Kondratiev and Extensions and

Applications to Singular Spaces and Numerical Methods”
Dumitru Baleanu (Turkey) “New Trends in Fractional Differential Equations”

and others. The papers of these authors were published in separate issues of

mathematical journals.

Conference topics have included the following sections:

NS

Linear and nonlinear operators in function spaces

Differential, integral and operator equations

Initial and boundary value problems for differential equations

Numerical methods in theory of differential equations and their applications



vi Preface

5. Mathematical and computer modeling

Mathematical physics and modeling in physics

7. Questions of differential equations and mathematical modeling in pedagogical
research.

o

All topics (excluding the 7th) are reflected in the Proceedings.
A reader can look at Table of Contents to be sure that it is true.
I would not like to describe briefly the annotations of papers; you can find them in
the text.

Finally, I can say that the Conference was a success, and this my opinion is shared
by many participants.

Belgorod, Russia Vladimir Vasilyev
November 2022
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Some Classes of Quasilinear Equations )
with Gerasimov—Caputo Derivatives L

Vladimir E. Fedorov and Kseniya V. Boyko

Abstract The Cauchy problem for resolved with respect to the oldest derivative
quasilinear multi-term equations in Banach spaces with the fractional Gerasimov—
Caputo derivatives, with bounded linear operators at them and with locally Lips-
chitzian nonlinear operator is studied. Theorem on the local existence and uniqueness
of a solution to the Cauchy problem is proved. This result applied to study of the
so-called degenerate (i.e. with a degenerate linear operator at the oldest derivative)
equations of the similar form. Using the reduction of a special initial value problem
for a degenerate equation to the Cauchy problem for two non-degenerate equations
on two subspaces under four types of additional conditions on nonlinear locally Lip-
schitzian operator four theorems on local unique solvability are proved. Abstract
results are illustrated by initial-boundary value problems for partial differential sys-
tems of equations with Gerasimov—Caputo derivatives in time.

Keywords Multi-term fractional differential equation - Quasilinear equation *
Gerasimov—Caputo fractional derivative + Fixed point theorem - Initial boundary
value problem

1 Introduction

Over the past few decades, there has been a sharp increase in the interest of researchers
in fractional differential equations, primarily due to their increasing importance in
modeling various phenomena that arise in physics, chemistry, mathematical biology,
engineering [1, 2]. For more details on fractional differential equations and closely
related Volterra integro-differential equations see the monographs [3-9]. The unique
solvability issues for initial value problems to some types of equations in Banach
spaces with Gerasimov—Caputo fractional derivatives were researched in works
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[10-13], equations with fractional Riemann—Liouville derivatives were also stud-
ied in [14-16]. Analogous investigations for linear multi-term equations in Banach
spaces were carried out in [17] for Gerasimov—Caputo derivatives and in [18-20]
for Riemann—Liouville derivatives.

Here we consider a multi-term equation with a nonlinearity, which depends on
fractional derivatives of lower orders

D°Lz(t) = ) D" Myz(t) + N(t, D" 2(t), D72(1), ..., D"z(r), (1)
k=1

where D7 is the Gerasimov—Caputo derivative, if v > 0, or the Riemann—Liouville
integral inthe case y <0, m —l <a<meN, ay<m<---<ay,<a, 7 <
Y < -+ <7, < a,Xand) areBanachspaces, L, M : X — V,k=1,2,...,n—
1, are linear and continuous operators, a linear closed densely defined in X" operator
M, : X — Y is (L, 0)-bounded, a nonlinear map N is continuous, locally Lips-
chitzian with respect to phase variables and satisfies some additional conditions of
four types. Equation (1) under condition ker L # {0} will be called degenerate.

In the second section, preliminary results are given that will be used below. In
the third one, we obtain a theorem on the local unique solvability of the Cauchy
problem for a non-degenerate Eq. (1), i.e. for Eq.(1) with X = ), L = I. For this
aim we use the fixed point theorem in a specially constructed metric space. The
fourth section begins with known results on the pairs of the invariant subspaces
under condition of (L, 0)-boundedness of the operator M,,, after which theorems on
the local unique solvability of the special initial value problem for degenerate Eq. (1)
was proved for every of four types of additional conditions on the operator N. In
the fifth section, examples of initial boundary value problems for systems of partial
differential equations illustrate the abstract results.

2 Non-degenerate Linear Equation
Let Z be a Banach space, h : (ty, T) — Z,for 3 > 0,t > to,

! _ 61
JPh(t) = %h(s)ds

fo

be the Riemann—Liouville integral of the order 3 > 0, J° be the identity operator
by definition. Let m — 1 < a < m € N, D™ be the derivative of the order m € N,
D* be the Gerasimov—Caputo derivative [6, 21, 22], i.e.
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m—1

o m ym—a« ( (k) (t - tO)k)
D®h(r) :== D"J h(t) =Y WO () ———|. t > 1.

!
= k!

For 8 < 0 denote Dh(r) := JPh(t). R

Denote the Laplace transform of a function / : R — Z by h. For the fractional
integral and the fractional derivative of Gerasimov—Caputo we have the equalities
[5, 6].

m—1
ju\h()\) = )\—(til\()\), ﬂ(/\) = )\aﬁ()\) . Z L) (O)A(y—l—k.
k=0

Letm—1<a<meNneNao <a<---<aq, <am,—1<aor <my
€Zl,k=1,2,...,n, A, Ay, ..., A, € L(Z), where L(Z) is the Banach space of

bounded linear operators on Z. Denote n; := min{k € {1,2,...,n}:1 <my — 1}
for/=0,1,...,m—1.If set {k € {1,2,...,n}:1 <my — 1} is empty for some
1 €{0,1,...,m — 1} (this is done exactly when o, < m — 1), thenn; :=n + 1.

Lemma 1l ([23])Letl —1 < 3 <1 e N.Then
3C >0 YheC'(to.1); 2) 1D hlicqnnz) < Clhllcinn;2)-
In this paper, we consider the Cauchy problem
Dy=z, 1=01,....m—1, )

to the inhomogeneous linear multi-term fractional differential equation

n

Dz(t) =) D™ Agz()) + (1), 1€ 1o, T, 3)
k=1

where f € C([ty, T1; Z). A function z € C"~!([ty, t;]; Z) is called a solution of
Cauchy problem (2), (3), if D%z, D%z € C([ty, t1]; 2), k = 1,2, ..., n, equality
(3) is valid for all ¢ € [#y, T] and conditions (2) are satisfied.

Denote I:={Re'?:p e (—m,m}U{pe™:pec[R,00)}Ulpe ™ :pec
[R, co)} with large enough R > 0,

n -1
R)\ = (] — ZAW_O,AI() 2 — Z,

k=1

forl =0,1,...,m—1
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l n

Zi(t) = —_/R)\ A — E )\a’kiaililAk e’\’d)\, t > ty,

27i —_—
T =n

1
Z(t) := —,/)\“"RAe”d/\, t > Io.
27
r

Theorem 1 ([17, Theorem 2]) Let m — 1 <a<meN, oy < < - < aq, <
o, A, Ay, ..., A e L(2), 1€ Z,1=0,1,....m—1, f € C([ty, T]; 2). Then
there exists an unique solution to (2), (3). It has the form

t

m—1
ao:}jLa—ma+/zu—@ﬂnm.
=0

fo

3 Quasilinear Equation

LetreN,vi<m<--<yv<an—1<v<neZi=12,...,r.LetU
beanopensetinR x Z",B:U — Z,77€ Z2,1=0,1,...,m— 1,15 € R.

A function z € C"!([ty, t,]; Z) is called a solution of Cauchy problem (2) to
quasilinear fractional differential equation

n

D%z (1) = Z DAz (t) + B(t, D"'z(t), D"z(t), ..., D7 z(t)) 4)
k=1

on [ty, t1],if D%z, D%z, DYz € C([ty,t1]; 2),k=1,2,...,n,i =1,2,...,r,the
inclusion (¢, D" z(t), ..., D7 z(t)) € U and equality (4) are valid for all ¢ € [#y, ;]
and conditions (2) are fulfilled.

Denote x := (x1,x2,...,%) € 2", Ss(x):={y € Z" : ly; —xillz <9,i =1,
2,...,r}. A mapping B : U — Z is called locally Lipschitzian in x, if for every
(t,x) € U there exist 6 > 0,¢g > 0, such that [t — §, ¢t + §] x Ss(x) C U, and for
all (s, y), (s,v) € [t — 9, t + §] x S5(x) the inequality

1B(s,5) — Bs, D)z <q ) llyi —villz

i=I

is satisfied.
Using initial data zg, zj, . . ., Zm—1, define a polynomial

(r — 1)’ o =)t

2(t) == t—1t e 97
) =2+ —t)u+——F—2n m—D °

m—1



Some Classes of Quasilinear Equations with Gerasimov—Caputo Derivatives 5

and vectors Z; := D%|,_,,z(¢), i =1,2,...,r. Note that Z; = 0, if we have v; ¢
{0,1,...,m —1}. Incasesy; € {0, 1, ..., m — 1} Z; = z,,. So the starting point of
the solution trajectory will be considered as (#y, Z1, 22, - - - 5 Zr)-

Lemma2 Let Ay, A;, ..., A, € L(Z),UbeanopensetinR x Z', B € C(U, 2),
(to, 21,225 -+ ., 2r) € U. Then a function z € C([ty, t1]; Z) is a solution to prob-
lem (2), (4) on [ty, t1], if and only if DYiz € C([tg, t1]; Z2), i = 1,2,...,r, for all
t € [y, 11] it satisfies the inclusion (t, D" z(t), D"z(t), ..., D" z(t)) € U and the
equality

m—1 !

(1) = Z Z(t — o)z + / Z(t —s)B(s, D"'z(s), D"z(s), ..., D" z(s))ds.
=0

fo

®)

Proof If z is a solution to problem (2), (4) on [fy, t;], then for all ¢ € [ty, ;]
(t, DM z(t), D" z(t), ..., D7 z(t)) € U and the mapping

t — B(t, D"'z(t), D"z(t), ..., D7 z(t)) (6)

acts continuously from [#, #;] into Z. As in the proof of Theorem 1 it can be shown
that a solution satisfies Eq. (5).

Let DYz e C" ' ([ty,t11: 2), i = 1,2, ...,r, for all ¢ € [ty, #;] the inclusion
(t, DM z(t), D" z(t),..., D7 z(t)) € U holds and equality (5) is valid. Then (6)
belongs to the class C([to, #1]; Z). By repeating word to word the proof of The-
orem 1 and Lemma 2 in [17] we will obtain the required statement.

Theorem2 Let m—1<a<meN, n,reN, aqj<am<---<a,<a M
<M< <y <a Aj,A, ..., A, € L(Z), U be an open set in R x 2", an
operator B € C(U, 2) be locally Lipschitzian in x, (ty, Z1,22,---,2r) € U. Then
for some t; > ty problem (2), (4) has a unique solution on [ty, t].

Proof Denote k, :=min{k € {1,2,...,n}:ar >m — 1}, if the set {k € {l, 2,
...,n} o > m — 1} is notempty, and k, := n + 1 otherwise, i, := min{i € {1, 2,
ot} >m— 1}, if the set {i € {1,2,...,r}:v > m — 1} is not empty, and
i, :=r + 1 otherwise. Take for some t; > t, C" b bid([1y. 1]: Z2) := {z € C"!
([to, t1]; 2) : D%z, D%z € C([ty, t1]; Z2), k = ks, ..., n, i =iy, ..., r}andendow
this space by the norm

1zl com-tvienrtn (r9.01: 2) = Nzllem=1(t00,7:2)+

n r
+ Y ID™zl ez + D ID 2l camn.n:2)-
k=k, =i,

Let {z;} be a fundamental sequence in C"~ 1l 0il([1, #,]; Z), then there exist
a limit z € C" ([ty, t1]; Z) of {z;} in C" ([ty, 111; Z), limits x; of {D%z;} in
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C([to, 1]; 2), k = ks, ks +1,...,n, y; of {DYz;} in C([to, 11]; Z), i = iy, ix +
1,...,r. Hence,

m—1
1
(1) = lim T D%z (1) = lim | 2(1) — > (1 )Q —
J!

j=0

m—1

J
=20 w )( O = D%z e Cllto, ks 2):

j=0
m—1 ;
- . " ) . : t — 1)/
Py = Jim I D750 = Jim 20 - 3 P00 E0 | =
I—00 [—00 — j!
-

J
=z(t) - Zz(“(t)( 0 = Dz e Cllto, 1 2).

j=0

Thus, ¢~ e Uil ([1, 1,]; Z) is a Banach space. _

Take 7 > 0and § > 0, such that [, o + 7] x S5(z) C U, wherez = (Z1,%Z2, ...,
Z.). Denote by S the set of z € C" e bil([gy, #9 4+ 71; Z), such that | DY z(t) —
Zillz <6 for ty <t <ty+ 7. Note here that due to Lemma 1 for a function
z€e C'"’l’{“k}'”f}([to, to + 71: Z) we have D%z, DYz € C([ty, t1]; Z) for all k =
1,2,...,n, i=1,2,...,r. Define on the set S a metrics d(x,y) := |x —

Yl em=1te.60 (10,1071 2) 5 then S is a complete metric space. Note that Z € S for small
7> 0.

For z € S define a mapping

m—1 !
G@® =Y Zi(t — 1)z + / Z(t = $)B(s, D"'2(s), D72(s), ..., DV z(s)ds,
=0

fo

t € [ty, tp + 7]. Reasoning as in the proof of Theorem 1 and Lemma 2 in [17],
we obtain that G(z) € C" ' ([to, to + 71; Z), D*G(z) € C([ty, to + 71; Z), k =
L2,...,n[G@)IPt) =z fork=0,1,....,m — 1.

Further we have for v; </

n

i _ - ——1+; _ oy —a )\t
D7 Z,(0) := lim —— /)\ R\ |1 kz AUTYA | eMdN =0,
ny

since

=145 <—1 |Ry|1=) A%4 <C.

k=n; £(2)
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Forv; > I
n
D Zl()\) — A—l—l"r’?[ R/\ I — Z )\(!k—aAk _ )\'Yi—l—l —
k=n,
Vll—l
= )\_I_H'“r’i R)\ Z )\(Yk—aAk’
k=1
1 n,—l
D"Z;(0) = lim — Al R) Z /\ak—ryAke)\zd)\ =0,
=0+ 27i —
r =

since for k <n; — 1 we havel > my — 1, hence,l > a4, =l — 1 +vi+ o —a <
—1.
For 4; > 0 we have

1
JNTNZ() = — / AT RN,
2mi
r
forl=0,1,...,n; — 1

=0+ 27i

1
D'J" 1 Z(0) = lim — / AT R N AN = 0, )
r

due to —a+v; —n;+1 < —a+~ —1 < —1. From here it follows also that
I D" J" = Z () gez) < Ct* %! forsome C > Oandeveryt > 0.Denote B*(s) :=
B(s, D" z(s), D"z(s), ..., D" z(s)), then due to (7) and equalities

t
Dl|,=tO/Z(t—s)Bz(s)ds=O, 1=0,1,....,m—1,
fo

which are proved in Lemma 2 [17], we have

t t
D7 / Z(t — s)B*(s)ds = D" JV i / Z(t — s)B*(s)ds =
to fo
t 1
= D" / JUTNZ(t — s)B*(s)ds = / D" JMTVNZ(t — s)B¥(s)ds,

Iy fo
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t

lim D7 / Z(t —s)B*(s)ds| < lim+ Ci(t — 1) max ||B*(s)||lz =0.
t—1o

t—t+ selt,to+T]
fo =z

Thus, G(z) € C"~ bl ([, 11]; Z)and D G (2)(t)) = Z;,i =0, 1, ..., r.There-
fore, G(z) € S for a small enough 7 > 0.
Forx,yeS,1=0,1,...,m—1

1
D'Z(t) = — / AR eMdN,
2mi

r
hence, D'Z(0) =0 forl =0,1,...,m —2, |[D'Z(t)||z(z) < Ct*'~!. Then for a
small enough 7 > 0

IHG)1P @) — [GDMIP ()2 = f D'Z(t — $)[B*(s) — B¥(s)lds|| <
I z

r

<G —1)*" Y sup DT (x(0) —y0)lz < 0

i—1 tElto,fo+7]

d(x,y)
—ke+r—in+2+m)’

DY G(x)(t) — D"G() D)z = f D"Z(t —s)[B*(s) — B’(s)lds| <
Iy zZ

o /j d(x,y)
< Cy(t— lO)(Y Vi su 1DV (x(t) — Yz < : ’
’ ; te[to,tEJrT] Z 2 —ky+r —ix+2+m)

where n — k, +r — i, + 2 is the quantity of a4 and ;, which are greater than
m — 1. Here we used Lemma 1. Thus, d(G(y), G(v)) <d(y,v)/2 and the
mapping G has a unique fixed point z in the metric space S. It is a unique solu-
tion of (5) in C"~H{ahbid([1y, £y + 7]; Z), therefore, due to Lemma 2 it is a unique
solution of problem (2), (4) on the chosen segment [#, 7o + T].

4 Degenerate Quasilinear Equation

Let X', ) be a Banach space, L(X; )) be the space of bounded linear operators from
X into ), and let CI(X; Y) be the set of all linear closed operators densely defined in
the space X, acting into V. Letn € N, L, My, ..., M,_; € L(X; )), ker L # {0},
M, € CI(X;)), Dy, be the domain of the operator M,,, on which the norm of the
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graph ||~||DM" = [|-llx + [IM,-]ly, be set. Denote
pt(My) :={peC:(uL — M,)"" € LY; X)}, o"(M,) :=C\ p"(M,),
RL(My) := (uL — M,)"'L, LL(M,) = L(uL — M,)".

An operator M, is called (L, o)-bounded if o*(M,) C {uz € C: |p| < a} for
some a > 0. Under the condition of (L, o)-boundedness of the operator M,, there
exist projections

pP=_L R (My)dp € L(X), Q= L / Li(M)dp e L),  (8)
27i 27 !
vy Y

where vy :={u e C: |u| =r > a} [24]. Let X* =ker P, X! =Im P, )° = ker Q,
Y!' =1Im Q. Denote for short Py:=1 — P, Qp:=1— Q and L; (M; ;) restric-
tion of the operator L (M;) on X* (Dy,, =Dy, N Xkforl=n),k=0,1,1=
1,2,...,n. It is known (see [24]) that LP = QL, M, Px = QM,x for x € Dy,
therefore, M, | € L(X'; V1), M, o € CL(X?; V°), Ly € L(X*; Y5,k =0, 1. More-
over, in this case there are operators M,:(l) e LO X%, L' € L(Y'; X"). Anoper-
ator M, will be called (L, 0)-bounded if L is zero operator.
Consider the initial problem

) =x,1=0,1,....,m, — 1, (P)P) =x;, l =my,mp +1,...,m—1,
)

for a quasilinear fractional order equation

D°Lx(t) = Z DY Mx(t) + N(t, D" x(t), D?x(t), ..., D" x(t)),  (10)
k=1

which is called degenerate in the case ker L # {0}. It is assumed that, as before,
nnreNm—-—-l<a<meNoa<m<---<a,<a,m-—1<o,<mel,
l=12,....n, <M <--+<7v <a U be an open set in R x A",
N e C(U, 2).

A solution to problem (9), (10) on asegment [fy, #;]is a functionx € C"™ ' ([ty, 1,];
X) N C([to, t1]; Dar,), such that D“Lx, D% Myx € C([to, 1]; V), k=1,2,...,n,
DYix € C([ty,11]; X),i = 1,2, ..., r, the inclusion

(t, D" x(t), D"x(t),...,D"x(t)) e U

and equality (10) are valid for all ¢ € [#, #;] and conditions (9) are satisfied.

In the definition of a solution we used the fact that for (L, 0)-bounded operator M,
the smoothness of Px is the same as for Lx, since Px = Lfle, Lx = LPx. And
the condition D*Lx € C([ty, t;]; V) due to the definition of the Gerasimov—Caputo
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derivative means, in partial, that Lx € C"~'([ty, t;]; V), hence, Px € C"~!([to,
1l X).
Denote V = U N (R x (XH"), §; := D li=,v(),i =1,2,...,r, where

t—t 2 t—t m—1
( 0) P-x2+"'+¢me—l~
(m—1)!

v(t) ;== Pxo+ (t — to) Px1 +

Theorem 3 Let L, M; € L(X; V), k=1,2,...,.n—1, M, € CI(X;)) be (L, 0)-
bounded, My P = OMy, k=1,2,...,n—1, N: U — )Y, forevery (t,z1,22, ...,
z,) € U, such that (t, Pz, Pza,..., Pz,) € U, N(t, 21,22, ---,2,) = Ni(t, Pz1,
Pzy, ..., Pz,) for some operator Ny € C(V;)Y), which be locally Lipschitzian
inv, vy, ..., (fo, 01,02, ...,0) €V, x5y € X forl =m,,m, +1,...,m — 1.
Then there exists a unique solution of problem (9), (10).

Proof Conditions M;P = QM; for [ =1,2,...,n — 1 immediately imply that

Mg € L(X* Y4,k =0,1,1=1,2,...,n — 1. ActonEq.(10)by L' Q € L(V";
XY and obtain the equation

Dv(t) = Z D*LT'Myv(t) + LT QN (t, D"u(t), ..., D7 u(t)), (11)
k=1

where v(t) = Px(t). After acting by M,Z(l) Qo € LO; X% we obtain

n—1
DY w(t) = — Z DM, sMyw(t) — M, §QoNy(t, D" v(t), ..., D7 v(t)) (12)
k=1

with w(?) = Pyx(t). Here we used the equalities My Py = My — QM = QoM;,
k=1,2,...,n—1.
Due to (9) Egs.(11) and (12) are endowed by the initial conditions

vP@to) = Px;, 1=0,1,...,m—1, (13)
w(t0) = Pox;, 1=0,1,...,m, — 1, (14)

respectively. By Theorem 2 Cauchy problem (11), (13) has a unique solution on
a segment [fg, #;]. Then Eq.(12) is inhomogeneous linear, and due to Theorem 1
Cauchy problem (14) for it has a unique solution also.

Denote W = U N (R x (X)), w; := DYi|i—w(t),i =1,2,...,r, where

l—[2 l—lm”71
( 0) POX2+"'+¢Poxmn,1.

w(t) := Poxo + (t — t9) Pox; + o (m, — 1)!

Theorem 4 Let vy, < oy, L, My € L(X;)), k=1,2,....,.n—1, M, € CI(X;))
be (L,0)-bounded, MyP = QM, k=1,2,...,n—1, N:U — ), for every
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(t,z1,22,...,2,) € U, suchthat (t, Pyz1, Pozo, ..., Poz,) € U,N(t, 21,22, ..., 2s)
= No(t, Poz1, Poza, - .., Poz,) for some operator Ny € C(W; Y), which be locally
Lipschitzianinwy, wa, . .., Wy, (ty, Wi, Wa, ..., W,) € W, x; € X' forl = m,, m, +
1,...,m — 1. Then there exists a unique solution of problem (9), (10).

Proof As in the proof of the previous theorem reduce problem (9), (10) to problem
(13), (14) for the system of equations

D%v(t) = Z DL Myv(t) + LT QNo(t, D" w(?), ..., D" w()),  (15)
k=1

n—1

D w(t) = — Z DM, sMyw(t) — M, s QoNo(t, D" w(t), ..., DT w(r)) (16)
k=1

with v(¢) = Px(t), w(t) = Pyox(t). By Theorem 2 Cauchy problem (14), (16) has a
unique solution on a segment [y, #;], by Theorem 1 there exists a unique solution of
problem (13) for linear equation (15) on [ty, #;].

Denote X; := D" |,=,x(t),i = 1,2, ..., r, where

t—19)? r— to)"1
Q'xz.}_..._’_%xmuil.

X(@) :=x0+ ( —t0)x1 + o (m, — 1)!

Theorem 5 Let L, M; € L(X; V), k=1,2,...,n—1, M, € CI(X;)) be (L, 0)-
bounded, My P = OM;,k=1,2,....n—1,N € C(U:; Y") be locally Lipschitzian
inxy,xa,...,xp (tg, X1, %2, ..., %) €U, x; € leorl =my,m,+1,...,m—1.
Then there exists a unique solution of problem (9), (10).

Proof Anologously to the proof of the previous two theorems we get

DY () = Z DL Myv(t) + LT 'ON@, D (u(0) + w(7)), . .., D7 (v(t) + w())),

k=1
(17)
n—1
DY w(t) = — Z DM, s Miw (). (18)
k=1

Then due to Theorem 1 there exists a unique solution of (14), (18) on [#, co), and
by Theorem 2 problem (13), (17) has a unique solution on some segment [#, #;]. We
used that the nonlinear mapping

(1,02, .., v,) = LTPON(t, v 4+ wi, va +wa, ., v, + w,)

with given wy, wo, ..., w, satisfies the conditions of Theorem 2.
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Theorem 6 Let vy, <y, L, My € L(X;)), k=1,2,....,.n—1, M, € CI(X;))
be (L,0)-bounded, MyP = QM;, k=1,2,...,n—1, N € C(U; ") be locally
Lipschitzian in x1, X2, ..., Xy, (to, X1, %2, ..., %) € U, x; € X! for |l = m,, m, +
1,...,m — 1. Then there exists a unique solution of problem (9), (10).

Proof Here we have a system of equations

Dv(t) = Y " DLy Myv(1), (19)
k=1

n—1
DY w(t) = — Z DM, s Myw(t)+
k=1

+ M(fl QoN (@, D" (v(t) + w(t)), ..., D7 (v(1) + w(t))). (20)

Theorem 1 implies the unique solvability of problem (13), (19) and due to Theorem 2
there exists a unique solution of (14), (20).

Remark 1 From the proof of theorems it follows that the Cauchy problem
xP0)y=x,1=0,1,....,m—1,
for (10) is solvable only if the conditions
PoXp, 1 = w™©0), 1=01,....m—m, —1,

is fulfilled.

Remark 2 It is easy to show that, if M, is (L, 0)-bounded, then the condi-
tions (Px)?(0) = x; € X' forl = 1,2,...,m — 1 are equivalent to the conditions
(Lx)P(0) =y, := Lx; € Y".

5 Examples

Here we consider simple examples of degenerate systems of partial differential equa-
tions, which illustrate four considered in the previous section cases.

Let 2 C R? is abounded region with a smooth boundary 9£2. Consider the initial
boundary value problem

6kX|
W(g,lo)lek(f), k=0,1,...,.m—1, fE.Q, 21
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8k.XQ
W(f,to)zxzk(f), k=0,1,...,m,—1, £ € £2, (22)
xi(&,1) =0, (£,1) €02 x[ty, ], i=1,2, (23)

n
Dtaﬂxl = Z akD,O‘kx] + hy (f, t, D?’xl, D?IXZ, ey D;/"Xl, D?rXQ) ,
k=1
n

0= Z kalakXZ —+ hz (g, t, D:’/le, DQ/IXZ, N D?rXQ) s (g, t) € 2 x [l(), l]],
k=1
(24)

where n,re NN m—-l<a<meN a<m<---<ay<am-—1<ao <

My, Y1 <Y <+ <Y, D,ﬂ is the Gerasimov—Caputo derivative with respect to ¢.

d

LetA:= )

j=1

z(s) =0, s € 02} C Ly(£2), {¢} be an orthonormal in L, (£2) system of its eigen-

functions, corresponding to eigenvalues {\;} of A, numbered in descending order,

taking into account their multiplicities.

Reduce problem (21)—(24) to (9), (10), taking the spaces

00_5212. be the Laplace operator with a domain HOZ(.Q Y= {ze€ H*(2):

X = H;(2) x La(R2), YV = (L(2))*, (25)

and the operators

_ (20 , _(al 0 . B
L_<00>GE(X,y), Mk—(o bk1>€£(2€,y),k—1,2,...,n.
(26)

Lemma 3 Let spaces (25) and operators (26) are given, b, # 0. Then the operator
M, is (L, 0)-bounded and projections has the form

10 10
Pz(oo)’ QZ(OO)' @7

Proof If i # a,\;' for all k € N, then

e (W —a)™' 0
(,UL - Mn) - Z(? @k)gok < 0 _bn_l ) s

k=1

hence, for |p| > |a,||A;|~" the operator (uL — M,)~' : Y — X is bounded,

= Me(phe —an)™' 0
R/f:(Mn) = Z(v Sok)sok( k(/”' kO a ) 0) 5

k=1
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oo

Me(uhe —a,) 10
L,&(Mn)=Z<-,sok>sok( (e = an) 0>.

k=1

These equalities due to formulas (8) and the residue theorem imply form (27) of
projections, since for large enough |u|

o0
(e —an) ™ =T 4 —aup AT =) alp TN
j=0

Therefore, X' = HZ(£2) x {0}, X* = {0} x L2(£2), V' = L,(£2) x {0}, I° = {0}
X L,(£2), Ly = 0 and the operator M,, is (L, 0)-bounded.

The first formula in (27) implies that initial conditions (21), (22) has form (9).
The system of equation

D;IA)CI = akD,akxl +/’l1 (5, t, D?‘xl, D;’Q)C], ey D;'/’xl) B

n
k=1
n
0= Y bDxy+hy (&, 8, D]'xy, Dxy, ..., D" xy)
k=1

satisfies the conditions of Theorem 3; the system

n
Dlanl = Z athak)Cl + hy (g, t, D;YI)CZ, D?2x2, e, D;Y"XQ) s
k=1

n
0=> bD"x2+hy(§1,D"x2, D xz, ..., D" x2) , Y < Oy,
k=1

corresponds to Theorem 4; conditions of Theorem 5 are valid for the system

n
v « 7 7 Y2 2 Tr
D;‘Axl = E athkxl —‘r—]’ll (f,l, Dt X1, D, X2, Dt X1, Dt X2y ey Dt XQ) ,
k=1

0= Z katak)Q;
k=1

and Theorem 6 can be applied to the system of equations

n
D*Axy = Y ayDy* xy,
k=1
n
0= Z kalaka + hy (g, t, D,mxl, D?I)Cz, Cey D?’xl, D?rXQ) , Y < Oy
k=1

Notes and Comments. The work is funded by the Russian Science Foundation and
Chelyabinsk Region, project no. 22-21-20095.
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On the Solvability of Initial Problems )
for Abstract Singular Equations L
Containing Fractional Derivatives

Alexander Glushak

Abstract With the help of integral representations of the Poisson type, it is estab-
lished that the Cauchy problem for a number of abstract singular equations with
fractional derivatives reduces to a simpler problem for a non-singular equation.

Keywords Abstract singular equations - Fractional derivatives - Transformation
operator - Cauchy problem

1 Introduction

One of the methods for studying differential equations is the method of transforma-
tion operators. Using conversion operators, many important results are established
for various classes differential equations, including those for singular differential

equations containing the Bessel differential expression
@ + kd keR
dr> = rdt’ '

So in the monograph [1] the singular equation of Euler—Poisson—Darboux in
partial derivatives

&u(t, x) n liau(t,x)

= Au(t,x), k>0, x € R",
or? t Ot @, x)

where A is the Laplace operator in space variables, investigated by reduction with the
help of a suitable transformation operator to a simpler wave equation when k = 0.
In this case, the formulas for the solution are written using spherical averages over
spatial variables.
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The review paper [2] presents the results of studies in which transformation opera-
tors are used in more general situation, when in the Euler—Poisson—-Darboux equation
the Laplace operator in space variables is replaced by some abstract operator A act-
ing in a Banach space, as well as for some other singular equations of integer order.
In these studies, a class of operators A is described for which the corresponding
initial value problem is well-posed and an explicit representation is established for
the enabling operator.

In this paper, the method of transformation operators is applied to abstract
singular differential equations, containing fractional derivatives (see [3, Sect. 5],
[4, Chap. 2]).

2 Generalized Euler-Poisson—-Darboux Differential
Equation

Let A be a closed operator in a Banach space E with dense in £ domain D(A). For
k>0, 0 < a < 1, consider abstract singular equation with fractional derivatives

d k
By ou(t) = E@&u(r) + ;86’;,140) = Au(t), t>0, (1)
where 95, u(t) is the fractional Caputo derivative defined by the equality
0y u(t) = Dy, (u(t) —u(0)), 0Iy,u0) = llgr(l) 0o u(t),

wherein

t

« d -« l—a 1 M(T)
Dy, (u(t)—u(O))=Elo,, (u@) —u(0)), Iy, “u(r) = i) c—n?
0

respectively, the left-hand fractional derivative and the fractional Riemann-Liouville
integral, I"(-) is the gamma function.
If a = 1, then the Eq. (1) becomes the Euler—Poisson—-Darboux equation

k
u’(t) + ;u’(t) = Au(t), t>0, )
for which the abstract Cauchy problem with conditions

u(0) =uy, u'(0)=0 3)

previously explored in detail in [5-7] (see also [2]). In these papers there is a review
of the studies of the Euler—Poisson—-Darboux equation, the class G of operators A is
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described, with which the problem (2), (3) is uniformly well-posed, the construction
of the resolving operator of the problem (2), (3), which is called the operator Bessel
function and which we denote by Y; 1 (¢).

In this paper, we present the setting of initial conditions for an equation with
fractional derivatives (1), let us describe the class of operators A with which the
corresponding initial problems are solvable and establish a number of properties of
the solutions.

We will look for a solution to the Eq. (1) that satisfies the initial conditions

u(0) = ug, y,u0)=0. @)

Definition 1 A solution of the problem (1), (4) is a function continuous for t > 0
u(r) such that for r > 0 the functions I'~*u(z) are twice continuously differentiable,
the function u(¢) takes values from the domain D (A) of the operator A and satisfies
the equalities (1), (4).

We begin the study of the solvability of the problem (1), (4) from the case when
the parameter k = 0 in the Eq. (1) and describe the class considered operators A.

Condition 1 IfRe X > w > 0and0 < « < 1, then A®H! belongs to the resolvent set
p(A) of the operator A and for all integers n > 0 the resolution R(\) = (A — A)~!
satisfies the inequalities

- Mn! 5)
~ (Re X — w)n+1 :

dn « «
| R ()

Theorem 1 Letk =0,0 < a <1, ug € D(A) and the operator A satisfies Condi-
tion 1. Then the problem (1), (4) uniquely resolvable.

Proof After applying to the Eq. (1) the integration operator 101, , and fractional dif-
ferentiation D(l);“ the problem (1), (4) reduces to the next initial problem

u'(t) = %a) /(r — ) "Au(s)ds, t>0, (6)
0

u(0) = uo. @)

Problem (6), (7) is a special case of the problem studied in [8]. In Theorem 3
of [8], it is established that Condition 1 is necessary and sufficient condition on
the operator A, which, under the assumptions made in the theorem being proved,
ensures the unique solvability problem (6), (7), and thus the equivalent problem
(1), (4). The resolving operator of the problem (6), (7) will be denoted by Yy ,(¢),
while u(t) = Yo.o(t)ug. For Yy (¢) in [8] the representation and estimate are set
respectively
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o+ioo
Yo.0(t)ug = % f M N'R (XN ug d\, uo € D (A?), (8)

o—i00
||Y0,Q(t)|| <Mée”", o>w.

O

Let us proceed to consider the case k > 0 and introduce the Poisson-type trans-
formation operator

1

Pk,au(t) = Ck,a /

0

_ a+l k/(a+1)—1 (ZS) dS, (9)
where B(-, -) is the beta function,

a+1
Bk/(a+1),1/(a+1))

Ck,a =

The Poisson-type transformation operator is expressed in terms of the Erdelyi—

Kober fractional integral I, 0+.0.1 (see [3, Sect. 18]) as follows

I'k+1D/(a+1) i@

and the constant ¢y, is chosen so that

lil’l’(l) Pi qu(t) = u(0).
t—

Theorem 2 Letk > 0,0 < a < 1 and the function u(t) be that there is a fractional
derivative of the form (Béflu(t))/. Then the equality

Ck,a

By Peau(t) = Peo (05,u(0) + —= 95,u(0). (10)

Proof Applying the operator By , to (9), after integrating by parts we get

1

a+1)— d
Bi.o Prou(t) = cia /(1 — Sa+1)k/( +1)—1 g+l m 8&[Su(t) ds+

0

1
kc k/(a+1)—1
ka/ _ a+1 /(a+1) aa&mu(t)ds=
0
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1
k/(a+1)—1 o4,
= a“ st —— 0% u(t) ds+
k,a/ d(tS) 0,15 ()
0

1
c
+% 0y,u(0) + Ck,af (1- s““)k/(wl)
0

Ty Dhasu(t) ds =

1
k 1
:ckﬂ/ B N L I ) G su(t) ds+
0

d()

Ck,a

’ l Cka nn
8,u(0) = Prq (95,u)) + kt 85,u(0).

O

An immediate consequence of Theorem 2 is a theorem that establishes the solv-
ability of the problem (1), (4) for k > 0.

Theorem 3 Letk > 0,0 < a < 1, ug € D(A) and operator A satisfy Condition 1.
Then the function

1

u(t) - Pk,aYO,a(t)MO = Ck,a /

0

— s Oy asueds (1)

is a solution to the problem (1), (4).
In what follows, for k > 0, 0 < o« < 1 we will use the notation
Yk,a(t) = Pk,aYO,a(t)-

Example 1 If the operator A is bounded and 0 < « < 1, then it is easy to verify
directly that the function

o0

1D Ay
YO,a(t)uo = Ea+1’1(l‘a+lA)u0 = Z _—
@+ Dj+D

where E, g(-) is the Mittag—Leffler function, is the solution to the problem
d (0% 104
E@ u(t) = Au(®), u() =uge E, 0“u(0) =0.

By virtue of Theorem 3, the function
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Lt(f) = Yk,a(t)uo = Pk,u'YO,a(t)uO =

_ D((k+1D/(a+ 1)) i T+ 1/(a + 1)) @D ATy, B
T I'(/(a+1) F'(a+Dj+DTI G+ Gk+1D/(a+1)

j=0

_ P+ D/@+1) o [ (1/(+1),1), (1,1)
T r/(a+ ) PR a+ D, (k+D/(a+1),1)

t“A:| wo, (12)

where , W, (-) is the Fox—Wright function (see [9, 10]) is the solution to the problem
(1), 4.

Note that for o = 1 the series in the formula (12) turns into the operator Bessel
function (see [2, 5-7])

o (wAn)
Yir(t) =I'(k/2+1/2) ;j! rG+k/2+1/2)

= &2 +1/2) (VA2) T s (1VA).

where I,(+) is the modified Bessel function.

Example 2 The operator function Yy ,(¢) satisfies the principle of subordination,
which for the Eq. (1) with k£ = 0 was actually established in Chap.3 of [11]. Let
0 < B < a < 1, then the following shift formula with respect to the second parameter
is valid

1 1+8 a—-p8 T
Yos() = m/ ¢(_1 Yo' l+a _t<1+m/<1+a))Y°»a(T) ar,
0

in which the Wright function is used

o n

Z
dlu, ;) =)y ————.
nX:(‘:n!F(,un—i—u)

In particular, if the operator A is the generator of the operator cosine function
C(t; A), then for « = 1 we obtain

[o¢]
1 1+8 1-08 T )
Yo,@(¢)=m/¢<— R ’_t(1+3)/2>C(T’A)dT’ 13)
0

Yig(t) = Py gYo 5(1).
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In the limiting case, when 3 = 0, a = 1, the equality (13) becomes the well-
known semigroup connection formula 7 (¢; A) and cosine of the operator-function
C(t; A) generated by the operator A, which has the form

? 2
T(t: A) = \/%/exp (—%) C(r: A) dr. (14)
0

The operator function Y ,(¢) also satisfies the shift formula with respect to the
first parameter.

Theorem 4 Letm >k >0, 0 < o < 1 and operator A satisfy Condition 1. Then
there is an equality

a+1
Ym,a(t) = X
B((m —k)/(a+ 1), (k+1)/(a+ 1))
1
X / sk (1 — sothym=R/atD=1y  (15) ds. (15)
0

Proof After a series of obvious transformations, using the integral 2.2.5.1 [12], we

obtain
1

/ sk (1 _ Sa+1)(m—k)/((¥+])—l kaa(ts) dS —
0

t
:/ 7h oF! ety R/l y oy gr —
0

t
— Ck,a/ Ta (I(H_I _ 7_a+1)(m—k)/(o¢+l)—lX
0

T

% / (T(erl _ £(l+1)k/(0c+1)*1 YO,Q(&) dfd’T = Crax
0

t t

y y _ _ y k -1

x / YOa(é) 7o (ta-H _ 7_u+1)(m k)/(a+1)—1 (Ta+l _ fu-H) /(a+1) deé. _
0 3
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t o+l

Ck @ m— o o k/(a+1)—1
_ +1fY00(£)/(t +1 )( k)/(a+1)— 1( —¢ +1)/ +1) dnd¢ =

0 5(\+]

— MDY 0 (O dE =

Cea B(m — K)/(a+ 1), k/(a+ 1) / "
(t
a+1

_Pm=-k)/a+D) F{k+D/@+ D) ,q
(a+ 1) I'((m+1)/(a+1))

m,x (t)

Consequently,

@+ DI G+ D/(a+ D)™™
I'((k+D/(a+ D) I ((m —k)/(a+ 1))

Yma(t) =

t
x f 7_k (tole _ T(I“t’l)(ﬂ’l*k)/((l“rl)*l YkA,a(T) dr =
0

_ a+1
~ B(m—k)/(a+ 1), (k+

k a+1\(m—k)/(a+1)—1
s“(1—s Yia(ts)ds,
1)/(a+1))0/ ( ) alts)

and the required equality (15) is established. (]

3 Generalized Functional-Differential Bessel-Struve
Equation

Letus proceed to the study of the case of a nonzero second initial condition g, u(0) #
0 and we will study the following initial problem for the functional differential
equation

dag,u(t)+ - (96,u(t) = 05,u(0) = Auto). 1 >0, (16)

u(©0) =0, 95,u0) =u. (17)

For o« = 1 the problem (16), (17) becomes the initial problem for the Bessel—
Struve equation, which was previously investigated by the author in [13].
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Let us first consider the case when the parameter k = 0 in the Eq. (16).

Theorem 5 Letk =0,0 < a <1, u; € D(A) and the operator A satisfies Condi-
tion 1. Then the problem (16), (17) is uniquely solvable.

Proof After applying to the Eq. (1) the integration operator Iol, , and fractional dif-
ferentiation Dé;“’ problem (16), (17) reduces to the following initial problem for the
inhomogeneous equation

1 tafl

0= T

uy, t=>0, (18)

_ a—1
/(t $) T Au(s) ds + ) >
0

u(0) = 0. (19)

Just like task (6), (7), task (18), (19) is is a special case of the problem investigated
in [8] and is uniquely solvable. The resolving operator of the problem (18), (19)
will be denoted by Lo (t), and u(t) = Lo (t)u1, and Lo (¢) in [8] is set to the
representation

1 t
Loa) = 1§, You0) = o [@=9 W as. 20)
0

O

An immediate consequence of Theorems 5 and 2 is the solvability of the problem
(16), (17) for k > 0. For 0 < o < 1 we introduce the following notation:

k kool
da: B s y La[ :daP aLat
T (a+1 a+1) kalt) = diaPraloa(t)

Theorem 6 Letk > 0,0 < o < 1, u; € D(A) and operator A satisfy Condition 1.
Then the function
M(t) = Lk,a(t)ul = dk,apk,aLO,a(t)ul (21)

is a solution to the problem (16), (17).

Example 3 If 0 < a < 1 and A is a bounded operator, then

F(] + 1) t(cy+1)j+aAj
F(a+Dj+a+1) I'(G+k/(a+1)+1)
(22)
For oo = 1, the series on the right-hand side (22) is expressed in terms of the Struve
function

Lio®) =T (/@+1D+1) >
j=0
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2j
s o QJ@Q -
Lk(t)—TF(k/2+l)j2:(;F(j+3/2)['(j+k/2+1) -

K212 [T (k)2 + 1
= \/_ / ) Lk/2,1/2 (IN/Z) s

Ak/A1/4 (k/2-1)2

where L, (-) is the modified Struve function ([14], p. 655).

Example 4 If 0 < 3 < 1 and the operator A is the generator of the operator cosine
function C(¢; A), then ;
Lis(t) = dysPrsly, Yo 5(0),

where the operator function Y 3(¢) is defined by the equality (13).
The operator function Ly ,(¢) satisfies the shift formula with respect to the first
parameter, whose proof is carried out in the same way as in Theorem 4.

Theorem 7 Letm > k > 0,0 < a < 1 and operator A satisfy Condition 1. Then

a+1
B((m —k)/(a+1),k/(a+ 1)+ 1)

Lm,ry(t) =

1
% / Sk (1 _ Sa+1)(mk)/(0c’+1)71 Lk’a(ts) ds.
0

The constructed operator functions Yi (#), L o(?), as well as Theorems 3 and
6 allow us to establish the following statement about the solvability of the general
initial problem for the Eq. (16).

Theorem 8 Letk > 0,0 < a < 1, ug, u; € D(A) and the operator A satisfies Con-
dition 1. Then the function u(t) = Yy o(t)ug + Li.o(t)u is a solution to the Eq. (16)
satisfying the conditions

u(0) = uo, 0 ,u0) =u;. (23)

Theorems 3, 6, 8 do not contain a statement about the uniqueness of the solution.
To prove the uniqueness of the solution of these problems, we make an additional
assumption. We assume that A € Gy, i.e., with the operator A, the Cauchy problem
(2), (3) is uniformly well-posed for the Euler—Poisson—Darboux equation, and the
resolving operator of this problem, as indicated earlier, is denoted by Y | (¢).

Theorem 9 Letk > 0,0 < o < 1 and operator A € Gy. Then the solutions of prob-
lems (1), (4) and (16), (23) are unique.

Proof Proof of the uniqueness of the solution to the problem (16), (23) we will lead
from the contrary. If u;(¢) and u,(¢) are two solutions to the problem (16), (23),
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then consider a function of two variables w(¢, s) = f (Yi(s) (u1(¢) — un(t))), where
f € E* (E* is the dual space), ¢, s > 0. She, obviously satisfies the equation

Pw(t, k Ow(t,
w( s)+_ w( s),

24
Os? s Os fs >0 24

B w(t,s) =

and conditions

ow(t,s)
ds

111_1)1(1) w(t,s) = 111_1)1(1) Oy w(t,s) = All_I;I(l) 0. (25)

As was done in [15], we interpret w(¢, s) as a generalized function of moderate
growth and on the variable s we apply the Fourier—Bessel transformation

W(t, \) = / s Os) wit,s) ds, w(t,s) =7, / AP L (As) (2, A) dA,
0 0

1—k 1 (s) 2PF(p+1)J()
=—— W= ) =——— 1),
p Tp 22p FZ(p_I_ 1) Jp sP ).
where J,(+) is the Bessel function.
From (24), (25) for the image w (¢, \) we get the following problem

Brow(t,\) = =\ w(t, \), t>0, (26)
lim w(t, \) = lim a5, w(t, \) = 0. (27)
— t— >

By virtue of Examples 1 and 3, the general solution of the Eq. (26) has the form

w(t, ) =

dy(NT ((k+1)/(@+ 1) i I+ 1/(+ D) t@tDi-)2)
r(1/(a+1) S T(@tDj+ DTG+ k+D/(@+1)
]"(] + 1) t(a+l)j+a(_>\2)j
F'(a+Dj+a+D) I'(+k/a+D)+1)

+d (N T (kf(a+ 1D +1) Y
Jj=0

and the initial conditions (27) imply the equalities d;(\) = d>()\) = 0. Hence
w(t, \) = w(t,s) =0 for any s > 0. Since the functional f € E* is arbitrary, for
s = 0 we obtain the equality u () = u,(t), and the uniqueness of the solution of the
considered problems is established. (]

As an application of Theorem 8 consider the problem (16), (23) with the operator
which is a fractional power of the operator A. Let A be the generator of a uniformly
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bounded cosine-operator function. Then one can define a positive fractional power
of the operator — A (see, for example, [16, p. 358])

/ MU = A7 Ax d, (28)
0

sin ym

—(-A)x =

where v € (0, 1), x € D(A).
Moreover, if y € E, ;> 0, then the resolvent of the operator A, = —(—A)"7
satisfies the representation

o0
_ siny7 N —A)ydx
(i —A,) "y =" / > (29)

oo J U2 —2uX7 cosym + N

Next, we establish the solvability of the initial problem (16), (23) with the operator
A, where the exponent is v = (« + 1)/2.

Theorem 10 Let v = (a+1)/2, 0 < < 1, ug,u; € D(A), the operator A —
generator of uniformly bounded cosine-operator function C(t; A) and operator A,
defined by (28). Then the solution of the initial problem

d k
Z@&,u(t) +- (85 ,u) — 05 ,u(0)) = Ayu(t), t>0, (30)
u(0) = ug, I,u0) = u;. (31

is the function u(t) = Y o(t; Ay)ug + Ly (t; A,)uy, where

si
YO,(x(t; A’y) =

o0
C (1s71/7; A) d
nwr/ (s ) ds 32)
0

N s2 —2scosym+1°

while the operator functions Yy (t; Ay), Loo(t; Ay), Lio(t; Ay) are defined
respectively by the formulas (11), (20), (21).

Proof The operator A is the generator of a uniformly bounded cosine operator func-
tion, and in order to to use Theorem 8, one should check the fulfillment of Condition
1 for the operator A,. In the In our case, this condition is that for Re u > 0 the

resolvent (u+'1 — AW,)i1 satisfied the inequality

d" (MQ (.UUH_II - Av)_l) Mn! 3
<
dun ~ (Re u)nJrl' (33)

Given the representation (29), after the change of variables, we get
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«

" (/,LQ+II—A»))

[e.¢] —
,1 ,usm’yﬂ'/' 1/7 l/"’I—A) lyds

—2s cosym+ 1 N
0

_sinym /Dosl/m)f (€1 - A)71 v ds
T oam —2s cosym+1

0
where £ = pus'/?? and hence
ety
du" N

[o.¢]
sin ym /‘ g+m/@7) d"

T — 25 cosym + 1 d&r
0

(g (1 - 4)™" y) ds. (34)

Since for the resolvent of the generator of a uniformly bounded cosine-operator
function for Re £ > 0 there is an estimate

H @ (35)

) M1 n!
g (€= H

- (Re f)”'H ’

then (34), (35) implies the validity of the inequality

o0
H & (Hw (ua+11 - A7>71> H Mj n! / ds Mn!
dp" Re )"+l | 2 —25 cosymr+1 ~ (Re w1’
0

and thus the inequality (33) is proved, and with it the solvability of the problem (30),
31).

It remains for us to obtain the representation (32) for the operator function
Yo.a(t; A,). Using (8), (29), for uy € D(A?) we get

o+ioco
1 _
Yo.0(t; Auo = — f M A? ()\aJrlI — A’V) 1I/t() d\ =
2mi
o—i00
. 00 1)y | o+ioco
_ sinym / s - A ()\2S1/71 _ A)fl 1o d)\ds =
T —2s cosym + 1 27i
0 o—i00
o0
sm’yw /‘ C ts_l/(z”’); A) uopds
N s2 —2scosym+1 °

0
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The representation established on the dense set D(A?) C E (32) for the operator
function Yy ,(¢; A,) extends by continuity to all E.

Operator functions Yy o (¢; Ay), Lo (t; Ay), Lio(t; A,) are defined respectively
by the formulas (11), (20), (21). In particular,

o 1 o
LO,a(t; A'y) - IOJYO,a(t; A'y) - m /(t - S) lYO,a(S; AA/) ds =
0

sin ym /( 5o 1/ (S77 1/(27). A) dnd
= S =
vyl (o) n? —2ncosym + 1

27 sin ymw / o1 / s2ENTIC(E; A) dE
T ynl(a) ¢ =s) Y —2(s&)PY cos ym + £

_ 2ysingm [ 5 / sP(t —s5)*"ds
-ar / e | i e

4 Appendix

If A is the generator of an exponentially bounded /3 times integrated cosine operator
of the function Cy(t; A), then for

l—a B-D+a)
0 1, < = <
<a< ﬂ_l—i—a 0 > +a<

performance for Yy o(¢; A) in Theorem 1 can be written as

| o+ioco
Boai )= 5 [ e an et — ) an=
2mi
o—ioo
1 o+ioco oY)
=— [ &N / e ™ Cy(r; Aydrd =
2mi

o—ioo
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00 | o+ioco 00
=/C%3(7'; A)% / A“re)\tf‘r)\(aﬂ)ﬂd)\d’?' =/C/;(T; A)I()ijT,(a+1)/2(t) dr,
0 o—i00 0
(36)
in doing so, we used the introduced in [16, p. 357] function
| o+ioo
L exp(tz —71z7) dz, t=>0,
frntty = | 2 S e z=TED
0, <0,

whereo >0, 7>0, 0 <y < 1.
The function f; ,(t) for ¢ > 0 is expressed in terms of a Wright-type function
([17, Chap. 11) f, ,(t) =1~ 'e}? 5 (=7177) , where is the function

o k

O‘/’(Z)ZZF(ak+u)F(5 70 a > max{0; 8}, u,z€C

k=0

satisfies the assessment

er5(=) < My(r)exp (=(1 = )71 =O70=0) (37)

n

~ Bry"
M) = n; ré+md—p)’

and the number 7 is chosen from the condition § + n(1 — 3) > 1.
In the equality (36), the fractional integral I(; 2 Sr.(a+1)2(t) is calculated (see
formula (1.2.12) in [17]) and we arrive at the equality

o]

Yoult; A) = Co(ri ey Ly o (17 @F2) dr, (38)

peen)
0

Note that the convergence of the integral in the representation (38) is ensured by
the estimate (37).

In the limiting case, when a = 0, 3 = 0, v = —1/2, the formula (36) becomes
(14). Indeed, in this particular case we have (see [16, p. 369, formula (32)])

-2
frap@) = % \/— (--)

and, taking into account the integral 2.3.4.1 [12]), we obtain
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[e¢]

Yoo(t: A) = f Clrs ML frap(dr =
0

/OO cor: (e Y\ a

= , X —_——_— =
4 0\ 2. /7t P 4t ’
0

00 t

1 1 72
= ﬂ/TC(T’ A)O/ﬁexp (-E) dsdt =

0

i [, 1\ £r?
=57 Of rC(rs A)l// (5 - ;) exp <‘T> dgdr —

e (Z)ewsnn
=— [ exp|—— T, T,
it P 4¢

0

which coincides with the representation (14), while, naturally, one should assume
that Yo o(t; A) =T (t; A), Yo,1(t; A) = Co(t; A) = C(¢; A).
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Local Bifurcations of Periodic Traveling )
Waves in the Generalized Weakly L
Dissipative Ginzburg-Landau Equation

Anatoly Kulikov and Dmitry Kulikov

Abstract In this paper we consider a periodic boundary value problem for the
generalized Ginzburg-Landau. The generalized version of the weakly dissipative
Ginzburg-Landau equation differs from the traditional version by replacing the cubic
nonlinearity with nonlinearity of arbitrary odd degree. We will show that the periodic
boundary value problem has a countable set of solutions that are single-mode and
periodic in the evolutionary variable. We will examine the stability question as well
as local bifurcations of such solutions when they change stability. In this case, the
two-dimensional attracting invariant tori bifurcate emerges when stability is lost from
single-mode solutions. These are non-resonant tori that have appeared in the generic
situation. The main results are obtained on the basis and development of methods
of the theory of dynamical systems with an infinite-dimensional phase space. These
include the method of invariant manifolds and normal forms, as well as the principle
of self-similarity. This principle allows us to reduce the problem of bifurcations of a
countable set of single-mode solutions to the analysis of the corresponding problem.

Keywords Ginzburg-Landau equation - Periodic boundary conditions - Stability -
Bifurcations + Normal forms - Invariant tori

1 Introduction

One of the most famous nonlinear evolutionary equations of mathematical physics
can be considered as the corresponding partial differential equation

uy = gu — (d +ic)ulul® + (@ + ib)uyy, (1)
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where u =u(t,x) =u(t,x)+iux(t,x),a,b,c,d,ge R,d >0,a>0,g>0.
Note that Eq. (1) is the referred to as the Ginzburg-Landau evolutional complex
equation. It appears in several branches of physics as well as chemical kinetics
as a mathematical model [1-3]. It is studied together with the periodic boundary
conditions [1]

u(t,x +20) = u(t, x).

For chemical kinetics problems, the corresponding boundary conditions of “impen-
etrability” (homogeneous Neumann boundary conditions) are used

u(,0) =u,(t,1) =0.
‘We normalize the variables 7, x and the functions u(z, x) as follows:
t—> Yt, X = X, U —> Y3U

and assume that / = 7, d = 1, g = 1, if these constants are positive. We will study
special cases, generalizations and modifications of Eq. (1) and its variations. For
instance, if ¢ = b = 0, then Eq. (1) is called the variational Ginzburg-Landau equa-
tion [1, 4-6]. A variational version of the Ginzburg-Landau equation is found in a
section of modern physics as the theory of condensed matter and requires special
investigation. Note that if a = 0 then we obtain the “weakly dissipative Ginzburg-
Landau equation” [7-12]. For this version of the Ginzburg-Landau equation, we
also apply the generalized cubic Schrodinger equation [11]. Next observe that if
g = d = a = 0, then the original version of the Ginzburg-Landau equation is trans-
formed into one of the variations of the nonlinear Schrodinger equation. Analogous
to the nonlinear Schrodinger equation, the Ginzburg-Landau equation also occurs in
nonlinear optics [8], as well as in some sections of hydrodynamics [2]. In monograph
[13] the hypothesis is given that when replacing Eq. (1) with the following

up = gu — (d +icyulul* + (a + ib)uyy,

according to its authors, a significant change in the dynamics of solutions is possible.
In particular, the hard oscillations are possible. In other words the subcritical bifurca-
tions are realized. In this paper, we will consider the generalized weakly dissipative
Ginzburg-Landau equation, which includes both variants of the Ginzburg-Landau
equation from the introduction.
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2 Formulation of the Problem

Our aim is to examine the following boundary value problem
w=u— (1 +icyulul —ibu,,, 2)
u(t,x +2m) = u(t, x), 3)

where u = u(t, x) = u;(t,x) +ius(t,x),c € R,b > 0, p € N. Note thatif p =2
we obtain one of the versions of the equation in monograph [13]. If p = 1, we then
obtain the initial version of the weakly dissipative Ginzburg-Landau equation.
Next, if we consider the following initial condition for the boundary value problem
2.3
u(0,x) = f(x), “4)

where f(x) € H,, then via the results from [14, 15] that the initial-boundary value
problem (2), (3), (4) is locally well-solvable. Also recall that the inclusion f(x) € H,
resembles the following characteristics:

(1) f(x) has period 27;

(2) f(x) has generalized derivatives up to the inclusive second order derivatives
F@), f1x), f'(x) € La(—m, m).

This space H, is the phase space of solutions to the initial-boundary value problem
(2), (3), (4). The nonlinear boundary value problem (2), (3) has a countably family
single-mode solutions in the space variable x and periodic in ¢

u=u,(t, x) =n,expinx +io,t), )
where n € Z (Z is the set of integer), |1,| = 1, 0, = bn®> — c. Indeed, substitution
of the right side of equality (5) into Eq. (2) after elementary simplifications leads to
a complex equation for determining 7,, o,

ioy =1—4ic)|n.|* +ibn.

Next notice that along with solution (5), the boundary value problem (2), (3) also
has solutions in the corresponding form

u,(t,x, h) =exp(ih)exp(inx +io,t), h € R.
The solutions u, (¢, x, h) form a one-dimensional invariant subspace in the phase
space of solutions to the boundary value problem (2), (3). Since # is arbitrary, in

further constructions we can assume that 77, = 1. Replacing an unknown function

u(t, x) =exp(iwyt +inx)v(t, y), (6)
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where w, = bn?, y=x+2bnt,n=0,+£1,x2,...leads us to the following equa-
tion for v(¢, y)

v, =v—(14ic)v* — ibvyy,
which should be considered with the corresponding periodic boundary conditions
v(t,y +27m) = v(t, y).

Notice that substitution (6) transforms the solutions of boundary value problem (2),
(3) into solutions of the same boundary value problem. Therefore, the study of the
neighborhood of each of the family of solutions (5) can be substituted by a simi-
lar problem for one of them: uy(¢, x) = exp(iopt), where oy = —c. In physics, the
solution uo (¢, x) = uo(t) is often called a spatially homogeneous cycle (or “thermo-
dynamic” branch, Andronov-Hopf cycle). The remaining solutions of family (5) for
n # 0 are periodic traveling waves and periodically depend on ¢ and x.

3 Stability Analysis of Periodic Traveling Waves

As previously noted, the stability analysis of solutions of u, (¢, x) (stability of one-
dimensional manifolds V;(u)) can be reduced by virtue of the principle of self-
similarity [9] to the analysis of similar questions for a spatially homogeneous periodic
solution of uy(t) = exp(iopt), where oy = —c. In turn, to analyze the stability of
the solution u(#) by setting

u(t, x) = uo(t)(1 +w(, x)). @)

For the deviation w(z, x) we obtain the following nonlinear boundary value problem
wy = A(p)w — (A +ic)F(w, p), ®)

w(t,x +27) = w(t, x), 9

where F(w, p) = F(w, p) + F3(w, p) + Fo(w, p) is atwo-variable polynomial of
degree 2p + 1. For further constructions, we consider the following terms

1 2 — —2
F(w, p) = Ep((p + Dw+2(p+ Hww + (p — DHw ),

1 _ _ —
Fyw. p) = 2p((p = D’ +3(p? + pow® + 35> = Dwd” + (5 = 3p + 27" ).

Fy(w, p) denotes the terms at zero that have an order of smallness in the variables
w, w higher than the third. This leadsusto A(p)w = —p(1 +ic)(w + W) — ibw,y.



Local Bifurcations of Periodic Traveling Waves ... 39

Next, we will reformulate the linear differential operator A in real form. Instead
of the complex-valued function w = w; 4+ iw;, we form the vector function v =
colon(wy, wy). In this case, we rewrite the linear differential operator A as follows

Av = (—2c;2—pb82 bf)(i;)

0*f

where we apply the short notation 9> f = Erh This leads us to the functions in the
X

corresponding form
. h
() = explikn) (1),

where hj , hy; are real or complex constants, k = 0, £1, £2, ... In this case, the
problem of determining the eigenvalues and eigenelements of the linear differential
operator A reduces to analyzing the spectrum of the following countable family of
matrices

A= (bkz_—zgcp _(b)k2>

and to determining of the roots of the family of characteristic equations
M 4+2p A+ =0,

where k =0,41,42, ..., g = bk>(bk> —2cp), p € Z. For k=0 we obtain
Ao =0,X0=—-2p <0, ie. for all values of the parameters p and b the lin-
ear differential operator A has a zero eigenvalue corresponding to the eigenfunction
vo(x) = colon(0, 1) or Hy(x) = i in the complex record form.

Let now k # 0. Note that |k1|iinoo qr = o0o. Consequently, the inequalities g; > 0

for all k # 0 lead to the following inequality
Re)ij <—v% <0 (10)

for all values of k and j = 1, 2. Thus we obtain, g, > Oforallk € Z\{0}, ifb > 2pc
(b > 0 by condition). Otherwise, when b < 2c¢p, the linear differential operator A
has at least one of its eigenvalues in the right half-plane of the complex plane (one of
the numbers )i | or A 2 are positive). Finally, for b = 2 pc the linear operator A has
a triple zero eigenvalue, which in the complex notation corresponds to the following
eigenfunctions

Hy(x) =i, Hi(x) = (—c+1i)cosx, Hy(x) = (—c+i)sinx.
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The linear differential operator A corresponding to this choice of parameters will
be denoted by Ag: Agw = —p(l +ic)(w + w) — 2icpwy,. Thus, in addition to
the zero-equilibrium state, the nonlinear boundary value problem (8), (9) has the
following one-parameter family of equilibrium states

Wy (t, x) = wy(h) =exp(ih) — 1,

which is easy to verify indirectly. Next by substituting w, (k) into formula (7) leads
to the following equality

u.(t,x, h) = exp(iopt) exp(ih),

which is a spatially homogeneous solution of the boundary value problem (2), (3)
forall i € R.

Notice that the solutions w, (k) (family) of equilibrium states form a one-
dimensional invariant manifold M (h), which exists for all values of the parameters
of the boundary value problem (8), (9) and for 7 = 0 we have w = 0. Therefore, this
one-dimensional invariant manifold is a center manifold in a neighborhood of the
zero equilibrium state [16, 17], at least for small |z|. This remark and theorems on
behavior solutions outside the center manifolds are the base to the assertion.

Theorem 1 (1) Suppose thatb > 2cp, then M, (h) be a local attractor for solutions
to the boundary value problem (8), (9). In particular, all equilibria for small |h|,
including the zero-equilibrium state, are stable but not asymptotically stable. (2)
Suppose that b < 2cp. Then all the equilibrium states forming M, (h), including the
zero-equilibrium state are unstable (saddle points).

Remark 1 If b = 2¢p, then the invariant manifold M (h) exists and is formed by
a one-parameter family (w,(h) = exp(ih) — 1) of equilibrium states. In particular,
the equilibrium state w = 0 for which the critical case of a threefold zero eigenvalue
emerges, belongs to M| (k). Hence, in this case, an additional analysis of the question
of stability of zero state of equilibrium is required. This is due to the fact that the
stability theorem with respect to linear approximation cannot be used even in the
case of ordinary differential equations.

Corollary 1 Fromthe previous constructions, when transitioning from the boundary
value problem (2), (3) to the auxiliary boundary value problem (8), (9), substitution
(7) and from the self-similarity principle, we obtain the following features:

(1) for b > 2pc all traveling waves u,(t,x,h) =exp(inx + o,t + h)),
where n = £1,£2,...,h € R and spatially homogeneous solutions uy(t, h) =
exp(i(oo(t + h))) are stable;

(2) for b < 2cp they are all unstable;

(3) for b =2pc(c = b/(12p)) the critical case stability problem of solutions
u,(t, x, h) are realized.

Further in the next section, the boundary value problems (2), (3) and (8), (9)
will be considered in cases where the threefold zero eigenvalue of the operator A is



Local Bifurcations of Periodic Traveling Waves ... 41

close to critical. This means that the boundary value problems studied below will be
considered if
b =2pc(l + ve), an

where € € (0, €¢), v = £1 and 0. Appropriate values of v will be chosen at the final
stage of the analysis of the studied boundary value problems.

Before proceeding to the direct analysis of the bifurcation problem, we introduce
some notation and also recall one fairly well-known statement from the theory of lin-
ear boundary value problems for ordinary differential equations, which we formulate
in a form adapted to our case. Consider the differential operator

A(e)y = Aoy +eAry, Aoy = —p(1 +ic)(y +7) — 2pciy”,
Ay = —2pciy”, y(x) = yi(x) + iy2(x).

In this case y(x) is a sufficiently smooth 27 periodic function.

Remark 2 We will consider the following linear nonhomogeneous boundary value
problem

Agy = f(x), y(x +2m) = y(x), (12)

where the complex-valued function f(x) € Ly(—m, w) and has period 27. The
boundary value problem (12) has a solution if f(x) satisfies the following two con-
ditions:

1 m
(a) Re(ap(c +1i)) =0, where ay = — [ fx)dx;
T
- 1 .
(b) Imay = Imb, =0, where a; = —/f(x)cosxdx, by = —/f(x) sin xdx.
™ ™

The solution of the boundary value problem (12) is unique, for which the following
equalities hold:

™

(@) Re(yo(c +1)) =0, where yp = ! / y(x)dx;
m

—T

L[ L[
(b) Imy; = Imz; =0, where y; = —/y(x) cosxdx, z; = —/y(x) sin xdx
T T

The conditions for solvability when using the complex notation are given. They
have a more familiar form. Next, we will consider the corresponding nonhomoge-
neous boundary value problem
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Apy(x) = f(x), y(x +27m) = y(x),

where y(x) = colon(y;(x), y»(x)), f(x) = colon(fi(x), f2(x)). Now A in real
form is expressed as

_ —2p 2pcd?
AO_(—2pc—2p082 0 )

It has a triple zero eigenvalue, which corresponds to three eigenfunctions

Hy(x) = (?), Hi(x) = (_lc>cosx, H)(x) = (_lc>sinx.
Conjugate operator

« _( —2p —2pc—2pcd?
Ao = (2p082 0 )

is defined on sufficiently smooth 27 periodic vector functions z(x) =

colon(z;(x), zo(x)). Naturally, it has a triple zero eigenvalue corresponding to the
eigenfunctions

—c 0 0y .
Eo(x)=< | ) E (x) = <1>cosx, Ey(x) = <l)s1nx,
The solvability conditions arise in the following form
<f,E;>=0,j=0,1,2,

where < f(x), g(x) > denotes the scalar product in the corresponding function
space

< f®),qx) >= /(f(X),q(X))dx,

where ¢ (x) = colon(q;(x), g2(x)), and the brackets (x, xx) inside the integral
denote the inner product in R?[18, 19].
The statements from Remark 2 are known as solvability conditions.
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4 Turing—Prigogine Bifurcation

We will focus on the analysis of the nonlinear boundary value problem (2), (3) for
the determined values by equality (11). Next, we will transition to a modified version
of the boundary value problem (8), (9) with the following substitution

u(t,x) = uo(t) expie)(l + w(t, x)), (13)

where, as in substitution (7) uo () = exp(iopt). As aresult, now for w(z, x) we obtain
a boundary value problem similar to boundary value problem (8), (9)

w, +ip(1+w)=A@Ew — (1 +ic)(F(w) + F3(w) + Fo(w)), (14)
w(t, x +27) = w(t, x). (15)

In this case, ¢ = (¢, €) and ¢, (¢, 0) = 0, i.e. (¢, 0) = h is an arbitrary real con-
stant.

We indicate an essential feature of the boundary value problem (14), (15). We
denote H; .., as the subspace of the function space H,, containing only even func-
tions f(x). In this case, the specificity of the right side of Eq. (14) is such that
this subspace is invariant for solutions of the boundary value problem (14), (15). If
w(0, x) € Hy even, then its solution is w(z, x) for all £, when it exists, belongs to
H cven- In this case, the periodic boundary conditions (15) can be replaced by the
homogeneous Neumann boundary conditions

wy(t,0) = wy(t, ™) =0, (16)

assuming that x € [0, 7]. First we restrict ourselves to the analysis of the auxiliary
boundary value problem (14), (16). With this choice of boundary conditions, the
linear differential operator Ay has a double zero eigenvalue, whose corresponding
eigenfunctions are

Hy(x) =i, Hi(x) = (—c+1i)cosx.

Letus recall some well-known assertions. Denote by €2 (r) the ball of radius r centered
at the zero of the phase space H; (.. As is well known (see, for example, [17]),
boundary value problem (14), (16) in a neighborhood of the equilibrium w = Q has a
smooth two-dimensional invariant manifold M, (¢) € Q(r), where r is a sufficiently
small positive constant. All solutions of the auxiliary boundary value problem (14),
(16) from this neighborhood €2 (r) approach M,(¢) with the exponential rate over
time. In this case, solutions to the boundary value problem (14), (16) that belong to
M5 (€), can be sought in the following form [9, 10, 12]

w(t,x, &) =e201(x,2) +eQa(x,2) + 72 Q3(x, 2) + £0u4(x,2,2). (17)



44 A. Kulikov and D. Kulikov

The functions Q;(x, 2), j = 1,2, 3, Q4(x, z, €) reveal the following properties:

(1) they depend on their variables rather smoothly if |z| < zg, € € (0, £¢9) and, in
addition, Q4(x, z, 0) = 0 (z, 9 — some positive constants);

(2) as a function of x they belong to W3[0, 7] (the corresponding Sobolev space
is denoted by W22 [0, ]) and satisfy the boundary conditions (16).

Further, we assume that the functions ¢ = ¢(s, €), z = z(s) depend on the slow
time s = et. They satisfy the corresponding system of two ordinary differential equa-
tions

s = Wo(z,€), zg = Vi(z, €), (18)

where the right-hand sides smoothly depend on z, ¢, if |z] < zp and € € (0, g¢). The
system of differential equations (18) is called the normal form. It can be replaced
with a shortened version [20]

s = Op(2), zs = 01(2), (19)
where ©(z) = Wy(z, 0), ®1(z) = ¥;(z, 0). Such a variant of system (18), i.e. sys-
tem (19) is called “truncated normal form”. It is this kind of normal form that plays
the main role in the analysis of local bifurcations. We substitute the sum (17) into
the auxiliary boundary value problem (14), (16) and note that z, = z,¢, ¢, = ;€.

As a result of such a substitution, we obtain a sequence of linear boundary value

problems of the terms at equal powers £!/2. So for £'/? we obtain a homogeneous
boundary value problem for Q| = Q,(x, z) of the following form

Ao01 =0, 01:(0,2) = Qix(m,2) =0,
as solutions of which the function can be chosen
0:(x,7) = zH (x) = z(—c + i) cos x.
Collecting the terms at ¢, %2, we obtain two nonhomogeneous boundary value
problems. Thus, to determine the function Q, = Q,(x, z), we obtain the following
boundary value problem
AoQr = (1 +ic)®s(x)z* +iO0(2), (20)
02:(0,2) = QO (m,2) =0, 2n

where ®,(x)z> = F,(H;(x, 7)) and we procure

®,(x) = §z2[(p (=i +2(p+ D@+ 1)+ (p— D(c +i)*] cos? x.
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These computations assumed that o, = e, and therefore p;, = €®¢(z) 4 o(¢). The
boundary value problem (20), (21) has a solution from the specified class of functions
if ®y(z) = pc(c® + 1)z%. In this case, the corresponding solution (see solvability
conditions)

0(x,2) = v(x)z? = (v + v cos 2x)z2,
_@p+Det-1 _i(4p+5)62+1
N 12 24c¢ '

1
vo = —7(1 +ic)(2p +3)c* + 1), vy

We obtain the corresponding linear nonhomogeneous boundary value problem by
collecting the terms at £3/2, at the third step of the implementation of the algorithm:

AgQ3 = O1()H (x) — zvA 1 H (x) +iOg(z)zH; (x)+
+(1 +ic)(F3(Q1) + ®3(01, 02))2°,

(22)
03:(0,z) = Q3,(m, 2) = 0. (23)
In the boundary value problem (22), (23) Q3 = Q3(x, z),
F3(Q1) = F3(H(x)) = %(1 + ic)((p2 —D(—c+D*+3p(p+ D(—c+)*(—c — i)+
+3(p* = D(—c+D)c+D)2+(p—D(p—2)(—c — i)3> cos? x,

301, 02) = p((p + DHI w00+
+(p + D(Hi0T) + Hiv) + (0 = DR 0T() ).

It follows from the solvability conditions for the nonhomogeneous boundary value
problem (22), (23) that in this case one should choose

81 (Z) =VpZl — lpzsa
— 2 _p 2 4 2
where v, = —2vc¢°p, 1, = g((4p +2p+4)c"+2p—11)c"+1).

Thus, the analysis of the boundary value problem (14), (16) has been reduced to the
study of a system of ordinary differential equations (the “shortened” or “truncated”
normal form). In our case, it is presented in the following form

_ 2 2
s = pe(c” + Dz7, (24)

75 =vpz— 1,77 (25)

Lemma 1 Differential equation (25), in addition to the zero equilibrium state
So(z = 0), has nonzero equilibrium states
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Spizy= |2, S iz =— |2
ll’ ll’
ifvp/l, > 0.

Forl, > 0 (v, > 0), the equilibrium states S,., S_ are asymptotically stable and
they are unstable ifl, < 0 (v, < 0). In turn, Sy is an asymptotically stable equilib-
rium state if v, < Qorv, =0,1, > 0.

The proof of Lemma 1 is fairly straight forward. In fact, even in the situation where
v, # 0, one should use the stability theorem in the first (linear) approximation. For
v, =0 we get the equation z; = —lpz3 and its solution z(s) — 0 for s — oo, if
[, > 0 and z(s) leaves the neighborhood of zero if /, < 0. In our case [, > 0 for any
positive integer p and all ¢ € R, due to the discriminant of the square trinomial

1,(§) = @p* +22p + 4 — 2p — 1DE+ 1
is negative.

We choose «y such that v, > 0 (for example, v = —1). The equilibrium states
S+, S_ of the differential equation (25) correspond to the solutions

@1 (s) = (pe(c® + Dz)s + hy, o (s) = (pe(c® + )22 )s +h_

of differential equation (24). Here A, h_ € R and are arbitrary. Transitioning to a
more complete system (18) in this case gives us

@i(s) = (pe(c® + D23 + 0(e))s.

It follows from the results of [21, 22] and previous constructions that the assertion
is true.

Lemma 2 There exists a constant €, > 0, such that for all e € (0, €,,) there are two
sets of functions

{SD+(ta 6)7 U)+()C, 6)7 QO—(L 6), w—(x7 5)}9

satisfying the nonhomogeneous boundary value problem (14), (16). For such func-
tions, the following asymptotic formulas are valid

wi(x,e) =e'?z4(—c+i)cosx + szi(vo + vy cos 2x) + o(e),
0(t,€) = (pe(c* + D4 + O(e))et.

Also observe that these functions satisfy the boundary value problem (14), (15).

Moreover, due to the translational invariance for the solutions of the boundary value
problem (14), (15), it also has the following pairs of solutions

(w+(x + h+7 E)’ 90+(t’ E))a (w—(x + h—v 5)’ @—(ta E))
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Next note that the boundary value problem (14), (16) is invariant under the change
X —>T—X, 24+ —> 72—,

then for the boundary value problem (14), (15) there remains only one set

(IU+(X + h+7 E)’ <P+(t, 6))7

which includes all the corresponding solutions by choosing an appropriate shift 4, .
All these constructions and remarks allow us to formulate the main result, which
refers to the boundary value problem (2), (3).

Theorem 2 Thereexistsc, > 0, suchthatforalle € (0, €),) the nonlinear boundary
value problem (2), (3) for b, = 2cp(1 — €) (v = —1) has a two-parameter family
of the periodic in t solutions Vy(hg, h)

uop(t, x,€) = exp(iogt + i, (t,€) +iho)(1 + wi(x +h, g)),
where p (t,€) = (pc(c2 + 1)z?F + 0(5))st, 24 = /1,

wi(x +h, &) =2z, (—c + i) cos(x + h) + 2% (vo + v2 cos 2(x + ) + o(e),

where hy, h € R and are arbitrary, the constants vy, v, were specified earlier. The
two-dimensional invariant manifold Vy(hg, h) is a local attractor.

The validity of the assertion follows from the principle of self-similarity from Eq.
(6). The following assertion is corollary from Theorem 2.

Corollary 2 Boundaryvalue problem (2), (3) has a countable set of two-dimensional
attracting invariant manifolds V, (ho, h), generated by the following solutions

u,(t,x,e) =exp(io,t +inx +ip4(t,€) + ihg) X

X (1 4+ w,y (x +4npc(l —e)t + h, 5)), (26)
wheren = £1,£2,...,0, = —c+2pc(l — e)n?, and the functions o (t, €) and
wy (x, €) were found earlier in the process of implementing the modified Krylov-
Bogolyubov algorithm (see formula (17) and boundary value problems (20), (21)
and (22), (23)) and using the principle of self-similarity.

From the asymptotic formulas and the method of constructing solutions
uo(t, x,e), u,(t, x, €), it follows that V, (hg, h) for all n € Z are two-dimensional
invariant tori. Moreover, the torus Vj(hg, /) is filled with solutions that are periodic
in ¢, and the solutions that form V,, (hg, h) as n # 0 are almost periodic functions of
the variable ¢ with a non-resonant set of eigenfrequencies. We emphasize that the
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solutions that form these two-dimensional tori are stable but cannot be asymptoti-
cally stable as in the neighborhood of each of these solutions there is always one
more representative of the corresponding family.

5 Conclusions

The aim of this work was to generalize the results of works [9, 10], where particular
cases of the boundary value problem (2), (3) for p = 1, 2 were considered. In this
work we were able to show the following characteristics. Qualitatively, the results
for all p are fairly close. In all boundary value problems with different values of p
there exists a countable set of traveling waves that are periodic in . When they lose
stability, two-dimensional invariant tori, which are attracting invariant manifolds,
bifurcate from each of them. For n = 0 the torus Vy(ho, h) is filled with periodic
solutions, and the tori V,,(hg, h) are non-resonant in the generic situation. Thus,
the hypothesis that the replacement of the cubic nonlinearity by the fifth-degree
nonlinearity leads to subcritical bifurcations in the vicinity of traveling waves turned
out to be not completely consistent. In any case, it is of paramount interest to consider
the weakly dissipative versions of Ginzburg-Landau equation.

However, for the basic and generalized versions of the weakly dissipative version
of the Ginzburg-Landau equation, the dynamics can be quite complex. The periodic
boundary value problem (2), (3), with an appropriate choice of the coefficients of
the equation, can have a countable set of local attractors, each of which is a two-
dimensional invariant torus. The torus with number n (n = 0, £1, . ..) is formed by
solutions (26) whose norm in the phase space (that is, in H,) tends to infinity if
|[n| — oo. At the same time, the norm of all these solutions in the space L, (—, )
is close to v/27.

This work was carried out within the framework of a development programme for
the Regional Scientific and Educational Mathematical Center of the Yaroslavl State
University with financial support from the Ministry of Science and Higher Education
of the Russian Federation (agreement on provision of subsidy from the federal budget
No. 075-02-2022-886).
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Towards Discrete Octonionic Analysis m
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Rolf Soren KrauBhar, Anastasiia Legatiuk, and Dmitrii Legatiuk

Abstract Inrecent years, there is a growing interest in the studying octonions, which
are 8-dimensional hypercomplex numbers forming the biggest normed division alge-
bras over the real numbers. In particular, various tools of the classical complex func-
tion theory have been extended to the octonionic setting in recent years. However
not so many results related to a discrete octonionic analysis, which is relevant for
various applications in quantum mechanics, have been presented so far. Therefore, in
this paper, we present first ideas towards discrete octonionic analysis. In particular,
we discuss several approaches to a discretisation of octonionic analysis and present
several discrete octonionic Stokes’ formulae.

Keywords Octonions * Discrete Clifford analysis - Discrete operators + Stokes’
formula - Discrete octonions

1 Introduction

As very well-known, complex analysis provides a very powerful toolkit to study
numerous boundary value problems arising in classical harmonic analysis in the
two-dimensional case. Motivated by modern problems of engineering and physics,
there has been a rapidly growing interest in developing higher-dimensional versions
of complex function theory to extend the classical toolkit for a successful treat-
ment of higher-dimensional problems. While engineering mainly focusses on three-
dimensional settings, modern physics, for example particle physics, also require tools
in the context of dimensions n > 3. Einstein’s relativity theory already requires four
dimensions, including time. Also the standard model of particle physics of electro-
weak action requires four dimensions. An enormous challenge in modern physics
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however, is to understand how gravity can be incorporated on the level of particle
physics. Studying of this problems leads to the consideration of even higher dimen-
sional settings, such as string and super-string theory, where the latter requires 12
dimensions. More recent models of a generalised standard model give stronger indi-
cations to use an eight dimensional model, see for example works [4, 15, 22] which
shall provide one motivation for this paper from the physical point of view.

From the mathematical point of view, there are several possibilities to extend
complex numbers and complex analysis to higher dimensions. One approach is to
work with associative Clifford algebras leading to several function theories that
consider functions defined on open subsets of an arbitrary dimensional vector space
IR"*! that take values in a 2"-dimensional Clifford algebra R". On this way, a higher-

n

dimensional version of the Cauchy-Riemann operator D := Y 9, e; factorising the
n + 1-dimensional Laplacian in the form of an elliptic first orcllel(r) differential operator
is considered. Its function theory is widely known as Clifford analysis, see for instance
[2], and offers many powerful generalisations of complex function theory, such as
a Cauchy integral formula, Taylor and Laurent series expansions, a residue theory
and a toolkit to study operators of Calderon-Zygmund type on strongly Lipschitz
surfaces. A series of textbooks, see for example [17], presents a toolkit of related
integral operators that can be used to tackle associated boundary value problems.
Recently a lot of progress has been made in also elaborating discrete versions of
Clifford analysis which also opened the door to apply these function theoretic tool
numerically in bounded and unbounded domains, see [3, 5-8, 11-13, 16] among
others.

However, besides the use of associative Clifford algebras, there are also other
possibilities of generalising complex function theory to higher dimensions. If the
Cayley-Dickson duplication process to the complex numbers is applied, then we
first arrive at the four-dimensional Hamiltonian quaternions, which, however, still is
a Clifford algebra; and after applying it once more, we obtain a new algebra, namely
the octonions, see [1]. Octonions are not any more associative — so, they are neither a
Clifford algebra nor representable with matrices. However, they still form a normed
non-associative division algebra having no zero-divisors. From the recent viewpoint
of generalised particle physics, see again for example [4, 15, 22], octonions seem to
offer a more adequate model for a unified description of particle physics including
gravity, see also [ 18]. However, there is still a lack of results on the level of octonionic
function theory.

According to our knowledge, the first contribution to introduce an octonionic gen-
eralisation of complex function theory was provided by P. Dentoni and M. Sce in 1973
in [10], where a Cauchy integral formula for null-solutions to the octonionic Cauchy-
Riemann operator has been presented. Later, a lot of fundamental contributions were
provided by K. Nono [23] in 1988, and the school of Xingmin-Li, Li-Zhong Peng and
their co-authors starting with 2000 up to now, see [25-27, 29]. In these papers, for
instance, generalisations of a Cauchy integral formula together with Plemelj projec-
tion formulas and with some basic applications to Calderon-Zygmund type operators
[30] including a generalisation of the three-line theorem from J. Peetre [28], as well
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as Taylor and Laurent series expansions have intensively been studied [26]. More
recently, J. Kauhanen and H.Orelma started to look more intensively at some elemen-
tary octonionic boundary value problems and analysed more precisely the algebraic
structure of the set of octonionic null-solutions of Cauchy-Riemann operators, see
for example [19-21]. As also mentioned by J. Kauhanen and H. Orelma, in contrast
to Clifford analysis, octonionic monogenic functions do not form I0-modules but
only IR-modules. This fact has a strong influence on the study of generalised Hilbert
spaces in the octonionic setting, which is a topic of very recent research, see for
example [9, 14, 24]. For solving related boundary values in practice, it is necessary
to apply discretised versions of the related octonionic operators.

Although a discretisation of octonionic analysis is important for practical use of
function theoretic tools, to the best of our knowledge, no results related to a discrete
octonionic analysis have been presented so far. Therefore, the aim of this short paper is
presenting some first results in this direction. In particular, we introduce discretised
versions of the octonionic Cauchy-Riemann operators and establish a generalised
version of the Stokes’ formula. As it will be clearly seen, already at this level, we
encounter substantial differences to the classical discrete Clifford analysis: because
of the non-associativity of octonionic multiplication, discretisation of octonionic
analysis needs to be discussed more carefully. Additionally, we will also indicate
the difference to the continuous case, which appear due to working with forward
and backward Cauchy-Riemann operators. Thus, this paper serves as a first step for
developing discrete octonionic analysis, and results presented here will be further
extended in future work.

2 Preliminaries and Notations

2.1 Continuous Octonionic Analysis

Before introducing discrete constructions, let us briefly recall some basic information
about octonions IO and continuous octonionic analysis. Let us consider 8-dimensional
Euclidean space IR® with the basis unit vectors e;, k =0, 1,...,7 and points x =
(x0, X1, - .., x7). Then in real coordinates, octonions are expressed in the form

X = xoep + x1e1 + x2e3 + x3€3 + X4€4 + Xses5 + Xge6 + X7€7,

where ey = e1ep, 5 = e1e3, g = e3€e3 and €7 = ey4e3z = (6162)63. Additionally we
have ei2 = —1land epe; = e;jep foralli =1,...,7, and ¢;e; = —e|e; for all mutual
distinct i, j € {1, ...,7}. Table 1 shows multiplication rules for real octonions. As
it can be clearly seen from this table, multiplication of octonions is not associative,
precisely we have (e;e;)er = —e;(ejer).

There are several possibilities to extend the classical function theory to octonions.
One way consists of the Riemann-approach, following the line of investigation of P.



54 R. S6ren KrauBhar et al.

Table 1 Multiplication table for real octonions 10

€ el e e3 e4 es €6 e7
eq 1 el e e3 ey es €6 e7
el el —1 ey es —e) —e3 —e7 eg
e e —ey -1 €6 el e7 —e3 —e5
e3 e3 —es —eq -1 —e7 el e e4
ey eq e —eq e7 —1 —eg es —e3
es es e3 —e7 —eq e6 —1 —ey e
e6 e6 e7 e3 —en —es eq —1 —ey
e7 e7 —eg es —ey e3 —ep el -1

Dentoni and M. Sce [10], K. Nono [23], the school of Xingmin-Li and Zhong Peng,
see for instance [25, 26] and others. In their spirit one may introduce.

Definition 1 (Octonionic monogenicity) Let U C 10 be open. A function f : U —
10 is called left (right) octonionic monogenic if D f = 0 (esp. fD = 0). Here, D :=

7
% + Z: e % is the octonionic first order Cauchy-Riemann operator. If f satisfies
Df =0 (resp. fD = 0), then we call f left (right) octonionic anti-monogenic.

In contrast to Clifford analysis, where one considers null-solutions to the Cauchy-
Riemann operator defined on the paravector space R @ R’ with values in the Clif-
ford algebra C¢;, which is a real vector spaces isomorphic to IR!?%, the octonionic
approach really considers maps from R® into IR®. Another essential difference is the
fact that left (right) octonionic monogenic functions do neither form a right nor a
left 10-module. Following for instance J. Kauhanen and H. Orelma in [21], one can
take as a very simple counterexample: the function f(x) := x; — xpe4. Then we
have D[f(x)] = e; — ezeq4 = e; — e; = 0. However, g(x) := (f(x)) -e3 = (x] —
Xpeq)es = x1e3 — xpeq satisfies D[g(x)] = eje3 — exe7 = e5 — (—es) = 2es5 £ 0.

As already mentioned in the classical paper [25], the lack of associativity prevents
us from getting a direct analogue of Stokes’ formula in the octonionic setting. Even
if both D f = 0 and gD = 0, we do not have in general

G

/g(x) (do(x) f(x)) = 0 nor f(g(X)dG(X)) fx) =0.
3G
Instead, quoting from [30], we obtain the following relation

7
[ 9 @owren = [ (g(x)(Df(x))+(g(x)D)f(x>— Z[ej,Dg,;<x>,f(x>1)dv,
IG G j=0

(D
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where [a, b, c] := (ab)c — a(bc) is the so-called associator (which would vanish in
the cases of associativity). Although the associator appears in most of octonionic
constructions, it is nonetheless possible to introduce specific structures, where the
associator would vanish. For example, it has been pointed out in [25], that considering

the two functions being octonionic monogenic and Stein-Weiss conjugate harmonics,
99; _ da
Bx; - 3)(,'
Moreover, it is still possible to obtain a generalisation of the Cauchy’s integral
formula to octonionic setting [23, 27]:

i.e. forall 0 <i < j <7, the associator will vanish.

Proposition 1 (Cauchy’s integral formula) Let U C IO be open and G < U be an 8-
D compact oriented manifold with a strongly Lipschitz boundary 0G. If f : U — IO
is left octonionic monogenic, then for all x € G

3
70 =2 [ty = 0(do )£ ).

G

However, we have to emphasise carefully on the fact that putting the parenthesis
differently, leads to the different formula

7

3

1 [ (a6 = 0dom) 700 = 1@+ [ 3 [a0r =20, D). e Jdvo -y
-

G G'!

involving the associator again.

2.2 Discretisation of Octonionic Analysis

Let us now introduce a discrete setting for octonions. Consider the unbounded uni-
form lattice hZZ® with the lattice constant & > 0, which is defined in the classical
way as follows

hz2Z® = {x e R® |x = (m\h,moh, ..., mgh),m; € ZZ, j = 1,2, ...,8}.
Next, we define the classical forward and backward differences B;It J as

8, f(mh) == h='(f (mh + e;h) — f(mh)), 2
3, f(mh) == h='(f(mh) — f(mh — e;h)),
for discrete functions f(mh) with mh € hZZ". In the sequel, we consider functions
defined on ), C hZZ® and taking values in octonions 10. As usual, all important
properties such as, [7-summability (1 < p < 00), are defined component-wisely.
Next step is to introduce discretisation of the Cauchy-Riemann operators in octo-
nions. Several approaches to the discretisation of the Cauchy-Riemann (and Dirac)
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operators have been presented in recent years. In particular, the discrete Clifford anal-
ysis is generally based on the idea of splitting each basis element e, k =0, 1, ..., 7,
into two basis elements e,f ande, ,k=0,1,...,7,ie., ¢ = e,:r + e, , correspond-
ing to the forward and backward directions, respectively, see [3, 13] for the details.
A typical choice for such a basis is one satisfying the relations:

ejek +ekej = 07
ej'e,j+e,jef= 0,
+ - - F _ s
e; e +ekej = —dj,

where § ;. is the Kronecker delta. This approach has several advantages and, in partic-
ular, it leads to a canonical factorisation of a star-Laplacian Aj by a pair of discrete
Dirac operators. Unfortunately, this approach is not so well suited for working in
the octonionic setting, because it is not so easy to respect the non-associativity of
octonionic multiplication.

Another way of working with discrete Cauchy-Riemann and Dirac operators is to
represent these operators by help of matrices containing finite difference approxima-
tions of partial derivatives, see for example [5, 11, 16] and references therein. Similar
to the first approach, using matrix-based discretisation for discretising the octonionic
analysis will be difficult because of non-associativity, which is not respected by the
classical matrix multiplication.

For proposing a discretisation of octonionic analysis respecting the
non-associativity of octonionic multiplication, we will work with the approach pre-
sented in [12] and consisting in a direct discretisation of the continuous Dirac opera-
tors by forward and backward finite difference operators. Thus, by help of the finite
difference operators (2), we introduce discrete forward Cauchy-Riemann operator
D*: 1P(Q,,10) — 17(,,10) and discrete backward Cauchy-Riemann operators
D~ :17(2,,10) — I7(2;, 10) as follows

7 7
Df =Y e;o), Dy =) e;d,”. 3)
j=0 j=0

A small disadvantage of this approach is related to the factorisation of the star-
Laplacian, which is not just a composition of the Cauchy-Riemann operator and its
conjugated operator, but requires a more complicated combination. It is easy to show
by direct computations, that the star-Laplacian A; can be represented as follows:

7
A =5 (D Dy + Dy Df) with 4 =" 8,79,”,

1
2 por
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where D, and D;f represent conjugated operators:

7 7

— _ a0 —J + _ 40 +J

D, =9, _2 ejd, ", Dy =9, — § :e,iah .
j=1

j=1

In the rest of the paper, we will work with the discrete Cauchy-Riemann opera-
tors (3), because this discretisation clearly respects the non-associativity of octonionic
multiplication.

3 The Discrete Stokes’ Formula in Octonions

In this section, we introduce the discrete Stokes’ formula in octonionic setting. Addi-
tionally, we will underline the difference between octonionic constructions and the
classical discrete Clifford analysis. Moreover, for keeping notations shorter, we will
omit the lattice constant % in the argument of discrete functions for the proof of
discrete Stokes’ formula, i.e. notations f(m) or f (mi, m,, m3) will be used instead
of f(mh) or f(mih, myh, msh), respectively.

The following theorem presents the discrete octonionic Stokes’ formula for the
whole space:

Theorem 1 The discrete Stokes’ formula for the whole space with the lattice hZZ
is given by

> {[goni)D}] fmh) — goni) [Dy fmm)]}h* =0 @

meZzZ8
for all discrete functions f and g such that the series converge.

Proof To underline clearly the effect of non-associativity of the octonionic multipli-
cation, the proof will be presented with all explicit calculations. We start the proof
by working with the first term on the left-hand side in (4):

> [gmDy] femn® = Y Z [0/ gm)e;] £ (m)h®

me778 mezz j
7 7 7
= 3 3 [0 gimyere;] fulmyerh®.

Next, using the relation (e;e;)ex = —e;(e;e;) and the definition of D,J[ leads to the
following expression
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-~
M-
R

[0 g; f(m)ei(eje)] h

3
m
N
~.
Il
o
Il
=]
~
Il
=]

[
M\l
-M\‘
M\]

[ (gi(m +e;) — gi(m)) fi(m)e;(ejer)]h
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Performing change of variables in the last expression, we get

7

7 7
YD [—gitmder fulm — e)) + gi(m)ei fi(m)] (eex)h®

mezz8 j=0 i=0 k=0

7 7 7
=X XXX [gi(m)e; (fi(m —€j) + fi(m))] (e;ex)h®

3
m
N
~.
Il
~
§
o
~
Il
o

7 7 7
= 2 222 gi(m)e; (377 e; frex) h® = 30 g(m)[Dy f(m)] h*

k=0 mezz8
Thus, the statement of the theorem is proved.

As we see from this theorem, the discrete Stokes’ formula does not contain the
associator in contrast to the continuous case (1). This is an interesting result, and
a possible reason for vanishing of the associator could be the fact, that the discrete
octonionic Stokes’ formula contains two different differential operators: forward and
backward Cauchy-Riemann operators, while in the continuous case both operators
are the same. Additionally, it is worth to underline that the non-associativity affect
the sign of the second summand in (4), which is not the case in the discrete Clifford
analysis [6, 8].
Next, we consider the case of the upper half-lattice, defined as follows

th+ = {(hm, hm7):m e 72’ ,m; € Z+}.

The discrete octonionic Stokes’ formula for the upper half-lattice is provided by the
following theorem:
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Theorem 2 The discrete Stokes’ formula for the upper half-lattice hZi is given by

> {[gmh)D}] fmh) — gomh) [ D, £ (mh)]} h®
meZzZ8,

4)
= > er(9m. 1) fi(m, 0)) b*

meZZ’

for all discrete functions f and g such that the series converge.

Proof The proof of this theorem is similar to the proof of the discrete Stokes’ formula
for the whole space. Nonetheless, it is necessary to address the fact, that the discrete
Cauchy-Riemann operators can be applied only for points with m7 > 1. We start the
proof by working with the first term on the left-hand side in (5):

Z [9(m)D;f] £ (m)h® = Z Z [0%/g(m)e;] f(m)h®

meﬂi mEZ8 Jj=0

7

6 7
+ Y [0 gtmer] fomh® = 3" NN [0 gi(meie;] film)ech®

meﬂi meﬂs Jj=0 i=0 k=0

7 7
+ Y ! D020 Ugi(m +e) fulm) — gi(m) f(m)) ezei] ekhs} :

mezz? Lmy=1i=0 k=0

Next, we will work with the second sum. By using the relation (e;e;)er = —e;(ejex)
and performing change of variables, we get the following expression

7 7
> { DD T l(—gitm + e7) fi(m) + gi(m) fi(m)) e] eiekhg}

mezz] Um7>1i=0 k=0

7 7
=y {Z DY Lgim) felm) — gi(m) fi(m —e7)>e7]e,-ekh8}

mezz’ Umz=1i=0 k=0

7 7
= Z {Z Zzgi(m)fk(m)e7 (eiex) h®

mezz? Lmz>1i=0 k=0

7 7
=33 g film — e)eq (e,-ek)hg}

m7>2 i=0 k=0
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,
= D012 20D aim) filmer (ee) i

7
mezz! Umr=1i=0 k=0

7 7
- Z Z Zgi(m)fk(m — e7)er (eiep) b

m7>1 i=0 k=0

7 7

+ Y3 gim. 1) film, O)es (ere) h® ¢ .

i=0 k=0

Combining this result with the first sum of the original expression, we finally get the
following equality

> [oemDi] femh® = > gm) [D; fm)] A

mEZi meﬂi
+ Y e (gm. 1) fim, 0)) A,
me77’
which proofs the assertion of the theorem.

Similarly, a discrete Stokes’ formula can be established for the lower half-lattice,
defined as follows

hZZ8 = {(hm,hm7): m € ZZ ,m7 € ZZ_} .

We have then the following theorem:

Theorem 3 The discrete Stokes’ formula for the lower half-lattice hZZ® is given by

S {[gGmh) D] £ (mh) — gmh) [ Dy, f (mi)]} i®
mezz8
(6)
== > er(9(m.0) futm. —D)) 1

meZZ’

for all discrete functions f and g such that the series converge.

Proof The proof of this theorem is analogue to the previous proof, and, therefore,
we will present a shorter version of the proof. Hence, we have:
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6 7 7
Y [amDf ] femh® =Y NN [0 gimeie; ] fi(m)ech®
0

meZZ} mezz8 j=0 i=0 k=

77
+ ) ! D0 lgitm + e7) fim) — gi(m) fi(m)) eze;] ekhg} -
mezz? Umy<—1i=0 k=0
Working with the second sum, we get

7 7
1Y 3D lgim + e fulm) —g[<m)fk(m)>e7e,-]ekh8}

mezz’ Um7=—1i=0 k=0

7 7
= 3 S N gim) fumyer (erer) b

mezz’ Um7=—1i=0 k=0

7 7
Z ZZ (m)fk(m —ep)e7 (eier) hs}

i=0 k=0

7 7
=2 { 3 SN gim) fimer (ejen) B

mezz? Umy<—1i=0 k=0

7 7
= 3 3> gim) film — en)er (eie) b
m7<—1i=0 k=0
7 7
=Y > gim, 0) felm, —Des (eiex) h®
i=0 k=0

Combining this result with the first sum of the original expression, we obtain the
assertion of the theorem.

4 Summary

While a lot of results in the continuous octonionic analysis have been presented in
recent years, construction of a discrete counterpart of the continuous theory is still
missing. Therefore, in this short paper, we discussed first ideas towards developing
a discrete octonionic analysis. In particular, we discuss several approaches to a dis-
cretisation of octonionic analysis, and underlined, that because of non-associativity
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of octonions not all approaches common in the discrete Clifford analysis are appli-
cable in the octonionic setting. After that, we presented several discrete octonionic
Stokes’ formulae: for the whole spaces, upper-half lattice, and lower-half lattice. The
results presented in this paper will be further extended in future work.
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Axiomatic Method for Constructing )
a Generalized Solution of a Mixed oo
Problem for a Telegraph Equation

Igor S. Lomov

Abstract The paper presents an algorithm for constructing a rapidly converging
series representing a generalized solution of a mixed problem for a telegraphic equa-
tion considered in a half-band. Reviewed the case of an essentially non-self-adjoint
operator in a spatial variable. The system of root functions of a differential operator,
in addition to its eigenfunctions, contains an infinite number of associated functions.
The constructed series can be considered as a generalized d’ Alembert formula. A new
axiomatic A.P. Khromov’s method is applied to construct the solution. The proposed
approach superseds the traditional method of separating variables for solving mixed
problems, which usually results in to slowly converging series. For the problem under
consideration, in general, the method of separating variables is not applicable, since
the coefficient of the equation depends both on the spatial variable and on time.

Keywords Telegraph equation - Mixed problem - Generalized d’ Alembert
formula - Fourier method - Non-self-adjoint operator - Divergent series

1 Introduction

A number of mathematical models used in problems of sound theory (elasticity),
light, electricity and magnetism, contain the so-called telegraph equation u,, (x, t) =
Uy (x, 1) — qu(x, t). Amixed problem is posed. Consider the case when the potential
q can also depend on time, ¢ = ¢g(x, t). To construct a solution to a generalized
mixed problem, we use the recently developed axiomatic method of A.P. Khromov
[1]. Previously, he developed a sequential method for constructing a generalized
solution to the problem under consideration [2, 3]. The advantage of these methods
over the methods used earlier consist in the fact that minimum requirements are
imposed on the initial data of the problem, the justification of the result attracts a
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minimum number of additional statements, and the solution is given in the form of
a rapidly converging functional series.

Let’s consider four problems sequentially, for which we will find generalized
solutions.

2 A Mixed Problem for a Homogeneous Wave Equation
with a Nonzero Initial Deviation

Consider the following problem

U (x,1) =ty (x, 1), (x,1) € (0,1) x (0, +00), (1)
u@,1) =0, u,(0,¢1)=u,(1,1), t=>0, 2)
u(x,0) =), u;(x,0)=0, xel0,1], 3)

p(x)—complex-valued, integrable on (0, 1) functions, ¢(x) € £(0, 1). We use the
notation derivatives u, = %, etc.

The peculiarity of the problem (1)—(3) is due to the fact that the corresponding
Sturm-Liouville operator Ly : Iy = —y”(x), x € (0, 1), y(0) =0, y'(0) = y'(1),
is essentially non-self-adjoint (according to Ilyin)—the system of root functions
of this operator, in addition to its eigenfunctions, contains an infinite number of
associated functions (the Samarsky-Ionkin problem). Let’s write out this system.

Denote by g, the square roots of the eigenvalues operator, {u(x)}—system
of eigen and associated operator functions, moreover, uy;_(x)—eigenfunctions,
uy (x)—associated functions, k > 1, {v;(x)}—biorthogonally conjugate system of

. 1,k =n, 1
functions, (uy, v,) = 0, = {07 k£n where (uy, v,) = fo up(x)v, (x)dx.
Then 09 =0, o—1 = o =27k, k> 1, up(x) = x, vo(x) =2, un_1(x) =
sin 2mkx, vyr_1(x) = 4(1 — x) sin 27kx, Uz (x) = — g7 cos 2mkx, vy (x) =

—167k cos 2mkx. So the chosen system {uy(x)} of root functions of the operator
forms unconditional basis in the space £2(0, 1). System {v; (x)} also forms an uncon-
ditional basis in this space.
The formal solution of the problem (1)—(3) by the Fourier method is
u(x, 1) =32 + N1, @)+
+4 > [(30(7'), (1 = 7)sin2nn7)sin27wn(x + 1)+
n=1
+(p(7), cos 2mnT) (x + 1) cos 2mn(x + 1) |+ 4)
o0
F2x =1, p)+4 > [((p(T), (1 — 7)sin27nT) sin2wn(x — t)+
n=1
+(o(7), cos2mnT)(x —t)cos2mn(x — t)]}.
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Definition 1 By the classical solution (almost everywhere solution) of the problem
(1)—(3) we mean the function u(x, ¢) continuous and continuously differentiable with
respect to x and ¢ in half-strip [0, 1] x [0, 00), and the functions u, (x, 1), u,;(x, t)
are absolutely continuous in x € [0, 1] and ¢ € [0, 00), respectively, satisfying the
conditions (2), (3) and almost everywhere in x and ¢ the Eq. (1).

Let us present a uniqueness theorem for the classical solution of the problem
(1)-(3). Fix an arbitrary number 7' > 0, let Qy—rectangle, Q7 = [0, 1] x [0, T,
denoted by Q is the class of functions integrableon Q7, f € QO < f(x,t) € L(Q7).

Theorem 1 If u(x, t) is a classical solution to the problem (1)—(3) with condition
Uy (x,t) € Q YT > 0), then it is unique and can be found by the formula (4), in
which the series on the right for any fixed t > 0 converge absolutely and uniformly
inx € [0, 1].

The proof of the theorem follows the scheme described in [4] and does not depends
on specific boundary conditions.

Note that the series (4) makes sense for any function ¢(x) € £(0, 1), although
now it can also be divergent. Nevertheless, we will assume that it is a formal solution
of the problem (1)—(3), but now understood purely formally. This problem (1)—(3)
will be called the generalized mixed problem. Finding a solution to a generalized
mixed problem means finding the “sum” of, generally speaking, a divergent series.
“Sum” in quotes means that this is the sum of a divergent (generally) series (see [5,
p. 101], [6, p. 6, 19]).

Finding a solution to the generalized mixed problem (1)—(3) means finding the
“sum” of the divergent series (4).

In addition to the three axioms about divergent series [6, p. 19], following
A.P. Khromov, we will also use the following integration rule for a divergent series:

/-2 ®

where [ is a definite integral.

Let’s go back to the row (4). Before transforming it, let us write the formal
expansion of the function ¢ (x) into a series in terms of the root system functions of
the operator L:

px) ~2x(1, ) +4 io: [(p(T), (1 —T)sin27wnT) sin 2Tnx+ ©)
n=1

+(p(7), cos 2nT)x cos 2mnx].

The series (4) can be represented as

ulx,t) = Z++Z_, (7N
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o0

where ) | = ) ...(x = 1). Comparing (6), (7), we conclude that to find the “sum”
n=1

of the series (4), we need to find the “sum” of the series (6) .

Let the “sum” of the series (6) for x € [0, 1] be some function g(x) € £(0, 1).
Then, in accordance with rule (5), we have

S gmdn =2(1,¢) [ ndn+
0 0

+4 i [(o(T), (1 = 7) sin27nT) f sin 2mnndn+ ®)
n=l1 0

+(p(1), cos 2mnT) [ ncos2mnndn], x € [0, 1].
0

The following generalization to the considered system {u;(x)} of Lebesgue’s
theorem on term-by-term integration of the trigonometric Fourier series takes place.

Theorem 2 Let a function o(x) € L(0, 1) be given that has the series (6) as its
biorthogonal expansion in the system {u; (x)}. If the segment is [A, B] C [0, 1], then

f o(x)dx = f 2x(1, p)dx + Z f[4(<p(7') (1 — 7) sin 27nT) sin 2mrnx+
n=1
+4(<p(7') cos 27rn7')x cos 27rnx]df;c

Those, the biorthogonal series (6) can be integrated term-by-term, the resulting
B

series converges and its sum is equal to f (p(x)dx. In this case, the series (6) itself
A

may not converge.
The proof of Theorem 2 is carried out in Sect. 5.
According to Theorem 2, the sum of the series (8), the usual sum, is the function

fcp(n)dn But then, fg(n)dr] = fgp(n)dn, i.e. g(x) = p(x) is true almost every-

Where on the 1nterva1 [0, 1], we have found the “sum” of the series (6), which can
also be divergent.

The formal series (6) is defined for all values of x € R. Denote by @(x) the “sum”
of the series (6) for all values of x € R. By virtue of (6) and (7) we conclude that the
“sum” u(x, t) of the series (4) is a function

I ~
u(x, 1) = S[plx +1) + plx — 0. €))

Proven

Theorem 3 The solution of the generalized mixed problem (1)—(3) is the function
u(x, t) from the class Q defined by the formula (9).
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Let us find an algorithm for extending the function ¢ (x) from the segment [0, 1],
where $(x) = ¢(x), to the whole number line. Assuming that @(x) is a smooth
function, we substitute the relation (9) into the boundary conditions (2). We obtain
two equalities: §(x) = —&(—x), x € R, i.e., the function $(x)—odd, and

F+x)=2¢(x) -1 —x), x eR, (10)

where it is taken into account that ' (x)—is an even function. We integrate the
equality (10) over the interval [0, x], and we get

B(1 4 x) =23(x) + 3(1 —x), x > 0, (1)
The relation (11) allows us to extend the function o(x) = p(x), x € [0, 1], from the

segment [0, 1] to the semiaxis x > 0, then we continue the function to the semiaxis
x < 0 as an odd function.

3 Mixed Problem for an Inhomogeneous Wave Equation
with Zero Initial Deviation

Consider the following generalized mixed problem

Lt,,(x,t)=thx(x,t)+f(x,t), (xat)e(()s 1) X (07 +OO), (12)
u0,1) =0, uy(0,1) =u,(1,t), t>0, (13)
u(x,0) =u,(x,0)=0, xel0,]1], (14)

where f(x, t) is a function of class Q.
The formal solution of the problem (12)—(14) by the Fourier method is

t—T7

u(x,t) =1 fdr [ {26+, fE ™+

o0
+43 [(FE, ), (1 — ) sin 2mng) sin 2mn(x + 1)+

+(;?§1, 7), €08 2mné) (x + n) cos 2mn(x + n) |+

+2(x — (1, f(§ 1) +4 io: [(f(& 7). (1 = &) sin27né) sin 27n(x — 1)+
+(f(€, T), cos2mné)(x — ;):éos 2mn(x —n)]}dn,

we used the rule (5) and took the integrals out of the signs of the sums. Let’s combine
terms with arguments (x + 1) and (x — 7)), we get
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X+t—T

u(x,t) =1 fdr [ {2n(1, f& )+

0 xX—t+T1

+4 io: [(f(f, 7), (1 — &) sin 2wnf) sin 2wnn+ (15)

n=1
x+t—17

+(f (& 1), cos2mn&)ncos2mnn|ydn =5 [dr [ f(n,T)dn,
0

x—t+1

the last equality is explained by the fact that the bracketed expression {-} in (15), as it
follows from the formula (6), has the “sum” f (n, 7), where f (n, T) is the extension
of the function f(n, 7) along 7 to the entire real axis using the same formulas, which
is for the function ¢ (x).

Thus, fair

Theorem 4 The solution u(x,t) of the generalized mixed problem (12)—(14) is a
function of class Q defined by the formula

1 x+i—T1

1 ~
u(x,t) = E/dT f f(n, ndn. (16)

0 xX—t+T1

From the formula (16), using the continuation formulas, we obtain the estimate
lu(x, Dllcor < erllf(x,Dllzern, YT >0, cr = const > 0,

this confirms that u(x, t) is a function of class Q.

4 A Mixed Problem for an Inhomogeneous Wave Equation
with a Nonzero Initial Deviation

Consider a generalized mixed problem

utt(xvt)Zuxx(xﬂt)+f('xat)7 (xat)e(oa 1) X (07 +OO)7 (17)
u0,1) =0, uy(0,1) =u,(1,t), t>0, (18)
u(x,0) = o), u;(x,0)=0, xel0,]1], 19)

where f(x, t) is a function of class Q, p(x) € L(0, 1).

The formal solution of the problem (17)—(19) by the Fourier method is u(x, t) =
uo(x,t) +ui(x,t), where ug(x, t) is the series (4) and u;(x, t) is the series (15).
Therefore, based on Sects. 2 and 3, we get
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Theorem 5 Generalized mixed problem (17)—(19) has a solution u(x, t) of class Q
defined by the formula

t X+t—T
- . i 5
(1) = (B0 + B~ D+ 3 / dr / Fanrdn. Qo)
0 X—t+T1

5 Mixed Problem for the Telegraph Equation

We use the results of Sects. 2, 3 and 4 to solve the following problem:

U (x, 1) = Uyy(x, 1) —q(x, Hu(x, 1), (x,t) € (0,1) x (0, 400), 21
u(0,t) =0, wu,0,1) =u,(1,1), t=>0, (22)
u(x,0) =), u;(x,0)=0, xel0,1], 23)

where p(x) € £(0, 1), the function g (x, t) is such that there is a function go(x) €
L£(0, 1), such that |g(x, )| < go(x), the function g(x, t)u(x,t) is a function of
class Q.

From Theorem 5 we obtain that finding a solution to the problem (21)—(23) in the
class Q reduces to finding in this class the solution of the integral equation

t xX+t—T

| ~ 1 —
ux, 1) = Z[ex + 0+ o =0l - E/dT / g, Tu(n, T)dn,  (24)

0 x—t+T1

where g (1, T)u(n, 7) is the extension along 7 to the entire real axis from the interval
[0, 1] for each 7 of the function ¢ (7, T)u(n, T) by the same formulas as the function
o(x).

The integral equation has a unique solution in the class Q obtained by the method
of successive substitutions. This solution is given by the formula

u(x, ) = A(x,1) = Y a(x,1), (25)

n=0

where N _
ag(x, 1) = [F(x +1) + 3(x — )],

X+t—T7

t ~
ap(x.t) =3 [dr [ faoi@.mdn, n=12,...,

0 xX—t+T1
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where [0, 7) = fu(n,7) = —q(n, )y, 7) for ne[0,11, n=0,1,...,
fa(n, T) extends over the variable 7 from [0, 1] to the whole line in the same way as

—_~

the function ¢ (x), ﬁ,(n, T) =—qm, T)a,(n, 7).
The formula (25) can be called the generalized d’ Alembert formula.

Theorem 6 If o(x) € L(0, 1) then the A(x,t) (25) converges absolutely and uni-
formly (with exponential speed) in the rectangle Q1 for any T > 0.

The proof of the theorem follows directly from the following estimate for the
common term of the series (25).

Lemma 1 Ler p(x) € L£(0, 1), T—arbitrary positive number. Then the estimates
hold

n—1

(n—1)!

n+1

lla.(x, Hllcon < 5 lgoll il , n €N, ¢r =const > 0.

The proof of the lemma is carried out using the method of mathematical induction.

6 The Term-by-Term Integration Theorem

Here we justify Theorem 2 on the term-by-term integration of the biorthogonal expan-
sion with respect to the system {u (x)} integrable on the interval [0, 1] functions. We
adhere to the well-known scheme of proving the Lebesgue theorem, with the correc-
tion that now the expansion in a series is not carried out according to orthonormal
system, but biorthogonal system. Let us rename ((x) in Theorem 2 by f (x).

So,letafunction f(x) € £(0, 1) be given, which has as its biorthogonal expansion
in the {ug (x), vg(x)} system

2x(1, f)+4 io: [(f(m), (1 —7)sin27wnT) sin2wnx+
n=1 (26)

+(f (1), cos 2nT)x cos 2mnx].

Let [A, B] C [0, 1], then it is required to prove that

B B ~ B
[Ff@dx =2 [x, fdx+4Y [[(f(), (1 = 7)sin27nT) sin 27nx+
A A A

n=1

+(f (1), cos 2mnT)x cos 2mnx |dx,

those, the series (26) can be integrated term by term, the resulting series converges
and its sum is equal to | f f(x)dx. In this case, the series itself (26) may diverge.
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Consider the function

_[1, x€l[A, Bl
px) = {0, x €[0,1]\ [A, B].

Each of the systems {u;(x)}, {vi(x)}, forms an unconditional basis in the space
£%(0, 1). Let us expand the function ¢(x) into a series in the system {vg (x), ux(x)},
and call it the conjugate series:

o) ~ 209+ 4 io:[ak(l — x) sin 2mkx + [ cos 2mkx] =
k=1
= 2(p(r). 7) + 4 3 [(p(r). sin 2kr)(1 — x) sin2rkx-+ @7
k=1

+(p(7), T cos 2wkT) cos 2mkx].

Let us calculate the coefficients g, ax, Bx, k > 1, of the series (27). We have
B

ap = (p(1), 7) = [7dT = 1(B? — A?),
A

B
oy = (@(7), sin2mkt) = [ sin2mkTdT = 5+ (cos 2wk A — cos 2wk B),
A

B
Br = (o(7), Tcos2mkT) = /{Tcos 2rkTdT = ﬁlk[B sin27kB — Asin 2wk A+
—i—ﬁ(cos 2wk A — cos 2wk B)].

Let us substitute the obtained relations for the coefficients into the partial sum S, (x)
of the series (27):

S,(x) =B — A2+ 4 > [ﬁ(cos 2nkA — cos 2wk B)(1 — x) sin 2wkx—+
k=1

+52- (Bsin 2k B — A sin 2wk A) cos 2mkx + 5z (cos 2mk A—

472k2
—cos 2wk B) cos 27rkx].

Let us prove that (1) the sequence {S, (x)} converges Vx € [0, 1], (2) the sequence
{S,(x)} is uniformly bounded in » and x to [0, 1].

(1). To prove the convergence of the series (27), we apply the Dirichlet-Abel
test and the comparison test for numerical series. We transform the products of
trigonometric functions into sums and group terms. We will receive
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no . no
Sy(x) = B? — A> 4 =4 3 51“2”’;((A+x> — loxtd 3 Sm27r1;((A—x)+
k=1 k=1
no . n .
+X77IT+B Z 51"2”12(34'/“) 4 I*J:TJrB Z s1n27r/;((B—X)+ (28)
k=1 k=1

+4 > L(cos2mk B — cos 2mk A) cos 2mkx.
k=1

According to the usual scheme, we obtain the estimates

! 1
| > sin2mk(A £ x)| £ —————. Va, Vx €0, 1],
pa | sinT(A £ x)|

Axtx#0,A+x#1.If A£x =0o0r A+ x =1, then the corresponding sums
are equal to zero;

- 1
|Zsin27rk(B tx)|<—"——, Vn, Vxel0,1],
o | sin7(B % x)|

B—x#0,Btx#1,2.If B£x=1,2 or B—x =0, then the corresponding
sums are equal to zero.

Thus, the sums of sines in the first four partial sums in (28) are bounded in absolute
value for all values of n and x € [0, 1]. Consequently, the series corresponding to
these sums converge in every point x € [0, 1]. The series corresponding to the last
sum in (28) converges absolutely and uniformly on the set [0, 1].

Thus, the sequence {S,,(x)} converges at every point x € [0, 1], i.e. the series (27)
converges on [0, 1].

(2). Let us prove that there is a constant ¢ > 0 such that [S,(x)]| < ¢, Vn, Vx €
[0, 1]. To do this, we prove that each of the sums on the right-hand side (28) is
uniformly bounded.

Let us use the well-known estimate ([7, p. 318])

D Sirllc’“| <2J7. Vn VieR.
k=1

Putting in the first sum in (28) r = 27 (A + x), we obtain

3D |y B 2w e e o
k=1 k=1

Similarly, we evaluate the next three sums in (28). For the last sum in (28),
we obtain an upper bound in terms of the constant ¢ = 4, Vn, Vx € [0, 1], since
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n
> k% < 2, Vn. For the sum S, (x), we obtain an estimate uniformin» and x € [0, 1]
k=1
. _ 24 4 .
in terms of the constant ¢; = 1 + T + o

ISp ()] <1, Vn=1, Vx €[0,1]. (29)

The results obtained in (1), (2) make it possible to apply the Lebesgue theorem
on passing to the limit ([7, p. 139]):

1

1
/f(X)SD(X)dx = lgrgoff(X)Sn(X)dx,
0

0

or, use the relation (27),

B 1 00 1
[ f@)dx =200 [ f)dx +4 Y [ou [ f(x)(1 — x) sin2mkxdx+
A 0 k=1 0

1

B
+08 [ f(x)cos2mkxdx] =2(1, f) [ xdx+
0 A

00 B
+4 3 [(f(r), (1 = 7) sin2mk7) [ sin 2mkxdx+
k=1 A

B
+(f (1), cos 2mkT) [ x cos 2mkxdx],
A

those, we get the required formula. Theorem 2 is proved.
The author is grateful to A.P. Khromov for helpful discussions of the results of
this work.
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Non-local Substitutions for Liouville )
Equations with Three and Four oo
Independent Variables

Aleksey Mironov and Lyubov Mironova

Abstract We obtained the non-local transformations of the Cole—Hopf type, which
translate the Liouville equations with three and four independent variables into the
Bianchi equations. The solutions with arbitrary functions of these Liouville equations
are constructed.

Keywords Liouville equation + Bianchi equation + Non-local transformation

1 On the Group Properties of Bianchi Equations

Consider a homogeneous equation with a dominant partial derivative with variable
coefficients (Bianchi equation)

Uxyz + Qlixy + by, + cly, +duy +euy, + fu, + gu = 0. (D

In the paper [1] some group properties of this equation have been considered. It is
known that the set of equivalence transformations for (1)

T=ak), y=p60»), z=70@), u=w(x,y 2u. )

Two equations of the form (1) are called equivalent in function [2, p 117], if they
pass into each other during transformations (2), in which

ax) =x, B =y, 7@ =z
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In the paper [3] it was shown that two equations of the form (1) are equivalent in
function if and only if the Laplace invariants

Hy=a,+ac—d, Hy=a,+ab—e, Hy =c, + bc — f,
Hy=b,+ab—e, Hs =b,+bc— f, Hs=c, +ac—d,
H; = ay, +bd +ce+af — 2abc — g, 3)
Hg =b,, +bd + ce +af — 2abc — g,
Hy = ¢y, + bd 4+ ce +af —2abc — g

are the same for both equations.
If we look for the operator allowed by the Eq. (1)

ady + Oy + 70, + TO,,
then it turns out that part of the system of defining equations will be
due=0,8=0,y=0, 91=0.
It is known [2, pp. 99-100] that in this case the Lie algebra of the Eq.(1) there is

L = L" & L*, where the algebra L" of dimension 7 is formed by operators of the
form

X =¢"(x,9.200 +&x, 3,00, + E(x,y.20. + o(x, y, Dudy, (4
and L* is an Abelian subalgebra typical of linear equations with the operator
w(x, y, z)0,, where w is the solution of the Eq.(1). It is clear that the operator
ud, is allowed by any Eq. (1), therefore, this operator can be included in L* and
assume that o(x, y, z) is defined in (4) up to a constant summand.

To construct the defining equations we use the third continuation of the

operator (4)

X3 =¢'0, + €20, + €0, + oud, +1'0,, + 704, + 7200+
+7-118ul] + 7'128”12 4 7_138u13 + 7_2281‘22 + 7_2381423 + 7_338u33+
_}_7_111814111 + 7_112814112 + 7_1138u“3 + 7_122814122 + T1238ulz3+

133 222 223 233 333
7 Ouy + T Ouygy + T Oy + 777 Oy + 777 Oy -
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The notation used here is u| = uy, Up = Uy,..., U12 = Uyy,..., U333 = U ;. We get

T = o+ (0 — EDur — ua — Eus,

72 = oyu — Eluy + (0 — E)ug — Eus,

7 =ou —&uy — Eur + (0 — E)us,
T2 = Oxyll + (Uy - _iy)ul + (ox — )%y)MZ - ;yu3_
—&un + (0 — & — éi)uu — Eury — Eum — Guos,
T3 = Ot + (0, — ;Z)ul - 5)%1”2 + (ox — fﬁz)bﬂ—
—&un — Eupn + (0 — & — iz — Guoz — Guss,
T = oyu — & uy + (0, — & )ua + (0 — & )uz—

—Eluny — Euiy — Eup + (0 — &) — E)ux — Euz,
123

T = Oxy U + (O—_vz - E;yz)ul + (0x; — giyz)MZ + (ny - 5)%);1)“3_

&+ (0r = &, — & unn + (0y — &, — & Juiz—
—& un+ (0, — &, — f)%y)uzs — & u3—
—&lung — Euiz — i + (0 - & — 55 — & ui—
—fium — Euxs — Eunss.

By applying the operator X3 to the Eq. (1), we obtain the defining equations

L=El=g=g=6=6=0,

oy + (bfl)x + bygz + szS =0,

oy + fol + (ng)y + Cz§3 =0,

o, + a, &' +a,8 + (a&¥), =0,
Oxy +COx + bUy + (fgl)x + (fgz)) + fz§3 =0,
Oz + ao, 4+ bo, + (e€) +e,6% + (e€?), =0,
Oy, +aoy +co, +d & + (dE€?), + (d€3), =0,
Oxyz; + a0y, +boy, +coy, +doy +eoy + fo,+

+(g£1)x + (gfz)y + (953)Z =0.

Defining Eq. (5) can be written using Laplace invariants (3) in the form

g=e=2=¢=8=¢=0,
(0 +bE" + ¢ + a8, = (Hy — Hs)& + (Hy — H)E,
(0 +b&' + ¢ +a&®), = (Hs — H3)&' + (H) — He)E3,
(04 b&" + & +a&®). = (Hy — Ho)€&' + (He — H)E,
Hi &'+ (Hi &)y + (H £, =0,
He &' + (He&?)y + (Ho€), =0,
(H2€1)x + H2y£2 + (H2£3)z = Oa
(Hs&Y)y + Hay& + (Hs83), = 0,
(H3&Y)y + (H3€?)y + H3.8* =0,
(Hs&M)y + (HsE%)y + Hs.£ =0,
(H7£1)x + (H7§2)y + (H7§3)z =0,
(Hs&")y + (Hs€?), + (Hs&), =0,
(Ho&")y + (Ho&?)y + (Ho&?), = 0.

(&)

(6)
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The first row in (6) shows that
¢=¢), i=13.

The second, third and fourth rows from (6) are differential equations for determining
the function o, after ¢!, €2, €3 have been obtained. The equations starting from the
fifth row are responsible for the results of the group classification.

Some consequences can be deduced directly from the defining equations in the
form (6). If all H;,i = 1,9, are identically equal to zero, then the Eq. (1) is equivalent
to the equation u,,. = 0 and admits an infinite-dimensional Lie algebra of operators
of the form

€' x)0s + E(0)0y + ()0,

with arbitrary £'(x), €2(y), £3(2).
Let’s introduce the relations into consideration

H; H, H;

2=—, PB3=—, P3=—, 7
pe=rge Pn=ge PR =g (
(nHy)y. _ (nHy). _ (nHy),
Q=" = <1n113:> L= R ,ZI;)),
(In Hy), n I15)xy n vz
44 = nH: 5 5 = H: ) de = H:V 9 (8)

(In Hi)xy: .
g =—p—=, =1, 8, 9.

i

Substitute H; = py3Hg, Hg # 0, in the fifth row (6)

P23 (Hon&' + (He&)y + (Ho€)2) + pasc Ho€' + pasy Ho€’ + pas: He&® = 0.
Since the term in parentheses vanishes, it follows
& poay 4+ E poay + E pas3. = 0. 9)
The identity (9) means that either py3 = const or p,3 is an invariant of the group G

with the operator (4).
If po3 = const, then from the fifth and sixth rows (6) we get

¢'(In H), + €2(In He), + & (In He), + &2 + & = 0. (10)

Differentiating by y, z we get

g1 ((In Hé)yz)x + g2 ((In H6)yz)y + 53 ((In H6)yz)z

+&4+ =0 1
(lll Hﬁ)yz (ln Hﬁ)yz (ln H6)yz Ey gz ( )

Subtracting (10) from (11) and then multiplying by (In He),./Hs, we get
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&g + €46y + Eq6: = 0.
Thus, again either g¢ = const or g is an invariant of the group G with the operator
(CF

Then similar identities can be obtained for py2, p13, ¢i,i = 1, 5.
Similar identities can be obtained for relations

H H H
Pi=—", P=_" P3=FS-
9

For example, considering the relation P;, we come to the identity
E P+ EPy+E P =0.

Again, either P, = const, or P; is an invariant of the group G with the operator (4).
If P; = const, then row 12 from (6) gives

¢'(In Hy), 4 &*(In Hy)y 4+ & (In Hy). + £} 4+ & + & =0. (12)
Differentiating by x, y, z we get

1 ((]n HS)xyz)x 2 ((11‘1 HS)xyz)y 3 ((11‘1 HS)xyz)z
(In HS)xyz (In HS)xyz (In HS)xyz

+&LHE+HE =00 (13)

Subtracting (12) from (13) and multiplying by (In Hg),,./Hg, we get

€'gse + Eqsy + g5, = 0.

Thus, either gg = const or gs is an invariant of the group G with the operator (4).
Based on the above statements, classes of equations of the form (1) admitting Lie
algebras of the largest dimensions were listed in the work [1].
Inthe case when g; = const,i = 1, 6, the invariant H; is a solution of the Liouville
equation (this follows from (8)), the formula of the general solution of which is known

[2, p 123]. Similarly, if any of the constructions ¢;, i = 7,9, is constant, then the
corresponding invariant H; is the solution of the equation

(In Hi)xyz = q; H;.

In this regard, the task of constructing is of interest exact solutions of the three-
dimensional analogue of the Liouville equation

Uy, = €". (14)

We can propose the following method of constructing an exact solution based on
the application of Lie groups of point transformations.
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The usual algorithm for calculating the group of point transformations allowed
by the Eq. (14) leads to the Lie algebra of operators

X = £()0x + (30 +((2)0; — (€' () + 7' (») + ()0,

where £(x), n(y), ((z) are arbitrary functions.
To determine the invariants of the group allowed by the Eq. (14), we obtain the
system
dx dy dz du

) e @ —fm -1 -C@)"

5)

The first integrals of the system (15) have the form
u +In[EX)n(y)C(2)| = Cy,

o) =Y =C, okx) —x(@) = Cs,

’ 1 / 1
YY) =—— x@=—-—=.

P
7= o) RE)

Let’s introduce new variables

v=u+In[f@)n(C@)I], t=pkx) -9y, T=pkx) —x@.

Invariant with respect to the group of point transformations allowed by the Eq.(14)
, the solution has the form v = w(¢, 7). As a result, we come to the equation for
determining the function w

Wypr + Werr = ev. (16)

The Eq. (16) has a solution

—12
n— —.
t+7)3

Then (here £(x)n(y)((z) > 0)

-12
=1 ! -
u n(€(x)n(y)¢(z)) + In Qo) — () — x(2))?

L1 1

—In () n(y) ¢() .
p(x) = P(y) — x(2))?

Denoting A(x) = 2p(x), u(y) = —¥(y), v(z) = —x(z), we obtain an exact solution
of the Eq. (14), depending on three arbitrary functions
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I VXV e
A+ 10) + (@)

In [4, 5] some group properties of the fourth-order Bianchi equation were con-
sidered. The homogeneous Bianchi equation of the fourth order is

U x xyx3x4 + A1Uxyx3x4 + AUy x3x4 + A3Uy xyx4 + a4uX1X2X3+
FappUy,y, + A13Uxx, + Qlallyyxy + 23U 5, + A4l g vy + Q34U+ 17
+ai3uy, + a12alty, + ar3alty, + axsuy, + arpzau = 0.

It is implied here that the coefficients are variable.
The Laplace invariants for this equation have the form

hij = aix; + aja; — aij,
hi jk = Gix;x, + aiajx + ajaic + axaij — 2a;a;ax — ajji,
R jki = Gixixe + @Gk + ajaig + araij + aaijt+
+aijan + aiaj + aiajr — 2a;a;a, — 2a;axaji—
—2a,-a1ajk - Zajaka,-l — 2a‘,-aza,~k — 2aka1a,~j—|—
+6a;a;ara; — ajju, i, j,k, 1} =1{1,2,3,4}, j<k<l.

Here we consider coefficients that differ in the order of the indices to be equal (for
example, a3 = ap31). There are a total of 28 Laplace invariants for this equation.
Two equations of the form (17) are equivalent in function if and only if they have all
the corresponding Laplace invariants equal.

Note that if all Laplace invariants are identically zero, then the Eq.(17) is equiv-
alent to the equation uy, x,x,x, = 0 and admits an infinite-dimensional Lie algebra of
operators of the form

€' (X)) 0y, + E2(x2) 0y, + € (x3)0y, + EH(x2) Oy,
with arbitrary & (x;).

Similarly to the case of the third-order Bianchi equation, we can introduce into
consideration the constructions

hji (lnhi,j)x,-x,- .. -—
p”=_’7 qgij = ———» lv]:154;
Yook Y hi
hyg (In 7 ji)xx; ..
Pijk = h " qt’jk:%, L, by ={i,j kk
: i jk i jk
h 5 Inh; ;
p?ﬂd:%, qijklz(l’;l]‘dw? {I’l,nl,l’lz,l’l3}:{i,j,k,l}.
i,jkl i,jkl

These constructions are used in [5] to obtain classes of fourth-order Bianchi equations
with certain group properties.
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It is easy to notice that for constants ¢;;, g;jx, gijx the Laplace invariants are again
solutions of the Liouville equation and its three-dimensional and four-dimensional
analogues.

2 Three-Dimensional Analogue of the Liouville Equation

Let us consider an approach to the problem of constructing exact solutions to non-
linear equations based on non-local transformations of variables. Equation

Uypy, = Ae' (18)
is a three-dimensional analogue of the Liouville equation
Ugy = Ae". (19)

Equation (19), in particular, plays a key role in the problem of group classification
of second-order hyperbolic equations [2, pp. 116-125]

Vxy +a(x, y)vx +b(x, y)v, +c(x, y)v =0.

The general solution of the Eq. (19) is well known and can be constructed in various
ways [2, p. 123], [6, pp. 239-240]. As noted earlier, the Eq. (18) is used in the study
of the group properties of the third-order Bianchi Eq. (1).

Here a non-local transformation (such as the Cole—Hopf substitution [7]) is
constructed, translating the Eq. (18) into the simplest Bianchi equation

Vyeyz = 0, (20)

which has a general solution with three arbitrary functions

v=oax,y)+8(x, 2+, 2). 21

In this case, an algorithm based on the use of group methods is used [6, pp. 237-241].
Equation (18) admits the Lie algebra of operators

X = £(x), + (1), + (). — (E(x) +N(y) + €(2))us

where £(x), 1(y), ((z) are arbitrary functions [1].
On the other hand, the Eq. (20) admits the Lie algebra of operators

Xo = €(X)(9X + U(Y)ay + C(Z)az’
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where £(x), n(y), ((z) are also arbitrary. In addition, like any linear equation, Eq. (20)
admits a stretching operator
Y =v0,.

In this regard, assume that there is a non-local transformation
u = (v, vy, vy, V) (22)
such that the system of Eqs. (18), (20), (22) admits the Lie algebra of operators

X = E)0, + (1), + €2, — (Ex) + 1) + €(2)),
Y =v0,.

We find the first continuations of operators

Xy = @) 4 n()y + (D). — (€X) + 7)) + {())Du—
—(E®) = @)y, — (i(y) = 1), = (@) = (Du) D+
)0y, + 1My 0y, + ((2)0,,,

Y1 = v0, + 0,0, +v,0,, +v;0,,.
We get relations
Yi(u — Q)u=p = vy + Vrpy, + 030y, + V00, =0, (23)

X1 = @lumy = =€ + 1+ {) + EE@vaipy, + N(NVy00, + (@V:00, = 0.
(24)
Since the function v has the form (21), from (23) and (24) we get the system

. (a+ /6 + ’Y')va + (ax + B, + (ay + ’Yy)‘:pvy + (Bz + 7)o, =0,
—(€+ 77 + Q) + &) (o + ﬁx)‘ﬁvx + ﬁ(y)(ay + 'Yy)(va + C(Z)(ﬁz + 'YZ)QOvZ =0.
(25
The system (25) is satisfied by the relation

CUL VY,

u=pW,v,,vy,v,)=In =Inc+Inv, +Inv, +Inv, —3Inv. (26)

Substituting (26) into the Eq. (18) taking into account (21) leads to a formula
defining a class of solutions to the Eq.(18) depending on three arbitrary functions

e (_6 HCINEICONHE ) o

M)+ L)+ f3(2)?

Here fi(x), f2(y), f3(z)—arbitrary continuously differentiable functions.
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3 Fourth-Order Analogue of the Liouville Equation

Now consider the equation
Uxyzt = Ae", (28)

related to the fourth-order linear Bianchi equation, whose group properties are con-
sidered in [4, 5].
Similarly to the case of the Eq. (18), we construct a non-local transformation that
translates the Eq. (28) into the equation
Uy = 0, (29)
the general solution of which
v=alx,y,z2) + B,y 0 +y(x,z,0) + 0y, z,0). (30)
Equation (28) admits a Lie algebra of operators

X = £y + (1), + (@), + T(1)0; — (E(x) +7(y) + C(2) + 7(1))0,,

where £(x), n(y), ((z2), 7(¢) are arbitrary functions [5].
On the other hand, the Eq. (29) admits the Lie algebra of operators

Xo = &(x)0x + n(y)ay + ()0 + T()0,,

as well as the stretching operator
Y =v0,.

Looking for a non-local transformation
M=g0(v, Uy, vystvvt) (31)

such that the system of Eqs. (28), (29), (31) admits the Lie algebra of operators

X = £(xX)0, +n(1)dy + (). + T(1) — E®) +10() + (@) + 7(1))Dus
Y =v0,.

We calculate the first continuations of operators

X1 = £@X)0x +n(dy + ((2)0: + T()D, — (€(x) + 1) + {(2) + F(1))D—
_(g(x) - f(x)ux)aux - (77()’) - U(Y)M\)au‘ - (C(Z) - C(Z)uz)au;_
—(7(t) — 7.-(l‘)’/tt)au, + g(x)vxavx + 7'7()’)Uy5vy + C(Z)vzav: + 7'—(l)vtavts

Y1 =00, +v:0,, +v,0,, + 00, + v:0,,
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and we write down the ratios

Yi(u — ©)lu=p = vy + Vxpy, + V300, + V200, + V0, =0, (32)

X1t = Plump = =€ + 1+ C+ 1) + Evepu, + 0300, + Cuapu, + Fuigpy, y 303-)

The function v has the form (30), therefore from (32)—(33) we get the system

(a+B+~+ 6)901) + (ox + B + V)P, + (ay + By + 5y)§0vy+
+(a; + v, + 6z)30v; + B+ v+ 51)%}, =0,

RN : . 34
—(€+ n+ C +9) + Elax + B +_'7x)§0vx + 77(O‘y + 6y + 5)’)301)‘."‘ 34
+C(a; + 7, + 51)901}1 + (6 + Y+ 61)901}, =0.
The system (34) is satisfied by the relation
= In SVl (35)
v

Substituting (35) into (28) and taking into account (30), we get the solution of the

Eq.(28)
u=m<§ FI0) B L@ fi) )
A (i) + L) + @)+ fa@)* )’

where f1(x), f2(y), f3(z), fa(t)—arbitrary continuously differentiable functions.
This paper has been supported by the Kazan Federal University Strategic Aca-
demic Leadership Program (Priority—2030).
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Convergence Rates of a Finite Difference = m)
Method for the Fractional Subdiffusion L
Equations

Li Liu, Zhenbin Fan, Gang Li, and Sergey Piskarev

Abstract We consider the convergence of an effective numerical method of the
subdiffusion equation with the Caputo fractional derivative in time. We investigate an
implicit difference scheme and an explicit difference scheme by using the projection
method in space and a finite difference method which was proposed by Ashyralyev
in time. Combining the method of functional analysis and the technique of numerical
analysis, we utilize the idea of layering in temporal direction to obtain that the local
truncation error is O (n~). Then we prove that the implicit and explicit numerical
methods converge at arate of O (7%) in time. Finally, a numerical experiment is given
to confirm the a-th order accuracy.

Keywords Fractional subdiffusion equations - Weak regularity - Resolvent
family - Discretization methods - Error estimate

1 Introduction

In recent years, many scholars devoted to study the linear partial differential equation
Ofu(x,t) = (Bu)(x,)+ f(x,1), (x,1) e Ex(0,T], )
where “0/"u(x, t) denotes the Caputo time fractional derivative of u with order «,

0 < a < 1, B is asymmetric uniformly elliptic operator which generates an analytic
a-resolvent family, f is a given source term in E x (0,T], ECR" n € Nt)isa
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bounded convex polygonal domain with sufficiently smooth boundary O E. This kind
of equation has recently attracted increasing interest in the physical, chemical and
engineering fields due to its excellent modeling capability. It is known that nature
often does not follow the Gaussian predictions and violates the Gaussian universality
mirrored in experimental results. In contrast to Gaussian diffusion, thermal diffusion
and anomalous diffusion both are involved fields with intriguing subtleties. Frac-
tional diffusion equations can account for the typical anomalous characters which
are observed in many phenomena. For example, system (1) can be used to accurately
describe the physical phenomena of the thermal diffusion in media with fractal geom-
etry and the anomalous diffusion in highly heterogeneous aquifers. Because of higher
degrees of freedom, the models involving fractional derivatives are more success-
ful in applications in situations where non-Gaussian and non-Markovian processes
occur. For the more physical interpretations of problem (1), one can see [1, 14, 17,
23, 36, 37, 39] and the references therein. Numerical method is one of the impor-
tant tools to deal with fractional differential equations. Many numerical schemes for
the discretization of Caputo fractional subdiffusion problem (1) have been devised
(see, e.g., [2, 3, 5, 6, 16, 24, 33, 38]). Meanwhile, the convergence rates of exist-
ing schemes for fractional subdiffusion equations also have been the subjects of
numerous studies. However, the discussion on convergence rates of the effective and
robust discretization techniques for systems involving Caputo fractional derivative
is relatively scarce.

In this paper, we investigate the convergence rates of two novel numerical schemes
by virtue of the idea of layering in temporal direction. Under the consideration of
weakly regular solution, we find that the order of convergence of fractional difference
algorithm can reach O (n~“), which means the local truncation error converges at
ath order accuracy far away from initial time. Furthermore, we establish the error
equations and obtain that the error is of order O (7). Throughout this paper, the
fractional subdiffusion equation (1) is subjected to the initial and boundary conditions

u(x,0) = o), xe€kE, 2)
u(x,t)=0, xe€dE, te€(0,T]. 3)

Next, let us review some existing results on numerical analysis of fractional dif-
ferential equations in the following paragraphs. In general, there are three kinds of
representative methods to deal with the approximation of spatial direction, which
are the spectral method, the finite element method and the finite difference method.
The finite difference method, among others, is the most conventional method in the
early stage. Stynes et al. [42] discreted the second-order spatial derivative by using
the standard center finite difference algorithm, which converges at a rate O (h?). Jin
et al. [21] employed the standard Galerkin finite element method and obtained the
second-order accuracy of the space semidiscrete scheme in the L norm. Lin and Xu
[33] established a numerical scheme of order O (h?%) based on the Legendre spec-
tral methods in L? space for sufficiently smooth solutions. In Eq. (1), the operator
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B could be the Laplacian in the domain E, i.e., Bu = A,u, or be a second-order
strongly elliptic partial differential operator in some spatial variables,

n n
Bu = E a’uyy; + E bluy, + cu.
j=1

ij=1

In [44], Vainikko gave a functional-analytical treatment of discretization methods,
which is often referred to as the projection method. As a general approach to establish
the semidiscrete approximation in space direction, it covers the quadrature formula
method and the difference method. Actually, some authors have used the projection
methods in various articles and they applied it to obtain many excellent results in
different senses (see, e.g., [4, 7, 10, 26, 27, 29-31, 40, 41]). In subsequent study,
we use the projection methods to approximate the operator B in the system (1).

To date, there are many difference schemes used for discretization fractional
derivative in time. The numerical methods include the L1, L2, L2C methods (see,
e.g., [16, 21, 33]), the convolution quadrature method (see, e.g., [11, 46]), the frac-
tional rectangular formula, fractional trapezoidal formula and fractional Newton-
Cotes formula derived from the polynomial interpolation technique, and some higher
order methods which are based on the explicit expression of the Jacobi polynomials
(see, e.g., [9, 15, 35]). Under the assumption of sufficiently smooth solutions, some
authors have shown that the high order convergence in temporal direction for various
discretization methods to approximate the fractional differential equation; e.g., the
schemes in [16, 30, 33, 45] have been proved to converge at a rate of order O(7),
O(1>7%), oreven O (73~%), respectively. In many papers, the high order convergence
of some methods resulting from Taylor expansion requires excessive smoothness on
the solution. Hence, these results are not robust with respect to the regularity of solu-
tions. In fact, it is impossible for the solutions of the fractional subdiffusion systems
to be too smooth no matter how smooth the source terms take. For example, in [31],
for initial data ¢; € D(Bf“) with the smallest integer ¢ such that (£ + 1)a > 2,
fs =0, the solutions of the spatially discrete scheme of homogeneous differential
equation (7) could be represented as

ug(t) = Sa(t, Bs) oy
taBsd)s thfd)S

_— JR A — S(t' t, Bs BZ+1 .
O, F(€a+l)+(g([+l)( 1% S80)( )BT ¢

“4)

=¢A+

where S, (-, By) is an a-resolvent family generated by the operator By, I'(-) is the
Gamma function, g, (t) = t*~!/I" («). It follows that, for any ¢ € (0, T],

10ius (D)1 < C(@)(1 +t* Dme(dy),  N10fus ] < C@A + 1 me(gy), (5)
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where m(¢;) = maxo<g<¢+2 || Bf @5l So, the solutions are only weakly regular near
t = 0. For another instance, Sakamoto and Yamamoto [43] obtain an estimate when
f=0and ¢ € Lo(E):

luC, Ol + 107 uC, Olle,@ < Ct™Néll,@ t e ©,T].

We can infer that the ath-order derivative of u is at least unbounded near ¢ = 0.
Hence, it is necessary to reconsider numerical methods for approximation of Caputo
fractional derivative concerning the limited regularity of solution. Needless to say,
the addition of singular behavior will generally deteriorate the convergence.

Recently, the fact that the derivative of solution exhibits the weak singularity at
t = 0 has been recognized in error analysis of the fractional difference schemes: L1
scheme [21, 31, 42], convolution quadrature [20-22]; see also [11, 12, 18, 43]. The
existing ways to reach desired higher-order convergence rate include: employing the
graded part of the fitted mesh to handle the inherent weak regularity of the solution
att = 0[13, 42]; designing a starting term by virtue of starting weights to capture all
leading singularities [20, 24]; making a proper correction at the first step in temporal
direction with the help of approximation strategies [22]. Jin et al. [22] focus on
seeking the approximation method with higher accuracy from the perspectives of
whether the initial data is smooth and what compatibility conditions the source term
satisfies. Stynes et al. [42] improve the accuracy and weaken the influence of the
singularity at initial time by substituting the fitted mesh for the uniform mesh. All
these excellent results are obtained by means of the regularity estimates such as the
analogues of inequality (5) to some extent.

In the present paper, we concentrate on the convergence rates in temporal direction
for the schemes, which are constructed by projection method in space and discretiza-
tion in time proposed by Ashyralyev [3], which was theoretically obtained by virtue
of the connection of fractional derivative with fractional powers of positive operators.
In [3] neither stability nor convergence rate were obtained for this scheme. First, we
prove the stability of such schemes. Unlike the common techniques on error esti-
mates in time, we utilize the idea of layering in temporal direction to obtain the local
truncation error. In addition, we use an analogues of formula (5) that derived from
the resolvent theory to describe and deal with the weak regularity near the initial time
t = 0 in subsequent estimates. Then we obtain the error equations and error bounds
by using the expressions of solutions of the fully discrete difference schemes. Finally,
we obtain that the temporal global errors converge at a rate O (7).

The rest of the paper is organized as follows. In the next section, we give some
basic definitions, the spatial semidiscrete difference scheme, two fully discrete dif-
ference schemes and some known results that we need in subsequent derivation. The
convergence rate of the truncation error is given in Sect. 3. In Sect.4, we present a
rigorous analysis of the orders of convergence for both implicit difference scheme
and explicit difference scheme. Finally, we confirm our estimates by some numerical
experiments in Sect. 5.



Convergence Rates of a Finite Difference Method ... 93

2 Discretization Methods

In this section, we present two fully discrete difference schemes of problem (1).
We start from the semidiscrete difference scheme in space, which is obtained by
projection method. Then we discrete the time fractional derivative and get two fully
discrete difference schemes. Throughout, let C denote a generic constant which is
always independent of the step sizes s, 7, and it may change at each occurrence.
First, we recall the definition of the Caputo derivative in Eq. (1).

Definition 1 Let o € (0, 1). Then, we define the operator "8& , for functions by

¢ Qo  gl=a, _ (l—S) @
05, W) = Jo "' (1) = L Ta- ¢( )ds. (6)

The operator “Jg, is called the Caputo differential operator of order c.

In what follows, we abbreviate the notation 58& ,as ‘o

2.1 Spatial Semidiscrete Schemes

Here, we employ a functional-analytical treatment of discretization in spatial direc-
tion and present a general semidiscrete approximation scheme; that is, we use the
projection method to characterize the spatial semidiscrete difference schemes. We
now introduce the framework of the approximation scheme obtained by projection
method (see also [44] for more details). Let £2 and £2; with s € NT be Banach spaces.
Let B(£2, £2,) denote the space of all continuous linear mappings from £2 to 2, and
let B(§2) denote B($2, §2). Take B € B(£2), B, € B($2,) and p, € B(£2, §2;) such
that || psx|le, = llx|le when s tends to infinity, for each x € §2.

Definition 2 The sequence {x;} C £2; is P-converging to x belonging to §2 if

lim |lxg — pex|lo = 0.
5§00 ’

. . P
It is also written by x; — x.

Definition 3 The operator family {B,} C B(£2;) is PP-converging to B belonging
to B(£2) if for arbitrary sequence {x;} C §2;, x; 2) x € §2 implies Bx; 2) Bx. It
is also denoted by B; 7 B,

If 2, = £2 and p; is the identity operator on £2 for each s € N, then Definition 3
leads to the traditional pointwise convergence of bounded linear operators. In partial
differential equations, the infinitesimal generators of analytic a-resolvent families
are unbounded operators in general. So, before we present the semidiscrete difference
schemes, we have to introduce the notion of compatibility property of operators.
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Definition 4 The sequence of closed linear operators {B;}, s € N, is said to be
compatible with a closed linear operator B, if for arbitrary x € D(B) there exists

a sequence {x;}, x; € D(B;) C £2;, such that x; f> x and Bgxg f) Bx. We write
(Bs, B) are compatible.

One version of the Trotter-Kato theorem in [29], which is essential in the inves-
tigation of the approximation theory to differential equations, is shown as follows.

Theorem 1 (Theorem ABC [29]) Suppose that0 < o < 2 and B, B generate expo-
nentially bounded analytic a-times resolution families S, (-, B), S (-, By) in Banach
spaces §2, §2s, respectively. The following conditions (A) and (B) are equivalent to
condition (C).

(A) Consistency. There exists \ € p(B) [ Nsp(Bs) such that the resolvents con-
verge, Le.,

O —B) 2B o — By

(B) Stability. There are some constants M > 1, 8 € (0, w/2) and w which are inde-
pendent of s, such that the sector w + Yo/ is included in p(B;) and

sup )\u—l ()\(t[s _ BS)_I <

Aew+X5,n || || B(sz) A —wl
forany s € Nand forany 0 < 3 < 6.

(C) Convergence. For some finite w;, > 0 and 6 € (0, w/2), one has

sup e ' Re2 IS, (z, By) Xy — pySa(z, B)xllg, — 0 as s — o0
z€Xy

whenever x 7, x for any x; € 25, x € 2 and forany 0 < 3 < 6.

We assume that the infinitesimal generator of analytic a-resolvent family satisfies
conditions (A) and (B) in Theorem 1. According to the above convergence definition
of the projection method, we can obtain the spatial semidiscrete difference schemes
of (1) as follows:

{Cﬁf‘u.y(t) = Bou,(1) + fs(1), t€(0,T], A
Us (0) = ¢s s

where the operators By generate analytic Cp-semigroups, By and B are compatible,

O Kt o, and f(-) z f(-) in appropriate sense. For the abstract semidiscrete dif-
ference schemes, Piskarev and Siegmund [41] have proved the convergence of the
solutions due to the Trotter-Kato’s theorem and theory of resolvent family. Next, we
are going to describe the discretization techniques of the semidiscrete problem (7)
in temporal direction.
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2.2 Fully Discrete Schemes

In order to obtain the fully discrete schemes, we now consider the temporal dis-
cretization of Eq. (7). We divide the interval [0, T'] into a uniform grid Q, = {t, =
nt,n=0,1,..., N}, where 7 = T /N is the time step size. Suppose u,(-) is a grid
function on O, where 1] = u,(t,). We prove the convergence of the schemes under
the maximal norm,

luglle,xo, = sup llus(j7)lle,-
1<j<n

In terms of the relationship between the Riemann-Liouville derivative and Caputo
derivative, we discretize the Caputo time fractional derivative using the fractional
difference algorithm proposed in [3],

Deu, ()_ZbW M (8)

Jj+1

where b)) = T'(n— j —a)/(F(1 —a)[(n = j)),j =0,1,....n— 1.
Using (8) to approximate the fractional time derivative O u(¢), we obtain two

fully discrete difference schemes, which are an implicit finite difference scheme and

an explicit finite difference scheme. The problem (7) could be approximated by the

following implicit difference scheme (see also [26])

DI, () = Byl + f1,

{ 7.(0) = 6. ®

It is worth mentioning that in different spaces, the approximative ways of the func-
tions may be various. For instance, f' = f;(t,) in C(£2,), f' = % ri: f3(6)dO in
L'(£2,). In the present paper, we use the first way to define S In [26], we have
proved that the above implicit difference scheme is uniquely solvable, uncondition-
ally stable and well posed in infinite norm. We also obtained the expressions of the
solutions of the implicit difference scheme (9).

Theorem 2 ([26]) For the fully discrete implicit difference scheme (9), we obtain
the following expressions of the solutions,

n n—j+1

n
=3 R G+ S AR,

m=1 j=1 m=1

where Ry = (I; — TuBs)ilf an) = bgn),
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e =3 (b =) me 2.3,
j=m
andd{") =0,d\") = landforje{l,...n—1}, me{2,....n—j+1},
W= X )l nz
k=m-+j—1
Remark 1 ([27]) For coefficients and the resolvent in Theorem 2, we have

™ >0, |R"goo = —T"B) " laoe <M, me{l,2, ... n}

and d". > 0, me{l,2,...,n—j+1}, je{l,2,...,n}, n > 1. Furthermore,

m,j —
n n—j+l1
ZZd(n)_(1+a)(2+04)~~(n—1+oz) 0>
o iliows] (n—1)! ’ -

Lemma 1l ([27]) Let S, = Z, DB AR d(’f)J.. Then, for each n > 2, the inequality
S, <exp(a)(n — 1)* holds.

Moreover, we can approximate the semidiscrete fractional difference scheme (7)
by the following explicit difference scheme,

an () — nn—1 n—1
{D,nuso B 4 fr, (10,

ius(0) = ¢y,

where D7, =" and ¢, are defined as above. The expression of the solution for this
explicit difference scheme has been obtained in [27].

Theorem 3 ([27]) For the fully discrete explicit difference scheme (10), the solution
is given by

n—1n—j—1
i —Zvﬁ’”R’cﬁsH D2 R an
j=0 m=0

where = B0 = 1= B2 = B+ TG4 — bl
n—2
1 .
= A =B+ SR, — by el ), n=2,

and Ry = I, +a ' 1B 8 _ = Ln> 1,6 ,=08"_,=1-b",n>2,
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n—2
(n) __ (n) (n—=1) (n) (n)y s
6/11] ( b 6m 1]+ Z (b l_bl )5m]’
l=m+j+1

forje{0,...,n—3L,mef{0,...,n— j— 1}, n > 3. Inaddition, foranyn € N,
one has

n—1n—j—1
ZW(’” LYY e =1, (12)
j=0 m=0

5(")

Meanwhile, the following relationship between the coefficients in the above

formula and the coefficients d,(;) which are in the expression of the solutlon of the

implicit difference scheme (9) is as follows.

Lemma 2 ([27]) For any n > 1, the coefficients dr(n")j and 5::‘)1. satisfy the following
equality,

n—j—1

n—j
doay., = Z o jef0 1. n—1}
m=1

Lemma 3 ([27]) Let condition (B) with w = 0 be satisfied. Assume}hat there exists
anumber My > 1 satisfying | 7" Bs|l .o, < /(M + 2). Then, |R]|| g, q, < M,
j€{0,1,..., N}, where M is a constant which is independent of the step size T.

2.3 Regularity of the Solutions

Now, our interest returns to the problem of whether there is the weak regularity of the
solution of (7) near the initial time. We want to know whether there is a natural way
to estimate the norm of the first-order derivative of the solution. We take the easy way
out here. We here present the estimate, inductively, by using the representation of
solution and some properties with respect to the solution operator. To begin, choose
some auxiliary lemmas and conclusions given in [28, 32] that involved the resolvent
operator and the expression of the solution for problem (7).

Definition 5 ([28]) {S. (¢, Bs)};>0 C B(£2,) is said to be an a-resolvent family gen-
erated by the operator By if the following assertions are fulfilled:

(1) Sa(t, By)ps € C([0, +00); £25) and S, (0, By) = I, for every ¢, € £2;;

(i) Sa(t, B)D(B,) C D(By) and BySa(t, B)ds = Sa(t, By) By for any ¢, €
D(By),t = 0;

(111) Sa(t, B, )¢s = ¢s + (ga * So)(t, BS)B.Y¢S for all st € D(B;), where ga(t) =

2 fort > 0.

1"(&)
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Lemma 4 ([28]) Let B, generates an a-resolvent family {S.(t, By)},so C B(£2y)
and f;(-) € C([0, T1; §25). If us is a mild solution of (7), then it has the following
form

ug(t) = So(t, Bs)os + (Po * f5)(), te€l0,T],

where Sy(t, Bs) = (g1-a % Pa) (1), Pa(t) = 5:(go * Sa) (0).

Then, choose the following important property of analytic solution operator, which
is obtained by repeated application of (iii) in above Definition 5.

Lemma 5 ([25]) If By generates an a-resolvent family {S(t, Bs)},>, then for ¢, €
D(Bf) with Lo > 1, S, (¢, Bs) @y is differentiable and

-1

d
(S0t BIGs) =D 01 By + (9101 * Sa) 1, BIBdy, 0 <t <T.
k=1

This lemma leads to an estimate (5). Let us split u,(-) into two parts. That is,
us(-) = ws(+) + vg(+), where wy(¢) = Su(f, By)gs and vg(1) = (Py * f;)(t) for 0 <
t < T. According to Lemma 5, it suffices to consider ||v}(7)||,. Since the source
term is smooth, i.e., f;(-) € C'([0, T1; £2,), for 0 < ¢t < T we have

d
v, lle, = Il (Pa D Dlle,
t
t
=< II/ Py (0) f;(t = )dbll o, + [ Pa(®lle,—2, |l fillcc2,)
0
t
< / 1Po (Ol 2—2,d0ll fllca) + 1Pa®Ollg-el fillcy.  (13)
0
Furthermore, with regard to the bound of the operator P,, one has the following

result.

Lemma 6 ([8, 28]) Assume that 0 < o < 1 and the hypotheses of Lemma 5 are
true. Then there exists a constant C satisfying || Po(t) |, 0, < Ce*" (1 +t*71) for
0<r<T.

And then, from (13), we can deduce an estimate about the solution of the nonho-
mogeneous semidiscrete difference scheme (7).

Theorem 4 Let the condition (B) hold with w =0 and 0 < o < 1. Assume the
operators By generate analytic Cy-semigroups, ¢ € D(Bf) withfa > 1 and f(-) €
C'([0, T1; 82,). Then, the solution of Eq. (7) satisfies

lut(Dlle, < CA+ t*™Y, for all te(0,T].
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Proof According to inequality (13) and Lemma 4, we can obtain

t
lvs(Dllg, < / | Pa (D)l 2, 2,dON £ llcc2,) + 1 PaDll2,— 2, |l f5lle,)
0

t
<C f (1+60*NHdO flllca, + CA +t* D fille,
0

<Ct*+Ctr+C+cCr*!
<CT*+CT +C + Ct*!
<C1+*YH, te(,T]. (14)

Hence, we have [u.(t)|lg, < |w.®)le, + V.o, < C(1 +1*"1) for all
0<r<T.

Actually, no matter how smooth the initial data takes, the solutions of the problem
(7) will exhibit weak singularity at the initial time ¢ = 0.

3 Truncation Errors

In this section, we show that the approximation approach (8) can achieve ath-order
accuracy of convergence in time. To achieve this, we first need to bound the truncation
error (‘O us)(t,) — Df'uy(+). According to the representations of Caputo fractional
derivative and its discretization scheme, we have

(O ug)(tn) — Dyus(-) = Rk u(2)d _me) ul™ = ul
tus n [nus - 0 F(l ) Z Z i+1 =

n—1 t _

_ Jj+l (tn _ Z) « 3 ® N /

_Z/r (F(l—a) b+‘T )”s(Z)dz
j=0"%"%
n-l G+Dr e

=2 [ / 0= L 2y
j=0 LT rd—o

(j+D7 ]—'(n _] —_ O[) o n—

) /, ra-ale-j " (Z)dz} ]X:: Knj.

5)

In many works (see, e.g., [14, 39]), the results of Caputo derivatives of certain
important functions have been provided. With the help of these conclusions, we
present a characterization of the smoothness properties of a function in the following
lemma.
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Lemma 7 Let V(t) = (t + & — 1)% € > 2 is an arbitrary integer and o € (0, 1).
Then the Caputo fractional derivative of function V () at t = 1 satisfies

(orv) () =o0(E—-D*7?).

Proof For function V(t) = (t + & — 1)?, it follows from [14] that

[aaTet _ F(a+ 1) (5_ l)aiztlia . . t
CASIOES @  Te—w 2 Fy (1,1—a,2—a,—§_—1>,

where , Fi (a, b; c; d) denotes the Gauss’ hypergeometric function, which is defined
by
I (c) i Fa+kro+k ,

2 Fi(a, b;c;2) = @I e+ Ok 2, (a,beR,—c¢N).

k=0
Then, let t = 1, we have

ooy Tt 1) €= Do21e o
oMM = —F = =0 2Fl<1,1—01,2—04,—£j>

(o]

o« A-—a)Id+k ik
_m_a)g o e

— @ - (_l)k a—2—k
_F(l—a)kzzg(k+l—a)(§_1)

= 0((¢ - D).

The proof is completed.

Theorem 5 Assume the hypothesis of Theorem 4 holds. Let ug(-) be the solution
of the general semidiscrete difference scheme (7). Then we have the following local
truncation error estimate

I1(°O0F us)(tn) — Dyus (e, < Cn™*. (16)
That is, the algorithm (8) of approximation for Caputo fractional derivative converges
atarate O(7°t, %), n=1,2,..., N.

Proof In terms of the weak regularity near the initial time ¢t = 0, we split the sum-
mation (15) as follows and deal with it separately.

n—1 Ko, n=1,

K, .= n—2
" Kn,O + Kn,n—l + Z Kn,ja n= 2.
Jj=1
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Note that when n = 2, the third term on the right-hand side vanishes. Next, we
estimate each of the three parts separately. For K,, o, when n = 1, we have

1K1 olle, = 1C0F us) () — Dijus ()l

:‘ A %u;(z)dz_bgl)rr*a(us(tl)—Ms(t())) o

= Trda- )/ (T -2 C™ ldz+f 7wy (2) |l 2 dz
C -

me(l—Oé,a)—l—CT ™ <C,

where we have used Theorem 4 at above two inequalities. In addition, B(1 — «, «)
is a Beta function. For fixed n > 2, one has

1Knolla, = / (7 — 2w (2)dz — / BT (2)dz
0

HF(l

£2,

C B B Cl'(n — ) o
< _ @ a ld o ]d
STa—a" " /OZ ra-aormh T 7 F

C n o\« C T

- - _ « — a1 o) -1 -’

=Td—-a <"T 2T> Tt oo (L+0m™ D)2
C T¢
< Cn~® —a C —a—1y _—a’
<Cn +—F(l—a)(n +Cn )T -

<Cn“+Cn ' <Cn.
Therefore, we have
IKuollg, <Cn™ %, n=>1.

Let us consider the terms Z" 2 K, j,n>3.Letz = {7, we have

n—2

n—2 (+DT (nt —2)~ « Fn—j—a)
Kn,j= _ R A R | ]
; " ;[/;T Irid-o s (@) ra —a)F(n—]) s(@dz
! (5 A ’ I'h—j—a Fl=ay,
= : Tn-j—-a) J
ra-a) & [/] n—go's ¢n) r(n ) s g]
n—2

B 1 AT o Tn—j—a)\,
‘m—a);/, . ((n—f) -t )us@r)d&.

In terms of a well-known asymptotic formula in [34]

b—a F(Z +a)

_ -1
e+ =140(i7), z— oo, a7
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we have

Tl S o _T—g+e-j-o)
KW“FHiZSZ;K Q”_Q T T g+e-)) >%“”%

e _ 0+0w—©WU
-_—_— _ o ’ d
Fﬂﬂﬂgx (0-9 CERTEEY A

3
|
[N

~.
Il
-

Tl—a Jj+1
1

n-2
= —m=9"0(n -8 d¢.
m—mgﬁ (n— "0 ((n — Ol (€)de
Then, there exists a constant C such that
n—2 j

< C7'17a Z/

- J
2 j=1

+1
(n — & Nul (&)l o,dE

n—2
> Knj
i=1

n—2

n=2 nj+l
<crle Z/J =97 NEn Tlag <C Yy m—j—potje!
j=1 J

j=1

—
[SH
|
-
3
|
S}

=C| Y m—j=D T Y - 1)”‘1“‘)
j=1

Jj=I51

r41-1 . .
—a—1 :a—1 -2 . —a—1 o+l
=Cl X =130+ _Z(n—j—l) j
j=1 J=1751

r51-1

n—1
<C n—a—l § : ja—l +n—2/ n—z— ])—a—lz(v+ldz)
: 0
j=1

<Cn“+nY<cn.

It remains to estimate K, ,_j, n > 2.

" (nT - Z)ia ’ (n), .—a
1Knnille, = U (2)dz = b T g (1) — g (ta-1))
w-nr (1 —a) 2
"mo(mT—2)7 " —a,
< ———ul(2)dzllo, + | T ug(2)dz
(

n—Dr ra—-o (n—Dr 2,

nt (nT _ Z)fa
n—Dr ria—-oa

ccaird—ay [ 0TIy,
- n-nr ' —a)

5(1+F(1—a))‘

u' (2)dz

2
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Let z = (v + (n — 1))7. Then it follows from Lemma 7 that

: (1 - V)_a a—1
”Kn.n—l ”.QA =< C(l + F(l - Oé)) —(V +n— 1) dl/

o I'(l—a)
_crrd-a) FS — ) (COf(t+n—1*) (1)

= Cwom — 1)—(2—ﬂ)
«

< Cn @™,
Taken together, these observations deduce that the local truncation error satisfying
18 us) () = Dpusllg, < Cr™* +n~%"%) < Cn~.

This proof is completed.

Remark 2 By virtue of the results in Theorem 4 deduced by resolvent family the-
ory, we can clearly see the influence of weak regularity at the initial time on the
convergence rates of the truncation errors. The most previous convergence analysis
of the existing schemes requires that the problem (1) has a unique and sufficiently
smooth solution. In principle, it is impossible to obtain higher global convergence
rates for the discretization methods under the consideration of weak regularity near
the initial time # = 0. We adopt the idea of layering in temporal direction to establish
the truncation error estimates of the fully discrete difference schemes. Due to the
limited regularity of the solution, we could interpret the result O (7%t %) to read:
under the uniform grid, the convergence rates of the local truncation errors could
reach O (7%) at a fixed distance from the initial time t = 0.

4 Global Error Analysis

We consider the global convergence rates of the implicit difference scheme (9) and
the explicit difference scheme (10) in this section. We begin our analysis of the fully
discrete difference schemes (9) and (10) with a pair of stability theorems.

Theorem 6 Suppose condition (B) holds with w = 0. Then the implicit difference
scheme (9) is stable, i.e.,

145 ll2,x 0, < Mli¢slle, + M exp(a)(nT)|l /' | 2,x0.

where nt € [0, T, M is a constant which is independent of s and .
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Proof In terms of the expression of the solution of the implicit difference scheme in
Theorem 2, Remark 1 and Lemma 1, we have

I |20, = sup [7(j7)lg,
1<j<n
joJj—k+1
< sup ||Z PRI lle, + sup 7Y D" d LRI fi(kn) e,
l=j=n m=1 I=j=n k=1 m=1
n n—k+1
< Mloslle, Zc““ + MYy d(”k sup || £, (j7)lle,
k=1 m=1 =j=n
= Mlislle, + MTf“sn sup | £ (i)l

1<jz<n

= Mli¢sllg, + M exp(a)(nT) | f{' |l 2,x 0, -
The proof is completed.

Then, we discuss the stability of the explicit difference schemes (10). Analyzing
the stability of the explicit difference scheme in a similar way as the we analyzed the
implicit difference scheme, we conclude the scheme (10) is stable in the maximum
norm.

Theorem 7 Suppose condition (B) holds with w = 0. Assume that there exists a
number M| > 1satisfying | 7% Bs || o, o, < oo/ (M + 2). Then the explicit difference
scheme (10) is stable, i.e.,

145 |2, x 0, < Mlldslle, + M exp(a)(nm)* || £ | 2,x 0, »
where nT € [0, T, M is a constant which is independent of s and T.

Proof By means of the expression of the solution of the explicit difference scheme
in Theorem 3, it follows from Lemmas 2 and 3 that

45 |2, <0, = sup ds(jT)lle,
1<j<n
j—1 j—k—1
< sup Z%ﬁ’)R"é o, + sup 70 Y 6 R fi(kr)
I=i=n |l k=0 Isjsn =0 m=0 2
n—1 n—k—1
)
< M|i¢sllg, sup Z VM sup G, Y Y 0w
I=j=n 4o I=j=n k=0 m=0
n—1 n—k

= Mldslla, + MTUf axo. D Y duiir-

k=0 m=1
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Change the bounds of the index of summation in the last equality, i.e., let j = k 4 1.
By using Lemma 1, one has

n n—j+1
~ (n)
Il e,xo, < Mlgslla, + MW £ 2o, D D du
j=1 m=1

= Mll§slla, + M0 f{' | 2,x 0, Sn
= Mlgslla, + Mexp(@)(nn)* [ f{' 2, x 0, -

The proof is completed.

Next, we will make a more detailed study of error analysis for the difference
schemes (9) and (10). Initially, we present a result with respect to the coefficients
which might be helpful to estimate the errors.

Lemma 8 For any n € NT, we have
n n—j+l
5 d e < ra-o

j=1 m=1

Proof By Lemma 2 and equality (12), we can obtain

n n—j+1 n—1 n—j n—1n—j—1

) p-m) ) -m) ) p(n=m) _
PR BALNED DY BT DD DTS SS
j=1 m=1 j=0 m=1 j=0 m=0

In terms of a completed version of the asymptotic formula (17) (also see [34]),

Fe+a)/T+p) ="[1+1/2:" @ = Pa+ -1 +0(c?)].

one has
- 1 I'(j—o i ala+1) _ .

b(" M) = = 1 1 0 2 ,
e =l e o) S Ta—e | T 2 4 touT)
where 0 <a <1, j=1,2,... Then, we have j7* < I'(1 — a)bfzy::nmjj+1' Since

d,ff)j > 0, we have
n n—j+1 n n—j+l
SIS s ra— @3 Y s < ra o
j=1 m=1 j=1 m=1

The proof is completed.
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Now, we give temporal error estimates for the implicit difference scheme (9).

Theorem 8 Let u(-) be the solution of problem (7) and u"! be the solution of implicit
difference scheme (9). Assume that ¢ € D(Bf) with Lo > 1, f,(-) € C'([0, T]; £2,)
hold. Then, there exists a positive constant C such that

””Z? - us(tn)”Qx < CTay

where C is a constant independent of s, t,, € [0, T].

Proof Let 6,(t,) = u,(t,) — u", where u(t,) represents the value of the solution of
the semidiscrete scheme (7) at mesh point ¢ = f,,. Obviously, we have d,(0) = 0 and

Dgav() — Byos(t,) = Dg(uv() - ’ZZ’:) - B(”x(tn) - ﬁ?)
= D;ua() - Bsus(tn) - fAn
= D;;us() - ca;yus(tn) = ?:v([n)~

According to Theorem 2, we have

n n—j+l
S5(t) =7 Y dy) RIF (1))
j=1 m=1

Then, according to Remark 1, Theorem 5 and Lemma 8, we have

n n—j+1
16st)lle, = 7Y D" dy RIF(t))
j=1 m=1 2,
n —Jj+ »
<7 Z Z Ay IR | 2,2, 75 () |2,
-jt

Therefore, the proof is completed.

By Theorem 5 and equality (11), we obtain the following convergence theorem
for the fully discrete explicit difference scheme (10).

Theorem 9 Let u,(-) be the solution of problem (7) and ii"? be the solution of explicit
difference scheme (10). Assume that ||7° Bs|| 2,0, < oz/(Ml + 2) with some M| >
1 and ¢, € D(Blf) with La > 1, f,(-) € C'([0, T1; £2,) hold. Then, there exists a
positive constant C such that



Convergence Rates of a Finite Difference Method ... 107
”us (tn) — iy ”.Q = CT

where C is independent of s and T.

Proof To prove the required convergence rate, we proceed in a way similar to the
proof of Theorem 8. Let (;(t,) = u,(t,) — it?, where u,(z,) represents the value of
the solution of problem (7) at mesh point ¢ = t,,. Then, we have

D[(:(us - CA)() = Bs(us(tn—l) - Cs(tn—l)) + fsn_l,
and (;(0) = 0. Thereupon, one yields

D (o () = By(s(tn—1) + Dffus () — Boug(ty—y) — 1~
= By(s(ta—1) + Dj ug(-) — 0 ug(ta_y)
= By((ty—1) + D us () — 05 uy (1) + 05 uy (1) — 05 uy (ty—1)
= By (s (tu—1) + Ts(ta) + By (s (tn) — s (ta=1)) + fi(ta) — f5(taz1)
= By (ta1) + 75 (th=1),

Wheref:(tn—l) = ?:v(tn) + Bs (us(tn) - us(tn—l)) + fs(tn) - fs (tn—l)'lthHOWSfrom
formula (11) that for alln > 1,

n—1n—j—1

Gt =7 Z Z 5(n) Rmrv(l‘]

j=0 m=0

When n = 1, in terms of the condition |7 Bs ||, e, < /(M) + 2), there exists
& € (0, 7) such that

175 t0) L2, = 175 (t1) + By (s (11) — us(00)) + f5(11) = fs(0) 2,

< T 4 |Byllge, / I @ lladz + £, (1 — 1)
0

)
<C+|Bioan f Uiz 4 C1 < C + 7Byl + C7 < C,
0

where we employ the mean value theorem and the result in Theorem 4. Whenn > 2,
by virtue of Lemma 7, there exist n, & € (t,—1, t,) such that
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”us (tn) — Ug (tn—l ) “.QJ
T

175 (ta—D I, < IFs@)lle, + 179 Bslle,— e,

+ “f;/(gZ)”.Q (tn - tn—l)

<Cn ™"+ M1a+ > ‘ f(:w T U (2)dzl o, + Tl £ (&) .

<Cn "+ —CO‘AZ(TZ @) (:_T])T —(;T( 1_ _Z)O:)a 2 ldz +Cr

<Cn "+ CaAI/I"l(l—i_—za) 01 (11(1 z);; w+n—D"Ydy+cCn™!
<Cn “+ % (Cﬁta(t +n— l)“) () +Cn!

=Cn "+ —C(IA;(IIJZC;) on—1)"4cn!

<Cn“+Cn Y ycnt <Cn (18)

Hence, we have ||7(t,—1)|le, < Cn~, for all n > 1. Then according to Lemmas 3
and 8, we obtain

n—1n—j—1 n—1n—j—1
16l =730 3 IR e e lipla, = €72 )0 Y G+ D7
j=0 m=0 =0 m=0
n-ln—j n n—j+l1
SCTOY Y Ay L GHDT =0Ty Y dy T s o (19)
Jj=0m=1 j=1 m=1

Therefore, the proof is completed.

Summarizing, Theorem 8 shows that the implicit difference scheme based on
Ashyralyev’s fractional difference derivative has a convergence rate O (7¢). On the
other hand, Theorem 9 shows that the convergence rate of the explicit difference
scheme can also reach a-th accuracy under some additional conditions.

5 Numerical Results

In order to demonstrate the effectiveness of our theoretical analysis, some experi-
ments are now presented. We consider the case d = 1, i.e., 2 = (0, ) C R!. Con-
sider the following time fractional subdiffusion equation

O%u(x, )

o2 =Yx,t), O<x<m O0<t<2, (20)
X

Ou(x,t) —

with the following initial and boundary value conditions:
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u(x,0) =2sin(2x), 0<x <,
u@©,t) =u(wr,t) =0, 0<r<2,

where Y (x,t) = (2t2"‘/1"(3 —a)+I'(1+ a)) sin(2x) + 4(t® + t2 + 2) sin(2x).
The analytical solution of the above problem is u(x,t) = (t* + t* + 2) sin(2x).
Obviously, the solution has limited smoothness since # € C! can not hold.

In this numerical result, we focus on the temporal convergence rates. The second-
order spatial derivatives are discretised by means of standard approximations [19]
with a convergence rate O (h?),

Pu(x,, t,) ul = 2ul 4+ ul
8—):2 ~ Aiu(xs, t,) = +l h; 1.
Then, we have a fully discrete difference scheme,
am (N — A2" n
_Dtnus() .Axus +’(/}s’ 1)
uy(0) = 2sin(2xy),
which works in the uniform mesh Q;,, = O, x Q. = {x;, =sh,s =0,1,..., S} x

Q:,h = /S is the space step size, 7 = 2/N is the time step size. Next, we check the
convergence of the implicit difference method (9). The maximum L? error, defined
by

S—1

o = max hZ(ﬁ? — u(x;, fn))z,

1<n<N

oSN = max (s (t0) — 0|

s=1

is adopted in this example. The solution curves of Eq. (20) and the scheme (21)
with different o, « = 0.1, « = 0.4, « = 0.9, are shown in Fig.1 to confirm the
convergence of the numerical results. We list the maximum L? errors and the observed
experimental orders of convergence for scheme (21) when o = 0.4, o = 0.7 and

o = 0.9 in Table 1, respectively.

Space Space

(a) @=0.1. (b) a=0.4. (¢) «=0.9.

Fig. 1 The solutions curves at 7 = 2 with N = 170, § = 100 for different v
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Table 1 Errors and numerical convergence orders for different a,, S=1000

T a=04 a=0.7 a=0.9

Error Order Error Order Error Order
1/100 1.367e-2 3.854e-3 6.063e-4
1/200 1.145e-2 0.255 2.534e-3 0.605 3.657e-4 0.729
1/400 9.424¢-3 0.281 1.623e-3 0.643 2.070e-4 0.821
1/800 7.637e-3 0.303 1.023e-3 0.665 1.139e-4 0.862
1/1600 6.108e-3 0.322 6.394e-4 0.679 6.182e-5 0.882
1/3200 4.831e-3 0.338 3.971e-4 0.687 3.334e-5 0.891

For completeness sake, the implementation methods are briefly described here. In
the numerical examples, w5V denotes the observed orders of convergence for t com-
ponent, which is computed using the standard formula @*" = log, (05" /052").
According to the experiment data in Table 1, we can find that the lower-order accuracy
can be encountered if « is close to zero.

6 Conclusion

In this work, projection methods are applied to obtain the semidiscrete difference
schemes. A finite difference algorithm is used to approximate the time Caputo frac-
tional derivative. Based on the theory of resolvent family and the boundness of the
derivative of the solution, we prove the convergence of the proposed implicit and
explicit difference schemes for the fractional subdiffusion equation by virtue of the
idea of layering in temporal direction. Under the consideration about the weak singu-
larity of solutions, we show that the orders of the global convergence of two schemes
in temporal direction could reach O (7%). A numerical simulation is given. The theo-
retical and experimental results show that the convergence rates could reach the a-th
order accuracy.

Acknowledgements This work was supported by the National Natural Science Foundation of
China (Grant Nos. 11571300 and 11871064) and the Russian Science Foundation (Grant No.
N20-11-20085, 23-21-00005).
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Degenerate Quasilinear Equations )
with Dzhrbashyan—Nersesian L
Derivatives and Applications

Marina Plekhanova and Elizaveta Izhberdeeva

Abstract Quasilinear equations with Dzhrbashyan—Nersesyan derivatives in
Banach spaces are studied. The existence of a unique classical solution for a Showal-
ter type initial value problem is proved for equation, which contains a degenerate
linear operator at the oldest derivative. This result and results for the corresponding
degenerate linear equation, which were obtained by authors earlier, are applied to the
consideration of initial boundary value problems for linearized and nonlinear systems
of partial differential equations with the Dzhrbashyan—Nersesyan time derivative,
which describes the dynamics of viscoelastic fluids.

Keywords Dzhrbashyan—Nersesyan derivative + Degenerate evolution equation -
Quasilinear equation * Viscoelastic fluid

1 Introduction

One of the rapidly developing areas of the modern mathematics is the theory of
differential equations of fractional order and its applications [1-4]. Among the many
different definitions of a fractional derivative, the Riemann—Liouville [5] and the
Gerasimov—Caputo [5-7] derivatives are the most commonly used. In this paper,
we consider equations with the Dzhrbashyan—Nersesyan fractional derivative [8],
generalizes the Riemann—Liouville and Gerasimov—Caputo derivatives.
Evolution equations and systems of equations, not solved with respect to the oldest
time derivative, or simply degenerate evolution equations studied in this work are
often encountered among nonclassical equations of mathematical physics. In this
paper, within the framework of the proposed abstract problems we study initial-
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boundary value problems for such systems of equations, describing a motion of
viscoelastic fluids, with a Dzhrbashyan—Nersesyan time fractional derivative.

LetT >0, z: (0, T] - Z for some Banach space Z. The Riemann—Liouville
fractional integral of an order o > 0 of the function z has the form

( )(y 1
Jiz(t) = / ) ———z7(s)ds, t>0.

The Riemann—Liouville fractional derivative of an order o > 0 for the function z1is
defined as *Dz(t) := D" J"~°z(t), wherem — 1 <o <m € N, D" := dl—m is the
derivative of the integer order m € N. Further, we will use the notations R D} := Dy,
D, := J for o > 0. The Gerasimov—Caputo fractional derivative of an order

« > 0 1is defined as

CDa ._ R a( (k) (1 tO)k)
°z(t) =D z(t)—Zz (to) :

k=0

Now let us define the Dzhrbashyan—Nersesyan fractional derivative [8]. For a

sequence {oy}y = {ap, o, ..., CR,suchthat 0 <oy <1, k=0,1,...,n€
N, denote
k
o=y aj—1, k=0,1,....n,
j=0

so —1 < o < k — 1. Further, the condition o, > 0 is assumed to be satisfied. We
define the following differential operations

D%z(t) := D™ 'z(1), (1)
D%z(1) := DM 'DM* ' DM L DYz(1), k=1,2,...,n. )

The Dzhrbashyan—Nersesyan fractional differentiation of an order o,, associ-
ated with the sequence {ay}y. is defined by relations (1), (2), it includes the
Riemann—TLiouville fractional derivative (ag € (0, 1), = 1,k =1,2,...,n)and
the Gerasimov—Caputo fractional derivative (o =1, k=0,1,....,n— 1, o €
(0, 1)) as partial cases.

Various differential equations with Dzhrbashyan—Nersesyan derivatives were
considered in the works of A.V. Pskhu. For example, in [9] a fundamental solution of
the diffusion-wave equation with a time Dzhrbashyan—Nersesyan fractional deriva-
tive is obtained; in [10] issues of the solvability are studied for the case of a discrete
time Dzhrbashyan—Nersesyan fractional derivative.

Here in the second section the unique solvability theorem is proved, while actively
using the results obtained in the earlier paper [11] for linear equations, for a Cauchy
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type problem to a quasilinear equation in a Banach space with Dzhrbashyan—
Nersesyan fractional derivatives, which is resolved with respect to the oldest deriva-
tive. In the third section this result is used for the study of a unique solution existence
issues for a quasilinear equation in a Banach space with Dzhrbashyan—Nersesyan
fractional derivatives and with a degenerate linear operator at the oldest of them. The
fourth section contains the application of obtained abstract results for the quasilinear
degenerate equations in Banach spaces to the study of a initial-boundary value prob-
lems for a linearized and a nonlinear models of dynamics of viscoelastic Kelvin—
Voigt fluid.

2 Quasilinear Nondegenerate Equation

Let Z is a Banach space, A € L(Z), i.e A is linear bounded operator from Z to
Z, denote by Z an open setin R x Z", operator B : Z — Z is nonlinear, generally
speaking, tp € R, T > ty. Consider the initial value problem for a nonlinear equation

D7z(1) = Az(t) + B(t, D*z(1), D"'z(t), ..., D™ 'z(1)), 3)
D%z(t)) =z, k=0,1,....,n—1. (4)

The function z € C((ty, T]; 2) is called a solution of problem (3), (4) on (¢, T'], if
D*z € C([ty, T); 2),k=0,1,...,n—1,D/"z € C((tp, T]; Z),forallt € (ty, T]
elements (¢, D?z(t), D?'z(t), ..., D?'z(t)) belong to the set Z, equality (3) and
conditions (4) are satisfied.

Firstly recall the result on the corresponding linear equation.

Theorem 1 ([11))LetA € L(£),0 <o <1,k=0,1,...,n,0, >0, a9 + v, >
,ge C([t), T]; Z2), zk € Z, k=0, 1,...,n — 1. Then there exists a unique solu-
tion of problem (4) for a linear equation D°"z(t) = Az(t) 4+ g(t) and it has the

form
n—1

2(t) =Y (t = 10)" Eg, 1 ((t = 1) A)zit
k=0

- / (t — )" E,, o ((t — )™ A)g(s)ds.

Lemmal LetrAec L(Z),0<a<1,k=0,1,...,n,0,>0, a0+, >1, B¢c
C(Z; 2),(ty, 205 - - - » Zn—1) € Z.Thenafunctionz € C((ty, t1]; Z), suchthat D%z €
C([t0,1]; 2), k =0,1,...,n — 1, is a solution of problem (3), (4) on (ty, t1], if and
only if for t € (ty, t1]
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n—1

2(t) =Y (t = 10)" Eg, 1 ((t = 1) A)zit
k=0

+ /(t - s)""_lEngn((t —5)"A)B(s, D?°z(s), D' z(s), ..., D 'z(s))ds. (5)

Proof 1f a function z is a solution of problem (3), (4), then the map from [#, #;] to
Z of the form t — B(t, D?°z(t), D' z(t), ..., D°-'z(t)) is continuous. Therefore,
as it is proved in Theorem 1, equality (5) holds.

Let z € C((tp, t1]; Z), such that D%z € C([ty, t1]; Z2), k=0,1,...,n — 1, sat-
isfies (5), then the mapping t — B(t, D°°z(t), D7 z(t), ..., D?"-'z(t)) acts from
[#0, t;] to Z continuously and as in the proof of Theorem 1 one can directly check
that z is a solution of the problem (3), (4).

Denote X := (x1,x2,...,X,), SsX)={yeZ":lly—xllz <0, k=
1,2,...,n}.

Theorem2 Let Aec L(Z),0<a <1, k=0,1....,n,0,>0, a0+a, >1,Z
be an open setin R x Z", B € CX(Z; 2). Then for each (ty, 20, 215 - - -5 2n-1) € Z
there exists a unique solution of problem (3), (4) on (1, t|] for some t; > 1.

Proof According to Lemma 1, it suffices to prove that for some #; > #, Eq.
(5) has a unique solution z € C((fy, t1]; Z), such that D%z € C([ty, t1]; Z2), k =
0,1,...,n—1.
Let y(t) := D™z(t) = D 'z(t), then D%z(t) = D "D ... D! y(t). For
the set {ag, 1, ..., a,} define a new set {By =1, 0, = oy, ..., B, = a,}, num-
k k
bers pg :=0, pr :==>_. % —1=>_ 3 > 0 and the corresponding Dzhrbashyan—
1=0 I=1
Nersesyan fractional derivatives D y(t) = y(t) = Dz(t), D*y(t) = D;gk_lDf*’1
D;@H ...DMy(t) = D%z(t) fork = 1,2, ..., n.Itfollows from (4) that y(fy) = zo,
DPy(ty) =z, k=1,2,...,n— 1.
Denote B? (s) := B(s, y(s), D' y(s), ..., D”~'y(s)).ChooseT > 0,6 > 0, such
that V = [y, fo + 7] X Ss(z) C Z, where 7 = (2o, 21, - - - » Zn—1) 18 the vector of ini-
tial data from (4). Consider the Banach space C B! ([to, to + 7]; Z) with the norm

. -
= llcqo.ntr:z) + max [[(r —10) 70| z+

v 5 an—
I HCWO N (to,t0+71: ) telto,to+7]

n—1
1-0 +1
+ E <||Dpkv||C([ZU,ro+T];Z) + max ||(t —fp)' T DAF U(l)||z>.
k=1

t€lty, 1o+7]

Denote by S, the set of functions y from C/%% " ([1,, to + 71; Z), such that
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IDP*y(t) — zillz < 8, It — 10)' =P D} DP=1y(1)ll 2 < B0, 20, - -+ 20—l 2 + 6,

(t — 1) 1 DI DPhy (1) — — KL H 1,....on—2,
I (pr+1 — pi)

fortg <t <ty+7,k=0,1,...,n — 1.In S, we define the metric d(y, v) = ||y —

Vll s (g sy, 2 Ot that for

n—1
) (t = 1) )
Fi=zo4 Y o DMl () =z k=0,1,...,n—1,
« o+ 1)

Zk+1

(r— to)l—ﬂHlDlDﬂky(t) . S S
! I'(pkr1 — pr)

k=0,1,...,n—2,

(t —10)'"" D! D?5(t) = 0, therefore, § € S,. Define
n—1

G(@) =) (t —10)" Ep, pos1 (1 — 10)" A)zi+
k=0

+ f (t —)"'E,, , ((t — )" A)B(s)ds

and note that (5) has the form y(¢) = G(y)(¢). Denote fork =0,1,...,n — 1

y 0B ’ OB
Bl: (S) = E(Iv Yo, Y15 -4+ Ynfl), Bk (S) = a_yk(ts Yo Y15+ -+ )’nfl)'

For y e CJ% ' ([ty, ty +7]; Z) by virtue of Theorem 2 [11] D*G(y) €
C(ty,to+7); 2),k=0,1,...,n— 1. Moreover,

n—1
(0 = 1) FIDIDHG(y) (1) = Y (= 10)" T TINE,, o (= 10)" Azt

I=k+1

+(t — tO)Pn_Pk_ﬂk+lEp”’puipk((t — 10)" A)B” (to)+

t
+(t — 1g) ' P / (t =) E, o, ((t —s)"A)D!B”(s)ds,
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t
(t—to)lfﬁkﬂ/(z—s)ﬂn*ﬂk*lEpn,pn,pk((z—s)ﬂnA)DjB)’(s)ds <

to z

n—Pk—D) 1 n y
<@t —tg) P HE, (= 1) Al 2z B (t) | 2+

1

+(on — pr = Bit1) f (t — sy PP, (=) A B (s)ds|| +

Iy Z

n— _ﬂ 1 n
(1 — 1) HHE (0 — 10" | Allzz) max  ||B](1)]lz+
t€lto,t0+7]

+(t = 1) E,, 5 —p (& = 10)"[|All£2)) X

n—1
X ( max || B, (1)llzcz) te[‘,“?’iﬂ[(’ — o) 71| D) D”‘y(t)”z]) ds — 0
0,10

teltg,to+1
o [t0,t0+7]

for t — ty+, because p; — px — Gyr1 = p1 — pry1 > O0forl =k +2,k+3,...,n.
Here we also use the inequality (1 — 15)? < 2°7'[(t — s)” + (s — t9)?]for s € [1, 1].
Therefore, fork =0,1,...,n —2

) N Zh+1
lim (f — 4 )1 ﬂkﬂDlDﬂkG(y)(t) = )
t—to+ 0 ! I (prs+1 — pr)

lim (t — 1) ™ D! D" G (y)(t) = B (to) = B(t0, 20, Z1s - - - » Zn—1)5

t—to+

G(y) € clk ([to, to + 71; Z), and for small enough 7 > 0 we have G(y) € ;.
If | D7 y(t) —zxllz <0 forty <t <ty+7,k=0,1,...,n— 1, then, decreas-
ing 7 > 0, if necessary, we obtain

)
ID*G(y)(t) — zllz < 3 + 7 E (TP | All £(2)) (2con + K) < 0

fortgo<t<ty+7,k=0,1,...,n—1, where K = max ||By(s)||g. Here we
s€(ty,to+7]

use for h € C([ty, to + 7]; Z) the equalities

¢ t . .
- 2\ (t — s)Pnite—pl A
D™ /(r — )" E, L. (t — )" A)h(s)ds = / . h(s)ds
, prp 12:;: L (pnj =+ pn = pr)
0

fo

t
= / (t =) E, o ((t = )" A)h(s)ds.
to
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Further,

1

(t —to)' =P D] /(t — )T E, b ((t — )PP A)(BY (s) — BY(s))ds

0 Z
< [27—pn_pk+]+1 + (pu — pk+l)7-/1n_pk+l 4 (Tl—ﬂm + ||By(lo)||z 4 5) Tpn—pk] X

(6)

Pn — n—
X Ep,,,p,,—m (T ”A”L(Z))C”y vl'C(3")0 l([to,fo+T]l,Z).

Foreacht € [tg,to+ 7], r =0,1,...,m —1,y,v € §;, due to (6) we get

G (@) = G @l

(6! <
Co (1o, 00+71:2) —

d(y,v
. < (. v)
CYo  ([1g,00+71: 2) 2

< cm™ly — v

for sufficiently small 7 > 0. Therefore, the operator G has a unique fixed point y in
S.-. Hence,

( _ )ag 1 ( _t)ao 1 (f )00 1
A= / "o 0T TTeo / Flag O

fo

Since y € CYJ ([t, tg + 71; Z), we have

t — §)— 1 r t—t apgta;—1
( s) )ds| < (a)(t — 1) . '
() I'(ag + ) CY " ([10.00+7): )

Z

Therefore, z = D,l_a"y e C((ty, T]; 2), D%z=DyeC(t, Tl 2), k=
0,1,...,n — 1, zis asolution of the problem (3), (4) on (¢, tp + 7]. The uniqueness
of a solution follows from the uniqueness of a fixed point of G.

3 Quasilinear Degenerate Equation

When solving a degenerate evolution equation, some theory of such equations will be
required. Let L € L£(X; )), i.e L is linear bounded operator from X" to ), ker L #
{0}, M € CI(X; )),i.eitis linear closed operator from X to ) with a dense domain
Dy in X. Define L-resolvent set of an operator M as p“(M) := {u € C: (uL —
M)~! e £(Y; X)}anddenote Rﬁ(M) = (ulL — M)"L,Lﬁ(M) = L(uL — M)~



122 M. Plekhanova and E. Izhberdeeva
An operator M is called (L, o)-bounded, if
da >0 VpeC (ul>a)= (nep"(M).

Lemma 2 ([12, pp. 89, 90]) Let an operator M be (L, o)-bounded, v = {p € C :
|| = r > a}. Then the operators

P RE(M)dji € LX), Q= - f LEM) dp € £O)
2 H

27 i
¥ ¥

are projectors.

Put X% :=ker P, X! :=imP, )" := ker Q, V' := imQ. Denote by L; (M;) the
restriction of the operator L (M) on X* (Dy, = Dy N X*), k=0, 1.

Theorem 3 ([12, p. 90, 91]) Let an operator M be (L, o)-bounded. Then

(i) My € L(X; YY), My € CL(X0;)°), Ly € L(X*; V%), k=0, 1;

(i1) there exist operators MO_l € .c(yo; XO), Ll_l € E(yl; Xl).

Denote G := MO_ILO. For p € Ny := N U {0} an operator M is called (L, p)-
bounded, if it is (L, o)-bounded, G? # 0, GP*! = 0. Thus, for (L, 0)-bounded

operator M we have Ly = 0.
Consider the Showalter type [12] initial value problem

D Px(to) = xx, k=0,1,...,n—1, 7)

for a linear inhomogeneous fractional order equation

D Lx(t) = Mx(t) + g(1), (®)
where D7 is the Dzhrbashyan—Nersesyan fractional derivative, which corre-
sponds to the set of numbers {ag, oy, ..., ,}, 0 <oy <1, k=0,1,...,n,¢g¢€
C(0,TL; ).

A function x : (o, T] — Dy is called a solution of problem (7), (8), if
Mx e C((ty,T);Y), D%PxeC(t,T)];X), k=0,1,...,n—1, D°Lx €
C((t0, T]; V), equality (8) holds for all ¢ € (#y, T'] and conditions (7) hold.

Theorem 4 ([11, p. 10]) Let an operator M be (L, p)-bounded, 0 < oy <1,
k=0,1...,n,0,>0, acp+a,>1, g€ C(t,T;)), (D""G)IMO_I(I —Q)g €
C((t), T; X), 1=0,1,...,p, xx € XU k=0,1,...,n— 1. Then there exists a
unique solution of problem (7), (8) and it has the form
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n—1

xX(t) =Y (t = 10)" Eqg, o1 ((t — 1) LT M)xi+
k=0

t
P
+ / (t =)™ Egy 0, ((t = )" LT MOLT! Qg(s)ds = Y (D7 GY My (1 — @)g().
b 1=0
Let X be an open set in R x X", an operator N : X — ) is nonlinear. Consider
the Showalter type initial value problem for the nonlinear equation

D°"Lx(t) = Mx() + N, D?x(t), D' x(¢), ..., D7 x(t)), 9)
D%*Px(ty) =xx, k=0,1,...,n—1. (10)

Denote V := X N (R x (X")"). In the following theorem we will use the
assumption that for all (¢, zg, ..., z,—1) € X equality N (¢, zo, - - ., 2n.—1) = N1 (fo,
Pz, ..., Pz,_y)issatisfied withsome Ny : V — ). Afunctionx € C((ty, t1]; Dy)
is called a solution of problem (9), (10) on (fy, #;], if forall k =0,1,...,n —1
D Px € C([ty, t1]; X), D°"Lx € C((ty, t1]; X), for all t € (¢y, t;] (t, D?°Px(t),
D' Px(t), ..., D' Px(t)) € V, equality (9) is satisfied and conditions (10) are
valid.

Theorem 5 Let O <oy <1, k=0,1...,n, 0, >0, ap + o, > 1, an operator
M be (L, 0)-bounded, X be an open set in the space R x X", N : X — ), for
all (ty, 20, . . ., Zu—1) € X equality N(to, 20, - - ., Zu—1) = Ni(to, P20, ..., PZu_1) is
true with some N1 € C2(V; V). Then for arbitrary (ty, X9, X1, . .., Xn—1) € V there
exists t, > ty, such that problem (9), (10) has a unique solution on (ty, t1].

Proof Let us introduce the notations v(¢) := Px(t), w(t) := (I — P)x(t), S; :=
Ll_lMl. We act on Eq. (9) by the operator MO_1 (I — Q), by the operator Ll_l QO and
obtain a problem for the system of equations on mutually complementary subspaces
X1!and X°

D u(t) = Syv(t) + LT QN (t, D™v(r), D' v(r), ..., D7 'u(t)), (11)
D%v(fy) = x¢, k=0,1,....,n—1, (12)
0= w(t)+ My (I — Q)N,(t, D™v(z), D" v(t), ..., D v(t)).

Here we use the equality Ly = 0, which is valid due to (L, 0)-boundedness of the
operator M. Since V is an open set in the space R x (X'!)", Ll_1 ON, € C3(V; X),
then problem (11), (12) has a unique solution v on (7, #;] with some #; > ty by
Theorem 2. Hence, w(t) = —M(;I(I — Q)N (t, D°°v(t), D v(t), ..., D7"v(t)),
where v is a solution of problem (11), (12). Thus, there is a unique solution x(¢) =
v(t) + w(¢) to problem (9), (10).



124 M. Plekhanova and E. Izhberdeeva

4 Fractional Models of Viscoelastic Fluid Dynamics

Consider an initial-boundary value problem for a system of equations

(1 —xA)D'v=vAv—Vp+ f, (x,1) € 2 x (t, T), (13)
V.ov=0, (x,1)€ 2 x(,T), (14)

v=0, (x,t) €082 x (), T), (15)
D%'y(x, b)) = wp(x), x €2, k=0,1,...,n—1. (16)

Here d € N, 2 c R is a bounded domain with a smooth boundary 052, x, v € R.
The vector function of velocity v = (v, va, ..., vy) and pressure gradient Vp = r =
(r1,r2, ..., rg) are unknown, function f : 2 x [t), T) — R is given, 0 < o < 1,
D" is the Dzhrbashyan—Nersesyan fractional derivative with respect to time ¢,
k=0,1...,n. System (13), (14) presents the linearized at zero solution Kelvin—
Voigt model of viscoelastic fluid dynamics [13].

In order to reduce the initial boundary value problem (13)—(16) to abstract problem
(7), (8), we introduce the Lebesgue space L, := (L,(£2))% and Sobolev spacesH' :=
(W21 )4, H? = (sz(.Q))d. The closure of the subspace L := {v € (Cgo(.Q))d :
V .v =0} in L; is denoted by H,; H}, is the closure of £ in H'. We will use also
the notation H2 := H! N H?. The orthogonal complement of H,, in L, is denoted by
H;, the corresponding orthoprojections are ¥ : L, — H,, [T =1 — X.

Consider an operator A = X' A in L. This operator, extended to a closed operator
in H, with domain th,, has a real negative discrete spectrum of finite multiplicity
condensing only to —oo [14]. The eigenvalues of {)\;} are numbered in nonincreas-
ing order, taking into account their multiplicity. An orthonormal system {(y} of
corresponding eigenfunctions forms a basis in H,,.

We define spaces and operators as follows:

X=H.xH, Y=L =H,xH, (17)
_(1—-xA0 ) _( vA O )
L—(_XHA())eE(X,y), M—(ynA_I>e£(X,y). (18)

Lemma 3 Let the spaces X and ) be defined in (17) and the operators L and M
be defined in (18), x,v € R, x #0, X! ¢ 0(A). Then the operator M is (L, 0)-
bounded,

I 0 ! o
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Proof In [15, Theorem 7] it was shown that the operator M is (L, 0)-bounded and

(ul — (ux +1)A)~! O>‘

_ -1 =
(ul — M) <(HX+V)HA(MI — (ux+nA~" I

This implies the equalities

RE(M) = (ul — (ux +v)A) ™' — xA) 0) _
T N (ux + )T Al — (px + AU — xA) —x[1AO0 )
_ (uI — (1 — Ay~ A)™ 0) _
T\ owd —xATTA+ v Al —v(I — xA) A0 )~
_ (ul — v(I = xA)~ A)~! 0
“\v(I —xA ' TAWI — v —xA'ATO )
Lo (= xA @l — (px+1A)" O _
Ly (M) = ( XTI AGU = (px + 1) A) ! 0) =

_ (ul —vA(I = xA)™H™! o
—\—TAU = xA) T (Wl —vAU = xA)THTTO )

Using the expansion into the Neumann series, e.g.,
o0
(I —vAU = xA)™H™ =Y AT — x AT
n=0
the form of projections P, Q and the residue theorem, we obtain equalities (19).

Theorem 6 Letx,v € R, x #0, x ' ¢0(A),0 < <1, k=0,1,...,n 0, >
0, a0+, >1, f e C(ty, T); L), wy € H[ZT, k=0,1,...n — 1. Then there exists
a unique solution of problem (13)—(16).

Proof 1f we use spaces (17), then due to Lemma 3 operators (18) and the function
g(t) = f(-,t) satisfies the conditions of Theorem 4. Note also that due to form (19)
of the projection P setting conditions (16) with wy € H(Z, is equivalent to problem (7)
withx, e XL, k=0,1,...,n— 1.

For n = 1 consider the nonlinear Kelvin—Voigt model of viscoelastic dynamics
[13]

(1—=xA)D"v=vAv—(v-V)v—Vp+ f, (x,1) € 2 x (to, 11). (20)

V-v=0, (x,1) €82 x(t,t), 21
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v=0, (x,7) €082 x (tp, 1), (22)
v(x, ty) = wo(x), x € £2. 23)

Let ag =1, aq € (0, 1], then D?'v = v, for oy € (0,1) D'y = Jtlfa'Dtlv =
€ D{"'v is the Gerasimov—Caputo derivative. For oy = 1 D?""'v = v, is usual partial
derivative with respect to time ¢.

Theorem7 Let y,veR, x#0, x '¢o(Ad), ag=1 O0<a <1, fe
C%([ty, T1; La), wo € H(Z, Then for some t; € (ty, T] there exists a unique solution
of the problem (20)—(23) on 2 x (ty, t1).

Proof Under the conditions of this theorem oy = a; > 0, ap + o, = g+ ) =
14+ o > 1.

It follows from the form of P that condition (23) with wq € H?, is equivalent
to (7) with n = 1, xo € X!, and the nonlinear operator N(v,r) = —(v - V)v + f
depends only on the projection of the vector (v,r) € X on the subspace X! =
H2 x v(I — xA)~'I[1A[H2].Indeed, N (v, r) = N(P, P(v,r), r), where dueto(19)
Pw,r) = (,v(I — xA) ' T Av), PLP(v,r) = Pi(v,v(I — xA) ' [TAv) = v is
the projection on the first component. So,

Ni(P(v,r)):=N(PP(v,r),r)=—(P1P(v,r) - V)PI1P(v,r)+ f=—@W -V)v+ f.

By the Sobolev theorem embedding H 2(2) c L,(£2) is valid for d < 4 or at
q' <2d/(d —4)ford > 4, H*(2) C qu(.Q)istrueford <2oratg <2d/(d —2)
for d > 2. Take any ¢ > 1 ford <2, or ¢ =2d/(d —2) and ¢' =q/(q — 1) =
2d/(d+2) > 1 ford > 2, then [N(v, )}, < 2||v||1L{/‘{/||v||;{ff +2|f1I}, and N :
X — ). !

The first and second order Frechet derivatives have the form for h € X

N{(v,r)h = —(P\Ph-V)v— (v-V)P{Ph, (N} (v,r)h, h) = =2(P;Ph-V)P|Ph.

Therefore, the second order Frechet derivative of the operator N is constant with
respectto v and N; € C 2(X;)). Therefore, all the conditions on N; of Theorem 5
for X = R x X are fulfilled.

The work is funded by the grant of the Russian Scientific Foundation, project
22-21-20095.
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On a K-Homogeneous Metric )

Check for
updates

Marina V. Polovinkina and Igor P. Polovinkin

Abstract We consider a Riemannian metric which generates the Beltrami-Laplace
operator coinciding with the B-elliptic operator up to a factor.

Keywords B-elliptic operator - Riemannian metric + Laplace Beltrami operator -
Isometry group - Killing conditions *+ Lobachevsky geometry

1 K-Homogeneous Metric

Lety = (v1,...,7:) beavector with fixed numbers v;, i = 1..., n, which are not
equal to zero at the same time. We denote by R’ the set of points x = (x1, ..., x,) €
R" such that x; € R, wheny; =0, x; € (0, +00), when v; # 0.

If 4; # 0, the variable x; is called singular. As usual, we will use the notation

n
x) = l_[x?", x=(x1,...,x,) € R
i=1

Let the function u(x) be twice continuously differentiable in R’} .
We define the operator Ag by the formula

n 2 n X
Apu=Y Th B ()

2 ¥ Ox:
P 0x; = X Ox;
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Operators of the form (1) have been studied by I. A. Kipriyanov and his disciples
(see [1-5]).
The aim of this section is to find a positively defined in R’, symmetric quadratic

form (metric)
dS2 = ZZgijdx,- dxj s
i=1 j=1
such that the Beltrami—Laplace operator (see [6])

R S W

would coincide with the operator Az up to a multiplier. Here the functions g'/, i, j =
1,...,n, are the entries of the matrix ||g"/ ||, which is the inverse of the matrix ||g;; ||
(covariant metric tensor),

g = det |lg;;ll.

The study of the properties of elliptic differential operators using Riemannian metrics
has a long history (see, for example, [7, 8]).

Theorem 1 Ifn > 3, the entries of the matrix | g;; || are defined by formulas
g,,_é,,]_[x =0xX i, j=1,...,n, K=(Ki,..., Ky, (3)
where
Ki =2v;/(n —2), “4)

0;; is the Kronecker symbol.

Proof Indeed, since g;; = 0 for i # j, substituting (3) into (2), we get:

ou
kk
Ayu = WE o (g \/lgl—axk>, &)
where

gl =g =x" H an = H xR, 6)

i=1i=1 i=1

n
gkk — .X_K — l_[ xi—z’)’i/(ﬂ—z). (7

i=1
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Taking into account (6) and (7), it is possible to rewrite (5) in the following form:

Ou
K Kn/2 _
Autt = x"K/2 Z Ox; < 6‘xj) B

:fo i% _'_fon/Zi%

j=1 j=1 "7

(ﬁ sz(n—2>/2> Ou
, -
=1 8xj

e _ K(n—Z) | Ou
_ K Kn/2 Ki(n—2)/2 _
=x Zaz NI oo =
j=1""J Xi

j=11=1

"L 9%u K; (n —2) Ou
_ .~ K fK _ .= K
=X IX:I:W Z ] ax‘] =X AB,,M,

)
Ayt :x_KABWu, (3

which was required to be proved.

We will consider the set R, equipped with a Riemannian metric
n
ds2=xKdei2, K € R, 9)
i=1

as a Riemannian space; we will denote it by K I,,, and we will call metric (9) the
K-homogeneous Kipriyanov metric.

Theorem 2 Ifn = 2, the problem of finding a metric satisfying equality (8) has no
solution.

Proof Let
gu=E, gu=9u1=F, gn=0G.
Then g
= det ||g;j|l = EG — F?, g = (=1)!*/ —2L
g = det||g;ll =t
Hence
O*u 2
Au=G — 4+ E ——
/191 o2 /191 o2

0%u Oou Ou
—2F b —, — 1
/|g|8x18x2 + (8)61 ’ (9)62) ’ ( O)
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where @ denotes a summand that depends only on the first-order derivatives of the
function u. In order for expression (10) to coincide up to a multiplier with (1), it is

necessary that ' = 0. This will entail equalities

g=EG, ¢"" =1/E, ¢? =1/G, gn=gn =g =g =0.

ou _
(9)62 -
Ou
8)62 ’

Therefore,

Ju n 0 E
axl 6x2 G

n 0 G| Ou 0 E
8x1 E G

A 1 o ‘G
ot = ——| =— (/|
VIEG] \ ox; E

1 82u+ 1 &%u
 EOx} G 0x?

J’_ _
x| Oxa

The first two terms must have the same coefficients, from where £ = G. Then the
last two terms are equal to zero, which means that it is impossible to find a metric
satisfying equality (8) for n = 2.

2 Investigation of Isometric Transformations for the
K-Homogeneous Kipriyanov Metric

The fulfillment of the Killing requirements

¢ 9gij 0&s 0&s .
s is is T~ :0, ) =1,..., .
Z (6 8XS + g an + gj 3x,~ b "

s=1

is a necessary and sufficient condition for a one-parameter group G with an infinites-
imal operator

‘ 0
X=) &5
i=1 !

to be an isometry group.
Obviously,

ag,-j -5 KS)CK
Ox, 7 ox,

Therefore, the Killing equations will take the form

. - SN .
Z(éijé-sstk ! +XK <a_xj+a—le)> =0, ] = 1,...,}’!.

s=1
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By summing and reducing by x*, we get

N
&K 85, agj ..
=0,i,j=1,...,n. 11
; X 8x1 8x,~ " " (in

Fori # j, Eq. (11) can be written as
+—=0, i,j=1,...,n, 1 # j. (12)

Fori = j, Eq. (11) can be written in the form

0 K&
2>L —=0,i=1,...,n. 13
8xj+§ X ! " (13)

The vector
§=(1,....&), §=Cxlxj, (14)
where
P=(prsp) pr=pr=-=p,=Bf=—) K/2-1, (5
=1

is a solution to system (13), which can be checked by direct verification. Substituting
(14) into (12), taking into account (15), we obtain

05%+?=5xp(ﬁ+ﬂ>, =1, i
. -xi

X Xi
Hence we get

pr=p=-=p,=f=—) K/2—1=0, (16)
I=1

or, what is the same,

S Ki=-2, (17
=1

and considering (4),

i% —2—N. (18)
i=1
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3 Characteristics of the K-Homogeneous Kipriyanov
Metric in the Case of a Single Singular Variable

There is a well-known case of fulfillment of condition (16), or, what is the same,

(18). Whenvi =v =---=7,-1=0,v =2 —n, K = -2, the space K1, is the
Poincare model of the n —dimensional Lobachevsky geometry. Next, we will consider
thecase of vy = v = -+ = v,—1 = 0, 7, = 0. Metric (3) will now take the form
gij =0uyxX. i j=1,...n, (19)
where
K =2v/(n-2), (20)

0;; is the Kronecker symbol.
The following facts are established by direct calculation.

Theorem 3 The Christoffel symbols of the first kind, corresponding to metric (19),

have the form
KXK71
Tijx = ; (0ix0jn + 0jx0in — 0ij0kn)-

Proof From the definition of the Christoffel symbols of the first kind, taking into
account (19)—(20), we obtain:

1 (Ogik . Ogjx  Ogij
1—;4 - — | — _— e —— | =
) (6)6_,- * Ox;  Oxk

1
= §(§ik5j;1Kx,5<71 + 010 Kx K" — 6,6, KxX 1),

which was required to be proved.

Theorem 4 The Christoffel symbols of the second kind, corresponding to metric (9),
have the form

K
1—'/; = g(éikéjﬂ + (5jk5in - 5ij6kn)-

Proof From the definition of the Christoffel symbols of the second kind and the
previous theorem, we obtain:

n n
K _ _ .
F,-]; = E " = > E Senxy Kx XV Gindjn + 6 jndin — 01 0nn) =
h=1 =1

K
o (0kijn + OkjOin — 0ijOkn)-
n

The theorem is proved.
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Theorem 5 The components of the Riemann tensor, corresponding to metric (9),
have the form

R,l/k (% - %)(@iéinékn + 0ik0jndin — 0ijOkndin — 1k 6indjn)+
4x’zl 7 (0ij 01k — 0ikdrj)-

Proof In accordance to definition, the components of the Riemann tensor are calcu-
lated by the formulas

i
L 0T
ijk 8xj 8xk

l l
thM/_FmF k)

m=1

We will calculate the partial derivatives included in these formulas. We have

or;
ox, 225sn(5kz5/n+5’<151" 0ijOkn).

from where, we obtain

% = —%6]-”(51,-610, + 01k bin — 6ikOin),
or
8_x;; =—z= 25kn(5115jn + 01 0in — 0ij01n).
Therefore,
or] dr; K

ax Ox = _z_xz((sjnélk(sin - 5jn5ik51n - 5kn51j5in + 6kn6ij51n)-
J s n

Now we will calculate the last term in the definition. Taking into account Theorem 4,
we find:

n
Y TR = T o) =
m=1
K2 n
~ ax2

l‘lml

(6mi§kn§lm6jn + 6mi6kn51j5mn_

_5mi5kn5mj51n + §mk5iil6lm6jl‘l+
+6mk6in61j6mn - 6mk6i116mj61n - §ik5'nn§lm5jn - 6ik6mn61j6mn+

0ik OmnOmjOtn — Omi 0 jnOimOkn — Omi0 jnOtkOmn + Omi0 jnOmiOrm—
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_5mj 6in61m6kn - 5mj 5in51k5mn + 5mj6in(5mk61n + 6ij 5mn5lm 6kn+
+5ij5mn51k5mn - 5ij6mn5mk51n)~

Hence, taking into account the properties of the Kronecker symbol, in particular, the
formulas
dit = Ois

n
Z 5mi51m - 51’[7
m=1
after identical transformations, we obtain a statement of the theorem.

Theorem 6 The components of the Ricci tensor, corresponding to metric (9), have
the form

K
Rij = 1 (K =2)2 = n)8inbjn + (K(n —2) +2)6;5) .

n

Proof Directly from the definition of the components of the Ricci tensor

n
_ k
Rij = § , Rijk’
k=1

after identical transformations, we come to the validity of the theorem.

Theorem 7 The curvature of the space K I, is calculated by the formula

R Kn(n—2) 2vn
xK+2 xy(lZ’y+2n—4)/(n—2) :

Proof From the definition of curvature
n n
R=2_D d'Ry,
i=1 j=1

we come to the statement of the theorem by performing summation and identical
transformations.
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4 Investigation of Geodesic Lines for a K-Homogeneous
Kipriyanov Metric

Theorem 8 The system of equations for geodesic lines in the space K I, can be
reduced to a system of the first order

dxk Ck
—=—, k=1,...,n—1, 21
ds  xK " 1)

dx,\>* C, B
=2 _— 22
(%) T @
where

B = (23)

Proof The system of equations for geodesic lines in a given metric |/g;;|| has the
form
d? xk cdxi dx;
——=0,k=1,2,...,n,
Z Z s ds n

where s is the natural parameter (arc length). In our case, using the calculated
Christoffel symbols, we can write this system as

d’x; K dx, dx;
__—zo, k= ],..., _17 24
ds? +xn ds ds " e

d*x, K < dx; 2+ K [(dx, 2_0 25)
ds?  2x, — ds 2x, \ds |

Equation (24) can be written as

d dxk
K K
— — =0, k=1,...,n—1. 26
s (x" ds ) " (26)
Multiplying (26) by xX, integrating and dividing by xX, we get
dxk Ck
— , k=1, — 1. 27
ds xK 7)

Substituting (27) into (25), we get
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138
dx, KB K (dv\_ %)
ds?  2x2K+U T ox, \ds )

Equation (28) admits a reduction of the order in a standard way. Suppose

dx
p=p)=—= v=p*

ds
Then
d’x, , 1,
@ =g

After that, Eq. (28) will be reduced to the form

L B’K
V4 —v = ——,
X, 2K+
which is equivalent to the equation
d <) B’K
X, V) = .
dx, " X

Integrating and dividing by xX, we get

,  (dx,\* C, B
vV = = = —_———,
P ds xko x2K

It is known [9], that geodesic lines have the property

" dx; dx;

2D G g = et
i=1 j=1
In the case under consideration, this will lead to equality
n d : 2
fo <i> = const. 29)
P ds

From (21), it is easily deduced that the constant in equality (29) coincides with C,,.
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Biooscillators in Models of Genetic )
Networks

updates

Felix Sadyrbaev, Inna Samuilik, and Valentin Sengileyev

Abstract We study periodic attractors in a system of ordinary differential equations,
which is used to model genetic regulatory networks. The systems of order two and
four are considered, which posess the periodic attractors. The systems of order three
and six are considered also.

Keywords Dynamical systems - Mathematical models - Genetic networks *
Periodic attractors

1 Introduction

Genetic regulatory networks exist in any cell of any living organism. They are respon-
sible for many important functions, including the morphogenesis, reactions to non-
favorable influences and more. The understanding of principles of their functioning
is necessary for the purposes of managing and control of them. The experimental
data, collecting by the experts in the field and their teams, usually are of huge volume
and require simplifications and systematizations. As in other natural sciences, the
mathematical models can be of great help.

There are different kinds of mathematical models for genetic regulatory networks
(GRN in short). These models use Boolean algebras, the Graph theory and more.
The interested reader can gain the necessary information from the sources [1-5]. One
of the more effective tools for the purposes of modelling the behavior of GRN and
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tracking the evolution of GRN in time is the theory of differential equations. This
model consists of a vectorial system [8]

X' =F(WX-06)-X, ey

where X is the n-dimensional vector of the current state of a network, W stands for
the so called regulatory matrix, and © is the parameter vector, which defines the
individual properties of any gene. Any element of a network can be imagined as a
separate element (more precisely, any x; is the rate of expression of proteins, sending
to other elements of a network to form a collective response to current threats), called
a gene. The interaction of genes for short (relatively) periods of time is described
by the regulatory matrix W. For instance, for a two-element network with the state
vector X (t)(x;(t), x2(¢)), the regulatory matrix in a general form is

wy w
W= 1w )
w21 W22
The element w;; means the influence of x; on x;. The positive value corresponds to
the activation, the negative to the inhibition (repression), the zero entry means no
interactions. It is to be mentioned here that the regulatory matrices, obtained for the

real networks, mostly are sparse, with great zero fields [6, 7]. Consider three types
of interactions, namely,

11 0 —2 21
we(n) we(57) w=(G2) o

The first one corresponds to the activation, the second one can be classified as the
inhibition, and the last matrix corresponds to the mixed activation-inhibition case.
The respective system of differential equations is of the form

R
{xl - 1+e*#1(w11)1f1+w12»'2791) X1, (4)
/

X) = Tremtmnrmaty — X2

Notice, that in the absence of interrelation between genes, the system turns to the

linear one
/
X = —X1
{ ; ' 5

representing the natural exponential decay. In all three cases there are attracting sets
in a (x, x2)-phase plane. Let us look at the pictures. In these pictures, u; = u, =
4, 6y = (w1 +wi2)/2, 6, = (wy; + wy)/2. The curves in blue and red are two
nullclines (Figs. 1, 2 and 3).

The role of attractors in systems of the form (5) cannot be overestimated. Future
states X (¢) depend on the attractors, their locations, and their properties.



Biooscillators in Models of Genetic Networks

143

Fig. 1 The vector field and
the nullclines for the system
(2) with the matrix W,

Fig. 2 The vector field and e

the nullclines for the system -

(2) with the matrix W;

Fig. 3 The vector field and
the nullclines for the system
(2) with the matrix W,

2 General Models

The general system, modelling the n-dimensional GRN network, is

dxl 1

- = — X
dt 1 4 e—#iwnxi+wixytFwin X, —61) I
d.X2

- = — X2,
dt 1 + e—r2(waxitwyxy+- 4w x, —02)

dx, 1

—_— = — Xu.
dt 1 4 e Han (WatX1+wa2 X2+ Wy Xy —6n) "

It involves the regulatory matrix

(6)
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w1 W12 ... Wiy

W21 W22 ... Wy

W = )

Wp1 Wp2 - .. Wpp

where the interrelation of elements of a network is encrypted.

The right hand side of the system (6) consists of a linear and nonlinear part. The
nonlinearity is represented by a sigmoidal function. Sigmoidal functions are those,
which are continuous and smooth, and monotonically increase from zero to unity.
They have exactly one inflection point. In the system (6) the sigmoidal function
f@) =7 +el,w is used, as in many other sources.

The nullclines of the system (6) are given by the equations in the system

1
X1 = )
1 + e—muxi+winxy+-+wi,x, —01)
Xy = )
1 4 e—Ha(waxi+wnxy+-+wan X, —62) ()
1
Xp =

1 4+ e—Han WXy Fwaa X+ +wan Xy —0,) °

The critical points of the system (6), also called the equilibria, are solutions x7 to
x, of the system (8).

The standard local analysis of the critical points can be made by considering the
linearized at a critical point system.

Proposition 1 The unit cube in a phase space is invariant.

Proof Consider the faces x; = 0 and x; = 1. The first component of the vector field,
defined by the system (6), is

1
1 4+ e—Hiwnxi+wixyt4wi, X, —61)

— X1.

This values at x; = 0 are strictly positive, since the sigmoidal function is positive. At
x1 = 1 the vector field is strictly negative, since the values of the sigmoidal function
satisfy the inequality ; H_,”(,,,1m+,,,,12X2+...+,,,M -5 < 1 for any choice of the variables
and parameters.

xXn

Proposition 2 All critical points of the system (6) locate in the unit cube of the
previous proposition.

Proof Consider the system (8), which defines the nullclines of (6). As was men-
tioned, all critical points are solutions of (8). Consider the first equation in (8). The
values of the variable x; are in the open interval (0 1). This is true because the right
side contains the sigmoidal function e ,Hl(umﬂmﬁ o=y Which takes values in
the same interval (0, 1). Hence the x; coordinate of any critical point must be in
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(0, 1). Considering the remaining equations in the system (8), the conclusion can be
made that for any critical point (x{, ..., x;) the coordinates satisfy 0 < x} < 1 for
anyi =1,...,n.

Remark 1 More information on mathematical modelling of GRN by systems of
ordinary differential equations can be found in [6, 7, 9, 11-15].
3 Four-Dimensional Systems

Suppose the model of four-element GRN is studied. The respective dynamical
system is

dx1 1

_ = — X1,
dt 1 4+ e~ Hinxi+wixe+wizxs+wigxs—61) !
d)CQ 1

- = — X2,
dt 1 4 e~ H2(waxi+wanxy+wosxs+wraxs—62) 9)
d)C3 1

—_— —_ x
dt 1 4+ e—H2(w3ixi+wsnxs+wssxs+wssxg—63) >
dX4

—_— = — X4.
dt 1 4 e—Hn(Warx1+warxa+wasx3+wsxs—0s)

with the regulatory matrix

Wi W2 W13 Wi4

W31 W22 W23 Wo4 (10)
W31 W32 W33 W34

W41 W42 We3 Wa4

Theorem 1 Attractors of various kinds are possible in system (9).
These attractors were constructed and studied in [15-17].
Theorem 2 Periodic attractors are possible in system (9).
These attractors were constructed in [12, 15-17].

Example 1 Consider system of the form (9) with the regulatory matrix

1 0
0 (11)

oo =

cow !

—_—o oo
o

2
This system possesses the four-dimensional attractor which is composed of two

identical periodic solutions of the two-dimensional system, considered in the intro-
duction (for the matrix W,,,). This periodic attractor cannot be seen, but the projections
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Fig. 4 Projections on
(x1, x2, x3)

Fig. 5 Projections on
(x1, x2, x4)

onto two-dimensional and three-dimensional subspaces are possible to visualize. In
Figs.4 and 5 projections of the periodic attractor and several trajectories, which start
atx1(0) =0.140.2i,i =0, 1, 2, 4. The periodic attractor is in black.

Suppose that the regulatory matrix W for the system (9) is the block matrix with
two dimensional blocks on the main diagonal. For the convenient reference call these
blocks B; and B,. Other spaces are left filled with zeros. Let the two dimensional
systems, corresponding to these blocks, be

r 1
{xl - 1+e’/‘l("’ll'1‘l+"’12x2*f"1) — X1, (12)

R

Xy = 14e—H2wox+wpx2—02) X2,

and

[ S

-x3 T 14eH#3w33x3Hwigng—63) X3, 13
/o 1 _ ( )

Xy = Tremepatoga o — X4

Let both systems have the stable limit cycles with the periods 7} and 7>.
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Theorem 3 Suppose that the four-dimensional attractor is obtained from the two
two-dimensional limit cycles. If their periods relate as mT, = nT,, where m and n
are positive integers, then this attractor is a four-dimensional closed curve.

Proof Let Ly = {(x1(t), x2(t)) : t € T1} and Ly = {(x3(t), x4(¢)) : t € T»} be the
above mentioned limit cycles. Without loss of generality, one may say, that both limit
cycles start at ¢+ = 0. This is possible due to the autonomy of both two-dimensional
systems. At the time #; = nT) both solutions (x;, x;) and (x3, x4) are the same as at
the point ¢ = 0. This follows from the condition mT, = nT;.

The proof immediately follows.

Example 2 Consider system of the form (9) with the regulatory matrix

1.1-10 0
130 0
2 -1

W= 0
012

1
0 (14)
0

This system possesses the four-dimensional attractor which is composed of two
identical periodic solutions of the two-dimensional system, considered in the intro-
duction (for the matrix W,,). This periodic attractor cannot be seen, but the projections
onto two-dimensional and three-dimensional subspaces are possible to visualize. In
Figs.6 and 7 projections of the attractor and several trajectories are depicted. The
periods of both two-dimensional limit cycle relate as T, : 77 = 2 : 1. Therefore the
periodic attractor is the four-dimensional closed curve.

Remark 2 More examples of this kind can be found in [16].

Fig. 6 Projections on
(x1, x2, X3)
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Fig. 7 Projections on
(x1, x2, x4)

4 Three-Dimensional Systems and Six-Dimensional
Systems

We pass to the three-dimensional systems (3D for brevity) in this section. It is an
easy matter to construct a 3D system with the stable periodic solution, if examples
of 2D systems are known. Consider the regulatory matrix

210
Wi=|-12 0 |,
00w33

where the third x3 nullcline is a single plane or a union of three planes depending on
the number of roots of the equation (with respect to x3)

1
3= 1 + e—ms(wssxs—6s)
Then the 2D limit cycle (recall Fig. 3), corresponding to the 2 x 2 block in the left
upper corner, appears as the 3D limit cycle in the 3D system with the above regulatory
matrix. That case was studied in details in the conference paper [10].

Example 3 We will consider less trivial example of a 3D limit cycle, obtained
numerically. Consider 3D system of the form (6) with the regulatory matrix

w=|-1% o |. (15)
0 —1 k

Other parameters are chosenas u; = 5,6; = (k — 1)/2,i = 1, 2, 3. This system was
shown [17] to have a limit cycle for k € [0.36, 2.34]. The visualization of this limit
cycle will appear in the current text later, as a 3D projection of some 6D-attractor.
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Set k = 0.36. The respective periodic solution (the limit cycle) has the period
Ty = 6.23. This is, of course, the approximate value. We wish to find the value of &,
for which the periodic solution (also the limit cycle), has the period 7, = 27) (also
approximately). Such a value was found, it is k = 1.165.

Our intent is to construct the 6D-system of the form (6), which is composed of
two 3D-systems, corresponding to k; = 0.36 and k, = 1.165.

Consider the regulatory matrix

kO —10 0 0
1k 0 0 0 0
0 —1k 0 0 0
000k 0—1] (16)
00 0 1k 0
000 0—1k

and the corresponding system of the form (6). Other parameters are u; = 35, 6; =
k—1/2,i=1,...,6, where k =k fori =1,2,3and k =k, fori =4,5,6.

This system possesses the 6D attractor which is composed of two 3D periodic
solutions (limit cycles). The three dimensional projections can be visualized.

In Figs. 8 and 9 the projections of the periodic attractor for the 6D system with the
matrix (16) are shown. In fact, they are images of the limit cycles in two 3D systems,
corresponding to 3 x 3 blocks of the matrix (16). As was said above their periods
are in therelation 77 : T, =1 : 2.

In Figs. 10 and 11 two more projections of the periodic attractor for the 6D system
are depicted.

The theorem, similar to Theorem 1, is valid for the 6D systems of the form (6).

Theorem 4 Suppose that the six-dimensional attractor is obtained from the two
three-dimensional limit cycles. If their periods relate as mT, = nTy, where m and n
are positive integers, then this attractor is a six-dimensional closed curve.

Fig. 8 Projections on
(x1, x2, x3) Tia
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Fig. 9 Projections on
(x4, x5, x6)

Fig. 10 Projections on

(x1, x3, X5)
Fig. 11 Projections on ) - -’
(%2, x4, X6) T |
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5 Notes and Comments

Generally the following result is valid. Imagine the n dimensional GRN-type system
(6) with the regulatory n x n matrix W. Let W be block matrix with the square
matrices of orders n;, placed on the main diagonal of W, Zle n; = n. In terms of
the systems of the form (6), it consists of k£ independent GRN-type systems of order
n;. We denote each system S;.

Theorem 5 Suppose each system S; has an n;-dimensional limit cycle L; with the
period T;. Let there exist positive integers m; such that

mlT1 = m2T2 =...= kak-

Then there exists an attractor in the n-dimensional phase space, which is the n-
dimensional closed curve.

Description of biological processes, described by such attractors, is a challenge
for collaborating biologists and mathematicians.

References

1. Acary V,Jong HD, Brogliato B (2014) Numerical simulation of piecewise-linear models of gene
regulatory networks using complementarity system. Phys D: Nonlinear Phenom 269:103-119

2. Jong HD (2002) Modeling and simulation of genetic regulatory systems: a literature review. J
Comput Biol 9(1):67-103. https://doi.org/10.1089/10665270252833208

3. Koizumi Y etal (2010) Adaptive virtual network topology control based on attractor selection. J
Lightwave Technol (ISSN : 0733-8724) 28(11):1720-1731. https://doi.org/10.1109/JLT.2010.
2048412

4. Schlitt T (2013) Approaches to modeling gene regulatory networks: a gentle introduction.
In: Silico systems biology. Methods in molecular biology (Methods and protocols), vol 1021.
Humana Press, pp 13-35. https://doi.org/10.1007/978-1-62703-450-0

5. Vijesh N, Chakrabarti SK, Sreekumar J (2013) Modeling of gene regulatory networks: a review.
J Biomed Sci Eng 6:223-231

6. Wang L-Z, Su R-Q, Huang Z-G, Wang X, Wang W-X, Celso G, Lai Y-C (2016) A geometrical
approach to control and controllability of nonlinear dynamical networks. Nat Commun 7,
Article number: 11323. https://doi.org/10.1038/ncomms11323

7. Cornelius SP, Kath WL, Motter AE (2013) Realistic control of network dynamic. Nat Commun
4:1-9, Article number: 1942

8. Wilson HR, Cowan JD (1972) Excitatory and inhibitory interactions in localized populations
of model neurons. Biophys J 12(1):1-24

9. Atslega S, Finaskins D, Sadyrbaev F (2016) On a planar dynamical system arising in the
network control theory. Math Model Anal 21(3):385-398

10. Atslega S, Sadyrbaev F, Samuilik I (2021) On modelling of complex networks. Eng Rural
Develop 20:10091014
11. Brokan E, Sadyrbaev F (2018) Attraction in n-dimensional differential systems from network

regulation theory. Math Methods Appl Sci 41(17):7498-7509. https://doi.org/10.1002/mma.
5086


https://doi.org/10.1089/10665270252833208
https://doi.org/10.1109/JLT.2010.2048412
https://doi.org/10.1109/JLT.2010.2048412
https://doi.org/10.1007/978-1-62703-450-0
https://doi.org/10.1038/ncomms11323
https://doi.org/10.1002/mma.5086
https://doi.org/10.1002/mma.5086

152

12.

13.

14.

15.

16.

17.

F. Sadyrbaev et al.

Edwards R, Ironi L (2014) Periodic solutions of gene networks with steep sigmoidal regulatory
functions. Phys D 282:1-15. https://doi.org/10.1016/j.physd.2014.04.013

Kozlovska O, Sadyrbaev F (2022) Models of genetic networks with given properties. WSEAS
Trans Comput Res 10:43-49. https://doi.org/10.37394/232018.2022.10.6

Ogorelova D, Sadyrbaev F, Sengileyev V (2020) Control in inhibitory genetic regulatory net-
work models. Contemp Math (ISSN 2705-1056) 1(5):393-400. https://doi.org/10.37256/cm.
152020538

Sadyrbaev F, Sengileyev V (2022) Remarks on inhibition. WSEAS Trans Equ 2:16-22. https://
doi.org/10.37394/232021.2022.2.4

Sadyrbaev F, Samuilik I, Sengileyev V (2021) On modelling of genetic regulatory networks.
WSEAS Trans Electron 12:7380. https://doi.org/10.37394/232017.2021.12.10

Samuilik I, Sadyrbaev F, Sengileyev V (2022) Examples of periodic biological oscillators:
transition to a six-dimensional system. WSEAS Trans Comput Res 10:49-54. https://doi.org/
10.37394/232018.2022.10.7


https://doi.org/10.1016/j.physd.2014.04.013
https://doi.org/10.37394/232018.2022.10.6
https://doi.org/10.37256/cm.152020538
https://doi.org/10.37256/cm.152020538
https://doi.org/10.37394/232021.2022.2.4
https://doi.org/10.37394/232021.2022.2.4
https://doi.org/10.37394/232017.2021.12.10
https://doi.org/10.37394/232018.2022.10.7
https://doi.org/10.37394/232018.2022.10.7

Numerical Method for Problem ®
of Scattering by a Small Thickness Oneck o
Dielectric Layer on a Perfectly

Conductive Substrate

Alexey Setukha and Stanislav Stavtsev

Abstract In this work we consider the problems of scattering of a monochromatic
wave by a dielectric body in the form of a thin layer placed on a perfectly conducting
base. For this case we formulate the boundary value problem for Maxwell’s equations
with an impedance boundary condition and reduce it to a system of two boundary
integral equations with weakly and strongly singular integrals on a perfectly conduct-
ing surface. Finally, we construct a numerical method for the considered problem
which based on solution of these integral equations.

Keywords Computational electrodynamics + Integral equations - Maxwell’s
equations * Impedance boundary conditions

Introduction

The method of integral equations is an efficient method for solving problems of
electromagnetic scattering in the monochromatic case. The problem of scattering by
an ideally conducting body or screen can be reduced to solving a boundary integral
equation for a tangential vector field (surface current) placed on the radiated surface.
In this case, the dimension of the problem is actually reduced — instead of the original
three-dimensional boundary value problem, the two-dimensional integral equation
has to be solved [1, 2].

The problems of scattering of a monochromatic wave by a dielectric body can
be reduced to a volume integral equation written in the domain occupied by the
dielectric [1, 3, 4]. In this case, the problem becomes three-dimensional, but the
advantage of this approach is that the grid is constructed only for a dielectric body.

An important class of problems corresponds to the case when a dielectric body
is considered in the form of a thin layer placed on a perfectly conducting base. In
this case, it is possible to write the system from the volume integral equation in
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this layer and the equation on a perfectly conducting surface. If the dielectric is
homogeneous, it is possible to formulate a system of boundary integral equations on
a perfectly conducting surface and on the boundary of the dielectric [5-7]. Both of
these approaches are general and do not exploit the small thickness of the dielectric
layer.

However, an approach based on the approximate allowance for the dielectric layer
by the boundary condition of the impedance type is much more economical from
the computational point of view. In this work, we develop a numerical method for
solving the target problem basing on such an approach.

In this paper, we formulate, the boundary value problem for Maxwell’s equations
with an impedance boundary condition. We reduce the considered problem to a sys-
tem of two boundary integral equations with weakly and strongly singular integrals
on a perfectly conducting surface. Next, we construct a numerical scheme for these
equations basing on the methods of piecewise constant approximations and collo-
cations. We use quadrature formulas, developed in [8, 9] for approximation of the
integral operators.

1 Problem Statement

Let us consider the problem of electromagnetic field scattering by a thin dielectric
layer placed on a perfectly conducting base. An ideally conducting base can be a
system of ideally conducting bodies, each of which is limited by a closed surface,
or a screens. The dielectric layer is located above the entire surface of a perfectly
conducting body, or above a part of this surface, and above the entire surface of a
perfectly conducting screen or above a part of the surface of this screen, on one side
(see Fig. 1). One has to find the strengths of the electric and magnetic fields of the
form
E(x)e ™", H(x)e ™.

Fig. 1 Coating coverage dielectric coating
scheme S N

perfect conductive surface
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Fig. 2 Wave refraction in a B H: E, H,

dielectric layer - : \\ /
~ wYrp

The spatial components of these fields must satisfy Maxwell’s equations [10]:
rotE = iwppoH, (1
rot H = —iweggE, )

where o = 4 x 1077 H/m — vacuum permeability, ey = 1/(poc3) — vacuum per-
mittivity, co = 299792458 m/s — speed of light in vacuum, &’ — relative permittivity
and y/ —relative permeability of the medium. We assume that in the outer environment
we have e’ =/ = 1.

Inside of the dielectric layer, Maxwell’s equations (1)—(2) also operate, but with the
values ¢’ and p’ corresponding to the characteristics of the dielectric. The thickness
of the coating & can be variable. The values ¢’ and p’ are assumed to be constant
along the normal vector to the surface, but may change if one moves along the
surface. We assume that the quantities ¢’ and p’ are complex in general. Note that
from a physical point of view, the representation of the permittivity in the form
¢’ = ¢} + i) corresponds to a medium with conductivity, where there e, = gheg —
a conductivity of the medium.

The main idea of the utilized model is following: if the thickness of the layer is
small, then the layer can have a significant influence on the scattering of the incident
wave only under the condition |5/ w | >> 1. Letus assume that the product of the real
parts of the quantities ¢’ and ' is much greater than 1. Let an external field E;, H;
fall on some section of a perfectly conducting surface covered with a dielectric layer.

In the local consideration, we consider this field as a plane wave (Fig. 2). Under
the chosen assumptions, this field is refracted inside of the dielectric layer, and this
field falls on the surface of an ideal conductor in a direction close to the direction
of the normal vector. Due to interaction with the surface of an ideal conductor, a
reflected wave E,, H, arises. This reflected wave also moves inside of the dielectric
in a direction close to the direction of the normal vector.

On the boundary between the dielectric and the external media, the boundary
conditions for the total field E;,;, H,,; must be satisfied

Eio =Ei +E;, Hy,y =H; +H, (3)

+ — + -
nxEl =nxE_ ,, nxH  =nxH,, “)
Thus, it is possible to obtain a relation for the tangential components of the electric

and magnetic fields on the boundary between the dielectric and the external medium
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Fig. 3 Obtaining an - A
impedance condition ”

by considering the reflection problem of a plane wave incident along the normal
vector on a perfectly conducting plane, above which is located a dielectric with
parameters €’ and p'.

Let us consider a perfectly conducting plane. Let us introduce such Cartesian
coordinates Oxyz that the considered ideally conducting plane is determined by the
equation z = 0 and assume that the half-space z > 0 is filled with a dielectric with
parameters ¢’ and i’ (see Fig. 3).

Suppose that a plane wave falls on a plane, inside which the electric field is
represented as:

E, = E(l)e—ik’z’

where E‘l) is some constant vector parallel to a perfectly conducting plane, k' =

W /e, € = €'gg, p = 1 o-
The total field is sought in the form (3), where E, — is a plane wave of the form

E; = EJe*?
moving from the plane. On a perfectly conducting plane, the next boundary condition
must be satisfied

n x E,,, =0.

From the last condition we conclude that the total field has the form:

o .
E,. = E (e iK'z _ezkz)_

j o ) k' N N
H, = ——rot [E? (e”” — e ik Z)] = —— [nxE] <ezkz Lok z) _
Wit W

From the last relations, we can write forz = /h :

nx[nxE,]=nx[nxE]] (e’ik/h - eik’h> ,
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k/ cpr oy
nxH, =—-——nx [n X E(l)] (elkh + e—zkh) .
w

Hence, we have:

wh €K =ik el g=ikh
nx[nx Bl =2ZnxHol, Z="ram—— = =\ 7 oy o O

In a view of the relations (4), the following condition must be satisfied on the
outer side of the dielectric layer:

nx [nxE},

|=Z[nxH,]. (6)

Now, let us return to the original complete problem. We neglect the thickness of
the coatings. We assume that the entire domain §2 outside the surfaces of ideally
conducting objects is occupied by the external environment and in this domain the
electric and magnetic fields satisfy Maxwell’s equations (1)—(2). The total electric
and magnetic fields are sought in the form

Etul = Eim‘ +E, Hlot = Hinc +H, (7)

where E;,., H;,. is a given incident field, E = E(x), H = H(x) is an unknown
secondary (reflected) field. The reflected field must satisfy the radiation conditions
at infinity. On closed ideally conducting surfaces and on thin screens, we set the
boundary condition (6) (in areas where there is no coating, we suppose z = 0). In
addition, on thin screens, we set the boundary condition

nxE,_,

=0 (8)

Thus, the boundary value problem is solved for Egs. (1)—(2) with boundary conditions
(6), (8) and radiation conditions at infinity.
The primary field can be, for example, the field induced by a plane wave:

Einc(x) = Ege'*", ©)

where K is an arbitrary vector that satisfies the condition |k| = &, r is a radius vector
of point x, E is an arbitrary vector satisfying the condition Eg k = 0, k is a wave
number, determined by the relation

1
NG

k=2, o= (10)
co

o s the speed of light in vacuum, as before.
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2 Reduction of the Problem to Integral Equations
‘We seek to find the electric field in the form [1, 2]:
i . .
E=—KI[Zjg] —R[Z.jy]. (11)

where K and R are operators defined by formulas:

K[, jl(x) = /{gmdxdivx[j(y)cb(x — I+ i@ (x — y)}do, (12)
z

RIZ. jIx) = rot f i) — y)do, = / grad, ®(x — y) x j(do,  (13)
z >
ikr
j(x)n(x) :O, X € 27 (I)(-x_y): -, I'= |x_)’|,
47 r

Jjr and j are unknown tangent vector fields on the surface X' — electric and magnetic
currents, respectively. Taking into account Eq. (1), the magnetic field has the form:

i
H=R[X,] —K|(X,j,]- 14
[ JE]+WM [ -]M] (14)

Consider the properties of the boundary values of the vector fields generated by
the operators K and R.

If X is a smooth surface of class C3, and Jj is a tangent vector field of class C?,
then, as shown in [8], the field E = K[ X, j], which defined outside the surface X,
has boundary values in each point x € S, which is not an edge point, for which the
following relation is true:

nxE"=nxE"=nxE, (15)

where E(x) = K[, j](x) is the direct value of the integral operator defined by the
formula (12) for x € X, if the integral is understood in the sense of the Hadamard
finite part.

If jis atangent vector field of class C'[S]onsurface S of class C* and E = R[S, j1,
then at each point x € S, which is not an edge point, there are boundary values of
the field E for which the following formula is true [11]:

n(x) x E¥(x) = n(x) x E(x) £ %j(x), x €S, (16)
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in this formula E(x) = R[S, j](x) is a direct value of the operator R obtained from
the formula (13) for considered x and the integral in this expression exists in the
sense of the main value.

Note that expressions (11) and (14) define vector fields E and H not only in
the outer domain of ideally conducting bodies and screens, but also inside ideally
conducting bodies. We require that the total electromagnetic field vanishes in the
domains inside ideally conducting bodies. So, we seek a solution — electric and
magnetic fields E;,; and H;,, of the form (7) with E and H in the form (14), defined
everywhere outside the surface and satisfying the boundary conditions (6) and (8)
on the entire surface.

Then, using relations (15) and (16) for the boundary values of the operators K
and R, we obtain the following equations:

' 1
l—nx[nxK[Z‘,jE]]—nx[an[Z‘,jM]]—EanM—i-nx[anO]z
we
Y/ o
:anR[E,JE]+w—MnXK[Z,JM]+§ZJE+ZnXH0,

i 1
—n x K[X,jg]—n xR[Z‘,jM]—i——jM +nx Ey=0.
we 2

We can rewrite these equations as:

i 1
~K[Z.jel, —R[Z.j,]. — =n x ju = —Eor,
o [¥,JE] [Z.iu]. S0 X m 0

. iz . 1 . .
bt K ul, = em e + ZR[Z.Jg] = —Hor (17)

the index 7 means the tangent component of the vector.
Thus, the problem has been reduced to a system of integral equations (17) for
unknown currents jg and ju, on the surface X.

3 Numerical Scheme

A numerical scheme for solving the problem arises when Eq. (17) are discretized.
We apply the method of piecewise constant approximations and collocations.

The surface X is approximated by a system of tetragonal cells 0;, i =1, ..., n.
On each cell we choose a collocation point x! and let n; = n(x?) be the unit normal
vector to the cell o; in point x;. Triangular cells can also occur, whereby a triangular
cell is considered as a tetragonal cell with two identical vertices. We assume that the
vertices of the cell define a contour of four segments - the edge of the cell. The point
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Fig. 4 Surface
approximation

x' is constructed as the intersection point of the segments connecting the midpoints of
the opposite sides of the cell, and the normal vector as the normal to these segments.

Next, we build on each cell o; the local orthonormal basis e}, > = n; x e! in a
plane orthogonal to the vector n; (the choice of a vector el.1 is arbitrary provided that
it is normalized and orthogonal to the vector n;). In this case, the vectors el.l, e?, n;
form a right basis (see Fig. 4).

We approximate the vector fields jg (x) and ju (x) by sets of values jg; = jg (xh),
jmi ~ ju(x') and assume that the following relation holds (jz;, ;) = (jui, mi) = 0,
,i =1,...,n. Therefore, we seek to obtain the vectors jg; ja; in the form:

ei=Jpi¢ + Jpi€ dmi=jyie + jyie (18)

We approximate the operators K[ Xy, j] and K[ Xy, j] by the following expres-

sions:
N

K[y, jl~ Y KIZ, jil, RIZo,j1~ ) Rloy, jil, (19)
k=1 k=1

where K[ak, ji] and ﬁ[ak, Jx] — approximations of the respective integrals for the
area of surface X, approximated by cell oy.

The value K[ak , jx]is calculated according to the formulas, based on the extraction
of the leading parts of the kernel of the integral operators, that were proposed by
Ryzhakov in article [8]. Function K(j, x, y), that is integrand in expression (12), is
presented in the following form:

K@, x,y) = K°G, x, y) + K'G, x, y), (20)
. _j + 3r(r7j)
KO s Ny = T 53
U %) 47 R3
— ¢ikR 1 kR ¢i*R K2eikR

1
Kl(j’x’ )’) = (j —31‘(1‘,j))

e R L sy
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R=|x—-y|, r=(x—y)/R. At that
K°G,x, ) = 0x = y17), [K'Gox, )| < O0x = 17D,
The approximation of K[O‘i, jr11is constructed according to formula:
Klox. jx] = K°[ox, ji] + K'[o%, ji], (21
where

KO0y, 1) = / KOG (y). x. y)dor,

J; (»)) —tangent field on cell oy, obtained at projecting vector j; according to formula
i) = (ng x ji) x n(y). Integral in expression for Ko[ak,j](x) is reduced to the
integral along the cells boundary [8]:

GO xn(y), 7(y))

00, 4 |x =yl

Koy, jl(x) = grad ds,, (22)

where n(y) is the vector of normal to the surface of cell oy, 7(y) - tangent vector on
the contour doy at point y € Joy. At that, if the boundary of cell oy is a polygonal
line, the following equation is true on each segment L that is the element of this line

gmd/ Gr(y) x n(y), 7(y))
L

dsy, = (Jx x n;, ‘r)grad/
lx — yl ’

ds,,
Llx—yl

here 7 = (b — a)/|b — al, a, b —beginning and end of segment L. The latter integral
is calculated analytically

1 a—x b—x |b — al
grad | ——ds, = + .
L lx =yl la —x| b—x|) (b—x)a—x)+1|b—x|la— x|

The piecewise-constant approximation of current with the value of j, on the whole
cell oy is used for the approximation of integrals K![oy, j«]1 and R[oy, ji] over this
cell:

Kl[ok,j](xw/ K'Gx, x, y)do,, li[ok,j](xw/ R, x, y)da,.
Ok Ok

These integrals over the cells are calculated using the rectangle formula with the
additional partition of cells o} into smaller cells of the second level and smoothing
of singularity in the integrands according to the scheme described in article [9]. Let’s
additionally partition up each cell oy, into the cells of second level a,f ,p=1,..., P,
and choose the collocation point y; € of on each of such cell. Let A’ — be the
maximum diameter of cells a,f, p=1,...,P,k=1,...,N.Let:
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P
a-kv.]k]—ZK (.]kv-x y )0(|x5—yk})sf’

s |x—y,f| P
R[o;, jil = ZRak,x o), (23)

where sk — area of cell a , 0 (r) — smoothing function chosen so that 6 (r) €
C'10, 00), 9(r)_latr21 O0<fd(rn=<lat0<r=<1,0(0r)=o0@)asr —0,
€ — small parameter. In the calculations, given further, we assumed that 0 (r) =
3r2 — 213, e =21,

Then system (17) reduces to a system of linear algebraic equations:

ml -l ml .l _ m
Z akJJE]+ Z bjiv; = Ji

..........

1—1,2 —12
ml .l ml .l _ m
Y g+ Z e = gr. 24)
j=l.N  j=l..,
=12 iy

ml __ i i ! n
Qp; = w—g(K[Uj, ej](xk), ek),
ml R ! m ! J L en
bkj = —(n,- X R[Uj, ej](xk)’ ek ) + 56]( (ni X ek’ ek )’
ij = (K[U/’ e,](xk) e{) +z(n x Rlo;, € 1), &) + Zd’ié’l"’

m iz v m 1 j m
d! = —Rlo;, €1(x0). &) + oy x Ko, €f10x0), €') + 520, (m x €], &),

[ = —Eine(x5), &),

g;;" = —(Ejnc(xp), e,’?) —z(m; x Hje (xp), ekm)’

8k — kronecker symbol.
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After solving the system of linear equations (24), the currents jg; and jj; are
determined from relations (18). After that, the electric and magnetic fields are approx-
imated by the formulas

. N N
i S _—
E(x) = s E Klo,jeil — E Rlo;, juil,

N . N

~ . l ~ .

H(x) = ZR[Uis,]Ei] + E ZK[UivJMi]s
i=1 i=1

operators K and R calculated by formulas (21)-(23).
The main characteristic of the scattered electromagnetic field in the far zone is
the effective scattering surface in the direction of the unit vector 7:

E(RT)?

o = tim 4ng? PEDE (25)
R—o0 |Einc|

For evaluation of the effective scattering surface we use the following formula

2

/ ey [igkz Ge =7 G, 1) — ik [T x jm)ﬂ do,
w

X

4

o(r) =
|Einc|2

In the numerical solution, we use the approximate formula:

2

4m i j [ . . . .
o(T) = TE Ze"k("’x ) [w_ekz (e — 7 (e, 7)) —ik[T x ‘]qu]:|aj

(26)

4 Calculation Examples and Discussion

In order to validate the obtained results of simulations we have constructed scattering
diagrams for some ideally conducting surfaces with dielectric coating.

In Fig. 5 we present scattering diagrams for ideally conducting sphere whose
radius equals a with a coating having thickness 0.02a and without coating when one
provides its radiation by plane wave (9) with a wave number k = 10/a. The coating
corresponds a dielectric with parameters ¢’ = 50, ' = 1. In a diagram we show the
dependence of value

o(a) = IOZogJ(T—;(;)),
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Fig. 5 Scattering diagram for sphere with coating and without coating

where « is an angle between vectors 7 and —Kk, Ey is a polarization vector which
lies within a plane basing on vectors 7 and k.

The Curve 1 corresponds to theoretical solution for a sphere without coating
and Curve 2 represents the numerical solution for sphere with coating which is
constructed with use of the proposed method with impedance boundary condition.
Curve 3 shows the theoretical solution for the sphere with the coating. Theoretical
solutions have been constructed using a series basing on special functions [12]. These
curves allow us to demonstrate an influence of the coating on the final scattering
diagram as well as to show a good agreement of numerical results with analytical.

In Fig. 6 we show the reflection diagrams of the plane wave by rectangular plate
of the size 1 m. We considered a plate without coating and also with coating having
a thickness 0.005 m with ¢’ = 50 4 50i, ¢/ = 1. The reflection is characterized as
o(T(a)), where « is the angle between the wave vector —k and a normal vector
for a plate n, and 7 is a vector, directed according to the law of optical reflection
of the vector k(see Fig. 6, from above). In this case we considered situations when
polarization vector E( (see Eq. (1.13)) lies in a plane of vectors k and n (horizontal
polarization) and also orthogonal to them (vertical polarization).

Here the curves 1 correspond to calculation for a plate without coating, Curves 2
correspond to calculations with elaborated model with impedance boundary condi-
tion for a plate with coating. For comparison we demonstrate the same dependencies
(Curves 3) for a plate with coating which we obtain numerically with use of the
solution scattering problem in an exact statement by the method of the boundary
integral equations from [6]. In the last case for the problem of scattering on a par-
tially screened dielectric body, boundary integral equations were solved, written on



Numerical Method for Problem of Scattering ... 165

700 T00

horizontal polarization 4 vertical polarization
600 600
500 _ 500
400 o 400
300 300
200 200
100 100
0 o 0 z
0 30 60 920 120 150 180 0 30 60 90 120 150 180

Fig. 6 Scattering diagram for plate with coating and without coating

the exact boundary of the dielectric. Curves 2 and 3 in the figure are indistinguish-
able and indicate the closeness of the numerical results obtained by the two indicated
models. It can also be seen that when irradiated from the side of the coating, its influ-
ence is significant. When irradiated from the opposite side, the coating practically
does not affect the result.

The given examples of test calculations indicate good agreement between the char-
acteristics of the electromagnetic field in the far zone, obtained from the constructed
model with the impedance boundary condition, theoretical data, and numerical results
obtained by another method for the problem in the exact formulation. This indicates
the performance of the model.

The research was supported by RSF, grant 19-11-00338, https://rscf.ru/project/
19-11-00338/ and by the National Center for Physics and Mathematics, project No.
2 “Mathematical modeling on super-computers with exa- and zetta performance”.
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Invariants of Dynamical Systems )
with Dissipation on Tangent Bundles Oneck o
of Low-Dimensional Manifolds

Maxim V. Shamolin

Abstract Tensor invariants (differential forms) for homogeneous dynamical sys-
tems on tangent bundles to smooth two-dimensional manifolds are presented in this
paper. The connection between the presence of these invariants and the full set of
the first integrals necessary for the integration of geodesic, potential and dissipative
systems is shown. At the same time, the introduced force fields make the considered
systems dissipative with dissipation of different signs and generalize the previously
considered ones. We also represent the typical examples from rigid body dynamics.

Keywords Dynamic equations + Nonconservative force field - Integrability *
Transcendental tensor invariant

1 Introduction

It is well known [1-3] that a system of differential equations can be completely
integrated when it has a sufficient number of not only first integrals (scalar invariants)
but also tensor invariants. For example, the order of the considered system can be
reduced if there is an invariant form of the phase volume. For conservative systems,
this fact is natural. However, for systems having attracting or repelling limit sets, not
only some of the first integrals, but also the coefficients of the invariant differential
forms involved have to consist of, generally speaking, transcendental (in the sense
of complex analysis) functions [4-6].

For example, the problem of a spatial pendulum on a spherical hinge placed in
material flow leads to a system on the tangent bundle of the two-dimensional sphere
with a special metric on it induced by an additional symmetry group [7]. Dynamical
systems describing the motion of such a pendulum have signchanging dissipation,
and the complete list of first integrals consists of transcendental functions expressed
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in terms of a finite combination of elementary functions. There are also problems
concerning the motion of a point over two-dimensional surfaces of revolution, the
Lobachevsky plane, etc. The results obtained are especially important in the context
of a nonconservative force field present in the system [5, 6].

Below, we present tensor invariants (differential forms) for homogeneous dynam-
ical systems on tangent bundles of smooth two-dimensional manifolds. The relation
between the existence of these invariants and the existence of a complete set of first
integrals necessary for the integration of geodesic, potential, and dissipative systems
is shown. The force fields introduced into the considered systems make them dissi-
pative with dissipation of different signs and generalize previously considered force
fields.

2 Example: Plane Pendulum in a Jet Flow

We describe in brief some problem on a physical pendulum on a cylindrical hinge
in the flow of the incoming medium. The space of positions of such a pendulum
is one-dimensional circle S'{f mod 27}, and the phase space is the tangent bundle
TSl{é; 6 mod 27}, i.e. two-dimensional cylinder.

Under the considered model assumptions, the equation of motion of such a pen-
dulum is written out. statement [8] is proved that the dynamical system describing
the behavior of such a pendulum is trajectorically topologically equivalent to the fol-
lowing differential equation on a two-dimensional cylinder (an angle 8 is measured
‘by the flow’):

G+ hOcosf +sinfcosd =0, h > 0. (D

Equation (1) can be rewritten as a system on a phase cylinder R' {w} x {avmod 27}
(a=0+m):
& =—w-+hsina, w = sin«cos a, 2)

the phase portrait of which is shown in [7].
For h = 0, the conservative system (2) has a smooth first integral of energy:

W sina

2 2

= Cy = const, (3)

at the same time, its phase flow preserves the area on the plane R?*{a, w}, i.e. the
differential 2-form is preserved
daNdw. €]

When integrating the system, either the first integral of energy (3) or the fact of phase
area conservation (4) can be used.
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In the case of & # 0 is more complicated. Since the system (2) has attractive or
repulsive (asymptotic) limit sets, the first integral of the system is a transcendental
(in the sense of complex analysis) function, which has the form

. (t — h)dt w
Dp(a, w) = sinaexp ¥Yy(t) = C; = const, Yy(t) = RS t= Sna’
&)
in this case, the asymptotic limit sets are found from the system of algebraic equalities
sina =0, w = 0 (see also [9]).

Since the system (2) has asymptotic limit sets there is not even an absolutely
continuous function that is the density of the measure of the phase plane (cf. with
[3, 7, 8]). But it is possible (along with the first integral) to present an invariant
differential 2-form with coefficients that are transcendental functions, which has the

form

dt _ v ©)

T (o, w) = —h¥ (1)} d dw, /(1) = | ————, ¢ —.
@) = exp (—h D) da A deo, (1) = [ =S = 2

3 Example of More General System with One Degree
of Freedom

We consider the smooth dynamical system on the plane R?{«, w} with one degree
of freedom « of the following form:

& =—w+bé(a), w=F(a); 7
we can rewrite this system in the form of the equation

& — bd(a)d + F(a) =0, d(a) = di(j) ) (8)

A pair of smooth functions (F («), (a)) defines the force field in the system: the
function F'(«) describes the conservative component of the field, and the function
d(c) describes possible scattering or pumping of energy in the system. For b = 0,
the conservative system (7) has a smooth integral of energy:

W2
-+ 2/ F(£)d¢ = Cy = const, ©))

Qp

at the same time, its phase flow preserves the area on the plane R*{«, w}, i.e. the
differential 2-form is preserved
da Adw. (10)
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When integrating the system, either the first integral of energy (9) or the fact of phase
area conservation (10) can be used.

The situation is different in the case of b # 0. Since the system (7) has, generally
speaking, attractive or repulsive (asymptotic) limit sets, the first integral of the system
is a transcendental (in the sense of complex analysis) [10] function. Let ’s give it for
the next important case:

F(a) = M6(a)d(a), A € R. (11)
Indeed, the first integral has the form

(t — b)dt . w
2—bt+ XN )
(12

@ (a,w) = () exp ¥ (t) = C, = const, ¥ (t) =

in this case, the asymptotic limit sets are found from the system of algebraic equalities
0(a) =0, w =0 (see also [9]).

Since asymptotic limit sets appear, there is not even an absolutely continuous
function that is the density of the measure of the phase plane (cf. with [7, 8]). But
it is possible (along with the first integral) to present an invariant differential 2-form
with coefficients that are transcendental functions.

Indeed, the desired 2-form has the form

dt o w
2—bt+ XN )

T(a,w) =exp{—bO@)}dandw, O) = / (13)

4 Invariants of Systems of Geodesic Equations

Consider a smooth two-dimensional Riemannian manifold M?{c, 3} with affine
connectivity I';, (a, () and study the structure of the equations of geodesic lines on

the tangent bundle T M?{c, B; v, B} (cf. with [11, 12]). To do this , we will further
study a fairly general case of setting kinematic relations in the following form:

& =z2f), =z /i), (14)
where f1(a) and f>(«) are sufficiently smooth functions that are not identically zero.
Such coordinates z;, z, in tangent space are introduced when geodesic equations are

considered, for example, with three nonzero connectivity coefficients (in particular,
on surfaces of rotation, Lobachevsky plane, etc.):

&+ Lo, A2 + M, B =0, f+2I0, Has=0, (15

that is, the equalities are met
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Iee, B) =T (a, B) = Iyya, f) = 0. (16)

In the case of (14) the relations on the tangent bundle T M?{z,, z1; o, 3} will take
the form

. 2 o [- n|f(o
b= ~EE 00 (0, 5)5 o) 210, 6) + DU 7,5,
—fl(Oé)Fdj(Oé 6)21,

i (17)
= —fz(a)[ re (a, p) + 4o )|] (@) 27 @ Brzam
(a)
_J}lz(oé) ,Sﬁ(a’ ﬁ)Zl,
and under the conditions (16) will simplify:
f = 20 0+ M] I (18)

f == () [ (0, B) + 0RO 2 - S8 e (o, 9)23,

and the Eq. (15) geodesics are almost everywhere equivalent to a composite system
(14), (18) on the manifold T M?{z>, z1; o, 3} with new coordinates z;, z, on the
tangent space.

To fully integrate the system (14), (18) itis necessary to know, generally speaking,
three independent tensor invariants: either the first three integrals, or three indepen-
dent differential forms, or some combination of integrals and forms. At the same time,
of course, the first integrals (in particular, for geodesic equations) can be searched
for in a more general form than discussed below.

In [6, 8] examples of geodesic systems on a two-dimensional sphere with various
metrics are considered, and in [ 12] examples of geodesic systems on two-dimensional
surfaces of rotation and on the Lobachevsky plane are considered too.

Theorem 1 [f the following conditions are satisfied

SOy, ) + f2(e) 207, #) + el < o, (19)
Tia(a ) + CHEEL =0,
e, B) = Iy, (20)

then the system (14), (18) has a complete set consisting of the first three integrals of
the form
®1(z2,21) = 21 + 25 = C} = const, (21)

Dy(z1; @) = 21Po(@) = Cy = const, Po(a) = fi(a) exp 2/ F(fg(b)db ,

Qg

(22)
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[ Caf1(b)
®w%m=5¢/
LopwyJcraim) -2

Moreover, after some reduction of that system, replacing the independent variable

db = C5 = const. (23)

d d
7 = Sl (24)

and phase one
=In|z], (25)

the phase flow of the system (14), (18) preserves the volume on the tangent bundle
TM?*{z, Z1; a, B, i.e. the corresponding differential form is preserved:

dzy ANdzi Nda A dp. (26)

The system (19) can be interpreted as the possibility of converting the quadratic
form of the metric to a canonical form with the law of conservation of energy (21)
(or see below (30)) depending on the problem under consideration. The history and
current state of consideration of this more general problem are quite extensive (we
note only the works of [12, 13]). Well, the search for both the integral (21) and (22)
relies on the presence of additional symmetry groups in the system [5, 6].

5 Invariants of Potential Systems

We modify the system somewhat (14), (18), introducing into it a conservative smooth
force field in projections on the axis z, 2, respectively:

Fi(B) fi (a)) . 27)

F(z,z150) = (Fz(a)fz(a)

The system under consideration on the tangent bundle T M 2z, 215 @, (G} will take
the form

& =22 f2(a),
f2 = Fa(0) fo(@) — fa() [ 15, (0 B) + oL ] 22

TN GO (28)
2= FB) i) = fa() [20(a, )+ 2Ll ] 2

B =z fi(),
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and it is almost everywhere equivalent to the following system:

& — () o) + T2, (@, a2 + Tgy(a, BF =0,

3 ; : 29
3= Fi(B) fi(a) + 2T (o, B)af = 0, 29

on the tangent bundle T M%{¢, §; a, 3}.

Theorem 2 If the conditions (19), (20) are satisfied, then the system (28) has a
complete set consisting of the first three integrals of the form

D1(z2,21) =Z%+z§+V(a, () = C| = const, (30)
@ 5]

V(a, B) = Va(a) + Vi(B) = =2 / Fy(a)da —2 / Fi(b)db, (1)
g Bo

and also with F\(3) = 0—by the first integral (22) and

[e%

D3(e, B) = BF / GAG) db = C; = const. (32)

2 BB JBIBIC — Vb, 5] - C

Moreover, after some reduction of that system, i.e. replacing the independent

variable
d Sf2(a) d (33)
_— = a)—,
dt 27 dr

and phase one
Zi =In|zy, (34)

the phase flow of the system (28) preserves the volume on the tangent bundle
TM*{z3, z}; o, (3}, i.e. the corresponding differential form is preserved:

dzp ANdzi Ndandp. (35)

6 Invariants of Systems with Alternating Dissipation

Next, we modify the system somewhat (28) by introducing a smooth force field with
dissipation into it. Its presence (generally speaking, alternating signs) characterizes
not only the coefficient b§(«), b > 0, in the first equation of the system (37) (unlike
the system (28)), but also the following dependence of the (external) force field in
projections on the axis z;, 22, respectively:
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;- . _{ Fi(B) fi(a) 2 Fl ()
F(z,z150, ) = <F2(a)f2(a)> + <Z2F;1(a)> : (36)

The system under consideration on the tangent bundle T M Hza, 215 @y (G} will take
the form

a = 73 fr(a) + bi(a),
= B A() = f2(0) | [0, §) + el 2
’}ﬁ;‘;F fh(a, Bz + 22F;) (a), (37)
2= RO fi(@) = fo(@) 2070 §) + LB 212 4+ 20 ),

B =z fi(a),

and it is almost everywhere equivalent to the following system:

G — {bS(a) + F) (@) + bd(a) [211;1[(@, ) + W]} G—
—F(@) f3(0) + b3(@) F) (@) + 26 (@) [T (o, ) + L2l ] 4
+I8 (a, B2 + Ty(a, BB =0, (38)
§—{Fl(@ +bi@ 2o, ) + Lol ]} g
—F(B) f{(a) + 2T, g(a B)éf =0,

on the tangent bundle 7 M?{c, B; a, B). Here, as above,

dé(o)

0(a) = do

(39)

We will integrate the fourth-order system (37) when performing the properties
(19), (20), as well as when F;(3) = 0. At the same time, an independent subsystem
of the third order is separated:

& =22 f2(0) + bd (@),
= Fy(@) f2(0) = O 18 (0)2} + 22F3 (), (40)

= L85 enn + 2 Fl),

if there is also a fourth equation

8=z f(. (41)
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We will also assume that for some « € R the equality is satisfied

) o dA) _ 0@
1A == A = £

Igs(a) )
(42)

f12(a) i _ (
—f22(a) A In|A(0)| = k—— A

and for some \), \} € R, k = 1, 2, the equalities must be met

Fy(a) = N 4L 2 2@ = N A() A(); )
Fl(@) = Hla) L A(e) = AL A() fo(a), k= 1,2.

Condition (42) let’s call it ‘geometric’, and the conditions from the group (43)—
‘energetic’.

Condition (42) it is called geometric, among other things, because it imposes
a condition on the key coefficient of connectivity Iy, bringing the corresponding
coefficients of the system to a homogeneous form with respect to the function A(«).
The conditions of the group (43) are called energetic, among other things, because
the forces become, in a sense, ‘potential’ with respect to the functions of A% (o) /2
and A(«), bringing the corresponding coefficients of the system to a homogeneous
form also with respect to the function A(«) (see also [9]).

Theorem 3 Let the conditions (42) and (43) be satisfied. Then the system (40), (41)
has three independent, generally speaking, transcendental [4, 10] first integrals.

In general, the first integrals are written out cumbersomely (since it is necessary
to integrate the Abel equation [14]). In particular, if K = —1, )\} = )\é, the explicit
form of the key first integral is:

O1(z2. 211 ) = G (5. %) = -
_ L@@+ +HG=AD00() f2(0) =230 (@) _
2 Zlé(a)fz(u) 2 = C; = const.
In this case , the additional first integrals have the following structures:
21
s (22,215 0) = (A(a) ) = C, = const, (45)
Al@) Ao
21
O5(z2, 215, ) = (A(a) By —— ) = (3 = const. (46)
A( )" Ae)

The expression of functions (44)—(46) through a finite combination of elementary
functions also depends on the explicit form of the function A(«). So, for example,
with Kk = —1, /\} = )\é the additional first integral of the system (40) is found from
the differential relation
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_ (btuz)duy ) - &
din|[A(@)| = Feay 2= 2@ M1 = 3@

Ui(uz) = u3 + (b — \Duzy — A9,
Ux(Cy, uz) = 2U; (u) — § {Cl +,/Ct - 4ul(u2)} ., C1 #0.

The right part of this relation is expressed in terms of a finite combination of ele-
mentary functions, and the left—depending on the function A(«).

(47)

Theorem 4 Iffor systems of the form (40), (41) there are the first integrals of the form
(44) to (46), then it also has the following three functionally independent invariant
differential forms with transcendental coefficients:

p1(z2, 215 )dzo Adzy Ada,

d 33— (b=ADus =
iz zii o) = exp (04 A [ gt | - et

ui

p2(22, 21; )dzo ANdzy Nda,
prten i ) = d@rexp [0 AD ] i | oo [/
p3(z2. 215 o, B)dza Adzy Ada A d,
p3(a2, 213 e f) = exp {(b +AD /S Uz(dculz,uz)] 1 Gs (A(a), B e Az(la)) ,

(48)

but dependent with the first integrals (44)—(46).

For the complete integrability of the system (40), (41), you can use either the first
three integrals, or three independent differential forms, or some combination (only
independent elements) of integrals and forms (cf. with [2, 3, 15]).

On the structure of the first integrals for the systems under consideration with
dissipation, see also [5, 6, 8]. Note only that for systems with dissipation, the tran-
scendence of functions (in the sense of having essentially singular points) as the first
integrals, it is inherited from the presence of attracting or repelling limit sets in the
system.

In conclusion, we can refer to numerous applications concerning the integration
of systems with dissipation, on the tangent bundle to a two-dimensional sphere, as
well as more general systems on the bundle of two-dimensional surfaces of rotation
and the Lobachevsky plane [15, 16].

7 Spatial Pendulum in the Flow of the Incoming Medium

Let us briefly describe the problem of a physical pendulum on a spherical hinge in the
flow of an incoming medium, started in [8]. The position space of such a pendulum is
a two-dimensional sphere 82{0 < & <7, nmod 27}, phase space—tangent bundle
TSE, 1; 0 <& <, nmod 27} toit.
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Under the considered model assumptions, the equations of motion of such a
pendulum are written out. Further, the statement is proved that the dynamical system
describing the behavior of such a pendulum is trajectorically topologically equivalent
to the following dynamical system on the tangent bundle of a two-dimensional sphere
(the angle ¢ is measured “along the flow”):

€+ bEcosE +sin€cos& — s —

cos &

l4cos’€é (49)
7+ bncosé + fnmggmf 0, b>0.
The system (49) is almost everywhere equivalent to the system
é = —wy — bsin&,
W, = sin€cos§ — w? flonsg, (50)
Wy = wlwzzﬁfg,

. cosé
n=w—:, (51)

sin &

on the tangent bundle 7,S*{(w,, wi; &,m1) € R*: 0 < ¢ <7, n; mod 27} of two-
dimensional sphere S?{(¢,m1) € R?: 0 < & <7, 1, mod 27).

It can be seen that in the fourth-order system (50), (51), due to the cyclicity of
the variable 7, an independent third-order subsystem (50) is allocated, which can be
independently considered on its three-dimensional manifold.

The key first integral of the system (50), (51) has the following form:

w? + w? + bw, sin & + sin®
wp sin &

O1(wz, w; §) = = C; = const. (52)

Remark 1 Consider a system (50) with variable dissipation with zero mean [5, 6,
8] becoming conservative at b = 0:

E = —Wws,
wy = sin cos & — wisee, (53)
cos &
sin€ *

W = wijw;

It has two analytic first integrals of the form
2 2 n2e ok

w; + wy +sin”“ ¢ = C| = const, (54)

w; sin& = C; = const. (55)
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Obviously, the ratio of two integrals (54), (55) it is also the first integral of the system
(53). But with b # 0 each of the functions

w3 + w? + bw, sin & + sin® & (56)

and (55) separately is not the first integral of the system (50). However, the ratio of
functions (56), (55) is the first integral of the system (50) for any b.

The additional first integral of the system (50) is expressed in terms of a finite
combination of elementary functions and has the following form (due to the bulkiness,
we will write out the structural form):

O (w2, w1;§) =G (smf v silr}11£> = C, = const. (57)

Another (additional) first integral that ‘binds’ the Eq.(51) can be represented as

w? — w} — bw, sin.§ —sin*¢ _ €, = const.
w1 (2w, + bsin§)
(58)
In the case under consideration, the system of dynamic equations (50), (51) has
the first three integrals expressed by the relations (52), (57), (58), which are transcen-
dental functions of phase variables (in the sense of complex analysis) and expressed
in terms of a finite combination of elementary functions.
It is also possible to present invariant differential forms for the system of dynamic
equations under consideration:

1
O3(wz, wi; &, m) = —nk Sarctg

pr(wa, wi; §dwy A dwy AdE,

. — duy . u%+u%+hu2+l
pl(w27 wi; 5) = exXp {bf UZ(Clquz)} u 5

p2(wa, wi; E)dwy A dw; A dE,

. : d btus)d
p2(wa, wi; §) = sin exp {bf —Uz(c‘fuz)} -exp {—f —(Uz(bgl),ul;)z

p3(w2,w1;§, ’I’})dll)z/\dwl /\dﬁ/\d?’}, (59)

p%(w27 wi; f 77) - exp [b/ U>(C, Mz)} : @3(w27 Wi, f, T])s

wy w
sin&?’ sin§’

Ui(uz) = uj + bup + 1,

Ux(Cy, u2) = 2Uy () — S {cl +,/C - 4ul(u2>} . C1 #0.

Uy = uy =



Invariants of Dynamical Systems with Dissipation ... 179

References

D

10.

11.

12.
13.
14.
15.

Poincaré H (1912) Calcul des probabilités. Gauthier-Villars, Paris

. Kolmogorov AN (1953) On dynamical systems with an integral invariant on the torus. Dokl

Akad Nauk SSSR 93(5):763-766

Kozlov VV (2019) Tensor invariants and integration of differential equations. Russ Math Surv
74(1):111-140

Shamolin MV (1998) On integrability in transcendental functions. Russ Math Surv 53(3):637—
638

. Shamolin MV (2020) New cases of homogeneous integrable systems with dissipation on tan-

gent bundles of twodimensional manifolds. Dokl Math 102(2):443-448

Shamolin MV (2020) New cases of integrable odd-order systems with dissipation. Dokl Math
101(2):158-164

Samsonov VA, Shamolin MV (1989) Body motion in a resisting medium. Moscow Univ Mech
Bull 44(3):16-20

Shamolin MV (2009) Dynamical systems with variable dissipation: approaches, methods, and
applications. J Math Sci 162(6):741-908

Kozlov VV (2015) Rational integrals of quasi-homogeneous dynamical systems. J Appl Math
Mech 79(3):209-216

Shabat BV (1992) Introduction to complex analysis. American Mathematical Society, Provi-
dence, R.I

Trofimov VV (1984) Symplectic structures on groups of automorphisms of symmetric spaces.
Vestn Mosk Gos Univ Ser 1: Mat Mekh (6):31-33

Klein F (2006) Vorlesungen uber nicht-euklidische Geometrie. VDM, Muller, Saarbr ucken
Weyl H (2016) Symmetry. Princeton University Press, Princeton, NJ

Kamke E (1959) Gewohnliche Differentialgleichungen, 5th edn. Akademie-Verlag, Leipzig
Trofimov V'V, Shamolin MV (2012) Geometric and dynamical invariants of integrable Hamil-
tonian and dissipative systems. J] Math Sci 180(4):365-530

. Trofimov VV, Fomenko AT (1980) A method for constructing Hamiltonian flows on symmetric

spaces and the integrability of some hydrodynamical systems. Sov Math Dokl 22:617-621



B-subharmonic Functions )
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Elina Shishkina

Abstract Considering different problems with Bessel operator we inevitably should
obtain the main theorems of harmonic analysis for Laplace—Bessel operator. In this
article we obtain condition of B-subharmonicity using the second Green’s formula
for the Laplace—Bessel operator.

Keywords B-subharmonic functions - Weighted spherical mean - B-harmonic
functions + Laplace—Bessel operator

1 Introduction

Subharmonic functions have been introduced in the analysis Hartogs [1]. The sys-
tematic study of subharmonic functions began with the work of Riesz [2, 3], Privalov
[4] and Radé [5]. It is widely known that subharmonic functions are used in the theory
of surfaces of nonpositive Gaussian curvature [6], in solving boundary value prob-
lems [7], in the theory of random processes [8] and in studying analytic functions
of a complex variable [4]. Now the theory of subharmonic functions is an actively
developing area of modern mathematics.

In this article we introduce and proof B-subharmonicity condition. This is a part of
B-harmonic analysis which provides a mathematical theory to deal with the singular
Bessel differential operator of the form

-0 82 Vi 0 .
—:—2 —_ ]:1,...,”1.
Xj 6x_,~ [“)xj Xj 8Xj

E. Shishkina ()
Voronezh State University, Universitetskaya pl., 1, Voronezh 394018, Russia
e-mail: ilina_dico@mail.ru

Belgorod State National Research University (“BelGU”), Pobedy Street, 85, Belgorod 308015,
Russia

© The Author(s), under exclusive license to Springer Nature Switzerland AG 2023 181
V. Vasilyev (ed.), Differential Equations, Mathematical Modeling and Computational
Algorithms, Springer Proceedings in Mathematics & Statistics 423,
https://doi.org/10.1007/978-3-031-28505-9_13


http://crossmark.crossref.org/dialog/?doi=10.1007/978-3-031-28505-9_13&domain=pdf
mailto:ilina_dico@mail.ru
https://doi.org/10.1007/978-3-031-28505-9_13

182 E. Shishkina

We will use notation A, = (A,), = Z (B~,)x, . For A, the term Laplace—Bessel

operator is used. A functionu = u(x) = u(xl, ..., Xx,) defined in adomain £2 C R"
is said tobe B—harmonicifu € Cz(.Q) |x —o =0forallj =1, , n and satisfies
the Laplace—Bessel equation Ay =0 at every point of the domam .Q.

One can say that a function defined and continuous in some domain is B-
subhartnonic if the value of this function at each point of the domain under con-
sideration is less than or equal to its weighted spherical mean. It will be shown that
B-subharmonicity of function in some domain follows from inequality A u(x) > 0
which is satisfied at all points of the considered domain.

In classical theory, the definition of subharmonic functions is often given in terms
of the positivity of the Laplace operator, and then a generalized mean value theorem
is derived with inequality instead of equality. For our case with the Laplace-Bessel
operator, we rearrange this order and define subharmonic functions through the gen-
eralized mean value theorem with inequalities, and then derive for them a theorem
about the non-negativity of the Laplace-Bessel operator.

2 Definitions

Suppose that R” is the n-dimensional Euclidean space,

Rl ={x=(x1,...,x,) € R", x,>0,...,x,>0},
E’jr ={x=(x1,...,x) €R", x1>0,...,x,>0},
¥ =1,-..,7Y) i1s a multi-index consisting of positive fixed real numbers ~;, i =

L,...,n,and |y =y 4+ ...+ Vn-

Let £2 be finite or infinite open setin R” symmetric with respect to each hyperplane
x=0,i=1,..,n, 2,=2NR" and 2. = 2 NR".

We deal with the class C™ (§2.) consisting of m times differentiable on £2, func-
tions and denote by C™(£2,) the subset of functions from C”(£2,) such that all
derivatives of these functions with respect to x; for any i = 1, ..., n are continu-

ous up to x;=0. Class C.;, (§+) consists of all functions from C™ (§+) such that
%h,_o = 0 for all non-negative integer k < ’” L (see [9], p- 21).

In the following, we will denote CJ} (R ) by C . We set
Cor(2) = ﬂ Con(24)

with intersection taken for all finite m and C2°(R,) = C°.
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The class C., (£2.) is the restriction of the class of even continuous on £2 functions
to §2 +-

We will use notation 53‘;(59 for the space of all functions f€C°(£2,) with a

compact support. We will use notations 8;’3(§+)=D+ (£24) and 533(1) = (i‘jg
The multidimensional generalized translation is defined by the equality

(TN = "TLf () = (T T ) (), &)

where each of one-dimensional generalized translation 7 Txfi acts for i=1,....,n
according to (see [10])
il
r(+)

Vi T Yi —
CTINE = = &

s
2 2 s i—1
x/f(xl,...,xi_l,\/xi + 77— 2X;Yi COS i, Xit1, ..., Xy) SINTT T ; do;.
0

Next we will use notation

Coy=n"* —F( )

Part of the sphere of radius » with center at the origin belonging to R} we will
denote S (n):

Stm)={x e R :|x|=rtU{x e R" :x; =0, |x|<r,i =1,...,n}.

For the weighed integral by the Sf (n) we have formula [11], formula 107, p. 49

n

i+1
()
1S )|, = f xXdS = F—no—. )
on—1r (”+|”r|)
S 2

3 B-harmonic Functions

In this section we will consider B-harmonic functions i.e. functions annihilated by
the Laplace-Bessel operator in domain 2, = £ N E’i.

A function u = u(x) = u(xy, ..., x,) defined in a domain £2 is said to be B—
harmonic if u € C2,($2+) and satisfies the Laplace-Bessel equation A,u = 0 at
every point of the domain £2 .
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Theorem 1 Letx € R}, n > 1and

S Inlxl el =2

|X‘2 n—|7|
Q=n=DISy (),

Ex) =
n+ly| > 2,

where |Sl+(”)|w is (2). Then for |x| > € Ve > O we obtain that E (x) is B-harmonic:
ALE(x) =0.
Proof Let consider first the case n + |y| > 2. We can write

B B
ALE(x) = ZB%E(X) Z ”fa ]’a—ij(x)

= ! Zii 7 0 — x> =
@—n—hDISTT, & %) 0x; ox;

1 0 v 2—-n—1vD —n—|n|
VA A n oy =
(2—1’1— |’Y|)|S+|n{ ; ’Y/ ax x 2 |x| x]

n
= 5 S e
|Sn+|q = “ff ax] ./

1

1S4 1

L[ En=1D, a2 247 el
T[T"” =200 (Ll )| =

M=

=1 %

1 & L s
= 5T D I = DI TR (4 lx T =
j=1
= gl YDIx M 4 (n + [y DIx ] = 0.
n ly

Now consider the case n + |y| = 2:

I
ALE(x) = ZBA,E(X) Z }’8—E()—



B-subharmonic Functions 185

1 -1 90 .0 I &1 9, 5 iy,
=— ) ——x'—Inx|=—Y ——x|%x; " =
|S,;*|7;x}f Ox; 7 Ox; ISJ'IVjX:;xj” Ox; J
1 —~ 1 —4 2+ -2
=5 D 2T e ] =
P =17

n

D207+ (L plx Tl =

= o
1Saly i3

= m[—ﬂxl_2 + (4 DIxI 7?1 =0,

because n + |y| = 2.

4 Weighted Spherical Mean

In B-harmonic analysis when constructing a weighted spherical mean, instead of the
usual shift, a multidimensional generalized translation (1) is used._
Weighted spherical mean (see [11-13]) of function u(x), x € R’ forn > 2 s

(MJu)(x) = (M) [ux)] = / T u(x)67dS, 3)

1S} ()1,
S]*(n)

where 7= T[] 6,".
i=1
Weighted spherical mean has properties

=0. 4)

, 0
Mo = (), = (M]1))
r=0

In the classical case, the transition from integration over a unit sphere centered
at the origin to a sphere centered at a point x° of radius r is carried out by a simple
linear change of coordinates. In our case, the presence of a generalized translation
significantly complicates such a transition. Let’s consider this point in more detail.

We will transform (M, u)(x) so that the center of the part of the sphere over
which the integration takes place moves. In this case, the dimension of the space will
double. We have

C

vy —
MO0 = el
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™ ™

X / //u( x? — 2rx10; cos B +r292,...,\/x,%—2rx,,0,, cos 31 + r262)x

Sty 00

x [ [sin*~" 8; do7ds.
i=1

One can convert this integral into integral by the part of sphere in R*" by using
formulas _ ~
91=r9100851, 9227918i1‘151,
53=V02C05ﬁ2, 54=r02sinﬂ2,..., (5)
52,[,1 =r6, cos [3,, 52,1 =r#,sin 3,.
We obtain

C) o
|} ()] rnthi=t

[ w e =824 o = B2+ B [ 7705 =
i=1

Stan

(M 'u)(x) =

c ~ —
ool EEVER RSN ERCRY § s
i=1

|S+(l’l)| =1
Ste@n)

where we put {@i_, —X;i = 22i-1,1 = 1, ..., n}. Here 52,~ >0,i=1,..,n
Sr@n)y={0eR™: 10 =r)

and ~
er 2n) =

= (21,02, s 2201, 020) € R 2 (21 — x> + 03 + -+ (2op—1 — ) + 63, = 1%},

differentials d S and d'S’ mean that we are integrating over a surfaces §r+ (2n) and
St (2n) respectively. N
Letnow zo;,_1 = 0; cos 3; 0»; = 0;sin3;,i = 1, ..., n. We can write

M) = —— D / / / w(©@0'ds | [Tsin" " 6, dB. ©)
i=1

|S)" ()| rntni=1
rx(n)
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where ﬁ(n) is a sphere (or a part of sphere) (0 cos 81 — x1)* + 67 sin? 3 + - - - +
(0, cos B, — x,)* + 6% sin* 3, = r2. To simplify the right part of (6) we introduce
the next notation

/ u(&)WdS:C(ry)/.../ / w(©®)07ds | [ [sin"~" B; dps
0o 0 i=l1

VTSt (n) ’Arfr P

SO We can write

1

Y —
(M’ u)(x) = |S1+(”)|wr"+m_1

/ u(0)07ds. @)

1Ty S ()

5 B-subharmonic Functions

In this section we define the B-subharmonic function and prove that if Laplace-
Bessel operator of a sufficiently smooth function is non-negative in domain then this
function is B-subharmonic.

Letu € C,,(£2). We say that a function u is B-subharmonic if

1

0 v 0y _
ux") < (Mu)(x”) = SFOn

/ T 0u(x")0'ds
Stn)
whenever the part of the sphere {x € R’} : |x — xo| < r} is contained in Q..

Theorem 2 Suppose u € Cfiﬁg and A u(x) > 0 for all x € 2., then u(x) B-
subhartnonic at all points of §2 4.

Proof Let x° is any point of £,

—In|x —x% +In7, n+|y| = 2s;
|x — x0)2= —p2=n=01 g |y] > 2,

v(x) = {

is B-harmonic function by Theorem 1 in §+: Ay =0,v(x)>0.
We consider € R},

I(x):C(’y)/.../
0 0

where G the shell domain between

/ W(®) Ay0(0) — v(0) A\u(6)) 07d6 | | [sin"~" B, d,
i=1

G+
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(01 cos B — x?)2 + 912 sin? By + - - - + (6, cos 3, — x;))2 + 93, sin? 3, = &2
and
(01 cos By — xl) + 92 sin® B + - -+ + (0, cos B, — x,?)2 + 9,3 sin® 3, = r2.
Numbers ¢ and r satisfy inequalities 0 < € < r chosen so that set G™ lies entirely

in £2, . The boundary of G can include parts of the coordinate plains.
Since Ayv =0, v(x) > Oand A u(x) > Oforallx € £ and Gt C 2, we get

i=1

0> 1(x)= C(fy)/.../ /(u(B)Afyv(ﬁ)—v(G)Anu(B))H'YdO ]_[sm’h—lﬂ, dg,
0 0

G+

The second Green’s formula for the Laplace—Bessel operator (see [14]) is

O>]—C('y)/ / / (M@—Ug—u> 07dS l_[Sll’l/'_lﬁl dpg,

oG+

where 9G+ the boundary of G+, v is a normal vector of the surface G .
In new coordinates

z1 =01cos B, zp=0;sinf,
Z3=92C08ﬁ2, Z4=92$i1‘162,...,
Ln-1 = 011 COos ﬂn’ Lon = 0n sin 6na
such that zo; > 0,i = 1, ..., n, we can write

OV U\ T -1 o~
0=>1=C() f (u——u—f) Z Lds,
ov plin

oW+

where = (Vo + 3o B 435 ) T =0 (VA BB )

OW™ is a surface consisted of two spheres (or a parts of spheres in R?") with center
até € R¥, & = (x1,0,x2,0, ..., Xo,_1, 0) of radii € and r such that 0 < ¢ < r:

Ste@an) =

={zeR": (z1—x))’+22+ + Qw1 — X)) +23, =},
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St(2n) =
={zeR": (z1—x1)*+ 22+ + Qw1 — %) + 23, =7}

and possibly parts of coordinate plains, ¥ is is a normal vector of the surface OW™,
dS is the element of the surface 9W . Therefore,

0=1=Ce) / / Hz}fldS—

$r@n 5@n

/ / ]_[z;;‘1 ds

:'g(Zn) S e (271)

On SJr (2n) we have v = 0. Also, since A,u > 0 and ¥ is directed toward the

center of the SJr we get that f v ]_[ z “las <o.
5+

That means that

0>C(y) / / ]_[zgg‘l ds.

i (2n) SJf (2n)

For n + |y| = 2 we get

owcoo [ - [ ) Zeriaa
i=1

Srem  5fem

and forn + |y| > 2 we get

u(2) T

0=CNn+y—2) [ / T 237 ds,
i=1

St.an)  §an

where £ € R¥, € = (x1,0,x2,0, ..., X2,_1, 0). In either case,

ce) f 2 2 dS =) / —M(Z) ' dS

|n+h\ 1 |n+\'y\ 1
i=1 i=1

§*.n) eI
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or

Co e TTo e CO T el R
g’H'W\—l M(Z) 1_[ 22 ds = rn+|’y|—l M(Z) 1_[ <y ds.
sem sem
Returning to coordinates 61, ..., 6, by formulas z,;_1 = 6; cos [3; 9~25 =6;sinf;,i =
1, ..., n we obtain

1

S} ()], en+hi=1

1
Nneds < — 0 ds
/ "0 - |Sr(n)|7r”+|“/|*1 / u(6)
e TGS o ()

or, using (7),

(MQM)(XO) = W / WTigu(xO)mdS <
: /Sr(n)
< SToL / T Hu(x0dS = (M) u)(x°).
1 Y
Sr(n)

Letting ¢ tend to O the left side tends to u(x”) by (4) and we obtain inequality
u(x®) < (M u)(x°).

Notes and Comments. There are a lot of properties of B-subharmonic functions need
to prove. For example, it is interesting to consider the maximum principle, criterion of
B-harmonicity in terms of B-subharmonic functions, the Perron method for solving
the Dirichlet problem for Laplace-Bessel operator, the connection to the B-potential
theory (for the B-potential theory see [15, 16]), Harnack inequality for singular
equations and other.
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Some Multi-dimensional Modified )
G- and H-Integral Transforms on check o
£, 7-Spaces

S. M. Sitnik, O. V. Skoromnik, and M. V. Papkopvich

Abstract This paper is devoted to the study of three classes of multidimensional
integral transformations with Fox’ H-function and the Meijer’s G-function in kernels
in weighted spaces integrable functions in the domain R’} = Ri_ X R}r X+ X R}r.
Mapping properties such as the boundedness, the rang, the representation and the
inversion of the considered transforms are established.

Keywords Multidimensional integral transformations with Meijer’s G-function
and Fox’ H-function in the kernels + Multidimensional Mellin transform -

Weighted space of summable functions - Fractional integrals and derivatives
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1 Introduction

Multidimensional integral transformations are considered (see [1], formula (40); [2],
formulas (1.1)—(1.2):

X

1 _ oo [gma[X] @ adip |, o dE ,
(H!, f)x) =x O/HM [t (b,-,ﬁj)l,q]t f® (x> 0): (1)
1 R [ mn| X @)1p |« g .
0
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(al)lp
(b])lq

r 5
(Gl ,.s/)x) =x7 /Gglqn[ } f(t) (x>0) (3)
0

here (see, for example, [1, 2]; [3, Sect.28.4]; [4, 5]) x = (x1, X2, ..., x,) € R" ;

t=(f,1,....1;) € R", R" be the n-dimensional Euclidean space; x -t = Y x,1,

n=1

n
denotes their scalar product; in particular, x-1= )" x, for 1= (1,1,...,1). The
n=1
expression X > t means that x1 > tl,xz > 1), ey Xy > Iy, Similarly for signs >,
X1 X2 Xp OO

< < f ff f f ff f by N = {1, 2, ...} we denote the set of posi-

t1velntegers, NO NU {O},N” = No X Ng X ... x No; k = (ky, ko, ..., k,) e N =
No X ... x Ng (k; € Ng, i =1,2,...,n) is a multi-index with k! = k;!---k,! and
k| =k +ky+ ...+ ki RL={x €R", x>0} forl = (I, L, ....[,) ERL D' =
m; dt =dt, -dtr---dt,; ' =t . thy f(t) = f(t, 12, ..., ). Let
C" (n € N) be the n-dimensional space of n complex numbers z = (21, 22, - - - , Zn)
(zjeC,j=12,---,n);

= (my,my,....,my) e Ngandm; =my = ... = my;n = (1, N, ..., 1) € Nj
and 7y =71y = ... =7, P= (P1, P2, .., Pn) €ENp and py = pr = ... = py; q =
(g1,92,-..qn) €ENpand g1 = g2 = ... = ¢q,) 0 <m <q,0 <n < p);

o= (01,02, ...,0,) €C"; kK = (K1, K2,y .0y k) € C"; 8 = (01, 02, ..., 0,) € R";

a, = (ail,aiz, ...,a,-”), 1<i< D, 4, iy, ..., Qj, € C(l<ig< )2 1<i, <
Pn);

bj = (bjlvbjzv ...,bj"), 1 < ] <gq, le’bjz’ ...,bj" cC (1 < j] <d{qi, ..., 1 < jn
< qu);

o = (0, Qs ooy ), 1 <0 < p, o), Oy, ..., i, € Rfr 1<i1<p;,..,1<

n

in
=< pn);
B; = By Brs s Bi)s 1< j <q. By, Bips s B, eRT (1 < 1 < g1,y 1 <
Jn = qn)-
We introduce the function
Hmv“I:§ (ai’ai)lvpi| — - He T |:x_k (aik’aik)lqpk} 4)
> q t I .')],61 Pl Pk Gk (bjk’ﬁjk)l,qk

which is the product of H-functions H g L2l

m,n m,n (ai’ Oé')] 5P _ / m,n —5
H, > lzl=H, |: (b]aﬁj)lq} > Hyi(s)z 7 ds, z #0, %)
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where

1"‘] by + 8;) [T T = a4 — ous)
j=1 i=1

(ah O[')l N7

(b]’ ﬂ])l q

Hmn( )_Hmn|:

-4 :
1_[ (a,-—l—a,»s) 1_[ F(l—bj—ﬁjs)
i=n+ Jj=m+1
(6)

i|, which is a product of

(@i )1, pe

1 m, n
and the function Gp’ q [z by

G- functions G’;’; ;[z]:

n
(@)1, my, i
(b,’)l.f,i| l:[ GPkk ‘Jkk |:

Gmn[ ]_Gﬂln[

((1')1 P:| _ / m,n —cd 0 7
b1 Gpa(9)27%ds, 2 #0, (N

where

ﬁ r(b,»+s)1£[r(1—a,-—s)

gm n( ) — gmn|:(a')] N S:| _ j=1 i=1 (8)
p.q .
bj)1,qg IEI T +5) 11[ P —b; —s)
i=n+1 Jj=m+1

In (5) and (7) L is a specially chosen infinite contour and empty product, if it occurs,
being taken to be one. H-function is the most general of known special functions and
includes as private cases elementary functions, Meijer special functions hypergeo-
metric and Bessel types, as well as the G- function (7) obtained from H -function (5)
withay =y = ... =ap = 1 = [ = ... = B, = 1([6, Sect.2.9]). Modern theory
of H- and G- functions (5), (7) is presented in Chaps. 1-2 of the monograph [6].
With elements of theory H-function and its special cases can also be found in books
[7-10].

The theory of integral transformations has been intensively developing recently.
This is due to the fact that integral transformations often arise both in problems
of mathematics and in applied problems of physics, mechanics and other natural
sciences. The use of integral transformations in the theory of differential and integral
equations, operational calculus, and the theory of boundary value problems makes it
possible to find their solutions in a closed form and study their structural properties.

The classical Fourier, Mellin and Hankel transformations are the most studied
[11-14]. Such transformations are widely used in various problems of mathematical
physics and applied mathematics [15-18]. They also find application in solving
various model problems for partial differential equations.

Since the 70s of the twentieth century, the solution of various applied non-specific
problems has led to the presentation of their solutions in the form of integral trans-
formations with special functions in kernels. The interest in such transformations is
also caused by the study of the corresponding integral equations of the first kind and
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the so-called pair and triple integral equations, which are often found in applications.
The results in this direction are presented in books ([3, Chap. 7]; [19-22]).

Integral transformations with various special functions in kernels have been stud-
ied by many authors. They were mainly studied in the spaces L; and L, [11-13, 23,
24] and in some spaces of generalized functions [25, 26]. These monographs are
devoted to one-dimensional integral transformations. Note also that separate results
for multidimensional classical integral transformations and some transformations
with special functions in kernels are presented in the monograph [27].

Most integral transformations with special functions in the kernels contain hyper-
geometric and Bessel type functions. In particular, the solution of the problems of
axisymmetric potential theory is presented in the form of integral transformations
with special Bessel functions of the second kind Y, (z) and Struve H,,(z) in the ker-
nels. For the first time, such constructions were considered by E. Titchmarsh [11]
as a pair of mutually inverse transformations within the L;- spaces. The questions
of the action of these transformations in the spaces of r - summable functions £, ,,
1 <r < oo, on the real semi-axis with power weight were studied by P. Rooney
[28-30], Heywood and Rooney [31, 32] based on the theory of Mellin transforma-
tions. At the same time, they obtained analogues of the Parseval equality and gave a
description of the spaces of functions represented by such integral operators. Similar
questions for integral transformations with the Meijer G-function were studied by P.
Rooney [33].

In 1993-1998 Kilbas and Saigo developed a theory integral H-transformations
with special functions of general type in kernels, namely H—functions, in spaces
£, of summable functions. Applying the technique of Mellin transformation and
taking into account the asymptotic properties of the H- function, was constructed
a theory of integral H- transformations with such functions in kernels in the spaces
£,.» of summable functions with weight. Results presented in [6].

This paper presents properties of multidimensional transformations (1)—(3) in
weighted spaces £y 7 of integrable functions f(x)= f(x1, x2, ..., x,) on R}, for

which
wrn—1 -l
||f||,,,r={/]x5' {{/)@
RL R

n/n r3/r o 1/r
x [/ XN, ...,x,,)|“dxlj| dxz} } dx,,} <00
R+

r=@i,r,..meR" 1 <r<oo,ri=rn=..=r;v=u,,..V,) €RY,
V=1 =..= Vn)~ —
In particular, for v = (v,vp,...,v,) €RY, V=L =..=v,, and 2=

(2,2,...,2) by £, 5 denote the weighted space of integrable functions f(x)=
f(x1, x2, ..., x,) on RY (see [1, 2]):

1fllzs = {/R x,:"'“{~-~

T
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12
{ / xé’z‘z*l / xlyl‘271|f(x1, ooy X)) 2dx dxz} e }dxn} < 00.
R R

For the transformations under consideration, various integral representations and
inversion formulas are derived.

Research results for transformations (1), (2) generalize those obtained earlier for
the corresponding one-dimensional cases ([6, Chaps. 5 and 6]).

2 Preliminaries

Denote by [X, Y] a set of bounded linear operators acting from a Banach space X
into a Banach space Y.

Multidimensional Mellin integral transform (M1f)(x) of function f(x) =
fx1, x2, oy Xp), X = (X1, X2, ..., Xp) € R, is determined by the formula

M f)(s) = f ft~'dt, Re(s) =7, ©)
0

s = (s1, 52, ..., 5,) € C"; the inverse Mellin transform is given for x € R by the
formula

1 Yi1+ioo Yn+ioo
(m-lgxx):m*[g(p)](x):W / o / X g(s)ds,  (10)
Y1—100 Yn—100

vj =Re(s;) (j =1,---,n). The theory of multidimensional integral transforma-
tions (9), (10) can be recognized, for example, in books ([27]; [5, Chap.1]). Let N,
be elementary operator (see [5, Chap. 1]):

N f)(x) = f(x?) (x €R", 0= (01,02, ..., 0a) €R", 0 #0). (1)

This operator has the properties [[1]; [2], Lemma 2.1].

Lemma 2.1 Letv = (v, v, ..., 1) ER" (V=1 = ... =v,)and]l <7 < 0c0.N,
is a bounded isomorphism £5 57 on L5 7 if f € Lp7 (1 <7 < 2), then

1
(MN, f)(s) = @(mf)(z) (Re(s) = o).

Let 1o, ., and 1% o be the multidimensional Erdelyi-Kober operators of frac-
tional integration, defined for a = (ay, g, ..., o) € C" (Re(a) > 0), 0 >0, n €

C" by (see [1]; [2]):
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X
focr(a+n)

(164 4.y /) X) = To / (x” — t")‘“t(’"*"*1 fdt (x > 0); (12)

0

on

()= T

/ (t7 —x7)* el fdt (x> 0). (13)

X

3 £5 7-Theory And the Inversion Formulas
for the Modified H},’ - Transform

To formulate the results presented £ 5-, £5 7-theories and the inversion formulas of
the H},)K-transform (1) we need the following constants ([1], (57)—(60)), analogical
for one-dimensional case defined via the parameters of the H - function (5) ([6],
(3.4.1),(3.4.2),(1.1.7), (1.1.8), (1.1.10)):

a = (ay, ay, ..., (y) andB = (31,32, ...,B,,), where

. Re(b . 1—Re(a; —
— min [%], my >0, _ min [—(‘)], n; >0,
o) = 1<ji<m L i 61 — ] I<ii<nm iy
—00, mp; = 01 00, ﬁ] = Os
. Re(b; . 1—Re(q; —
— min [%], my >0, _ min [#]’ n, > 0,
= I<ja<myL Fi 62 — ] I<ib<m iy
—00, mp =0, 00, ny =0,
and so on
. Re(b; . 1—Re(q; _
— min [%], m, >0, _ min [ﬂ], i, > 0,
@, = 1<jp<m, L Pin B, = { 1Sin=n iy (14)
—00, my = O, oo, ﬁn - 07

ny 141

mi q1 q1 Pi
af= e > et Bi— Y B A=) 8- o
i=1 j=1 j=1 i=1

i=n;+1 j=m;+1

I P2 my q2 q2 P2
* —
az—E Qi, — E ai2+§:ﬂj2_ § Bia A2—§ 51‘2—2 Qi
i=1 i=np+1 j=1 Jj=mi+1 j=1 i=1

and so on
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Pn my dn Pn

199

Ny qn
a:::ZOéi,,— Z Oéin-i-Zﬁjn— Z Bj,s An=25jn—204i,,2 (15)
J=1 j=1

i=1 i=i,+1 j=ma+1 i=1

ﬁ = (;u’h ,LL2’ AARE] ,an)v

where
q1 P1 P —qi q2 P2 P — ¢
n1 = bjl_ a[]+T,ﬂ2:th— aiz—i—T,...,
j=1 i=1 =1 i=1
4qn Pn
Pn — 4
uHZZbJ‘“—Zai"'i‘Tn; (16)
j=1 i=1
Re(b; )—1
.1+ max [&] q1 > mi,
oy = mi+1<ji<q: 1
—00, g1 =my,
. Re(a; _
1+ min [M] p1 > ny,
ﬁ(l) = { m+l<ii<piL
o0, P11 = ﬁlv
Re(b;,)—1
5 14+ max [%], g > my,
ay = my+1<jp<q» F
—00, qr = my,
1+ min [Re(a'z)], D2 > i,
ﬂé = { m+l<ib<p,L 02
00, p2 =na,
and so on
. 1+ max [%], Gn > My,
oy = my+1=<jn<qn Fin
—00, gn = my,
14+ min [M] Pu > T,
B = { myt+1<iy<ps L Yin (17)
o0, Pn = Hy.
The exceptional set & of a function F.. . (s):
p H P
ﬁm,n(s) _ ﬁm,n[ (a;, ai)l,p Si| _ li[Hmkﬁk [ (aiks Oéik)l,pk S] (18)
P4 P4l (bj. Bj)1q L Bidra
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is called a set of vectors v = (v, 15, ...,v,) € R" (v =v, =... =v,), such
that oy <1 -1 < Bl, ap<l—y< Bz, ey <l—p, < En, and functions
Hf,,”l"’gl‘ (s1), HZ’;;E (sz),...,Hgn"”gl"l (s,) have zeros on lines Re(s;) < 1 — v, Re(s) <
1 —1,, ..., Re(s,) <1 — v, respectively (see [1, (61)]).

Applying multidimensional Mellin transform (9) to (1), taking into account the
results for the one-dimensional case ([6, Formulae (5.1.14)]), in the work [1] we
obtained:

—mn| (@;, o)
IMH! =H [ P
(OMH, . f)(s) P4 (b, 814

s+a}(imf)(s+a+n). (19)

The following assertion presents the £ 3-theory of the modified H-transform (1).

One dimensional case see in ([6, Theorem 5.37]).

Theorem 3.1 ([1, Theorem 9]) Let B B
a; < v; —Re(ky) < By, 0 < vy —Re(ky) < By, ..., @y < 1y, —Re(ky) < B,
V) =1V = ... =V,

aj =0,a5 =0, ..., a;, =0; Ai[v; —Re(k1)] + Re(u;) <0,
As[vs — Re(kp)] +Re(u) <0, ..., Ay[v, — Re(k,)] + Re(u,) < 0. (20)

There hold the following assertions:

(a) There exists a one-to-one map H}m € [£55, £ Re(nt0).2] SUCh the relation
(19) holds for f € £, andRe(s) =V — Re(xk + 0).

Ifai =0,a; =0, ...,a; =0; A[vy —Re(k1)] + Re(u1) =0, As[v, — Re(ka)] +
Re(up) =0, ..., Aylvy, —Re(kn)] +Re(uy) =0 and 1 -7 +Re(k) ¢ E, then
HLIT,H maps ’SD,E onto ’Q‘D—Re(ff-&-(r),f' -

(b) The transform H(If .. does not depend on U in the sense if U and U satisfy Eq.
(20) and if the transforms H}m and IA:I}7 .. are defined in respective spaces £ 5 and
L=5byEq. (19), then H. , =H! , for f € £:5 L5

(c) If aj=0,a;=0,..a, =0; Aj[vzi —Re(k)] +Re(p1) <0, As[vr, —
Re(x2)] +Re(uz) <0, ..., Ay[v, — Re(k,)] + Re(p,) < 05 then for f e £,5 the
transform H}m f is given by Eq. (1).

(d) Let X\= (A1, ... \) €C" , h=(hy,....h,) > 0, and f € £,5. IfRe(\) >
(T — Re(k))h — 1, then H[lmf is represented in the form

— — _ d _ B
(H(lr,ﬁf)(X) — BxoH1-OD/E 2 OFD/R

dx
i (=X ), (@, )
m,n—+1 X 4] , (@, O 1,p
X/Hp_,_]tl_Hl:I
0

(b, B)1q (=X —1,h)

}t"’lf(t)dt, 1)



Some Multi-dimensional Modified G- and H-Integral Transforms ... 201
while for Re(\) < (7 — Re(k))h — 1 is given by

— _ —d _ _
(HL . f)x) = o104 i

dx
00
m+1,n X
X/Hp+1,q+1|:;
0

(e)If f € £,5and g € £ 5\ Re(x+0). then there holds the relation :

(aiv ai)l,pv (_X! E)

= i t*=! f(t)dt. 22
(_)\_lvh)’(bj’ﬁj)l,q} f() ( )

f f®)(H) .9)x)dx = f (H2, f)(®)g(x)dx, (23)
0 0
where .
H2 - ”/H““'H (B, ai)ip }t“ = 24
(H; . f)x) =x |5 Ok (24)

Taking into account the results for the multidimensional case in [4], Theorems 4. 1—
4.2 and Theorems 5.38-5.39 in [6], Lemma2.l, Theorem3.1, we present £y

theory of the modified H}, , -transform for two cases, when a} = a5 = ... = a} =0,
A=Ay =..=A7A, =0, Re(u;) =Re(p) = ... =Re(,) =0 and af =a; =
we=a, =0, A=A =..=A,=0,Re(u;) <0,Re(uz) <0, ...,Re(u,) <O.

Theorem 3.2 Let

af =0,a5=0,..,a, =0 A=A =...=A,=0;
Re(u1) = Re(un) = ... = Re(u,) = 0;
o) < v —Re(ky) < 31,62 < v —Re(ky) < 32, ., <, —Re(k,) < Bn,
VN=wm=..=V,;l<r<oo,ri=r=..=r,.

There the following assertions are true:

(a) The transform H['M defined on £ 5 can be extended to £ as an element of
H}” €lLor, Lo_Reutorrl If 1 <7 < 2, then the transform H}m is one-to-one and
there holds the equality (19) for f € £y 7 and Re(s) =7V — Re(k + o).

(b) If f € Loy, A= My oo M) € Ctand b = (hy, ..., hy) > 0, then H}mf is
represented in the form (21) for Re(\) > (7 — Re(k))h — 1 and in the form (22) for
Re(\) < (7 — Re(k))h — 1.

()If f € Lprand g € £1_yiRe(nio) 7 With? =T/ — 1), then the relation (23)
holds.
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(d) If 1 — U + Re(k) ¢ Ex, then the transform H}m is one-to-one on Ly and its
image is given by

H};,H(SW) = Lo _Re(rto),7- (25)
Theorem 3.3 Let

af=0,a5=0,..,a,=0A1=A=...= A, =0;

n

Re(u1) < 0,Re(uz) <0, ..., Re(u,) < 0;
o) < v —Re(ky) < ﬁl,az < v —Re(ky) < 32, 0, <, —Re(k,) < 3,1,

Vi=wh=..=V,; 1l <rF<oo,ri=rn=..=r,,andletm > 0 orn > 0. There
the following assertions are true:

(a) The transform Hl'” defined on £ 5 can be extended to L35 as an element of
H}m €L 7, Lo_Re(wto) sl foranys = (s1, 82, ..., Sp), 8 = 7, suchthat1/s; = 1/r; +
Re(uj), j=1,2,..,nlfl <7 < 2, then the transform H}m is one-to-one and there
holds the relation (19) for f € £57 and Re(s) =7 — Re(k + o).

(b) If f e€Lyrand g € £1_piRe(rto)s With 1l <s<ooand 1 <1/r+1/s <
1 — Re(), then the relation (23) holds.

(c) Letk = (ky, ko, ..., ky) > O. If1 — v+ Re(k) ¢ Ex, then the transform Hrlr,n
is one-to-one on £y 7 and there hold

Hy (o) = 1% o o (CoReterar) (26)

form > 0, and

H}T,H(ij) = Iof;%, (}7370)/E71(£97Re()1+0),7) (27)
forn > 0. When 1 — U+ Re(k) € &, H},,H(S;;) is a subset of right hand sides of
(26) and (27) in respective cases.

@) If f€&sr A=A1,... \) €C" and h = (hy, ..., h,) > 0, then H.  f
is given in (21) for Re(\) > (U — Re(k))h — 1, while in (22) for Re(\) < (U —
Re(k))h — 1. Furthermore H(lmf is given in (1).

In ([1], formulas (68), (69)) were obtained inversion formulas for transforma-
tion H(l, J (1), which generalize the corresponding one-dimensional case (see [6],
(5.5.23) and (5.5.24)):

fx) = —Exa“)/ﬁ’”ix’&“)/ﬁx

dx
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00 _
/Hq*m,l’*nﬂ |:£ (=\h), (1 —a; — &, @)ng1,p, (I — 8 — i, )1 n i|x
J L x| (1= by = By, Bdmerg: (1 —=bj = B B)1m (=X — 1, ])

t™7(H . f)(Ddt (28)

or
T | P
fx) = hx(,\+1)/h 1 = g—OFD/h o
dx

(1 —a; — i, @)nsips (1 — 2 — @, @)1 n, (=N, ) }

o0
/qu+1,pn|:£ N
J PrLAFL | x| (<A = 1,h), (1 =b; — 3}, B)met.qs (1 =b; = 35, B)im

t7(H . f)(tdt. (29)

Condition for the validity of these formulas are given by the following assertion
(one-dimensional case see in ([6], Theorem 5.47)).

Theorem 3.4 Let a'=0,a}=0,..,a*=0; @ <v; —Re(r) <f), o <
1, —Re(ky) < Bz, ., Qy < v, —Re(ky) < Bn; a(l) <1—rv+Re(k) < ﬂé,
a(z) <1 —1vy+Re(ky) < ﬁg,..., o <1 —v, +Re(k,) < f[5; and let e,
h>0.

(@ If Al —Re(k)]+Re(u) =0, Aslvs — Re(ka)] + Re(ua) = 0,...,
Anlvy —Re(kp)] +Re(uy) =0 and f € L5 (v1 = ... = vy), then the inversion
formulas (28) and (29) are valid for Re(X) > (1 —7+Re(k)h —1 and for
Re(\) < (1 — 7+ Re(k))h — 1, respectively.

(b)If Ay = Ay =...= A, =0;,Re(u;) =Re(up) = ... =Re(u,) =0and f €
Lo ni=m=..=1,), 1l <¥ <oo,ri =r =..=r, then the inversion for-
mulas (28) and (29) are valid for Re(\) > (1 — 7 4+ Re(k))h — 1 and for Re(\) <
(1 — 7 4 Re(k))h — 1, respectively.

4 £5 7-Theory and the Inversion Formulas of the Modified
G},, - transform

Modified G, , -transform (2) is a special case of the modified H} , -transformation
(1) when parameters in (5), (6) are equal: oy = =... =, == =..=
By = 1. Therefore £ 5-theory of the G , -transformation (2) follows from the cor-
responding results for the modified H}m-transformation (1) and it was presented in
the work [2].

To formulate statements representing £, 5- and £ 7-theories and inversion for-
mulas for the G! , -transform (2), we need the following multidimensional constants

(121, (3.H)—(3.5)):
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a = (ay, as, ..., ay) andﬁ = (51,32, ...,B,,), where

— 1<ji<m 1<ij<m

2l
|

— min [Re(bj,)], my >0, 7 :{ min [1 —Re(a,-,)], >0,

—0Q, m; = 0, oo, ﬁl = 07

[y 1<jp<m; 1<i<m,

— min [Re(bjz)], my >0, _ min [1 —Re(aiz)], i, > 0,
5, = {
—00, my =0, : o0, n, =0,

and so on

- {— min [Re(bjn)], m, >0, _{ min [1 —Re(a,-n)], i, >0,

@y = 1<ja<my 3, = { 1=z
—00, my, =0, 00, n, =0;
(30)
ai =2(my +n1) — p1 —qi1, a5 =2(my +n2) — p2 — qa, ..., ay = 2(my +ny) — pp — Gn;
3D
Ar=qi—p1, Do=qg2— P2, e, Dy =G — Piis (32)
q1 P1 P —qi q2 P2 P —
Mlzzb/‘]—zai,-l- > ,szzbjz—zaiz-i- 5
i=1 i=1 j=1 i=1
an Pu Pn—dq
n n
unZ;bj,,—;ainJr B (33)

mi+1<ji<q
—00, qr = my,

1+ max [Re(bjl)—l], qi1 > my,
o= |

14+ min [Re(a,-,)], p1 > 1y,
ﬁé — { m+1<i;<p

o0, Plzﬁl,

my+1<jp<q>
—0Q, qr = my,

2 _
Qy =

{ 1+ max [Re(bjz) — 1], qr > my,

m+1<ir<p;

X {1+ min_[Re@,)], p> >,
0 =

00, p2=ny,
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and so on

my+1=<jn<qn

1+ max [Re(bjn) — 1], qn > my,
og ={

—00, ('In =my,

I+ min [Re(ai")], Po > T,

By = M+ 1<i,<ps (34)
oo, Pn = ny,.
The exceptional set Eg of a function E:’qn (s):

—m, —mn| (@;)1,p - a | @),
Gp g (5) = g‘“"[ Pls| = gmm) 0 s . (35)

P.q pP.q (bj)l,q 11:[1 Pk Gk (bjk)l,CIk
is called a set of vectors U = (v1,v2,...,v,) €R" (11 =1, =... =1,), such
that oy <1 —v) < B, aa <1 —1vy < By, ..., ay <1 —v, <f,, and functions

Grni(s1), Ghzi(s2),....G i (s,) have zeros on lines Re(s;) < 1 — vy, Re(sz) <
1 —1s, ..., Re(s,) < 1 — v, respectively (see [2], (3.6)).

Apply the multidimensional Mellin transform (9) to transformation G}w f Q)
and, taking into account (19), we obtain:

—mn| (a;);
MG = P
(MG} . f)(S) =Gy [ by

s+o:|(imf)(s+a+m), (36)

where E;‘f’q“ (s) is given by (35).
Theorem 4.1 ([2], Theorem 3.1) Let
@ < (1 —Re(k1) < f1. @ < (1 —Re(w2)) < s,
s Ty < (U —Re(k) < B, v =1a = . =1y (37)
ai =0,a; =0, ..., ay = 0; A[v; —Re(k1)] + Re(uy) <0,
Az[vy — Re(k2)] + Re(u) <0, ..., Ap[v, — Re(k,)] + Re(puy) < 0. (38)

There hold the following assertions:

(a) There exists a one-to-one map Gl . € [£,3, £;_ge(ero3] Such the relation
(36) holds for f € £, and Re(s) =V — Re(x + 0).
Ifat =0,a; =0, ...,a; =0; Aj[v; —Re(x1)] + Re(i1) = 0, Ap[vn — Re(k2)] +
Re(up) =0, ..., A, [, — Re(k,)] 4+ Re(u,) = 0and1 — v 4 Re(k)) ¢ 55, thenthe
transform G, maps £53 onto £5_ge(ito) 3

(b) The transform G}m does not depend on U in the sense if U and 7 satisfy Egs.
(37), (38) and if the transforms G}m and G}M are defined in respective spaces £ 5
and £ 5 by Eq. (36), then G, = G\, for f € L5 L, 5
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(c) If aj=0,a;=0,..a, =0; Aj[vy —Re(k1)] +Re(p1) <0, As[v, —
Re(k2)] + Re(ua) <0, ..., Ap[vy — Re(k,)] + Re(un) < O; then for f € £,5 the
transform G}M f is given by Eq. (2).

(d) Let X = (A1, ..., \,) € C"and f € £, 5. IfRe()) > U — Re(k) — 1, then the
transform G}m f is represented in the form

-, (@)1p
bj)ig —X—1

}t“lf(t)dt, (39)

X
vd 5 X
1 TN (D m,n+1 i
(G”~'ff)(x) =X dxx /Gp+1,q+1[t
0

while for Re(\) < 7 — Re(k) — 1 the transform G},qﬁf is given by

X —
sd x| @)ip, — .
Gl _ o d <A+1>/Gm+lqn X @ 1 F(t)dt.
(Grf) ) = —x ax PELAH | X — 1, (b)) 1q o
0
(40)
(e)If f € £55and g € £1 5 Re(s+0).2> then there holds the relation :
X X
/ f®(G) .9)x)dx = / (G2, f)®)g(x)dx, (41)
0 0
where .
t)| (a) dt
G2 — o Gm,n _ N Y tl{ t —.
(@)= [ Gy [x (bJ-)l,q} 703
0

Now present £y z-theory of the G}m—transform, which follows from Theorems 3.2
and3.3forH(1,’h,l- transformwhen oy =y = ... =ap, =01 =M =...=05, =1

Theorem 4.2 Let

af=0,a5=0,...,a,=0,A;=A=...= A, =0;
Re(u1) = Re(un) = ... = Re(u,) = 0;
o) < v —Re(k)) < ,51,62 < v —Re(ky) < Bz, ey 0y < vy —Re(ky) < Bn,
MN=w=..=V;l<r<oo,ri=r=..=r,.

There the following assertions are true:

(a) The transform G(lr, « defined on £ 5 can be extended to £ as an element of
G('m €llor, LovReurorrl If 1 <7 < 2, then the transform G;’H is one-to-one on
L5.7 and there holds the equality (36) for f € £5 57 and Re(s) =7 — Re(k + o).
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(D)Iff € Lyrand X = (A1, ..., \,) € C", then G, f is givenin (39) forRe()) >
7 — Re(k) — 1, while in (40) for Re(\) < 7 — Re(k) — 1.

()If f € Lorand g € £1_piRe(nto) 7 WithT =TF/(F — 1), then the relation (41)
holds.

(d)If 1 — v + Re(k) ¢ &g, then the transform Gllm is one-to-one on Ly 7 and its
image is given by

Gl .(£57) = Lo Re(uto)F- (42)
Theorem 4.3 Let

af=0,a5=0,....,a, =0,A1=A=..= A, =0;

n

Re(u1) < 0,Re(uz) <O, ..., Re(u,) < 0;
a; < v —Re(ky) < Bl,az < v —Re(ky) < 32, ., <y, —Re(k,) < Bn,

Vi==..=V, 1l <F<oo,rp=r=..=r,andletm > 0 orn > 0. There
the following assertions are true:

(a) The transform G|, ,. defined on £,5 can be extended to £y 7 as an element
of |£o7, Lo—Re(nto),s] for any s = (s1, 82, ..., 8,), S =T, such that 1/s; = 1/r; +
Re(uj), j=1,2,..,nIfl <7 < 2, then the transform Gllm is one-to-one on Ly 7
and there holds the equality (36) for f € £;7 and Re(s) =V — Re(k + o).

(b) If f € Loy and g € £i_piRerto)s With 1 <s <ooand 1 <1/r+1/s <
1 — Re(p), then the relation (41) holds.

(c) Letk = (ki,ka, ..., k,) > 0. If 1 — 7+ Re(k) ¢ &g, then the transform G}m
is one-to-one on £y 7 and there hold

Gr (L) =175 o (o Reteson?) (43)

form > 0, and

o (Eor) =112 5 i (CrReteror7) (44)
form > 0. When 1 — U + Re(k) € &, G;.’K(,Spj) is a subset of right hand sides of
(43) and (44) in respective cases.

(@If f € Lo A= (A1, s \y) € C", then Gl f is given in (39) for Re()) >
v — Re(k) — 1, while in (40) for Re(\) < 7 — Re(k) — 1. Furthermore G}m.f is
given in (2).

In ([2], formulas (3.14), (3.15)) were obtained inversion formulas for transfor-
mation G}m f (2), which generalize the corresponding one-dimensional case (see
[6], (6.6.23) and (6.6.24)):

f(X) — _X/\+1—K,‘;1_XX—)\—1 %
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o0 J—

Cmp_ t —A, —anyq, ..., —Qp, —Ay, ..., —AQ,
/G‘* m.p ““H _b i P - }t”(G}mf)(t)dt
0

prhatt mils oo —bg, =bi, ey —bm, =X — 1
(45)
or
f(X) — X)\+1—K,%X—>\—l X
qu—m+1,p—n[£‘ —an4p, -y _ap9 —ap, ..., —an, _Xs }t_U(Gl f)(t)dt
J prhatl | x| —X—1, =bmy1, ..., —=bg, —b1, ..., —bm, o '
(46)

The conditions for the validity of these formulas are given by the following statement,
which follows from ([1], Theorem 10) and Theorem 3.4.

Theorem 4.4 Let af =0,a}=0,..,a*=0; @ <v; —Re(r) <f), o <
vy —Re(k2) < By, ooy Oy < U —Re(ky) < B, ay < 1—v; +Re(kr) < By,
04(% <1 -1 +Re(ky) < ﬁ%,..., of < 1 —v, +Re(k,) < Gg; and let X € C".

(a) If Ailvy —Re(k))]+Re(u) =0, Az[v, — Re(x2)] + Re(un) = 0,...,
Ayl —Re(k)] +Re(un) =0 (=1 =..=v,) and f € L,5 , then the
inversion formulas (45) and (46) are valid for Re(X) > —vU + Re(k) and
Re(X) < —U + Re(k), respectively.

(b)If Ay = Ay =...= A, =0;,Re(u;) =Re(up) = ... =Re(u,) =0and f €
LorWi=va=..=Uy), 1 <7 <00,F =ry=...=ry, thenthe inversion formu-
las (45) and (46) are valid for Re(\) > —7 + Re(k) and for Re(\) < —7 + Re(k),
respectively.

5 £5 7-Theory and the Inversion Formulas of the Modified
G(lr «: o~ Iransform

G(‘m; s-transformation (3) represent as a composition G} /5.16-transformation (2) and
elementary operators of the form (11) N, . Indeed, replacing in (2) x’ into x!/°

changing variables t® = @, we have:

g I

and

(@)1, 0 at
e e -

Us [ mal X @1p T dg 1 :
— _X0/5 / Gm,n|:_ P ilﬂh,/é ﬂl/())_dt — G] N (XI/O . (47)
) ) P.q @ (bj)l,q f( ¢ 5( O,k 1/5f) )

Applying the operator Njs to the last equality, in [2] we obtained next view of
transform G .. s f (3):
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1
(G5 X = 5 (N5Go 5 5Nijs (%) (48)

Then applying the Mellin transform (9) to (48), taking into account (47) and
assertion of Lemma 2.1, we get :

1
(MG, .5./)(5) = (mt(gNaG;/a, H,/(stf))@ -

1
(e )2 -

1 —m,n |: (a,')|,p

S+o
52 (b)1q

5

}(le/(sf)(W) —

S+o0
)

1—m,n (ai)l,p
g [(bj)l,q

57 pa

}(Smf)(s—l—o-l—m).

Thus, (see [2], formula 4.3)

1—m,n|: (ai)l,p

1 1 S+o
(EDTGUYK;(;f)(S) - 5gp’q bj)iq

T](imf)(eraJrn). (49)

The next theorem gives £ 5-theory of transformation (3), which follows from the
corresponding assertions of Theorem 4.1, Lemma 2.1 and representations (47)—(48).

Theorem 5.1 ([2], Theorem 4.1) Let
@) < (1 —Re(k1))/61 < B, @2 < (1» — Re(k2)) /62 < fa,
s Oy < (v — Re(K1)) /0y < B, (50)
vi=..=vpal =0,a5 =0, .., a =0; A[v; — Re(r)]/81 + Re(uy) <0,
As[vy — Re(k2)1/62 + Re(uz) <0, ..., Alvy — Re(kn)1/02 + Re(uy) < 0. (51)

There hold the following assertions:

(a) There exists a one-to-one map G}NM S [2@’5, SyfRe(%U)j] such the relation
(49) holds for f € £;5 and Re(s) =V — Re(k + 0).
If af=0,a5=0,..4a =0; Ailv; — Re(k1)]/01 + Re(py) = 0, As[vn —
Re(HZ)]/(SZ + Re(un) = 0, ..., Aylvn — Re(ﬁn)]/(sn + Re(u,) = 0 and 1—- (v —
Re(k))/0 ¢ &g, then the transform G}m; s maps £,5 onto £ peiii0) 3

(b) The transform G }m; s does not depend on v in the sense if U and % satisfy
Eq. (50) — (51) and if the transforms G _ . f and ’Cv}(lf’mf are defined in respective

o,K;0

spaces £, 5 and £z 5 by Eq. (49), then G(lfyﬁ;df = G}m;éffor felsNes
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(c)Ifaf =0,a; =0,...,a; =0; Aj[vy —Re(x1)]/61 +Re(p1) <0, As[v, —
Re(k2)]/02 + Re(up) < 0, ..., Ay (v, — Re(k,)]/0, + Re(u,) < 0; then for f €
£, 5 the transform G}m; 5 is given by Eq. (3).

(d)Let X = (A1, ... \,) € C"and f € £,5. IfRe(\) > (U — Re(k))/5 — 1, then

the transform Géy «:sJ is represented in the form

(G s )X =

[ —_
lxn+1—5(X+1)£X6(X+l)/Gm,n+1 |:X_6 _)\s (ai)_l,P }tﬁ—lf(t)dt (52)
5 dx SRR RO CHIPREESY ’

while for Re(\) < (7 — Re(k))/d — 1 the transform G},,Kl;ﬁf is given by
(Gé,ﬁ;éf)(x) =

o0
_ _ 5
_ 1X0'+17(5(/\+1) ixa(ﬂl) Gmin X

5} dx p+1.q+1 t6

(ai)l,p’ -
—A—=1,(bj)iq

}t“l f®dt. (53)

(e)If f € £55and g € £1 5 Re(st0).2 then there holds the relation:

/ FO(G!.0) (0)dx = / (G5 F) X9 (x)dx, (54)
0 0
where N
. mal €1 @)ip 7., dt
(Grois f)X) = x / Gpa [F (bj)llf,]‘ o
0

Now present £ 7-theory of the G; w5~ transform, which follows from Theorems 4.2
and 4.3 for G, , - transform and Lemma 2.1.

Theorem 5.2 Let
af=0,a5=0,...,a, =0A=A=..= A, =0;
Re(u1) = Re(pz) = ... = Re(u,) =0;
@) < (1 —Re(k1))/61 < B1. @ < (13 —Re(K2)) /62 < Bas ...

ay < Wy —Re(k) /o0y < B, Vi =a=...=Up 1l <F <00, 71| =7y =... =1y.

There the following assertions are true:
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(a) The transform G}m; s defined on L‘@j can be extended to £ 5 as an element
of [Lo7, Lo—Rero) 7l If 1 <7 < 2, then the transform G}m; 5 s one-to-one on Ly 5
and there holds the equality (49) for f € £y7 and Re(s) =V — Re(k + o).

(b) If f € Ly7 and A= (AL, o \y) € CY, then G}m;éf is represented in the
form (52) for Re(X) > (U — Re(k))/d — 1 and in the form (53) for Re(X) < V-
Re(k))/6 — 1.

(c)If f € Lorand g € £1_piRe(nio) 7 WithF =TF/(F — 1), then the relation (54)
holds.

(d)If 1 —v+Re(k) ¢ 55, then the transform G}m;& is one-to-one on Ly 7 and
its image is given by

Gl :5(L57) = Lr_Re(nro).7- (55)

Theorem 5.3 Let

Re(p1) < 0,Re(un) <0, ..., Re(uy,) < 0;
@) < (11 —Re(k1))/01 < By, @ < (1, — Re(K2)) /02 < By, ..es

a, < (v, —Re(k)) /0, < En, VIi=W=..=Uy, |l <F<00,Fri=r=..=r,
andletm > 0 orn > 0.

The following assertions are true:

(a) The transform G1 6 defined on £, 5 can be extended to L5 as an element
of [£v5, Lo—Re(rit0).5] for any s = (sl,sz, ey Sn), 8 =T, such that 1/s; =1/r; +
Re(uj), j=1,2,..,nIlf1l <7 < 2, then the transform G1 «:5 1s one-to-one on £y 5
and there holds the equalzty (49) for f € £57 and Re(s) =7 — Re(k + 0).

(b) If f eLprand g € £1_piReto)s With 1 <s<oocand 1 <1/r+1/s <
1 — Re(p), then the relation (54) holds.

(c) Let k = (kyi, ko, ..., kp) > 0. If | — (U — Re(k))/d ¢ &g, then the transform
is one-to-one on £ 7 and there hold

Gl

0,K;0
§(£V r) (5k (o/6—a)/k (2177Re(n+0),7) (56)
form > 0, and

Grlr,n;ﬁ(gif) = IO-:;&E (B=0/8)/k—1 (Eﬂ—Re(rﬁ-(r),?) (57)
forn > 0. When1 — (v — Re(k)) /6 € &g, G(]r,n;o'(ﬂff) is a subset of right hand sides
of (56) and (57) in respective cases.

(d)If felor, A=\, ..., \y) € C", then G(m sf is givenin (52)f0rRe(/\) >
(¥ — Re(k))/6 — 1, while in (53) for Re(\) < (7 — Re(k))/8 — 1. Furthermore
G}w;éf is given in (3).
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In ([2], formulas (4.10), (4.11)) inversion formulas were obtained for transfor-
mation G;K;éf:

- = d _
f(X) — _6Xd—(ﬁ,—l)+()()\+1)d_x—5(/\+l) %
X
o0 5 —
/Gq,m!p,nﬂ |:t_ —A, —an41, ..., —Qp, —Aj, ..., —ap i|><
PHLAHT ] X0 —byyrs oy —bgs =Dy, ooy —bp, —A — 1
0
771G, s (bt (58)

or

fx) = 6X57(K71)+5(X+1)ixfﬁ(x+1)X

dx
=) t‘s
GquJrl,pfn b
p+1.q+1 X0

0

—an41, ..., —ap, —A1, ..., —Ap, =, i|
— X
“X—1, b1, s —~bg, —by, ., b,

"G ., (bt (59)

The conditions for the validity of these formulas are given by the statement that
follows from Theorem 4.4, Lemma 2.1, and ([1], Theorem 10).

Theorem 5.4 Let af=0,ai=0,...,a*=0; @ < (v —Re(k)))/d < f,
@y < (1y —Re(K2)) /0y < B ey T < (U — Re(K)) /6 < B af<1—
(v1 —Re(k1))/6) < ﬂé, a(z) <1— (1, —Re(ky))/6 < ﬁg,..., ag <1— (v —
Re (k) /0, < BY; and let X € C".

(a) If Ai[vy — Re(k1)]/01 + Re(u1) = 0, Ax[va — Re(k2)]/02 + Re(uz) = 0,...,
Anlvy — Re(kn)]/0n + Re(uy) =0 (V1 =12 = ... =1,) and f € £,5 , then the
inversion formulas (58) and (59) are valid for Re(\) > (—7 + Re(k))/d and
Re(\) < (—7 + Re(k))/9, respectively.

(b)If A1 = Ay =...= A, =0;,Re(u;) =Re(up) =... =Re(u,) =0and f €
Lor W= =..=1,), |l <¥F <o00,r =r=..=r,, then the inversion for-
mulas (58) and (59) are valid for Re(X) > (=7 4+ Re(k))/d and Re(X) < (-v+
Re(k))/0, respectively.
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On Sufficient Conditions ®
of the Faddeev—Marchenko Theorem

updates

B. D. Koshanov and A. P. Soldatov

Abstract We study sufficient conditions, ensuring validity of the
Faddeev—Marchenko fundamental theorem on restoration of the potential of the
Sturm—Liouville equation on the entire axis along the given linear ratios between
the Jost functions. These conditions are formulated in terms of so-called reflection
coefficient within the framework of the corresponding weighted Holder spaces on
the real line with power behavior at infinity.

Keywords Jost functions - Reflection coefficient - Markushevich’s problem -
Weighted Gelder spaces + Fredholm property * Index formula of the problem

We consider the following spectral Sturm—Liouville problem

—y' +q(x)y =k*y, xeR, (1)

on the entire axis in the classical setting, when the real coefficient ¢ satisfies the
condition

A(l + |xD]gx)|dx < oo.
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It is well-known [1], that in the class of functions, vanishing at infinity, this problem
has a discrete spectrum at a finite number of points A = —335, 1 < j <n, of the

negative part of the real axis A = k2, and continuous spectrum fills the real half. In

this case, all eigenvalues —a‘:? are simple.

We introduce the so-called Ghost functions f;(x, k), j = 1,2, as solutions of
the Eq. (1) with given asymptotics at infinity:

filx, k) —e*™ - 0asx — +o00;  fo(x, k) —e ™ - 0as x — —oo0.

They are defined unambiguously and represented by the following formulas

o0 o0
filx, k) = ** + / A(x,nedt,  fr(x, k) = e R / Aa(x, e M dt,

X

with certain real kernels A ; (x, t), moreover, the integrals converge absolutely. There-
fore,

fitx, k) = e*[1 4+ g (x, 0], g1(x, k) = f0°° Ai(x, s + x)e*sds,

. o . 2
e k) = eI+ ga(x, K], galx, k) = [fyT Aa(x, x — s)eds, @

where at every fixed x functions B (s) = A;(x, s + x) and By(s) = Ax(x, x — s) are
summable on the half axis (0, oo). In particular, f;(x, k) are continuously extended to
the functions f;(x, ¢), analytic in upper half plane D, = {Im ¢ > 0} and vanishing
at infinity. With respect to the variable x, the corresponding functions f; (x, () satisfy
analogous to (1) equation — /' + f; = Cfi.

Atafixedreal k # 0 pairs of functions { f; (x, k), fj(x—,k)} form two fundamental
systems of solutions, and consequently, connected by the relation:

J1(x, k) = b(k) fo(x, k) + a(k) fo(x, k)

with some coefficients a(k), b(k). Properties of these coefficients a, b are clarified
in detail (see, e.g., [1])

a(—k) =a(k), b(—k)=bk), lak)* =1+ bk,
ak)y=1+0k™"), btk)y=0k(™") as k — oo, 3)
kla(k) + b(k)] = 0 as k — 0.

Moreover, the function a (k) continues analytically in the upper half-plane D, has

simple zeros at points ¢ = i&;, 1 < j < n, and excluding them, everywhere is dif-
ferent from zero, moreover,

aQ) =c¢a(Q) € C(By), Bi={l{l=1, Im( =0}, “4)

and a({) — 1 as ( — oo.
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In explicit form 2ika (k) = (f{ f>» — f5 fi)(x, k), where due to (1), the Wronskian
in the right-hand side of this equality does not depend on x. Hence, a similar expres-
sion is also valid for analytic extension

2iCa(Q) = fi(x, Q) foa(x, Q) = f(x, Q) fix, O)

of this function.
Obviously, the function a(¢) can be represented in the form

. (—i® (—iw,
G(C)—al(o(c_‘_i&l).“(C—i—iaen)’ &)

where the function a;({) is everywhere different from zero. Consequently, in the
upper half plane, the analytic function In a; (¢) is defined, which vanishes at infinity
and continuous in its closure (except the point { = 0).

The inverse problem of scattering theory is in restoring the coefficient g of the
Sturm-Liouville equation for the given set @1, . . ., &, of positive numbers and pairs
of the functions a, b with the properties (3)—(5). Let’s describe the central result of
this theory developed by Faddeev [2] and Marchenko [3].

Main theorem of Faddeev—Marchenko Suppose that set of positive num-
bers ®1, ..., &,, continuous at k # 0 pairs of functions a, b with the properties
(3)—(5) and sets of numbers my, ..., my;, 1 =1,2, with properties m; m;, =
—[a/(iaaj)]z, 1 < j < n are given. Let the functions

G| 1 [ b(—k) ,
Fi(x) = Z —e W — — bh) )e’k"dk,
omia 27w Jr a(k)

(6)

1 1 [ btk)
F — XX . 1 Xdk,
2(0) JX:; m]"ze + 277/]Ra(k)e

be continuous, differentiable and for any xy € R, satisfy the condition
Fi(x), F{(x),xF{(x) € L'(x0, 400); F2(x), F;(x), xF;(x) € L'(—00, x0). (7)

Then in the integral representation (2), kernels A; are uniquely defined as a
solution to the Gelfand—Levitan integral equations

oo
A1(x,y)+F1(X+y)+[ Ai(x,)Fi(t +y)dt =0, y=x,

Ar(x,y) + Fr(x +y) +/ Ar(x, ) Fr(t + y)dt =0, x =y,

—0o0

and the functions f;(x, k) satisfy the Sturm—Liouville equation with the coefficient

q(x) = =2[A1(x,0)]" = 2[A2(x, X)]".
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Often, instead of the coefficient b, the ratio r = b/a is used, which is called the
reflection coefficient. From (3) it can be seen that it should satisfy the conditions

r(=k)y=rk), |ro) <1, k#£0; rk)= 0k ") ask — oo, (8)
la(k)| > =1— |r(k). 9)

Moreover, in designation (4) we can write k[a (k) + b(k)] = d(k)[1 + r(k)], so when
a(0) = 0 condition (3c) holds automatically. On the other hand, this condition leads
to the limit

%irr(l)r(k) = —1 for a(0) #0.

We note that at @(0) = 0 behavior of r (k) as k — 0 is not fully clarified.

Obviously, in the equality (9) we can replace a to the function a;, figured in
(5). In particular, for the boundary value In af’(t), t € R, of the analytic function
Ina; (¢) we have the relation —2In afr = In(1 — |r|?). Therefore, this function with
an accuracy up to an imaginary constant can be restored by using the Schwartz
formula [4]:

_ 2
‘/RW eD,. (10)
I

—2nai Q) = — P

The following question arises: for which reflection coefficients r (k) and coef-
ficients a, b built from them, the functions (6) satisfy conditions (7) of the main
theorem. This issue was discussed in detail by Levitan [5]. His results have been
completed in [6], based on the classical properties of the Cauchy-type integral:

1
IO =5 /}R

defining an analytic function in the half plane D1 = {+Im ¢ > 0}, and the singular
Cauchy integral

d
";(t_) Ct’ ¢e Dy, (1)

(SO (t0) = — /R“O(’)dt, fo € R. (12)
1

i r—1

Relationship between the last integral and boundary values (I ¢)* of the function I
is caried out by the Sokhotski—Plemelj formulas

2(1)* = +¢p + Se. (13)

In this paper, within the weighted Holder spaces, we describe the class of reflection
coefficients r (k), which ensures validity of the main theorem.
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Assume that C*(G), 0 < p < 1, means the Holder class on the closed set G C C.
We recall that it consists of all functions ¢(z), z € G, for which the norm

lel = lelo + [plus (14)

is finite, where

lp(z1) — @(z2)]
lelo =suple@|, [plp= sup ——————
2€G ameG |z — 22l

For 0 < i < v, embedding of Banach spaces C”(G) € C#(G) holds. If the set
G is bounded, then, according to the Ascoli’s theorem, this embedding is compact.

For unbounded sets G, they also introduce [7] the space of functions ¢(z), that
satisfy Holder conditions with some exponent p in relation to the metric of the
Riemann sphere C U {oo}. This condition can be expressed in the form

Clzy — 2"
+lziDH (A + 22Dk

lp(z1) — (z2)| < a 21,22 € G, (15)

with some constant C > 0, it is equivalent to the fact that (»(z) as well as the function
©(1/7) satisfies the Gelder conditions on any compact subsets, consequently, G and
G={z1 /z € G}. This class we denote by H(G), and its elements ¢, obviously,
allow the limit ¢(00) = lim ¢(z) as z — oo. Condition ¢(co0) = 0 distinguishes in

it a class, which we denote as Ii)] (5+).

Let the weight function py(z) = (1 + |z|*)/? be with real exponent \. We denote
by C{ (G, o0) a weighted space of functions ¢(z), for which the following norm is
finite:

[l = lp-rwlo + [pu—rply- (16)

In the case when G is a closed domain, the space C™*(G) of differentiable func-
tions, all derivatives of which up to the nth order, belong to C*(G), can be induc-
tively defined by the conditions ¢, ¢’ € C"~'#(G). By analogy with it the space
CK’” (G, o0) is inductively introduced by the conditions

peCi M, Geci 17

where ¢’ is understood as a pair of private derivatives.

All these spaces are particular case of analogous spaces with more general weight
functions, introduced and studied in [8]. In particular, multiplication as a bilinear
mapping is bounded C}" x Cy/ — CY%',,, the space Cy"' is a Banach algebra by
multiplication, and the operator ¢ — ps¢ performs isomorphism of Banach spaces
Cy" — C\'ls. Moreover, family of Banach spaces (C}*') decreases monotonically

(in the sense of embedding between Banach spaces) with respect to the parameter
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1 and monotonically increases with respect to \. At the same time, for a function
¢, given in the set G and vanishing at infinity, condition (15) is equivalent to the
fact that o belongs to the space C ﬁu(G ,00). In particular, we get the embedding

C\ € €2, for 0 < & < min(p, —A) and the equality

H (G) = Upec1 C°.(G, 0).
We also note the embedding of Banach spaces
C'(G) € CI(G, ),
which directly follows from definition (16), since
C"(G) € C(G,00) = {p, | o], < oo}

Furthermore, as a set G we will consider mainly the line IR and the half-plane D,..
In the first case, ¢’ in (17) is understood as ordinary derivative, and in the second
case, Cy" is understood as a space of analytical in D, functions. We special study
the space Cy"' (R, 00).

Lemma 1 Let ¢ € Cy" (IR, 00) and a function f be analytic in a neighbourhood of

some compact K, containing a set of values .
Then the superposition f o ¢ € Cy" (R, 00).

Proof First, consider the case n = 0. On the compact K function f satisfies the
Lipschitz conditions

| f(z1) = f(z2)| < Llz1 — 22|

with some constant L > (. Therefore, as applied to the above-introduced semi-norm
{0}, we have obvious estimate { f o ¢}, < L{p},, hence, f o o € C}.

In general case use induction by n. Then, due to (17), functions f o pand p; ' o ¢
belong to C~"*. Therefore, in the right side of the equality

pi(fop) =(f ow)py)
both cofactors belong to Cj~ ", thus, by definition f o o € Cj*

Based on the negative non-integer weight order A\, we introduce the space
Ef( (D, 00) as a finite-dimensional expansion 6y (D, 00) by polynomials of the
variable u = (( +i )L, Obviously, for —1 < A < 0 it coincides with Cf\‘ (Ei, 00),
for —2 < A < —1 its elements uniquely represented in the form

Q) = a(C i) +¢o(0), By € CY'(Dx, 00),
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with some « € C. Similarly, when —3 < A < —2 elements of this space are uniquely
represented as

PO =alCED) " +BC LD+ ¢0(Q), ¢ € C{ (D, 0),

with some «, 8 € C and etc.

In general case, the space C! N (D, o0) for —s — 1 < A < —s is an extension of
Cﬁ (D4, o0) on s measurements.

Similar extension C \ (IR, 00) we can introduce in relation to polynomials of the
variable v = /(> + 1), t € R, or, equivalently, in relation to polynomials of the
variable u = (r £i)~!. N

At last, corresponding spaces C)" of differentiable functions are determined
inductively by conditions analogous to (17)

~n—1,u ~n— lp

peCy " YeC M

From the definitions, it is clear that the operation ¢ — ¢ acts C *(Dy, 00) —
CYM(R, 00).
Let s turn to the Cauchy-type integral (11) and the associated singular integral
(12).

Theorem 1 For any non-integer negative A operator 1 is bounded and invertible
5: (R, 00) — cr \ (D, 00), moreover, for a piecewise analytic function ¢ from
CA #(D<, 00) in the half-plane D, equality ¢t — ¢~ = pis equivalent to ¢ = I p.

Singular operator S is bounded in C ""(IR, 00) and coincides with its inverse, i.e.
S? = 1, where 1 means the unit operator

Proof Let us first make sure that the operator / is bounded C}"(R, o00) — 5;”
(D, 00). For definiteness, we consider only the case of upper half plane, and first
consider the case —1 < A < 0, when the wave in space notation can be omitted.
For n = 0 this statement is established in [8], moreover, it is easy to see that for
¢peC f\L (D, 0o) the Cauchy formula is valid:

o) = UM, (e Dy, (18)
Let p € Cy'", n > 1, then by using the method of integration by parts, we obtain
the equality:
) () = UL (), (€ Dy. (19)
Since
1 Lo L 0

t—C+C+i_C+it—C

and integral from ¢’ over R is equal to zero, it follows that
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. P B N A L
C+DUp) () = 2 IR—I—C .

On the basis of the Sokhotski—Plemelj formula, taking into account the relation
[(Ip)T]) = [(Ip)']T, following from (19), we obtain the corresponding equality for
the singular integral:

10+ (S () = — [REFDED
I t—1y
Therefore, in relation to the operation (D¢)(¢) = (¢ + i)¢'(¢) and a similar oper-
ation on the line we getequality DI = I'D, DS = S§D. Since (17) can be rewritten in
the form ¢, D¢ € C, A=l (D, o) and similarly for spaces on the line, From here, by
induction, we estabhsh rightness of the theorem and for the space Cy", —1 < XA < 0.
For —2 < \ < —1 equality (20) shows that

1
(C+DUp)Q) = /Rw(t)dt + (Ip0)(C)

with the function () = (t +i)p(t) € C) A\ +1(IR 00). It remains to note that, as
proved above, the operator I is bounded C}/| (R, 00) — C}/ (D, 00).

Further, let —3 < A < —2. Then, due to (20), we can write

t+i 1 N t+i _<t+i>2 1
CH+it—C C+2 \¢+i) t-¢

thus

1 " 1 " t+1i (t +1i ) 1
t=¢ i €2 \(Hi) 1=
Similarly to the previous case, from here we get boundedness of the operator I for
the considered case of weight orders .

Continuing this process, we establish validity of the considered statement for all
non-integer negative A. On the other hand, the Cauchy formula (18) can be applied
to polynomial of variable u = (¢ + z) !, which, according to the definition, leads to
boundedness of the operator / : Cy" (]R 00) — C (D, 00).

Let, further, ¢ € C;*(D, 00). Applymg the Sokhotskl—Plemelj formulas (13) to
the function ¢g = ¢ — 1 (¢ — ¢~) , we come to equality ¢§ = @, . Therefore, the
function ¢y is analytic over the entire plane and vanishes at infinity, what is possible
only for ¢y = 0.

Thus, the first part of Theorem is established. Statement about boundedness of
the operator S in the space GX’“ (IR, oo) follows from the first part of Theorem and
formulas (13). Equality S> = 1 is proved by usual way [7], by writing the Cauchy
formula (18) for ¢ = Iy and again using (13).
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We return to description of the reflection coefficients r(k), ensuring validity of
the main theorem.

Theorem 2 Let a function r(t) with properties (8) belong to the class C g;"y (R, 00),

0 <v <1, =3 < < =2, and be subordinated to one of the following two assump-
tions:

@) Ir@@ < L;

i) r(0) = —1, (Jr]>)"(0) # 0, moreover, the function ro(t) = t~2[1 — |r(t)|*]
belongs to the class C*V in the neighbourhood t = 0.

Then functions a, defined by formulas (5), (10), and b = ra satisfy all conditions
(3)—(4), moreover,

a”'—1eClD,, ), Q1)

and functions Fi, F,, defined by formulas (6), satisfy conditions (7) of the main
theorem.

Proof Each of two suggestions (i), (ii) we will consider separately.

(i) In this case, the function In(1 — |r|?) can be represented as |r|2h(|r|?), where
h(s) = s 'In(1 —s), |s| < L. Since |r(t)]> = r(t)r(t) € C3;",, € Cy",according
to Lemma 1, we conclude that i (|r|?) € Cé’”(]R, o0) and, consequently,

In(1 —|r?) € C3;",, (R, 00) € C;" (R, ). (22)

Therefore, due to (10) and Theorem 1, the functionIna; € 5§’V(E+, 00). According
to Lemma 1, as above, we conclude that

e 1 e Y (Dy, )
and, consequently,
a—1eCr"(R,00), a'—1¢eC}"(Dy,00).

Let us turn to verification of condition (7) of the main theorem. For the first terms
in the right side of (8), this condition is obviously done. Therefore, it is enough to
check it for the Fourier transform of the function

r(t) =b()/a(t), 7)) =b(=1)/a(1),

figured in (6).

We denote by M (IR) image of L'(IR) in the Fourier transform. Then taking into
account well-known properties, it is enough to prove that all functions r(¢), r'(¢),
tr(t) and 7 (r), 7 (¢), t7(r) belong to M (R). We use the fact that class of differentiable
functions, which, together with their derivatives, belong to L*(R), contain in M (R).
Hence, the case is reduced to proof that
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(), ¢ (1), 9" (1), o), t¢' (1) € M(R). (23)

for each of functions ¢ = r, 7.

For p =7 € Cg'_”y (R, 00), taking into account the inequality § < —3/2, these
conditions obviously hold. For function ¢ = 7, due to (3) and (5), (10) we can write
F(t) = co(t)r (t) with coefficient

alt) 4 (t+iw; oiar
1) = —= 4 g“l(f).
co(®) a(t) ]1_[l<t—zae )

From (10) and the Sokhotski—Plemelj formulas it follows that 2 arga; = i S[In(1 —
|71%)]. Therefore, due to (22) and Theorem 1, we get

arga; (1) € Cr" (R, 00) € Cr" (R, 00).

According to Lemma , it yields that ¢y € Cy" (R, 00) and, thus 7 = ¢o7 € C; v

(R, 00). Therefore, (23) hold and for ¢ = 7.
(77) In this case, for sufficiently small £ > 0, we introduce the function

g(t) =In[1 — |r(1)|*] = 21n|t| € C*'[—2¢, 2¢]. (24)

Inside the semicircle B. = {|z| < e, Re ( > 0}, we consider analytic functions

1 (% In|t|d
¢(C)=lnC—E/_2 ‘;'ﬁ'g’.

Due to the Sokhotski—Plemelj formulas, for its boundary value, we have the expres-
sion

2 1n|t|dt
e I — to

¥ (10) = iargty — —/

Thus, Re ¢)* = 0 and, consequently, the function 1) analytically continues inside
the circle {|(| < €}. Together with (10), (24) it follows that

—2Ina (Q) =

i

1 In[l — [r()dt | 1 [* g(t)dt
/M —=c T 5[26 T F2n - 200,

so that, taking into account Theorem 1, we have
Ina;(¢) +1In¢ € C*"(B). (25)

In particular, it implies (4) with @(0) £ 0.
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We write density In(1 — |7]?) as sum wo + 1, where @y(¢) = 0 for |t| > ¢/2 and

1 € C§ (IR, 00). Then, on the basis of Theorem 1, in addition to (25), we obtain that

Ina;(¢) € CY(B., 00) (26)

outside of semi-circle B, = {|(| > ¢, Im{ > 0}. As a result, we establish validity
of all statements of the first part of Theorem, including (26).

Conditions (7) are checked exactly by the same way as the case (i).
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1 Introduction

The theory of dynamic controlled processes has a lot of applications: in engineering,
traffic control, economics, medicine, etc. The studying of such processes leads to the
need to research and solve not only direct problems, aimed at constructing controls
that optimize some quality criteria, but also to solve inverse problems of the control
reconstruction based on data on the observed motion.

In this paper, control-affine deterministic systems are under consideration. The
admissible controls are measurable functions with values in a known compact con-
vex set. Discrete inaccurate measurements of the observed motion are known. The
dynamic reconstruction problem is to find the whole trajectory and the unknown
control that generated this motion. The reconstruction must be performed in real
time synchronized with arrival of new measurements.

There are many different approaches to solving inverse problems (see, for exam-
ple, [1-5]). Surveys of some of the approaches can be found in [6, 7].

The authors of this paper have suggested an original variational approach [8,
9]. It provides a method for construction of approximations of the desired controls
with the use of constructions from auxiliary variational problems. The key feature
of the method is that integrants of the functionals in the auxiliary problems are d.c.
functions [10]. The method uses stationary points of the functionals.

This paper offers development of this method. In [8, 9], the authors developed
an algorithm for construction of approximations of the desired control in the form
of oscillatory high-frequency functions. These approximations are bounded, but not
necessary satisfy the admissible controls’ restrictions. In this paper, a modification
of the previously developed method is suggested and justified. The new modification
of the method allows to construct piecewise-constant approximations of the control,
which satisfy the geometrical restrictions on the admissible controls. It is proved
that they converge almost everywhere to the desired control, while the previously
suggested approximations converge weakly*. The conditions on the approximation
parameters are obtained that provide the convergence of the approximations.

The suggested algorithm reduces the dynamic reconstruction problem to solving
systems of linear ordinary differential equations and numerical integration.

Results of numerical simulation are exposed on the example of a dynamical model
from the area of medicine.

2 Previously Obtained Results

In [8, 9], a dynamic control reconstruction problem was stated. A new method for
solving this problem, based on auxiliary constructions from variational problems,
was suggested and justified. This section offers a brief review of these results.
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2.1 Dynamics

Dynamic controlled systems of the following form are considered:

dx (1)
Pl G, x(@)u(t) + f(&, x(1)),

xeR, ueR”" G():[0,T]xR" — R™, £(.):[0,T] x R" — R", D
m>n, tel[0,T], T < o0,

where x (-) is the state variables vector and u(-) is the vector of the control parameters.
The admissible controls are measurable functions satisfying the restrictions

ut) e UCR" a.e.onl0,T], 2)

where U is a convex compact set.

2.2 Input Data

Some trajectory of system (1), generated by an unknown admissible control, is being
observed. It is called the basic trajectory x*(-) : [0, T] — R”. Discrete inaccurate
measurements of the basic trajectory arrive in real time. The measurements have
error § > 0 and arrive with regular time step 1% > 0:

O Iy —x* @l <6, t=kh’, k=0,....N, N=[T/h’]}. (3)
The notation || - || means the Euclidean norm.

The problem is to reconstruct the unknown control, generating x*(-), by known
data (3).

2.3 Assumptions

We assume that the input data (1)—(3) satisfy the following assumptions.
A.1 There exist constants dy > 0, dg > 0, hyp > 0 and a compact ¥ C R” such
that for any accuracy § € (0, dp] and any measurement step ho € (0, hol

where B, [x] is the closed ball of the radius r with the center in x.
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A.2 The matrix function G(-) and the vector function f(-) from dynamics (1) are

Lipschitz continuous on Dy = [0, T] x W with the Lipschitz constant L p, > 0:

Y(t1, x1), (t2, x2) € Dy |G (t2, x2) — G(t1, x1) |2 < Lp,lI(t2, x2) — (t1, xDI,
| f (2, x2) — f(t1, x)Il < Lp,ll(t2, x2) — (t1, x|l

The notation || - ||, means the spectral Matrix norm induced by the Euclidean norm.
A.3 Rang of G(¢, x) equals n for (¢, x) € Dy.

2.4 Dynamic Reconstruction Problem

It was shown in [9] that the problem of reconstruction of the unknown control,
generating the basic trajectory, is ill-posed since such control may be not unique. To
regularize this problem, a notation of the normal control was introduced.

Definition 1 Normal control #*(-) : [0, T] — R™ is the measurable control, gener-
ating the basic trajectory x*(-), that has the minimal norm in L?([0, T],R™) space.

It was proved [9] that for a basic trajectory x*(-), satisfying assumptions A.1-A.3,
there exists a unique normal control.

An additional assumption was introduced:

A.4 The normal control u*(-) satisfies restrictions (2). Thus, it is an admissible
control.

The following dynamic reconstruction problem (the DRP) was stated:

For any ¢ € (0, dl, Ko € (0, ho] and the corresponding set of measurements
{y,f} (3) at time instant #; (f = 1, ..., N) to construct a measurable control u°(-) :
[0, ] — R™ such that at the terminal instant ¢y = T the following conditions are
fulfilled:

B.1 The functions u’(-) : [0, T] — R” are bounded substantially and uniformly
with respect to the parameter 4.

B.2 Each control u%(-) generates a trajectory x°(-) : [0, T] — R" of system (1)
with the boundary conditions x°(0) = yJ such that

lim 12°¢) = x* O llcqorr.rn = 0.
B.3 The functions u°(-) weakly* converge to the normal control:
W) 2wt ().
6—0

Here
. ny = max t
”f( )”C([O,T],]R ) 1€10.T] ”f( )”
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is the norm in the C ([0, T'], R") space. The notation LN stands for weak* convergence
in the L' ([0, T], R™) space:

T
W) 2wt () & / (9(r). u’ (1) —u*(M)dT =20 ¥g() € C(I0. TLR™.
0

“4)

The notation (-, -) means the scalar product.

2.5 Algorithm

A step-by-step algorithm for solving the DRP was described and justified in papers [8,
9].

On each step of this algorithm (that is, for ¢ € [#_1, %], k =1,..., N) three
procedures are performed.

First, a third-order spline interpolation y5(-) 1 [0, ] — R" of the discrete mea-
surements (3) is constructed. The interpolation is constructed on each step on the
corresponding interval [#;_1, #;] and the function y‘5(~) is continuously differentiable
on [0, #].

Then, the function y°(-) is used to state an auxiliary variational problem. It consists
of find a pair of functions x;(-) : [fx—1, %] = R”, ur(*) : [tx—1, tx] — R™ such that:

D.1 They are continuously differentiable functions that satisfy the dynamics equa-
tion (1) and there exist such function s¢(-) € C'([tx_1, ], R") that u(-) has the
structure

1
up(t) = —EGT(&—I, o Dsi(t), €l il
D.2 They satisfy the boundary conditions

k=1: x1(0)=y, 5(0) =0,

k=2,....,N: xp(tio) = yi_p sk(tee1) = sp—1(tx—1)-

D.3 They provide a stationary point of the functional

t o ) , .
I(x(), u()) = / E0) 2yk(t)|| L@ ||u2(t)|| i

-1

where o > 0 is a small regularizing [11] parameter.

Remark 1 Inthe suggested method just stationary points of this functional are used.
So, there is no need to find the extremum of the functional. It is an original feature
of the method.
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The conditions for the stationary point can be written in the form of a Hamiltonian
system of non-linear ODEs. This system is linearized and after linearization has the
form

d 1
%(t) == Q) + fie
dsi(t
M w0,
&)
t € [fi-1, 4,

k=1: x1(0)=y), s(0)=0,
k=2,....,N: x(tx_1) = y,f,l, Sk (fk—1) = Sp—1(fx—1)»

where N
Ok = Gka, Gi=Gt-1,y) ), fi = f(fk YD

In system (5), s, (-) are adjoint variables. Finally, the solution s,‘:";(-) i1, ] —
R" of system (5) is used to construct the DRP solution as the piecewise-defined
functions

1
W (1) = (Wl (1), 1 € [te_1, 1]}, u,t"‘f(n:—gcks,?ﬁ(r). (6)

The algorithm is described in details in [9].

2.6 The Main Result

The following theorem is the main result of [8, 9].

Theorem 1 [f assumptions A.1-A.4 hold for the input data (1)—~(3), then the con-
structed functions u®(-) (6) satisfy conditions B.1-B.3 if the following agreement of
the approximation parameters holds:

1 =h’@©), a=a),

o . 6 (7)
limh° =0, lima=0, lim-— =0, hm = Ko > 0.
0—0 0—0 0—0 ]’l5 —0 (hO)Z
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3 The New Results

3.1 New DRP Statement

Let us now reformulate the DRP in another way (the differences are marked wits
bold font):

For any 6 € (0, dl, ho € (0, ho] and the corresponding set of measurements
{y,f} (3) at time instant #; (t = 1, ..., N) to construct a piecewise-constant control
u®() : [0, #,] — R™ such that at the terminal instant zy = T the following conditions
are fulfilled:

B.1 The functions u’(-) : [0, T] — R™ satisfy the restriction (2). In other words,
they are admissible controls.

B.2 Each control u°(-) generates a trajectory x°(-) : [0, T] — R" of system (1)
with the boundary conditions x°(0) = yg such that

: §
lim [|x°() = x*()lc@®ej0.77) = 0.
6—0
B.3 The functions u°(-) converge almost everywhere to the normal control:

W) 29wk (1) fora.e. 1 € [0, T].

3.2 Algorithm for Solving the New DRP

In this paper a modification of the algorithm, described in Sect. 2.5, is suggested that
allows to construct the solution of the DRP B.1-B8.3.

The new algorithm is the same with the exception of adding two additional pro-
cedures on each step.

First, the constructed function uf’5(~) (6) is “averaged” by the formula

Tk
—a, 0 A 1
Uy _hé

T—1

u?’é(T)dT.

Then, the following piecewise-constant “cut-off” functions are constructed:

-, -—a,0
I/Atls(l)é i iyl €U 5 5 5
= A A -, . =, —Q, ’
deU: |ld—u’| =minllu—u"’||, a° ¢ U (8)
uel

telt_1, ), k=1,...,N.

We consider the functions #°(-) as the DRP 3.1-5.3 solution.



234 N. Subbotina and E. Krupennikov

3.3 The Main Result

The following theorem is true.

Theorem 2 [f assumptions A.1-A.4 hold for the input data (1)—(3), then the con-
structed functions i1’ (-) (8) satisfy conditions B.1-B.3 if the agreement of the approx-
imation parameters (7) holds.

Proof Condition 5.1 is fulfilled by the construction (8).

First, we prove that condition 5.3 holds. Consider the first equation of (5). The
matrix Qx = G¢G] is positively semi-definite since the rows of Gy are linearly

independent [13, Chap. 1, p. 6]. So, we can substitute the solution x,f’ﬁ(t), PR ()
of (5) into this equation and multiply it by the inverse matrix Q,:lz

d a,0 1 .
Qk—l ( Xy (t) _ fk) — _Esa,r)k(t)

dt
=
[ dx ) 1 . def o
Gl 0;! (’;—t —fi]l = —;G,Is S6) o).

Apply the “averaging” procedure (8) to the latter expression:

1k

tk
o 1 1 dx”’(t
i o [uoa = o [ 6f Qﬁ( = ()—fk> di
-1

T h dt
Ti—1

= €))

a,0 o0
(k) —x (-
L_t;:’(g:G;le<Xk (t) — x; (kl)_fk)7 k=1,...,N.

ho

Now, we will compare for each segment [#;,_;, ;] the “averaged” values 12;:’5 with
the values of the “averaged” normal control

7
e Dy a1
u (t) = {uy, t € [tr—1, &}, u; = | (t)dt. (10

-1
It was proved in [9, Sect. 2.4] that

dx*(t)
dt

u*(t) = GT(t,x*(t))Q_l(t,x*(t))< - f(t,x*(t))) a.e.on [0, T],

O, x*(t)) = G(t, x*1))G T (1, x*(1)).
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Substitute this expression into (10):

Iy

W =35 GT(t, x*(1)Q ' (t, x (t))( ) —f(t,x*(t))) dt
thk—1
Fo dx* (1) )
h5 (G (t, x*(1))0~ (t X (t))j:Gk Qk )< 7 — f(t,x (t)):l:fk> dt
th—1
L dx*
=5 (G, x* ) Q' (t,x* () — G| O} )( xd(” - fk>
tk—1
d *
FGT 07 i — f X @)t + 1 / 6l o' 5~ foar
th—1
— 6 + 670 (T fk> ,
(11)
where
o R o (dx()
(6, h%) = ﬁﬂfl (G, x* 1) Q7 (t,x (t))—GkTQk')< - —fk) 1)
+G{ O (fk — ft, x* (1))t
Estimate the norms of the following expressions from (12):
IGO0y — GT @, x* 1) Q" (t, x* 1))l
YNGT (et y2 DOt ¥ ) — GT (1. x* (1) Q7 (2, x* (1)) 13

+G T (11, X (t—1)) O (tr—1, X (1) |12
< Lgro1(6 + 1 (K + 1)),

where

K= max |G x)u+ f@ ),
uel,(t,x)eDy

and L o1 is the Lipschitz constant of the matrix function G (1)Q~'(-) : [0, T] —
R™_This matrix function is Lipschitz continuous since assumption A.2. Indeed,
consider arbitrary (¢;, x1) and (t,, x2) from Dy.



236 N. Subbotina and E. Krupennikov

2

Gi =G x), Q=0 x), i=12

1G205" — G107 £ G207l = 1G2(05 " — 071 + (G2 — G Ol

= 1G205"(Q1 — 007" + (G2 — G O I
< Lp,Ro-1(RGRp-1 + DI(t2, x2) — (t1, xD I,

where
-1
R = max [|G(t,x)[l2, Rp- max [[Q7 (t, x)l2.
(t,x)eDy (I,X)ED()

Note that Ry-1 < 00 since Q~'(") is continuous [13, Chap. 8, p. 4].
Then,

1 0) = fill ENFEx* @) = Fltor, Y- % ftr, X" G) |
< Lp,(6 +h°(K + 1))

And finally,

I f(t, x* NI < Ry = o (RAGEIN

IGT (" @) Q7 (1. x" (D)2 < Rorg = max |G (1, 1) Q7 (1, 0)]l2-

Applying (13)—(15) to (12), we get
78, )| < (6 + h*(K + 1)) (LgTo-1(K + Ry) + Rgro-1Lp,) -
Now, we compare the expressions for ﬁ?"s (9) and uj (11):

— —,8
llig — il

< I, )l + || Gf Q! 5

It was proved in [9, p. 3.4] that

T .
Xy — Y (o)l < SO @ @) (6.7, ) 2 1 (0. 1%, q),
te€lter, ], k=1,...,N,

were

(" (5) — 0 (1)) — () — %2 (t1)) H

(14)

5)

(16)

A7)

(18)
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5 Lp a (26 +h°K) o3 (26 + hOK)
(0, h°, o) =n [ =220 + h°(K + 1 | P e AT ol e LA
rs( @) n()\lii( +h°(K + 1)+ NERTAI + Xy
2 ) 3 5
5o o? (26 + WOK) o3 26+ 1K)
r.(6,h ,a)_n<48)\*(h§)2 ﬁw

The parameters A, and \* are respectively the minimum and the maximum val-
ues of the eigenvalues of the symmetric [13, Chap. 1, p. 6] matrix function
Q(t,x) = G(t,x)G (¢, x), (t,x) € Dy. Note that the matrix function Q(-) is con-
tinuous on Dy (see Assumption A.2). Therefore, its eigenvalues {A(-), ..., A\, (-)}
are also continuous on Dy [13, Chap. 8, p. 8]. Therefore, A\, and \* exist.

So, we use (18) to get that

a,0

b (t) = x* (@) | < Ml @) = Yl + Iy = x* @)l < (5, 1%, 0) + 6. (19)

Also, note the boundary conditions from (12):

x;:'(s(lk_]) = ylf—l' (20)
Applying (19) and substituting (20) into (17), we get that

e —as ; re(8, R0, ) +25 A
||u,f—uk | < re(d, hd)‘i‘RGTQ*IXT =r; (0, hd,a), @1

k=1,...,N.

It follows from the definitions (16), (18) that

ra(8, h°, ) =30, (22)

if the agreement conditions (7) hold.
We will now show that the piecewise-constant functions iz’ (-) converge pointwise
almost everywhere on [0, T'] to u*(-). First, consider the function

1

U@t) = /u*(T)dT, te[0,T].

0

Since u*(-) is measurable, U(-) : [0, T] — R™ is differentiable almost everywhere

on [0, T'] [12]. Fix such an arbitrary ¢ € [0, T], where U(t) = u*(t) exists. For any

h? > 0 there exists a unique number k; 5 € {1,..., N} suchthatt € [#, ,—1, &, ;).
Consider the following discrepancy for t € [, ;—1, %, ;):

12 () — w* ()| < @) — a0l + g — iy, N+ Ny, —w* @ (23)

5
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Since U (1) exists, we use the fundamental increment lemma on the following expres-
sions:

t t“z,d
- def 1
i, L 5 / u*(T)dT—i-/u*(T)dT
tf\',,g’*l t

1
= 5 (Ut,) = V) + W) = Uty 1))

1
= o5 (O, = 1)+ 0t — 1)+ (O = 11, 1) + 0t = 11,,-1) 24)

o(tg,s — 1) +0(t — i, ;1)

I
=u"(t) + %
=
s . O(ty,; — 1) +0(t =ty ;—1) W0
g, , —u™ @I = - o — —0

Applying (21), (8) and (24) to (23), we obtain that the functions 2°(-) converge
pointwise almost everywhere on [0, 7] to u*(-) as § — O provided the agreement
conditions (7) hold. So, condition 5.3 is fulfilled.

Let us now check that condition 5.2 holds. In other words, that the trajectories
£9(-) : [0, T] — R” of system (1), generated by the controls #’(-), uniformly con-
verge to x*(-).

By definition,

1%° () — x* ()]
=i -3+ [ G i + s 5 nar

0
t

—/G(T,x*(T))u*(T) — f(r,x*(7))dt

0
t

+[iG(T,x*(T))ﬁ6(T) + G (@ () — u*(T))dTH

0
t t

<6+ Rg /125(7) —u*(T)dT +/ |G, x*(7)) — G|, I12° () — w*(7)lld T
0 0

- f | £, 20() = fF(r. x*@)| + R |G, 2°(7)) — G(r, x*(7)) |, d,
0

(25)
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where
Rs = max ||G(t,x)|2, R, = max|u|.
(t,x)eDg uel

In (25), considering (8) and (21),

t

/125(7') —u*(r)dTr

0
ks—1 1j I t
= Z /ﬁé(T)dT—/u*(T)dT + / 4% (r) — u*(r)dr (26)
j=1 i i1 kes—1
ks—1| 4
<> /ﬁé(T)—L_t,?’(sdT—i-hé(b_tg’d—L_tk) + hO2R,.
j=1

tio1

Note that since u*(t) € U a. e. on [0, T'] (see Assumption A.4), it is true that u} €
U, k=1,..., N. Therefore, it follows form (21), (22), (8) that

() eU, tel0,T],

A 27
l@°@) — @™’ @)\ < rad, h°, o), t €0, T).
Applying (21), (27) to (26), we get
t
- R -
/m(T) —u*(ndr|| < hOWozrﬁ(a, h°, o) +2h°R,. (28)

0

Applying estimates (13), (14) and (28) to (25), we get

I£0(t) — x* ()| < 6 +2h°RG R, +2TLp,R,(6 + h° (K + 1))

t
+(t — 10)2RGra (3, h°, &) + Lp, (R, + 1) f I£°(7) — x*(7)lld.
0

Since the function ||£(-) — x*(-)|| is continuous, we can apply the generalized Gron-
wall’s inequality [14, Chap.1, p. 1]:

1°4) = x* DIl < (5 + 2K’ R Ry + 2 TLp, Ry (3 + h* (K + 1))etnfur DT
5 Rgra(8, 1’ @)
Lp,(R, +1)

(eLroRiADT _ )y =90 0, re€[0,T]

Thus, condition B.2 holds and the theorem is proved. O
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4 Example

Consider as an example a dynamical model from the area of medicine. Itis a simplified
model of the process of penicillin fermentation [15]. The dynamics are

. X([) _&

X() = SrY o) + X 0 S(HX

S0 _X0 Sr =50 [\vw) "\ -2 - 255 )
Yx/s Sk

U) €10,30], u(r)€l0,0.3], rel[0,10],
X(0) =15, S(0)=0.01,
Yx/s =047, Yps=12, Sp=500, K, =0.0001, p=0.0055.

Here the state variables X () and S(-) are the concentrations of biomass and substrate
in the organism. The control U (-) is the substrate feeding profile, and the unknown
parameter p(-), which is the specific biomass growth rate, is considered as the second
control.

To simulate the process of measuring the basic trajectory X*(-), S*(-), it was
numerically constructed for the controls

(1) = 0.11sin(r) + 0.03sint, U*(r) = { (1)5 +1/T, i 2 E(())iSO.TS,TT]]’ .
Then, the constructed basic trajectory was randomly perturbed to simulate arrival of
the measurements (3). Upon this data, both the old algorithm (Sect.2.5) and the new
algorithm (Sect.3.2) were applied to obtain approximations of the normal control
that generates the basic trajectory.

The results of numerical simulations are the graphs of the controls U s ), ,ué(-),
constructed by the formula (6) (the old algorithm) with the trajectory X°(-), S°(-),
generated by these controls, and graphs of the controls Uo(), 9(-), constructed by
the formula (8) (the new algorithm) with the trajectory X (), 3“5(~), generated by
these controls. The approximation parameters are

§=10"% a=5-10"% N =50, K =0.2.

The results are presented on the Fig. 1—U5(-),u5(-), Fig.2—05(~),ﬂ5(-) and
Fig.3—X’(), §°(-).
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A B
Ui
0 ‘lihiiq
0.1 '“ ”
0.0]
hlliimmhmiHmm ,
| 8 10
-0.2 '5
Fig. 1 Reconstructed controls (by the old algorithm). Legend: A is U o (t),Bis ,u5 (1)
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Fig. 2 Reconstructed controls (by the new algorithm). Legend: A is logd (t),Bis ﬁ‘5 (1)
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Fig. 3 Trajectories, generated by U%(-), i%(-). Legend: A is X%(1), B is X*(t), C is §5(1), D is
S* (1)
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5 Conclusion

An original method for solving the dynamic reconstruction problem is being devel-
oped. Namely, it’s modification is justified, which allows to construct piecewise-
constant approximations of the desired control which satisfy the given geometrical
restrictions on the admissible controls. These approximations converge almost every-
where to the desired control.
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Discrete Operators and Equations: )
Analysis and Comparison L

Alexander Vasilyev, Vladimir Vasilyev, and Asad Esmatullah

Abstract We develop a discrete variant of a theory of pseudo-differential equa-
tions and boundary value problems in canonical domains which are model situations
for manifolds with non-smooth boundaries. Using digitization process for ordinary
functional spaces we construct certain discrete functional spaces or spaces of func-
tions of a discrete variable and define discrete pseudo-differential operators acting
in such spaces. A main problem in which we are interested is to establish a cor-
respondence between continual and discrete solutions of considered continual and
discrete equations and in future boundary value problems. We have illustrated our
considerations by certain examples of Calderon—Zygmund operators for which we
have some interesting conclusions.

Keywords Discrete operator * Solvability

1 Introduction

We deal with some special operators namely pseudo-differential operators. Our
global main goal is to construct a theory of discrete pseudo-differential operators
and corresponding boundary value problems on smooth manifolds with a boundary
which may be non-smooth.

A basic equation in an operator form is the following

(Au)(x) =v(x), xe D, (D)

where D C R™ isasome domain, A is a pseudo-differential operator which is defined
by the formula
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(Au)(x) = 2m) ™ / / SO0 A(x, £)i(€)dydE, x € D, ®)

D R™

and a sign ~ over the function u denotes its Fourier transform

uE) = /e_ix'éu(x)dx.

Rm

Definition 1 The function A(x, &) is called a symbol of a pseudo-differential opera-
tor A. A symbol A(x, &) is called an elliptic symbol if ess inf |A(x, &) > 0.

(x,6)eR™ xR™

As far as T know it is impossible to find an exact solution of the equation (1) for an
arbitrary domain D. Therefore all researches are interested in describing Fredholm
properties of the equation at least. But for simplest cases it can very easy by the
Fourier transform.

Example 1 Let K(x) be a Calderon—Zygmund kernel and the operator A is defined
by the formula [4]
(Ku)(x) = v-p-f K(x —y)u(y)dy, 3)

R™

so that it can represented in the form (6)

k) =™ [ [ éota@ieade.
R R™
and the function o (§) is called a symbol of the operator A. It is well known that

for the operator A to be invertible in the space L,(R™) necessary and sufficient its
symbol o (£) should be an elliptic [4].

Let D, = DNAZ™, h > 0. We are interested in studying some discrete equations
which we call discrete pseudo-differential equations and which are related to the
Eq.(1). Let us define a discrete pseudo-differential operator by the formula

(Aqug) (@) = Y / 'OV AY(R, €)1 (E)dE, T € Dy,
yEDzihTrn

where u,(X) is a function of a discrete variable x € hZ", 1u,(&) denotes its discrete
Fourier transform

ia(€) = (Faua) (&) = ) eTSig(y), &ehT”, )

yehzm
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Z" is an integer lattice in R”, T™ is m-dimensional cube [—m, n]", h = Z—;, and
given function Ay(x,&),x € hZ™, & € hiT™, is called a symbol of the discrete
pseudo-differential operator A,.

We would like to study the equation

(Aqug)(X) = v4(X), X € Dy, )

in some discrete functional spaces. Since it is difficult to study such general operators
(as it was said above) for discrete cases also we’ll consider certain model situations.

2 The Concept of the Research

We’ll present here main ideas for studying this large problem. In contrast of algebraic
approaches [2, 3, 5] we use analytical methods based on properties of the Fourier
transform and considered operators. A plan of the studying is the following:

infinite discrete and finite discrete Fourier transform
discrete functional spaces

— solvability of infinite discrete equation

solvability of finite discrete equation

comparison of continual and infinite discrete solution
— comparison of infinite and finite discrete solution.

2.1 Local Discrete Operators

We’ll illustrated the above scheme with very simple model pseudo-differential oper-
ator namely operator A from example 1 because many our results are related to this
operator. In addition we assume that kernel K (x) of the operator A is differentiable
on R™ \ {0}.

2.2 Discrete and Continual

Discrete Fourier Transform To obtain a good approximation for the integral equa-
tion (1) we will use the following reduction. First instead of the integral in (1) we
introduce the series

> K@= Hua@h”, (©)

JehZm
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which generates a discrete operator

(Kqua)(x) = Z K& = Yua(Yh", x €hZ", (7
yehzm

defined on functions u, of discrete variable X € hZ™. Since the Calderon—Zygmund
kernel has a strong singularity at the origin we mean K (0) = 0. Convergence for the
series (6) means that the following limit

li ¥ — Dug(G)n"
Jim Y0 K& = Hua)h
FehZ"NQy

exists, where Qy = {x € R™ : lmkax |xx| < N}. It was shown earlier that a norm of
<k<m

the operator K, : Lo(hZ™) — L,(hZ™) does not depend on & [11]. But although
the operator is a discrete object it is an infinite one.

Let us define the infinite discrete Fourier transform for functions u, of a discrete
variable X € hZ™

(Faua)€) = Y ug(®e ™", & e hT".

xehzm

Such discrete Fourier transform preserves all basic properties of the classical
Fourier transform, particularly for a discrete convolution of two discrete functions
Ug, Vg

(g % va)(®) = Y ug(® = Hva(Hh"

yehZm

we have the well known multiplication property

(Fa(ug *vg))(€) = (Faug)(€) - (Fyva)(§).

If we apply this property to the operator K; we obtain

(Fa(Kqua))(§) = (FaKa)(&) - (Fqua)(§).
Let us denote (F;K;)(§) = 04(&) and give the following

Definition 2 The function o,(§), & € AT™, is called a symbol of the discrete oper-
ator K.

We will assume below that the symbol 6,(£) € C(AT™) therefore we have imme-
diately the following

Property 1 The operator K is invertible in the space L,(hZ"™) iff 6,(§) # 0, V& €
RT™.
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We say that a continuous symbol is called an elliptic symbol if 6,;(§) # 0, V&€ €
hTﬂI .

So we see that an arbitrary elliptic symbol o,(£) corresponds to an invertible
operator K, in the space L, (hZ™).

A very interesting fact was proved in [8, 9].

Theorem 1 Operators (3) and (7) are invertible or non-invertible in spaces L, (R™)
and Ly(hZ'™) simultaneously Vh > 0.

If we consider the equation
(Kqug)(X) = vg(%), X € hZ",

in the space L,(hZ™) then we solve the equation by the discrete Fourier transform
F,. Indeed after applying the Fourier transform we have the trivial equation

0a(§)ita(§) = va(§), § € AT",

in the dual space L, (RT™).

We have first difficulties when consider this equation in the space L, (hZ~'), where
" ={x eZ" : X = (Xy,..., Xn), X > 0}. We can not apply the Fourier transform
directly as above because the functions under consideration are defined not on a whole
space. Thus we need to describe images of such function after the discrete Fourier
transform, ant it leads us to the next extensions.

A Half-Space Case If we consider Egs. (3) and (7) in spaces L (R’}) and L, (hZ7)
or in other words operators K : Ly(R}) — Lo(R%) and Ky : Lo(hZ) — Lo(hZ7)
then for studying invertibility of the operator K,; one has constructed a special peri-
odic Riemann boundary value problem [10]. A solvability of mentioned Riemann
problem depends on a certain topological invariant @ related to a symbol of an ellip-
tic operator. This number @ is called an index of periodic Riemann boundary value
problem. It was shown these topological numbers for elliptic operators K and K,
are the same and it implies the following [8, 9]

Theorem 2 Operators (3) and (7) are invertible or non-invertible in spaces L, (R})
and Ly (hZY) simultaneously Vh > 0.

Studying more complicated situations related to cones [6] was started in [14], first
steps were done.

Discrete Boundary Value Problems These arise first in the case hZ} then we
have a boundary, and it is possible the mentioned index @ is not a zero. To exclude a
non-uniqueness of solution one needs some boundary conditions [1, 6]. Some similar
situations were considered for difference equations in papers [12, 13, 15].
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2.3 Infinite and Finite

Finite Discrete Fourier Transform Here we will introduce a special discrete peri-
odic kernel K, y(X) which is defined in the following way. We take a restriction of
the discrete kernel K;(X) on the set Qy NhZ™ = Q‘f\, and periodically continue it
to a whole 2Z"™. Further we consider discrete periodic functions u, y with discrete
cube of periods Qﬁ,. We can define a cyclic convolution for a pair of such functions
Uq n, Va,n by the formula

gy % va ) (F) = Y ug n(E = HHvan (™. ®)

yeoy

Further we introduce finite discrete Fourier transform by the formula

(Fanuan)(E) = Z ud,N(i)eii'ghmv £ € RY,

€04

where R% = RT™ N hZ™. Let us note that here £ is a discrete variable.
Finite Discrete Operator According to the formula (8) one can introduce the
operator
Kantan@E) =Y Kan(E = gy (Gh"

5 |
yeQy

on periodic discrete functions uy y and a finite discrete Fourier transform for its
kernel

oan® =Y Kan(®e™h", & e Ry,

ey,

Definition 3 A function ad,N(é), £ € RY, is called s symbol of the operator K, y.
This symbol is called an elliptic symbol if od,N(g) # 0, VE € R%.

Theorem 3 Let 0,(§) be an elliptic symbol. Then for enough large N the symbol
o4~ (&) is elliptic symbol also.

A proof of the theorem follows immediately.
As before an elliptic symbol o v (§) corresponds to the invertible operator K, x
in the space LZ(Q?V).

3 Discrete Functional Spaces

Since we’ll use projectors on points of lattice we need subspaces of continuous
functions instead of Lebesgue spaces. We introduce the space Cj, which is the space
of functions u, of discrete variable X € hZ™ with the norm
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lluallc, = max |uq(x)|.
xehZm

In other words, the space Cj, is the space of functions u € C(R™) restricted on
lattice points Z;'. Here we remind, that the operator K isn’t bounded in the space
C(R™), but it is bounded in the space L,(R™), and it is well-known, that if the right
hand side of the equation

(Ku)(x) = v(x)

has some smoothness properties (for example, it satisfies the Holder condition), then
the solution of this (if it exists in the space L, (R™)) has the same smoothness property
[4].

Further we define the discrete space Cj,(«, B) as a functional space of discrete
variable X € hZ™ with finite norm

lluallc,@.py = lluallc, + sup  |ug(X) —ua(y),
i 5ehzm

and additional assumptions

¥ — 3|
(max{1 + |%], 1+ [31DF’

lug(X) —uq(M)| <c

lug(X)] < VX,y e hZ", a,8>0, 0 <a < 1.

C
(147

4 Approximate Solutions

4.1 Infinite Discrete Solutions

Let’s denote P, the restriction operator on the lattice hZ™, i.e. the operator, which
an arbitrary function, defined on R™, maps to the set of its discrete values in lattice
points hZ™.

Definition 4 The approximation rate for the operators K and K, in vector normed
space X of functions defined on R™, is called the operator norm

P K — KqPpllx—x,,

where X, is the normed space of functions defined on the lattice #Z™ with norm,
which is induced by the norm of the space X.

For the space Cj,(«, ) we have
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Theorem 4 Ifm < B < o + m, then the estimate

Kaquallc,@.p) = clliallc, @ p)s

is valid, and ¢ doesn’t depend on h.

The continual analogue of such spaces is the space Hg (R™) of functions, which
are continuous in R™ and satisfy the Holder condition of order 0 < o < 1 and with
weight (1 + |x|)?. It is well known from results of S.K. Abdullaev (Sov. Math.,
Dokl. 40, No.2, 417-421,1990) that the operator K is a linear bounded operator

K: Hg(R'”) — Hg(R'”) under the condition m < 8 < o + m.

We will give the approximation rate for the operators K and K, in the space
Cy(a, B). It will permit to obtain the error estimate for approximate solution, if we

will change the continual operator K by its discrete analogue K.

Theorem 5 The approximate rate for the operators K and K 4 is the following

IPhK — KaPhllcywp) < ch®,

where ¢ doesn’t depend on h, @ < a, B > B.

Some of these results were obtained in [7].

4.2 Finite Discrete Solutions

Let us denote Py the projector L,(hZ™) — LZ(Q?V).

Theorem 6 For operators K, and K,y we have the following estimate
I(PyKa — Kan Pn)uallp, 0y < CN"HEP

for arbitrary ug € Cy(a, B), B > o +m/2.

Now we consider the equation
Kanugn = Pyvg

instead of the equation
Kqug = vq

(€))

(10)

and give a comparison for these two solutions assuming that operator K} is invertible

in Lo(hZ™).

Theorem 7 Ifv; € Cy(, B), B > a + m/2, uy is a solution of the Eq. (10), uy y is

a solution of (9) then the estimate
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2a—
g — tan||Lynzmy < CN™H2OP)

is valid, and C is a constant non-depending on N.

Conclusion

These considerations are first steps to realize the declared programm. We hope that
obtained results will help us to study more general discrete operators and equations
and to describe a correspondence between discrete and continual objects, and also
between finite and infinite discrete objects.
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Abstract We study a model elliptic pseudo-differential equation and simplest
boundary value problems for a half-space and a special cone in Sobolev—Slobodetskii
spaces which have different smoothness with respect to separate variables. Sufficient
conditions for a unique solvability for such boundary value problems are described
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1 Introduction

The theory of pseudo-differential operators was appeared near a half-century ago,
and it has taken attention of mathematicians for a long time [1-3]. More general
Fourier integral operators and new functional spaces were studied in this context.
As a rule the theory means constructing a symbolic calculus and an index formula.
Such a theory is very convenient for generalization on smooth compact manifolds
without a boundary, but for more complicated situations new constructions and new
approaches were needed. More complicated situations mean presence of a smooth
boundary, or more generally a non-smooth boundary. For manifolds with a smooth
boundary a certain approach was suggested in [4], and it was based the factorization
principle for an elliptic symbol at boundary points. This method is not applicable for
manifolds with a non-smooth boundary, and it has initiated a lot of approaches for
“non-smooth” situations [5, 6, 10-14].

This paper presents a future development of the second author’s approach [17-20]
to the theory of pseudo-differential equations and related boundary value problems
in non-smooth domains.
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2 Elliptic Pseudo-differential Operators

2.1 Sobolev-Slobodetskii Spaces of Different Smoothness

Following to [15] (see also [16]) we introduce useful notations. A multidimensional
Euclidean space R is represented as an orthogonal sum of subspaces in which only
some of coordinates xi, xy, ..., x) are nor vanishing. Namely, if K C 1, ..., M is
not empty set we put

RE={xeRM :x =(x1,...,xm),x; =0,Vj ¢ K} CRY,

LetK, K, ..., K, C{l1,2,..., M} be anonempty set so that

n
Kj={1,2,...,M}, KiijI@,i#j, C(ll"dKj:kj.
j=1

Thus, we obtain the representation
RY =RF g R® @ ... @ RF",

where xg; is an element of the space RXi. For functions defined in RM we use the
standard Fourier transform

ma=fw%mm,f=@wqw»

RM

LetS = (s, ..., s,). Now we introduce the Sobolev—Slobodetskii space HS (RM)
as a Hilbert space with the inner product

(ﬁmszmﬁﬁu
RM
and the norm
1/2

I flls = /a+mm”a+mmh~u+mmWWEW&

Such HS-spaces have the same properties similar to usual Sobolev—Slobodetskii
spaces [16]. Particularly, the usual space H*(R¥) is obtained under the following
choice of subsets K ; and parameters s;:

Ki=Ky=--=K,, =%, K,=1{1,2,....,M}, S=(0,0,...,0,s).
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2.2 Model Operators and Equations

According to the local principle we will concentrate on studying a model pseudo-
differential equation with operator with a symbol non-depending on a spatial variable.

Model pseudo-differential operators Let A(¢), £ € RM be a measurable function.
A model pseudo-differential operator A is defined as follows

1

(Au)(x0 = i

/ / DA (©u(y)dyde,

RM RM

and the function A(ﬁ ) is called a symbol of the pseudo-differential operator A.
We consider here the following class of symbols A (&) satisfying the condition

e THA 4 166, ) < TA©] < e TT(L+ €k, D,

j=1 j=1 (%)
a;eR, j=1,2,...,n,

with positive constants cy, ¢;.
Leta = (ay,...,q)

Lemma 1 Let A be a pseudo-differential operator with the symbol A(f) satisfying
the condition (x). Then A : HS(RM) — HS~*(RM) is a linear bounded operator.

Proof Indeed, we have

I Aull5_, = f [ ]+ 1€k, D>~ Au (@) Pd€ =

RM Jj=1

- / (14 1€k, DX (1 + [€g, D227 oo (1 4 [€k, 2O | A (€)d€ <
RM

< /(1 + 1€, DL+ 1€, D2 -+ - (1 + [€k, D [i() 1PdE = o [ul]3,
RM

and the proof is completed. O

Thus, we can start studying a solvability for the equation
(Au)(x) = v(x), x eRY, 6]

where A is a pseudo-differential operator with the symbol A () satisfying the con-
dition (%), and the right hand side v € H5~*(RM).
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Corollary 1 If A is a pseudo-differential operator with the symbol A(S) satisfying
the condition (x) then the Eq. (1) with an arbitrary right hand side v € H5~*(RM)
has unique solution u € H S(RM). The a priori estimate

llulls < Cllvlls-a

holds.

Proof The operator A~! with the symbol Al (&) is a pseudo-differential operator.
Its symbol satisfies the condition (x) with order —« instead of «.. Then we have

i=A"'9,

and therefore
2 —1.12
[lulls = |A" vl =

/ (14 1€k, DP T+ 1€, D32 - (14 1€k, D ATHOBOPE < T3

RM
and the sentence is proved. (I

Unfortunately, such a simple conclusion is possible for the space R . If we will
take a domain D C R and will try to study a solvability for similar equation then
we will obtain a lot of difficulties related to invertibility of operators.

We extract special canonical domains D in Euclidean space RY. Such domains
are conical domains and we will start from a standard convex cone in Euclidean space
non-including a whole straight line. Let Cg, C RX/ and we would like to consider
the equation

(Au)(x) = v(x), x € Cg;. 2)

Direct applying the Fourier transform does not give the required answer since we
have no the convolution theorem. The Eq. (2) can be rewritten in the form

(Pg,Au)(x) = v(x), x € Ck,,
where P, is the restriction on C K>

u(x), x € Cg;
(Pg,u)(x) = { =
J 0, x ¢ Cg;.
and to use the Fourier transform we need to know what is the Fourier image of the
operator P, .
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Structure of projectors For a general convex cone C” C R™ one can define the
Bochner kernel [7-9]

B, (2) = /e”"zdx, 2= (21, -+, Zm),
c
and the following representation in Fourier imaged
(FPa0(© = tim [ B¢ =1/ & = o + 7107 1)
RIII

here P, is the projector on the cone C™ [14, 17]. There are certain concrete realiza-
tions in the latter formula.

Example 1 We consider here one-dimensional case in which we have only one cone,
and this cone is R [4]. For this case it was proved for a function u(x), x € R, that

+0o0

u(n)dn
._Oo e

| .
(FP.u)(©) = 3() + z’—ﬁp.v

As a consequence we have for a function #(x), x € R™ and the cone R = {x €
R™ : x = (x', x;n), X, > 0} the following result

—+00

1 .
(FPL)(©) = 3ii() + zl7p'”' /

—00

u(€' M)dnm

fm - 77m ’

§= (6/1 Em)-

Example 2 Letm = 2, and
Ci={xe R?:x = (x1,x2), x2 > a|xi|,a > 0}.
Then we have [21]

u(§) +a&p, &) +u(6 —ay, Ez)+

(FPcau)(§) = 5

+00 +00

& f a0 &)dny i [ u(n, §)dny

+uv.p. v.p. _—
2T & +aé—n 2 & —a&—n
—0oQ —00

ayay

Example 3 Letm = 3,and C{' = {x € R®: x, > aj|xi| + a2|x2|}. Then
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(FPeawu) (€1, &, 83) =

_ u(§1 —a1&3, & — a2&3, §3) +u(§1 + a163, & — axé, 53)+
4

1 1
+§(Slﬁ)(§1 +a1&3, & — a3, &) — E(Slﬁ)(fl —a183, & — a3, &)+

0 —a1&3, &+ axés, &) + (& + a1&s, & + ax&3, &)
+ . +

1 1
+§(51L7)(§1 +a1&3, &+ a3, §3) — E(Slﬁ)(& —a183, & + a3, §3)+

+(Szﬁ)(§1 — 183, & + @83, &) + (1) (& + a1&3, & + s, §3)+
2

F(S150) (&1 + a1&3, & + a3, &3) — ($150) (&1 — a1€3, & + axé3, §3)—

C(Su)(§ — a1, & — @283, §) — (S2) (&1 + 163, & — 4263, §3)
2

—($180) (€1 + a183, & — @263, §3) + (S$1520) (& — a1&3, & — 4263, &3).

where
M(Ts 62’ 53)d7—

)

. +00
(S (€1 &, &) = v.p;—ﬁ /

&—T1
T, &)
(Szu)(fl,&,fs):v.pzl—wf%'

This case was studied in [22]

Elliptic equations and complex variables This approach is related to the function
theory of many complex variables, namely to functions which are holomorphic in
radial tube domains [7-9].

Let Ck, C RXi, j =1,...,n, be convex cones non-including a whole straight
line in RX/. Let us compose the set C = Cx, x ...Ck,.

Lemma 2 The set C is a cone in RM non-including a whole straight line in RM.

Proof Indeed, C is a cone since each C; is a cone. If we will assume that C includes a
certain line in R then we will conclude that each cone C; includes a certain straight
line. (]
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Now we will start studying a solvability of the equation
(Au)(x) =v(x), xeC, 3)

and the solution is sought in the space H5(C).

Definition 1 The space H*(C) consists of functions (distributions) from H*(RM)
with supports in C.

The right-hand side v is chosen from the space H(f*“(C); by definition the space
HOS(C) is a space of distributions on C, admitting a continuation on H5(RM). The
norm in the space H; (C) is defined as

[lvllg = inf [|¢f]ls,

where the infimum is taken over all continuations ¢/f on the whole R,
Fourier image of the space H(C) will be denoted by H5(C)

Definition 2 A radial tube domain over the cone C is called a domain in M-
dimensional complex space C¥ of the following type

T(C)={zeCM:z=x+iy,xeR” yeC}.

A conjugate cone C*‘ is called such a cone in which for all points the condition
x-y>0, VyeC,

holds; x - y means inner product for x and y.

Definition 3 The wave factorization of an elliptic symbol A (&) with respect to the
cone C is called its representation in the form

A(§) = A2 (©A=(Q),

where factors A (), A_(§) must satisfy the following conditions:
(1) Ax(§), A_(§) are defined for all { € R may be except the points £ € 9 E‘;
(2) A.(§), A=(§) admit an analytic continuation into radial tube domains T(C*‘),

*
T (— C) respectively with estimates

|AZ'E+inl <o [ + 1€k, |+ g, D,
j=1

1AZ' € —in)| < e [ [ + 1, | + 17, DT, Vr eC, =, €R.
j=1
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The vector & = (&4, ..., &,) is called an index of the wave factorization.

To apply the Fourier transform to the Eq.(3) we need to know what is F P¢;
here F denotes the Fourier transform in M-dimensional space. Let us introduce the
following notations. For every Ck, we consider corresponding radial tube domain

* *
T(Ck;) over the conjugate cone and an element of 7(Cg;) will be denoted by
&k, +iTk,. Moreover, for {x, we will use the notation {x, = (5/19- » &, ), where & . is
the k;th coordinate, and 5’,(j denotes left other coordinates. The same notations will
be used for x € R%/, xg, = (x}g,, Xt

As before we denote by Pc the restriction operator on C. Obviously,

n
Pc=]] Pk,
j=1

and then

Bu(2) =[] By zx): 2=k, -0 2k,)-
j=1

The last our observation is the following:

T(C) =[] T(Ck).
j=1

and the Bochner kernel By, (z) will be a holomorphic function in T(C*‘).

Theorem 1 [f the symbol A(§) admits the wave factorization with respect to the
cone C with the index & such that |®; — s;| < 1/2, j =1,...,n, then the Eq.(3)
has unique solution in the space H"(C) for arbitrary right hand side v € HOS_“(C).
The a priori estimate
llulls < const [JvllF,

holds.

Proof We use the Wiener—Hopf method [4, 14]. Let £v be an arbitrary continuation
of v onto R then we put

u_(x) = (fv)(x) — (Au)(x),
so that v_(x) = 0 for x € C. Further,
(Au)(x) + u—_(x) = (fv)(x),

and after applying the Fourier transform and the wave factorization we obtain
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A2 (©i(©) + AZ (©)ii_(©) = AZ O (Ev)(©) @)
Now we can use the following result (see [14]).
Property 1 If u_ € H S(RM\ C), AZ! is a factor of the wave factorization then
A;lft, c HS-H!—&(RM \ 0).

Obviously, the summand A (§)i (&) belongs to H S_&(g) according to Lemma 1
and holomorphic properties, and AZ! (£)ii_ (€) belongs to H5~*(RM \ C) according
to Property 1.

The right hand side AZ! (5)@5(5) belongs to the space HS= (RM) (Lemma 1),

and since |&; — s;| < 1/2, j =1, ..., n, it can be uniquely represented as
AZHO V() = T4(6) + 5-(O), )
where

50 = Bu (AZ'©E0©) . 7-©) = (I = Bin) (A ©E)(©)) .
The representation (5) is true since the operator By, : H IRM) - H I(RM) for

|61 <1/2,j=1,...,n,and we remind that |&; —s;| < 1/2,j=1,...,n,.
Further, we rewrite the equality (4) in the form

Az (©ii(€) — 14(6) = (&) — AZN(©a—(9),

gld we obtain that a distribution from H?(C) equals to a distribution from H I(RM \
C). But for such small § this common distribution should be zero only [14]. Thus,

Ax(©u(§) —v4(§) =0,

or in other words

i(©) = AZ' @By (A2 ©E)©).

A priori estimate is based on Lemma | and boundedness property of the operator
By : H'RM) — H°(RM). Indeed,

lulls = l1alls = 147" € Bar (4= ©E)©) Ils =
< const ||By (AZM©E)©) s = const A2 W) ©)lls-e <

< const [[(Lv)(©)|ls—a = const [|€v]|s—q < const ||v][{_,,

and Theorem 1 is proved. U
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Multiply solutions For the cone C Ki»J = 1,...,n, we suppose that a surface of
this cone is given by the equation x;, = ; (x}(i ), where ¢; : R%~! — Ris asmooth
function in R&~1\ {0}, and »;(0) =0.

Let us introduce the following change of variables

ro_
th, = Xk,
fe, = Xk, — @ (xk)

and we denote this operator by T, : RX; — RX/. Since the cone is in one part of a
half-space then points of the second part of a half-space will be fixed. Such change
of variables can be defined for distributions also [22].
Below we will use notation F,, for the Fourier transform in m-dimensional space,
so that the notation Fx, will be the Fourier transform in RK,
Following to [22] we conclude
Fg, Ty, =V, Fg,.

J

Further, we introduce 7, : RY — R by the formula

n
T,=[]7.
j=1

and construct the operator
n

Vo = HV%”

j=1
for which we have
FuT, =V, Fy.
Letus introduce vectors N = (ny, ..., n,), L = (1, ..., 1,), 0=(1, ..., 6,), nj,

l; €N,|6;] <1/2,j=1,...,n, and a polynomial Qy (&), ¢ € RM satisfying the
condition

10N O~ [T+ 1€k, D™ (6)

j=1

Theorem 2 [f the symbol A(§) admits the wave factorization with the index &, & —
S = N + 6, then a general solution of the Eq.(3) in Fourier images is given by the
formula

(€)= AZ(© QN (©) By O3 O AZ O (v) )+

ni n2

+aOv Do) ZcL(5K>§" et gt

Lh=1hL=1
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where cp (x}) € HS:(RM—") gre arbitrary functions, Sp=(s; —a&; +1; —1/2,...,
Sp—®, +1,—1/2), 1; =1,2,...,n;), j=1,2,...,n, Lv is an arbitrary contin-
uation of v onto HS~*(RM).

The a priori estimate

ny  np ny

lulls < const IS o+ Y D . lleclls,

Li=1hL=1 =1

holds.

Proof Similar to the proof of Theorem1 we obtain the equality (4). Further, let

us note that the function A;l(g)%(g) belongs to the space HS~=(RM). So, if
take an arbitrary polynomial Qy () satisfying the condition (6) then the function
0y (©AZ! (5)%(5) will belong to the space H9(RM).

Further, according to the theory of multidimensional Riemann problem [14] we
can represent the latter function as a sum of two summands, this is so called a jump
problem which can be solved by the operator By,:

0y AZ () = i + £,
where f, € H(C), f- € H°RM\ C),

fr=Bu(AZN V), f- = — By)(AZ (tv)).

Multiplying the equality (4) by Q;I (&) we rewrite it in the form

Oy A+ Oy AZ' i = £+ f-,

or
Oy Azii — fr = f- — Q' AZtii_

In other words
Auii — Onfy = Onf-— AZti . (7)

The left hand side of the equality (7) belongs to the space H~N=9(C), bur the
right hand side belongs to the space H~V~°(RM \ C). Therefore, we have

Fy' (Agii — On fy) = Fy (Qn f- — AZi),

where the left hand side belongs to the space H~"~%(C), but right hand side belongs
to the space H~¥~9(RM \ C), from which we conclude immediately that this is a
distribution supported on the surface 0C.

The form for such a distribution is given in [22] for the cone Ck; with help of the
operator V,,.. Thus, we apply the operator T, to the latter equality and obtain
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T, Fy' (Agii — On f1) = T, Fy (Qn f- — AZNi),

so that both left hand side and right hand side is a distribution supported on the
hyper-plane x;, = 0, x;, =0, ..., x,, = 0. Then
T,Fy' (Agii — On fy) =

ny  na

=Y. ZCL(X )80 00 )80 0ngy) -+ 60D (),

L=115L=1 1,=1

where L =1y,...,1,), x} = (x}(], el x}(n) e RM~" § is the Dirac mass-function.
Applying the Fourier transform we obtain

FuT,Fy' (Agii — On fy) =

ny np ny

=Y > Ao et g ®)

Lh=1h=1  l,=1
Taking into account that Fy, T, F’ 1;1' we can write

np  np Ny

Agii = Onfr =V [ 0D ) aos e a7,

hi=1hL=1 1,=1

or finally

(€)= AZ (©)On () By 03 (OAZ © (o) (O)+
+AZ V! (Z‘ 5 nicL(f ale ! -5,’;,1). ©)

Lh=1hL=1 =1

To obtain a priori estimates let us note that all summands in the formula (8)
should belong to the space H5~®(RM). We take one of summands and estimate
corresponding integral.

e €& 6 &0 e <
=/ |cL<5K>|21'[<1+|5K )2“7**)1"[& P, [T des, <
RM Jj=1

sf|5L(£}<)|2]_[(1+|§K,.|2<Sf*f+’f*1>dg;<]‘[dfk,.,
RM Jj=1 j=1
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and for existence of each integral of the type

o0
[ @i+ ig,p2oeba,
the condition
2 —®j+1;—1) < -1 (10)

is necessary. It is equivalent to the following condition

S;— & +lj < 1.
Since we have s; — ®; +{; = —n; — §; 4+ [; then we see that the condition (10) is
satisfied for all

lj = 1,2,...,nj,
but it is not satisfied for /; = n; + 1. After integration on all &, we will find that
Cr(&y) € HS:(RM™"), where S;, = (s1 —&1 + 11 — 1/2,...,5, —®, + 1, — 1/2),

and/; =1,2,...,n;,j=1,2....,n
For a priori estimates we have

1421 ©) O (©) Bu O3 (O A @) (©)lls <
< const || By Q3 (©AZ' ) (E0)(E)ls—ern <
< const [|Q5 (EAZHE UV O)ls_wrn <

< const [|(€V)(O)||s—xtN-N4+x—a = const |[(Lv)(E)||s—a < const ||v|[_,
according to Lemma 1 and the fact that S —& + N =6.|0;| < 1/2,j=1,...,n
To estimate other summands in the formula (9) we use above considerations.

Really, if ¢, (&) € HS:(RM-") then each summand cL(gK)gl' ! 122_1 --~§,ZC:_1 in
the formula (9) belongs to the space H H S~ #(RM). Thus, we have

-1 I —1 41 1 ,l—l
AL OV, e €& e - lls <
Lh—14b-1 l,—1
< const ||V e ()& T 6T & Is—e <
L —1psb—1 l,—1
< const |1eL ()& L & ls—e < const ||CL]ls, .

The latter estimate was obtained above. The Theorem 2 is proved. (]
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Remark 1 This formula includes the operator V,,. Examples2 and 3 give exact
representation for this operator for certain concrete cones.

Conclusion

These studies led to different boundary value problems for such elliptic pseudo-
differential equations in cones similar to [14, 17, 18]. Particularly, for the case of
Theorem 2 a general solution of the Eq. (3) includes a lot of arbitrary functions from
corresponding Sobolev—Slobodetskii spaces. To determine these functions uniquely
one needs some additional conditions (not necessary boundary conditions). We will
try to describe certain statements of boundary value problems in forthcoming papers.

References

1. Treves F (1980) Introduction to pseudodifferential operators and Fourier integral operators.
Springer, New York
2. Taylor M (1981) Pseudodifferential operators. Princeton University Press, Princeton
3. Hormander L (1983) Analysis of partial differential operators, Vol I-IV. Springer, Berlin
4. Eskin G (1981) Boundary value problems for elliptic pseudodifferential equations. AMS, Prov-
idence
5. Schulze B-W, Sternin B, Shatalov V (1998) Differential equations on singular manifolds:
semiclassical theory and operator algebras. Wiley-VCH, Berlin
6. Schulze B-W (1998) Boundary value problems and singular pseudo-differential operators.
Wiley, Chichester
7. Bochner S, Martin WT (1948) Several complex variables. Princeton University Press, Princeton
8. Vladimirov VS (2007) Methods of the theory of functions of many complex variables. Dover
Publications, Mineola
9. Vladimirov VS (1979) Generalized functions in mathematical physics. Mir Publishers, Moscow
10. Carvalho C, Nistor V, Qiao Y (2017) Fredholm criteria for pseudodifferential operators and
induced representations of groupoid algebras. Electron Res Announc Math Sci 24:68-77.
https://doi.org/10.3934/era.2017.24.008
11. Ruzhansky M, Tokmagambetov N (2016) Nonharmonic analysis of boundary value problems.
Int Math Res Notices 2016:3548-3615. https://doi.org/10.1093/imrn/rnv243
12. Plamenevskii B (2010) Solvability of algebras of pseudodifferential operators with piecewise
smooth coefficients on smooth manifolds. St Petersbg Math J 21:317-351. https://doi.org/10.
1090/S1061-0022-10-01097-6
13. Rabinovich V (2015) Boundary problems for domains with conical exits at infinity and limit
operators. Complex Var Elliptic Equ 60:293-309. https://doi.org/10.1080/17476933.2014.
926339
14. Vasil’ev VB (2000) Wave factorization of elliptic symbols: theory and applications. Kluwer
Academic Publishers, Dordrecht-Boston-London
15. Nagel A, Ricci F, Stein EM, Wainger S (2018) Algebras of singular integral operators with
kernels controlled by multiple norms. Memoirs of AMS. 2018. Vol 256, Issue 1230. vii, 141
pp. https://doi.org/10.1090/memo/ 1230
16. Gindikin SG, Volevich LR (1992) Distributions and convolution equations. Gordon and Breach
Science Publishers, Philadelphia


https://doi.org/10.3934/era.2017.24.008
https://doi.org/10.1093/imrn/rnv243
https://doi.org/10.1090/S1061-0022-10-01097-6
https://doi.org/10.1090/S1061-0022-10-01097-6
https://doi.org/10.1080/17476933.2014.926339
https://doi.org/10.1080/17476933.2014.926339
https://doi.org/10.1090/memo/1230

Pseudo-Differential Equations in Spaces of Different ... 267

17.

18.

19.

20.

21.

22.

Vasilyev VB (2018) Pseudodifterential equations, wave factorization, and related problems.
Math Methods Appl Sci 41:9252-9263. https://doi.org/10.1002/mma.5212

Vasilyev VB (2020) On certain 3-dimensional limit boundary value problems. Lobachevskii J
Math 41:917-925. https://doi.org/10.1134/S1995080220050133

Vasilyev V (2019) Elliptic operators and their symbols. Demonstr Math 52:361-369. https://
doi.org/10.1515/dema-2019-0025

Vasilyev V (2020) Operator symbols and operator indices. Symmetry 12:1-12. https://doi.org/
10.3390/sym12010064

Vasilyev VB (2019) On some distributions associated to boundary value problems. Complex
Var Elliptic Equ 64(5):888-898. https://doi.org/10.1080/17476933.2019.1571048

Vasilyev VB (2018) Pseudo-differential equations, wave factorization, and related problems.
Math Meth Appl Sci 41:9252-9263. https://doi.org/10.1002/mma.5212


https://doi.org/10.1002/mma.5212
https://doi.org/10.1134/S1995080220050133
https://doi.org/10.1515/dema-2019-0025
https://doi.org/10.1515/dema-2019-0025
https://doi.org/10.3390/sym12010064
https://doi.org/10.3390/sym12010064
https://doi.org/10.1080/17476933.2019.1571048
https://doi.org/10.1002/mma.5212

Thermodynamic Limit in Vector Lattice )
Models s

Yuri P. Virchenko

Abstract Classes of Gibbs random fields u(x), x € Z<¢ on finite sets A C Z¢,d €
N with values in the space R", n € N are studied. Each class is connected with the
sequence (A; A C Z9) unboundedly expanding according to the definite rule when
A — Z9_Each random field is generated by the Hamiltonian H,[u(z)]. Classes of
all functionals H, [u(z)] corresponding to sequence (A; A C Z¢) form the Banach
space H,. It is proved the existence of the limit statistical characteristic In Z /| A|
in each class when A — Z¢ which is the continuous functional in H,.

Keywords Vector models - Hamiltonian + Gibbs’ random field - Free energy -
Phase space - Thermo-dynamic limit

1 Introduction

The object of study in this paper is Gibbs random fields on the integer lattice Z¢,
d € N. The importance of studying such mathematical objects is due to the fact that
models of statistical mathematical physics are constructed on their basis (about the
subject of the study and the terminology used, see, for example, [1-6]). We will
call such models as vector lattice systems. From the point of view of theoretical
physics, these models describe, within the microscopic approach and with appro-
priate interpretation of the parameters defining theirs, the thermodynamic behavior
of single-crystal solid-state structures in a wide temperature range. Despite the fact
that a considerable amount of literature is devoted to the mathematical analysis of
such theoretical models, in most mathematical works related to their study within the
framework of the formalism of statistical mechanics of classical (non-quantum) sys-
tems, the greatest attention is paid to such of them which are called lattice gases. For
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such mathematical objects, the terminology has been developed that unites them. In
terms of this terminology their properties are established at the level of those require-
ments that are imposed on mathematical texts. The purpose of this work is to extend
these basic concepts to a much wider class of models of statistical mechanics of clas-
sical systems which we call, as mentioned above, the vector lattice models. For such
systems, we will prove, within the framework of accepted general restrictions, the
validity of one of the basic provisions of statistical mechanics, namely, we establish
the presence of extensive asymptotic F4 ~ | A | of the free energy F, if the sets A
tends to Z¢ according to a certain principle dictated by physical considerations.

2 The Gibbs Random Fields

Consider a random field @(A) = {t(x); x € A} on an arbitrary finite subset A of
the integer lattice 2. d e N, with elements x = (|, ..., I), lieZ, j=1+d We
will call the lattice elements as vertexes.! This means that corresponding probability
space P4 = (24, B4, P4) consists of §£24 elementary random events (random con-
figurations), o -algebra B, of measurable subsets of §2,, each element of which is
considered as the random event, and the probability distribution P4 on B 4.

For the Gibbs random fields of vector lattice models considered in this paper, the
listed components of the probability space P, are defined as follows. Denote the
set £2 = R", which we will call the phase space of each vertex in 24 The number
n € N is the dimension of the vector field fixed during the work.

For any subset of A C Z¢, we define the space £2, = £21. This means that each
vertex x = (Iy, ..., lz) € A is mapped to a point of the £2 space which is assigned the
label x and, as a result of such an operation, the phase space £2, is obtained. Then,
for any A C 29, the space of elementary events, which we will call the space of
states (configurations), is represented by the formula

2,=Q) 2. ¢))

XeA

On the space 2, there is a natural measurability structure defined by the o-
algebra B of Borel sets in R”. Then, similarly to the formula (1), by assigning labels,
o-algebras B,, x € Z are introduced on each of the spaces §2, and, on the bases of
them, the o-algebra B 4 is constructed on £2 4

B, = ®Bx ) 2

XeA

In accordance with this structure of measurability, we will also assume that the
measure M is defined on the o -algebra B. For simplicity of further constructions, we

I Here and further throughout the text, random variables are marked with the “tilde” sign.
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will assume with respect to this measure that it does not contain a singular component,
that is, it has a derivative dM/du = D(u) > 0 of the Lebesgue measure in R" with
the differential du = du,...du,. This derivative is expressed as a generalized function
with respect to the countably normalized space of locally continuous functions on R".
In particular, in the case of n = 1, this means that in the Lebesgue decomposition of
the measure M on R, there are only absolutely continuous and discrete components.
On the basis of the measure M, by assigning labels x € Z¢, we introduce measures
M, on o-algebras B, and, as a result, the measure B, is defined as a product of

measures
My=[]M:. aM4=]]D@x)du(x). (3)

xeA xeA

Each Gibbs random field is @(A) is constructed by the definition of the proba-
bility distribution P 4 on a measurable space (§24, B4, M4). Its random realizations
u(A) € 2,4 are represented by mappings u(A) : A — R”". Due to the finiteness of
the set A, each such mapping can be considered as a collection of {ui(x); x € A} of
| A| (number of vertexes in A) random variables taking the value in R". The fact
that we consider further this set of random variables as a Gibbs random field means
that the probability distribution P4 has a non-negative density on the measure M 4
defined by the formula

1
dP, = -7 &P (= Halu(2)1)dMy, , 4)
A

where each of the functionals H[u(z)], A C Z¢ is called the Hamiltonian of the
Gibbs random field.

Statistical characteristic Z 4 of the probability distribution (4) called the partition
function, is determined on the basis of the normalization condition P ,(§£24) = 1 of
the distribution P 4

Za = fexp (—Halu@1)dM, . 5)

2,

Thus, for a fixed measure M, we assume the choice only of such functionals H 4 [u(z)]
for which this integral is finite.

In order to connect probability spaces {P 4 ; A C Z?} defined at various A C Z¢
by the fixed phase the space £2 and the fixed measure M on it with statistical mechanics
models, it is necessary to distribute these spaces by equivalence classes such that one
may take into account the property of physical uniformity.

This is done, firstly, taking into account the fact that the translation of the set A
should not change the physical predictions, that is, it should not change values of
statistical averages obtained as a result of calculations on the basis of a mathematical
model.
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Secondly, it should be taken into account that the sets A for statistical mechanics
systems consist of an indefinitely large number of vertexes so that each intensive
thermodynamic characteristic, related to one vertex of the lattice, is practically inde-
pendenton | A |.

The first of these requirements can be satisfied by assuming that the collection of
all Hamiltonians H,[-], A € Z¢ describing the same physical system, subject to a
condition that reflects independence of all statistical averages on the location of the
set A in Z¢. This is expressed by the property of the translational invariance. Let
us formulate the simplest version of such a condition. Let z be an arbitrary vertex of
Z4_ Then the space £24 and the measure M, on it have the property

‘Q/H-z = 'QA|u(x)—>u(x+z)v MA+z = MA|U(X)—>U(x+z) . (6)

Hamiltonian H 4 [u(x)] is called the translationally invariant one if it has the following

property
Ha+[u(x)] = Halu(x + 2)]. (N

Each Hamiltonian H 4 [u(x)] is defined as a function on vector variables {x € A}
for each set A. We denote this function asu(A) = {u(x) ; x € A}. Then, the property
(7) means that all these functions are the same for all sets A + z, z € Z7.

Theorem 1 [f Hamiltonian H[u(z)] is translationally invariant, then the probability
distributions P 4, and P 5., are equivalent in the sense that

dP sy .[u(»)] =dPslu(y + 2)]. )

Proof Statement directly follows from (5)—(7).

Letus now proceed to the discussion of the second requirement for a Gibbs random
field with Hamiltonians H,[u(z)] which allows distribute them into equivalence
classes. Let us fix some lattice vertex Z¢ which we will call the zero one. We will
consider only Gibbs fields on sets A that contain this vertex. Due to the necessity
to use a large number of vertexes | A | (even for the smallest experimentally studied
nanoparticles of a solid state substance | A | ~ 10° and more), it does not make
sense to accurately calculate the expectations of E 4 (-) on the basis of the probability
measure P 4.

On the contrary, in the practice of using of probability theory methods in the-
oretical statistical physics, it is necessary only to have confidence the fact that the
calculated thermodynamic characteristics have a quite definite asymptotic behavior
at unlimited increase of the set A occupied by the thermodynamically homogeneous
medium under study. In this case, only the main asymptotic terms of expectations
EA(-) on the probability measure P, are of interest when A is expanded to Z¢
according to a definite rule. Transition to the limit at A — Z¢ according to corre-
sponding expanding sequences of statistical characteristics of Gibbs random fields
is called the transition to thermodynamic limit in statistical mechanics.
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In this paper we study so-called the extensive systems which are traditional to
statistical mechanics when the function F, = In Z,, which is named theirs free
energy, has the asymptotic

Fa[Hal =1 AI(f(M,Hy) +o(1), ©)

that is, this thermodynamic characteristic has the certain density f (M, H,) which is
the functional on the measure M and on the Hamiltonian H 4 [u(z)].

The concept of the thermodynamic limit transition needs the serious clarification,
since there are some different ways to construct expanding sequences (A; A C Z9)
which are associated with fundamentally different physical situations, and which,
generally speaking, should not lead to the same result.

The simplest type of sequences (A; A C Z¢) used in statistical mechanics,
whose components serve as geometric models of crystals and which we will
consider further is represented by the sets A ={0, 1, ..., L}¥ where L € N is
the size of the "crystal". The number of vertexes in each of such sets is equal
|A|=(L+1)? < 0.

Let us consider the equality

Halu@l= Y  Vr(uD)) (10)

FCA:|[|>1

where each function Vr (u(F)) at fixed set I' C A of vertexes depends on corre-
sponding collection u(I') = {u(x); x € I'}. One may consider this equality as the
functional equation defining functions Vr(-). These functions, which we further call
potentials, are defined by recursively as the solution of this equation, using the induc-
tion on the number | A | and putting Vr- (u(F)) = 0 with |T'| = 1. By induction, it
is also established that the potentials V-(-) have a property similar to (7). Namely,
since

Y o Vr@T +2) =HaluGx+21, Y Vr(u@) =Hap[u@)],

rca rcA+z

then the potentials Vr(u(I")) for all sets, which are differed from each other only by
shifts with arbitrary vector z € Z¢, coincides, Vr(u(I")) = Vr.(u(T)).

We do not include terms I' = {x} with |[I"| = 1 in H,[u(x)] and refer them to the
definition of M,, x € A. At the same time, as already mentioned above, we restrict
ourselves to the case when all measures M, are isomorphic between themselves, that
is, they are instances of the same measure M.

Definition 1 The class of Gibbs random fields whose probability spaces (Pj,
A C 29y are constructed on the basis of the same measurable phase space (£2, B, M),
whose Hamiltonians are determined by the same set of potentials Vi (u(I')); |I'| €
N\ {1}) so that corresponding partition functions are finite when the sequence
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(A A c 24y of sets coincides with (A(L) = {0, 1, ..., L} ; L € N) with their suit-
able translation, we will call the limit Gibbs random field on Z¢.

Thus, the limit Gibbs random field is determined by the sequence of Hamiltonians
(Hawy[-1; A(L) C 24y which is constructed on the basis of potentials by decompo-
sition (10) where the sets A(L) are defined by L € V.

Note that, accepting this definition, we adhere to a more traditional view about the
thermodynamic limit for statistical characteristics of Gibbs random fields within the
framework of statistical mechanics, in contrast to the approach known in statistical
mathematical physics. It consists of determination of the Gibbs random field on the
entire lattice Z¢ by means of a set of conditional probabilities allowed by the fixed
set of relative Hamiltonians (see, [7]).

3 The Hamiltonians Space H, of Limit Gibbs Fields

Note that the study of limit Gibbs random fields is sufficient to carry out fixing only
their generating family of sets {A(L) ; L € N’} without the account of translations,
on which the further presentation in this paper is based. Moreover, we will study
a family of Gibbs random fields with the fixed measure M. With the account of
these remarks, every limit Gibbs random field uniquely characterized by the class of
Hamiltonians H = {H()[-]; L € N} which is defined by the fixed set of potentials
{(Vr(u()); |T'| € M\ {1}}. Itis obvious that all such classes form a linear manifold
with natural linear operations.

Let us further assume, throughout the work, that there is a monotone function
v(s) > 0, s € (0, 0o) such that the integral fR,, exp (av(|u|))dM(u) < 00 defined
by the density D(u) of the measure M, converges for any a > 0. In particular, this
takes place if the support of the measure M is compact, that is, it is concentrated on
the interval [0, s.], s, < oo and its density D(u) is zero at |u| > s,. It takes place in
the case for the standard vector model (see, for example, [8]). In this case one may
consider v = 1.

We connect the study of Gibbs random fields when their measures M have non-
compact supports in order to apply our results for such objects of statistical mathemat-
ical physics as, for example, the Berlin-Katz spherical model [9, 10], the Gaussian
model and the ¢* model which play an important role in the fluctuation theory of
phase transitions (see, [11]). One may note that the above described Gibbs random
field on Z4 include, in particular, all classical lattice models at n = 1 specified in
[2]. To see this fact it is sufficient to introduce the measure M with the density
D(u) = Y, 8(u — I)e"™ on the space 2 = R.

Further, we fix the function v(-) connected with the measure M. Let the potentials
Vr(u(I")) depend continuously on the values of the field u(x), x € A. Then, there
exists the function
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G(T") = sup M < 00
u) Y v(lu))

xel

Y

for each set ' ¢ Z<. Let us additionally assume that the Hamiltonians H 4, [u(x)]
included in each fixed class H have such a property that for any vertex z € A it takes
place

N[Haw)] = Z G(T) < . (12)

Fc24: zel, |T|>1

Due to the translational invariance of potentials, the values of the functional N[-]
on classes H of Hamiltonians {H,.); L € N} does not depend on the choice of the
vertex z € Z%. Then, on the linear manifold of all such classes of Hamiltonians, it
is possible to introduce the norm N[-] that turns this manifold into the Banach space
H,. In order to simplify the presentation, we omit the proof of the completeness of
this space. It is very important that this norm allows also the following definition

WA(L) HA(L)
[Hawll = sup sup #
LeN uaw) Y v(ju)])

xe A(L)

Waw[Haw]= Y. V@)l (13)

TCA(L): T[>1
It is valid the following statement.

Theorem 2 [t takes place the equality

IHaw Il = N[Haw)] - (14)

Proof Let us consider the inequalities

[Ve@@)| < GM) Y v(u)), T CAWL).

xel

Summing themon all ' C A(L) at |I'| > 1, we obtain

Wan[Haw]= Y.  Ive@@)li< Y GO Y v(um) <

FCA(L): T|>1 FCA(L): |T|>1 xeA(L)

< > v(uwh Y GO =N[Haw] Y v(u)

xeA(L) xel' CA(L) xeA(L)
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and, therefore,

W H
IHawll = sup MsN[HA@)]. (15)
amczt Y v(lu))
xeA(L)

Let us establish the inverse inequality. Choose a value ¢ > 0. Then, there will be
such L € A and the field u(x), x € A(L) for which the following inequality

Wi [Hawy] = (IHaw Il — €) Z v(lu(x)l)

x€ A(L)

takes place. On the other hand, we have

Wi [Haw ] = Z D) Z v(ju)) < N[Haw)] Z v(lu(x)])

FCA(L): [T|>1 xel xeA(L)

and, therefore, [|[Hs )|l —¢ <N [HA(L)]. Due to the arbitrariness of the value ¢ > 0,
there is an inequality ||H || < N[H A(L)]. The validity of (14) follows from it and
from the inequality (15).

We show that if the limit random field defined by the class of Hamiltonians {H 4(1,;
L € N} whichbelongs to the space H, with a function v(-), thenitis correctly defined.
Namely, it is valid

Theorem 3 [fthe integral fR,, exp (av(|u|))d M(u) < oo converges for a monotone
function v(s) > 0, s € (0, 00) and for any a > 0 and if the class H of Hamiltonians
defined by the set of potentials {Vr(u(I")) ; |T'| € N'\ {1}} belongs to H,, then the
partition function Z 4, defined by (5), is finite and, therefore, the corresponding Gibbs
random the field is defined for all A C Z°.

Proof Let Hamiltonians H 4, be satisfied the condition (12). Then, on the basis of
definition (5) and according to (14), the following estimates are valid

Za < / exp (|Halu()1])daM, < / exp(nHA(L)[u(z)]n : quu(x)n)dMA <

o 24 xeA
=TT [ exp (1w - v(ueoD )aM i) =
xXeA 2.

= [ [ e (Hawl-vaup)ama] ™. o)

2
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We give the following

Definition 2 Lettheclass {H ) : A(L) = {0, 1, ..., L} L € N'}of Hamiltonians
determines the limit Gibbs random field with fixed measure M on the phase space £2.
The set of limit Gibbs random fields defined by the set SH = {8H)[-] : L € N}
of classes of Hamiltonians contained in H, where each set is parameterized by 8 > 0,
is called the lattice classical model of statistical mechanics corresponding to SH.

Introduction of the set of classes of Hamiltonians which is represented as a rec-
tilinear ray in the space H,, is connected with the fact that the model of equilibrium
statistical mechanics is defined by the thermodynamic interpretation of measurable
parameters of corresponding limit Gibbs field. First of all, it refers to the main ther-
modynamic parameter, that is the temperature. According to the canons of statistical
mechanics, it is proportional to 8~

4 The Extensive Asymptotics of Free Energy

Our aim is the proof the asymptotic formula (9) at A(L) — Z4 for each lattice
system of statistical mechanics.

Definition 3 The Hamiltonian (10) has the finite range of action if there exists such
a finite set A C 29, 0 € A of vertexes for which Vr(u(I")) # 0 only in the case
when there is such a vertex z € I" that ' — z C A.

If the Hamiltonian H, () has a finite range of action, the pointed out set A is
named its support. It is obvious that all such Hamiltonians form the linear manifold
H© in the Banach space H,. We begin the proof of the extensiveness of the free
energy from the proof of the following statement.

Theorem 4 For the fixed measure M and any finite set A C Z9, the corresponding
manifold H® of Hamiltonians H 4 is dense in the space H,).

Proof Let us fix the value ¢ > 0. Since the sum in (12) is finite for the fixed Hamil-
tonian H 4[], one may choose the finite family ¥ of finite subsets I' C Z¢ such that
each of them contains the vertex 0 and it takes place the inequality

Z GT) <e. (17)
Ic24:0el, I'¢s

Let us introduce the set

A= Jr.

I'ex

We add the family X such thatit should contain all sets I' C A. The inequality (17) is
strengthened only at such an expansion. After that, we define Vi (u(I")) = Vr(u(I")),
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if one may find such a vertex z € 24 for which the inclusion (I" + ) € X takes place.
In opposite case, we define f/\r (u(I)) = 0. The latter means that /‘71“/ (u)) =0
every time when the set I'" C Z¢ is such that " + z ¢ A takes place for any vertex
ze 29,

Further, we define the Hamiltonian

Hiu@l= Y Vr(u). (18)

FcA:|D|>1

It belongs to the linear manifold H©. Then, using the determination of potentials
Vr(u(I")), due to the Theorem 1 the following equality

IHa—HAll=N[Ha—Hal= > GO <e

I'C Z: 0eT, T¢X

takes place that is any Hamiltonian H, may be approximate arbitrarily accurate in
the space H, by the Hamiltonian H, with finite range of action.

To solve the problem which is set at the beginning of the section, some fol-
lowing supplementary properties of density D(-) should be used. According to
the basic supposition, the measure M has the density D(-) which is a general-
ized function relative to the space of continuous functions. It consists of two
summands D(-) = D.(-) + D,(-) where D,(-) is measurable bounded nonnegative
function on R" and Dy(u) = ), uxd(@ — vi); i > 0, v € R". Denote D*(u) =
DY) + Y, uid(m—vy) at 0 < o < 1. We will say that such a density D(-) is
bounded by the value K if max D.(u) < K and ; < K,l € N.

In addition to the existence of positive monotone function v(s) on (0, co) such
that the density D(u) possesses the property f o exp(av(lu])) D(uw)du < oo at any
a > 0, we will suppose also the availability of some supplementary more strong
restrictions for the density when the basic result of the paper will be obtained in this
section.

Lemma 1 Let the Hamiltonians class {H ) ; L € N'} belongs to the space H,. Let
also the density D(-) of measure M defines the limit Gibbs random field together
with this class. If D(-) is bounded by the value K and there exists such a nonnegative
function v(s), the value o € (0, 1) for which the integral fQ D*(w)e’Wdu < oo is
finite and also the function v(u)D'~%(u) is bounded by the value K, > 0, then the
following inequality is valid for expectation E y ) v(Ju(x)|) < K, K= and for any
vertex x € Z9.

Proof Since the function v(u)D'~%(u) is bounded by the value K, then, for the

following integral with any nonnegative weight function W(-) on R", the estimate

/v(u)D(u)W(u)du < vaD“(u)W(u)du (19)

R" R"
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takes place. By the same way, since the density D (u) is bounded by the value K, the
inequality

/ D)W (u)du < K'™¢ / D*(u)W (u)du (20)
Rn Rn
is valid.

Now, we note that, due to the lemma conditions relative the integral with the
density D(-), the following partition function is finite (see the proof of Theorem 2),

Z ALy« :/ D% (u(]x|))du(x) exp(—Ham)[u@)DNdM o <
QX

A\«

- /eXp (”HA(L)“ ' v(|u|))D“(u)du~ [/eXp (”HA(L)” : v(IuI))dM(u)]m'_l :

2 2

since [Ha)l < W[Haw) ] < IHAw I Xrenq, v(ub.
Then, on the basis of the identity 1 = Z 4(1)/Z (1), using the inequality (20) for
the denominator, we find that

Zawya =K' Zawy (21)

By the same way, due to the condition for the integral pointed out and due to the
inequality (19), we find the estimate

/ [v(lu)) D' ((x))] D* (u(x))du(x) exp(—H ) [u@)DAM 4 (1)\x

2, A@)\x

< KvZAw) - (22)

The expression for the expectation E A(L)[ v(|u(x)|)] is written in the following
form

/ v(Iu(x)I)de/ exp(—Haw) [u(@) DM 4 Ly\x
EA(L)[V(lu(x)D] = == Rawnx

/ de/ exp(—Haw)[u@) DAM 4\«
2, 2A@)\x

We apply the estimate (22) for the nominator and the estimate (21) for the denomi-
nator. Then

Exp[v(u@))] < K,k

Further, we suppose that always the measure M satisfies conditions of Lemma 1.



280 Y. P. Virchenko

Let A" C A and u(A’) is the restriction of the field u(A) on the set A’. If the
Hamiltonian H 4 [u(z)] has the property H,[u(A)] = H,[u(A’)], then we will say
that H [u(A’)] is the natural restriction of the Hamiltonian H 4[u(z)] on the linear
manifold £2 4 of vector fields u(A’). We will denote this natural restriction by means
of Ha[u(z)].

Lemma 2 Let A C Z%. Then, for the partition functions

Z4HY = / exp (— H (@) dM.

2,

which are defined by Hamiltonians H™ m e {1, 2} of the space H,, such that the
difference H,) — H) at A’ C A is the natural restriction of the Hamiltonian H} —
H(j) on 2 4, the following inequality is valid

[In ZaHPT = In Z4H| < (Eavqad) - 147 IHY =PI 23)

Proof The Hamiltonian H(Ii) - H(j) possesses the finite norm || - ||. We introduce

the family of Hamiltonians H[u(z); ] = H(j,)[u(z)] + t(H(j,)[u(z)] - Hf) [u(z)]),
t € [0, 1] so that all belong to H,,, and also we consider the family of corresponding
partition functions

ZA(t) = /exp(— Hlu(z); t])dM, .

24

These functions are finite due to Theorem 2.
Now, we note that the following estimates are valid

dl Z A1)
— 1n
dt A

d
<2310 [ |5, Hlu: ) exp (— Hlu: i)aM, <
24

| & Hme:a ]z o / 3 v exp (~ HiuG); 11)aM,

xeA
24

= (Eavqian) - IHY = HY 1,

if we take into account the definition (13) of the norm and also that the difference
H(/:,) — H(f,) is the natural restriction on 2 4. Here, the expectation Ev(|a|) is finite.
Due to Lemma 1, it does not exceed K, K'~*. Integrating the obtained inequality
from O up to 1 and taking into account that Z,(0) = ZA[Hf)], Zs(1) = ZA[H(AD],
the inequality (23) follows.
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Lemma 3 Let the Hamiltonian H, € H® has the finite range of action and A is the
finite subset in Z¢ which is its support. Let also Ay and A, be any nonintersecting
finite subsets in 2%, Ay N\ Ay =@ and T,(Ay, Ay; A) be the set of such vertexes
z € Z9 forwhich (A +z2) N Ay # 0, (A + 2) N Ay # D are fulfilled simultaneously.

Letthe Hamiltonians H x,ua,, Ha,, Ha, are natural restrictions of the Hamiltonian
Ha on 24,04, R24,, R24,, correspondingly. Then, the difference (Ha,ua, —Ha, —
Hy,) has the natural restriction on 25, a,: a) and the following estimate

IHaua, [u(@)] = Ha, [u@)] = Ha, [u@]] < [Haua,l Z v(x]) (24

XE€XL (A1, Ay A)

is valid for it.

Proof Let us estimate the left-hand side of the inequality (24)

[Ha,ua[u(2)] = Ha, [u(2)] — Hy,[u(@)]] <

(X =X -2 )war= Y war))| s

rcajua,: rca;: rcay: rcajUay :r|>1
Ir|>1 Ir|>1 Ir=1 T NAL#AD, TNAy#0

< > > [Vr@)| <

XEAUA, TCAjUAy: xel, T—xca,
TNA#0, TN A, [T|>1

< Y GM Y D,

Fcz4:0el, |T'>1 XEX (A, A A)

Here, we take into account that V- (u(I")) # Oonly in the case when there exists sucha
vertex x € I" for which the relation I’ — x C A is valid and, therefore, we introduce
the set X (A, Ay; A) of vertexes x € Ay U A,. For each vertex in this set there
exists a subset I' with the following properties ' C Aj U Ay, x e ', T —x C A,
'nA#0,'N A, #0.

Now, we show that the inclusion X (A, Ay; A) C (A4, Ay; A) takes place.
Indeed, from two last inclusions we conclude (I' —x) N (A} —x) # ¥ and (I" —
x) N (Ay — x) # (. Then, combining these inclusions with the following ' — x C
A, we may assert that relationships AN(A; —x) # ¥ and AN(A; —x) #0
are realized. Thus, (A +x) N A; £0, (A4 x)N Ay # @ and, therefore, the last
inequality leads to the inequality (24) if we take into account the statement of The-
orem 2.

The following lemma is the consequence of Lemmas 2 and 3.

Lemma 4 Let Hamiltonian Hy € HO has the finite range of action and A is the
finite subset in Z¢ which is its support. If A\ are A, are nonintersecting finite subsets
in 29, Ay N Ay = ), then the following estimate takes place
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|10 Zawa, —In Za, =10 Zsy| < (Eav(iaD) - IHall - 1E(41, 42 A)]. (25)

Proof We define the following Hamiltonians H(/:) = Ha,ua, and H(j) = Hu, +Ha,.
Then, using this definition, we have Za,u4, = ZalHa,ua,)s Za, = ZalHA L Z 4, =
Zs[Ha,]. Due to A} N Ay = ¢, the Hamiltonians H,,, H 4, act in linear manifolds
which have the empty intersection. Consequently,

|1n ZA]UAZ —111 ZA[ —111 ZAz\ = |h’1 ZA[H(AI)] —111 ZA[HS%)]| .
Further, we apply the inequality (24) to partition functions Z A[H(X’)], m=1,2,

[1n ZAIHY] = In ZoHP1| < (Eav(aD) - 12,41, 42 A)] - IHY = HP,

where we take into account that the difference H(j) — H(j) has the natural restric-
tion on X, (A, Ay; A). Since H(j) — H(j) = Hsx,(a,. 4,: 4), then ||H5‘1) — H(j)H =
IHs, A, 4: )|l < [IHAll because of the nondecreasing of the Hamiltonian norm
when the set A is expanded. From here, it follows the inequality (25).

Corollary 1 Let Hamiltonian H, € H” has the finite rang of action and A is finite
subset in Z¢ which is its support. If A}, j = 1 + m are finite subsets in Z4 such that
A; N Ay =D at j #k, then the following estimate

[InZ, = Y InZa,| < (Ev,v(8D) - IHr, |- YO IZ.(Tj0, A A 26)
j=1 j=2
takes place where Y; = Ulj:l Ajand ,(Yj_1, Aj; A) is the set of such vertexes
z € Z4 for which the relationships (A+2)NY; %0, (A+2)NA; # 0 follow
simultaneously for each | = 2 +~ m.

Proof The proof is carried out by induction according to m € N with the use of the
inequality (25), starting out m = 2.

Letus proceed to the proof of the main result of this work. It is carried out according
to the same scheme that is proposed in [2], and it is based on the representation of a
lattice model as the sum of a large number of isomorphic disjoint identical “weakly
interacting” lattice models.

Theorem 5 IfH, € HO, then there exists the finite limit

In Z
FMH,) = lim —24

. 27
Lo | A(L)) @7

Proof On the basis of the set A(a — 1), a € N/, a > 2 and vertexes y € Z4 we
define the sets A, = A(a — 1) +ay.Let L = aN — 1. Consider the set A(aN — 1)
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which contains a? N? vertexes. We represent it in the form

A@N -1 = |J 4,
ye A(N—1)

where A, N Ay, = @ for any pair of vertexes {y;, y»} C AN —1).
Let us introduce lexicographical order of the set A(N — 1) containing N¢ ver-
texes, we demote the fact that the vertex y, follows the vertex y; by y; < y,. It

means that for each pair of such vertexes y; = (yf”, s y((,l)), = (yfz), o Yg )

y](.'") =0=-N—1;j=1=d,m e {1, 2} there exists such a number k = 1 = d for

which i =y? j=1+k—1,y" <y?.
The values of functionals In Z Ay, donotdependon j =1+ N 4 due to transla-
tional invariance. Then

Nd
In ZA(L) - Nd In ZA(,,_])’ = ’hl ZA(L) - Zln Zij
j=1

. (28)

To estimate the right-hand side of this equality we apply the inequality (26) con-
nected withsets A; = Ay, j =1+ N9, Yy2 = A(L) in the sense of the introduced
order,

Nt/ Nd
‘ln Zyy— Y In ZAVJ,‘ < (EA(L) V(|ﬁ|)) AHaw D B (Tjmr, Az A))]
j=1 =

(29)
where 1} = Ulj=1 Ay, Yy, = A(a — 1). We choose the number a € N so large that
the inclusion A(a — 1) D (A + z) is fulfilled for a vertex z.

Suppose there are two sets A, and Ay, such that there exists such a vertex x € Z d
for them when the relationship's (A+x)NAy, #@ and (A+x) N Ay, #0 are
valid. Then from the inclusion A(a — 1) D (A + z) it follows that (A(a — 1) + x —
)N Ay, #Wand(A(@ — 1) +x —z) N A, # (. Suchasituationis possible only in
the case when A, and A, are “neighboring” sets, namely, y; = ( yfj L y[(/ ) Vs Ve =

OV +ap, .y +aq), @ € {—1,0,1},i = 1 +d. For each set A, there exists
no more that 3 — 1 neighboring sets among all A yok # j,k =1+ N% Inthis case,
if the vertex x is contained in anything set A, , then there are 39 — 1 sets Ay, such
that (A +x) N A,, # . Consequently, the number of vertexes |E*(Tj_1, Ay A)’

does not exceed (3¢ — 1) max |Z.(Ay,, Ay;; A)| for any j =1+ N¢ where E; is
€E;

the set which consists of those 3¢ — 1 numbers k € {1, ..., N¢} for which Ay isa
neighbor with Ay, .

Let us estimate the number |E*(Ayk, Ay A)| for two neighboring sets Ay, and
Ay, . Itis obvious that it is maximal in the case when there is the face of A, with the
dimension d — 1 which divides them. It contains a?~! vertexes. Let xq is the fixed
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vertex in this face. Then, we find the number of vertexes x for which simultaneous
feasibility of relationships (A + x) N Ay, # @ and (A +x) N Ay, # (@ is possible.
In this case xo € A + x does not exceed |Al. Then, it is valid |Z.(Ay,, Ay;; A)| <
a?="| A|. On the basis of this estimate, we obtain the following inequality

|Z.(Yjo1, Ay D] < 34— Da" A
Using it and also (28) and (29), we conclude that the inequality

InZpan-y  InZs@-y J 5 | Al
- 3 —-D(E -IH A2 30
A@N -1 [A@-1D) = (Eawy (D) IHawll === GO)

takes place at | A(aN — 1)| = (aN)?, | A(a — 1)] = a®. Since the right-hand side
of the inequality (30) tends to zero at @ — oo, then, to complete the proof of the
theorem, we show that the sequence (| A(L)| ™' In Z 4 1); L € N) is the fundamental
one. For this, we will prove that, for each ¢ > 0, there is such a sufficiently large
number L, for which there are values a and N when for any L’ > L we may find
a’ > a, N' > N when the following inequality

IHZA(Lf) _ In ZA(a’—l)
[AL)] [A@ = 1]

takes place. It is obvious that the sequence under consideration is fundamental in

this case since
In ZA(L) _ In ZA(Lf)

AL ALY

<2, L >1L. 31)

We introduce the sets A(aN — 1) and dA(aN — 1) = A(L) \ A(aN — 1). Let
us estimate the expression in left-hand side of (31) at L’ = L, ¢’ = a on the basis of

anA(L) _ anA(a—l)
AL [Ala = D]

1
< InZ —InZ n—1InZ _ ‘
=< |A(L)|‘ A(L) A@N-1) dA(@N—1)

In Zypnv—-1) InZjan-1y  InZa@-y

. 32)
In Z 1) |[A(aN — 1)|  |A(a — 1)]

To estimate first summand, we apply (25) with A} = A(aN — 1) and A, =
dA(aN — 1), taking into account that A(L) = A(aN — 1) UdA(@aN — 1),

|In Zawy —In Zaan-1) —In Zyaan-n| <

< (Eav(D) - IHal - IZ.(A@N = 1), 9A@N — 1); A)].
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Here, X,.(A(aN — 1), 0A(aN — 1); A) is the set of such vertexes x for which the
set A + x contains the vertex in d A(aN — 1). Then, it follows that |Z*(A(aN —
1), dA(aN — 1); A)| <|dA(aN — 1)| - |A|. Consequently, the inequality

In Zyy —In Zpan-1y —In Zysun-1)| < 6 (33)

takes place at sufficiently large number N.
The estimate of second summand is given by the inequality

In Z3 p@an—-1y - [0A(aN — 1)|
AL |A(L)|

exp (IHa - v(uh )M <5, (34)

which should be valid at sufficiently large L at fixed number N.

Finally, last summand at right-hand side of (32) is estimated by choice a suffi-
ciently large value a in the inequality (30) for any N € A so that its right-hand side
may be done less that §. Thus, by selecting § < ¢/3 and, at first, choosing a suitable
value a, and then choosing a sufficiently large number N so that the inequalities (33)
and (34) are satisfied, we will ensure the satisfiability of the inequality (31).

Theorem 6 IfH, € H,, then there exists the finite limit

11'1 ZA(L)

M, H
S 4) = LA

(35)

The limit function f(M, H,) is the continuous functional in the space of H,.

Proof The inequality (23) points out that the estimate

T A| In Z4[HY!,)]1—1In ZA[Hsz)]\ < (EAv(|ﬁ|))-||H$2L) HS, I (36)

takes place for any pair of classes {H';) awy L €N, {H(jz 1); L € N} of Hamiltonians
in the space H,,.

Since the manifold H? is dense in H,, then, for a given class of Hamiltonians
Haw) = H(/;EL) € H,, L € N and for the value & > 0, choosing such a class H? =

HY,). L € N in HO for which [Ha) — HY, Il < &, we get

eEqv(li)) + — In ZA[H(O(L)] >

| | —1In Zp[Ha)l > In ZA[HA(L)] eE v(lual).

1
14| 14] |
Since, according to Theorem 5, the sequence of functions |A(L)| ™' In Z A(L) [H(/(x)() 0l
L € N converges to a fixed limit, then, going to the limit L — 00, we get an estimate
for the difference between the upper and lower limits of the sequences of functions



286 Y. P. Virchenko

lim sup In ZatHawl e I ZalHaa)] eE  v(ii]) .
L—oo | Al L—00 | Al
Taking into account the arbitrariness of the value ¢ > 0, we find that the first statement
of the theorem is true.
The limit function f(M, H,) (35) depends functionally on the set of potentials
Vru@)), I c 29,1 < |T'| < oo, that is, on the class of Hamiltonians {Haw); L €
N7}. Since such limiting at L — oo functions f (M, H(Xq()L)) exist for every pair

{HX’?L); L € N'}, m € {1, 2} of Hamiltonians classes in H,, then, going to the limit

when L — oo in (36), for of these limit functions, we obtain
FOMHT ) = M HL )| < (Eavaah) - 1HG, — HO I

From here, it follows that the limit functional f (M, H,) is continuous on the space
of Hamiltonians H, that proves the second part of the statement.

5 Conclusion

In the paper it is proved the extensiveness of the free energy F,[H ] of classical
vector lattice models in statistical mechanics, that is, the presence of asymptotic
behavior (9) at A — Z¢ for this thermodynamic function. The proved statement is
valid for any classes of translationally invariant Hamiltonians of the space H, and
for any dimension d of the immersion space of the specified type models.

Itis necessary to note that investigated models are used in statistical physics only at
d = 3 forbulk physical samples of a solid and atd = 2 in the study of thermodynamic
phenomena on the boundaries of macroscopic physical bodies (in particular, the
surface tension). Besides, in practical calculations within the framework of statistical
mechanics, as a rule, Hamiltonians of pair interaction are used thatis Vr(u(I")) # 0
only when |I'| = 2 with a summable potential.

At the same time, it should be noted that we have proved the presence of extensive
asymptotic only in the special case, which is used when applying models of statis-
tical mechanics in problems of theoretical statistical physics. Namely, the sets A
which serve as geometric models of crystals, have the form A = A(L). So, it would
be desirable to extend the constructions proposed in this paper to the case when A
sets have a more general form. It may be done if it is permissible to determine the
so-called thermodynamic Van Hove limit transition (see [2]). Such a generalization
is important as from the viewpoint of development of the general theory of the Gibbs
random fields and as from the physical viewpoint because of the development of the-
oretical physics. The latter is connected with the fact that different constructions of
thermodynamic limit transition may describe different physical reality. For example,
if it is violated the so-called Fisher condition (see [2, Sect. 2]) when the thermody-
namic limit transition is fulfilled, in particular, there are violated those conditions
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that are inherent in the definition of the Van Hove limit transition, then it seems that
one may describe fractal solid-state structures within the framework of statistical
mechanics.

In conclusion, we note that, from our opinion, the development of an alternative
approach in the theory of Gibbs random fields proposed by Dobrushin [7], despite
its undoubted general theoretical importance, will not lead to the elimination of
the concept of thermodynamic limit transition in the traditional sense in statistical
mechanics.

References

1. Minlos RA (1968) Lectures on statistical physics. Successes of mathematical sciences, vol 23,
pp 133-190
2. Ruelle D (1969) Statistical mechanics. Rigorous results. Benjamin, Inc, Ney York. W.A
3. Malyshev VA, Minlos RA (1991) Gibbs random fields. Springer Science+Business Media, B.V
4. Arovas D (2013) Lecture notes on thermodynamics and statistical mechanics. University of
California
5. Gallavotti G (1998) Statistical mechanics. Dipartimento di Fisica Universssitad di Roma, Short
treatise. Roma
6. Minlos RA (2002) Introduction in statistical mathematical physics. University lecture series,
vol 19. American Mathematical Society
7. Dobrushin RL (1968) Gibbs random fields for lattice systems with pair interaction. Funct Anal
Appl 2:31-43
8. Virchenko YP (1991) About the theory of the ground state of the Geisenberg exchange model.
In: Akhiezer Al (ed) Problems of theoretical physics. Naukova Dumka, Kiev, pp 80-96
9. Berlin T, Kac M (1952) The spherical model of ferromagnet. Phys Rev 86:821-835
10. Kac M, Thompson CJ (1971) The spherical model and the infinite spin dimensionality limit.
Phys Novergica. 5:163-168
11. Wilson K, Kogut J (1974) The renomalization group and the epsilon expansion. Phy Rep
2:75-199



Family of Smooth Solutions of )
Hyperbolic Differential-Difference i
Equation

Natalya V. Zaitseva

Abstract Three-parameter familie of solutions is constructed for hyperbolic
differential-difference equation with shift operators of the general-type acting with
respect to all spatial variables. We prove theorem showing that the solutions obtained
are classical provided that the real part of the symbol of the corresponding differential-
difference operator is positive. Classes of equations for which these conditions are
satisfied is given.

Keywords Hyperbolic equation + Differential-difference equation - Classical
solution - Shift operator - Operational scheme - Fourier transform

1 Introduction

Problems for elliptic differential-difference equations in bounded domains have been
studied quite comprehensively by now; the theory for such equations was created
and developed by Skubachevskii [1, 2]. Problems for elliptic differential-difference
equations in unbounded domains have been studied to a much lesser extent. An
extensive study of such problems is presented in Muravnik’s papers [3-5]. In partic-
ular, boundary value problems for multidimensional elliptic differential-difference
equations are considered in [3-5].

Problems for parabolic differential-difference equations were studied in
Muravnik’s monograph [6]. Vlasov and Medvedev [ 7] studied hyperbolic differential-
difference equations for the case where the shift operators act on the time variable.

As far as the present author is aware, at present, there are few papers dealing with
hyperbolic differential-difference equations containing shifts with respect to the spa-
tial variable. In [8—10], families of classical solutions are constructed for hyperbolic
equations with shifts in the space variable x; the shifts occur in the potentials.
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In the present paper, we study the existence of smooth solutions of hyperbolic
differential-difference equation in the half-space {(x, t)| x € R", t > 0}. The equa-
tion contains a sum of differential operators and shift operators with respect to each
of the spatial variables,

n n
2
uy(x,t) =a Zuxjxi(x,t) — iju(xl, cees X1, X —hj,)Cj_H, e, Xp, 1),

Jj=1 Jj=1
(L
where a, by, ..., b, and hy, ..., h, are given real numbers.

Definition 1 A function u(x, ¢) is called a classical solution of Eq. (1) if the deriva-
tives u,, and uy,,, (j = 1, ..., n) existin the classical sense (i.€., as limits of finited-
ifference ratios') at each point of the half-space {(x, )| x € R"?, t > 0} and if Eq. (1)
holds at each point of the half-space.

2 Construction of Solutions of Equation (1)

To find solutions of the equation, we use the classical operational scheme [11,
Sect.10], whereby one formally applies the Fourier transform with respect to the
n-dimensional variable x to Eq. (1),

fo = f ez,
Rn

and passes to the dual variable &.
In view of the formulas [12, Sect. 9]

F 000 f1= (—i&)" 0] Fel 1, Felf(x — x0)] = € ¢ Fy[ £1,

for the function u(&, t) := F,[u](&, t) we obtain the initial value problem

dzi{\ n ) n ] .
—Z =" a’|E + ) bjcos (h;&;) +i Y bysin(h;&) | @, R, (2)
j=1 j=1
uw(0) =0, u0) =1 3)

For convenience, in the subsequent calculations we use the notation

a(®) =Y bjcos(h;&;), BE) =Y bjsin(h;E)).

j=1 j=1
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Then Eq. (2) becomes

d*u

3 =~ (@ +a© +ipO)T e,

and the roots of the corresponding characteristic equation are determined by the
formula

kiz = +ivVa[€? + a(€) +iBE) = £ip&)e ?©,

where
1/4

p(©) = [(@¢F +a©) + 2] ", 4

1 B()
w(€) = 2arctg—az|§|2 o)

&)
Thus, the general solution of Eq. (2) has the form

e, = Cl(f)eitp(f)[cosv(f)-&-i sinp(§)] + Cz(g)e—itp(g)[cos p(&)+i sin 5;(5)]’

where C;(§) and C,(€) are arbitrary constants depending on the parameter &; to
determine these constants, we substitute the function % (€, t) into the initial conditions
(3). From the system

{ Ci(&) + Cr(¢) =0,
C1(€) — C2(&) = (i p(&)[cos p(&) +isinp©] ",

we find the values of these constants,

o 9© =i #©

L G = — .
200 9= 20

Ci(H =

As a result, the solution of problem (2), (3) is given by the formula

e~ p©)

EG)
_ e [e—tp«) Sin 9(©) i 1 pLE) cos (&) _ 1 p(€)sin p(E) y—i 1 p(E) cow(é)} _
2i p(§)
_ 1 [;tp(f) Sin () i (1 PLE) cOs PE—p(E)) _ it p(E)sin () =i (1 p(E) cos w(é)ﬂo(ﬁ))} _
2i p(§)

) [ei 1 p(©)lcos p(§)+isinp(§)] _ ,—i 1 p(§)lcos p(§)+i sin \p(f)]:|

1

- [eft G1(9) 4i (1 Go(O)=4(©) _ 41 G1(6) =it Gz(£)+w(£))} (6)
2i p(&) '
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where we use the notation

G1(§) = p©) sinp(§),  G2(§) := p(&) cos (). (7

Now we formally apply the inverse Fourier transform F{l to relation (6) and
obtain

WGt = — / ! [e—tGl(f)ei(sz(E)—¢(£)) _efGl(E)e—i(sz(f)ﬂc(&))]e—indg:
@m" n 2i p(©)

! / ! I:eflGl(f)ei(sz(E)*v(é)*xf)_elGl(ﬁ)e*f(lGz(E)+'¢(E)+X'E)]dé
20 ) 0

Since the functions a/(§), p(£), and G,(€) are even and the functions 3(§), (&),
and G(§) are odd in each of the variables £;, we transform the last expression as
follows:

| / L[e—tG]<§>ei(zcz(f)—w<£>—xf>,e'Gl@e"'(’G“W(O“'O]dg:
2i2mt ] p©)

o1 G1(O) it G2(O=p(O)—x-€) _ ;1 G1(§) ,~ilt Gz(ﬁ)+¢(5)+x-£)] de+
T2 (27T)” p(E)

f ft61<£> it G2(©)=p(E)=x-6) _ ;1 G1(§) =it G2(E)Fp(E)+x- E)]df _
p(f)

- ! / ! [’GI(O i GoO+pE)+x-6) _ =1 G1(6) =it Go (&) —p(©)— x&)]df_,_
2i2m" | ] p©
RY

/ L[e—fG1(§)ei(sz(§)—¢(§)—x-§)7etG](f)e—i(tGz(f)+¢(5)+x-5)]df -
P&
R
o
T 2iQ2m)n

/ ,)(1@ [2; e 91O 5in (1 G2 () + (&) +x - O+
R"

20 O 5in (1 Go(©) = () — v &) | dé =

= (2,1),1 f p(lg)[’G'(f) Sin (1 G2(8) + (&) +x - O+ ¢ T O5in (1 Go(©) — () — x - ©)] .
R"

+

We use the resulting representation to prove the following assertion.
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3 Existence of Smooth Solutions of the Equation (1)

Theorem 1 Under condition
a’l§]* + Y bjcos (h;&)) > 0, (8)
j=1
for all ¢ € R", the functions
F(x,1;8) := €' 9 ©sin (1 G2(&) + 9§ + x - ), ©)
H(x,1: ) := e T sin (1 G2(§) — (&) — x - §), (10)

where (&) is determined by formula (5) and G(§) and G,(§) are determined by
relations (7), satisfy Eq. (1) in the classical sense.

Proof First, let us substitute the function (9) directly into Eq. (1). To this end, we
find the derivatives

Fy(x,1;6) = ;e 91 cos (1 Go(€) + p(€) + x - §),
Fop,(x,t:6) = =€ OO sin (1 G2(§) + (&) +x - ©),
Fi(x, 1;€) = G1(§)e' D' Osin (1 Go(&) + p(©) +x- ) +
+G2(&)e' T cos (1 G2 () + (§) + x - ),
Fu(x,1:6) = [G1(©) = G3(©)] &' T sin (1 G2(§) + 9(€) +x- &) +
+2G1(£)G2(&)e' ©1© cos (t G (€) + (&) + x - &).

Now let us evaluate the expressions 2G ()G (&) and G%(f) — G%(ﬁ). Since
G1(&€) and G, (&) are defined in (7), we conclude that

2G1(€)G2(€) = p* (&) sin2¢(8).

It follows from formula (5) that [2¢(€)| < 7/2 and hence cos 2¢p(¢) > 0. Then
we have
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V1+1tg?20(8)

BE) BE) -2
=t (e e ) 1 (e s )| =

__ e |, PO e
PP+ | (@LP + al6)

__ B©® (@ +a©) 1"
@I+ ) [ (@[ + a(©)” + B2(E)

_ BE  1a*IEP +a@)l
a?l§1* + a(§) P

By virtue of condition (8), from the last relation we obtain

BE)  aEP+a@©  BE)

sm2<,0(§) = a2|£|2 +Oé(£) p2(£) o p2(§)7

and hence

2G1(9)G2(§) = B(O). (1)

With the inequality cos 2 (&) > 0 established above and under condition (8), now
we find

G1(©) — G3(6) = p*(©) [sin® p(&) — cos® p(&)] =
(3]

— —pP(E) cos 2p(§) = ———Pm = (12)
g 7 ST 250
2002 2 12
__20 (a®1€ + a2<§>> _ 2 — al).
(@€ + a(©)” + B2()

In view of the expressions (11) and (12), the function F;, becomes

Fu(x,1;6) = [—(@ € + a(©)) sin (1 G2 (§) + (&) +x - )+
+0() cos (t G2 () + (&) +x - )] ' T,

Now let us substitute the derivatives I?,t and fx,»x,» into Eq. (1),
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Fu(x,1;§) =@ ) Fo (x, 1;6) =

j=1
= [~ (@€ + () sin (t G2(€) + p(©) +x - &) +
+Bcos (1 Gr(&) + (&) +x - &) +

+a2 2512 sin (t Gz(é’) + @(6) +x- 6)]etG|(§) —
j=1

= —[a(§)sin (1 G2(§) + (&) +x - &) —

—B(€) cos (t G2(€) + p(€) +x - )] IO =

= — |:ij cos (h;&;)sin (t G2(§) + @(&) +x - &) —

Jj=1

- ij sin (h;€;) cos (t G2(&) + (&) +x - g):| et G166 —

J=1

= —ij sin (t G (&) + (&) +x-§—hj§j)etG‘(5) —

j=1

== ij sin (t GZ(&) + @(5) +X1£1 + - +xn§n - hjfj)etG](g) =
Jj=1

== bysin(t G2() + 9(€) + x1&1 + -+ x4+
j=1

(= hp)E + X+ Xl O =

== bjsin(t G2(&) + (&) +
j=1
+(x1, Xjo1, X =Ry, Xjn, s x) - e 1 =

Next, let us substitute the function (10) into Eq. (1). To this end, we find the
derivatives

Hy,(x, 15 6) = —=€;e7" 99 cos (1 Ga(€) — (&) — x - €),
Hy o (x, 15 6) = =&e7 9@ sin (1 G2 () — (&) — x - €),

H (x,t; &) = —G1()e " O ©sin (1 G2 (&) — p(&) — x - &) +
+G2(£)e™ 1 cos (1 Go(&) — (&) —x - 6),
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Hy(x,1:8) = [G1(&) — G3(©)] e @ sin (1 Go(§) — p(§) —x - &) —
—2G1(6)G2(£)e™ 1@ cos (t G2 (€) — p(€) —x - &) =

= [—@€P + a(©) sin (t G2(§) — (&) — x - §)—

—B(€) cos (t G2(€) — p(€) —x - &)]e 1T,

Now let us substitute the derivatives H;, and H,,,, into Eq. (1),

Hy(x,1;6) —a> ) Hy (x,156) =

j=1
= [~ (@€ + () sin (t G2(€) — p(&) —x - &) —
—B(€) cos (t Go(€) — p(€) —x - &) +

+a? Zgjz sin (1 G2(€) — (&) —x - §)]e ' 1O =

j=1
= —[a(§) sin (t G2(§) — p(&) —x - &) +
+B(€) cos (t G2(€) — p(&) —x - O)]e 91O =

j=1

=- {Z bjcos (h;&;)sin (t Go(§) — p(§) — x - )+

+ ij sin (h;€;) cos (t G2 (&) — (&) — x - 5):| e 161 —

Jj=1

= - ij sin(t G2(§) —p(§) —x - &+ hjfj)eftGl(f) —

j=l1

== b;sin(tG2(&) = p(©) —m& = = xby + hj€e” MO =
j=1

== bjsin(t Gy(&) = p(&) — xi& — - — xj 1€ —

j=1
—(xj —h)& —xjnbin — - —x e IO =
== bjsin(t G2(§) — (&) —

j=1

+(xy, ..., Xjo1,Xj = hj X,y xn) - eI =
—_ijH(xl ..... )Cj_l,x]'—hj,x]'+1 ..... Xp, I E)
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A straightforward substitution into Eq. (1) shows that the function H (x, t; §)
satisfies this equation in the classical sense.

Note that the functions (4) and (5) are well defined for any £ € R” under condition
(8), because the radicand in formula (4) is always positive, and the denominator in
the argument of the arctangent in (5) does not vanish. This means that the functions
(9) and (10) are smooth solutions of the Eq. (1).

The proof of the theorem is complete.

Corollary 1 Under condition (8), the family of functions

G(x,t; A, B,&) := Ae' T Osin (t G2(&) + (&) +x - &) +
+Be "I sin (t Go (&) — (&) —x - &), (13)

where p(€) is given by (5) and G (€) and G, () are given by (7), satisfies Eq. (1) in
the classical sense for any real values of the parameters A, B, and &.

We represent the condition (8) in the form
(@& + by cos (hi€) + ... + (a®& + by cos (h,&,)) > 0.

Each of the n terms on the left side of this inequality will be positive if the
conditions

O<bjh?§2a2, j=1,n.

For £ = 6> the condition (8) will be satisfied if the coefficients at the nonlocal
potentials satisfy the inequality
> b >o0.
j=1

Condition (8), holds for any shifts &y, ..., h, and any values &1, ..., &, if the
coefficients and the shifts of the equation satisfy the conditions

> b;>0, 0<bihi <2 j=Tn
j=1

These conditions are sufficient conditions that ensure the existence of a family of
smooth solutions (13) to Eq. (1).
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