Chapter 8 ®
Existence, Regularity, and Stability in the e
o-Norm for Some Neutral Partial

Functional Differential Equations in

Fading Memory Spaces

Khalil Ezzinbi, Bila Adolphe Kyelem, and Stanislas Ouaro

Abstract The aim of this chapter is to study the regularity and the stability in the «-
norm for neutral partial functional differential equations in fading memory spaces.
We assume that a linear part is densely defined and generates an analytic semigroup.
The delayed part is assumed to be Lipschitzian. For illustration, we provide an
example for some reaction—diffusion equation involving infinite delay.
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8.1 Introduction

Let (X, [.]) be a Banach space, (£(X),|.|s) be the space of bounded linear
operators on X, and o be a constant such that 0 < o < 1. The aim of this chapter
is to study the stability results of the following class of neutral partial functional
differential equations in the o-norm in fading memory spaces
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diﬂ(u,) =—-ADw,) + f(uy) for >0,
! 8.1)

ug=¢ € By,

where f : B8, — X is a continuous function and A : D(A) € X — X is a linear
operator such that (—A) generates an analytic semigroup (7' (¢)),>( on the Banach
space X. D(A) is the domain of the operator A. We also denote R(A) the range of
the operator A. For 0 < o < 1, A* denotes the fractional power of A, and the space
Xy will be defined later. The initial function ¢ belongs to a Banach space B, of
functions mapping (—oo, 0] into X, and satisfying some axioms to be introduced
later. O is a bounded linear operator defined on B, with values in X as follows:

D(@) = ¢(0) — Do(¢) forg € By, (8.2)

where Dy is also a bounded linear operator defined on B, with values in X.
We denote by u, for t € RT the historic function defined on (—o0, 0] by

u(0) = u(t +6) forall 6 <0,

where u is a function from R into X,,.

The existence results of neutral partial functional differential equations with
delay are an important subject studied by many authors (see [1, 3, 5, 6, 8, 11, 20]
and the references therein). One of the qualitative behaviours of solutions of neutral
partial functional differential equations with delay developed in many works is the
stability (see [2, 4, 7,9, 10, 15, 21, 22] and the references therein).

One of the most important qualitative results of the functional partial differential
equations is the stability, extensively studied by many authors. A mechanical or an
electrical device can be constructed to a level of perfect accuracy that is restricted
by technical, economic, or environmental constraints. What happens to the expected
result if the construction is a little off specifications? Does output remain near design
values? How sensitive is the design to variations in fabrication parameters? Stability
theory gives some answers to these and similar questions.

Adimy and Ezzinbi in [4] established the stability results in the a-norm for the
problem of neutral type of the form

%D(Mr) = —AD(us) + f(u) for >0,

I/to:(ﬁGCIx,

where f : R x C, — X is a continuous function and A : D(A) C X — X isa
linear operator;
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u; for t € R is the historic function defined on [—r, 0] with » > 0 by u;(0) =
u(t 4+ 0) for 6 € [—r, 0], where u is a continuous function from R into X; Cy =
C([—r, 0]; D(A%)) is the space of continuous functions from [—r, 0] into D(A%)
provided with the uniform norm topology, O is a bounded linear operator from
C = C([—r,0]; X) into X defined by

D(@) = ¢(0) — Do(¢) forg € C,

where the operator Dy is given by

0
Do(#) :/ dn(@)¢ () forg e C,

—r

and n : [—r, 0] > Z(X) is of bounded variation and non-atomic at zero, that is,
there exists a continuous nondecreasing function § : [0, r] — [0, +00) such that
8(0) =0 and

0
‘/ dn(@)p )| < 8(s) |¢lc forp € C and s € [0, r].

In our work, we study the stability results of Eq.(8.1) following the results
obtained in [2, 4, 7, 9, 10, 21].

To get some stability results in the uniform fading memory spaces, we make use
of the spectral theory of linear operators, the fractional power operators, and the
linear semigroup theory (see [13, 19]).

The organization of this chapter is as follows: In Sect. 8.2, we introduce some
preliminary results on analytic semigroups, fractional powers of operator, and
axiomatic phase space adapted to the fractional norm space for infinite delay. In
Sect. 8.3, the existence and uniqueness of strict solutions is established. In Sect. 8.4,
we are concerned with the smoothness results of the solutions. In Sect. 8.5, we
investigate the stability near an equilibrium by using the linearized principle. In the
last section, an example is provided to illustrate the applications of the main results
of this chapter.

8.2 Analytic Semigroup, Fractional Power of Its Generator,
and Partial Functional Differential Equations

Throughout this chapter, we assume the following:

(H;) (—A) is the infinitesimal generator of an analytic semigroup of linear
operators {7 (¢)},>¢ on a Banach space X. Without loss of generality, we suppose
that 0 € p(A); otherwise, instead of A, we take A — §1, where § is chosen such
that 0 € p(A — 81) and where p(A) is the resolvent set of A.
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It is well-known that | T (t)x| < Me“!|x| forallt > 0, x € X, where M > 1 and
w e R.
For all 0 < o < 1, we define (see [19]) the operator A~ by

—o 1 oo a—1
A % = m t“7 T (t)xdt for all x € X,
) Jo

where I'(«) denotes the well-known gamma function at the point «. The operator
A% is bijective, and the operator A* is defined by

AO( — (Afoz)fl'

We denote by D(A%) the domain of the operator A*. Then, D(A%) endowed with
the norm |x|, = |A%x]| for all x € D(A%) is a Banach space [19]. We denote it by
X«. Moreover, we recall the following known results.

Theorem 8.2.1 ([19], p.69-75) Let 0 < o < 1, and assume that (Hy) holds.
Then:

(a) T(t): X - D(A%) foreacht > 0and a > 0.

(b) Forall x € D(A%), T(t)A%x = A“T (¢t)x.

(¢c) For each t > 0, the linear operator A*T(t) is bounded and |A“T (t)x| <
Myt~ %e® |x|, where My, is a positive real constant.

(d) For0 <o < landx € D(A%), [T(t)x — x| < Nqt*|A%x|, fort > 0, where
Ny is a positive real constant.

(e) ForO0<a < B <1, Xg = X,

From now on, we use an axiomatic definition of the phase space B that was first
introduced by Hale and Kato in [16]. We assume that B is the normed space of
functions mapping (—oo, 0] into X and satisfying the following axioms:

(A) There exist a positive constant N, a locally bounded continuous function
M(.) on [0, +00), and a continuous function K (.) on [0, +00), such that if
u : (=00, a] — X is continuous on [&, a] with ug € B for some & < a where
0 < a, then for all t € [£, a]:

(l) Ur € B.
(ii) t — u, is continuous on [£, a].
(iti) Nlu@®)| < lurlg = K(t — S)ESUP lu(s)| + M@ — &)lug|s.
<s<t

(B) Bis a Banach space.

Lemma 8.2.1 ([7]) Let Cop be the space of continuous functions mapping (—oo, 0]
into X with compact supports and Cg, be the subspace of functions in Coy with
supports included in [—a, 0] endowed with the uniform norm topology. Then
Coo = 8. O
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Let
By ={peB: ¢(0) € D(A%) for <0 and A%¢ € B}.
and provide B, with the following norm:
|9z, = |A%¢|g for ¢ € By.

We also assume that

Hp;) A™%¢ € Bforall ¢ € B, where the function A~%¢ is defined by
(A7%¢)(0) = A7%(¢(9)) for 6 <0

and
(H3) K(@O)|Dol < 1.

Lemma 8.2.2 ([7]) Assume that (H1) and (Hy) hold. Then, By is a Banach space
and satisfies the axiom (A). O

For regularity results in the Banach space X, consider the following problem:

diD(ut) — —AD@u,) + f(t) for >0,
f (8.3)
uy = .

Definition 8.2.1 Let¢ € 8. A function u : (—o0, a] — X is called a mild solution
of Eq. (8.3) associated to ¢ if

t
D(uy) =T (@)D (ug) +/ T —s)f(s)ds fort € [0, a]
0

uy = ¢@.

Definition 8.2.2 Let ¢ € B. A function u : (—o0, a] — X is called a strict solution
of Eq. (8.3) associated to ¢ if

t —> D(u;) is continuously differentiable on [0, a]
D(us) € D(A) for >0
u(t) satisfies the system (8.3) for 7> 0.

We have the following important result.
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Theorem 8.2.2 Let ug = ¢, D(¢p) € D(A), and f € C([0, al; X). The existence
of a mild solution u of (8.3) on [0, a] implies the existence of a strict solution of
(8.3) on [0, a]. ]

Proof Let u be a mild solution of (8.3). Then,
t
D(uy) = T(1)D(uo) —I—/ T —s)f(s)ds fort € [0, al. (8.4)
0

Show that ¢ — D(u;) is continuously differentiable. We need to only examine the
second term of the right-hand side of (8.4), which will be denoted by v(z). It is well-
known that T(t — s5) = —%(T(t — sN(=A)"! since (—A) generates the analytic
semigroup (7'(¢));>0. Hence,

Ly
v(t) = — f 5 (T = N(—=A) "' f(s)ds
0o 0§

t
= [~Te - o] + fo T(t = $)(=A)" f'(5)ds

t

= (AT FOFTOA)TF0) + /O T(t — s)(—=A) " f'(s)ds.

h—0 h

t
f(s)ds] = (=A@ + / T(t — s) f'(s)ds, it is easy to see that
0

t _ _ _ t+h
Since lim [/ T@+h—9)—-TC=s) (—A)*lf/(s)dsjt%/ T(t—s5)(—A)")
0 t

t

%v(l) = T(z)f(0)+/O T(t —s) f'(s)ds. (8.5)

Using Eq. (8.5) and the fact that f € ([0, al; X) and the semigroup (7' (1)):>0
is analytic, then ¢ +— %v(t) is continuous. Consequently, t +— D(u;) is
continuously differentiable on ¢ € [0, a].

Now, let us show that D(u;) € D(A). Since T (t)D(¢) € D(A), it remains to
prove that v(¢) € D(A). We use the relation (8.5) in order to obtain

t
iv(t) =T@®) f(0) +/ Tt —s)f'(s)ds
dt 0

= —Av(t) + ().

Thus, Av(t) = —%v(l) + f(¢) exists and v(t) € D(A).
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To finish, let us prove that u verifies (8.3). Using (8.4), one can write
d , "9
GO = T'0D@) + [ ST = snf6ds + )
t o 0s
t
= —AT(t)D(¢) — A/ T —s)f(s)ds+ f(t)
0

t
=-A [T(I)D(qﬁ) +/ Tt — S)f(S)dS} + f()
0

= —AD(u) + f ().

8.3 Existence and Uniqueness of Strict Solutions

Now, we give the notions of solutions that will be studied in our work.

Definition 8.3.1 Let ¢ € B,. A function u : (—o0, +00) — X, is called a mild
solution of Eq. (8.1) associated to ¢ if:

t

(i) D) = TOD@) + / Tt — $) fuy)ds for t = 0.
0
(i) uo = ¢.
O

Definition 8.3.2 Let ¢ € B,. A function u : (—o0, +00) — X, is called a strict
solution of Eq. (8.1) associated to ¢ if:

(i) t —> D(u;) is continuously differentiable on [0, +00).
(i) D(uy) € D(A) fort > 0.
(iif) u(t) satisfies the system (8.1) for ¢ > 0.
O

Often in this chapter, u; (., ¢) and u;(¢) denote the mild solution associated to
the initial data ¢, and we simply denote it by u, if there is no confusion.
We assume that there exists k > 0 such that

Ha) (@) — f(@2)| < klp1 — ¢2lg, forall g1, ¢ € B,.
Theorem 8.3.1 ([14]) Assume that (H;), (H2), (H3), and (Hy) hold. Then, for each
¢ € By, there exists a unique mild solution of Eq. (8.1) that is defined for t > 0.

Lemma 8.3.1 Assume that (Hy), (Hy), and (H3) hold. Let ¢ € B, and h €
CR™; X,) such that D(¢) = h(0). Then, there exists a unique continuous function
x on RT that solves the following problem:
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D(x) =h(t) for 1 =0,

(8.6)
x(t) = ¢(t) fort € (—o0,0].
Moreover, there exist two functions a and b in Lfgoc (RT; RY) such that
lx:|g, < a(®)|¢ls, +b(t) sup |h(s)le for t=0. 3.7

0<s<t
Proof We define for p > 0 the space
W ={x € C([0, pl; Xo) : x(0) = ¢(0)}

endowed with the uniform norm topology. For x € W, we define its extension X on
R~ by

x(t) for t € ][0, p]
x(t) =
¢(t) for t € (—o0,0].

Using axiom (A), one can see that t — X; is continuous from [0, p] to B,. Let
us define the function % on W by

(Kx)(t) = Do(x;) + h(t) for t > 0.

One must show that % has a unique fixed point on W. Since & € C(R™; X,), then
h € C([0, pl; X). Moreover, h(0) = D(¢) = ¢(0) — Do(¢). It follows that

KW) Cw.

We can also write for x, y € W with their respective extensions X and y associated

to ¢

[(K(x) = KDl = |DollXr — yils,
< [DolK (r) sup [x(s) = y(s)|a

0<s<t

< |DolK(D)]x — ylw.

Choosing p > 0 small enough, one obtains that % is a strict contraction.
Consequently, (8.6) has a unique solution x on (—oo, p].
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It follows for s € [0, p] that

IXsl8, = K(s) sup [x(T)|a + M(s)|}l3,

0<t<s

= K& (190l sup |els, + sup [h(Dla) + M($)ldls,

0<t<s 0<t<s

< Kp|Do| sup |x¢lg, + Kp sup |h(T)|e + MplPls,,

0<t<s 0<t<s
where K, = sup K(s)and M, = sup M(s).

s€l0, p] s€[0, p]
Therefore,

sup [xils, < sup {KpIDol sup lxcls, + K, sup [A(Dla + Myld1s, |

0<s<t 0<s<t 0<t<s 0<t<s

< Kp|Do| sup |xs|g, + Kp sup |h(s)|a+Mp|¢|Ba-

O<s<t 0<s<t

Thus, for p > 0 small enough and using (H3), one can write for ¢ € [0, p],

sup |xglg, < ——F—— sup |h(s)|o + ST — (AP
S1Dy = o o *
0<s<t 1 - Kp|2)0| 0<s<t 1 - Kp|DO|

As a consequence, we have the existence of a, b € L;’:)’C [0, p]; R™) such that

Ixtlg, <a®)|olg, +b() sup |h(s)le, for 1€(0, p].

0<s<t
Now, to extend the solution x on [p, 2p], we consider the space
Wi = {u € C(lp, 2p); Xo) 1 u(p) = x(p)}
endowed with the uniform norm topology and the following problem:

u(t) for te|[p,2p],
u(t) =
x(t) for t € (—oo, pl.

We define the function K on W; by
(K1) (t) = Do(ity) + h(t), for t €[p,2p].
Using the same arguments as above, we show that %K is a strict contraction on Wj.

That leads to the existence of a unique solution u of (8.6) on (—oo, 2p], and u is the
extension of x on (—oo, 2p].
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Also, we have to extend a, b on [p, 2p]. Therefore, let s € [p, 2p]. Then, one
can write

xslg, < K(s—p) sup [x(T)lq + M(s — p)|xp

B,
P<T=s «

<K, sup [x(D)l,+ M |xp|B
P<T<s «

<K, sup {IDo|lx:lg, + [h(D)|g} + M) |xp

P=T=s

By *
Therefore, for each t € [p, 2p] such that s < ¢, we have

sup |xs|g, < sup {Kp sup {[Dol lx:lg, + 1R(D)lo} + M, |xp\8a}

p<s<t p<s<t p<T<s

< K, Dol sup |xclg, +Kp sup [h(D)ly + M) |x,

p<s<t p<s<t Ba
Thus, for ¢ € [p, 2p],
|x; | <K sup |h(s)] +L|x !
Ba = 1—Kp|Dol p<s=t * 1 =K |Dol PiBa
Since p € [0, p], one can write
Ixplg, < a(p)ldls, +b(p) sup [h(s)lq.
O0<s<p
Consequently,
ilg, < —p sup |h(s)ly + M |x
Ba = T2K, Dol poser % T T— K, [Do| P84
K Mpa(p)
< ——F— sup W@y + —2——— 19lg,
1 — Ky Dol p<s<t 1 — K, Dol
M,b(p)
—2——— sup |h(s)l,
1 - Kp |~Z)0| 0<s<p
Mpa(p) K Mpb(p)
= 219l + max [~ 2R sup o)
1—K, Dol 1—K, Dol 1= Kp1Dol) o=,
K M,b
Fmax P (P) | sup 1h)la
1— K, 1Dol" 1= Kp|1Dol ) pzs=:
Mpa(p) K Myb(p)
< B gy, + 2max |- EE Y sup ()l
— K, | Dol 1—K,1D0l" 1 — K, Dol o=
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Thus, for all ¢ € [p, 2p],

Ixtlg, = a1(t)19lg, +b1(1) sup |h(s)lq,

0<s<t

where a; can be seen as the extension of a on [0, 2p] and b; the extension of » on
[0, 2p]. Tt is exactly to say there exist a, b € L ([0, 2p]; R*) such that

loc

|xtlg, < a@®)|¢lg, +b(t) sup |h(s)le, for 1€[0,2p].

O<s<t

Inductively, one can show the existence of an extension u of x on [np, (n + 1)p]
and the extension a,, of a, b,, of b on [np, (n + 1)p]. Finally, the solution x is

unique and continuous defined on R. Also, the functions a € L2 (R*; R™) and

b e LS (RT; RT) are well-defined. o
We have the following result.

Theorem 8.3.2 ([14]) Assume that (Hy), (Hy), (H3), and (Hy) hold. Let u and v
be two mild solutions of Eq. (8.1) on R, respectively, associated to the initial data ¢
and . Then, for any a > 0, there exists [(a) > 0 such that

lui (@) —vi(W)lg, <l(a)lp —Vls, fort €0, al. (8.8)
For the regularity of the mild solution, we suppose that 8 satisfies the following
axiom:

(B1) If (¢n)n>0 is a Cauchy sequence in B and converges compactly to ¢ in
(=00, 0], then ¢ € Band |p, — ¢|g = 0asn — +oo.

Now, we can claim the existence and uniqueness of strict solution for Eq. (8.1).

Theorem 8.3.3 Assume that (H;), (Hy), (H3), and (Hy) hold. Furthermore,
assume that B satisfies axiom: (B1) f : By, — X is continuously differentiable
with f' locally Lipschitz continuous. Let ¢ € By be such that

¢’ € By, D(P) € D(A) and D) = —AD(p) + f(9).

Then, the mild solution u of the problem (8.1) is a strict solution of the problem
(8.1). |

Proof Let p > 0 and u be the mild solution of the problem (8.1) associated to ¢.
We consider the following problem:

t
D(w;) = T)D(@) +/ Tt —s)f (ug)wgds, for t € [0, p]
0 (8.9)

wo = ¢’
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and z € C((—o0, pl; X) defined by

!
¢ (0) +/ w(s)ds, for t € [0, p]
0

(1) = (8.10)

¢() for t <O0.

Then (8.9) has a unique mild and continuous solution w on (—oo, p]. Also, one
can recall the following lemma that plays an important role in the proof of this
current theorem.

Lemma 8.3.2 ([7]) The function z defined above verifies

t
=¢ +/ wsds,  for t €0, pl. (8.11)
0
Note that our objective is to show that u = z on [0, p]. Using (8.9), we get

t t t K
/ D(ws)ds = / T(t—s)Z)(q&/)ds—i—/ / T(s—1)f (ur)wedrds.  (8.12)
0 0 0 JO

For ¢t € [0, p], we have
d t t
7 Tt —s)f(zs)ds =T()f($) +/ T(t —s)f'(z5)wsds. (8.13)
0 0

Consequently,

t t t N
/ T(s)f(p)ds = / Tt —s)f(z5)ds — / f T(s — ) f'(zr)w,dds.
0 0 0 Jo

(8.14)
Using Eq. (8.11), it follows that

t
D) = D) + /0 T —5)( ~ AD@) + (@) )ds
t N
~|—/ / T(s—1)f (ur)wedrds
0 JO

t t N
=T®)D($) +/ T(s) f(¢)ds +/ / T(s — o) f'(ur)wedrds.
0 0 JO

Using Eq. (8.14), we have
t
D) = TOD@) + fo T( —5)f(z)ds

t s
+/ / T(s — z)(f’(u,) _ f’(z,))w,dzds. (8.15)
0 JO
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Therefore,

t
Dy —z) = [ =) (Fw) - 1z0)ds
0

t K
_ / / TG =) (f'ue) — f' (o) wedds. (8.16)
0 JO

By Fubini’s theorem, we get that

t
D~z = [ 1= 9)(fwo) - £@)ds
0

_/Ot (/OI_ST(r)dr><f/(us) — £z )wyds. (8.17)

Then, we put for ¢ € [0, p],

t
ho) = [ 10 =9 (Fwo - r@)ds
0

_/Or (/Ot_sT(r)dr)(f’(us)—f’(zs))wsds,

to obtain for some positive constants k and C1,
ol = | [ 76 =9(sw0) = 1c)as
t t—s
- T d ! s) — ! s sd
fo(fo @d7) (W) = ') )wsds| |
t
<
0
t t—s
!
w(t s)
< kM, / (t— BY lus — zs1,ds

—S
+C 1My / f —dt>|uY Zslg, ds.

One can write forw > 0

t—s ewf t—s 1
/ —dt < e“’(t_s)/ —dt
o ¢ o T¢

<ew(t—s)|: 1 1 ]t—s
- 1—at*llo

(r = £ i) ds

5) — f/(Zs))ws

dtds
o
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198
< =) t—s 1
- 1l—a (@ —s)
< ea)(tfs) p 1 )
- l—a@—s)>
Therefore,

e (t—s)

@(t=s) ClpMa

t
e
Rl = kMoz/O mhﬁ — Zslg,ds + T—a Jo (=90 lus — zsl8,ds.

Moreover, since for all 8 € (—oo, 0], u(6) = z(6), then one has for all s € [0, ¢],

lug — zs|g, < max |u(t) —z(7)| .
0<t<t o
Thus,
CipM P oo
ke = (ke + L2 ([T ) max [uco) - 200
l—«o 0o T% 0<t<p o

Using Lemma 8.3.1, one obtains

CipM, P oot
lu; — z¢lB, < (kMa + =2 a)(/ £ dr) max ‘u(r) —Z(T)‘ )
l—« 0 T% 0<t<p o

One can choose p > 0 small enough such that

CiLpMyy [ [P
(kMa+ 1P a)(/ e—dr><1.
l—« 0 T

It follows that u = z in (—o00, p] and that leads to u# continuously differentiable
on [0, p] with respect to the a-norm. In order to extend the solution to [p, 2p], we

consider the following problems:

t
D(w;) = T(t — p)D(uly) +/ T(t —s)f'(us)wsds for 1 € [p,2p]
P

w, = u;j,
and 7 € C((—o0, 2p]; X4) defined by
t
up(O)—i-/ w(s)ds for t € [p,2p]
p

Z2(t) =

z(t) for t < p.
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Using the same technique, one obtains that u = Z on (—o0, 2p]. Proceeding
inductively, solution u is uniquely extended to [np, (n + 1) p] for all n € N* with
respect to the a-norm. Since X, <> X, one obtains that u € C! ([0, +00); X).
Finally, using Theorem 8.2.2 , u is the strict solution defined on R. m]

8.4 Smoothness Results of the Operator Solution

Let K : D(K) € Y — Y be aclosed linear operator with dense domain D(K) in a
Banach space Y. We denote by o (K) the spectrum of K.

Definition 8.4.1 The essential spectrum o, (K) of K is the set of all > € C such
that at least one of the following relations holds:

(i) The range Im(AI — K) is not closed.
(ii) The generalized eigenspace M, (K) = U ker(AI — K)" of A is infinite-
n>0
dimensional.
(iii) A is a limit of o (K), thatis, A € o (K) — {A}.

The essential radius denoted by 7. (K) is given by
Fess(K) = sup{|A] 1 & € 05 (K)}.
Definition 8.4.2 The spectral bound s(A) of the linear operator A is defined as
s(A) =sup{Rer: A e€a(A)}.

Definition 8.4.3 The type of the linear operator (7'(¢));>¢ is defined by

wo(T) = inf{w eR: sup{e”™|T (1) < oo}y .

t>0

In the sequel, we recall the y measure of noncompactness, which will be used
in the next to analyse the spectral properties of semigroup solution. The x measure
of noncompactness for a bounded set H of a Banach space Y with the norm |.|y is
defined by

x(H) = inf{e > 0 : H has afinite cover of diameter < €} .

The following results are some basic properties of the x measure of noncompact-
ness.
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Lemma 8.4.1 ([17]) Let Ay and A> be bounded sets of a Banach space Y. Then:

(i) x(A1) <dia(Ay), where dia(A1) = sup |x —y|.
X,YEA]
(1) x(A1) =0ifandonly if Ay is relatively compact in Y.

(i) x (A1 UA2) = max {x (A1), x(A2)}.

1v) x(AA1) = M x (A1), A € R, where AA1 = {Ax : x € Ay}

V) x(A1+A2) < x(A))+ x(A2), where Ai+ Ay ={x+y: x € Ay, y € Ar}.
(vi) x(A1) < x(A2) if Ay € Az

Definition 8.4.4 The essential norm of a bounded linear operator K on Y is defined
by

|K |ess = inf{M > 0: x(K(B)) < My (B) for any bounded set B in Y}.

Let V = (V(1)),;>0 be a co-semigroup on a Banach space Y.
Definition 8.4.5 The essential growth wess (V) of (V (¢));5 is defined by

>0

Wess (V) = inf{a) eR: supe |V (t)|ess < oo} )

Theorem 8.4.1 ([7]) The essential growth bound of (V (t));> is given by

. 1 |
Wess (V) = lim = log |V (t)|ess = inf = log |V (£)]ess- (8.18)
t—>+o00 t >0t
Moreover,
Tess(V (1)) = exp(twess (V)), fort > 0. (8.19)

Assume now that:
(Hs)  The semigroup (7' (¢)),>¢ is compact for ¢ > 0.

Theorem 8.4.2 Assume that (Hy), (Hp), (H3), (Hy), and (Hs) hold. Then, the
solution u(., ¢) of Eq. (8.1) is decomposed as follows:

ui(., @) = U1 + W), for 1t =0,

where W(t) is a compact operator on By, for eacht > 0, and U(t) is the semigroup
solution of the following equation:

iz)()Ct) =—AD(x;) for t >0,
dt (8.20)

X0 = ¢ € By.
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Proof Let 2(t) be defined by

¢t +60) for t4+0<0
(%()9)(0) = (8.21)
v(t+0) for t+4+6 >0,

where v is a unique solution of the problem

D) =T)D(p) for t>0
(8.22)
v(t) =¢@) for t<0.

We can write ()¢ = w; (., ) = us (., ) — U(t)p = u; (., ) — v¢(., ¢). Then,

t
DW(1)¢) = D(us (., $)) — D(vi (., 9)) = /0 Tt =) f(us)ds.

Consequently,

t
D(w;) = h(t,¢) = / Tt —s)f(us)ds for t>0,
0 (8.23)

wo=0 for ¢ <O.
Let {¢x };>0 be a bounded sequence in B,. We will show that the family {A(., ¢x) :

k > 0} is equicontinuous and bounded on C([0, o]; Xy), for any o > 0 fixed. For
all 0 < o < B < 1, there exists a positive constant C such that

t
|APh(t, gi)| = |Aﬂ/0 T(t — s) f (us(., px))ds|
t
s/o \APT(t — ) f (us (o i) ds
tews
S MﬂC/O s—ﬁds,

for every k > 0.

Using the compactness of the operator A=# : X — X, we get that the set
{h(t, ¢r) : k = 0} is relatively compact in X, for each r > 0. Now, let us prove the
equicontinuity of the family {4 (., ¢x) : k > 0} in the a-norm. For this purpose, let
t >ty > 0. Then,
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t 1
A, i) — Ah(to, ) =‘/ A“YK:—s»f@u)ds—-/‘OA“TKm-—s>f<uads
0 0
4]
=f ATt = 5) — Tty — $)1f (uy)ds
0
t
+1/ AT (t — 5) f(uy)ds
0]
0]
:[TO——m)—Iy/ AT (1o — ) f (uy)ds
0

t
+/ AT (t — 5) f (ug)ds.
fo

We obtain that

'
/ AT (t — s) f(us)ds
I

0

t ,ws
< Mak/ e—ads — 0 as ¢ — fy uniformlyin ¢x.
1o s

1o
Moreover, since {A"‘/ T(to—s) f(us(., px))ds : k > 0} is relatively compact

in X, then there is a compact set I" in X such that

1
/OA“T(IO — ) fus(,¢x))ds C T forall ¢y.
0

It is well-known by the Banach—Steinhaus theorem that

lim sup [(T(t —tp) — x| = 0.

t—)toxel—v

Thus,

tlintl |h(t, dr) — h(to, Px)|le =0 uniformly in ¢

—1o
Using the same argument, we also obtain for 7y > ¢,

zlirrzl |h(t, pr) — h(ty, )|l =0 uniformly in  ¢.

—1o
Therefore, the family {A(., ¢x) : k > 0} is relatively compact on C([0, o]; X)
for each o > 0. Then, there exists a subsequence {¢y : k > 0} such that h(¢, ¢i)
converges as k — 400 uniformly on [0, o] to some function /(¢) with respect to
the o-norm. Let wf be the solution of problem (8.23) with the initial data ¢ = ¢x.

Then,

Dw] —wk) = ht, ¢)) — ht, pr).
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Using Lemma 8.3.1, we obtain

|w,j _ wf'% < b(t) sup |h(t, ¢;) — h(t, P)las

0<s<t
which implies that {wf}kzo = {w/(,, ¢px) k>0 is a Cauchy sequence in B,.
Therefore, #1t) is compact in By . |

Definition 8.4.6 9 is said to be stable if the zero solution of the difference system
D(x;) =0 for >0,

xo(t) =¢@) for t <0

is exponentially stable. O

Now, we give the definitions of fading memory spaces that will be used later on.
For ¢ € B,¢t > 0 and 6 < 0, we define the following:

o) if r+6=>0,
[S@®)9)0) = (8.24)
ot +0) if t+06<0.

Then, {S()};>0 is a strongly continuous semigroup on 8. We set
So(t) = S(t)/By, where By ={p € B: ¢(0) =0}.

Definition 8.4.7 [7] We say that 8 is a uniform fading memory space if the
following conditions hold:

(1) If a uniformly bounded sequence (¢, ),en in Cog converges to a function ¢
compactly on (—oo, 0], then ¢ is in B and |, — ¢p|g — 0 asn — +o00.
(i) |So(®)|g — O0ast — +o0. |

Lemma 8.4.2 ([7]) If B is a uniform fading memory space, then K and M can be
chosen such that K is bounded on Rt and M(t) — QO ast — +oo. |

Lemma 8.4.3 If B is a uniform fading memory space, then B, is a uniform fading
memory space. O

Proof Let (¢,),eN in Cop be a uniformly bounded sequence that converges to a
function ¢ compactly on (—oo, 0]. Then ¢ is in B and |¢, — ¢|g — Oasn — +oo
since B is a uniform fading memory space. Using (H;), one can write A™%¢ € 8B
since ¢ € B. A7%p € B leads to the existence of A7%¢(0). We know that
R(A™%) = D(AY). For this reason, |A“"¢(9)}a is well-defined. The fact that A™¢
is bounded linear operator implies |¢ (6)], exists. Therefore, ¢ (6) € D(A%) for all
6 < 0. Also,

|AT“A%| 5 = |9lg < o0.
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Using again the boundedness of A™%, one obtains the existence of |A%¢|g. Thus,
A%¢ € B. Hence, we establish that ¢ € B,. Moreover,

0 — Blg = |A™Y A% (g0 — ¢)

8~ 0 as n— +oo.
Since A% is a bounded linear operator, one obtains

|A% (0 — §)| g = |0 — D15, >0 as n — +oo.

Consequently, the condition (i) of Definition 8.4.7 is satisfied.

Now, we have to show that the condition (ii) of Definition 8.4.7 is verified. In
order to do this, we use the fact that A~ is a bounded linear operator and B is a
uniform fading memory space to write

1So()|g = |[A"¥A*So(t)| g > 0 as ¢ — +oo

and
[So(H)lg, = 0 as ¢ — +oo.

Hence, the condition (i) is satisfied. Finally, B, is a uniform fading memory space.
O

Now, we have to prove that %(t) is exponentially stable. It is known that %(¢) in
Theorem 8.4.2 is defined by

¢t +60) for t4+0<0
(%()9)(0) =
v(t+0) for t4+6 >0,

where v is a unique solution for the same initial data ¢ of the following problem:
D) =T)D(¢p) for t>0
v(t) =¢(@) for t<O0.
Using the superposition principle of solutions of linear systems, we have
v(t) =x(t) + y(t) fort € R,
where

D(x;) =0 for >0,
(8.25)
x(t) =¢@) for <0
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and

D(y:) =T1)D(p) for =0,
(8.26)
y@)=0 for ¢ <O0.

Now, let Ko, = sup K (s). We have the following result.

s>0
Theorem 8.4.3 Assume that (Hy), (Hy), and (H3) hold. Moreover, suppose that
By is a uniform fading memory space, D is stable, the semigroup {T (t)};>0 is
exponentially stable, and Koo|Do| < 1. Then, the semigroup solution {%(t)};>0
defined in Theorem 8.4.2 is exponentially stable. O

Proof Since y verifies problem (8.26) and B, is a uniform fading memory space,
then, using Axiom (A)-(iii), one can write fort > s > € > 0

lyslg, = K(€) sup [y(D)]a + M(€)|ys—cls,

S—€<T<s§

< K(@©)|Do|l sup |y:lg, +K(e) sup |T(0)D(P)la + M(€)|ys—els,

S—€<T<s§ S—€e<T<s§

= K(@©|Dol sup |y:lg, +K(e) sup |T(1)D(P)la

s—€<T<s s—€<T<s

+M(e) sup |yc|s,-

S—€<T=<S§

Therefore, taking € > O such thats — € >t — 2¢ > 0, then
lyslg, < K(€)|Dol sup |y:lg, + K(€) sup |T(D)D(P)la
t—2e<1<s t—2e<t<s
+M(e) sup |yls,.

t—2e<1t<s

Now, one can write

sp Inls, = sup |{KeolDol sup lvels,

t—2e<s<t t—2e<s<t t—2e<t<s
+Koo sup  [T(0)D(P)le + M(€) sup nylzsa}
t—2e<t<s t—2e<t<s

< KoolDol  sup  |yslg, + Ko sup [T (s)D(P)la

t—2e<s<t t—2e<s<t

+M(e) sup  |yslz,-

t—2e<s<t
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Since M(e) — 0 as € — o0, then we choose € big enough such that 0 <
1 — Koo|Do| — M (€). We obtain that

Koo
sup |7 (5)D(@)o-
I = KoolDol = M(e)) 1-2es1

|yels, < (

Since {T (#)}:>0 is exponentially stable, then there exist positive constants o’ and
B’ such that |y;|g, < Ble=" forall t > 0.
Since D is stable, then x;(¢) — 0 as t — +o00. On the other hand, we have

UDP = x:($) + y1(9).

Then, it follows that %(t) — 0 ast — 0 and {%(¢)};>0 is exponentially stable. O
In the sequel, we give the following.

Theorem 8.4.4 Assume that there exists r > 0 such that the elements ¢ € B, are
continuous from [—r, 0] to Xy. If D(¢p) = ¢(0) — qp(—r) for all p € By with
0 < g < 1 and B, a uniform fading memory space, then D is stable. O

Proof Since D(x;) = 0 and x9 = ¢, then for all ¢+ € [0, r], we have x(t) =
gqx(t — r). Therefore,

X(Dle = qlp(t =71)a-

Also, for all ¢t € [r, 2r],

Ix(t, §)la < g*1p(t — 27)]a-

Inductively, for all t € [(n — 1)r, nr], we have

X, Pla < q"|Pp(t — nr)la;

since t € [(n — D)r,nr], then t — nr € [—r, 0]. Furthermore, B, is assumed to be
the space of functions from (—oo, 0] to X, that are continuous on [—r, 0]. Thus, for
allt € [((n — Dr, nr],

Ix(t, ®)le < g" sup [$()las

—r=<s<0

for all p € B,.
Thus, there exist o = —@ > 0 and C > 0 such that

Xt P)la < q" sup [$(s)la

—r<s<0

< Ce ¥,
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Hence, for all ¢ € B,,
Jm xtt.9) =0

Now, let ¢ € B, such that |¢|g, < 1.
Using again Axiom (A)-(iii) and the fact that B, is a uniform fading memory
space, we have fort > s > € > 0

1Xs (., P)IB, < K(€) sup |x(T,@)|a + M(€)|xs—e (.. )5,

s—€<T<s

< Ko sup [x(7,9)|a + M(€)|xXs—c (.. D)8,

S—€<T=<s

Choosing € > 0 such that s — € >t — 2¢ > 0, we have

1Xs (. P8, < Koo sup  [x(7, P)la + M(€)|xs—c (., D)3,

s—€<T<s

< Kx sup |x(t,P)|a +M(€)|xs—e(., P)Ig,

t—2e<t<s
= s [Ke sp @ @e+ M©lx—cl(. Dlg, |
t—2e<s<t t—2e<1<s§
< Koo sup [x(s.P)la+ M) sup [x;(.0)lg,.

t—2e<s<t t—2e<s<t

Thus,

sup  [x5(, D), < Koo sup  [x(s, P)le +M(e) sup [xs(., P)ls,-

t—2e<s<t t—2e<s<t t—2e<s<t

Since M(¢) — 0 as ¢ — +o00, then we can choose € big enough such that
0 < 1 — M(¢). Therefore,

Koo
(. @)lg, < ——— sup  |x(s, P)lg, forall ¢ € B, with |p|g, < I.
' (1 — M(€) y_e<y= “ ¢

Thus, x;(.,¢) — 0 ast — +4oo whenever ¢ € B, and |p|g, < 1. Hence, D is
stable. O

Example 8.4.1 Let y be a real number, | < p < +oo, and r > 0. We define
the space C, x Lf,’ that consists of measurable functions ¢ : (—o0,0] — X that
are continuous on [—r, 0] such that ¢”? |@(0)|? is measurable on (—oo, —r]. Let us
provide the space C, x L}’f with the following norm:

—r
ols = sup lp(@)] + / " 10(0)]7d6.

—r<6<0 —00

Cr x L’; , |.|8) is a normed linear space satisfying Axioms (A) and (B).
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Corollary 8.4.1 Suppose that assumptions (Hy), (Hy), and (H3) hold, and there
exists a positive constant r such that all ¢ € B, imply that ¢ is continuous on
[—r, O] with values in X,. Moreover, suppose that By, is a uniform fading memory
space, D(p) = ¢(0) — gp(—r) for all ¢ € B, the semigroup {T(t)};>0 is
exponentially stable, and Koo|Do| < 1. Then, the semigroup solution {2(t)};>0
defined in Theorem 8.4.2 is exponentially stable. O

8.5 Linearized Stability of Solutions

Coming back to the operator U (¢) for ¢+ > 0 defined on B, by

U)(@) =us (., d),

where u;(., ¢) is the unique mild solution of the problem (8.1) for the initial
condition ¢ € By, it is proved that the following result holds.

Proposition 8.5.1 ([4]) The family (U(t));>0 is a nonlinear strongly continuous
semigroup on By, that is:

G U@ =1

) U +s)=U@)U(s), fort,s = 0.
(iii) Forall ¢ € B,, U(t)(¢) is a continuous function of t > 0 with values in By.
(iv) Fort = 0, U(¢) is continuous from B, to By.

(v) (U(t))>0 satisfies the following translation property, fort > 0 and 6 < 0:

U +0)@)0), ifr+6=>0,
U)o = (8.27)
o +0) ift+6=<0.

It is now interesting to investigate the stability results of the equilibriums of
the problem (8.1). Recalling that equilibrium means a constant solution u* of the
problem (8.1). To preserve the generality, we can suppose that u* = 0.

Now, let us assume that:

(Hg) f: 8B, — X is differentiable at zero.

It is well-known that the linearized problem associated to problem (8.1) is given by

d
ED()’[) =—AD(y;) + L(y;), fort >0,
(8.28)

y0=¢€Bou

with L = £/(0).
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Let (V(¢)):>0 be the semigroup solution on B, associated to the problem (8.28).

Theorem 8.5.1 Assume that (Hy), (Hy),(H3), (Hy), and (Hg) hold. Then, for every
t > 0, the derivative of U(t) is V (2). |

Proof Lett > 0 be fixed and ¢ € B,. One has
t
plumg - ving| = /0 T =) fU @) = LIV (5) @) ]ds.
Let us set

w, = U@)(¢) — V()($)

and
t
W) = /0 T =) fUE@) = LY@ ]ds.

Then, we can write
t
ht) = /O T =9 fWUSG) ~ [V ) @)]ds

t
+ /O T =) fV©@) = LV )$) |ds.

Using Lemma 8.3.1, we obtain

|lwilg, < b() sup |h(s)|e, for te[0,T].

0<s<t
Moreover,

ew(t—s

)
(t —5)"
t ew(t—s)
+ M,
’ /o (r = 5)"
Using the fact that f is differentiable at zero with differential L at zero, we can state
that for all € > 0, there exists n > 0 such that

t ew(r—s)
M
fo (t —s)*

lws|g, ds

t
(D)l < kMa f
0

FV(s)(@)) — L(V(s)(®))|ds.

FV(s)(@) — L(V(s)(#))

ds < €|p|s,

V¢ € B, with |$lg, <.
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Note that wg = 0, so we can write

lwslg, < sup |w(T)le < |wlg,, for s e[0,17].
o<t<t

Therefore, for ¢ € [0, T'],

tews
sup 180l = eldls, + kMo ([ Sds)iuls,

0<s<t

T ,ws

< cltls, + kMo [ Sds)wils,

T ,ws
We can choose T > 0 small enough such that kMab(T)</ e—ads) < 1.
0o S
Consequently, for all |¢|g, < n,
b(T)
|wl|8a =< €|¢|8Dt'

1= kMob(D)( [y Seds)

Thus, U(¢) is differentiable at zero for all ¢+ € [0, T] with dyU(t)(0) = V().
Proceeding by steps, one can prove that dyU (¢)(0) = V (¢), for all t > 0. O

Theorem 8.5.2 Assume that (Hy), (Hz), (H3), (Ha), and (Hg) hold. If the zero
equilibrium of (V(t));=0 is exponentially stable, then the zero equilibrium of
(U ())r=0 is locally exponentially stable, which means that there existn > 0, § > 0,
and C > 1 such that fort > 0,

U@ (@)ls, < Ce P |plg, forall ¢ € By with |plg, < 1.

Moreover, if By can be decomposed as B, = Bgl @ Bﬁ, where fo are V-invariant
subspaces of By and Bé a finite-dimensional with

. 1 >
wp = lim - log )V(h)/z;a

o

and
inf{|x| : A e€a(V(t)/BL)) > e,

then the zero equilibrium of (U(t));>0 is not stable, in the sense that there exist
€ > 0, a sequence (¢,)nenN converging to 0, and a sequence (t,),eN of positive real
numbers such that |U (t,)nle > €. |

The proof of this theorem is based on the Theorem 8.5.1 and the following
theorem.
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Theorem 8.5.3 ([12]) Let (W(¢)):>0 be a nonlinear strongly continuous semigroup
on the subset 2 of a Banach space (X ||.||). Assume that xo € Q2 is an equilibrium
of (W(t))i>0 such that W(t) is differentiable at xo for each t > 0 with Z(t)
the derivative of W(t) at xo. Then, (Z(t);>0 is a strongly nonlinear continuous
semigroup of bounded linear operators on X, and if the zero equilibrium of
(Z(t))i>0 is exponentially stable, then the equilibrium xo of (W (t));>0 is locally
exponentially stable. Moreover; if X can be decomposed as X = X1 ® X, where
X; are Z-invariant subspaces of X, X1 a finite-dimensional with

1
w= lim - log ‘|Z(h)/X2|‘
h—+o00 h

and
inf{|[A|: Aeo(Z(@®)/X1)} > e,

then the zero equilibrium of (W(t)):>0 is not stable, in the sense that there exist
€ > 0, a sequence (¢,)nenN converging to 0, and a sequence (t,),eN of positive real
numbers such that

[W(t)Pule > €.

Lemma 8.5.1 ([19], Corollary 1.2, page 43) Let ® be a continuous and right
differentiable function on [a, b). If the right derivative function d+® is continuous
on [a, b), then ® is continuously differentiable on [a, b). O

Now, we make some sufficient conditions on B in order to determine
(Av, D(Ay)), the generator of the semigroup (V(¢));>0. So, we assume the
following axiom:

(C): Let (¢n)n>0 be a sequence in B such that ¢, — 0 as n — 400 in B; then,
¢n (@) > 0asn — +ooforall 6 <O0.
We can state the following result.

Theorem 8.5.4 Assume that (Hy), (Hp), (H3), (Hy), and (Hg) hold. Moreover,
suppose that B satisfies axioms (A), (B), and (C). If B is a subspace of the space of
continuous functions from (—oo, 0] into X, then (Ay, D(Ay)) is given by

D(Ay) = {¢ €By: ¢ By, D) e DA and
D) = —AD@) + L®)}.

Avp=¢" for ¢ € D(Ay).

Proof Let B be the infinitesimal generator of the semigroup (V(#));>0 on B, and
¢ € D(B). Then, one can write
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.1 .
lim —(V(t)¢ — ¢) = ¢ exists in By,
t—0t 1

Bp = .

Using axiom (C), one obtains
liI(I)l ;(qb(t +0)—¢) =v(@B) for § € (—00,0).
t—0t

It follows that the right derivative d*¢ exists on (—oo, 0) and is equal to . The
fact that each function in B, is continuous on (—o0, 0] leads to d ¢ continuous on
(=00, 0).
Using Lemma 8.5.1, we deduce that the function ¢ is continuously differentiable

and ¢’ = ¥ on (—o0, 0). Moreover,

lim d*¢(0) = ¥ (0),

0—0
which implies that the function ¢ is continuously differentiable from (—oo, 0] to

Xy and ¢’ = ¢ on (—o0, 0].
We have

1 1 1 [
;(T(t)i)(@ — <)) = ;D(V(t)cb —¢) — ;/0 Tt —s)L(V(s)p)ds.
It is well-known that
t
lim l Tt —s)L(V(s)p)ds = L(¢p)
t=01 Jo

in X-norm and
1 ,
lim ;D(V(t)tb —¢)=D(¢)
in ¢-norm. The fact that X, < X implies
1 ,
Lim. ;D(V(I)¢> —¢9)=D(¢)
in X-norm. Consequently,

1
D) € D(A) andlim (T (1)D(@) — <¢)) = AD(&)
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in X-norm. It follows that

D(B) < {¢ € By: ¢ € By, D(¢) € D(A) and D(¢') = —AD(¢) + L(¢)},

B(p) =¢'.
Conversely, let ¢ € B, be such that
¢’ € By, D(p) € D(A) and D(@') = —AD(¢p) + L(¢).

Since t — T ()¢ is continuously differentiable from R* to X, then ¢ € D(B).
O

Now, let us study the spectral of the linear equation. We assume that B,, satisfies
the following axiom:

(D) There exists a constant v € R such that for every x € X and A € C with
R(L) > v, one has

&®xeB, and sup |6, ® x| < oo,
lx]<1
where (6, ® x)(0) = e*x for6 < 0.

For A € C such that (1) > v, we define the linear operator A(1) by

D(AQY)) = [x €X,: Derx)e DA) and AD(e*x) — L(e*x) € Xa],

A = AD(eM 1) + AD(eM ) — L(e* ).

Let (Ay, D(Ay)) be the infinitesimal generator of the semigroup (V (¢));>0 and
op(Ay) be the point spectrum of Ay.

Theorem 8.5.5 Assume that (H;), (Hy), (H3), (Hy), and (Hg) hold. Assume
furthermore that the axioms (A), (B), (C), and (D) are satisfied. Let A € C with
RA) > v. If B, is a uniform fading memory space and D is stable, then the
following are equivalent:

(i) % €0p(Ay).

(i) ker A(L) # {0).
O

Proof Let A € 0,(Ay) with 9%t(A) > v. Then, there exists ¢ € D(Ay), ¢ # 0, with
Ay ¢ = A¢. That leads to

1
lim —(V(1)¢ — ¢) = A¢
t—0 ¢
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and
1
th_I)I(l) ;D(V(I)fﬁ — ¢)(0) = 2AD(¢(0)).

Since forall ¢ > O,

1 1 L[
;(T(I)Z)(fﬁ(o)) —=60)) = -DV)¢ — ¢)(0) — ;/0 Tt —s)L(V(s)p)ds,

then letting ¢ goes to 0, and one obtains
D(@(0) € D(A) and — AD((0)) = 2D(9(0)) — (). (8.29)
Moreover, using the spectral mapping (Theorem 2.4 in [18]), we have
M ea,(V(t) and V()p =eM¢ forall > 0.

Letting + > 0 and & < O such that r + 6 > 0, the translation property of the
semigroup solution leads to

(V()$)(0) = (V& +6)$)(0) = e ¢ (6) = " (0).
Thus, ¢ (@) = ewd)(O) for & > 0. Since ¢ # 0, using (8.29), it follows that
D(p(0)) € ker A(L).
Conversely, if ¢ verifies all conditions of Theorem 8.3.3, then Ay ¢ = ¢'. Taking
x € D(A) such that x # 0 and A(A)x = 0, then the function €, ® x satisfies all

conditions of Theorem 8.3.3, and we deduce that

Ay (€, ®x) = A€, @ x).

Now, let
vo = inf{v e R: suchthat (D) is satisfied}.

Lemma 8.5.2 ([18]) If B is a uniform fading memory space, then vy < Q. O
Definition 8.5.1 A € C is a characteristic value of Eq. (8.28) if

RA) >v9 and kerA()) # {0}
Let

s'(Av) = sup{R(A) 1 A € 0(Ay) — 0ess (AV)}.
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It is well-known that o (Ay) — 0.5 (Ay) contains a finite number of eigenvalues of
Ay . Consequently, the stability of (V (¢));>¢ is completely determined by s'(Ay).

Theorem 8.5.6 Assume that (Hy), (Hy), (H3), (Hy), (Hs), and (Hg) hold. Further-
more, assume that the axioms (A), (B), (C), and (D) are satisfied. If B is a uniform
fading memory space and D is stable, then the following holds:

(i) If s'(Ay) < O, then (V(¢))>0 is exponentially stable.
(i) Ifs'(Av) = O, then there exists ¢ € By such that |V ()¢|s, = |P|s, .
(iii) If s’(Ay) > O, then there exists ¢ € By such thatt li_rp [V()plg, = +oo.
—+00
O

We deduce the following stability result in the nonlinear case, from Theo-
rem 8.5.2.

Theorem 8.5.7 Assume that (Hy), (Hy), (H3), (Hy), (Hs), and (Hg) hold. Further-
more, assume that the axioms (A), (B), (C), and (D) are satisfied. If B is a uniform
fading memory space and D is stable, then the following holds:

() If s'(Ay) < O, then the zero equilibrium of (U (t)):>0 is locally exponentially
stable.
(i) Ifs’'(Ay) > 0, then the zero equilibrium of (U (t));>0 is unstable.

8.6 Application

To apply the theoretical results of this chapter, we consider the following nonlinear
system with infinite delay:

2

0 0

o0 8) — v —r 6] = 5 [ve o —gue - r 0]

+b%Lv<z, £) = quit —1.6)]

+c/ g@,v(t+6,8)d6 fort >0 and & € [0, 7] (8.30)

v(t,0) —qv(t —r,0)=v(t, r) —qut —r,m)=0for t >0

v(0,8) =v(0,&) for O € (—o0,0] and £ € [0, 7],

where g : (—00,0] x R — R is a function and ¢ € R}, b € R. g is a
positive constant such that |g| < 1. H : R?> — R is a Lipschitz continuous with
H (0, 0) = 0. The initial data i will be precised in the next.
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In order to write system (8.30) in an abstract form, we introduce the space X =
L2((O, 7); R). Let A be the operator defined on X by

D(A) = H?((0, 7); R) N H} (0, 7); R),
Ay = —y” for y € D(A).

Then, (—A) generates an analytic semigroup (7°(¢));>0 on X. Moreover, T (t)
is compact on X for every t > 0. The spectrum o(—A) is equal to the point
spectrum Po(—A) and is given by o(—A) = {—n*: n > 1}, and the associated

eigenfunctions (¢,),>1 are given by ¢, = \/g sin(nx) for x € [0, 7 ]; the associated

analytic semigroup is explicitly given by

o]

T@Wy=Y e (v,¢)n for 1>0andyeX,

n=1

where (., .) is an inner product on X.

Lemma 8.6.1 ([21]) Ifo = 3, then

+00
Ay =Y " n(y. u)n for y € D(A),

n=1

+00

Ady =3 n(y.)u for y € X,

n=1

+o0
1 a2
AT (t)y =y ne”""'(y, ¢n)u for y € X,

n=1

+0oo

=3 ()0 00 for v e x,

n=1

0=

A-

and

+oo

ATIT()y = Z (%)e’”zt(y, Sn)n for y € X.

n=1

There exists M > 1 (see [21]) such that fort > 0, |T(t)| < Me®" for some —1 <
w < 0.
Then, the semigroup {7 (¢)};>0 is exponentially stable.
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Note also that (see [21]) there exists M 1 > 0 such that

AT ()] < M%f%ew for each ¢ > 0.

Therefore, hypotheses (H;) and (Hs) are satisfied.

Lemma 8.6.2 ([7]) If m € D(A%), then m is absolutely continuous, %m e X.
Moreover, there exist positive constants No and My such that

0
NolAZmlx < |~mlx < Mo|Amlx.
X
Let y > 0. We consider the following phase space
B8=C, = {(p € C((—00,0]; X): lim "?|¢(0)| exists in X}
60— —o0
provided with the following norm:

plc, = su%ey0|¢>(9)|x for ¢ € C,.
0<

According to [7], B satisfies Axioms (A), (B) and is a uniform fading memory space.
Moreover, it is well-known that K (¢) = 1 for every t € R™ and M(¢) = e~ "' for
t € Rt. Therefore, the norm in 8 1 is given (see [7]) by

1
plz, = supe”’|A2¢(0)]x.
2 6<0
One can write ( see, [21], p.144)

T 2 1 ) T P 2
fo (r@)@®) dé§|A2¢(9)IX—/O (5e0©@@®) s (8:31)

Next, we assume the following.

(H7) Fort <0and ¢y, o € R, (g0, 61)—g (0, &) < s(0)¢1— 82, g(0,0) =0,
%g(@, 0) # 0, where s is some nonnegative function that verifies

0
/ e 2%50) < 0.

—00

Let f1, f2, and f be defined on B% by
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0

S1(P)(E) = C/ 80,9 (0)(§))do for & € [0, 7],

—00

il
L@E) =3 [$0© ~a9p(-n®) | for g < [0, 7],

and

F(@)(E) = fi(@)E) + f2(9)(§) for & € [0, 7].

Proposition 8.6.1 For each ¢ € B L f($) € L2((0, ); R), and f is continuous
on B 1 |

Proof Let ¢ € B1. Since for all & € [0, 7] and for all 8 € (—o0, 0], we have
2

lg(@,8)] < s@)I§] + (0, 0)]
= s(0)I&],
then for all £ € [0, ],

0

1) @) < cf 150)] 16©0)(®)1d6.

Let us set

0
B() = / 15(0)]16(0)(8)[d8 for & € [0, 1.

—00

Using Holder inequality, one can write

0
B() = / e 150) 119 (0)(§)|e* db

0 3 /00 3
s(/ |e2y9s<e>|2d9> (/ |¢(e>(s>e2y9|2d9).

Then, using the above inequality and the inequality (8.31),

b4 b4 0 0
| mera < (( | iersoas)( [ |¢<9)(§>e2y9|2d6)>d5
0 0 —00 —00

b4 0
= /0 (|e2y~s|iz(R> / |¢<9)(§>e2y9|2d9)ds
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—00
0
(Lot
00
0
= |e_27's|iz(]R ) / 627/0 < 2 ¢(9)|L2 ([0, 71; R)) d9>
00

sup €2y0|_¢(9)|L2 [0,7]; R)) d9>

6<0

ZV" ¢(9)<s>|2d5) d@)

0
1
/ e2ve ( sup o2ve |A2 ¢(9)|iz([o n]vR))‘”)
<0 o

0
< |€_2y's|i2(R—) (/ 62y0|¢|%| d&)
—00 2

0
< el - )W%% /_Oo e do

< Q.

Also, we refer to Minkowski inequality to obtain

/ | (@) () Pdt = /
0 0

s[qs(oxs) ~go(-n®© ][ ¢

< [[Zsoe|ae+ [ fogocne|a
+2(/07r i¢(0)(§)‘2d§)§(/()ﬂ sqs( r)(S)( dé)
‘A2¢>( )L2 [0,71:R) (100

‘A%(p(_r) L([0.7]:R)

5 Sgezyf"mw )Lz(oﬂ R)
RS sp Al L
s |ade @),
X 228 62”9‘1“%‘1’(9) L2([0,71:R)
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2
< supe®?|A2¢ ()
60<0

L2([0,7];R)

2

A2¢(0)

+q262yr sup 62)/6

0<0 L2([0,7];R)
1 2
+2ge?" sup e??| A2¢)(0)
7 95% ¢ L2([0,7];R)

< Q.

We conclude that f(¢) = (f1 + f2)(¢) € L%([0, 7]; R) for all ¢ € B%.

Let us show that f is continuous. For this purpose, let (¢,),eN be a sequence in
B% and ¢ € B% such that ¢, — ¢ inB% as n — +00. Then

0 0
(A6 = r@)© =c [ 206,000 —c [ 56.6@) )0

0
= Cf [g(9, $n(0)(8)) — (0, ¢(9)($))]d9,

—00
and we obtain that

0

|(f1(dn) = f1(@)(E)] < Cf Is(O)] ¢ (0) (&) — ¢(0)(£))]d0.

Let us set for all £ € [0, 7],

0
Jn() = C/ RCNACHE —¢(9)(§)‘d9.

Then

0
()] < cf e 2)5(0)|

o0

Du(0)(§) = H(©O)(E)| ¥ o

1

<c (/io )e—ZJ/é?s(e))‘zdg)é </'0 ‘((bn(ﬁ)(é;‘) 3 ¢(0)(§)>62y9‘2d0>2 |

—0o0

which leads to

T 0 T
/O [ @) PdE < |clPle™ s 7m- / (emew fo ]qsn(e)@

2
- 9@ dE) o
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< IcP1e™"s[3 o / (M e / \—%(9)(&)

- SEHOE) ds) a9

< [c]Ple? sludR)/ (zugezygf \—dm( )(E)

G ds) a6

G
2 0 2y6 2y6
< IRl sliage, [ (supe |4t 6,0
6<0
- o
9@ )) L2([0,7]: R))
2 0
< |c|2‘e—2y — f 20 4p.
L2(R™) B J
2

s
Since ¢, — ¢ in B%, then/ |Jn(§)|2d§ — 0 as n — +o0. Therefore, f] is
0

continuous. Moreover,

r

(60— 9©)| 0 = /Oﬂ (%[(m(m —$(0)®
—q(qbn(—r) —p(n)©)]| e
™ 2
< [ [ (e0© —s0©) [ ae
ok

2 [ (00 - s0@) )’

458 2 (nt-r© —o(-r©)| ae

/ 155 (41 © — o0 ®) [ i)’

<[4} (00 - 90)[’

L2([0,7;R)

&[4 (o o)

L2([0,7];R)
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Az

+29|4%(6,(0) - 9 (0))

L2([0,71];]R)‘

x(¢a(=r) =& (=)

L2([0,7];R)
2

< supe?? |4 (4,0) — 69))

0<0 L2([0,7;R)

2
g% sup e | A3 (9(6) — 9(6))
<0

L2([0,7];R)

+2g 5up |47 (9,6) — $(6))

0<0 L2([0,7;R)
2yr ZVG}A%( (0) _ (0))
xXe sup e
P o *O)| 2 o.mrm)
<lon—of +a?e"|pu o
- B B
2 2
2yr 2
+2qe v On— @ 8,
1
2

s
Using the fact that ¢, — ¢ in B as n — +00, we obtain that /
2 0

£2(n® ~

2
qb(f))‘ d¢ — 0 whenn — +o0.
Hence, f(¢,) — f(¢) in L2([0, 7]; R) as n — +oo and the proof is complete.

O
Let
u()(x) =v(t, x) fort >0 and x € [0, ],
up(@)(x) = ¥ (6, x) for 6 € (—o0,0] and x € [0, 7].

We need the following result to prove that (H3) is satisfied.
Proposition 8.6.2 Assume that (H7) holds. Then, f is Lipschitzian.
Proof We have to show that f| and f> are Lipschitz functions. So, let ¢ and ¢ be

in B%. Then, for & € [0, 7], one has

0

(i) — AWNE) = /

—00

26, 0©)©) — 80,y (©)) 6 for ¢ € [0,7].

Note that using Holder inequality, one can write
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0
| (f1(P) — f1(¥) (E)] = ICI/ ‘8(9,¢(9)(E)) -8, W(Q)(E))‘d(?

0
=c [ BOIseE - vor©)do

0
[ @1 |p0r6 - vor©)do

0 Lo
§c</ |e—2V9s<9)|2de) (/ 76 0)6)

1

2 2
~ YO de) :
Therefore,

0 0
A@E — AWNEP = le( f e=2r75(0) o) /

—y©)©| av),

for which we deduce that

/0 1@ E) — fi(p)(E)Pde

0

7o 0)6)

223

0 b4
= 1el’( f 72050246 x / W(/O |¢(e)<s>—w(9>(s)|2ds)d9

0
<1eP( [ 1 sorPas)
0 2y 2y0
4 0
x/_ooe (Zlipoe / ‘aéfﬁ( )(&) 5
0
< leP( / =2 5(0)%d0)
>< (supeye\/'/
0=<0

0
< 1el’( f e7205(6)d6 )

dg) déo

2

ds) deo

35
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0 0
sM%/ w”wmm%ﬂf

—00

2
0 1
x/ 20 <supey9|Az(¢(9) - 1//(9))|L2([0,n];R)> a9
~ 6<0

g — g, do
2

2 2

c

< _l | ‘e_zy*s
2y

o —v

2
L2(R) B8
2

Finally, we obtain that

| fi(9) — fZ(w)|L2([0,n];R) <klp— IMBL for ¢, ¢ € 3%7
)

where
1
k/ _ |C| (/0 |€_2y95(6)|2d9)2
2y -0
Moreover,
7@~ A, <lo—v[. +a2|o—v[ +24e|o—v]
L2([0,7];R) — B B B,
2 2 2
< k// ¢ _ w 2
< 8,
2
Therefore, f is Lipschitzian and (Hy) is satisfied. O

Let us define the operators D and Dy on B 1 by

(D(@)(E)) = ¢(0)(E) — qgop(—r)(§) forall & € [0, ]
and
(Do(@)(E) = qop(—r)(§) forall & €[0,r].

Then, D(¢) = ¢(0) — Do(¢).
Proposition 8.6.3 D ¢ L(B 1 X). O

Proof Let ¢ € B%. Then, Do(p)(€) = qp(—r) (&) for all £ € [0, w]. We can write

A|%@MW@=Aq%emm%s
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T
:qzeZ}/re*?W/ |¢(—V)(§)|2
0
2 2yr ,—2yr K 2
_ e |3—¢(—r)(§)|
o 0§
1
< g%e®" sup 62y9|A2¢(9)|22([O 7l:R)
6<0 o
= 219l .
2

Hence, Dy € L(B 1 ; X). It is obvious that ¢ (0) € L(B 1 ; X). Therefore, we can
conclude that D € L(B 1 X) and the proof is complete. O

Since 0 < g < 1, then D is stable and |Dg| < 1. Thus, hypothesis (H3) is
satisfied.

Now, let ¢ be defined by ¢(8)(§) = (0, &) forall 6 € (—oo, 0] and & € [0, 7].
We make the following additional assumption.

(Hs) ¢(f) € D(A?) forall 6 < 0, with

b4 2
supey(’\// (i¢(9,€)> d§ < oo
<0 o \0%

and

_ T 9 2
01530 i <£1//(9, £) — gx//(eo, g)) dg =0 for all 6y < 0.

Remark that (Hg) implies ¢ € 8. Then, Eq. (8.30) can be written as follows:
2

d

—Du;) = —AD(us) + f (ur) fort > 0,

dt (8.32)

ug = .
Consequently, we obtain the existence and uniqueness of a mild solution of prob-

lem (8.32). Furthermore, it is clear that f] and f> are continuously differentiable and
their differential functions are given for ¢, ¥ € 8 1 and &€ € [0, ] by

0 3
fl@W)E) = C/ &g(9,¢(9)(§))x0(9)(€)d9

and

0
RO E = b [0 ~ g9 (-r)©)] for § € 0,7]
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Letvg = € B% such that:

@) v9(0,.) — quo(—r,.) € H2(0,w) N H} (0, 7) and 32 € B).
0v0(0.8) _ dw(-r.§) _ 8’
—q

0
(b) 0 o = 5el 0.5 — qur &) | + b [w.8) -
quo(-r. )|
0
+C/ 2(0,v9(0,&))d6 for and & € [0, 7].
We deduce that

v eBy, V' e Bi, D) e D) ,and DY) = —ADW) + f(Y).

Then, problem (8.32) has a unique strict solution for every ¢ € 8 1

Now, we can see that f = f| + f3 is continuously differentiable, and zero is a
solution of (8.30), ,i.e., f(0) = 0. The differential of f in O is given for ¢, Y € B%

and & € [0, ] by
0

a
L)@ = ffOW)E) = C/ 58(9, 0)y(6)(£)db

il
+hae[vO© —gv-n@©)]

Consequently, the linearized equation of (8.30) can be written as follows:

2

o) —gqve—r.8)] = 3 [00.8) — qvi ~r.6)]

G , el ,

+b%|:v(t, &) —qu(t—r, 5)] —|—c/ p@)v(t+6,£)d6 fort >0 and & € [0, 7]
—00

v(t,0) —quv(t —r,0)=v(t, 7)) —v(t —r,m)=0for t >0

v(0,&) =v(0,8) for 0 € (—00,0] and &€ € [0, ],

(8.33)
where p = %g(., 0) : (—o0, 0] — R is a continuous and measurable function.
We state the main result of the stability of the solutions.

Theorem 8.6.1 Assume that (H7) and (Hg) hold. Furthermore, suppose that

0 b2
0 < c/ 1p(0)|do < (1 + Z)(l — ). (8.34)

—00

Then, the semigroup solution of (8.33) is exponentially stable. O
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The proof of Theorem 8.6.1 makes use of this following lemma.

2
- ~ d
Lemma 8.6.3 ([4]) The spectrum o (A) of the operator A = @ + b£ is equal
- b?
10 the point spectrum Po (A) = {—n® — 7 : neN'} O

Proof of Theorem 8.6.1 The exponential stability of (8.33) is obtained when
s'(A) < 0, which is true only if

sup{sn(,\) e o(A) —0u(A) and N > —y} <0.
Moreover, the characteristic equation is given by

RA) > -y, [feD), [f#0

0

MI=ge ) f = (= ge " o)~ e [ p@ea)s =o.
- (8.35)
which leads to
0 2
c a d
rA———— 0)e*do e — +b— .
e | Lo ””(asz ! as)
Since
32 3 - , b
op <@ +b£) = Po(A) = {—n* — i N*},
then the characteristic equation (8.35) becomes
RAn) > —vy,
) (8.36)

0 b
An = ;k[ p(©)e*?do —n®> — — forsome n e N*.
1 — qe* nt —00 4

b2
Letk, =n+ T Then, using (8.36), we obtain that

0
O + k) (1 = ge™™7) = c/ p(6)e*0do.

—00
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Therefore,

0

o + Kl = ge™7| = e f PO a8
o0

IA

0

c/ 1p(©)]e" %D gp.
—00

We have also

In + Knl = v (R (An) + kn)?

and

—A,lr — |1 _ qe—m(knr) |

1= g™ | = |11 = 1ge 7|

It follows that

VO + k2|1 = e

0
<[ @1 as.
—00

Now, assume that 3t(1,,) > 0. Then,

o~ N0

1-q > (1-q).

Consequently,
0
(=g +k]<c [ po.
—0oQ
Finally, since (1 — g)M(X,), we obtain
0
1=k = [ ipoyde.
—00

Taking n = 1, we obtain a contraction with condition (8.34). That leads to (%) < O.
O
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