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Preface

Préface (Version francaise)

Le Professeur Hamidou TOURE est né le 14 octobre 1954 a4 Bobo Dioulasso
dans D’actuelle Burkina Faso. Du 05 au 07 novembre 2018, alors qu’il a 64
ans et se prépare a faire valoir ses droits a la retraite dans moins d’un an, le
Laboratoire de Mathématiques et Informatique (LAMI) de 1’Université Joseph KI-
ZERBO de Ouagadougou au Burkina Faso a décidé de I’honorer en organisant
un colloque international avec pour theme «Equations aux dérivées partielles et
applications». En effet, le Professeur Hamidou TOURE a, durant ses 37 ans de
carriere universitaire formé beaucoup d’étudiants en mathématiques, contribué a
beaucoup de travaux scientifiques et surtout a, avec deux de ses amis, les professeurs
Mary Teuw NIANE du Sénégal et Iselkou Ould Ahmed IZID BIH de la Mauritanie,
créé en mai 1999 au centre de Physique Théorique Abdoul Salam (ICTP) a
Trieste en Italie, un réseau de recherche en mathématique dénommé Réseau EDP-
Modélisation et Contréle (EDP-MC), qui a contribué a la formation de plus d’une
centaine de docteurs en mathématiques en Afrique et a la production de plus de 1000
publications scientifiques. Ce numéro spécial est une contribution des participants
au colloque international a un hommage mérité au Professeur Hamidou TOURE.

Préface (Version anglaise)

Prof. Hamidou TOURE was born on October 14, 1954 in present-day Burkina
Faso’s Bobo Dioulasso. The Laboratoire de Mathématiques et Informatique (LAMI)
of the Joseph KI-ZERBO University in Ouagadougou, Burkina Faso, decided
to honor him by hosting an International Colloquium titled “Partial Differential
Equations and Applications” from November 5 to 7, 2018, when he was 64 years
old and preparing to claim his retirement benefits in less than a year.



vi Preface

Throughout his 37-year university career, Prof. Hamidou TOURE has trained
many students in mathematics, contributed to numerous scientific works, and,
along with two of his friends, Prof. Mary Teuw NIANE from Senegal and Prof.
Iselkou Ould Ahmed IZID BIH from Mauritania, established in May 1999 at the
Abdoul Salam Theoretical Physics Centre (ICTP) in Trieste, Italy, a mathematical
research network known as the “PDE-Modeling and Control Network”, which has
contributed to the training of over a hundred PhD students in mathematics in Africa
and the production of over a thousand scientific publications.

The participants of the above-mentioned International Colloquium have put
together these proceedings as their contribution to a fitting tribute to Prof. Hamidou
TOURE, who has made major contributions to mathematics and related areas.

Avant Propos (Version francaise)

Du 05 au 07 Novembre 2018, a eu lieu, a I’Université Joseph KI-ZERBO de
Ouagadougou au Burkina Faso, un colloque international autour du théme :
«Equations aux Dérivées Partielles et Applications» en honneur au Professeur
Hamidou TOURE a 1’occasion de ses 64 ans de vie et de 36 années consacrées
a I’enseignement et au développement des mathématiques en Afrique. A I’issue
du colloque, les communications originales non encore soumises a publication ont
été soumises a publication dans Springer Nature. Les travaux examinés, évalués et
acceptés font 1’objet de ce numéro spécial dédié au Professeur Hamidou TOURE a
I’occasion de ses 64 années.

Avant Propos (Version anglaise)

From 05 to 07 November 2018, an international symposium was held at the Joseph
KI-ZERBO University in Ouagadougou, Burkina Faso under the title: «Partial
Differential Equations and Applications» in honour of Professor Hamidou TOURE
on the occasion of his 64 years of life and 36 years devoted to the teaching and
development of mathematics in Africa. At the end of the symposium, original papers
not yet submitted for publication were submitted for publication in Springer Nature.
The works reviewed, evaluated and accepted are the subject of this special issue
dedicated to Professor Hamidou TOURE on the occasion of his 64 years.

Huntsville, AL, USA Toka Diagana
Marrakesh, Morocco Khalil Ezzinbi
Ouagadougou, Burkina Faso Stanislas Ouaro

November 2018
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Chapter 1 )
Existence and Uniqueness of Solution e
for Semi-linear Conservation Laws

with Velocity Field in L*°

Souleye Kane, Serigne Fallou Samb, and Diaraf Seck

Abstract In this chapter, we extend results obtained in Besson and Pousin (Arch
Ration Mech Analy 2:159-175, 2007) and Benmansour et al. (Discrete Contin Dyn
Syst 29:1001-1030, 2011). By considering a semi-linear conservation law with
velocity in L*°, we prove by fixed-point arguments existence and uniqueness result
and even in a penalized situation.

Keywords Transport equations - Semi-linear PDE - Fixed-point methods -
STILS method - Conservation laws - Advection—-reaction - Finite-element
method - Newton’s method - Picard’s iteration

1.1 Introduction

This chapter deals about semi-linear conservations laws with velocity field in L°°.
Our goal is twofold. On the one hand, the focus is to propose a generalization
of space-time integrated least-square (STILS) method introduced by O. Besson
and J. Pousin in [1] for linear conservation laws to semi-linear ones. The STILS
method has been widely studied in numerous linear cases. Our aim is to introduce a
nonlinearity in the source term and look for theoretical methods to prove existence
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and uniqueness results. For this, we shall propose methods combining variational
and topological methods.

To reach this aim, we shall use two fixed-point theorems. The first one is the
Banach’s fixed-point theorem, and the second is due to Schauder. In this latter case,
we shall need a penalization argument.

On the other hand, we endeavour to propose numerical methods to analyse semi-
linear boundary-value problems. We shall use finite-element methods combined
with Picard’s iteration and Newton’s methods.

Finite-element method is known to produce spurious oscillations and add
diffusions in the orthogonal directions of integral curve when convection-dominated
problem is solved, see [2] and references therein. To remedy it, the space—time
integrated least-square method has been introduced in finite-element context by
H. Nguyen and J. Reynen in [3] for solving advection—diffusion equation. And
a time-marching approach of STILS has been proposed by O. Besson and G. De
Montmollin in [4] for solving numerically linear transport equation using the finite-
element method with div(u) = 0. To get discrete maximum principle and remove
the oscillations produced by the STILS method, J. Pousin et al. in [5] added to the
formulation a constraint of positivity and a penalization of the total variation.

Before presenting the organization of our work, let us point out that interesting
works on the SILS method have been already realized. We quote some among them
closely related to our theoretical works. In fact, it has been used by P.Azerad and
0. Besson in [6] to give a coercive variational formulation to the transport equation
with a free divergence C! regular velocity vector field. Existence and uniqueness
of space—time least-square solution of linear conservation law with velocity field
in L is proved in [1] by O. Besson and J. Pousin. And in the same paper, these
latter deduce a maximum principle result from Stampacchia’s theorem and have
established the comparison between the least-square solution and the renormalized
solution of these equations.

This chapter is organized as follows. In the next section, we shall do the
presentation of the problem with some useful mathematical tools for our study.
The third section is devoted to the existence and uniqueness results. The main
used arguments are fixed-point theorems (Banach—Picard’s theorem, Schauder’s
Theorem). And in the last section, we propose two new numerical methods for
computing the solution by using fixed-point algorithm.

1.2 Position of the Problem

1.2.1 Statement of the Aim and Functional Setting

Let @ C RY(d € N*) be a domain with a Lipschitz boundary <2 satisfying the
cone property. Let us take 7 > 0, a set Q = 2x]0, T'[, and consider an advection
velocity u : Q — R? with the following regularity property:
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u € L®(0)? with div (u) € L*(Q).

Let f : R — R be a function such that f € W% (R). In some situations, we can
consider f as a k-Lipschitz, for k small enough.

The first question we will look is to find a space—time least-square solution for
the following boundary-value problem:

8¢ 4 div(uc) = f(c)in Q
c(x,0) = co(x)in 2 , (1.1)
cx,t) =ci(x,t)onT_

where
. ={xedQ: (nkx),ulx,t) <0; Vt € (0,T)},

and (., .) is the inner product in R4, and n(x) is the outer normal to 92 at point x.
For the sake of simplicity, one assumes that I'_ does not depend on the time t.
Let us consider

u € L*(0)? such that div (u) € L*(Q),

and set ¥ = (1, uy, un, ...., ug) and 7(x, t) the outer normal to 3 Q at (x, ).

We shall use the notation | E | to mean the Lebesgue measure of a set E
throughout this chapter. Let us recall that the space—time incoming flow boundary
is given by

00— ={(x,1) €90, (u(x,1),7(x,1) <0} =2 x {0} UT_x]0, T[.
The incoming flow boundary condition in space—time is defined as follows:

co(x)ift =0
ci(x,)onT_"

cp(x,t) = {

We introduce the following norm defined by:

L ABIZ = 191122 o, + IdTv @12, ) — fa . (i, )ds for all ¢ € D(Q).

where
Ve — (90 0¢ 09 Lo}
2. V¢_(W,a—m,m,..,m).
d
L~ d(¢u)
3. dw(ud)):%—i—ZT.
i=1 !

4. And the Sobolev space H (u, Q) = D(Q)
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5. Note that if u is regular enough for instance u € L®(Q)? withdiv(u) € L>®(Q),
then  H(u, Q)NL™ = {¢ € L*(Q); div(ig) € L*(Q), ¢ja0_ € L* B0 |
(i, ) |)} N L for more details, see [1].

Before proceeding further, let us remind the following theorems that will be useful
for our work and for their proofs, and we invite the reader to see [1].

Theorem 1.2.1 Let us consider u € L®(Q)¢ with div(u) € L>®(Q). Then the
normal trace of u (i, n) € L (0 Q). |

Theorem 1.2.2 Leru € L®(Q)? with div(u) € L°°(Q). Then there exists a linear
continuous trace operator

vi: Hu, Q) — L*(0Q; (i, 7))
¢ > @50,

which can be localized as

vie © H(u, Q) — L*(0Qx; (i, 7))
o) > /30, -

Finally, let us define the spaces
Ho(u, 0,00-)={¢p € Hu, Q). ¢ =00n 9Q_} = H(u, Q) N Kery;_
and
G+ =yi,(H(u, Q).
Let us give the curved inequality still called curved Poincaré inequality, below
that is fundamental and even is the precursor of existence of STILS solution. It has

been introduced and proved in [6] for free divergence and extended in [1].
There exists ¢, > 0 such that for any ¢ € H(u, Q) :

1611320, < ci(ﬂcﬁi)(ﬁd))niz(g) - /B . ¢ (@, ﬁ)ds). (1.2)
From the curved inequality, one deduces the following theorem.
Theorem 1.2.3 Let u € L°(Q)? with div(u) € L>®(Q). Then the semi-norm on
H (u, Q) defined by

16 13= 1dTv@) |22 ) — /a , $Ems

is a square of norm, equivalent to the norm defined on H (u, Q).
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Thus H (u, Q) can be equipped by the norm | . |1 .

Remark 1.2.1 In the free-divergence case, one gets that ¢, < 2T (see, for instance,
[6] for additional information). O

1.2.2 Space-Time Least-Square and Linear Problem

In this section, we are going to recall the design and some proprieties of STILS
method for solving the following linear conservation laws problem:

% + div(uc) = fin Q
c(x,0) = co(x) in (1.3)
c(x,t) =ci(x,t)onT_.

The space—time least-square solution of (1.3) corresponds to a minimizer in

{p e Hu, @) v (@) = cv}

of the following convex, H (u, Q)-coercive functional defined by

J(c) = 1( / (div(iic) — f)*dxdr — / A, ﬁ)ds>. (1.4)
2 0 d

The Gateaux differential of J yields

D[J(c)].¢ = / (div(ic) — f)div(ig)dxdr — / ¢ (i, )ds. (1.5)
0 20

Thus, if ¢, € G_, the space—time least-square formulation of (1.3) is expressed
as follows:

/ div(iic)div(ig)dxdt = / fdiv(iig)dxdt ¥ ¢ € Ho(u, Q) (1.6)
0 0

and
vi_(c) = cp.

For more details, see [1, 5].

Thanks to Theorem 1.2.2, we can reduce the problem (1.6) in a homogeneous one
indQ_.Forcp € G_,let Cp, € H(u, Q) such that y57_(Cp) = cp; then p = c — Cp
is the unique solution of
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/ div(ip)div(i¢)dxds = / (f — div(ECy))div(iig)dxdt ¥ ¢ € Hy(u, Q).
0 0

1.7)
Finally, let us recall the following theorem proved in [1].

Theorem 1.2.4 For u € L®(Q)? with div(u) € L®(Q), ¢, € G_, and f €
LZ(Q), the problem (1.7) has a unique solution. Moreover,

|0 1= 11200y + IdTVGCHIl 2 g)-

and the function ¢ = p + Cp is the space—time least-square solution of (1.3). O

1.2.3 Space-Time Least-Square and Semi-linear Problem

This last subsection is devoted to introducing a variational formulation (1.1).
Otherwise, our aim is to find ¢ € H (1, Q) such that

/ div(iic)div(@ig)dxds =[ fle)div(iig)dxdt ¥ ¢ € Ho(u, Q,90_)
0 0

(1.8)
and

vii_(c) = cp. (1.9)

It is important to stress that the above formulation is nonlinear. And we shall propose
fixed-point methods to study it. Let us recall that there are at least three distinct
classes of such abstract theorems that are useful for proving existence results in a
wide family of partial differential equations. These classes are:

* Fixed-point theorems for strict contractions
» Fixed-point theorems for compact mappings
» Fixed-point theorems for order-preserving operators

We shall use in the following the first two types.

1.3 Existence and Qualitative Results

1.3.1 Existence and Uniqueness

In this section, we shall study the problem (1.8) by establishing and proving
existence and uniqueness theorems for the STILS solution. These results are
deduced thanks to the fixed-point theory, namely the Banach—Picard and Schauder
theorems.
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At first, in the case where f is k-Lipschitz with k is small enough that will
be precised and by using the Banach—Picard fixed-point theorem [7], we have the
following existence and uniqueness theorem of STILS solution.

Theorem 1.3.1 Let u € L*°(Q) with div(u) € L*®°(Q), and ¢, € G_, [ be k-
Lipschitz in R with k < é Then the problem (1.8)—(1.9) has a unique solution. O

Proof Let us consider
H={¢pecHu Q) y (@ =c).

Forall p € H, f(p) € L*>(Q), then, by Theorem 1.2.4, there exists a unique element
¢ € H satisfying:

/ div(ic)div(ig)dxdt = / f(p)div(ig)dxde (1.10)
0 0

for all ¢ € Hy(u, Q,00_).
Let us define

T:-H—H (1.11)
such that
T(p) =c; (1.12)

thus a solution of the nonlinear problem (1.8)—(1.9) is a fixed point of T.
Let p1, p2p € Hand ¢; = T (p1), c2 = (Tp2).
Sincecy —c; =0onadQ_,

|1 =2 i, = IdivG@er — )l ) = fQ div(i(c) — c2))div(@(cr))dxds
- /Q div(ii(c) — c2))div(ii(cz))dxdt.
For ¢y = T(p1) and c; = T (p2), we have
fQ div(ic)div(i(c — c2))dxdt = /Q FpDdiv(ii(er — c2))dxdr

and

/ v (Gic)dro(@i(er — c2))dxdt = / Flondiv (e — ca))dxdr.
0 0
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Then a computation yields

let—c2 l},= /Q flondiv(i(e — ¢2))dxds — fQ f(p2)div(i(e — c2))dxdr.

lei—er Py= / (Flo1) — f(p)dTu(@(er — ).
]
By Young’s inequality, we get
ler =2 F,< IF (o) = fF(o)ll 20 ldiviEter — e2)l12¢g)-

Since f is k-Lipschitzin R and | ¢; — ¢z |1,,= ||c717)(17(c1 —c2))llp2()» We have

2 2
ler =2 [, = kllor = p2ll2p) 1 €1 = €2 1w
and hence,

2
lci—c |y <keplpr—p2liulcr—c2liu-

Finally, we get

| T(o1) —T(p2) lhu<kcp|pr—p2l1u-

Thus T is a strict contraction, provided that k¢, < 1. The Banach’s fixed-point
theorem ensures the existence and uniqueness of ¢ € H with T'(c) = c that solves
(1.8)—(1.9). O

Remark 1.3.1 In the free-divergence case, the previous assumption gives k < %;
thus we get a solution for small times. But it cannot be extended because of the loss
of continuity.

The constant ¢, is not optimal (see [1] for more details). And so, the condition
kcp < 1 could be improved. o

Now, let us state and prove the following technical lemmas that will be key steps in
the building of the next existence theorem.

Lemma 1.3.1 There is a positive constant C > 0 such that for any ¢ €
D(Q) verifying ¢ =0 o0ondQ—, we have [Vl 2(gya+1 < C||div(ﬁ¢)||Lz(Q). |

Proof Let us suppose that the inequality is false. Then for any integer n € N, there
is ¢, € D(Q) such that:

IVl 2y > nlldivGign)l 2(g)- (1.13)
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If n is such that [V, |l 2(gya+1 = 0, then V|l 12 gya+1 = nlldivGign)ll 2oy =
0, which is a contradiction with (1.13).
Now dividing (1.13) by [[Vénll12(g)a+1, we have

P ®n
|| —— || 12(0yd+1 > n||dzv(u M2 (1.14)
N N
1 — ¢n 1
Setting 6,, = _”—HV%IILz(Q)dH , we obtain
196, 2(gyer = 1 (1.15)
and
||dlv(u9n)||L2(Q) Idiv ( O ) l22(0)- (1.16)
1Vl
Thanks to (1.15) and (1.16), the inequality (1.14) can be written as follows:
—_ 1

By curved inequality (also named curved Poincaré inequality), we get existence of
a positive constant A > 0 such that:

16ull 120y < VAIdIVGEO) 1200y

and then
Vi
160nll 220y = o (1.18)
This implies that
6, — 0 in L*(Q). (1.19)

From (1.15) and (1.18), one deduces that (6,) is bounded in H' (Q). Then there is a
convex combination of the sequence (6,,) that converges to 6* € H 1 (Q) weakly, and
SO in L2(Q) too. Using (1.19), this convex combination converges to 0 in LZ(Q).
Thanks to the uniqueness of the limit, we have 6* = 0.
As a sum up, one sees that (1.13) yields existence of a sequence (6,,), C D(Q) C
H'(Q) satisfying:
{en —> 0 weakly in H'(Q) (i) (120)
IV60ull 12 gya+1 = 1 forany n € N (i)’ '
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(i) implies that V6, —> 0 weakly in L2(Q).

Let ¢ € L2(Q)**! such that || ;2(gya+1 = 1.

We have (¢, V6,) —> 0 in R.

The translation of the definition of the limit allows us to write:

dngy € N such that for any n > ng, we have | (¢, %9,1) < 1.

Thus we get  Sup | (¥, V6,) |< 1.

191l 2(9ya+1=1

Hence, one deduces that ||§9,,||L2(Q)d+1 < 1 for any n > ng : what is in

contradiction with (ii). O

Lemma 1.3.2 Let f : R —> R be a k-Lipschitzian function.
For any p € H(u, Q), we have f(p) € Hl(Q). In addition, there exists a
positive C > 0 such that

IV £ (o)l 20yt < ClldivGip)ll 2 (g)-

Proof Let p € H(u, Q); then there is a sequence (p,) C D(@) that converges to p
in H(u, Q).

Since f is k-Lipschitzian, we get
[ flon) I=k | pal+1fO)and]| f(p) |<k|pl+]fO)]

Therefore, (f(p,)) C L*(Q) and f(p) € L*(Q). In addition: | f(p,) —
T 20y = kllon — pliL2(). and p, converges to p in L?; thus f(p,) converges
to f(p) in L2. And in particular, any convex combination of f(p,) converges to
f(p)in L2,

Now let us take x, y in Q.

| f(on(x)) = f(Pa(¥) IS k| pu(x) = pu(Y) | (1.21)

| fon(x)) = f(on(D) 1=k | Von ool X =y |

Under Rademacher’s theorem, for any integer n, the function f (p,) is differentiable
almost everywhere, and there is a positive constant depending on n, C,, such that
| 2 1< €,; then L) € 12(Q) forany i =1,...,d + 1.

Usmg again the 1nequahty (1.21), one sees that

O en) of (on) <

Ld+1,
8)6,’ +

and then

19 £ (o)l 2@yt < KNV pull 2 gy
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By Lemma 1.3.1, we have ||V o, || 2(gyi+1 < Clldiv(@pn)l12g)-
This yields

IV £ (o)l 2(gyert < kClldivGEp) 2 g)- (1.22)

Since (p,) converges to p in H(u, Q), we get ||JH)('zan)||Lz(Q) converges to
||317)(ﬁ,0) llz2(@)- And we can conclude that (f(p,)) is bounded in H'(Q).

And more, we have ( f(p,)) is bounded in H'!(Q). Then thereis @ € H'(Q) such
that (f(p,)) converges to 6 weakly. Thanks to Mazur’s lemma, there is a convex
combination of the sequence (f(p,)), denoted 6, that strongly converges to 6 in
HZI(Q)and then in L2. And the same convex combination converges to f(p) in
L2(Q).

Under uniqueness in L%(Q), we have f(p) = 0 butd € H'(Q). This ensures us

that f(p) € H'(Q).
Passing to the limit, the inequality (1.22) yields

IV £ (o)l 2(gyas1 < kCIldiv(Ep) 1 12(g)-

O

Lemma 1.3.3 Let f : R —> R be a k-Lipschitzian function, C be a bounded
subset of H(u, Q), and (p,), (cn) be sequences in C. Denoting by c the weak limit
of (cp) in Hy(u, Q). We have

/ F(pn)div(i(cy — ¢))dxdt —s 0.
0

Proof Since C C H(u, Q), (pn), (cy) are sequences of C, there are M > 0 and
¢ € H(u, Q) such that

ldiv(ion 29y < M (1.23)
and
¢, — c faiblement dans H (u, Q). (1.24)

Using the curved Poincaré inequality (1.23), we have
loall 2y < MNA (1.25)

| flon) =k | pal+1fO)]. (1.26)

Thus (1.25)—(1.26) yield a constant C(| 77y such that:
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I1f (o)l 220y = C(1.27)- (1.27)

In another way, by Lemma 1.3.2, there exists a constant C > 0 such that
IV £ o)l 2 gy < ClldivGEon)l12)- (1.28)
From (1.23) and (1.28), we have the following estimation
1V f (o)l 2gyast < CM. (1.29)

Relations (1.27) and (1.29) imply that the sequence (f(p,)) is bounded in H'(Q).
Then, by Rellich’s theorem, even if it means extracting a subsequence, there is F €
L2(Q) such that

f(py) —> F strongly in L2(Q). (1.30)
From (1.24) and (1.30), we get
(f (pn). div(@(cy — €))) —> (F,0) = 0. (1.31)

Finally, we have

/ F(on)div(i(cy — ¢))dxdt —> 0.
0

O

Having at hands these lemmas and using fixed Schauder’s theorem, we can proceed
further to get existence and uniqueness results.

Theorem 1.3.2 Let u € L*°(Q) with div(u) € L*®(Q) and ¢, € G_, f €
W12 (R). Then the problem (1.8)—(1.9) has a solution in Hy(u, Q, 9 Q_).

Proof Since ¢, € G_ changing the source term if necessary, we shall assume that
cp, =00n0Q_.

Existence.

The proof is relied mainly on the Schauder’s fixed theorem.
Step 1: We first have to choose a bounded subset X of Hy(u, Q,90Q0_) and a
mapping T : X — X. To achieve this aim, for all p € V, under Lemma 1.3.2,
or since f € WH(R), we have f(p) € L*(Q). Then by Theorem 1.2.4, there
exists a function ¢ € Hy(u, Q, dQ_) such that

/Ezﬁ)(ﬁc)%(mp)dxdt:f f(p)div(iig)dxdt forall ¢ € Hy(u, Q,90_).
0 0

Moreover, | ¢ |1,0=< | f(0) I 12(0)-
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Since f € WH®(R), we have | ¢ |1, <| f || Q |% .
Letus define T : Hy(u, Q,00_) — Ho(u, Q,9Q_) such that c = T (p).
Solving (1.39) is equivalent to show the existence of fixed-point theorem of T'.
Let us proceed further and choose a convex set X as follows:
X={¢p € Hou, Q,00-), ¢ l1u< M}
when M is to be precised later.
1
| To lu=lchu=I| f L=l Q |2, forall p € X.
Thus, choosing M =| f |r=| O |%, the following inclusion yields
T(Ho(u, Q,00-)) CX
and then

T(X) C X.

So we will consider T : X — X.
Step 2: Thus T is continuous. O

Proof of Step 2 Then a computation yields

e —elf,= /Q Flpdiv(ii(cr — cp))dxdt — /Q Fp2)div(ii(cr — c3))dxdr

lei—e lf,= /Q(f(m) — f(p))div(ii(ct — c2))dxdr.

By Young’s inequality, we get
ler =2 F,< IF(on) = foll 20 ldiviiter — e2)l12g)-
Since f € W°(R), we have
1£ (o) = £ 20y <1 £ 1l o1 = P2l -
and hence,
ler—e If, <l e epl ot —p2 lal e1 — 2l
finally, we get

[ To1 —Tp2 ihu=l f leecplpr—p2l1u-
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Thus T is Lipschitz so continuous. O

Step 3: X is a subset convex, closed in Hy(u, Q,00Q_), and T(X) compact in
L*(Q).

Proof of Step 3 1t is clear that X is convex and closed in Hy(u, Q,90_).
Let (c,) be sequences in T (X); then there exists (o, ) sequence in Hy(u, @, 90 _)
such that

/ o (@ic,)dTo(@p)dxds = f Flon)dTo(i)dxdt ¥ ¢ € Ho(v, 0, 90_).
[} 0

(1.32)
Since (c,) bounded in Ho(u, Q, dQ_), then there exists ¢ € Ho(u, Q,00Q0_)
such that

cn — ¢ weakly in Ho(u, Q,00_),

then gﬁ)(ﬁ(cn —c¢)) — 0 weakly in L2(Q), and in particular,

/ div(ii(c, — ¢))div(ii(c))dxdt — 0 (1.33)
0

6 = = 1TV = NI} gy = [ A — TGt
- fQ div(ii(cy — ¢))div(i(c))dxdt. (1.34)
Using (1.32), we have
len—cli,= /Q f(p)div(ii(c, — €))dxdr — fQ div(ii(c, — ¢)div(ii(c))dxdr.
And by Lemma 1.3.3, even if it means extracting a subsequence, we have
/Qf(pn)c?ﬁ)(ﬁ(cn —¢))dxdr — 0. (1.35)

Equations (1.33) and (1.35) imply that
lcn—cli,— 0.

O

Since X is convex, closed in Ho(u, Q,00Q_),and T : X — X continuous, T (X)
is relatively compact in Hy(u, Q, d Q_). By Schauder’s theorem, T has a fixed point.
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1.4 Existence and Uniqueness Result for the Penalization
Version

Let us consider the space
(i) V= Ho(u, 0.9Q0-) N H'(Q).
where H! (Q) is the usual Sobolev spaces, with the norm
.. 2 _ 2 T~ 2 S 2
@) 1613 = 10122, + IT0ER) 122 o) + 1961220,

From the curved inequality (1.2), one deduces that the following semi-norm

—~ . ~ 1
| & lv= (Idiv@d) 172 ) + VS35

becomes a norm, equivalent to the norm given on V. And the space V will be
equipped with the norm | . |y .

For any A € R, and f € L%*(Q), we are going to study the following
optimization problem:

px = Argmin J(¢) + A Ve|?, = Argmin J;(c), (1.36)
ceV ceV

(Q)

where
J(c) = l( / (div(iic) — f)zdxdt).
2\Jo

Proposition 1.4.1 For any non-negative real number % and f € L*(Q), the
problem (1.36) has a unique solution.
Moreover, for any 1 > 1, there exists o := a(X) such that | ¢ |[v< al fllz2(0)-

Proof Since J, is strictly convex and Gateaux-differentiable, we have to show that
there is a function ¢ € V such that DJ, (c).¢ = Oforall ¢ € V.
An easy computation gives

DI (c).¢ = / (div(ic) — f)div(ig)dxdt + A / VeVgdxdr. (1.37)
0 0
And we obtain the following weak formulation:

f div(ic)div(@Veé)dxdt + A f
0

VeVpdxdr = / fdiv(ig)dxdt  (1.38)
0 0

forall¢ € V.
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Let us now consider the bilinear form a,;(.,.) : V x V — R defined for all
¢, €Vby

a (¢, V) = f div(ig)div(Ey)dxdt + A f Vo Virdrdr
Q 0
and the linear form L : V — R defined for all ¢ € V by:
L(¢) = / Fdiv(iig)dxdr.
0
Thus the expression (1.36) can be written as follows: find ¢ € V such that

a,(c,¢p) = L(¢) forall ¢ € V.

Taking m = min(%, 1) > 0, we have
a (¢}, B) :/ Jﬁ)(ﬁ¢)2dxdt+xf |V |>dxdr >m | ¢ |3 .
0 0

Then a(., .), is V elliptic on the one hand.
On the other hand, by using Holder’s inequality, we have

| a3.(¢. W) 1< 1div (@) | 120y ldTv @Yl 120y + MO 200y VY Il 120
And the following estimate holds

| a3(¢, ¥) | < max(h, D(IdivGEd) |l 2oy ldiv @) | 120
+UIVPll20) IV IiL2¢0))-

By taking C = max(%, 1) and using Cauchy—Schwarz’s inequality in R?, we have
lax(@. ) |I=C ¢ vl ¥ lv, forall ¢,y €V.

And we conclude that a, (., .) is continuous.
Let us now prove that L is continuous.

| L(@) 1= I fll 2o Idiv ) 12
SO,

| L@) 1< 1l 20y | & v -

Since L is linear with respect to ¢, we get its continuity.
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Hence by the Lax—Milgram’s theorem, there is a unique solution of (1.36) that
satisfies

min(1, 1) | e [5< ax(ex, c2) =I L(c) 1< [ fll 20y | € v -

So for A > 1, we get the desired result | ¢ [v< || fll2(g)-
O

Theorem 1.4.1 Let & > 1 and f € WY°(R). Then there exists function ¢ € V
such that

/ div(iic;)div(fg)dxdt+A f Ve, Vedrdr = / F(c)div(ig)dxdt forall ¢ € V
0 0

0
(1.39)
forallp € V.
The solution is unique if . > 2T | f |7, I3, () and div(u) = 0. O
Proof

A-Existence:
The proof is relied mainly on the Schauder’s fixed theorem.
Step 1: We first have to choose a bounded subset X of V and a mapping 7 : X — X.

To achieve this aim, for all p € V, since f € W1’°°(Q), f(p) € LZ(Q), then by
Proposition 1.4.1, there exists a function c; € V such that

/ div(iic,)div(iig)dxdt+ / Ve, Vedxdr = / f(p)div(iig)dxdt forall ¢ € V.
0 0 0

Moreover, | ¢x [v< | f(0)lIL2(0)-

Since f € WL®(R), we have | ¢, |v<| f L] O |% .

Let us define T : V — V such that ¢, = T'(p).

Solving (1.39) is equivalent to showing the existence of fixed-point theorem of T.
Let us proceed further and choose a convex set X as follows:

peV, o lv=M,
when M is to be precised later. And
1
| To lv=lcn lv=| f lL=| Q |2, forall p € X.
Thus, choosing M =| f |r~| Q |%, the following inclusion yields

TWV)cX
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and then
TX) Cc X.

So we will consider T : X — X.
Step 2: T is continuous for all A > 1. O

Proof of Step 2 T can be written as composition of following application:
L}(Q) — L}(Q) — V = L*(Q)

p > f(p) = fopr—s T(p) = T(p).

By Caratheodory theorem, p +—— f(,o) = f o p is continuous from L2(Q) into
L2%(Q). And Lax—Milgram’s lemma gives the continuity of f o p — T (p) from
L*(Q) into V.Using the curved inequality (1.2), it is easy to see that the injection
p € Vi pe L*(Q) is also continuous.

Then T is continuous

Step 3: X is a subset, convex, and compact in LZ(Q).

Proof of Step 3

1611310y = 1617200, + 1IV¢172p, V0 € H'(Q).

By the inequality (1.2), we have

1611319y < A+eDUIVED) 2 o) +IVBI2 o) = A+c3) [ D v Ve V.

Then X that is bounded in V is bounded in H' (Q). And by Rellich’s theorem, we
know that H'(Q) c L?(Q) with compact injection so X is relatively compact in
L*(Q).

Moreover, X is closed in LZ(Q).

In fact, let x,, be a sequence in X with x, — x € LZ(Q); then x,, is bounded in
V, which is a reflexive Banach space; then there is a subsequence x,; that converges
in the weak topology o (V, V*) to x* € V.

X is convex closed in the strong topology, then X is convex closed in the weak
topology (see [8],Theorem 3.2), so we have x* € X.

And from Mazur’s theorem, there are a convex combination of x,;, themselves
elements of X which converge strongly towards x* € X.
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But these same convex combinations converge towards x € X in L2(Q). By
uniqueness of the limit in L2(Q), we have x = x*.
Furthermore,

[ v |v<liminf | x,; |[v< Maex € X;
therefore, X is closed in L2(Q).

Since X is relatively compact and closed in L2(Q), then it is compact in L2(Q).
O

Since X is convex, compact in LZ(Q), and T : X — X continuous, from
Schauder’s fixed-point theorem, T has a fixed point.
B-Uniqueness:
Let p; and p, be two solutions of 1.39, and we have

/Q | div(@(p; — B7) > doxdr + A /Q | V(s — 57) | dxdr
= /Q (f(p2) — f(P)div(i(ps — p))dxdr.

By Young’s inequality, we have
T~ —\\ 12 S —\ 2 —\ 12
T~ —\\ 112
+ ”dlv(u(p)» - Pk))||L2(Q)
Since f € W(R), we have
£ (o) = fFP 20y I I ee®) llox —0ill2 )
and it follows that
20l div@(or = P32y + 2MIV (01 = P2y <1 f' [y 12 = Pl )
T~ —\ (2
+ Ildiv(@(os = PNl 20y
Since div(u) = 0, Remark 1.2.1 yields
— 2 20 S —\ (2
”,OA - p)h”Lz(Q) = AT ||(u, V(IO), - /0)»))||L2(Q)
And then, we have
T~ —\\ 12 S —\ 2
20T (P — DDy + 241V (02 = TD 22y,

<AT? | f oy 1@ V(i = PDI3a ) + 1di0GE (01 = P75 -
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By using Cauchy—Schwarz’s inequality, we have

2ldiv @ (o = P32, + 221V (02 = P72

<AT? | £ i@ 1013200, 1V (01 = P2 ) + iV (02 = P2

T @ (0. = P17 2 )+ @A=4T | ' (oo 152 ) IV (02 =Py < O-

2

Thus p;, = p, provided that A > 277 | £ @w) 1117 .

1.5 Numerical Study and Simulations

In this section, two numerical methods are presented for computing the solution
of semi-linear conservation law problem (1.10). The first consists in using Picard’s
iteration or Newton-adaptive for the linearization of the semi-linear problem. These
linearized problems are discretized by using discontinuous Galerkin’s method of the
STILS formulation (1.6) and continuous finite-element method for the penalization
version (1.38). Moreover, a posteriori error bounds are established when Newton
iteration is used.

In the sequel, we shall assume that the function f is k-Lipschitz; then by
Rademacher’s theorem (see [9] for more details), f is differentiable almost every-
where.

1.5.1 A Finite-Element Method for Semi-linear Conservations
Laws

Let us assume that the problem (1.8)—(1.9) admits a unique solution ¢ € H**1(Q)N
H (u, Q). In order to provide numerical approximation for computing the solution
of (1.8)—(1.9) after linearization, we shall use a simple finite-element approximation
that can be derived from the use of discontinuous Galerkin’s approximations of the
space—time least-square formulation. This method is introduced in [10] for linear
hyperbolic problem and [11] for Poisson problem.

Let 75, be a regular partition of the domain Q more precisely a triangulation
in which each element is a polygon (respectively, polyhedra) in two dimensions
(respectively, in three dimensions). For k > 1, we consider the discontinuous finite-
element space (see [10] )

Vi={peL*(Q),¢ | T € Qu(T) ¥T € Ty}, (1.40)
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where Qy(T) is the space of linear polynomials of degree k in each variable on T
and

V={pel*0).¢|TecHT)NH®U,T)VT € Tp)}. (1.41)

It is easy to remark that V contains V;, and H*t1(Q) N H(u, Q). Let &, be the set
of all edges for d = 1 or flat face for d = 2 and 82 =EN\IQ_.For T € T}, let
us denote by ik the diameter of K and px the supremum of the diameters of the

inscribed spheres of K, h = max hr the mesh size of 7. Let us suppose that 77, is
shape regular, and also there exists two non-negative constants C ((i) 42 and C ((? 42

such that

h
c® << Cg)42) VT eTpVecCT. (1.42)

Moreover, for T € 73, we introduce the following notations:
En(T)={E €&,; ECOT}.

For ¢ € Vyand e € &, withe = 0Ty N dT», Ty, To € Ty, let we define [¢] the
jump of ¢ across e € 82 as following:

(p] = lor, A1 + & loT, A2

and also

[, m)¢] = @, n1)¢ lar, +@, 12)$ oz,

where 717 and 773 denote the unit outward vectors on 37 and 975, respectively. For
ecdQ_,[¢] =¢and [(u,n)P] = (u, ).

By considering the following bilinear form in V x V

Alc.¢)= Y /Jﬁ)(ﬁc)c?ﬁ)(ﬁ¢)dxdt+ > /h;l[(ﬁ, Dell(@, B)plds.
= ect) "¢
(1.43)
Since ¢ € V, then

Ale, @) = Z / f(o)div(ip)dxdi+ Z /hzl[(ﬁ, n)cpll (@, n)plds Vo € V.
Ter, * T ecdQ_ "¢
(1.44)

The corresponding approximation of (1.44) is called in ([10]) simple finite-element
methods. It is easy to see that the bilinear form

Il = A, ) + |Dl7, kt1
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defines a norm in V. Moreover, we have where

it = Y lplisrr (1.45)
TeTy
AP, ¥) < ollpcII¥lipGY ¥ . ¢ € V. (1.46)

As in [12], we shall use the following abbreviation x < y for signifying x < Cy
for some constant C > 0 independent to the mesh size & and A. Let P, be the L?
projection onto Vj; we have the following results, see [13] for more details.

There exists a constant Cj 47, > 0 such that for all p € V

IV — Papdllo.r < Cip a7y 1plksr.T (1.47)
forall T € 7j and
lp = Pupllo.r < Cpa7yh* ' plgrr. (1.48)

It is also proved in [14] that there exists a constant C ] 49, independent of the mesh
size h such that forany T € 7, and e C 9T, we have

lpl2 < C 149, plF + IVl (1.49)

Finally, we deduce the following approximation lemma.

Lemma 1.5.1 Forall p € V,

lp = Puplipg < h*llpl7,x41 ¥ T € Th. (1.50)

Proof

lo—Piplhe = Y / div(@(p—Pyp))*dxdt+ Y | b IIGE. 7)(p— Php)] | ds.
TeTy T ee&y ¢

By theorem (1.2.1), (&, 7) € L®(dT), then it follows from (1.49) and (1.42)

/ he NG (0 = Pup)lIPds < €7 g h™ I Dl o) / ILGo — Pap)]*ds.
e

‘ (1.51)
This and (1.49) yield

~ ~ 2 ~ ~ —
fe 1@ 7)o = Pap)1IPds < 4C7 4 I W10 C 1,49, llp = Papll

+ IV — Pup)|%). (1.52)
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And from (1.47) and (1.48), it follows

/ L@, (o — Pup)1I*ds < ¢ 53,8 |pli 417 (1.53)
e
where
c = C1 40,C 1 47,C? o NG, )| oo (1.54)
(1.53) A 49~ A.4T ™ (1.42)11%- L®(e)- .
We also have from triangular inequality

ldiv(e — Pup)llz < 1@V (p — Pup)lir + Idiv(@)(p — Pap)lir. (1.55)

Since ' € L*°(T) and div(u) € L*®°(T), we get from (1.47)—(1.48)

ldiv(o — Pup)llr < C(1 47,2 1,57 (h*1plkr1.7), (1.56)

where
o, 1.57) = max {[|div@@)llLer), |Qlullo(r)}- (1.57)
From (1.53) and (1.56), we get the result. |

1.5.1.1 A Finite-Element Method and Picard’s Iteration

Let f be a k-Lipschitz function in R with k < CL In this case, the solution ¢/ can be
4

computed by using the Picard iteration of some linear problem. The Picard iteration
in this context is given by the following scheme:

Algorithm

+ Start STILS-MT]1 with some given C°.
* Compute CZ 41 from ¢! such that

A ) =Y / f(cMdiv(gy)dxds

TeTh

+ > f (@, Mol T, W)gnlds Yoy € Vi (158)

e€dQ_
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1.5.1.2 A Finite-Element Method and Newton’s Method

We suppose that the problem (1.8)—(1.9) has a unique solution V = H?(Q) N
H (u, Q). Recalling (1.58), we can write (1.8)—(1.9) as follows:

find c € V such that F(c) =0, (1.59)
where

F:V— V*

(F(), p)yr.y = Ac. ) — Y /T F(©div(ig)dxds

TeTh

= Y| MG D)@ A plds Y € V. (1.60)

ecdQ_v¢

Given some initial guess ¢, the classical Newton—Raphson’s method for solving
equation (1.59), when F is differentiable and consists in generating a sequence of
approximation that converges in the quadratic sense, to the exact solution as follows:
ceV
0 C . (1.61)
41 =cp — F (cn)” . F(cy) Vn € N*,

This method is known to produce a chaotic behaviour when ¢ is far to the desired
root, see, for instance, (see[15]) for more details. In order to remedy the chaotic
behaviour, the following Newton damping method is proposed (see[16]). In that
case, (1.61) is written as
{COEV A (1.62)
Chrl =cp — 8tF (¢y)” " .F(cy) Vn € N*,

We shall use adaptive Newton—Galerkin’s method; more precisely, the damping

parameter 8¢ in (1.62) may be adjusted and adapted in each iteration. For illustration
of the choice of 4z, let us define the Newton—Raphson’s transform as follows:

p+— Np(p) = —F (0)" . F(p).
By (1.62), we have

Cn+1 — Cn
——F—F =N, .
5, F(cn)
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And we remark that (1.62) may be seen as a forward Euler scheme of the following
ordinary differential equation:

d
P = Nr(p(s) Vs p(0) = co. (1.63)

Ifc, € Vforalln > 1 and F is enough smooth, for instance, F /(,o)’1 .F(p) exists
for all p € V, then we obtain the solution of (1.63) satisfies

F(p(1)) = F(p(0)) exp(—t), V1 =0.

It is easy to see that F(p(¢t)) — Oast —> 0.

The adaptive Newton—Raphson (see [17]) consists in choosing the damping
parameter &, so that the discrete forward Euler’s solution of (1.62) stays reason-
ably close to the continuous solution of (1.63). Finally, we obtain the following
algorithm, see [12].

Algorithm
Fix a tolerance €:

(i) Start the Newton iteration with some initial guess c¢p € V.
(i1) In each iteration stepn = 1, 2, ..., compute

. 2¢
8t, = min — 1. (1.64)
(V INF(cn)llv )

(iii)) Compute ¢, from (1.62) and go (ii).

In the sequel, we suppose that f "(¢p) exists for all n > 1, thus the sequels in 1.62
are well-defined, and we have

Blc, p,d) = (F (©)p, $)ar 4y = Alp, $)
— Z / f/(c)p(ﬁ¢)dxdt for all ¢ € V. (1.65)
T

TeTy,
Let us define
L(c, @) :=(F(c), p)y* v

with the previous notation (1.62) can be written as follows: given ¢, € V, find
cn+1 € V such that

B(cn, cny1, @) = B(Cn, Cn, @) — 8ty L(cn, ¢) forall ¢ € V. (1.66)
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Let us now consider the following finite-element approximation: find CZ 4 €YV
from /' € V), such that

B(ch, el )= B(cl.ch, @) — 1, L(c!, ¢) forall ¢ € V. (1.67)

By introducing the following notation:

O =~ (1 - 8ty)c! (1.68)
and
fom (CZ_H) = Stnf(cfl’) + f/(cZ)(cZ_H — CZ) (1.69)

we have, from (1.66),

> / div (i) div(@g)dxdr + ) / hy L@ )G T lds
T

TeT) ee&2 ¢

=3 / £ (et DdivGg)dxdr
T

TeTy,

+ > | Stk @ Dyl Mlds Y € V.

ecdQ_ V¢

Let us define the following quantities:

T o~ (8t Sty h nih
ar = |div@@c®)y — £ o and Br = 112 () — F o r
(1.70)

ae = L@ ) o and Be = IILE. A)ep]lo.e- (1.71)

We also have the following result expressed by an inequality.

Theorem 1.5.1

1

||F(Cl(1it-n1’h))”4/* < ¥ max << Z ﬂ%)z, max (( Z a%)z, ( Z hg-hx?) ’

TeT) TeTh ec&)
7
+<Zh;1/3§> )) (1.72)
ee&2
Proof

(F(0), @)y v = (F(C), & = Prp)y v + (F(C), Phop)y= .
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Since P, € V, from (1.66), it follows

(Fe™). Puglypep= D f (e, ) = £ () div @ Pag)dxdr,

TeTh

and it follows, from Cauchy—Schwarz inequality in L»(7T) and RY with ¢ =
dim(77%),

(F(mM), Pu)gpe np = D 172 () = () o I Pudlo.r
TeTy

‘(F( r(za—lt—nlh)) Ph¢)(v*,fv’

SONTLCENCITBE S ||Ph¢||or) -

TeTy TeTy

Since Py satisfies Y ||Ph¢||0 r< > ||¢||0 r Vo e L?(Q) (see [8]), we have
TeT) TeTh

(F (™), Pag)oe o] = ( 3 ﬂT)z( 3 ||¢||5,T)2. (1.73)

TeTy TeTy

And using Lemma 1.5.1, we have

%
(F (™), Pro)ye o] < ( 3 ﬂ%) W1l ks (1.74)

TeTy

(F(c r(ﬁnlh)) ¢ - PW’)(V*,(V = Z / (%(ﬁcfﬁ”ﬁ) fle r(zilnlh)))

TeTy T

div(ii(¢p — Pyep))dxdr

2 / e, JI@. (@ — Pa)lds
eeSO €

- / (@, W) 1, ) — Pag)]ds

ecdQ_
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> [ @@t - £l - pgnasar
TeT) T

1

- ( Z a%y( Z |l div(i(p — Phﬁb)”(z),T)%)

TeTy, TeTy

> f W7 @, 1)) bigl [, 7) (¢ — Pud)ds

0 e
eesy

1

1 =
< ( 3 he]oz3> ( DR [(CADICES Ph¢)]||%,e)2

(0] 0
ee&, e€E),

Do | h@ eI ) (@ — Pag)ds

ecdQ_ V¢

(s
8682

The inequalities (1.75)—(1.77) yield

1

1y~ _ 2 \?
> kG W@ — PR, )

0
ecE

2
(F(e’m™). & — Pugp)ye | < max AR ( > he_lozf)

TeT) 8682

1

+ ( » hJﬂZ)z 16 — Padllng-

0
eeEy,

Thus, it follows from Lemma 1.5.1

1

|(F(c,(ﬁ"fh>), ¢ — Ph¢)q/*’(v| < max (( Z a%) ( Z hglaj)z

TeTy eegg

1
2
>

+ ( > hzlﬂf)z)h"||¢||(r,,,k+1.

0
ecE),

(1.75)

(1.76)

(1.77)

(1.78)

(1.79)
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From (1.74) and (1.79), we deduce

(F (™). @)yl
1

< max<( ) ,s%)z,max(( ) a;)z, (28 he—laez>z

TeTy TeTy

1
+ ( > helﬂﬁ) 2))h"||¢||¢h,k+1. (1.80)

0
eeE),

1.5.2 STILS for Semi-linear Conservations Laws

In the following, we assume that the problem (1.39) admits a unique solution
c € V := Hy(u, Q) N Hk“(Q), and we will omit the dependency of the
function according to the parameter A. Our aims are to give numerical methods
for solving problem (1.39) based on the classical finite-element approximation of
STILS formulation and establish a posteriori estimations. For this, we shall first
consider first a finite-element approximation based on quadrilateral mesh by starting
with the following finite-dimensional spaces:

VK)={¢p € C°0),¢| K e O, (1.81)

where K is the so-called reference element and @ is the space of polynomials
of degree at most k in each variable, separately defined in K. Let S be a class of
invertible affine mapping defined on K into R*! For K = Fg(K ) with Fg € S,
the finite-element space can be defined by composition with the inverse of Fg as
follows:

V(K)={p:K = R:p=po Fx forsome p € V(K)}. (1.82)

Let 7}, be a triangulation of Q such that each of its element is the transformation of
K with some mapping in S. Thus we get the classical finite-element approximation

th{p:Q—>R:p|KG V(K) for all K}.

In order to obtain the CFL condition stability of STILS-MT]1 (see [4]), we shall
consider a strict rectangular mesh. Let

[1:V — Vj, suchthat [lg = ¢ forall g € QO (1.83)

be a linear operator.
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Let us recall the following approximation result proved in [18], pp 103, Corollary
44.2.

Lemma 1.5.2 Let us suppose that d < 2 and k > 1; then, there exist C such that,
forall0 <m <k + 1, c € H*TY(K), the following inequality holds:

hk—i—l

| ¢ —TIlc |m k=< Cn,olcli+ik - (1.84)

p m

The above lemma provides us the existence of C > 0 such that the following
inequalities hold for any ¢ € H (u, T) N H*1(T),

lle = Mello,r < CA*elgyrr ¥ T € T, (1.85)
and

V(e = To)lo,r < Ch¥[clisr,r ¥ T € Th. (1.86)
As in the proof of Lemma 1.5.1, there is a non-negative constant C,, such that:

ldiv(@(c — Te)llo.r < Cuh¥lelirrr ¥ T € Th. (1.87)

1.5.2.1 STILS and Picard’s Iteration

In this section, we suppose that f is k-Lipschitz with k < % Then the mapping
T defined by (1.11)—(1.12) is a strict contraction, and thus, we shall use Picard’s
iteration algorithm for the linearization of (1.10)—(1.9).

The Picard’s iteration in this context is given by following scheme:

Algorithm
« Start STILS-MT1 with some given C°.

* Find cZ 41 € V) from c! by the formula

/ div(@c!, ) div(ign)dxdr + / Vet Vedxdr
0 0

= f (f (k) — div(iCy))div(igy)dxdt ¥ ¢y € V). (1.88)
0
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1.5.3 STILS Adaptive Newton Method

Since the problem (1.39) has a unique solution, V = HF+! (Q) N Hy(u, Q). Then
the problem can be written as follows:

find c € V such that Fy(c) =0, (1.89)
where
F:V— V*
such that
(F.(), ).y = / div(iic)div(iig)dxds — A / VeVedxde
0 0
- / f(e)div(iig)dxdt V ¢ € V. (1.90)
0
Since f is differentiable, then F; is differentiable, and we have
Brc. p.8) = (F(O)p. )y = / 7o (p)dTo (@) dxdi — 1 / V0% pdxdr
0 0
—/ £ (e)pdiv(iig)dxdt ¥ ¢y, € V. (1.91)
0

Let us also define the following linear form in V
1 (0, @) = (Fo(p), Py - (1.92)
We assume that F is invertible, and inserting (1.91) and (1.92) in (1.62), we get
Bi(cns cnv1, @) = Bilcn, Cn, @) — 8ty Ly (cn, ¢) forall ¢ € V. (1.93)

Let cZ be the finite-element approximation of ¢, (1.66). We obtain the following
FEM adaptive Newton:

Bi(cs eyt ®) = Brlen. ey §) = StuLa(cy, @) forall ¢ € V. (1.94)
By introducing the following notation:

O = (1 — 1) (1.95)
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and
£l ) = Sta f () + el — e,

it follows from (1.94) the following result
/ dlv(uc(m” )dw(uqﬁ)dxdt —+ k/ (&” h)V(pdxdt
0 0

= / fo (et Ddiv(@g)dxdr forall ¢ € V.
0

We also get the following result.
Theorem 1.5.2

1

1 1 1
ImEl <t (( S ) +( 2 #) (X))
TeT), TeTh, TeTh,
where
ar = (@) - 1o
= 17 k) = P g and vr = [0
Proof

(F ) 0] = [ @) - el apaa

+ A f PG gdxdr.
0

(1.96)

(1.97)

(1.98)

(1.99)

By adding and subtracting ¢, = I1¢ in (1.99) and using (1.97), the following result

holds

(B (e ™), @) = fQ (@0 (el — £( ) dFo i — di))dxdr

2 [ el - gndrar s [ (7 (e
9]

— £ (e div Gign)dxdr

)
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/Q((dzv( ™)) = £ () div (g — gn))dxdt

< > ((@iv(@el™)) = £ () o r IdivGE( — gn)llor.  (1.100)

TeTy

Applying Cauchy—Schwarz inequality leads to

(@) = e )T - aupasr

( Z ‘ dlv uc(&” h)) £ (Cn+1))“0 T) 2( Z ldiv (¢ — ¢h))||(2),T>2,

TeT TeTy
(1.101)

and recalling (1.87), it follows

/Q (@0 (@) — o (ch, )o@ — ¢n))dxde

1

2
< X @) - r ) lor ) Hidhoo. 1102

TeTy

Thus,

1

_— 2
/Q (7 (char) = f(ef2}™))div(ign)dxde < ( > a%) F1ples1,0.

TeTy
(1.103)

It also follows

A /Q VelinMY (¢ — pp)dxdr < ( Ve o IV (e - ¢h>||o,T).

TeT),

Using inequality (1.85), the following estimation holds

1

2
)\f PG (@ — pp)dxdr < ,\hk< > y%) blisl.0- (1.104)
0

TeTh

It follows from (1.102), (1.103), and (1.104).

<n<2‘1"ih)>’¢>f’1k(<§ ) (

1

> ﬂT> +x( > )’%)2)|¢|k+l,Q'

TeTy TeTy
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Sty h Stn,h
Furthermore, || Fy (ciory™) v v = sup(Fa (™), ¢) and |§lis1,0 =< lI¢llv, and
then we get the results. O
Since 8¢, = 1, if the adaptive Newton converges, | F; ,\(cﬁ”l’h) )||v* is a reasonable

approximation; moreover, under certain conditions on f, we can show that |c —

(8tn, (81,

)y - . )
¢, 17 llv is equivalent to || F5.(c,["7) [lv

1.5.4 Numerical Experiment

Let we consider the following one-dimension hyperbolic conservations laws with
linear convection and stiff source terms (see [19]).

F(8) = —pss — 1>(s - %)

and initial data

lifx <0.3

i) = {Oifx >03°

The exact solution approaches the following waves solution w (x — t) with

Oif cp(x) <
o) =1 1ifcox) =
lifco(x) >

D=0 =t —

Example 1.5.1 We first choose w such that T is a contraction for instance u = %
and we will compute the solution of (1.8)—(1.9) by using Picard iteration and simple
finite-element method and (1.39) by Picard iteration and STILS-MT. The mesh size
of the space is 61_0 and the times step 61—5, which give 60 x 65 element in space—time.

The solution is presented at t = J—t in Fig. 1.1. O

Example 1.5.2 Let we choose now p = 7 and compute the solution of simple finite-
element method and STILS-MT1 with penalization A = % and using Newton—
Raphson iteration for the semi-linearity. The mesh size of the space is 21—0 and the
times step %, which give 20 x 25 element in space—time. The solution is presented
att = 1. O

Both numerical methods can be used to tame the spurious oscillations produced by
STILS-MT and classical finite-element methods when advection problem is solved.
In the case of simple finite-element methods, we have spurious diffusion for this
semi-linear conservation; on the other hand, the same fact can be obtained when
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Fig. 1.1 Left: Picard’s iteration with STILS-MT1 with penalization A = % Right: Picard’s
iteration with simple finite-element method

1.2 1.2
1.1
17 1
084 0.9
0.8
0.6 0.7 1
0.6
0.4 0.5
0.4 1
0.2 03]
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Fig. 1.2 Left Newton-adaptative—Raphson’s iteration with STILS-MT1 with penalization A = %,
right Newton-adaptative—Raphson’s iteration with simple finite-element method

penalization version is used, but it can be controlled by the parameter A. Moreover,
STILS-MT cannot be used for simple finite element and that gives an important time
calculation. We can clearly see that STILS-MT with penalization provides effective
methods for solving semi-linear conservation law numerically (Fig. 1.2).
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Chapter 2 )
Structural Stability of p(x)-Laplace e
Problems with Robin-Type Boundary
Condition

Kpe Kansie and Stanislas Quaro

Abstract In this chapter, a continuous dependence result on coefficients of solu-
tions of the nonlinear nonhomogeneous Robin boundary-value problems involving
the p(x)-Laplace operator is established.

Keywords Generalized Lebesgue and Sobolev spaces - Leray—Lions operator -
Weak solution - Renormalized solution - Thermorheological fluids - Continuous
dependence - Young measures - Robin-type boundary condition

2.1 Introduction

Our work has for goal to study the convergence of sequences of solutions of
degenerate elliptic problems with variable coercivity and growth exponents p, of
the form

b(u,) —diva,(x, Vu,) = f, inQ,
(Pb,) : (-2

ay(x, Vuy).n = —luy|Pr U, on 082,
where Q is an open bounded domain of RY (N > 3) with smooth boundary 32 and
n is the outer unit normal to 02. Here, » : R — R is a continuous, onto, and non-
decreasing function such that b(0) = 0; (a,(x, &)),cn 1s a family of applications
that verify the classical Leray—Lions hypotheses but with a variable summability
exponent p,(x) converging in measure to some exponent p such that 1 < p_ <
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Pn() < py < ooand (fy)nenw C L'(K2). We show that the limit of this sequence of
solutions is the solution of the following problem associated to the exponent p:

b(u) —diva(x, Vu) = f in Q,

2.1
a(x, Vu).np = —|ulP® =2y on 9. @D

(PD) : {

Andreianov, Bendahmane and Ouaro (see [1]) studied the structural stability of
weak and renormalized solutions u, of the following nonlinear homogeneous
Dirichlet boundary-value problem:
b(u,) —diva,(x, Vu,) = f, in Q, 2.2)
u, =0 on %2,

where (a,(x, &)),cxy verifies the classical Leray—Lions hypotheses with the variable
exponents p, (x) suchthat 1 < p_ < p,(.) < p4+ < oo. Since the exponent p,,, and
thus the underlying function space for the solution u,,, varies with n, the convergence
of weak solutions u,, requires some involved assumptions on the convergence of the
sequence f, of the source terms. To bypass this difficulty, they used the technique of
renormalized solutions. Indeed, the study of convergence of renormalized solutions
of the problem (2.2) permits them to deduce convergence results for the weak
solutions under much simpler assumptions on (f;),en, in particular the weak L!
convergence of f, to a limit f sufficiently regular so that to allow for the existence
of a weak solution. Moreover, the structural stability results permit them to deduce
also new existence results of solutions.

This chapter is related to Robin-type boundary condition, so we cannot work in
the space WO1 PO (£2), but in the space w1-rO(Q). Therefore, Poincaré inequality
does not apply. Nevertheless, we use in this chapter a Poincaré—Sobolev-type
inequality. The technique of Young measures (see [10, 12, 14]) is essential for the
convergence of the sequence of gradients of solutions.

Problems with variable exponents p(x) and p,(x) were arisen and studied by
Zhikov in the pioneering paper [23]. The study of problems involving variable
exponent has received considerable attention in recent years due to the fact that they
can model various phenomena that arise in the study of elastic mechanics, elec-
trorheological, and thermorheological fluids (see [6, 18-20]) or image restoration
(see [5, 13]).

Let us give the outline of the paper. In Sect. 2.2, we introduce some preliminary
results. In Sect.2.3, we prove the existence and uniqueness of the renormalized
solution of (2.1) with L'-data f. In Sect.2.4, we tackle the question of continuous
dependence for renormalized solutions.
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2.2 Preliminaries

In this section, we do some assumptions on the model problem (2.1) and give some
preliminary results.

p : @ —> Ris a continuous function such that 1 < p_ < p, < oo, (2.3)

where p_ = Xiggzp(x) and p; = su?2 p(x).
Xe

{ b:R— R is’a continuous, non-decreasing, 2.4)
and onto function such that b(0) = 0.
a(,) QO xRY — RN isa Carathéodory function with
a(x,0) =0forae.x € 2, 2.5)
satisfying, for a.e. x € €2, the strict monotonicity assumption
(@(x,§) —ax,m).(6 —n) > Oforall &, n € RV, & # n, (2.6)
and the following growth and coercivity assumptions in &:
lax, )| < CLM) + [§[PD7H), 2.7
a(x, §).£ = CrlE|PY), 2.8)

where C; and C» are the positive constants, and M is a non-negative function in
LPO@) with 1/p(x) +1/p'(x) = 1.

Remark 2.2.1 The condition (2.5) is a consequence of the continuity and the
coercivity of a(., .). |

For the given exponent p, we denote by p’ its conjugate exponent such that 1/ p(x)+
1/p’(x) = 1 and by p* its optimal Sobolev embedding exponent such that

Np/(N —p) if p <N,
p*:= { any real value if p = N,
o0 if p> N.

For any given k > 0, we define the truncation function 7; : R — R by

T (r) = max(min(r, k), —k).
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We put
1 ifz >0,
sign(z) =40 ifz=0,
—1ifz <0.

The truncation function 7} has so the following properties:
. . .1 .
|Tk (z)| = min(|z|, k), lim Ti(z) =z and lim —T;(z) = sign(z).
k— 00 k=0 k

For a Lebesgue measurable set A C €2, x4 denotes its characteristic function, and
meas(A) denotes its Lebesgue measure. Also, we denote by measy_1(B) or u(B)
the Lebesgue measure of B C 9€2.

Letu : @ — R be a function and £ € R, and we write {|u| < k} for the set
{x € Q:u(x)| <k} (respectively, >, =, <, >).

We will also need to truncate vector-valued functions with the help of the
following maps:

A if M| <m,
form > 0, hpy : RY — RN b,y (1) = LUPETII. (2.9)
A] '

We have the following property (see [1, Lemma 2.1]).

Lemma 2.2.1 Let h,(.) be defined by (2.9) and a(x,.) be monotone in the
sense (2.6). Then, for all . € RN, the map m +—> a(x, hy,(X)).h,(X) is non-
decreasing and converges to a(x, A).A as m — 00. O

The exponent p(.) appearing in (2.7) and (2.8) depends on the spatial variable x and
then requires so to work with Lebesgue and Sobolev spaces with variable exponents.

We define the Lebesgue space with variable exponent L”)(Q) as the set of all
measurable functions u : 2 — R for which the convex modular

Pp(y (W) = / |u| P dx
Q

is finite. If the exponent is bounded, i.e., if p; < oo, then the expression

. f
||“||p(.) = ”U”Lp(-)(g) = mf{)\ >0: pp() (K <1

defines a norm in LPU(RQ), called the Luxembourg norm. The space
(LPO(Q), |11 5(,) is a separable Banach space. Moreover, if I < p_ < p; < o0,

then L) (Q) is uniformly convex, hence reflexive, and its dual space is isomorphic
to LP'O(Q).
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Moreover, we have the Holder-type inequality

‘/ uv dx

forall u € LPO(Q) and v € L' ().

whrO(Q) denotes the space of all functions u € LPO) () such that its gradient
Vu, taken in the sense of distributions, belongs to (LPO(Q))N. This space is a
Banach space equipped with the following norm:

1
5(—+ — )nunp(_) loll v, 2.10)

Nl py = Nutllyroo gy = lull iy + 1Vl

The space (Wl’p(')(Q), ||~||1,p(.)) is a separable and reflexive Banach space; for
more details on the generalized Lebesgue and Sobolev spaces, see [8, 15] and the
references therein.

In manipulating the generalized Lebesgue and Sobolev spaces, the following
lemma (cf.[11]) permits to pass from norm to convex modular and vice versa.

Lemma 2.2.2 If u,,u € LPY(Q) and p; < oo, then the following properties
hold:

@) ppey (u/ llull ) = L. ifu #0.
(i) pp)(w) < 1 (respectively = 1; > 1) <= |lull,() < 1 (respectively =1; >
D).
@) ppy(w) <1 = IIMllp() < ppoy) < IIMIIZ{).

(V) ppoy) = 1= llull? ) < ppoy) < lullf
(v) ||un||p(.) — 0 (respectively — 00) <= pp()(un) — 0 (respectively —
00). |

For a measurable function u : 2 — R, we introduce the function

P1,p() () :=/ |u|p(")dx+/ |Vu|?Pdx.
Q Q

Then, we have the following lemma (see [21]).
Lemma 2.2.3 Ifu € W'PO(Q), then the following properties are true:
(i) prpy(u) < 1(respectively = 1;> 1) <= llully p) < 1 (respectively =
;> 1)
@) p1 P()(u) <l= ||M| Lp() = = p1 P()(M) = ”qu PO

(@) pl,p(.)(u) > 1= ”u”LP(-) = pl,p(.)(”) = ”qu,p(.)'
(iv) lNunllt,pcy = O (respectively — 00) <= p1 p()(un) — O (respectively —
00). O

One has below, imbedding result between Lebesgue and Sobolev spaces with
variable exponent.
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Proposition 2.2.1 (See [8,11]) Let p,q € C(Q) with p_ > 1. Assume that g (x) <
p*(x) for all x € Q. Then, there is a compact imbedding WP (Q) — L10(Q).

In particular, there is a compact imbedding WP (Q) — LPO(Q). |
Put
(N —Dp(x) .
———~if p(x) < N,
PP = (pe)? =1 N-px) T (2.11)
00 if p(x) = N;

then, one also has the following imbedding result.
Proposition 2.2.2 (See [22]) Let p € C () with p— > L. Ifqg € C(0RQ) satisfies
the condition

1 <qx) < p(x) Vx € 09,
then there is a compact imbedding WP (Q) — L1O(dQ). In particular, there is
a compact embedding WP (Q) — LPO(HQ). O
For any u € w1-PO(Q), we denote by t(u) the trace of u on d<2 in the usual sense.
Proposition 2.2.2 means that, for every 1 < p < oo, the trace operator

T WhPOQ) - LPOOQ), u > (1) = upe,

is compact.
The following result (corollary of Lebesgue-dominated convergence theorem) is
very powerful to prove strong convergence results.

Lemma 2.2.4 (Lebesgue Generalized Convergence Theorem) Let (f,),en be a
sequence of measurable functions and f a measurable function such that f, — f
a.e. in Q. Let (gn)nen C LY(Q) such that for alln € N, | fy| < gn a.e. in Q and

gn — g in LY (). Then,
f fondx — / fdx.
Q Q

We also recall a Poincaré-type inequality and a Poincaré—Sobolev-type inequality
(see [17)).

Lemma 2.2.5 There exists C1 > 0 such that for all u € wl1(), one has

/|u|dx§C1 </ |Vu|dx+/ |u|d0),
Q Q R

and there exists Co > 0 such that for all u € Wl’q(Q), 1 < g < N, one has
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. q/q9* q
(/ lu|? dx) <C (/ |Vu|’1dx+</ |u|do) >,
Q Q IQ

where 1/g* =1/g — 1/N. O

For the applications we have in mind, we will need the following theorem in which
the results of (ii) and (iii) express measure convergence of some sequences.

Theorem 2.2.1 (Young Measures and Nonlinear weak-* Convergence, cf. [1])

(@)

(i)

(iii)

Let @ C RV, N € N, and (v,)nen an equi-integrable sequence on Q of
functions to values in RY, d € N. Then, there exist a subsequence (Vy, )keN
and a parametrized family (v¢)ceq of probability measures on R?, weakly
measurable in x with respect to the Lebesgue measure on 2, such that for all
Carathéodory function F : Q x RY — R/, t € N, we have

k—o00

lim F(x,vnk(x))dx=// F(x,))dv,(\)dx, 2.12)
Q Q JRY

whenever the sequence (F (., v,,(.)))nen is equi-integrable on Q2. In particular,

v(x) = / Advy (L) (2.13)
Rd
O
is the weak limit of the sequence (v, )keN in LYQ), as k — oo.
The family (vy)xeq is called the Young measure generated by the subse-
quence (Vy; )keN.
If Q is of finite measure, and (vy)yeq is the Young measure generated by a
sequence (Vy)nen, then

(vx = dy)a.e.x € Q) <= (v, converges in measure on Q2 tov asn — o).

If Q is of finite measure, (u,)nenN generates a Dirac Young measure (8,,()5)))6652

on R%, and (Vn)nen generates a Young measure (Vy)yxeq ON R%, then the
sequence ((Un, Vn))neN generates the Young measure ((Su(x) ®UX)XEQ on
Rdi+da2 |

Whenever a sequence (v,)nen generates a Young measure (Vy)yeq, following
the terminology of [9], we will say that (v,),en nonlinear weak-* converges,
and (vy)xeq is the nonlinear weak-* limit of the sequence (v,),en. In the case
(vn)nen possesses a nonlinear weak-* convergent subsequence, we will say that it is
nonlinear weak-* compact. Theorem 2.2.1—(i) thus means that any equi-integrable
sequence of measurable functions is nonlinear weak-* compact on €2.
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2.3 Renormalized Solution

In this part, we define the notion of associated renormalized solution to the
problem (2.1) and prove an existence and uniqueness result of renormalized solution
for L' —data f.

Let us put

71P0(Q) := {u : @ — R measurable such that T (1) € W7 (), for any & > 0}.

Then, we define 7',1;”(')({2) as the set of functions u € ‘7”1'1’(‘>(Q) such that there
exists a sequence (U, )nen C whrO(Q) satisfying the following conditions:

(C1) up, —> uae.in Q.

(C2) VTi(un) — VTi(u) in L'() for any k > 0.

(C3) There exists a measurable function v on €2 such that u,, — v on 9S2.

The function v is the trace of u in the generalized sense. In the sequel, the trace
ofu e ‘7'3,”7(')(9) on 92 will be denoted by tr(u). If u € wPO(Q), then tr(u)
coincides with t(«) in the usual sense. Moreover, for u € ‘7}1,’” (')(Q) and for every
k > 0, t(Tk(w)) = Ti(tr(u)), and if ¢ € WHPO(Q) N L>®(Q), then (u — ¢) €
TP (Q) and tr(u — ¢) = tr(u) — tr(¢) (see [2, 3] for more details).

Remark 2.3.1 We will use the same notation u for u and its trace when there is not
an inconvenience. O

The following proposition (see, e.g., [4]) is useful because it allows us to give a sense
to the definition of the renormalized solution for problem (2.1) (see Definition 2.3.1
below).

Proposition 2.3.1 Let u € 7PY(Q). Then, there exists a unique measurable
function v : @ —> RN such that

VT (u) = vx{u|<k}, forall k > 0,

where x g is the characteristic function of a measurable set E. The function v is a
generalized gradient and is denoted by Vu (weak gradient of u). If, moreover,

u belongs to WhPO(Q), then v belongs to (Lp(')(Q))N and coincides with the
standard distributional gradient of u. O

Let us also set
S :={S € WI*°(R) such that supp$ is compact}.
The following function,

1 ifz] <k—1,
fork>0,8c:z2€ Q> dk—|z]ifk—1< |z <k, (2.14)
0 if |z| > k,
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is an example of function in S that will be used a lot in the sequel. Note that
this function is non-negative with supp Sy = [—k, k], and suppS$; is contained in
[k, —k 4+ 1] U [k — 1, k] and that the sequences Sy and S,’( are uniformly bounded
by one.

Now, we give the definition of renormalized solution for problem (2.1) under the
assumptions (2.3)—(2.8).

Definition 2.3.1 A measurable function u : Q — R is a renormalized solution of
problem (2.1) if:

For all k > 0, Tj(u) € WHPO(Q);
there exists v € LPO~1(32) such that for a.e. k > 0, one has Ty (v) = (T (1));
b(u) € L'(Q);

lim a(x, Vu).Vudx =0, (2.15)
k—00 Sk <|u|<k+1}

and, for all S € S and for all ¢ € WH-PO(Q) N L®(Q),
f S(u)a(x, Vu).Vpdx +/ S (wya(x, Vu).(Vu)pdx +/ b(u)S(u)pdx
Q Q Q

+[ S@)|uPP2updo =f FSu)¢dx, (2.16)
IQ Q

where do is the surface measure on 0£2. m]

Remark 2.3.2 All the integrals in (2.15) and (2.16) make sense. For the third and
fifth integrals of (2.16), it is clear. We focus our attention on the other integrals.
As the support of S is compact, we can write suppS C [—k, k] with & > 0. So,
one has S(u)|u|?O 2y = Su)| T (u)|P® 2Ty (), and as Ty (u) € WHPO(Q) —
LPOQ), then Ty(u) € LPODR), and so |Tx@)|?D2T(w) € LPOORQ).
Also, as ¢ € WHrO(Q) < LPO(3Q), then we have S(u)| Ty (u)|PX 2Ty (u)p €
L'(3K2) by Holder-type inequality, and the fourth integral of (2.16) makes sense.
Moreover, as suppS C [—k, k] and thanks to Proposition 2.3.1, we can replace
the terms Vu by VTi(u) in Eq.(2.16). Since Ty(u) € W' PO(Q), then, by
the growth assumption (2.7), the term S(u)a(x, Vu) is in L”/(‘)(Q), and so, the
terms S(u)a(x, Vu).V¢ and S’ (u)a(x, Vu).Vu both lie in LY(Q) by Holder-type
inequality. Thus, all the terms in (2.16) make sense.

For the integral in (2.15), one can replace Vu by VT;1(u) thanks to Proposi-
tion 2.3.1, and so, by Holder-type inequality, x{x<u|<k+1}a(x, Vu).Vu € LY(Q).
Hence, the integral in (2.15) makes sense.

Notice that we do not require explicitly that u € 7',1,’” (')(Q) in the definition
above because we can replace it by the technical hypothesis:

“There exists v € LPO~1(3Q) such that for a.e. k > 0, one has Ty(v) =
(T (u))”
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for the analytic interpretation of the trace of u such that Ty(u) € WPO(Q)
(see [4]). O

The following theorem guarantees the existence of the sequence of renormalized
solutions associated to problems (Pb,).

Theorem 2.3.1 Assume (2.3)—(2.8). Then, there exists at least one renormalized
solution u of the elliptic equation (2.1). O

For the proof of existence of solution, we recall the definition of the weak solution
of the elliptic equation (2.1) for data f € L°°().

Definition 2.3.2 (See [16, Definition 3.1]) Let f € L°°(£2); a measurable function
u : © — Ris a weak solution of (2.1) if u € WI'PO(Q), b(u) € L®(Q),
[u|PD =2y e L®(3), and

/a(x,W).v¢dx+/ b(u)d)dx—i—/ |u|"’(x)_2u¢>da=/ fodx, (2.17)
Q Q 02 Q

forall p € WhPO(Q). O

2.3.1 Proof of Theorem 2.3.1

The proof of existence of a renormalized solution of (2.1) is done in three steps: first,
we introduce approximating problems for which existence of weak solutions u,, is
obvious; second, we establish some basic convergence results; third, we prove that
these approximate solutions u, tend, as n goes to infinity, to a measurable function
u that is a renormalized solution of the problem (2.1).

2.3.1.1 Approximate Solutions

Proof of Theorem 2.3.1 Let f,, = T,(f) for all n € N; let us consider the
approximate problems

b(u,) —diva(x, Vuy,) = f in Q,

)2 (2.18)

a(x, Vuy).n = —|un,|P®~2u, ondQ.

One has f, € L%°(R), so according to Theorem 3.2 in [16], the problem (2.18)

admits a weak solution u,, i.e., u, € W'PO(Q), b(u,) € L®(Q), |un|P®2u, €
L*®(0), and

/a(x,Vun).V¢dx+f b(un)¢dx+/ un ) 2u, ¢ do =/ futp dx,
Q Q 02 Q

(2.19)
forall ¢ € WHrO(Q).
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We are going to prove that the sequence of these approximated solutions u,
converges to a measurable function u that is a renormalized solution of the limit
problem (2.1). Note that the sequence of the terms f;, converges strongly to f €
L' (). Moreover, we have

”fn”Ll(Q) < ”f”Ll(Q) , for all n € N.

2.3.1.2 Convergence Results

The following proposition (see the propositions 4.9 and 4.12, see also the relation
(4.70) in [16]) will be useful in the sequel.

Proposition 2.3.2 Assume that (2.3)—(2.8) hold true, and let u, be the weak
solution of (3.6), then:

The sequence (un)nen is a Cauchy sequence in measure. In particular,
(i) { there exist a measurable function u and a subsequence still denoted (uy),en
such that u, —> u in measure and u,, —> u a.e. in Q.
(ii) Forallk > 0, VTy(uy,) converges to VT (u) in (LY(Q)N.
(iii) Forallk > 0, a(x, VT (uy)) converges strongly to a(x, VT (u)) in (L @)N
and weakly in (L?'©)())V.
(iv) u, converges a.e. to some function v on 0S2.
) |un|P®"2u, converges strongly to |u|?®~2u in L' (3R). |

Remark 2.3.3 For any k > 0, the sequence (Tk(u,))nen is uniformly bounded in
wkpO (£2) (see [16, Lemma 4.8]). Then, we can assume, up to a subsequence, that

Ti(un) = Te(w) in WHPO (@),
and by the compact imbedding of whPO(Q) in LPO () and in LPV (32), we have
Ty (u,) — Ty (u) strongly in LPO(Q)
and
Ti () — Ti(u) strongly in LP© (9K2).
The function v in Proposition 2.3.2—(iv) is defined on 92 by

v(x) = Tr(u(x)) if x € 02 with | T (u(x))| < k,
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moreover, Ty (u,) —> Ty (u) a.e. on 9€2, and we have so v(x) = u(x) a.e. on 9.
We also have the following convergence result.

Lemma 2.3.1 For all k > 0, the sequence a(x, VT (u,)).VTy(u,) converges
strongly to a(x, VT (u)).VTi(u) in (LYQ)V. O

Proof We use Vitali’s theorem to get this strong convergence in L' ().
By Proposition 2.3.2, one has

a(x,VTi(uy).VTi(uy) — a(x, VI (u)).VTr(u) a.e. in Q2.

Moreover, by Holder-type inequality, we get, for E C €2,
/ a(x, VI (un).VTi(un) dx < 2la(x, VI ua))ll po @ IV T @n) XEl Lro () -
E

But, the sequence (a(x, VTk(”")))neN is bounded in Ll’/(')(Q) because it converges
weakly in LPO(Q) and (|VTi (un)|P™) ., is equi-integrable in € because
(VTi (un))nen converges weakly in LPG) (). So,

lim /|VTk(un)|1’(x)dx=O.
E

meas(E)

Therefore, by Lemma 2.2.2, [[VTi(un) XEll r0) () — O as meas(E) — 0. Hence,
one has a(x, VTi(u,)).VTi(u,) that is equi-integrable in €2, and so, by Vitali’s
theorem, one has the result. m]

2.3.1.3 Existence of Renormalized Solution

Lemma 2.3.2 The function u verifies the renormalized formulation (2.16). O

Proof Let ¢ € WHPO(Q) N L®(Q) and S € S. We take S(u,)¢ as test function
in (2.17) to get

/ S"(up)a(x, Vuy).(Vup)e dx + / S(un)a(x, Vun).Vo dx
Q Q

+ / b(un)S(un)p dx + / it 1P "%, S (1) p do = / [nuS(un)g dx.
Q 02 Q
(2.20)

As suppS C (—k, k) for some real number k > 0, Vu,, can be replaced by VT (u,)
in (2.20), and we get
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/S’(un)a(x,VTk(Mn))-VTk(un)¢ dx+/ Sun)a(x, VIi(un)).Vo dx
Q Q

+ f b(un)S(un)¢ dx + / |t |7 20, S (un)p do = f FuS(un)e dx.
Q o2 Q
2.21)

By definition, the function S is continuous and supp S is compact, so the sequences
S(uy) and |un|P®~2u, S(u,) are bounded. The function b is continuous, non-
decreasing, and b(0) = 0, so the sequence b(u,)S(u,) is bounded. Moreover,
the sequences b(u,)S(u,) and ln P20, S (up) converge almost everywhere,
respectively, to b(u)S(u) and lu|PO~2y S (u), respectively, in € and on 0%2.
Thus, by Lebesgue-dominated convergence theorem, the sequences b(u,,) S (u,,) and
1 [P~ 2u,, S (1) converge to b(u)S(u) and |u|?® =2y S (u), respectively, strongly
in L'(2) and in L' (32). One has so

lim /b(un)S(un)d)dx:/ b(u)S(u)¢ dx
and

lim un P20, S(up) do = f lu|?O2uS )¢ do.
Q2

n—oo IQ

By Proposition 2.3.2-(iii), one has a(x, VTi(u,)) that converges weakly to
a(x,VTi(u)) in LP'O(Q), and as S(u,)Ve converges strongly to S(u)V¢ in
LPO(), we deduce that

lim S(up)a(x, VTi(u,)).Vo dx = f Sw)a(x, VT (u)).Vo dx.
Q Q

n—oo

By Lemma 2.3.1, a(x, VTy(upn)).VTi(u,) converges strongly to a(x, VTi(u)).
VTi(u) in L'(). So,

lim | S (uy)a(x, VTi(un)). VT (1) dx :/ S’ (wya(x, VT (). VTi(u)¢ dx.
Q Q

n—oo

Now, we are interested in the right-hand side of (2.21). Since f,, = T,,(f) converges
strongly to f in L' (), then we conclude that

lim/fnS(un)qbdx:/fS(u)cpdx.
n—>0oo Q Q

Thus, passing to the limit in (2.21), we get that u verifies equality (2.16). O

Lemma 2.3.3 The function u respects the estimate (2.15). O
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Proof Let us take ¢ = Ty (uy) — Ty (uy) as test function in (2.17) to get
/ a(x, Vup).V(Ti+1(up) — Tr(un)) dx +f b(un)(Tr+1(un) — T (un)) dx
Q Q

+ fa . |14 |P ) "2, (Tt () — Ti () do = fQ Fon(Tii1 () — Ti(uy)) dx.

2.22)

sign(z) if|z] > k+1,
One has Ty4+1(z) — Tk (z) = 1 0 if |z| < k,

z—ksign(z) ifk <|z|] <k + 1.
The test function Ty (u,) — T (u,) has a support contained in the set {|u,| > k}, is
bounded by one and has the same sign that u,, which has the same sign that b(u,,) as
b is non-decreasing and b(0) = 0. So, u,, (Tg+1 () —Ti (up)) and b(uy) (Ti41 (up) —
Ty (1)) are non-negative. We also have V(Ty1 (un) — T (Un)) = Viy Xk <|un|<k+1}s
and so, the equality (2.22) gives

f a(x,Vu,).Vu, dx < / | fnl dx. (2.23)
{k<|u,|<k+1} {lun|>k}

The sequence (f;,)nen is equi-integrable on € as it converges strongly in L!().
It is sufficient to prove that meas({|u,| > k}) converges to zero as k goes to
infinity uniformly in n. For that, we take Ty(u,) as test function in the weak
formulation (2.17) to get

/ e, VT (4)).V Ti () dix + / b(un) T (tn)dx + / PO =210, Ty (1) do
Q Q I

= / FuTi(un)dx. (2.24)
Q

Asa(x, VTi(u,)).VTi(u,) is positive by (2.6) and as b(uy,) Ty (u,) and u,, Ty (u,,) are
positive since b and T are non-decreasing and b(0) = T;(0) = 0, so, from (2.24),
we get

/ b(un) T (i) dx < / FuTe(un) dix, (2.25)
Q Q

which gives

/ b(un) Ti () dx < / FuTe(un) dx. (226)
{lun| =k} Q
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Since b is non-decreasing and b(0) = 0, then |b(u,)| > min(b(k), |b(—k)|) on
{lun| = k}, and (2.26) gives

min(b(k), |b(=k)) ITk(un)Idx,S/anTk(un)dx,

{lun|=k}
which becomes
kmin(b(k), |b(—k)ymeas{|un| > k}) < kI fllL1q) -

since | T (un)| = k on {uy| = k) and | full L1gy < I1F 111 y-
Thus,

I f 1)
min(b(k), |b(—k)|)

meas({|un| > k}) < — 0, ask — oo, (2.27)

since b is non-decreasing and onto and so has an infinity limit at infinity.
Hence, by (2.27) and the equi-integrability of f,, the right-hand side of (2.23)
tends to zero uniformly in n as k — oo. So, by the monotonicity (2.6), one has

lim supf a(x,Vuy).Vu,dx =0
{k<|up|<k+1}

k—>o0 p

or

k— 00 n—>00

lim lLim [ a(x, VIi11n)). VT n) Xik<ju,|<k+13dx = 0. (2.28)
Q

Let

Dy := a(x, Vi1 @n)).V T (un).
According to Lemma 2.3.1, Dy, y — a(x, VTiy1(u)).VTi4+1(u) strongly in LY(Q).
Moreover, as u, converges a.e. to u by Proposition 2.3.2, so by the continuity of

X(k,k+1)U(—k—1,—k)(.) on the image of €2 by u(.), we conclude that, as n — oo,

Xk <lun|<k+1} = X(k,k+DU(=k—1,—k) @n) = Xk k+1)U(—k—1,—k) (1)

= X{k<|u|<k+1} a.€.in Q.

Indeed, x(k,k+1)u(—k—1,—k)(.) is continuous if meas ({lu| = k}) = 0 for a.e. k > 0.
But, for all n, one has

1 1
{|Tk(“)| >k— 5} C{lunl = k=13 U {|Tk(”n) — Ti(w)| > 5},
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and so

meas ({ITk(u)| >k — %}) < meas ({luy| = k —1})

+ meas <{|Tk(un) — T ()| > %}) .

From (2.27) and as Ty (u,) converges to Ty («) in measure in €2, one gets, as n — 00,
1
meas ({{u] = k}) < meas | {|Tr(u)| Zk_i < 0= meas ({lu| = k}) =0.

Now, one has

Dy — a(x, VTiy1(u)).VTii(u) strongly in L'(R),

Dy ke Xk <lun|<k+1} = a(X, VI 1 (). VT () Xk <|u|<k+1) a.€. in £, and
| Du i X(k<juni<k+1}| < Dnk € L'(Q) ace.in Q, foralln € N.

So, by the Lebesgue generalized convergence theorem, we can write

im | Dy ok X{k<un|<k+1} dX =/a(x,VTk+1(M)).VTkJrl(u)X{k<|u|<k+1}dX-
Q Q

n—oo

(2.29)
Now, coming back to the equality (2.28), we get the equality
lim a(x,Vu).Vudx = 0, (2.30)
k=00 Jik<u|<k+1}
which proves Lemma 2.3.3. O
Lemma 2.3.4 The function u is a renormalized solution of (2.1). O

Proof From Proposition 2.3.2 and Remark 2.3.3 and results of [2, proof of Theorem
3.1], one has Ty (u) € WEPO(Q), and there exists a function v € L1(3) such that
u, — vae.ond2and Tx(v) = 1(Tx(u)) a.e. on 9€2 for all &k > 0. Now, taking
¢ = sign(u,) as test function in the weak formulation (2.17) for u,,, we get

/b(un)sign(un) dx—i—/ |t )P 2w, sign(uy) da:/ fusign(uy) dx,
Q a0 Q

which implies

/ un| PO |up | do < (| L1 gy - (2.31)
02
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By Fatou’s lemma, as n — o0, (2.31) gives
f PO 2 ul do < || fll 1 -
Q

which means that [u|?® =2y € L1(3R), i.e., v € LPW~1(3Q).
Now, we prove that b(u) € LY(Q). By (2.26), one has

/ Ib(un)] dx / Ib(un)| dx + / Ib(un)] dix
Q {lun| <k} {lun|=k}
max(b(k). [b(—k)Dmeas(@) + I 1110, -

IA

Therefore, ||b(un) |l 1(g) is uniformly bounded. One also has, by the continuity of
b, b(u,) — b(u) a.e. in Q. So, Fatou’s lemma gives us

/ b(u)|dx < liminff |b(uy)| dx
Q n—>oo Q
< max(b(k), |b(—k)|)meas(§2) + | f I 11 () -
Hence, b(u) € L' (). Also, thanks to lemmas 2.3.2 and 2.3.3, we conclude that u

is a renormalized solution to the problem (2.1).
This ends the proof of Theorem 2.3.1. O

Now, let us go to the uniqueness of the solution of problem (2.1).

2.3.2 Uniqueness of Renormalized Solution

Theorem 2.3.2 Assume (2.3)—(2.8), f € L' (). Then, there is uniqueness of the
renormalized solution to the problem (2.1). |

Proof Letk,h > 0 and u; and u;y be two renormalized solutions of problem (2.1)
associated to the same data f € L'(RQ). As Tj,(u2) € WHPO(Q) N L®(K), then
one has Ty (u; — Ty (u2)) € WPO(Q) N L®() that can be taken as test function
in (2.16) for u1. Similarly, we can take Ty (uy — Tj,(u1)) as test function in (2.16) for
up. Upon addition, we get

[ Sy (un)ate, Vuy).V(u) — Tp(u2)) dx
{lu1 =T (u2)|<k}
+ / Sur(u)a(x, Vuz).V (ua — Ty(uy)) dx
{lup =T (u1)|<k}

+ /stw(ul)a(x,Vul)-(Vul)Tk(ul — T (u2)) dx
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+ fgsgw(uz)a(x,wz).(wz)Tk(uz = Tp(u1)) dx

4 /QSM(Ml)b(ul)Tk(ul — Ty (up)) dx + /Q Smu2)b(u2) Tic(uz — Ty (u1)) dx
+/m Sy @) [P 2uy T (uy — T (u2)) do

+faQ Sn(u)[uz|P P " 2uy Ty (g — Tp(uy)) do

= /Q f(SM )T (ur — Tp(2)) + Smu2) Ty (2 — Th(ul))) dx, (2.32)

where (Syy) is the sequence of functions in S defined in (2.14). While M and k are
fixed, i can be sent to infinity. Define the sets

Ey = {lu1—uz| <k, |luz| < h}, Ey := E1N{lu1| < h}, and E3 := E1N{|uy| > h}.

We start with the first integral in (2.32). By (2.6), we have
/ Sw (), Vur).V(uy — T () dx
{lur =T (u2)| <k}

=f Su(unate, Vuy). Vs — Ta(uz)) dx
{lur =T (up)|<k,|luz|<h}

+/ Sy (un)alx, Vay).V (uy — Ty(ua)) dx
{lu1 =Ty (u2)|<k,|luz|>h}

=/ Sy(upa(x, Vuy).V(uy —up) dx
{lur =T (u2) | <k, |uz|<h}

+/ Sy(upa(x, Vuy).Vuy dx
{lu1 =Ty (u2) | <k, luz|>h}

>

/ Syup)a(x, Vu1).V(uy —uz) dx
{luy =T, (u2)|<k,|luz|<h}

=/ Syw)a(x, Vu1).V(uy — up) dx+/ Sywa(x, Vu1).V(uy —up)dx
E> E3

=/ Sy(upa(x, Vul).V(ul—uz)dx—i—/ Sy(upa(x, Vuy).Vuy dx
E> E3

- / SM(ul)a(x, Vul).Vuz dx
E3
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Z/ SM(ul)a(x,Vul).V(ul—uz)dx—/ Sy(u)a(x,Vui).Vur dx.
Ey Es3

(2.33)
Using (2.7) and Holder-type inequality, the last integral in (2.33) gives
/ Sy(u)a(x, Vuy).Vuor dx
E3
< Csupl|Sullz (IMIly + 190117071
B S}llflp ISl (” ”p o+ |IVil LP'O((h<uy|<h+k})
X ”VMZ||LP(-)({h7k<|u2|§h}) . (2.34)

Now, we take ¢ = Ty (u1 — Tj(u1)) as test function in (2.16) for u; and S € S such
that S = Sp4x+1. We get

/QS(ul)a(x, Vu).VTi(uy — Tp(u1)) dx
+/Q S (wy)a(x, Vuy).(Vu) Te(uy — Tp(uy)) dx
+ [ b S@n Tyt =Tt ds
+/BQ S |ut PO 2u Ty (uy — Ty (u1)) do
= /QfS(Ml)Tk(Ml — Th(u1)) dx.
Since the third and fourth integrals are non-negative, then one has

f a(x,Vm).Vuldx—k/ a(x,Vu1).Vuy dx
{h<|ug|<h-+k}

{h+k<luy|<h+k+1}
sk/ If1dx,
{luy|>h}

and so

/ a(x,Vuy).Vu dx
{h<|ui|<h+k}

§k</ Ifldx+/ a(x,Vul).Vuldx>.
{luy|>h} {h+k<|uy|<h+k+1}
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By using (2.8), we get

sz |V |P™) dx
{h<lui|<h+k)

§k</ |f|dx+/ a(x,Vul).Vuldx>.
{lur|>n} {h+k<|uj|<h+k+1)}

By (2.15) and since meas({|u1| > h}) — 0 as h — oo, and since f € LY(Q), we
deduce that

lim |Vui|P® dx = 0, for any fixed number k > 0,
h=00 J{h<|uy|<h-+k)

LV O((h<luy|<h+k)
Similarly, taking ¢ = Ty (up — T, (u3)) as test function in (2.16) for u, with the

same S in S, we get

and so, by Lemma 2.2.2, we get hlim ” |V |[POO1 ‘
—00

lim [Vur |P® dx = 0, for any fixed number k > 0.
h—00 Jin<up|<h+k})
Hence,
lim |Vus |P® dx = lim |Vus|P® dx = 0,
h—=00 J{h—k<|us|<h} =00 J{i <|uy | <i+k)

for any fixed number k > O with! = h — k.
So, by Lemma 2.2.2,

IVuall £.rO ((h—k <juy<nyy —> 0 a@s h — oo, for any fixed number k > 0.

Therefore, from (2.33) and (2.34), we obtain
/ Sypa(x, Vu1).V(uy — Ty (u2)) dx
{1 =Ty (u2)| <k}
> 1h+/ Sw(unatx, V).V — ua) dx, 235)
E>

where [j, converges to zero as h — 0.
We may adopt the same procedure to treat the second term in (2.32) to obtain

/ Su(u2)a(x, Vuz).V(uz — Ty(ur) dx
{lup =Ty (uy)|<k}
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> Jy — / Sy (u)a(x, Vuy).V(uy — ux) dx, (2.36)
Ey

where Jj, converges to zero as i — oo.
Now, for all 4, k > 0, we set

Ky = fQ Sy )b (ur) Ty (u —Th(ug))dx+/9 Su u2)b () Ty (uy — Ty (u)) dx,
Py, = ];Q Sy )y [P 2uy Ty (uy — Ty (uz))do
+ /39 Sy () [uz|P P " 2uy Ty (g — Ty (ur))do,
Ry = /QSI’\,,(ul)a(x,Vul).(Vul)Tk(ul — Ty (up)) dx
+/Qsjw(u2)a(x, V). (Vua) Ty (uz — Tjy (1)) dx,
and
Fp = /Q f(SM(Ml)Tk(ul = Th(u2)) + Sy (u2) Ty (uz — Th(lﬂ))) dx.
We have
Sy (u)b(u) T (uy — Ty (u2)) = Sy (u)bu) Ti(uy — uz) ae. in 2, as h — oo,
and

|1Sh ()b @) Ty — Ty (u2))| < klb@))| € L'(R).

Then, by Lebesgue-dominated convergence theorem, we deduce that

Jim [ Suebe Tt = Ty ds = [ SuGenblen Tyt = o) d.
(2.37)
Similarly, we have
lim fQ Syt )b a) Ty (w2 — Ty () dx = /Q Syt (u2)b(ua) T — uy) dx.
(2.38)

Using (2.37) and (2.38), we get
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lim K, = /Q (SmuDb(ur) — Sy (u2)bW2)) Tx(uy —uz) dx.  (2.39)

h— o0

By the same procedure as above, we use the Lebesgue-dominated convergence
theorem to obtain

Jim o= [ (Sl = Si ) ol ) et — ) do.
11— 00 BQ
(2.40)
hlim Ry = / (Sy ualx, Vuy).Vuy — Sy (u2)ax, Vuz).Vus) T (uy — uz) dx,
— 00 Q
241
and
hlin;o F, = / f(SM(Ml) — SM(MQ))Tk(ul —up)dx. 2.42)
- Q

Using (2.35), (2.36), (2.39)—(2.42), we get from (2.32) the following inequality as
h — oo.

/{Iuluzlfk} (Smuia(x, Vuy) — Sy (uz)a(x, Vuz)).V(uy — uz) dx
+ fgz(sgw(ul)a(x,w]).wl — Sy u)a(x, Vus).Vus) Ti(uy — uz) dx,
- /Q(SM(ul)b(u]) — Sm(2)b(u2)) T (uy — uz) dx
+ fm (Sp @) |ur 1P 2uy — S (2) luz)”2u2) Te (uy — uz) do

=< /Qf(SM(Ml) — Suu2)) T (ur — u2) dx. (2.43)

Now, we fix k > 0, and we pass to the limit in (2.43), as M tends to infinity. The
second term of the left-hand side of (2.43) is, in absolute value, smaller than

k(/ a(x,Vuy).Vuy +/ a(x,Vuz).VLQ) ,
{(M—1=<|u;|<M} {M—1=<|uz| <M}

which converges to zero, as M — oo, thanks to relation (2.15) for u; and for u5.
Therefore, the second integral of (2.43) converges to zero as M — oo.

Since Sy — las M — oo, then (Sa(ur)a(x, Vu)—Sy u2)a(x, Vuy)).(Vui—
Vu,) converges a.e. to (a(x, Vu)—a(x, Vuz)).(Vuy—Vuy), and moreover, thanks
to (2.7) and to Holder-type inequality, one has
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|(Smupa(x, Vuy) — Sy(uz)a(x, Vuz)).(Vuy — Vuy)|
< (la(x, Vup)| + la(x, Vu)|).(IVui| + | Vua|) € L1 ().
Thus, by the Lebesgue-dominated convergence theorem, the first integral in (2.43)
converges to (a(x, Vur) —a(x, Vuz)).V(ui — uz) dx.

{lur—uz|<k}
Similarly, one has the third and fourth integrals in (2.43) that converge,

respectively, to / (b(u1) — b(u2))Ti(u1 — uz)dx and / (|u1 |PE=2yy —
Q Q2
lun|? (x)_2u2> T (u1 — uz) do by the dominated convergence theorem.
We next examine the right-hand side of (2.43). For all k > O,

F(Smur) — Sy 2))Te(uy — uz) — Oace.in Qas M — oo
and
|F (Sa () = Sar(u2)) Te(ur — u2)| < 2k| f| € LY(R).
The dominated convergence theorem allows us to write
lim F(Sm@ui) — Spr(u2)) Ti(uy — uz) dx = 0.
M—oo Jo
Thus, as M — oo, (2.43) gives
/ (a(x, Vuy) — (u2)a(x, Vuz)).V(uy — uz) dx
{luy—uz| <k}
+ (b = b)) i =) d
+ / (1179201 = )72 Tt = w2 do < 0, 2.44)
IQ

for all k£ > 0.

The functions b, Ty, and t —> [t|P~%¢ (p > 1) are non-decreasing and vanish
at 0; then, by using (2.6), one has all the integrals in (2.44) that are non-negative.
Therefore, for all k > 0,

/ (a(x, Vuy) —a(x, Vuz)).(Vul — Vuz) dx =0, (2.45)
{luy—ua| <k}

/Q (b(u1) — b(u2)) Ti () — ua) dx =0, (2.46)
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and
/ (|u1|1’<x>‘2u1 - |M2|p(x)_2M2>Tk(ul —up)do =0. (2.47)
02

From the strict monotonicity assumption (2.6), (2.45) gives

Vui = Vujy a.e.on {Ju; — up| < k}. (2.48)

Because k is arbitrary, as k — oo, we conclude that Vu; = Vuj a.e. on Q.
Therefore,

u; —uy = ca.e. in 2, where c is a real constant. (2.49)

From (2.47), for all k > 0, there exists a subset Q,‘: C Q2 with measy_1 (Qz) =0
such that for all x € 92\ Q2,

(1 1P 721 @) = 201D 220 Ti11 () = u2(0)) = 0. (2.50)
Therefore,
(11 1797201 (6) = 2 ()P 220 ) (11 () = w2(x)) =0,

VxeaQ\( U 92) 2.51)
keN*
But, since p_ > 1, then from relation

(16170726 — 172y (6 — ) > O forall &,y € R, & # n (cF. [10]),
(2.51) gives
U1 = up a.e.on 92. (2.52)

Now, for k > 0 fixed, one has, from (2.49), Ty (u1 — u2) = Ti(c) € WH1(Q), and
s0, according to Lemma 2.2.5, one gets

/ | Tic(u1 — uz)| dx < C3 (/ V(@i —uz)l dx+/ | Tk (u1 — u2)| dG) ,
2 {luy—uz|<k} aQ

(2.53)
which gives, by using (2.48) and (2.52),

up = up ae.in . (2.54)
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2.4 Continuous Dependence of Renormalized Solution

Assume that (2.3)—(2.8) are _veriﬁed, for all n € N, with the diffusion flux functions
an(., .), the exponents p, : 2 — [p—, p+], and the non-negative functions M, in

LP»)(Q) such that the sequence (Mf,’"(')) . is equi-integrable, and with Cy, C3,
ne
p+,and p_ independent of n.

According to theorems 2.3.1 and 2.3.2, there is a unique renormalized solution
u, to problem (Pb,) under assumption that data f,, are in L'().

The purpose of this section is to prove that the sequence of solutions (u,),cnN to
problems (Pb,,) converges to a function u that is the solution of limit problem (2.1),
when we have the following convergence assumptions:

for all bounded subset K of RY,

sup |an (., &) — a(., &)| converges to zero in measure on €2, (2.55)
EeK

where a(x, &) verifies the assumptions (2.5)—(2.8) with the exponent p verify-
ing (2.3) such that

pn converges to p in measure on 2. (2.56)
Finally, assume that
fn converges to f weakly in LI(Q). (2.57)
We further assume that the exponent p verifies log-Holder continuity assumption:
Jc > 0.Vx,y € Q. x #y. —(oglx — yD|p(x) — pO)| < c. (2.58)

Remark 2.4.1 Note that several regularity results for Sobolev spaces with variable
exponents can be obtained thanks to log-Holder continuity condition (2.58); in
particular, C*° () is dense in W17 () (for more details, see [7]).

Now, through the theorem below, we establish a structural stability result for the
renormalized solutions.

Theorem 2.4.1 Under the assumptions (2.55)—(2.57), let (u,)nen be the sequence
of renormalized solutions of the problems (Pb,,) associated to a, (., .), fn and py,.

Assume that the exponents p, p, verify log-Holder continuity assump-
tion (2.58).

Then, there exists a measurable function u defined on 2 such that u,
converges to u a.e. in Q and Vu, converges to Vu a.e. in Q, as n — oo. The
function u is a renormalized solution of the problem (2.1) associated to a(.,.), f
and p. O
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Proof of Theorem 2.4.1 We shall divide the proof into several steps. Throughout
the proof, all extracted subsequences of a sequence will be still noted as this
sequence and all constant independent of » will be denoted by C.

Lemma 2.4.1
(i) Forall k > 0, the sequence (IITk (Mn)||1,p,, (~))neN is bounded.
(ii) The sequence of renormalized solutions (uy)nen of the problems (Pby)
verifies, for k > 0 large enough, the following estimates:
Clifull e
k} < . , 2.59
measunl =KD = G, D 259
supmeas({|u,| > k}) — 0, as k — oo, (2.60)
n
and
lim sup / |Vu, [P dx = 0. (2.61)
k=00 ' Jhke<|uy| <k+1}
(iii) There exists a measurable function u on Q such that, for all k > 0, Ty (un)
converges to Ty (u) € wlrOQ) weakly in WL-PO(Q). Furthermore, u, — u
a.e. on 2, and, for all k > 0, VTi(u,) converges to a Young measure (vi‘)x
on RY in the sense of the nonlinear weak-* convergence and
VTi(u) = / rdvE(). (2.62)
RN
(iv) There exists a function v € LP®W~Y(9Q) such that for a.e. k > 0,
T (v) = t(T(n)) a.e. on 0K2.
(v) Forallk > 0,
AP dvE (L) dx < oo ef Ti( whri(Q
' k(u) € (€2).
RV xQ
(vi) One has

klim / |V (Tieg1 () — Te(u))|P™ dx = 0. (2.63)
—>o0 Jo
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Proof

(@)

(i)

In the renormalized formulation (2.16) of the problem (Pb,), we choose
S € S suchthat § = Sj4k, where Sp,4 is defined in (2.14) with h, k > 0,
h large enough. Also, since Ti(u,) € WHPnO(Q) N L®(Q) because u,
is a renormalized solution of the problem (Pb,), then we can take ¢ =
Ty (uy,) as test function in the renormalized formulation (2.16) and view that

the terms / b(up)S(un) Ty () dx and / S () |un PO 2u, Ty (u,) do are
Q 1Y
non-negative, and we get

/ an(x, VI (1)) . VTi(uy) dx +/ S/(”n)an(x’ Vu,).(Vup)Ti(uy) dx
Q Q

sk/ \ful dx.
Q

While k is fixed, & can be sent to infinity. The second term of the left-hand
side of this last inequality vanishes, as & — oo, due to (2.15). And, by using
coercivity condition (2.8), we have

Cz/ |VTk(un>|f’"<x>dxskf ol dx.
Q Q

Since the sequence ( f;;)n,en converges weakly in LY(), then the right-hand
side of this last inequality is uniformly bounded. So, we obtain

/ VT (1) |P" dx < Ck. (2.64)
Q
Moreover,
/ | Tic () |P" P dx < / kPr®dx < max (kP*, kP~) meas(S). (2.65)
Q Q

From (2.64) and (2.65), we deduce that the sequence o1, p,()(Tk(u,)) is
uniformly bounded. By Lemma 2.2.3 and the fact that p,(.) € [p—, p+], one
has

”Tk(un)”l,pno < max (pl,pn(.)(Tk(un))l/pf, pl,pn(.)(Tk(un))l/er) )

We conclude that the sequence || Ty (u,)|l1, P() is uniformly bounded.
In the renormalized formulation (2.16) of problem (Pb,), we assume that
S € S issuch that § = S, and we take ¢ = T% (uy) as test function, with

k > 0 large enough. We obtain
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/S(Mn)an(x’ Vun)-VT%(un) dx+/ S,(un)an(xa V”n)-(vun)T%(”n)dx
Q Q
+ / b(un)S(un) T (uy) dx + f S () |tn P20, T1 (uy) do
Q k I k
= f FuS )T (uy) dx,
Q k
which becomes
/ an (6. YTy 0)) VT ) dx + / S )tn (x, Vi) (Vi) Ty () dx
Q k k Q k
+ / b(un) S () T () dxt + f S () 1t |P* Uy Ty () dos
Q k R k
1
= % I fnllrq) -
We deduce that

k/ S (up)an (x, Vun).(Vu,,)T% (uy) dx + k/ b(un)S(un)kT% (uy) dx
Q Q
=< ||fn||Ll(Q)

and
k/ S’(un)an(x,Vun).(Vu,,)T%(un) dx
Q

+k / Sun)lun | " 2un Ty (un) do < | full 11 -
Q2

The term k/ S (up)an (x, Vuy). (Vu,,)Tl (uy) dx vanishes, as k — oo, due

to (2.15). Also, kT1 (un) — sign(uy) as k — oo. So, by using Fatou’s lemma,
we get, as k — oo

fg b dx < 1 fullL1co (2.66)
and
/ a9 do < | full i - (2.67)
082

The inequality (2.66) becomes, for k > 0,
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/ |b(un)l dx < || fullL1(q) - (2.68)
{lun|>k}

Therefore, since |b(u,)| > min(b(k), |b(—k)|) on {|u,| > k}, the rela-
tion (2.68) gives

min(b(k), [b(=k)ymeas({{un| > k}) =< [l fullL1(q)
or again

I full L1 @)
min(b(k), [b(—=k)])’

meas({{un| > k}) < (2.69)

Being weakly convergent in LY(Q), the sequence ( f,)nen is bounded, so the
right-hand side of (2.69) tends to zero as k — oo, then meas({|u,| > k})
tends to zero as k — oo uniformly in #, and (2.60) is proved.

For the proof of (2.61), let us take ¢ = Ty41(u;) — T (uy) as test function
and S € S such that S = S, in the renormalized formulation (2.16). The
function T4 1(u,) — Tr(u,) has a support contained in the set {|u,| > k} and
is bounded by one. One deduces by (2.8)

c / |Vt [P dx + / S (un)an (x, Viy).(Vuy )¢ dx
{k<|up|<k+1} Q

< / ful dx.
{I”nlzk}
(2.70)

By the property (2.15) and by equi-integrability of f,, and because of (2.60),
for k — o0, one deduces, from (2.70), the estimate (2.61).
(iii) From Lemma 2.4.1-(i), one gets

I Wy gy = [ T 1P=dx + [ 197517

5/ (1+|Tk<un>|f’"(x>)dx+/ (1419 T 1)) ax
Q Q

< 2meas(2) + p1,p, () Tk (un))

< const (k).

And so, the sequence T (u,,) is uniformly bounded in W!-7- (). Therefore,
up to a subsequence, we can assume that the sequence Ty (u,) converges to
a certain function oy weakly in W!P-(Q), and by the compact imbedding
theorem of W!P-(Q) in LP-(2), one has Ty (u,) that converges strongly to
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oy in LP-(€2) and so a.e. in 2. Now, we have to prove that oy = Ty (u) a.e. in
Q. Lets > 0, and define the sets

E, ={lu,| >k}, E, ={lum| >k}, and Eym = 1Tk (un) — T (um)| > s},
with k > 0. One has {|u, — u,| > s} C E, U E,, U E, ,,, which gives
meas({|lup — up| > s}) < meas(E,) + meas(Ey,) + meas(E, »).

Let ¢ > 0. According to (2.60), we can choose k = k(¢) to get

meas(E,) < g and meas(E,) <

W] ™

Since Ty (u,) converges strongly in LP-(€2), then it is a Cauchy sequence in
LP-(2). Hence, there exists ng = ng(e, s) € N such that for all n, m > ny,

W] ™

1
meas(Ey m) < —/ [Tk (un) — Ti(um)|P~ dx <
sP- Q

So, we deduce that
meas({|u, — uy| > s}) <e, forall n,m > ny.

Finally, the sequence (u,),en is a Cauchy sequence in measure. Hence, by
extraction of subsequence, there exists a measurable function u such that
u, — u a.e.in Q. Since Ty is continuous, we have Ty (u,) — Ti(u) a.e.
in 2, and by the uniqueness of the limit, one has o = Ty (1) a.e. in 2 because
Ty (u,) — oy a.e.in Q.

Also, the weak convergence of Ty(u,) to Ti(u) in Whr—(Q) leads to
the weak convergence of VTi(uy,) to VTy(u) in LP-(S2). Thanks to The-
orem 2.2.1-(i), VTy(u,) nonlinear weak-* converges to a Young measure
(vf)x o and since its weak limit is VT (u), then VTy(u) verifies the
equality (2.62) according to (2.13).

One has Ty (u,) — Ti(u) in WP (Q) according to Lemma 2.4.1-(iii), and
since, for every 1 < p < oo, the trace operator

T WEPOQ) — LPOOQ), u — t(u) = upq,
is compact, t(Ty(u,)) converges strongly to 7 (7 («)) in L?-(9€2), and so, up
to a subsequence, we can assume that v (7 (u,,)) converges a.e. to T(7(«)) on
a2 for any k > 0, and so u, converges a.e. to u on dS2. Then, since for a.e.

x € Q, (T (u(x))), is monotone in k, we can define

v(x) = klim T(Ty (u(x))) a.e. on 92, .71

and one has Ty (v) = t(Tx(u)), for a.e. k > 0.
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Further, from (2.67), we have

/ lun PO o < (| full L1 < C-
Q2

So, by Fatou’s lemma, one gets
/ lu|?®1ds < C. (2.72)
a0

By (2.71) and (2.72), one has v € LPX~1(3Q).
(v) By assumption (2.56), p, — p in measure on €2, and since VTj(u,) —
VTi(u) in LP-(€2), then according to Theorem 2.2.1—(ii), (iii), for all k €
N, the sequence (p,, VT (u,)), converges to the Young measure () ® dvf
onR x RV,
Let us now consider the Carathéodory function

Fp:(x,(%0, 1) € 2x RxRY) — |h,, M), m eN,

where h,, is defined by (2.9). The sequence (Fy,(., (pn(.), VTi(11))))nen
is equi-integrable in Q since it is uniformly bounded in L!(R) according
to (2.64). Then, we apply the nonlinear weak-* convergence property (2.12)
to the function F, to get

im [ Fur, (a0, VTr(n) () dx
n—oo Q
_ / / Fun(x, (h0, 1)) d8 ey Cro)dvE () dx
Q JRxRN
_ / / Fu(x, (p(x), 1)) dvk (V)dx
Q JRY
= / [ (WD) PS dvk (ydx.
QxRN

Moreover,

lim [ Fp(x, (pa(x), VT (un) () dx = i | [ (VT (un)) P dx
n—od Q n— o0 Q

IA

lim / IV Ti ()P dx
n—00 Q

Ck according to (2.64).

IA
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So,
fQ " I (W) [PX dvk(L)dx < Ck.
X

Since the sequence (|4, |)men is increasing and h,, (A) —> A asm — oo,
then by the monotone convergence theorem, we deduce that

fQ i, IAPD dvk(ydx < Ck.
X
By the formula (2.62) and Jensen inequality, one has

/|VTk(u)|p(x)dx=/ / Advi ()
Q Q| JRN

< / IAP@dvk(ydx < Ck.
QxRN

px)
dx

Hence, we deduce that VT (u) € LPO () and so Ty (u) € WHrO(Q).

(vi) Up to subsequence, by (iii), Ti+1(un) — Ti (u,) converges to Ty41(u) — T (u)
a.e. on 2 and weakly in whr—(Q). By arguing as in (v), we get V(T 41 (u) —
Ty (1)) € LPY (), and its modular is upper bounded by

sup/ |V (Tieq1 () — Tee(u)) |7 dx
n Ja

= sup/ |Vu, |7 dx — 0, ask — oo,
{k<|up|<k+1}

n

by (2.61). Thus, (2.63) follows. |
Lemma 2.4.2

(i) Forall k > 0, the sequence (yf,)neN, y’;()/c) = an(x, VTi(uy (x))) is equi-
integrable on Q, and its weak limit YEelLr () is such that

Y (x) = /RN a(x, Mdvi(h), a.ex € Q. (2.73)

(i) Forallk >k > 0, one has Y* = yzx“ukk}.
Proof

(i) We first show that the sequence (V%) cn, Y* := a,(x, VTi(u,)) is equi-
integrable in €2. The assumption (2.7) applied on a, (., .) with exponent p, (x)
implies, for all measurable subset E C €2,
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[ hrax < c [ (14 Mo 19T dx
E E

IxEllLemo

< C/ (1+My) dx +2C H|ka(un)|pn(x)—1‘ /
E Lrn()

<c /E (14 My) dx+C max ((op, ()7 (o (x2)) ")

< cf (1+ My) dx + C' max (meas(E)"/P*+, meas(E)"/7-)
E
(2.74)

by using Holder-type inequality and Lemma 2.2.2, where
2C | IV Tx () [P~ L rh) 1 upper bounded by C” by (2.64).

The whole right-hand side of (2.74) tends to zero when meas(E) tends
to zero because the sequence (M,,),en is equi-integrable in 2. And so, the
sequence (y’,;),,eN is equi-integrable in 2. By Theorem 2.2.1—(), there exists
a weak limit Y* for the sequence Mﬁ in LY().

In the following lines, we prove that the weak limit Y verifies the
formula (2.73) and belongs to LP'O ().

We put the set

Ry :={x € Q;|p(x) — pu(x)| < 1/2},

and we consider auxiliary functions yf, = a(x, (VTx(un)xr,)-
Let us show that the sequence (%) . is equi-integrable in 2. Indeed,

ne

we apply (2.7) with the exponent p(.) ona (., .) to get
/ J,‘, dx < c/ 14+ M) dx + C/ IVTi () |PP 1 dx. (2.75)
E E ENR,

The first term of the right-hand side of (2.75) tends to zero when meas(E)
tends to zero. Also, for x € R,, one has p(x) < p,(x) + 1/2, and, by using
Holder-type inequality, we have

f IV T () PO dx
ENR,

5/ (1 + [V Tk ) [P 0O=1/2) iy
E

S meaS(E) + C H |ka (un)|pn(x)*1/2 HL(zpn(-))/ ”XE ||L2pn(,)

< meas(E) + C 9T )"0~V 1xE N 2mer - (2.76)

L@pn ()
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But, by (2.64), one has

PCpry (IVTk(un)lf’"(")‘l/z) = pp, (VTi(uy)) < Ck. Q2.77)

Also, by Proposition 2.2.3, one has

1/ 1/2p)—
IxEellz2pn) < max ((p2pn (XE)) /2p)+ ’ (:02[7n (XE)) /(2p) )

< max ((meas(E))l/ @+ (meas(E))Y <2P>—) . @78)

From (2.76)—(2.78), the second term of the right-hand side of (2.75) is

uniformly small for meas(E) small, and the equi-integrability of (%) N
ne
follows.

Now, we assert that, by extraction of a subsequence, the sequence %

converges weakly to some function j/k in L'(Q) as n — oo thanks to
Theorem 2.2.1-(7).

It remains to prove that Yk = V . For that, it is sufficient to prove that

y’f, - 5/,; converges strongly to zero in L'().
Indeed, let ¢ > 0. By the Chebyshev inequality, one has

meas({|VT(un)| > L)) < ( / |vrk(un>|dx) / L
Q
s/ (14 IV Tk ) dx/L
Q

< (meas(2) + Ck) /L,

by inequality (2.64).
It follows that sup(meas({|VTy(u,)| > L}) — 0 as L — oo. The
n

sequence yﬁ — % is equi-integrable in €2, so there exists Lo = Lo(g) such
that for L > L, one has

/ W Y dx <e/a, for all neN. (2.79)
{IV T (uy)|>L}

By the assumption (2.55), one has for all ¢ > 0

lim meas <[x € Q; sup |ay(x,A) —a(x,A)| > a}) =0.
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Hence, by equi-integrability of yﬁ — % on 2, there exists ng = no(o, Lg) €
N such that for all n > ny,

xeQ; sup lay(x,A) —a(x, )| >0
[Al<L

/I W Hldx <e/a. 280)

By the definition, one has .V:l = a(x, VT (uy)) on the set R,,, and we consider
the following set

RLo .= {x € Ry; sup lan(x,A) —a(x, )| < o, |VTi(up)| < L} )
I\<L

Since |V Ty (u,)| < L on RE?, then one has
|an (x, VTi(un)) — a(x, VTx(un))| < o on RE7,

and so, for all n,

/L W~ Y dx < omeas(Q) < ¢/4, 2.81)

n

by taking o = o (¢) < ¢/(4meas(2)).
Also, by (2.79) and (2.80), we have

f . |y’;, — :an| dx <¢g/2, foralln > no(o(e), L(g)). (2.82)
Ru\Ry"?

Since p, converges to p in measure on €2, one has meas(2 \ R,) =
meas({|p — pnl = 1/2}) that converges to zero as n — 00, and the equi-

integrability of yﬁ gives, for sufficiently large n,
f W~y dx = / WX dx < e/4. (2.83)
Q\Ry, Q\R,

Now, by using (2.81), (2.82), and (2.83), we get, for n > no(o(¢), L(¢)),

/ Iyln‘—y(ﬂdx < e.
Q

Hence, the sequence Mﬁ - Vn converges strongly to zero in L' (2), as n goes

to infinity, and so, Yk =
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Let us show the representation formula (2.73) for Y*. Since meas (2 \
R,) — 0asn — oo, so, by the equi-integrability of VT (u,) in €2, one
has VT;(u,)(1 — xg,), which converges to zero as n — oo. Therefore,

the sequence VTi(u,)xr, converges to the same Young measure v)’c‘ as

the sequence VTi(u,). Now, fix v € D(R2), and let us consider the

Carathéodory function a(., .).1. Since the sequence .V,(l =a(x, VI (un) xr,)
is equi-integrable in €2, then we can use the nonlinear weak-* convergence
property (2.12) to get

lim a(x, VT (up) xr,)- ¥ dx = / . a(x,A).y dv)’f()»)dx. (2.84)
Q

n—o0 QxR

~k
Since a(x, VTi(u,)xr,) converges weakly to Y, (2.84) becomes

/jk.l// dx=f a(x,)\).wuf(,\)dx:/ (/ a(x,x)duf(x)) dx,
Q QxRN Q \JRV

which means that

A V = /N a(x, M)dvE () in ©'() and so, a.e. on Q.
R

Now, we end the proof with Yk e Lp/(')(Q). One uses Jensen inequality, the
assumption (2.7), and Lemma 2.4.1—(v) to obtain

/Qlyk(xﬂp/(x)dx =/Q‘/RN a(x, NdvE (L)

< / la(x, W)|P©dvk (2)dx
QxRN

p'(x)
dx

< / C(M(x) + AP)dvE(R)dx < oo.
QxRN

(ii) Since k> k, one has

Ty (un) = Ti(Trp(un)),
and so
VTi(un) = VW) X{ o))<k} = V TeWn) X{junl<k)-

Moreover, from assumption (2.5), one has a,(x, 0) = 0 a.e. x € Q2. Hence,
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an(x, VTE(”n))X{\u,,Kk} = a,(x, VI (uy)),

and the sequence (hﬁ)n oy converges weakly to Y in LY(Q), according to (7).
Consider the sequence (d}), _,. such that

drli = gfl - hﬁ = ay(x, VTZ(un)) (X{\u|<k} - X{Iun\<k}) .

The function x(— )(.) is continuous on the image of 2 by u(.) fora.e. k > 0.
Indeed, one has meas ({|u| = k}) = 0 fora.e. k > 0 by arguing as in the proof
of Lemma 2.3.3. Therefore, since u,, converges to u a.e. in €2, then

Xllunl <k} = X(—k.o) Un) = X(—k.b) (M) = X{ju|<k) a.€. N  as n — oO.
So,
d* -0 ae in Q.

Moreover, by (i), the sequence (d,]j)neN is equi-integrable in 2. Hence, by

Vitali’s theorem, the sequence (d,’j)” o converges strongly to zero in LY(Q).

Therefore, gk = h% +d* tends to Y* weakly in L' (). So, this ends the proof
of (ii). O

Lemma 2.4.3
(i) Forallk > 0,

lim [ Y*.VTi(u,) dx = / YK VT (u) dx, (2.85)
n— o0 Q Q
and the “div-curl” inequality
/ @) = ale, VTi(w).(h — VT (w)dvk(M\)dx <0 (2.86)
QxR

holds.
(ii) Forallk > 0,

Y (x) = a(x, VT (u(x))) for a.e. x € Q, (2.87)
and VT (uy,) converges to VTy(u) in measure in Q as n — o0.

Proof

(i) Let ¥ € C>(RQ). Since p,(.) is log-Holder continuous, then C®(Q) is
dense in W!-P()(Q). So, we can take Y as test function in the renormalized
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formulation (2.16) for u,,. We get
' fﬂ (b(un>5<un)w + S YM Ty — .fnswn)w)dx + /a Sl o
< Wl /Q 1S )Yy Y Th () dx, (2.88)

where S € S with suppS C [-M, M], M > 0.

We are going to pass to the limit in (2.88), as n tends to infinity. By
Lemma 2.4.1-(iii), u, converges to u a.e. in 2. By the continuity of » and S,
the term b(u,)S(u,) converges a.e. in 2 to b(u)S(u). Also, |b(un)Su,)y| <
S|l o max(b(M), |b(—M)|)|¥| € L'(Q), and so, by the Lebesgue-dominated
convergence theorem,

f b(un)Sup)y dx — / b(u)Sw)y dx, asn — oo. (2.89)
Q Q

Since p, converges to p in measure in €2 according to (2.56), then p, converges to
p a.e.in 2, up to a subsequence. Also, #,, —> u a.e. on 2. By the continuity of §,
one has

S ) |un PO U, = S@)|uP® %y ae. on 992.

Moreover, since suppS C [—M, M], then
[ lun PO 2| < max (M2, MP) 1S oy V] € L' 09,

and so, the Lebesgue-dominated convergence theorem gives us

/ S un PO 2w,y do —> / S)|uPP2uy do, asn — oo.
Q2 Q2

(2.90)
Let us prove now that

/fnS(un)w dx—)/ Sy dx, asn — oo. 2.91)
Q Q
One has

/ InSun)y dx =/ JaSu)Yr dx +/ Jn(S(up) = Sw)y dx. (2.92)
Q Q Q

On the one hand, one has / fuSW)Y dx — / fSw)y¥ dx since f,, — f in
Q Q
L! (£2). On the other hand, one has, for R > 0,
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fQ | fn(S(un) = S| dx = / [ fn(S(un) — S)) | dx

{1./nl>R}

+/ | fn(S(un) = S@) Y| dx
{1fal<R)

<201l ||S||Loo/ ol dx

{Ifnl>R}

+RII¢||L<>0/QIS(un)—S(u)ldX- (2.93)

For R > 0 fixed, the second term of the right-hand side of the inequality (2.93)
tends to zero as n — 00. Indeed, because of the continuity of S and the compactness
of suppS$, S(u,) converges strongly to S(u) in L' () by the Lebesgue-dominated
convergence theorem. By the Chebyshev inequality and since f, is bounded in
LY(), one has

sup [ fall;

n

IA

C
supmeas({| fn| > R}) < R —> 0 as R — oo.
n

Since the sequence f;, is equi-integrable on €2, then the first term in the right-hand
side of (2.93) can be made as small as desired by the choice of R. Hence, the
second term of the right-hand side of (2.92) tends to zero. And so, we deduce the
convergence result (2.91).

To end the proof, let us prove that

f Su)YM NV dx — / Sw)YM .V dx. (2.94)
Q Q
Indeed, for R > O,

/ S(un)YM Vi dx = / S(u)YM .V dx +/ Su)YM .V dx. (2.95)
Q {IV¥|<R) {

IVy[>R}
For the first term of the right-hand side of (2.95), one has

/ Su)YM Vi dx = / SwYM Vi dx
{IVY|<R}

{IVYI<R}

+ f (S(un) — S)HYM Vyr dx.
{IVy|<R}
(2.96)

Since YM —~ YM in LP'0(Q) by Lemma 2.4.2—(i), then the first term of the right-

hand side of (2.96) tends to S(u)J/M.VI/f dx asn — oo.
{IVy|<R}
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For o > 0 fixed, we can rewrite the second term of the right-hand side of (2.96)
as follows:

/ ((S(un) — SE)YM V| dx
{IV¥|<R}

= / [(S(un) — S@HYY V| dx
(IVwI<RIN|1Y4 <o

[(S(un) — S@NY VY| dx

+f

(vyl<RIN{1Y) 1>}

< aR/ 1SCun) — S(u)| dx
Q

+2R ||S|| 0 / \YM | dx. (2.97)
{192 1>a)

The sequence Y/ fy is equi-integrable on 2 and is bounded in L' () as it converges
weakly in L' (), so using the same argument that leads to assert that the right-hand
side of (2.93) tends to zero, as n — 00, in the inequality (2.97), then the second
term of the right-hand side of (2.96) tends to zero as n — oo. Thus, the first term of
the right-hand side of (2.95) converges to Sw)YM .V dx asn — oo.

{IV¥I<R}
For the second term of the right-hand side of (2.95), we note that, by Holder-type

inequality,

M M
‘~/{|V1//|ZR} y;1 (VY Suy)) dx| < C IS~ Hyn LPhO(@) ||X{‘VW|ZR}VI//HL[’n(v)(Q)‘
(2.98)
One has HJ/,]IV[ LrhO@) < C by Lemma 2.4.1. Also, since ¢ € COO(§), then one

has mes({|Vy¥| > R}) — 0as R — oo. Hence,

/ IV |P"Odx < Cmes({|[Vy| > R}) — 0, as R — 00,
{IVY|=R)

where C is constant that does not depend on R.
By Lemma 2.2.2—(iii), (iv), sup HX{IWI\ER}V‘// ||Lpuo(9) tends to zero as R —
n

00. So, the second term of right-hand side of (2.95) tends to zero as R — oco. Hence,
asn — oo and R — oo in the equality (2.95), we deduce (2.94).

Thanks to convergences (2.89), (2.90), (2.91), and (2.94), we deduce, for n large
enough, that (2.88) gives
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‘/ (b(u)S(u)w + SwYM vy — fS(u)lﬂ)dx +/ S@)|uPP2uy do
Q Q2
< ¥ lipee SUP[Q 8" un)lan (x, VTag (). V Tag (i) dix. (2.99)

Now, fix k > 0. By Lemma 2.4.1~(v), one has Tx(u) € W0 (Q) N L=(Q). So,
by the density of C*°(Q) in W10 (Q), we can replace i by Tj («) in (2.99).
Consider the sequence (Sy7)y C S such that:

* Sy and S}, are uniformly bounded.
e Sy=1lon[-M+1,M — 1], suppSy C [—M, M], forall M € N*,

e The map M —— b(z)Sp(2) is non-decreasing, for all z € R.

From now on, we replace S by Sy in (2.99).

According to Lemma 2.4.2—(ii), for M > k, one has ¥* = Y™ y{, <. Since
VTi(u) = 0 outside {|u| < k}, then we can replace YM N T () by yk.VTk(u).
Also, one has suppS}w C [-M,—M + 1] U [M — 1, M], and the sequence
S}, is uniformly bounded, i.e., | S}, H L@ = C, where C is a positive constant
independent of M. So, the term of the right-hand side of (2.99) is bounded by

C sup/ an(x, VT (un)).VTay(uy,) dx
{M—1=|u,|<M}

n

< Csup / (MnWTk(unn + |VTM(un)|f’"<x>) dx
{M_lf‘unlfM}

n

<C sup [ Mo Xt = p1 =1y ||Lp,9<.>(9) IV T () X (01— 1 < 1 <11 ||LP)1(-)(Q)

+C sup / |V Ty (up) [P dx. (2.100)
{M—1<|u,|<M}

n

Thanks to Lemma 2.2.2, (2.60), (2.61), and the fact that M, is equi-integrable, one
has the term of the right-hand side of (2.99) that tends to zero when M — oo.

By the monotone convergence theorem, since b(u) Sy (1) is non-decreasing and
converges a.e. in Q to b(u), then b(u)Sy (u)y converges strongly to b(u)y in
L' (). Moreover, by the Lebesgue-dominated convergence theorem, the terms
Sm (u)yk.Vl//, fSy(u)y, and Sy (u)|u|f"(")_2u1ﬂ converge, respectively, strongly
to YX.Vy, to fy in L1(Q) and to |u|?®2uy in L'(3). Hence, the inequal-
ity (2.99) becomes, with ¢ replaced by Ty (u), as M — oo,

/ () Ti(u) + Y VT () — ka(u))dx+/ S@)|u|PP2uT (u)do = 0.
Q aIQ
(2.101)
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Now, we consider the renormalized formulation (2.16) for u, where we take Ty (1)
as test function and S € S with S = S,

/ <Sh(un)yﬁ-VTk(un) + Sy un)an (x, Vity).(Vin) Ti(un)
Q
+b(un)Sh(un)Tk(un)> dx

+ / Sk ) |t )" 21, Ty (uy) do = / T Sn () T () dx. (2.102)
Q2 Q

We are going to pass to the limit in (2.102), as h — oo.

We use the property (2.15) to pass to the limit, as 7 — oo, in the term containing
the factor S;l (u,), and since Sj is monotone in 4, we use monotone convergence
theorem to pass to the limit in the terms containing the factor Sy, (u,). As h — oo
in (2.102), we get then

/ <y§~VTk(un) +b(un)Tk(Mn)) dx +/ 100 |PP 20, Ty (1) do
Q Q2
:/ SuTi(uy) dx. (2.103)
Q

Since u,, converges to u a.e. in €2, and also because f,, — f in LY(Q) and || Ty <
00, arguing as in (2.92) and (2.93), we have

/ FuTe(un) dx = f FuTe(w) dx + f Fo (Titm) — Te(w)) dx
Q Q Q
— / fTy(u)dx, asn — oo.
Q

In the sequel, since b(u,)T;(u,) > 0 and [n P20, Te(uy) > 0, by Fatou’s
lemma, one deduces

/(b(u)Tk(u)—ka(u)) dx—i—/ (JulPO2uT(u)) do
Q

Q

sliminf( / (bun) T () — fuTe(up)) dx + / |un|1’(x>—2unrk<un)do>.
Q

And so, from the inequality above and by using (2.103) and (2.101), we get (2.85).
Now, let us go to the proof of the “div-curl” inequality (2.86). Thanks to
Lemma 2.2.1, we know that the sequence
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(an (x, hm(VTk(un)))-hm(VTk(un))>

m>0

is upper bounded by )/ﬁ.VTk(un) because it converges while growing to
Y VT (uy), as m — oc. So, one has, by (2.85),

/ Mk.VTk(u)dx > liminf/ a,(x, hyy (VT (up))). iy (VT (uy))dx, forallm > 0.
Q n—o0 Q

Since / )»dvi‘()») and / a(x,k)dvi‘(k) are, respectively, the weak limits

Q Q
of VTi(u,) and a,(x, VTi(u,)), then using the nonlinear weak-* convergence
property (2.12), we get

n—oo

lim | an(x, i (VT () -hm (VT (un)) dx
Q

= / a(x, by (A)). i (W)dV* (M) dx
QxRN
and so
/yk.VTk(u) dx z/ a(x, (1)) (1) dv () dx.
Q QxRN

Now, thanks to Lemma 2.2.1, we can apply the monotone convergence theorem on
the sequence (a(x, h;, (X)) .7y, (A)),, to deduce that, as m — oo,

f}/k.VTk(u) dxzf a(x,k).kdvi‘(k)dx. (2.104)
Q QxRN

Now using the representation formulas (2.62) and (2.73), and the fact that v)’f()L) is
a probability measure on RY for a.e. x € Q, we find

/;2 o (a(x, A) —al(x, VTk(u))).(A — VTk(u))dv)lg()»)dx

:f a(x,k).kdvf(k)dx—[ </ a(x,k)dvi‘()»)) VT (u)dx
QxRN Q \JRV

—f a(x, VTi(u)) (/ kdvf(k)) dx
Q RN

+/ (a(x, VT (1)).VTi(u)) </ dvi‘()»)) dx
Q RN
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:/ a(x,k).kdvf(k)dx—/ (/ a(x,x)dvf;(x)> (/ kdvf(k)) dx
QxRN Q \JRV RN

=/ a(x,k).kdvi‘(k)dx—/ Y* VT (u) dx.
QxRN Q

From (2.104), we deduce (2.86).

(ii) We prove (2.87), i.e., Y- = a(x,VTi(u)) a.e.in Q.
Thanks to the “div-curl” inequality (2.86) and the strict monotonicity
assumption (2.6) on a(x, .), one has

(a(x, 2 —alx, VTk(u))).(,\ _ VTk(u))dufg(,\) —0 forae x € Q,

and subsequently for a.e. x € Q, A = VT;(u) w.rt. the measure vi‘ on RV,
Since, by the representation formula (2.62), VT (u) = f rd vi‘ (1), then the
Q

measure vf reduces to the Dirac measure dv7, (). Now, from the representation
formula (2.73), we can deduce (2.87). Indeed, one has

yk(x) = /]RN a(x, )»)dvf()») = ,/1;” a(x, Mddvr, ) (X)) = alx, VT (u(x))).

Moreover, the sequence VT (i) generates the Young measure vk = vz, ()
a.e. on Q. So, from Theorem 2.2.1-(ii), VTi(u,) converges to VT;(u) in
measure on 2 as n — o0. O

Lemma 244 For ae k > 0, a,(x,VTi(uy)).VTir(u,) converges to
a(x, VT (u)).VTi(u) strongly in LY. O

Proof By Lemma 2.4.3-(ii)) and (2.55), up to a subsequence, we have
an(x, VT (u,)).VTi(u,) that converges to a(x, VT (u)).VTi(u) a.e. in Q. Since
an(x, VT (uy)).VTi(u,) > 0, by Fatou’s lemma, one has

/ a(x, VT (). VTi(u)dx < 1iminf/ a,(x, VT (up)).VTi(u,) dx
Q n—oo Q

and so, by (2.85), we have

liminf/ a,(x, VT (uy)).VTi(u,) dx =/ a(x,VT;(w)).VTi(u)dx.
Q Q

n—0oo

Thus, by the Scheffé’s theorem (see [24]), one has a, (x, VT (u,)).VTi(uy,) that
converges to a(x, VT (u)).VTi(u) strongly in LY(Q), up to subsequence. O

Lemma 2.4.5 u is a renormalized solution of (2.1). O
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Proof The first two requirements in Definition 2.3.1 are satisfied by Lemma 2.4.1—
@iv), ().
Now, we prove that b(u) € L' (). Indeed, from (2.101), one has

/b(u)Tk(u) de/ S Ti(u) dx
Q Q

or
1
f D T dx = 1Ly
Q

which becomes, for k — 0,

/Q @) dx < 1 fll 1y

1
by Fatou’s lemma, since —T7y(u) — sign(u) as k — 0. Hence, b(u) € LY(Q).

Now, we prove (2.15) with the diffusion flux a(., .). By (2.7) and Holder-type
inequality, we get

/ a(x,Vu).Vudx < Cf (MIVM| + |Vu|p(x)) dx
{k<|u|<k+1} {k<|u|<k+1}

<C ||MX{\u|>k}||Lp’(.)(Q) || (VM)X{k<|u|<k+1} ||Lp(,)(9)

+C / [Vu|PX dx. (2.105)
{k<|u|<k+1}

Thus, (2.15) follows from (2.63).

It remains to prove (2.16) for u. Because C* (Q) is dense in WP (Q) and in
whrn()(Q) since p and p, verify (2.58), we can take test functions in C>®(Q). So,
lety € C () a test function for the renormalized formulation (2.16) for u,. One
has

/ <S(un)an(xs Vu,).Vi + S/(un)an(xs Vu,). Vuy iy + b(un)S(un)w> dx
Q

+ / |t )" Uy S(un) Y do = / FouS () dx, (2.106)
a2 Q

where S € S with suppS C [-M, M].

As n — o0 in (2.106), reasoning as above to pass from (2.88) to (2.99), we get
the different limits given in (2.89)—(2.91) and (2.94). So, we should direct especially
our attention to the term
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/ S/(un)an(x» Vu,).(Vuy)y dx Zf S/(Mn)«y,ly-(VTM(un))lﬁ dx.
Q Q

The sequence S’(u,) is uniformly bounded and converges to S’ («) a.e. in . Thanks
to Lemma 2.4.4 and by using Lebesgue generalized convergence theorem, this term
converges to

/ S WYM NTy )y dx :/ S’ (wya(x, Vu).Vuy dx.
Q Q

We deduce the renormalized formulation (2.16) for u with test functions in C*°(£2)
and by density with test functions in W70 (Q) N L> (), which end the proof of
Theorem 2.4.1. m|
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Chapter 3 )
Weak Solutions of Anti-periodic Discrete <o
Nonlinear Problems

Rodrigue Sanou, Idrissa Ibrango, Blaise Koné, and Aboudramane Guiro

Abstract We consider the existence of weak solutions for discrete nonlinear
problems. The proof of the main result is based on a minimization method.

Keywords Discrete nonlinear problems - Minimization method - Anti-periodic

3.1 Introduction

In this chapter, we investigate the existence of weak solution for the following
anisotropic nonlinear discrete anti-periodic boundary problem:

—Alatk = Datk — 1, Autk — 1)] = £k, u(k)), k € N[1, N1,
(3.1)

u0) = —u(N); u(l) =—-u(N+1),
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where Au(k) = u(k + 1) — u(k) is the forward difference operator, N[1, N] =
{1,..., N}, and a, o, f are functions to be defined later and where N is a fixed
integer >3.

The theory of difference equations occupies now a central position in applicable
analysis. We just refer to the recent results of Agarwal et al.[1], Yu and Guo
[21], Koné and Ouaro [12], Guiro et al.[9], Cai and Yu [4], Zhang and Liu [22],
Mihadilescu et al.[17], Candito and D’Agui [5], Cabada et al.[3], Jiang and Zhou
[10], and the references therein. In [22], the authors studied the following problem:

A’y (k=D +rf ((y(k) =0, keNJ[1,T],
(3.2)
y(©0) =y(T +1)=0,

where A > 0 is a parameter, A%y (k) = A (Ay (k)), and f : [0, +00) — Risa
continuous function satisfying the condition

f(0) = —a, where a is positive constant. (3.3)

The problem (3.2) is referred as the “semipositone” problem in the literature, which
was introduced by Castro and Shivaji [6]. Semipositone problems arise in bulking of
mechanical systems, design of suspension bridges, chemical reactions, astrophysics,
combustion, and management of natural resources.

The studies regarding problems such as (3.1) or (3.2) can be placed at interface
of certain mathematical fields such as nonlinear partial differential equations
and numerical analysis. On the other hand, they are strongly motivated by their
applicability in mathematical physics as mentioned above.

In [10], Jiang and Zhou studied the following problem:

A2y (k—1)= f(k,u (k) keNJ[L,T],
(3.4)
u(0) = Au(T) =0,

where T is a fixed positive integer and f : N[1,7] x R — R is a continuous
function.

Jiang and Zhou proved the existence of nontrivial solutions for (3.4) by using
strongly monotone operator principle and critical point theory.

In [11], it is considered a discrete variant of the variable exponent anisotropic
problem
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_Z%ai <x,aa—;:l)=f(x) in

(3.5)

ou __
%—Oon I,

where Q ¢ RV (N > 3)is a bounded dtznain with smooth boundary I'y UT'p = 8%
f € L*(R2), and p; is continuous on 2 such that 1 < p;(x) < N forallx € Q

N
and alli € N[1, N], where p;” := ess inf p;(x) and Z <L_> > 1.
xe P i

The first equation of (3.5) was recently analysed by Koné et al.[13] and Ouaro
[18] and generalized to a Radon measure data by Koné et al. [14] for a homogeneous
Dirichlet boundary condition (¢« = 0 on 9£). The study (3.5) will be done in
a forthcoming work. Problem such as (3.5) has been intensively studied in the
last decades since they can model various phenomena arising from the study of
elastic mechanics (see [20, 23]), electrorheological fluids (see [8, 19, 20]), and
image restoration (see [7]). In [7], Chen et al. studied a functional with variable
exponent 1 < p(x) < 2 that provides a model for image denoising, enhancement,
and restoration. Their paper created another interest for the study of problems with
variable exponent.

Note that Mihdilescu et al. (see [15, 16]) were the first authors who study
anisotropic elliptic problems with variable exponent. In general, the interested
reader can find more information about difference equation in [1, 3, 5,9, 11, 12].

Our goal in this chapter is to use a minimization method in order to establish
some existence results of solutions of (3.1). The idea of the proof is to transfer
the problem of the existence of solutions for (3.1) into the problem of existence of
a minimizer for some associated energy functional. This method was successfully
used by Bonanno et al.[2] for the study of an eigenvalue nonhomogeneous Neumann
problem, where, under an appropriate oscillating behaviour of the nonlinear term,
they proved the existence of a determined open interval of positive parameters for
which the problem considered admits infinitely many weak solutions that strongly
converge to zero, in an appropriate Orlicz—Sobolev space. Let us point out that, to
our best knowledge, discrete problems such as (3.1) involving anisotropic exponents
have been discussed for the first time by Mihdilescu et al. [17], in a second time by
Koné and Ouaro [12], and in a third time by Guiro et al.[9]. In [17], the authors
proved by using critical point theory the existence of a continuous spectrum of
eigenvalues for the problem

—A(JAu (k= 1) [PED2Au (k — 1) = Au (k) 19020 (k) , k e N[1, T],
u(@ =u(T+1) =0,
(3.6)
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where T > 2 is the positive integer, and the functions p : N[0, T] — [2, +-00)
and g : N[1, T] — [2, +00) are bounded, while A is positive constant.

In [12], Koné and Ouaro proved, by using minimization method, existence and
uniqueness of weak solutions for the following problem:

—Aak—-1,Auk—-1))=f(k), keN[1,T]
3.7
u@ =u(T+1)=0,

where T > 2 is a positive integer. The function (a (k — 1, Au (k — 1))) that appears
in the left-hand side of problem (3.1) is more general than the one that appears
in (3.6).

In [9], Guiro et al. studied the following two-point boundary-value problems:

—Aatk—=1,Auk — 1))+ |uk)|PPu k) = f k), ke N[1,T]
(3.8)
Au (0) = Au (T) = 0.

The function (a (k — 1, Au (k — 1))) has the same properties as in [12], but the
boundary conditions are different. For this reason, Guiro et al. defined a new norm
in the Hilbert space considered in order to get, by using minimization methods,
existence of unique weak solution (which is also a classical solution since the Hilbert
space associated is of finite dimension). Indeed, they used the following norm:

T+1 T 7
luell = <Z |Au (k= 1)+ u (k) |2) : (3.9)
k=1 k=1

which is associated to the Hilbert space
W={v :N[0,T +1] — R; such that Av(0) = Av(T) =0}. (3.10)

In order to get the coercivity of the energy functional, the authors of [9] assumed
the following on the exponent:

p : N[0, N] — (2, +00). (3.11)

In this chapter, we assume that the exponent p : N[0, N] — [2, 4-00).

The remaining part of this chapter is organized as follows. Section 3.2 is devoted
to mathematical preliminaries. The main existence and uniqueness result is stated
and proved in Sect. 3.3. In Sect. 3.4, we have the extension of the problem (3.1).
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3.2 Mathematical Background

By a solution to problem (3.1), we mean such a function # : N[O, N + 1] — R
that satisfies the given equation on N[1, N] and the boundary conditions. In the
N-dimensional Hilbert space,

X ={u:NO,N+1] — R:u(0) = —u(N); u(l)=—-u(N+ D},
with the inner product
N+1
x,y) =Y Ax(k—DAyk—1),  Vx,yeX,
k=1

we consider the following norm:

N+1 1
el = (Z |Ax(k— 1) ) (3.12)

k=1
Let
p, r : N[0, N] — [2, 400) (3.13)
and denoted by
- k t= k = mi k d
P kN[ON]p() p kNON]p() d kegl[%)r,lzv]r( ), an
rt= max r(k).
keN[0,N]

For the data «, a, and f, we assume what follows:

alk,.):R —> R, k e N[0, N]is continuous and there exists
(Hy). A(,.):N[O,N]xR—R
which satisfies a(k, £) = %A(k, &)and A(k,0) =0, forall k € N[O, N].

(H>). Forall k € N[0, N] and & # 7,
(a(k,&) —a(k,m).(6 —n) > 0. (3.14)

(H3). For any k € N[0, N], £ € R, we have

1
Ak, &) > mw“‘). (3.15)
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(Hy). For each k € N[0, N], the function f(k,.) : R — R is continuous, and
there exists a constant C; > 0 such that

|f(k, &) < Ci(1+ 1O, (3.16)

We denote
3
Fk, &) :/ f(k,s)ds for (k,&) € N[O, N] xR, (3.17)
0

and we deduce that there exists a constant Cp > 0 such that
|F(k, 6)] < Co(1+1€1"™). (3.18)
(Hs). The function « : N[0, N] —> (0, +00) is such that for all ¥ € N[0, N],
0<o” = mi k) <ak) <at = k : 3.19
<a kegl’l[g,lN](a( ) <ak) <a ke%fcm(a( ) < +o0 (3.19)

(Hg). Foreach k e N[O, N], r(k) <p~.

Example 3.2.1 There are many functions satisfying both (H;) — (Hs). Let us
mention the following:

o Ak E) = ﬁ((l e 1), where a(k, &) = (I +
E2) PO vk e N[O, N1, £ € R.
« fl &) =1+ 7", VkeN[0, N, and & € R.

e a(k)=1, Yk N[0, N]. O

Moreover, we may consider X with the following norm:

N 1
|X|m = (Z |x(k)|m) , VxeX and m >2. (3.20)
k=1

We have the following inequalities (see [4]):

N@=m/Cm) x 1y < x|, < NY™x|,, VxeX and m > 2. (3.21)
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We need the following auxiliary results throughout our paper (see [17]):
Lemma 3.2.1

1. There exist two positive constant C3, Cy such that

N+1
Y 1Axk = DIPEY = Gallx 1P — €y (3.22)
k=1

forall x € X with || x| > 1.
2. For any m > 2, there exists a positive constant ¢, such that

N+1

Z|x(k)| <cmZ|Ax(k—1)| VxeX. (3.23)

3.3 Existence of Weak Solutions

In this section, we study the existence of weak solution of problem (3.1).

Definition 3.3.1 A weak solution of problem (3.1) is u € X such that:

T+1 T
> alk = Datk — 1, Autk — 1) Avk — 1) = > f(k, u(k)v(k) (3.24)
k=1 k=1

forallv € X. O

Note that since X is a finite-dimensional space, the weak solutions coincide with
the classical solution of the problem (3.1).

Theorem 3.3.1 Assume that (H,) — (Hg) hold. Then, there exists a weak solution
of the problem (3.1).

We define the energy functional J : X — R by

N+1

N
J(u) = Z atk — DAk -1, Autk — 1)) — Z F(k, u(k)). (3.25)
k=1

k=1

Lemma 3.3.1 The functional J is well-defined on X and is of class C'" (X , R) with
the derivative given by
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N+1 N
(J'@).v) =Y atk—Datk — 1, Autk — D) Avk — 1) = > £ (k. u(k))v(k),
k=1 k=1 3.26)
forallu,v € X. m|
N+1 N
Proof Let I(u) =Y al(k—1DA(k—1, Autk—1)) and A@u) = »_ F(k, u(k)).

k=1 k=1
Asin [9], Lemma 3.4, we can prove that the functional I derivative is given by

N+1
('), v) =Y alk = Da(k =1, Aulk — 1)) Av(k — 1). (3.27)
k=1

On the other hand, for all u, v € X, we have
N

(N @), v) =D fk, uck).
k=1

The functional J is clearly of class C!. O
Proposition 3.3.1 The functional J is coercive and bounded from below. O

Indeed, according to (3.18) and (3.15) , we have

N+1 N
Ju) = Z atk — DAk -1, Auk — 1)) — Z F(k, u(k))
k=1 k=1
N+1 N
>a” Y Alk—1,Auk— 1) = C Y Jud)"® - ¢
k=1 k=1
>a 5 ;|Au(k —ppPcv-c ﬁ: lu()"® — ¢
- g k=D 2k:l ’
o N+1 . N
> — 3" |aut = D"V =0 Y o ® - ¢,
p k=1 k=1

To prove the coercivity of J, we may assume that ||u|| > 1, and we deduce
from (3.22) that

N

Cy a~ -

el —Ci=Ca Yy lum)™ -,
k=1

J(u) =
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_ N N
Cya - - o+
—ullP” = Ca=C2 ) lu” = C2 ) luk)” = Ca.

p k=1 k=1

=

Using (3.23), we see that

Cia

J (W) = =

N N
lul|P” = Ca—Ca(C,) Y AU —Co(Cpe) D [Auk)™ —Co.
k=1 k=1

By using (3.21), there exist positive constants K| and K5 such that

Cia
pt

- - +
J(u) = ull” = C4 — Killull” — Kallull" — Ca. (3.28)

Since p~ > rt, J is coercive.

Besides, for ||u]| < 1, we see from the Weierstrass theorem that J is bounded
from below there. Recall that X is finite-dimensional. Then it follows that summa-
rizing J is bounded from below. O

Proof of Theorem 3.3.1 Since J is continuous, bounded from below, and coercive
on X, using the relation between critical points of J and problem (3.1), we deduce
that J has a minimizer that is a weak solution of problem (3.1).

3.4 An Extension

In this section, we show that the existence result obtained for (3.1) can be extended
to a more general discrete boundary-value problem of the form

—Ala(k — Datk — 1, Autk — )] +ul?®~2uk) = f(k, u(k)), k € N[1, N1,

u0) = —u(N); u(l) =—-u(N+1),

(3.29)
with ¢ : N[1, N] — (1, +00).
A function u € X is a solution of problem (3.29) if for any v € X,
N+1 N
> etk — Datk =1, Autk — D)Avtk = 1) + Y [u()[ 1O 2ukv (k)
k=1 k=1
N
- Z £k, u(k))v(k) = 0. (3.30)

k=1
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Theorem 3.4.1 Under asymptotes (Hy) — (Hg), there exists a weak solutionu € X

of problem (3.29).
Proof For u € X, we defined the energy functional J by

N+1

Ju) =Y ak—DAk -1, Au(k— 1)) +Z

k=1

(k)|u|q(k) ZF (k, u(k)).

The functional J is well-defined, continuous, and of class Cl(X, R) with a
derivative given by

N+1 N
(J'w).v) =Y atk—Daltk— 1, Autk — 1) Avtk — 1) + > [ul1P2uk)v (k)
k=1 k=1

N
=" f k. u)vik),

k=1

forall u,v € X.

Since
Mo
Z |u|q<k) >0,
q (k)
we have
N+1 N
Tw) =Y alk—DAK =1, Autk — 1)) = > F (k. u(k)). (3.31)
k=1 k=1

and, according to Proposition 3.3.1, that arguments applied above also work.
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Chapter 4 )
Boundary Feedback Controller over Qs
a Bluff Body for Prescribed Drag and Lift

Coefficients

Evrad M. D. Ngom, Abdou Séne, and Daniel Y. Le Roux

Abstract This chapter presents an improved boundary feedback controller for the
two- and three-dimensional Navier—Stokes equations, in a bounded domain €2, for
prescribed drag and lift coefficients. In order to determine the feedback control
law, we consider an extended system coupling the equations governing the Navier—
Stokes problem with an equation satisfied by the control on the bluff body, which
is a part of the domain boundary. By using the Faedo—Galerkin method and a priori
estimation techniques, a boundary control is built. This control law ensures the
controllability of the discrete system. Then, a compactness result then allows us
to pass to the limit in the non-linear system satisfied by the approximated solutions.

Keywords Navier—Stokes system - Boundary feedback stabilization - Bluff
body - Drag and lift coefficients

4.1 Introduction

Flow over a bluff body is a common occurrence associated with fluid flowing over
an obstacle or with the movement of a natural or artificial body. Evident examples
are the flows past an airplane, a submarine, and wind blowing past a bridge or a high-
rise building. This chapter presents an improved boundary feedback control for the
two- and three-dimensional Navier—Stokes equations around a bluff body. Let 2 be
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Fig. 4.1 Description of the domain €2 and of the two connected components I';) and T,

a bounded and connected domain in R? (d = 2, 3), with a boundary I' of class C?,
and composed of two connected components I') and I, such that I' = "', UT" .. Such
a boundary decomposition is schematized in Fig. 4.1. In particular, the boundary I",
represents the contour of the bluff body, and it is the part of ' where a Dirichlet
boundary control in feedback form has to be determined.

For e, = (8;;,85,05), i = 1,...,d, with Sij, the Kronecker symbol I', is
chosen such that

/ ¢, -nd¢ =0, @.1)
r

c

where n denotes the unit outer normal vector to I".

For example, condition (4.1) holds when I',. is a sphere with centre (0, 0, 0) and
radius 7. Indeed, in that case, I',. is the locus of all points X = (x, y, 2)! such that
f(X) = |IX||> — r? = 0, which lead to

VX X
N2 T

and hence, (4.1) is obtained. Condition (4.1) also holds in the case where f(x, y, z)
is the contour of a circular cylinder. More generally, when f(x, y, z) represents the
boundary I',, condition (4.1) is satisfied if V f(x, y, z) is odd with respect to each
variable x, y, z, supplemented with specific symmetries for f(x, y, z) and I'..

Let T > 0 be a fixed real number, Q = [0, T[xQ, ¥, = [0, T[xI',, . =
[0, T[xT,, and Vl/z(F), T c I', is defined as the space of trace functions whose
extension by zero over I' belongs to H'/?(I"). We consider the perturbed trajectory
(u, ), solution of the non-stationary Navier—Stokes model
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E;—l;—vAu—i—(u~V)u—i—V7r:f in Q,

V.u=0 in Q,

U=y, (x on %, 4.2)
u=v.(,X) on X,

u(t =0,x) =u,y(x) in 2,

where u and 7 are the velocity field and the pressure, respectively, v is the kinematic
viscosity, and f € H~! () represents body forces acting on the fluid. Further, u,(x)
is the initial condition, and v,.(¢, X) represents the control input on X, while the
specified Dirichlet boundary condition ¥ is such that

¥, € VYAT,) and f V., -ndc =0. (4.3)
l_‘b

The different regimes of the flow are given by the values of the Reynolds number

R, = '/'°°TD, with D and Woo being the characteristic dimension (e.g., the size of
I'.) and the characteristic velocity, respectively.

For low Reynolds numbers, due to the highly viscous body, the force exerted on
the body is mainly attributed to skin friction. However, when the Reynolds number
R, exceeds a certain critical value, small perturbations destabilize the solution of the
system (4.2) and yield a periodic solution (u, ) represented by the well-known von
Kérman vortex street. In fluid dynamics, a von Kdrmén vortex street is a repeating
pattern of swirling vortices caused by the unsteady separation of flow of a fluid
around blunt bodies. This vortex shedding is responsible for such phenomena as the
“singing” of suspended telephone or power lines, and the vibration of a car antenna
at certain speeds that may lead to structural failure or reduction in performance.
Further, vortex shedding occurs over a wide range of Reynolds numbers, causing
significant increases in the mean drag and lift fluctuations. Therefore, the effective
control of vortex shedding is important in engineering applications.

Recall that in fluid dynamics, the drag coefficient, denoted by C,, is a dimen-
sionless quantity that is used to quantify the drag or resistance of an object in a
fluid environment, such as air or water. A low drag coefficient indicates the object
will have less aerodynamic or hydrodynamic drag. The lateral lift coefficient and
the vertical lift coefficient denoted by C, and C_, respectively, are dimensionless
coefficients that relate the lift generated by a lifting body to the density of the
fluid around the body. It is common to show, for a particular airfoil section, the
relationship between section lift coefficient and angle of attack. It is also useful to
show the relationship between section lift coefficient and drag coefficient.

The coefficients C,, C,, and C,, which are always associated with a particular
surface area S, are defined [2, 15, 34] as
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2F (u,m) 2F,(u, ) 2F,(u,m)
C,(="5—= C0="5— COhH="5— ¢4
oY S oY oS oY S
where the fluid density p is taken to p = 1 in the present paper and
Fi(u,n)z—/[vVu~n—71n]~eid§, i=1,...,d. 4.5)
Ie

The control of the unsteady viscous flow past bluff bodies has been studied by
a number of authors, e.g., [3, 8, 13, 16, 22] for the passive control, [1, 4, 5, 12,
23, 24, 37] for the active open-loop control, and [2, 10, 21, 25, 26, 31] for active
closed-loop control, also called a feedback control. Feedback control methods are
an attractive choice over passive and active open-loop controls in that the control
input is continuously modified according to the response of the flow system. For
more examples of control over a bluff body, one can refer to the review work of H.
Choi et al. [14].

In the above-mentioned papers, the authors aim at decreasing the mean drag
coefficient, suppressing the vortex shedding, narrowing the wake width, and/or
stabilizing the system around a given steady-state flow. In particular, the reduction
of the drag coefficient remains a difficult and challenging issue, and an important
question arises: what is the lowest possible drag achievable from control in the case
of bluff bodies? For example, by employing a high-frequency rotation of the circular
cylinder, Tokumaru and Dimotakis [37] experimentally obtained approximately
80% drag reduction at R, = 15,000. A significant drag reduction is also obtained
by Amitay et al. [1], Glezer and Amitay [19], for high Reynolds numbers ranging
from 31,000 to 131,000, by applying a high-frequency forcing from a synthetic jet
to flow over a circular cylinder.

Apart from experimental and numerical simulations studies, a number of theo-
retical works have focussed about the stabilization around a prescribed equilibrium
state, e.g., [6, 7, 17, 29, 30, 32, 33]. In most of these theoretical stabilization
results, and thanks to the employed control laws, the authors aim to suppress the
vortex shedding and narrow the wake width. Further, in [29] (in finite dimension)
and in [32] (in infinite dimension), the stabilization result is obtained via enough
small initial perturbations. However, if the above-mentioned studies aim to find an
equilibrium state, such an equilibrium state is not reached by prescribing the drag
coefficient C, and the lift coefficients C| and C,.

This is why the present paper aims to present a theoretical study regarding the
feedback control over a bluff body for prescribed drag and lift coefficients (which
can be as small as desired). To our knowledge, such a study has not been conducted
previously, and it is the main objective of the present paper.

For prescribed time functions Xi (1), i = 1,...,d, we need to find a feedback
control v, = M(u), where M is the feedback law, such that F; in (4.5) satisfies

Fiu,m)=%(), i=1,...,d. (4.6)



4 Boundary Feedback Controller over a Bluff Body for Prescribed Drag and. . . 101

To this end, the boundary control v,. in (4.2) is written on the form

d
v.(t,x) = Zoz,- (t)e;(x) onX, 4.7
i=1
where the quantities a,i =1,..., d, are a priori unknown and have to be deter-

mined in the feedback form. In order to determine a;, leading to the determination

of the boundary control v,, we consider the trajectory (¢, q) € H'(Q) x L%(Q)
solution of the stationary Navier—Stokes model [18]:

—VAY + @ -VY+Vg=f inQ,

V-y=0 in ,

v (4.8)
=0 onT,,
¥v=v, onl,,

and we substitute (u, ) by (v+ ¥, p 4+ ¢) in (4.2) and (4.6). Consequently, we get
this extended system that is considered in the following:

0
(@) a—:—vAV+(V~V)l//+(¢-V)v~|—(v-V)V+Vp=0 in Q,
b) V-v=0 in Q,
(¢c) v=20 onX,,
4.9)
d) v=Y0 0,1 e x) on X,
() v(r =0,%) = vy(x) =uy(x) — ¥ (x) in ,
(f) ((—vVv+1Ip)-n, ei)H,%(rC)’H%(F(”) =X, i=1,....d,
where A, (1) = —F,(¥,q) — Xl.(t), i = 1,...,d. As in [29, 30] where the

authors stabilize the two- and three-dimensional Navier—Stokes problem around
a given stationary state, system (4.9) is solved via a Galerkin procedure. Such
a procedure consists in building a sequence of approximated solutions using an
adequate Galerkin basis.

This chapter is organized as follows. In Sect. 4.2, the notations and mathematical
preliminaries are given. In Sect. 4.3, the existence of at least one solution of the
non-linear extended system (4.9) is established by applying the Galerkin method.
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4.2 Notation and Preliminaries

4.2.1 Function Spaces

The usual function spaces L3(Q), H (), H(} () are used, and we let L2(Q) =
(L*(2)4, H' (Q) = (H' ()¢, H)(Q) = (H] (R2))“. Further, we denote by || - || =
Il - lly2(q) the norm in L*(<). Finally, if u € L2(Q) is such that V - u € L*(Q), the
normal trace of u in H’% (T)isu-n.

A few spaces are now introduced:

Vi@ ={ueH(Q) : V.u=0inQ}, (4.10)
V() = {ue H)(Q) : V-u=0inQ}, (4.11)
V() ={ueV(Q), u=00n F,,,/ u-nd¢ =0}, 4.12)

H(Q):{ueLz(Q) : V-u:OinQ,u-n:Ooan}. 4.13)
H(<2) is a Hilbert space endowed with L2-norm, and V() is Hilbert space endowed
with H!-norm. Denoting by V-1(Q) = (V}(Q))' the dual space of V}(£2) and
considering H(2) identified with its own dual, we have V() ¢ H(Q) c V-1(Q)

algebraically and topologically with compact injections.
Finally, the solution v of (4.9) is searched in the space

d
W(Q) ={veV(Q).Ja= (. .o, suchthaty =) oe;onT,
i=1

(4.14)

where the orthonormal basis e; of R3 is such that e € VI/Z(FC), i=1,...,d.

4.2.2 Linear Forms and a Few Inequalities

In order to define a weak form of the Navier—Stokes equations, we introduce the
continuous bilinear form

a(vy,v,) :/ Vv, : Vv, dx, Vv, v, € H(Q),
Q

and the trilinear form
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b(Vl,V2,v3)=/(Vl~V)V2~v3dx, Vv, vy, v5 € H (Q).
Q
Thanks to Holder inequality, we obtain

[b(vy,v,,v3)| < vy ||L3(Q)||VV2||||V3||L6(Q)-

Further, due to the generalized Sobolev’s inequality, there exists a positive constant
C such that

1 1
||v1||L3(Q) < Cllv{I2IVv{]lZ and ||V3||L6(Q) < C|Vvs|l, ford =2,3,
and hence,
1 1
1b(Vy, ¥y, v3)| < Clv{[IZ[[VV [ 2IVV, [ Vsl (4.15)
By using Holder inequality, we obtain
(v, u, V)| < [VI{sqIVull,  Vu,veH'(Q),

and hence thanks to [11, Remark I11.2.17], we deduce

[b(v,u, V)| < CIIVIIZ_% IIVVII%IIVHII, vu, v e H(Q). (4.16)

By employing integration by parts, the following property holds true

b(u,v,v) = %/F v?(u-n)d¢, Yue VI (Q) andVv e V(Q). (4.17)

Forallv= Z?:l oe; and V= Z?:l a;e; on ", we have

d
and V-n=Zaj(ej-n) onT,..  (4.18)
i=j

c

d
vV-V= Zcxi&i onl
i=1

From the trace theorem and the Poincaré inequality, we obtain ||Vl =<
C|IVv|l, Vv € W(£), and hence,

d
> o} < ClIVy. (4.19)

i=1

||V||L2(rc) =

In the next section, the variational formulation of the control problem (4.9) is
given.
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4.3 Existence Result

4.3.1 The Variational Formulation

We consider the variational formulation for the extended system (4.9).

Definition 4.3.1 Let T > 0 be an arbitrary real number, A;(¢) in LZ(O, T),i =
1,...,d and v, € H(2); we shall say that v is a weak solution of (4.9) on [0, T')
if:
e ve L™, T;H(Q)) NL*0, T; V(Q)).

d
e da=(o,...,ay) € L2(O, T) such that v = Zai e, onl,,

i=1

@ i/ V-Vdx+va(v.¥) +b(v. ¥.9)
Q

dt
o, v, V) + bV, v, V) = YL G, 4.20)
(b) </ V-de) (0) =/ vo - V dX,
Q Q
d
VY € W(Q) with¥ = Z&i e;onTl,. O
i=1

Note that the initial condition (4.20); makes sense because for any solution v
of (4.20),, function t — fQ v(t) -V dx is continuous (see [11] Corollary 11.4.2).
We now first establish the a priori estimates for the extended system (4.9).

4.3.2 A Priori Estimates

Taking V= v in (4.20), leads to

d
1d
37 V12 + vl VY] 4+ b(V, v, V) + bW, v, V) + b(v, ¥, V) = Z}ai/\i.(zt.zl)
1=
First, let us estimate the terms of b(, -, -) in (4.21). Using (4.17) yields

b(v,v,v) = %/ IV2(v-m)de, Vve W(SQ). (4.22)
FC

Using (4.1) and (4.18) in (4.22), we obtain
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d d
b(v,V, V) = % <Zai2> Zaj/r e;-nd; =0. (4.23)
i=1 j=1

c

Second, from (4.17), we have
1
b =5 [ VPG mds, v e Wi,
FC

and since ¥ = O on I, we deduce
b(¥,v,v) =0. (4.24)

Finally, using (4.15) and Young’s inequality leads to

1 1
Ib(v, ¥, V)| < CIVIZIVVI2[IVE IV

C2
<4 ||V & toc |V'ﬁ|| MIINAY

€, +e 1 (c*
! 2||v |12 +2— (EIIVWI“) Ivi?,
1

| /\

. v .
and taking €; =€, = v obtain

v 8Cc*
by, ¥, I < ZIVVI + <v—3IIV'ﬁII4) IvI1>. (4.25)

We now estimate the term in the right-hand side of (4.21). Using (4.19), we obtain
lo;| < C[IVV], and hence,

d
V
Z%% <C|vv] (Z w) < IV + M), (4.26)

i=1
) 2
where M, (1) = — (c > I (t)|) . Using (4.23)~(4.26) in (4.21), the following
v p
inequality holds

1d o
577 V1P + ||Vv||2 < (V_3||w||4> VI + My (). (4.27)



106 E. M. D. Ngom et al.

Consequently, thanks to Gronwall lemma, we deduce from (4.27) the following
estimation:

T
sup [[v() 1> + v / IVv(n)|2dt < Ci(T), (4.28)
0

t<T

where C;.(T) depends on T, M;, [V ||, and ||vy]l .

dv
Let us estimate —. By using integration by parts and the technics used in (4.23)—
(4.24), we show that

b(V, wvv) = _b(V, vv "ﬁ)a

b(v,v,V) = —b(v,V, V).
Moreover, by employing (4.15) and (4.16), we obtain

~ 1 1 -

bW, v. V] < CIIPI2IVEIRIVYIIVYIL
~ 1 1 ~

bV, v, ¥)| < CIY (VI IVVITVYL

~ _d .
bV, ¥, V)| < CIVIP~2 IV 21| VI;

hence, from (4.20), by taking &; = 0, yielding V € V(l)(Q), we deduce
dv
dt

where G(t) is bounded in L3 (10, T[) according to estimate (4.28). Therefore,

1 1 _d d
<[V + CIFIZIVEIZIVYI + CIVIPT2 V]2 = G @),

vl

dv

T, 4
— < (/ gd(t)dt> < C,(T). 4.29)
dt 0

L1007V

Theorem 4.3.1 Assume that (4.1) is satisfied. For an arbitrary function A, in
L*0,T),i = 1,...,d, and an arbitrary initial data v, in H(S2), there exists a
solution v in the sense of Definition 4.3.1 and a distribution p on Q such that (4.9)

holds. Moreover, % belongs to L% (0, T[; V-1()). |

Proof In the first step, a Galerkin basis is built for the space W(£2) defined in (4.14),
while in the second step we prove the existence of a weak solution v. Finally, we
prove the existence of the pressure.
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4.3.3 A Galerkin Basis for the Space W (2)

Fori =1, ..., d, we consider the following Stokes problem:

—Aw; + Vg, =0, inQ,

V.-w. =0 in , 4.30)
w;, =0 onl, -
w, =¢ onl,.

From condition (4.1), frc ¢;-nd¢ = 0. Thus, system (4.30) admits a unique solution
(w;, q;) belonging to H(Q) x L%(Q) (see [11, Theorem IV.6.5]). Moreover, for all
Z € V(l)(Q) defined in (4.11) and for all @; € R, we have v = z + Zflzl W, €
W(€2), where w; satisfies (4.30). Indeed, we have z, w;, € V(£2), and since z = 0 on
I'c, weobtainv = Zd 1a;w; onI'c. When (z,,),,cn defines a countable orthonormal
basis ofVO(SZ) since w; = e; on I'¢, the sequence w, ..., W,, 2, Z,, Z3,..., 18
then linearly 1ndependent Consequently, W(£2) can be rewritten as

W(L2) = span(w;)(1<i<da) ® span(z,,) (neN+), (4.31)

and v is expressed as

d 00
v:z—}—Zaiwi, with z=29izi.
i=1 i=1

4.3.4 Existence of Weak Solution

The proof of the existence follows a standard procedure [30]. In a first step, a
sequence of approximate solutions using a Galerkin method is built. A compactness
result allows us to pass to the limit in the system satisfied by the approximated
solutions.

4.3.4.1 The Galerkin Method

Let m € N*; we define the space

W,, = span(W)(1<i<d) D span(z;){1<i<m},

and we express v, € W, as
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d+m

Vm = 2 :aim(pi’
i=1

where ¢, =w;,fori =1,...,d,and g, =z, ,, fori=d+1,d+2,...,d +m.
We consider the following finite-dimensional problem:

d
@ Z/va-<o,»dx+va(vm,¢,->+b<vm,¢,<p,~>+b(n/f,vm,¢j>

d
DV Vi @) = D 8,40 (4.32)
i=1

b) /Vm(O)-(pjdXZ/V()~(pjdX, forj=1,2,...,d +m.
Q Q

Lemma 4.3.1 The discrete problem (4.32) has a unique solution v,, belonging to
C! 0, T,,,; W,,,). Moreover, the solution satisfies

||Vm||Loc(o,T;L2(Q)) + v, ||L2(0,T;H1(Q)) < Cu(D), (4.33)
dv,, < O (T
. < Gu(1), (4.34)
dt L7 qgo,ri:v-" (@)

where C) (T) is a positive constant independent of m. O

Proof Classical results of non-linear ODEs lead to the existence of the greatest
T,, in (0, T) such that the discrete problem (4.32) has a unique solution v,, €
CI(O, T,,; W,)). Indeed, the resulting mass matrix defined as M;; = fQ ® -9, dx
(1 <i,j < d 4+ m) is nonsingular. In order to show that 7, is independent of m,
it is sufficient to verify the boundedness of the L?-norm of v,, independently of m.
Following the same procedure as for the derivation of the a priori estimates (4.28)
and (4.29) yields (4.33) and (4.34). If T,, < T, then ||v,, || should tend to +o0 as
t — T, because of the explosion criteria. However, this does not happen since ||v,,, ||
is bounded independently of m in (4.33), and therefore 7,, = T. O

For a subsequence of v,, (still denoted by v,,), the estimates in (4.33) and (4.34)
yield the following weak convergences as m tends to oo :

v,, — v weakly in L2(]0, T[; V(R)),

v,, — v weakly* in L*°(]0, T[; H(2)), (4.35)

dav dv

2 — =% weakly in L0, T[: V7).
Nevertheless, the convergences in (4.35) are not sufficient to pass to the limit
in the weak formulation (4.32) because of the presence of the convection term.
Consequently, in order to utilize the compactness theory on the sequence of
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approximated solution v,,, we apply the Aubin theorem [27, Théoreme 5.1, page
58] with py =2, p; = g and By = V(Q), B, = V-1() and B = H(Q). Note that
B, C B C B, and the imbedding from B, to B is compact. Wet set

U={v.ve L0, T[: V(Q).v € L1(10, T[: V"' (Q))}.

and equipped with the norm ||v i v , U is a Banach
quipp: Vllzzg07even + VI 4 00 v

space. Then, by applying the Aubin compacity theorem, we prove that the imbed-
ding U C L20,TT; H(2)) is compact; hence, we obtain the following strong
convergence (at least for a subsequence of v,, still denoted by v,,)

v,, — vstrongly in L?(0, T; L*()). (4.36)
Using the above strong convergence result and (4.35) enables us to pass to the limit
in the weak formulation, obtained from (4.32) after multiplication by ¢ € D([0, T))

and integration by parts with respect to time. Hence, for all Vj =a @ =
1,2,...,d + m, passing to the limit yields

T T
—/ /V-ngo/(t)dxdt—f-/ v07j<p(0)dx+v/ /VV:Vij(t)dxdt
0o Ja Q 0o Ja

T T
+/ /(V-Vv)~7jg0(t)dxdt+/ /(V-V¢)~Vj(p(t)dxdt
0 Q 0 Q

T T
+f /(w-vV)-ngo(t)dxdt:/ &8 i (D@(1) dt. (4.37)
0 Q 0

By linearity, Eq. (4.37) holds for all V combination of finite V | and, by density, for
any element of W(£2). O
Now we can retrieve the controlled problem (4.9).

4.3.5 Retrieving the Controlled Problem

First, we prove the existence of the pressure.

Lemma 4.3.2 There exists p € D'(10, T[; L?(Q)) such that (v, p) satisfies (4.9),
in the distribution sense. O
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Proof By choosing ¢ € D(0, T) in (4.37), VV = E+& j € W), j=1,...,d,
andZ € V(l)(SZ), we obtain

T ov T
/ / — V() dxdt + v/ / Vv : VVo(r)dxdt
0o Jo ot 0o Ja

T T
+/ /(V-VV)-V(p(t)dxdt+/ /(V~V¢)-V(p(t)dxdt
0 Ja 0 Ja
T T
+/ /(W-VV)-V@(t)dxdt:f (0 pdr; (4.38)
0 Ja 0
hence,

/— de+v/ VVZVVdX+/(V‘VV)'VdX+/(V'V1ﬁ)~vdX
Q ot Q Q
—i—/(wﬁ-Vv) -de=§jkj(t) in D'(0, T). (4.39)
Q
Further, taking &j =0,j=1,...,d,yielding vV € V(l)(SZ), we deduce
ov ~ ~
/ —-de—i—u/ VV:Vde+/(V-VV)-de
Q 0t Q Q
+f(v-v¢)-“v“dx+/(¢.Vv).’v‘dx=o inD0,T).  (4.40)
Q Q

Then, for f defined as

f:a—v—UAV—F(V'V)W—F(?/I'V)V+(V~V)V,

ot
using (4.40) leads to f € ©'(]0,T[; H'(Q)) and (f, V)Hfl(Q),Hg)(sz) = 0,
for all V in V(l)(Q). Hence, due to de Rham’s theorem[36], there exists p €
D'(10, T[; L*(Q)) such that f = —V p. m

Next, we prove that (v, p) satisfies (4.9) y. By writing (4.9),, in the form

g+V~(—UVV+I[7)+(V~V)W+(¢-V)V+(V~V)V=0 in O

and using [36, Chap I, Theorem 1.2], we obtain

ov ~
/QE.de+/;z(vVV—Ip).Vvdx+(( VOV Ip) T
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+f (v-Vv) -de+/(v- V) -de+/ (Y -Vv)-Vdx =0, (441
Q Q Q
for all Vin W(2). By comparing (4.39) and (4.41), we retrieve (4.9) r, namely

((=vVv+1Ip)-n, e,-)H_%(FC)’H%(FC) =

Finally, it remains to verify that the initial condition (4.9), belongs to W'(£2). In
this purpose, we multiply (4.9), by Vo, with ¢(T) = 0, and integrate with respect
to time and space

T T
—/ /V~Vg0’(t)dxdt+/ V(O)V(p(O)dx+v/ / Vv : VVo(t)dxdt
o Ja Q 0o Ja

T T
+/ / (V- VV) -Vo(r)dxdt ~|—/ /(V -VY) -Vo(r)dxdt
0 Ja 0 Jo

T T d
+/ /(1// -VV) -Vo(t)dxdt :/ Z&I-Ai(t)q)(t)dt. (4.42)
0 Ja 0 i

By comparing (4.37) and (4.42), we obtain fQ(V(O) - Vy) - Vo(0)dx = 0, and
choosing ¢ such that ¢(0) = 1 yields

/ (V(0) — Vo) -Vdx =0 V¥ € W(Q);
Q

hence, v(0) = v,, in W/(2). We conclude that v is the solution of (4.9).

4.4 Concluding Remarks

In this chapter, the control of the two- and three-dimensional Navier-Stokes equa-
tions in a bounded domain is studied around prescribed drag and lift coefficients,
using a boundary feedback control. In order to determine a feedback law, an
extended system coupling the Navier—Stokes equations with an equation satisfied
by the control on the domain boundary is considered. We first assume that on the
bluff body X (a part of the domain boundary), the trace of the fluid velocity v,. is
a linear combination of a given velocity field represented by e, = (3,;,...,§ di)T,
i =1,...,d, and the proportionality coefficient «;, such that v, = Zle a,e;. The
quantity o; is an unknown of the problem and is written in a feedback form. By using
the Galerkin method, «; is determined such that the Dirichlet boundary control v,. is
satisfied on X, and the controlling boundary control is built. Finally, we show that
the feedback control (4.6) provides control of the Navier—Stokes problem around
given drag and lift coefficients.
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Chapter 5 ®
Discrete Potential Boundary-Value Qs
Problems of Kirchhoff Type

Abdoul Aziz Kalifa Dianda and Stanislas Ouaro

Abstract In this chapter, we prove the existence of solutions for some discrete
nonlinear difference equations of Kirchhoff type subjected to a potential boundary-
value condition. We make use of a variational technique that relies on Szulkin’s
critical point theory, which ensures the existence of solutions by ground state and
mountain pass methods.

Keywords Szulkin critical point theory - Ground states method - Mountain pass
theorem - Potentiel boundary-value condition

5.1 Introduction

This chapter is concerned with the existence of solutions to problems of the form
—M(A(k — 1, Autk — D) Aatk — 1, Au(k — 1)) = f(k, u(k)); k € Z[1, T]
(a0, Au(0)), —a(T, Au(T)) € 8 (u(0); u(T + 1)),

(5.1
where T > 2 is a positive integer and Au(k) = u(k + 1) — u(k) is the forward
difference operator. Here and hereafter, we denote by Z[a, b] the discrete interval
{a,a+1,a+2, ..., b}, where a and b are integers witha < b. f : Z[1, TI[xR — R
is a continuous and monotone function with respect to the second variable, j : R x
R — (—o00, 00) is convex, proper (i.e., D(j) :={z e Rx R : j(z) < +oo} # @),
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and lower semicontinuous (in short 1.s.c.), and 9 denotes the subdifferential of j.
Recall that, for z € R x R, the set d; is defined by

0j@)={¢eRxR:j)—j@ = |§—2), forall§ e R x R}, (5.2)
where (. | .) stands for the usual inner product in R x R.

We also consider the function space X = {v : {0, 1,..., T + 1} — R} with the
inner product

T+1
(u,v) =Y Aulk —1)Av(k — 1), forallu,v € X.
k=1
We assume that
a(k,.) : R — Ris continuous forallk € {0, 1,..., T}, (5.3)

and there exists a mapping A : Z[1, T] x R — R that satisfies

A(k,0) = 0, forall k € Z[0, T. (5.4)
a(k, &) = %A(k, £), forall k € Z[0, T]. (5.5)

We also assume that:
¢ There exists a constant C; such that
latk, £)] < C1(1 + €]~ forall k € Z[0, T]. (5.6)
* The following holds true.
(atk,&)—a(k,n).(E—n) > 0, forall k € Z[0, T] and &, n € R such that & # .
(5.7)

e The following holds true.

1E1P®) < a(k, £)€ < p(k)A(k, £), forallk € Z[0, T]and & € R. (5.8)

We also assume that
p:Z[0, T] — (1, 00), (5.9)

M : (0,00) — (0, 00) is continuous and nondecreasing, and there exist positive
reals By, B with By < By and o > 1 such that

Bit* ' < M@t) < Bpt* ! fort > 1* > 0. (5.10)
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As examples of functions satisfying assumptions (5.3)—(5.10), we can give the
following:

o M(A(k,£)) = M(%mp(’f)) = 1, where M(t) = 1 and a(k,£) =
P
|E|P®—2¢ fork € Z[0, T] and £ € R.
« M(A(k.£) = b+ ﬁ [(1+161)" % = 1], where M(t) = b + ¢ and
atk, &) = (1+£12) P77 ¢ forall k € Z[0, T]and £ € R.

If we take M (¢) = 1, (5.1) is reduced to a problem studied by Kyelem et al. in [16].

In [16], the authors proved the existence of solutions for discrete potential
boundary-value problem, by using variational techniques that rely on Szulkin’s
critical point theory and ensure the existence of solutions by ground state and
mountain pass methods.

Problem (5.1) has its origin in the theory of nonlinear vibration and can be seen as
a generalization of the problem studied in [16]. The equations of the type (5.1) were
firstly proposed by Kirchhoff in 1876 (see [13]). After that, several physicists also
considered such equation for their researches in the theory of nonlinear vibrations.
The first study that deals with anisotropic discrete boundary-value problems of p(.)
Kirchhoff type difference equation was done by Yucedag (see [23]).

In [15], Koné et al. studied the problem

—MAk — 1, Autk — D) A(atk — 1, Au(k — 1))) = f(k); ke Z[l1,T]
u(0) = Au(T) =0,

(5.11)
where T > 2 is a positive integer and Au(k) = u(k + 1) — u(k) is the forward
difference operator. They proved the existence of weak solutions to a family of
discrete boundary-value problems whose right-hand side belongs to a discrete
Hilbert space.

It is usually seen that nonlinear multivalued boundary condition includes particu-
lar cases of classical boundary conditions; these are obtained by appropriate choices
of j (see, e.g., Ch.2 in [11]). For other choices of j yielding various boundary
conditions, we refer the reader to Gasinski and Papageorgiou [8] and Jebelean and
Serban [12].

The study of boundary-value problems with discrete Laplacian using variational
approaches was developed in the last years. Most of the papers deal with classical
boundary conditions such as Dirichlet boundary conditions (see, e.g., Agarwal et al.
[1], Cabada et al. [4]), Neumann boundary conditions (see, e.g., Candito and D’ Agui
[5], Tian and Ge [22]), and periodic boundary conditions (see, e.g., He and Chen
[10], Jebelean and Serban [12]).
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Recently, boundary-value problems with discrete Laplacian subjected to Dirich-
let, Neumann, or Periodic boundary conditions were studied by Bereanu et al. [2],
Galewski and Glab [6, 7], Guiro et al. [9], Koné and Ouaro [14], Mashiyev et al.
[17], and Mihailescu et al. [18, 19].

In [2], the authors are concerned with the existence of solutions of the following
periodic and Neumann boundary p(.)-Laplacian problem:

—Apu—nyx(k — 1) = f(k, x(k)) for k € Z[1, T],

(5.12)
x(0) =x(T'+1)=0=Ax(0) — Ax(T + 1),
and the following Neumann boundary p(.)-Laplacian problem:
—Apg—nxk —1) = f(k,x(k)) fork € Z[1, T],
(5.13)

Ax(0) = 0 = Ax(T + 1).

Bereanu, Jebelean, and Serban obtained in [2] the existence results of solutions to
problems (5.12) and (5.13) in appropriate discrete spaces using variational methods
and some applications of lower and upper solution theorems for both considered
cases. In [3], Bereanu et al. made use of variational approach to obtain ground state
and mountain pass solutions for the following problem:

=Bty (k= D) = f (k. u (k) for k € Z[1, T,

(hp©) (Au(0)), —hp(ry (Au(T)) € 8j (u(0), u(T + 1)),

where Au(k) = u(k + 1) — u(k) is the forward difference operator and A, is a
discrete p(-)-Laplacian operator that is

— App—y(u(k — 1)) :== A(hpp—1)(Au(k — 1)),

with 1, : R — R defined by & ) (u(k)) = [u(k)|?®©~2u(k).

In this chapter, we prove the existence of solutions to problem (5.1) by using
ground state method and mountain pass technique. This chapter is organized as
follows: Sect.5.2 is devoted to mathematical preliminary, Sect. 5.3 deals with the
existence of solutions to problem (5.1) using ground state method. In Sect. 5.4, we
deal with the existence of non-trivial solutions to problem (5.1) by using mountain
pass technique.
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5.2 Preliminary

Our approach for the boundary-value problem (5.1) relies on the critical point theory
developed by Szulkin [21].
We consider the following norm:

T p(k)
1 k
el pe ¢=inf{l>012— “® Sl},
k=1 P& | A
and we introduce the following function:
p:Z[1, T] — (1, 00).
Let us denote
T i= mi k) and p* := k).
poi= o p(k)and p ke%’,‘r]p( )
Let ¢ : X —> R be defined by
T+1
o) =M (Z Atk —1, Au(k — 1))) , forallu € X, (5.14)
k=1

where M (1) = [3 M(s)ds.
Using the functional j, we introduce the functional J : X — (—00; 00) given
by
Jw) = jw©); u(T 4+ 1)), forallu € X. (5.15)

Note that, as j is proper, convex, and L.s.c., the same properties hold true for J.
Let us set

V=¢+J (5.16)

Let us also define
t
Fk,t) = / fk,t)dt, forallk € Z[1,T], forallt e R
0

and

T
D) = — Z F(k, u(k)), Yu € X. (5.17)
k=1
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The energy functional associated to problem (5.1) is given by
I =+, (5.18)

with ¢ given by (5.16) and & given by (5.17).

Lemma 5.2.1 Letu € X and pT™ < o0, then ||lu | p(.) is equivalent to the Luxemburg
norm defined by

T pk)
. ] u(k)
mﬂk.:lnf{K:>0,§: — 51}_
k=1
Proof We have
i:l mm”“>1 D) [P
L a2 > — wor .
kzlzﬂk) A pril A
thus,
lullpiy = Aillulles
i:l mm”w< 12:ummﬁ
Pl AN Tl A
therefore,
lullpiy < Aallulle.
We infer that

Atllulle < llullpey < Aallulle-

Now, let us present some basic properties of the general critical point theory.
Let I : X — RU{oo} be the energy functional associated to problem (5.1) given
by

H): 1=+,

with ® : X - R a Cl(X,R) function and Y : X —> R U {oo} a convex, lower
semicontinuous, and proper function.
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Definition 5.2.1 An element u € X satisfying (H) is called a critical point of the
functional I : X — R U {oo} if (®'(u), v — u) + ¥ (v) — ¢ (u) >0, forallv € X.

Definition 5.2.2 The functional 7 : X — R J{oo} satisfying (H) is said to satisfy
the Palais—Smale (in short (PS)) condition in the sense of Szulkin, if every sequence
{u,} C X for which I (u,,) — ¢ € Rand

(D (up); v —uy) + ¥ () — ¥ (uy) > —€llv—u,|, forallv e X, (5.19)

where €, —> 0 possesses a convergent subsequence. O

Proposition 5.2.1 ([22], Propesition 1.1) If I satisfies (H), then each local mini-
mum point of I is necessarily a critical point of L.

Theorem 5.2.1 ([20], Theorem 23.2) Let f be a convex function, and let x be a
point where f is finite. Then x* is a subgradient of f at x if and only if f'(x*,y) >
(x*;y) for all y € X.In fact, the closure of f'(x*,y) as a convex function
of y is the support function of the closed convex set df (x). i

Theorem 5.2.2 ([21], Theorem 3.2) Assume that I satisfies (H), the (PS) condition
and the following:

(i) 1(0) =0, and there exist a, p > 0 such that I (u) > o if ||ul]| = p.
(ii) 1(e) <0 for some e € X with |e|| > p.
Then, I has a critical value ¢ > o that can be characterized by

c=inf sup I(f(?)),

€l tef0,1]
where T = {f € C([0, 1], X) : £(0) =0, £(1) = e). O

Proposition 5.2.2 Assume that (5.3)—(5.10) hold. Then:

(i) ¢ is convex and is in C'(X; R).
(ii) J is proper, convex, and l.s.c.
(iii) ' is proper, convex, and Ls.c.
(iv) ® € CY(X;R). O

Proof

(i) ¢ is well-defined. A is convex with respect to the second variable according
to (5.5) and (5.6). According to [16], ¢ is convex on X and C!(X, R), with
derivative given by

T+1
(@' @), v (ZA(k — 1. Au(k ~ 1)))

k=1
T+1
x Y atk =1, Autk— 1)Av(k — 1), Vu,veX.
k=1
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The continuity of the derivative comes from the continuity of a(k, .). Hence, ¢
isin C1(X; R).
(i) Note that as j is proper, convex, and l.s.c., the same properties hold for J.
(iii) Since ¢ and J are convex, then i is convex.

Suppose that ¢ can take the value —oo; then, in this case, J = ¢ — ¢ can
take the value —oo that is not possible. Therefore, ¥ cannot take the value
—o0. Hence, v is proper.

Note also that

J@) < lim inf J ().
y—=u

Then,
o) + J() < lim inf J(y) + ¢(u)
y—u
< lim inf J(y) + lim infp(y)
y—=u y—=u
< lim inf ¥ (y).
y—u
Therefore, ¥ (1) < lim inf ¢ (y). Hence, ¥ is Ls.c.
y—u

T
v) |[P(w)| = |Z F(k, u(k))| < oo. Then, ® is well-defined.
k=1

By definition, @ is derivable, and his derivative is continuous; hence, & €
CL(X; R). Moreover,

D(u+ 5y) — D(u)
8

(q)/(u); y) = lim
§—0t

T
——lm Y F(k, u(k) +8y(k)) — F(k, u(k))

T oot )

_ XT: lim F(k,u(k) + 8y (k)) — F(k, u(k))
B k=16_)0+ 1)

T
=Y flku)yk), forall u,yeX.
k=1

Now, let us claim the following important result.

Proposition 5.2.3 [fu € X is a critical point of the functional I in the sense that
(@ )y —u) + ¥ () — Y@ >0, forall yeX, (5.20)

then u is a classical solution of problem (5.1). O
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Proof Since (®'(u); y —u) + ¥ (y) — ¥ (u) > 0, then we can take y = u + sw for
all s > 0in (5.20). Dividing (5.20) by s and letting s —> 0%, we get

(D' (u); w) + (@' (w); wy +J (u,w) >0, YVw €X, (5.21)

where J'(u; w) is the directional derivative of the convex function J at u in the
direction of w.
Since

J(w) = ju), u(T + 1)),
then we get from (5.21),

(@ (u): w) + (@' (w); w) + j'(w(0), u(T + 1)),
(w(©0), w(T +1))) >0, forall we X.

Since
T
(@ ) w) == flk.u()wk) forall u,weX
k=1
and

T+1
(@' (w),w) =M (Z Ak =1, Au(k — 1)))

k=1
T+1
x Y alk—1, Autk — D))Aw(k — 1) forall u,w e X,
k=1

then, one obtains

T T+1
=Y Flut)wk) + M (Z A(k—1, Au(k — 1)))

k=1 k=1
T+1

x Z atk — 1, Autk — 1) Awk — 1)
k=1

+J"(@(0), u(T + 1)), (w(0), w(T + 1))) > 0.
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Therefore,
T T+1
— Z flk,utk))wk) + M (Z Ak —1, Au(k — 1)))
k=1 k=1
T+1
X Z atk — 1, Autk — 1)[wk) — wk — 1)]
k=1
+j' (@(0), u(T + 1)), (w(0), w(T + 1)))
> 0.
Then,

T T+1
- Z fk,uk)wk) + M (Z Ak —1, Aulk — 1)))

k=1 k=1
T+1

x Z atk — 1, Au(k — 1) w(k)
k=1

T+1 T+1
-M (Z Atk —1,Autk — 1))) Z atk — 1, Au(k — D)w(k — 1)

k=1 k=1
+j'(@(0), u(T + 1)), (w(0), w(T + 1))
= 0;

thus,

T T+1
=" flk ut)ywk) + M (Z Ak =1, Aulk — 1))) a(T, Au(T)w(T + 1)

k=1 k=1

T+1 T
+M (Z Ak —1, Autk — 1))) > atk — 1, Autk — D)wk)

k=1 k=1

T+1 T
-M (Z Ak —1, Au(k — 1))) > atk, Auk)yw(k)

k=1 k=0
+j'(@(0), u(T + 1)), (w(0), w(T + 1)))

20,

which leads to
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T T+1
=" flk ut)ywk) + M (Z Ak—1,Au(k — 1))) a(T, Au(T)w(T + 1)

k=1 k=1

T+1
-M (Z Alk—1, Aulk — 1))) a(0, Au(0))w(0)

k=1

T+1 T
+M (Z Ak =1, Aulk — 1))) > atk — 1, Autk — 1)w(k)

k=1 k=1

T+1 T
-M (Z Ak —1, Au(k — 1))) > atk, Auk)yw(k)

k=1 k=1
+j'(@(0), u(T + 1)), (w(0), w(T + 1)))
> 0.

Therefore,

T T+1
- Z fk, uk)wk) + M (Z Atk —1,Autk — 1))) a(T, Au(T)H)w(T + 1)

k=1 k=1

T+1
-M (Z Ak —1, Aulk — 1))> a(0, Au(0))w(0)

k=1

T+1 T
-M (Z Ak—1, Auk— 1))) > latk, Auk) —a(k — 1, Autk— 1)) Jw(k)

k=1 k=1
+j' (), u(T + 1)), (w(0), w(T + 1)))
= 0;

thus

T T+1
- Z flk, u(k)wk) — M <Z Ak —1, Au(k — 1)))

k=1 k=1
T
x Z Aak — 1, Au(k — 1)w(k)
k=1

T+1
+M (Z Ale—1, Aulk — 1))) a(T, Au(T))w(T + 1)

k=1
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T+1
-M (Z A= 1, Aulk — 1))) a(0, Au(0))w(0)

k=1
+J'(W(0), u(T + 1)), (w(0), w(T +1)))
2 07

for all w € X. Thus we infer

T+1 T
M (Z Ak —1, Au(k — 1))) 3 ( — Aalk—1, Auk — 1))w(k)

k=1 k=1

T
= > Flk u)w(k) = 0.

k=1
As w € X is arbitrarily chosen, thus if w(0) = w(T + 1) = 0, we obtain

T+1 T
M (Z At —1,Aulk — 1))) Z (—Aa(k — 1, Au(k — 1)) w(k)

k=1
T
=Y flk u)w(k).

Hence, it follows that
—MAKk —1, Autk — D) A(ak — 1, Au(k — 1)))
= f(k,u(k)) forall keZ[1,T]. (5.22)

It remains to show that (a(0, Au(0)), —a(T, Au(T))) € 3j(m(0), u(T + 1)). One
has

T T+1
- Z flk, u(k)wk) — M (Z Ak —1, Au(k — 1)))

k=1 k=1

T
x> Aak =1, Autk — 1)w(k)
k=1

T+1
+ M <Z Ak —1, Au(k — 1))) [a(T, Au(T))w(T + 1) —a(0, Au(0))w(0)]
k=1

+ 7' (@), u(T + 1)), (w(0), w(T +1))) > 0
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and
T+1 T
M (Z Atk =1, Au(k — 1))) 3 ( — Aatk —1, Au(k — 1))w(k)
k=1 k=1
T
- Zf(k, u(k)wk).
k=1
Let

By if —a(T, Au(T))+ a(0, Au(0)) >0

€= By, if —a(T, Au(T))+a(0, Au(0)) <0.

As M(.) is positive, from (5.10), it follows that

T+1 a=l
J' (@), u(T + 1)), (w(0), w(T + 1)) >C (Z Ak —1, Auk - 1)))

k=1
X [—a(T, Au(T)w(T + 1) + a(0, Au(0))w(0)].

—1

Now, let us take 5 = C (Z,{:ﬂ Ak —1, Au(k — 1)))“ .

Thus,

7 (@ (0), u(T + 1)), (w(0), w(T + 1)) = —a(T, Au(T))(sw(T + 1))
+a(0, Au(0))(sw(0)).

Finally, for all w € X, taking sw(0) = p and sw(T + 1) = g, where p, g € R are
arbitrarily chosen, it follows that

7 (@(0), u(T + 1)), (w(0), w(T + 1)) = —a(T, Au(T))q

+a(0, Au(0))p, for p,qeR.

Hence, (a(0, Au(0)), —a(T, Au(T))) € 9j (u(0), u(T + 1)). O
Now, we have the following lemma that will be used later.

Lemma 5.2.2 (See [16]) Letu € X and p™ < oo; then, the following properties
hold:
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T k)
. |u<k>|1’< -
@) llullpy < 1= ||u||§( » = <l ;
k=1

T k)
N |u(k)|"<
@) llullpy > 1 == Jullh, < <

|
B
=
=
Z

k=1

In the following section, we turn out to the existence result by using ground state
method.

5.3 Proof of the Existence of Classical Solutions by Ground
State Method

In this section, we prove an existence result of classical solutions. This result shows
that the energy functional / has a minimum in X, and for the proof, we use the
positive constant

( T+1 ;Mu(k _ 1)|p(k—1)>a_l
! optk— 1)

T
2=t

A1 ;= inf

ue X — {0}

*)
(k) lu ()P

and  (u(0),u(T + 1)) € D(j) ¢,

witho > 1, « is given by (5.10).
It is obvious that A > 0.

Theorem 5.3.3 Assume that (5.3)—(5.8) hold. Moreover, suppose that

k)F(k,t
fim sup ZOERD 5 ral k ez T, (5.23)
|t|—>o00 |t|17(k)
Then, problem (5.1) has at least one classical solution that minimizes I on X. |

Proof

Step 1:  We first show that / is sequentially lower semicontinuous on X.
Indeed, from Proposition 5.2.2, the functional i is lower semicontinuous, and
the function @ is C! on X. Therefore, the functional I is lower semicontinuous
on X.
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Step 2:  We prove that / is bounded from below and coercive on X.
Using (5.23), one obtains the existence of some constants &’ > 0 and p > 1 such
that

)\' _ /
Fk, 1) < 1(—]:|t|l’<’<> forallk € Z[1,T] andforall 7 € R with || > p.
p

On the other hand, by the continuity of F(k,.) over [—p, p], there is a constant
N, > 0 such that

|F(k,tH)] <N, forall keZ[l,T] and 1¢€[—p,pl.

Hence, we infer that
F(k,t)pr+T|t|p forall (k,1) e Z[1,T] x R.
p

To prove the coercivity of I, we use the above inequality to obtain for all (k, ) €
Z[1,T] x R,

T
Ju (k)P
— F(k, >—-N,T — (A .
]; (k,u(t)) = =N,T — (b1 — ; o

It follows that

T p(k)
1) = () — N,T — =) 3 O
= r®

p(k) T p(k)
|u(,]§zl|c) “’Z lu (k)| W

> o) — N, T — AZ ©

k=1
T+1 1 a—l
> — N,T — ——— | Au(k — 1) |P&=D
> g(u) = N, (I;p(k_l)| u(k =1 |

T
J & i ®
— 4+ J(u).
« ,; plo TIW

From (5.8) and (5.10), we get

1
pk—1)
Atk — 1, Au(k — 1)) > 7 ])IAu(k 1| :

which leads to
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T+1
o) =M (Z Atk—1, Aulk — 1)))

k=1
B T+1 1 o
> — ————|Auk — DP*=D ) 5.24
> — (; = Ak =D (5.24)

Hence, if ||lu] () > 1, one uses Lemma 5.2.2 and (5.24) to obtain

B T+1 1 o
T(w) > 31 (Z PR e 1)|P<“>> — N,T

k=1

T+1 a—1 T
1 _ Ju () |P®)
- ———— | Au(k — 1)|P&=D +o Yy ——+J
(;;_1: p(k_1)| u(k — 1) ) oy o ® ()

k=1

B T+1 1
> (=Y ————JAuk - ppPED —
a = plk—1)

T+1 a-l
X e < |Au(k 1)|P(’<‘>)
k= 1
T
|u (k) [P
+a'y = = N, T+ J )
= rm

1 )
(—nAun,,() )nAun("‘ PN, T g+ T w).

Since j is convex and l.s.c., it is bounded from below by an affine functional.
Therefore, using J(u) = ju(0),u(T)), there are constants my, mo, m3 > 0
such that

1<u)z<—||Aun,,() )uAuu(“ D N, T+ o ullh
— my|u(0)] — malu(T + 1)| — m3
_(—nAun,,() )uAuu;"gj”f’ +a full ) — my|u(0)]
—ma|u(T 4+ 1)| — Cy,

where C1 = N, T + m3 — N; thus
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—1
1<u)z<—||Au||p() >||Au||§f;_) o ullh ) — Calluloo
— Cy, where Cy =m) + my.

By the equivalence of the norms on X, there is some C3 > 0 such that

-1
I(u)z(—llAullp() )nAunjf“(_) P ul)b ) = Callullpy — Ci

Consequently, I (#) —> oo as |lu||p() —> oo. Therefore, I is coercive on X.
Step 3:  We now show that the functional / is bounded from below.
For that, let [ul| 5y < 1. We get by (5.8) and Lemma 5.2.2 the following:
IT(w) = o) — NoT + J(u)

z—NpT+ Sl + 7 )

By
—N,T + — IIMIIP() my|u(0)] —mafu(T + 1| —m3

v

— Killulloo = K', where K' = N,T

- B puper

+m3 and K1 = m + mo.

Since any norm on X is equivalent to ||.|| »(,, then there exists K " > 0 such that

B " ’
1w = —lully, = Kl = K

> K IIMIIp(.) - K

> —K” _ K/

> —00.
Hence, I is bounded from below. Finally, we conclude that [ is lower semicon-
tinuous, bounded from below and coercive on the real Banach space X. Thus, /

attains its infimum at some u € X. Using now Propositions 5.2.1 and 5.2.3, one
obtains that the problem (5.1) has at least one solution on X. O

Now, we show the existence of solution of problem (5.1) by using mountain pass
technique.
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5.4 Proof of the Existence of Classical Solutions by Mountain
Pass Method

In this section, we are concerned with the existence of non-trivial solutions for
problem (5.1). The main tool in obtaining such results is Theorem 3.2 in [12].

Theorem 5.4.4 Assume that (5.3)—(5.10) and (H) hold. Moreover, suppose that
there exist constants 0 > p+, K, M > 0 such that:

(A1) j(0,0)=0.
(A2) j'(z.2) = 0j(2) + K, Vz € D(j).

p(k)F(k, 1)
W < )\,1, fOI" all ke Z[l, T]
(As) 0 <OF(k,1) <tf(k,t) forall keZ[1,T] with |f|> N.

Then, there exists a non-trivial solution u € X of problem (5.1). O

(A3) lim sup
=0

Proof

Step 1:  We show that the functional / verifying (H) satisfies the (PS) condition
in the sense of Szulkin on (X, ||.][())- So, let {u,} C X be a sequence for which
I(u,) — ¢ € Rand (5.19) holds with ,, — 0.

For this purpose, since X is finite-dimensional, it is sufficient to prove that {u,}
is bounded. We may assume that {u,} C D(/) = D(J) and |luy|| () > 1 for all
n € N. By (A2) and (5.15), it follows that

1
J(v) — 5]’(1}; v) > —Kj, forall ve D(J), (5.25)
. K . .
with K| = rk Using the relation (A4), one deduces that for all n € N,

a

D 10F Kk, un (k) — un(k) f (k, 4, (K))] < 0.

k=1,lu(k)|>N

Consequently,

— ®(uy) + é < (D/(un); Up >
T
D I0F (k, un(k)) — un (k) £ (k, un (k)]

k=1

| -

1 T
=3 Z [0 F (k, un(k)) — upn (k) f(k, un(k))]

k=1,u,(k)|>N
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T

1
+— Y (OF (R up (k) — un (k) f (K, 1y (K))]
k=1,lun ()| =N
1 T
<= Y [0F (K un(k) =y (k) £ (K, 1y (K))]
k=1,|up(K)|=N

IA

1
5 Z max |0F(k, x) = xf (k. x)] =: C3,
where C3 is some positive constant. Therefore, one can write

1
— Q) + 5 < @' (up); un >=< Cs. (5.26)

Since the real sequence (I (u,))neN converges toward the real number c, it is
clear that there is a constant C4 > 0 such that

I (uy)| < C4, forall neN. (5.27)

Furthermore, setting v = u, + su, in (2.6), dividing by s > 0, and letting
s —> 0%, one obtains

< D' (up);uy >+ < @ (up);uy > +J (U uy) > —€,|luy|| forall neN.
(5.28)
Using (5.27) and (5.28), we deduce that

C4+ ”un”p() > D (uy) +§0(Mn)+-](”n)+ ”Mn”p()
1 , 1
> O(up) — 5 < Q'(up); up > +@(uy) — 5

/ 1 /
< @ (Un); up > +J(uy) — 5~] (tn; up),
and by virtue of (5.25), (5.26), and (5.27), it follows that
1

K1+C3+C4+ ||un||p()>¢(un)_§<¢(un) Up > .

According to (5.10), it follows that

1 1 T+1
(uy) — 5 <@ up)up >= _gM (Z Ak —1, Au, (k — 1)))

k=1
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T+1
x Y atk =1, Auy(k — 1) Auy (k — 1)
k=1
T+1
+M (Z Ak — 1, Auy (k — 1)))
k=1

T+1 a=1
> (Z Atk — 1, Aup (k — 1)))

k=1

X |:Bl — éBz(Ol — 1)]

o [81 - %Bz(a - 1>} ,

O
>hpT Y
k=1 p
and from Lemma 5.2.2, we deduce that
1 p
Ki+C+Cit 2 ||un||p() Mp | Bi— g Bale = 1) Jlully -

Moreover, 8 > p*. Then, we infer that the sequence (i), is bounded.
Step 2:  We show that / has a mountain pass geometry.
From (A), it is clear that

1(0) = ®(0) + ¢(0) + J(0) = 0.
Using (A3), we have

lim sy PEOE Gk, uk)
0P o P®

That leads to the existence of €, 8 > 0 such that

)\’ —
Fk, 1) < Z—S1P®  with  ¢] < B.
pk)

Consequently,

CI>(u)>—()»1—e)Z (k)|u(k)|P<k>, forall u e X — {0},

u©0) =u(T +1) and |u| < B. (5.29)
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Using again hypothesis (5.8), we get

D) + ¢u) = —( — e)Z lu (k)| PO

(k)

+ Bi TZH ;IAu(k — 1|Pk=D ’
a \— pk—1)
T+ -l
) P® | Au(k — 1)|P%&=D
>eZ (k)'“( )l (; STk = Dl )

B T+1 1 o
— ——|Autk — HPED )
+— (§ =T A4 = DI

k=1

According to (5.4) and (A1), we have J(u) = j(u(0), u(T + 1)) = j(0,0) = 0.
Therefore, for 8 < 1,

+ —1pt Bl —1pt
@) +¢@) + 7 W) = elully, = 18ul TP+ =2 Aul P 40,

+ ne
Hence, choosing ||u||p() = B, which is equivalent to ||u||p() = Br*, and as

there exists a positive constant y such that ||Au||p() = y||u||p(), then I (u) > L

B
with L = B(e — y*~ 1+?y ).

Coming back to relation (A4) and taking |u| big enough, we have

[k uk)) _ 0
Fk,utk)) — u

So, F(k, u(k)) > cu? for |u| big enough. Thus, F(k, u(k)) > cu’ — K, for all

u > 0.
One can use (5.4) to say that

¢
Ak, £) = /O a(k, X)dx.

Using (5.7), we have the existence of a real C; > 0 such that

lak, £)] < C1(1 + |&1P®~1) forall k e Z[0,T] andforall & €R.
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Therefore,

4 £
_/ la(k, A)|dr < C1/ (1 4 |APO~Hax
0 0

AP
= Cl[k] +C][ ]
0 pk)
|g|p(k)
<ClEl+C .
e 0
One deduces that
s T+l T+1
Au(k — 1)|P®
ZA(]‘_I»A”(k—1))§C1Z|Au(k—l)|+clz%
k=1 pa —  p)

Thus, according to (5.10), we can write

T+1 T+1 o
CY |Au(k — 1)|P®
Aulk — 1 - 7
oy < 2 [(X} u( >|) (; ~® )}
ce T+1
(Z [Au(k — 1)|)

Let ug € X — {0} be such that uo(0) = uo(T + 1) = 0 and [Jugllp¢) > 1.
From (A1), we have that J(sug) = O for all s € R. Then,

I (sug) = P (sug) + @ (sup) + J (sug)

T+1
=— Z F(k, suo(k)) + M (Z Atk — 1, Asug(k — 1)))

k=1 k=1
T

O, T+1
<) (K — clsug®ff) + 221 (me«—m)

T B,C* T «
=TK — CZ lsuo(k)|? + ZTI (Z |Asu0(k)|)

k=1 k=1

< TK + C/llsuplloo — cs? Juolly —> —o0,

as s —> OoQ.
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Hence, we can choose s large enough such that 7(sug) < O; therefore,
lsuoll p) > B. We conclude by using Theorem 3.2 in [12] that the problem
(5.1) has at least one non-trivial solution.
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Chapter 6 )
From Calculus of Variation to Exterior e
Differential Calculus: A Presentation and

Some New Results

Ngalla Djitte and Mariama Ndiaye

Abstract In this chapter, we provide an introduction to exterior differential calcu-
lus. In detail, the Cartan—Kaihler theorem is revisited. Using this, we give necessary
and sufficient conditions for a second-order differential equation to be equivalent to
some Euler-Lagrange equation.

Keywords Exterior differential calculus - Integral element - Manifold - calculus
of variation

6.1 Introduction

Let F; : R" xR" - R,n > 1, 1 < i < n, be real-valued functions defined on

R" x R". Consider the following system of second-order differential equations:
dzxi
dr?

d d d
X1 dxy x")‘v’

—_—, i =1,...,n. 6.1
dt ~ dt dt ! " .1

= Fi(-xl’xZ?"' s Xns
A natural question, initially raised by Douglas [3], is the following: When is it
possible to find a Lagrangian L : R” x R* — R such that the solutions of (6.1)
correspond to that of the Euler—Lagrange equations

d oL dxy dxp dx,
— X1, X2, s Xy, s T, T
dt dy; dt  dt dt
oL dx; dxp dx, .
- a_ ) s T s T g T g Tty T :O, :1,..., . 6.2
ox; <x1 B PR dt) : o (62)
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corresponding to L? In other words, given F;, 1 < i < n, can we find L : R" x
R" — R such that L solves the following partial differential equation:

n n

9%L 9%L oL
Z yk—i—Z Fr=—i=1,...,n? (6.3)
i 0xdyi = 9yndyi ax;

It is our purpose in this chapter to propose an introduction to exterior differential
calculus. In particular, we describe in some details two very powerful theorems,
respectively, due to Darboux and to Cartan and Kéhler. These theorems have
recently been used in a very sophisticated way in economic theory of demand by
Ekeland and Chiappori (see, e.g., [5-8]) and further by Ekeland and Djitté [9, 10].
We strongly believe that these theorems will be extremely helpful in many contexts,
and they should profitably be included in economist’s toolbox. Here, we show how
this approach can be useful for the solvability of some inverse problems of calculus
of variation. In fact, we present an application of this approach to the Douglas
problem.

6.2 Exterior Differential Calculus

In this section, we introduce the basic notions of exterior differential calculus. For
a much more exhaustive presentation, the interested reader is referred to Cartan’s
book [2] or to Bryant et al. [1].

6.2.1 Linear and Differential Forms
A linear form (or 1-form) on £ = R” is a linear mapping from E to R:
n
w:EeR"— (0, &) = Za)’éi.
i=1

The set of linear forms on E is the dual E* of E. Basic examples of linear forms
are the projection 7; : § — &;, which, to any vector, associated its i-th coordinate.
These form a basis for E* in the sense that any form w can be decomposed as

n
W= E o'
i=1
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In what follows, we are specifically interested in differential forms. Consider a
smooth manifold M of dimension n > 1 and for p € M; let T, M denote its tangent
space at the point p. A differential 1-form on M , w, is a map defined on M such
that for every p € M, w(p) is a 1-form on the tangent space T, M to M at p with,

n
say, (w(p), &) = Z o' ( P)&;), where the coefficient o’ (p) depends smoothly on p.
i=1
A local coordinate system at p provides 7, M with a coordinate system as well. If
M is a n-dimensional manifold, then 7, M is a copy of R", and the projection maps
m; : TyM — R, which associate with a tangent vector £ its i-th coordinate §&;, will
be denoted by dp;.
As a simple example of a differential 1-form, we may, for any smooth mapping
V from E to R, consider the differential form dV defined at any point p by

n

aV
dv(p) = Za—p_(p)dpi,

i=1
so that

n

av
dv(p) : &= (dV(p).§) = Za—p_(P)Ei-

i=1

Of course, this form is extremely specific, for the following reason. Consider the
hypersurface (that is the (n — 1)-dimensional submanifold) N C M defined by

N={peM|V(p)=a},

where a is a constant. Then for any p € N, the form dV (p) or any form w(p) =
A(p)dV (p) (proportional to d V (p)) vanishes on the tangent space T, N:

VpeN, VEeT,N, (o(p), &) =0.

This is exactly the integration problem: starting from some given differential form
w(p), when is it possible to find a hypersurface N such that, for any p € N, the
restriction of w (p) to T, N is zero? Such a submanifold will be called an integrating
submanifold or an integral element for w.

One point must, however, be emphasized. When w is proportional to some total
differential dV, the submanifold N can be found of (maximum) dimension n — 1.
But of course, life is not always that easy. Starting from an arbitrary form, it is in
general impossible to find such an integrating submanifold of dimension n — 1.
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6.2.2 Exterior k-form

Before addressing the integration problem in detail, we must generalize our basic
concept.

Definition 6.2.1 An exterior k-form is a mapping w : EX — R that is:

* Multilinear, that is, linear with respect to each component
* Antisymmetric, that is, the sign is changed when two vectors are permuted O

Note that if k = 1, we are back to the definition of linear forms.
Consider, for instance, the case k = 2. A 2-form is defined by a matrix:

wEn =Y g =£Qn

ij=1

Additional restrictions are usually imposed upon the matrix 2. A standard one is
symmetric, i.e., Q = . In exterior differential calculus, on the contrary, since
one considers exterior forms, antisymmetry is imposed. This gives Q = —/, i.e.,
"l = —w’! for all i, j. Hence,

w(,n) = Zwi’j(éinj —&imi).

i<j

Another case of interest is k = n, where n is the dimension of the space E. Then the
space of exterior n-forms is of dimension one and includes the determinant. That is,
any n-form o is collinear to the determinant:

(&1, -+, &) = Adet(Sy, -+, &p).

Some well-known properties of the determinant are in fact due exclusively to
multilinearity together with antisymmetry and can thus be generalized to forms of
any order. For instance, take any k-form w, and take k vectors (&1, - - - , &) that are
not linearly independent; then w (&1, ---,&) = 0. An important consequence is
that, for any k£ > n, any exterior k-form must be zero.

6.2.3 Exterior Product

The set of exterior forms on M is an algebra, on which the multiplication, called the
exterior product, is formally defined as follows:

Definition 6.2.2 Let « be a k-form and 8 be an [-form; then a A 8 is the (k+1)-form
such that:
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1 .
arnBGr, - k)= ZW(—I)S’gn(U)OJ(So(l), € 0)BEstn) s Ea kD)

where the sum is over all permutations o of {1, --- , k4 1}. O

This formula may seem complex. Note, however, that it satisfies two basic require-
ments: ¢ A B is multilinear and antisymmetry. To grasp the intuition, consider the
case of two linear forms (k =1 = 1). Then

aABE,n) =aE)pm) —amp(E).

Obviously, this is the simplest exterior 2-form related to & and 8 and satisfies the two
requirements above. A few consequences of this definition must be kept in mind:

e If w is linear (or of odd order), then w A w = 0. More generally, let w; - - - , wy
be 1-forms. If the forms are linearly dependent, then w A - - - A wy = 0.

e If wis atwo-form (or a form of even order), w A w need not to be zero.

e For any k-form w, @F=wAw- - Awisaks-form. In particular, (w)* = 0 as
soon as ks > n.

* Any k-form can be decomposed into exterior product of 1-forms. If w is a k-form,
then

w= Z = Wo (1), .o dPo(1) -~ 0 (k), (6.4)

o

where the sum is over all ordered maps o : {1,--- ,k} — {1, -+, n}.

6.2.4 Differential Forms and Exterior Differentiation

A differential k-form is, for every p € M, an exterior k-form w(p) on (T,M )k,
depending smoothly on p. Exterior differentiation sends differential k-forms into
differentials (k 4+ 1)-forms. We first define it on 1-forms. For this, set

o(p) =Y ol (p)dp;.

j=1

To define the exterior differential of w, we may first remark that the @ ( p) are
standard functions from M to R. As such, they admit differentials:

n

: dw’
do’ (p) = Z ——dpi.
io opi
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Then the exterior differential dw(p) of w is the differential 2-form defined by

n
do(p) =) _de’ (p) Adp; (6.5)
j=1
n .
ow’
ij=1 P
dw/ o
ZZ(T_ 3 )dp, ANdpj
oy Di P

Generally, if

w = Z wi,..., ikdpil /\.../\dp,'k

i1<iy<...<l

is a k-form, then dw is the (k + 1)-form defined by

.....

do= Y doi i Ndpi A...Adpi. (6.6)
i1<ip<..<ig
Note that this formula guarantees that dw (p) is bilinear and antisymmetric.

Proposition 6.2.1 Exterior differentiation is a linear operation, and it satisfies the
following product formula: if a is a differential p-form and B is a differential q-
form, we have

dlo + Bl = da + dp; 6.7)
dla A Bl =da A B+ (—1)Pa A dB. (6.8)
O

6.2.5 Pullback

Let ¢ : R™ — R” be a smooth mapping. To any smooth function f : R" — R, we
can associate the function ¢*(f) := fog, which is a smooth function on R™.

Similarly to df, which is a differential 1-form on R”, we associate ¢*(df) :=
d(fogp), which is a differential 1-form on R™, called the pullback of df. More
generally, we have the following:

Definition 6.2.3 Let w be a p-form on R”. The pullback of w w.r.t. ¢ is the p-form
¢*(w) on R™ defined by

(@*w)(p).(v1, ..., vp) = w(@(p).(de(p)vi, ..., de(p)vp), (6.9)
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for all p € R™ and (vy,...,vp) € (T,R™)P. By convention, if p = 0, then the
formula (6.9) is reduced to

" f(x) = fp(x)). (6.10)

Finally, we note that the pullback is natural with respect to exterior product and
exterior differentiation in the following sense.

Proposition 6.2.2 With the preceding definition, we have

@ (A B) =™ (@) A g™ (B); (6.11)
¢*(dw) = do*(w). (6.12)
O

6.2.6 Poincaré Theorem

The construction detailed above has strong implications for the resolution of the
type of equations we are interested in. Let us start with a simple problem: what are
the conditions for a given exterior form w to be the tangent form of some twice
continuously differentiable function V' ? An immediate, necessary condition is given
by the following result:

Theorem 6.2.1 Let U be an open subset of R" and w be an exterior form on U.
Assume there exists a twice continuously differentiable function V such that w(p) =
dV (p). Then

dw = 0.

Proof Just note that

d Z( Cid i )d Adp; =0
w= — i i =0.
3x,'3x]' 3Xj3x,' pi Pj

O

This proposition admits a converse, due to Poincaré, that requires some topological
condition upon U. We have the following result.

Theorem 6.2.2 (Poincaré) Let w be a differential k-form on U such that dw = 0.
Assume that U is convex. Then, there exists a differential (k — 1)-form on U, say «,
such that

w =do.

Proof See Bryant et al. [1]. |
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Corollary 6.2.1 Let U be a nonempty convex subset of R", and let o', - - - , " be
given differentiable functions on U. There exists a differentiable function V on U
such that

1%
l=_a i=15"' , 1,
api
if and only if
Ao’ _ !
opj  opi
n
Proof Define w(p) := Z 'dp; and apply Theorem 6.2.2. O

i=1

6.2.7 Darboux Theorem

Poincaré theorem provides necessary and sufficient conditions for a differential 1-
form to be a total differential. In this case, the integration problem is straightforward,
as illustrated above. But, at the same time, these conditions are very strong. We now
generalize this result, by giving necessary and sufficient conditions for a differential
I-form to be a linear combination of k tangent forms. In this case, the integration
problem can be solved, but only with an integration manifold of dimension at least
n—k.

Proposition 6.2.3 Let U be an open subset of R" and w be an exterior form on U.
Assume there exist twice continuously differentiable functions V' and functions A;,
1 <i <k, such that

k
o(p) =Y 1i(p)dV'(p), VpeU.
i=1

Then,

o A dw)f =0.

This simple necessary condition admits an important converse.

Theorem 6.2.3 (Darboux) Let w be a linear form defined on some neighbourhood
Up of p. Let k > 1 be such that:

o A (do)' £0, Vp e Up;
w A (dw)f =0, Vp e Uy. O
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Then there exists a neighbourhood Uy of p and 2k functions V' and A;,
1 <i <k, such that:

1. The V' are linearly independent.
2. None of the \; vanishes on U].
3.

k
o(p) =Y ki(p)dV'(p), ¥p e U.
i=1
Proof See Bryant et al. [1]. O

Before ending this section, let us give some applications of Darboux theorem. In
demand theory, many problems take one of the following forms: Given a smooth
vector function x : R” — R”, a natural number k£ > 1:

Q1. When is it possible to find scalar functions vi ..., vk and A, -, A such
that

k
x(p) =Y _ M(p)VVi(p)? (6.13)
i=1

Q2. Can we choose in the decomposition (6.13) the Vi convex and the ; positive?
Q3. Can we require that V' and A; satisfy some additional equations of the
following type:

®;(p,2i(p), VVi(p) =0, 1 <j<m?

where the & are prescribed given functions.

For Q1., if k = 1 and A; is a constant function, then the answer follows from
Poincaré theorem. If A is not constant, then this is Frobenius theorem, and it
requires w to satisfy the so-called Frobenius condition:

wANdw #0,
where w is the differential form given by
k
o(p) =Y _xi(p)dpi.
i=1

Still for Q1., in the general case, this is an application of Darboux theorem, and the
conditions are
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o A (dw)! £ 0;

o A (dw)f = 0.

Ekeland and Chiappori [6] studied Q2. in the framework of demand theory. In fact,
they give a positive answer in the case where k = n.

Motivated by the work of Ekeland and Chiappori [6], still in the framework of
demand theory, Ekeland and Djitte [10] investigated the case k < n, and they got a
positive answer provided that the differential form w satisfies the Darboux condition

o A (dw)! £ 0;

o A (dw)* =0

and the Slutsky symmetry condition, that is, the Jacobian matrix
d Xi
Dpx(p) :==\ —(p) (6.14)
dpj

is a sum of a symmetric definite positive matrix S and a matrix Ry of rank k.

6.3 Exterior Differential System

We now present the key result upon which our approach relies. This theorem, due
to Cartan and Kihler, solves the following general problem.

Given a certain family of differential forms (not necessarily 1-form, nor even
of the same degree), a point p, and an integer m > 1, can one find some m-
dimensional submanifold M containing p and on which all the given forms vanish
on the tangent space Ty M?

6.3.1 Introductive Examples

Cauchy-Lipschitz Theorem Let us start from a simple version of our problem,
namely the Cauchy—Lipschitz Theorem for ordinary differential equations. It states
that, given a point p € R" and a C! function f, defined from some neighbourhood
U of p into R"~!, there exist some € > 0 and a C! function ¢ : (—¢, €) — U such
that:

do
E(t) = fle), Vie(—¢€c¢)
(6.15)

¢0) = p.
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d
It follows that d—gf(O) = f(p). If f(p) = 0, the solution is trivially, ¢(¢) = p for

all ¢. So, we assume that f(p) does not vanish.
This theorem can be rephrased in a geometric way. Consider the graph M of ¢:

M = {(r,9(1)) : 1 € (=€, €)},

Which is a 1-dimensional submanifold of (—¢, €) x U. Let us introduce the 1-forms
' defined by

o' = fi(p)dt —dp', 1<i<n. (6.16)

Clearly, ¢ solves the differential equation (6.15) if and only if the o' all vanish on
M. More precisely, substituting p' = ¢'(¢) into formula (6.16) yields the pullbacks:

) dot
oo = [f’ (p(1) — d—f(t)} dr,

which vanish if and only if ¢ solves the differential equation (6.15). So the Cauchy—
Lipschitz theorem tells us how to find a 1-dimensional submanifold of R x R" on
which certain 1-forms vanish.

First-Order Partial Differential Equations Consider the following partial differ-

ential equations of order one, with unknown function u of variables x1, - - - , x;:
ou ou
Fx,....,xp,—,...,— | =0, (6.17)
0x1 0xy,

where F is a C* function defined on an open subset U of R?**!. We denote by M
the submanifold of U defined by

Mo :={(x1, -+, Xn,u, p1,--- . pn) €U 0 Flxr, -+ X, 1, p1, oo+, pn) =0}

(6.18)
Let us associate to Eq. (6.17) the exterior differential system generated by the O-form
F, the 1-forms

n

IF IF IF

dF =" B—Xidx,- + o du+ > ——dpi (6.19)
i=1 =

n
w=du— pidx;, (6.20)

i=1

and the 2-form
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n
do = —dei A dx;. 6.21)
i=1

Now, the geometric point of view is to find a submanifold M of R*"*! of dimension
n for which all the above forms vanish.

6.3.2 The General Problem

The Cauchy-Lipschitz theorem deals with 1-forms, while the first-order partial
differential equations deal with O-form, 1-forms, and 2-form. By extension, the
general problem can formally be stated as follows.

Definition 6.3.4 Let of, 1 <k < K , be differential forms on an open subset of
R", and M C R" a submanifold. M is called an integral submanifold of the exterior
differential system:

0'=0,...,05 =0 (6.22)
if the pullbacks of the @ to M all vanish, that is, if
K, £ =0, 1<k <K, (6.23)

whenever p € M, " has degree di, and Ei €T,Mforl <i <d.

Given p € R”, the Cartan—Kéhler theorem will give necessary and sufficient
conditions for the existence of an integral manifold containing p. Necessary
conditions are easy to find. Assume that an integration manifold M containing p
exists, and let m be its dimension. Then the tangent space at p, denoted by T}, M, is
an m-dimensional space, and all the ok ( p) must vanish on T), M, because of (6.23).
Any subspace E C T, M with this property will be called an integral element of
system (6.22) at p. The set of all m-dimensional integral elements at p will be
denoted by

G _{E E CTpM and dimE = m, }
- | 1 - K - .
' (p),...,o" (p) all vanish on E.

ASTES

So the first necessary condition follows:
G’;’ #* 0. (6.24)

To get a second one, let us ask a strange question: have we written all the equations?
In other words, does the system:

o' =0,...,05 =0 (6.25)
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exhibit all the relevant information? The answer may be no. To see this, recall that
M is a submanifold of R". Denote by ¢y : M — R”" the standard embedding
op(x) = x forall x € M. Then M is an integral manifold of the system (6.22) if

gyl =0,..., ohof =0. (6.26)

But we know that exterior differentiation is natural with respect to pullbacks, that
is, that d commutes with goj(,l. So (6.26) implies that

gl (do') =0,..., ¢l (do®) =0. (6.27)

In other words, M is also an integral manifold of the larger system:
1 K
o =0,...,0"% =0;
Y ’ 6.28
{dwlzo,...,dwKzo, (6:28)

which is different from (6.22). If integral elements of (6.28) are different from
those of (6.22), it is not clear which ones we should be working with. To resolve
this quandary, we shall assume that the systems (6.22) and (6.28) have the same
integral elements. In other words, the second equations in (6.28) must be algebraic
consequences of the first ones. The precise statement for this is as follows:

Definition 6.3.5 The family {o*, 1 < k < K} is said to generate a differential
ideal if there are forms {o/]‘., 1 <k, j < K} such that:

A

K
Yk, dof = Za’; Ao, (6.29)
j=I

Our second necessary condition is that the o*, 1 < k < K, must generate a
differential ideal. If this is the case, we say that the exterior differential system is
closed.

Note that if the given family {a)k , 1 <k < K} does not satisfy this condition, the
enlarged family {oF, doF, 1 <k < K} certainly will (because d(dw)) = 0). So the
condition that the system is closed can be understood as saying that the enlargement
procedure has already taken place.

Unfortunately, conditions (6.24) and (6.29) are not sufficient. We give two
counterexamples to show that an additional condition is needed:

* A first counterexample. Consider two functions f and g from R”~! into itself,
with £(0) = g(0) = v # 0 and f(p) # g(p) for p # 0. Define o* and ¥,
1<k<n-—1,by

o*(p.1) = fH(p)dt — dp";
B (p. 1) = g"(p)dr — dp*
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and consider the exterior differential system in R":

ak:0, 1<k<n-1;

=0, 1<k<n-—1.

The o* and B* generate a differential ideal, and there is an integral element at
0, namely the line carried by (1, v), so G'(0) # @. However, finding an integral
manifold of the initial system containing 0 amounts to finding a common solution
of the two Cauchy problems:

dp _ _
= fp). pO=0. (6.30)
dp _ _
T g(p), p0)=0, (6.31)

which does not exist in general. The problem, clearly, is that the equality f(p) =
g(p) holds only at p = 0. So we need a regularity condition that will exclude
such situations, which guarantees that the required equality holds true at ordinary,
a concept we now formally define.

¢ A second counterexample. Let us work in R2, and let us find all functions f=
f(x, y) that can be written as

Fx,y) =ux) +v(y). (6.32)

It is well known that a necessary and sufficient condition for such a decompo-
sition to be possible, at least for smooth function f, is that the cross derivative
vanishes:

a?f
dxady

=0. (6.33)

Consider the exterior differential system in R* = (x,y,u,v)

0 0
du+dv——fdx——fdy=0,

0x 9y 6.34
du A dx —0, (6.34)
dv Ady =0.

Any 2-dimensional integral submanifold M of this system will be the graph of
a pair of functions (u, v) that solve the problem, provided only that it is not
vertical, that is, that neither dx nor dy vanishes on M. Let us try to find such
an integral submanifold. The system is obviously closed. We then look for non-
vertical integral elements, at (x, y, u, v) € R* say. They are defined by a set of
linear equations:
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du = Aydx + Bidy,
dv = Aydx + Body.

Plugging into the system, we get

) 0
B =0, A, =0, A = —f(x,y), By = —f(x,y).
ax dy

So there is an integral element. However, there is no 2-dimensional integral
submanifold, unless (6.33) is satisfied.

6.3.3 The Regularity Condition

* If all the o are 1-forms, the regularity condition is clear enough: the dimension
of the space spanned by the w*(p) should be constant on a neighbourhood of p
(which is not the case in the first counterexample).

« If some of the * have higher degree, the regularity condition is more compli-
cated. It is expressed as follows. Let p € R"; from now, we work on the tangent
space V := T,R". Let E C V be an m-dimensional integral element at p. Let
ay, -+ ,a, be abasis of the dual V* such that

E={teV]| <¢,a>=0Vi>m+1}.
For n’ < n, denote by I(n’, d) the set of all ordered subsets of {1, --- , n’} with

d elements. Denote by dj, the degree of w¥. For every k, writing o (p) in the &;
basis, we get

ok (p)= Y Clay A...Ad,. (6.35)
1€l (n,dy)
In this summation, it is understood that I = {iy, - - - , iy, }. Since o* (p) vanishes

on E, each monomial must contain some ¢; with i > m + 1. Let us single out
the monomials containing one such term only. Regrouping and writing, we get

ok(p)= Y. ByAay A A&, +R (6.36)
Jel(m,dy—1)

where ,B§ is a linear combination of the «; fori > m + 1, and all the monomials
in the remainder R contain @; A¢; for somei > j > m+ 1. Define an increasing
sequence of linear subspaces Hy C H C ... C H,, C V* of V* by
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H' = span{,3§ 1<k<K,JeIm,di—1)}
* span{ B% |l <k <K, J € I(m —1,dp — D};

m—1

H = span{ 8% |1 <k < K, J € I(0, dy — 1)}.

The later subspace is just the linear space generated by those of the w*(p)
that happen to be 1-forms. We define an increasing sequence of integers 0 <
co(p, E) <... <cm(p, E) <nby

Ci(ﬁa E) = dimHl‘*, Vi=1,...,m.

We are finally able to express Cartan’s regularity condition. Denote by | (R")
the set of all m-dimensional subspaces of R"” with the standard (Grassmannian)
topology. It is known to be a manifold of dimension m(n — m). Denote by G
the set of all (p, E) such that E is an m-dimensional integral element at p. Note
that G is a subset of R” x {"*(R").

Definition 6.3.6 Let (p, _E_) € G™. We say that (p, E) is ordinary if there is some
neighbourhood U of (p, E) in R" x "(R") such that G N U is a submanifold of
co-dimension

co(p, E) + ... 4 cm_1(p, E).

If all the w* are 1-form, denote by d(p) the dimension of the space spanned by the
a)k(p). Then ¢;(p, E) = d(p) for every i, and (p, E") is ordinary if G N U is a
submanifold of co-dimension md(p) in R" x " (R"). This implies that, for every
p in a neighbourhood of p, the set of E € G™(p) (m-dimensional integral element
at p) has co-dimension md(p) in R" x " (R"). It can be seen directly to have co-
dimension md(p). So d(p) = d(p) in a neighbourhood of p. This is exactly the
regularity condition we would like to have for 1-forms.

In the general case, if (p, E ) is ordinary, the numbers ¢; will also be locally
constant on a neighbourhood of U of (p, E), that is,

¢i(p,E)=ci(p,E)y=c;i ¥V peU.
The nonnegative numbers

5o = co
Si=c¢ —c¢ci—1, 1<i<m

S =N — M — Cpy—1

are called the Cartan characters. We shall use them later.
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6.3.4 The Main Theorem

We are now in a position to state the Cartan—Kihler theorem. Recall that a real-
valued function on R” is called analytic if its Taylor series at every point is
absolutely convergent.

Theorem 6.3.4 (Cartan—-Kéhler) Consider the exterior differential system:
of=0, 1<k<K. (6.37)

Assume that the a)]i are real analytic and that they generate a differential ideal. Let
p be a point and E be an integral element at p such that (p, E) is ordinary. Then
there is a real analytic integral manifold M, containing p such that

T;M = E. (6.38)

Remark 6.3.1 Nothing should come as a surprise in this statement, except the real
analyticity. It comes from the generality of the Cartan—Kdihler theorem. Indeed,
every system of partial differential equations, linear or not, can be written as an
exterior differential system, and there is a famous example, due to Hans Lewy, of a
system of two first-order nonhomogeneous linear partial differential equations (with
nonconstant coefficients) for two unknown functions , which has no solution if the
right-hand side is C*° but not analytic.

Let us mention the question of uniqueness. There is no uniqueness in the Caratn—
Kihler theorem: there may be infinitely many analytic integral manifolds going
through the point p and having E as a tangent space at p. However, the theorem
describes in a precise way the set

Ty = { M M is an integral manifold and there exists }
(p,E)yeUsuchthat pe M and T,M = E |’

where U is a suitable chosen neighbourhood of (p, E). Each M in Ty is completely
determined by the (arbitrary) choice of s, analytic functions of m variables, the s,
being the Cartan character. O

Let us illustrate the Cartan—K&hler theorem with an example.

6.3.5 An Example

Let us go back to the second counterexample. There is only one integral element
at every point a € R?, so Gg is a point in J>(R*) that has dimension 4. So its co-
dimension is 4. Let us compute the Cartan characters. For this, let E be the integral
element at a pointa = (x,y,u,v) € R*, and define the 1-forms @j, - - , @4 as
follows:
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o] =dx,
a =dy,
o3 =du — Aydx,
a4 = dv — Aoxdy.

These 1-forms define a basis of the tangent space of (73 R*)*. Furthermore, we have
that

E={(5eR"| (£.a) =0 i=34).
Plugging the &; in the system (6.34), it follows that
W] = a3 + a4,
W) = a3 Aoy,
w3 = a4 N3,
So
Hg = span{as + a4}, co(@, E) =1,
Hy = {O}span{as, &4}, c1(@, E) =2.

Hen(_:e, co+c1 =142 = 3 # 4, which is the co-dimension of G2. Therefore,
(a, E) is not ordinary.

6.4 Main Result: Douglas Problem

We now come back to Douglas’ problem described in the introduction. To apply
our approach to this problem, let us take n = 1. So, given an analytic function
F :R xR — R, we are looking for a Lagrangian L : R x R — R of class C? such
that the solutions of the second-order differential equation:

Cx_ (45 (—e, €) (6.39)
— = x, — |, —€,€ .
dt? dt

correspond to those of the Euler—Lagrange equation corresponding to L:

d oL dx oL dx
——|x,— | ——|x,— ) =01t e (—€¢), 6.40
dt dy (x dt) ax (x dt) € (=€) (640)
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for some positive real number €. In other words, given an analytic function F :
R x R — R, can we find L : R> x R — R such that L solves the following partial
differential equation:

3L 3L dL
—— Iy + = FXxy) — —(x,y) =0? (6.41)
0x0dy dy ax

We now describe the basic strategy used throughout the proof. Consider the space
E={(x,y,u,v,q,r)} =RC,

_ . aL AL 9L 9%L
where u,v,q, and r will later be interpreted as —, —, —, and ——,
dx’ dy  9y? 0xdy
respectively.

Remark 6.4.2 Clearly, if a solution exists, then the system

oL
x (x,y) =u;
X

BL( )
—((x,y)=v;
dy Y

(6.42)

9L .
8—)/2(X,y) =gq;

92L
0xdy

x,y)=r

defines a 2-dimensional manifold S in E included in the 5-dimensional manifold M
defined by

ry+ F(x,y)qg —u=0. (6.43)

Conversely, assume that we have found the functions u = u(x,y), v =
v(x,y), g =q(x,y),and r = r(x, y) such that:

* Forevery (x, y) holds (x, y, u(x, y), v(x, y), g(x, y), r(x,y)) € M.
* d(udx +vdy) =du ANdx +dv Ady =0.
e dv—rdx —qdy =0. O

Then by Theorem 6.2.2, there exists the function L = L(x, y) of class C? such that

2L 2

Ly v=L0m a=2Lxy
X, , V= ——I(X, 9 = — W, , =
Y ay Y 9y?2 Y dxay

ax

u = (x5y)
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and

2 2 9

0L L
(X7Y)Y+8 Z(X»Y)F(MY)— (xvy):()
y ax

dxady

In the language of Sect. 6.3, we are looking for a 2-dimensional integral submanifold
in M of the exteriors differential system:

w1 :=dundx +dvAndy =0,
wr :=dv—rdx —qdy =0, (6.44)
w3 :=dr ANdx +dg ANdy =0.

Finally, the solution must be parametrized by (x, y). The formal translation of that
is

dx Ndy # 0. (6.45)

From Remark 6.4.2, we have the following result:

Lemma 6.4.1 Any integral manifold of this system is the graph of a map:
(‘x7 y) = (u7 U? Q’ r)7

where the functions u, v, q, and r satisfy Eq. (6.43).

We now prove the following theorems.

point of M such that F(x,y) # 0. Then there exists a real analytic 2-dimensional
integral manifold N containing the point (x, y).

Proof 1t is obvious from the system (6.44) that the differential forms w;, i = 1,2, 3
generate a differential ideal. The proof is in two steps:

Step 1: Finding integral elements. We linearize u, v, g, and r (as functions of (x, y))
around (x, y) by setting:

dv = Vidx + Vady,

dg = Q1dx + Qady,

dr = Ridx + Rody.
Solving the linearized system is equivalent to finding all the V;, Q;, R;, i =

1, 2, that satisfy the system (6.44) and (6.45), plus Eq.(6.43) expressing that
(x, y,u,v,q,r) remains on the manifold M.
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Substituting du, dv, dgq, and dr in the system (6.44) and differentiating (6.43),
we get

_ o _o0F _ _
sz+1WxJOQ2==—q5;(nyL
Vi
|%)
01— Ry

I
~)

(6.46)

I
S

Note that all these equations are linearly independent. So, the set of integral elements
has co-dimension 4 in the Grassmannian.

Step 2: Cartan’s test. Set

o] =dx,
o =dy,
a3 = dv — Vidx — Vady,
a4 =dq — Qidx — Qady,
as =dr — Ridx — Rody,
where the V;, Q;, and R; satisfy (6.46). Note that because of (6.43), (6.44) and
relations of (6.46), we have
w1 = [yas + F(x, y)ag]l Aoy + a3 Ao,
wy = &3,

w3 = a5 AN+ 0q Aap.
We then apply the Cartan procedure, as described in Sect. 6.3. We have

HE = Span (@3},
Hl* = Span {a3, yos + F(x, y)aa, as}.

Hence, co = 1, ¢ = 3.So C := ¢cg+ ¢ = 1 + 3 = 4. Which is exactly the
co-dimension of the set of integral elements in the Grassmannian G%(M). There the
exterior differential system (6.44) passes the Cartan test. So the conclusion follows
from Cartan—Kahler theorem. m|

Theorem 6.4.6 Let F : R x R — R be a real analytic function. Let (X, y) € R?
such that F (%, 7) # 0. Then, there exist an open subset of R* containing (X, y) and
a real analytic function L : U — R such that

92L 92L oL
My + @ F&,y) ———&,y)=0V(x,y) eU. (6.47)
dx0dy dy dx




160 N. Djitte and M. Ndiaye

Proof The proof follows from Theorem 6.4.5 and Lemma 6.4.1. |

Corollary 6.4.2 Let F : R x R — R be a real analytic function and (X, y) € R?
such that F(x,y) # 0. Then, there exists a real analytic function L : R x R —
R, a positive real number € such that any solution of the second-order differential
equation:

d’x F( dx) [ € (—€ €) (6.48)
— =F(x,—), —¢€,€), .
dr? dt

corresponds to that of the Euler—Lagrange equation corresponding to L:

d oL dx oL dx

——(x,—)——|(x,— ) =01 € (—¢,¢). 6.49

dt&y(x dt) 8x<x dt) €(=¢9 (6.49)
3?’F

Furthermore, ifﬁ(x, y) # 0 forall (x,y) € U, then Egs. (6.48) and (6.49) have
y

the same solutions. O

Proof The proof follows from Theorem 6.4.6 and the chain rule for derivation. O
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Chapter 7 )
Existence of Local and Maximal Mild Crechie
Solutions for Some Non-autonomous

Functional Differential Equation with

Finite Delay

Khalil Ezzinbi, Bila Adolphe Kyelem, and Stanislas Ouaro

Abstract This chapter is devoted to the study of the existence results of local
and maximal solutions on the one hand and the existence and uniqueness results
of mild solutions on the second hand, for the non-autonomous evolution equation
with finite delay %u(t) =A@)u() + f(t,uy), t € [0, T], subjected to the initial
datum uy = ¢, where T > 0 is some positive constant. The unbounded operators
associated to the non-autonomous system are assumed to be stable family that
generates Co-semigroups, while the nonlinear part is supposed to be continuous.
Using some boundedness assumptions on the delayed nonlinear continuous part,
we prove the local existence of solution that blows up at the finite time. Under some
Lipschitz condition on the nonlinear term, we establish the existence and uniqueness
of mild solution. Finally, an example of reaction—diffusion non-autonomous partial
functional differential equations is used to illustrate our theoretical obtained results.
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7.1 Introduction

The main purpose of this chapter is to outline the existence results of local and
maximal solutions for the following class of non-autonomous partial functional
differential equations with finite delay

d
O =A0u@) + [t u),  1el0.T]
(7.1)

u®) =¢@©), 06el-r0],

where f : RY x C — X is a continuous function with value in the Banach space
denoted by X. A(¢) : D(A(t)) € X — X is aclosed linear operator and generates a
Cop-semigroup. C is the space of continuous functions from [—r, 0] to X, which will
be defined later. Also, we denote by u, for ¢t € [0, T], the historic function defined
on [—r, 0] by

u;(0) = u(t +0) for 9 € [—r, 0],

where u is a function from [—r, T'] into X.

Following the work done in [17], we make some sufficient conditions on the
following family {—A(¢) : 0 < t < T} of closed linear operators to obtain the
existence of the associated evolution system {U(¢,s) : 0 < s < ¢ < T}, which
is used to express the mild solution of (7.1). Observe that the evolution system
introduced for the first time in 1974 by Howland in [13] remains an important tool
in the study of the quantitative and qualitative results for some non-autonomous
evolution equations.

For more information related to some non-autonomous evolution equations,
one can see the book of Friedman in [8] in which he imposed that the family
{A(r) : 0 <t < T} of linear operators verifies the following conditions:

(B1) The domain D(A(t)) of the closed linear operator A(z) is dense in X and is
also independent of ¢ € [0, T].
(B,) Foreachr € [0, T], the resolvent R(A, A(z)) exists for all A with ReA < 0,

and there exists K > O such that |R(A, A(?))|| < ——.
(A1 +1)

(B3) There exists 0 < § < 1 and K > 0 such that ||(A(r) — As)A~ ()| <
K|t —s|® forallt,s, r € [0, T

Under those assumptions, he showed that the family {A(z) : 0 <t < T} generates
a unique linear evolution system {U (¢, s) : 0 <s <t < T}. Moreover, there exists
a family of bounded linear operators {R(#, ) : 0 < u <t < T} with |R(, p)| <
K|t — |®~1 such that U (s, s) has the following representation:
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t
Ut5) =0 ¢ [N Ree sy,

s

where e~ 74 denotes the analytic semigroup having the infinitesimal generator
—A(1).

Observe that the study of the problem (7.1) has many interactions in applied
sciences. The delayed non-autonomous models are naturally appeared in many
branches of biological modelling for the first time. For details, they have been used
to describe the quantitative and qualitative behaviours of dynamic infection diseases
such primary infection, drug therapy, and immune response. For more information,
the reader can see [4, 16] and the related references therein. The delayed terms
can also be seen in the study of chemosynthesis models, circadian rhythms,
epidemiology, the respiratory system, tumour growth, and statistical analysis of
ecological data of many biological species. For more lightening related to those
cases, we direct the reader to the works done in [3, 5, 18, 19, 22].

Also, one can mention that the study of non-autonomous abstract evolution
equations was the subject of many works, and among others, we cite explicitly
[2, 7, 10, 12, 17]. Besides, in the autonomous case where A(t) = A, the
problem (7.1) has been the subject of various quantitative and qualitative studies
(see [11, 21]).

In the similar setting, Acquistapace and Terreni in [1] proved some regularity
results for the following non-autonomous evolution equation without delay in a
Banach space E, under the so-called classical Kato—Tanabe assumptions:

u'(t) — A(u(t) = f(t), t€[0,T]
u0) =x (7.2)
xeE, feC(0,T]; E) prescribed,

where for each ¢ € [0, T], the operator A(¢) is assumed to generate an analytic
semigroup on E, and the domain D(A(¢)) of A(¢) varies with ¢ € [0, T] and is not
necessarily dense in E. It is important to note that the case of variable domains was
first studied by Kato in [15].

As we are concerned, it is to assume that the domain D(A(t)) of the operator
A(?) is time-independent, and for each ¢ € [0, T'], the operator A(¢) generates only
a Cp-semigroup not necessarily an analytic semigroup. Consequently, it is worth in
our case to work following the arguments developed by Pazy in [17] to study some
non-autonomous evolution equations in the hyperbolic case.

This chapter is organized as follows: in Sect. 7.2, we recall some preliminaries
that will play an important role in the study of the problems such as (7.1). In
Sect. 7.3, the local and maximal existence of mild solution of Eq.(7.1) is proved.
The last section is devoted to applying our theoretical results to the study of
some example of non-autonomous partial functional differential equations of the
form (7.1).
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7.2 Preliminary

Let us denote by (X, ||.||) the Banach space X endowed with the norm ||.||. For
the convenience, we assume that there exists a Banach space Y densely and
continuously embedded in X. The space C = C([—r, 0]; X) endowed with the
uniform norm topology

¢llc =" sup 9@l

—r<6<0

is a Banach space.
We also make the following definitions given in [17] that will be used in this
chapter.

Definition 7.2.1 Let {S(#)};>0 be a Cp-semigroup, and let A be its infinitesimal
generator. A subspace Y of X is said to be A-admissible if it is an invariant subspace
of {S(¢)};>0, and the restriction of {S(¢)};>0 to Y is a Cp-semigroup in Y (i.e., it is
strongly continuous in the norm |.||y). |

Definition 7.2.2 Let X be a Banach space. A family {A(#)};¢[0,7] of infinitesimal
generators of Co-semigroups on X is said to be stable if there are constants M > 1
and o (called the stability constants) such that

(w, +oo[C p(A(t)) for te€]0,T] (7.3)

and
H ﬁ R A(fj))H <MGO—w)* for A1>0 (7.4)
j=1

andany sequence 0 <) <t <--- < <T,k=1,2,---
Here, p(A(t)) is the resolvent set of the operator A(¢), and R(A; A(¢)) defines
the resolvent operator associated to A(¢) at the point A. O

Observe that the stability of a family {A(#)};¢[o,7] of infinitesimal generators of Co-
semigroups on X is preserved when we replace the norm in X by an equivalent
norm.

In [17], the existence and uniqueness of evolution system associated to the
family of the unbounded operators {A(#)};c[0,7] are obtained under the following
assumptions:

(H1) {A(f)}ief0,7] 1s a stable family with the stability constants M, w.

(Hp) Y C X is A(r)-admissible for ¢ € [0, T'], and the family {A(t)},e[o T ¢ of parts
A(t) of A(t) in Y is a stable family in Y with the stability constants M .

(H3) Fortr € [0,T],Y C D(A(t)), A(t) is a bounded operator from Y into X and
t — A(t) is continuous in the space of bounded linear operators from Y into
X denoted by L(Y, X) equipped with the uniform norm topology ||| (v, x)-
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Proposition 7.2.1 ([17]) Let {A(t)}icjo,7] be the infinitesimal generator of
a Co-semigroup {S;(s)}s=0 on X. If the family {A(t)};e[o0,7] Satisfies the
conditions (Hy), (Hp), and (H3), then there exists a unique evolution system
{U(t,s): 0<s <t <T}in X verifying:

E1) U@ s)| <M for 0<s<t<T;

(E) U1, $)v limy= A()v for veY,0<s<it<T;

(E3) 22Ut s)v=-U(t,5)A@s)v for veY, 0<s<t<T.

Proposition 7.2.2 ([17]) The evolution system of linear operator {U (t,s) : 0 <s
<t < T} generated by the family {A(t)};c[0,T] satisfies the following properties:

(a) U(t,s) € L(X), the space of bounded linear transformations on X, whenever
0 <s <t < T,andforall x € X, the mapping (t,s) — U(t,s)x is

continuous.
b) U, U (s, ) =U@, ) for0<pu<s<t=<T.
(c) U(t,t)=1.
(d) %U(;, s)=A@U(t,s), fors < t.
(e) %U(r, s)=-=U(t,s)A(s), fors < t. =

Now, we can give the notion of solutions that will be studied in this chapter.

Definition 7.2.3 Let ¢ € C. A continuous function u : [—r, T] — X is called a
mild solution of Eq. (7.1) associated to ¢ if:

t
u(t) =U(t, s)u(0) +/ U(t,s)f(s,us)ds fort € [0, T]
0 (7.5)

uy = ¢ on [—r, 0]

For the study of Eq. (7.1), we will make the following assumptions that give us some
sufficient conditions to obtain the local and maximal solutions:

(C1) The domain D(A(t)) = D is independent of ¢ € [0, T].
In this case, we define on D a norm ||.||y by

Iyly =1yl +[1AQ)y|l forall ye D =Y. (7.6)

Using the closedness of A(0), then Y = (D, ||.|ly) is a Banach space.
(Cy) The application ¢ +— A(f)x for all x € D is continuously differentiable
onRT.
To prove the local and maximal existence of mild solution of (7.1), we need
the following compactness hypothesis.
(C3) The evolution system verifies the following property:

U(t,s) iscompactfor ¢ > s.
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Remark 7.2.1 Tt is well-known that the operator A(0) € L(Y, X). Using the fact
that the family {A(?)};c[0,77 has the common closed domain, the closed graph
theorem gives that A(t) € L(Y, X). If the application # — A(¢)x is continuously

differentiable on [0, T'], then this condition leads to sup [|A(®)|l gy, x) < +o00 via
tel0,T]
the principle of uniform boundedness. O

Now, we are able to make our first result that is the local and maximal existence of
mild solutions to the problem (7.1).

7.3 Existence of Local and Maximal Mild Solutions

Often in this chapter, u(., ¢) denotes the mild solution associated to the initial data
¢, and we simply denote it by u if there is no confusion. Let us give the first existence
result.

Theorem 7.3.1 Let {A(t)};cjo0,7] be a stable family of infinitesimal generators of
Co-semigroups on X, and assume that the conditions (C1), (Cy), and (C3) hold.
Moreover, suppose that the function f : [0, T] x O — X is continuous where O is
an open subset of C. Then, for all ¢ € C, there exists at least a local mild solution
u(., ¢) associated to (7.1). |

Proof The proof will essentially be based on the Schauder’s fixed-point theorem.
Let us consider ¢ € O. Using the fact that O is an open set on C and the continuity
of the function f : [0,a] x O — X with a € (0, T), then there exist some positive

constants y; and y, such that Ew () = {w e C: H¢ B WHC = )/1} c o

and || f(t, V)| < y for all (¢,¢) € [0, y1] x Em (¢). Consider the function
z € C([—r, a]; X) be defined by

Ut,0)¢(0) forrt e[0,al
z(t) =
¢(t) forte[—r 0]
From definition of z, it follows that z, € C.

For some fixed positive constant y with y < yi, one can choose by € (0, y)
such that

by
MyQ/ e®ds <y
0

and

2 - ¢”C <n—y forall rel0,byl. 1.7)
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Let us set
Ko = {y €C(-rbgl: X): yo=¢ lyr—¢llc <y foral 1e€]l0, b¢]}

provided with the uniform norm topology. It is clear that the restriction of z on
[—r, by ] belongs to Ky and Ky # . Moreover, Ky is closed, bounded, and convex
subset of C([—7, by]; X).

Now, consider the mapping 7 : Ky — C([—r, by]; X) defined by

t
U(t,0)p(0) +f Ul(t,s)f(s, ys)ds for t € [0, by]
Ty)() = 0

¢(t) for t € [—r,0].
First, we have to prove that 7(%y) C K. Since for all y € K, one has that s
U(t,s)f(s, ys) is continuous on [0, ] with t € [0, bg], then Ty € C([—7, by]; X).
Setting u = 7y and h = u — z, we obtain for ¢ € [0, by] via (7.7),

lur — @llc = h + 2z — dlic
< ke + 11z — dlic
< lhdlc+y1—v.

Also, we can write
t
/ U(t,s)f(s,ys)ds for t € [0, by]
ht) =1 7°

0 for t € [—r, 0].

Hence,
t
IR = ||f0 U(t,s) f(s, ys)ds]|
t
< /O WUt )£ (5. y0)lds
t
S/O U@, IfGs, ys)llds
by
< My2/ e”ds <vy.
0

Since for all s € [—r, 0], h(s) = 0, one can see that for all # € [0, by ]

lhillc= sup [|A(t+0) < sup |A(s)] <.
0e[—r,0] s5€[0,b4]
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Consequently,

1T): — dllc = lus — @llc < lhillc+y1—vy
<yvy+vi—v=".

Also, the definition of 7" gives for all y € Ky, (Ty)o = ¢. So
T(7<¢) C 7((;).

Let us show that the family {(7)(y) : ¥ € Ky} is equicontinuous. Let y € K,
t1, € [0, b¢] with #; < tp. Then,

19}

(Ty)(r2) = (Ty) (1) = Ul(r2, 0)¢(0) +/O U2, 5) f (s, ys)ds

n

(Ve 080 + [ U576 30ds)
= (U2, 000) — U1, 00(0))
n
[ (Vs - v s) s 0ds
0
n
+/ U(ta,s) f(s, ys)ds.
3]
On the one hand, for any 0 < € < 11, it follows

H /011 (U(lz, s) —U(t, s))f(s, ys)ds ”

- fo " (U@, 9) = UG, 9) £ 5. yds

+

/t~t1 (U(tz, s)—U(t, s))f(s7 ys)ds H

1—€

< |(venn—o-vw.n-o) /O“ Ut = €55, y)ds |

(Ul s) = Ul 9)) £ 5. y0)ds
t

1—€

+

H—

<[(varn-o-van-o) [ v -enre o)

€ th—t1+€
+My2[/ e”ds +/ ewsds].
0 %)

-1
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1 —e€
We can also note that { Uit —€,5)f(s,y)ds :  y € ‘K¢} is uniformly

0
bounded. On the other hand,

%) b
| [ v oo < [
n .

n
< My2/ e?12=5) g
n

U2, 8) f(s, ys) | ds

h—1
= M)/z/ e™ds.
0

Consequently,

(e - )| < (U 000 - v, 000) |+ 17, | T s

+| (v -0 - v n-ep

€ h—t+€
—i—Myz[/ e”ds +/ e“”ds].
0 1)

-

11—€
x/ Ut; — €,5) f(s, yx)ds)
0

Using the fact that the compactness of U(¢, s) for # > s implies the continuity of
U (¢, s) in the uniform norm topology, then it follows that the family {(7)(y) : y €
Ky} is equicontinuous.

To end the proof, we have to show that the set 7(Ky) is compact. The collection
T(Kyp) is equicontinuous; therefore, it remains to prove via Arzela—Ascoli theorem
that the set {(7y)(?) : y € Ky} is precompact in X-norm for some fixed ¢ € [0, by].
The precompactness of the set {(7y)(t) : y € Ky} is a consequence of the fact that
{(Ty)@®) — U, 0¢(0) : y € Ky} is a precompact set. Let 0 < € < ¢, and then

t

t t—e
/ Ut 5)f(s. yy)ds = / Ut ) (s, yo)ds + / Ut )1 (s, y)ds
0 0

t—e

1—e
=U(t,l‘—€)/ Ut —¢€,5)f(s, ys)ds
0

t
+/ U(t,s)f(s, ys)ds.
t—e
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One can write for all y € Ky,

U(t,s)f(s,ys)|ds

t
S /
t—e

t
< M7/2/ =9 g
1—e€

H /t; Ut,s)f(s, ys)ds

€
= M)/z/ e”ds
0

< we,

where « > 0 is some constant real number. Also, using the fact that
1—e€
{/ Ut —€,8)f(s,y5)ds : y € 7(¢} is uniformly bounded and the
0

operator U (¢, t — €) is compact, then one can find a compact subset W, of X such
that

t—e
U(t,t—e){/ Ut,s) f (s, yo)ds - ye7(¢} C W..
0

Hence, for each 1 € [0, by], {(‘Ty)(t) — U, 00$(0) : y € 7<¢,} is totally bounded
and the set {(7y)(¢) : y € Ky} is precompact in X-norm.

To finish, let us prove that the application 7" is continuous on K. For this aim,
let € > 0 be given. Since the application f : [0, bg] x B, (¢) — X is continuous,

then there exists § > 0 such that for all yl, y2 € Ky, ’

[ 7630 = 765,32

yl — yzHC < § implies

‘ < €. 8o, forall ¢ € [0, bg],

)| e 5h = red|as

t
0

[mho - o) < [
< ert e“ds,
0

which yields the continuity of 7 on K.

The conditions of Schauder’s fixed-point theorem are satisfied for the application
7 on K. Consequently, the function 7 has a fixed point y = u on Ky, which solves
the problem (7.1) on [—r, by]. |

Now, we have to prove that a mild solution to (7.1) can be defined on its maximal
interval [—r, T'] of existence.

Theorem 7.3.2 Let {A(t)};ci0,7] be a stable family of infinitesimal generators of
Co-semigroups on X, and assume that the conditions (Cy), (C) and (C3) hold.
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Furthermore, suppose that f : Rt x C — X is a continuous function and takes
bounded sets of [0, +00) x C into bounded sets of X. Then, Eq. (7.1) has at least
one mild solution y(., ¢) on the maximal interval [0, by). Moreover, either by = T

orby < T and lim |y(t, §)|| = +oc. |
t%b;

Proof Using Theorem 7.3.1, then we have the existence of mild solution y(., ¢) that
is defined on [—r, b1]. Moreover, one can extend the solution y(., ¢) to the interval
[—r, by] with b1 < by. To do this, we consider the following equation:

diu(l) =A@)ut)+ ft,u;) for te[by,bs]
! (7.8)

up, = yp, (., 9).

To prove that Eq. (7.8) has a mild solution, we consider the operator 7~ defined on

Kios (@) ={u € CU=r, b2l X) : wp, =y, =y llc < 71 forall 1 € [b1, bal},

as follows:

t

Tw)) =U(t,b1)y(b1, d) +/ U(t,s)f(s,us)ds for t € [by, ba].

by

Using the similar argument, one obtains that 7~ verifies the Schauder’s fixed-point
theorem that solves Eq.(7.8). This solution gives a mild solution u# of (7.8) on
[—r, by] that is an extension of y(., ¢). Proceeding inductively, the solution y(., ¢)
is continuously extended to a maximal interval [—r, bg).
Assume that by < T and the conclusion of Theorem 7.3.2 is false. Then, there
exists some constant R > 0 such that tlir})l ly(t, ®)Il < R.
—by

Also, since f : RT x C — X is a continuous function and takes bounded sets
of [0, +00) x C into bounded sets of X, then there exists a positive constant § such
that

[ o] =5, forall 1e0by).
Let# € (0, by) be fixed and y : [#, by) — X be the restriction of y(., ¢) to [#o, by).

Consider 1) < 11 < 1 < by and 0 < € < to. One can use the fact that U(z, 5) is
strongly continuous to obtain a positive constant n; such that

| w0 -v@, 0y <€ for ln—nl=m.
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Moreover,

|y —yw] < |we. 0 - ve, oo +| [ W)
—U @, 911G, y)ds |
+H /;lz U(ta, s) f(s, ys)ds H
1

Otherwise,

151

1
fo [U(t2,5) = Ut 9)1f (5. y)ds = [Ulez.11) ~ 1 /0 U(n, $)f (s, y)ds.

Let us set

t
S”"’Z{/o Ut, s)f(s, yo)ds : te[O,b¢)}.

Obviously, we can observe that the application F' : [0, by) — X defined by

t
F@) = / U(t,s)f(s, ys)ds
0

is continuous on the interval [0, by ). Moreover, for all ¢ € [0, by),
t t
HF(t)H < M6/ e = MS/ e“ds
0 0
b
< MS/ e“Sds.
0

Therefore, F'() is bounded in the X-norm in the neighbourhood of bs. Hence, there
exists 0 < 7 < t such that F(¢) is bounded for all # € (by — 7, by). Also, F is
continuous on the compact set [0, by — T]. Then, F ([0, by — T]) is the compact set
of X. It follows that the set Sp, is included in a compact subset X of the Banach
space X. Using Banach-Steinhaus theorem, one claims the existence of a positive
constant 7, verifying

sup | (U2, 1) = 1x| < € for It = b2] < .
XEX

Moreover,
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23 n
H / Utz $)f (s, yy)|ds < Ms / e 2=9) g
131 1

h—t
< M(S/ e“ds
0
< (ty — t1)6 M max{1, e?2=1)},

Hence, taking n = inf{ny, 172, €} such that for all 1, 1, € [0, by) with |[r — 11| < 7,
it follows

ly(t2) — y(0)Il < (2€ + €5M max{1, e?@~1}),

Therefore, using similar argument, we can conclude that

tim |y - v =o.

[t1—12]—0

Hence, u is uniformly continuous on [#g, by ). Consequently, lir}} y(t, @) exists. Let
t—>by

define y(by, ¢) := lir}; y(t, by). Then, the function W : [—r, by] — X defined by
t—by

y(t.¢) if 1 <by
W(r) =

y(bg. ) if 1=1by

extends y. This contradicts the existence of the maximal interval [—r, by ), and the
proof is complete. O

In order to obtain the existence and uniqueness of mild solution, we have to take
the nonlinear term of the problem (7.1) to be Lipschitz function with respect to its
second argument. Moreover, in the rest of this chapter, to prove the existence of
global solution, we will assume that:

(H) A(z) is defined for each ¢ > 0, and {A(¢)};>0 is a stable family of infinitesimal
generators of Co-semigroups on X with stability constants M, .

Theorem 7.3.3 Assume that the conditions (H), (Cy1), and (C,) hold. Furthermore,
suppose that f : RT x C — X is a continuous function and verifies the following
condition: for all t > 0,

|reo—raem|<Llo-v| . vopec 19)

when L > 0 is some positive constant. Then, Eq. (7.1) has a unique mild solution
y(" ¢) on [_r7 +OO) o
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Proof Leta > 0and M, = C([0, a]; X) be the space of continuous functions from
[0, a] to X endowed with the uniform norm topology. Let us set for ¢ € C

K@) ={ze My: z(0) =¢(0)}.
For z € K(¢), we introduce the extension Z of z on [—r, a] by
z(t) fort €10, a]
() =

¢(@) forte[—r 0]

Let 7 be a mapping defined on K (¢) by

t

T2)(t) = U(t, 0)¢(0) +/ Ut s)f(s.%5)ds for 1 € [0, al.
0
Consider z € K(¢), t1,t € [0, a] witht; < . Then
t
T(2)(1) = T(2)(11) = U (¢, 0)p(0) +/0 U(t,s) f(s,Z5)ds
n
(V060 + [ U976, 20d)
= (V.08 ~ U1, 09(0)
n
+f (vaes) - U(tl,s)>f(s,23)ds
0
t
—i—/ U(t,s)f(s,zs)ds.
n
Immediately,
(V. 090 — U, 000)) > 0as 1 — 11 in X-norm

since (¢, 0) — U (¢, 0)¢(0) is continuous.
Also, since f is continuous and verifies (7.9), then

sup [ f(s.Z)ll =L sup [|Zs — @Il + sup [[f(s,P)]| <R,

s€[0,7] s€[0,7] s€[0,t]

where R > (0 is some positive constant. Therefore, for eache > Oand e <1 <7,
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| /0 (Vo) = U.9) £ 20ds|
<| /0“ (Va9 = U@ )16, 20ds]
+| /,: (.9 = U 9) £ (5. 20ds|
<|wa.n—o-van—ep /Oﬁ_e Ut — )£, 20ds |
[ (000 -vino) szl

< WU,y —e)=U(ty, 11 —¢€)) " U(t; —€,5)f(s,Zs)ds
0

t—t+€

€
+MR[/ e“’sds—i—/
0 1—1

Since € is arbitrary chosen, then

e‘”sds].

t
/1 (U(t,s)—U(tl,s))f(s,Zs)ds—> 0, ast—1.
0

Also, we have

U(t,s)f(s,2zs)|ds

! t
| [[vesrezoa) < [
n .

t
< RMf =9 g
1
t—1
= RM/ e™ds.
0

Then,

t
/U(t,s)f(s,%s)ds—>0, as t — 1.

n
Consequently,

T()@) —T () > 0ast—tpanda >t > 1.
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Using a similar argument, one obtains that for #1, ¢ € [0, a] with ] > ¢
T(2)(t1) —T(z)(@t) > 0ast — 1.
Hence, 9(z) € K(¢) for all z € K(¢).

Now let show that 7(z) is a strict contraction on K (¢). For that, let z, u € K (¢),
andr € [0, a].

t
(T0r0 - Twn) = [ ven[r6.50 - f6.i]as
Then, we can write

@0 -7wan| < [ s

t
0

Ut )Lf (5. 35) — (s, fm]]

t
e - ey | < me [ ez~ as.
0
Since z(0) — u(6) = 0 for all 6 € [—r, 0], then
s —is|| < sup |z(r) — u(r)H.
0<t<s

So,

H’T(z)(t) _ T(u)(t)H < (ML /0 t e””ds) Hz - u‘

k]

where Hz — uH denotes the supremum norm in C ([0, a]; X). One can choose a

C
small enough such that

(ML/an“’sds> < 1.

Then, 7 is a strict contraction on K (¢). Therefore, 7 has a unique fixed point u
that is the unique mild solution of Eq. (7.1) on [0, a]. Moreover, one can extend the
solution u to [a, 2a]. Therefore, we consider the following equation:

diz(f) =A@)z(t) + f(t,z:) for t € [a,2a]
! (7.10)

g = Ugq.
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To show that Eq. (7.10) has a unique mild solution, we consider the operator 7,
defined on K, (¢) = {z € C(la, 2a]; X) : z(a) = u(a)} by

t
Ta(2)(@) =U(t, a)u(a) +/ Ul(t,s)f(s,Zs)ds for t € [a, 2a],

where the function 7 is defined by

z(¢) for t € [a, 2a]
Z2(t) =

u(t) fort <a.

Using the similar argument, one obtains that 7, is a strict contraction on [a, 2a]
that gives a unique mild solution of (7.10) on [a, 2a] that is an extension of u.
Proceeding inductively, the solution u is uniquely and continuously extended to
[na, (n + 1)a] for all n > 1. Finally, we obtain that Eq. (7.1) has a unique mild

solution on [—r, +00). m]

7.4 Application

82 0

%u(t, %) = @) ult,x) + p@) | u(t+0,2)sin (u(t 40, x))de,

—r
t >0, x €[0, ],

u,0)=u(t,7)=0, >0,

u@,x) =¢o0,x), 0 €[—r0],
(7.11)
where 8 : Rt — R is a bounded continuous function and & : RT — R% is a
bounded continuously differentiable function. The given function ¢ : [—r, 0] X
[0, 7] — R will be specified later.
In order to write the system (7.11) in an abstract form, we introduce the space
X = L2([0, ]; R). Let A be the operator defined on X by

D(A) = H*((0, 7); R) N Hy (0, 7); R),

Ay =y", ye D(A).
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Let us note A(?) the operator defined on X as follows:
A@)y = a(t)Ay = a(r)y”.
Its domain D(A(¢)) is independent of ¢ € [0, T'] and is given by
D(A(t)) ={y € X : y, y are absolutely continuous y” € X, y(0) = y(w) = 0}.

Consequently, the assumption (C) is verified.
We equipped a subspace D = D(A(t)) with the graph norm

HxHY = HxH + HA(O)x H forevery x €Y = D,

which is a Banach space. Also, since t + «(t) is continuously differentiable on
R*, then t — A(t)y = a(t)A is continuously differentiable on R*. Hence, the
condition (C,) is satisfied.

Note also that Ay = y” for y € D(A). In [20], it is well-known that A generates
an analytic semigroup (7'(¢));cgr+ on X. Moreover, T (¢) is compact on X for all
t > 0. Furthermore, the operator A has a discrete spectrum, and the eigenvalues
are {—n”> : n € N*} with the corresponding normalized eigenvectors z,(£) =

\/gsin(nS). Thus for y € D(A) = D, there holds

+00

Ay = Z —nz(y, Zn)Zn,

n=1

+00
AWy =Y _(=a®n)(y, 2n)zn,

n=1

where (., .) is the usual inner product on X. It is clear that the common domain of
A(t),t > 0, coincides with that of the operator A. In the one hand, we have

D=Y =D(A(t)) =X, A(t) isclosed and R C p(A(t)) Vrel0,T].

In the other hand, it is well-known that for all A > 0 such that R(A, A) exists,
1
HR(A, A) H < % Consequently,

|7 4] 2l

- ”oz(t) alt)’
Lo _ 1
a0 A o n



7 Existence of Local and Maximal Mild Solutions for Some Non-autonomous. . . 179

Hence, using Hille—Yosida theorem, one obtains that {A(#)};>0 is a family of
generators of Co-semigroups {S;(s)}s>0 on X.
Therefore, for all + > 0, there exists w = 0 such that

(0, 400) C p(A(t)), VA=>D0. (7.12)

Better, it is obvious that

H ]‘[ RG: AG))| ik for > 0 (7.13)

L(X)

and any finite sequence 0 <1 <t <--- <fp <400, j=1,2,---

Consequently, one claims via Definition 2.1, p.130 of [17] that {A(¢)};>0 is a
stable family.

It remains to show that the assumption (C3) is insured. Following the work done
in [9], it suffices to prove that

foreach t €[0,T], and some A € p(A(t)), the resolvent

R(A, A(t)) is a compact operator.

Since for all A > 0,

and

(2 -a) " = ™ e Ty
a(l‘) — ) —/(; e S S

-1
with {T (s)}s>0 compact, then ( PG A) is compact. Consequently, the operator
U(t,s),t > s,is a compact operator.

To complete the abstract form of Eq. (7.11), let us define the initial data function
¢ € C=C([-r,0]: X) by
¢ (6)(x) = ¢o(0,x) forall (8,x) e [—r,0]x [0, x].

Moreover, let us define the following function f : RtxC— X

0
Ft, ) =B@®) | ¥ (©)(x)sin (w(e)(x))de forall x € [0,7] and ¥ €C.



180 K. Ezzinbi et al.

Using the above notations and setting v(¢)(x) = u(¢, x), Eq.(7.11) can be written

as the following abstract form:
d
7O =A@+ fEv), 120,

v(0) = ¢ (9), 0 € [—r, 0]

(7.14)

Proposition 7.4.3 The function f is continuous on RT™ xC — X and takes bounded

sets of R* x C into bounded sets of X.

Proof For all (¢, ) € RT x C, one has for all x € [0, 7]

\fa,w)uo\=\ﬂ0)]ﬁ¢pw>uoﬁn(wa%cw)de

0

= B

Y(O)()|de.

Using Holder inequality, we can write
0

£ @) <180

—r

smm(/f
=rhﬁan(fj

YO))|do

¢<9xxﬂ2d9)%(/f

1

w(e)(x)‘zde)f.

1
2

1‘2419)

r

Consequently,

r

2 T r0 2
rep| s <ol [ [ Jpero] dods

0 b4
=rpok [ ([
0

—r

0
srme/

< Ppor|v].

w(é)(x)‘zdx)dé

2
v o

So,

|raw| =rBon)v| < +oe.

O
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for all (¢, ¥) in the bounded set of R* x C since g is continuous on R*. Therefore,
f takes the bounded sets of RT x C into bounded sets of X.

Now, let us show that f is continuous on R x C. Let (1,,),, be a sequence of RT
such that lim ¢, = ¢. Then, for each ¢ € C,

n——+00

Ft, )@ = £ 9@ = (B — B@) _(iw(exx)sin (voro)as|
< [0 - s [ Orw(e)(x)sin (v©Or))at|
< | -y /_O ¥ (O)()|do
< |8 - B0 (/_0 w)(x)\zde)é(/j 1[fa0)’
< | - sy r(/_0 we)(x)(zde)%.

Thus,
[ £ = raw| < | - o) v .
Since B is continuous on RT, then
nLiIJIrloo f(tn,¥) = f(t,¥) in X-norm.

Also, let (¥,)nen be a sequence of C such that liI_'I_l Y, = . Then, fort € RT,
n—+0o0

Pt @ eone| < [po [ 0 (1 ®)0) = ¥ O sin (v 0)(0)) de|

+g [ 0 YO (sin (va©@) ) = sin (¥ @) )do|

< ‘ﬂ(t)‘(fj
+‘/3(t)‘(/_i 1\2d9)2(/_0r v @@ sin (@)

—Sﬁl(¢(9ﬂx)>]rd9)i.

([ 1)2[19)j

1)) — o[ o)’ ( |

—r

1
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Therefore,

[ v = rew| < o)

oo ol o) s )|

Since the function sin is continuous on R, then

nEToof(t, Y,) = f(t,¥) in X-norm. O

Consequently, the existence of the local and maximal mild solution for the
problem (7.11) is proved.
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Chapter 8 ®
Existence, Regularity, and Stability in the e
o-Norm for Some Neutral Partial

Functional Differential Equations in

Fading Memory Spaces

Khalil Ezzinbi, Bila Adolphe Kyelem, and Stanislas Ouaro

Abstract The aim of this chapter is to study the regularity and the stability in the «-
norm for neutral partial functional differential equations in fading memory spaces.
We assume that a linear part is densely defined and generates an analytic semigroup.
The delayed part is assumed to be Lipschitzian. For illustration, we provide an
example for some reaction—diffusion equation involving infinite delay.

Keywords Analytic semigroup - Neutral partial functional differential
equations - a-norm - Stability - Fading memory space

8.1 Introduction

Let (X, [.]) be a Banach space, (£(X),|.|s) be the space of bounded linear
operators on X, and o be a constant such that 0 < o < 1. The aim of this chapter
is to study the stability results of the following class of neutral partial functional
differential equations in the o-norm in fading memory spaces

K. Ezzinbi ()

Université Cadi Ayyad, Faculté des Sciences Semlalia, Département de Mathématiques,
Marrakech, Marocco

e-mail: ezzinbi @ucam.ac.ma

B. A. Kyelem
Université de Ouahigouya, Unité de Formation et de Recherche en Sciences et Technologies,
Département de Mathématiques et Informatique, Ouahigouya, Burkina Faso

S. Ouaro
Université Joseph KI-ZERBO, Unité de Formation et de Recherche en Sciences Exactes et
Appliquées, Département de Mathématiques, Ouagadougou, Burkina Faso

© The Author(s), under exclusive license to Springer Nature Switzerland AG 2023 185
T. Diagana et al. (eds.), Partial Differential Equations and Applications,

Springer Proceedings in Mathematics & Statistics 420,
https://doi.org/10.1007/978-3-031-27661-3_8


http://crossmark.crossref.org/dialog/?doi=10.1007/978-3-031-27661-3protect T1	extunderscore 8&domain=pdf

 885 47989 a 885 47989
a
 
mailto:ezzinbi@ucam.ac.ma
mailto:ezzinbi@ucam.ac.ma
mailto:ezzinbi@ucam.ac.ma
https://doi.org/10.1007/978-3-031-27661-3_8
https://doi.org/10.1007/978-3-031-27661-3_8
https://doi.org/10.1007/978-3-031-27661-3_8
https://doi.org/10.1007/978-3-031-27661-3_8
https://doi.org/10.1007/978-3-031-27661-3_8
https://doi.org/10.1007/978-3-031-27661-3_8
https://doi.org/10.1007/978-3-031-27661-3_8
https://doi.org/10.1007/978-3-031-27661-3_8
https://doi.org/10.1007/978-3-031-27661-3_8
https://doi.org/10.1007/978-3-031-27661-3_8
https://doi.org/10.1007/978-3-031-27661-3_8

186 K. Ezzinbi et al.

diﬂ(u,) =—-ADw,) + f(uy) for >0,
! 8.1)

ug=¢ € By,

where f : B8, — X is a continuous function and A : D(A) € X — X is a linear
operator such that (—A) generates an analytic semigroup (7' (¢)),>( on the Banach
space X. D(A) is the domain of the operator A. We also denote R(A) the range of
the operator A. For 0 < o < 1, A* denotes the fractional power of A, and the space
Xy will be defined later. The initial function ¢ belongs to a Banach space B, of
functions mapping (—oo, 0] into X, and satisfying some axioms to be introduced
later. O is a bounded linear operator defined on B, with values in X as follows:

D(@) = ¢(0) — Do(¢) forg € By, (8.2)

where Dy is also a bounded linear operator defined on B, with values in X.
We denote by u, for t € RT the historic function defined on (—o0, 0] by

u(0) = u(t +6) forall 6 <0,

where u is a function from R into X,,.

The existence results of neutral partial functional differential equations with
delay are an important subject studied by many authors (see [1, 3, 5, 6, 8, 11, 20]
and the references therein). One of the qualitative behaviours of solutions of neutral
partial functional differential equations with delay developed in many works is the
stability (see [2, 4, 7,9, 10, 15, 21, 22] and the references therein).

One of the most important qualitative results of the functional partial differential
equations is the stability, extensively studied by many authors. A mechanical or an
electrical device can be constructed to a level of perfect accuracy that is restricted
by technical, economic, or environmental constraints. What happens to the expected
result if the construction is a little off specifications? Does output remain near design
values? How sensitive is the design to variations in fabrication parameters? Stability
theory gives some answers to these and similar questions.

Adimy and Ezzinbi in [4] established the stability results in the a-norm for the
problem of neutral type of the form

%D(Mr) = —AD(us) + f(u) for >0,

I/to:(ﬁGCIx,

where f : R x C, — X is a continuous function and A : D(A) C X — X isa
linear operator;
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u; for t € R is the historic function defined on [—r, 0] with » > 0 by u;(0) =
u(t 4+ 0) for 6 € [—r, 0], where u is a continuous function from R into X; Cy =
C([—r, 0]; D(A%)) is the space of continuous functions from [—r, 0] into D(A%)
provided with the uniform norm topology, O is a bounded linear operator from
C = C([—r,0]; X) into X defined by

D(@) = ¢(0) — Do(¢) forg € C,

where the operator Dy is given by

0
Do(#) :/ dn(@)¢ () forg e C,

—r

and n : [—r, 0] > Z(X) is of bounded variation and non-atomic at zero, that is,
there exists a continuous nondecreasing function § : [0, r] — [0, +00) such that
8(0) =0 and

0
‘/ dn(@)p )| < 8(s) |¢lc forp € C and s € [0, r].

In our work, we study the stability results of Eq.(8.1) following the results
obtained in [2, 4, 7, 9, 10, 21].

To get some stability results in the uniform fading memory spaces, we make use
of the spectral theory of linear operators, the fractional power operators, and the
linear semigroup theory (see [13, 19]).

The organization of this chapter is as follows: In Sect. 8.2, we introduce some
preliminary results on analytic semigroups, fractional powers of operator, and
axiomatic phase space adapted to the fractional norm space for infinite delay. In
Sect. 8.3, the existence and uniqueness of strict solutions is established. In Sect. 8.4,
we are concerned with the smoothness results of the solutions. In Sect. 8.5, we
investigate the stability near an equilibrium by using the linearized principle. In the
last section, an example is provided to illustrate the applications of the main results
of this chapter.

8.2 Analytic Semigroup, Fractional Power of Its Generator,
and Partial Functional Differential Equations

Throughout this chapter, we assume the following:

(H;) (—A) is the infinitesimal generator of an analytic semigroup of linear
operators {7 (¢)},>¢ on a Banach space X. Without loss of generality, we suppose
that 0 € p(A); otherwise, instead of A, we take A — §1, where § is chosen such
that 0 € p(A — 81) and where p(A) is the resolvent set of A.
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It is well-known that | T (t)x| < Me“!|x| forallt > 0, x € X, where M > 1 and
w e R.
For all 0 < o < 1, we define (see [19]) the operator A~ by

—o 1 oo a—1
A % = m t“7 T (t)xdt for all x € X,
) Jo

where I'(«) denotes the well-known gamma function at the point «. The operator
A% is bijective, and the operator A* is defined by

AO( — (Afoz)fl'

We denote by D(A%) the domain of the operator A*. Then, D(A%) endowed with
the norm |x|, = |A%x]| for all x € D(A%) is a Banach space [19]. We denote it by
X«. Moreover, we recall the following known results.

Theorem 8.2.1 ([19], p.69-75) Let 0 < o < 1, and assume that (Hy) holds.
Then:

(a) T(t): X - D(A%) foreacht > 0and a > 0.

(b) Forall x € D(A%), T(t)A%x = A“T (¢t)x.

(¢c) For each t > 0, the linear operator A*T(t) is bounded and |A“T (t)x| <
Myt~ %e® |x|, where My, is a positive real constant.

(d) For0 <o < landx € D(A%), [T(t)x — x| < Nqt*|A%x|, fort > 0, where
Ny is a positive real constant.

(e) ForO0<a < B <1, Xg = X,

From now on, we use an axiomatic definition of the phase space B that was first
introduced by Hale and Kato in [16]. We assume that B is the normed space of
functions mapping (—oo, 0] into X and satisfying the following axioms:

(A) There exist a positive constant N, a locally bounded continuous function
M(.) on [0, +00), and a continuous function K (.) on [0, +00), such that if
u : (=00, a] — X is continuous on [&, a] with ug € B for some & < a where
0 < a, then for all t € [£, a]:

(l) Ur € B.
(ii) t — u, is continuous on [£, a].
(iti) Nlu@®)| < lurlg = K(t — S)ESUP lu(s)| + M@ — &)lug|s.
<s<t

(B) Bis a Banach space.

Lemma 8.2.1 ([7]) Let Cop be the space of continuous functions mapping (—oo, 0]
into X with compact supports and Cg, be the subspace of functions in Coy with
supports included in [—a, 0] endowed with the uniform norm topology. Then
Coo = 8. O
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Let
By ={peB: ¢(0) € D(A%) for <0 and A%¢ € B}.
and provide B, with the following norm:
|9z, = |A%¢|g for ¢ € By.

We also assume that

Hp;) A™%¢ € Bforall ¢ € B, where the function A~%¢ is defined by
(A7%¢)(0) = A7%(¢(9)) for 6 <0

and
(H3) K(@O)|Dol < 1.

Lemma 8.2.2 ([7]) Assume that (H1) and (Hy) hold. Then, By is a Banach space
and satisfies the axiom (A). O

For regularity results in the Banach space X, consider the following problem:

diD(ut) — —AD@u,) + f(t) for >0,
f (8.3)
uy = .

Definition 8.2.1 Let¢ € 8. A function u : (—o0, a] — X is called a mild solution
of Eq. (8.3) associated to ¢ if

t
D(uy) =T (@)D (ug) +/ T —s)f(s)ds fort € [0, a]
0

uy = ¢@.

Definition 8.2.2 Let ¢ € B. A function u : (—o0, a] — X is called a strict solution
of Eq. (8.3) associated to ¢ if

t —> D(u;) is continuously differentiable on [0, a]
D(us) € D(A) for >0
u(t) satisfies the system (8.3) for 7> 0.

We have the following important result.
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Theorem 8.2.2 Let ug = ¢, D(¢p) € D(A), and f € C([0, al; X). The existence
of a mild solution u of (8.3) on [0, a] implies the existence of a strict solution of
(8.3) on [0, a]. ]

Proof Let u be a mild solution of (8.3). Then,
t
D(uy) = T(1)D(uo) —I—/ T —s)f(s)ds fort € [0, al. (8.4)
0

Show that ¢ — D(u;) is continuously differentiable. We need to only examine the
second term of the right-hand side of (8.4), which will be denoted by v(z). It is well-
known that T(t — s5) = —%(T(t — sN(=A)"! since (—A) generates the analytic
semigroup (7'(¢));>0. Hence,

Ly
v(t) = — f 5 (T = N(—=A) "' f(s)ds
0o 0§

t
= [~Te - o] + fo T(t = $)(=A)" f'(5)ds

t

= (AT FOFTOA)TF0) + /O T(t — s)(—=A) " f'(s)ds.

h—0 h

t
f(s)ds] = (=A@ + / T(t — s) f'(s)ds, it is easy to see that
0

t _ _ _ t+h
Since lim [/ T@+h—9)—-TC=s) (—A)*lf/(s)dsjt%/ T(t—s5)(—A)")
0 t

t

%v(l) = T(z)f(0)+/O T(t —s) f'(s)ds. (8.5)

Using Eq. (8.5) and the fact that f € ([0, al; X) and the semigroup (7' (1)):>0
is analytic, then ¢ +— %v(t) is continuous. Consequently, t +— D(u;) is
continuously differentiable on ¢ € [0, a].

Now, let us show that D(u;) € D(A). Since T (t)D(¢) € D(A), it remains to
prove that v(¢) € D(A). We use the relation (8.5) in order to obtain

t
iv(t) =T@®) f(0) +/ Tt —s)f'(s)ds
dt 0

= —Av(t) + ().

Thus, Av(t) = —%v(l) + f(¢) exists and v(t) € D(A).
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To finish, let us prove that u verifies (8.3). Using (8.4), one can write
d , "9
GO = T'0D@) + [ ST = snf6ds + )
t o 0s
t
= —AT(t)D(¢) — A/ T —s)f(s)ds+ f(t)
0

t
=-A [T(I)D(qﬁ) +/ Tt — S)f(S)dS} + f()
0

= —AD(u) + f ().

8.3 Existence and Uniqueness of Strict Solutions

Now, we give the notions of solutions that will be studied in our work.

Definition 8.3.1 Let ¢ € B,. A function u : (—o0, +00) — X, is called a mild
solution of Eq. (8.1) associated to ¢ if:

t

(i) D) = TOD@) + / Tt — $) fuy)ds for t = 0.
0
(i) uo = ¢.
O

Definition 8.3.2 Let ¢ € B,. A function u : (—o0, +00) — X, is called a strict
solution of Eq. (8.1) associated to ¢ if:

(i) t —> D(u;) is continuously differentiable on [0, +00).
(i) D(uy) € D(A) fort > 0.
(iif) u(t) satisfies the system (8.1) for ¢ > 0.
O

Often in this chapter, u; (., ¢) and u;(¢) denote the mild solution associated to
the initial data ¢, and we simply denote it by u, if there is no confusion.
We assume that there exists k > 0 such that

Ha) (@) — f(@2)| < klp1 — ¢2lg, forall g1, ¢ € B,.
Theorem 8.3.1 ([14]) Assume that (H;), (H2), (H3), and (Hy) hold. Then, for each
¢ € By, there exists a unique mild solution of Eq. (8.1) that is defined for t > 0.

Lemma 8.3.1 Assume that (Hy), (Hy), and (H3) hold. Let ¢ € B, and h €
CR™; X,) such that D(¢) = h(0). Then, there exists a unique continuous function
x on RT that solves the following problem:
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D(x) =h(t) for 1 =0,

(8.6)
x(t) = ¢(t) fort € (—o0,0].
Moreover, there exist two functions a and b in Lfgoc (RT; RY) such that
lx:|g, < a(®)|¢ls, +b(t) sup |h(s)le for t=0. 3.7

0<s<t
Proof We define for p > 0 the space
W ={x € C([0, pl; Xo) : x(0) = ¢(0)}

endowed with the uniform norm topology. For x € W, we define its extension X on
R~ by

x(t) for t € ][0, p]
x(t) =
¢(t) for t € (—o0,0].

Using axiom (A), one can see that t — X; is continuous from [0, p] to B,. Let
us define the function % on W by

(Kx)(t) = Do(x;) + h(t) for t > 0.

One must show that % has a unique fixed point on W. Since & € C(R™; X,), then
h € C([0, pl; X). Moreover, h(0) = D(¢) = ¢(0) — Do(¢). It follows that

KW) Cw.

We can also write for x, y € W with their respective extensions X and y associated

to ¢

[(K(x) = KDl = |DollXr — yils,
< [DolK (r) sup [x(s) = y(s)|a

0<s<t

< |DolK(D)]x — ylw.

Choosing p > 0 small enough, one obtains that % is a strict contraction.
Consequently, (8.6) has a unique solution x on (—oo, p].
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It follows for s € [0, p] that

IXsl8, = K(s) sup [x(T)|a + M(s)|}l3,

0<t<s

= K& (190l sup |els, + sup [h(Dla) + M($)ldls,

0<t<s 0<t<s

< Kp|Do| sup |x¢lg, + Kp sup |h(T)|e + MplPls,,

0<t<s 0<t<s
where K, = sup K(s)and M, = sup M(s).

s€l0, p] s€[0, p]
Therefore,

sup [xils, < sup {KpIDol sup lxcls, + K, sup [A(Dla + Myld1s, |

0<s<t 0<s<t 0<t<s 0<t<s

< Kp|Do| sup |xs|g, + Kp sup |h(s)|a+Mp|¢|Ba-

O<s<t 0<s<t

Thus, for p > 0 small enough and using (H3), one can write for ¢ € [0, p],

sup |xglg, < ——F—— sup |h(s)|o + ST — (AP
S1Dy = o o *
0<s<t 1 - Kp|2)0| 0<s<t 1 - Kp|DO|

As a consequence, we have the existence of a, b € L;’:)’C [0, p]; R™) such that

Ixtlg, <a®)|olg, +b() sup |h(s)le, for 1€(0, p].

0<s<t
Now, to extend the solution x on [p, 2p], we consider the space
Wi = {u € C(lp, 2p); Xo) 1 u(p) = x(p)}
endowed with the uniform norm topology and the following problem:

u(t) for te|[p,2p],
u(t) =
x(t) for t € (—oo, pl.

We define the function K on W; by
(K1) (t) = Do(ity) + h(t), for t €[p,2p].
Using the same arguments as above, we show that %K is a strict contraction on Wj.

That leads to the existence of a unique solution u of (8.6) on (—oo, 2p], and u is the
extension of x on (—oo, 2p].
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Also, we have to extend a, b on [p, 2p]. Therefore, let s € [p, 2p]. Then, one
can write

xslg, < K(s—p) sup [x(T)lq + M(s — p)|xp

B,
P<T=s «

<K, sup [x(D)l,+ M |xp|B
P<T<s «

<K, sup {IDo|lx:lg, + [h(D)|g} + M) |xp

P=T=s

By *
Therefore, for each t € [p, 2p] such that s < ¢, we have

sup |xs|g, < sup {Kp sup {[Dol lx:lg, + 1R(D)lo} + M, |xp\8a}

p<s<t p<s<t p<T<s

< K, Dol sup |xclg, +Kp sup [h(D)ly + M) |x,

p<s<t p<s<t Ba
Thus, for ¢ € [p, 2p],
|x; | <K sup |h(s)] +L|x !
Ba = 1—Kp|Dol p<s=t * 1 =K |Dol PiBa
Since p € [0, p], one can write
Ixplg, < a(p)ldls, +b(p) sup [h(s)lq.
O0<s<p
Consequently,
ilg, < —p sup |h(s)ly + M |x
Ba = T2K, Dol poser % T T— K, [Do| P84
K Mpa(p)
< ——F— sup W@y + —2——— 19lg,
1 — Ky Dol p<s<t 1 — K, Dol
M,b(p)
—2——— sup |h(s)l,
1 - Kp |~Z)0| 0<s<p
Mpa(p) K Mpb(p)
= 219l + max [~ 2R sup o)
1—K, Dol 1—K, Dol 1= Kp1Dol) o=,
K M,b
Fmax P (P) | sup 1h)la
1— K, 1Dol" 1= Kp|1Dol ) pzs=:
Mpa(p) K Myb(p)
< B gy, + 2max |- EE Y sup ()l
— K, | Dol 1—K,1D0l" 1 — K, Dol o=
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Thus, for all ¢ € [p, 2p],

Ixtlg, = a1(t)19lg, +b1(1) sup |h(s)lq,

0<s<t

where a; can be seen as the extension of a on [0, 2p] and b; the extension of » on
[0, 2p]. Tt is exactly to say there exist a, b € L ([0, 2p]; R*) such that

loc

|xtlg, < a@®)|¢lg, +b(t) sup |h(s)le, for 1€[0,2p].

O<s<t

Inductively, one can show the existence of an extension u of x on [np, (n + 1)p]
and the extension a,, of a, b,, of b on [np, (n + 1)p]. Finally, the solution x is

unique and continuous defined on R. Also, the functions a € L2 (R*; R™) and

b e LS (RT; RT) are well-defined. o
We have the following result.

Theorem 8.3.2 ([14]) Assume that (Hy), (Hy), (H3), and (Hy) hold. Let u and v
be two mild solutions of Eq. (8.1) on R, respectively, associated to the initial data ¢
and . Then, for any a > 0, there exists [(a) > 0 such that

lui (@) —vi(W)lg, <l(a)lp —Vls, fort €0, al. (8.8)
For the regularity of the mild solution, we suppose that 8 satisfies the following
axiom:

(B1) If (¢n)n>0 is a Cauchy sequence in B and converges compactly to ¢ in
(=00, 0], then ¢ € Band |p, — ¢|g = 0asn — +oo.

Now, we can claim the existence and uniqueness of strict solution for Eq. (8.1).

Theorem 8.3.3 Assume that (H;), (Hy), (H3), and (Hy) hold. Furthermore,
assume that B satisfies axiom: (B1) f : By, — X is continuously differentiable
with f' locally Lipschitz continuous. Let ¢ € By be such that

¢’ € By, D(P) € D(A) and D) = —AD(p) + f(9).

Then, the mild solution u of the problem (8.1) is a strict solution of the problem
(8.1). |

Proof Let p > 0 and u be the mild solution of the problem (8.1) associated to ¢.
We consider the following problem:

t
D(w;) = T)D(@) +/ Tt —s)f (ug)wgds, for t € [0, p]
0 (8.9)

wo = ¢’
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and z € C((—o0, pl; X) defined by

!
¢ (0) +/ w(s)ds, for t € [0, p]
0

(1) = (8.10)

¢() for t <O0.

Then (8.9) has a unique mild and continuous solution w on (—oo, p]. Also, one
can recall the following lemma that plays an important role in the proof of this
current theorem.

Lemma 8.3.2 ([7]) The function z defined above verifies

t
=¢ +/ wsds,  for t €0, pl. (8.11)
0
Note that our objective is to show that u = z on [0, p]. Using (8.9), we get

t t t K
/ D(ws)ds = / T(t—s)Z)(q&/)ds—i—/ / T(s—1)f (ur)wedrds.  (8.12)
0 0 0 JO

For ¢t € [0, p], we have
d t t
7 Tt —s)f(zs)ds =T()f($) +/ T(t —s)f'(z5)wsds. (8.13)
0 0

Consequently,

t t t N
/ T(s)f(p)ds = / Tt —s)f(z5)ds — / f T(s — ) f'(zr)w,dds.
0 0 0 Jo

(8.14)
Using Eq. (8.11), it follows that

t
D) = D) + /0 T —5)( ~ AD@) + (@) )ds
t N
~|—/ / T(s—1)f (ur)wedrds
0 JO

t t N
=T®)D($) +/ T(s) f(¢)ds +/ / T(s — o) f'(ur)wedrds.
0 0 JO

Using Eq. (8.14), we have
t
D) = TOD@) + fo T( —5)f(z)ds

t s
+/ / T(s — z)(f’(u,) _ f’(z,))w,dzds. (8.15)
0 JO



8 Existence, Regularity, and Stability in the «-Norm for Some Neutral Partial. . . 197
Therefore,

t
Dy —z) = [ =) (Fw) - 1z0)ds
0

t K
_ / / TG =) (f'ue) — f' (o) wedds. (8.16)
0 JO

By Fubini’s theorem, we get that

t
D~z = [ 1= 9)(fwo) - £@)ds
0

_/Ot (/OI_ST(r)dr><f/(us) — £z )wyds. (8.17)

Then, we put for ¢ € [0, p],

t
ho) = [ 10 =9 (Fwo - r@)ds
0

_/Or (/Ot_sT(r)dr)(f’(us)—f’(zs))wsds,

to obtain for some positive constants k and C1,
ol = | [ 76 =9(sw0) = 1c)as
t t—s
- T d ! s) — ! s sd
fo(fo @d7) (W) = ') )wsds| |
t
<
0
t t—s
!
w(t s)
< kM, / (t— BY lus — zs1,ds

—S
+C 1My / f —dt>|uY Zslg, ds.

One can write forw > 0

t—s ewf t—s 1
/ —dt < e“’(t_s)/ —dt
o ¢ o T¢

<ew(t—s)|: 1 1 ]t—s
- 1—at*llo

(r = £ i) ds

5) — f/(Zs))ws

dtds
o
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< =) t—s 1
- 1l—a (@ —s)
< ea)(tfs) p 1 )
- l—a@—s)>
Therefore,

e (t—s)

@(t=s) ClpMa

t
e
Rl = kMoz/O mhﬁ — Zslg,ds + T—a Jo (=90 lus — zsl8,ds.

Moreover, since for all 8 € (—oo, 0], u(6) = z(6), then one has for all s € [0, ¢],

lug — zs|g, < max |u(t) —z(7)| .
0<t<t o
Thus,
CipM P oo
ke = (ke + L2 ([T ) max [uco) - 200
l—«o 0o T% 0<t<p o

Using Lemma 8.3.1, one obtains

CipM, P oot
lu; — z¢lB, < (kMa + =2 a)(/ £ dr) max ‘u(r) —Z(T)‘ )
l—« 0 T% 0<t<p o

One can choose p > 0 small enough such that

CiLpMyy [ [P
(kMa+ 1P a)(/ e—dr><1.
l—« 0 T

It follows that u = z in (—o00, p] and that leads to u# continuously differentiable
on [0, p] with respect to the a-norm. In order to extend the solution to [p, 2p], we

consider the following problems:

t
D(w;) = T(t — p)D(uly) +/ T(t —s)f'(us)wsds for 1 € [p,2p]
P

w, = u;j,
and 7 € C((—o0, 2p]; X4) defined by
t
up(O)—i-/ w(s)ds for t € [p,2p]
p

Z2(t) =

z(t) for t < p.
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Using the same technique, one obtains that u = Z on (—o0, 2p]. Proceeding
inductively, solution u is uniquely extended to [np, (n + 1) p] for all n € N* with
respect to the a-norm. Since X, <> X, one obtains that u € C! ([0, +00); X).
Finally, using Theorem 8.2.2 , u is the strict solution defined on R. m]

8.4 Smoothness Results of the Operator Solution

Let K : D(K) € Y — Y be aclosed linear operator with dense domain D(K) in a
Banach space Y. We denote by o (K) the spectrum of K.

Definition 8.4.1 The essential spectrum o, (K) of K is the set of all > € C such
that at least one of the following relations holds:

(i) The range Im(AI — K) is not closed.
(ii) The generalized eigenspace M, (K) = U ker(AI — K)" of A is infinite-
n>0
dimensional.
(iii) A is a limit of o (K), thatis, A € o (K) — {A}.

The essential radius denoted by 7. (K) is given by
Fess(K) = sup{|A] 1 & € 05 (K)}.
Definition 8.4.2 The spectral bound s(A) of the linear operator A is defined as
s(A) =sup{Rer: A e€a(A)}.

Definition 8.4.3 The type of the linear operator (7'(¢));>¢ is defined by

wo(T) = inf{w eR: sup{e”™|T (1) < oo}y .

t>0

In the sequel, we recall the y measure of noncompactness, which will be used
in the next to analyse the spectral properties of semigroup solution. The x measure
of noncompactness for a bounded set H of a Banach space Y with the norm |.|y is
defined by

x(H) = inf{e > 0 : H has afinite cover of diameter < €} .

The following results are some basic properties of the x measure of noncompact-
ness.
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Lemma 8.4.1 ([17]) Let Ay and A> be bounded sets of a Banach space Y. Then:

(i) x(A1) <dia(Ay), where dia(A1) = sup |x —y|.
X,YEA]
(1) x(A1) =0ifandonly if Ay is relatively compact in Y.

(i) x (A1 UA2) = max {x (A1), x(A2)}.

1v) x(AA1) = M x (A1), A € R, where AA1 = {Ax : x € Ay}

V) x(A1+A2) < x(A))+ x(A2), where Ai+ Ay ={x+y: x € Ay, y € Ar}.
(vi) x(A1) < x(A2) if Ay € Az

Definition 8.4.4 The essential norm of a bounded linear operator K on Y is defined
by

|K |ess = inf{M > 0: x(K(B)) < My (B) for any bounded set B in Y}.

Let V = (V(1)),;>0 be a co-semigroup on a Banach space Y.
Definition 8.4.5 The essential growth wess (V) of (V (¢));5 is defined by

>0

Wess (V) = inf{a) eR: supe |V (t)|ess < oo} )

Theorem 8.4.1 ([7]) The essential growth bound of (V (t));> is given by

. 1 |
Wess (V) = lim = log |V (t)|ess = inf = log |V (£)]ess- (8.18)
t—>+o00 t >0t
Moreover,
Tess(V (1)) = exp(twess (V)), fort > 0. (8.19)

Assume now that:
(Hs)  The semigroup (7' (¢)),>¢ is compact for ¢ > 0.

Theorem 8.4.2 Assume that (Hy), (Hp), (H3), (Hy), and (Hs) hold. Then, the
solution u(., ¢) of Eq. (8.1) is decomposed as follows:

ui(., @) = U1 + W), for 1t =0,

where W(t) is a compact operator on By, for eacht > 0, and U(t) is the semigroup
solution of the following equation:

iz)()Ct) =—AD(x;) for t >0,
dt (8.20)

X0 = ¢ € By.
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Proof Let 2(t) be defined by

¢t +60) for t4+0<0
(%()9)(0) = (8.21)
v(t+0) for t+4+6 >0,

where v is a unique solution of the problem

D) =T)D(p) for t>0
(8.22)
v(t) =¢@) for t<0.

We can write ()¢ = w; (., ) = us (., ) — U(t)p = u; (., ) — v¢(., ¢). Then,

t
DW(1)¢) = D(us (., $)) — D(vi (., 9)) = /0 Tt =) f(us)ds.

Consequently,

t
D(w;) = h(t,¢) = / Tt —s)f(us)ds for t>0,
0 (8.23)

wo=0 for ¢ <O.
Let {¢x };>0 be a bounded sequence in B,. We will show that the family {A(., ¢x) :

k > 0} is equicontinuous and bounded on C([0, o]; Xy), for any o > 0 fixed. For
all 0 < o < B < 1, there exists a positive constant C such that

t
|APh(t, gi)| = |Aﬂ/0 T(t — s) f (us(., px))ds|
t
s/o \APT(t — ) f (us (o i) ds
tews
S MﬂC/O s—ﬁds,

for every k > 0.

Using the compactness of the operator A=# : X — X, we get that the set
{h(t, ¢r) : k = 0} is relatively compact in X, for each r > 0. Now, let us prove the
equicontinuity of the family {4 (., ¢x) : k > 0} in the a-norm. For this purpose, let
t >ty > 0. Then,
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t 1
A, i) — Ah(to, ) =‘/ A“YK:—s»f@u)ds—-/‘OA“TKm-—s>f<uads
0 0
4]
=f ATt = 5) — Tty — $)1f (uy)ds
0
t
+1/ AT (t — 5) f(uy)ds
0]
0]
:[TO——m)—Iy/ AT (1o — ) f (uy)ds
0

t
+/ AT (t — 5) f (ug)ds.
fo

We obtain that

'
/ AT (t — s) f(us)ds
I

0

t ,ws
< Mak/ e—ads — 0 as ¢ — fy uniformlyin ¢x.
1o s

1o
Moreover, since {A"‘/ T(to—s) f(us(., px))ds : k > 0} is relatively compact

in X, then there is a compact set I" in X such that

1
/OA“T(IO — ) fus(,¢x))ds C T forall ¢y.
0

It is well-known by the Banach—Steinhaus theorem that

lim sup [(T(t —tp) — x| = 0.

t—)toxel—v

Thus,

tlintl |h(t, dr) — h(to, Px)|le =0 uniformly in ¢

—1o
Using the same argument, we also obtain for 7y > ¢,

zlirrzl |h(t, pr) — h(ty, )|l =0 uniformly in  ¢.

—1o
Therefore, the family {A(., ¢x) : k > 0} is relatively compact on C([0, o]; X)
for each o > 0. Then, there exists a subsequence {¢y : k > 0} such that h(¢, ¢i)
converges as k — 400 uniformly on [0, o] to some function /(¢) with respect to
the o-norm. Let wf be the solution of problem (8.23) with the initial data ¢ = ¢x.

Then,

Dw] —wk) = ht, ¢)) — ht, pr).
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Using Lemma 8.3.1, we obtain

|w,j _ wf'% < b(t) sup |h(t, ¢;) — h(t, P)las

0<s<t
which implies that {wf}kzo = {w/(,, ¢px) k>0 is a Cauchy sequence in B,.
Therefore, #1t) is compact in By . |

Definition 8.4.6 9 is said to be stable if the zero solution of the difference system
D(x;) =0 for >0,

xo(t) =¢@) for t <0

is exponentially stable. O

Now, we give the definitions of fading memory spaces that will be used later on.
For ¢ € B,¢t > 0 and 6 < 0, we define the following:

o) if r+6=>0,
[S@®)9)0) = (8.24)
ot +0) if t+06<0.

Then, {S()};>0 is a strongly continuous semigroup on 8. We set
So(t) = S(t)/By, where By ={p € B: ¢(0) =0}.

Definition 8.4.7 [7] We say that 8 is a uniform fading memory space if the
following conditions hold:

(1) If a uniformly bounded sequence (¢, ),en in Cog converges to a function ¢
compactly on (—oo, 0], then ¢ is in B and |, — ¢p|g — 0 asn — +o00.
(i) |So(®)|g — O0ast — +o0. |

Lemma 8.4.2 ([7]) If B is a uniform fading memory space, then K and M can be
chosen such that K is bounded on Rt and M(t) — QO ast — +oo. |

Lemma 8.4.3 If B is a uniform fading memory space, then B, is a uniform fading
memory space. O

Proof Let (¢,),eN in Cop be a uniformly bounded sequence that converges to a
function ¢ compactly on (—oo, 0]. Then ¢ is in B and |¢, — ¢|g — Oasn — +oo
since B is a uniform fading memory space. Using (H;), one can write A™%¢ € 8B
since ¢ € B. A7%p € B leads to the existence of A7%¢(0). We know that
R(A™%) = D(AY). For this reason, |A“"¢(9)}a is well-defined. The fact that A™¢
is bounded linear operator implies |¢ (6)], exists. Therefore, ¢ (6) € D(A%) for all
6 < 0. Also,

|AT“A%| 5 = |9lg < o0.
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Using again the boundedness of A™%, one obtains the existence of |A%¢|g. Thus,
A%¢ € B. Hence, we establish that ¢ € B,. Moreover,

0 — Blg = |A™Y A% (g0 — ¢)

8~ 0 as n— +oo.
Since A% is a bounded linear operator, one obtains

|A% (0 — §)| g = |0 — D15, >0 as n — +oo.

Consequently, the condition (i) of Definition 8.4.7 is satisfied.

Now, we have to show that the condition (ii) of Definition 8.4.7 is verified. In
order to do this, we use the fact that A~ is a bounded linear operator and B is a
uniform fading memory space to write

1So()|g = |[A"¥A*So(t)| g > 0 as ¢ — +oo

and
[So(H)lg, = 0 as ¢ — +oo.

Hence, the condition (i) is satisfied. Finally, B, is a uniform fading memory space.
O

Now, we have to prove that %(t) is exponentially stable. It is known that %(¢) in
Theorem 8.4.2 is defined by

¢t +60) for t4+0<0
(%()9)(0) =
v(t+0) for t4+6 >0,

where v is a unique solution for the same initial data ¢ of the following problem:
D) =T)D(¢p) for t>0
v(t) =¢(@) for t<O0.
Using the superposition principle of solutions of linear systems, we have
v(t) =x(t) + y(t) fort € R,
where

D(x;) =0 for >0,
(8.25)
x(t) =¢@) for <0
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and

D(y:) =T1)D(p) for =0,
(8.26)
y@)=0 for ¢ <O0.

Now, let Ko, = sup K (s). We have the following result.

s>0
Theorem 8.4.3 Assume that (Hy), (Hy), and (H3) hold. Moreover, suppose that
By is a uniform fading memory space, D is stable, the semigroup {T (t)};>0 is
exponentially stable, and Koo|Do| < 1. Then, the semigroup solution {%(t)};>0
defined in Theorem 8.4.2 is exponentially stable. O

Proof Since y verifies problem (8.26) and B, is a uniform fading memory space,
then, using Axiom (A)-(iii), one can write fort > s > € > 0

lyslg, = K(€) sup [y(D)]a + M(€)|ys—cls,

S—€<T<s§

< K(@©)|Do|l sup |y:lg, +K(e) sup |T(0)D(P)la + M(€)|ys—els,

S—€<T<s§ S—€e<T<s§

= K(@©|Dol sup |y:lg, +K(e) sup |T(1)D(P)la

s—€<T<s s—€<T<s

+M(e) sup |yc|s,-

S—€<T=<S§

Therefore, taking € > O such thats — € >t — 2¢ > 0, then
lyslg, < K(€)|Dol sup |y:lg, + K(€) sup |T(D)D(P)la
t—2e<1<s t—2e<t<s
+M(e) sup |yls,.

t—2e<1t<s

Now, one can write

sp Inls, = sup |{KeolDol sup lvels,

t—2e<s<t t—2e<s<t t—2e<t<s
+Koo sup  [T(0)D(P)le + M(€) sup nylzsa}
t—2e<t<s t—2e<t<s

< KoolDol  sup  |yslg, + Ko sup [T (s)D(P)la

t—2e<s<t t—2e<s<t

+M(e) sup  |yslz,-

t—2e<s<t
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Since M(e) — 0 as € — o0, then we choose € big enough such that 0 <
1 — Koo|Do| — M (€). We obtain that

Koo
sup |7 (5)D(@)o-
I = KoolDol = M(e)) 1-2es1

|yels, < (

Since {T (#)}:>0 is exponentially stable, then there exist positive constants o’ and
B’ such that |y;|g, < Ble=" forall t > 0.
Since D is stable, then x;(¢) — 0 as t — +o00. On the other hand, we have

UDP = x:($) + y1(9).

Then, it follows that %(t) — 0 ast — 0 and {%(¢)};>0 is exponentially stable. O
In the sequel, we give the following.

Theorem 8.4.4 Assume that there exists r > 0 such that the elements ¢ € B, are
continuous from [—r, 0] to Xy. If D(¢p) = ¢(0) — qp(—r) for all p € By with
0 < g < 1 and B, a uniform fading memory space, then D is stable. O

Proof Since D(x;) = 0 and x9 = ¢, then for all ¢+ € [0, r], we have x(t) =
gqx(t — r). Therefore,

X(Dle = qlp(t =71)a-

Also, for all ¢t € [r, 2r],

Ix(t, §)la < g*1p(t — 27)]a-

Inductively, for all t € [(n — 1)r, nr], we have

X, Pla < q"|Pp(t — nr)la;

since t € [(n — D)r,nr], then t — nr € [—r, 0]. Furthermore, B, is assumed to be
the space of functions from (—oo, 0] to X, that are continuous on [—r, 0]. Thus, for
allt € [((n — Dr, nr],

Ix(t, ®)le < g" sup [$()las

—r=<s<0

for all p € B,.
Thus, there exist o = —@ > 0 and C > 0 such that

Xt P)la < q" sup [$(s)la

—r<s<0

< Ce ¥,
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Hence, for all ¢ € B,,
Jm xtt.9) =0

Now, let ¢ € B, such that |¢|g, < 1.
Using again Axiom (A)-(iii) and the fact that B, is a uniform fading memory
space, we have fort > s > € > 0

1Xs (., P)IB, < K(€) sup |x(T,@)|a + M(€)|xs—e (.. )5,

s—€<T<s

< Ko sup [x(7,9)|a + M(€)|xXs—c (.. D)8,

S—€<T=<s

Choosing € > 0 such that s — € >t — 2¢ > 0, we have

1Xs (. P8, < Koo sup  [x(7, P)la + M(€)|xs—c (., D)3,

s—€<T<s

< Kx sup |x(t,P)|a +M(€)|xs—e(., P)Ig,

t—2e<t<s
= s [Ke sp @ @e+ M©lx—cl(. Dlg, |
t—2e<s<t t—2e<1<s§
< Koo sup [x(s.P)la+ M) sup [x;(.0)lg,.

t—2e<s<t t—2e<s<t

Thus,

sup  [x5(, D), < Koo sup  [x(s, P)le +M(e) sup [xs(., P)ls,-

t—2e<s<t t—2e<s<t t—2e<s<t

Since M(¢) — 0 as ¢ — +o00, then we can choose € big enough such that
0 < 1 — M(¢). Therefore,

Koo
(. @)lg, < ——— sup  |x(s, P)lg, forall ¢ € B, with |p|g, < I.
' (1 — M(€) y_e<y= “ ¢

Thus, x;(.,¢) — 0 ast — +4oo whenever ¢ € B, and |p|g, < 1. Hence, D is
stable. O

Example 8.4.1 Let y be a real number, | < p < +oo, and r > 0. We define
the space C, x Lf,’ that consists of measurable functions ¢ : (—o0,0] — X that
are continuous on [—r, 0] such that ¢”? |@(0)|? is measurable on (—oo, —r]. Let us
provide the space C, x L}’f with the following norm:

—r
ols = sup lp(@)] + / " 10(0)]7d6.

—r<6<0 —00

Cr x L’; , |.|8) is a normed linear space satisfying Axioms (A) and (B).
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Corollary 8.4.1 Suppose that assumptions (Hy), (Hy), and (H3) hold, and there
exists a positive constant r such that all ¢ € B, imply that ¢ is continuous on
[—r, O] with values in X,. Moreover, suppose that By, is a uniform fading memory
space, D(p) = ¢(0) — gp(—r) for all ¢ € B, the semigroup {T(t)};>0 is
exponentially stable, and Koo|Do| < 1. Then, the semigroup solution {2(t)};>0
defined in Theorem 8.4.2 is exponentially stable. O

8.5 Linearized Stability of Solutions

Coming back to the operator U (¢) for ¢+ > 0 defined on B, by

U)(@) =us (., d),

where u;(., ¢) is the unique mild solution of the problem (8.1) for the initial
condition ¢ € By, it is proved that the following result holds.

Proposition 8.5.1 ([4]) The family (U(t));>0 is a nonlinear strongly continuous
semigroup on By, that is:

G U@ =1

) U +s)=U@)U(s), fort,s = 0.
(iii) Forall ¢ € B,, U(t)(¢) is a continuous function of t > 0 with values in By.
(iv) Fort = 0, U(¢) is continuous from B, to By.

(v) (U(t))>0 satisfies the following translation property, fort > 0 and 6 < 0:

U +0)@)0), ifr+6=>0,
U)o = (8.27)
o +0) ift+6=<0.

It is now interesting to investigate the stability results of the equilibriums of
the problem (8.1). Recalling that equilibrium means a constant solution u* of the
problem (8.1). To preserve the generality, we can suppose that u* = 0.

Now, let us assume that:

(Hg) f: 8B, — X is differentiable at zero.

It is well-known that the linearized problem associated to problem (8.1) is given by

d
ED()’[) =—AD(y;) + L(y;), fort >0,
(8.28)

y0=¢€Bou

with L = £/(0).
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Let (V(¢)):>0 be the semigroup solution on B, associated to the problem (8.28).

Theorem 8.5.1 Assume that (Hy), (Hy),(H3), (Hy), and (Hg) hold. Then, for every
t > 0, the derivative of U(t) is V (2). |

Proof Lett > 0 be fixed and ¢ € B,. One has
t
plumg - ving| = /0 T =) fU @) = LIV (5) @) ]ds.
Let us set

w, = U@)(¢) — V()($)

and
t
W) = /0 T =) fUE@) = LY@ ]ds.

Then, we can write
t
ht) = /O T =9 fWUSG) ~ [V ) @)]ds

t
+ /O T =) fV©@) = LV )$) |ds.

Using Lemma 8.3.1, we obtain

|lwilg, < b() sup |h(s)|e, for te[0,T].

0<s<t
Moreover,

ew(t—s

)
(t —5)"
t ew(t—s)
+ M,
’ /o (r = 5)"
Using the fact that f is differentiable at zero with differential L at zero, we can state
that for all € > 0, there exists n > 0 such that

t ew(r—s)
M
fo (t —s)*

lws|g, ds

t
(D)l < kMa f
0

FV(s)(@)) — L(V(s)(®))|ds.

FV(s)(@) — L(V(s)(#))

ds < €|p|s,

V¢ € B, with |$lg, <.
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Note that wg = 0, so we can write

lwslg, < sup |w(T)le < |wlg,, for s e[0,17].
o<t<t

Therefore, for ¢ € [0, T'],

tews
sup 180l = eldls, + kMo ([ Sds)iuls,

0<s<t

T ,ws

< cltls, + kMo [ Sds)wils,

T ,ws
We can choose T > 0 small enough such that kMab(T)</ e—ads) < 1.
0o S
Consequently, for all |¢|g, < n,
b(T)
|wl|8a =< €|¢|8Dt'

1= kMob(D)( [y Seds)

Thus, U(¢) is differentiable at zero for all ¢+ € [0, T] with dyU(t)(0) = V().
Proceeding by steps, one can prove that dyU (¢)(0) = V (¢), for all t > 0. O

Theorem 8.5.2 Assume that (Hy), (Hz), (H3), (Ha), and (Hg) hold. If the zero
equilibrium of (V(t));=0 is exponentially stable, then the zero equilibrium of
(U ())r=0 is locally exponentially stable, which means that there existn > 0, § > 0,
and C > 1 such that fort > 0,

U@ (@)ls, < Ce P |plg, forall ¢ € By with |plg, < 1.

Moreover, if By can be decomposed as B, = Bgl @ Bﬁ, where fo are V-invariant
subspaces of By and Bé a finite-dimensional with

. 1 >
wp = lim - log )V(h)/z;a

o

and
inf{|x| : A e€a(V(t)/BL)) > e,

then the zero equilibrium of (U(t));>0 is not stable, in the sense that there exist
€ > 0, a sequence (¢,)nenN converging to 0, and a sequence (t,),eN of positive real
numbers such that |U (t,)nle > €. |

The proof of this theorem is based on the Theorem 8.5.1 and the following
theorem.
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Theorem 8.5.3 ([12]) Let (W(¢)):>0 be a nonlinear strongly continuous semigroup
on the subset 2 of a Banach space (X ||.||). Assume that xo € Q2 is an equilibrium
of (W(t))i>0 such that W(t) is differentiable at xo for each t > 0 with Z(t)
the derivative of W(t) at xo. Then, (Z(t);>0 is a strongly nonlinear continuous
semigroup of bounded linear operators on X, and if the zero equilibrium of
(Z(t))i>0 is exponentially stable, then the equilibrium xo of (W (t));>0 is locally
exponentially stable. Moreover; if X can be decomposed as X = X1 ® X, where
X; are Z-invariant subspaces of X, X1 a finite-dimensional with

1
w= lim - log ‘|Z(h)/X2|‘
h—+o00 h

and
inf{|[A|: Aeo(Z(@®)/X1)} > e,

then the zero equilibrium of (W(t)):>0 is not stable, in the sense that there exist
€ > 0, a sequence (¢,)nenN converging to 0, and a sequence (t,),eN of positive real
numbers such that

[W(t)Pule > €.

Lemma 8.5.1 ([19], Corollary 1.2, page 43) Let ® be a continuous and right
differentiable function on [a, b). If the right derivative function d+® is continuous
on [a, b), then ® is continuously differentiable on [a, b). O

Now, we make some sufficient conditions on B in order to determine
(Av, D(Ay)), the generator of the semigroup (V(¢));>0. So, we assume the
following axiom:

(C): Let (¢n)n>0 be a sequence in B such that ¢, — 0 as n — 400 in B; then,
¢n (@) > 0asn — +ooforall 6 <O0.
We can state the following result.

Theorem 8.5.4 Assume that (Hy), (Hp), (H3), (Hy), and (Hg) hold. Moreover,
suppose that B satisfies axioms (A), (B), and (C). If B is a subspace of the space of
continuous functions from (—oo, 0] into X, then (Ay, D(Ay)) is given by

D(Ay) = {¢ €By: ¢ By, D) e DA and
D) = —AD@) + L®)}.

Avp=¢" for ¢ € D(Ay).

Proof Let B be the infinitesimal generator of the semigroup (V(#));>0 on B, and
¢ € D(B). Then, one can write



212 K. Ezzinbi et al.
.1 .
lim —(V(t)¢ — ¢) = ¢ exists in By,
t—0t 1

Bp = .

Using axiom (C), one obtains
liI(I)l ;(qb(t +0)—¢) =v(@B) for § € (—00,0).
t—0t

It follows that the right derivative d*¢ exists on (—oo, 0) and is equal to . The
fact that each function in B, is continuous on (—o0, 0] leads to d ¢ continuous on
(=00, 0).
Using Lemma 8.5.1, we deduce that the function ¢ is continuously differentiable

and ¢’ = ¥ on (—o0, 0). Moreover,

lim d*¢(0) = ¥ (0),

0—0
which implies that the function ¢ is continuously differentiable from (—oo, 0] to

Xy and ¢’ = ¢ on (—o0, 0].
We have

1 1 1 [
;(T(t)i)(@ — <)) = ;D(V(t)cb —¢) — ;/0 Tt —s)L(V(s)p)ds.
It is well-known that
t
lim l Tt —s)L(V(s)p)ds = L(¢p)
t=01 Jo

in X-norm and
1 ,
lim ;D(V(t)tb —¢)=D(¢)
in ¢-norm. The fact that X, < X implies
1 ,
Lim. ;D(V(I)¢> —¢9)=D(¢)
in X-norm. Consequently,

1
D) € D(A) andlim (T (1)D(@) — <¢)) = AD(&)
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in X-norm. It follows that

D(B) < {¢ € By: ¢ € By, D(¢) € D(A) and D(¢') = —AD(¢) + L(¢)},

B(p) =¢'.
Conversely, let ¢ € B, be such that
¢’ € By, D(p) € D(A) and D(@') = —AD(¢p) + L(¢).

Since t — T ()¢ is continuously differentiable from R* to X, then ¢ € D(B).
O

Now, let us study the spectral of the linear equation. We assume that B,, satisfies
the following axiom:

(D) There exists a constant v € R such that for every x € X and A € C with
R(L) > v, one has

&®xeB, and sup |6, ® x| < oo,
lx]<1
where (6, ® x)(0) = e*x for6 < 0.

For A € C such that (1) > v, we define the linear operator A(1) by

D(AQY)) = [x €X,: Derx)e DA) and AD(e*x) — L(e*x) € Xa],

A = AD(eM 1) + AD(eM ) — L(e* ).

Let (Ay, D(Ay)) be the infinitesimal generator of the semigroup (V (¢));>0 and
op(Ay) be the point spectrum of Ay.

Theorem 8.5.5 Assume that (H;), (Hy), (H3), (Hy), and (Hg) hold. Assume
furthermore that the axioms (A), (B), (C), and (D) are satisfied. Let A € C with
RA) > v. If B, is a uniform fading memory space and D is stable, then the
following are equivalent:

(i) % €0p(Ay).

(i) ker A(L) # {0).
O

Proof Let A € 0,(Ay) with 9%t(A) > v. Then, there exists ¢ € D(Ay), ¢ # 0, with
Ay ¢ = A¢. That leads to

1
lim —(V(1)¢ — ¢) = A¢
t—0 ¢
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and
1
th_I)I(l) ;D(V(I)fﬁ — ¢)(0) = 2AD(¢(0)).

Since forall ¢ > O,

1 1 L[
;(T(I)Z)(fﬁ(o)) —=60)) = -DV)¢ — ¢)(0) — ;/0 Tt —s)L(V(s)p)ds,

then letting ¢ goes to 0, and one obtains
D(@(0) € D(A) and — AD((0)) = 2D(9(0)) — (). (8.29)
Moreover, using the spectral mapping (Theorem 2.4 in [18]), we have
M ea,(V(t) and V()p =eM¢ forall > 0.

Letting + > 0 and & < O such that r + 6 > 0, the translation property of the
semigroup solution leads to

(V()$)(0) = (V& +6)$)(0) = e ¢ (6) = " (0).
Thus, ¢ (@) = ewd)(O) for & > 0. Since ¢ # 0, using (8.29), it follows that
D(p(0)) € ker A(L).
Conversely, if ¢ verifies all conditions of Theorem 8.3.3, then Ay ¢ = ¢'. Taking
x € D(A) such that x # 0 and A(A)x = 0, then the function €, ® x satisfies all

conditions of Theorem 8.3.3, and we deduce that

Ay (€, ®x) = A€, @ x).

Now, let
vo = inf{v e R: suchthat (D) is satisfied}.

Lemma 8.5.2 ([18]) If B is a uniform fading memory space, then vy < Q. O
Definition 8.5.1 A € C is a characteristic value of Eq. (8.28) if

RA) >v9 and kerA()) # {0}
Let

s'(Av) = sup{R(A) 1 A € 0(Ay) — 0ess (AV)}.
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It is well-known that o (Ay) — 0.5 (Ay) contains a finite number of eigenvalues of
Ay . Consequently, the stability of (V (¢));>¢ is completely determined by s'(Ay).

Theorem 8.5.6 Assume that (Hy), (Hy), (H3), (Hy), (Hs), and (Hg) hold. Further-
more, assume that the axioms (A), (B), (C), and (D) are satisfied. If B is a uniform
fading memory space and D is stable, then the following holds:

(i) If s'(Ay) < O, then (V(¢))>0 is exponentially stable.
(i) Ifs'(Av) = O, then there exists ¢ € By such that |V ()¢|s, = |P|s, .
(iii) If s’(Ay) > O, then there exists ¢ € By such thatt li_rp [V()plg, = +oo.
—+00
O

We deduce the following stability result in the nonlinear case, from Theo-
rem 8.5.2.

Theorem 8.5.7 Assume that (Hy), (Hy), (H3), (Hy), (Hs), and (Hg) hold. Further-
more, assume that the axioms (A), (B), (C), and (D) are satisfied. If B is a uniform
fading memory space and D is stable, then the following holds:

() If s'(Ay) < O, then the zero equilibrium of (U (t)):>0 is locally exponentially
stable.
(i) Ifs’'(Ay) > 0, then the zero equilibrium of (U (t));>0 is unstable.

8.6 Application

To apply the theoretical results of this chapter, we consider the following nonlinear
system with infinite delay:

2

0 0

o0 8) — v —r 6] = 5 [ve o —gue - r 0]

+b%Lv<z, £) = quit —1.6)]

+c/ g@,v(t+6,8)d6 fort >0 and & € [0, 7] (8.30)

v(t,0) —qv(t —r,0)=v(t, r) —qut —r,m)=0for t >0

v(0,8) =v(0,&) for O € (—o0,0] and £ € [0, 7],

where g : (—00,0] x R — R is a function and ¢ € R}, b € R. g is a
positive constant such that |g| < 1. H : R?> — R is a Lipschitz continuous with
H (0, 0) = 0. The initial data i will be precised in the next.
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In order to write system (8.30) in an abstract form, we introduce the space X =
L2((O, 7); R). Let A be the operator defined on X by

D(A) = H?((0, 7); R) N H} (0, 7); R),
Ay = —y” for y € D(A).

Then, (—A) generates an analytic semigroup (7°(¢));>0 on X. Moreover, T (t)
is compact on X for every t > 0. The spectrum o(—A) is equal to the point
spectrum Po(—A) and is given by o(—A) = {—n*: n > 1}, and the associated

eigenfunctions (¢,),>1 are given by ¢, = \/g sin(nx) for x € [0, 7 ]; the associated

analytic semigroup is explicitly given by

o]

T@Wy=Y e (v,¢)n for 1>0andyeX,

n=1

where (., .) is an inner product on X.

Lemma 8.6.1 ([21]) Ifo = 3, then

+00
Ay =Y " n(y. u)n for y € D(A),

n=1

+00

Ady =3 n(y.)u for y € X,

n=1

+o0
1 a2
AT (t)y =y ne”""'(y, ¢n)u for y € X,

n=1

+0oo

=3 ()0 00 for v e x,

n=1

0=

A-

and

+oo

ATIT()y = Z (%)e’”zt(y, Sn)n for y € X.

n=1

There exists M > 1 (see [21]) such that fort > 0, |T(t)| < Me®" for some —1 <
w < 0.
Then, the semigroup {7 (¢)};>0 is exponentially stable.
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Note also that (see [21]) there exists M 1 > 0 such that

AT ()] < M%f%ew for each ¢ > 0.

Therefore, hypotheses (H;) and (Hs) are satisfied.

Lemma 8.6.2 ([7]) If m € D(A%), then m is absolutely continuous, %m e X.
Moreover, there exist positive constants No and My such that

0
NolAZmlx < |~mlx < Mo|Amlx.
X
Let y > 0. We consider the following phase space
B8=C, = {(p € C((—00,0]; X): lim "?|¢(0)| exists in X}
60— —o0
provided with the following norm:

plc, = su%ey0|¢>(9)|x for ¢ € C,.
0<

According to [7], B satisfies Axioms (A), (B) and is a uniform fading memory space.
Moreover, it is well-known that K (¢) = 1 for every t € R™ and M(¢) = e~ "' for
t € Rt. Therefore, the norm in 8 1 is given (see [7]) by

1
plz, = supe”’|A2¢(0)]x.
2 6<0
One can write ( see, [21], p.144)

T 2 1 ) T P 2
fo (r@)@®) dé§|A2¢(9)IX—/O (5e0©@@®) s (8:31)

Next, we assume the following.

(H7) Fort <0and ¢y, o € R, (g0, 61)—g (0, &) < s(0)¢1— 82, g(0,0) =0,
%g(@, 0) # 0, where s is some nonnegative function that verifies

0
/ e 2%50) < 0.

—00

Let f1, f2, and f be defined on B% by
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0

S1(P)(E) = C/ 80,9 (0)(§))do for & € [0, 7],

—00

il
L@E) =3 [$0© ~a9p(-n®) | for g < [0, 7],

and

F(@)(E) = fi(@)E) + f2(9)(§) for & € [0, 7].

Proposition 8.6.1 For each ¢ € B L f($) € L2((0, ); R), and f is continuous
on B 1 |

Proof Let ¢ € B1. Since for all & € [0, 7] and for all 8 € (—o0, 0], we have
2

lg(@,8)] < s@)I§] + (0, 0)]
= s(0)I&],
then for all £ € [0, ],

0

1) @) < cf 150)] 16©0)(®)1d6.

Let us set

0
B() = / 15(0)]16(0)(8)[d8 for & € [0, 1.

—00

Using Holder inequality, one can write

0
B() = / e 150) 119 (0)(§)|e* db

0 3 /00 3
s(/ |e2y9s<e>|2d9> (/ |¢(e>(s>e2y9|2d9).

Then, using the above inequality and the inequality (8.31),

b4 b4 0 0
| mera < (( | iersoas)( [ |¢<9)(§>e2y9|2d6)>d5
0 0 —00 —00

b4 0
= /0 (|e2y~s|iz(R> / |¢<9)(§>e2y9|2d9)ds
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—00
0
(Lot
00
0
= |e_27's|iz(]R ) / 627/0 < 2 ¢(9)|L2 ([0, 71; R)) d9>
00

sup €2y0|_¢(9)|L2 [0,7]; R)) d9>

6<0

ZV" ¢(9)<s>|2d5) d@)

0
1
/ e2ve ( sup o2ve |A2 ¢(9)|iz([o n]vR))‘”)
<0 o

0
< |€_2y's|i2(R—) (/ 62y0|¢|%| d&)
—00 2

0
< el - )W%% /_Oo e do

< Q.

Also, we refer to Minkowski inequality to obtain

/ | (@) () Pdt = /
0 0

s[qs(oxs) ~go(-n®© ][ ¢

< [[Zsoe|ae+ [ fogocne|a
+2(/07r i¢(0)(§)‘2d§)§(/()ﬂ sqs( r)(S)( dé)
‘A2¢>( )L2 [0,71:R) (100

‘A%(p(_r) L([0.7]:R)

5 Sgezyf"mw )Lz(oﬂ R)
RS sp Al L
s |ade @),
X 228 62”9‘1“%‘1’(9) L2([0,71:R)
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2
< supe®?|A2¢ ()
60<0

L2([0,7];R)

2

A2¢(0)

+q262yr sup 62)/6

0<0 L2([0,7];R)
1 2
+2ge?" sup e??| A2¢)(0)
7 95% ¢ L2([0,7];R)

< Q.

We conclude that f(¢) = (f1 + f2)(¢) € L%([0, 7]; R) for all ¢ € B%.

Let us show that f is continuous. For this purpose, let (¢,),eN be a sequence in
B% and ¢ € B% such that ¢, — ¢ inB% as n — +00. Then

0 0
(A6 = r@)© =c [ 206,000 —c [ 56.6@) )0

0
= Cf [g(9, $n(0)(8)) — (0, ¢(9)($))]d9,

—00
and we obtain that

0

|(f1(dn) = f1(@)(E)] < Cf Is(O)] ¢ (0) (&) — ¢(0)(£))]d0.

Let us set for all £ € [0, 7],

0
Jn() = C/ RCNACHE —¢(9)(§)‘d9.

Then

0
()] < cf e 2)5(0)|

o0

Du(0)(§) = H(©O)(E)| ¥ o

1

<c (/io )e—ZJ/é?s(e))‘zdg)é </'0 ‘((bn(ﬁ)(é;‘) 3 ¢(0)(§)>62y9‘2d0>2 |

—0o0

which leads to

T 0 T
/O [ @) PdE < |clPle™ s 7m- / (emew fo ]qsn(e)@

2
- 9@ dE) o
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< IcP1e™"s[3 o / (M e / \—%(9)(&)

- SEHOE) ds) a9

< [c]Ple? sludR)/ (zugezygf \—dm( )(E)

G ds) a6

G
2 0 2y6 2y6
< IRl sliage, [ (supe |4t 6,0
6<0
- o
9@ )) L2([0,7]: R))
2 0
< |c|2‘e—2y — f 20 4p.
L2(R™) B J
2

s
Since ¢, — ¢ in B%, then/ |Jn(§)|2d§ — 0 as n — +o0. Therefore, f] is
0

continuous. Moreover,

r

(60— 9©)| 0 = /Oﬂ (%[(m(m —$(0)®
—q(qbn(—r) —p(n)©)]| e
™ 2
< [ [ (e0© —s0©) [ ae
ok

2 [ (00 - s0@) )’

458 2 (nt-r© —o(-r©)| ae

/ 155 (41 © — o0 ®) [ i)’

<[4} (00 - 90)[’

L2([0,7;R)

&[4 (o o)

L2([0,7];R)
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Az

+29|4%(6,(0) - 9 (0))

L2([0,71];]R)‘

x(¢a(=r) =& (=)

L2([0,7];R)
2

< supe?? |4 (4,0) — 69))

0<0 L2([0,7;R)

2
g% sup e | A3 (9(6) — 9(6))
<0

L2([0,7];R)

+2g 5up |47 (9,6) — $(6))

0<0 L2([0,7;R)
2yr ZVG}A%( (0) _ (0))
xXe sup e
P o *O)| 2 o.mrm)
<lon—of +a?e"|pu o
- B B
2 2
2yr 2
+2qe v On— @ 8,
1
2

s
Using the fact that ¢, — ¢ in B as n — +00, we obtain that /
2 0

£2(n® ~

2
qb(f))‘ d¢ — 0 whenn — +o0.
Hence, f(¢,) — f(¢) in L2([0, 7]; R) as n — +oo and the proof is complete.

O
Let
u()(x) =v(t, x) fort >0 and x € [0, ],
up(@)(x) = ¥ (6, x) for 6 € (—o0,0] and x € [0, 7].

We need the following result to prove that (H3) is satisfied.
Proposition 8.6.2 Assume that (H7) holds. Then, f is Lipschitzian.
Proof We have to show that f| and f> are Lipschitz functions. So, let ¢ and ¢ be

in B%. Then, for & € [0, 7], one has

0

(i) — AWNE) = /

—00

26, 0©)©) — 80,y (©)) 6 for ¢ € [0,7].

Note that using Holder inequality, one can write
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0
| (f1(P) — f1(¥) (E)] = ICI/ ‘8(9,¢(9)(E)) -8, W(Q)(E))‘d(?

0
=c [ BOIseE - vor©)do

0
[ @1 |p0r6 - vor©)do

0 Lo
§c</ |e—2V9s<9)|2de) (/ 76 0)6)

1

2 2
~ YO de) :
Therefore,

0 0
A@E — AWNEP = le( f e=2r75(0) o) /

—y©)©| av),

for which we deduce that

/0 1@ E) — fi(p)(E)Pde

0

7o 0)6)

223

0 b4
= 1el’( f 72050246 x / W(/O |¢(e)<s>—w(9>(s)|2ds)d9

0
<1eP( [ 1 sorPas)
0 2y 2y0
4 0
x/_ooe (Zlipoe / ‘aéfﬁ( )(&) 5
0
< leP( / =2 5(0)%d0)
>< (supeye\/'/
0=<0

0
< 1el’( f e7205(6)d6 )

dg) déo

2

ds) deo

35
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0 0
sM%/ w”wmm%ﬂf

—00

2
0 1
x/ 20 <supey9|Az(¢(9) - 1//(9))|L2([0,n];R)> a9
~ 6<0

g — g, do
2

2 2

c

< _l | ‘e_zy*s
2y

o —v

2
L2(R) B8
2

Finally, we obtain that

| fi(9) — fZ(w)|L2([0,n];R) <klp— IMBL for ¢, ¢ € 3%7
)

where
1
k/ _ |C| (/0 |€_2y95(6)|2d9)2
2y -0
Moreover,
7@~ A, <lo—v[. +a2|o—v[ +24e|o—v]
L2([0,7];R) — B B B,
2 2 2
< k// ¢ _ w 2
< 8,
2
Therefore, f is Lipschitzian and (Hy) is satisfied. O

Let us define the operators D and Dy on B 1 by

(D(@)(E)) = ¢(0)(E) — qgop(—r)(§) forall & € [0, ]
and
(Do(@)(E) = qop(—r)(§) forall & €[0,r].

Then, D(¢) = ¢(0) — Do(¢).
Proposition 8.6.3 D ¢ L(B 1 X). O

Proof Let ¢ € B%. Then, Do(p)(€) = qp(—r) (&) for all £ € [0, w]. We can write

A|%@MW@=Aq%emm%s
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T
:qzeZ}/re*?W/ |¢(—V)(§)|2
0
2 2yr ,—2yr K 2
_ e |3—¢(—r)(§)|
o 0§
1
< g%e®" sup 62y9|A2¢(9)|22([O 7l:R)
6<0 o
= 219l .
2

Hence, Dy € L(B 1 ; X). It is obvious that ¢ (0) € L(B 1 ; X). Therefore, we can
conclude that D € L(B 1 X) and the proof is complete. O

Since 0 < g < 1, then D is stable and |Dg| < 1. Thus, hypothesis (H3) is
satisfied.

Now, let ¢ be defined by ¢(8)(§) = (0, &) forall 6 € (—oo, 0] and & € [0, 7].
We make the following additional assumption.

(Hs) ¢(f) € D(A?) forall 6 < 0, with

b4 2
supey(’\// (i¢(9,€)> d§ < oo
<0 o \0%

and

_ T 9 2
01530 i <£1//(9, £) — gx//(eo, g)) dg =0 for all 6y < 0.

Remark that (Hg) implies ¢ € 8. Then, Eq. (8.30) can be written as follows:
2

d

—Du;) = —AD(us) + f (ur) fort > 0,

dt (8.32)

ug = .
Consequently, we obtain the existence and uniqueness of a mild solution of prob-

lem (8.32). Furthermore, it is clear that f] and f> are continuously differentiable and
their differential functions are given for ¢, ¥ € 8 1 and &€ € [0, ] by

0 3
fl@W)E) = C/ &g(9,¢(9)(§))x0(9)(€)d9

and

0
RO E = b [0 ~ g9 (-r)©)] for § € 0,7]
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Letvg = € B% such that:

@) v9(0,.) — quo(—r,.) € H2(0,w) N H} (0, 7) and 32 € B).
0v0(0.8) _ dw(-r.§) _ 8’
—q

0
(b) 0 o = 5el 0.5 — qur &) | + b [w.8) -
quo(-r. )|
0
+C/ 2(0,v9(0,&))d6 for and & € [0, 7].
We deduce that

v eBy, V' e Bi, D) e D) ,and DY) = —ADW) + f(Y).

Then, problem (8.32) has a unique strict solution for every ¢ € 8 1

Now, we can see that f = f| + f3 is continuously differentiable, and zero is a
solution of (8.30), ,i.e., f(0) = 0. The differential of f in O is given for ¢, Y € B%

and & € [0, ] by
0

a
L)@ = ffOW)E) = C/ 58(9, 0)y(6)(£)db

il
+hae[vO© —gv-n@©)]

Consequently, the linearized equation of (8.30) can be written as follows:

2

o) —gqve—r.8)] = 3 [00.8) — qvi ~r.6)]

G , el ,

+b%|:v(t, &) —qu(t—r, 5)] —|—c/ p@)v(t+6,£)d6 fort >0 and & € [0, 7]
—00

v(t,0) —quv(t —r,0)=v(t, 7)) —v(t —r,m)=0for t >0

v(0,&) =v(0,8) for 0 € (—00,0] and &€ € [0, ],

(8.33)
where p = %g(., 0) : (—o0, 0] — R is a continuous and measurable function.
We state the main result of the stability of the solutions.

Theorem 8.6.1 Assume that (H7) and (Hg) hold. Furthermore, suppose that

0 b2
0 < c/ 1p(0)|do < (1 + Z)(l — ). (8.34)

—00

Then, the semigroup solution of (8.33) is exponentially stable. O
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The proof of Theorem 8.6.1 makes use of this following lemma.

2
- ~ d
Lemma 8.6.3 ([4]) The spectrum o (A) of the operator A = @ + b£ is equal
- b?
10 the point spectrum Po (A) = {—n® — 7 : neN'} O

Proof of Theorem 8.6.1 The exponential stability of (8.33) is obtained when
s'(A) < 0, which is true only if

sup{sn(,\) e o(A) —0u(A) and N > —y} <0.
Moreover, the characteristic equation is given by

RA) > -y, [feD), [f#0

0

MI=ge ) f = (= ge " o)~ e [ p@ea)s =o.
- (8.35)
which leads to
0 2
c a d
rA———— 0)e*do e — +b— .
e | Lo ””(asz ! as)
Since
32 3 - , b
op <@ +b£) = Po(A) = {—n* — i N*},
then the characteristic equation (8.35) becomes
RAn) > —vy,
) (8.36)

0 b
An = ;k[ p(©)e*?do —n®> — — forsome n e N*.
1 — qe* nt —00 4

b2
Letk, =n+ T Then, using (8.36), we obtain that

0
O + k) (1 = ge™™7) = c/ p(6)e*0do.

—00
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Therefore,

0

o + Kl = ge™7| = e f PO a8
o0

IA

0

c/ 1p(©)]e" %D gp.
—00

We have also

In + Knl = v (R (An) + kn)?

and

—A,lr — |1 _ qe—m(knr) |

1= g™ | = |11 = 1ge 7|

It follows that

VO + k2|1 = e

0
<[ @1 as.
—00

Now, assume that 3t(1,,) > 0. Then,

o~ N0

1-q > (1-q).

Consequently,
0
(=g +k]<c [ po.
—0oQ
Finally, since (1 — g)M(X,), we obtain
0
1=k = [ ipoyde.
—00

Taking n = 1, we obtain a contraction with condition (8.34). That leads to (%) < O.
O
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Chapter 9

Pseudo-almost Periodic Solutions of Class o
r in the a-Norm Under the Light of

Measure Theory

Issa Zabsonre, Abdel Hamid Gamal Nsangou, Moussa El-KhalilL. Kpoumie,
and Salifou Mboutngam

Abstract We consider the existence of weak solutions for discrete nonlinear
problems. The proof of the main result is based on a minimization method.

Keywords Discrete nonlinear problems - Minimization method - Anti-periodic

9.1 Introduction

In this chapter, we present a new approach dealing with weighted pseudo-almost
periodic functions and their applications in evolution equations and partial func-
tional differential equations. Here we use the measure theory to define an ergodic
function, and we investigate many interesting properties of such functions. Weighted
pseudo-almost periodic functions started recently and becomes an interesting field
in dynamical systems. We can refer to [2—4] and the bibliography therein.

In this chapter, we study the existence and uniqueness of o — (u, v)-pseudo-
almost periodic solutions of class r for the following partial functional differential
equation

u'(t) = —Au(t) + L(u;) + f(t) fort € R, 9.1
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where —A : D(A) — X is the infinitesimal generator of a compact analytic
semigroup of uniformly bounded linear operators on a Banach space X, C, =
C([-r,0], D(A%)), 0 < a < 1, denotes the space of continuous functions
from [—r, 0] into D(A%), and A® is the fractional «-power of A. This operator
(A%, D(A%)) will be described later, and

lellc, = 1A% llcq—r.00,x)-

Fort > 0,and u € C([—r, a], D(A%)), r > 0 and u; denotes the history function
of C, defined by

u(0) = u(t +6) for —r <6 <0.

L is a bounded linear operator from C, into X, and f : R — X is a continuous
function.

Some recent contributions concerning pseudo-almost periodic solutions for
abstract differential equations similar to Eq. (9.1) have been made. For example in
[2], the authors have shown if the inhomogeneous term f depends only on variable
t and it is a pseudo-almost periodic function, then Eq. (9.1) has a unique pseudo-
almost periodic solution. In [4], the authors have proven if f : R x Xg — X isa
suitable continuous function, where Xg = m the problem

xX'(t) = Ax(t) + f(t,x(1)),t €R

has a unique pseudo-almost periodic solution, while in [3] the authors have
treated the existence of almost periodic solutions for a class of partial neutral
functional differential equations defined by a linear operator of Hille—Yosida type
with non-dense domain. In [1], the authors studied the existence and uniqueness
of pseudo-almost periodic solutions for a first-order abstract functional differential
equation with a linear part dominated by a Hille—Yosida type operator with a non-
dense domain.

In [7], the authors introduce some new classes of functions called weighted
pseudo-almost periodic functions, which implement in a natural fashion the clas-
sical pseudo-almost periodic functions due to Zhang [13—15]. Properties of these
weighted pseudo-almost periodic functions are discussed, including a composition
result for weighted pseudo-almost periodic functions. The results obtained are
subsequently utilized to study the existence and uniqueness of a weighted pseudo-
almost periodic solution to the heat equation with Dirichlet conditions.

In [6], the authors present a new approach to study weighted pseudo-almost
periodic functions using the measure theory. They present a new concept of
weighted ergodic functions that is more general than the classical one. Then they
establish many interesting results on the functional space of such functions like
completeness and composition theorems. The theory of their work generalizes the
classical results on weighted pseudo-almost periodic functions.
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The aim of this chapter is to prove the existence of (u, v)-pseudo-almost periodic
solutions of Eq.(9.1) when the delay is distributed on [—r, 0]. Our approach is
based on the spectral decomposition of the phase space developed in [4] and a new
approach developed in [6].

This chapter is organized as follows: in Sect.9.2, we recall some preliminary
results about analytic semigroups, and fractional power associated to its generator
will be used throughout this chapter. In Sect. 9.3, we recall some preliminary results
on spectral decomposition. In Sect.9.4, we recall some preliminary results on
(m, v)-pseudo-almost periodic functions and neutral partial functional differential
equations that will be used in this chapter. In Sect. 9.5, we give some properties of
(m, v)-pseudo-almost periodic functions of class r. In Sect. 9.6, we discuss the main
result of this chapter. Using the strict contraction principle, we show the existence
and uniqueness of (u, v)-pseudo-almost periodic solution of class » for Eq. (9.1).
Last section is devoted to some applications arising in population dynamics.

9.2 Analytic Semigroup

Let (X, ||.||) be a Banach space and « be a constant such that 0 < o < 1 and —A
be the infinitesimal generator of a bounded analytic semigroup of linear operator
(T(2))r>0 on X. We assume without loss of generality that 0 € p(A). Note that
if the assumption O € p(A) is not satisfied, one can substitute the operator A by
the operator (A — o 1) with o large enough such that 0 € p(A — o I). This allows
us to define the fractional power A* for 0 < « < 1, as a closed linear invertible
operator with domain D(A%) dense in X. The closeness of A* implies that D(A%),
endowed with the graph norm of A%, |x| = ||x|| + [|A%x]|, is a Banach space. Since
A“ is invertible, its graph norm |[.| is equivalent to the norm |x|, = ||A%x]|. Thus,
D(A%), equipped with the norm |.|,, is a Banach space, which we denote by X,.
For 0 < 8 < «a < 1, the imbedding X, <> Xg is compact if the resolvent operator
of A is compact. Also, the following properties are well known.

Proposition 9.1 ([10]) Let 0 < o < 1. Assume that the operator —A is the
infinitesimal generator of an analytic semigroup (T (t));>0 on the Banach space
X satisfying 0 € p(A). Then we have:

(i) T(t) : X —> D(A%) foreveryt > Q.
(ii) T(t)A%x = A*T (t)x for every x € D(A%) andt > 0.
(iii) Foreveryt > 0, A*T (t) is bounded on X, and there exist My, > 0 and w > 0
such that

|AYT ()| < Mye “'t™ fort > 0.

(iv) If0 <a < B < 1, D(AP) — D(A%).
(v) There exists Ny > 0 such that

(T () — DA™ < Nqt* fort > 0.
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Recall that A™* is given by the following formula:

—a 1 oo a—1
ATY = m t“7 T (t)dt,
0

where the integral converges in the uniform operator topology for every o > 0.
Consequently, if 7' (¢) is compact for each r > 0, then A~* is compact.

9.3 Spectral Decomposition

To Eq. (9.1), we associate the following initial value problem:

diu(t) = —Au(t) + L(us) + f(t) fort > 0
! 9.2)

ug = ¢ € Cq,

where f : R™ — X is a continuous function.
For each t > 0, we define the linear operator U(¢) on C, by

U =vi(., 9),
where v(., ) is the solution of the following homogeneous equation:

d
Ev(t) = —Av(t) + L(vy) fort >0

vog =g € Cy.

Proposition 9.2 ([3]) Let Aq defined on Cy by

D(Au) = {¢ € Cu ¢ € Car 9(0) € D(A),
¢(0) € D(A) and ¢(0) = —Ag(0) + L(p)|
Aup = ¢' for ¢ € D(Aw).

Then Aqq is the infinitesimal generator of the semigroup (U(t));>0 on Cq.
Let (X() be the space defined by

(Xo) = {Xoc: ce X},
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where the function Xc is defined by

0 if 6 e[-r0l
(Xoc)(0) =
c if 6=0.

Consider the extension Aqy defined on Cy, @ (Xp) by

:u%) = {¢ € C1(=r.01: Xa) : 9(0) € D(A) and ¢(0) € D(A)}
Aup = ¢ + Xo(Ag(0) + L(p) — ¢(0)).

We make the following assertion:

(Hg) The operator —A is the infinitesimal generator of an analytic semigroup
(T (¢))s>0 on the Banach space X and satisfies 0 € p(A).

Lemma 9.1 ([4]) Assume that (Hy) holds Then, ﬂru satisfies the Hllle—Yoswla
condition on Cy @ (Xo), there exist M > 0, @ € R such that 1@, +o00o[C ,o(ﬂfu)
and

(A — Ag) ™

)n|§mforneN and A > @.

Now, we can state the variation of constants formula associated to Eq. (9.2).

Theorem 9.1 ([3]) Assume that (Hy) holds. Then for all ¢ € Cy, the solution u of
Eq. (9.2) is given by the following variation of constants formula

t
= Uy + lim / Ut — ) B (Xof(s)ds for 1 >0,
— 1+0Q 0

where E,\ =AAI — %)71.

Definition 9.1 We say that a semigroup (U(t));>o is hyperbolic if
o(Ay) NIR =A.

For the sequel, we make the following assumption:

(Hy) T(¢)is compact on D(A) for every ¢t > 0.

We get the following result on the spectral decomposition of the phase space Cy.

Proposition 9.3 ([3]) Assume that (Hy) and (Hy) hold. If the semigroup (U(t));>0
is hyperbolic, then the space Cy is decomposed as a direct sum

Co=S0U
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of two U(t) invariant closed subspaces S and U such that the restriction of
(U(t))i=0 on U is a group, and there exist positive constants M and w such that

UM lc, < Me “|plc, for t >0 and ¢ € S

UtY|c, < Me” |plc, for t <0 and ¢ € U,

where S and U are called, respectively, the stable and unstable spaces, and T1° and
[1* denote, respectively, the projection operator on S and U.

9.4 (u,v)-Pseudo-almost Periodic Functions

In this section, we recall some properties about p-pseudo-almost periodic functions.
The notion of u-pseudo-almost periodicity is a generalization of the pseudo-almost
periodicity introduced by Zhang [13-15]; it is also a generalization of weighted
pseudo- almost periodicity given by Diagana [7]. Let BC(R; Xy) be the space of
all bounded and continuous functions from R to X, equipped with the uniform
topology norm.

We denote by & the Lebesgue o-field of R and by M the set of all positive
measures u on 9 satisfying w(R) = +oo and u([a, b]) < oo, foralla, b e R (a <
D).

Definition 9.2 A bounded continuous function ¢ : R — X is called almost
periodic if for each ¢ > 0, there exists a relatively dense subset of R denoted by
K(e, ¢, X) such that |¢p(t + t) — ¢ ()| < e forall (¢, 1) € R x K(e, ¢, X).

We denote by AP (R; X) the space of all such functions.

Definition 9.3 Let X; and X, be two Banach spaces. A bounded continuous
function ¢ : R x X; — X is called almost periodic in ¢t € R uniformly in
x € X if for each ¢ > 0 and all compact K C X1, there exists a relatively dense
subset of R denoted by K{(e, ¢, K) such that |¢(t + 7,x) — ¢ (¢, x)| < & for all
teR, xeK, t €K, o, K).

We denote by AP(R x X1; X») the space of all such functions.
The next lemma is also a characterization of almost periodic functions.

Lemma 9.2 ([12]) A function ¢ € C(R, X) is almost periodic if and only if the
space of functions {¢; : T € R}, where (¢p;)(t) = ¢ (¢t + 1) is relatively compact in
BC(R; X).

In the sequel, we recall some preliminary results concerning the o — (i, v)-pseudo-
almost periodic functions.
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8(R; Xy, 1, v) stands for the space of functions

+7

. 1
BR; X 1 0) = {u € BOR; X,) : Jim o | w@ledinto =o}.

To study delayed differential equations for which the history belongs to
C([—r, 0]; X), we need to introduce the space

, 1
ER: Xy, 11, v, 1) = {u € BC®: Xo) s lim —

X/.-H( sup |u(6’)|a)d,u(t)=0}.

—7 NOet—r1]

In addition to the above-mentioned spaces, we consider the following spaces:

) 1
R x Xa 1, v) = {1 € BOR X Xai Xa) ; Am )

+T
xf |u<r,x>|adu(r>=o},

-7

1
B x Xao 1, v.) = [u € BOR x Xoi Xo) = Jim—m s

+t
x/ (sup Ju@®. )l )du) =0},
Oe

—T [t—r,t]

where in both cases the limit (as T — +400) is uniform in compact subset of X,,.

In view of previous definitions, it is clear that the space &(R; Xy, i, v, 7) is
continuously embedded in &(R; Xy, 1, v).

On the other hand, one can observe that a p-weighted pseudo-almost periodic
function is p-pseudo- almost periodic, where the measure p is absolutely contin-
uous with respect to the Lebesgue measure, and its Radon—Nikodym derivative is

p:
du(t) = p(t)dt,

and v is the usual Lebesgue measure on R, i.e., v([—7, t]) = 27 forall T > 0.

Example ([6]) Let p be a nonnegative 98-measurable function. Denote by w the
positive measure defined by

w(A) :/p(t)dt, for A€ B, 9.3)
A
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where dt denotes the Lebesgue measure on R. The function p, which occurs in
Eq. (9.3), is called the Radon—Nikodym derivative of  with respect to the Lebesgue
measure on R.

From u, v € M, we formulate the following hypothesis:

(Hz) Letu, v € Mbe such that lim sup ml=z. 7D _

=4 < o0.
r—>+o0 V([—7,7])

We have the following result.

Lemma 9.3 Assume (Hz) holds, and let f € BCR;Xy). Then f €
ER; Xy, 1, v) if and only if for any ¢ > 0,

/L(Mt,s(f)) -0

t—>+00 V([—7, 7]

9
where

M. (f)={tel-t,7]: |f®l« = €}.

Proof Suppose that f € &R; X, 1, v). Then

1 +t 1
- od _ g
o=t ). |f (@) |adu(t) =D e, | £ ()|ad ()
1
- od
+v([—r, 'C]) /[A—-:,f]\MT’E(f) |f(t)| M(t)
> L | f ()]ladu(r)
S ) Ju T
> M
U([—‘L’, T])
Consequently,
WMz () _

t—=+oo v([—7, 7]
Suppose that f € BC(R; X) such that for any ¢ > 0,

M(Mr,s(f)) _

t—>+oo V([—T1, 7]

We can assume | f ()|, < N for all € R. Using (H3), we have
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+7 1
— lfDledp(t) = ——— | f()|ad (1)
v([—-t,7]) J A v([=7, D) M, .(p) Ol
1
+—/ | f () |ad (1)
v([=7, T]) Ji—r. e \Mre ()
< —N / du(t)
= 2
v([=7, 7D Jm.. ()
1
+—/ | f(D)]adu(r)
v([=7, 7D Jie oMo ()
N
< — dp(r)
v([=7,7]) M, ()
e
+—/ du(t)
v([=7, 7D Ji—r.1)
N ep([—1, 7))
<— uM et NESRES
= v o M T
which implies that
. 1 +
rllToom . |f(l)|adﬂ(t) < de for any & > 0.
Therefore, f € E(R; X4, 1, v).
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Definition 9.4 Let i, v € M. A bounded continuous function ¢ : R — X, is
called (i, v)-pseudo-almost periodic if ¢ = ¢ + ¢, where ¢; € AP(R, Xy) and

¢2 € %(Rv XO{» M’ 1)).
We denote by PAP(R; X,, i, v) the space of all such functions.

Definition 9.5 Let 1, v € M. A bounded continuous function ¢ : R x X, — X
is called uniformly (u, v)-pseudo-almost periodic if ¢ = ¢1 + ¢, where ¢; €

AP(R x Xy; Xo) and ¢ € E(R x Xg, 1, v).
We denote by PAP(R x Xy, i, v) the space of all such functions.

Definition 9.6 Let u,v € M. A bounded continuous function ¢ : R — X,
is called (u, v)-pseudo-almost periodic of class r if ¢ = ¢1 + ¢, where ¢; €

AP(R; Xy) and ¢ € ER; Xy, t, v, 7).
We denote by PAP(R; Xy, i, v, r) the space of all such functions.

Definition 9.7 Let i, v € M. A bounded continuous function ¢ : R x X, — Xy
is called uniformly (u, v)-pseudo-almost periodic of class r if ¢ = ¢ + ¢, where

¢1 € AP(R x Xy; Xy) and 2 € ER X Xy, 1, v, 7).
We denote by PAP(R x X, i, v, r) the space of all such functions.
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9.5 Properties of (©, v)-Pseudo-almost Periodic Functions of
Class r

Lemma 9.4 Assume that (Hy) holds. The space ER; Xy, i, v, r) endowed with
the uniform topology norm is a Banach space.

Proof We can see that &(R; Xy, u, v, r) is a vector subspace of BC(R; Xy).
To complete the proof, it is enough to prove that &(R; X, u, v, r) is closed in
BC(R; Xy). Let (z,), be a sequence in &R; X, i, v, r) such that lim,_, 4 o 2, =
z uniformly in R. From v(R) = 400, it follows v([—7, t]) > O for 7 sufficiently

large. Let ||z||co,« = sup |2(?)|« and ng € N such that for all n > no, ||z — z2llcc.a <
teR
e. Let n > ng; then we have

1 +t
_ ) )du(t
e e (g, kOl

1 +t

S L (g, @ =l auo

+r
V([ T, r])/ QEEUP” |Zn(9)|a)d,u(t)

1 +t
= M/_T (SUP|Zn(f) _Z(t)|oz)d,u(t)

teR
1 +t
=) /_ (e @)
u(—r,t])
= ”Z” - Z”OO,Ot X m
1 +t

(sup 12 ®la)dn).

T
v([—t, 7D J oelt—r,t]

We deduce that
1 +t
limsup ——— ( sup |Z(9)|a>d,u(t) < é¢ forany e > 0.
t—+o0 V([=7,7]) Jo¢ VNoep—rn

From the definition of PAP(R; Xy, u, v, r), we deduce the following result.

Proposition 9.4 Assume that (Hy) holds, and let w,v € M. The space
PAP(R; Xy, i, v, r) endowed with the uniform topology norm is a Banach space.

Next result is a characterization of « — (i, v)-ergodic functions of class 7.
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Theorem 9.2 Assume that (Hp) holds, and let w,v € M and I be a bounded
interval (eventually I = @). Assume that f € BC(R, Xy). Then the following
assertions are equivalent:

(i) fe@&R, Xy, u,v,r).

i) i _ Nle )d =0.
() oo v([=7, TI\ D Ji—¢, o1 (GE?IU_[:‘J]U(( ) ) ui)

u({t €l-7,tI\I: sup [f(O)]a > 8})

Oelt—r,t]

(iii) Foranye > 0, lim =0.

T—>+00 v([—=z, 7]\ D)

Proof (i) < (ii) Denote by A = v(I), B = / ( sup |f(9)|a>du(t). We have
I NOelt—r1]
A and B € R, since the interval [ is bounded and the function f is bounded and

continuous. For T > O such that I C [—7, t]and v([—7, 7]\ I) > 0, we have

1
- o)
v([—t, tI\ D Sl (9;:1_11” Lf )l ) w(t)

m”{_m (96?}3’” |f(9)|a)du(t) - B]

(=7, 7)) I / B
= N|o )d - .
(=, r])—A[vq—r, D S <9€??3,t]'f ©)la)dn(t) (=, r])]

From the above equalities and the fact that v(R) = 400, we deduce that (ii) is
equivalent to

1 +7
lim ———— sup | f(@)la)du(t) =0,
t—>+oo v([—7,T]) J_; (ae[t—pr,t] f )

that is (7).
(iii) = (ii) Denote by A% and B the following sets

Ai:[te[—t,r]\l: sup |f(9)|a>e} and

Oe[t—r,t]

Bﬁ:[ze[—r,r]\l): sup |f(9)|a53}.

Oelt—r,t]
Assume that (iii) holds, that is

w(A%)

T e D .

From the equality



242 1. Zabsonre et al.

/[r v ( sup ]|f(9)|a>d/i(t) = /AS ( sup |f(9)|a>du(t)

Oelt—r,t Oelt—r,t]

[ (s 17@)auw.
Be \oe

[t—r,t]

we deduce that for t sufficiently large

1 W(AY)
- - 2] o d < ooa—f
s a\ D) [_f,f]\z(eeff_"r,t]'f O)la)u(®) < 1l (=7, 1IN D)
n(B?)

+e——r.
v([—z, I\ D)
By using (Hy), it follows that

1 +t

lim —— sup | f(@)|)du(t) < e, forany & > 0,
oo v([—7,7D) ), (ee[[_pm] ) Y

and consequently (ii) holds.
(ii) = (iii) Assume that (ii) holds. From the following inequality

/[_”]\1 ( sup |f(9)|a)dli(t) > /A5 ( sup ]|f(9)|a>du(t)

Oelt—r,t] Oelt—r,t
1 w(A%)
At (swp 17 @l)dn@ = =00
v([=7, T\ D) Ji—c,o0\1 Noeli—rn) v([—z, 7]\ )
1 w(A%)
. (swp 1 O)dui) = 00—
ev([—7, T\ D) Ji—v, o0\ Noelr—r1) v([—z, 7]\ )
for 7 sufficiently large, we obtain Eq. (9.4), that is, iii). ]

From u € M, we formulate the following hypotheses:

(H3) Foralla, b,and c € R, suchthat 0 < a < b < c, there exist §g and cg > 0
such that

[8] > 80 = m(a +38,b+8) > agu(s, c +9).
(Hy) Forall T € R, there exist 8 > 0 and a bounded interval 7 such that
u{a+t: ae A} < Bu(A) when A € & satisfies ANIT = @.

We have the following results due to [6].
Lemma 9.5 ([6]) Hypothesis (Hyg) implies (H3).
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Proposition 9.5 ([5,8]) w«, v € Msatisfy (Hz) and f € PAP(R; X, u, v) be such
that

f=g+h
where g € AP(R, X) and h € ER, X, i, v). Then
{g(t), t e R} C {f(r), t € R} (the closure of the range of f).

Corollary 9.1 ([8]) Assume that (H3) holds. Then the decomposition of a (i, v)-
pseudo-almost periodic function in the form f = g + ¢, where g € AP(R; X) and
¢ € ER; X, u, v) is unique.
The following corollary is a consequence of Theorem 9.2.

Proposition 9.6 Let u, v € M. Assume (H3z) holds. Then the decomposition of a
a — (1, v)-pseudo-almost periodic function ¢ = ¢1 + ¢, where 1 € AP(R; Xy)
and ¢ € ER; Xy, 1, v, r), is unique.

Proof In fact, since as a consequence of Corollary 9.1, the decomposition of a
(u, v)-pseudo-almost periodic function ¢ = ¢ + ¢», where ¢ € AP(R; X,) and

¢ € ER; Xy, 1, v), is unique. Since PAP(R; Xy, u,v) C PAPR; X, u, v)
and PAP(R; Xy, ,v,r) C PAP(R; Xq, i, v), we get the desired result. ]

Definition 9.8 Let 1¢1, uo € M. We say that p is equivalent to p», denoting this
as ;1 ~ W if there exist constants o and 8 > 0 and a bounded interval I (eventually
I = @) such that

api(A) < ua(A) < Bui(A), when A € A satisfies AN T = @.

From [6] ~ is a binary equivalence relation on M. The equivalence class of a
given measure 4 € M will then be denoted by

cp)={weM: u~w}
Theorem 9.3 Let wuy, uo,vi,vo € M If u1 ~ wup and vi ~ vy, then
PAPR; Xo, 1, v1,7) = PAP(R; Xg, 2, v2,7).

Proof Since w1 ~ up and vy ~ vy, there exist some constants o1, a2, 81, B2 >
0, and a bounded interval I (eventually I = @) such that aju;(A) < pa(A) <
Bim1(A) and arvi(A) < v(A) < Brvi(A) for each A € % satisfies ANT = @
ie.,

1 - 1 - 1
Bavi(A) ~ 1n(A) T avi(A)
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Since n1 ~ po and A is the Lebesgue o-field, we obtain for 7 sufficiently large
that

ayu(frel—t e\ 1: s 1O > e))

Oelt—r,t]

Bovi([—7, I\ 1)
wa(frel—rrns: sup IHCD )

Oelt—r,t

n—nt\ D
pun(freteanss s 17O =)

O€lt—r,t
avi([—t, 7]\ 1)

=

=

By using Theorem 9.2, we deduce that E(R, X4, i1, vi,7) = R, Xy, 2, va, r).
From the definition of a (u, v)-pseudo-almost periodic function, we deduce that
PAP(R; Xq, p1,v1,r) = PAP(R; Xq, 12, v2, 7). L

Let i, v € M. We denote by
c(u,v) ={w,mpy e M: u~wand v ~ ws}.

In what follows, we prove some preliminary results concerning the composition
of (u, v)-pseudo-almost periodic functions of class 7.

Theorem 9.4 Let u,v € M, ¢ € PAPR x Xq4,u,v,r), and h €
PAPR; Xy, p, v, 7). Assume that there exists a function Ly : R — [0, +-00[
such that

o, x1) —p(t, x2)| < Ly()|x1 — x2l for t €R andfor xi,x € X,.

9.5)
If
limsup; ' ( sup L¢(9)>du(t) < 00 and
1400 V([—T,7]) J_¢ Oelt—r,t]
. 1 tr
s [, (g, o)eowo =0 0o

for each ¢ € &R, R, u,v), then the function t — ¢ (t, h(t)) belongs to
PAP(R; Xo, p, v, 7).

Proof Assumethatp = ¢1+¢2, h = hi+hy, where p; € AP(Rx Xqy; Xy), ¢2 €
EMR x Xy, m,v,r)yand hy € AP(R; Xy), hy € &R; Xy, i, v, r). Consider the
following decomposition:

¢, h(t)) = d1(t, h1(1) + (91, h(1)) — @ (1, hi ()] + ¢2(t, h1(1)).
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Since h1 € AP(R; Xy), Lemma 9.2 implies that the set K = {h1, : 7 € R}is
relatively compact in BC (R, X,,). Consequently, since ¢; € AP(R x Xy; Xy), then
for all ¢ > 0, there exists a relatively dense subset of R denoted by K{(¢, ¢1, K) such
that |¢p(t +7,x) —p(t,x)|o <cforallt e R, x € K, t € K(e, ¢1, K). It follows
that ¢1(., h1(.)) € AP(R; Xy ). It remains to prove that both ¢ (., h(.)) — ¢ (., h1(.))
and ¢2(., h1(.)) belong to ER; X, 1, v, r). Consequently, using inequality (9.5),
it follows that

w({ret-ra: sw 19600 = 90. 1O > e})

Oelt—r,t

v([=7, D)
w(fret—nm: s L@In©l) > )

Oelt—r,t]

v([=z, 7])

IA

/,L({l‘ el—1,1]: (Gesup L¢(9))( sup ]|h2(6)|a) > 8})

[t—r,t] Oelt—r,t

v([—7,7])

=<

Since hj is (u, v)-ergodic of class r, Theorem 9.2 and Eq. (9.6) yield that for the
above-mentioned &, we have

u({t e[-7.1]: <9€?tu—prt] L¢(0))<0€iu_pr , |h2(9)|a) > s})
L =X =0

and then we obtain

u(fret—ea1: sup 19@.0©) = @@ 1E)l0 > o})
. O€lt—r.t]
lim =0.
o vz 7D
9.7

By Theorem 9.2, Eq. (9.7) shows that ¢ — ¢ (¢, h(t)) — ¢ (¢, h1(2)) is (u, v)-ergodic
of class r.

Now to complete the proof, it is enough to prove that t — ¢ (¢, h(2)) is
(u, v)-ergodic of class r. Since ¢, is uniformly continuous on the compact set
K = {h1(t) : t € R} with respect to the second variable x, we deduce that for
given ¢ > 0, there exists § > 0 such that, for all € R, & and &, € K, one has

&1 — & <6 = |¢2(t, 1) — (1, 8)|e < €.

Therefore, there exist n(e) and {z,-};fl) C K, such that
n(e)
K c | Bs@i, 9,

i=1
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and then
n(e)
g2t i@ < &4+ > e, 2.
1
Since
1 T
Viefl,...,n(e)}, lim ——— sup  [$2(0, zi)la )du(t) =0,
t—>+oo v([—7,T]) J_; (ee[t—pr,t] l a>
we deduce that
1 T
Ve >0, limsup——— [ ( sup 1920, h (1)l )dn(r) < e,
t—+oo V([—T,7]) J_¢ felt—r.t]

which implies
N —— / (w1201 @)l )diate) = .
r=to0 u(l=7, 7)) J o \oe

[t—r,t]

Consequently, t — ¢o(t, h(t)) is (i, v)-ergodic of class r. |
For u € Mand § € R, we denote s the positive measure on (R, 98) defined by

us(A) = pu(la+8: ae A). 9.83)

Lemma 9.6 ([6]) Let u© € M satisfy (Hy). Then the measures p and us are
equivalent for all 5 € R.

Lemma 9.7 ([6]) (Hy) implies

forall o >0 limsup plzr o r+ob < +o0.
T—>+00 u(—rz, 7D

We have the following result.

Theorem 9.5 Assume that (Hy) holds. Let 1, v € Mand¢ € PAP(R; Xy, i, v,r);
then the functiont — ¢, belongs to PAP(Cqy, L, v, 1).

Proof Assume that ¢ = g + h, where g € AP(R; Xy) and i € E(R; Xy, i, v, 7).
Then we can see that ¢; = g; + h;, and g; is almost periodic. Let us denote by

1 +t
M = — h(9)|q )d ,
0= e e (g O

where us and vs are the positive measures defined by Eq.(9.8). By using
Lemma 9.6, it follows that us5 and w are equivalent and vs and v are also equivalent.
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Then by using Theorem 9.3, we have &(R; Xy, us, vs,r) = ER; Xy, 1, v,7);

therefore, h € E(R; X, us, vs, r), that is,

lim Mgs(t) =0, forall § e R.
T—+00

On the other hand, for » > 0, we have

+'L’
v([—1, r])/ sup SUP |h(9+$)|a])du(l‘)

Oelt—r,t] =&€[—r,0]

+t

v L)
< u([—r, ) J_; (ee[flirz)r,,]l () ) w(t)

1 +T
_ h(@)|e + h®)|g )d
s L (o Ol s hO)du)
1 +Tt—r
=i )L, (o, rok)aua+n
+7
_ h®)|q )d
= (eef,“_p”' ©)la)du(t)
+T+r
< [ swp hO))dut+ )
v([—t,7]) Jor— felt—r.t]
1 +T
o L (2o WOk )du
- [v([—t - T —i—r])]
(7. D)
+t+r
y ! / (swp 1RO )dut+n)
v([-t—rt+r]lJ - felt—r,t)

1 +t
toie )L (s @),

—7 NOe[t—r1]

Consequently,

1 i
- h(o ol )d
e L (o [ sw 106+ 6)])ane

- [v([—t —rt+4+r))
- v([—7, 7]

1 tT

=

] X M,(t +r)

(sup 1h@O)la)dno),

Oelt—r,t]
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which shows using Lemmas 9.6 and 9.7 that ¢, belongs to PAP(Cy, i, v, r). Thus,
we obtain the desired result. |

Lemma 9.8 ([8]) Let u,v € M satisfy (Hg). Then PAP(R, X, 1, v) is invariant
by translation, that is, f € PAP(R, X, u,v) implies f,, € PAP(R, X, u, v) for
ally e R

Corollary 9.2 Let u,v € M satisfy (Hy). Then PAP(R, X, u, v, r) is invariant
by translation, that is, f € PAP(R, X, u, v, r) implies f, € PAP(R, X, u,v,r)
forally e R.

Proof 1t suffices to prove that &R, X, u, v, r) is invariant by translation. Let f €

&R, X, u,v,00)and F'(@) = sup |f(0)|. Then F' € &R, R, 1, v), but since
Oelt—r.1]

&R, R, i, v) is invariant by translation, it follows that

T

T
F'(0 4+ y)du(t) = lim

lim ———— — ‘ 0+ )ldu(r) =0,
r—iToo v([—t, 7] J_¢ t>+oo v([—1,7]) J_; 96?,11_}),’,] L@+ p)ldui)
which implies that f(. +y) € PAPR, X, u, v, r). |

9.6 (u,v)-Pseudo-almost Periodic Solutions of Class r

In what follows, we will be looking at the existence of bounded integral solutions
of class r of Eq. (9.1).

Proposition 9.7 [3] Assume that (Hy) and (Hy) hold and the semigroup (U(t));>0
is hyperbolic. If f is bounded on R, then there exists a unique bounded solution u
of Eq.(9.1) on R, given by

t

u; = lim U (1 — s)TT* (B3 Xo f(5))ds

A—=>+00 ) o

t

+ lim U (t — $)T“(B, Xo f (s))ds for t € R,

A—=>~400 J 1o

where B), = AL — Aq)~! for A > @, and T1° and T1* are the projections of Cq
onto the stable and unstable subspaces, respectively.

Proposition 9.8 Leth € AP(R; X) and I be the mapping defined for t € R by

t
Th(t) = [A lim / U (1 — s)IT* (B3 Xoh(s))ds
t

+ lim U (1 — s)H“(ﬁ;LXoh(s))ds](O).

A—=>+00 J 1o

ThenTh € AP(R, X,).
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Proof We can see that 'h € BC(R; X,). In fact,

t
ITh(Ole < lim/ U (¢ — $)IT°(By. Xoh(5))|ads
A—>+00 ) _~o

+00 -
+ lim |U" (r — s)l'[”(B;LXoh(s))|ads](O)

A—>+00 J;

t

< lim 1AL (¢t — )T (B, Xoh(s)) |ds
—0o0

A——+00
+00 -
+ lim A U (¢ —s)l'[”(B)\Xoh(s))Hds](O)
A—>+00 J;
t —w(t—s)
—oo (t—8)®
+o00 ew(t—s)
' (s — 1)«
t —w(t—s)
oo (t—8)®
+oo Lw(t—s)
t (s — )
t —w(t—s)
—oo (E—5)
+00 ,—w(s—t)
' (s — 0«
< 2KllAlloo /+°° s g _ 2Kl I"(X —06)
0

<MM ITT*| |lh(s)llds

+MM

ITT“] |2 (s)lds

<MM ITT*| || (s)llds

+MM [T1“] [|h(s)|lds

<MM ITT*| |h(s)llds

+MM [TT| ||A(s)||ds

wl—o wl—o

where K = max(ﬁ]\? |TT%], MM |T1#]). Since A is an almost periodic function, then

the set of functions {h; : § € R}, h(t) = h(t + ), is precompact in BC(R; X).
On the other hand, we have

(Th)< (1) = (Th)(t + r)

=| lim (LIA (t + 1 — $)IT*(B). Xoh(s))ds
x—>+oo
+T ~
+ lim U+ — s)l'[“(B,\Xoh(s))ds]

A—=>+00 J o0

=| lim (LIV (t — $)IT°(B; Xoh(s + 1))ds

)\%Jroo
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t

4 lim Ut — )T (B, Xoh(s + t))ds]
A=>+00 J oo
=| lim (le(t — )T (B3 Xoh, (s))ds
A%Jroo
t
+ lim U — s)H”(BAXoh,(s))ds]
A—>+00 +oo

= (Thy)(¢) forall t € R.

Thus (I'h); = (T'hy), which implies that {(T'h)s : § € R} is relatively compact in
BC(R; X,) since I" is continuous from BC(R; X) into BC(R; X). Thus, 'k €
AP(R, Xy). |

Theorem 9.6 Let 1, v € M satisfy (Hg) and g € ER; X, u,v,r). Then I'g €
%(Rv XO[! M’ Vv r)'

Proof In fact, for t > 0, we get

/_ (swp Mgl )dn®

oelt—r,t]

T 0
< / (sup [ lim / U (0 — )T (Bx Xog(5))|adls

oelt—r] L A=+ J 0o
+00 N
+lim U O = )T (B, Xog () ladls | 0) ) dpa(r)
A—>+00 Jg

T 0
<[ (s [tim [ 1geee - om Exogs)lds
be —0o0

[t—r,r] LA—>+00

“+o00 -
+ lim A5 U 0 — )T (B, Xog () s |(0) ) dpu(o)
A—>+00 Jg

. T 6 efw(é s)
< Wi su / C I g (o)lds (o)
<ee[t—pr,z] oo (0 —s5)* § )

. T +o0 ,w(0—s)
+ i [ swp / 21T 1g()lds ) (e)
ocfi—r]Jo (s —0)

T 0 g—w(®—s)
k[ (o [ Goeteoras)ano

T +o00 ew(@—s)
+ su ———|g(s)lds )du(t) |,
./4 (ee[zpr,z]fe (s —0)* ) ]
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where K = max(ﬁ]\? [TT5], MM [IT#]). On the one hand, using Fubini’s theorem,

we have
T % e—w(@—s)
sup / ——|g(s)|ds )d (1)
[‘[ <96[17r,tl 00 @ — ) )

T “+o00 e S
< / (sup / 180 — 9)lds )dpu(0)
—17 ‘e 0 s

[t—r,t]

+00 ,—ws T
ff — ( sup f |g(9—S)|d/L(t))ds.
0 N _r

oelt—r,t]

By the Lebesgue dominated convergence theorem and by using Corollary 9.2, it
follows that

) +00 p—ws 1

lim _

t—>+00 Jo s¢ v(—rt, 1]

( sup / " 150 — )ldp())ds =

Oelt—r,t]
On the other hand by Fubini’s theorem, we also have

T +oo ew(@—s)
/l,( Sup /0 mlg(S)ldS>du(t)

Oelt—r,t]

T “+o00 e~ S
< f (sup / 18G5 + 0)lds )du(0)
—7 ‘e s

[t—r,t]JO

+o0o ,—ws T
5/ : a ( sup / |g(S+9)|dM(t))ds
0 s _r

gelt—r,t]

Reasoning like above, it follows that

+00 e—ws T
lim ( sup / |g(s+0)|dp,(r))ds -
T—>+00 Jo 8% Noelr—rJ—7
Consequently,
1 T
lim ——— [ ( sup |T@)O)la)du() =0.
>+ v([—7, T]) J_r \gepr—rr
Thus, we obtain the desired result. ]

For the existence of (i, v)-pseudo-almost periodic solution of class r, we make
the following assumption.

Hs) f:R — Xisincl(u, v)-pseudo-almost periodic of class r.
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Proposition 9.9 Assume (Hy), (Hy), (H3), and (Hs) hold. Then Eq.(9.1) has a
unique o — cl(j, v)-pseudo-almost periodic solution of class r.

Proof Since f is a (i, v)-pseudo-almost periodic function, f has a decomposition
f = fi+ fo, where fi € APR;X) and f, € &R; X, u,v,r). Using
Propositions 9.7, 9.8 and Theorem 9.6, we get the desired result. |

Our next objective is to show the existence of (u, v)-pseudo-almost periodic
solutions of class r for the following problem:
u'(t) = —Au(t) + L(us) + f(t,u;) fort € R, 9.9)
where f : R x C, — X is continuous.
For the sequel, we make the following assumption.
Hg) Letpu,ve Mand f : R x Cy — X cl(u, v)-pseudo-almost periodic of

class r such that there exists a positive constant L ¢ such that

Nf(t, o1) — ft, o) < Lrllgr —@2llc, forall t e R and ¢1, ¢ € Cy,

and Ly satisfies (9.6).

Theorem 9.7 Assume (Hy), (Hy), (Hz), (H3), and (Hg) hold. If
2KL¢T(1 —
bl Sl ( @) <1

wl—o

then Eq. (9.9) has a unique o — cl (i, v)-pseudo-almost periodic solution of class r.

Proof Let x be a function in PAP(R; X, i, v, r), and from Theorem 9.5, the
function + — x; belongs to PAP(Cy, i, r). Hence, Theorem 9.4 implies that the
function g(.) := f(.,x)isin PAP(R; X, u, r). Consider the mapping

H: PAPR; Xy, i, v,7) = PAPR; Xo, i, v,7)

defined for r € R by

t
(Hx)(1) = [Agrfoo/ U (t — )T (By X0 f (s, x5))ds

t

+ lim U (t — s)T1"(By Xo f (s, xs))ds](O).
A—>+00 4o

From Propositions 9.7, 9.8 and taking into account Theorem 9.6, it suffices now
to show that the operator H has a unique fixed point in PAP(R; Xy, u, r). Let
x1,x2 € PAP(R; X4, i, v, r). Then we have
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| Hx1(t) — Hxo()]o <

IA

IA

IA

t
\A tlim / L (¢ — )T By XoL £ (5, x15)

(s xi)ds|,
t

+‘ lim U (1 — $)TT* (ByXol £ (5, x25))

A—=>+00 J 1o

—f (s, x20)Mds|

t e—w(t—s)
KL ( ——|x1s — X25|ds
f /_m([_s)aln 25

+00 e—w(s—t)
+ — X1y — X ds)
'/; (S — t)a | s 2s|

—w(t—s)

ke <y
f</—oo  —s5) *

400 e—w(s—t))
+ —ds) x| — X
/t G _1)e |x1 — X2

1 +00 e
KLs(— ds
o' =% Jo s¢

1 100 5§
+ / —ads) lx1 — x2f
0 N

a)l—a

wl—o

2KL +0o
< S (/ e_ss_“ds)lxl — x|
0

2KLT(1 —a)

wl*ﬂt |x1 _-le-

This means that H is a strict contraction. Thus by Banach’s fixed point theorem, H
has a unique fixed point # in PAP(R; X, u, v, r). We conclude that Eq. (9.9) has
one and only one c/(u, v)-pseudo-almost periodic solution of class r. |

9.7 Application

For illustration, we propose to study the existence of solutions for the following

model:
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(l x) = (t )C) +/ G(O) (f 9 )d@ - t— ! (\/Et)
Z‘Z s 2Z s . z(t+0,x C \/_C

5
aretan(r) + h(t, =-z2(t +6,)) for t € Rand x € [0, 7]
X
72(t,0) = z(¢t,7) =0 for r € R,
9.10)

where G : [—r, 0] — R is a continuous function and 2 : R x R — R is Lipschitz
continuous with respect to the second argument. To rewrite equation (9.10) in the
abstract form, we introduce the space X = L2([0, 7]; R) vanishing at 0 and 7,
equipped with the L? norm that is to say for all x € X,

g 1
el 2 = ( /O x()ds)*

Let A: X — X be defined by

{D(A) = H%(0,7) N H} (0, )
Ay =y,

Then the spectrum o (A) of A equals to the point spectrum o, (A) and is given by
o(A) =0,(A) ={—n”: n =1},

and the associated eigenfunctions (e, ),>1 are given by

e, (s) = \/zsin(ns), s € [0, ].
T

Then the operator is computed by

+o00
Ay = Zn2(y, en)en, y € D(A).

n=1

+00
Foreach y € D(A%) ={yeX: Zn(y, en)e, € X}, the operator A% is given by

n=1

. +00
A2y = "n(y.enen. y € D(A).

n=1
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Lemma 9.9 ([11]) If y € D(A%), then y is absolutely continuous, y' € X, and
1

Iyl =1A2yl.

It is well known that — A is the generator of a compact analytic semigroup (7 (¢))s>0

on X that is given by

too
T()x = Ze_" "(x,en)en, x € X.

n=1

1
Then (Hy) and (Hj) are satisfied. Here we choose o = 7
We define f : R x C% — Xand L : C% — X as follows:

ft,¢)(x) = —cost — L cos(«/zt) + arctan(t)

V2

9
—i—h(t, —go(@,x)) for x € [0, 7] and 7 € R,
ox

0
L(p)(x) = / G®)p@®,x))dd for —r <60 <0 and x € [0, 7].

—r

Let us pose v(t) = z(¢, x). Then Eq. (9.10) takes the following abstract form:
V() = Av(t) + L(v) + f(t, v) fort € R. 9.11)

Consider the measures u and v where its Radon—Nikodym derivatives are, respec-
tively, p1, p2 : R — R defined by

1 for t >0

p1(t) =
e for t <0

and

p2(t) = |t] for t € R,

i.e., du(t) = p1(t)dt and dv(t) = pa(¢)dt where dt denotes the Lebesgue measure
on R and

w(A) = / p1(1)dt for v(A) =/p2(t)dt for A € B.
A A

From [6], u, v € M, and u, v satisfy Hypothesis (Hy).
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We have

0 T
d / d
u(—z, 7] /_fe o 0 '

limsup ——— = limsu
() e [
0

. l—et+1
= limsup ————
T

T—+00

=0 < o0,

which implies that (Hj) is satisfied.

1
Since Az (— cost— E cos(\/it)) =sint+ sin(«/it) and 1 — sin 7+ sin(v/2f)

1
belongs to AP (R, X), it follows that t — ( — cost — E cos(\/it)) belongs to
AP(R, X 1 ). On the other hand, we have the following:

1 +T 1
_ sup |arctan(f)|1dt = ——
v([—=7, 7D J-t pefr—ri 2 v([—7, 7]

+7 .
x/ sup |A2 arctan(9)|dt
—7 felt—rt]

1 + 1
T — sup (—)dt
v([—=7,7]) Jor oefi—ra N1 +62

< M([_T’ 7:])
IRV (e 2 4))

— 0as t — +o0.

It follows that r +— arctant is (i, v)-ergodic of class r; consequently, f is uniformly
(u, v)-pseudo-almost periodic of class r. Moreover, L is a bounded linear operator
from C to X.

2
Let k be the Lipschitz constant of 4; then for every ¢, ¢» € C 1 andt > 0, we
have

1/t o)) = F el = (/On [1(0. 3-0160.)

it g0 )’

< [ (Zon0.0 - 200) ar]
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<Ly sup [/On (%W(Q,x)

—r<6<0

1

_%(pz(e,x))zdx]z

< Lulle1 — ¢2lic, -

Consequently, we conclude that f is Lipschitz continuous and cl(u, v)-pseudo-
almost periodic of class r.

0
Lemma 9.10 ([9]) If |G(0)|d0 < 1, then the semigroup (U(t));>0 is hyper-

—r

bolic.
2 _
For example, let us pose G(0) = m for 6 € [—r, 0]. Then we can see that
/Olc(e)ue /0 o1 ‘d@ [ i ]O L liftr<l
— e = < Immr<
—_r _ 102+ 1)2 62 4+11-r  r24+1

and

0 0 92—1 g1 0 —62+1
G (6 dG:/ —)492/ —d9+/ 7T e
/—r| ( )| —r (‘92+ 1)2 —r (92+ 1)2 —1 (92+ 1)2

<1l if r>1.

r2+1

By Proposition 9.7, we deduce the following result.

Theorem 9.8 Under the above assumptions, if Lip(h) is small enough, then
Eq. (9.11) has a unique cl(u, v)-pseudo-almost periodic solution v of class r.

Acknowledgments The authors would like to thank the referees for a careful reading and several
constructive comments and making some useful corrections that have improved the presentation
of the paper.

References

1. M. Adimy, K. Ezzinbi, Existence and linearized stability for partial neutral functional
differential equations. Differ. Equ. Dyn. Syst. 7, 371-417 (1999)

2. M. Adimy, K. Ezzinbi, Existence and stability in the o-norm for partial functional differential
equations of neutral type. Annali di Matematica Pura ed Applicata 185(3), 437-460 (2006)



258

3.

10.

11.

12.

13.

14.

1. Zabsonre et al.

M. Adimy, A. Elazzouzi, K. Ezzinbi, Reduction principle and dynamic behaviors for a class
of partial functional differential equations. Nonlinear Analy. Theory Methods Appl. 71, 1709—
1727 (2009)

. M. Adimy, K. Ezzinbi, M. Laklach, Spectral decomposition for partial neutral functional

differential equations. Can. Appl. Math. Quart. 9(1), 1-34 (2001)

. J. Blot, P. Cieutat, K. Ezzinbi, Measure theory and pseudo almost automorphic functions: new

developments and applications. Nonlinear Analy. 75, 2426-2447 (2012)

. J. Blot, P. Cieutat, K. Ezzinbi, New approach for weighted pseudo almost periodic functions

under the light of measure theory, basic results and applications. Appl. Analy. 92, 493-526
(2013)

. T. Diagana, Weighted pseudo-almost periodic solutions to some differential equations. Nonlin-

ear Anal. Theory Methods Appl. 68(8), 2250-2260 (2008)

. T. Diagana, K. Ezzinbi, M. Miraoui, Pseudo-almost periodic and pseudo-almost automorphic

solutions to some evolution equations involving theoretical measure theory. CUBO A Math. J.
16(02), 01-31 (2014)

. K. Ezzinbi, S. Fatajou, G.M. N’Guérékata, C"-almost automorphic solutions for partial neutral

functional differential equations. Appl. Analy. 86(9), 1127-1146 (2007)

A. Pazy, Semigroups of Linear Operators and Application to Partial Differential Equation,
Applied Mathematical Sciences, vol. 44 (Springer, New York, 1983)

C.C. Travis, G.F. Webb, Existence, stability, and compactness in the a-norm for partial
functional differential equations. Trans. Amer. Math. Soc. 240, 129-143 (1978)

S. Zaidman, Almost-Periodic Functions in Abstract Spaces. Research Notes in Mathematics,
vol. 126 (Pitman (Advanced Publishing Program), Boston, 1985)

C. Zhang, Integration of vector-valued pseudo-almost periodic functions. Proc. Am. Math. Soc.
121(1), 167-174 (1994)

C. Zhang, Pseudo almost periodic solutions of some differential equations. J. Math. Anal. Appl.
181(1), 62-76 (1994)

. C. Zhang, Pseudo almost periodic solutions of some differential equations II. J. Math. Anal.

Appl. 192(2), 543-561 (1995)



Chapter 10 )
Global Stability for a Delay SIR e
Epidemic Model with General Incidence
Function, Observers Design

Aboudramane Guiro, Dramane Quedraogo, and Harouna OQuedraogo

Abstract In (Connell McCuskey, Nonlinear Anal RWA 11:3106-3109, 2010), the
authors presented an SIR model of disease transmission with delay in a particular
nonlinear incidence. In their work, they showed the global stability of the endemic
equilibrium for the reproduction number Ry is greater than one. In this chapter, we
reviewed on the same model with delay in general incidence function. The global
stability of the endemic equilibrium is studied for Ry > 1 by using a Lyapunov
functional. With supposed well-known parameters, we built simple observer and a
high-gain observer using a canonical controller form. Then, we proposed nonlinear
auxilary dynamical systems which are used for the implementation. Numerical
simulations are included in order to test the behaviour and the performance of the
given observers.

Keywords Epidemic model - SIR - Delays - Global stability - Lyapunov
function - Reproduction number - General incidence function - Observability -
Observer - High gain

10.1 Introduction

In the modelling of the dynamics of infectious diseases such as dengue [7] and
chikungunya [14], a common model structure involves dividing the population into
three classes: susceptible, infectious, and recovered individuals. In this chapter,
we consider an SIR model of disease transmission in [4]. In this chapter, it is a
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refinement of hypothesis and a genraralization of earlier models based on incidence

. T
function

ol The model in [4] keeps pointing out the saturation in the force of
o
infection by usirfg the general incidence function f (S, I7).

In [4], a detailed analysis of the current model is presented. It is shown that
if the basic reproduction number R is less or equal to one, then the disease-
free equilibrium is globally asymptotically stable. If Ry > 1, then the endemic
equilibrium is globally asymptotically stable, without any further conditions on the
parameters.

Our approach is to use here a Lyapunov functional similar to those used in [5, 6,
16] for various mass action types.

In this chapter, we show that when Ry > 1, the endemic equilibrium is globally
asymptotically stable by using a suitable Lyapunov functional.

Now by considering the system

X :gl(x) (10.1)

and assuming that (1) is a good model of the system under consideration, when it is
possible to get the value of the state at some time f, then it is possible to compute
x(t) for all t > tg by integrating the differential equation with the initial condition
X (tp). Unfortunately, it is often not possible to measure the whole state at a given
time, and therefore, it is not possible to integrate the differential equation because
one does not know an initial condition. One can only have a partial information of
the state, and this partial information is precisely given by y(¢) the output of the
system. Therefore, we shall show how to use this partial information y(¢) with the
given model in order to have a dynamical estimate X(¢) of the real unknown state
variable x(¢). This estimate will be produced by an auxiliary dynamical system
that uses the information y(¢) given by the system (10.4). This auxiliary dynamical
system form is

=@, ). (10.2)

The estimated error is e(t) = x(z) — x(¢) and satisfies the following equation given
by

¢ =g(x,y) — g1(x). (10.3)

e(t) = x(t) — x(t) — 0 when t — 400, regardless of initial conditions of system
(10.1) and system (10.2). A dynamical system (10.2) satisfying these conditions is
called an observer for system (10.1). When the convergence of x(¢) towards x ()
is exponential, the system (10.1) is an exponential observer. More precisely, system
(10.2) is an exponential observer for system (10.1) if there exists A > 0 such that,
for all + > 0 and for initial conditions (x(0), x(0)), the corresponding solutions of
(10.1) and (10.2) satisfy ||x(z) — x(¢)|| < exp(—Az)|x(0) — x(0)||. In this condition,
a good estimate of the real unmeasured state is rapidly obtained. One must notice
that the observer is not linked to the choice of initial condition of the observer.
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The use of observer theory in biological system is scarce; however, some authors
have reviewed on that (see Ngom et al. [15]; Guiro et al. [10]). In [15], an observer
has been constructed for a stage-structured discrete-time fishery model that exhibits
an unknown recruitment function. In [10], a stage-structured continuous model
is considered, and it is assumed that only the last class (mature individuals) is
harvested. So, in this present work, we use control theory (observability theory) to
construct an estimator (observer) for the system (10.4) when the measured (output)
variable is the infectious population, i.e., y(¢) = I (¢).

In this chapter, we construct a so-called simple observer as opposed to Gauthier—
Kupka-type observers [1, 8, 9] who require an extension by continuity of compact
space at the risk of the explosion of the system. The observer constructed here is
quite simple and is a copy of the original system augmented by a corrective term
that gives satisfactory results for the estimation of the states.

This chapter is organized as follows: The model description and basic results
are given in Sect. 10.2. In Sect. 10.3, the basic reproduction number and equi-
libria are presented. Section 10.4 contains the local and global stabilities of the
free-equilibrium point; in this part, we also study the global stability of the
endemic equilibrium. Section 10.5 introduces methods for designing an observer.
Section 10.6 is devoted to numerical simulation. Finally, in Sect. 10.7, we give
conclusions.

10.2 Model Presentation

In this model, the population is divided into susceptible, infectious, and recovered
classes with sizes S, I, and R, respectively. Recruitment of new individuals is into
the susceptible class, at a constant rate B. The death rates for the classes are w1, w2,
and u3, respectively. The average time spent in class I before recovery is 1/y. For
biological reasons, we assume that ;11 < us + y; that is, removal of infectives is at
least as fast as removal of susceptibles. Transmission of the disease is done through
vectors that undergo fast dynamics and a fixed latent period 7. In order to avoid
excessive use of parameters (7, t — t), we use the following convention: S = S(¢),
I =1(t),and I = I(t — 7); then, we generalize the problem from [4] as follows:

) SI
S:B—N«IS_I‘:_—TI,
o
j_ PSk (an + r)l (104)
Tltarn,  HTVL
and
R =yl — u3R.

Our aim is to study the same system with general incidence function f (S, I7).
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S, 1
B I? f(S. 1) wa Y TR N
M1

M2 M3

Fig. 10.1 The compartmental diagram for the SIR model

As general as possible, the incidence function f must satisfy technical condi-
tions. Thus, we assume that:

H1 f is non-negative C'! functions on the non-negative quadrant.
H2 Forall (S,1) e R, £(S,0) = f(0,1) =0.

Remark 10.2.1 f is an incidence function that explains the contact between two
species. Therefore, H2 is a natural assumption that means that if there is not a new
infection when there is not an infectious human or a susceptible human.

Let us denote by f1 and f> the partial derivatives of f with respect to the first
(S) and second () variables. Using the same notations, the model is given by the
following system (Fig. 10.1):

S=B—wS— f(S,I),
(10.5)

I=f(S, L)~ (m2+ I,

and

R=yl — u3R. (10.6)
Since R does not appear in the equations for S and I, it is sufficient to analyse the
behaviour of solutions to (10.5).
We assume that system (10.5) holds with given initial conditions

S0)eRyand I(6) = ¢ (@) for € [—7,0],

where ¢ € C([—1, 0], Ry), the space of continuous functions from [—t, 0] to R .

O
Theorem 10.2.1 The positive orthant
(S, I,R)eR*:5>0,1>0,R>0}
is positively invariant for system (10.5). O

To prove Theorem 10.2.1, we need the following lemma.
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Lemma 10.2.1 ([3]) Let L : R" — R be a differentiable function, and let a € R.
Let X (x) be the vector field, and let G be the closed set G = {x € R" : L(x) <
a} such that VL(x) # O forall x € L™'(a) = {x € R" : L(x) = a}. If <
X(x),VL(x) ><O0forall x € L~ Y(a), then the set G is positively invariant. |

Proof of Theorem 10.2.1 Let
x=(S,1,R). (10.7)
We will prove that {S > 0} is positively invariant. So, let
L(x)=-S.
L is differentiable, and
VL(x) = (—1,0,0) # 0forallx € L~1(0) = {x € R?/L(x) = 0}.
The vector field on {S = 0} is

B
Xx)=| —(u2a+n1|. (10.8)
—u3R

Then < X (x), VL(x) >= —B < 0. This proves that {S > 0} is positively invariant.
Similarly, we prove that {{/ > 0}, {R > 0} are positively invariant.
Then {(S,I,R) € R3:8>0,1>0R> 0} is positively invariant for system

(10.5). |
Therefore, the model is mathematically well-posed and epidemiologically rea-
sonable since all the variables remain non-negative for all # > 0. O

Theorem 10.2.2 Any solution (S, I, R) of system (10.5)—(10.6) with the initial
conditions satisfies

B
limsup(S(#) + 1 (1) + R(t)) < —, where @ = min{u1, no, u3}.
o

t—+00
Proof With N(t) = S(t) + 1(t) + R(¢).
Adding the two equations of (10.5) and (10.6), we get

N(t) = B — 1S — ol — u3R
< B —uN(). (10.9)
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According to [2], it follows that

B B
N(t) < =+ (N(0) — =)e ™.
0 0

Thus, as t — +00, N(t) <

=]

10.3 Basic Reproduction Number and Equilibria

The disease-free equilibrium is given by

B
Eo=(5°1° R% = (—, 0, 0) .
"1

A. Guiro et al.

(10.10)

(10.11)

Proposition 10.3.1 The basic reproduction number for model system (10.5) is

defined by

_ L8%.0

Ro .
u2+vy

The basic reproduction number Rg represents the average number of new cases
generated by a single infected individual in a completely susceptible population.

Proof Note that in this case the disease-free equilibrium
B
Eo=(s"1°R") = (—, 0, o)
M1

and
A= £(8%0) — (u2+ ).
Hence, M = £»(5°,0), D = up + y, and

Ro=MD™' = .
mo+y

Now, let us study the behaviour of system (10.5) with respect to Ry.

Theorem 10.3.3

(i) If Ry < 1, then model (10.5) has a disease-free equilibrium Ej.
(ii) If Ry > 1, then model (10.5) has an endemic equilibrium.
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Proof Let E = (S, I, R) be an equilibrium point of system (10.5).
Using the second equations of (10.5), we have

fS D =W +pyI;

therefore, we have

f(S. 1)

=p2tvy.
Let
1
f(SO— (12 +v) )

() = I’“ — (2 +y)

IIL%L O = for— (n2+y),
lim ®(I) = (u2 +y)(Ro — 1),
1—07t

SOy

and we also have ®(J) = —(u2 + y) with I = . When Ry < 1, we have

M2 Ty
lim+ ®(I) < 0; thus, there is not any I* > 0 such that ®(I*) = 0. So system
1—0
(10.5) has a free-disease equilibrium Ey.

When Ry > 1, we have lim+ ®(I) > 0, so there exists I* €]0, I_[. This implies
1—0

that system (10.5) has an endemic equilibrium point E*. O

10.4 Stability of Equilibria

10.4.1 Stability of the Disease-Free Equilibrium

In this section, we study the local and global behaviours of the disease-free
equilibrium.

Theorem 10.4.4 Disease-free equilibrium Eq is locally asymptotically stable if
Ry < 1. O

Proof The characteristic equation of linear system of (10.5) at Eg gives the
following equation:
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(—n3 =2 [(=p1 = A% 0) = (28 0) = ez + ) = 2)

+£1(5°,0) (5%, 0) | =o0. (10.12)
We can see that any solution A of equation (10.12) is negative.
Indeed, the equation (10.12) has negative root A = —pu3, and other roots are
given by

(=1 — f1(8%,0) = W) (2(8°,0) — (2 + y) — 2) + f1(5°, 0) £2(5°,0) = 0.
(10.13)
By developing (10.13), we get

A2 4 (1 + f1(8°,0) — (8%, 0) + pa + YIA — 1 £2(S%, 0) + w1 (2 + y)
+ £1(S°,0) (2 +y) = 0. (10.14)

Since Rg < 1, we obtain
w1+ f1(8°,0) = f£2(8°,0) + 2 +y > 0.

Therefore, by the Routh—Hurwitz criterion, all the roots of equation (10.14) have the
negative real parts. This shows that equilibrium Ej is locally asymptotically stable.
This completes the proof. O

H3 For all (S, 1) € R, £(S,I;) < f»(S°,0)1.

Theorem 10.4.5 Disease-free equilibrium is globally asymptotically stable if
Ry < 1. O

Proof The proof is based on comparison theorem [13]. Note that the equations of
infected components in system (10.5) can be expressed as

I=< (fz(SO,O)—(ery))I. (10.15)

So, we deduce that the constant fz(SO, 0) — (u2 + y) is negative since Ry < 1.
Thus, I(t) — 0 ast — oo for the system (10.15). Consequently, by a standard
comparison theorem [13], 7(t) — 0 as t — 00, and substituting / = 0 into system
(10.5), S — S as t — oo.
Thus,(S, I, R) — (8°,0,0) as + — oo for Ry < 1. Therefore, Ey is globally
asymptotically stable if Ry < 1. O
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10.4.2 Global Stability of the Endemic Equilibrium

In this section, we study the global dynamics for Ry > 1 by using some technical

conditions. We recall that the endemic equilibrium E* exists if and only if Ry > 1.

So let: / S 5.1

v Her?, L <S5 oSG 1D
I* S f(S*, I*)

Remark 10.4.2 Assumption H4 can be seen as a technical assumption to have

dv
—— < 0 and biologically correct because at the endemic equilibrium S* > 0,

t
I* > 0,and f(S*, I*) > 0. O

Theorem 10.4.6 If Ry > 1, the endemic equilibrium E* is globally asymptotically
stable. O

Proof Evaluating both sides of (10.5) at E*, we have

B = S*+ f(S*,I%) (10.16)
and
FS* T = (na + I, (10.17)
which will be used as substitutions in the calculations below.
Let
gx)=x—1—1Inx
and
Vo) = (SS(?)
Vi) = g2 (10.18)
t t—s
vt = [ e

We study the behaviour of the Lyapunov functional

* *k
V(i) = ——V(t — V(¢ Vi@). 10.19
0 = S5y Vo O+ gy VIO + Va0 (10.19)
We note that g : R.o — Rs( has the strict global minimum g(1) = 0. Thus,
. o S 1(z) I(t—s)
V(t) = 0 Vt > 0 with equality if and only lfF =1, T = 1, and =1

forall s € [0, t].
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By Theorem 10.2.2, solutions are bounded above and bounded away from zero
for large time. Without loss of generality, we may assume that the solution in
question satisfies these bounds for all # > 0. Thus, V (¢) is defined for all # > 0.

For clarity, the derivatives of Vi, V7, and V4 will be calculated separately and

dv
then combined to obtain I

Ve _ 1 (, _S$\dS
dr ~ §* S /) dt
1

S*
§<1 _ ?>(B — S = £(S, ).

Using (10.16) to replace B, we have

dt ~ S*
_ Lis—§+ f(S*,I*)<1_S_*>(1 f(s, I‘L’)

av, 1 §*
<1——)(M1(S* )+ (f(S*. 1) — f(S, L))

SS* S* S f(§*, I*)
Let
S 1 T
X = ﬁ’ y= F and = F
Additionally, let
S, I* S, I
o LS fG T
FS* 1% f(S*,I%)
Then we may write
dvy (S=89%  fG1(, 1 (z)
= — - F —_— 10.20
7 A b yoe + o T @)+ ( )

dv
Next, we calculate d_tI

A% _ 1 | I*\dI
dr ~— I* I )dr

Il
=
/N
—_

1
)(f(S I) = (n2 +y)I)

T
1( 1 e o S L) 1
—(1 7)(f(s Iy~ 1*)'
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Using (10.17) to replace (uy + y)I*, we have

dVvy _ fF(S*, I%) | I* f(S, I) 1

dt — I* I J\f(s*, 1% I*

_ f(SI;I )(1 - % L PG )> (10.21)

The derivative of V, (¢) is calculated as follows:

d& — i Tg<l(t_s)>ds

dt _dt I*
[Td [(I(t—s)
= [ (" )as
_ T i I(t —5)
‘QA _dsg< I )ds
20 I1(t —1)
=¢(72) (")

=g(y) —g@
=y —z+In(z) —In(y). (10.22)

Combining Eqgs. (10.20)—(10.22), multiplying appropriately by coefficients deter-
mined by (10.19), we obtain

dv (5 —§%)? 1 F@ F@©
— = ——+2-—4+ — - — - 1 —1 .
7 m— g t2-—+— ) z +In(z) — In(y)
F
By adding and subtracting the quantity In x, In( (Z)) nd In (ﬁ) we obtain
y

v _ (S-S’ 1 F(2) F(2)
E__MT_g<;>_g<T>_g()+g< >

By using H4 and the fact that the function g is monotone (decreasing and increasing)
on each side of point 1 and minimized at this point 1, we get

g(F(z)> §g<F(z)).
x y

av
Thus, I < 0. By Theorem 5.3.1 of [12], solutions limit to M, the largest invariant

dv
subset of {— = 0}.
dt
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dv
We note that — = 0 if and only if x = y = z = 1. In particular, this requires

that for any solution in M we have S(t) = S* and I(t) = I* for all ¢, and so M
consists of the single point E*. Thus we see that all solutions limit to the endemic
equilibrium. E* is globally asymptotically stable. O

10.5 Observer Design

This section is devoted to observers construction, so we consider a dynamical model
described by

£1(6) = B — ix (1) — f<x1<t>, Xyt — r)),
Xo(t) = f(m(r), Xo(t — r)) — (2 + 1) X2(0), (10.23)
X3(t) = y Xo(t) — u3xs(2),

where:

x1(t) = S = the susceptible
X»(t) = I = the infected
x3(t) = R = the recovered

and f(x1, X2) = x1X>, the mass action. We construct two observers, a simple one
and the high-gain one, and we compare them with respect to their convergence.

10.5.1 A Simple Observer for an SIR Epidemic Model

Let us consider system (10.23). The compact set
D={S,I,R)eR*:8§>0,1>0,R>0}
is positively invariant set under the flow of the system (10.23).

Let y(t) = X»(¢t) = I be the measurable variable that is the output. A simple
candidate observer for system (10.23) on the set D is given by

X1(t) = B — ui&i () — f(»hm, Xa(t — r)),
) = f (ah ), Xa(t — r)) — (w2 + V) Xa2(t) + Li(y — X2), (10.24)

() = yXa(1) — puais ().
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This system (10.24) is simply a copy of system (10.23) plus a corrective term given
by L1(y — X2). The parameter L is a positive constant that will be chosen in order
to ensure the convergence of estimation error.

We will denote x(t) = <x1(t), Xz(t)> the state vector of the system (10.23)
and x(1) = ()2 L), Xa (t)) the state vector of the candidate observer (10.24). The

estimation error is e(t) = | e (¢), ez(t)> =x() — x(1).

Let us make the following assumptions:
HS:

1 1
/ fi1(se(t) + X)ds > 0 and / fa(se(t) + x)ds > 0.
0 0

Proposition 10.5.2 The system governed by (10.24) is an exponential observer for
system (10.23) for L satisfying

1
L > max (/ false(t) + X)ds — (ua + p); 0>,
0

i.e., there exists a positive real number A such that for all initial conditions

<£(O), x(O)) € D x D, one has |x(t) — x(t)] < e |%(0) — x(0)]. O

Proof The estimation error e(t) = <el (1), er (t)) = x(t)—x(t) obeys the following
differential equation:

é=Age+ F(x) — F(x), (10.25)

where

o 0 —f<x1(t),X2(f—T)>
Ay = ( ) , Flx) =
0 —p2—y—1L f(m(t),xz(t—f))

Let us consider the following candidate Lyapunov function for the error equa-
tion(10.25):
R
V(e) = e’ Pe where P = 2111 | :
2(u2+y + L)
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we can write
) '9F . )
Fx)—F(x) = / 8—(sx + (1 —s)X)dse = R(X)e.
0 X

The explicit expression of the matrix R(X) is

R r11 12

R(e, x) = ( ) s
21 122

where

1 1
r = —/ Sfi(se(t) + X)ds, rp = —f fa(se(t) + X)ds,
0 0

1 1
ray = / fi(se(t) + X)ds, ry = / fa(se(t) + X)ds.
0 0

Therefore, ¢ = (A; + R(X))e, and then the derivative of V (e) with respect to time
along the solutions of the estimation error equation is

Vie) = el (PAd + AgP + PR(x) + R()?)TP>e.

Vie)=el <A11 A12>e
Ao A

where:
1 1

An=—1- —f filse(o) + R)ds
H1 Jo

1 1 R 1 ! N
App = —m/(‘) fr(se(t) + x)ds + Z(MZ‘F—V‘FLI)/O Si(se(r) + x)ds

1 1 1 1
Az = —/ (se(t) + X)ds — —/ (se(t) + X)ds
2 2ua+y + L) Jo fll 2u1 Jo B
1
Ay =—1+ —/ (se(t) + x)ds
2 w2 +vy+LiJo fa
SO

V(e) = (Arrer + Aziea)er + (Apzer + Axner)er

1
= (— 1- i/ fi(se(t) —l—)?)ds)e%
Mn1 Jo
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1 1 . 1 1 A
+<2(M2+—)’+Ll)/(; fi(se(®) + x)ds — m/{; fa(se(t) ~|—x)d_g>ele2

1
+<_L f Folse(t) + £)ds + / fl(se(t)+X)dS>81ez
2p1 Jo

2(u2 +y + Ly)

+<—1+7M e / fz(se(t)+X)dS>€2

1
= (— - L/ fl(se(t)+£)ds)ef
Mn1 Jo
1 1 . 1 1 A
+<m‘/0 fi(se(t) +x)ds — E,/o f2(Se(t)+X)dS>ele2

1 1
+| -1+ 7/ (se(?) +)?)ds>e2
( H2+y+LiJo f2 2

1
V() = (1 4 if fl(se(t)+)?)ds>
H1 Jo

ejen

1 1 . 1 1 A
(e + Gy iy y e+ s [ et + s
1

1
1+ L / fi(se(t) + x)ds
Kn1 Jo

l-— 1)+ x)d
n M2+)/+L / fole@+ D sg%).

1+ 7/ fi(se(t) + X)ds
Mn1 Jo

Let 1
b=+ [ AGew + s,
Mn1 Jo
b= M/ fi(se(®) + X)ds + —/ fa(se(r) +x)ds’
1+ Zf" fi(se(t) + X)ds
and
1-— m/ fz(se(t) +x)ds

1+ —/ fi(se(®) + X)ds
M1 Jo
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The derivative of V (e) can be seen as a quadratic form in e;. Applying the Gauss—
Lagrange reduction to this quadratic form leads to

- V(e) =1 <e]2 + hejex + 1365)

1 > 1 2 2
=1l (e1 + Elzez) - (Elzez) + [ze;

1 2 1, 2
=1i| (e +512€2) -I-(—le +13)ey ),

where /1, [, and I3 are functions of the parameters.
Taking into account the conditions on L, we can argue that the V is negative
definite, and this ends the proof. O

10.5.2 High-Gain Observer for an SIR Epidemic Model

Here, we construct a high-gain observer for system (10.23) using the techniques
developed in [8, 9]. We denote by x(¢) = <x1 (1), Xz(t)) the state vector of the

system (10.23). Let g be the vector field defining the dynamics of the system (10.23)
and & be the output function, that is, y(¢) = h(x(t)) = X2(¢), and

B —puix1(t) — f(x1(2), X2(t — 1))

fli(®), Xot — 1)) — (u2 + ) X2 (1)

g:

To construct a high-gain observer for (10.23), one has to perform a change of
coordinates in order to write the system in a simpler form. Usually, this is done
by using the output function together with its time derivative.

Let ® be the function ® : D — R? defined as follows:

Q(x) = ,
Loh(x)

where L, denotes the Lie derivative operator with respect to the vector field g. Thus

Xo(1)

F @), Xa(t — 1)) — (n2 + ) X2(0).

d(x) =
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The Jacobian of ® can be written:

dx — \ filx1, Xa(t = 7) frolx1, Xot — 1) — (2 + ) )
. dd
The determinant of d_ can be expressed by
X
[(x1; X2) = — fi(x1; Xa(t — 1)),

. do . . . o .
The Jacobian T is nonsingular in the region D, and moreover, ® (x)is one-to-one
X

from D in (D). So the map P is a diffeomorphism from Dto CID(DO). This implies
that the system (10.23) with the output y(#) = X;(¢) is observable. In the news
coordinates defined by (z1, )T =7 =dx) = (h(x), Lgh(x))T, our system can
be written in the canonical form as follows:

z2(t) = (O 1)z(t)+< 0 )
00 W(z(1)) , (10.26)

y(@) =z1(t) = (0, Dz(1)

01

here: A =
where <OO

); C =(0,1) and

W(z) = Lih(@7' () = Lih(x) = ¥ (x).

The function v (x) is smooth (it is a polynomial function of x = (x1; X) on the
compact set D). Hence, it is globally Lipschitz on D. Therefore, it can be extended
by 1}, a Lipschitz function on RR? that satisfies @(x) = ¥ (x), for all x € D. Doing
as before, we define W the Lipschitz prolongation of the function W. So we have the
following system (10.27) defined on the whole space R?. The restriction of system
(10.27) to the domain D is the system (10.26):

. 0
c=Act (&:(@) ' (10.27)

y=0Cz.
According to [8], an exponential (high-gain) observer for system (10.27) is given by

s 0\ 17, e
z_Az+<qj(Z)> s;'cT(y—c32), (10.28)
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where S(0) is the solution of —0Sy — ATSy — SyAT + CTC = 0 and 0 is large

enough.
Here,
1 1
|l o e
50) = 1 2
Z2E

This observer is particularly simple since it is only a copy of system (10.27),
together with a corrective term depending on 6. For more details of the proof, we
refer to [8, 9].

An observer for the original system (10.23) can then be written by

I=AZ+ (\;N ) ~8,'cT(y - C3)
@ (10.29)

() = ¢ (z()).

Or more simply, a high-gain observer for the original system (10.23) can be given
by

s oao (AT g )

x=fx)+ T X Sy C" (y — h(X)). (10.30)

X=X
The expression of observer system is

1

S X
A fiG1@), Xa(t = 1))
[62(f2(R1(1), Xa(t = ©) — 2 — ) = 631(X2 — X2)
Xa = fE1(0), Xo(t — 1)) — (a2 + ) X2(t) + 62(X2 — X2).

X1 =B — mii(t) — fE(@), X2t — 1)) —

(10.31)
However, the set D that is positively invariant for system (10.23) is not necessary
positively invariant for the observer (10.30), and ® (D) is not positively invariant for
the observer (10.28).
1

dd._
Therefore, the expressions [d—]x_;c and ®~1(z(¢)) are not well-defined in
- lx=

general.

If there exists ® a prolongation of the diffeomorphism ® to the whole space R?,
that is, disa diffeomorphism from R2 to R? whose restriction to D is ®, then it
will be sufficient to replace ® by @ in (10.29) and (10.30) and so all the expressions
will be well-defined. ad
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10.6 Numerical Simulation and Comments

In this section, we expose the computation work that supports our study. In this
computation, the function f is chosen as follows: f(x1, X2) = x1 X» (mass action).
x1 represents the state of the susceptible state and X, the infectious one. In this part,
we have simulated systems (10.5), (10.24), (10.31) using the parameters given in
the table below. The results of the simulations are presented in Figs. 10.2 and 10.3
and illustrate the evolutions of the original state variables and the estimated states
given by the high-gain observer and simple observer (Table 10.1).

Susceptible population dynamic when RO>1

4.5

Population

1.5

0 T T T T T T T T T 1
0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5

time t

Susceptibles
Estimate state of Susceptibles by High Gain observer
Estimate state of Susceptibles by simple observer

Fig. 10.2 The temporal evolution of the number of susceptible persons (red line) given by (10.4)
its estimate (blue line) delivered by the high-gain observer given by (10.31) and its estimate (black
line) delivered by the simple observer given by (10.24)
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Infectious population dynamic when R0>1
30 1

25

20

—
(921
|

Population

10 H

o T

0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5

. time t
Infectious

Estimate state of Infectious by High Gain observer
Estimate state of Infectious by simple observer

Fig. 10.3 The temporal evolution of the number of infectious persons (red line) given by (10.4)
its estimate (blue line) delivered by the high-gain observer given by (10.31) and its estimate (black
line) delivered by the simple observer given by (10.24)

Table 10.1 Parameters

Symbols | Values Sources
values of the model -

B 20 Estimated

w1 0.1 Estimated

773 0.003 Estimated

y 0.0000027 | Estimated

% 2 Estimated

10.7 Conclusion

In this chapter, an SIR epidemic model with delay in the general incidence function
is derived. In one hand, the global behaviour of the model system was studied.
We proved that, if Ry < 1 holds, then the disease-free equilibrium is globally
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asymptotically stable, which implies that the disease fades out from the population.
If Ro > 1, then there exists a unique endemic equilibrium that is globally
asymptotically stable, and this implies that the disease will persist in the population.
In the second part of this chapter, we deal with state identification, which is
called nonlinear observer design. We just supposed that the infectious population
is measured and gave an algorithm that allows to estimate the unmeasured states
(S(¢) and R(z)) that are the susceptibles and the recovered. We construct two
kinds of observers, a simple one and the so-called high-gain observer. With both
observers, we reconstruct the unmeasured states. We corroborate the convergence
of our observers with numerical simulation. For that, we present the curves when
Ro <1land Ry > 1.
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Chapter 11 ®)
Threshold Parameters of Stochastic SIR e
and SIRS Epidemic Models with Delay

and Nonlinear Incidence

Ali Traoré

Abstract In this chapter, we study stochastic SIR and SIRS epidemic models with
delay. A nonlinear incidence function that includes some special incidence rates is

. ~S . .
also considered. Two thresholds Rg and R, of the two models are derived by using
the nonnegative semimartingale convergence theorem. The disease goes extinct

. . . =S .
when the value of Rg is below 1, and it prevails when R, value is above 1 for
any size of the white noise. The comparison between the two thresholds is made.

Keywords Delays - Stochastic SIR model - Nonlinear incidence - Extinction -
Persistence in mean

11.1 Introduction

The use of mathematical model for understanding the infectious disease dynamics is
well-established. An SIR (Susceptible, Infected, Removed) epidemic model is often
used to describe the prevalence of the disease in a population. The deterministic and
stochastic models are applied to capture the propagation of the epidemic depending
on the appropriate circumstances [1-3]. The transformation of a deterministic
model into a stochastic model has been analysed by many authors [4-7]. The
approach of that modelling random fluctuation consists of introducing parameter
perturbations in the ordinary differential equations. The noise is introduced by
replacing the model parameters by the fixed parameters plus an amplitude randomly
fluctuation. In general, the parameters have great variability depending on the errors
in the observed and measured data. The noise is hence introduced when some
variables cannot be measured, and there is a lack of knowledge to illustrate the
presence of random environment. Recently, Yang et al. [8] introduced a stochastic
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perturbation into an SIR epidemic model with saturated incidence and investigated
their dynamics according to the basic reproduction number. In [9], Zhao extended
the work of Yang et al. by establishing a method to obtain the threshold values of
the system in [8, 10]. Liu et al. [11] studied the equilibria of the following model:

dS(1) = (A — uS(t) — Be M SMG (1 — 1)))dt + 01S(t)d By (1),

dl(t) = (Be " SMGU(t — 1)) — (W +y + ) (1))dt + 02l (1)d Ba(t),
(11.1)

where S(#) and I(¢) denote the number of susceptible individuals to the disease
and the number of infective individuals, respectively. A is the recruitment rate
of the population, p represents the natural death rate of the population, g is
the transmission rate between compartments S and I, y is the recovered rate of
infectious individuals, o is the disease-caused death rate of infectious individuals,
T > 0 is the incubation time, and Be **S(¢t)G (I (t — 1)) is the force of infection.
The term e #* denotes the survival of vector population in which the time taken
to become infectious is t. Bi(¢) and B;(#) are mutually independent standard
Brownian motions defined on the probability space (Q T, P) with a filtration
{F:}:>0, and o7 and o7 denote the intensities of the white noise. The parameters
are all supposed to be positive. The initial conditions of system (11.1) are set as
follows:

SO)=¢10), 160) = p2(0),
9i(0)=>0,0 €[-1,0],i =1,2, (11.2)
(p1,92) € C,

where C denotes the Banach space C([—t, 0]; Ri) of continuous functions map-
ping [—7, 0] into Ri_. The threshold value of the epidemic is an important concept
in mathematical epidemiology and is also important when studying properties of
the extinction time [12]. However, in [11], the authors did not accurately point out
the threshold whose value can completely determine the dynamics of the considered
model. In this chapter, we derive the threshold parameters of system (11.1) and the
threshold parameters of its corresponding SIRS epidemic model.

We organize the remainder of this chapter as follows. We establish the threshold
parameter of model (11.1) that will allow the disease to fade out exponentially
in Sect. 11.2. In Sect. 11.3, we derive the threshold parameter of model (11.1) for
the disease being persistent in mean. In Sect. 11.4, we extend the model (11.1)
to a stochastic SIRS epidemic model, and by using the method stated in previous
sections, we establish the threshold parameters. In Sect. 11.5, this chapter ends with
a conclusion.
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11.2 Extinction of the Epidemic Model (11.1)

Liu et al. [11] have shown that the model (11.1) admits a unique positive solution
(S(t), 1(t)) ont > 0 and that this solution remains in R2+ with probability one. We
now focus on establishing the threshold of (11.1). We assume that the function G is
continuous on [0, co) and is a twice differentiable function satisfying the following
hypotheses:

(H1) G() = 0 with equality if and only if 7 = 0.
H2) G U)=0.
H3) G ) <O

Remark 11.2.1 From biological view, the three hypotheses are reasonable:

— Hypothesis (H1) means that if there are no infectives, then obviously there is no
disease transmission.

— Hypothesis (H2) expresses the fact that increasing the number of the infective
hosts increases the chance for the occurrence of new infections.

— Hypothesis (H3) describes the fact that susceptible individuals take measures to
reduce contagion if the epidemics breaks out.

We first start by preparing some previous results.

Lemma 11.2.1 (See [13]) Let U () and W (t) be two continuous adapted increas-
ing processes ont > 0 with U(Q) = W(0) = 0 a.s. Let M(t) be a real-value
continuous local martingale with M(0) = 0 a.s. Let Xo be a nonnegative Fy-
measurable random variable such that EXo < oo. Define X(t) = Xo + U(t) —
W) + M(t) for allt > 0. If X (¢t) is nonnegative, then tl_l)rgo U(t) < oo implies
Iim W) < oo, lim X(t) < oo, and —o0 < lim M(t) < oo hold with
t—00 —00 t—00

probability one. O

Lemma 11.2.2 (See [14]) Let M (¢t),t > 0, be a local martingale vanishing at time

0 and define
tdiM, M
om () :Z/O u’ t >0,

(1+5)2
. . M)
where <M , M)(t) is Meyer’s angle bracket process. Then Ihm — = 0 a.s.
—> 00
provided that tlim pm(t) < oo. O
—00

We now start the study of the model (11.1).

Lemma 11.2.3 Assume that (S(t), I1(t)) be the solution of system (11.1) with initial
value given by (11.2), and then

limsup(S(¢) + 1(¢)) < oo, a.s.

—00
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Proof From (11.1), we get

d(S@®) + 1)) = (A — u(S@) + 1) — (v + )] +018dB1 (1) + 021d Ba(1).
(11.3)
The solution of Eq. (11.3) satisfies the following inequality:

A A\ _
SH+1(t)=—+ (S(O) +1(0) — —) e M
iz iz
t
—(@+y) / eI [ (s)ds + M (1),
0

<—+ (S(O)—i—I(O) - —)e K M (1),
0 0

t t
where M(t) = o f e MOS8k d B (k) + 02 / e M1 (k)d By (k) is a con-
0

0
tinuous local martingale with M (0) = 0 a.s.
Define X(1) = X))+ U(@) — W)+ M), with X (0) = S(0)+1(0), U(t) =

A -
;(1 —e M), and W(r) = (S(0) + 1(0))(1 — e ") forall t > 0.

It follows that S(¢) + I(t) < X (t) a.s. Moreover, U (t) and W (¢) are continuous
adapted increasing processes on ¢ > 0 with U(0) = W(0) = 0. In addition, X (¢)

is clearly nonnegative and tlim U(t) = — < oo. Then, from Lemma 11.2.1, we
— 00 "
deduce that lim X (r) < oo, which implies lim sup(S(¢) + 1 (t)) < oo. |
=00 t—>00

Lemma 11.2.4 Assume that (S(t), I1(t)) be the solution of system (11.1) with initial
value given by (11.2); then

t t
lim l/ 015(&)dB1(§) =0 a.s; lim 1/ ol (E)dB2(E) =0a.s.
t—o0 t 0 t—oo t 0

Proof Let denote

t t
M) = o /O SE)BIE): Ma(t) = o2 /0 1(&)dBa&).

t t
Compute that (M, M;)(1) = o} /0 S(£)d¢ and (Ma, Ma)(t) = o7 /0 17 (£)dE.
) /f S2(&)ds

2 2
——— < o{sup{S°(#)}, and from
o (1+8)? =0
Lemma 11.2.3, we get 012 sup{Sz(t)} < 00. Thus, tlim pm, (1) < oo, and by
IZO — 00

Then, lim pp,(f) = lim o
t—>00 t—00
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M (2)
¢

Lemma 11.2.2, it follows that tlim = 0 as. By the same technique, we
—00

M (1) _

prove that lim 0as.
1—00
1 t
In the remaining part of this chapter, we set <y(t)> =7 / y(s)ds.
0

Theorem 11.2.1 Let (S(¢), I(t)) be the solution of system (11.1) with initial value
given by (11.2). Let define

/ e_/” 0,2
RS = ———(BAG (0 -2
O pty+a ('3 © I 2 )
IfRS < 1, then
In/Z(t
lim sup nf@) <(u+y +a)(Rg —1)<O0a.s.
t—00 t
O
In addition,
. A
lim (S(1)) = —. (11.4)
—>00 M
Proof By summing the two equations of (11.1) and integrating, we get
SO+ 1) =SO0)—10) M) M)
t t t
=A—u{S@)— (u+y+a)@).
Therefore,
1 Mi(t) My@) S@)+1@)—S0O)—1(0)
(S()) = —[A+ 2 —(u+y+a)(1(z))].
m t t t
(11.5)

On the other hand, applying Itd’s formula to the second equation of (11.1) yields

. 2
dIn(I (1)) = [ﬁe‘”S(l)W — (,u +y4+oa+ %)]dt + 02d By ().
(11.6)
If assumption H2 holds, then

2

/ —ur 02
din(I (1) = [BG e SW) = (n+y +a+ — |]dit +02d Br(0),
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and by integration, we get

In(Z(z)) — In(Z(0))
t

2
< ,BG/(O)e_’”(S(t))— <,u+y +a+%2)+@. (11.7)

Substituting (11.5) into (11.7), we obtain

— T 2 —UT
IO < pa6 0 =2 (uty +o) 4 p6 @[ HO 22O
t 7 2 7 t t
() + 1(t) — S(0) — 1(0
Lty +an) - SO0 =502 10)]
4 2B)  nI©) (11.8)

t t

From inequality (11.8), we derive

InI(t) M () n M ()

t t
St + 1(t) — S(0) — 1(0)]
t

S ’ e HT
< Gty + R~ D+ GO |

—(u+y+all®) -

n o By (1) n In I(O).

1 1t
(11.9)
Further, from the law of large number, we have
Bo(t
im 220 _ . (11.10)
t—00 t
Moreover,
M (t Mo(t St I1(t)—S0O)—1(
lim[ 1()+ 2)  SO+1Q@) ©) ()]:O, (1L11)
t—00 t t t

due to Lemmas 11.2.3 and 11.2.4.
In view of (11.10) and (11.11), taking the limit superior on both sides of (11.8),
if Rg < 1 and by the fact that I (¢r) > 0, we get

Ini()

lim sup <(u+y +a)(Rg -1 <O0a.s.,

t—00 t

which implies that

lim 7(t) = 0 a.s. (11.12)
=0
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We now verify (11.4). From (11.5), (11.11), and (11.12), we obtain
. A
lim (S())= = a.s.
11— 00 M

This completes the proof. O

11.3 Persistence in Mean of the Epidemic Model (11.1)

In this section, we derive a sufficient condition for the persistence in mean of the
epidemic model (11.1). For that, we start by defining the notion of persistence in
mean.

Definition 11.3.1 ([10]) System (11.1) is said to be persistence in the mean if

liminf(1(1)) > 0 a.s.
t—00

0
The following previous results will be used to attend our goal.
’ G I
Proposition 11.3.1 ([15]) G (I) < % O

Lemma 11.3.1 (See [16]) Let f € C([0, 00), (0,00)). If there exist positive
constants Ay and )\ such that

t
In f(t) > Mt — AO/ f(s)ds + F(),a.s.
0

F(t
forallt > 0, where F € C[[0, o0), (—00, 00)] and tlim % =0a.s.,
— 00

then
lim inf > .
im in (fm) = " a.s.

O

Lemma 11.3.2 (See [16]) Let f € C([0, 00), (0,00)). If there exist positive
constants Ao, A such that

t
In f(t) < At — ,\0/ f(s)ds + F(1), a.s.
0

F(@)

forallt > 0, where F € C([0, 00), (—00, o0)) and lim —— =0 a.s.,
t—o0 t
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then

limsup (f (1)) < )»io a.s.

—>00

‘We now state the result of this section as follows.

Theorem 11.3.1 Let (S(¢), I(t)) be the solution of system (11.1) with initial value
given by (11.2). Define

N 1 (A e HT 2
R = —(,BAG (-)e - 0—2).
w+y+tao w/) un 2

Ifﬁg > 1, then

nT

ue

. ~S
lim inf {7 (1)) > ﬂ(ﬂo -1 as, llggp(](t)) ﬂG O (RO —1a.s.
BG | —
uw
O
Proof From (11.6) and by using Proposition 11.3.1, we obtain
’ (72
dIn(I(t)) > [ﬂe‘”S(l)G ) — (M +y+a+ %)}dr + 02d By ().
A . . . .
Note that S < —, and if condition (H3) is satisfied, then
"
(AN . a5
din(I()) > |BG | — |e "' S(t) — u+y+a+7 dt + ord By (1),
n
which yields after integration
In(Z (¢ A o2, In(1(0 B(t
(())Z,BG(—)e_MI<S(I)>—(/L+)/+O[+—2)+ (())+02 2()
t % 2 t t
(11.13)

By substituting (11.5) into (11.13), we get

—UT 2 —UT
In I (z) ZIBAG,(A)e M _0_2_(M+y+a)—|—,3G/<é)e " [M](I)
t wom 2 nw t
M S I(t) —SO) -1
Oy i) - SO0 SO 10

B (t InZ(0
+02 [2()+ ,( ).
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This inequality can be rewritten as

Ini(t) eHT (z)

(n+y+ol)+—

> (u+y+a)®R 1) —ﬂG(%)

where

A\ e HT
F(t) = pG (—) (M) + Ma6) = S(0) = 1) + 50) + 10)
w) u
+ 02B2(¢) +1n1(0).

From Lemma 11.3.1, we have

ettt
1ig(i>gf(1(t)) — (Ro - 1.
pG ()

On the other hand, inequality (11.9) can be rewritten as

, —HUT
IO ity 4 )RS — 1) — BG Oty + [0+ ﬁ.

Therefore, from Lemma 11.3.2, we derive

limsup (1(1)) < pe

R _
f—00 BG' (0)( o= D

This completed the proof. O

Remark 11.3.1 The value Rg < 1 will lead to the extinction of the epidemic, while

~S . . - ~5 . .
the value R, > 1 will lead to the disease prevailing. We have Rg > R, with equality
if the incidence function G (I) = I, that is, when the mass action incidence function
is considered. a

11.4 The Threshold of the Stochastic SIRS Epidemic Model

Now, we will study an extension of the model (11.1). We are not interested on
the existence of the unique positive solution for the considered model since it can
be proved by the standard process (see [5, 11]). We consider that the recovered
individuals lose immunity and return to the susceptible class at rate €, and then
(11.1) takes the form
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ds@t) = (A —uS@) — Be HTSHOHGU(t — 1)) + eR(t))dt +01S()d B (1),
dl(t) = (Be M SOGU(t — 1)) — (u+y + ) (1))dt + 021 (1)dBa (1),

dR(t) = (yI(t) — (n + €)R(1))dt + o3 R(1)d B3(1).
(11.14)

By summing the three equations of (11.14) and after integration, we get

SO+1@ + RO —SO) —10) —RO) M) M@  M3@) _

A
t t t t

—u{SO) = (u+y +)10) — w(RO)),

(11.15)
t
where M3(t) = 03/ R(&)d B3 ().
Moreover, from tﬁe last equation of (11.14), we obtain
1 _ R@®) - R(O)  Ms(r)

(RU»__;::Z[yUU» + . }. (11.16)

We state the following result.
Theorem 11.4.1 Let (S(¢), I(¢), R(t)) be the solution of system (11.14) with
positive initial value.

In1(t)

D Ing < 1, then lim sup

t—00 t

< (,u—i-J/—i-ot)(Rg—l) <0a.s.
Q) IfR) > 1, then
(1 Ay +a)et”
+y+a
(M y o V)
n w+e

lim sup (I(t)) < (Rg —1) a.s,

=00 ﬂG’(O)

(w+y +a)e

AN FY Y
ol

P (u) w +/L+e)

R — 1) as.

and lim inf(l (t)) >
—>00

Proof Equation (11.15) shows that

(HM=1P+MWXHW@+Mw)
w t t P

SO+ 1)+ R@) —S0) —1(0) — R(O)
t

-%u+y+®UOH—MRmﬂ. (11.17)




11 Threshold Parameters of Stochastic SIR and SIRS Epidemic Models with. . . 291

Plugging (11.16) into (11.17) gives

(s = L[ 20, M) € M0

o ! ! nte t

S+ 1) = S0) —1(0)
t

__ € R(t)—R(O)]

n+e€ t :

yi
- (M—I—V*HX—FE)(I(I))

(11.18)

Since the second equations of systems (11.1) and (11.14) are the same, then
equations (11.7) and (11.13) are also satisfied for system (11.14).
Replacing (S(1)) by its expression in (11.7) gives

In7 / Bald 2 / HT
VO < paG 0 -ty o+ 56 0[O 2RO
7 2 7 t t
€  M;s(1) 145
Er— _(M+V+“+—u+e)<m))
_S(t)—l—[(t)—S(O) —1(0) € R(t)—R(O)]
t n+e€ t
+O’232(t) n lnI(O).
t t
That is
I e
O Gy @ — 1)+ pG O[O B0 e M0
w t ! w+e t

S+ 1@) —SO) —1(0)
t
€ R@)— R(0) oyB>(t) InI(0)
Cu+te t ]+ t + r

Vi
~(uty et () -

(11.19)

As in Sect. 11.2, taking the limit superior on both sides of (11.19) yields

Inl(
Jim sup ) < Lty +a) RS —1) <0as.,

—>0o0

which completes the result 1).
Replacing (S (t)) in inequality (11.13) gives
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, —UT 2 , —UT
P02 pAG () = B ety e+ G 0 [T 4 22O
€ Ms(1) Y
e i —(M—H/-}-a-l—m)(I(t))
SO+I0 -S5O —10) € R0 - R(O)]
t n+e€ t
+U2B;2(t) n 1H1t(0)’

which is equivalent to

In1(t) HT

~S A\ e
z(u+y+a)(ﬂo—1)—ﬂG(ﬁ> (u+y+a+T)(1(t>>

E(t)

t

’

where

M3(1) — S(1) — 1(1)

(AN e ¢
E(t) = G (—) [M10) + 2o +
w) e
+5(0) + 1(0) — ——(R(1) — R(O))] + 02B(1) + In1(0).
u+e

From Lemma 11.3.1, we obtain

(n~+y +a)ett
ﬂG( )(M+V+Ol+ 14 )
1 o w+e

Inequality (11.19) shows that

liminf{(1)) > RS — 1).

’ _I»ILT
PO < ity + @ ®S 1) - 4G O <u+y tat T)““»

Using Lemma 11.3.2, we get

(1 Ay +a)et”

+y+a

HTYy n 4 )
n+e

limsup (7 (1)) < (RS — 1) a.s.

e BG O

This completed the proof.
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11.5 Conclusion

In this chapter, we considered two stochastic delayed SIR and SIRS epidemic
models. For both models, a nonlinear incidence function that includes some special
incidence rates is considered. We established sufficient conditions for extinction and
persistence in the mean of the epidemic for each model. The thresholds that allow
extinction and persistence are obtained. We found that, for each epidemic model,
these thresholds are equal when the mass action incidence function is considered,
that is when G(/) = I.
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Chapter 12 )
Weak Solutions for Nonlinear e
Boltzmann—Poisson System Modelling
Electron-Electron Interactions

Mohamed Lazhar Tayeb

Abstract The existence of weak solutions of an initial boundary-value problem of
a Boltzmann—Poisson model is studied. A dynamics describing electron—electron
and electron—impurity interactions is considered. A fixed-point procedure is used to
construct a weak solution for a regularized system, using the compactness properties
of dynamics. Useful uniform estimates are established and used to carry out the
proof of existence of the unregularized system.

Keywords Kinetic transport equations - Semiconductors - Entropy dissipation -
Velocity-averaging lemma - Free energy

12.1 Introduction

Our aim is to analyse the existence of solutions for a nonlinear Boltzmann—Poisson
system. Let f = f(t, x, v) be a distribution function depending on the time variable
t and the phase variable, (x, v), belonging to a domain 2 = @ x R?, where the
dimensiond € {1, 2, 3} and w is a bounded subset of R?. The dynamics of collisions
we considered in the present analysis takes into account the electron—impurity and
electron—electron interactions [16]. Electron—impurity interactions are elastic, given

by
Qo(Hv) = [S‘H oo(v, [v|w)(f (lv]w) — f(v)dw, (12.1)

where S9! is the unit sphere of R? and o is the cross-section of electron—
impurity collisions, assumed to satisfy the detailed balance principle detailed later
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on. Electron—electron interactions are trilinear, preserve mass, momentum, and
kinetic energy, and satisfy the Pauli exclusion principle:

Q1(NH() = f}gl(v, vr, 0, V8@ + 1 = v = vDS(I + for P = o' = [ )
R

x [f A= H = f) = fAA = A = f]dvidv'dvy,
(12.2)

where

f=fw), fi=fn, f=f0) f=/rf,
and § is Dirac distribution. We notice that the presence of the product term §(v +
vy —v — v’1)8(|v|2 +lv 2=V - [v] |2) means that the first and second momenta
(in velocity) are conserved during collisions. Indeed, if v and v; are the velocities

of two particles before collisions and v" and v] their post-collisional velocities, then
the conservation can be expressed by the following relation:

v+ =v 4],
. (12.3)
[vI? + [ |> = [v/]2 + v} 2

Using (12.3), we have

V=v—@W-—v ww, vi=v+ (- ww, (12.4)
where w belongs to S9! and (v — v;) - w) is the inner product between v — vy and
w. The function o is the cross-section associated with electron—electron collisions,
depending on |v — vi| and (v — vy - w) [31]. By writing

o1(v, vy, v, V) == B(v — vi, w),

we can rewrite Q1 as follows:
onw=[ [ Be-wwlria-pa-
Rd x §4-1

—fH0 = fH( = fH]dvidw,

where v, vy, v, and v} satisfy (12.4) [31, 45].
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The transport equation satisfied by the distribution function f is the following
Boltzmann equation:

O f+v-Vof +E-Vyf =(Qo+ QD) =0(f). (12.5)

The electrostatic field is self-consistent solving the Poisson equation

E=-V,®,

—Ax<D=Q:/ fdv’
R4

(12.6)

We assume that the initial value of f is given, its boundary satisfies the condition
of specular reflection on the boundary 922 = dw x R¥, and the potential ® satisfies
the Dirichlet condition:

f@=0,x,v) = folx,v) (12.7)
ft,x,v) = f(t,x,v), (x,v) €0, (12.8)
O, x) = dOo(t,x), x €odw, (12.9)

where v = v — 2(v - n(x))n(x) and n(x) is the unit normal vector to dw at the
position x.

12.1.1 Assumptions and Notations

We assume that the cross-section o of electron—impurity collisions satisfies the
detailed balance principle [13, 14, 16]:

0 < oo(v, [v|w) = op(Jv|w, v), V(v,w) € R x §9-1,
(HD)
/ oo(v, [v|lw)dw < Cy, Vv € RY,
Sd—l

and the cross-section B of electron—electron collisions satisfies

B e LY(RY x §9-1y,

B(z, w) depends only on |z| and |(z - w)|,

(H2) lim B(z,w) =0,  lim B(z w)=0,

|z|—>0 [(z-w)[—0

VR>O,M|»1,/1 / B(v, w)dwdv = o(1 + |z]?).
lv—z|<R J §4-1
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The initial data fj and the boundary data ®¢ satisfy

0<fo=1, /(1+|v|2)fo(x,v)dxdv < 400,
(H3) @

@ >0, By € LC.(RY; W2P(w)) and 3,®g € L2.(RY; L™(w)).

loc

In all the sequel, f, f1, f/, and fl’ denote, respectively, the functions
f), fw), f),and f()).

The phase space and the incoming and outgoing parts are denoted by

Q=0 xRY T =joxRl,
't ={(x,v) € Q/+v-nx) > 0},
doy is the elementary measure on the surface dw.

The charge and current densities and the kinetic and potential energies stand as

Q(I,X)Z/ fdv, j(t,x):/ vf(t, x,v)dv,
]Rd ]Rd

K(t):/ lv2 f(z, x, v)dxdv, V(t):/g(t,x)CD(t,x)dx.
Q

w

(12.10)

By extending the boundary data ®( in a harmonic way on @ (denoted also ®¢):
Eop = —V, Dy, — ADy =0,

we can rewrite our Boltzmann—Poisson system as follows:

Of +v-Vif +(E+Eo) Vof =(Qo+ Qn(f) = Q(f),

E=-V,0,

—Ay®=p= / fdv,
R4

(BP)
Jt=0,x,v) = folx,v),
ft,x,0) = f(t,x,v), (x,v)€0Q,
O(r,x) =0, x € o,

where

v=1v—2-nkx)nk),
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Qo(f)(v) = /Sd_l oo (v, [v|w)(f(Jv|w) — f(v))dw,

01()(w) = / Bo— v w)lf'f{(1 = f)(1— f1)

R4 x §d—1

—fAil = fHA — fHldvidw.

Our main result is the following:

Theorem 12.1.1 Assume that d < 3 and (HI1)—(H3) are satisfied. Then, the
Boltzmann—Poisson system (BP) has a weak solution ( f, E) satisfying

fEL®®RY LINL®(Q), 0<f<1 [fOlg = Ilfoll g a-e

E e L. ®R*: W (w)]9),

loc
m—>/ |v|2f(t,x,v)dxdv+/ |E(t,x)|2dx+2/ o(t, X)go(x, t)dx € LS. (R™).
Q [0) w

The analysis of the existence of solution is detailed as follows. The next section
is devoted to the properties of the collision operators Q¢ and Q1 (Sect. 12.2). Then,
we recall some basic properties of the Vlasov equation posed on the free space
with a given and regular potential. These properties are useful to apply to the
penalization method due to S. Mischler [49] constructs a solution satisfying the
specular reflection boundary condition, giving a solution of our Boltzmann equation
with prescribed potential. In Section 12.4.2, useful uniform estimates on o, j and
K are proved. These estimates are enough to prove the stability results obtained by
P-L. Lions [45], based on the fact that Q; is a pseudo-differential operator and a
velocity-averaging lemma (Sect. 12.4). Section 12.6 is devoted to the proof of the
existence for the coupled setting.

12.2 Properties of the Dynamics

12.2.1 Continuity of Qy

Lemma 12.2.1 The operator Qy is continuous on LP (Rd)for allpe[l,o0]l. O

Proof of Lemma 12.2.1 This result is based on the co-area formula [32]. Let us
consider the function ¢ : RY — Rt e C*(R?) with a finite number of critical
points. By denoting d S, the unit surface:

S, :={veR¥e(w) =r}
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and N(r) := {v € R?/e(v) = r}, then

s, (v)

N(r) I/ dN,(v) and dN,(v) = ———,
{v/e(v)=r} [Vye(v)|

and if f € L'(R?), then

+o00
fdv :/ {/ f(u)dN,} dr. (12.11)
R4 0 (veR9 / e(v)=r}

As a consequence, f € L*(RY) implies for almost every R > O, fisg €
LOO(SR, dNR) and

I fisg loocsg) < I1f oo qray- (12.12)
By denoting

xo(v) = / oo (v, [v|w)dw, (12.13)
Sd—l

we can rewrite Qg as follows:

0u(N®) = [ ot vl) flwdn = x0(0) ).

Using the assumption (H1) and the fact that x( is bounded, we get the continuity of
Qo on L. Indeed,

0=<x0(w) =Co and [Qo(f)pemaey = 2Coll fllpoomay-

By the same argument, using the co-area formula (12.11), we can prove the
continuity of Qp on L'(R?) :

/ [Qo(NNdv = 2ol fll1-
R4

The continuity of Qp on L? is deduced using interpolation argument due to M.
Riesz-Thorin and Marcinkiewicz (see [18], page 77).
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12.2.2 Entropy Inequalities and Invariants of Collisions
Lemma 12.2.2

1
/Rd Qo(f)gdv = ——/ SGo(v, lolw)(f (Jv]w) — fF)(g(v|w) — g(v))dvdw,

2 JRdx gd—1

1
f 01(f)gdv = ——/ B(v—vi,wg +¢) —g— g1l
Rd 4 Rdesd—l

{(f'Aad=HaA-fo-rad-MHa- fHldvdvidw,

where v/ =v — (v —vi.w)w and v] =wv; + (v —vi.w)w. In particular:

Lemma 12.2.3 H-theorem
For all increasing function H,

/ Qo(f)H(f)dv =0,
R4

/ Q1(f)Log dv=0, Vfel0Il[
Rd 1—f
Lemma 12.2.4 Invariants of collision and equilibrium state
1
f Qo(f)( ) )dv =0 (12.14)
R g(vl%)
and
1
/ o1(fH| v |dv=0. (12.15)
R4 2
vl
Moreover,

1

—
I 4 exp Z-uon)

(Qo+0D(NH=03InT/ fv)= (12.16)

12.3 Free-Space Vlasov Equation

Some basic results related to the Vlasov equation for (x, v) € R (12.17) are used
to construct a solution satisfying the reflexion boundary condition. To do this, we
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expect some estimates on the trace of the solution of the Vlasov equation to give a
sense of all solution satisfying (12.8).

Let E € L), (R x RT), A € L2 (R¥ x RY),and G € L2 (R*M x R*). We
consider

ApfHrf =0 f4v.Vy fHEV, f4A(x,v,0)f =G, (x,v) e R*.  (12.17)

Definition 12.3.1 We say that a function f € Ll (R x R1) is a weak solution

loc

of (12.17)~(12.7) if for all ¢ € C}(R% x R*),

'/R {fAEY — M)+ Gy} + Rdeolﬂ(O,x, v) =0. (12.18)

+xR2d

We notice that the concept of weak solution is related to the sense we give to
its trace on the boundary, which depends on the regularity of its coefficients. Such
a problem was studied for example of the case of free transport (E = 0), for the
netronics (E = 0 and v € Sd_l) by V.I. Agoshkov [2], M. Cessenat [22], L.
Arkeryd, C. Cercignani [4] and few years ago by S. Mischler in the context of the
Boltzmann equation. The case of Lipschitz force field was analysed by C. Bardos
[7] and N. B. Abdallah [12] using the characteristics: z = (x,v) and Z = (X, V)
satisfying

dZ . J— . .
g(s,t,z) = (V(s;t,2), E(t, X(s;t,2))), (12.19)

Z(t;t,z) =2z.

This implies that the solution of (12.17)—(12.7) is given by:

Theorem 12.3.2 ((Existence) [7, 49]) Let p € [1,00], fo € LP(R*), E €
WLRRY x [0, T]), G € L} (Rt; LP(R*)), and ) € LY (R?*? x R") . Then the

loc loc

solution of (12.17)—(12.7) reads as

t

f(t,2) = fo(Z(0;1,2))exp {—/ A(s, Z(s; t, z))ds}
0

(12.20)
' t
+/ G(s, Z(s; t,z))exp {—/ A, Z(s's ¢, z))ds’} ds
0 s
and satisfies the weak maximum principle
G>0& fo >0, whichimplies f(t,x,v) > 0. (12.21)

Moreover, . € L°(RY x [0, T1) and » > \o; then f € L>(0, T; L?(R*)) and

t
sup [ £ ()l o gaay < I foll Lo aaye ™ + / G ()l p g2aye 0"~ Vds.
s€[0,7] 0
(12.22)
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12.3.1 Renormalized Solution

This concept of solution also called weak—weak solution is introduced to give a
sense for PDEs presenting coefficients without enough regularity [24, 25]. It consists
in considering an equation satisfied only by some B( f) for a class of functions 8,
generally, in Wlla’coo. The definition of renormalized solution for the Vlasov equation
is given by:

Definition 12.3.2 Let f € L! (R?>? x Rt). We say f is a renormalized solution

loc

for the initial value problem (12.17)—(12.7) if for all B € W1 (R), the function is
a weak solution of

AeB(f) =B (/)G —Arf),

BN =0) = B(fo).

We notice that we need to deal with this concept of solution if the regularity of f
and E is not enough to deal with E - V,f in L} . The functions f € L% and

loc loc

E € L}OC. This is enough to define E - V,¢8(f). S. Mischler explained twenty
years ago the relation with weak and weak—weak solution for a Boltzmann equation
associated with a quadratic collision operator [50].

Theorem 12.3.3 ([49])

1. Let p € [1, oo.
Let f € LS. (RY; LY (R*)) be a solution of (12.17)~(12.7). Then, for all

loc

te[0,T1, f(t,.) € L (R*)and
feC®R": L}, (R*)

and for all open and regular subsets O of R*?, the trace of yf IS the unique
function

v € L}, (30, (v.n(x))*doydvds)
satisfying the following Green formula:

1
/ /O{f(Agw — M) 4+ Gy )dxdvds
’ (12.23)

1 11
= |:/ f, -)W:| + // Yr¥ (v.n(x))docdvdt
o ) 19 00

for all ty, 11, for all ¢ € Z)(RM x RY) such that = 0 on Ty x RT, (I'y =
niv-nx)=0}).



304 M. L. Tayeb

2. Let p = +o00.
Let f € L2 (R* x RY), a weak solution of (12.17)~(12.7). Then f(t,.) is

loc

defined for all t, and yy is given by the formula (12.23) and satisfies

feCRY; LY ) Ya<oo and yre L3 x RY, doydvdt).
) (12.24)
Moreover, (12.23) is satisfied for all € D(Q x RT).

12.3.2 Penalization Method

We consider a force field E defined on w x [0, T']. We will denote, in the sequel, by
E its extension by zero outside @ x [0, T']. Now, we shall explain how we construct
a solution for the Vlasov equation satisfying the specular reflection boundary
condition (12.8) in the sense of the following definition:

Definition 12.3.3 A function f € L}OC(Q x R7T) is said to be a weak solution of
(12.17)-(12.7)—(12.8) if

/ {(f(AgY — 2Y) + Gy ldxdvdt + | fo (0, x, v)dxdv =0, (12.25)
R Q

+xQ

forall ¢ € Ci(S_Z x RY)Yand ¥ (¢, x, v) = ¥ (¢, x,v) sur '™ x RT. m|

The method of construction of a weak solution, in the sense of the previous
definition, consists in using the free-space equation with a “strong force field”
tending to confine in 2¢. To do this, we define a function § € Wz’oo(Rd ), which is
equal, on a neighbourhood V of €2, to the distance d(x) = dist(x, d€2) and that
d(x) = 89 > O outside V. Let § (x) = d(x) x{xeqc); 6(x) :=dist(x, Q) sur V. The
vector n(x) = V,d(x) does not vanish on a neighbourhood ‘W of d€2. We define,
for all x € W, the projection I, on (n o))+ by

VveRY, v= nx)-v)nx) +Iyv et nx)-Tyv=0,
and we extend I, arbitrarily outside W.
Let ¢ € DRY x RY), supp(p) ¢ @ x R, 6 € DRY), (0) = 0, and
U e D(R?). We consider the set of functions ¥ € D(R?*¢ x R*) such that:
Y (x, v, 1) = @(x, NO((v.n(x) )W (T, v). (12.26)

Using density argument 12.3.3, the previous definition is equivalent with:

Lemma 12.3.5 ([49]) A function f € Lllac(QXR+) is a solution of (12.17)—(12.7)—
(12.8) if
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/ {F(Apy — AY) + Gy ldxdvdt +| fov(t, x, v)dxdv = 0
RtxQ Q

for all function satisfying (12.26). O
The existence result of weak solution is given by:

Theorem 12.3.4 Let p € [1,00], fo € LP(Q), G € L'(0,T; LP(Q)), E €
L0, T; WhP(w)), and » € LP (Q). Then, (12.17)~(12.7):

f e L®®R"; L¥(Q)NCR"T; LP(R)),VYp € [1, oo[.

If A > Ao, a.e. then

t
sup [If ey < I follLr@ye ™" + / IG$) lILr@e " ds  (12.27)
s€[0,1] 0

for (p,q,r) such that 1/p + 1/q = 1/s < 1, r = p(d —-1/q), E €

Ll(O, T; Li(w)), and for all compact subset K C 02 x [0, T'], the function f
has a trace

vr € L"(K; |v.n(x)|doydvds).
Moreover, there exists a constant C(K, 1, |Ellp1(0,7: L4(w))) Such that

”Vf”L’(K; [v.n(x)|doydvds) = C(K,r, ”E”LI(O,T; Lq(w)))‘

Proof The proof is based on the idea introduced in [25] and used in [49].
We define the force field E by

& r 8('x)
E*=E~ == n(). (12.28)

IUC(RJF; Wllo’f /(Rd)). An application of the previous results (Theo-
rem 12.3.2) implies

E¢ e L%

sup ||fs(t)||Loo(]R2d) < C(T, 1 foll pooraays 1G I L10,7: L.o0(R24Y)-
s€[0,T]

By passing to the limit in the Green formula satisfied by the solution of the free-
space Vlasov equation with the following family test functions: ¥ € D(Q x RT),
satisfying

82(x)

Ve = 00V = ¢(x,1)0 ((U : ”(x))2 + T) W(Iyv),
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where @, 6, and W are defined in (12.26), we get

/2d N fe {98\1—’(8t(p +v.Vyp —A¢) + oW (v - Vi + E* - Vves)}
R* xR

+f {00:(v - VW + E° - VW) + G, W} dxdvdt = 0.
R2d xR+
By remarking that §(x) = 0 on w, we infer that

[0, = fS0x0(x) —~ fOxo(x) in L™,

210 8 W)
v Vb + EF - Vb = v -V [(v-n(x))?] 0" [ (v-n(x) +T + E - V0,

and

E*- VW = (E — (S(g—x)n(X)) -Vy (W) = E - [TL[VY](ILw)],

leading to

/]RM R+f{9‘y(at(p+v'V;ﬂﬂ—)»(p)—k(p\l/(v.Vx9+E,Vv9)}
X

+/ {b(v -V W + E - VW) + GV} dxdvdt =0,
R2d xR+
which is equivalent to

/ (FO +v-Votr + E - Votb — a) + Gy} dxdvdt = 0
R

2d R+

for all ¢ satisfying (12.26). Then, f is a weak solution of
Apf+Xrf =G, (x,v) e,
f@=0)= fo,

f@t,x,v) = f(t,x,v), (x,v)el'",

where v = v — 2(v - n(x))n(x).
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12.4 Equation of Boltzmann with Specular Reflection
Boundary Condition

This section is devoted to the existence and uniqueness of a weak solution of the
Boltzmann equation satisfying the reflection boundary condition (12.8), given by
this formulation

/ {fAEY + Q(f)w}dxdvdt—i—/fo(x,v)w(O,x,v)dxdv =0 (12.29)
QxR+ Q

for all € CL(R?? x R*) and satisfying (12.26).

12.4.1 Existence of a Weak Solution

Theorem 12.4.5 Let E € L! (RT: W1(w)). Then (12.17) has a weak solution

loc
satisfying
feL®®T; L' NL®(Q)NCRT; LP(R), Vp €ll, +ocl,
0<f<l, (12.30)

If Ol = ol q)-

Furthermore, its trace yy on I' x]0, T'[ satisfies:
Forall p,q €]l,00[, 1/p+1/qg=1/s <1, r = p(1 —1/q) = 2 and for all
compact subset K C I" x [0, T], we have

vs € L¥( x R, doydvds) N L"(K; |v.n(x)|doydvds)
el (k: neoldodvdasy < CK, r N Ellpio, 1 La(w)))-
Proof of Theorem 12.4.5 We define, for all £, its extension f by
0 si f <0,
f(t,x,v) =71 f(t,x,v) si 0<f<I,
1 si f>1.
We also define the function F on [0, 1]* as

F(x1, x2, x3, x4) = x3x4(1 — x1)(1 — x2) — x1x2(1 — x3)(1 — x4).
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We have

sup [|9x; Fllze(0,1) = 2.

1

For all f and g,
If—&l=<If -zl
and
10(f) = Q@) < (8I1BIl 1 gacsi—ny) |f = &,
where C depends only on (H1).

Now assume that E € W1 (w x [0, T]), and for all f, we define t(f) is the
weak solution of the following transport equation:

Apt(f) =@ +v- Ve + E-V)Tu(f) = 0(f), (x,v) €,
(), x,v) =1(f)t, x,v), (x,v)el™, (12.31)
t(NE=0=fo (= fo).

The proof consists in proving that T has a fixed point. Indeed, let t(f) and 7(g)

be two weak solutions of (12.31) with the same initial data fy. The difference 7 =
T(f) — 7(g) is a solution of

Aph = Q(f) — 0(®), (x,v)eQ
h(x,v,0) =0,
h(x,v,t) =h(x,v,t), ((x,v)el,

and

t —_
sup [h() 1oy < / 10 — 0@ ) lricnds < Ct sup [|(F—) () oy,
s€[0,1] 0 s€[0,7]

where C depends only on the cross-section B.

As a consequence, T has a fixed point in L°°(0, #y; LY(Q)) for 1y < 1/C. The
constant C is independent of ¢. Then, we can construct a fixed solution on a sequence
of intervals [#,, t,+1[ with #,41 — #, < 1/C with an initial data f(t = t,,) = f(t,)
(in a weak sense). With this procedure, we can construct a weak solution on [0, T']
forall T > 0.
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We also remark that the solution of the Vlasov equation satisfying the specular
reflection boundary condition on 92 is a weak limit (in L?(]J0, T[x£2)) of g°,
the weak solution of the same equation defined on hole space associated with the
confinement force field (12.28), which satisfies the weak maximum principle.

The operator Q satisfies

— Cmax(f,0) < —Cf < Q(f);

then, ¢(f) = f — max(f, 0); thus

Ae(e(f) =o' (HAe(f) = Ap(HT = x(r20)

> —Cmax(f,0)(1 — x{r=0p) =0,
e(NHx,v,0) =e(NHx,v,0), (x,v)el™,
p(f)t=0) =0,

Implying that ¢ (f) > 0, and f > 0. Furthermore,

O(f) <C(1 — f) <C(1 —min(l, f))

S0
Ap(min(l, f) — f) =Ae(/HH(xir=y— D
> C(1 —min(1, f)(x(r=ny— 1D =0,
p(f)(x,v,1) =¢(Hx,v,1), (x,v)el”,
min(1, ) — f(t = 0) = 0.
So,

max(f,0) < f <min(l, f) a.e. 0< f <1.

To prove that the solution of the Boltzmann equation belongs to C([0, T']; L? (R%Y).

We can proceed as in [49]. Indeed, f (= t(f)) is a weak solution of a
Vlasov equation with a force field £ € Lllo C(R+; W1 (w)) and a source term
G = Q(f) € L®(Q x RY). This implies using [49] (Theorem 4) that

feCRT; LY (Q) Ya < 400,

loc
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and its trace y is well defined by the Green formula and satisfies
yr € L¥( x RT; doyduds).

IfOisa smooth open subset of R? and K is a compact subset of 0 x R, if
we denote LloC = LI“OC(RJr Lf’oc(Q)), then for all p, g € [1, +oo[ such that

1/p+1/g=1/s <landr = p(1 —1/q) we have

N fllLrk: wnee))2do,dvas) < Cx (1 + ||E||Ll (R L‘I(a)))”f”L

+CkI QNI

1/r 1- l/r

IIfII :

lnc

The uniform bound 0 < f < 1 and the L!-estimate (verified later on) lead for all p
and p’ suchthat 1/p+1/p' =1,

1/p 1/p' I/p
Ifllger =11 I|f|| 2000 < I foll,i"
g luc

QAL

loc

< COIQW Lz < CAUBIL1. 5),

1 1-1
17£ ek norpdovasy < CxA+NET 1l foll 1 + Crrsll foll 747

and if r > 2, L7 (K; (v.n(x))*doydvds) — L/

loc

(K |lv.n(x)|doydvds), then

loc

vr € L'(K; |v.n(x)|doydvds) Vr < 400
and
1£llLri: noidordvds) < €K1 IEN a5, . q).-

The L'-estimate is the well-known consequence of the mass conservation
property.

Lemma 12.4.6 Forall & € Ccl. (@ x RY), the charge and current densities o and j
satisfy

/ [+Q(l‘, x)0:E(t, x) + j(t, x) - Vi E(@, x)]dxdt + / fo(x, v)E(0, x)dxdv = 0.
wxR Q

(12.32)
As a consequence,

do+Ve-j=0, in D[R] xw). (12.33)

O
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Proof of Lemma 12.4.6 The proof is a consequence of the mass conservation
property of the collision operator:

/ Q(f)dv =0.

12.4.2 Energy Estimate

We shall establish a control on the charge and current densities and the kinetic
energies depending on the force field E.

Lemma 12.4.7 Let E € L!

L RT; LYT2(w)). The Boltzmann equation has a weak
solution satisfying

d
ol a2 = CrK()a2, (12.34)

Ld (0)

. d+1

IjOI a2 < CrK(r)d2, (12.35)

L+ ()

! d+2
su t + K@) <Cr(1+ E(s ds). 12.36
te[o?n{”@()”ﬂ”(m ()} ([ IE@IGS,ds).  (1236)
Moreover, sup f(t) belongs to a weakly compact subset of L' (). m|
te[0,T]

Proof of Lemma 12.4.7 The proof is based on truncation idea used by Horst [40].
We detail this idea for the (12.34). We start by writing the density as follows:

Q(x,t):/ fdv—i—/ fdv.
[v[=R [v[=R

This implies

1
lo(x, )] < CRY|| | + = v fdv.
Rd

1/d+2
i| , we get

By taking R = [/l;d [l f()dv/C|| fl|

d
le®ll a2 = CrK@®a.

2
4 (o)
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To prove (12.36), we remark that if we multiply the Boltzmann equation by |v|? and
integrate by parts using the properties of the collision operator, we obtain

t
(K] = / / j(x,8).E(x,s)dxds.
0 Jo
If E € L®(w),
t
K(t) < K(0) +/0 17 N 1@y IE@) | Lo @)ds,
t
< K(0) +/0 ol + KGDIE ) Loe@w)ds
t
< Coxp( | IEOlrwds).
and if E € L2 (w), using the Holder’s inequality, we infer that

K(r) = K(0)+/ 1l gy )||E(S)||Ld+2(w)ds'

t
K@) < c{1+/ K(s)ii%||E(s)||Ld+2(w)ds}.
0

Using the Young’s inequality (ab < a?/p+b1/q, a,b>0,1/p+1/q = 1) with
d+1
a= K(s)ﬁ and b = || E(s) || pa+2, we get

ko <c(1+ 5 [k b ||E<)||d+2
= d+2 o s)as S L‘Hz(a)) .

The Gronwall lemma gives

t
sup K(s) < C<1 + / ||E<s>||ijfz(w)ds) ¢,
s€[0,1] 0

which ends the proof of (12.36). |

As a consequence of this lemma, we have sup f(¢) belongs to a weak compact
t€[0,T]

subset L1(€2). Indeed,

Vx €10, 1[, x|log x| < 24/x
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implies

[ nizossiwasav= [ pirogsi [ fizoss
Q f<e Il e <f<1
(12.37)

< sup {/Q[ze—'“/2 + |v|2f(t)]dxdv} <Cy.

t<T

Moreover,

1 2 CT
sup fdxdv < — ysup | |v|"f(@t)dxdv; < —.
<1 JoJ =R R |i<1Ja R

With these two inequalities, we verify that sup f(¢) satisfies the assumptions of
t<T

Dunford—Pettis theorem [18], which completes the proof of the Lemma. O
12.5 Stability Results
Let
T =0 +v- -V,
and the set

F={feL®R" L'(Q) /0= f=<1 KeL,

T f € weakly compact subset of L'}

We would like to prove that Q(F%) := {Qo(f) + Q1(f), f € F*} belongs to a
weakly compact subset of L!(Q2x]0, T[). This property is trivial for the operator
Qo. Let us detail for the nonlinear part.

12.5.1 L'-weak Precompacity Q1(F%)
We rewrite Q1(f) as follows:

o=, | Bo—w{a=DrE-1iA

+ fAS + FAf = ffi}dvidw
== NHLif ) = La(f)+ FL3(f, )+ fLa(f. f) — fLs(f),
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where

Ll(f,g)=/ B(v — vy, w) f'gidvidw, Lz(f)=f B(v — vy, w) f' f] fidvidw,

Rdxsd—l RdXS‘I_l

L3(f,g)=/ B(v — vy, w) fig'dvidw, L4(f,g)=/ B(v — v, w) figidvidw,
Rdxsd—l ]Rdxsd—l

Ls(h = [ B —viw fdudu = (45, H)
RY x §d-1
and
a0 = [ Bewdw,
gd—1
To simplify the notations, we denote by a := || A|| ;1 (gay, and we define

Ff={Li(f. ), feF*}, i€{l,3,45)
(12.38)
Fy ={La2(f), f e F*}.

The property of stability of QO is given by:

Theorem 12.5.6 The set {Q1(f), f € F“} is weakly relatively compact in
L'(0, T[x ).

The proof of this theorem consists in proving that the sets F{* satisfy the
assumptions of the Dunford—Pettis theorem [18]. This will be the subject of the
following lemmata. We begin by Ls.

Lemma 12.5.8 The set {fLs(f), f € F®} is weakly relatively compact in
L'(0, T[x ). O

Proof of Lemma 12.5.8 Let f € F“. We have

0<Ls(f) Za,
(12.39)
ILs(HO L1y = all f Ol
The set FS“ is bounded in L*°(0, T’; L'n L% (R2)). We define the function
@(t) == t(Logt)™ = t sup(0, Logt). (12.40)

The function ¢ is increasing and satisfies

o)
p(t) =0, tlulloo T = 400,
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t
Vit >0, @) <agp <—> + t|Logal,
a

and
fQ o(Ls(f) < a /Q S(Ls(f)/a) + | Ls(Fll 1 | Logal.

. . . . . B(v — vy, w)dwdv;
Using the convexity of ¢ and the Jensen inequality withdu = ,
a

we get

/Q o(L5(f)) < /Q Ls(@(f)+alLogal | fll110)-

We deduce, thanks to (12.37) and (12.39), that
vt <T, /Qw(Ls(f))(t) <a{lle(Hlp +1Logalll flip1} = Cr, (12.41)

leading to: ¢(Ls(f)) is bounded in L>°(0, T; L'()), and to conclude that Ls(f)
is in a weakly compact subset, we shall prove

lim {sup // L5(f)(t)dxdv]=0. (12.42)
R—400 | 0<t<T Jow J|v|=R

Indeed,

/ / Ls(f)(0) < / dx / dv / A — v1) f (oy)dvy
» J|v|=R w [v|>R [v1|=R/2

+/ dx/ dv/ A(v —vy) f(v)dvy
o [v|>R [vil<R/2

< 4_aK2(t) +/ / A —vy) f(v1)dxdvdv,
R @ Jlv—v=Rr/2
4aK (1)
= = IOl / A2z,
lzZI=R/2

which implies (12.42) due to the fact that A € L! (Rd).
We proceed in the same manner for f Ls(f) using the uniform bound f € [0, 1].
We have

0= fLs(f) = Ls(f) =a. (12.43)
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Lemma 12.4.7 implies

T
[rotrzsco+ aswbrsisonaao = or (14 [1E©IE a5,

(12.44)
which leads to
lim sup / / fLs(f)dxdv i =0. (12.45)
R—+o0 lo<t<T Jo Jv|>R
Moreover, the set { fL5(f), f € F®}is bounded in L>°(0, T; L'(£2)) and weakly
relatively compact in L'(]0, T[x ) faible. O

Lemma 12.5.9 The set {fLi(f, ), f € F*} belongs to a weakly compact subset
of LY(2x10, T|). O

Proof of Lemma 12.5.9 Let f € F*; wehaveVt €]0, T,

0=<Li(f, NH) =Za,

/QLl(f, H®dxdv < /QA(v—vl)fldxdvdvl <allfOll g

/ lI2Li(f, f)dxdv =/ f B(v — vy, w)|v|> f' fldwdvidxdv.
Q Q JRA x 5d-1

Using the new coordinates: (v, v1) = (v', v]), we get

/|v|2L1(f, f)dxdv:// B(v — vi, w)|V'|* f fidwdvidxdv
Q Q JRd x 5d-1
< [ [ 4G =000 + Py fidvdndo
Q JR4

< 2/ / A — v) |2 ffidvidxdv < 2aK ().
Q JR

The properties of the function ¢ given in (12.40) lead to
Li(f, f)
Qf/)(Ll(f, N =a A + IIL1(fs Pl @)l Logal. (12.46)

The Jensen inequality (with du = B(”_”‘+)‘iwd“1) gives

(Ll(f,f)
Py etatini

a

) <[ et s (12.47)
Rd x §d-1
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Using again the coordinates ( (v, v) = (v’, v}), we obtain

Li(f. f)
_ dudvd
afgfﬂ( p )Saéfwxsdlw(ffl)uvx

< / / A — v)p(ff)dvidvdx.
Q JR4

The monotony of ¢ implies that

L El
a/ g0( 1(f f)) S// A —v)e(f)dvidvdx < alle(f)lL1q)
Q Q JRA

a

and (12.46) becomes

T
/Q o(L1(f. ) = alle(Hllr + | Logalll flp1} = Cr(1+ /0 IEDN]52,,,d0)

and

T
sup /Q{(1+|v|2)L1(f, H+eLi(f IO = cr<1+/0||E<r>||i;*fz(w)dz>.

1€[0,T]
(12.48)
This implies that the set {L1(f, f), f € F*}is a weakly relatively compact in
L'(£2x]0, T]).
Also, this inequality is satisfied by f fLi(f, f), because f € [0, 1] and ¢ is
increasing, then the set {fL1(f, f), f € F¢} is a weakly relatively compact of
L! (2x1]0, T]), and it satisfies

T
sup /Q (1 + PP FLICE ) +o(fLif PN < Cr(l + /O IEON R, d0.

te[0,T]

where the constant C7 depends only on the time 7. O

Proof of Theorem 12.5.6 Conclusion: The sets ' and F¢' are relatively compact
in L1(2x]0, T[). To extend this property to F3, Fé", and Fy, we remark that, for
all f € F¢,

This implies that these quantities are bounded in L*°(0, T'; L' N L%(RQ)). The
function ¢ given in (12.40) is increasing, and the inequalities (12.41) and (12.45)
are satisfied by Lo(f), L3(f, f), and L4(f, f). Then, the weak compacity of
Fy, F§,and F} isin L1(2x]0, T[)). The compacity of fL3(f, f)and fL4(f, f)
is immediate because f € [0, 1] and ¢ is increasing. O
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It remains to prove that Q1(F) is closed for topology o (L', L™) ; it is equivalent
to proving that if (f;,), is a sequence of F'* weakly converge towards f, then for all
¥ € DQ xR

lim 01 (f)Vdxdvdt = /
QxR+t

n—oo QxR

O1(f)vdxdvdt. (12.49)
+

To do this, we need a velocity-averaging argument.

12.5.2 Velocity-Averaging Lemma

We consider the operator 7 = 9; + v - V,.
Theorem 12.5.7 ([28]) Ler f € C([0, T1, D'(R*)), f € L? ([0, T] x R*), and

loc
T(f) € WP, T; WSPRL; WPP®ay)), with p €11, 00[, @ > —1 and B €
R. Assume that f(0) € LZPOC(RM). Then, there exists s(p, «, B,d) > 0 such that,
for all € D(RY),

My (f) == /Rd fydv e WHP (0, T; WP (RY)).
Therefore, for R > 0, there exists R' > 0 such that

My (O)llws-pqo.rixBr) < CLWs | fIlLP(10.T1x By x B )

(12.50)

||f(0)||L1’(BR/xBR/)’ ||Tf||wuvﬁ([()‘r]><3R,; Wﬁ,p(BR,)}-
The idea of the proof of this theorem in the case (@ = 0, 8 = —1, and
p = 2) is given in [17]. We can prove a compacity L?(wx]0, T[) of the sequence

f]Rd " (t, x, v)dv, where f" is a weak solution of
O f"+v-Vif"=0(f" —E"-Vy,f", (,x,v)e R*Jr X . (12.51)
We assume that

||En||L2([0,T]Xw) <Cr.
(12.52)

O(f™) € L*[R*Y; L' N L¥(Q)).

The compactness of f;, is described by:

Lemma 12.5.10 Let v € D(Q x [0, T), and f" is a weak solution of (12.51).
We assume that (12.52) is satisfied; then, M’} = fRd " (x, v, t)dv is relatively

compact in Lz(a)X]O, TD. |
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Proof of Lemma 12.5.10 This lemma is a consequence of the result of regularity on
the evolutionary equations. The first part of the proof is given in [17] for the case of
a function ¥ := ¥ (v). We resume the same analysis for a function ¥ := ¥ (x, v, ),
and we satisfy that the hypothesis (12.52) is sufficient to deduce (12.53).

Let g" = f"y. Then g" is a weak solution of

T(g") = 8" = Q(f")Y + E"Vyyr f"* — f'T(Y) — Vo (Y f"E™)
=87+ V.85, in D0, T[xw),

g"0) = foy.

The term S” € L?(0, T; H~'(R)). Under the assumption of Theorem 12.5.7 with
a=0,8=—1,and p = 2.
We denote F¥(g") the Fourier transform of x of g”; then

t
Fo(g")(t.£,v) = FE(foy)(E, v)e V9" 4 / FE(ST) (s, &, v)e I g
0

t
+ / Vo [FE(SDI(s, &, v)e -9 gs,
0

We integrate this equation with respect to v, we denote by Fy' the transformation
with respect to (x, v) and M{}l = fRd g"dv, and we have

t
FY(My)(1,8) = F, (o) (€, 1§) +/0 Fy(SME, (1 — )&, s)ds.
By using the Holder inequality,
T T
fo |FE (M) @, 6)Pdr <2 fo FS,(fov) &, 16)]Pdi
TpT
o [ [ e Pdas,
0J0
and with the change (t > ¢|&|), the previous inequality becomes
T
/0 Fo (M)t 6)di

T TpT

o & Ldt f/ o o on ( & )Zdt
2 F ,t—)|*— + 2T F. (S S, —ds.
= /0 P (fod)E t|§|)| €1 0Jo e85 st|$| 5)! €1 ’
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Then
T
ff|s||F:<M3,><s,r>|Zszf (1 — AES fotr) . ) Pdnds
0 ]R‘l de
T
+2T/ / |1 — A)I2FE (S, 0, 5)|2dndEds
0 R2d ’

<2(1fov 1132 + TUS" I 200.7: L2(0: H-1RAY)) f @)1+ [v*)?dv
< Cy(L+1E" | 1200, 7 xw))-
So,

||M:/;||L2((),T; H'/2(w)) <Cr(1+ ||En||L2(w)) <Cr. (12.53)

Otherwise,

L 4 ([ g
at Wﬂwf v “)
_ f Q") = E"Vo f" — 0. f"y v + / Fronpdy
R4 R4
_ / 0"y ydv + E". / PV dv
R4 R4

+/ f”(v.wa)dv—Vx./ f"lpvdv—i—/ [0, vrdv.
R4 R4 R4

Taking into account the uniform bound f” € [0, 1] and the estimate (12.53), we
obtain

4o

<Cr, (12.54)
dt v Lz(O’T; H—I/Z(w))

where Cr depends only on T', [|E" || 120, 7. 12(w))> @nd ¥

Estimates, (12.53) and (12.54), imply that (Mf;,)n is relatively compact in
L*(0,T; L*(w)).
Remark 12.5.1 The regularity of the function v introduced in the previous theorem
is not optimal to get the compactness of Ml'/’, in L?(wx]0, T[), (p < +00). Indeed,
by the same proof, we use the transformation into (¢, x), and we can prove that
My € H'*(wx]0, T[) for all ¥ € CL(Q x [0, T[) and that f" satisfy (12.51).
Therefore,

||M:/1,||H1/4(w><]0,r[) < Cr(L+1E" | 200,7; L2(w)) = CT»

where the constant C7 depends only on 7" and .
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We also remark that if in the previous proof ¢ := ¥ (v) and it has a compact
support, then the L>°(R?) regularity is enough to obtain the result of the lemma.
Indeed, several other forms of this lemma are given in [28], where the function v is
chosen in different spaces. We quote other lemma who writes the average compacity
in L. O
Lemma 12.5.11 ([24]) Let g, and G, be two sequences weakly compact in
L) (R*; LY (R?*¥)) and satisfying

Ten =G, in D RS xR¥).

We assume that supp(g,) C [o, T — o] X Rﬁf X Bgr, a > 0. Then, for all function
¥ € L¥(RS; R*), we have [pa Wgndv belongs to a compact of L' (10, T[xR>?).
Consequently:

(i) If K a compact of [0, T1 x R??, g, and G, belong to a weakly compact of L
LY(K), for all y € L®(0, T[xR*4) with compact support, and the sequence
Jra gn¥dv is in a compact of L}, (10, T[xR?).

loc
(ii) Therefore, if the sequence g, is in a weak compact of L' (10, T[xR?), then for
all y € L0, T[xR??) with compact support, the sequence /Rd gn¥dv isin
a compact of L' (10, T[xR%). O

These lemmas are used in the following subsection.

12.5.3 L'-compactness of Ls(fy)

Lemma 12.5.12 Let (f,) be a sequence of F*, such that f, — f in LZPDC weak.
Then

Ls(fx) — Ls(f) L'0,T: L},.(Q)) strong
and

faLs(fy) = fLs(f) L'R*x]0, T]) weak. .

Proof The sequence (L5(f,)), is bounded in L*°(0, T'; L'()), and it is weakly
relatively compact in Ll(Qx]O, T[). Let g € D(BR), a localizing function; A, €
D(R?) such that ||[A — Ag|;1 < e. Then,

Ls(fa = HHv) = /Rd(f" — HHw)(A = Ag)(v — vi)dvy

+/Rd(fn — A (v —v)dvy
=[(fu — ) * (A= A)IW) + [(fu — [) * Ac](v).



322 M. L. Tayeb
We have

I1(fn — ) *0 (A= Al Lr@xqorp < W — FllLilA — Aell L ray < Cre

and
/ (fu — DA (v —v))dviOg(v) = / (fu — HDYRr@, v)dvy
R4 R4

€ C®(RY; HY*(w x [0, T]))

or fRd (fu — (1) ¥r(v, v1)dv; is relatively compact in LZ(QX]O, T[) because
YR € Z)(R2d). This implies that for all ¢ > 0, we have

lim / |/ (fn — Hw)Ag(v — v1)dv10g(v)|dxdvdt = 0.
Qx10,T[ JRd

n—-+o00

By passing to the limit on ¢, we obtain Ls(f,) converge towards Ls(f) in
LY0,T; L}, (Q)).

By using this lemma, we prove the stability of fL5(f). By using the parity of A,
we write

/ faLs(f)¥rdxdvdt 2/ fr(v) g, (v)dxdvdt,
R2d x10, T

supp(¥)

where
gn(v) = /Héd(A —Ag)(w —vy) fu(w) ¥ (v)dvr + /Rd Ag(v — 1) fu() ¥ (v)dvy.

The first term converges immediately towards (||A — A¢||;1 < ¢). The second term
is bounded in L*>°(2x]0, T[), and by using the previous lemma, it is in a compact
of L} (%[0, TY)); its norm depends only on IEN 2 (@wx0.77)> IAllL1, and . This

loc

is enough to deduce the weak convergence of f, L5(f;) to fLs5(f). |

After that, we study L1, Lj, L3, and L4. We define the following operators 7 and T:

Te(z) = /L;CH B(z, w)p(z — (z.w)w)dw,

To(z) = fsd_l B(z, we((z.w)w)dw.

We begin by analysing the operator Li; using the averaging lemma, we prove the
result of compacity of the sequence L (f,, f,) for all f, € F* (Lemma 12.5.13).
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Then, we prove the L!- compacity of Li(f,, f,), which will be enough to obtain
the compactness of L3 and L4 (Lemma 12.5.15) and the weak compactness of L.

12.5.4 Compactness of L1(fn, fn)

Lemma 12.5.13 Let (f,)n be a sequence of functions of F*, and f is weak limit.
Then, for all function ¥ € D(2 x [0, T)),

Ad Li(fn, fa)¥vdv — Ad Li(f, /)vdv in Ll((u x [0, T]). (12.55)
Proof of Lemma 12.5.13 Let supp(y) C K x @ x [0, T,
/R L v = /K g OV
where
a(x,v,vy,t) = /Sd_l B — v, w)y (v + (v — vi.w)w)dw.

We assume that the cross-section is regular (C*°), and the function a €
C®(supp() x R4 ). We define

ﬂ(x,vl,t)zf fa(x, v, vy, t)dv, ﬂn(x,vl,t)zf fa(a(x, v, vy, t)dv.
K K

Under the assumption (H2), the function A € L} (R*; L' N L%(Q)), and by

c

using the previous lemma, the sequence A, belongs to C* (Rgl . HY 4(a)><]0, TN
bounded, and it depends on || E| ;24 x[0,77])»

/K(Ll(fna o) = Li(f, f)¥dv = /Rd(ﬂn —A)(x, v1, 1) fu(vpdvy

+ /qun DA, v1. Dduy.
(12.56)

LetR > 0, Bg = B(0, R)

V (A — A (x, 01, 1) fu(v)do
R4

< A — All L1 (ge)

+2/ la(x, v, vy, t)|dvdvy;
{lvi|>R}xK
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then

n—o00

lim H / (A — A1) fi (01)d)
Rd

LY (wx[0,T])
< lim |A, —Allp1p oT +2/ la(x, v, v1, t)|dvdv;.
n—00 BT L s 1> Ryxsuppun

For fixed R, the sequence A, is regular and uniformly bounded; then it converges
strongly towards A in LY(Bg x w x [0, T]). Otherwise,

lim / / la(x, v, v, t)|dvdvy < Cg y lim Az, w)ydw = 0.
R=00 Jv|>R Jsupp(y) R—>00 J{|z|>R}
(12.57)

For the last term (12.56), we take O := 0 (v) € D(BR)
f (fu — HwDAx, vy, Hdvy = / (fu — HWDAx, v1, HOR(v1)dvy
R4 R4
+/Rd(fn = H)A, vy, (1 —Og(v))dvy.

The convergence in LY (wx]0, T[) of fRd(f,, — fH(w)Ax, vi, t)0r(v1)dyy is a
consequence of the averaging lemma (theorem 12.5.7), and the last term fRd (fn —
F(w))Ax, vy, t)(1 — Og(vy))dvy is the same as (12.57). |

12.5.5 L-Compactness of L1(fu, fn)

Theorem 12.5.8 Let (f,,) be a sequence in ¥ and f its weak limit. Then

Li(fur fr) — L1(f, f) in LN(Qx]0,TD). (12.58)

O

The proof of this theorem is divided into three steps. In the first step, we
regularize the sequence f, and the cross-section B. These two regularizations allow
us to prove the result of the theorem by using the compactness lemmas.

First Step: Regularization of the Sequence
Let M > 0 be a fixed real, ¢ € DR, 0 < ¢ < 1,9 = 1in B0, 1) and
oM = @(57)-

Let

M= faom).
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This step consists in showing that
LiCf £ — LM M) i L (@10, TD. (12.59)
Indeed,

Li(fu, f1) — Li(fs ) = (L1 (fu, f2) — Li(AM, £M)
(12.60)

HLi(M, M — LM, M) + (LM, M) — Licf, ).

The first term of the right-hand side of (12.60) satisfies

T
/(.) /S;lLl(fn»fn) _Ll(an,f,fw”ddedt

T
=/O dt/dx /RM dvdvidwB(v — vy, w) [ (V) fu(V)DA — o (V)eu (V)

x §d-1

T
< / dt [ dx / dvdvidwB( — v1, w) fo () fa (1 — @ (W)ga (1))
0 w R2d x §d—1

T
= %/ df/dX/ dvdvr|v||vi]A( — v1) fr (V) fu (V1)
M= Jy ® R2d

4aK (1)

o ) o [ [ e
<— dt | dx dvdvi|[v|"A(v — v1) fu(v) fu(v1) < sup .
M2 Jy o JrA reio.r) M2

The third term is the remainder of a convergent integral:
T
/ / LM, M) = Li(f. f)ldxdvdt
0 Q
T
=/ dt/dxf dwdvdviB(v — vy, w) ffi(1 — oy (v)ey(v1))
0 ® R2d x §d—1

T
< a/ / / fdxdvdt = O(1/M).
0 w Jv|>M

Corollary 1
fanwdv—>/ fMydv in LP(wx]0,T[)
R‘l Rd

forally € L*(RY), p € [1, ool.
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Second Step: Regularization of the Cross-Section

Now, we remark that we need only B values for v — vy such that [v'|, [v]| < CM
(C is a constant ). Then, we assume that B = ¢(|z|, |(z.w)|/|z|), where ¢(r, t)is
set to [0, oo[x[0, 1] and ¢(r,¢) = O for r > 1, uniformly for ¢+ € [0, 1]. Let
@e € DT(0, 0o[x]0, 1]) and B, = @, (|z, |(z.w)|/|z]). We have

B, — B in Ll(Rd X Sd_l).

Let

Li(f. g) = / Be(v — vy, w) f' fldwdvy;

Rd x §d-1
then (12.59) a:
LECEM, My — LE(FM, ™y in LY(@x]0, TD). (12.61)
Indeed,

L1 1D = Lo ™ M = @) 15D = LG 1)
+ LS LD = LM M) + @S GM M = LM M.
The functions an and f¥ have a compact support subset of @ x B(0, M). Then,
it is clear that Li(f,, 1) — LYY, £ and LECFY, ) — Li(r™, )
are bounded in L'(Qx]0, T[) par Cyl|B; — Bl 1(gaygi-1y. This implies the
equivalence between (12.59) and (12.61).
To simplify the notations, we omit the parameters ¢ and M, and we assume that

the sequence (f,) € F* with a support subset of @ x B(0, M)) and satisfies the
previous corollary. We also assume that the cross-section B € D(RY x §9-1y,

Third Step: Regularization in Velocity
1 .
We regularize Li(f,, fu) by 05 = (S_dg(g)’ where o € D(Rd), o > 0, and f]Rid
odv = 1.
Let
LY (far fu) = L1(fas fn) *v 05

Explaining this formula, we have

LS(fu, f)(x, vs, 1) = / / dwB — vi, w) £ (V) fn (V)05 (Vs — v)dvdvy
R2d J gd—1

= / / dwB(v — vi, w) f, (V) fu(v1)os (v — V' )dvdy)
RZd Sd—l

=/ Fa) fu(1) s (vs, v, v1)dvdvy
de
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with
@5 (Vg, v, V1) = / dwB(v — vy, w)os (v — v+ (v — vi.w)w) € DR).
§d—1

For § > 0, the sequences f,, and L‘i (fn, fn) have a compact support subset of
w X B’(O, M); the function ¢s is regular, and it has a compact support; then the
averaging lemma implies that

Ly(fu, f) — L3S ) = Li(f, f) *v 05

in L?(wx]0, T[) strongly for p € [1, oof.
We write

Li(fu, f2) — Li(f, 1) = (L1 (fu, f) = LSCfu, f)) + (L3 (fus ) — LYCSS £))

+(L3(f. f) — Li(f. ).

We notice that it is sufficient to prove that: Ly (fy,, fn) — L’i (fn, fn) and L‘f f, H—
L1(f, f) converge towards zero in LY, T[x) as & goes to zero (uniformly on 7).

Proof of Theorem 12.5.8: Conclusion The functions Li (fy, fn) and Li(f, f)
have supports subset of w x B(0, M). This is enough to prove the convergence in
L2(10, T[x ). Using the Plancherel formula, one can write

2 1 T
|| (L? _Ll) (fl’lv f")||L2(](),T[x§2) = W/OA dl/wdx
x /R dg |F Ly (o ] (1= 2(68))

finally, we have ¢ is bounded, and it is sufficient to check that

hm sup/ dt/dx/ d& |F¢ Ll(fn»fn)”
[E1=R

—)OOn>1

This estimate is a consequence of the pseudo-differential regularity result of the
operator L] given by:

Theorem 12.5.9 (P.L. Lions [47]) Let B € C®° (R? x §971), f € L%, and g €
Lll). We assume that B satisfies the assumption (H2). Then,

Ll(f,g)(v)=/ Bw—v,w) f—(@w—v-ww)
R x 541

xg (w1 + W —v;-w)w)dvidw
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is in H4=D/2 (Rd) and satisfies

IL1CF O @1 2®d) = CNfIl2®ay gl (rd)-

where the constant C is independent of f and g. In particular, for all s € R, the
operators T and T are bounded in H s+t (Rd). O

Remark 12.5.2

1. The sequence an is bounded in L*° (0, T; L'n LOO(Q)); the previous theorem
allows us to deduce that

L ( nM, an) is uniformly bounded with respect ton in

L> (]0, T x w;; H@D/? (Rd>) .

This implies the estimate (64).
2. The result of the previous theorem is based on an equivalent form of L. Indeed,
with the relation v = v’ + (v] — v/ — w) w, we have

/ Li(f, few)dv = /{/ f'B(v — vy, w)e
R4 §d—1 wRd

x(' + (v — v’.w)w)dwdv’} fidvy;
replacing (v, v1) — (V' v}), the previous expression becomes

[, 11 nows = /{ @B - vi, wy
R4 sd—1 «Rd

x(v—(v— vl.w)w)dwdv} f(vp)dvy,
and if we denote by ;¥ := ¥ (. — h), we get

/ Li(f, He)dv = / f) {/ fDI(t—y, 0T o tv])fp](v)dm}dv,
R4 R4 R4

= f FW L) (w)dv = / FWL,(f)w)dv
Rd Rd
with

(Lo f)(x) = fR B0 T o) Iz
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3. Forall ¥ € D(2 x [0, T]), the sequences L (¥, f,) and Ly (f,, ¥) converge,
respectively, towards L1(y, ) and L{(f, ¥) in L (10, T[x 2). Therefore, for

loc

all f € F?%, the sequences L (f, fu) and L1 (fy, f) converge towards Li(f, f)
in L1 (10, T[x) strongly. |

loc

Lemma 12.5.14 Let v € D([0, T] x 2),0 € L]0, T[x2). Then

[ e e [ L. s
R4 Rd
and
[ etmo— [ L
Rd RY
in L'(J0, T[x w). O
Proof of Lemma 12.5.14 The proof is the same for both cases. We shall detail only

the first case. We assume that supp( 1) is a subset of a compact [0, T] x @ x K,
then

/ Li(Y. fu— f)0dv = / (f = f)Dg(o)dor
R4 R4
with

glvy) = / B — v, )Yy @)o(v — (v —vi.w)w)dwdv,
K x§d-1

the function g is in L*°(2x]0, T[), and then fRd(fn — f)gdv converges towards
zero in L1 (2x]0, T[) strongly. |

With the previous remark, we can deduce the stability of L, L3, and L4.

12.5.6 Analysis of Ly, L3, and L4
Lemma 12.5.15 Forall Y € DR x[0,T), i € {3, 4}, and f, € F¢,
/ LiCfu f)pdv — / Li(f. v in L' @x]0. TD.
]Rd ]Rd

Then, for i € {3,4}, fuLi(fu, fn) converges in LY (Qx]0, T]) weakly towards
JLi(fs ). O
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Proof of Lemma 12.5.15 By writing L3 and Ly,

L3(f, HH(w) = /Rd JD[(t—p 0 T o 7y)) flduy,

La(f, () = /R DIy o T o 1) fl)du.
This is equivalent to L3(f, f) = Ly f and L4(f, f) = Ly f with

(Lo f)(x) = /Rd 0(2)[(t— o T o 1) fl(x)dz,

Lo f) () = /R QI o T o) 1)z
Let ¥ € D, and by using the coordinates (v, v) = (v’, v}), we check that
/ La(f, v = / SLi (Y, f)dv (12.62)
Rd Rd
and

/ Li(f. g)pdv = f g@WLL(f. Y)dv. (12.63)
R4 Rd

Let us detail the proof for L3. The proof of L4 is exactly the same. Indeed, we
deduce from (12.62) that

/[La(fn,fn>—L3<f,f>]wdv=f L1<w,fn—f)fn+f Ly, )= 1.
R4 R4 R4

(12.64)
We insert the function an ,

T
/dt/dx
0 w

T T
< [Far [ | s nih - i) axavs [ar [ ax
0 Q 0 ®

fRd Ly, fo — ) fudv

x/ dolLi (P fo— )]
lv|<M
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T T
scy [farfax| g [ a[ar [ auti s
0 9} lv|>M 0 %) lv|<M
T

Cy
< sup K@)+ L1, fu— Ol .
M2 o n L}, (@x10,T[)

Let f¢ € Dsuchthat || f¢ — fl;1 <&,

fRd Li( N = f) = /R Ly S = )+ /R Li f = F) = ).

(12.65)
Li(y, f¢) is regular, and then the convergence of the first term of (12.65) in
L'(wx]0, T[) is a consequence of the averaging lemma. The second term is

equiValent to C ” f - fg ||L1 (2x10,T]*
To obtain the convergence of f, L3(fy, fu), we write

T T
/ /fnL?:(fnvfn)dedvdt:/ /Ll(fniﬂ, fn) fndxdvdt.
0o Ja 0o Jo

The sequence (f;) is bounded in L*°, and L ( f, ¥, f,,) converges in LY(£2x]0, T]).

Then,
///f”l‘](f”w’f”)dxd”dt_)///le(ft//,f)dxdvdt,

This ends the proof of Lemma 12.5.15. O

For the trilinear term L, we have

/ Lo(f)p()dv = / f) { / B — v, w) (o) f(v’l)go(vl)dvldw}dv.
R4 R4 Rd x §d—1

The expression between the square brackets is similar to L (f, f) by changing the
operator T by T, :

Ty () = /S‘H ¢z + (zw)w)B(z, W)Y ((z.w)w)dw.

Then, for all f, € F*,

T
/ /(Lg(f,,) — Loy(f)¥dxdvdt — 0 Vi € D.
0 Q

This completes the proof of the stability result (12.49). O
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Remark 12.5.3 The previous stability results are dependent only on estimates of
lemma (12.4.7) that will be essential for the study of the existence of a weak solution
of the self-consistent problem. ]

12.6 The Boltzmann—-Poisson System

12.6.1 Main Result

Theorem 12.6.10 We assume that d < 3. Then, under the assumptions (H1)—(H3),
the Boltzmann—Poisson system (BP)' has a weak solution (f, E) such that

FEL®®RY: L'NL¥Q), 0<f=<1 IfOlq = folig.p-p.

E e L° (RT; [W“%(w)]d),

loc

/ w2 f(t, x, v)dxdv+f |E(, x)|*dx +2/ o(t, X)go(t, x)dx € Ljs. (RT).
Q 1) 1)

O

To show the existence of a solution of the Boltzmann—Poisson system, we use
a fixed-point procedure. E € LIZUC(]RJF; W1%) and f(E) is a solution of the
Boltzmann equation. This solution is uniformly bounded in L*®(R*; L'NL>®(Q));
its density 0(E) = [pa f(E)dv is bounded in L®(R¥; L? ()). The solution of
Poisson equation: —A,®(E) = o(E) in L*(0, T; Wz’ddiz(a))). Then, the new
value of the electric field E* = —V,®(E) is in L*(0, T; Wl’ddiz(a))) and not
necessarily in whoe A possible solution to this difficulty is to regularize the Poisson
equation in order to get more regularity for the electric field.

12.6.2 The Modified Boltzmann—Poisson System

We consider the following modified Boltzmann—Poisson system:

Theorem 12.6.11 Assume that (H1)—(H3) hold. Then, the system

I see page 298.
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O f*+v. Vi fC+(EF+ E0). Vo f* =(Qo+ QD) = Q(f°),

Ef = -V, D¢,
(1 — 2 £ _ & &
(BP) (1 —eA) AP 0 /;W fedv,

ffx, vt =0) = folx,v),

fé(x,v,t) = fé(x,v,1), (x,v)el™,

Df(x,1) = ADE = AP =0, x € do,
where v = v — 2(v.n(x))n(x) has a weak solution (¢, E®) satisfying

fEELP®Y, L'NL®Q), 0<f=<1, IfOlue=flig. p-p

d+2)?
E* € L. (RY, (W30 (@)]), ro= 3.

O

To prove this theorem, we use a second regularization of the electric field by
considering

1 X t
Eu(x, 1) = Wf (; ;) ,

where § € D(RY x w), & > 0,and [, Edxdt = 1.
We define

Fy = & * (E + Eo),
where E and Eq are, respectively, the extensions by zero outside [0, T] X @ of E

and E( and * is the convolution with respect to the variable (z, x).
We consider the following Boltzmann—Poisson system:
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f+v-Vaf+Fo-Vof =(Qo+ QD)= Q(f),

E=-V,®,

—(1—eA)?A D=0 = / fdv,
(BPY) R

fx,v,1=0) = folx,v),

f(x,f),t):f(x,v,t), (X,U)Er‘i

D(x,1) = Ad = A2D =0, X € dw.
Theorem 12.6.12 The system (B PS) has a weak (f;, E%) satisfying

fEeLfy

loc

R L'NL®Q), 0<fi<l, [fiOlg =1 ol

E: e L (R; [WT (0)]9),

loc

di2 . pes)
0f € LY RY; LT (0), jée L2 @®RY; [LAT (w)]).
" ’ Ee ’ € , d
oreover, I "‘”Lw(O,T; w2 o1 ||Qa||LOQ(0’T; 152 an
el are uniformly bounded with a uniform bound independent

d+2
L0, T;[Ld+T (w)])
of the parameter «. O

The proof of this result uses several lemmata.
We define

A L20,T; [WH0(w)]4) — L2(0, T; [WH0(w)]%)
E — E*,

where rg is given by Theorem 12.6.11 and E* is defined as follows.

We regularize E + Eq by &,; we define f,(E) as the unique solution of the
Boltzmann equation associated with Fy,.

Then, we consider the modified Poisson equation

—(1 —eA)*ADE, = 04 (E) = / fu(E)dv,
R (12.66)

Pt = AP = A?PE =0, x € o,

and finally, we take A(E) = E* 1= —V,®?.
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The proof of the previous theorem consists of proving that A has a fixed point.
We start with the following result on elliptic operators.

Lemma 12.6.16 ([1, 12]) Let o € L" (w), r €]1, 400[, m € N. Then, the solution
of

—(1 _SAx)zmqu)ZQa
O, ) =AP=---=A"D =0, x € dw,

belongs to WY t27 (w) and satisfies

1D |l wamt2r @y < C(ry &)l Lr ) (12.67)
1D° 2y < C el Lr (o (12.68)
where C(r) is independent of . Moreover, if o > 0, then ®° > 0. O

Now, we shall prove the existence of a weak solution of (BP).
Lemma 12.6.17 Let T > 0. Then, there exists C(g) dependent on T and &, such
that

IE* Ol s @y < CEA + NE® 20,7 wiro @) (12.69)

O

Proof of Lemma 12.6.17 Let r €]1, ddiz], Eg € L*>(0,T; L**2(w)), and E €
L%(0, T; W*0(w)). Then, fort < T, 04 (E(t)) € L" (w) and

IE*®)llwsr < C(r, )llo(EA) L7 w)-

By applying the L?-interpolation properties and Lemma 12.4.7, we get

’

, T (1-B)(d+2)
IE*@)llws.r = C(r &)leolly {1 +/ ||Fa(s)||Ld+2(w)ds}
0

where 8 vérifiant % =B+ %.
We remark that the choice r = rg gives (1 — 8)(d +2) = 1/2. As a consequence,

the previous estimate becomes

7 1/2
IE Oy = €01+ [ IR0

12
< C@ |1+ VTIE + Boll 2o, pawy ] -
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The fact that Eq belongs to L%OC,(R“‘; L9t2(w)) and the fact that W40 ig
continuously embedded in L9t2(w) ford < 3 lead to

1/2
IE*Ollysro = C@ {1+ 1EI207, winwy |

where C(¢) depends only on € and T'. B
As a consequence, there exists R > 0 such that Bg of L2(O, T: [W4ro (a))]d) is
invariant by A. Indeed, W30 () — W40 (w),

IE*O1ar0 = C@ {1+ IE@ 207, oo |

and A(B,) C Bg for all R such that R> = C(¢)(1 + R). O
Lemma 12.6.18 A(Z_SR) is a precompact subset of L20, T; [WH(w)]D). |
Proof of Lemma 12.6.18 This lemma is a consequence of the compactness results
of evolution operators used to prove Lemme 12.5.10. Let E,, a sequence in Bg. The
previous inequality gives

A(Ey) is bouneded in L*(0, T; [W>"(w)]%). (12.70)

Lemma 12.4.7 implies that o, (E,,) (respectively, j, (E,))> are uniformly bounded in
d d+2
L®(0, T; LY (w)) (respectively, in L=(0, T; L ())). One can deduce using

8th¢(En) + V- jot(En) =0

that 9,04 (Ey) is bounded in L>(0, T; W~!"0(w)) (since ro < 4£5) and 3, A(E,,)
is the solution of

0 A(En) = =V,
—(1 = A Ay = 8,00(En),
V=AY =A*Y =0 xe€do.
Then
3 A(E,) est bornée dans L0, T; [W*"(w)]9). (12.71)

The uniform bounds (12.70) and (12.71) imply that A(E_BR) is precompact in
L*0,T; [Wh0(w)]?). O

2Qa(En) = fRd Ja(En)dv and jo (En) = f]Rd Vfo(En)dv.
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Lemma 12.6.19 A is continuous. O

Proof of Lemma 12.6.19 Let E, a sequence in Bg converging towards E in
L2(0, T, [W*"0]) strongly. Let F,(E,) the regularization of E,, + Eg by &,. We
consider f,(E,) the solution of the Boltzmann equation associated with Fy(E},);
0a(Ey) = fRd fu(Ep)dv and E; = A(Ep).

The subset A(Bg) is precompact. There exists a sub-sequence, also denoted
E} that converges towards E* € B g. To prove the convergence of (A(Ey)),, it
is sufficient to verify that E* = A(E).

The sequence f,(E,) is uniformly bounded, 0 < f,(E,) < 1, and g,(E,) is
bounded in L2(0, T; LT (w)).

Let f, and g4 be their limits, respectively :

* .
Ju(Ep) = fo in L%0,T; L¥(Q)),
. 2 d+2

0u(Ep) =~ 0o in L0, T; L @ (w)).
The sequence (Fy(Ey)), is bounded in L2(0, T; Ld+2(Q)). One can deduce that
the assumptions of Lemma 12.4.7 are satisfied. The properties of compactness of
the collision operator Q imply: there exists a sub-sequence ( fy(E,)), such that

Q(fu(En) = Q(fo) in L' (Qx10,TD) weakly.

Moreover,

Fy(E,) —> Fy =&, % (E + Eg) in L*0, T; L9 (w)) strong.

We can pass to the limit in the Green formula (12.29) for all ¥ € C!(]0, T[x Q)
satisfying (12.26):

T T
| [@v v+ mvosir [ [ o+ [ e =odwaw=o.
0 JQ 0 JQ Q

By passing to the limit in the modified Poisson equation, we get E* verifies
E* = -V, ®*,
(1 —eA)?AD* = gq,
P* = AP* = AP =0, x €.

To prove that 0® = [ f,dv, we remark that f, (E,) belongs to a compact subset of

L0, T; L' (Q)) — weak; the density o4 (E,) is bounded in L>(0, T LF (),
and for all ¥ € D0, T[xw),
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T
lim /f [Qa(En) —/ fadvi| Y (t, x)dxdt = lim (fo(En) — f,¥) 1 o = 0.
n— o0 0Jow Rd n—>oo

The sequence fy(E,) converges to fy in L! weakly, and its limit in D’ of g4 (E;)
isequal to [ fydv. Then, E* = A(E). O

Proof of Theorem 12.6.12 As a conclusion, the application A verifies the assump-
tions of the Schauder fixed-point theorem. This yields the existence of Ef, € Bg.In
addition, it satisfies (12.69). The estimates on the charge density o, and the current
J& (due to Lemma 12.4.7) are uniformly bounded with respect to R and depend only
onegand7. |

Remark 12.6.4 We proved the existence of a weak solution (local in time: on [0, T'])
of the modified Boltzmann—Poisson system. To prove a global solution in time, we
consider a sequence of intervals I, = [n, n 4 1] to extend the solution on /,,1 by a
solution associated with an initial data f = f(r = n) (in a weak sense). |

Proof of Theorem 12.6.11 Now, we can proceed to the proof of Theorem 12.6.11
by considering a sequence of weak solutions of (BPy) (f¢, o}, j&, E)a belonging
to (BPY). Up to the extraction of a sub-sequence, there exists fy, 0¢, ju. E« Such
that :

£e 5 fE e L2 (R LN Lo(Q),

loc

0f — of € L°.(R*; LT (w)),

loc

JE = & e L (R*; L (w)]9).

loc

The parameter ¢ is fixed. E is bounded in L;’(fc(R"’, [W370(w)]?), and o EL is

: 00 (TP+- 4,442 dy.
bounded in L7, (R™; [W™ d+1 (w)]?); we can deduce

Ef —~ E° in L®

loc

R, [W30(w)]9) weakly,
Ef, — E® in L2(0, T, [W*(w)]?) strongly.
Furthermore, (¢%, E?) verifies
Ef = —V,d°,
—(1 = £A)* A, @° = ¢,

PF = A, PF = A2PF =0, x € do.
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Then,
& 0 M+ 5,442 d
E" e Lloc(R ; (W2 (0)]Y).
By passing to the limit in 9’ on the continuity equation 9,0, + V- j& = 0, implying
B,QS + Vx . j“3 = 0,

d+2

WE € Lo (RY; [WHE (w)]9)
and
E® € [Wh®(wx]0, TD]Y.

The strong convergence in L2(]0, T[xw) of E? towards E and F to E® + Ep and
the compactness properties of Q yield: the weak limit f* of f; verifies the formula
(12.29):

T
/Ofg[@w+u-vxw+(E6+Eo>-vvw)fg+Q<f6)w]+f9fow(o,x,v>=0

for all ¥ belonging to D([0, T] x R??) and satisfying (12.26).

Furthermore, f; belongs to a weakly compact subset of L'(]0, T[x ). Note that
one can easily prove that of, converges in O’ towards ¢° = g4 f“dv. In conclusion,
the limit (f¢, E®) is a weak solution of (B P?). O

12.6.3 Unmodified Boltzmann—Poisson System

Let (f¢, E?) be a weak solution (B P?). The estimates on f¢ are uniform. It remains
to provide estimates independent of ¢, giving compactness for an E¢. This estimate
can be obtained if we have a uniform o° in L 7 To do this, we propose to establish
a uniform kinetic energy. Using Lemma 12.4.7, we obtain a L”-estimate on the
density.

Let

KS(;):[ lol? F2(t, x, v)dxdv, Vg(t)zfgg(t,x)qbg(t,x)dx,
Q 0]

EH=K@)+ V@) + 2/ 0°(t, x)Do(t, x)dx.

w

The energy &° verifies the following lemma.
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Lemma 12.6.20 K°¢, V¢, and E° belong to Wllo’c1 (RY). Moreover,

K%(0) 2[ |v|2f0dxdv, VE(0) 2/ fo(x, V)P (0, x)dxdv
Q Q
E(0) = K%(0) + VE(0) + 2/ Jfo(x, v)Po(0, x)dxdv
Q

d .
—K&() = 2] j& - (E® + Eg)dx
dt w

d
— Vi) = 2/ 0% (t, x)0,;®° (¢, x)dx = 2/ j& -V, ®%dx
dt w o

'
[88]6 = 2/ /QS(S,X)azq)o(S,x)dxds.
0 Jo

M. L. Tayeb

(12.72)

(12.73)

(12.74)

(12.75)

(12.76)

O

Proof of Lemma 12.6.20 Let yr = |v|?>xg(v) x5 (x)h (), where h € CL([0, T[) and

XR 1s defined by
1 if <R,
xr() =140 if |v]>R,

R+1—v if R<|v|<R+1.

The function xg is uniformly bounded in W' and converges to 1 a.e., and its

gradient converges towards zero. The Green formula is

t dh t
// |U|2f8XR(U)d—+f/ > FEVyxr (V) - (ES + Eg)h(s)
0JQ s 0JQ

t t
+2 / / v.(E° + Eo) f* xrh(s) = / / O vl X (WA(s)
0JQ 0JQ

t
+/ / [ £ xR ()A(E) (v - n(x)) — h(0) / I foxr(v).  (12.77)
0JoQ Q

f¢ verifies the specular reflection condition (in the weak sense ). So that,

t
// v f* xR ()R (v - n(x)) = 0.
0Jag
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By passing to the limit (R — 4-00) and using the properties of O, we obtain

t t
/ i{/ |v|2f's(s)}h(s)ds=2/|:/ js'(E8+Eo)(s,x)d:|h(s)ds
o ds lJa 0LJo

forall h € D(R)).
Or also

%Ks(t) = 2/ J¢ - (E* + Ep)dx in  D'(]0, 0ol).

The second term belongs to L} (10, +o0[), leading to: K¢ € C(R*), and by passing

loc

to the limit on R in (12.77), we get
K(0) = f lv|? fodxdv
Q
and
t
K®(t) = K(0) + 2/ / Jj¢ - (E® + Eg)dxds. (12.78)
0 Jo

Furthermore,

t t
2] / Jj& - (E® 4+ Ep)dxds = —2[ / J& - Vi (®F + ®g)dxds
0 Jo 0 Jo
t
= —2/ / 9;0° (®° + dg)dxds
0 Jo

t
= 2/ / 0% (8, D° + 9, Dg)dxds
0 Jow 0
+2[/ 0% (®g + <I>8)dx:| .
w

t

By passing to the limit (R — oo) with a test function ¥z = xg(v)D(t, x)h (), we
get

d od°
— Vi) = / of(t, x) (t, x)dx +/ JjE -V, ®%(t, x)dx € L}Oc(]o, +00l).
dt w ot w

As a consequence, V¢(0) = fw fo(x, v)®*(0, x)dx, and thanks to the modified
Poisson equation (12.66) that

V() =/ I(1 — e A)V(D° (1)) |Pdx.
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Moreover, the continuity equation leads to

dve
dt

t) = 2/ (1 — eA)VIF - (1 — eA)VI, dEdx

= 2/ 0f (1, x)3; P°(t, x)dx = 2/ j& -V, d%dx.
2} [}

Identity (12.78) becomes
t t 0
/ / J°(Ef+Eo)(s,x) = [VE(S)]?+/ / 0% 0o (s, x)dxds + [/ ngodX] .
0 Jo 0 Jow w t

Finally,

t 0
Ké(t)+Ve(@) = K(0) + VE() + 2/ / 0%0,ppdx + 2 [f Qg(p()dx]
0 Jo w t

and

t
[88]822/ /Qsatpr(S,X)dxds.
0 Jw

Lemma 12.6.21 There exists Cy such that
Ké(@) < Cr, Ve < 1.

Proof of Lemma 12.6.21 By applying (12.76), we have

t
E(t) < &0+ 2/ / 0% (s, x)0; (s, x)dxds
0 Jow

T
=Cr (1 +/0 ”Qg(t)”Ll(w)||at(p0(t)||L°c(w)dt>-

Using (H3), the energy &° is uniformly bounded in C([0, T']).
As a consequence,
Lemma 12.6.22 (of, j¢, ®°) satisfies:
1. 0f is uniformly bounded in L*°(0, T} L (w)).
d+2

2. j® is uniformly bounded in L*°(0, T, [Lﬁ (@)]9).
3. ®F is uniformly bounded in L*°(0, T’ WZ’% (w)).

d+2
4. 9,9° is uniformly bounded in L™ (0, T; W@ (w)). O
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Proof of Lemma 12.6.22 i) and ii) are a consequence of Lemma (12.4.7), by
replacing K by K¢. The property iii) is a consequence (12.67), and iv) can
be deduced from 9;0° + Vi - j® = 0, which implies a uniform bound 9;0° in

L0, T; W™hF (), o
Using this lemma, we can extract a sub-sequence satisfying
FESfin L0, T: L®Q) [Pff S F in L0, T; My(),
of o in LXO,T; LT (@), j5—j, in L¥0,T; [LT (@),
ES~E in L¥0,T: [W"T (@)%,
and
E°— E in L®0,T: [LT (@)]%).
Moreover, we have:

Lemma 12.6.23 The functions F, o, and j are:

1. F =|v|*f.

2. Q:/ fdv.
R4

3. j:/ vfdv. O
R4

Proof of Lemma 12.6.23 The proof can be carried out by passing to the limit in the
weak formulation using a test function Soit ¥ € D, leading to

[P v — F v
Using the fact that [v|?y € D and f¢ A f, then
f|v|2f€w — (. oY) = (0 £, ¥),
which implies that F = [v|>f € L>®(0,T; My(Q)). Moreover, |v|>f¢ is

uniformly bounded in LY and then F € M, N LSS, = L' N L.
(i) Let ¥ € D(@ x [0, T1),

T T
/ /(Qg —/ fdv)ydxdvdt :/ /(f£ — F)ydxdvdt.dxdv.
0 Jo Rd 0 Ja
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The function ¥ € L>®(Q2x]0, T[) and f¢ — f in L'-weak.

Q:/Rdfdv.

T
/// (wff —vf)Ydxdvdt
0 Jo J|v|<R

T
+%/0 (K®(t) + K (1))dt

(iii)

T
‘[ /(js—/ vfdv)yrdxdv
0 Jo Rd

=<

< U8 = Fooxip=r @Y (e, D) 1 ool + &
We pass to the limit in the first term of the right-hand side for a fixed R using the
weak convergence of f¢. Then, we let R going to infinity, and we obtain iii). O

Lemma 12.6.24 The weak limit (f, E) is a solution of the Boltzmann—Poisson
system (BP). |

Proof of Lemma 12.6.24 Let y € D and satisfy (12.26). Then,

T
/ / FE00 + 0.V ¥ + (E° + Ep).Vyyldxdvdt
0 Q

T
+/ /Q(fg)wdxdvdt—i—/fol/f(x,v,0)=0.
0 Q Q

The convergence of the first integral is a consequence of the weak convergence of

f¢ and the strong convergence of E®. Moreover, wh e (w) — Li*2(w) giving
E*¢ is bounded in LZ(O, T; L4t2 (w)). As a consequence, Lemma (12.4.7) implies

T T
/ /Q(fg)wdxdvdt—>f fQ(f)wdxdvdt.
0 Q 0 Q

Finally, f is a weak solution of the Boltzmann equation associated with E
and satisfies (12.7) and (12.8). It remains to justify that it is a gradient of the
potential, solution of the Poisson equation. Indeed, ®¢ is uniformly bounded in

L®0, T;: W7 (w)), solution of

/(l —eA)VO(x,)(1 — e A)VO(x)dx = / 0% (t, x)0(x)dx
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forae. t €]0, T[ and all 6 € D(w). By passing to the limit on ¢, we deduce that ¢
verifies

/Vd)s(x,t)ve(x)dx =/Q(x,t)9(x)dx,

and this means that @ is the solution of the homogeneous Dirichlet problem —A® =
o in D'. To finish, the weak convergence of f* and the strong convergence of E®
prove, by passing to the limit in (12.76), that

8(t)=/ |v|2f(x,v,t)dxdv+/ |E(t, x)|dx
Q w

+2/ o(x, )®(t, x)dx € LS. (R).
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