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Preface

The Indian Conference on Logic and Its Applications (ICLA) is a biennial conference
organized under the aegis of the Association for Logic in India. The tenth edition of the
conference was held during March 3–5, 2023, at the Indian Institute of Technology
(IIT) Indore. This volume contains papers presented at the 10th ICLA.

A variety of themes are covered by the papers published in the volume. These are
related to modal and temporal logics, intuitionistic connexive and imperative logics,
systems for reasoning with vagueness and rough concepts, topological quasi-Boolean
logic and quasi-Boolean based rough set models, and first-order definability of path
functions of graphs. Three single blind reviews for each submission were ensured.
Aside from reviews by the Program Committee (PC) members, there were reviews by
external experts. In some cases, in order to reach a final decision on acceptance, there
were further reviews by PC members or external experts. The Easy Chair system was
used for submission and reviews; it proved to be quite convenient. We would like to
express our deep appreciation to all the PC members for their efforts and support. We
also thank all the external reviewers for their invaluable help.

ICLA 2023 included 8 invited talks, and 6 of these appear in the volume as full
papers. We are immensely grateful to Mihir K. Chakraborty, Supratik Chakraborty,
Marie Fortin, Giuseppe Greco, Kamal Lodaya, Sandra Müller, R. Ramanujam and Yde
Venema for kindly accepting our invitations.

Special thanks are due to IIT Indore, the organizing committee steered by Md. Aquil
Khan and all the volunteers, for making this edition of ICLA possible.

We are grateful to Springer, for agreeing to publish this volume in the LNCS series.

February 2023 Mohua Banerjee
A. V. Sreejith
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A Note on the Ontology of Mathematics

Mihir Kumar Chakraborty1,2(B)

1 School of Cognitive Science, Jadavpur University, Kolkata 700032, India
mihirc4@gmail.com

2 Indraprastha Institute of Information Technology, Delhi, Delhi 110020, India

Abstract. Provocation behind writing this paper has come from cele-
brated French philosopher Alain Badiou’s slogan “Mathematics is ontol-
ogy” and subsequent reading of his book [2]. However, this is not a cri-
tique of the book or a response to his philosophy. Some philosophico-
mathematical issues have been raised by the author of the book in order
to clarify and establish the slogan. In this paper, responses to some
such issues have been presented such as the issues of continuum, Contin-
uum Hypothesis, constructible sets and Axiom of Foundation. Remarks
on these issues are made, though in brief. Finally, it is remarked that
in the present era ontology of mathematics has to be pluralistic and
inconsistency-tolerant.

Keywords: Ontology · Continuum hypothesis · Constructible sets ·
Paraconsistency

1 Introduction

To me, the main problem of mathematics lies in that it fails to establish its own
consistency. What is meant by this? A huge corpus of mathematical entities has
piled up over the centuries, from almost the beginning of human civilization.
Primordial mathematical objects are positive whole numbers and geometric fig-
ures. Then other entities came into existence such as rationals, irrationals, reals
and complex numbers. At one point of history appeared infinitesimals and the
notion of limit point. The ontic status of mathematical entities changed over
time. Modern era is predominantly Cantorian. From the Cantorian standpoint,
each mathematical object is ultimately a set – a pure collection, ‘Pure multiple’
in Badiou’s terminology. Only multiples remain. The natural numbers 1, 2, 3,
. . . are all multiples. ‘Every multiple is a multiple of multiples’ [2]. Every set is
a collection of sets.

What is understood by the statement that this corpus of objects is inconsis-
tent? Are there mathematical objects contradicting each other or itself in some
sense? Yes, there are, at least as a first answer – there are Euclidean and non-
Euclidean triangles, of the first kind the angle sum is 180◦, of the second it is not
so. There are Cantorian and non-Cantorian sets. According to the former, there
does not exist any multiplicity between the naturals and the reals (the Contin-
uum Hypothesis, or CH in short), on the other hand, according to the later there
c© The Author(s), under exclusive license to Springer Nature Switzerland AG 2023
M. Banerjee and A. V. Sreejith (Eds.): ICLA 2023, LNCS 13963, pp. 1–10, 2023.
https://doi.org/10.1007/978-3-031-26689-8_1
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2 M. K. Chakraborty

does exist. And so on. Badiou has aired the slogan ‘Mathematics is ontology.’ He
means being, though he is not a Platonist. I quote from the translator’s preface
of his book ‘Being and Event’ [2]:

In Badiou’s terms, the proposition ‘mathematics is ontology’ is a philo-
sophical idea conditioned by an event and its consequent truth procedure in
the domain of science. The event was Cantor’s invention of set theory and
the truth procedure its subsequent axiomatization by Zermelo and Fraenkel.

Badiou does not subscribe to the phrase “Philosophy of mathematics” as
that may mean philosophy objectifies mathematics – as if philosophy has its
own categories such as , realism, antirealism, nominalism conceptualism etc. and
mathematics is to fall in one of these. The task of a researcher of the above field
designed by a ‘specialised bureaucracy in the academic authority’ is to investigate
which of these already existing categories applies to this or that mathematics.
In [1] he says:

It is only through preliminary reduction to logical and linguistic problems
that mathematics is forcibly incorporated into a specialised objective area
of philosophical interrogation. (emphasis by present author)

Though my position in this regard is by and large different, I refer to Badiou
since his observation on Cantor’s invention which he calls an ‘event’ because
of ‘rupturing with the order’ is precisely my own attitude about which I shall
say something later. My position is different in that I consider mathematical
objects as artefacts and a mathematician as a mathematical artist [5]. However,
after being created by some math-artist or artists, a mathematical object starts
an existence of its own. Public, including the artist, looks at it with awe and
wonder and discovers its unseen properties. Its ontology or being begins. And
simultaneously with the creation of set, the pure multiple, begins its doom.
Quoting Badiou [2]:

I showed how ontology, the doctrine of pure multiple prohibits the belonging
of a multiple to itself, and consequently posits that the event is not. This
is the function of the Axiom of Foundation.

Cantor led us to the paradise that he himself had created. (Recall Hilbert’s
declaration, “From the paradise, that Cantor created for us, no-one shall be able
to expel us” [13]). We now know that the paradise is lost.

And what does the Axiom of Foundation say? For all sets A there is a member
a of it such that a and A do not share a common member, i.e., a ∩ A = ∅. Or
equivalently, any chain

· · · ∈ a3 ∈ a2 ∈ a1 ∈ A

should terminate. From this, it follows that A /∈ A.
Axiomatization of Cantorian set theory was a necessity, and there are several

of them, ZFC, NBG and others. Badiou used ZFC in his philosophy. To quote
Badiou,
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Of course, there are other characterizations of set theory such as W. V.
O. Quine’s, but this multiplicity simply reveals the contingency of philoso-
phy’s conditioning: a conditioning that can only be contrasted by developing
another metaontology on the basis of another axiomatization of set theory.

As mentioned earlier, Badiou names the Zermelo-Fraenkel axiomatization of set
theory as a truth procedure that follows upon the ‘Cantor-event’. He transforms
it into a ‘condition’ for his philosophy.

Our objective, however, it not to make a critique of Badiou’s philosophy,
but rather to point out some significant items of Cantorian set theory and its
axiomatization ZFC in shaping his ideas. More specifically speaking, set theory
and its subsequent axiomatization made an impact on his system of thought.
The issue of Continuum Hypothesis plays a key role in it.

2 Continuum and Continuum Hypothesis

In the body of mathematics taken in its totality, there do exist as we have seen
earlier, contradictory objects. But such problems may be negotiated by the pro-
cess of segregation – let there be two domains non-overlapping, one Cantorian
domain, the other non-Cantorian. This type of resolution may be somewhat sat-
isfactory for mathematics as epistemology (a tool for solving problems of other
fields, e.g. physics, Euclidean for Newton, non-Euclidean for Einstein), not as
ontology. In both the cases, the natural linguistic word ‘set’ is used and hence
an obligation remains as to what it really means if it is not considered simply
a symbol. As ontology the fundamental threat looms via Gödel’s second incom-
pleteness theorem. Arithmetic (Number theory), the fundamental mathematical
entity, if assumed to be consistent, cannot prove its own consistency. Speaking a
bit formally, if the number theory N is consistent then there is a formal sentence
A such that it can not be proved to be a theorem of N and A is the formal form
of the statement “N is consistent.”

One may question: what is the obligation on the part of mathematics (or N) to
establish its consistency? Does physics prove its own consistency? As an answer,
it may be said that the nature of physics does not need that. The objective of
physics is to discover answers to ‘How’-questions/‘Why’-questions and predict
future/newly observed phenomena. Physics is definitely concerned about consis-
tency, but that is local, temporal, and it is ready to drop/reshuffle old beliefs or
hypotheses and adapt an opposing view. Mathematics cannot do that. When-
ever genuinely contradictory entities appear, e.g., non-Euclidean geometry or
non-Cantorian set theory, the mathematician accepts both but places them in
two compartments and says, that makes a different mathematics. A new domain
emerges. But the problem with the totality of mathematics as one entity remains.

The totality with all its branches rests at present upon Cantorian set theory
that has been formalized, one of these formalizations being ZF and the con-
sistency of ZF-axioms cannot be established by itself. If one assumed that the
consistency of ZF may be proved from outside, that is by another theory, the
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same problem will be shifted to this later theory. Thus an infinite regress would
occur.

This problem had persisted in all great minds, from Hilbert to Gödel. Hilbert
in a meeting declared, “We must know, we shall know.” – there cannot be unan-
swered mathematical queries; there cannot be inconsistency in mathematics.
Gödel similarly cherished the hope that there is reality in the basic mathemati-
cal objects, it was not simply a linguistic game. At the same time, he suffered for
not being able to construct a ‘rational proof’ of that realism. He established that
Continuum Hypothesis (CH) is consistent with the ZF-axioms. There was a relief
in the mathematics community. But that was temporary. Cohen established that
ZF was consistent with the negation of CH too. The two findings together show
the independence of CH with ZF-axioms. On the other hand Gödel had a kind
of belief that the Continuum Hypothesis should not be true. In Badiou’s terms
[2]:

These hypotheses are in reality pure decisions. Nothing in fact, allows them
to be verified or refuted.

There are at least two issues related with the Continuum Hypothesis: one, cog-
nition of continuity (geometric line) and two, its measure namely the enigmatic
phenomenon of the one-one correspondence between the power set of naturals
and the points on the geometric line. In my view, in spite of the spectacular
success of calculus in predicting the positions of a projectile the first issue has
remained unsolved. Computer science seems to be satisfied with the “drawing”
of a line joining two points but what is actually done is to place before our eyes,
the visual organ, a discrete sequence of pixels. This, perhaps, is okay for all the
‘practical purposes’ but certainly is not ontologically the same as drawing a line
on a piece of paper by ruler and pencil. Fortunately (or unfortunately) a pos-
tulate is thrown in viz. so called Cantor-Dedekind Axiom presuming a bijection
between the real numbers and the ‘real’ line. (For the very exciting period of
this development in the realm of mathematics I will refer to the correspondences
between Cantor and Dedekind [3]). This, in turn, gives rise to the second prob-
lem namely non-denumerability (un-measure) of the continuum. As Badiou puts
it [2],

The impasse of ontology – the quantitive un-measure of the set of parts of
a set – tormented Cantor: it threatened his very desire for foundation.

In fact, Cantor proposed CH in the context of seeking an answer to the question,
“What is the identifying nature of continuity?” Results by Gödel and Cohen
put together establish the independence of CH relative to ZF axioms. These
independence results however, do not provide an answer to the original query
as regards the identity of continuity, just knowing the cardinality should not be
enough.

Of course, conceptualizing the geometric continuum in terms of discrete
points and eventually as real numbers faced criticism almost from the very
inception of the concept – both from the philosophical as well as the cogni-
tive standpoints. I invite readers of the present article to have a look into the
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wonderful treatise by George Lakoff viz. “Where mathematics comes from” [15],
especially Chaps. 12 and 13. The author explains why the geometric line is not
the number line and “Why Continuum Hypothesis is not about the continuum”.
Philosopher Charles Sanders Peirce also differs from Cantor-Dedekind charac-
terization and attributes to the continuum the following chracteristic properties:
inextensibility, supermultitude, reflexivity, potentiality and genereticity. For the
details see [18] from which I quote,

It is important to highlight the enormous distance that separates the mature
Peircean ideas on the continuum (particularly around the turn of the cen-
tury) from today’s dominant conception which identifies it with the real
numbers.

Peirce coined the term ‘synechism’ in 1893 meaning thereby “the doctrine that
continuity rules the whole domain of experience.” (MS 946, p. 5) and thus leading
towards the withdrawal of the atomistic belief in ultimate constituent compo-
nents.

As a solution, Gödel proposed the notion of constructible universe, a decision
known in the literature as the Axiom of Constructibility:

For every multiple γ, there exists a level of constructible hierarchy to which
it belongs [2].

Within von Neumann universe V of all sets Gödel proposed to focus on
those sets which are constructible in the following sense. First, from a set A the
collection denoted by Definable(A) is generated by,

Definable(A) := {y | y ∈ A and (A,∈) � ϕ(y, z1, . . . , zn) for
some first order formula ϕ and z1, . . . , zn ∈ A}.

The constructible universe L is next defined by,

L0 = ∅ (null set),
Lα+1 = Definable(Lα) for a non-limit ordinal α

and Lλ =
⋃

α<λ

Definable(Lα) when λ is a limit ordinal.

Finally, L =
⋃

α∈Ord

Lα, Ord being the class of all ordinals in V .

Elements of L are called constructible sets. Axiom of Constructibility says
that every set is constructible i.e., V = L. In other words, the excess is trimmed.
Gödel proved that if ZF is consistent, so is ZF + (V = L) and that ZF + (V =
L) implies CH (in fact, GCH i.e., Generalized Continuum Hypothesis) and also
Axiom of Choice (C). L is called the standard inner model of ZFC.

The axiom V = L is another imposition. Within the framework of ontology,
one could consider that there are constructible sets as well as non-constructible.
The second category is defined negatively, that is multiples without belonging
to any level of the above mentioned hierarchy. The role of language (formal
language) is crucial. A quote from Badiou [2]:
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The only multiples which are admitted into existence are those extracted
from the inferior level by means of constructions which can be articulated in
the formal language, and not ‘all’ the parts, including the undifferentiated,
the unnamable and the indeterminate.

But whenever one adds a new axiom or meta axiom, it again becomes a
matter of decision, not necessarily a fact. And it has been established that if
ZF is consistent then enhancement of it with the Axiom of Constructibility still
remains consistent. Thus the ontology is restricted to constructible sets only and
the Generalized Continuum Hypothesis is true in the constructible universe.

Similar is the case with the Axiom of Choice (C). It was Gödel again who
proved that if ZF is consistent so is ZF+C. And again it was Cohen who estab-
lished that if ZF is consistent, so is ZF+ ¬C. Thus the mathematician is placed
before the following picture of the mathematical world (Fig. 1):

Fig. 1. Mathematical world

A mathematician can situate himself/herself at any of the nodes of the above
tree – a matter of pure decision. The standard mathematics occupies the left-
most node, namely ZF + CH + C. It is not allowed that someone will respect
both CH and ¬CH or both C and ¬C since then the system would collapse,
any statement will be derivable. This happens due to the explosive nature of
classical two-valued logic on which rests the deductive methodology of existing
mathematics: from a contradiction any statement is derivable. Thus admission
of contradictory statements in a mathematical system trivializes the system. A
more diversified picture of mathematical world is perceived by Friend (see [12]).

3 Inconsistency-Tolerance

My programme is that of inconsistency-tolerance, the project of democracy. By
this I would like to mean that the general scenario of existence demands incorpo-
ration of the case ‘both, is and is not’. Let me narrate a story, a true experience of
mine. It was an arranged chat-session between me and a group of school students
from 7th to 10th standards (of Indian schools). They were children of age group
13 to 16. They were naturally shaky. To make them speak, I presented Russell’s
Paradox and finally ended up with: “You see, if the set of all ordinary sets is
assumed to be ordinary then it turns out to be extraordinary and if assumed
extraordinary then it turns out ordinary – an obvious contradiction, a paradox.”
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I was quite happy to see that I could communicate the message to the young
minds and they were amazed. But one girl, the youngest of the lot, of the 7th
standard stood up and said, “Sir, I do not understand what is the problem in
it, the set is both ordinary and extraordinary.” Accepting the contradiction was
not problematic to her and she was a normal child. Russell’s Paradox is cited
as an example of dialethea (actual situation of contradiction). Graham Priest
in [17] posed the question “What is so bad about contradictions?”, discussed
possible objections about believing in some contradictions and arrived at the
answer “Maybe nothing.” I felt extremely gratified at the discovery of a footnote
in Latta’s translation of Leibniz’s “Monadology” in which his celebrated Law of
Continuity is presented as:

Everything is continually changing, and in every part of this change there
is both a permanent and varying element. That is to say, at any moment
everything is both ‘is’ and ‘is not’, everything is becoming something else
– something which is nevertheless, not entirely ‘other’ [16].

In fact, understanding of any change has to adopt this kind of ontology;
Zeno’s arrow at any instant of time is static as well as moving. We find accep-
tance of simultaneous existence of opposites in the classical Eastern thoughts,
for example Catuskoti (tetralemma) in the Buddhist system where four possible
states are envisaged viz. X is P , X is non-P , X is neither P nor non-P , X is
both P and non-P . The last (4th) one is the inconsistent state of existence. In
ancient Chinese culture the Yin-Yang symbol (Tai Chi) represents two aspects
of nature which are opposing and complementing together. The symbol is espe-
cially significant because of the curvy (non-straight) dividing line between black
and white and the black dot in white as well as the white dot in black. The first
indicates that the two halves are intertwined and the second shows each car-
ries the seed of the other. This means that the universe consists of co-existent,
contradictory forces, in other words ‘yes’ and ‘no’ together, reflecting the fourth
koti (corner) of Catuskoti in the Indian thought (Figs. 2 and 3).

Fig. 2. Catuskoti (Tetralemma)
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Fig. 3. Tai Chi (Yin and Yang)

In the field of mathematics, at least two ways are in sight towards accom-
modation of contradiction. First, to localize inconsistency. A set S of sentences
may be inconsistent with respect to a sentence α i.e. α and ¬α both follow
from S but S is non-trivial in the sense that not every sentence follows form
S. As a consequence there shall be a sentence β with respect to which S is not
inconsistent. This situation arises in paraconsistent logics [9,11]. Second is the
project of graded inconsistency or consistency: α and ¬α are both true to some
degree and false to some degree. This happens in many-valued logics, fuzzy logics
and the theory of graded consequence [4,6]. In other words, banishing universal
bi-valence. Both the approaches may occur together. In fact, most of the para-
consistent logic systems are at least trivalent. Trivalence appeared around 1920
through the Polish logician-mathematician Jan Łukasiewicz. Almost simultane-
ously Kleene, Post, Bochvar and others proposed trivalent systems, the third
value being interpreted in various ways giving rise to various kinds of truth
tables. It took no time to pass on to n (finite)-valued models. But an infinite
valued truth set viz., the interval [0, 1] was proposed only as a mathematical
generalization. It was in 1965, after the advent of fuzzy set theory due to Lotfi
Zadeh, the truth set [0, 1] gained a real significance [19].

The above is not to advocate that inconsistencies are welcome. Utmost efforts
are to be given to remove them if that would be possible. What is being intended
is that if certain inconsistency can not be done away with and seems to be gen-
uine, we should not be unhappy to accept it, rather humbly try to accommodate
it within the systems of thought in general, the mathematical and logical in par-
ticular. Consistency at the cost of shrinking our being may not be so desirable.
We may recall shrinking set-theoretic universe V to L.

4 Concluding Remarks

Pluralism in mathematics is a reality of the present era. This arises from various
angles that include at least:

• pluralism in methodology or procedure,
• pluralism in theories (individuated by sets of axioms or rules or methods),
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• pluralism in underlying logic,
• pluralism in truth,
• pluralism in ontology and,
• pluralism in foundations.

These categories are taken from the preface of [7] edited by Chakraborty and
Friend. Friend’s book “Pluralism in Mathematics: A New Position in the Philos-
ophy of Mathematics” [12] is a significant addition in this direction. From this
book I quote below what Friend has to say about pluralism in the foundation of
mathematics.

The pluralist in foundations believes that there is insufficient evidence to
think that there is a unique foundation for mathematics. Moreover, the
pluralist in foundations works under the assumption that there is no rea-
son to think that there will be a convergence to a unique theory in the
future. He takes seriously the possibility that there are several, together
inconsistent, foundations for mathematics. (emphasis mine)

Besides this, pluralism in mathematics from the cultural angle is also in the
agenda (see [8,10,14]). These studies have revealed the presence of cognitive
differences in terms of

• categorization and abstraction of the world that includes units of counting
process,

• perception of geometric shape,
• deduction and inference and
• reasoning and problem-solving.

For some details see [8].
As discussed in Sect. 3, it is a necessity of today that inconsistency (oppos-

ing view) is to be accommodated within the body of the system be it social,
political, scientific and philosophical – in particular, it is true of mathematics.
So, as it appears to me, the ontology of mathematics has to be pluralistic and
inconsistency tolerant in multiple reasonable ways and forms.

Acknowledgement. I thank my student Mr. Sayantan Roy for extending technical
help in writing this paper and making some important remarks.
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Abstract. Boolean functional synthesis concerns the automatic gener-
ation of Boolean functions satisfying given logical specifications. This
problem has numerous applications, and has attracted significant atten-
tion from researchers over the past decade. Complexity-theoretic argu-
ments indicate that it is extremely unlikely that the problem has any
polynomial-time algorithm. Yet, state-of-the-art tools for this problem
routinely handle problems with several thousands of variables. What
makes these algorithms tick? In this paper, we provide an overview of
some of the techniques that underlie the practical efficiency of these
solvers.

1 Introduction

Boolean functional synthesis concerns the algorithmic construction of Boolean
functions as circuits (or programs) from Boolean specifications. At first sight,
the problem appears deceptively easy: if a specification has spelt out what a
function must do, shouldn’t it be easy to construct the function as a circuit? On
closer inspection, however, subtler intricacies of the problem begin to emerge.
Logical specifications are often stated as relations between inputs and outputs
of a system, rather than explicitly specifying the outputs as functions of the
inputs. In such cases, how does one find efficiently (in practice) which functions
of inputs will work for the outputs, such that the specification is satisfied?

To appreciate the difficulty of solving this problem, consider a simple specifi-
cation represented by a Boolean formula ϕfact(X,Y1,Y2), where X is sequence
of 2n Boolean variables, and each of Y1,Y2 is a sequence of n Boolean vari-
ables. We define ϕfact(X,Y1,Y2), with some abuse of notation, to be (X =
Y1 ×[n] Y2) ∧ (Y1 �= 1) ∧ (Y2 �= 1), where ×[n] is short-hand for n-bit unsigned
integer multiplication, 1 denotes the n-bit representation of the unsigned inte-
ger 1, and = denotes component-wise equivalence. It is easy to see that ϕfact

can be written as a Boolean formula on the 4n Boolean variables represented
by X,Y1 and Y2, and the size of the formula is in O(n2). Informally, this for-
mula specifies that if we view X, Y1 and Y2 as encodings of unsigned integers,
then Y1 and Y2 are non-trivial factors of X. If we now require Y1 and Y2 to
be generated as functions of X such that ϕfact(X,Y1,Y2) is satisfied, we are
effectively asking for a circuit that can factorize a 2n-bit unsigned composite
c© The Author(s), under exclusive license to Springer Nature Switzerland AG 2023
M. Banerjee and A. V. Sreejith (Eds.): ICLA 2023, LNCS 13963, pp. 11–22, 2023.
https://doi.org/10.1007/978-3-031-26689-8_2
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integer! While there certainly exists a circuit that does this job, it remains an
open question whether there exists a circuit of size polynomial in n that achieves
factorization of 2n-bit integers. This immediately hints at the inherent hardness
of Boolean functional synthesis. Indeed, if we had a polynomial-time algorithm
for solving Boolean functional synthesis, we could feed the above specification
to the algorithm, and obtain a circuit for factorizing a 2n-bit product of two
prime numbers. Since a circuit constructed in polynomial time can be at most
polynomial sized (and hence can be evaluated in polynomial time), an efficient
solution for Boolean functional synthesis would have serious ramifications for
public-key cryptography.

The above example hints at fundamental roadblocks in designing efficient
algorithms for Boolean functional synthesis. Indeed, as has been shown by
Akshay et al [3,4], unless some long-standing complexity theoretic conjectures
are falsified, it is impossible to have any worst-case polynomial-time algorithm
that solves Boolean functional synthesis [3,4]. Does this mean the end of the
road for practical synthesis tools? Fortunately not. Despite complexity-theoretic
hurdles, practical applications have motivated researchers to continue to chip at
the problem, and significant advances have been made in the past decade. This
has resulted in multiple Boolean functional synthesis tools that are able to scale
to benchmarks involving thousands of variables [1,3–5,8,13,15,16,21,22,27]. So,
what makes these tools tick in practice? Is their success purely coincidental, or
are there principled approaches at work? In this paper, we delve behind the
scenes and look at some of the techniques that make modern Boolean func-
tional synthesis tools scale to large problem instances in practice. Specifically,
we consider the tools BFSS [3,4], Manthan [16], Manthan2 [15], CADET [21,22],
BaFSyn [8] and C2Syn [1].

The remainder of the paper is organized as follows. We define the Boolean
functional synthesis problem precisely in Sect. 2 and comment on how it differs
from some other variants of synthesis problems in the literature. We present
a very brief overview of some applications of Boolean functional synthesis in
Sect. 3. In Sect. 4 we delve into six different techniques that work behind the
scenes of various Boolean functional synthesis tools to make them scale to large
problem instances. Finally, we conclude in Sect. 5.

2 Problem Statement

Let X = (x1, . . . xm) be a sequence of Boolean variables representing inputs of
a system to be designed, and Y = (y1, . . . yn) be a sequence of Boolean vari-
ables representing the system outputs. A relational specification is a Boolean
formula ϕ(X,Y) that specifies what assignments of outputs Y are “desirable”
for each assignment of inputs X. Note that multiple assignments of Y may sat-
isfy the specification for the same assignment of X in general. Boolean functional
synthesis requires us to algorithmically construct a sequence of Boolean func-
tion F(X) = (F1(X), . . . Fn(X)) such that |Y| = |F(X)| and the following is a
tautology

∀X (∃Yϕ(X,Y) ↔ ϕ(X,F(X)
)
.
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The function Fi(X) is also called a Skolem function for yi in ϕ(X,Y). The
problem of synthesizing these functions is therefore also called Boolean Skolem
function synthesis in the literature.

A note about the problem definition is worth mentioning here. In the lit-
erature, a specification ϕ(X,Y) is said to be realizable if ∀X∃Yϕ(X,Y) is a
tautology; otherwise it is called unrealizable. There is a general belief in the
community that unless a specification is realizable, it is not meaningful for syn-
thesis purposes. We submit that this is a restrictive view that is worth relaxing.
Specifically, the problem definition above does not require ∀X∃Yϕ(X,Y) to be
a tautology. It only requires that for every assignment of inputs X, the formulas
∃Yϕ(X,Y) and ϕ(X,F(X)) evaluate to the same truth value, regardless of what
that truth value is. To see why synthesis from non-realizable specifications can
be meaningful, let us re-visit the factorization example considered above. The
specification ∀X∃Y1∃Y2 ϕfact(X,Y1,Y2) is clearly not a tautology since there
is no assignment of Y1,Y2 that satisfies the specification if X encodes a prime
number. Hence, this is an unrealizable specification. Notwithstanding this, sup-
pose we go ahead and synthesize Skolem functions for all outputs in Y1 and Y2.
Let F1(X) and F2(X) denote the corresponding sequences of synthesized Skolem
functions. It is an easy exercise to show that ϕfact(X,F1(X),F2(X)) evaluates
to false iff X encodes a prime number. Thus, synthesizing Skolem functions from
the unrealizable specification ϕfact(X,Y1,Y2) gives us a circuit to check primal-
ity of integers representable by 2n-bits. Whenever this check indicates that X
is composite, the Skolem functions F1(X) and F2(X) also give us non-trivial
factors of X.

3 Some Applications

In this section, we present a very brief of overview some applications of Boolean
functional synthesis. It is clear from the definition of the problem that Skolem
functions serve as witnesses of existentially quantified variables when deciding
the satisfiability of quantified Boolean formulas (QBF). Hence, Boolean func-
tional synthesis has direct applications in certified QBF satisfiability checking.
In addition, QBFs have recently been used to model a wide variety of problems
such as in non-monotonic reasoning, planning, games and the like (see [24] for
an excellent survey). In each of these applications, certificates of existentially
quantified variables serve a different purpose. For example, in planning, a cer-
tificate may correspond to a plan, while in games, it may correspond to a winning
strategy of a player. Clearly, the ability to generate Skolem functions explicitly
is of immense value in all such applications. In addition, variants of Boolean
functional synthesis have also been used to automatically synthesize a restricted
class of programs [14,26] and also for circuit repair [17]. Finally, the synthesis of
controllers from temporal logic specifications can also be posed as one of Boolean
functional synthesis once a winning region has been identified [12].
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4 Under the Hood of Modern Solvers

Given that Boolean functional synthesis is unlikely to have worst-case polynomial
time algorithms [3,4], why do state-of-the-art tools work at all? While it is
hard to pin-point any specific reason, certain techniques have been found to
be extremely useful in state-of-the-art Boolean functional synthesis tools. We
overview some of these below.

4.1 Unique Functional Dependencies

In a large class of specifications, several outputs may be uniquely determined by
the inputs and remainder of the outputs. Identifying such functional dependen-
cies has proved to be extremely helpful in practical Boolean functional synthesis.
To illustrate how this helps, consider the specification ϕ(x1, . . . , y1, y2, . . .) given
in conjunctive normal form as (¬x1 ∨ ¬y2 ∨ y1) ∧ (y2 ∨ x2) ∧ · · · ∧ (y2 ∨ ¬y1) ∧
· · · ∧ (x1 ∨ ¬y1) ∧ · · · ∧ (¬y2 ∨ ¬x2), where x1, x2 are inputs, y1, y2 are outputs
and · · · represents unspecified sub-formulas in the specification. Clearly, every
assignment of x1, x2, . . . , y1, y2, . . . that satisfies ϕ satisfies (y1 ↔ (x1 ∧ y2)) as
well as (y2 ↔ ¬x2). This immediately gives us Skolem functions for y1 and y2,
i.e. (x1 ∧ ¬x2) for y1 and ¬x2 for y2. Therefore, we need not worry any further
about generating Skolem functions for y1 and y2, and can treat y1 and y2 as
inputs (much like x1, x2, . . .) while synthesizing Skolem functions for the other
outputs.

How does one detect functional dependencies like the ones illustrated above?
A syntactic way of doing this is to look for patterns of sub-formulas that encode
such dependencies. This is what we did in the example above, and it is usually
very efficient and effective when identifying dependencies in specifications that
make use of Tseitin encoding [28]. However, such a syntactic approach can miss
functional dependencies that are implicit in the semantics of the specification,
but not necessarily apparent in any pattern of sub-formulas. A more rigorous way
of identifying functional dependencies is to make use of Padoa’s theorem [20].
Specifically, let ϕ(X, y,Y,Yd) be a specification, where X is a sequence of input
variables, y is an output variable that we wish to check for functional depen-
dence, Y is a sequence of output variables that have not yet been identified as
being functionally dependent, and Yd is a sequence of output variables already
identified as functionally dependent on X, y and Y. Let y′ denote a fresh vari-
able, and let Y′

d denote a sequence of fresh variables of the same dimension as
Yd. Then, y is functionally dependent on X and Y in ϕ iff the following formula
is unsatisfiable:

ϕ(X, y,Y,Yd) ∧ y ∧ ϕ(X, y′,Y,Y′
d) ∧ ¬y′.

Furthermore, if the above formula is unsatisfiable, the functional dependence of y
on X and Y can be obtained by finding an interpolant between ϕ(X, y,Y,Yd)∧y
and ¬(

ϕ(X, y′,Y,Y′
d) ∧ ¬y′). Fortunately, checking satisfiability and generat-

ing interpolants for Boolean formulas can be done reasonably efficiently, thanks
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to significant advances in the theory and practice of satisfiability solving over
the past two decades. As a result, identifying functionally dependent variables
can often be done efficiently in practice in modern Boolean functional synthesis
tools [1,3,4,15,16].

4.2 Unate Variables

Although not immediately obvious, it turns out that a significant percentage of
benchmarks for Boolean functional synthesis have output variables that admit
a constant Skolem function. If we have a practically efficient way of identifying
these variables and the corresponding (constant) Skolem functions, we can sim-
plify the specification by substituting the constant functions for the respective
variables and synthesizing Skolem functions for the remaining output variables
from the simplified specification.

A simple way to identify if an output variable y in Y admits a constant
Skolem function in the specification ϕ(X,Y) is to check implications of cofactors
of ϕ(X,Y) with respect to y. Specifically, let ϕ(X,Y) |y=1 denote the formula
obtained by substituting 1 for y in ϕ(X,Y). This is also called the cofactor of ϕ
with respect to y = 1. The cofactor of ϕ with respect to y = 0 is similarly defined
and is denoted ϕ(X,Y) |y=0. A sufficient condition for the output variable y to
admit the constant Skolem function 1 (resp. 0) is to check if the implication
ϕ(X,Y) |y=0 → ϕ(X,Y) |y=1 (resp. ϕ(X,Y) |y=1 → ϕ(X,Y) |y=0) holds. If so,
we say that the specification ϕ is positive (resp. negative) unate in y. Interest-
ingly, the above implication check can be encoded as a check for unsatisfiability
of ϕ(X,Y) |y=0 ∧¬ϕ(X,Y) |y=1 (resp. ϕ(X,Y) |y=1 ∧¬ϕ(X,Y) |y=0). Thanks
again to the capabilities of modern propositional SAT solvers, these checks can
often be done efficiently in practice, making them powerful components of mod-
ern Boolean functional synthesis tools.

Interestingly, even if a specification ϕ(X,Y) is not unate w.r.t. an output
variable yi to begin with, it may become so after some other output yj is set to a
constant (say 1) in ϕ(X,Y). For example, consider the specification ϕ(x, y1, y2)
defined as (x ∧ (y1 ∨ y2)) ∨ (¬x ∧ ¬y2). Here ϕ is positive unate in y1, but it is
neither positive nor negative unate in y2. However, once we substitute 1 for y1 in
ϕ, we obtain ϕ |y1=1, i.e. x∨ (¬x∧¬y2), which is negative unate in y2. This cas-
caded discovery of unateness is extremely useful in identifying constant Skolem
functions and thereby in simplifying the specification. To exploit this maximally,
modern tools execute the unate variable identification step iteratively until they
can’t find any output variable in which the resulting cofactored specification is
unate.

A finer point about the use of unate variables for Skolem functions
is worth mentioning here. Let ϕ(X, y,Y) be a Boolean relational speci-
fication on inputs X and outputs y and Y, where y is a single out-
put variable. It follows from the definition of Boolean functional synthe-
sis that the Skolem function 1 can be used for output variable y iff
∀X (∃Yϕ(X, 0,Y) → ∃Yϕ(X, 1,Y)

)
is a tautology. Note that this condi-

tion is significantly weaker than ∀X∀Y (ϕ(X, 0,Y) → ϕ(X, 1,Y)
)
, which
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is what the implication check between cofactors described above does. There-
fore, it is indeed possible that the check based on implication between cofactors,
which requires the use of a propositional satisfiability (SAT) solver, misses out
opportunities for using constants for Skolem functions of some output variables.
However, the check for the weaker condition requires checking (un)satisfiability
of a formula with at least one quantifier alternation, and hence requires a QBF
satisfiability solver – at least one that can reason about one quantifier alterna-
tion. Since state-of-the-art QBF solvers do not scale as well as SAT solvers in
practice, the stronger check based on implication between cofactors is prefered
in most Boolean functional synthesis tools [3,4,8,15,16].

4.3 Guess, Check and Repair

While the above two techniques are extremely useful in identifying simple Skolem
functions for some output variables, typically not all Skolem functions can be
synthesized using these methods. An approach that has worked remarkably well
in practice for synthesizing the remaining Skolem function is that of guess, check
and repair. At a high level, this approach works as follows. In the “guess”ing
step, we identify promising candidates for Skolem functions of all output vari-
ables for which Skolem functions have not yet been determined. In the “check”ing
step, we check whether the candidate Skolem functions actually meet the formal
requirements of Boolean functional synthesis. If so, we are done and can report
the current candidate Skolem functions as the solution. Otherwise, we “repair”
the candidate Skolem functions guided by hints from the checking process, and
repeat the checking and repairing steps. The repairing of candidate Skolem func-
tions is always done in a way that ensures that we always converge to correct
Skolem functions within a finite number of iterations of repair and check.

There are at least two different schools of thought about how “good” can-
didate Skolem functions can be identified. In [3,4], the candidates are identi-
fied based on certain structural properties of the specification represented as
a Boolean circuit. In [15,16], the candidates are identified using constrained
sampling and decision-tree learning techniques. In general, if “good” candidate
Skolem functions are identified early enough, we require fewer iterations of check
and repair to eventually arrive at correct Skolem functions. Therefore, techniques
for identifying “good” candidate Skolem functions are extremely important in
this approach to solving Boolean functional synthesis.

Given a sequence of candidate Skolem functions, say F(X), how do we check
if these are correct Skolem functions? The naive way to do this is to directly ask
if ∀X (∃Yϕ(X,Y) ↔ ϕ(X,F(X))

)
holds. However, this requires the use of a

QBF solver, and we have already seen that QBF solvers don’t scale as well as
SAT solvers do in practice. So can we re-cast the above check as a SAT solving
problem? While not all QBF satisfiability problems can be decided by invoking
a SAT solver on a Boolean formula with at most polynomial blow-up, it turns
out that we can do this for the above check. It was shown by John et al [18] that
the sequence of candidate Skolem functions F(X) is indeed a sequence of correct
Skolem functions iff the following (Boolean) error formula is unsatisfiable, where
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Y′ is a sequence of fresh Boolean variables with the same dimension as that of
Y:

ϕ(X,Y′) ∧
n∧

i=1

(
yi ↔ Fi(X)

) ∧ ¬ϕ(X,Y).

Notice that the size of this formula is linear in the size of the QBF formula
we started off with, and there is no need to reason about quantifier alternation
now. This makes it possible to use state-of-the-art SAT solvers to implement the
crucial checking step in modern Boolean functional synthesis tools [3–5,15,16,
18].

Since the checking step invokes a SAT solver, if the error formula turns out to
be satisfiable, we can easily obtain a satisfying assignment of the error formula.
This is also called a counterexample to the claim that the candidate Skolem func-
tions are correct. Having such a counterexample is extremely useful, since it pin-
points at least one assignment of the inputs X for which the candidate Skolem
functions didn’t give the right values for the output variables. Repairing the can-
didate Skolem functions to fix the problem for this single assignment of inputs
is relatively easy. However, this is unlikely to scale in practice since there can be
exponentially many assignments of X for which the candidate Skolem functions
don’t evaluate to the right values of the outputs. Therefore, it is important to
generalize a counterexample to multiple assignments of X where the candidate
Skolem functions evaluate to incorrect values. The number of iterations of repair
and check is often the limiting factor for scalability of guess-check-repair based
synthesis tools. Hence, choosing good initial candidate Skolem functions and
generalizing counterexamples aggressively are crucially important in tools based
on the guess, check and repair paradigm.

4.4 Knowledge Compilation

A completely different approach to Boolean functional synthesis was presented
by Akshay et al. in [1] and generalized further by Shah et al. in [23]. In this
approach, a Boolean relational specification is compiled to a special represen-
tation from which Skolem functions for all output variables can be generated
in polynomial time. This is called knowledge compilation for Boolean functional
synthesis.

A new normal form for representing Boolean relational specifications, called
Synthesis Negation Normal Form (SynNNF), was proposed in [1]. It was further
shown that for every relational specification represented in SynNNF, Boolean
circuits representing Skolem functions for all outputs can be synthesized in time
at most quadratic in the size of the SynNNF specification. It was also shown
that several well-studied normal forms for Boolean formulas like disjunctive nor-
mal form (DNF), decomposable negation normal form (DNNF) [9], deterministic
decomposable negation normal form (dDNNF) [10,11], binary decision diagrams
(BDD) [6], sentential decision diagrams (SDD) [19] either already satisfy the con-
ditions for being in SynNNF or can be compiled efficiently to SynNNF. Therefore,
a specification represented in any of these forms can be efficiently processed to
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yield Skolem functions as Boolean circuits. To show that SynNNF strictly gener-
alizes these other representation forms, the authors of [1] also showed exponential
gaps in the size of representation of some families of functions in SynNNF and
in these other forms.

A couple of points about SynNNF are worth highlighting here. First, the
worst-case complexity of synthesizing Skolem functions from Boolean relational
specifications depends not only on the representation of the specification but
also on the representation of the Skolem function. The polynomial-time syn-
thesis result for SynNNF representations holds if we are allowed to represent
Skolem functions as Boolean circuits. Second, given (conditional) exponential
lower bounds for the worst-case time complexity of Boolean functional synthesis,
it is inevitable that compilation to SynNNF must incur an exponential blow-up
in some cases. Indeed, compiling from conjunctive normal form (CNF) or gen-
eral Boolean circuits to SynNNF can blow up exponentially in the worst-case.
However, from experimental results reported in [1], this doesn’t seem to happen
frequently in practice. A CNF to SynNNF compilation algorithm was proposed
in [1] and experiments using a preliminary implementation of the algorithm
showed that knowledge compilation based Boolean functional synthesis works
reasonably well in practice.

In [23], the SynNNF form was further generalized to Subset And-Unrealizable
Negation Normal Form (or SAUNF). Moreover, it was shown that a specification
admits polynomial-time or polynomial-sized synthesis of Skolem functions iff the
specification is either represented in SAUNF or can be efficiently compiled to
SAUNF. Despite their promise, knowledge compilation based Boolean functional
synthesis tools have however not received as much attention as some of the other
techniques discussed in this paper. We expect this to change in the near future,
with further developments in knowledge compilation techniques.

4.5 Incremental Determinization

A generalization of the idea of identifying functionally dependent variables was
presented by Rabe et al [21,22] in a technique called incremental determinization.
In this approach, we start with a specification in CNF and try to identify patterns
of clauses that establish the unique functional dependence of a variable on other
variables. This is similar to what we have already discussed in Sect. 4.1. However,
Rabe et al. go further and identify patterns of clauses that don’t necessarily yield
a unique dependence of an output variable on other variables. In such cases,
their algorithm “determinizes” the dependence by adding additional constraints
to the original specification in a carefully controlled manner. Specifically, only
those additional constraints are added that don’t restrict the values of inputs for
which the specification can be satisfied. Furthermore, the added constraints are
such that the original specification with the added constraints imply a unique
functional dependence of an output variable on the inputs and on other output
variables. As new constraints get added in this manner, we may detect that some
added constraints are in conflict with each other. In such cases, the approach
backtracks on the decisions made with respect to adding constraints and tries to
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undo the inconsistencies that may have been introduced. The overall approach
follows a style of reasoning very similar to that of conflict-driven clause learning
(CDCL) based SAT solvers [25]. In fact, the corresponding tool (called CADET)
uses and extends several heuristics that have stood the test of time in CDCL
SAT solvers, and performs extremely well in practice.

4.6 Input Output Separation

Yet another approach for Boolean functional synthesis from CNF specifications
was presented in [8]. In this approach, given a CNF specification ϕ(X,Y), two
separate formulas are first derived. One of these is obtained by ignoring all
input literals (i.e. variables or their negations) in individual clauses of the CNF
specification, and the other is obtained by ignoring all output literals in these
clauses. This allows us to view the constraints imposed by the given specification
on input and output variables separately.

Clearly, if there exists an assignment of the output variables that satisfies each
clause of the original CNF specification even while ignoring the input literals,
then we can assign these constant values to the output variables and successfully
synthesize (constant) Skolem functions. However, we are unlikely to get this lucky
in practice, and the specification restricted to output literals will almost always
be unsatisfiable. In such cases, we can find an assignment of outputs that satisfies
a maximal subset of clauses while ignoring the inputs, and then insist that the
remainder of the clauses be satisfied by the assignment of inputs. This effectively
gives us an assignment of outputs that works to satisfy the given specification
for a set of assignments of inputs. In other words, the above step gives us a
partial definition of Skolem functions for all outputs considered together. One
can then repeat this process until all combinations of inputs are covered to obtain
the complete Skolem functions for all outputs. This yields a complete synthesis
algorithm by itself, but one that is driven by “best” possible assignments of
outputs, for the given CNF specification.

In a similar manner, suppose we examine the clauses in the original CNF
specification, but ignoring output literals this time. Every maximal subset of
clauses, all of whose input literals can be falsified at the same time, yields one
of the “worst” assignment of inputs for our specification. For every such input
assignment, we must ensure that the outputs are assigned values that satisfy
each clause in the maximal subsets considered above. This suggests a way to
determine assignments of outputs that serve to satisfy the specification for the
“worst” input assignments. Once again, this gives a partial definition of Skolem
functions for all outputs considered together. By repeating the above process
and by ensuring that all such “worst” input assignments are taken care of, we
obtain complete Skolem functions for all outputs. This yields a complete synthe-
sis algorithm as well, but one that is driven by the worst assignment of inputs
for the given CNF specification.

In practice, the above two approaches are complementary and can be inter-
leaved to yield an algorithm that tries to benefit from the best of both. Experi-
mental results presented in [8] show that this approach has good performance for
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certain classes of benchmarks for which most other techniques do not perform
well.

5 Conclusion

In this paper, we briefly looked under the hood of several state-of-the-art Boolean
function synthesis tools to understand what makes them tick. For a more detailed
account of these techniques (and beyond), the interested reader is referred to [2].
Among the techniques discussed here, there are some that stand out in their
utility – these include identification of unate variables and identification of func-
tionally defined variables. The other techniques have their pros and cons, and
experimental evaluation does not allow us to conclude that any single technique
dominates all other technique in terms of performance and actual set of prob-
lem instances solved. This suggests that the right approach to building practical
Boolean function synthesis tools is to use a portfolio approach. The guess-check-
repair approach and knowledge compilation approaches have just begun to be
explored, and they already appear to hold a lot of promise.

Just as in propositional SAT solving, we don’t yet fully understand why
state-of-the-art tools are able to scale to large problem instances when we know
that fundamental complexity hurdles lurk all along the way. Building a theo-
retical understanding of what makes these tools tick, and when they choke is
an ambitious project that we are far from solving satisfactorily. The knowledge
compilation approach provides some insights on the intricate dependency of rep-
resentation forms with complexity of synthesis. Whether this insight can be used
to improve our understanding of the performance of Boolean function synthesis
tools beyond those based on knowledge compilation, remains an open question.
Finally, synthesizing a set of Skolem functions for a given specification is just the
bare minimum that one can ask from a synthesis tool. Interesting questions that
deserve serious investigation include synthesis of “optimal” Skolem functions,
where optimality can be defined with respect to several metrics. An equally
interesting question is to symbolically represent the entire space of Skolem func-
tions that serve to satisfy a given specification. The world of Boolean functional
synthesis has just begun to be explored. It promises to remain an active area
of research for some time to come. Skolem function synthesis from first order
specifications is yet another promising area that has only begun to be explored
[7].
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Abstract. We introduce labelled sequent calculi for the basic normal non-distri-
butive modal logic L and 31 of its axiomatic extensions, where the labels are
atomic formulas of a first order language which is interpreted on the canonical
extensions of the algebras in the variety corresponding to the logic L. Modular
proofs are presented that these calculi are all sound, complete and conservative
w.r.t. L, and enjoy cut elimination and the subformula property. The introduction
of these calculi showcases a general methodology for introducing labelled calculi
for the class of LE-logics and their analytic axiomatic extensions in a principled
and uniform way.
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1 Introduction

The present paper pertains to a line of research in structural proof theory aimed at
generating analytic calculi for wide classes of nonclassical logics in a principled and
uniform way. Since the 1990s, semantic information about given logical frameworks
has proven key to generate calculi with excellent properties [19]. The contribution of
semantic information has been particularly perspicuous in the introduction of labelled
calculi for e.g. classical normal modal logic [16] and intuitionistic logic [17], and their
axiomatic extensions defined by axioms for which first-order correspondents exist of a
certain syntactic shape [10]. Moreover, recently, the underlying link between the prin-
cipled and algorithmic generation of analytic rules for capturing axiomatic extensions
of given logics and the systematic access to, and use of, semantic information for this
purpose has been established also in the context of other proof-theoretic formats, such
as proper display calculi [1,15], and relative to classes of logics as wide as the normal
(D)LE-logics, i.e. those logics canonically associated with varieties of normal (distribu-
tive) lattice expansions [7] (cf. Definition 1.1). In particular, in [15], the same algorithm
ALBA which computes the first-order correspondents of (analytic) inductive axioms in
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any (D)LE-signature was used to generate the analytic rules in a suitable proper display
calculus corresponding to those axioms.

The algorithm ALBA [6,7] is among the main tools in unified correspondence the-
ory [5], and allows not only for the mechanization of well known correspondence argu-
ments from modal logic, but also for the uniform generalization of these arguments to
(D)LE-logics, thanks to the fact that the ALBA-computations are motivated by and
interpreted in an algebraic environment in which the classic model-theoretic corre-
spondence arguments can be rephrased in terms of the order-theoretic properties of
the algebraic interpretations of the logical connectives. These properties guarantee the
soundness of the rewriting rules applied in ALBA-computations, thanks to which, the
first-order correspondent of a given input axiom (in any given LE-language L) is gen-
erated in a language L+ expanding L, which is interpreted in the canonical extensions
of L-algebras.

In the present paper, we showcase how the methodology adopted in [15] for intro-
ducing proper display calculi for (D)LE-logics and their analytic axiomatic extensions
can be used also for endowing LE-logics with labelled calculi. Specifically, we focus
on a particularly simple LE-logic, namely the basic normal non-distributive (i.e. lattice-
based) modal logic L [3,4], for which we introduce a labelled calculus and show
its basic properties, namely soundness, completeness, cut-elimination and subformula
property. Moreover, we discuss, by way of examples, how ALBA can be used to gen-
erate analytic rules corresponding to (analytic inductive) axiomatic extensions of the
basic logic L.

Structure of the Paper. Section 2 recalls preliminaries on basic normal non-distributive
logic, canonical extensions and the algorithmALBA, Sect. 3 presents a labelled calculus
for normal non-distributive logic and its extensions. Section 4 proves soundness, com-
pleteness, cut elimination and subformula property for basic normal non-distributive
logic and some of its axiomatic extensions. Section 5 shows that the all calculi intro-
duced in the paper are proper labelled calculi. We conclude in Sect. 6. In Appendix A we
provide the formal definition of proper labelled calculi and we show that any calculus
in this class enjoys the canonical cut elimination à la Belnap.

2 Preliminaries

2.1 Basic Normal Non-distributive Modal Logic, Its Associated ALBA-language,
and Some of Its Axiomatic Extensions

The basic normal non-distributive modal logic is a normal LE-logic (cf. [7,8]) which
was used in [3,4] as the underlying environment for an epistemic logic of categories and
formal concepts, and in [2] as the underlying environment of a logical theory unifying
Formal Concept Analysis [13] and Rough Set Theory [18].

Let Prop be a (countable or finite) set of atomic propositions. The language L is
defined as follows:

ϕ � ⊥ | � | p | ϕ ∧ ϕ | ϕ ∨ ϕ | �ϕ | �ϕ,
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where p ∈ Prop. The extended language L+, used in ALBA-computations taking
inequalities of L-terms in input, is defined as follows:

ψ � j | m | ϕ | ψ ∧ ψ | ψ ∨ ψ | �ψ | �ψ | �ψ | �ψ,
where ϕ ∈ L, and the variables j ∈ NOM (resp. m ∈ CNOM), referred to as nominals
(resp. co-nominals), range over disjoint sets which are also disjoint from Prop. The
basic, orminimal normalL-logic is a set L of sequents ϕ � ψ, with ϕ, ψ ∈ L, containing
the following axioms:

p � p ⊥ � p p � p ∨ q p ∧ q � p � � �� �p ∧ �q � �(p ∧ q)
p � � q � p ∨ q p ∧ q � q �⊥ � ⊥ �(p ∨ q) � �p ∨ �q

and closed under the following inference rules:

ϕ � χ χ � ψ
ϕ � ψ

ϕ � ψ
ϕ (χ/p) � ψ (χ/p)

χ � ϕ χ � ψ
χ � ϕ ∧ ψ

ϕ � χ ψ � χ
ϕ ∨ ψ � χ

ϕ � ψ
�ϕ � �ψ

ϕ � ψ
�ϕ � �ψ

AnL-logic is any extension of LwithL-axioms ϕ � ψ. In what follows, for any set Σ of
L-axioms, we let L.Σ denote the axiomatic extension of L generated by Σ. Throughout
the paper, we will consider all subsets Σ of the set of axioms listed in the table below.
These axioms are well known from classical modal logic, and have also cropped up in
[2] in the context of the definition of relational structures simultaneously generalizing
Formal Concept Analysis and Rough Set Theory.

(4) ��A � �A transitivity (D) �A � �A seriality
(T) �A � A reflexivity (C) ��A � ��A confluence
(B) A � ��A symmetry

2.2 L-algebras, Their Canonical Extensions, and the Algebraic Interpretation
of the Extended Language of ALBA

In the present section, we recall the definitions of the normal lattice expansions canon-
ically associated with the basic logic L, their canonical extensions, the existence of
which can be shown both constructively and non-constructively, and the interpretation
of the extended language L+ in the canonical extensions of L-algebras.

AnL-algebra is a tupleA = (L,�A,�A), where L is a bounded lattice,�A (resp.�A)
is a finitely join-preserving (resp. finitely meet-preserving) unary operation. That is,
besides the usual identities defining general lattices, the following identities hold:

�(x ∨ y) = �x ∨ �y �⊥ = ⊥ �(x ∧ y) = �x ∧ �y �� = �.
In what follows, we let Alg(L) denote the class of L-algebras. Let L be a (bounded)

sublattice of a complete lattice L′.

1. L is dense in L′ if every element of L′ can be expressed both as a join of meets and
as a meet of joins of elements from L. We let K(L′) (resp. O(L′)) denote the meet-
closure (resp. join-closure) of L in L′. That is, K(L′) = {k ∈ L′ | k = ∧ S for some
S ⊆ L}, and O(L′) = {o ∈ L′ | o = ∨ T for some T ⊆ L}.
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2. L is compact in L′ if, for all S ,T ⊆ L, if
∧

S ≤ ∨T then
∧

S ′ ≤ ∨ T ′ for some
finite S ′ ⊆ S and T ′ ⊆ T .

3. The canonical extension of a lattice L is a complete lattice Lδ containing L as a dense
and compact sublattice. Elements in K(Lδ) (resp. O(Lδ)) are the closed (resp. open)
elements of Lδ.

As is well known (cf. [14]), the canonical extension of a lattice L exists and is unique
up to an isomorphism fixing L. The non-constructive proof of existence can be achieved
via suitable dualities for lattices, while the constructive proof uses the MacNeille com-
pletion construction on a certain poset obtained from the families of proper lattice filters
and ideals of the original lattice L (cf. [11,14] for details). In the latter case, the ensuing
complete lattice Lδ can be shown to be perfect, i.e., to be both completely join-generated
by the set J∞(Lδ) ⊆ K(Lδ) of the completely join-irreducible elements of Lδ, and com-
pletely meet-generated by the set M∞(Lδ) ⊆ O(Lδ) of the completely meet-irreducible
elements of Lδ.1

For every unary, order-preserving operation f : L → L, the σ-extension of f is
defined first on any k ∈ K(Lδ) and then on every u ∈ Lδ as follows:

f σ(k) :=
∧
{ f (a) | a ∈ L and k ≤ a} f σ(u) :=

∨
{ f σ(k) | k ∈ K(Lδ) and k ≤ u}.

The π-extension of f is defined first on every o ∈ O(Lδ), and then on every u ∈ Lδ as
follows:

f π(o) :=
∨
{ f (a) | a ∈ L and a ≤ o} f π(u) :=

∧
{ f π(o) | o ∈ O(Lδ) and u ≤ o}.

Defined as above, the σ- and π-extensions maps are monotone, and coincide with f
on the elements of A. Moreover, the σ-extension (resp. (resp. π-extension) of a finitely
join-preserving (resp. finitely meet-preserving) map is completely join-preserving (resp.
completely meet-preserving). This justifies defining the canonical extension of an L-
algebra A = (L,�,�) as the L-algebra Aδ := (Lδ,�π,�σ). By construction, A is
a subalgebra of Aδ for any A ∈ Alg(L). In fact, compared to arbitrary L-algebras,
A
δ enjoys additional properties that make it a suitable semantic environment for the

extended language L+ of Sect. 2.1. Indeed, the lattice reduct of Aδ is a complete lat-
tice. Together with the fact that the operations �σ and �π do not preserve only finite
joins and meets respectively, but arbitrary joins and meets, this implies, by well known
order-theoretic facts (cf. [9, Proposition 7.34]), that the right and left adjoint of �σ and
of �π are well defined on Aδ, which we denote �A

δ

and �A
δ

respectively,2 and provide
the interpretations of the corresponding logical connectives in L+. Moreover, by dense-
ness, Aδ is both completely join-generated by the elements in K(Lδ) and completely
meet-generated by the elements in O(Lδ), and when considering the non-constructive
proof, these families of generators can be further restricted to J∞(Lδ) and M∞(Lδ),

1 For any complete lattice L, any j ∈ L is completely join-irreducible if j � ⊥ and for any S ⊆ L,
if j =

∨
S then j ∈ S . Dually, any m ∈ L is completely meet-irreducible if m � � and for any

S ⊆ L, if m =
∧

S then m ∈ S .
2 The unary operations �A

δ
and �A

δ
on Aδ are the unique maps satisfying the equivalences

�σu ≤ v iff u ≤ �Aδv and �Aδu ≤ v iff u ≤ �πv for all u, v ∈ Aδ.
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respectively. These generating subsets provide the interpretation of the variables in
NOM and CNOM, respectively. As is well known, for any set Σ of L-sequents, if
K(Σ) = {A ∈ Alg(L) | A |= Σ} is closed under taking canonical extensions,3 then
the axiomatic extension L.Σ is complete w.r.t. the subclass Kδ(Σ) = {Aδ | A ∈ K(Σ)},
because any non-theorem ξ � χ will be falsified in the Lindenbaum-Tarski algebra A
of L.Σ, which is an element of K(Σ) by construction, and hence ξ � χ will be falsified
under the same assignment in Aδ, given that A is a subalgebra of Aδ.

2.3 The Algorithm ALBA

The algorithm ALBA is guaranteed to succeed on a large class of formulas, called (ana-
lytic) inductive axioms, and it can be used to automatically generate labelled calculi
with good properties equivalently capturing the LE-logics axiomatized by means of
those axioms. We refer the reader to [7, Section 6,8] for the proof of correctness and
success in the general setting of LE-logics. In the present section, we informally illus-
trate how the algorithm ALBA works by means of examples, namely, we run ALBA
on the modal axioms in Σ = {�p � p, p � ��p,�p � �p,��p � ��p} computing
their first-order correspondent, which, in turn, can be automatically transformed into an
analytic structural rule of a labelled calculus equivalently capturing the axioms (see the
table at the end of Sect. 3). In what follows, A denotes an L-algebra, and Aδ denotes
its canonical extension. We abuse notation and use the same symbol for the algebra and
its domain. We recall that variables j,h and k (resp.m) range in the set of the complete
join-generators (resp. complete meet-generators) of Aδ.

The following chain of equivalences is sound on Aδ:

∀p(��p ≤ �p)
iff ∀p∀j∀m ((j ≤ p & �p ≤ m)⇒ ��j ≤ m) join- and meet-generation,� c. join-preserving
iff ∀j∀m (�j ≤ m⇒ ��j ≤ m) Ackermann’s lemma
iff ∀j∀h∀m (�j ≤ m⇒ (h ≤ �j⇒ �h ≤ m))

Indeed, the first equivalence in the chain above is due to the fact that, since the
variable j (resp. m) ranges over a completely join-generating (resp. completely meet-
generating) subset of Aδ, and � is completely join-preserving, we can equivalently
rewrite the initial inequality as follows: ∀p(∨{��j | j ≤ p} ≤ ∧{m | �p ≤ m}), which
yields the required equivalence by the definition of the least upper bound and the great-
est lower bound of subsets of a poset. The second equivalence is an instance of the core
rule of ALBA, which allows to eliminate the quantification over proposition variables.
As to the direction from bottom to top, by the monotonicity of �, the inequalities j ≤ p
and �p ≤ m immediately imply �j ≤ �p ≤ m, from which the required inequality
��j ≤ m follows by assumption. For the converse direction, for a given interpretations
of j andm such that �j ≤ m, we let p have the same interpretation as j. Then this inter-
pretation satisfies both inequalities j ≤ p and �p = �j ≤ m, from which the required
inequality ��j ≤ m follows by assumption. The third equivalence immediately follows
from considerations similar to those made for justifying the first equivalence; namely,
that the inequality ��j ≤ m can be equivalently rewritten as

∨{�h | h ≤ �j} ≤ m,

3 By the general theory of unified correspondence (cf. [7]), this is the case of every subset Σ of
the set of axioms listed at the end of Sect. 2.1.
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which yields the required equivalence by the definition of a subset of a poset. Analogous
arguments can be made to justify the following chains of equivalences:

∀p(�p ≤ p)
iff ∀p∀j∀m ((j ≤ �p & p ≤ m)⇒ j ≤ m) join- and meet-generation
iff ∀j∀m (j ≤ �m⇒ j ≤ m) Ackermann’s lemma

∀p(p ≤ ��p)
iff ∀p∀j∀m ((j ≤ p & �p ≤ m)⇒ j ≤ �m) join- and meet-generation
iff ∀j∀m (�j ≤ m⇒ j ≤ �m) Ackermann’s lemma

∀p(�p ≤ �p)
iff ∀p∀j∀m ((j ≤ �p & �p ≤ m)⇒ j ≤ m) join- and meet-generation
iff ∀p∀j∀m ((�j ≤ p & �p ≤ m)⇒ j ≤ m) � � � adjunction
iff ∀j∀m (��j ≤ m⇒ j ≤ m) Ackermann’s lemma
iff ∀j∀m∃k ((k ≤ �j⇒ �k ≤ m)⇒ j ≤ m) join-generation

∀p(��p ≤ ��p)
iff ∀p∀j∀m ((j ≤ �p & �p ≤ m)⇒ �j ≤ �m) join- and meet-generation
iff ∀p∀j∀m ((�j ≤ p & �p ≤ m)⇒ ��j ≤ m) � � � adjunction
iff ∀j∀m (��j ≤ m⇒ ��j ≤ m) Ackermann’s lemma
iff ∀j∀m∀h∃k ((k ≤ �j⇒ �k ≤ m)⇒ (h ≤ �j⇒ �h ≤ m)) join- and meet-generation

The second equivalence in the chain above is based on the existence of the adjoints
of the maps interpreting the original connectives on canonical extensions of L-algebras
(cf. Sect. 2.2). Finally, we remark that carrying out the correspondence arguments
above in the algebraic environment of the canonical extensions of L-algebras allows
us to clearly identify their pivotal properties, and, in particular, to verify that no prop-
erty related with the setting of (perfect) distributive lattices (viz. the complete join-
primeness of the elements interpreting nominal variables) is required.

3 The Labelled Calculus A.L and Some of Its Extensions

In what follows, we use p, q, . . . for proposition variables, A, B, . . . for formulas
metavariables (in the original language of the logic), j, i, . . . for nominal variables,
m,n, . . . for conominal variables, J,H, . . . (resp.M,N, . . .) for nominal terms metavari-
ables (resp. conominal terms), T for terms metavariables, and Γ, Δ, . . . for meta-
structures metavariables. Given p ∈ Prop, j ∈ NOM, m ∈ CNOM, the language of
(labelled) formulas, terms and structures is defined as follows:

formulas � A ::= p | � | ⊥ | A ∧ A | A ∨ A | �A | �A
nominal terms � J ::= j | �j | �j

conominal terms �M ::= m | �m | �m
terms � T ::= J |M

labelled formulas � a ::= j ≤ A | A ≤ m
pure structures � t∗ ::= j ≤ T | T ≤ m

structures � σ ::= a | t
meta-structures � Γ ::= σ | Γ, Γ

∗Side condition: j andm do not occur in T.
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Let us first recall some terminology (see e.g. [21, Section 4.1]) and notation. A
(A.L-)sequent is a pair Γ � Δ where Γ and Δ (the antecedent and the consequent of
the sequent, respectively) are metavariables for meta-structures separated by commas.
An inference r, also called an instance of a rule, is a pair (S , s) of a (possibly empty)
set of sequents S (the premises) and a sequent s (the conclusion). We identify a rule
R with the set of all instances that are instantiations of R. A rule R, also referred to
as a scheme is usually presented schematically using metavariables for meta-structures
(denoted by upper-case Greek letters Γ, Δ, Π, Σ, . . . , Γ1, Γ2, . . .), or metavariables for
structures (denoted by lower-case Latin letters: a, b, c, . . . , a1, a2, . . . for labelled for-
mulas and t1, t2, t3, . . . for pure structures), or metavariables for formulas (denoted by
A, B,C, . . . A1, A2, . . ., or metavariables for terms (denoted by j, i,h, . . . , j1, j2, . . . for
nominal terms and m,n, o, . . . ,m1,m2, . . . for conominal terms). A rule R with no
premises, i.e. S = ∅, is called an axiom scheme, and an instantiation of such R is called
an axiom. The immediate subformulas of a principal formula (see Definition 1) in the
premise(s) of an operational inference are called auxiliary formulas. The formulas that
are not preserved in an inference instantiating the cut rule are called cut formulas. If the
cut formulas are principal in an inference instantiating the cut rule, then the inference
is called principal cut. A cut that is not principal is called parametric. A proof of (the
instantiation of) a sequent Γ � Δ is a tree where (the instantiation of) Γ � Δ occurs as the
end-sequent, all the leaves are (instantiations of) axioms, and each node is introduced
via an inference. Before providing the list of the primitive rules of A.L, we need two
preliminary definitions.

Definition 1 (Analysis). The specifications are instantiations of meta-structure meta-
variables in the statement of R. The parameters of r ∈ R are substructures of instan-
tiations of (meta-)structure metavariables in the statement of R. A formula instance is
principal in an inference r ∈ R if it is not a parameter in the conclusion of r (except for
switch rules).

(Meta-)Structure occurrences in an inference r ∈ R are in the (symmetric) relation
of local congruence in r if they instantiate the same metavariable occurring in the same
position in a premise and in the conclusion of R, or they instantiate nonparametric
structures in the application of switch rules (namely, in the case of A.LΣ, occurrences
of labelled formulas j ≤ A and A ≤ m, or occurrences of pure structures j ≤ T and
T ≤ m). Therefore, the local congruence is a relation between specifications.

Two occurrences instatiating a (meta-)structure are in the inference congruence
relation if they are locally congruent in an inference r occurring in a proof π. The proof
congruent relation is the transitive closure of the inference congruence relation in a
derivation π.

Definition 2 (Position). For any well-formed sequent Γ � Δ,
– The occurrence of a labelled formula j ≤ A (resp. A ≤ m) is in precedent position

if j ≤ A ∈ Γ (resp. A ≤ m ∈ Δ), and it is in succedent position if j ≤ A ∈ Δ
(resp. A ≤ m ∈ Γ);

– any occurrence of a pure structure j ≤ T in Γ (resp. Δ) is in precedent (resp. succe-
dent) position; any occurrence of a pure structure T ≤ m in Γ (resp. Δ) is in succe-
dent (resp. precedent) position.
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We follow the notational conventions as stated in Definition 1, which provides the
so-called analysis of the rules of any proper labelled calculus. In particular, according
to Definition 1, notice that if an occurrence σ is a substructure of Π ∈ {Γ, Γ′, Δ, Δ′}
occurring in an instantiation r of a rule R ∈ A.L (including axioms, namely rules with
no premises), then σ is a parameter of r and every other σ′ is nonparametric in r;4

moreover, if σ occurs in a premise and in the conclusion of r in the same position
(namely, in precedent versus in succedent position: see Definition 2), then these two
occurrences of σ are locally congruent in r.5 Notice that in the display calculi literature
‘being locally congruent’ usually presupposes ‘being parametric’, but in labelled calculi
this is not anymore the case due to the presence of switch rules (see Remark 1).

Initial rules∗
Id j≤p

j ≤ p � j ≤ p
Id p≤mp ≤ m � p ≤ m Id⊥ ⊥ ≤ m � ⊥ ≤ m

Id�j ≤ � � j ≤ �
The initial rules above encode identities for atomic propositions and zeroary con-

nectives, namely the fact that the derivability relation � is reflexive. Identity sequents
of the form j ≤ A � j ≤ A (resp. A ≤ m � A ≤ m) are derivable in the calculus.

Initial rules for � and ⊥∗
⊥j

j ≤ ⊥ � j ≤ A
⊥m B ≤ m � ⊥ ≤ m

�m� ≤ m � B ≤ m
�j

j ≤ A � j ≤ �
∗Side condition: A ∈ {p, A1 ∧ A2,�A1} and B ∈ {p, B1 ∨ B2,�B1}

The initial rules for ⊥ (resp. �) above encodes the fact that ⊥ is interpreted as the
minimal element (resp. � as the maximal element) in the algebraic interpretation.

The cut rules below encode the fact that the derivability relation � is transitive.
Notice that the notion of ‘cut formula’ in standard Gentzen sequent calculi corresponds
to ‘labelled cut formula’ in the present setting. Before defining the cut rules, we need
the following definition.

Definition 3. A labelled formula a is a j-labelled (resp. m-labelled) formula in a
derivation π if the uppermost labelled formulas congruent with a in π are introduced
via Idj≤p,⊥j,�j,∧P,∧S ,�P,�S (resp. Idp≤m,⊥m,�m,∨P,∨S ,�P,�S ).

Cut rules∗

Γ � j ≤ A, Δ Γ′, j ≤ A � Δ′
Cut j≤A

Γ, Γ′ � Δ, Δ′
Γ � B ≤ m, Δ Γ′, B ≤ m � Δ′

Cut B≤m
Γ, Γ′ � Δ, Δ′

∗Side condition: j ≤ A and B ≤ m are in display,
j ≤ A is a j-labelled formula and B ≤ m is an m-labelled formula.

4 Therefore, every instantiation of a labelled formula (resp. a pure structure) occurring in R ∈
A.L is nonparametric. For instance, j ≤ p is nonparametric in Idj≤p, and A ≤ m, j ≤ �A, j ≤
�m are all nonparametric in �P. Moreover, according to Definition 1, every instantiation of
a structure (resp. a labelled formula) in the conclusion of initial rules (resp. logical rules) is
principal. For instance, j ≤ p is principal in Idj≤p and j ≤ �A is principal in �P.

5 For instance, given an instantiation r of the rule ∧S , assuming σ ∈ Γ in the first (resp. second)
premise of r, then it occurs in the same position in the conclusion of r, and these two occur-
rences of σ are locally congruent in r. Nonetheless, notice that the two occurrences of σ in the
premises of r are not locally congruent in r.
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The switch rules below encode elementary properties of pairs of inequalities with
the same approximant (either a nominal j or a conominal m) occurring in the same
sequent with opposite polarity (namely, the first in precedent position and the second
in succedent position: see Definition 2). Notice that we might use S as a generic name
denoting a specific switch rule in the following set. If so, we rely on the context to
disambiguate which rule we are referring to. In particular, the label S is unambiguous
whenever we use it as the name for a rule application in a derivation.

Switch rules∗
Γ, j ≤ A � j ≤ m, Δ

Sm
Γ � A ≤ m, Δ

Γ, A ≤ m � j ≤ m, Δ
Sj

Γ � j ≤ A, Δ

Γ, j ≤ A � j ≤ B, Δ
Smm

Γ, B ≤ m � A ≤ m, Δ
Γ, A ≤ m � B ≤ m, Δ

Sjj
Γ, j ≤ B � j ≤ A, Δ

Γ, j ≤ T � j ≤ A, Δ
SmT

Γ, A ≤ m � T ≤ m, Δ
Γ,T ≤ m � A ≤ m, Δ

SjT
Γ, j ≤ A � j ≤ T, Δ

Γ, j ≤ A � j ≤ T, Δ
STm

Γ,T ≤ m � A ≤ m, Δ
Γ, A ≤ m � T ≤ m, Δ

STj
Γ, j ≤ T � j ≤ A, Δ

Γ, j ≤ T′ � j ≤ T, Δ
STT′m

Γ,T ≤ m � T′ ≤ m, Δ
Γ,T′ ≤ m � T ≤ m, Δ

SjTT′
Γ, j ≤ T � j ≤ T′, Δ

∗Side condition: For all the switch rules except Sm and Sj,
j andm do not appear in Γ or Δ. j (resp.m) in Sm (resp. Sj)

must not appear in the conclusion of the rule.

Remark 1 (Analysis of switch rules). For each instantiation r of R ∈ {STT′m,SjTT′},
the instantiations of j ≤ T′′ and T′′ ≤ m (where T′′ ∈ {T,T′}) are nonparametric and
locally congruent in r (see Definition 1). For each instantiation r of any other switch
rule R, the instantiations of j ≤ C and C ≤ m (where C ∈ {A, B}) are nonparametric and
locally congruent in r (see Definition 1).

Adjunction rules
Γ � �j ≤ m, Δ

� � �
Γ � j ≤ �m, Δ

Γ � j ≤ �m, Δ
� � �−1

Γ � �j ≤ m, Δ

Γ � j ≤ �m, Δ
� � �

Γ � �j ≤ m, Δ
Γ � �j ≤ m, Δ

� � �−1
Γ � j ≤ �m, Δ

Structural rules for � and ⊥
Γ � � ≤ m, Δ��

Γ, j ≤ � � j ≤ �m, Δ
Γ � j ≤ ⊥, Δ ⊥�

Γ,⊥ ≤ m � �j ≤ m, Δ

The adjunction rules above encode the fact that unary modalities �,� and �,�
constitute pairs of adjoint operators. The structural rules �� (resp. ⊥�) above encodes
the fact that � preserve � (resp. � preserves ⊥).

The logical rules below encode the minimal order-theoretic properties and the arity
of propositional and modal connectives.
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Logical rules for propositional connectives∗

Γ, j ≤ Ai � Δ∧P
Γ, j ≤ A1 ∧ A2 � Δ

Γ � j ≤ A, Δ Γ � j ≤ B, Δ ∧S
Γ � j ≤ A ∧ B, Δ

Γ � A ≤ m, Δ Γ � B ≤ m, Δ∨P
Γ � A ∨ B ≤ m, Δ

Γ, Ai ≤ m � Δ ∨S
Γ, A1 ∨ A2 ≤ m � Δ

∗Side condition: labelled formula in the conclusion of any logical rule are in display.

We consider the following logical rules for modalities, where �S and �P are invert-
ible, but �P and �S are not. This choice facilitates a smoother analysis of the rules and
therefore it is preferable whenever the goal is to provide a canonical cut elimination.

Logical rules for modalities∗

Γ � A ≤ m, Δ�P
Γ, j ≤ �A � j ≤ �m, Δ

Γ, A ≤ m � j ≤ �m, Δ
�S

Γ � j ≤ �A, Δ
Γ, j ≤ A � �j ≤ m, Δ

�P
Γ � �A ≤ m, Δ

Γ � j ≤ A, Δ
�S

Γ,�A ≤ m � �j ≤ m, Δ

∗Side conditions:m (resp. j) must not occur in the conclusion of �S (resp. �P).
Labelled formulas in the conclusion of any logical rule are in display.

Remark 2. The invertible version of ∧P, ∨S , f �P and �S are as follows:
Γ, j ≤ A, j ≤ B � Δ∧P
Γ, j ≤ A ∧ B � Δ

Γ, A ≤ m, B ≤ m � Δ ∨S
Γ, A ∨ B ≤ m � Δ

Γ, j ≤ �A � A ≤ m, j ≤ �m, Δ
�P

Γ, j ≤ �A � j ≤ �m, Δ
Γ,�A ≤ m � j ≤ A,�j ≤ m, Δ

�S
Γ,�A ≤ m � �j ≤ m, Δ

Invertible rules can be used whenever the goal is to facilitate backwards-looking
proof searches. In this case, the initial rules have to be generalized accordingly.

The table below collects the analytic rules, both in the format of display calculi and
in the present format, generated by reading off the ALBA outputs of the corresponding
axioms reported on in Sect. 2.3.

modal axiom display rule labelled rule

(4) ��A � �A �̂X � Y
4
�̂�̂X � Y

Γ � �j ≤ m, Δ
4
Γ,h ≤ �j � �h ≤ m, Δ

(T) �A � A X � �̌Y
T

X � Y
Γ � j ≤ �m, Δ

T
Γ � j ≤ m, Δ

(B) A � ��A �̂X � Y
B

X � �̌Y
Γ � �j ≤ m, Δ

B
Γ � j ≤ �m, Δ

(D) �A � �A �̂�̂X � Y
D

X � Y
Γ,k ≤ �j � �k ≤ m, Δ

D
Γ � j ≤ m, Δ

(C) ��A � ��A �̂�̂X � Y
C
�̂�̂X � Y

Γ,k ≤ �j � �k ≤ m, Δ
C
Γ,h ≤ �j � �h ≤ m, Δ
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Where k in rules C and D must not appear in Γ, Δ. For any Σ ⊆
{(T ), (4), (B), (D), (C)}, we let A.LΣ be the calculus defined by the rules in the sec-
tions above plus the additional rules in the table above corresponding to the axioms in
Σ. We let A.L := A.L∅.

4 Properties of the Calculus A.LΣ

4.1 Soundness

In the present section, we show that, for any Σ ⊆ {(T ), (4), (B), (D), (C)}, the rules of
A.LΣ are sound on the class Kδ(Σ) := {Aδ | A |= Σ}. Firstly, let us recall that, as
usual, any A.L-sequent Γ � Δ is to be interpreted as “any assignment of the variables
in Prop ∪ NOM ∪ CNOM under which all inequalities in Γ are satisfied also satisfies
some inequality in Δ”; in symbols: ∀p∀j∀m(&Γ =⇒�Δ).

As to the basic calculus A.L, the soundness of the initial rules, cut rules, adjunction
rules, and logical rules for propositional connectives is straightforward. The soundness
of the switch rules hinges on the fact that nominal and co-nominal variables range over
completely join-generating and completely meet-generating subsets of Aδ for any L-
algebra A. For example, the soundness of Sjm follows from the following chain of
equivalences:

∀p∀j∀k∀n(&Γ & j ≤ A⇒ j ≤ B��Δ) validity of premise
iff ∀p∀k∀n(&Γ ⇒ ∀j(j ≤ A⇒ j ≤ B)��Δ) uncurrying + side condition
iff ∀p∀k∀n(&Γ ⇒ A ≤ B��Δ) c. join generation
iff ∀p∀k∀n(&Γ ⇒ ∀m(B ≤ m⇒ A ≤ m)��Δ) c. meet generation
iff ∀p∀m∀k∀n(&Γ & B ≤ m⇒ A ≤ m��Δ) currying

Sincem does not occur in Γ and Δ, the rule is also invertible. The verification of the
soundness of the remaining switch rules is similar.

The soundness and invertibility of the introduction rules for the modal connec-
tives hinge on the fact that the operation �σ (resp. �π) is completely join-preserving
(resp. completely meet preserving) and on the complete- join-generation and meet-
generation properties of the subsets of Aδ on which nominal and co-nominal variables
are interpreted. For example, the soundness and invertibility of �S is verified via the
following chain of equivalences:

∀p∀j∀m∀k∀n(&Γ & A ≤ m⇒ j ≤ �m��Δ) validity of premise
iff ∀p∀j∀k∀n(&Γ ⇒ ∀m(A ≤ m⇒ j ≤ �m)��Δ) uncurrying + side condition
iff ∀p∀j∀k∀n(&Γ ⇒ ∀m(A ≤ m⇒ �j ≤ m)��Δ) adjunction
iff ∀p∀j∀k∀n(&Γ ⇒ �j ≤ A��Δ) c. meet-generation
iff ∀p∀j∀k∀n(&Γ ⇒ j ≤ �A��Δ) adjunction

The soundness of �P immediately follows from the monotonicity of �π. Indeed, fix
an assignment of variables in Prop ∪ NOM ∪ CNOM under which all inequalities in Γ
and j ≤ �A are satisfied. If such assignment also satisfies A ≤ n, then, by monotonicity,
j ≤ �A ≤ �n, as required. The proof for the rules �P and �S is similar.
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As to the extended calculus A.LΣ, the soundness of rule (4) is verified by the fol-
lowing chain of computations holding on the canonical extension of any L-algebra A
such that A |= ��p ≤ �p:

∀p∀k∀j∀m∀n(&Γ ⇒ �j ≤ m��Δ) validity of premise
then ∀p∀k∀j∀m∀n(&Γ ⇒ ��j ≤ m��Δ) axiom (4)
iff ∀p∀k∀j∀m∀n(&Γ ⇒ ∀h(h ≤ �j⇒ �h ≤ m)��Δ) c. join-generation
iff ∀p∀k∀j∀m∀h∀n(&Γ & h ≤ �j⇒ �h ≤ m��Δ) currying + h fresh

The key step in the computation above is the one which makes use of the assumption
of axiom (4) being valid on A. Indeed, by the general theory of correspondence for LE-
logics (cf. [7]), axiom (4) is canonical, hence the assumption implies that (4) is valid
also on Aδ. Then, as is shown in the computation concerning axiom (4) in Sect. 2.3,
the validity of (4) in Aδ is equivalent to the condition ∀j∀m (�j ≤ m ⇒ ��j ≤ m)
holding in Aδ, which justifies this key step. The verification of the remaining additional
rules hinges on similar arguments and facts (in particular, all axioms we consider are
canonical), so in what follows we only report on the corresponding computations.

∀p∀k∀j∀m∀n(&Γ ⇒ j ≤ �m��Δ) validity of premise
then ∀p∀k∀j∀m∀n(&Γ ⇒ j ≤ m��Δ) axiom (T)

∀p∀k∀j∀m∀n(&Γ ⇒ �j ≤ m��Δ) validity of premise
then ∀p∀k∀j∀m∀n(&Γ ⇒ j ≤ �m��Δ) axiom (B)

∀p∀k∀j∀m∀n(&Γ ⇒ j ≤ �m��Δ) validity of premise
then ∀p∀k∀j∀m∀n(&Γ ⇒ �j ≤ m��Δ) axiom (B−1)

The soundness of the rule (C) is verified by the following chain of computations
holding on the canonical extension of any L-algebra A such that A |= ��p ≤ ��p:

∀p∀h′∀j∀m∀k∀n(&Γ & k ≤ �j⇒ �k ≤ m��Δ) validity of premise
iff ∀p∀h′∀j∀m∀n(&Γ ⇒ ∀k(k ≤ �j⇒ �k ≤ m)��Δ) uncurrying + side cond.
iff ∀p∀h′∀j∀m∀n(&Γ ⇒ ∀k(k ≤ �j⇒ k ≤ �m)��Δ) adjunction
iff ∀p∀h′∀j∀m∀n(&Γ ⇒ �j ≤ �m��Δ) c. join-generation
iff ∀p∀h′∀j∀m∀n(&Γ ⇒ ��j ≤ m��Δ) adjunction
then ∀p∀h′∀j∀m∀n(&Γ ⇒ ��j ≤ m��Δ) axiom (C)
iff ∀p∀h′∀j∀m∀n(&Γ ⇒ �j ≤ �m��Δ) adjunction
iff ∀p∀h′∀j∀m∀n(&Γ ⇒ ∀i(i ≤ �j⇒ i ≤ �m)��Δ) c. join-generation
iff ∀p∀i∀h′∀j∀m∀n(&Γ & i ≤ �j⇒ i ≤ �m��Δ) currying
iff ∀p∀i∀h′∀j∀m∀n(&Γ & i ≤ �j⇒ �i ≤ m��Δ) adjunction

Instantiating i as h completes the proof. The key step in the computation above is
the one which makes use of the assumption of axiom (C) being valid on A. Indeed, by
the general theory of correspondence for LE-logics (cf. [7]), axiom (C) is canonical,
hence the assumption implies that (C) is valid also on Aδ. Then, as is shown in the
computation concerning axiom (C) in Sect. 2.3, the validity of (C) in Aδ is equivalent
to the condition ∀j∀m (��j ≤ m ⇒ ��j ≤ m) holding in Aδ, which justifies this key
step.

The soundness of the rules (D), (T), (B) is verified in a similar way.
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4.2 Syntactic Completeness

In the present section, we show that all the axioms and rules of the basic logic are
derivable in A.L, and that for any Σ ⊆ {(T), (4), (B), (D), (C)}, the axioms and rules of
LΣ are derivable in A.LΣ.6

The sequents p � p, ⊥ � p, p � �, p � p∨q (q � p∨q), and p∧q � p (q∧ p � q)
are trivially derivable with one single application of the rule Idj≤q, ⊥w, �w, ∨S , and ∧P,
respectively. The derivability of the rules ϕ � χ χ � ψ

ϕ � ψ , ϕ � χ ψ � χ
ϕ∨ψ � χ , and χ � ϕ χ � ψ

χ � ϕ∧ψ can be
shown by derivations in which the cut rules, ∨P, and ∧S , respectively, are applied. The
two derivations below show the rules concerning the connectives � and �:

ψ ≤ m � ϕ ≤ m
�P

j ≤ �ϕ, ψ ≤ m � j ≤ �m
�S

j ≤ �ϕ � j ≤ �ψ

j ≤ ϕ � j ≤ ψ
�S�ψ ≤ m, j ≤ ϕ � �j ≤ m
�P�ψ ≤ m � �ϕ ≤ m

To show the admissibility of the substitution rule ϕ � ψ
ϕ(χ/p) � ψ(χ/p) , a straightforward

induction on the derivation height of ϕ � ψ suffices.
As to the axioms and rules of the basic logic L, below, we derive the axioms encod-

ing the distributivity of � over ∨ and ⊥ in A.L. The distributivity of � over ∧ and � is
derived similarly.

Id i≤A
i ≤ A � i ≤ A

�S
i ≤ A,�A ≤ m � �i ≤ m ∨S

i ≤ A,�A ∨ �B ≤ m � �i ≤ m
� � �

i ≤ A,�A ∨ �B ≤ m � i ≤ �m
S
�A ∨ �B ≤ m,�m ≤ n � A ≤ n

Id i≤B
i ≤ B � i ≤ B

�S
i ≤ B,�B ≤ m � �i ≤ m ∨S

i ≤ B,�A ∨ �B ≤ m � �i ≤ m
� � �

i ≤ B,�A ∨ �B ≤ m � i ≤ �m
S

�A ∨ �B ≤ m,�m ≤ n � B ≤ n∨P
�A ∨ �B ≤ m,�m ≤ n � A ∨ B ≤ n

S
h ≤ A ∨ B,�A ∨ �B ≤ m � h ≤ �m

� � �−1
h ≤ A ∨ B,�A ∨ �B ≤ m � �h ≤ m

�P
�A ∨ �B ≤ m � �(A ∨ B) ≤ m

Id j≤⊥
j ≤ ⊥ � j ≤ ⊥

�⊥⊥ ≤ m, j ≤ ⊥ � j ≤ �m
� � �−1 ⊥ ≤ m, j ≤ �⊥ � j ≤ m

�P ⊥ ≤ m � �⊥ ≤ m

The syntactic completeness for the other axioms and rules of L can be shown in
a similar way. In particular, the admissibility of the substitution rule can be proved by
induction in a standard manner.

As to the axiomatic extensions of L, Let us consider the axiom (4) ��A � �A.
Using ALBA we generate the first order correspondent ∀j∀m (�j ≤ m ⇒ ��j ≤
m). Further processing the axiom (4) using ALBA we obtain the equivalent first order
correspondent (in the so-called ‘flat form’): ∀j∀h∀m (�j ≤ m⇒ (h ≤ �j⇒ �h ≤ m)),
which can be written as a structural rule in the language of ALBA labelled calculi as
follows:

Γ � �j ≤ m, Δ
4
Γ,h ≤ �j � �h ≤ m, Δ

We now provide a derivation of the axiom (4) in the basic labelled calculus A.L
expanded with the previous structural rule 4.

6 That is, we show that, for any L-axiom s = A � B ∈ {(T), (4), (B), (D), (C)}, a derivation exists
in A.L{s} of the sequent j ≤ A � j ≤ B, or equivalently of B ≤ m � A ≤ m.
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IdA j ≤ A � j ≤ A
�Sj ≤ A,�A ≤ m � �j ≤ m

4
j ≤ A,�A ≤ m,h ≤ �j � �h ≤ m

� � �
j ≤ A,�A ≤ m,h ≤ �j � h ≤ �m

S
j ≤ A,�A ≤ m,�m ≤ m′ � �j ≤ m′

�P �A ≤ m,�m ≤ m′ � �A ≤ m′
S

j′ ≤ �A,�A ≤ m � j′ ≤ �m
� � �−1 j′ ≤ �A,�A ≤ m � �j′ ≤ m
�P �A ≤ m � ��A ≤ m

Analogously, we provide a derivation of the axioms (T), (B), (D), and (C) in the
basic labelled calculus A.L expanded with the structural rules T , B, D, and C, respec-
tively.

IdA A ≤ m � A ≤ m �P
j ≤ �A, A ≤ m � j ≤ �m

T
j ≤ �A, A ≤ m � j ≤ m

S
j ≤ �A � j ≤ A

IdAj ≤ A � j ≤ A
�Sj ≤ A,�A ≤ m � �j ≤ m
B

j ≤ A,�A ≤ m � j ≤ �m
�S

j ≤ A � j ≤ ��A

IdA A ≤ n � A ≤ n �P
j ≤ �A, A ≤ n � j ≤ �n

� � �
j ≤ �A, A ≤ n � �j ≤ n

S
k ≤ �j, j ≤ �A � k ≤ A

�Sk ≤ �j, j ≤ �A,�A ≤ m � �k ≤ m
D

j ≤ �A,�A ≤ m � j ≤ m
S �A ≤ m � �A ≤ m

IdA A ≤ o � A ≤ o�P
j ≤ �A, A ≤ o � j ≤ �o

� � �
j ≤ �A, A ≤ o � �j ≤ o

S
k ≤ �j, j ≤ �A � k ≤ A

�Sk ≤ �j, j ≤ �A,�A ≤ m � �k ≤ m
C

h ≤ �j, j ≤ �A,�A ≤ m � �h ≤ m
� � �−1h ≤ �j, j ≤ �A,�A ≤ m � h ≤ �m
S

j ≤ �A,�A ≤ m,�m ≤ n � �j ≤ n
�P �A ≤ m,�m ≤ n � ��A ≤ n

S
i ≤ ��A,�A ≤ m � i ≤ �m �S

i ≤ ��A � i ≤ ��A

4.3 Conservativity

In the present section, we argue that, for any Σ ⊆ {(T ), (4), (B), (D), (C)} and all L-
formulas A and B, if the A.L-sequent j ≤ A � j ≤ B is derivable in A.LΣ, then the
L-sequent A � B is an L.Σ-theorem.

Indeed, because the rules of A.L are sound in the class Kδ(Σ) = {Aδ | A |= Σ},
the assumption implies that Aδ |= ∀p∀j(j ≤ A ⇒ j ≤ B) which, by complete join-
generation, is equivalent to Aδ |= ∀p(A ≤ B). Since, as discussed in Sect. 2.2, L.Σ is
complete w.r.t. Kδ(Σ), this implies that A � B is a theorem of L.Σ, as required.

4.4 Cut Elimination and Subformula Property

As usual in the tradition of display calculi, we first characterize a new class of cal-
culi. The actual definition is given in Appendix A. Here we just mention that a proper
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labelled calculus is a proof systems satisfying the conditions C2–C8 of Definition 6.
Then, in the appendix, we prove the following general result, namely a canonical cut
elimination theorem à la Belnap for any calculus in this class:

Theorem 1. Any proper labelled calculus enjoys cut-elimination. If also the condition
C1 in Definition 6 is satisfied, then the proof system enjoys the subformula property.

Finally, we obtain that the calculi A.LΣ introduced in Sect. 3 enjoys cut elimination
and subformula property thanks to the following result, proved in Sect. 5.

Corollary 1. A.LΣ is a proper labelled calculus.

5 A.LΣ Is a Proper Labelled Calculus

In this section we first show that A.LΣ has the display property and then we provide a
proof of Corollary 1 as stated in Sect. 4.4.

Lemma 1. Let s be any derivable sequent in A.LΣ. Then, up to renaming of the vari-
ables, every nominal or conominal occurring in s occurs in it exactly twice and with
opposite polarity.

Proof. The proof is by induction on the height of the derivation. The statement is triv-
ially true for the axioms. All the rules in the calculi with the exception of the cut-rules
either (a) introduce two occurrences of a new label, (b) eliminate two occurrences of
the same existing label, or (c) keep the labels in the sequent intact. Before applying
the same reasoning to Cut j≤A and Cut A≤m, we must take care of renaming nominals
and conominals in Γ, Γ′, Δ, Δ′ to avoid conflicts. Thus, up to substitution, any variable
occurring in a derivable sequent occurs exactly twice.

To prove that A.LΣ has the display property (see Definition 5) we need the following
definition:

Definition 4. Let s = Γ � Δ be any sequent. For any structure σ = j ≤ T, (resp. σ =
T ≤ m) in Γ, we say that it has a j-twin (resp. m-twin) iff there exists exactly one
occurrence of j (resp.m) in Δ.

Proposition 1. For any derivable sequent s = Γ � Δ and any structure σ = j ≤ T
(resp. σ = T ≤ m) in Γ there exists a sequent s′ = Γ′ � Δ′ which is interderivable with
s such that σ ∈ Γ′ and σ has a j-twin (resp.m-twin) in s′.

Proof. A sequent s is said to have the j-twin property (resp. m-twin property) iff every
structure of the form j ≤ T (resp. T ≤ m) has a j-twin (resp. m-twin) in Δ. Notice
that the conclusions of initial rules satisfy all twin properties trivially. We say that an
inference rule preserves the twin property if the premises having a certain twin property
implies that the conclusion has the same twin property.

All the rules in the basic calculus which do not involve switching of structural terms
(i.e. all the rules except for the rules STm, SmT, STj, SjT, STT′m, SjTT′) and the rules
T , B, and C preserve the twin property, since, for each nominal j or conominalm in the
rule, one of the following holds:
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1. each occurrence of j or m remains on the same side in the conclusion as it was in
the premise (adjunction rules, rules for propositional connectives, T , B);

2. exactly two occurrences of j (resp.m) are eliminated (cut, Sm, Sj, �S , �P, D, C);7

3. j (resp.m) does not occur in the premise, and exactly two occurrences of j (resp.m)
are added in the conclusion, one in the antecedent and one in the consequent of the
conclusion (��, ⊥�, �P, �S , C).

Notice that rule C occurs both in items 2 and 3 and, in particular, we can assume that
the nominal h in the conclusion of C is fresh (see the proof of Lemma 2).

In the case one of the STm, SmT, STj, SjT, STT′m, SjTT′ rules is applied, the
twin property can be broken, as nominals (resp. conominal) contained in the structural
terms T,T′ switch side without their twin nominals (resp. conominals) doing the same.
Let R = Γ1 � Δ1

Γ2 � Δ2 be an application of any of these rules. Let σ ∈ Γ1 ∩ Γ2 be a structure
which has a twin in Δ1 but not in Δ2. This is only possible if σ is of the form i ≤ T1

(resp. T1 ≤ n) and there exists a σ′ of the form T ≤ m (resp. j ≤ T) for some T
containing i (resp. n) which will appear in Γ2 with j (resp.m) introduced fresh. We can
switch the term T back to the right by using the switch rule applicable to the conclusion
of R, which gives a sequent of the same form as Γ1 � Δ1, but with a fresh conominal
(resp. nominal) in the place ofm (resp. j). Here, we show the proof for the rules STT′m
and SmT, the proof for other rules being similar.

Γ, j ≤ T′ � j ≤ T, Δ
STT′m

Γ,T ≤ m � T′ ≤ m, Δ
SjTT′

Γ, j′ ≤ T′ � j′ ≤ T, Δ

Γ, A ≤ m � T ≤ m, Δ
STj

Γ, j ≤ T � j ≤ A, Δ
SmT

Γ, A ≤ m′ � T ≤ m′, Δ

Let s′ = Γ3 � Δ3 be any sequent derived from Γ2 � Δ2 such that σ ∈ Γ3. If σ′ � Γ3,
it must have been switched to the right by a switch rule, as all other rules leave pure
structures on the left intact. However, whenever a switch rule is applied, the term T
occurs on the right of the sequent and has a twin. Thus, if the last rule of the derivation
is such a switch rule, then σ has a twin in s′. If σ′ ∈ Γ3 and σ′ has a twin structure,
then we can switch T to right by the application of an appropriate switch rule leading
to a interderivable sequent in which σ has a twin. Thus, reasoning by induction, it is
enough to show that σ′ has a twin when it occurs for the first time (by the application
of the switch rule). This is immediate from the fact that the label occurring in σ′ ∈ Γ3
in any switch rule is of the form j ≤ T or T ≤ m where j or m is fresh and also occurs
in Δ3. Thus switch rules preserve the twin property.

Let R = Γ1 � Δ1
Γ2 � Δ2 be an application of rule (4). Let σ ∈ Γ1 ∩ Γ2 be a structure which

has a twin in Δ1 but not in Δ2. This is only possible if σ is of the form j ≤ T ∈ Γ for
some structure T. In this case, after the application of 4 we can reintroduce the relevant
twin structure �j ≤ m in the following way.

j ≤ T ∈ Γ � �j ≤ m
4

j ≤ T ∈ Γ,h ≤ �j � �h ≤ m
� � �

j ≤ T ∈ Γ,h ≤ �j � h ≤ �m
STT′n

j ≤ T ∈ Γ,�m ≤ n � �j ≤ n

7 Given the result in Lemma 1, notice that this is the same as saying that all occurrences of j
(resp. m) are eliminated, except in the case of cut rules, which have two premises. But, if the
cut formula has a j-twin (resp. m-twin) in Γ in the one premise and in Δ′ in the other, the
conclusion Γ, Γ′ � Δ, Δ′ will still have the j-twin (resp.m-twin) property.
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The rest of the proof now follows by the same inductive algorithm.

We can now prove the display property of the calculus.

Proposition 2. If s = Γ � Δ is a derivableA.LΣ-sequent, then every structureσ occur-
ring in s is displayable (see Definition 5).

Proof. We prove the display property only for the structures of the form j ≤ T and
j ≤ A. The proof for structures of the form T ≤ m and A ≤ m are dual. Let σ be
a structure of the form j ≤ T or j ≤ A. By Lemma 1, j occurs exactly twice in any
derivable sequent. Let σ′ be the structure containing the other occurrence of j. If σ′ is a
labelled formula we are done. The set of well-formed pure structures containing j is the
following: {j ≤ m,�j ≤ m,�j ≤ m, j ≤ �m, j ≤ �m, i ≤ �j, i ≤ �j}. For any derivable
sequent s = Γ � Δ, it is easy to verify the following (by inspection of all the rules in
A.L):

(a) if �j ≤ n (resp. i ≤ �m) occurs in s, then it occurs in Δ, given that �S and ⊥�
(resp. �P and ��) are the only rules introducing such a structure;

(b) if �j ≤ n (resp. i ≤ �m) occurs in s, then it occurs in Δ, given that � and � can be
introduced only via adjunction rules to structures �j ≤ n and i ≤ �m which only
occur in Δ by (a);

(c) if any pure structure t ∈ {i ≤ �j, i ≤ �j,�m ≤ n,�m ≤ n} occurs in s, then
it occurs in Γ, given that they can only be introduced via a switch rule (namely,
STm, STj, STT′m, Sj,TT′).

Case (a) and (b). If j (resp.m) occurs in some pure structure�j ≤ n or�j ≤ n (resp.
i ≤ �m or i ≤ �m), then it occurs in Δ and it is displayable through a single application
of an adjunction rule.

Case (c). If j (resp. m) occurs in some pure structure i ≤ �j, i ≤ �j (resp. �m ≤ n,
�m ≤ n), then it occurs in Γ. If we can apply a switch rule moving the relevant complex
term to Δ, we reduce ourselves to the previous cases (a) or (b) and we are done. We will
consider the case where a pure structure i ≤ �j occurs on the left. All the other cases are
treated analogously. By Proposition 1, there exists a sequence s′ = Γ′ � Δ′ such that s′
is interderivable with s, i ≤ �j occurs in Γ′ and has an i-twin (resp. n-twin) in s′. Thus,
i occurs in Δ′ by definition. By (a) and (b), i can occur in Δ′ in one of the structures
i ≤ A, i ≤ m �i ≤ m, or �i ≤ m. If i occurs in i ≤ A or i ≤ m, we can apply a switch
rule with i ≤ �j to reduce ourselves to previous cases. If i occurs in the structure of the
form �i ≤ m or �i ≤ m, we first apply adjunction and then proceed in the same way.
This concludes the proof of display property for the basic calculus.

In case of the axiomatic extensions, we need to argue that the added rules preserve
the property in Proposition 1. Notice that all the additional rules preserve the Lemma 1.

In case of rules (T), (B), and (C) no variables nominals or conominals switch side
thus the twin structures are preserved by these rules. (4): The rule 4 moves �j from the
right to the left. Thus, the only structure in Γ which loses the twin property is some
structure σ in Γ containing j. However, just like in the case of the switch rules we can
switch j back to the right by applying an adjunction followed by a switch rule on h as
follows.
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Γ,h ≤ �j � �h ≤ m
� � �

Γ,h ≤ �j � h ≤ �m
STT′m

Γ,�m ≤ n � �j ≤ n

Thus, the twin of σ reappears. We can now argue that the existence of an interderivable
sequent with a twin is preserved in a derivation containing an application of this rule in
similar way as we did with the switch rules.

(D): In case of rule D, as the premise contains the structure k ≤ �j, there must be
another structure σ ∈ Γ containing j of the form j ≤ A or j ≤ T. The premise must be
interderivable with a sequent in which σ has a twin. However, in the conclusion k does
not occur and j ≤ �m occurs on the right. Thus, σ has a twin in the conclusion. All
other nominals and conominals in the premise stay on the same side in the conclusion.
Thus, ruleD preserves the property of existence of interederivable sequent with the twin
property.

To show that A.LΣ is a proper labelled calculus, we need to verify that A.LΣ satis-
fies each condition in Definition 6. The verification of the conditions C6 and C7 requires
to preliminarily show the following:

Lemma 2 (Preservation of principal formulas’ approximants). If the sequents s
and s′ occur in the same branch b of an A.LΣ-derivation π, j ≤ A ∈ s and i ≤ A ∈ s′
(resp. A ≤ m ∈ s and A ≤ n ∈ s′) are congruent in b (see Definition 5), j ≤ A
(resp. A ≤ m) is principal in s and i ≤ A (resp. A ≤ n) is in display in s′, then the
term occurring in i ≤ A (resp. A ≤ n) in π can be renamed in a way such that i = j
(resp. n = m), and the new derivation π′ is s.t. π′ ≡ π modulo a renaming of some
nominal or conominal.

Proof. Assume that j ≤ A ∈ s and i ≤ A ∈ s′ (resp. A ≤ m ∈ s and A ≤ n ∈ s′) are con-
gruent in the branch b of a derivation π, j ≤ A (resp. A ≤ m) is principal in s and i ≤ A
(resp. A ≤ n) is in display in s′. This means that there is a sub-branch b′ ⊆ b connecting
s and s′ and the height of s is strictly smaller than the height of s′ in π, given that j ≤ A
(resp. A ≤ m) is principal in s. If j ≤ A stays parametric in b′, then j = i (resp. m = n).
If not, it means that j ≤ A (resp. A ≤ m) is nonparametric in an even number of appli-
cations of switch rules occurring in b′, given that j ≤ A and i ≤ A (resp. A ≤ m and
A ≤ n) are both approximated by a nominal (resp. conominal) and a single application
of a switch rules changes the nominal (resp. conominal) approximating a formula into
a conominal (resp. nominal). W.l.o.g. we can confine ourselves to consider a branch b′
with exactly two applications of switch rule involving j ≤ A and i ≤ A (resp. m ≤ A)
as nonparametric structures. If a rule R is applied in b′, R is not a switch rule, and x is a
nominal or conominal occurring in a nonparametric strucure in the conclusion of R but
not necessarily occurring in the premise(s) of R, then we can pick x fresh in the entire
sub-branch b′′ ⊆ b′ connecting the conclusion of R with the sequent s. In the case of
A.LΣ, such rule R is either �P, �S , C, or 4. Therefore, j (resp. m) occurs neither in the
premise nor in any parametric structure in the conclusion of S , where S is any applica-
tion of a switch rules in the branch b′ and s.t. i ≤ A (resp. A ≤ n) is a nonparametric
structure in the conclusion of S . So, the side conditions of switch rules are satisfied, and
in any application of such S we can switch i for j (resp. n form).
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We now proceed to check all the conditions C1-C8 defining proper labelled calculi.

Proof. The fact that A.LΣ satisfies condition C′5 is proved in Proposition 2. To show
that A.LΣ satisfies condition C8 we need to consider all possible principal cuts.

Below we consider cut formulas introduced by initial rules and we exhibit a new
cut-free proof that is an axiom as well (notice that axioms are defined with empty con-
texts). The principal cut formula is j ≤ � or j ≤ p, R ∈ {Idj≤p, Id�,�w}, and x, y, z are
instantiated accordingly to R (the proof for ⊥ ≤ m or p ≤ m, and R ∈ {Idp≤m, Id⊥,⊥w}
is similar and it is omitted).

π1
R

j ≤ x � j ≤ y
π2

R
j ≤ y � j ≤ z

Cut j≤�
j ≤ x � j ≤ z �

πi
R

j ≤ x � j ≤ z

Below we consider formulas introduced by logical rules. The side conditions on
logical rules impose that the parametric structures are in display or can be displayed
with a single application of an adjunction rule, therefore we can provide the following
proof transformations where the newly generated cuts are well-defined (in particular
the cut formulas are in display) and of lower complexity (the new cut formulas are
immediate subformulas of the original cut formulas).

The principal cut formula is �A and A ism-labelled formula (see Definition 3).

...
π1

Γ, A ≤ m � j ≤ �m, Δ �S
Γ � j ≤ �A, Δ

...
π2

Γ′ � A ≤ m, Δ′�P
Γ′ , j ≤ �A � j ≤ �m, Δ′Cut j≤�A

Γ, Γ′ � Δ, j ≤ �m, Δ′ �

...
π2

Γ′ � A ≤ m, Δ′

...
π1

Γ, A ≤ m � j ≤ �m, Δ
� � �

Γ, A ≤ m � �j ≤ m, Δ
Cut A≤m

Γ, Γ′ � Δ,�j ≤ m, Δ′
� � �−1

Γ, Γ′ � Δ, j ≤ �m, Δ′

The principal cut formula is �A and A is a j-labelled formula (see Definition 3): in
this case the original cut is as in the proof above. The principal cut elimination transfor-
mation requires we perform a new cut on the immediate labelled subformulas A ≤ m,
but, given A is a j-labelled formula by assumption, only Cutj≤A can be applied, so we
need first to apply the appropriate switch rules changing the approximants of the imme-
diate subformulas A on both branches. In branch π1 of the original proof, we can apply
adjunction and derive Γ, A ≤ m � �j ≤ m where �j ≤ m is the twin structure (see
Definition 4) of A ≤ m, so we can apply the rule STj. In branch π2, Proposition 1
ensures that Γ′ � A ≤ m, Δ′ is interderivable with Γ′′, x ≤ m � A ≤ m, Δ′′ for some
x formula or x pure structure, where x ≤ m is the twin structure of A ≤ m. Therefore,
we can apply the appropriate switch rule changing the approximant of A. The proof
transformation is detailed below.

�

... π1

Γ, A ≤ m � j ≤ �m, Δ
� � �

Γ, A ≤ m � �j ≤ m, Δ
STj

Γ, i ≤ �j � i ≤ A, Δ

... π2

Γ′ � A ≤ m, Δ′
Prop. 1

Γ′′, x ≤ m � A ≤ m, Δ′′
S

Γ′′, i ≤ A � i ≤ x, Δ′′
Cut i≤A

Γ, Γ′′, i ≤ �j � i ≤ x, Δ, Δ′′
S

Γ, Γ′′, x ≤ m � �j ≤ m, Δ, Δ′′
Prop. 1

Γ, Γ′ � �j ≤ m, Δ, Δ′
� � �−1

Γ, Γ′ � j ≤ �m, Δ, Δ′
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The principal cut formula is A ∧ B and both immediate subformulas are j-labelled
formulas (the case in which at least one immediate subformula is anm-labelled formula
is analogous to the proof transformation step for�A and it is omitted. The case for A∨B
are similar and they are omitted).

...
π1

Γ � j ≤ A1 , Δ

...
π2

Γ � j ≤ A2 , Δ ∧S
Γ � j ≤ A1 ∧ A2 , Δ

...
π3

Γ′ , j ≤ Ai � Δ′∧P
Γ′ , j ≤ A1 ∧ A2 � Δ′Cut j≤A1∧A2 Γ, Γ′ � Δ, Δ′ �

...
πi

Γ � j ≤ Ai , Δ

...
π3

Γ′ , j ≤ Ai � Δ′Cut j≤Ai Γ, Γ′ � Δ, Δ′

To show that A.LΣ satisfies all the other conditions is immediate and it requires
inspecting all the rules in A.LΣ.

6 Conclusions

In the present paper, we have showcased a methodology for introducing labelled cal-
culi for nonclassical logics (LE-logics) in a uniform and principled way, taking the
basic normal lattice-based modal logic L and some of its axiomatic extensions as a case
study. This methodology hinges on the use of semantic information to generate calculi
which are guaranteed by their design to enjoy a set of basic desirable properties (sound-
ness, syntactic completeness, conservativity, cut elimination and subformula property).
Interestingly, the methodology showcased in the present paper naturally imports the
one developed and applied in [15] in the context of proper display calculi to the proof-
theoretic format of labelled calculi. Specifically, just like the algorithm ALBA, the main
tool in unified correspondence theory, was used in [1,15] to generate proper display
calculi for basic (D)LE-logics in arbitrary signatures and their axiomatic extensions
defined by analytic inductive axioms, in the present paper, ALBA is used to generate
labelled calculi for L and 31 of its axiomatic extensions. Similarly to extant labelled
calculi in the literature (viz. those introduced in [16]), the language of the calculi intro-
duced in the present paper manipulate a language which properly extends the original
language of the logic, and includes labels. However, the language of these labels is the
same language manipulated by ALBA, the intended interpretation of which is provided
by a suitable algebraic environment, rather than by a relational one; specifically, by the
canonical extensions of the algebras in the class canonically associated with the given
logic. Just like the use of canonical extensions as a semantic environment for unified
correspondence theory has allowed for the mechanization and uniform generalization
of correspondence arguments from classical normal modal logic to the much wider set-
ting of normal LE-logics without relying on the availability of any particular relational
semantics, this same semantic setting allows for the uniform generation of labelled
calculi for LE-logics in a way that does not rely on a particular relational semantics.
However, via general duality theoretic facts, these calculi will be sound also w.r.t. any
relational semantic environment for the given logic, and can also provide a “blueprint”
for the introduction of labelled calculi designed to capture the logics of specific classes
of relational structures (cf. [20]). In future work, we will generalize the current results to
arbitrary LE-signatures, and establish systematic connections, via formal translations,
between proper display calculi and labelled calculi for LE-logics.
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A Proper Labelled Calculi

In what follows we provide a formal definition of the display property and proper
labelled calculi.

Definition 5 (Display). A nominal j (resp. conominal m) is always in display in a
labelled formula j ≤ A (resp. A ≤ m), and is in display in a pure structure t iff t = j ≤ T
(resp. t = T ≤ m) for some term T such that j does not occur in T.

A pure structure j ≤ T (resp. T ≤ m) is in display in a sequent s if j (resp. m) is in
display in each structure of s in which it occurs.

A labelled formula j ≤ A (resp. A ≤ m) is in display in a sequent s if j (resp. m) is
in display in each structure of s in which it occurs.

A proof system enjoys the display property iff for every derivable sequent s = Γ � Δ
and every structure σ ∈ s, the sequent s can be equivalently transformed, using the
rules of the system, into a sequent s′ s.t. σ occurs in display in s′ (in this case we might
say that σ is displayable).8

Definition 6 (Proper labelled calculi). A proof system is a proper labelled calculus if
it satisfies the following list of conditions:

C1: Preservation of Formulas. Each formula occurring in a premise of an inference r
is a subformula of some formula in the conclusion of r.

C2: Shape-Alikeness of Parameters and Formulas/Terms in Congruent Structures.
(i) Congruent parameters are occurrences of the same (meta-)structure (i.e. instantia-
tions of structure metavariables in the application of a rule R except for switch rules);
(ii) instantiations of labelled formulas in the application of switch rules (in the case
of A.LΣ, occurrences of the form j ≤ C and C ≤ m) are congruent and the formu-
las in these occurrences instantiate the same formula metavariable (namely C); (iii)
instantiations of pure structures in the application of switch rules (in the case of A.LΣ,
occurrences of the form j ≤ T′′ and T′′ ≤ m) are congruent and exactly one term in
these occurrences instantiate the same term metavariable (namely T′′).

C3: Non-proliferation of Parameters and Congruent Structures. (i) Each parameter
in an inference r is congruent to at most one constituent in the conclusion of r. (ii) Each
nonparametric structure in the instantiation r of a switch rule R is congruent to at most
one nonparametric structure in the conclusion of r.

C4: Position-Alikeness of Parameters and Congruent Structures. Congruent parame-
ters and congruent structures occur in the same position (i.e. either in precedent posi-
tion or in succedent position) in their respective sequents.

C5: Display of Principal Constituents. If a labelled formula a is principal in the con-
clusion of an inference r, then a is in display.

C′5: Display-Invariance of Axioms and Structural Rules. If a structure σ occurs in the

conclusion s of a structural rule
s1, . . . , sn

Rs (where R is an axiom whenever the set of

8 Notice that we are not requiring that every meta-structure is displayable.
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premises is empty), then either σ occurs in display in s, or a structure σ′ and a sequent
s′ exist s.t. σ′ is in display in s′, and s′ is derivable from s via application of switch and
adjunction rules only, and σ and σ′ are congruent in this derivation. Moreover, if the
rule R is an axiom, then R′

s′ is an axiom of the calculus as well.

C6: Closure Under Substitution for Succedent Parts. Each rule is closed under simul-
taneous substitution of (sets of) arbitrary structures for congruent labelled formulas
occurring in succedent position.

C7: Closure Under Substitution for Precedent Parts. Each rule is closed under simul-
taneous substitution of (sets of) arbitrary structures for congruent labelled formulas
occurring in precedent position.
where σ is a multi-set of structures and σ/a means that σ are substituted for a.
This condition caters for the step in the cut-elimination procedure in which the cut
needs to be “pushed up” over rules in which the cut-formula in succedent position is
parametric.

C8: Eliminability of Matching Principal Constituents. This condition requests a stan-
dard Gentzen-style checking, which is now limited to the case in which both cut formu-
las are principal, i.e. each of them has been introduced with the last rule application of
each corresponding subdeduction. In this case, analogously to the proof Gentzen-style,
condition C8 requires being able to transform the given deduction into a deduction with
the same conclusion in which either the cut is eliminated altogether, or is transformed in
one or more applications of the cut rule(s), involving proper subformulas of the original
cut-formula.

We now provide the proof of Theorem 1 stated in Sect. 4.4.

Proof. The proof is close to the proofs in [12] and [22, Section 3.3, Appendix A]. As to
the principal move (i.e. both labelled cut formulas are principal), condition C8 guaran-
tees that this cut application can be eliminated. As to the parametric moves (i.e. at least
one labelled cut formula is parametric), we are in the following situation:

... π1

(Π � Σ)[a]suc

... π2.1

(Γ1 � Δ1)[au1 ]pre · · ·
... π2.n

(Γn � Δn)[aun ]pre
. . .
... . .
.
π2

(Γ � Δ)[a]pre
Cut

Π, Γ � Σ, Δ
where we assume that the cut labelled formula a is parametric in the conclusion of π2
(the other case is symmetric), and (Γ � Δ)[a]pre (resp. (Π � Σ)[a]suc) means that a occur
in precedent (resp. succedent) position in Γ � Δ (resp. Π � Σ).

Conditions C2-C4 make it possible to follow the history of that occurrence of a,
since these conditions enforce that the history takes the shape of a tree, of which we
consider each leaf. Let aui (abbreviated to au from now on) be one such uppermost-
occurrence in the history-tree of the parametric cut term a occurring in π2, and let π2.i
be the subderivation ending in the sequent Γi � Δi, in which au is introduced.
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Wansing’s parametric case (1) splits into two subcases: (1a) au is introduced in
display; (1b) au is not introduced in display. Condition C′5 guarantees that (1b) can only
be the case when au has been introduced via an axiom.

If (1a), then we can perform the following transformation:

... π1

(Π � Σ)[a]suc

... π2.i

(Γi � Δi)[au]pre
... π2

(Γ � Δ)[a]pre
Cut

Π, Γ � Σ, Δ �

... π1

(Π � Σ)[a]suc
... π2.i

(Γi � Δi)[au]pre
Cut’

Π, Γi � Σ, Δi
... π2 [{Π, Σ}/a]

Π, Γ � Σ, Δ
where π2 [{Π, Σ}/a] is the derivation obtained by π2 by substituting Π, Σ for a in π2.9

Notice that the assumption that a is parametric in the conclusion of π2 and that au is
principal implies that π2 has more than one node, and hence the transformation above
results in a cut application of strictly lower height. Moreover, condition C7 implies that
Cut’ is well defined and the substitution of {Π, Σ} for a in π2 gives rise to an admissible
derivation π2 [{Π, Σ}/a]pre in the calculus (use C6 for the symmetric case). If (1b), i.e. if
au is the principal formula of an axiom, the situation is illustrated below in the derivation
on the left-hand side:

... π1

(Π � Σ)[a]suc

(Γi � Δi)[au]pre
... π2

(Γ � Δ)[a]pre
Cut

(Π, Γ � Σ, Δ �

... π1

(Π � Σ)[a]suc (Γ′i � Δ′i )[au]pre
Cut’

Π, Γ′ � Σ, Δ′
... π
′

(Γi � Δi)[{Π, Σ}/a]
... π2 [{Π, Σ}/a]

Π, Γ � Σ, Δ
where (Γi � Δi)[au]pre[a]suc is an axiom. Then, condition C′5 implies that some sequent
(Γ′i � Δ′i)[au]pre[a]suc exists, which is display-equivalent to the first axiom, and in which
au occurs in display. This new sequent can be either identical to (Γi � Δi)[au]pre[a]suc,
in which case we proceed as in case (1a), or it can be different, in which case, condition
C′5 guarantees that it is an axiom as well. Further, if π is the derivation consisting of
applications of adjunction and switch rules which transform the latter axiom into the
former, then let π′ = π [{Π, Σ}/au]. As discussed when treating (1a), the assumptions
imply that π2 has more than one node, so the transformation described above results in a
cut application of strictly lower height. Moreover, condition C7 implies that Cut’ is well
defined and substituting {Π, Σ} for au in π2 and in π gives rise to admissible derivations
π2 [{Π, Σ}/au] and π′ in the calculus (use C6 for the symmetric case).

As to Wansing’s case (2), assume that au has been introduced as a parameter in the
conclusion of π2.i by an application r of the rule R.

9 Notice that the writing π2 [{Π, Σ}/a] does not mean that Π and Σ remain untouched in π2,
namely it does not mean that every sequent in π2 is of the form Π, Γ′′ � Σ, Δ′′ for some Γ′′, Δ′′.
Indeed, structures in Π or in Σ might play the role of active structures in some applications of
switch rules occurring in π2, if any.
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Therefore, the transformation below yields a derivation where π1 is not used at all
and the cut is not applied.

... π1

(Π � Σ)[a]suc

... π2.i

(Γi � Δi)[au]pre
... π2

(Γ � Δ)[a]pre
Cut

Π, Γ � Σ, Δ �

... π
′
2.i

(Γi � Δi)[{Π, Σ}/au]
... π2 [{Π, Σ}/a]

Π, Γ � Σ, Δ
From this point on, the proof proceeds like in [22].
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Abstract. This paper applies and extends the results from [22] on
agent-update frames and their logic. Several interesting examples of
actions for forgery and deception, agent-upgrade and agent-downgrade
are considered. Going on from the earlier paper, a second interesting
children’s story is modelled using these ideas. A dynamic epistemic logic
is defined with all these actions and provided with a complete axiomati-
zation. Decision procedures for satisfiability and model checking follow.
A planning-oriented approach is also discussed.

Keywords: Agent-update · Deception · Forgery · Completeness and
decidability · Epistemic planning

1 Introduction

In [22], the authors modelled Julia Donaldson’s children’s story The Gruffalo [14]
in dynamic epistemic logic [28]. The technical enhancement required extending
the update modality, specified by an action frame U = (E,Oi, pre, post) [3], with
a product update operation providing the updated Kripke model. We extended
the semantics with agent-update frames U = (E,Oi, O

+
i , O−

i , pre, post), which
allow adding and deleting agents at states of the Kripke model. The different
viewpoints of agents provided in an action frame are used to model deception.
An extended sum-product update operation underlies this development.

Our work showed us the flexibility and extendibility provided by action
frames. Our extensions were extremely general, and dealing with how to ascribe
beliefs to the updated agents was a challenge. The axioms we came up with
seemed quite ad hoc.

In The Gruffalo, a mouse runs into a fox, owl and snake, all intent on eating
it. It deceives them by claiming it is friends with a terrible gruffalo, and they all
run away. In a magical twist, the gruffalo appears and wants to eat the mouse.
The mouse claims everyone is scared of it and takes the gruffalo to fox, owl and
snake, each of whom run away on seeing them. The gruffalo is convinced this
must be because of the mouse, and it too runs away.

Remark 1 (Historical). The story by Donaldson [14] is close to one in the Arabian
Nights [7]. Donaldson’s story is simpler and easier to model in pure doxastic
c© The Author(s), under exclusive license to Springer Nature Switzerland AG 2023
M. Banerjee and A. V. Sreejith (Eds.): ICLA 2023, LNCS 13963, pp. 48–67, 2023.
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logic. It appears this Arabian nights story is derived from a simpler one in the
Buddhist Jataka tales, which go at least as far back as the 3rd century [13].

In this paper we model a sequel: Julia Donaldson’s The Gruffalo’s Child [15].
Here is the story in brief. There are several agents in the story. We begin with
four: the gruffalo (child) g, mouse m, fox f and owl o, and all four believe in
each others’ agency. For simplicity, we do not consider a snake agent from the
book. The gruffalo has been brought up to believe that the mouse is big and
bad, which it is skeptical about. In the context of the story, “big and bad” means
that it eats gruffalos. The gruffalo first meets the fox (instead of the snake in the
story) and then the owl, both of whom reiterate this belief. The gruffalo remains
skeptical. It then meets the mouse who is not big at all, and it sees that it can
eat the mouse. The mouse utilizes the rising Moon to project a big shadow of
itself. This reverses the gruffalo’s belief and it runs away.

Remark 2 (Historical). A similar idea (a solar eclipse) was used by Tintin in
Prisoners of the Sun [16].

To model the story we introduce agent-upgrade and agent-downgrade oper-
ations: the mouse is downgraded in the gruffalo’s eyes, and then the mouse
upgrades itself. We see them as variants of agent-addition and agent-deletion.
There is a different way to present belief upgrade and downgrade without chang-
ing the set of agents [4,24,25] using ordered Kripke models. Although we do not
study this, our work suggests that the two approaches may be inter-translatable.

Our paper [22] and the present paper began with a problem in AI planning.
This is seen as model checking from a logic perspective [10,11], and has been
studied in DEL [17,18]. We sketch how formulating it in logic suggests ways to
tackle it.

Remark 3 (On stories). Amarel [1] suggested using the folk problem of mis-
sionaries and cannibals to study planning problems in artificial intelligence.
Smullyan’s books, starting from [23], are masterpieces of logic puzzles of various
kinds. The book of [27] is an inspiring account of modelling epistemic puzzles
as stories. Woods’s books on fiction [31,32] explore the paradox that Sherlock
Holmes lived in 221B Baker Street in the 19th century, and that he didn’t since
he didn’t exist then.

Here is an outline of the paper.
Section 2 gives some basic definitions of models, as well as the agent-update

semantics of [22]. In Sect. 3 we define a few kinds of agent-updates and a logic
with which we can use them. In particular we show how forgery can be modelled
in addition to deception, as well as new operations of agent upgrade and down-
grade. These updates are used to model the story from The Gruffalo’s Child [15].
In Sect. 4 we prove the usual theoretical results: completeness of the proof sys-
tem, algorithms for satisfiability and model checking. Section 5 has a discussion
suggesting a more planning-oriented approach.

We want to thank Hans van Ditmarsch, Anantha Padmanabha, R. Ramanu-
jam and Yanjing Wang for discussions on the earlier paper [22] which led to the
writing of this paper.
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2 Models and Logic

We begin with Kripke structures.

Definition 1 (Kripke model). M = (S, {Ri | i ∈ A}, V ), where model M
consists of a set of possible worlds S and accessibility relations Ri ⊆ S × S for
every agent i ∈ A, and a valuation function V : Prop → 2S assigns states to a
proposition. sRit abbreviates 〈s, t〉 ∈ Ri and it means that at a world s, agent
i believes possible that the world may be t. When an agent relation is reflexive,
symmetric and transitive the worlds are said to be indistinguishable by the agent.
A pointed Kripke model is written as (M, s) where s ∈ S is a designated state.

In the figures, a directed arrow labelled with i from world s to world t depicts
sRit and an undirected line between two worlds, say s and t, labelled with i,
represents arrows for sRit and tRis.

We will assume a fixed set of propositions Prop throughout this article.
When used as an input to an algorithm, the size of a Kripke model is the sum
of the number of states |S|, the number of agents |A|, the sizes of the accessi-
bility relation |Ri| of every agent i and the size of the valuation, presented in
some convenient manner such as a bitvector of states for every proposition. The
asymptotically dominant component will be the sizes of the relations, which can
be quadratic in the number of states. The size of the valuation is only linear in
the number of states. Thus the input is of size O(|A||S|2).

2.1 Updating Kripke Models with Actions

We present our agent-updates in the style of Baltag, Moss and Solecki’s action
frames [3], further developed in [26].

We formally define Agent Update frames on a countable set of potential agents
A and a finite A ⊆ A of agents in a model [22]. The logic EL will be defined in
Definition 4.

Definition 2 (Agent-update frame on A ⊆ A). An agent-update frame
is a finite structure U = (E, {Oi | i ∈ A}, {O+

i | i ∈ A}, {O−
i | i ∈ A}, pre)

with a finite set of events E, observability relations for each agent: Oi, O
+
i , O−

i

⊆ E × E, the former two being transitive, together with function pre : E → EL
which assigns a precondition for each event. uOiv means that agent i perceives
event u as event v. uO+

i v means that event u adds agent i, we collect such added
agents i in the set Add(u). uO−

i v means that event u deletes agent i, and Del(u)
is the collection of such deleted agents. A pointed agent-update frame is written
as (U, u) where u ∈ E is a designated event.

A pointed frame (U, u) with u ∈ E specifies the semantics of an action which
updates a Kripke model, applied at event u where the precondition pre(u) holds.
See Definition 3 below.

In pictures, in addition to the traditional (solid) arrows (here denoted as Oi)
in an action frame on A, we have two other types of arrows: sum arrows, dashed,
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for O+
i , which can range over new agents outside A, and del arrows, dotted, for

O−
i on A in the agent-update frames. Where required, the precondition of an

event is shown alongside. Otherwise the precondition at an event u can be taken
as pre(u) = �.

We use letters a, b, g, h, i, j, k to denote agents, s, t to denote worlds in Kripke
frames, and u, v, w, x to denote events in the agent update frames throughout
the paper. We will use RX for a subset of agents X to abbreviate the transitive
closure of

⋃{Rj | j ∈ X}.
A skip event, represented as an event with � precondition and self-loops for

all agents A, denotes no change. It will be frequently seen in agent frames.
The updated model after an action is formalized as a product of a Kripke

model with an action frame [3].
We defined sum-product update [22] to describe belief update for the existing

agents and to ascribe beliefs to the newly added agents, and drop beliefs of the
deleted agents. During model transformation, for an existing agent a, the possible
worlds for an agent in the updated model are inherited from the possible worlds
it considered earlier. In world (s, u) (after execution of event u in world s) of
the product model, another world (t, v) is possible if and only if t is possible
from s, and v is possible from u. For the agent i being added due to an agent
adding event u (i ∈ Add(u)), the worlds that i considers possible at (s, u) are
observer-dependent.

The beliefs of the existing agents are determined by product, the beliefs of
the newly added/deleted agents are determined by sum/difference. We describe
the transformation of a model on A when an agent-update frame on A is applied
to it, and we call it sum-product update. This is product update for agents in A,
along with sum and difference for agents in Add() and Del() respectively. An
agent’s deletion takes priority over its addition.

Definition 3 (Sum-product update). Given a pointed Kripke model
(M, s) on agents A and a pointed agent-update frame (U, e) with U =
(E,O,O+, O−, pre) on agents A, the updated pointed Kripke model (M ∗
U, (s, e)), is defined as: (S′, {R′

a | a ∈ A′}, V ′) on the updated set of agents
A′ (those a such that R′

a is nonempty), where:

1. S′ = {(s, u) | M, s |= pre(u)} ∩ (S × E)
2. V ′(p) = {(s, u) ∈ S′ | s ∈ V (p)}
3. R′

a is the transitive closure of (Qunf
a ∪ Qasc

a ∪ Qinh
a ), where:

unforgotten: (s, u)Qunf
a (t, v) ⇐⇒ sRat and uOav and not uO−

a v
ascribed: (s, u)Qasc

a (s, v) ⇐⇒ uO+
a v, for a ∈ (Add(u) \ Del(u))

inherited: (s, u)Qinh
a (t, u) ⇐⇒ sRObs(u)t, for a ∈ (Add(u) \ Del(u))

2.2 Logic

We define our agent-update logic using the BNF below. Let p ∈ Prop be a
proposition, Y,X,H be disjoint subsets of A and i an element. We add specific
agent-changing operators U given in the BNF below to obtain the language
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AUL. The sublanguage without these operators is called EL. The book of Van
Ditmarsch, Van der Hoek and Kooi [28] presents various dynamic epistemic
logics.

Definition 4 (Formulas of updates and language AUL).

U ::= skip | p for X | p dcv X | +Y for X | −Y for X |⇑ Y for X | ⇓ Y for X |
H : +Y dcv X | H : −Y dcv X | H : ⇑ Y dcv X | H : ⇓ Y dcv X

φ ::= p | ¬φ | (φ ∧ φ) | Piφ | 〈U〉φ

The modality Piφ is read as “agent i possibly believes φ”. The dual modality
Biφ = ¬Pi¬φ is read as “agent i believes φ”. The other modalities are action
modalities, 〈U〉φ is read as “after possible update U , φ holds”. The dual modality
is [U ]φ = ¬〈U〉¬φ. The updates will be explained through examples in Sect. 3.

Each action operator U is provided a specific action frame F (U). More specif-
ically, given these fixed frames (defined in Sect. 3), the semantics of AUL can be
defined as follows, using Definition 3 for sum-product update. We use u for the
designated event of the update.

Definition 5 (Truth at a world in a model). Given a formula φ, at a
pointed Kripke model (M, s), the assertion “formula φ is true at world s in
model M” is abbreviated as M, s |= φ and recursively defined as:

– M, s |= � (always),
– M, s |= p ⇔ s ∈ V (p),
– M, s |= ¬φ ⇔ not (M, s) |= φ,
– M, s |= (φ ∧ ψ) ⇔ (M, s) |= φ and (M, s) |= ψ, and
– M, s |= Piφ ⇔ for some t, sRit and (M, t) |= φ
– M, s |= 〈U〉φ iff (M ∗ F (U), (s, u)) |= φ

A formula is valid if it is true in all models at all worlds. It is satisfiable if
it is true in some model at some world.

We work only with transitive relations Ri, hence Biφ =⇒ BiBiφ is a valid
formula. It says that positive belief is introspective. In our models, ¬Biφ =⇒
Bi¬Biφ is not a valid formula. It says that negative belief is introspective. Chellas
has a textbook treatment of modal logic [9] which describes such correspondences
of valid formulas with properties of Kripke frames.

Independently of Wang et al. [30] which has the same idea, we model existence
of agents at a world using presence of that agent’s accessibility at the world. We
sometimes use the “agency” of an agent i, by which we mean: An agent i exists
at a world s in model M iff (M, s) |= Pi�. An agent i exists for another agent j
at a world s if i’s agency holds at all the worlds t reachable by j from s. Formally,
BjPi�.
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2.3 Proof System

The proof system gives axioms and inference rules to prove valid formulas. There
are 8 axioms below and 2 standard inference rules. Several axioms for the update
operators will be presented in Sect. 3.

1. all instances of propositional tautologies
2. Ba(φ =⇒ ψ) =⇒ (Baφ =⇒ Baψ)
3. Baφ =⇒ BaBaφ
4. [U ](φ =⇒ ψ) =⇒ ([U ]φ =⇒ [U ]ψ)
5. [U ]p ⇔ (pre(u) =⇒ p)
6. [U ]¬φ ⇔ (pre(u) =⇒ ¬[U ]φ)
7. [U ](φ ∧ ψ) ⇔ ([U ]φ ∧ [U ]ψ)
8. 〈skip〉φ ⇐⇒ φ
9. From φ and φ =⇒ ψ, infer ψ

10. From φ, infer Baφ

3 Agent-Update Actions and Their Logic

In this section, we will examine different kinds of agent-update actions.
We first identify a set of agents whose beliefs remain unchanged at an event

in an agent-update frame.

Definition 6 (Observer). The set of observers Obs(u) at an event u in an
agent-update frame is those j with agency at u such that uOjv ⇐⇒ v = u.

A subset of these are deceivers. In brief, the deceived come to believe the
situation depicted at event v observable from u. But at u, the deceivers’ beliefs
are unchanged.

Definition 7 (Deceiver). In an agent-update frame if event v is observ-
able at u by X (uOXv), the set of deceivers Dcvr(u, v) is observers at u,
Dcvr(u, v) ⊆ Obs(u), whereas the deceived Dcvd(u, v) are those D ⊆ X dis-
joint from Dcvr(u, v) such that D ∪ Dcvr(u, v) are observers at v.

Agents from A which are added, deleted, observed at u or deceived at v, or
to whom information is communicated participate in an action. We call other
agents remote.

The following axioms are validities. The first axiom says that no beliefs
change for remote agents. The next axiom is the epistemic action axiom (we
call it belief-action) which is common in the literature [2,3,28]. It says that for
agents which are observers at the designated event u, beliefs after the update
can be reduced to beliefs before the update.

11. 〈U〉Pkφ ⇐⇒ Pk〈skip〉φ, for k ∈ A \ (Add() ∪ Del() ∪ Obs(u) ∪ Dcvd(u, v))
12. 〈U〉Pjφ ⇐⇒ Pj〈U〉φ, for j ∈ Obs(u)
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(a)

(b)

Fig. 1. (a) Alice informing Bob, F (p for {a, b}); (b) Alice lying to Bob, F (a : p dcv b)

3.1 Private Update and Lying

Example 1. Suppose Alice knows the truth value of proposition p and Bob does
not know. The actions of Alice telling Bob the truth value of p (p for {a, b})
and Alice lying to Bob about the truth value of p (a : p dcv b) are depicted in
Fig. 1 [29].

In Fig. 1a, top left is a Kripke model, bottom left is an action frame with
Obs(u) = {a, b} and on the right is the product Kripke model. Alice telling Bob
that p is true is modelled with a single event with precondition p, such that both
Alice and Bob believe p after the update. Another agent c is unaffected.

Whereas in Fig. 1b above left is a Kripke model, below left is an action frame
with Obs(u) = {a},Dcvr(u, v) = {a} and Dcvd(u, v) = {b}, on the right is the
product Kripke model. Alice lying to Bob that p is true is modelled using v with
precondition p, representing perception of Bob, while event u with precondition
¬p and with an outgoing Bob-arrow to event v is the perception of Alice. Agent
c remains unaffected.

The next axiom expresses a validity about information communicated during
an update. The remote agent axiom covers the other agents.

13. 〈p for X〉Pjφ ⇐⇒ (p ∧ Pj〈p for X〉φ), for j ∈ X = Obs(u)

Next we have the axioms for lying. The first reduces to the previous truthful
update axioms. This is a pattern which we will repeatedly see in deception. The
belief-action axiom covers agents in H = Dcvr(u) = Obs(u) and the remote
agent axiom covers the rest.

14. 〈H : p dcv X〉Pjφ ⇐⇒ (¬p ∧ Pj〈p for X ∪ H〉φ), for j ∈ X = Dcvd(u, v)
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3.2 Forgery with Deception and Without

The first agent-update operator we consider is agent-addition H : +Y dcv X
which is deceptive [20,21]. For our example we consider a generalization where
the deceivers H do not reveal themselves but use a forged message pretending
to be from I.

Fig. 2. Forgery

Example 2. Figure 2a is from The final problem of Sherlock Holmes [12] with
H = {Moriarty}, X = {Dr.Watson}, and I = {Innkeeper}.

Moriarty wants to deceive Dr Watson away from Holmes by saying that
there is a lady who is ill at their inn and needs his help. Such an attempt would
not succeed because Watson would not believe Moriarty. So Moriarty forges a
letter from the innkeeper, and Watson gets deceived. Thus Watson believes the
innkeeper knows of the existence of the lady, whereas Moriarty knows that the
innkeeper knows nothing.

We consider lying H : +Y dcv X plausible when Y are new agents, thus the
deceived are credulous. The set of agents is now A′ = A ∪ Y . When all the Y
are new fictitious agents (we restrict to Y ∩ A = ∅), the next axiom is valid. For
observers and remote agents, we do not repeat the axioms.

15. [H forge I : +Y dcv X]Bl⊥, for l ∈ Y = Add(v) (so 〈H forge I :
+Y dcv X〉Plφ ⇐⇒ ⊥)

16. 〈H forge I : +Y dcv X〉Pjφ ⇔ Pj〈+Y for X ∪I〉φ, for j ∈ X = Dcvd(u, v)

The second axiom above is a belief-action which reduces the deceptive agent-
addition operator to a private agent-addition operator which is described next.

Example 3. Figure 2b illustrates a variant of the Sherlock Holmes story if such
a lady did exist. For example, Moriarty could send a lady agent to the inn who
could then have pretended to be ill. The forged message from the innkeeper
would say a lady is arriving at the inn and has requested a physician’s help. The
innkeeper is not aware of the existence of the lady.
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17. 〈H forge I : +Y for X〉Plφ ⇔ φ ∨ ∨
h∈H Ph〈H forge I : +Y for X〉φ,

for l ∈ Y = Add(u) = Add(v) (so 〈H forge I : +Y for X〉Pl� is valid)
18. 〈H forge I : +Y for X〉Pjφ ⇔ Pj〈+Y for X ∪ I〉φ, for j ∈ X = Obs(v)

3.3 Agent-Deletion with Deception and Without

In modelling the gruffalo story we use commonsense conditions from AI, which
include actors: an action is carried out by an actor. Initially we have the agent
set A = {m, f, o}. Associated with this is a commonsense order Co = {f >
m, o > m} reflecting that foxes and owls eat mice. Co does not have any agent
a > f or a > o. For example, the action of fox eating mouse has precondition
Pm� ∧ Pf� and postcondition ¬Pm�. Candel Bormann points out [8] that this
order underlies the story. In the action language of Baral et al. [5], additional
predicates present(m) and present(f) are used to denote that these agents are at
the initial location in order to being part of the set A. In our modelling locations
play no role so we dispense with these conditions.

Fig. 3. Agent-deletion

In Fig. 3a, deceivers H, whose beliefs about agency of Y (which are neither
deceiver nor deceived) are unchanged at u, deceive X into believing that agents
Y ⊆ A \ (X ∪ H) have been privately deleted at v for themselves and for H.

In a private deletion, agents Y are selectively deleted for observers in X ⊆ A
(Y ⊆ A \ X), at event u in an agent update frame. The remaining agents are
oblivious at v.

Example 4. In Fig. 3b, the dotted self-loop for Y at u could stand for the mouse
i ∈ Y being eaten by the fox f , observed by others X(f ∈ X), the rest of the
animals being oblivious of the meal. The beliefs of the rest of the animals in
A \ X are unchanged, v is a skip. In particular, the animals in A \ X believe in
the agency of i at v.
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Based on the commonsense order, we have the actions Act = {f :
−m for X, o : −m for X}, for subsets X ⊆ A. We will make up the action
syntax as we go along, it is copied from the AUL update modalities and only
meant to informally refer to the actions. The actors are f and o respectively
(which do the eating). The actions −f for X and −o for X of fox or owl being
eaten are not in Act since they do not respect the commonsense order: there is
no agent eating them.

Because no i-arrows remain after i-deletion, the next axiom is valid. The next
two axioms follow from belief-action axiom.

The next three axioms for deceptive agent-deletion follow from belief-action
axiom.

19. 〈H : −Y dcv X〉Piφ ⇔ Pi〈skip〉φ, for i ∈ Y = Del(v) ∪ A \ (Del(v) ∪
Obs(u) ∪ Dcvd(u, v))

20. 〈H : −Y dcv X〉Phφ ⇔ Ph〈H : −Y dcv X〉φ, for h ∈ H = Dcvr(u, v) =
Obs(u)

21. 〈H : −Y dcv X〉Pjφ ⇔ Pj〈−Y for (X ∪ H)〉φ, for j ∈ X = Dcvd(u, v)

Here is the key axiom for private agent-deletion.

22. [−Y for X]Bi⊥, for i ∈ Y = Del(u). So 〈−Y for X〉Piφ ⇐⇒ ⊥.

Fox Tries to Convince Gruffalo. The initial situation in the Gruffalo’s child
story is modelled with M0 with a designated world s as is shown in Fig. 4.
(M0, s) |= Pg�∧Pf�∧Po�∧Pm�∧¬Pmp. By the proposition is meant p ⇐⇒
¬Pg�, that is, a “big bad mouse” is one which eats gruffalos.

Example 5. In The Gruffalo’s child, the first move is fox telling the gruffalo g
of a mouse which likes to eat fox. This move is modelled as a combination of
the addition and deletion actions. We write it as a f : (−g) for g action. At v1,
the fox believes the mouse believes in eating gruffalos, which we represent as a
deletion of gruffalo at x1. At u1, the gruffalo does not buy the belief. Another
agent, the owl, is oblivious of this interaction at w1.

Owl Tries to Convince Gruffalo

Example 6. The mouse runs into the owl after deceiving fox and makes a decep-
tive move again, o : (−g) for g, as before a combination of an addition and a
deletion in Fig. 5. At v2 the owl believes that the mouse believes in eating gruffa-
los. At u2 the gruffalo does not accept believing this, with fox being oblivious of
the interaction.
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Fig. 4. Fox tries to convince gruffalo of a gruffalo-eating mouse

Fig. 5. Owl tries to convince gruffalo that there is a gruffalo-eating mouse

3.4 Private Agent-Addition: +Y for X

In Fig. 6, agents Y are selectively added at event u for observers X ⊆ A (Y ∩X =
∅) in an agent frame. Agents in Y can be outside A. Event v is a skip event that
does not change anything for anyone. At u, agents in A \ X believe that event v
occurs; they consider that all agents in A are observers at v.

Example 7. In Fig. 6, let a new agent owl i ∈ Y appear in the action +Y for X
as indicated by the dashed arrow. The actor is Y , so we could write it as Y :
+Y for X. The mouse m is present on the scene at u, it constitutes X(m ∈ X).
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Fig. 6. (F (+Y for X), u) for private agent-addition update

Other animals such as the fox f in A \ X are unaware of the agency of i at this
moment. They believe that nothing happens at v (a skip).

The agent set A = {m, f, g} is expanded to A′ = {m, f, g, i}. The common-
sense order Co is unchanged, it has g > m from the earlier introduction of
the gruffalo by fox. An action a : +i for X with i > a does not respect the
commonsense order, how would a commandeer such a performance?

When all the Y are new agents (so we restrict to Y ∩A = ∅), the next axiom
is a valid equivalence. The next two axioms follow from the belief-action axiom.

23. 〈+Y for X〉Piφ ⇔ φ ∨ ∨
j∈X Pj〈+Y for X〉φ, for i ∈ Y = Add(u) (so

〈+Y for X〉� is valid)

3.5 Downgrade and Deceptive Downgrade

Figure 7a shows an agent-downgrade action. In the literature with ordered Kripke
models [4,24], such updates typically refer to a proposition. For example an
action ⇓ p would place worlds satisfying p below worlds that do not satisfy
p. Our interest in [22] was in existence of agents, where we introduced agent-
addition and agent-deletion operations. In this paper, we attempt integrating
these ideas into commonsense situations which appear in AI modelling, which
are represented by the order Co. Hence agent-downgrade (and agent-upgrade)
actions will affect propositional values related to the commonsense order.

Example 8. The agent-downgrade action is motivated by our story The
Gruffalo’s child. Here g ∈ X at event u downgrades the mouse m ∈ Y at
event v, which it had heard of from fox and owl as eating gruffalos, to one which
does not eat gruffalos. That is, the commonsense order Co is updated to remove
m > g. This has the postcondition Pm�, f continues to be present but with-
out its desire to eat m the mouse remains safe. However, notice that at event
v, a self-loop for agent g is added. That is, if the high-grade mouse considered
gruffalos as vermin which it had eaten up, the low-grade mouse allows gruffalos
to peacefully co-exist.

The explanation above serves to reduce agent-downgrade to agent-addition,
which provides a simple axiom.

24. 〈⇓ Y for X〉Pmφ ⇐⇒ Pm〈+X for Y 〉φ, for m ∈ Y = Obs(v),X = Add(v)
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Fig. 7. Agent-downgrade

The deceptive downgrade 〈H :⇓ Y dcv X〉φ removes j-deletion arrows (j ∈
X), however H does not believe that j is not capable of eating Y , as shown in
Fig. 7b.

25. 〈H :⇓ Y dcv X〉Pgφ ⇐⇒ Pg〈⇓ Y for (X ∪ H)〉φ, for g ∈ X = Add(x)

Fig. 8. Mouse appears for gruffalo

The Mouse Appears

Example 9. Further in The Gruffalo’s child, the gruffalo runs into a mouse which
is not big and bad. We model this as a downgrade ⇓ m for g about m appearing
for gruffalo. m doesn’t have any g-deletion arrow. See update U3 illustrated in
Fig. 8.
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3.6 Upgrade and Deceptive Upgrade

An i-upgrade for j is one which adds the possibility of j-deletion as shown in
Fig. 9a.

Fig. 9. Agent-upgrade

The deceptive upgrade also adds j-deletion arrows for X. Beliefs of A \ X as
well as H about Y ’s capabilities will be unaffected as shown in Fig. 9b.

26. 〈⇑ Y for X〉Pmφ ⇐⇒ Pm〈−X for Y 〉φ, for m ∈ Y = Obs(v),X = Del(v)

As usual, the axioms for deceptive upgrade use those for upgrade.

27. 〈H :⇑ Y dcv X〉Pgφ ⇐⇒ Pg〈⇑ Y for (X ∪ H)〉φ, for g ∈ X = Del(x)

Fig. 10. Mouse deceives gruffalo that it is the big bad mouse, F (m : ⇑ m dcv g)
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Mouse Deceives Gruffalo

Example 10. Further in the story, the mouse deceives the gruffalo m :⇑ m dcv g
by showing m capable of eating g. This makes the upgraded m have a −g arrow,
although m itself does not believe in its upgraded capability. Owl is oblivious at
w4. This is illustrated in Fig. 10.

Mouse uses the Moon to implement this projection action, m uses Moon : ⇑
m dcv g. Modelling these ideas require several location properties in the planning
domain, which are ignored in our simple setup.

Fig. 11. Mouse deceives gruffalo that there is a big bad mouse

Mouse Deceives Gruffalo Another Way

Example 11. We present an alternate modelling. This may be what the author
intended in The Gruffalo’s child, since the mouse talks about a friend, although
there is some ambiguity in the book. In this model the mouse deceives the
gruffalo that there is a different big bad mouse M with another combination
of agent-addition and agent-deletion m : (+M : −g) dcv g action, as shown in
Fig. 11. Mouse is an observer of event u4 at which g observes +m : p-addition
at v4. Owl is oblivious at w4. In any case, the gruffalo runs away and the story
has a happy ending.

4 Some Results for Agent Update Logic

Theorem 1 (Completeness). The proof system of Sects. 2.3 and 3 is sound
and complete over transitive Kripke models.
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Proof. For the proof we define the lexicographic size of a formula, following
the DEL book [28, Definition 7.38]. For all formulas, this is as expected, for
example �(Paφ) = 1 + �(φ); except only the update formula: �(〈U〉φ) is defined
as (4 + �(U))�(φ). This means that the lexicographic size of the left hand side
of every bi-implication in the proof system is greater than the lexicographic
size of its right hand side. For example, for axiom 23: 〈+Y for X〉Pjφ =
φ ∨ ∨

j∈X Pj〈+Y for X〉φ, it can be shown that (4 + n + k)(1 + m) >
(1 + n) + (4 + n + k)m where n is |X|, k is |Y | and m is �(φ). Thus a reduc-
tion algorithm can apply these equivalences to go from an AUL formula to an
equivalent EL formula. EL is complete over transitive Kripke models [9]. ��

The reader may ask what is achieved by having a proof system with 2 gen-
eral axioms and 15 specific axioms for 10 update operations (excluding skip),
compared to the couple of axioms for a single general update operation in [22].
We will discuss this in the context of AI planning in Sect. 5.

Next we provide decision procedures mentioned in [22]. The proof of the first
theorem follows from the completeness argument.

Theorem 2 (Satisfiability). There is a polynomial space algorithm to check
satisfiability of an AUL formula.

Theorem 3 (Model checking). Given a transitive Kripke model, checking
whether an AUL formula holds at a designated state can be done in polynomial
time.

Proof. A labelling algorithm can be implemented by saving the action updates
as one proceeds inwards in the formula (without performing the updates). On
evaluating a belief modality which requires an agent relation in the updated
model, the relation after the updates is calculated by using the saved updates.
An extra multiplication by the length of the formula is needed for the number
of modalities this has to be done for. This gives a polynomial time algorithm for
model checking on transitive models. ��

5 Planning

The planning community has traditionally worked with a fixed set of actions Act,
and a planning problem is defined as a triple 〈S,Act,G〉 where S is the start
state that is completely specified, and G is the set of goal predicates that are
desired to be true. The goal predicates G may be true in many states, and any
one of them may be acceptable to the planner. For example, in the Gruffalo’s
child story both the mouse running away and the gruffalo running away would
satisfy the goal of the mouse being alive.

In the real world the set of actions available to an agent may virtually be
unlimited, limited only by the agent’s imagination. For a planner, considering a
much larger set of actions may be intractable. In the real world agents normally
pick a familiar sequence of actions that have been known to work in the past.
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For example a traveller may choose between going by bus to the airport or hiring
a taxi based on time and money constraints. But what if there were to be a taxi
strike and time is running out? In that scenario the traveller may think of the
option of calling up a friend to drop him to the airport, an action that one would
not normally consider.

We propose that when the set of operators may be potentially unlimited, one
can prescribe a graded set of partitions that are accessible to the planner, in a
lazy evaluation manner. Thus the set Act may be partitioned into an ordered
set of subsets Act1 ⊂ Act2 ⊂ . . . . The planner can now operate with an iterative
broadening algorithm in which it begins searching for a plan with the minimal
set Act1 and under certain conditions broadens it to Act2, and so on. This
broadening could be when a plan cannot be found within a reasonable time with
only the set Act1, but there could be other conditions too involving sub-goal
interaction.

The above scenario is exemplified in the stories that we are considering where
desperate agents seek desperate solutions, often in life threatening situations. For
example, the default plan that a mouse may have is to flee in the presence of a
hungry predator, but spatial proximity may prohibit that, prompting it to think
of other options. In the original story by Donaldson [14], the mouse invents the
Gruffalo, with fingers crossed that the predator will swallow the story. And when
the unexpected happens and the relieved mouse next encounters the Gruffalo in
flesh and blood, it is compelled to spin yet another yarn.

The approach that we are advocating is to not limit a planner to a fixed set of
actions, but have access to graded sets of actions when a plan with fewer actions
cannot be found. The actions in the extended sets may be computationally more
demanding, or may have a lesser chance of success.

The goal for the planner is Pm� after one step. Informally speaking we have
a set of actions Act1 available to model check the transitive closure 〈Act+1 〉Pm�
(this is outside the logic AUL) at the initial state [11,17]. Since [Act1]¬Pm�,
the goal is unreachable after 1 step, the base of the transitive closure. Thus from
this Act1, the planner moves to a larger set of actions Act2.

To reach the goal we restrict ourselves to actions that add agents from Sect. 3,
that only alter matters related to agent existence. Since the possible agents form
an infinite set, for a practical solution we will have to use some rules about how
to go about adding agents.

First Rule. We use the following commonsense inference rule. Suppose s |=
Pf�∧Pm�. If s |= ∧

a>m,a�=f∈A ¬Pa�, for Co ⊇ {f > m}, then add fresh g /∈ A
to get A′ = A ∪ {g} with Co′ = Co ∪ {g > f}. The word “fresh” indicates that
the agents outside A form one equivalence class; an arbitrary g is chosen from
them, thus dividing the equivalence class into {g} which gets added to A′ and
another equivalence class of the agents outside A′.

Let Act be the current set of actions. Consider Act ∪ {g : −f}. The new
action is not applicable since Pg� is false in the initial state.
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So one generates a new action, +g for f which has the postcondition Pg�
for the sub-goal. This action does not identify an actor. Try m : +g for f using
agent m as actor. (g : +g for f is useless because precondition Pg� is not
met.) But the commonsense order m < f < g says mouse cannot commandeer
a gruffalo to appear for fox.

So one generates a new action m : +g dcv f . This action has an actor present,
respects commonsense (assuming a credulous fox) and achieves the desired sub-
goal. The fact that gruffalo g is fictitious helps in plausibility. So the action set
expands to Act′ = Act ∪ {g : −f,m : +g dcv f}.

This process can be repeated for the owl. The goal Pm� is reached.

Second Rule. Here is another inference rule. If Pm�∧Pf�∧∧
f>a>m∈A ¬Pa�,

then add fresh h /∈ A with the new commonsense order Co′ = Co ∪ {f > h, h >
m} on the expanded agent set A′ = A ∪ {h}.

By the reasoning process we saw above, this will eventually lead to an action
m : +h dcv f being added to Act. For example, mouse leads the fox to believe
there is a hen which is more delicious than itself. The mouse has to still find a
way to escape, but for the moment the action is plausible as it preserves Pm�. It
requires a planning domain where the story will move to a location where mouse
can escape. This is basically the action in Book 4 of the Panchatantra stories
[6,19] where the monkey who foolishly asked a crocodile to ferry it across the
river on its back, only to find itself being considered a meal, tells the crocodile it
has left its most delicious heart on the shore, and exhorts the crocodile to swim
to the river bank so that the heart can be recovered. This requires a planning
domain where river and its bank are modellable.

Remark 4 (Historical). The Panchatantra stories are dated to the 3rd century.
One of the stories appears in sculpture at a Nalanda temple (7th century).

Third Rule. Here is another inference rule. In a commonsense order with
m > g ∈ Co, remove m > g to get Co′ = Co\{m > g}. This is the essential idea
behind the action of agent-downgrade. In the Gruffalo’s child, the downgrade
leads to Co′ = (Co \ {m > g}) ∪ {g > m}.

These are only suggestions towards a planning-oriented view of the agent-
update logic.

6 Conclusion

Van Ditmarsch, Van der Hoek and Kooi’s book on DEL [28, Section 6.1] has a
discussion on action frames as syntax and semantics for a logic. In this paper, we
suggested using an explicit syntax for our agent-update modalities. The bulk of
the paper is a discussion on what kind of syntax works to model stories in an AI
planning setting. The usual theoretical results of completeness and algorithms
for satisfiability and model checking were obtained. Our syntactic view suggests
an approach to synthesis which can be used in planning. A collaboration between
people working in logic and AI can lead to fruitful results in this area.
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Abstract. The study of inner models was initiated by Gödel’s analysis
of the constructible universe. Later, the study of canonical inner mod-
els with large cardinals, e.g., measurable cardinals, strong cardinals or
Woodin cardinals, was pioneered by Jensen, Mitchell, Steel, and others.
Around the same time, the study of infinite two-player games was driven
forward by Martin’s proof of analytic determinacy from a measurable
cardinal, Borel determinacy from ZFC, and Martin and Steel’s proof
of levels of projective determinacy from Woodin cardinals with a mea-
surable cardinal on top. First Woodin and later Neeman improved the
result in the projective hierarchy by showing that in fact the existence of
a countable iterable model, a mouse, with Woodin cardinals and a top
measure suffices to prove determinacy in the projective hierarchy. This
opened up the possibility for an optimal result stating the equivalence
between local determinacy hypotheses and the existence of mice in the
projective hierarchy. This article outlines the main concepts and results
connecting determinacy hypotheses with the existence of mice with large
cardinals as well as recent progress in the area.

Keywords: Determinacy · Infinite game · Large cardinal

1 Introduction

The standard axioms of set theory, Zermelo-Fraenkel set theory with Choice
(ZFC), do not suffice to answer all questions in mathematics. While this fol-
lows abstractly from Kurt Gödel’s famous incompleteness theorems, we nowa-
days know numerous concrete examples for such questions. A large number of
problems in set theory, for example, regularity properties such as Lebesgue mea-
surability and the Baire property are not decided – for even rather simple (for
example, projective) sets of reals – by ZFC. Even many problems outside of set
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theory have been showed to be unsolvable, meaning neither their truth nor their
failure can be proven from ZFC. This includes the Whitehead Problem (group
theory, [49]), the Borel Conjecture (measure theory, [22]), Kaplansky’s Conjec-
ture on Banach algebras (analysis, [8]), and the Brown-Douglas-Fillmore Prob-
lem (operator algebras, [11]). A major part of set theory is devoted to attacking
this problem by studying various extensions of ZFC and their properties. One of
the main goals of current research in set theory is to identify the “right” axioms
for mathematics that settle these problems. This, in part philosophical, problem
is attacked with technical mathematical methods by analyzing various exten-
sions of ZFC and their properties. Determinacy assumptions are canonical
extensions of ZFC that postulate the existence of winning strategies in natural
two-player games. Such assumptions are known to imply regularity properties,
and enhance sets of real numbers with a great deal of canonical structure. Other
natural and well-studied extensions of ZFC are given by the hierarchy of large
cardinal axioms. Determinacy assumptions, large cardinal axioms, and their
consequences are widely used and have many fruitful implications in set theory
and even in other areas of mathematics such as algebraic topology [7], topol-
ogy [6,13,38], algebra [10], and operator algebras [11]. Many applications, in
particular, proofs of consistency strength lower bounds, exploit the interplay of
large cardinals and determinacy axioms. Thus, understanding the connections
between determinacy assumptions and the hierarchy of large cardinals is vital to
answer questions left open by ZFC itself. The results outlined in this article
are closely related to this overall goal.

To explore the connections between large cardinals and determinacy at higher
levels, the study of other hierarchies, for example, with more complex inner mod-
els called hybrid mice, has been very fruitful. Translation procedures are
needed to translate these hybrid models, whose strength comes from descriptive
set theoretic features, back to standard inner models while making use of their
hybrid nature to obtain stronger large cardinals in the translated model. They
are therefore a key method connecting descriptive set theory with inner
model theory. One of the results surveyed in this article is a new translation
procedure extending work of Sargsyan [41], Steel [53], and Zhu [61]. This new
translation procedure yields a countably iterable inner model with a cardinal
λ that is both a limit of Woodin cardinals and a limit of strong cardinals [30].
So it improves Sargsyan’s construction in [41] in two ways: It can be used to
obtain infinitely many instead of finitely many strong cardinals and the models
it yields are countably iterable – a crucial property of mice. This translation
procedure can be applied to prove a conjecture of Sargsyan on the consis-
tency strength of the Axiom of Determinacy when all sets are universally Baire
[30], a central and widely used property of sets of reals introduced implicitly in
[47] and explicitly in [12]. In fact, the new translation procedure can be applied
in a much broader context. Moreover, it provides the basis for translation pro-
cedures resulting in more complex patterns of strong cardinals, for example, a
strong cardinal that is a limit of strong cardinals.
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Recent seminal results of Sargsyan and Trang [44–46], see also the review [29],
as well as Larson and Sargsyan [20,42] suggest that we are at a turning point in
the search for natural constructions of canonical models with a Woodin limit of
Woodin cardinals and thereby for proving better lower bounds for natural set
theoretic hypotheses.

2 Determinacy for Games of Length ω and Large
Cardinals

In 1953, Gale and Stewart [14] developed a basic theory of infinite games. For
notational simplicity, we identify reals in R with ω-sequences of natural numbers
in ωω. Gale and Stewart considered, for every set of reals A, a two-player game
G(A) of length ω, where player I and player II alternate playing natural numbers
n0, n1, . . . , as follows:

I n0 n2 ...
II n1 n3 ...

They defined that player I wins the game G(A) if and only if the sequence
x = (n0, n1, . . . ) of natural numbers produced during a run of the game G(A)
is an element of A; otherwise, player II wins. We call A the payoff set of G(A).
The game G(A) (or the set A itself) is called determined if and only if one of the
two players has a winning strategy, meaning that there is a method by which
they can win in the game described above, no matter what their opponent does.
The Axiom of Determinacy (AD) is the statement that all sets of reals are
determined.

Already in [14], the authors were able to prove that every open and every
closed set of reals is determined under ZFC. But they also proved that deter-
minacy for all sets of reals contradicts the Axiom of Choice. This leads to the
natural question as to how the picture looks for definable sets of reals which are
more complicated than open and closed sets. After some partial results by Wolfe
[59] and Davis [9], Martin was able to prove in 1975 [24] that every Borel set of
reals is determined (again using ZFC).

In the meantime, the development of so-called large cardinal axioms was
proceeding in set theory, and Solovay was able to prove regularity properties,
a known consequence of determinacy, for a specific pointclass, assuming the
existence of a measurable cardinal, instead of a determinacy axiom. Finally,
Martin was able to prove a direct connection between large cardinals and deter-
minacy axioms: He showed, in 1970, that the existence of a measurable cardinal
implies determinacy for every analytic set of reals [23]. Eight years later, Har-
rington established that this result is, in some sense, optimal, by proving that
determinacy for all analytic sets of reals implies that 0#, a countable active
iterable canonical inner model which can be obtained from a measurable car-
dinal, exists [15]. Here, an iterable canonical inner model, or mouse, is
a fine structural model that is, in some sense, iterable. This notion goes back
to Jensen [16]. Together with Martin’s argument mentioned above, this yields
an equivalence between the two statements. The construction of such canonical
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inner models and their connection with determinacy was later extended in work
of Dodd, Jensen, Martin, Mitchell, Neeman, Schimmerling, Schindler, Solovay,
Steel, Woodin, Zeman, and others (see, e.g., [25,26,48,55,60]; see the preface
of [32] or Larson’s history of determinacy [19] for a more detailed overview). In
the projective hierarchy, this led to the following fundamental theorem. Here,
M#

0 (x) denotes x#, a version of 0# relativized to a real x, and M#
n (x) denotes a

minimal countable active mouse with n Woodin cardinals constructed above x.

Theorem 1 (Harrington, Martin, Neeman, Woodin [15,23,32,33,36]).
Let n be a natural number. Then the following are equivalent:

1. All Π1
n+1 sets are determined, and

2. for all x ∈ ωω, M#
n (x) exists and is ω1-iterable.

The proof that the determinacy of sets in the projective hierarchy implies
the existence of mice with finitely many Woodin cardinals in this exact level-by-
level correspondence first appeared in [27,32] and is originally due to Woodin. As
shown in [27], the underlying methods can be used to obtain similar results for
certain hybrid mice in the L(R)-hierarchy. These tight connections are, at first,
very surprising, as they show that two ostensibly completely different notions,
from distinct areas of set theory – determinacy from descriptive set theory, and
inner models with large cardinals from inner model theory – are, in fact, the
same.

3 Determinacy for Games Longer Than ω

It turns out that the correspondence between determinacy and inner models
with large cardinals does not stop at games of length ω. For every ordinal α and
set A ⊆ αω, we can define a game G(A) of length α with payoff set A, as follows:

I n0 n2 ... nω ...
II n1 n3 ... nω+1 ...

The players alternate playing natural numbers ni for i < α, and we again
say that player I wins the game if and only if the sequence x = (n0, n1, . . . ) of
length α they produce is an element of A; otherwise, player II wins. In landmark
results, Neeman [37] developed powerful techniques to prove the determinacy of
projective games longer than ω from large cardinals. A first step in this direction
is, for example, the following result:

Theorem 2 (Neeman, [37]). Let n ∈ ω and suppose that M#
ω+n(x) exists for

all reals x ∈ ωω. Then all games of length ω2 with Π1
n+1 payoff are determined.

This result in fact holds for games of fixed length α, for all countable ordinals
α, instead of games of length ω2. The following theorem complements Neeman’s
results for projective games of length ω2:
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Theorem 3 (Aguilera, Müller, [2,28]) Let n be a natural number and sup-
pose that all games of length ω2 with Π1

n+1 payoff are determined. Then, for
every x ∈ ωω, there is a model M of ZFC, with ω + n Woodin cardinals, such
that x ∈ M.

At this level, the interplay of determinacy and large cardinals is already
understood quite well (see also [1,3]). For games of length ωα with analytic pay-
off, for countable ordinals α, similar results have previously been established by
Trang [57], building on unpublished results of Woodin, using canonical models
of determinacy with a generalized Solovay measure. The Solovay measure is also
called a supercompact measure for ω1 as it witnesses a degree of supercom-
pactness for ω1.

When considering much stronger notions of determinacy, the picture is less
clear. For example, it was already shown by Mycielski in 1964 that determinacy
for all games of length ω1 is inconsistent with Zermelo-Fraenkel set theory (ZF).
Nevertheless, there are subclasses of games of length ω1 that are still known to
be determined under large cardinal assumptions.

An intermediate step are games that do not have a fixed countable length
but still end after countably many rounds. In 2004, Neeman showed in ground-
breaking work, from large cardinals, that certain games that are not of fixed
countable length are still determined. These so-called games of continuously
coded length, which go back to Steel [50], are defined as follows: For any set
A ⊂ (ωω)<ω1 and partial function ν : ωω ⇀ ω, the game Gcont(ν,A) is given by
the following rules:

I y0(0) y0(2) ... yα(0) yα(2) ...
II y0(1) y0(3) ... yα(1) yα(3) ...

We canonically identify segments of the game of length ω as mega-rounds,
and let yα denote the real that the two players together produce in mega-round
α. If ν(yα) is undefined, the game ends, and player I wins if and only if 〈yξ | ξ ≤
α〉 ∈ A. Otherwise, let nα = ν(yα). Then the game ends if nα ∈ {nξ | ξ < α},
and again, player I wins if and only if 〈yξ | ξ ≤ α〉 ∈ A. If neither of these
alternatives hold, the game continues.

Theorem 4 (Neeman, [37]). Suppose there is an iterable proper class model
M , with a Woodin cardinal δ and a cardinal κ < δ that is (δ + 1)-strong in M ,
such that V M

δ+1 is countable in V . Then the game Gcont(ν,A) is determined for
every ν in the class Σ0

2 and every A that is <ω2 − Π1
1 in the codes.

Here, being Γ in the codes for a pointclass Γ and a set A ⊂ (ωω)<ω1 is
defined via a natural coding of elements of A as reals; A is Γ in the codes if the
set of codes of elements of A belongs to Γ . It is not known whether Theorem 4
is optimal, but results of Neeman and Steel [34] show that it cannot be very far
away from optimal. I conjecture that it is indeed optimal in the following sense:

Conjecture 1. Suppose the game Gcont(ν,A) is determined for every ν in the
class Σ0

2 and every A that is <ω2 − Π1
1 in the codes. Then there is a model of

ZFC with a Woodin cardinal δ and a cardinal κ < δ that is (δ + 1)-strong.
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A similar conjecture at a higher level is moving toward a Holy Grail of current
inner model theory. More precisely, it concers the aim to prove the existence of
an inner model with a Woodin cardinal that is a limit of Woodin cardinals
from the determinacy of certain long games. The natural games to consider at
this level have length ω1 and their payoff set is ordinal definable using reals as
parameters. The converse was shown by Woodin, using results of Neeman [37]
and ideas going back to Kechris and Solovay [18].

Theorem 5 (Neeman, Woodin, [37]). Suppose there is an iterable proper
class model with a Woodin cardinal that is a limit of Woodin cardinals and
countable in V . Then there is a model of ZFC in which all ordinal definable
games of length ω1 on natural numbers with real parameters are determined.

In fact, Woodin showed that determinacy of these games of length ω1 is
equiconsistent with a seemingly weaker statement: determinacy of certain games
that are constructibly uncountable in the play. These games are defined as
follows: For a payoff set A ⊂ (ωω)<ω1 , players I and II alternate playing natural
numbers to produce reals yα.

I y0(0) y0(2) ... yα(0) yα(2) ...
II y0(1) y0(3) ... yα(1) yα(3) ...

The game ends when its length reaches the first ordinal γ which is uncount-
able in L[yα | α < γ], and player I wins if and only if 〈yα | α < γ〉 ∈ A. Here
L[yα | α < γ] denotes Gödel’s Constructible Universe L relative to (yα | α < γ).
In this case γ = ω

L[yα|α<γ]
1 , so it makes sense to say that the game ends at ω1

in L of the play. We technically define that II wins if the game lasts ω1 (in V )
rounds, but mild large cardinal assumptions yield an ordinal γ, as above, that
is countable in V . Neeman proved that, for sufficiently definable payoff sets A,
these games are determined, via a sophisticated extension of the methods used
in the proof of Theorem 4.

Theorem 6 (Neeman, [37]). Suppose there is an iterable proper class model
with a Woodin cardinal that is a limit of Woodin cardinals and countable in
V . Then all games ending at ω1 in L of the play with payoff sets that are
�(<ω2 − Π1

1 ) in the codes are determined.

Here, � denotes the game quantifier for games of length ω. In [35], Neeman
showed the consistency of the hypotheses of Theorems 5 and 6 from large cardi-
nals. In light of Theorem 6, Theorem 5 is a consequence of the following result
of Woodin’s:

Theorem 7 (Woodin, [37]). The following theories are equiconsistent:

1. ZFC+ all ordinal definable games of length ω1 on natural numbers with real
parameters are determined.

2. ZFC+ all games ending at ω1 in L of the play with payoff sets that are
�(<ω2 − Π1

1 ) in the codes are determined.
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I conjecture that Theorem 5 is optimal, in the following sense:

Conjecture 2. Suppose all ordinal definable games of length ω1 on natural num-
bers with real parameters are determined. Then there is a model of ZFC with a
Woodin cardinal that is a limit of Woodin cardinals.

This would be the first correspondence between a natural determinacy notion
and large cardinals at the level of a Woodin cardinal that is a limit of Woodin
cardinals. It cannot be achieved using current methods such as the core model
induction technique due to Woodin (see, for example, the review [29]), which
Sargsyan and Trang [44–46] have recently shown runs into serious issues before
reaching this level. In addition, by recent results of Larson and Sargsyan [20,42],
also the well-known liberal Kc construction in [4,17] can fail if there is a Woodin
cardinal that is a limit of Woodin cardinals.

Therefore, understanding the large cardinal strength of the determinacy of
such uncountable games might shed light on how to canonically obtain inner
models with a Woodin cardinal that is a limit of Woodin cardinals.

4 Strong Models of Determinacy for Games of Length ω

Another approach to strengthen determinacy is to keep playing games of length
ω and impose additional structural properties on the model. Examples of such
structural properties are “θ0 < Θ,” “Θ is regular,” or the Largest Suslin Axiom,
see, for example, [40,44,53]. Here Θ is given by

Θ = sup{α | there is a surjection f : R → α}
and we write θ0 for the least ordinal α such that there is no surjection of R onto
α which is ordinal definable from a real. While in models of the Axiom of Choice
Θ is simply equal to (2ℵ0)+, it has very interesting behaviour in models of the
Axiom of Determinacy.

Other examples of properties that can be used to obtain strong models of
determinacy are “all sets of reals are Suslin” or “all sets of reals are universally
Baire.” Being Suslin is a generalization of being analytic. More precisely, a set of
reals is Suslin if it is the projection of a tree on ω×κ for some ordinal κ. Woodin
and Steel determined the exact large cardinal strength of the theory “AD + all
sets of reals are Suslin” [52,54]:

Theorem 8 (Steel, Woodin, [52,54]). The following theories are equiconsis-
tent (over ZF):

1. AD + all sets of reals are Suslin,
2. ZFC+ there is a cardinal λ that is a limit of Woodin cardinals and a limit of

<λ-strong cardinals.

By results of Martin and Woodin, see [54, Theorems 9.1 and 9.2], assuming
AD, the statement “all sets of reals are Suslin” is equivalent to the Axiom of
Determinacy for games on reals (ADR). Being universally Baire is a strengthening
of being Suslin that was introduced implicitly in [47] and explicitly by Feng,
Magidor and Woodin [12].
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Definition 1 (Feng, Magidor, Woodin [12]). A subset A of a topological
space Y is universally Baire if f−1(A) has the property of Baire in any topological
space X, where f : X → Y is continuous.

The exact consistency strength of the statement that all sets of reals are
universally Baire under determinacy was conjectured by Sargsyan, in 2014, after
he was able to obtain an upper bound with Larson and Wilson [21] via an
extension of Woodin’s famous derived model theorem. One fact that makes their
argument particularly interesting is that no model of the form L(P(R)) is a
model of “AD+ all sets of reals are universally Baire.” Universal Baireness is not
only widely used across set theory but a crucial property in inner model theory:
Universally Baire iteration strategies (canonically coded as a set of reals) can be
extended from countable to uncountable iterations (see, for example, [39]). The
following theorem proves Sargsyan’s conjecture by showing that the upper
bound Larson, Sargsyan, and Wilson obtained is optimal:

Theorem 9 (Larson, Sargsyan, Wilson, [21], Müller, [30]). The following
theories are equiconsistent (over ZF):

1. AD+ all sets of reals are universally Baire,
2. ZFC+ there is a cardinal that is a limit of Woodin cardinals and a limit of

strong cardinals.

To construct and analyze the relevant models to prove the direction
Con(1.) ⇒ Con(2.) in this theorem, instead of just considering two hierarchies –
determinacy axioms and inner models with large cardinals – a third hierarchy is
used to reach higher levels in the other two. These three hierarchies together form
what Steel calls the triple helix of inner model theory. The new hierarchy goes
back to Woodin and Sargsyan and consists of canonical models called hybrid
mice, or hod mice. These models are not only enhanced by large cardinals wit-
nessed by extenders on their sequence, but also equipped with partial iteration
strategies for themselves, see [40]. The strength of these models intuitively comes
from the descriptive set theoretic complexity of these partial iteration strategies.

The name hod mouse comes from the fact that these mice naturally occur
as the result of analyses of HOD, the hereditarily ordinal definable sets, in various
models of determinacy. This analysis was pioneered by Steel and Woodin [51,56]
in the model L(R), as well as in L[x][g] for a cone of reals x, where g is generic for
Lévy collapsing the least inaccessible cardinal in L[x] (both under a determinacy
hypothesis). It was extended to larger models of determinacy by Sargsyan, Trang,
and others [5,40,43,58]. In [31] we showed how to analyze HOD in Mn(x)[g], for
a cone of reals x, where g is generic for Lévy collapsing the least inaccessible
cardinal in Mn(x) (under a determinacy hypothesis).

The technical innovation behind the direction Con(1.) ⇒ Con(2.) in Theo-
rem 9 is a new translation procedure to translate hybrid mice into mice with a
limit of Woodin and strong cardinals [30]. This required an iterability proof for
models obtained via a novel backgrounded construction. In [30] it is shown that
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the resulting models are countably iterably, meaning that countable substruc-
tures are iterable, and, in fact, a bit more. But the following natural question is
left open:

Question 1. Is there a translation procedure that yields fully iterable mice with
a limit of Woodin and strong cardinals (when applied to suitable hybrid mice)?
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Abstract. Despite logic and reasoning being considered central to
mathematics and computing education, it plays a largely peripheral role
in high school or undergraduate curricula. The language of propositional
logic and formal deductions are taught in high school mathematics as well
as undergraduate discrete mathematics courses. Opportunities for learn-
ing mathematical logic are few. In this paper, we address the question
whether mathematical logic can meaningfully contribute to mathematics
and computing education at the school level.

Along the lines of Big Ideas of mathematics [4] we propose a set of
“Big Ideas” of mathematical logic relevant to education: for instance, the
notion of truth relative to a structure, construction of models for a set of
sentences, consistency of procedures used for computation, comparison
of algorithms, and so on. We discuss how they can significantly enrich
mathematics and computing science curriculum and pedagogy, clearing
up students’ common misconceptions, referring to some experiences with
high school mathematics teachers and students.

Keywords: High school mathematics curriculum · Mathematics
education · Algorithms · Logic

1 Logic in School Mathematics

The structure of school mathematics curricula dates back to the days of the
industrial revolution. The content areas are: arithmetic, algebra, geometry,
trigonometry, the differential and integral calculus, probability and statistics.
Combinatorics and propositional logic are accommodated within this structure.
In terms of relative space, arithmetic in the early years, algebra and geometry
in the middle years, and calculus in the later years occupy the centre [15]. While
there are differences across national curricula, the principal structure remains
similar.

In what follows, we focus on the curriculum of the Central Board of Sec-
ondary Education (CBSE) in India, principally because of our familiarity with
it and relative ignorance of syllabi elsewhere. However, even a superficial study
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of curricula across the world show similarities to CBSE. As it happens, India has
32 Boards of education (every state has its own, and there are other national ones
as well); however, while there are differences between the syllabi, the structure
is similar, especially with regard to the role logic plays in school mathematics.
(In India secondary school education covers grades 9 to 12, when students are
typically from age 13 to 17.)

In this structure, the study of logic is principally limited to geometric reason-
ing and using the language of propositional logic. We discuss these below.

1.1 Geometric Reasoning

Geometry occupies a significant space in the secondary school curriculum, in
grades 9 and 10. In grade 9, it constitutes nearly half of the instruction period
(75 out of 160 scheduled class hours). In grade 10, it reduces to less than a quarter
(30 out of 160). Proofs are accorded importance in the study of geometry. There
are theorems and proofs in other ares such as number theory and algebra, but
these are not explicitly signalled and discussed as they are in geometry. Some
algebraic identities are stated without proof, whereas geometric propositions are
always proved.

Geometry begins with a historical introduction to Euclid. The syllabus doc-
ument [13] says:

Euclid’s method of formalising observed phenomenon into rigorous mathe-
matics with definitions, common/obvious notions, axioms/postulates, and
theorems. The five postulates of Euclid. Equivalent versions of the fifth
postulate. Showing the relationship between axiom and theorem.

Subsequently a number of propositions on lines, angles, triangles, quadrilat-
erals and circles are stated and proved. Geometry in grade 10 is similar, with the
additional notions of congruence and similarity, tangents. The proofs are largely
rigorous but informal. Some of the proofs, such as ones using congruence, require
some depth of reasoning using many assertions proved earlier. An appendix in
each book discusses the nature of deductive proofs, stressing the role of formal
derivations and the distinction between verification and proof.

In this regard, geometry instruction employs logic purposefully even while
not stressing on the language of logic or on formal deduction in an inference
system.

1.2 Propositional Reasoning

The CBSE syllabus for grade 11 includes a unit titled Mathematical reasoning.
The document [13] says:

Mathematically acceptable statements. Connecting words/phrases – con-
solidating the understanding of “if and only if (necessary and sufficient)
condition”, “implies”, “and/or”, “implied by”, “and”, “or”, “there exists”
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and their use through a variety of examples related to real life and Math-
ematics. Validating the statements involving the connecting words – dif-
ference between contradiction, converse and contrapositive.

The textbook chapter introduces the language of propositional logic, and
explains the use of connectives very well. The principal focus is on implication:
getting students to appreciate the distinction between p =⇒ q and q =⇒ p,
to understand inclusive disjunction and to realise that a single counter-example
suffices to falsify a universally quantified statement. Considerable effort is spent
in formalising intuitive statements in the language of propositional logic. It is
also important to point out that geometry is extensively used as the terrain from
which propositions are picked.

For instance, an exercise ([14], Chap. 14, page 344) asks the students to: Write
the following statement in five different ways, conveying the same meaning.

If a triangle is equiangular, then it is an obtuse angled triangle.

For someone formalising this as p =⇒ q (which is what the book teaches the
student to do), there are indeed equivalent forms to try, such as ¬q =⇒ ¬p.
If a student tries to use the language of geometry starting with a triangle ABC
and proceeding further, it is much less clear if she would get anywhere with this
exercise.

Our remark here is limited to pointing out the use of a formal logical lan-
guage in mathematical context in the syllabus, and the derivation of differently
expressed properties by virtue of logical equivalence. This is an important logical
exercise in which students gain some proficiency.

1.3 What is Achieved

How effective is this foray into logic for the student learning mathematics? It is
clear that geometry is central to mathematics learning and students should be
able to see that the theorems proved are deduced from clearly stated axioms.
They also get some practice in proving some assertions themselves. Does it mat-
ter that the axioms and inference rules are never formally spelt out, nor that
an informal argument is preferred over a formal deduction? Most mathemat-
ics educators are clear that informal, rigorous argument is more important for
mathematics learning than formal deductions. There is extensive literature on
students’ reasoning and structure in proofs: [8,10,17], and more. Invariably, these
researchers point out that developing intuition is more important for mathematics
learning than formal proofs. For our discussion here, the more relevant question
is whether the language of logic is playing any significant role when the student
is learning geometry, or whether the student is learning deductive systems by
way of geometry. The answer to both of these questions seems to be negative. [1]
argues persuasively that mathematical logic is not really necessary for teaching
proofs in mathematics. [6] offers nuanced arguments on different aspects of logic
relevant in the teaching of proofs.
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On the other hand, learning the correct use of propositional connectives and
quantifiers unambiguously constitutes logic learning, and this is also indispens-
able for obtaining fluency in the language of mathematics. However, in practice,
even this is entirely unclear [9].

To understand why logic may be ineffective in these respects, we need to look
at the placement of this syllabus unit in the curricular structure. The other syl-
labus units among which boolean logic is placed involve topics such as: Trigono-
metric Functions, Complex Numbers, Binomial Theorem, Conic Sections, Fre-
quency Distributions, Limits and Derivatives. In fact, in the CBSE’s official
textbook, the chapter on propositional logic follows the chapter on limits and
derivatives. After solving exercises computing the derivatives of functions such
as x

sin x the student encounters the relationship between p =⇒ q and q =⇒ p.
It is hardly surprising that the student is left wondering whether this is merely
an interlude between differentiation and integration (which do consume most
of the time and energy of the higher secondary mathematics student). While
students are happy to take any “easy” topic that comes their way, the deeper
issues pass them by, and the chapter on propositional reasoning merely becomes
another set of (thankfully simple) rules to be learnt and forgotten soon.

If logic has very little place in school mathematics, and even the little that
is on offer is ineffective, should we conclude that logic is irrelevant for school
mathematics?

We suggest in what follows that we take a slightly different view: rather than
teach logic, we should consider incorporating ideas from logic into the teaching of
the content areas of mathematics such as algebra, geometry, number systems, and
so on.

2 Conceptual Difficulties

In this section, we point out a number of difficulties faced by students learning
mathematics where logic can be of significant help. These are symptomatic rather
than constituting a detailed analysis. These difficulties are acknowledged and
discussed extensively in the mathematics education literature. If we have any
novelty to offer it is only in the suggested use of mathematical logic for addressing
these difficulties.

1. The use of variables: We ask middle school children to solve equations of the
form x + 3 = 5, and they learn that x is an unknown number. Then they
go on to consider equations such as x + y = 5, when x can be one of many
numbers, somehow dependent on the value that y takes. We also ask them to
“see” that x + y = y + x, but now x can be any value whatsoever. There is
worse to come when we ask them to consider the line given by the equation
x = k where k is some constant [3].
All these are legitimate and reasonable uses of x in mathematical contexts, but
being syntactically disciplined about quantifying x appropriately depending
on context would solve much of the confusion.
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2. True or false?: Durand-Guerrier [7] discusses the proposition: “Any number
that ends in 4 is divisible by 4.” Some students consider such statements true
as well as false, since it holds for some numbers and does not hold for some
numbers.

3. Truth in a structure: Is x2 − 2 = 0? Well, that depends on which number sys-
tem you are solving the equation in. But this is a source of endless confusion
to students.
The problem is not only of truth being structure dependent, but even inter-
pretation of operations and functions being structure dependent as well. This
confusion gets considerably worse when we consider statements such as “mul-
tiplication is the same as repeated addition”. This works on positive integers
and this is how students learn arithmetic in primary school. But this reasoning
is unhelpful when they need to learn

√
2 × √

3 and so on.
4. Equation solving: A classic problem asks students to evaluate x2−1

x−1 at x = 1.
The student answering this as x = 2 gets shocked when made to realise that
the function cannot be evaluated at x = 1. The same student, further on, is
asked to compute the limit of x2−1

x−1 as x → 1. Now the limit is indeed 2. The
student is left with a bad taste in the mouth: something is surely wrong!

5. Heuristic advice: One of the side effects of the trouble above is the typical
advice given to the student to always substitute the answer she obtains in the
given equation and verify. This does help in this instance, since the student
can immediately verify that it leads to division by zero.
Equation solving comes with a range of heuristics such as grouping like terms,
moving all terms involving the same variable to one side, change of sign across
equality symbol, and so on. However, very rarely does the student get any
assurance on the reliability of these heuristics, and whether they suffice in all
contexts.

6. Functional variation: The student learns the definition of the sine function
as ratio of the ‘opposite side’ to the hypotenuse of a right angled triangle.
Later on, the student gets to graph the function as an oscillating curve. What
is varying here? Are we saying something about the universe of right angled
triangles? This again is a cause of confusion for many students.

There are many such sources of confusion and incomprehension in school
mathematics. We mention these here merely to point out how logic can be helpful
in this regard.

3 Big Ideas

[4] suggested a curriculum for mathematics education based on Big Ideas of
mathematics. The argument is that rather than teaching algebra, geometry, num-
ber systems etc we should attempt to communicate the ideas of mathematics
that make it at once abstract and at the same time uniquely powerful in being
widely applicable. Charles offers a list of 21 such ideas; these have been debated
by other researchers [11] but everyone would agree that notions like algorithm,
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functional variation, symmetry and transformation, linearity, etc. are among the
central ideas of mathematics. Whether a curriculum based on such ideas can
address the social as well as disciplinary objectives of mathematics education
needs to be critically assessed.

Our reference to Big Ideas here is towards a different purpose. We could
presumably consider a similar set of Big Ideas of Mathematical Logic. More
specifically we can ask, what are the Big Ideas of Mathematical Logic of relevance
to mathematics education (if any)? This distinction is important, since there
are some important ideas of logic whose relevance to school mathematics is
not immediately clear. For instance the compositionality principle, by which the
meaning of sentences is entirely derived from the semantics of connectives and
given meaning of primitive elements, is of central importance in logic. However, it
is not clear how important this is for pedagogic purposes of school mathematics.

We propose the following partial list of Big Ideas of Mathematical Logic for
mathematics education, many of which have been discussed extensively by [2].

1. Truth relative to a structure: Students are trained to consider mathemat-
ical statements to be true or false. Often some underlying structure is
assumed, against which statements are being evaluated. Unfortunately, the
ground shifts, so to speak, leaving many students confused. For instance, does
x2 − 2 = 0 have a solution? The answer is that it depends on what x ranges
over. Is multiplication repeated addition? Yes, it is, over natural numbers,
and hence this is true in primary school, but not in high school. Is the angle
sum property true? Yes, if you consider triangles on the plane. The fact that
truth is relative to the assumed structure is not easily understood.

2. Model construction: The fact that definitions are in themselves neither true
nor false may seem obvious to the mature mathematics student, but is a
source of confusion to school children. Indeed, it is pedagogically non-trivial
to show that alternate definitions give us different objects and that it makes
sense to ask whether two definitions are equivalent. All this has to do with
model constructions, a logical enterprise. A direct way this appears in school
mathematics is in the use of multiple but equivalent representations of the
same mathematical object, where the equivalence is not easy to establish or
comprehend. For instance,

√
2 is the solution to the equation x2 − 2 = 0

over the reals, but locating that real number on the real line is not easy. It
is also the length of the diagonal of the unit square, and while students are
comfortable with denoting both by

√
2, they are puzzled when they try to

extend these meanings to 2
√

2.
3. The Syntax Semantics distinction: A student is puzzled by the fact that though

x2−1
x−1 = x + 1 seems to be correct, at x = 1 we cannot evaluate the left
hand side, whereas we can indeed evaluate the right hand side. The fact
that equivalence of expressions at the syntactic level denotes equivalence of
functions at the semantic level is difficult to grasp for the student. Logic
makes the syntax semantics distinction explicit. We have already referred to
the use of variables in school and the confusion caused therein, due to the
hidden quantifiers. The use of the same symbols for arithmetical operations
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whether they are interpreted over integers or the reals again causes a great
deal of confusion. The syntax semantics distinction, a central notion of logic,
can greatly help mathematics pedagogy as well [7].

4. Formalisation: When asked whether x > y implied x2 > y2, a student answered
that this was both true and false, since it was true for “half the numbers”. In
general, students hold intuitive notions of disjunction, implication and uni-
versal/existential quantification, whereas the mathematics they learn works
with these in formal terms, where the definition is different. (The author has
often seen frequentist interpretations of implication by school students.)

5. Consistency of rules: Students tend to learn mathematics as a collection
of rules. For instance, while solving equations, one moves all “like terms”
together. Many heuristics are learnt and they are largely helpful. For instance,
while solving trigonometric equations, one actively looks for sin2x + cos2x
hidden in different ways. Very rarely is the question raised whether these rules
are reliable, and whether they are always applicable. Doubts often creep in
when encountering notions such as limits and derivatives, or infinite sums,
when suddenly some of the old rules are not applicable. Again, logic has an
important notion to contribute, namely the notion of consistency.

6. Proving vs Checking: Typically, proofs in school mathematics involve demon-
stration that a universally quantified statement is true in some implicit struc-
ture. The quantification could be over numbers, triangles, circles, and so on.
(Note that even the assertion of an infinity of primes is of the form ∀x∃y.)
On the other hand, students are used to checking that a property holds for
some object: for instance that 137 is a prime, or that perpendicular bisectors
of a given triangle have a point of concurrency, and so on. Yet the former
isn’t called a proof whereas the latter is termed a theorem. These are clearly
logical issues and can easily be cleared up with some understanding of logic.

7. Reasoning about algorithms: This is of sufficient importance for us to discuss
it separately in the next section.

We reiterate the fact that this is an indicative list, and we make no claims
to being comprehensive. Further, we emphasise that we are not advocating the
teaching of these notions to students but only that mathematics curricula take
cognizance of them, and that teachers learn sufficient logic so that it informs
pedagogy.

4 Reasoning About Algorithms

If there is one thing that characterises school mathematics for a student, it is
the learning of algorithms in one context after another, be it long division, or
factorisation of quadratic expressions, or matrix inversion, or computing com-
pound interest, or finding the standard deviation of given data, and so on. These
are largely seen to be disparate, to be learnt and applied in context. It is not
an exaggeration to say that the teaching and learning of these algorithms dom-
inates school mathematics almost to the exclusion of their declarative content.
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Moreover, the conceptual vs procedural debate dominates the discourse on math-
ematics education.

Our mention of algorithms is to point out that reasoning about algorithms is
crucial for bridging the conceptual – procedural divide (where it exists) and that
this is an indispensable role for logic. Moreover, it is such reasoning that is central
to computational thinking, a term of great current interest. Indeed it is when
algorithms are taught and learnt as procedures without any explicit reasoning
about them that mathematics becomes difficult for many. The position paper
[15] on teaching of mathematics in the 2005 National Curriculum Framework
asserts:

. . . we have repeatedly referred to offering a multiplicity of approaches,
procedures, solutions. We see this as crucial for liberating school mathe-
matics from the tyranny of the one right answer, found by applying the
one algorithm taught. When many ways are available, one can compare
them, decide which is appropriate when, and in the process gain insight.

When we have a multiplicity of methods, they need to be compared and
analysed to determine which method works best when, and this is the conceptual
understanding of importance to mathematics learning. Ideally when students
come up with algorithms, compare theirs with other algorithms and argue about
them, they acquire confidence in the use of these algorithms. Logic has a great
deal to contribute in this regard.

Opportunities for such reasoning are present throughout school. Very small
children working with some number of counters, say 20, need to reason thus
when they are asked, “how do you know you have counted them all?” and come
up with grouping strategies. When a child who has distributed 20 toffees among
10 children is asked, “how many do you have?” answers readily. When asked
further, “how many do each of your friends have?”, needs to reason explicitly
by symmetry, provided the algorithm she used for toffee distribution treats all
children symmetrically.

At primary school, students get asked how many different pairs of whole
numbers add to (say) 10. When a student offers the solution, there is an implicit
question to her: how do you know you have counted them all? This process of
verification involves reasoning, and when it becomes a habit, shows the value of
formal reasoning as it helps the student catch routine mistakes. The transition
from “do you know” to “how do you know it” is important for mathematics,
and reasoning provides the natural vehicle for carrying the student through the
transition.

One can list a range of algorithms in number theory, algebra, geometry,
trigonometry, calculus, statistics and business mathematics and ask, in each
case, how students reason about the correctness of the algorithm they learn.
Much better, if and when they get to devise algorithms of their own, one can
ask how they argue that their method works. While formal proofs of correctness
may neither be feasible nor required, argumentation is important, and logic can
help in this.
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All this, of course, is even more relevant to computing education. Reasoning
about procedures is at the heart of computational thinking [16] and the connec-
tion to logic is generally missed in school. When a small child is asked to add
2, 104 and 78, and regroups them to first get 80 first and then adds it to 104, this
re-ordering is a crucial element of computational thinking. Over time a student
builds up such rules, and reflection on these rules and their applicability is a
logical exercise, very much necessary for meta-cognition.

Students learning programming need to also learn to build correctness argu-
ments (even if not proofs). Reasoning about programs requires understanding
the syntax semantics distinction, and checking whether a claim is true or not at
different points of program execution. Logic plays an indispensable role here [5].

We point out once again that it is quite unclear how a separate logic course
taught as a curricular unit will help in the ways listed above. More than the
formal language of logic, integral use of these Big Ideas within the mathematics
and computing curricula would be helpful.

5 Experiences

Experiential accounts of educational interventions are of very limited value.
What we need is research based on strong data from classroom practices, anal-
ysed in appropriate theoretical frameworks. Our discussion here should be seen
as stressing the need for such research, one that examines whether a logician’s
perspective may be able to influence mathematics and computing curricula pos-
itively, and if yes, understand how, in a nuanced manner.

However, two instances of discussion on some of the issues discussed in this
paper seem to be worth reporting. The first of these was during a workshop for
high school teachers of mathematics in 2015 and the second was in a mathematics
club activity with students in the higher secondary stage (age 16–17, in grades
11–12, the last stage before students enter university). To a great extent, these
were among the experiences initiated the author’s foray into discussions with
mathematics teachers and educators on logic.

5.1 Algebra Tricks

The workshop for high school teachers was on problem solving in algebra and
geometry. In a particular session, there was discussion on problem solving tech-
niques that had come up in different contexts, and while we were listing them,
one teacher V made the remarkable assertion that there was no unifying method
combining these techniques, especially in the context of algebra. He contended
that they were “tricks” and best learnt thus. Several teachers disputed this, but
when called upon to present a unifying method, found it hard to even argue that
any such method exists, let alone present one, much to the glee of the (by now
growing) camp of “algebra tricks” enthusiasts.

At this point, one of the participant teachers M wondered whether this was a
problem specific to algebra, and whether the situation was different with regard
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to geometric reasoning. She felt that geometry was about proofs, and that should
help. The author deferred to V on this, who was emphatic that geometry was
“logical”, entirely based on axioms and proof, and hence all techniques were uni-
fied. The ensuing discussion led to a consensus among teachers that the axiomatic
method in geometry provided a sound basis for problem solving as well.

At this point, the author reminded teachers that algebra was entirely
axiomatic in its development. A teacher protested that this was true of “abstract
algebra” studied in the university, not algebra in school mathematics which was
only about “solving equations”. This led to a general discussion but it was clear
that there was a sense of unease with what had been concluded some moments
ago. The author gave an impromptu lecture on equational theories and decision
problems related to them. Almost everyone had heard of Gödel’s theorems but
had not seen their relevance to the matter under discussion. Tarski’s theorem on
real arithmetic was entirely unfamiliar to teachers. They were impressed that an
algorithm could possibly be constructed to solve high school algebra problems,
but this also made them somehow uneasy.

This instance is recounted only to highlight the point made earlier that
notions such as consistency and algorithms for satisfiability in equational theories
are relevant for mathematics pedagogy, and hence that teachers would benefit
from familiarity with these notions.

5.2 What are Foundations?

The other instance occurred when the author was visiting a school to conduct a
mathematics club session for students in the last two years of school, preparatory
to entering the university. The author was introduced as someone working on
‘the logical foundations of computer science’. The day’s plan was to play some
games, introduce some game theoretic ideas. Before we could get started, student
K wanted to ask something, and was clearly hesitant to pipe up. There was some
discussion between him and his neighbour. After some prodding, he asked: What
does ‘logical foundation’ mean? Mathematics is the one beneath everything. The
side comment was a particularly enticing invitation for discussion (and game
theory was happily abandoned then and there).

The discussion was initially incoherent but settled on the question of whether
logic was founded on mathematics or it was the other way. The student group was
overwhelmingly in support of the former opinion, and the author’s prompts about
logic providing the language of mathematics were ineffective. The pivotal opinion
was expressed by student D who said, How can we talk of d

dx and limits as ∧ and
∨?. She carried the day, with others pitching in with their favourite construct
such as √, integrals, and so on. The students were familiar with the language of
boolean logic, and while they had some idea of quantifiers, the word logic largely
meant assertions such as law of contrapositives and formal deductions (as seen
in geometry).

Feeling obliged to talk a little on foundations of mathematics, without the
rigorous setting of first order logic, the author embarked on a presentation of
Peano’s axioms for arithmetic, and having got the consent of students that they
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were reasonable, showed that even a ‘weird’ arithmetic, with two copies of the
number line, “one sitting on top of another”, would support these axioms. The
idea was to show that it makes sense to define mathematical objects by their
properties, but that the properties may lead us to new ‘weird’ objects. The
students were almost spell-bound by this demonstration and the author was
gratified to get a round of spontaneous applause for the ‘weird’ number line.
(After the talk, a bothered student asked the author which was actually true,
whether there was only one number line, or many more.)

Since this incident, the author has had similar discussions with undergraduate
students of mathematics as well, with varied experiences. But the idea of a
nonstandard model (admittedly only demonstrated, not proven) was always an
aha moment for students.

Again, this instance is recounted not to ask for inclusion of foundations of
mathematics in the curriculum, but only to point to one of the Big Ideas dis-
cussed earlier, that of Model construction. This idea is not only a foundational
concept in mathematics but of pedagogic purpose as well, in terms of inspiring
students and giving them a glimpse of how the mathematical edifice is con-
structed, rather than taking mathematical constructs as given.

Indeed, all the Big Ideas presented here are supported by experiences of this
kind, arising from interactions with students and teachers.

6 Room for Logic

ICLA is not the appropriate forum for discussing school curricula in mathematics
and computing. However, certain remarks, as they pertain to ways by which
logicians can contribute meaningfully to school education, seem worth offering.
We list some below in formulaic terms, without detailed justification.

– Logic has a significant role to play in school mathematics, but it is quite
unclear whether this is actualised by teaching the language of boolean logic
and syllogisms, or by emphasis on formal deductions in Euclidean geometry.

– Logic can be greatly helpful in clearing up a range of misconceptions that
students have, and in easing students into facility with the formal language
of mathematics. This is of particular importance since mathematical language
is known to play a greatly alienating role for a large proportion of the stu-
dent population (perhaps the majority). Formalisation and formalisability are
notions relevant to understanding discourse in mathematics classrooms [12],
and logicians have significant expertise in this regard.

– Mathematics teachers can greatly benefit from learning the central ideas of
logic, but again it is unclear whether the standard introductory course in
mathematical logic offered at the university achieves this purpose.

– Reasoning about procedures is central to computational thinking and this is
a fundamental need for both mathematics and computing education. While
this is being acknowledged in recent times, we have some way to go before
we have curricular designs for schools that incorporate such reasoning.
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– A range of technological tools (such as Geogebra or Mathigon) and Computer
Algebra Systems have had significant impact on mathematics classrooms with
pedagogic integration. Can logic tools play a similar role? Do we need spe-
cialised child-friendly tools for school students’ logical explorations?

– As a rule, mathematics educators seem to be largely unaware of the inter-
action between mathematical logic and mathematics, and what logic might
mean at different stages of schooling. While there is extensive literature on
how students reason in mathematics classrooms, this is not examined in the
light of logic in itself.

[15] talks of compartmentalisation as one of the major problems of the math-
ematics education milieu, with little interaction between mathematics teachers
at the university and those in high school, or between the latter and teachers
in the elementary school. The tribe of logicians is miniscule in comparison, but
interaction between logicians and mathematics teachers can be of mutual benefit
to both.
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Abstract. For each non-zero cardinal κ, we introduce a generalized sep-
aration axiom T κ

0 for topological spaces. For every integer n > 0, under
the d-semantics which interpret ♦ as the derived set operator in a topo-
logical space, the class of all T n

0 -spaces is d-defined by the modal formula
tn0 , and we show that wK4Tn

0 = wK4 ⊕ tn0 is the d-logic of all T n
0 -spaces.

For κ ≥ ℵ0, the class of all T κ
0 -spaces is not d-definable.

Keywords: Topological space · Separation axiom · Modal logic

1 Introduction

McKinsey and Tarski [18] proposed interpretations of the unary modal operator
♦ as the closure operator C and the derived set operator d of a topological space.
These interpretations give the topological C-semantics and d-semantics for modal
logic. According to the work [8], we distinguish C-logics under the C-semantics
and d-logics under the d-semantics. The C-logic of all topological spaces is the
modal logic S4 (cf. [18]), and the d-logic of all topological spaces is the modal
logic wK4 (cf. [15]). The fundamental connection between C-semantics and d-
semantics gives an embedding of the modal logic S4 into wK4 (cf. e.g. [8,16]).
These discoveries drive the development of the fruitful branch of topological
semantics in the study of modal logic. Many modal logics are shown to be C-
logics or d-logics of various classes of topological spaces (cf. e.g. [2,3,6–11]), and
topological structures are also used for modeling concrete scenarios like reasoning
about knowledge and belief (cf. e.g. [20]).

In the present work, we are concerned with modal logics of topological spaces
defined by separation axioms. It is quite standard in the study of topology to
consider a series of separation axioms including T0 (Kolmogoroff), T1 (Fréchet),
T2 (Hausdorff), T3 (Vietoris/regular) and T4 (Tietze/normal) etc. (cf. e.g. [1,4,
14,19,24]). These axioms obtain their new forms or applications in the study of
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topological spaces (cf. e.g. [5,13,17,21,22]). Few results on the logic of separation
axioms can be found in the literature (cf. [23]). Here let us concentrate on the
d-semantics of modal logics, and hence the d-definability of separation axioms.
It is known that K4 is the d-logics of all Td-spaces (also called T1/2-spaces) as
well as the one of all Stone spaces (cf. [9]). Since all Stone spaces are normal,
it follows that T1, T2, T3 and T4 are not d-definable in modal logic. However,
it is shown in [10] that T0-spaces are d-definable in the basic modal language,
namely, a topological space X is a T0-space if and only if the modal formula
(t0) p ∧ ♦(q ∧ ♦p) → ♦p ∨ ♦(q ∧ ♦q) is d-valid in X . Furthermore, it is shown in
[10] that the modal logic wK4T0 = wK4⊕ t0 is d-logic of all T0-spaces, and that
it is also the d-logic of all spectral spaces.

The separation axiom T0 says that each pair of different points can be sep-
arated by an open set. It is based on T0 that other point separation axioms are
defined. In the present work, we propose the notion of set separation and intro-
duce generalized separation axioms. Basically a set Z ⊆ X in a topological space
〈X, τ〉 is distinguishable if there exists an open set Y such that ∅ 	= Y ∩ Z 	= Z.
For each non-zero cardinal κ, we introduce Tκ

0 -spaces. For each positive integer
n, we introduce a modal formula (tn

0 ) which d-defines Tn
0 -spaces. We show that

wK4Tn
0 = wK4 ⊕ tn

0 is the d-logic of all Tn
0 -spaces. However, for each infinite

cardinal κ, the class of all Tκ
0 -spaces is not d-definable. These generalized sepa-

ration axioms Tκ
0 give new classes of topological spaces. Kripke frames for (tn

0 )
are exactly those in which each proper cluster has at most n-irreflexive points.
The modal logic wK4Tn

0 is also characterized by frames for (tn
0 ).

The structure of this paper is given as follows. Section 2 gives preliminaries on
topological spaces and the d-semantics of modal logic. Section 3 gives generalized
separation axioms Tκ

0 and proves basic properties of Tκ
0 -spaces. Section 4 proves

that each Tn
0 with positive integer n is d-definable in modal logic, and shows the

d-completeness of modal logic wK4Tn
0 . Section 5 gives some concluding remarks.

2 Preliminaries

Let N and Z be sets of natural numbers and integers respectively. Let Z
+ be the

set of all positive integers. We use |X| for the cardinality of a set X, and P(X)
for the power set of X. We recall some basic notions of topological spaces from
e.g. [24], as well as modal logic of space from e.g. [7–10].

A topological space is a pair X = 〈X, τ〉 where X 	= ∅ and τ ⊆ P(X) such
that X, ∅ ∈ τ and τ is closed under arbitrary unions and finite intersections.
Elements in τ are called open sets. A subset Y ⊆ X is closed if X \ Y is open.
The class of all topological spaces is denoted by Topo.

Let X = 〈X, τ〉 be a space and x ∈ X. A subset Y ⊆ X is an open neighbor-
hood of x if x ∈ Y ∈ τ . Let N(x) be the set of all open neighborhoods of x. For
every subset A ⊆ X, let d(A) be the derived set of A, i.e.,

d(A) = {x ∈ X : ∀U ∈ N(x)(U ∩ (A \ {x}) 	= ∅)}.

A base for τ is a B ⊆ τ with τ = {
⋃

B∈C B : C ⊆ B}. A subbase for τ is a
C ⊆ τ such that all finite intersections of elements in C form a base for τ .
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Point separation in a topological space X are introduced by requiring that
X satisfies one of the separation axioms T0, T 1

2
, T1 or T2 etc.

Definition 1. Let X = 〈X, τ〉 be a topological space.

(1) X is a T0-space if for each pair of different points there exists an open set
containing one and not the other.

(2) X is a T 1
2
-space if for each x ∈ X there exists U ∈ N(x) such that {x} is

closed in U .
(3) X is a T1-space if for each pair 〈x, y〉 of different points, there exist open

sets U, V ∈ τ such that U ∩ {x, y} = {x} and V ∩ {x, y} = {y}.
(4) X is a T2-space, or Hausdorff space if for each pair of different points x and

y there exist disjoint open neighborhoods of x and y.

Let T0, T 1
2
, T1 and T2 be classes of all T0-spaces, T 1

2
-spaces T1-spaces and

T2-spaces respectively. It is shown in [4] that T 1
2

is between T0 and T1. Then we
see that T2 � T1 � T 1

2
� T0.

Let X = 〈X, τ〉 and Y = 〈Y, σ〉 be topological spaces. Then Y is a subspace
of X if Y ⊆ X and σ = {U ∩ Y : U ∈ τ}. Let f : X → Y be a map.

(1) f is continuous if V ∈ σ implies f−1(V ) ∈ τ .
(2) f is open if U ∈ τ implies f(U) ∈ σ.
(3) f is interior if f is continuous and open.

We say Y is an interior image of X if there is an interior map from X onto Y .
Let {Xi = 〈Xi, τi〉}i∈I be a family of topological spaces. The topological sum

of {Xi}i∈I is defined as the topological space
⊕

i∈I Xi = 〈
⊎

i∈I Xi, τ〉 where⊎
i∈I Xi is the disjoint union of {Xi}i∈I and τ = {U ⊆ X : ∀i ∈ I(U ∩Xi ∈ τi)}.

The topological product of {Xi}i∈I is defined as
∏

i∈I Xi = 〈
∏

i∈I Xi, τ〉 where∏
i∈I Xi is the product of {Xi}i∈I and τ is obtained by taking as a base, sets of

the form
∏

i∈I Ui, where Ui ∈ τi for all i ∈ I; and Ui = Xi for all but finitely
many coordinates. If I = {n1, · · · , nk} is finite, we write Xn1 × · · · × Xnk

.
Let X = 〈X, τ〉 be a space, Z a set and g : X → Z a onto mapping. Let

τg = {H ⊆ Z : g−1(H) ∈ τ}. The topological space Xg = 〈Z, τg〉 is called the
quotient of X induced on Z by g. The inducing map g is called a quotient map.

A class of topological spaces K is closed under an operation O if O(X ) ∈ K
for all X ∈ K. It is well-known that, for each i ∈ {0, 1

2 , 1, 2}, Ti is closed under
subspaces and topological products; Ti is not closed under quotients. Moreover,
T2 is not closed under interior images.

Now we introduce the d-semantics of modal logic in topological spaces, which
we refer to [8]. We take the basic modal language with only a diamond ♦.

Definition 2. Let V = {pi : i ∈ N} be a set of propositional variables. The set
of all modal formulas L is defined inductively as follows:

L  ϕ ::= p | ¬ϕ | (ϕ1 ∨ ϕ2) | ♦ϕ

where p ∈ V. The connectives �, ⊥, ∧, → and ↔ are defined as usual. We use
the abbreviation �ϕ := ¬♦¬ϕ.
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Definition 3. A topological model is a triple M = 〈X, τ, ν〉 where X = 〈X, τ〉
is a topological space and ν : Prop → P(X) is a function which is called a
valuation in X . A valuation ν is extended to all modal formulas L as follows:

ν(¬ϕ) = X \ ν(ϕ); ν(ϕ ∨ ψ) = ν(ϕ) ∪ ν(ψ); ν(♦ϕ) = d(ν(ϕ)).

Note that ν(�ϕ) = {x ∈ X : ∃U ∈ N(x)(U ⊆ ν(ϕ) ∪ {x})}. For every formula
ϕ, topological model M = 〈X, τ, ν〉, X ∈ Topo and K ⊆ Topo,

(1) ϕ is true at w in M (notation: M, w |= ϕ) if w ∈ ν(ϕ).
(2) ϕ is true in M (notation: M |= ϕ) if w ∈ ν(ϕ) for all w ∈ X.
(3) ϕ is valid in X (notation: X |= ϕ) if X , ν |= ϕ for every valuation ν in X .
(4) ϕ is valid in K (notation: K |= ϕ) if X |= ϕ for all X ∈ K.

The set of modal formulas Ld(K) = {ϕ ∈ L : K |= ϕ} is called the d-logic of a
class of topological spaces K. If K = {X}, we write Ld(X ).

Many d-logics of classes of topological spaces are finitely axiomatizable. Here
a normal modal logic is defined as a set of modal formulas L such that

(1) all instance of classical propositional tautologies belong to L;
(2) �(p → q) → (�p → �q) ∈ L;
(3) L is closed under (MP) and uniform substitution.

Let K denote the least normal modal logic. For a normal modal logic L and a
set of formulas Σ, let L ⊕ Σ be the least normal modal logic containing L ∪ Σ.

Definition 4. Let w4, t0 and 4 be the following modal formulas:

♦♦p → p ∨ ♦p (w4)
p ∧ ♦(q ∧ ♦p) → ♦p ∨ ♦(q ∧ ♦q) (t0)
♦♦p → ♦p (4)

Let wK4 = K ⊕ w4, wK4T0 = wK4 ⊕ t0 and K4 = K ⊕ 4.

It is known that wK4 = Ld(Topo) and K4 = Ld(T 1
2
) (cf. [15,16]). Moreover,

wK4T0 = Ld(T0) (cf. [10]). Kripke semantics is used in the proof of topological
completeness and related consequences. Recall some definitions from e.g. [8,10].

Definition 5. A frame is a pair F = 〈W,R〉 where W 	= ∅ and R ⊆ W × W .
For each w ∈ W and S ⊆ W , we define R(w) = {u ∈ W : wRu} and R[S] =⋃

w∈S R(w). A point w ∈ W is reflexive if w ∈ R(w). A point w ∈ W is
irreflexive if w 	∈ R(w). Let ♦R : P(W ) → P(W ) be the function defined as

♦RQ = {w ∈ W : R(w) ∩ Q 	= ∅} for each Q ∈ P(W ).

A valuation in a frame F = 〈W,R〉 is a function θ : V → P(W ). A valuation θ
is extended to the set of all modal formulas L by the following rule:

θ(¬ϕ) = W \ θ(ϕ); θ(ϕ ∨ ψ) = θ(ϕ) ∪ θ(ψ); θ(♦ϕ) = ♦Rθ(ϕ).
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A Kripke model is a triple M = 〈W,R, θ〉 where 〈W,R〉 is a frame and θ is a
valuation. A formula ϕ is true at w in M = 〈W,R, θ〉 (notation: M, w |= ϕ)
if w ∈ θ(ϕ). A formula ϕ is valid at w in F = 〈W,R〉 (notation: F, w |= ϕ) if
w ∈ θ(ϕ) for each valuation θ in F. A formula ϕ is valid in F (notation: F |= ϕ)
if F, w |= ϕ for every w in F.

For a set of modal formulas Σ, let Fr(Σ) be the class of all frames validating
every formula in Σ. Let Fr<ω(Σ) be the set of all finite members in Fr(Σ). For
every class of frames C, let C |= ϕ denote that ϕ is valid in C. Let Th(C) =
{ϕ ∈ L : C |= ϕ} and we call it the theory of C. If C = {F}, we write Th(F).
A normal modal logic L is Kripke-complete if L = Th(Fr(L)); L has the finite
model property (FMP) if L = Th(Fr<ω(L)).

A frame F = 〈W,R〉 is weakly transitive if for all w, u, v ∈ W , if wRu and
uRv, then w = v or wRv. A frame F |= w4 if and only if F is weakly transitive.
For every weakly transitive frame F = 〈W,R〉, F |= t0 if and only if for all
w, v ∈ W , if wRv and vRw, then wRw or vRv. Note that wK4 and wK4T0 have
the FMP (cf. [10,15]).

Definition 6. Let F = 〈W,R〉 be a weakly transitive frame and w ∈ W . The
cluster generated by w, denoted by C(w), is defined as follows:

C(w) = {w} ∪ {u ∈ R(w) : w ∈ R(u)}.

A subset C ⊆ W is a cluster if C = C(w) for some w ∈ W . Let Cir (or Cir(w))
denote the set of all irreflexive points in C (or C(w)). A cluster C is degenerate
if |C| = |Cir| = 1. A cluster is proper if it is not degenerate.

Clearly, for every weakly transitive frame F = 〈W,R〉, F |= t0 if and only if
every proper cluster in F contains at most one irreflexive point.

3 Generalized Separation Axioms

In this section, we generalize point separation to set separation, and introduce
generalized separation axioms which define new classes of topological spaces.
They are generalized from T0 by considering set separation.

Definition 7. Let X = 〈X, τ〉 be a topological space. A subset Z ⊆ X is distin-
guishable if there exists an open set Y ∈ τ such that ∅ 	= Y ∩ Z 	= Z. In this
case, Y is called a separator for Z, or we say that Y separates Z.

For each n ∈ N, let n denote the set {0, · · · , n − 1}. Consider the set 3 and
topological space X3 = 〈3, τ〉 where τ = {3, ∅, {0, 1}}. Clearly the set {0, 1} is
a separator for {1, 2}. However, the set {0, 1} itself is not distinguishable.

In what follows, we use Card for the class of all cardinals and Card+ for the
class of all non-zero cardinals. For each κ ∈ Card+, let κ+ be the successor of κ.
We also use cardinal arithmetic lightly.
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Definition 8. Let X = 〈X, τ〉 ∈ Topo and κ ∈ Card+. Then X is a Tκ
0 -space

if every Z ⊆ X with |Z| ≥ 1 + κ is distinguishable. Let Tκ
0 be the class of all

Tκ
0 -spaces.

For κ ∈ Z
+, X is a Tκ

0 -space if every Z ⊆ X with |Z| > κ is distinguishable.
For κ ≥ ℵ0, X is a Tκ

0 -space if every Z ⊆ X with |Z| ≥ κ is distinguishable.
Note that all T 1

0 -spaces are exactly T0-spaces.

Example 1. Partitions of sets yield Tκ
0 -spaces in a natural way. Let X 	= ∅ be

a set and π be a partition of X. For every x ∈ X, let π(x) be the block of x.
Suppose max{|π(x)| : x ∈ X} = κ+ with 0 < κ < ℵ0. Consider the topological
space X = 〈X, τ〉 where τ = {

⋃
y∈Y π(y) : Y ⊆ X}. Now we show X ∈ Tκ+

0 \Tκ
0 .

To show that X ∈ Tκ+

0 , let Y ⊆ X be a set such that |Y | ≥ 1 + κ+ > κ+ and
y ∈ Y . Then |π(y)| ≤ κ+ and so ∅ 	= Y ∩π(y) 	= Y . Then π(y) is a separator for
Y . Hence X ∈ Tκ+

0 . To show X 	∈ Tκ
0 , take x ∈ X such that |π(x)| = κ+ ≥ 1+κ.

Let U =
⋃

z∈Z π(z) ∈ τ be an open set. Clearly either U ∩π(x) = ∅ or π(x) ⊆ U .
Then π(x) is not distinguishable. Hence X 	∈ Tκ

0 .

Proposition 1. Let κ ∈ Card+. The following hold:

(1) Subspaces of Tκ
0 -spaces are Tκ

0 -spaces.
(2) Sum of Tκ

0 -spaces are Tκ
0 -spaces.

Proof. (1) Let X = 〈X, τ〉 be a Tκ
0 -spaces and Y = 〈Y, σ〉 a subspace of X . If

Z ⊆ Y and |Z| ≥ 1 + κ, then Z ⊆ X is distinguishable. Hence Y is a Tκ
0 -space.

(2) Let {Xi}i∈I be a family of Tκ
0 -spaces and Xi = 〈Xi, τi〉 for each i ∈ I.

Let X = 〈X, τ〉 be the sum
⊕

i∈I Xi. Suppose S ⊆ X is not distinguishable. If
S = ∅, then |S| < 1 + κ. Suppose S 	= ∅ and s ∈ S. Then s ∈ Xi for some
i ∈ I. By Xi ∈ τ , we have t ∈ Xi for all t ∈ S. Otherwise, Xi is a separator for
S. Hence S ⊆ Xi. Recall that Xi is a Tκ

0 -space and S is not distinguishable. It
follows that |S| < 1 + κ. ��
Theorem 1. Let κ ∈ Card+. The following hold:

(1)
⋃

0<λ<κ Tλ
0 � Tκ

0 .
(2) For every X ∈ Topo, there exists κ ∈ Card+ with X ∈ Tκ

0 \
⋃

0<λ<κ Tλ
0 .

Proof. (1) Note that Tλ
0 ⊆ Tκ

0 for all λ < κ. Then
⋃

0<λ<κ Tλ
0 ⊆ Tκ

0 . Suppose
κ = μ+ for some μ ∈ Card. Let X 	= ∅ and TX be the trivial topology on X. If
μ < ℵ0 and |X| = κ, then clearly TX ∈ Tκ

0 \
⋃

0<λ<κ Tλ
0 . If μ ≥ ℵ0 and |X| = μ,

then we can also readily check that TX ∈ Tκ
0 \

⋃
0<λ<κ Tλ

0 .
Suppose κ is a limit cardinal. Let {TXλ

: 0 < λ < κ} be a family of trivial
topological spaces such that |Xλ| = λ for all 0 < λ < κ. Note that TXλ

are Tκ
0 -

spaces for all 0 < λ < κ, by Proposition 1 (2),
⊕

0<λ<κ TXλ
is Tκ

0 . Let λ < κ.
Then we see that TXλ+ 	∈ Tλ

0 . Since κ is a limit cardinal, λ+ < κ and so TXλ+

is a subspace of
⊕

0<λ<κ TXλ
. By Proposition 1(1) and the arbitrariness of λ,

⊕
0<λ<κ TXλ

is not Tλ
0 for any λ < κ, which entails

⊕
0<λ<κ TXλ

	∈
⋃

0<λ<κ Tλ
0 .

(2) Let X = 〈X, τ〉 be a topological space. Clearly X ∈ T
|X|+
0 . Then we see

that T = {λ ∈ Card+ : 〈X, τ〉 ∈ Tλ
0} 	= ∅. Let κ = min(T ) and we are done. ��
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Lemma 1. Let {Xi : i ∈ I} be a family of topological spaces and
∏

i∈I Xi =
〈X, τ〉. A subset S ⊆ X is distinguishable if and only if S(i) = {f(i) : f ∈ S} is
distinguishable in Xi for some i ∈ I.

Proof. Let Xi = 〈Xi, τi〉 for each i ∈ I. Assume S(i) is distinguishable in Xi for
some i ∈ I. Then there are f, g ∈ S and U ∈ τi such that f(i) ∈ U and g(i) 	∈ U .
For each j ∈ I, we define

Yj =

{
Xj , if j 	= i

U, if j = i.

Then
∏

j∈I Yj ∈ τ is a separator for S.
Assume S is distinguishable. There are f, g ∈ S and U =

∏
i∈I Ui ∈ τ such

that f ∈ U and g 	∈ U . Then there exists i ∈ I with g(i) 	∈ Ui. Since f(i) ∈ Ui

and Ui ∈ τi, we have ∅ 	= S(i) ∩ Ui 	= S(i). Then S(i) is distinguishable. ��

Proposition 2. Let {κi : i ∈ I} ⊆ Card+ and {Xi : i ∈ I} be a family of
topological spaces where Xi ∈ Tκi

0 for each i ∈ I. Then
∏

i∈I Xi ∈ Tκ
0 where

κ = (
∏

i∈I κi)+.

Proof. Let Xi = 〈Xi, τi〉 for i ∈ I. Suppose that S ⊆
∏

i∈I Xi is not distinguish-
able. By Lemma 1, for each i ∈ I, S(i) = {f(i) : f ∈ S} is not distinguishable
in Xi. Hence |S(i)| < 1 + κi and so |S(i)| ≤ κi. Note that S ⊆

∏
i∈I S(i). Then

|S| ≤ |
∏

i∈I S(i)| ≤
∏

i∈I κi < κ ≤ 1 + κ. It follows that
∏

i∈I Xi ∈ Tκ
0 . ��

When finite non-zero cardinals are concerned, the product of Tκ
0 -spaces is

more elegant. For example, consider the topological space X2 = 〈2, {2, ∅}〉.
Clearly X2 ∈ T2

0. However, X2 ×X2 = 〈4, {4, ∅}〉 which is clearly not a T 2
0 -space

but a T 4
0 -space.

Proposition 3. Let n,m ∈ Z
+. If X1 ∈ Tn

0 and X2 ∈ Tm
0 , then X1×X2 ∈ Tn×m

0 .

Proof. Let X1 = 〈X1, τ1〉 ∈ Tn
0 and X2 = 〈X2, τ2〉 ∈ Tm

0 . Suppose S ⊆ X1 × X2

is not distinguishable. By Lemma 1, S(i) = {f(i) : f ∈ S} is not distinguishable
in Xi for i ∈ {1, 2}. Then |S(1)| < 1 + n and |S(2)| < 1 + m. Then |S(1)| ≤ n
and |S(2)| ≤ m. By S ⊆ S(1) × S(2), |S| ≤ |S(1) × S(2)| ≤ n × m < 1 + n × m.
Hence X1 × X2 ∈ Tn×m

0 . ��

For the operations of quotient and open continuous image on the class of all
topological spaces, we have the following general negative result on Tκ

0 .

Proposition 4. Let κ ∈ Card+. There are spaces H1 and H2 such that H1 ∈ T0,
H2 	∈ Tκ

0 , H2 is a quotient of H1, and H2 is an interior image of H1.

Proof. Let κ ∈ Card+ and λ = κ+ + ℵ0. Let X,Y be sets with |X| = λ and
|Y | = κ+. Let H1 = 〈X × Y, τ〉 be the topological space where τ = {∅} ∪ {Z ⊆
X ×Y : |(X ×Y )\Z| < ℵ0}. Let H2 be the trivial space over Y . Clearly H1 ∈ T0

and H2 	∈ Tκ
0 . Let f : X ×Y → Y be the function defined by f(〈x, y〉) = y. Then

the quotient of H1 induced by f is exactly H2. Note that f is an interior map
and onto. Hence H2 is an interior image of H1. ��
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4 Modal Logic wK4Tn
0

Now we introduce modal logics of Tκ
0 -spaces under the d-semantics. Recall that

T0-spaces are d-defined by the modal formula t0, and wK4T0 is exactly the modal
logic of all T0-spaces. This section generalizes these results for Tκ

0 -spaces.

Definition 9. For each n ∈ Z
+, let tn

0 denote the modal formula

p0 ∧
∧

1≤i≤n

♦(¬p1 ∧ · · · ∧ ¬pi−1 ∧ pi ∧ ♦p0) → ♦p0 ∨
∨

1≤i≤n

♦(pi ∧ ♦pi).

Let wK4Tn
0 denote the modal logic wK4 ⊕ tn

0 .

Note that t10 is exactly t0. A frame F = 〈W,R〉 is irreflexive if w 	∈ R(w) for
all w ∈ W . The following proposition gives the condition for the validity of tn

0 .

Proposition 5. Let F = 〈W,R〉 be a weakly transitive frame. For each n ∈ Z
+,

F |= tn
0 if and only if |Cir(w)| ≤ n for all w ∈ W .

Proof. Assume |Cir(w)| > n for some w ∈ W . Then there exist pairwise different
irreflexive points w0, · · · , wn ∈ C(w). Let θ be a valuation in F such that θ(pi) =
{wi} for all i ≤ n. Then F, θ, wi |= ¬p1∧· · ·∧¬pi−1∧pi∧♦p0 for all i ∈ {1, · · · , n},
which implies F, θ, w0 |= p0 ∧

∧
1≤i≤n ♦(¬p1 ∧ · · · ∧ ¬pi−1 ∧ pi ∧ ♦p0). Since

w0, · · · , wn are irreflexive, we have F, θ, w0 |= ¬♦p0∧
∧

1≤i≤n �¬(pi ∧♦pi). Then
F, θ, w0 	|= tn

0 and so F 	|= tn
0 .

Assume F 	|= tn
0 . There exists a point w ∈ W and a valuation θ in F with

F, θ, w 	|= tn
0 . Let M = 〈W,R, θ〉 and w0 = w. Then M, w0 |= p0 ∧ �¬p0 and for

each 1 ≤ i ≤ n there exists wi ∈ R(w0) with M, wi |= ¬p1∧· · ·∧¬pi−1∧pi∧♦p0∧
�¬pi. For all i 	= j ≤ n, wi 	= wj are irreflexive. Then |{w0, · · · , wn}| = n + 1.
Let l ∈ {1, · · · , n}. Since M, wl |= ♦p0, there exists u ∈ R(wl) with M, u |= p0.
Since F is weakly transitive, by w0Rwl and M, w0 |= �¬p0, u = w0. Then wlRw0

for all l ∈ {1, · · · , n}. Hence i 	= j ≤ n implies wiRwj . Then |Cir(w)| > n. ��

Clearly (tn
0 ) is a Sahlqvist-formula and so wK4Tn

0 is complete (cf. e.g. [12]).

Proposition 6.
⋂

n∈Z+ wK4Tn
0 = wK4.

Proof. Suppose ϕ 	∈ wK4. Since wK4 has the FMP (cf. [9]), there exists a finite
weakly transitive frame F = 〈W,R〉 such that F 	|= ϕ. Let |W | = k ∈ Z

+.
Obviously F |= wK4Tk

0 . Then F |=
⋂

n∈Z+ wK4Tn
0 . Hence ϕ 	∈

⋂
n∈Z+ wK4Tn

0 . ��

Proposition 7. For each n ∈ Z
+, wK4Tn

0 has the FMP.

Proof. Note that Fr(tn
0 ) is closed under taking subframes and so wK4Tn

0 is a
subframe logic over wK4. By [11, Theorem 5.9], wK4Tn

0 has the FMP. ��

By Proposition 7, for each n ∈ Z
+, the logic wK4Tn

0 is decidable since it is
finitely axiomatized. Now we are ready for proving the d-definability of Tn

0 -spaces
and further the topological completeness of modal logics wK4Tn

0 .
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Theorem 2. Let X ∈ Topo and n ∈ Z
+. Then X |= tn

0 if and only if X ∈ Tn
0 .

Proof. Let X = 〈X, τ〉. Suppose X 	∈ Tn
0 . Then there exist pairwise different

points x0, · · · , xn ∈ X such that {x0, · · · , xn} is not distinguishable. Let ν be
a valuation in X with ν(pi) = {xi} for all i ≤ n, and M = 〈X, τ, ν〉. Let
i 	= j ∈ {0, · · · , n}. Since {x0, · · · , xn} is not distinguishable, we have xi ∈
U ∩ ({xi} \ {xj}) for all U ∈ N(xj). Then xj ∈ d({xi}). By ν(p0) = {x0}, we
have {x1, · · · , xn} ⊆ d(ν(p0)). Then {xm} = ν(¬p1∧· · ·∧¬pm−1∧pm∧♦p0) for all
1 ≤ m ≤ n. It follows that M, x0 |= p0∧

∧
1≤m≤n ♦(¬p1∧· · ·∧¬pm−1∧pm∧♦p0).

By X ∈ N(xi) and X∩({xi}\{xi}) = ∅, we have xi 	∈ d({xi}). By ν(pi) = {xi},
we have ν(pi ∧ ♦pi) = ν(pi) ∩ d(ν(pi)) = ∅ and ν(♦(pi ∧ ♦pi)) = ∅. Hence
M, x0 	|= ♦p0 ∨

∨
1≤i≤n ♦(pi ∧ ♦pi). It follows that X 	|= tn

0 .
Suppose X 	|= tn

0 . Then there exists a valuation ν on X and w0 ∈ X such
that M, w0 	|= tn

0 where M = 〈X, τ, ν〉. Then M, w0 |= �¬p0. Hence there
exists U0 ∈ N(w0) such that U0 ⊆ ν(¬p0) ∪ {w0}. Let k ∈ {1, · · · , n}. Then
M, w0 |= �(pk → �¬pk). Then there exists U ′

k ∈ N(w0) such that U ′
k ⊆ ν(pk →

�¬pk)∪ {w0}. By w0 ∈ U0 ∈ N(w0), we have Uk = U ′
k ∩U0 ∈ N(w0). Note that

M, w0 |= ♦(¬p1∧· · ·∧¬pk−1∧pk∧♦p0). Then there exists wk ∈ Uk∩ν(¬p1∧· · ·∧
¬pk−1 ∧ pk ∧ ♦p0) such that wk 	= w0. By M, wk |= pk ∧ (pk → �¬pk), we have
M, wk |= �¬pk. Then there exists V ′

k ∈ N(wk) such that V ′
k ⊆ ν(¬pk) ∪ {wk}.

By wk ∈ Uk ∈ τ , we have Vk = Uk ∩ V ′
k ∈ N(wk). By M, wk |= ♦p0, we have

Vk ∩ (ν(p0) \ {wk}) 	= ∅. Note that Vk ⊆ Uk ⊆ U0 ⊆ ν(¬p0) ∪ {w0}. Then
w0 ∈ Vk. Otherwise, Vk ∩ ν(p0) = ∅. Hence Vk ∈ N(w0). By k ∈ {1, · · · , n}, we
define such Vk for all k ∈ {1, · · · , n}.

Now we show that W = {wk : k ≤ n} is not distinguishable. For a contra-
diction, suppose that U ∈ τ is a separator for W . We have two cases:

(1) w0 ∈ U . Then there exists m ∈ {1, · · · , n} with wm 	∈ U . Since U ∩ Vm ∈
N(w0), by M, w0 |= ♦pm, we have (U ∩ Vm ∩ ν(pm)) 	= ∅. Note that Vm ⊆
V ′

m ⊆ ν(¬pm) ∪ {wm} and wm 	∈ U . Then U ∩ Vm ⊆ ν(¬pm) and (U ∩ Vm ∩
ν(pm)) = ∅ which contradict the assumption.

(2) w0 	∈ U . Then there exists m ∈ {1, · · · , n} with wm ∈ U . Since U ∩ Vm ∈
N(wm), by M, wm |= ♦p0, we have (U ∩ Vm ∩ ν(p0)) 	= ∅. Note that Vm ⊆
Um ⊆ U0 ⊆ ν(¬p0) ∪ {w0} and w0 	∈ U . Then U ∩ Vm ⊆ ν(¬p0) and
(U ∩ Vm ∩ ν(p0)) = ∅ which contradict the assumption.

Note that |W | = n+1 > n and W is not distinguishable. It follows that X 	∈ Tn
0 .
��

In what follows, we shall prove the d-completeness of wK4Tn
0 for each n ∈ Z

+.
Let F = 〈W,R〉 be a weakly transitive frame. Then we get a frame F∗ = (W,R∗)
where R∗ is the reflexive closure of R. Let XF = 〈W, τR〉 be the Alexandroff space
induced by F∗, namely, τR = {R∗(Y ) : Y ⊆ W}.

Definition 10. Let X = 〈X, τ〉 be a topological space, F = 〈W,R〉 a weakly
transitive frame and f : X → W a mapping. We say that (1) f is irreflexively
discrete (i-discrete) if f−1(w) is a discrete subspace of X for all irreflexive point



Modal Logic of Generalized Separated Topological Spaces 101

w ∈ W ; and (2) f is reflexively dense (r-dense) if f−1(w) ⊆ d(f−1(w)) for all
reflexive point w ∈ W . We call f a d-morphism if f is i-discrete, r-dense and
f : X → XF is interior.

Let F = 〈W,R〉 be weakly transitive and X = 〈X, τ〉 a topological space. By
[8, Corollary 2.8], if F is finite, then f : X → W is a d-morphism if and only if
d(f−1(w)) = f−1(R−1(w)) for all w ∈ W . By [8, Corollary 2.9], if f : X → W is
a surjective d-morphism, then Ld(X ) ⊆ Th(F).

Definition 11. Let F = 〈W,R〉 be a frame and {Xw}w∈W a family of topological
spaces where Xw = 〈Xw, τw〉. Let X⊕ be the disjoint union of {Xw}w∈W , i.e.,
X⊕ = {〈x,w〉 : x ∈ Xw and w ∈ W}. For each A ⊆ X⊕ and w ∈ W , let
Aw = A ∩ Xw. The F-sum of {Xw}w∈W is defined as

⊕
F Xw = 〈X⊕, τ⊕〉 where

U ∈ τ⊕ if and only if for all w, v ∈ W , (1) Uw ∈ τw; and (2) if wRv, w 	= v and
Uw 	= ∅, then Uv = Xv.

Note that the F-sum
⊕

F Xw in Definition 11 is indeed a topological space.
For each n ∈ Z

+, let n∗ denote the set {i∗ : i < n} and N
∗ the set {i∗ : i ∈ N}.

Now we define more topological spaces.

Definition 12. The topological space Xn = 〈Xn, τn〉 is defined as follows:

(1) Xn = N ∪ n∗.
(2) τn = {∅} ∪ {Y ⊆ Xn : n∗ ⊆ Y and |Xn \ Y | < ℵ0}.

Let F = 〈W,R〉 be finite weakly transitive. We define Fs = (Ws, Rs) as

(1) Ws = {C(w) : w ∈ W}.
(2) Rs = {〈C(w), C(v)〉 : C(w) 	= C(v) and wRv}.

For each C ∈ Ws, the topological space XC = 〈XC , τC〉 is defined as follows:

XC =

{
〈|C|∗, {|C|∗, ∅}〉, if |C| = |Cir|.
〈X|Cir|, τ|Cir|〉, if |C| 	= |Cir|.

Let X ◦
F = 〈X◦

F, τ◦
F〉 =

⊕
Fs

XC .

Note that the frame Fs in Definition 12 is transitive and irreflexive.

Lemma 2. Let F be finite, weakly transitive and F |= tn
0 . Then X ◦

F is a Tn
0 -space.

Proof. Let F = 〈W,R〉. We show |Y | ≤ n for all Y ⊆ X◦
F which are not distin-

guishable. Suppose not. Let Y ⊆ X◦
F be not distinguishable and |Y | > n. Every

element in Y is of the form 〈x,C〉 where x ∈ N ∪ N
∗ and C ∈ Ws. We have the

following claims:

(1) if 〈x,C〉, 〈y,D〉 ∈ Y , then C = D. Suppose 〈x,C〉, 〈y,D〉 ∈ Y and C 	= D.
Since Rs is transitive and irreflexive, either 〈C,D〉 	∈ Rs or 〈D,C〉 	∈ Rs. If
〈C,D〉 	∈ Rs, then U = {〈z,E〉 ∈ X◦

F : E ∈ Rs(C) ∪ {C}} is an open set
which separates Y . The case 〈D,C〉 	∈ Rs is similar. This contradicts the
assumption.
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(2) if 〈x,C〉 ∈ Y , then x 	∈ N. Suppose 〈x,C〉 ∈ Y and x ∈ N. By |Y | >
n ≥ 1, there exists 〈y, C〉 ∈ Y with y 	= x. Let V = {〈z,E〉 ∈ X◦

F : E ∈
Rs(C)∪{C}}\{〈x,C〉}. Then we see that V is an open set of X ◦

F . Note that
〈x,C〉 	∈ V and 〈y, C〉 ∈ V . Then V is a separator for Y . This contradicts
the assumption.

By (1) and (2), Y ⊆ {〈z, C〉 : z ∈ |Cir|∗} for some C ∈ Ws. Note that F |= tn
0 ,

we see |Cir| ≤ n and so |Y | ≤ |Cir| ≤ n which contradicts the assumption. Hence
|Y | ≤ n for all Y ⊆ X◦

F which is not distinguishable. Hence X ◦
F is a Tn

0 -space. ��

Lemma 3. Let F = 〈W,R〉 be finite weakly transitive. Then Ld(X ◦
F) ⊆ Th(F).

Proof. By [8, Corollary 2.9], it suffices to show there is a d-morphism from X ◦
F

to F. For each C ∈ Ws, we define fC : XC → C as follows:

(1) |C| = |Cir|. Then |XC | = |C|. Let fC be a bijection from Xc to c.
(2) |C| 	= |Cir|. Since F is finite, there are k + 1 = |C| − |Cir| reflexive points

v0, · · · , vk ∈ C, and l = |Cir| irreflexive points u1, · · · , ul ∈ C. The function
fC is defined as follows:

fC(〈x,C〉) =

{
vi, if x ∈ N and x ≡ i (mod k + 1).
uj , if x = j∗.

Let f =
⋃

C∈Ws
fC . Clearly f is onto. By [8, Corollary 2.8], it suffices to show

d(f−1(w)) = f−1(R−1(w)) for all w ∈ W . Let w ∈ W .

(1) d(f−1(w)) ⊆ f−1(R−1(w)). Let 〈y,D〉 	∈ f−1(R−1(w)). Then f(〈y,D〉) 	∈
R−1(w). Let U = {〈z,E〉 ∈ X◦

F : E ∈ Rs(D) ∪ {D}}. We show (f−1(w) ∩
U) \ {〈y,D〉} = ∅. Clearly f(〈y,D〉) ∈ D. Then 〈D,C(w)〉 	∈ Rs. We have
two cases:
(1.1) D 	= C(w). Then C(w) 	∈ Rs(D) ∪ {D}. If 〈z,E〉 ∈ f−1(w), then

E = C(w) for all 〈z,E〉 ∈ X◦
F. Then U ∩ f−1(w) = ∅. So (f−1(w) ∩

U) \ {〈y,D〉} = ∅.
(1.2) D = C(w). By f(〈y,D〉) 	∈ R−1(w), f(〈y,D〉) = w is irreflexive. Then

f−1(w) = {〈y,D〉} and so f−1(w) \ {〈y,D〉} = ∅. So (f−1(w) ∩ U) \
{〈y,D〉} = ∅.
Note that U is an open set of X ◦

F and 〈y,D〉 ∈ U . Then 〈y,D〉 	∈
d(f−1(w)).

(2) f−1(R−1(w)) ⊆ d(f−1(w)). Assume 〈y,D〉 ∈ f−1(R−1(w)) and 〈y,D〉 	∈
d(f−1(w)). Then f(〈y,D〉) ∈ R−1(w) and so C(w) ∈ Rs(D) ∪ {D}.
(2.1) C(w) ∈ Rs(D). Since Rs is irreflexive, we have C(w) 	= D. Then

for all open neighborhood V of 〈y,D〉, V ∩ XC(w) = XC(w) and so
(f−1(w) ∩ V ) \ {〈y,D〉} = f−1(w) 	= ∅. Then 〈y,D〉 ∈ d(f−1(w))
which is a contradiction.

(2.2) C(w) = D. Note that 〈y,D〉 	∈ d(f−1(w)). Then there exists an open
neighborhood V of 〈y,D〉 such that (V ∩ f−1(w)) \ {〈y,D〉} = ∅.
Now we show that w is irreflexive. For a contradiction, suppose that
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w is reflexive. Then |f−1(w)| = ℵ0. Since V ∩ XC(w) is an open set of
XC(w), we have |XC(w) \ V | < ℵ0. Note that f−1(w) ⊆ XC(w). Then
|V ∩f−1(w)| = ℵ0 which contradicts (V ∩f−1(w))\{〈y,D〉} = ∅. Hence
w is irreflexive and so f−1(w) = {〈m∗,D〉} for some m ∈ N. Note that
f(〈y,D〉) ∈ R−1(w). Then f(〈y,D〉) 	= w which yields y 	= m∗. Clearly,
for each open neighborhood V of 〈y,D〉, we have 〈m∗,D〉 ∈ V ∩f−1(w).
Hence 〈m∗,D〉 ∈ (V ∩ f−1(w)) \ {〈y,D〉} which is a contradiction.

By (1) and (2), d(f−1(w)) = f−1(R−1(w)) for all w ∈ W . Then f is a
d-morphism from X ◦

F to F and hence Ld(X ◦
F) ⊆ Th(F). ��

Theorem 3. For each n ∈ Z
+, wK4Tn

0 is the d-logic of all Tn
0 -spaces.

Proof. Assume ϕ 	∈ wK4Tn
0 . Since wK4Tn

0 has the FMP, there exists a finite
frame F for wK4Tn

0 such that F 	|= ϕ. By Lemma 3, X ◦
F 	|= ϕ. By Lemma 2 and

Theorem 2, X ◦
F |= wK4Tn

0 . Hence wK4Tn
0 = Ld(Tn

0 ). ��

By Theorem 2, for each n ∈ Z
+, tn

0 defines the class of all Tn
0 -spaces. By

Theorem 3, wK4Tn
0 is the d-logic of the class of Tn

0 -spaces for each n ∈ Z
+.

However, for an infinite cardinal κ, this is not the case.

Proposition 8. For each cardinal κ ≥ ℵ0, the class Tκ
0 is not d-definable.

Proof. Let κ ≥ ℵ0 be a cardinal. By Theorem 1, we have Topo � Tκ
0 ⊇ Tω

0 �⋃
1≤n<ω Tn

0 . By Theorem 3,
⋂

n∈Z+ wK4Tn
0 is the d-logic of

⋂
1≤n<ω Tn

0 . By
Proposition 6, Ld(Tκ

0 ) = wK4 = Ld(Topo). Hence Tκ
0 is not d-definable. ��

5 Concluding Remarks

This work proposes generalized separation axioms for topological spaces and
explores their modal logics. Point separation in the traditional study of topo-
logical spaces is generalized to set separation. For each non-zero cardinal κ, a
separation axiom Tκ

0 is given. We show that the d-logic of Tn
0 for each n ∈ Z

+ is
axiomatized by the modal logic wK4Tn

0 = wK4 ⊕ tn
0 where tn

0 is a new formula
proposed in this work. We also show that Tκ

0 for each infinite cardinal κ is not d-
definable. These contributions make a progress in the logical study of separation
axioms. For further exploration, we can define more topological spaces based
on these axioms Tκ

0 . We can also explore topological duality of modal algebras
wK4Tn

0 .
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Abstract. Metric temporal frames are introduced based on multiple-
valued semantics. The intended metric temporal language is interpreted
in models based on metric temporal frames. Normal metric temporal
logics are introduced, and some completeness results are naturally given
by adjusting the canonical model method. The finite model property to
the minimal normal metric temporal logic is established.
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1 Introduction

Temporal logic is a branch of logic that studies the reasoning about time. In basic
temporal language, we have F and P as its additional operators. We interpret
the formula ‘Fϕ’ as ‘at some moment in the future, ϕ is true’, and ‘Pϕ’ is to
be read as ‘at some moment in the past, ϕ was true’. But this language is too
limited in expressivity for many applications. For example, the following two
statements:

The construction of the new railway will be finished in two years.
The construction of the new railway will be finished in six years.

which present some possible occasion in the future and whose only difference
is their temporal distances from now. This difference plays an important role
in the reasoning about time. Beyond the expressivity, this difference cannot be
described and analyzed in the basic temporal language. Therefore, A.N. Prior
considered the use of what he called ‘metric tense logic’ (e.g., [8–10]). This logic
is the tense logic in which the future and past operators have an index represent-
ing a temporal distance. This logic have been extensively studied by computer
scientists under the name ‘metric temporal logic’ (e.g., [6,7] and others).

We have introduced multiple-valued semantics for multimodal logics in [5].
From the semantic perspective, a Kripke frame for a monomodal language is a
pair (W,R) where W is a non-empty set of states, and R is a binary relation
on W . Each modal formula �ϕ is true at a state w if and only if ϕ is true at
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all R-accessible states of w (e.g., [1,2]). An accessibility relation R is indeed a
bivalent function R : W ×W → {0, 1}. We generalize Kripke frames by changing
the set {0, 1} into a set of values Q and obtain multiple-valued frames. This
leads to a general framework for the investigation of multimodal logics. One can
impose additional structure on Q, and study the modal logics of these special
class of frames. With some additional restrictions, the multiple-valued frames
can be used to interpret the metric temporal operators. Thus we have a new
perspective of the metric temporal logic.

In this paper, we do some primary work on the multiple-valued semantics for
the metric temporal logic, and the article is structured as follows. Section 2 gives
the modal language and semantics where metric temporal frames are introduced.
Section 3 introduces normal metric temporal logics and proves the completeness
of the minimal normal metric temporal logic. Section 4 proves the minimal nor-
mal metric temporal logic has the finite model property with respect to the class
of all temporal metric models. Section 5 gives concluding remarks.

2 Language and Semantics

Let N = (N, 0,�N,+N) be the standard model of arithmetic. An initial finite
segment of N is a set {x ∈ N : x � m} for some m ∈ N. An inversely well-
ordered set (‘i.w.o set’ for short) is a pair (Q,�) such that � well-orders the
nonempty set Q. Obviously, the set {x ∈ N : x � m} is inversely well-ordered
by �N, i.e., the converse of the relation �N in N. Therefore, every subset X of
{x ∈ N : x � m} with X �= ∅ has a maximal element

∨
X. If Q is an ordered

set ordered by �, a downset in Q is a subset X ⊆ Q such that a � b ∈ X implies
a ∈ X. An upset in Q is a subset X ⊆ Q such that a ∈ X and a � b imply b ∈ X.
Let ↓X and ↑X be the downset and upset in Q generated by X respectively.
The cardinal of a set X is denoted by |X|.
Definition 1 (Temporal Metric). A temporal metric M = (M, 0,�,+) is
a structure where M is an initial finite segment of N, � is the binary relation
which is the restriction of �N to M, and + is the binary partial function such
that:

a + b =

{
a +N b if a, b, a +N b ∈ M.

undefined otherwise.

Temporal metric will be used to measure the temporal distance between
different moments. For technical reasons, we don’t choose N, the standard model
of arithmetic, as our temporal metric. But in most cases, we could find a sufficient
large natural number m such that the set {x ∈ N : x � m} is suitable for
applications.

Definition 2 (Metric Temporal Language). Let M = (M, 0,�,+) be a tem-
poral metric. The metric temporal language LMT (M) consists of a denumerable
set of propositional variables P = {pi : i < ω}, connectives ⊥ and →, and unary
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modal operators {Ga : a ∈ M} and {Ha : a ∈ M}. The set of formulas Fm(M)
is defined inductively as follows:

Fm(M) 	 ϕ ::= p | ⊥ | (ϕ1 → ϕ2) | Gaϕ | Haϕ

where p ∈ P and a ∈ M. Connectives 
,¬,∧,∨ and ↔ are defined as usual. For
every a ∈ M, one defines Faϕ := ¬Ga¬ϕ and Paϕ := ¬Ha¬ϕ. The complexity
of a formula ϕ ∈ Fm(M), denoted by δ(ϕ), is defined inductively as follows:

δ(p) = δ(⊥) = 0

δ(ϕ → ψ) = max{δ(ϕ), δ(ψ)} + 1

δ(Gaϕ) = δ(Haϕ) = δ(ϕ) + 1

A substitution is a function s : P → Fm(M). For every formula ϕ ∈ Fm(M),
let ϕs be obtained from ϕ by the substitution s.

Definition 3 (Metric Temporal Frame). Let M = (M, 0,�,+) be a tem-
poral metric. A metric temporal frame over M (‘M-frame’ for short) is a pair
F = (W,σ) where W �= ∅ is a set of states, and σ : W × W → M is a partial
function from W × W to M satisfying the following conditions:

(1) for all w ∈ W , σ(w,w)! � 0;
(2) for all w, u, v ∈ W and a, b, a+ b ∈ M, if σ(w, u)! � a and σ(u, v)! � b, then

σ(w, v)! � a + b.

where the notation σ(w, u)! means that σ(w, u) exists in M, and σ(w, u)! � a
means σ(w, u)! and σ(w, u) � a. For every a ∈ M, the binary relation Rσ

a on W
is defined as follows:

wRσ
au if and only if σ(w, u)! � a.

Let Rσ
a(w) = {u ∈ W : σ(w, u)! � a}. Let FM be the class of all M-frames.

A valuation in a M-frame F = (W,σ) is a function V : P → P(W ) from P

to the powerset of W . A M-model is a triple M = (W,σ, V ) where (W,σ) is a
M-frame and V is a valuation in (W,σ). Let MM be the class of all M-models.

Intuitively, in a frame F , states of F represent all possible moments in con-
sideration. And the measure function σ assigns (or not) a temporal distance for
a pair of states in F . As the temporal structures we are interested in may have
some kind of branching, we do not assume our measure function to be total.

Moreover, suppose w, u, v are any moments in our consideration, clearly we
have σ(w,w) = 0, which means the temporal distance between a moment w and
itself is 0. Furthermore, if σ(w, u) = a and σ(u, v) = b, then σ(w, v) = a + b,
which represents the fact that if u is in the future of w with temporal distance
a, and v is in the future of u with temporal distance b, then v is in the future of
w with temporal distance a + b. The corresponding conditions in our definition
are weakened mainly because of technical reasons.
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The usual semantics of metric temporal logic uses two-sorted structure
(T,Δ,<, d,+, 0) where T is a nonempty set of ‘moments’, < is a binary total
order on T , and Δ is a nonempty set called metric domain. The temporal distance
function d : T × T → Δ is surjective and satisfies usual topological conditions
apart from the replacement of the triangular inequality by a conditional equality,
and the structure (Δ,+, 0) satisfies some arithmetical laws (cf. [6]).

Definition 4 (Satisfaction Relation). Let F = (W,σ) be a M-frame, M =
(W,σ, V ) a M-model and w ∈ W . For every ϕ ∈ Fm(M), the satisfaction
relation M, w |= ϕ is defined inductively as follows:

(1) M, w |= p if and only if w ∈ V (p).
(2) M, w �|= ⊥.
(3) M, w |= ϕ → ψ if and only if M, w �|= ϕ or M, w |= ψ.
(4) M, w |= Gaϕ if and only if M, u |= ϕ for all u such that σ(w, u)! � a.
(5) M, w |= Haϕ if and only if M, u |= ϕ for all u such that σ(u,w)! � a.

Let V (ϕ) = {w ∈ W : M, w |= ϕ}. A formula ϕ is true in M, notation
M |= ϕ, if V (ϕ) = W . A formula ϕ is valid at w in F = (W,σ), notation
F , w |= ϕ, if F , V, w |= ϕ for every valuation V in F . A formula ϕ is valid in
F , notation F |= ϕ, if F , w |= ϕ for every w ∈ W . A formula ϕ is valid in a
class of M-frames K , notation K |= ϕ, if F |= ϕ for every F ∈ K .

Let Γ ⊆ Fm(M) be a set of formulas. Suppose S is a metric temporal struc-
ture (model or frame) or a class of metric temporal structures, let S |= Γ stand
for that S |= ϕ for all ϕ ∈ Γ . The class of all M-frames defined by Γ is denoted
by FrM(Γ ) = {F : F |= Γ}. If Γ = {ϕ}, one writes FrM(ϕ). The modal theory of
a class of M-frames K is defined as the set Th(K ) = {ϕ ∈ Fm(M) : K |= ϕ}.
We say that K is modally M-definable, if K = FrM(Th(K )).

3 Normal M-Modal Logics

In this section, we introduce normal metric temporal logics over M, or normal
M-modal logics. As expected, the canonical method is applied in showing the
completeness of the minimal normal M-modal logic.

Definition 5 (Normal Metric Temporal Logic). A normal M-modal logic
is a set of formulas L ⊆ Fm(M) such that L contains the following formulas:

(Tau) All instances of classical propositional tautologies.
(K) Ga(p → q) → (Gap → Gaq) and Ha(p → q) → (Hap → Haq).
(R) p → GaPap and p → HaFap.
(T0) G0p → p and H0p → p.
(C) Gap → Gbp and Hap → Hbp, where a � b in M.
(A) Ga+bp → GaGbp and Ha+bp → HaHbp, where a, b, a + b ∈ M.
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and L is closed under the following rules:

(MP) if ϕ,ϕ → ψ ∈ L, then ψ ∈ L.
(Gen) if ϕ ∈ L, then Gaϕ ∈ L and Haϕ ∈ L.
(Sub) if ϕ ∈ L, then ϕs ∈ L for every substitution s.

A formula ϕ is a theorem of L, notation �L ϕ, if ϕ ∈ L.

For every family of normal M-modal logics {Li : i ∈ I},
⋂

i∈I Li is a normal
M-modal logic. The minimal normal M-modal logic is denoted by KM. Let⊕

i∈I Li be the smallest normal M-modal logic containing
⋃

i∈I Li. For every
set of formulas Σ, let KM ⊕ Σ =

⋂{L : Σ ⊆ L}, the minimal normal M-modal
logic containing Σ. If Σ = {ϕ}, we write KM ⊕ϕ instead of KM ⊕{ϕ}. For every
normal M-modal logic L, let NExt(L) be the set of all normal M-modal logics
containing L.

Remark 1. Suppose [a] ∈ {Ga,Ha} and 〈a〉 ∈ {Fa, Pa}, the following hold for
every normal M-modal logic L:

(1) [a]
 ↔ 
 ∈ L and 〈a〉⊥ ↔ ⊥ ∈ L.
(2) [a](ϕ1 ∧ . . . ∧ ϕn) ↔ ([a]ϕ1 ∧ . . . [a]ϕn) ∈ L.
(3) 〈a〉(ϕ1 ∨ . . . ∨ ϕn) ↔ (〈a〉ϕ1 ∨ . . . 〈a〉ϕn) ∈ L.
(4) Gaϕ ∧ Faψ → Fa(ϕ ∧ ψ) ∈ L and Haϕ ∧ Paψ → Pa(ϕ ∧ ψ) ∈ L.
(5) if ϕ → ψ ∈ L, then [a]ϕ → [a]ψ ∈ L and 〈a〉ϕ → 〈a〉ψ ∈ L.

Let L be a normal M-modal logic. A formula ϕ is a L-consequence of a set
of formulas Γ , notation Γ �L ϕ, if ϕ ∈ L or there exist ψ1, . . . , ψn ∈ Γ with
ψ1 ∧ . . . ∧ ψn → ϕ ∈ L. A set of formulas Γ is L-consistent, if Γ ��L ⊥; and Γ
is maximal L-consistent, if Γ is L-consistent and ⊆-maximal. One obtains the
deduction theorem and Lindenbaum-Tarski lemma for L: (i) Γ, ϕ �L ψ if and
only if Γ �L ϕ → ψ; (ii) if Γ is L-consistent, there is a maximal L-consistent set
Σ with Γ ⊆ Σ.

A normal M-modal logic L is complete, if L = Th(FrM(L)). One can obtain
some completeness results using the canonical method.

Definition 6 (Canonical Model). Let WL be the set of all maximal L-
consistent sets of formulas. For every a ∈ M, one defines RL

a ⊆ WL × WL

as follows:
ΣRL

a Θ if and only if ϕ ∈ Θfor allGaϕ ∈ Σ.

For every pair 〈Σ,Θ〉 ∈ WL × WL, one defines XL
M

(Σ,Θ) = {a ∈ M : ΣRL
a Θ}.

The canonical M-model for L is defined as ML = (WL, σL, V L) where

σL(Σ,Θ) =

{∨
XL

M
(Σ,Θ) if XL

M
(Σ,Θ) �= ∅.

undefined otherwise.

and V L(p) = {Σ ∈ WL : p ∈ Σ} for every p ∈ P. The canonical M-frame for L
is defined as FL = (WL, σL).
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Lemma 1. For every Σ,Θ ∈ WL and a ∈ M, the following hold:

(1) XL
M

(Σ,Θ) is a downset in M.
(2) if XL

M
(Σ,Θ) �= ∅, then XL

M
(Σ,Θ) = ↓ ∨

XM(Σ,Θ).
(3) a ∈ XL

M
(Σ,Θ) if and only if σL(Σ,Θ)! � a.

Proof.(1) Assume a � b and b ∈ XL
M

(Σ,Θ). Then ΣRL
b Θ. Suppose Gaϕ ∈ Σ.

By (C), Gaϕ → Gbϕ ∈ L. Hence Gbϕ ∈ Σ. By ΣRL
b Θ, one obtains ϕ ∈ Θ.

It follows that a ∈ XL
M

(Σ,Θ).
(2) Assume XL

M
(Σ,Θ) �= ∅. Then

∨
XL

M
(Σ,Θ) is the maximal element of

XL
M

(Σ,Θ). By (1), XL
M

(Σ,Θ) = ↓ ∨
XL

M
(Σ,Θ).

(3) Assume a ∈ XL
M

(Σ,Θ). Then σL(Σ,Θ)! =
∨

XL
M

(Σ,Θ) � a. Assume
σL(Σ,Θ)! � a. Then a �

∨
XL

M
(Σ,Θ). By (2), a ∈ XL

M
(Σ,Θ).

Lemma 2. For every Σ ∈ WL:

(1) if Gaϕ �∈ Σ, there exists Θ ∈ WL with a ∈ XL
M

(Σ,Θ) and ϕ �∈ Θ.
(2) if Haϕ �∈ Σ, there exists Θ ∈ WL with a ∈ XL

M
(Θ,Σ) and ϕ �∈ Θ.

Proof.(1) Gaϕ �∈ Σ. Let Γ = {ψ : Gaψ ∈ Σ} ∪ {¬ϕ}. Assume that Γ is not
L-consistent. Then Γ �L ⊥. There exist ψ1, . . . , ψn ∈ Γ with (ψ1∧. . .∧ψn) →
ϕ ∈ L. By (Gen), (K) and (MP), Ga(ψ1 ∧ . . . ∧ ψn) → Gaϕ ∈ L. By
Ga(ψ1 ∧ . . . ∧ ψn) ↔ (Gaψ1 ∧ . . . Gaψn) ∈ L, one obtains Gaϕ ∈ L. Then
Gaϕ ∈ Σ, which contradicts the assumption. Hence Γ is L-consistent. Let
Γ ⊆ Θ ∈ WL. Then a ∈ XL

M
(Σ,Θ) and ϕ �∈ Θ.

(2) If Haϕ �∈ Σ, let Γ = {ψ : Haψ ∈ Σ}∪{¬ϕ}. We can prove Γ is L-consistent
as above. Let Γ ⊆ Θ ∈ WL, then we have ϕ �∈ Θ. Suppose Gaϕ ∈ Θ
and ϕ /∈ Σ, then ¬ϕ ∈ Σ. By (R), HaFa¬ϕ ∈ Σ and Fa¬ϕ ∈ Γ ⊆ Θ,
which contradicts the assumption. Hence, if Gaϕ ∈ Θ then ϕ ∈ Σ, we have
a ∈ XL

M
(Θ,Σ).

Lemma 3. Suppose L is a normal M-modal logic, then the canonical M-frame
for L is a metric temporal frame.

Proof. We check the canonical M-frame for L satisfies the conditions in the
definition of metric temporal frame.

(1) Suppose Σ ∈ WL, by (T0), we have 0 ∈ XL
M

(Σ,Σ), hence σL(Σ,Σ)! � 0.
(2) Suppose Σ,Θ, Γ ∈ WL and a, b, a+b ∈ M. If σL(Σ,Θ)! � a and σL(Θ,Γ )! �

b, we show σL(Σ,Γ )! � a + b. Assume Ga+bϕ ∈ Σ, by (A), GaGbϕ ∈ Σ,
then Gbϕ ∈ Θ and ϕ ∈ Γ by Lemma 1. Hence a + b ∈ XL

M
(Σ,Γ ), and

σL(Σ,Γ )! � a + b.

Lemma 4. For every Σ ∈ WL, ML, Σ |= ϕ if and only if ϕ ∈ Σ.

Proof. The proof proceeds by induction on the complexity δ(ϕ). The atomic and
Boolean cases are obvious. We check the modal cases:
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(1) Let ϕ = Gaψ. Assume Gaψ ∈ Σ. Suppose σL(Σ,Θ)! � a. By Lemma
1, a ∈ XL

M
(Σ,Θ). Then ΣRL

a Θ. Hence ψ ∈ Θ. By induction hypothesis,
ML, Θ |= ψ. Hence ML, Σ |= Gaψ. Assume Gaψ �∈ Σ. By Lemma 2, there
exists Θ ∈ WL with a ∈ XL

M
(Σ,Θ) and ψ �∈ Θ. Then XL

M
(Σ,Θ) �= ∅ and

σL(Σ,Θ)! =
∨

XL
M

(Σ,Θ) � a. By induction hypothesis, ML, Θ �|= ψ. Hence
ML, Σ �|= Gaψ.

(2) Let ϕ = Haψ. Assume Haψ ∈ Σ. Suppose σL(Θ,Σ)! � a. By Lemma 1,
a ∈ XL

M
(Θ,Σ). If ψ /∈ Θ, then ¬ψ ∈ Θ, and by (R) we have GaPa¬ψ ∈ Θ.

By a ∈ XL
M

(Θ,Σ), Pa¬ψ ∈ Σ, a contradiction. Hence ψ ∈ Θ. By induction
hypothesis, ML, Θ |= ψ. Hence ML, Σ |= Gaψ. Assume Haψ �∈ Σ. By
Lemma 2, there exists Θ ∈ WL with a ∈ XL

M
(Θ,Σ) and ψ �∈ Θ. Then

XL
M

(Θ,Σ) �= ∅ and σL(Θ,Σ)! =
∨

XL
M

(Θ,Σ) � a. By induction hypothesis,
ML, Θ �|= ψ. Hence ML, Σ �|= Haψ.

Theorem 1. KM is complete.

Proof. Clearly Fr(KM) = FM. Obviously KM ⊆ Th(FM). Assume ϕ �∈ KM.
Then {¬ϕ} is KM-consistent. Let Σ ∈ WKM with ¬ϕ ∈ Σ. By Lemma 4,
MKM , Σ �|= ϕ. Hence ϕ �∈ Th(FM).

In the rest of this section, we make some observations on some extensions of
KM. Consider the following formulas:

(Ta) Gap → p and Hap → p.
(Ba) p → GaFap and p → HaPap.
(4a) Gap → GaGap and Hap → HaHap.

We have T0 ∈ KM. Suppose F = (W,σ) is a M-frame, a ∈ M and a �= 0,
clearly F |= Ta if and only if for any w ∈ W , σ(w,w) � a. According to our
intended interpretation of measure function, this means the temporal distance
of a moment and itself is not 0, which is not so consistent with our intuition of
metric temporal systems. Moreover, if a ∈ M and a �= 0, then F |= p → GaFap
if and only if for any w, u ∈ W , σ(w, u) � a implies σ(u,w) � a. This indicates
that our metric temporal frame has a kind of temporal loop structure. Since KM

has Gap → Ga+ap and Ga+ap → GaGap as its axioms, (4a) is a theorem of KM.
Recall our definition of metric temporal frames, if F = (W,σ) is a metric

temporal frame, we demand that the measure function σ is a partial function.
Let F t

M be the class of all metric temporal frames over M with a total measure
function, i.e., if F = (W,σ) ∈ F t

M, then for every pair (w, u) in W ×W , σ(w, u)
is defined. We will prove that this class is characterized by KM ⊕ B0.

Theorem 2. KM ⊕ B0 = Th(F t
M).

Proof. Suppose F = (W,σ) ∈ Th(F t
M), then σ(w, u) � 0 for all w, u ∈ W . It

follows that F |= p → G0F0p and F |= p → H0P0p. Therefore KM ⊕ B0 ⊆
Th(F t

M). For the completeness, let M = (W,σ, V ) be the canonical model for
KM ⊕ B0. Note that 0 ∈ XM(Σ,Θ) and so σ(Σ,Θ) =

∨
XM(Σ,Θ) which is a

total function. If ϕ �∈ KM ⊕ B0, then M �|= ϕ. Hence Th(F t
M) ⊆ KM ⊕ B0.
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4 Finite Model Property

In this section, we prove for a temporal metric M, the minimal normal M-
modal logic KM has the finite model property with respect to MM, the class of
all temporal metric models over M.

Definition 7 (Metric Temporal Subformula Closed). A set of LMT (M)
formulas Σ is closed under metric temporal subformulas (‘ subformula closed’
for short) if for all formulas ϕ and ψ and a, b, c, a + b ∈ M:

(1) if (ϕ → ψ) ∈ Σ, then so are ϕ and ψ.
(2) if Gaϕ ∈ Σ or Haϕ ∈ Σ, then so is ϕ.
(3) if Gaϕ ∈ Σ or Haϕ ∈ Σ, and a � c, then so is Gcϕ or Hcϕ respectively.
(4) if Ga+bϕ ∈ Σ or Ha+bϕ ∈ Σ, then GaGbϕ,Gbϕ ∈ Σ or HaHbϕ,Hbϕ ∈ Σ

respectively.

We say ϕ and ψ are subformulas of (ϕ → ψ), ϕ is a subformula of Gaϕ or Haϕ.
And (1) if a � c, Gcϕ and Hcϕ are metric temporal subformulas (or simply
‘subformulas’) of Gaϕ and Haϕ respectively. (2) GaGbϕ,Gbϕ and HaHbϕ,Hbϕ
are metric temporal subformulas (or simply ‘subformulas’) of Ga+bϕ and Ha+bϕ
respectively.

Definition 8 (Filtration). Let M = (W,σ, V ) be a M-model and Σ a subfor-
mula closed set of LMT (M) formulas. Let �Σ be the equivalence relation on
the states of M defined by: w �Σ u if and only if for all ϕ ∈ Σ, M, w |= ϕ
if and only if M, u |= ϕ. We denote the equivalence class of a state w of M
with respect to �Σ by [w]Σ, or simply by [w] if no confusion will arise. Then a
filtration of M through Σ is any M-model Mf

Σ = (W f , σf , V f ) such that:

(1) W f = {[w] : w ∈ W}.
(2) if σ(w, u) � a, then σf ([w], [u]) � a.
(3) if σf ([w], [u]) � a, then for all Gaϕ,Haϕ ∈ Σ: if M, w |= Gaϕ then M, u |=

ϕ, and if M, u |= Haϕ then M, w |= ϕ.
(4) V f (p) = {[w] : M, w |= p}, for all propositional variables p ∈ Σ.

We will often write Mf instead of Mf
Σ if there is no confusion.

Theorem 3. Let M = (W,σ, V ) be a M-model and Σ a subformula closed set
of LMT (M) formulas. Suppose Mf = (W f , σf , V f ) is a filtration of M through
Σ, then for all formulas ϕ ∈ Σ and all states w ∈ W , M, w |= ϕ if and only if
Mf , [w] |= ϕ.

Proof. The proof proceeds by induction on ϕ. The base case is from the definition
of V f . The boolean cases follows from the fact that Σ is closed under subfomulas,
this allows us to apply the inductive hypothesis.

(1) Let ϕ = Gaψ ∈ Σ. Assume M, w |= Gaψ and σf ([w], [u]) � a, by the
definition of filtration, we have M, u |= ψ. As Σ is subformula closed, ψ ∈ Σ,
therefore by the inductive hypothesis, Mf , [u] |= ψ. Hence Mf , [w] |= Gaψ.
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Conversely, suppose Mf , [w] |= Gaψ and σ(w, u) � a, by the definition of
filtration, we have σf ([w], [u]) � a. Thus Mf , [u] |= ψ. As Σ is subformula
closed, ψ ∈ Σ, therefore by the inductive hypothesis, M, u |= ψ. Hence
M, w |= Gaψ.

(2) Let ϕ = Haψ ∈ Σ. Assume M, w |= Haψ and σf ([u], [w]) � a, by the
definition of filtration, we have M, u |= ψ. As Σ is subformula closed, ψ ∈ Σ,
therefore by the inductive hypothesis, Mf , [u] |= ψ. Hence Mf , [w] |= Haψ.
Conversely, suppose Mf , [w] |= Haψ and σ(u,w) � a, by the definition of
filtration, we have σf ([u], [w]) � a. Thus Mf , [u] |= ψ. As Σ is subformula
closed, ψ ∈ Σ, therefore by the inductive hypothesis, M, u |= ψ. Hence
M, w |= Haψ.

The next lemma is clear, we just state it below and the proof is omitted.

Lemma 5. Let Σ be a finite subformula closed set of LMT (M) formulas. For
any M-model M = (W,σ, V ), if Mf = (W f , σf , V f ) is a filtration of M through
Σ, then |W f | is finite.

Definition 9 (Metric Temporal Filtration). Let M = (W,σ, V ) be a M-
model and Σ a subformula closed set of LMT (M) formulas. Let the equivalence
relation �Σ and its equivalence classes be defined as before. Suppose w, u ∈ W ,
we define:

XG
M

(w, u) = {a ∈ M : for all Gaϕ ∈ Σ, if M, w |= Gaϕ then M, u |= ϕ}

XH
M

(w, u) = {a ∈ M : for all Haϕ ∈ Σ, if M, u |= Haϕ then M, w |= ϕ}
Let XΣ

M
(w, u) = XG

M
(w, u) ∩ XH

M
(w, u). The metric temporal filtration of M

through Σ is the structure Mt
Σ = (W f , σt, V f ) where W f and V f are defined

as before, and

σt([w], [u]) =

{∨
XΣ

M
(w, u) if XΣ

M
(w, u) �= ∅.

undefined otherwise.

We will often write Mt instead of Mt
Σ if there is no confusion.

Remark 2. We need to check this definition is well defined. Suppose w �Σ w′

and u �Σ u′, we prove XΣ
M

(w, u) = XΣ
M

(w′, u′). If a ∈ XΣ
M

(w, u), then for
all Gaϕ ∈ Σ and Haϕ ∈ Σ, we have if M, w |= Gaϕ then M, u |= ϕ and if
M, u |= Haϕ then M, w |= ϕ. By the definition of �Σ , and ϕ ∈ Σ as Σ
is closed under subformulas, we have if M, w′ |= Gaϕ then M, u′ |= ϕ and
if M, u′ |= Haϕ then M, w′ |= ϕ. Therefore a ∈ XΣ

M
(w′, u′). Conversely, if

a ∈ XΣ
M

(w′, u′), then for all Gaϕ ∈ Σ and Haϕ ∈ Σ, we have if M, w′ |= Gaϕ
then M, u′ |= ϕ and if M, u′ |= Haϕ then M, w′ |= ϕ. By the definition of �Σ ,
and ϕ ∈ Σ as Σ is closed under subformulas, we have if M, w |= Gaϕ then
M, u |= ϕ and if M, u |= Haϕ then M, w |= ϕ. Hence a ∈ XΣ

M
(w, u).
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Lemma 6. Let M = (W,σ, V ) be a M-model and Σ a subformula closed set of
LMT (M) formulas. For every w, u ∈ W and a ∈ M, the following hold:

(1) XΣ
M

(w, u) is a downset in M.
(2) if XΣ

M
(w, u) �= ∅, then XΣ

M
(w, u) = ↓ ∨

XΣ
M

(w, u).
(3) a ∈ XΣ

M
(w, u) if and only if σt([w], [u])! � a.

Proof.(1) Assume a � b and b ∈ XΣ
M

(w, u). Then for all Gbϕ ∈ Σ and Hbϕ ∈ Σ,
we have if M, w |= Gbϕ then M, u |= ϕ and if M, u |= Hbϕ then M, w |= ϕ.
Suppose Gaϕ ∈ Σ and M, w |= Gaϕ, then we have Gbϕ ∈ Σ as Σ is metric
temporal subformula closed and a � b. And by axiom (C) Gaϕ → Gbϕ, we
have M, w |= Gbϕ, and M, u |= ϕ as b ∈ XΣ

M
(w, u) and Gbϕ ∈ Σ. Hence

a ∈ XG
M

(w, u). We can prove a ∈ XH
M

(w, u) in the same way. It follows that
a ∈ XΣ

M
(w, u).

(2) Assume XΣ
M

(w, u) �= ∅. Then
∨

XΣ
M

(w, u) is the maximal element of
XΣ

M
(w, u). By (1), XΣ

M
(w, u) = ↓ ∨

XΣ
M

(w, u).
(3) Assume a ∈ XΣ

M
(w, u). Then σt([w], [u])! =

∨
XΣ

M
(w, u) � a. Assume

σt([w], [u])! � a. Then a �
∨

XΣ
M

(w, u). By (2), a ∈ XΣ
M

(w, u).

Lemma 7. Let M = (W,σ, V ) be a M-model and Σ a subformula closed set of
LMT (M) formulas. Then Mt = (W f , σt, V f ), the metric temporal filtration of
M through Σ is a filtration and a metric temporal model over M.

Proof. First we prove Mt is a filtration:

(1) Suppose σ(w, u) � a, we prove a ∈ XΣ
M

(w, u), by Lemma 6 this implies
σt([w], [u]) � a. Assume Gaϕ ∈ Σ and M, w |= Gaϕ, then M, u |= ϕ as
σ(w, u) � a. Hence a ∈ XG

M
(w, u). Suppose Haϕ ∈ Σ and M, u |= Haϕ,

then M, w |= ϕ as σ(w, u) � a. Hence a ∈ XH
M

(w, u). It follows that a ∈
XΣ

M
(w, u).

(2) Suppose σt([w], [u]) � a, by Lemma 6, we have a ∈ XΣ
M

(w, u). Thus for all
Gaϕ,Haϕ ∈ Σ: if M, w |= Gaϕ then M, u |= ϕ, and if M, u |= Haϕ then
M, w |= ϕ.

Next we show Mt is a metric temporal model over M:

(1) Suppose w ∈ W and G0ϕ ∈ Σ. If M, w |= G0ϕ, then by axiom (T0) G0ϕ →
ϕ, we have M, w |= ϕ. Hence 0 ∈ XG

M
(w,w). Assume H0ϕ ∈ Σ. If M, w |=

H0ϕ, then by axiom (T0), we have M, w |= ϕ. Hence 0 ∈ XH
M

(w,w). It
follows that 0 ∈ XΣ

M
(w,w). By Lemma 6, we have σt([w], [w])! � 0.

(2) Suppose w, u, v ∈ W , σt([w], [u])! � a and σt([u], [v])! � b. By Lemma 6 we
have a ∈ XΣ

M
(w, u) and b ∈ XΣ

M
(u, v). Assume Ga+bϕ ∈ Σ and M, w |=

Ga+bϕ, then GaGbϕ,Gbϕ ∈ Σ as Σ is metric temporal subformula closed.
And by axiom (A) Ga+bϕ → GaGbϕ, we have M, w |= GaGbϕ. By a ∈
XΣ

M
(w, u) we have for all Gaϕ ∈ Σ, if M, w |= Gaϕ then M, u |= ϕ, thus

M, u |= Gbϕ. By b ∈ XΣ
M

(u, v) we have for all Gbϕ ∈ Σ, if M, u |= Gbϕ
then M, v |= ϕ, thus M, v |= ϕ. Hence a + b ∈ XG

M
(w, v). We can prove

a + b ∈ XH
M

(w, v) in the same way. It follows that a + b ∈ XΣ
M

(w, v). By
Lemma 6, we have σt([w], [v])! � a + b.
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Theorem 4. Suppose M is a temporal metric, then KM, the minimal normal
M-modal logic has the finite model property with respect to MM, the class of all
temporal metric models over M.

Proof. Suppose ϕ is a LMT (M) formula, take Σ to be the set of metric temporal
subformulas of ϕ. Suppose M is a M-model, let Mt be the metric temporal
filtration of M through Σ. By Lemma 7, Mt is a filtration and a M-model.
Since M is finite, clearly Σ is finite. By Lemma 5, Mt is a finite M-model. And
by Theorem 3, we have M, w |= ϕ if and only if Mt, [w] |= ϕ.

Corollary 1. KM is decidable.

5 Concluding Remarks

In the present work, we contribute multiple-valued semantics for metric tempo-
ral logic. We have introduced metric temporal frames based on multiple-valued
frames, and take them as the semantic ontology to interpret the metric temporal
operators. In the study of normal metric temporal logics, we adjust the canon-
ical model method and obtain some completeness results. We also obtain some
finite model property results for normal metric temporal logics. There are many
problems that are interesting for further exploration. Here we mention two of
them:

(1) Recall our definition of satisfaction relation, we have:

M, w |= Gaϕ if and only if M, u |= ϕ for all u such that σ(w, u)! � a.
M, w |= Haϕ if and only if M, u |= ϕ for all u such that σ(u,w)! � a.

There are other kinds of metric temporal operators, let’s denote them by G=
a ,H=

a

and G�
a ,H�

a . Their satisfaction relation could be defined by:

M, w |= G=
a ϕ if and only if M, u |= ϕ for all u such that σ(w, u)! = a.

M, w |= H=
a ϕ if and only if M, u |= ϕ for all u such that σ(u,w)! = a.

M, w |= G�
a ϕ if and only if M, u |= ϕ for all u such that σ(w, u)! � a.

M, w |= H�
a ϕ if and only if M, u |= ϕ for all u such that σ(u,w)! � a.

One could study the systems of these kinds of metric temporal operators and
the system combine these operators together.

(2) In our definition of metric temporal frames, the conditions to be satisfied
by the measure function are weakened for technical reasons. One could study
the metric temporal frames with unweakened conditions, i.e., the frames with
measure function σ satisfies:

(a) σ(w,w) = 0 for every state w in the frame;
(b) if σ(w, u) = a and σ(u, v) = b, then σ(w, v) = a + b.

We wish these problems should be solved in further investigations, and a fully
developed account of metric temporal frames based on multiple-valued seman-
tics may lead to fruitful theories about metric temporal reasoning, which may
find applications in philosophical analysis of some problems involving metric
temporal operators.
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Abstract. The first-order definability of the shortest path function (I)
as well as the first-order non-definability of the induced path function
(J) of graphs is established by Nebeský. Inspired by these results, we try
to investigate the first-order logic axiomatisation of the segment transit
functions associated with the induced path (Ĵ) in graphs and obtained
that Ĵ does not possess first-order axiomatisation.

Keywords: Segment transit function · Induced path function · First
order definability

1 Introduction

First-order logic is a natural object of study, it is semantically complete and
is adequate to the axiomatisation of all ordinary mathematics. Further Lind-
ström’s theorem shows that it is the maximal logic satisfying the compactness
and Löwenheim-Skolem properties [12]. So it is not surprising that first-order
logic has long been regarded as the “right” logic for investigations into the foun-
dations of mathematics.

In this paper, we consider only a connected finite and simple graph, denoted
as G = (V, E) with V ( denoted some times as V (G)) being the vertex set and
E (denoted some times as (E(G)), the edge set of G. A u, v-path is a sequence
of distinct vertices u = u1, u2, · · · , un = v in G where uiuj is an edge of G
whenever |i− j| = 1. If P is a path then length of P is the number of edges in P .
A u, v-path is called a u, v-shortest path, if P is a path of minimum length. The
distance between two vertices u and v of a graph G is the length of a shortest
u, v-path and is denoted by dG(u, v) or d(u, v).

The interval function I : V × V → 2V of a graph G is defined as: I(u, v) =
{z ∈ V : z lies on some shortest u, v-path in G}, is an important tool in studying
distance properties in graphs and is a part of folklore in metric graph theory [14].
In [16,17], Ladislav Nebeský gave an interesting turn in the axiomatic study in
graphs by characterising the interval function of a connected graph G = (V,E),
using a set of simple first-order (FO) axioms defined on an arbitrary function R
defined on V . This function is later termed as a transit function (denoted as R)
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by Mulder in [13], defined as the function R : V × V → 2V satisfying the three
transit axioms: (t1) ∀x ∀y (x ∈ R(x, y)); (t2) ∀x ∀y (R(x, y) = R(y, x)); and (t3)
∀x (R(x, x) = {x}). This first order axiomatisation of the function I is further
refined in [15] and extended to arbitrary graphs in [6].

Moreover, the transit function is used to generalise the notion of betweenness,
intervals and convex sets, present in several areas in mathematics. It is not
difficult to see that, corresponding to any function R : V × V → 2V there is a
ternary relation T ⊆ V ×V ×V and vice versa. Thus any axiom defined on R can
be associated with a corresponding axiom in the ternary relation T and hence
the axioms (t1), (t2) and (t3) can be translated into corresponding axioms on T
and vice versa.

Motivated by the study of the interval function, other functions defined by
natural path properties and betweenness is studied in graphs. An immediate
generalisation of a shortest path is the induced path; a u, v-path, say P := u =
v1, v2, ..., vk = v in G is an induced u, v-path if there is no edge in G joining
non-consecutive vertices of P ; that is, vivj is not an edge in G with |j − i| > 1.
The corresponding induced path function J (or monophonic interval) is defined
as J(u, v) = {z ∈ V : z lies on an induced u, v-path}. Similarly, if we consider all
paths between u and v instead of shortest or induced paths, we get the so called
all-paths transit function, defined as A(u, v) = {z ∈ V : z lies on a u, v-path}.
The functions I, J , A and the associated betweenness and convexities, known
as respectively, the shortest path betwenness and the geodesic convexity, the
induced path betwenness and induced path convexity( monophonic convexity),
all-paths betweenness and all paths convexity, are well studied in graphs, for
e.g., see [4,5,19], also the survey [7], and references therein.

Given a transit function R on V. A subset X of V is R-convex, if R(x, y) ⊆ X,
for all x, y ∈ X. The family of R-convex sets in V is called the R-convexity on
V . The R-closure R(X) of a subset X of V is given by R(X) =

⋃
u,v∈X R(u, v).

The smallest R-convex set containing X is denoted by 〈X〉R and is called the R-
convex hull of X. 〈X〉R is also defined recursively as follows: R1(X) = R(R(X))
and Rk(X) = R(Rk−1(X)). For the least k satisfying Rk(X) = Rk+1(X), we
say that 〈X〉R = Rk(X).

Given a transit function R, one can define another transit function, named
as the segment transit function associated with R, as R̂ : V × V → 2V defined
by R̂(u, v) = 〈{u, v}〉R, for u, v ∈ V .

In 2000, Nebeský [18] gave another interesting result that the induced path
function of a connected graph is not FO definable. In 2010, Changat et.al [5] gave
special cases involving forbidden induced subgraphs, in which J can be charac-
terised by transit axioms. It may be noted that the all paths transit function
A(u, v) also possess a first order axiomatic characterisation, see [3]. It is also
interesting to observe that for the transit function A, A(u, v) is always A-convex
and hence both the transit function A and the segment transit function Â are
the same which implies that the function Â is also first order axiomatisable.

In this paper, we consider the induced path function J of a connected graph
and its corresponding segment transit function. In 1984, Duchet [9] and in 2010,
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Dourado et all [8] gave elegant characterisations of Ĵ . It is proved in [8] that
the time complexity of determining the J-convex hull of a set of vertices of
connected graph is polynomial (O(n2m)), while that of computing the interval
J(u, v) is NP-complete. Motivated from these results and the work of Nebeský
on the non-FO definability of the function J , we attempt to study the feasibility
of first order axiomatic characterisation of Ĵ .

2 Preliminaries

In this section, we fix the preliminary concepts, notations and terminologies that
we follow in this paper. Given a transit function R, one can define a sequence
of transit functions R1, R2, · · · so that for the least k satisfying Rk(u, v) =
Rk+1(u, v), we get R̂(u, v) = Rk(u, v). We define R0 = R and Rk(u, v) = {z :
z ∈ R(x, y), where x, y ∈ Rk−1(u, v)}.

If for a transit function R, all sets R(x, y) are convex, then it can be easily seen
that R = R̂. We can define a simple first order axiom to specify the convexity
of R(x, y) known as monotone axiom on R denoted as (m). A transit function
R satisfies axiom (m), if

x, y ∈ R(u, v) ⇒ R(x, y) ⊆ R(u, v), for every x, y, u, v ∈ V .

Thus for a transit function R satisfying the axiom (m), R and R̂ coincides. In
other words, a graph with convex intervals satisfies the axiom (m). Generally, it
might be noted that the convexity defined by R and R̂ are the same since convex
hull of a convex set is the set itself and the convex hull of a set is basically a
convex set.

Two natural betweenness axioms of a transit function R are the following.

(b1) x ∈ R(u, v), x 	= v ⇒ v /∈ R(u, x)
(b2) x ∈ R(u, v) ⇒ R(u, x) ⊆ R(u, v).

It was shown in [2] that the function J of a connected graph G need not
satisfy these axioms and further proved that J satisfies the axioms (b1) and (b2)
if and only if G is HHD-free (that is, G has no house, hole or domino as induced
subgraphs). It may be observed that axiom (m) is a stronger axiom than (b2)
as the axiom (m) is a special case of axiom (b2). If we compare the function
J and Ĵ of an arbitrary connected graph G with respect to the betweeness
properties, we observe that both J and Ĵ satisfies the simple betweenness axiom
(j2), defined on a transit function R as R(u, x) = {u, x}, R(x, v) = {x, v}, u 	=
v, and R(u, v) 	= {u, v} implies x ∈ R(u, v). It is already observed that Ĵ satisfies
the monotone axiom (m), but J need not satisfy (m) and as noted above, J even
need not satisfy the weaker axiom (b2). Thus the function Ĵ possesses stronger
betweenness axioms than the function J . We prove that, still the function Ĵ
doesn’t possess a first order axiomatisation.

We use the method of Ehrenfeucht Fräıssé game [10,12] (EF game) to show
the inexpressibility of Ĵ whereas Nebeský uses the back and forth condition in
[18]. EF game is one of the main tools in proving that a query is not definable
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in first order logic. This game is called “Ehernfeucht Fräıssé Game”, in honor
of their developers Ehrenfeucht and Fräıssé. Some of the other tools used to
check the inexpressibility of queries in first-order logic are zero-one law, Hanf-
locality, Gaifman-locality, etc. [12]. The following is a brief outline of the method
of Ehrenfeucht Fräıssé game:

The tuple X = (X,S) is called a structure when X is a nonempty set called
universe and S is a finite set of function symbols, relation symbols and constant
symbols called signature. Here we assume that the signature contains only rela-
tion symbols. The quantifier rank of a formula φ is its depth of quantifier nesting
and is denoted by qr(φ). Let A and B be two structures with same signatures. A
map q is said to be a partial isomorphism from A to B if and only if dom(q) ⊂ A,
rg(q) ⊂ B, q is injective and for any n-ary relation R in the signature and a0,
. . . , al−1 ∈ dom(q), RA(a0, . . . , al−1) iff RB(q(a0), . . . , q(al−1)).

Let r be a positive integer. The r-move Ehrenfeucht-Fraisse Game on A and
B is played between 2 players called the Spoiler and the Duplicator, according
to the following rules:

Each run of the game has r moves. In each move, the Spoiler plays first and
picks an element from the universe A of the structure A or from the universe
B of the structure B; the Duplicator then responds by picking an element from
the universe of the other structure (that is if the Spoiler has picked an element
from B, then the duplicator picks an element from A and vice versa).

Let ai ∈ A and bi ∈ B be the two elements picked by the Spoiler and
the Duplicator in their ith move, 1 ≤ i ≤ r. The Duplicator wins the run
(a1, b1), ..., (ar, br) if the mapping ai → bi, where 1 ≤ i ≤ r is a partial
isomorphism from the structure A to B. Otherwise the Spoiler wins the run
(a1, b1), ..., (ar, br).

The Duplicator wins the r-move EF-game on A and B or the Duplicator
has a winning strategy for the EF-game on A and B if the duplicator can win
every run of the game; no matter how the spoiler plays. Otherwise, the Spoiler
wins the r-move EF-game on A and B . For more details on first order logic and
game concepts refer [10,12]. The following theorem is our main tool in proving
the inexpressibility results.

Theorem 1. [12] Let A and B be two structures in a relational vocabulary.
Then the following are equivalent.

1. A and B satisfy the same sentence σ with qr(σ) ≤ n.
2. The Duplicator has an n- round winning strategy in the EF game on A and

B.

The study of graphs using different signatures other than I, J , and A can be
seen in [11] and [1].

3 Segment Function Corresponding to the Induced Path
Function

Here we show that it is not possible to give a characterisation of Ĵ using a set
of first-order axioms defined on R.
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By a ternary structure we mean an ordered pair (X,T ) where X is a finite
nonempty set and T is a ternary relation on X. By the underlying graph of a
ternary structure (X,T ) we mean the graph G with the properties that X is its
vertex set and distinct vertices u and v of G are adjacent if and only if

{x ∈ X;T (u, x, v)} ∪ {x ∈ X;T (v, x, u)} = {u, v}.

We call a ternary structure (X,T ), ‘the Bn- structure of a graph G’, if X is
the vertex set of G and T is the ternary relation corresponding to Jn. A ternary
structure (X,T ), is ‘the C- structure of a graph G’, if X is the vertex set of G and
T is the ternary relation corresponding to Ĵ . We say that the ternary structure
(X,T ) is a C-structure (or Bk-structure), if there exists a connected graph G
such that (X,T ) is the C- structure (or Bk-structure) of G. From the definition
of underlying graph of a ternary structure, it is easy to see that if (X,T ) is
a C-structure (or Bk-structure), then it is the C-structure (or Bk-structure) of
exactly one connected graph, namely the underlying graph of (X,T ). Remember
that, corresponding to any ternary relation T ⊆ X × X × X, there is a function
F : X × X → 2X defined as F (x, y) = {u ∈ X : T (x, u, y)}. So, for any ternary
structure (X,T ), we can associate the function F corresponding to T . We say
that (X,T ) is scant if the function F corresponding to the ternary relation
T , satisfies the condition: (s) ∀x ∀y (F (x, y) 	= {x, y}, x 	= y ⇒ F (x, y) = X);
along with the axioms (t1), (t2), and (t3) or in other words F is a transit function
satisfying the axiom (s).

For each k ≥ 1, we present two graphs Gd and G′
d such that the Bk-structure

of one of which is scant and the other is not. Clearly, if the Bk-structure of Gd

is scant then the C-structure of Gd will also be scant. Moreover, the proof will
get settled, once we prove that the Duplicator wins the EF game on Gd and G′

d.
For d ≥ 2 let Gd be a graph with vertices {u1, u2, . . ., u4d, v1, v2, . . ., v4d,

w1, w2, x1, x2}, and edges

E(Gd) = {u1u2, u2u3, . . . , u4d−1u4d, u4du1,

v1v2, v2v3, . . . , v4d−1v4d, v4dv1,

u1v2, u2v3, . . . , u4d−1v4d, u4dv1,

v1u2, v2u3, . . . , v4d−1u4d, v4du1,

u1x1, v1x1, u1w1, v1w1, w1x1

u2d+1x2, v2d+1x2, u2d+1w2, v2d+1w2, w2x2

x1x2, x1w2, w1x2, w1w2}

For d ≥ 2 let G′
d be a graph with vertices {u′

1, u′
2, . . ., u′

4d,v
′
1, v′

2, . . ., v′
4d,

w′
1, w′

2, x′
1, x′

2}, and edges
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Fig. 1. Diagram for G2

E(G′
d) = {u′

1u
′
2, u

′
2u

′
3, . . . , u

′
2d−1u

′
2d, u

′
2du

′
1,

u′
2d+1u

′
2d+2, u

′
2d+2u

′
2d+3, . . . , u

′
4d−1u

′
4d, u

′
4du

′
2d+1,

v′
1v

′
2, v

′
2v

′
3, . . . , v

′
2d−1v

′
2d, v

′
2dv

′
1,

v′
2d+1v

′
2d+2, v

′
2d+2v

′
2d+3, . . . , v

′
4d−1v

′
4d, v

′
4du

′
2d+1,

u′
1v

′
2, u

′
2v

′
3, . . . , u

′
2d−1v

′
2d, u

′
2dv

′
1,

u′
2d+1v

′
2d+2, u

′
2d+2v

′
2d+3, . . . , u

′
4d−1v

′
4d, u

′
4dv

′
2d+1,

v′
1u

′
2, v

′
2u

′
3, . . . , v

′
2d−1u

′
2d, v

′
2du

′
1,

v′
2d+1u

′
2d+2, v

′
2d+2u

′
2d+3, . . . , v

′
4d−1u

′
4d, v

′
4du

′
2d+1,

u′
1x

′
1, v

′
1x

′
1, u

′
1w

′
1, v

′
1w

′
1, w

′
1x

′
1

u′
2d+1x

′
2, v

′
2d+1x

′
2, u

′
2d+1w

′
2, v

′
2d+1w

′
2, w

′
2x

′
2

x′
1x

′
2, x

′
1w

′
2, w

′
1x

′
2, w

′
1w

′
2}

The graphs G2 and G′
2 are shown in Fig. 1 and 2 respectively. Before going

into the next lemma, observe that the subgraph K ′ induced by the vertices x′
1,

x′
2, w′

1, and w′
2 in G′

2 and the subgraph K induced by the vertices x1, x2, w1,
and w2 in G2 are complete graphs. Due to the presence of this K ′ in G′

2 we
can see that, J1(u′

3, v
′
3) = {u′

3, v
′
3, u

′
1, v

′
1, u

′
2, v

′
2, u

′
4, v

′
4} 	= V (G′

2). Hence, the B1-
structure of G′

2 is not scant. On the other hand, in G2, even in the presence of
the induced subgraph K, we have J1(u3, v3) = V (G2). A further checking on
each other pair of vertices in V (G2) will yield that B1-structure of G2 is scant.
We generalize this observation for Gd and G′

d with d ≥ 2, in the following lemma.

Lemma 1. Let d ≥ 2.

i. The B1-structure of Gd is scant.
ii. The B1-structure of G′

d is not scant.
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Fig. 2. Diagram for G′
2

Proof. (i) Let V (Gd) = U∪V ∪W ∪X, where U = {u1, u2, . . ., u4d}, V = {v1, v2,
. . ., v4d}, W = {w1, w2}, and X = {x1, x2}. Also, we write u0 = u4d, v0 = v4d,
u4d+1 = u1 and v4d+1 = v1. Let u, v ∈ V (Gd) with d(u, v) ≥ 2. Clearly, u and v
will be some elements in U, V,W, or X. We have to show that J1(u, v) = V (Gd).

When u, v ∈ W (or X), or when u ∈ X (or W ) and v ∈ W (or X) then
d(u, v) = 1 and for this particular u and v, the axiom (s) holds trivially. So we
consider the following cases:
Case 1: u, v ∈ U (or V )

First we consider the case when u = u2 and v = u4d (the case when u =
u2d and v = u2d+2 can be obtained similarly). Now, J(u2, u4d) = V (Gd) \
{v2, v4d, x1, x2, w1, w2}. But u1, v1, u2d+1, v2d+1 ∈ J(u2, u4d) and since v2, v4d,
x1, w1 ∈ J(u1, v1) and x2, w2 ∈ J(u2d+1, v2d+1), we get J1(u2, u4d) = V (Gd).
Similarly J1(u2d, u2d+2) = V (Gd).

Furthermore, for any other pair of vertices u = ui and v = uj with d(ui, uj) ≥
2, we have J(ui, uj) = V (Gd) \ {vi, vj}. Since ui+1, vi+1, uj+1, vj+1 ∈ J(ui, uj)
we obtain vi ∈ J(ui+1, vi+1) and vj ∈ J(uj+1, vj+1). Hence J1(ui, uj) = V (Gd).
Case 2: u ∈ U and v ∈ V

Let u = ui and v = vj . Suppose i = j. When i = 1, J(ui, vi) =
{ui, vi, ui+1, vi+1, ui−1, vi−1, x1, w1}, when i = 2d + 1, J(ui, vi) =
{ui, vi, ui+1, vi+1, ui−1, vi−1, x2, w2} and otherwise, that is when i 	= 1, 2d+1, we
have J(ui, vi) = {ui, vi, ui+1, vi+1, ui−1, vi−1} and x1, x2, w1, w2 ∈ J(ui+1, ui−1)
(for example consider the induced path ui+1, ui+2, . . ., u2d+1, x2(or w2), x1(or
w1), u1, u2, . . ., ui−1). Clearly, U ⊂ J(ui+1, ui−1) and V ⊂ J(vi+1, vi−1). Thus,
when i = j, J1(ui, vj) = V (Gd). If i 	= j, then follow Case 1 with v = v4d and
v = vj instead of v = u4d and v = uj to obtain J1(ui, vj) = V (Gd).
Case 3: u ∈ U (or V ) and v ∈ W (or X)

Let u ∈ U and v ∈ W . With out loss of generality we take v = w1. If
d(u,w1) = 2 then, u = u2, u4d or u2d+1. The following is a list of u2, w1
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- induced path: (1) u2, u1, w1 (2) u2, v1, w1 , (3) u2, u3, . . . , u2d, u2d+1, x2, (or
w2), w1 (4) u2, v3, . . . , v2d, v2d+1, x2, (or w2), w1. Note that u3, v3 ∈ J(u2, w1)
and v2 ∈ J(v3, u3). Also, u1, u2d+1 ∈ J(u2, w1) and ui, vi ∈ J(u1, u2d+1) for
all 2d + 2 ≤ i ≤ 4d and x1 ∈ J(u1, v1). Hence J1(u2, w1) = V (Gd). Similarly,
J1(u4d, w1) = V (Gd). Furthermore, J(u2d+1, w1) = V (Gd) \ {x1, v2d+1} and
J1(u2d+1, w1) = V (Gd), since x1 ∈ J(u1, v1) and v2d+1 ∈ J(u2d, v2d).

Similarly for any other uj with d(uj , w1) > 2, we have, J(uj , w1) = V (Gd) \
{vj , x1} and J1(uj , w1) = V (Gd).

(ii) Consider any vertices u′
i, u

′
j , where 1 ≤ i, j ≤ 2d and d(u′

i, u
′
j) ≥

2. Clearly, J1(u′
i, u

′
j) ⊆ {u′

1, u
′
2, . . . , u′

2d, v′
1, v

′
2, . . . , v

′
2d, x

′
1, w

′
1} and hence

J1(u′
i, u

′
j) 	= V (G′

d). Thus the result. ��
Remark 1. From Lemma 1 we get that, for every n ≥ 3 there exists a connected
graph G of diameter n such that the C-structure of G is scant.

Lemma 2. Let n ≥ 1 and d > 2n+1. Assume that (X1, T1) and (X2, T2) are
scant ternary structures such that the underlying graph of (X1, T1) is Gd and the
underlying graph of (X2, T2) is G′

d. Then (X1, T1) and (X2, T2) satisfy the same
sentence η with qr(η) ≤ n.

Proof. Let X1 = {u1, u2, . . ., u4d, v1, v2, . . ., v4d, w1, w2, x1, x2} and let X2

= {u′
1, u′

2, . . ., u′
4d, v′

1, v′
2, . . ., v′

4d, w′
1, w′

2, x′
1, x′

2}. Let U = {u1, u2, . . ., u4d},
V = {v1, v2, . . ., v4d}, W = {w1, w2}, and X = {x1, x2}. Also, let U ′ = {u′

1, u′
2,

. . ., u′
4d}, V ′ = {v′

1, v′
2, . . ., v′

4d}, W ′ = {w′
1, w′

2}, and X ′ = {x′
1, x′

2}. Clearly
X1 = U ∪ V ∪ W ∪ X and X2 = U ′ ∪ V ′ ∪ W ′ ∪ X ′. Let d∗ and d′ denote the
distance function of Gd and G′

d respectively.
We will show that the Duplicator wins the n-move EF-game on Gd and G′

d

using induction on n. In the ith move we respectively use pi and qi to denote
points chosen from Gd and G′

d in the n-move game. Clearly, pi will be some
elements in X1 and qi will be some element in X2. Note that, during the game,
the elements of U (respectively, V , W and X) will be mapped to element of U ′

(respectively, V ′, W ′ and X ′).
Let H1 be the subgraph induced by the vertices u1, u2, . . . , u4d of Gd and

H ′
1 be the subgraph induced by the vertices u′

1, u′
2, . . . , u′

4d of G′
d. Since (X1, T1)

and (X2, T2) are scant ternary structures, to win the game the Duplicator must
preserve the edges in Gd and G′

d.
For, we claim that, for 1 ≤ j, l ≤ i, the duplicator can play in Gd and G′

d, in
a way that ensures the following conditions after each round i ≤ n.

(1) If d∗(pj , pl) ≤ 2n−i, then d′(qj , ql) = d∗(pj , pl).

(2) If d∗(pj , pl) > 2n−i, then d′(qj , ql) > 2n−i.

Obviously, to win the game, the following correspondence must be preserved
by the Duplicator:

u1 �→ u′
1, v1 �→ v′

1, w1 �→ w′
1, x1 �→ x′

1, u2d+1 �→ u′
2d+1, v2d+1 �→ v′

2d+1,
w2 �→ w′

2, x2 �→ x′
2.
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For i = 1, (1) and (2) trivially hold. Suppose they hold after i moves and
that the Spoiler makes his i + 1th move. Let the Spoiler picks pi+1 ∈ X1 (the
case of qi+1 ∈ X2 is symmetric). If pi+1 = pj for some j ≤ i, then qi+1 = qj

and the conditions (1) and (2) are preserved. If pi+1 is some ur (or vr) where
the vertex vr (or ur) is already chosen. With out loss of generality, let pi+1 = ur

and let vr �→ v′
s. Then set qi+1 = u′

s. Clearly conditions (1) and (2) will hold,
since, for any previously chosen vertex pj , d∗(pj , ur) = d∗(pj , vr).

Otherwise, find two previously chosen vertices pj and p� closest to pi+1 so
that there are no other previously chosen vertices on the pj , p�-path of Gd which
passes via pi+1.

Case 1: pj , p�, pi+1 ∈ U
First we consider the case when d∗(pj , p�) = dH1(pj , p�). There are two possi-

bilities depending on the value of d∗(pj , p�). If d∗(pj , p�) ≤ 2n−i, then by induc-
tion assumption there will be vertices qj and q� in G′

d with d′(qj , q�) ≤ 2n−i.
Then the Duplicator can choose qi+1 so that d∗(pj , pi+1) = d′(qj , qi+1) and
d∗(pi+1, p�) = d′(qi+1, q�). Clearly, the conditions (1) and (2) will hold. If
d∗(pj , p�) > 2n−i, then by induction assumption d′(qj , q�) > 2n−i. There are
two cases:

Case i. d∗(pj , pi+1) ≤ 2n−(i+1) or d∗(pi+1, p�) ≤ 2n−(i+1), say the first.
Then d∗(pi+1, p�) > 2n−(i+1). So the Duplicator can choose qi+1 with
d′(qj , qi+1) = d∗(pj , pi+1) and d′(qi+1, q�) > 2n−(i+1).

Case ii. d∗(pj , pi+1) > 2n−(i+1) and d∗(pi+1, p�) > 2n−(i+1). Therefore, the
Spoiler plays at a distance greater than 2n−(i+1) from all previously
played vertices. However, since we have chosen d sufficiently large, we
can be sure that, if fewer than n-rounds of the game have been played,
in G′

d there is a point at distance larger than 2n−(i+1) from all the
previously played vertices.

Now, suppose d∗(pj , p�) 	= dH1(pj , p�). This case occurs when pj , p�-shortest
path contains the vertices u1, u2d+1, v1, v2d+1, x1, x2, w1 and w2. Here find out
min{d∗(pj , pi+1), d∗(p�, pi+1)}. Suppose d∗(pj , pi+1) ≤ d∗(p�, pi+1). Then choose
qi+1 so that d∗(pj , pi+1) = d′(qj , qi+1).
Case 2: pj , p� ∈ V , pi+1 ∈ V

Let pj = vr, p� = vs, pi+1 = vt. Then find the elements ur, us and ut in U
and use case 1 to find the response of Duplictor when Spoiler chooses ut. Let
ut �→ u′

z. Then choose qi+1 = v′
z.

Similarly for other cases (when pj ∈ U( or V ), p� ∈ V ( or U), pi+1 ∈
V ( or U)) we can make all the vertices lying in U as in case 2 and is possible to
find a response of the Duplicator. Evidently, in all the cases, the conditions (1)
and (2) hold.

Furthermore, after n rounds of the game, the Duplicator can preserve the
partial isomorphism. For, suppose n rounds have been played and let {p1, p2,
. . . , pn} ∈ X1 and {q1, q2, . . . , qn} ∈ X2 be the vertices chosen in the n-move
EF-game. For, 1 ≤ j, � ≤ n, let pjp� ∈ E(Gd). That is, d∗(pj , p�) = 1, and by
(1) d′(qj , q�) = 1. Therefore, qjq� ∈ E(G′

d). Conversely, let qjq� ∈ E(G′
d). If

pjp� /∈ E(Gd), then d∗(pj , p�) > 1 and by (2) we get d′(qj , q�) > 1, contrary
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to our assumption that qjq� ∈ E(G′
d). Thus the Duplicator wins the n-move

EF-game on Gd and G′
d. Hence by Theorem 1 we obtain the result. ��

In general to show that Jk, k ≥ 2 is not first order axiomatisable, we need a
graph G such that for any a, b in V (G), Ĵ(a, b) = J�(a, b), with � ≤ k. Consider
the following graphs Hd (depicted in Fig. 3) and H ′

d (depicted in Fig. 4):
For d ≥ 2, let Hd be a graph with vertices V (Hd) = V (Gd) ∪ {a1, a2, . . .,

ak, b1, b2, . . ., bk}, and edges

E(Hd) =E(Gd) ∪ {u1a1, u1b1, v1a1, v1b1,

a1a2, a2a3, . . . , ak−1ak,

b1b2, b2b3, . . . , bk−1bk,

a1b2, a2b3, . . . , ak−1bk,

b1a2, b2a3, . . . , bk−1ak}

Fig. 3. Diagram for Hd

Let H ′
d be a graph with vertices V (H ′

d) = V (G′
d) ∪ {a′

1, a′
2, . . ., a′

k, b′
1, b′

2,
. . ., b′

k}, and edges

E(H ′
d) = E(G′

d) ∪ {u′
1a

′
1, u

′
1b

′
1, v

′
1a

′
1, v

′
1b

′
1,

a′
1a

′
2, a

′
2a

′
3, . . . , a

′
k−1a

′
k,

b′
1b

′
2, b

′
2b

′
3, . . . , b

′
k−1b

′
k,

a′
1b

′
2, a

′
2b

′
3, . . . , a

′
k−1b

′
k,

b′
1a

′
2, b

′
2a

′
3, . . . , b

′
k−1a

′
k}

Notice that for any p, q in V (Hd), Ĵ(p, q) = J�(p, q), with � ≤ k + 1. Clearly,
the Bk+1-structure of Hd is scant and that of H ′

d is not scant. Also analogous
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Fig. 4. Diagram for H ′
d

of Lemma 2 can be obtained, since the Duplicator can win the game on Hd and
H ′

d by corresponding ai to a′
i and bi to b′

i for each 1 ≤ i ≤ k.
By Lemma 2, we get that scant ternary structures with underlying graph

Gd and G′
d satisfy the same first-order sentences (that is they cannot be dis-

tinguished using any FO sentences). And using Lemma 1, we obtain that the
B1-structure of Gd and G′

d are different. In other words, Gd and G′
d differ in J1.

Thus J1 is not FO definable. Similarly, using analogous of Lemma 1 and Lemma
2 for the graphs Hd and H ′

d, we get, Jk, k ≥ 2 is not first-order definable. Hence,
we obtain the following theorem for every k ≥ 1.

Theorem 2. There exists no sentence σ of the first order logic of vocabulary
{T} such that a connected ternary structure is a Bk-structure if and only if it
satisfies σ.

By Theorem 2 we can conclude that for any k ≥ 1, the transit function Jk

does not posses a first order axiomatic characterisation. In addition, observe that
the C-structure of the graph Gd, as well as Hd is scant and C-structure of G′

d

and H ′
d are not scant. This observations along with Lemma 2 for both the pairs

of graphs Gd and G′
d, and, Hd and H ′

d, we can conclude the following result.

Theorem 3. There exists no finite set S of sentences of the first order logic of
vocabulary {T} such that a connected ternary structure is a C- structure if and
only if it satisfies each sentence in S.

4 Characterisation of Graph Classes Using Ĵ

In this section, we observe that even though the segment function Ĵ of arbitrary
connected graphs are not first order axiomatisable, there are non-trivial graph
classes whose Ĵ possesses first order axiomatic characterisation. The particular
problem seems challenging, because of the iterative nature of Ĵ . We prove that
Ĵ possesses a first order axiomatic characterisation in graphs having no clique
separator.
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A clique of G is a subset of V consisting of pairwise adjacent vertices. A
separator in a connected graph G is a set of vertices, the removal of which
disconnects the graph, and a clique separator is a separator which is a clique.

Theorem 4. [9] In a connected graph G a vertex a belongs to the J-convex hull
of a set A if and only if no clique of G\a (the graph obtained by removing the
vertex a and all the edges incident to a in G) separates a and A

Adapting the above characterisation by Duchet, we can find a characterisa-
tion in terms of first order axioms of Ĵ for a graph that does not contain a clique
separator.

Theorem 5. Let G be a connected graph which is not a complete graph. Then
Ĵ of G satisfies axiom (s) if and only if G does not contain a clique separator.

(s) ∀u ∀v ∀x (R(u, v) 	= {u, v} ⇒ x ∈ R(u, v))

Proof. Prior to beginning the proof, note that if G is a complete graph, then
Ĵ of G holds axiom (s) trivially. Suppose G contains a clique separator C. We
will show that Ĵ of G does not satisfy the axiom (s). Without loss of generality
assume that C separates G into precisely two parts say, H1 and H2. Let u, v
∈ V (H1) which does not frame an edge and let x ∈ V (H2). Then, by Theorem
4, we get x /∈ Ĵ(u, v).

Conversely, suppose Ĵ of G does not satisfy axiom (s). Then there exists
vertices u, v, and x with Ĵ(u, v) 	= {u, v} and x /∈ Ĵ(u, v). Now by Theorem 4,
x /∈ Ĵ(u, v) (that is, x does not belong to the J-convex hull of the set {u, v})
means there exists a clique of G\x that separates x and {u, v}. That is, G
contains a clique separator.

5 Conclusion

In this work, we proved that the segment transit function of the induced path
function of graphs does not have a first order axiomatic characterisation. Also,
due to the iterative nature of the functions the characterisation of graphs using
these functions will have less expressibility compared to FOLB (the first order
logic with betweenness). It will be interesting to check the FO axiomatisation of
segment transit function associated with the interval function.
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Abstract. In this work we propose a fuzzy free logic, that is a generalized system
which can give proper interpretation to sentences containing vagueness of non-
referring singular terms. This logic is an amalgamation of classical positive free
logic system with predicate rational Pavelka logic. The semantics given to the
fuzzy free logic is based on dual-domain semantics. A graded similarity measure
is introduced in the system which allows comparing two objects based on some
properties and assign a degree of similarity. Soundness of the proposed system is
proved.

Keywords: Free logic · Positive free logic · Dual-domain semantics · Rational
Pavelka logic · Graded similarity measure · Empty-names

1 Introduction

Most of our daily communications use ordinary language and a good part of our
thinking is done in it. In our daily lives, we often talk about sentences with refer-
entless names, i.e., empty names, like, Dark matter, Santa Claus, Vulcan, Pegasus,
Byomkesh Bakshi etc. These names may come from fictional stories (like story of
Christmas, Roman Mythology, Greek Mythology, stories of Satyanweshi), from meta-
physics (‘nothingness’) or from scientific discussions about existence of unobserved
hypothetical entities (like dark matter). Also, in the ordinary language, we often use
words whose meanings are vague, e.g., ‘tall’, ‘beautiful’ etc.

Though the referentless names are unavoidable in ordinary discourse, classical first
order logic is not well-equipped to reason with such names. Because, if we attempt to
assign arbitrary truth values to such sentences by assuming some kind of interpretation
of the empty names in the domain of discourse, i.e., both existent and non-existent
objects are placed in a single domain without any distinction, then some counter-
intuitive results, like “Pegasus exists”, “Round square exists”, “something exists that
does not exist” etc. can be derived. Furthermore, some logical rules/principles, i.e.,
principle of Existential Generalization (EG) and principle of Universal Instantiation
(UI) are invalidated [8,9]. Also classical logic is inadequate to deal with graded valua-
tion arising from vague terms.

So, to cope with the problem of empty names, free logic emerges [10,12], where
all classical principles are valid in case of sentences containing empty names. But free
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logic is unable to deal with vague properties and fuzzy reasoning. To deal with vague
properties of objects and for approximate reasoning, fuzzy logic is used, which allows
graded valuation according to the degree to which an object satisfies a particular prop-
erty. But fuzzy logic also has its drawbacks. A sentence, like, “A Pegasus is more similar
to a horse than a Hyppogriff”, which involves non-referring names and the fuzzy notion
of similarity, cannot simultaneously be dealt within fuzzy predicate logic.

In this paper, we propose a new fuzzy logical system that can simultaneously deal
with vague properties and also empty names. The system is named as Fuzzy Free Logic
with Dual Domain Semantics (FFDS). The proposed system is new in the sense that it
amalgamates dual domain positive free logic with predicate rational Pavelka logic [5],
thus giving a many-valued variation of free logic. Also in the system we introduce a
graded similarity measure that broadens the scope to comparing different objects having
different degrees of similarity. Not only that, the similarity measure is defined in such a
way so that we can express different degrees of similarity between two objects based on
different sets of properties. In this respect the proposed system is more generalized than
systems containing only strict identity, because strict identity cannot capture different
grades of similarity. The similarity relation plays significant role in fuzzy approximate
reasoning [14] and also to build information systems [6]. Also the proposed system
extends the scope of dealing with sentences that are used in ordinary language.

To the best of our knowledge this type of amalgamation of fuzzy logic and free
logic has not been studied yet. In [2] a basic outline of a fuzzy free logic was proposed.
But their approach was quite different from the system presented here. Firstly, in [2] the
authors allowed truth-value gaps in the semantics; while here the proposed semantics is
based on total valuation. Secondly, no detailed mathematical analysis and axiomatiza-
tion was presented in [2]. Thirdly, we have incorporated a notion of graded similarity
in our system.

2 Fuzzy Free Logic with Dual Domain Semantics (FFDS)

In this work, we propose a fuzzy free logic, which is an amalgamation of predicate
rational Pavelka logic (RPL∀) and positive free logic with dual domain semantics. This
logic resolves the problem of empty names of fuzzy predicate logic by dispensing with
the tacit existential assumption of singular terms by means of an existence predicate E!.
Simultaneously, the proposed system is capable of dealing with vague properties and
graded truth values of sentences.

There are three major semantics for free logic [12], namely positive [7,10], negative
[11] and neutral [3]. Positive semantics allows some empty-termed atomic formulas, not
of the form ‘E!t’ (where, t is a term), to be true. On the other hand, negative free logic
semantics require all empty-termed atomic formulas to be false. In neutral semantics
all empty-termed atomic formulas, not of the form ‘E!t’, are truthvalueless. Here, in
positive free logic the sentence t = t is true, even if t is empty; whereas in negative free
logic the sentence t = t is false if t is empty.

The semantics of the proposed system is based on the dual domain semantics of
positive free logic. Dual domain positive semantics, uses two domains of interpretation
[13], namely inner and outer domain; where, the inner domain captures the class of
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existing objects and the outer domain includes non-existent objects. Hence, in a dual-
domain semantics the interpretation function is total and empty names are not non-
referring as they refer to non-existent objects from the outer domain. The quantifiers
range over the inner domain only. The domain of interpretation can be given as:

D= Di ∪Do,

where, Di and Do are inner and outer domain respectively, and Di and Do are disjoint
sets.

Single and dual-domain semantics differ in the ways of assigning truth values to
atomic formulas containing empty names. In dual-domain semantics the extension of a
predicate ranges over the union of inner and outer domain, and truth value of any atomic
formula is evaluated in the Tarskian fashion; i.e., an atomic formula is true if and only if
the ordered n-tuple of objects referred to by its singular terms belongs to the extension
of the predicate. Such evaluation is not possible in case of single domain semantics as
empty names have no reference; hence truth values of such formulas are fixed either to
be true or to be false depending on the semantics, which may lead to counter-intuitive
results. For instance, the atomic proposition “Santa Claus is the President of United
States” is true in single-domain positive free semantics and “Harry Potter is a fictitious
character” is false in negative free semantics. This issue is resolved by considering two
domains of interpretation.

Predicate rational Pavelka logic (RPL∀) is a conservative extension of
Łukasiewicz’s infinite valued logic [5], which extends Łukasiewicz logic with truth
constants r̄ for each rational r ∈ [0,1], where r̄ is treated as an atomic formula whose
truth value is r under each evaluation. This allows to derive partially true conclusions
from partially true statements.

2.1 The Role of Similarity

One essential feature of the proposed system is that, here, along with strict identity (=)
a graded similarity measure is introduced, so that two objects can be compared based
on how much they have in common.

Strict identity follows Leibnizian principle, which in a modified form, can be stated
as [1]:

x= y iff x has p implies y has p and conversely;

where, p represents a property belonging to a specified collection of properties or
attributes. Say, the specified collection of properties is denoted by A.

However, graded similarity offers a broader scope for comparing two objects, which
can’t be captured by strict identity. This is illustrated with the help of following two
cases.

Firstly, in case of vague properties, e.g., tall, beautiful etc., the concern is not only
whether an object has those properties but also to what extents the properties are present
in the object. Hence for any object x∈D and any vague property p∈ A, it is not enough,
only to specify that whether x is p or not, but to what extent x has the property of being
p is to be specified. For this, RPL∀ is appropriate to assign a graded valuation from [0,1]
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to the statement “x is p”. In such a scenario, two objects, x and y, may both have some
property p, but with different degrees. Thus x and y are not identical, but have certain
similarity with respect to the vague property p. The same scenario can arise when a set
of vague properties is considered instead of a single property p. This aspect cannot be
handled using strict identity.

Secondly, even if we are not considering vague properties, the notion of graded
similarity may come into the picture [6]. Instead of the strict identity between two
objects (or entities), finding some common properties becomes important in reasoning
with ordinary discourse. Bivalent identity does not capture these aspects. Suppose two
objects x,y∈D have certain (crisp) properties p1, .., pn ∈ A. Whereas, x and y mismatch
over the rest of the properties in A. Then clearly x and y are not identical; but they are
similar. But this similarity is not fuzzy, two objects can either be similar or not.

In the proposed logic, a graded similarity measure is introduced along with the
concept of identity of classical free logic, that can deal with both of the aforementioned
cases.

In order to define an appropriate similarity measure it must be kept in mind that
similarity between two objects (or entities) should be judged with respect to many
parameters, not just one. For instance, a horse is similar to a Pegasus with respect to
their appearance; Santa Claus is similar to Pegasus because both are non-existent; Hip-
pogriff is similar to Harry Potter since both are characters from same fantasy story,
whereas they have very different appearance. Hence, a single similarity measure is not
capable of dealing with these various parameters of comparison, i.e., sets of properties,
based on which similarity of two objects are to be evaluated.

2.2 Representation of Properties and Similarity

Any unary predicate stands for a property or attribute of the corresponding argument.
For instance, if Intelligent is considered to be a unary predicate then, Intelligent(x)
depicts a property of x. In case of binary predicates there are two arguments. Thus a
binary predicate depicts a property of one of its arguments relative to the other one.
For instance, in case of the binary predicate Greater_than; Greater_than(x,x1) says
x is greater than x1; i.e. the property of x being greater than x1. This binary predicate
can be considered to be an attribute for one of its arguments if the other argument is not a
free variable. If the second argument is some constant, say 2, then Greater_than(x,2),
having only one free variable, corresponds to the attribute being greater than 2. The
position of the free variable is important in case of non-symmetric non-unary pred-
icates. Greater_than(x,2) does not depict the same property as Greater_than(2,x).
Same holds true for higher arity predicates, where only one argument is kept for the
free variable.

In a general way it can be said that any well formed formula with a single free
variable can be associated with a property. For instance, the property of being tall and
blonde can be represented with Tall(x)∧Blonde(x). The property of being tall or not
blonde can be depicted as Tall(x)∨¬Blonde(x).

Hence, corresponding to each property, depicted by any wff with a single free vari-
able, a similarity measure can be induced over any two objects.
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2.3 Language of FFDS

In the language, LF , of the proposed system, there are: a list of variables (x,x1,x2,x3, ..),
a list of individual constants (c,c1,c2, ...), a list of predicate symbols, Pn

i , where, n
stands for the arity and i for identifier, logical connectives ¬, &, ∨, →, ∧, ∨, the equality
predicate =, truth constants r for each r ∈ [0,1], universal and existential quantifiers ∀,
∃, an existence predicate E!, a special binary predicate symbol Sim_measϕ,s. Here ϕ
and s are parameters.

The corresponding truth functions of t-norms & and ∧ are taken to be Lukaseiwicz
t-norm (	) and min respectively; truth functions of t-conorms ∨ and ∨ are taken to be
Lukaseiwicz t-conorm (⊕) and max respectively; truth function of implication (→) is
taken to be Lukaseiwicz residuated implicator (⇒) [4]. The existence predicate E! is
taken from free logic.

In the language LF , a term is a variable or an individual constant. For any n-ary
predicate Pn

i , Pn
i (t1, .., tn) is an atomic formula, where t1, ..tn are terms. For any wff

ϕ and terms s, t, t1, Sim_measϕ,s(t, t1) and E!s are atomic formulas. For each rational
r ∈ [0,1], r is a formula. If ϕ , ψ , χ are formulas, x is a variable and s is a term, then
¬ϕ , ϕ → ψ , ϕ&ψ , ϕ ∧ ψ , ϕ ∨ ψ , ϕ∨ψ , (∀x)ψ , (∃x)ϕ are formulas. Each formula
that results from atomic formulas and using the deduction rule, are also formulas in the
system.

The similarity measure between two terms t and t1 with respect to a wff ϕ and a
term s, denoted as Sim_measϕ,s(t, t1), is used to represent the similarity between two
terms t and t1 with respect to the property depicted by the wff ϕ , where the term s serves
to denote the arguments to be substituted to capture the property depicted by ϕ .

For instance, consider ϕ is IQ(t1)∧Pass_Exm(t1)∧Good_univ(t2)∧Admit(t1, t2),
which considers a student’s IQ, whether he/she passed the exam and whether he/she has
taken admission to a good university. Then Sim_Measϕ,t1(s, t) stands for the similarity
of two students based on ϕ , where, s and t are to be substituted in place of t1.

2.4 Semantics of FFDS

The semantics of the system, FFDS, is based on dual-domain positive semantics and
semantics of RPL∀. In the dual domains, inner domain represents the domain of existent
entities and the outer domain represents the domain of non-existent entities. So, in the
semantics, the interpretation function is total.

The model structure is specified as follows;

M = 〈Di,Do,〈dc〉c ,〈rP〉P〉 .
The truth values range over [0,1] and the domain of interpretation Di

⋃
Do is non-

empty.
In the model structure,

– Di,Do are two disjoint sets, called inner and outer domain respectively.
– For each object constant c, dc is an element of Di

⋃
Do.

– For an n-ary predicate Pn
i , rPni : (Di

⋃
Do)n → [0,1] associates to each tuple

(dc1 , ...,dcn)∈ (Di
⋃
Do)n the membership value of (dc1 , ...,dcn) to the fuzzy relation

Pn
i , which is rPni (dc1 , ...,dcn) ∈ [0,1].
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Definition 1. For the language LF and model structure M for LF , an M-evaluation of
variables is a mapping ν , that assigns an element from Di

⋃
Do to each object variable

x. Let, ν ,ν ′ be two assignments, then ν ≡x ν ′ means ν(x1) = ν ′(x1) for each variable
x1 distinct from x.

The interpretation of a term by M,ν , is given as; ‖x‖M,ν = ν(x) and ‖c‖M,ν = dc.
The truth value of a sentence ϕ , denoted as ‖ϕ‖M,ν , is obtained under the following
conditions:

1. ‖Pn
i (t1, ..., tn)‖M,ν = rPni (‖t1‖M,ν , ...,‖tn‖M,ν);

2. ‖ϕ → ψ‖M,ν = ‖ϕ‖M,ν ⇒ ‖ψ‖M,ν ;
3. (a) ‖ϕ&ψ‖M,ν = ‖ϕ‖M,ν 	‖ψ‖M,ν ;

(b) ‖ϕ∨ψ‖M,ν = ‖ϕ‖M,ν ⊕‖ψ‖M,ν ;
(c) ‖ϕ ∧ψ‖M,ν = min(‖ϕ‖M,ν ,‖ψ‖M,ν);
(d) ‖ϕ ∨ψ‖M,ν = max(‖ϕ‖M,ν ,‖ψ‖M,ν);
(e) ‖¬ϕ‖M,ν = 1−‖ϕ‖M,ν

4. ‖r‖M,ν = r,r ∈ Q∩ [0,1];
5. ‖∀xϕ‖M,ν = in f{‖ϕ‖M,ν ′ | ν ≡x ν ′ and ν ′(x) ∈ Di};
6. ‖∃xϕ‖M,ν = sup{‖ϕ‖M,ν ′ | ν ≡x ν ′ and ν ′(x) ∈ Di};

7. ‖t = t1‖M,ν =

{
1, ‖t‖M,ν = ‖t1‖M,ν
0, otherwise

8. ‖E!t‖M,ν =

{
1, ‖t‖M,ν ∈ Di

0, otherwise
;

9.
∥
∥Sim_measϕ,s(t, t1)

∥
∥
M,ν = 1−

∣
∣
∣
∣‖ϕ(t//s)‖M,ν −‖ϕ(t1//s)‖M,ν

∣
∣
∣
∣

where, ϕ(t//s) means replacing zero or more (but not necessarily all) occurrences
of s in ϕ with t. Also a restriction is imposed that, in ϕ(t//s) and ϕ(t1//s), t and t1
are substituted in the same occurrences of s.

It can be seen that in the proposed semantics the valuation is total, because each and
every well formed formula is given some valuation and no truth-value gap is allowed.
Here, one thing is to be noted that predicates’ extensions range over both the inner and
outer domain. Semantic condition 1 ensures that the truth values of atomic sentences
with empty names, that are not of the form E!t, are being assigned in the Tarskian
fashion, rather that being rigidly true or false. This would result in positive dual-domain
semantics if the valuation would have been restricted to {0,1} and also this clearly
points out the distinction of the proposed system from negative and neutral semantics.
The valuation can be constructed in such a way to assign 0 to the sentence “Santa Claus
is the President of the Unites States” and to assign 1 to the sentence “Harry Potter is
a fictitious character”; whereas negative semantics would assign false to both of them
and neutral semantics would assign truth-value gap to both of them.

In condition 9, the similarity between two terms t and t1 with respect to any prop-
erty depicted by ϕ is measured by the extents to which t and t1 satisfies ϕ . If both
‖ϕ(t//s)‖M,ν and ‖ϕ(t1//s)‖M,ν are close to each other then both t and t1 are similar
with respect to ϕ and

∥
∥Sim_Measϕ,s(t, t1)

∥
∥
M,ν is close to 1. On the other hand if t and
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t1 are dissimilar with respect to ϕ , then one of ‖ϕ(t//s)‖M,ν and ‖ϕ(t1//s)‖M,ν will be
close to 1 and the other one is close to 0; thus resulting

∥
∥Sim_Measϕ,s(t, t1)

∥
∥
M,ν to be

close to 0. The similarity defined here, is reflexive, symmetric and transitive.

Lemma 1: ‖ϕ(t1//s)‖M,ν ≥ ∥
∥Sim_Measϕ,s(t, t1)

∥
∥
M,ν 	‖ϕ(t//s)‖M,ν .

Proof: R.H.S.=
∥
∥Sim_Measϕ,s(t, t1)

∥
∥
M,ν 	‖ϕ(t//s)‖M,ν

=
(

1−
∣
∣
∣
∣‖ϕ(t//s)‖M,ν −‖ϕ(t1//s)‖M,ν

∣
∣
∣
∣

)

	‖ϕ(t//s)‖M,ν

= max

{

0,1−
∣
∣
∣
∣‖ϕ(t//s)‖M,ν −‖ϕ(t1//s)‖M,ν

∣
∣
∣
∣+‖ϕ(t//s)‖M,ν −1

}

= max

{

0,‖ϕ(t//s)‖M,ν −
∣
∣
∣
∣‖ϕ(t//s)‖M,ν −‖ϕ(t1//s)‖M,ν

∣
∣
∣
∣

}

Case 1: If ‖ϕ(t//s)‖M,ν ≤ ‖ϕ(t1//s)‖M,ν

R.H.S.= max

{

0,2‖ϕ(t//s)‖M,ν −‖ϕ(t1//s)‖M,ν

}

= max

{

0,2

(

‖ϕ(t//s)‖M,ν −‖ϕ(t1//s)‖M,ν

)

+‖ϕ(t1//s)‖M,ν

}

≤ ‖ϕ(t1//s)‖M,ν

Case 2: If ‖ϕ(t1//s)‖M,ν ≤ ‖ϕ(t//s)‖M,ν

R.H.S.= max

{

0,‖ϕ(t//s)‖M,ν −‖ϕ(t//s)‖M,ν +‖ϕ(t1//s)‖M,ν

}

= max

{

0,‖ϕ(t1//s)‖M,ν

}

= ‖ϕ(t1//s)‖M,ν

2.5 Axiom Schema of FFDS

The axiomatization of the proposed system is developed by converging free logic with
predicate rational Pavelka logic (RPL∀), with introduction of a similarity measure.

Let ϕ , ψ , χ be well formed formulas, x is a variable and s, t, t1, t2, ...ti−1 be terms,
then the axioms are as follows:

1. ϕ → (ψ → ϕ);
2. (ϕ → ψ) → ((ψ → χ) → (ϕ → χ));
3. (¬ϕ → ¬ψ) → (ψ → ϕ);
4. ((ϕ → ψ) → ψ) → ((ψ → ϕ) → ϕ);
5. (ϕ → ∀xϕ), x is not free in ϕ (Blanket Axiom);
6. (∀x(ϕ → ψ)) → (∀xϕ → ∀xψ) (Dist);
7. ∀xϕ → (E!t → ϕ(t/x)) (Restricted form of the principle of Specification);
8. t = t
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9. Sim_Measϕ,s(t, t1) → (ϕ(t//s) → ϕ(t1//s));
where, in ϕ(t//s) and ϕ(t1//s), t and t1 are substituted in the same occurrences of
s.

10. ∀xE!x;
11. (a) r → k ≡ r ⇒ k

(b) ¬r ≡ 1− r, where r, k are rationals from [0,1].

In axiom 7, ϕ(t/x) stands for replacing each free occurrence of the variable x in
ϕ(x) with t. This principle states that, if a term t refers to any existing object in the
domain of discourse, then only it can be used to replace the occurrences of the variable
x in the formula ϕ . Axiom 7 is the restricted form of principle of Specification, which
is the key behind the success of free logic for dealing with empty names.

In axiom 9, ϕ(t//s) stands for replacing zero or more (but not necessarily all) occur-
rences of s in ϕ by t. In the axiom, Sim_Measϕ,s(t, t1) replaces the identity (t = t1)
occurring in the relevant axiom in classical free logic. This depicts that the t can sub-
stitute t1, not only when they are identical; but also when they both possess certain set
of properties relevant to the wff ϕ . For instance, if the consequent is concerned about
a property such as beautiful, then the substitutivity of t by t1 would depend upon their
similarity based on their beauty only. This relaxes the substitutivity condition.

The axiom 10, stipulates that the quantifiers range over all objects that satisfy E!.
Axiom 11 corresponds to the “bookkeeping axioms” for truth constants.

2.6 Deduction Rules

The deduction rule of FFDS is modus ponens (MP) (from ϕ , ϕ → ψ infer ψ). There is
another derived deduction rule in RPL∀ [4] as stated below;

(ϕ,r) (ϕ → ψ,k)
(ψ,r	 k)

Here, r, k,r	 k are rational elements from [0,1]. The pair of the form (ϕ,r) is a
graded formula such that ϕ is a formula and is a shorthand representation of r −→ ϕ
and ‘	’ is Łukasiewicz t-norm.

3 Soundness of the System

Now we prove the soundness of the system FFDS. The truth degree and provability
degree are defined following RPL∀.

Definition 2: For a theory T (a closed set of formulas) in FFDS and a formula ϕ;

1. The truth degree of ϕ over T is ‖ϕ‖T = in f{‖ϕ‖M |M is a model structure of T},
where, ‖ϕ‖M = in f{‖ϕ‖M,ν |ν is M-evaluation}

2. The provability degree of ϕ over T is |ϕ|T = sup{r|T � (ϕ,r)}.



138 B. Paul and S. Paul

Theorem 1: For each theory, T in the system and each formula, ϕ , we have,

|ϕ|T ≤ ‖ϕ‖T
Proof: It immediately follows from if T � ψ then ‖ψ‖M,ν = 1, for each model of ϕ
[4]. The soundness of deduction rules are proved in [4]. Thus, for proving soundness
of the system we will have to prove that for any axiom α , ‖α‖M,ν = 1. Axioms 1 to 4
and axiom 8 and 11 are taken directly from RPL∀; hence for them the proof is already
well-established [[4], Ch 5]. For the rest of the axioms, proofs are presented here.

Axiom 5: (ϕ → ∀xϕ) [x is not free in ϕ]

‖ϕ → ∀xϕ‖M,ν = ‖ϕ‖M,ν ⇒ ‖∀xϕ‖M,ν ;

= min(1−‖ϕ‖M,ν +‖∀xϕ‖M,ν ,1);

= min(1−‖ϕ‖M,ν + in f{‖ϕ‖M,ν ′ |ν ≡x ν ′ and ν ′(x) ∈ Di},1);
= min(1−‖ϕ‖M,ν +‖ϕ‖M,ν ,1); [since, x is not free in ϕ]

= 1.

Axiom 6: (∀x(ϕ → ψ)) → (∀xϕ → ∀xψ)
To prove, ‖(∀x(ϕ → ψ)) → (∀xϕ → ∀xψ)‖M,ν = 1
we need to show;

‖∀xϕ → ∀xψ‖M,ν ≥ ‖∀x(ϕ → ψ)‖M,ν

or, (‖∀xϕ‖M,ν ⇒ ‖∀xψ‖M,ν) ≥ ‖∀x(ϕ → ψ)‖M,ν ;

or, min(1−‖∀xϕ‖M,ν +‖∀xψ‖M,ν ,1)

≥ in f{‖ϕ → ψ‖M,ν ′ |ν ≡x ν ′ and ν ′(x) ∈ Di};

or, min(1− in f{‖ϕ‖M,ν ′ |ν ≡x ν ′ and ν ′(x) ∈ Di}
+ in f{‖ψ‖M,ν ′ |ν ≡x ν ′ and ν ′(x) ∈ Di},1)

≥ in f{‖ϕ → ψ‖M,ν ′ |ν ≡x ν ′ and ν ′(x) ∈ Di}

Now suppose, for some constants c1,c2, with dc1 ,dc2 ∈ Di;

in f{‖ϕ‖M,ν ′ |ν ≡x ν ′ and ν ′(x) ∈ Di} = ‖ϕ‖M,ν(x|c1)

in f{‖ψ‖M,ν ′ |ν ≡x ν ′ and ν ′(x) ∈ Di} = ‖ψ‖M,ν(x|c2)

where, ν(x|c) is same as ν , except at the variable x, which is assigned the value dc, i.e.,

v(x|c)(x1) =

{
v(x1), x1 �= x

dc, x1 = x
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So, min(1− in f{‖ϕ‖M,ν ′ |ν ≡x ν ′ and ν ′(x) ∈ Di}
+ in f{‖ψ‖M,ν ′ |ν ≡x ν ′ and ν ′(x) ∈ Di},1)

= min(1−‖ϕ‖M,ν(x|c1) +‖ψ‖M,ν(x|c2) ,1)

≥ min(1−‖ϕ‖M,ν(x|c2) +‖ψ‖M,ν(x|c2) ,1)

[Since,‖ϕ‖M,ν(x|c2) ≥ ‖ϕ‖M,ν(x|c1)]

= ‖ϕ → ψ‖M,ν(x|c2)

≥ in f{‖ϕ → ψ‖M,ν ′ |ν ≡x ν ′ and ν ′(x) ∈ Di}
Hence, ‖(∀x(ϕ → ψ)) → (∀xϕ → ∀xψ)‖M,ν = 1

Axiom 7:
∀xϕ → (E!t → ϕ(t/x))

It is to be proved;

‖∀xϕ → (E!t → ϕ(t/x))‖M,ν = 1;

or, (‖∀xϕ‖M,ν ⇒ ‖E!t → ϕ(t/x)‖M,ν) = 1;

or, ‖E!t → ϕ(t/x)‖M,ν ≥ ‖∀xϕ‖M,ν ;

or, (‖E!t‖M,ν ⇒ ‖ϕ(t/x)‖M,ν) ≥ ‖∀xϕ‖M,ν ;

or, min(1, 1−‖E!t‖M,ν +‖ϕ(t/x)‖M,ν)

≥ in f{‖ϕ‖M,ν ′ |ν ≡x ν ′ and ν ′(x) ∈ Di}
Now consider the following two cases:

Case-1:
Let, ‖E!t‖M,ν = 1 , i.e., ‖t‖M,ν ∈ Di

Then,

L.H.S= min(1, 1−‖E!t‖M,ν +‖ϕ(t/x)‖M,ν)

= min(1, 1−1+‖ϕ(t/x)‖M,ν)

= min(1,‖ϕ(t/x)‖M,ν)

= ‖ϕ(t/x)‖M,ν

≥ in f{‖ϕ‖M,ν ′ |ν ≡x ν ′ and ν ′(x) ∈ Di} = R.H.S

Case-2: Let, ‖E!t‖M,ν = 0, i.e., ‖t‖M,ν ∈ Do;
Then,

L.H.S= min(1, 1−‖E!t‖M,ν +‖ϕ(t/x)‖M,ν)

= min(1,1−0+‖ϕ(t/x)‖M,ν)

= min(1,1+‖ϕ(t/x)‖M,ν)

= 1

≥ in f{‖ϕ‖M,ν ′ |ν ≡x ν ′ and ν ′(x) ∈ Di}
= R.H.S



140 B. Paul and S. Paul

Hence, it is proved that,

‖E!t → ϕ(t/x)‖M,ν ≥ ‖∀xϕ‖M,ν

and, ‖∀xϕ → (E!t → ϕ(t/x))‖M,ν = 1

Axiom 9:
Sim_Measϕ,s(t, t1) → (ϕ(t//s) → ϕ(t1//s)) It is to show that,

∥
∥Sim_Measϕ,s(t, t1) → (ϕ(t//s) → ϕ(t1//s))

∥
∥
M,ν = 1

or,
∥
∥Sim_Measϕ,s(t, t1)

∥
∥
M,ν ⇒

(
‖ϕ(t//s)‖M,ν ⇒ ‖ϕ(t1//s)‖M,ν

)
= 1

or,
(
‖ϕ(t//s)‖M,ν ⇒ ‖ϕ(t1//s)‖M,ν

)
≥ ∥

∥Sim_Measϕ,s(t, t1)
∥
∥
M,ν

or, min
(

1,1−‖ϕ(t//s)‖M,ν +‖ϕ(t1//s)‖M,ν

)
≥ ∥

∥Sim_Measϕ,s(t, t1)
∥
∥
M,ν

Case-1:
Suppose, ‖ϕ(t//s)‖M,ν ≤ ‖ϕ(t1//s)‖M,ν . So,

L.H.S= min(1−‖ϕ(t//s)‖M,ν +‖ϕ(t1//s)‖M,ν ,1)

= 1

≥ ∥
∥Sim_Measϕ,s(t, t1)

∥
∥
M,ν = R.H.S

Case-2:
Suppose, ‖ϕ(t//s)‖M,ν > ‖ϕ(t1//s)‖M,ν

Then, we need to show that,

min(1,1−‖ϕ(t//s)‖M,ν +‖ϕ(t1//s)‖M,ν)

= 1−‖ϕ(t//s)‖M,ν +‖ϕ(t1//s)‖M,ν

≥ ∥
∥Sim_Measϕ,s(t, t1)

∥
∥
M,ν

Now,

1−‖ϕ(t//s)‖M,ν +‖ϕ(t1//s)‖M,ν

≥ 1−‖ϕ(t//s)‖M,ν +(
∥
∥Sim_Measϕ,s(t, t1)

∥
∥
M,ν 	‖ϕ(t//s)‖M,ν)

[replacing ‖ϕ(t1//s)‖M,ν using Lemma 1.]

= 1−‖ϕ(t//s)‖M,ν +max(0,
∥
∥Sim_Measϕ,s(t, t1)

∥
∥
M,ν +‖ϕ(t//s)‖M,ν −1)

= max(0,‖ϕ(t//s)‖M,ν +
∥
∥Sim_Measϕ,s(t, t1)

∥
∥
M,ν −1)− (‖ϕ(t//s)‖M,ν −1)

= max(0,‖ϕ(t//s)‖M,ν +
∥
∥Sim_Measϕ,s(t, t1)

∥
∥
M,ν −1)

− (‖ϕ(t//s)‖M,ν +
∥
∥Sim_Measϕ,s(t, t1)

∥
∥
M,ν −1)

+
∥
∥Sim_Measϕ,s(t, t1)

∥
∥
M,ν

≥ ∥
∥Sim_Measϕ,s(t, t1)

∥
∥
M,ν [Since, max(0,a)−a ≥ 0].
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Hence, it is proved that,
∥
∥Sim_Measϕ,s(t, t1) → (ϕ(t//s) → ϕ(t1//s))

∥
∥
M,ν = 1.

Axiom 10: ∀xE!x

‖∀xE!x‖M,ν = in f{‖E!x‖m,ν ′ |ν ≡x ν ′ and ν ′(x) ∈ Di};

= in f{‖E!c‖|dc ∈ Di};

= 1.

This completes the proof of soundness of the FFDS system.

4 Conclusion

In this paper a fuzzy version of positive free logic is proposed that is a unification
of positive free logic with dual-domain semantics and predicate rational Pavelka logic.
Having in it the properties of both the systems, the resulting system, namely FFDS, can
resolve the problems that arise in classical logic and fuzzy logic due to inclusion of ref-
erentless singular terms corresponding to non-existent objects and also supports graded
valuation which can handle vague concepts. This makes the system more appealing for
reasoning in ordinary discourse of which non-referring empty names and vagueness are
inseparable parts.

Another very crucial improvement, that makes the system more general and flexi-
ble is adding the notion of a graded similarity measure along with strict identity. This
allows comparing two different objects based on their common properties and assign a
degree of similarity, which can’t be captured by identity. This notion of similarity is an
important characteristic of logic for information systems. This system has accommo-
dated more than one similarity measure so that similarity between any two objects can
be judged from different perspectives. The system FFDS is sound. The investigation
of completeness is aimed to be our future work. This type of fuzzy free logic based on
Gödel logic and product logic, instead of RPL∀, can be further studied.

So the new system FFDS filters out the limitations of positive free logic as well
as fuzzy logic. In our daily lives this system can be used for dealing with reasoning in
ordinary discourse. This system presents a vast scope of applications.

Acknowledgement. The authors are indebted to Dr. Mihir Kumar Chakraborty and Dr. Purbita
Jana for their valuable comments and suggestions.

References

1. Banerjee, M., Chakraborty, M.K.: Foundations of vagueness: a category-theoretic approach.
Electron. Notes Theor. Comput. Sci. 82(4), 10–19 (2003)



142 B. Paul and S. Paul
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Abstract. A full-fledged theory of imperative logic is found in the writings of
Peter Vranas. An unconditional prescription is an ordered pair with satisfaction as
the first member, and violation as the second member. A conditional prescription
is a set of mutually exclusive and jointly exhaustive three values – satisfaction,
violation and avoidance. An argument is valid, only if, necessarily, if its premises
merit endorsement, then its conclusion merits endorsement. The phrase “meriting
endorsement” is interpreted as ‘supported by a proposition/prescription’. Among
different schools of Indian philosophy, the Mı̄māṁsā system offers an analysis of
imperative sentences,where actions, guidedby instructions, play an important role.
Vidhi or normal injunctive statements is studied intensely and recently arguments
involving ‘vidhi’ has been used in special education and in the domain of Robotics.
Imperative, discussed in this sense, is however not the only type of imperatives,
it is only one variety of different kinds of imperative. Such varieties are very well
recognizedby Indiangrammarians andphilosophers aswell as bywestern thinkers.
These imperatives also deserve the status of the premise or the conclusion of an
inference. The present paper focuses upon unveiling such varieties of imperative
sentences from both perspectives—Indian and Western.

Keywords: Imperative · Advice · Prayer · Acceptance-table · Validity

Conversation – verbal or written – is a main source of communication. A necessary
condition of proper communication is the use of reason or argument. So,it is language,
which plays a vital role even in the field of logic. As argument is primarily inferential, a
study of the nature of sentences constituting such inferences is required. Towards the end
of the 20th century, attention has been given to inferences constituted of sentences, which
are not declarative in nature. Instead of reductionism – imperative sentences reduced
to declarative sentences – the standpoint of non-reductionism has been successfully
developed in theWest, though it was already present in some schools of Indian tradition.

1 Logic of Imperatives - Western

Afull-fledged theory of imperative logic is found in thewritings of PeterB.M.Vranas [1–
4]. An imperative sentence, occurring either as premise or as conclusion of an inference
expresses a prescription, which is neither true nor false. Vranas introduced three values
to study prescriptions. An unconditional prescription, however, is an ordered pair with
satisfaction as the first member, and violation as the second member –

I = <s, v>
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A conditional prescription is a set of three values – viz., satisfaction, violation and
avoidance, which are mutually exclusive and jointly exhaustive. The condition is treated
as context, which is the union of the set of satisfaction and that of violation. A conditional
imperative “If you trust him, help him” is

i) satisfied if you trust him and help him,
ii) violated if you trust him but don’t help him,
iii) avoided if you don’t trust him, no matter whether you help him or not.

In the vocabulary of the system formulated by Vranas,
Conditional prescription = <s, v, a> or <<s, v>, a>

context = (s υ v)

avoidance = ~ ( s υ v)

We can represent the unconditional prescription using the identical symbolic form,
instead of limiting it to an ordered pair of s and v i.e., <s, v>.

Let me prove the case with illustrations of all connectives:

Negation
Unconditional prescription– “help her”.
negation– “Don’t help her”

you don’t help her (satisfied),

you help her (violated),

you remain indifferent (avoided).

It is to be noted that this state of indifference is not the same as being unmindfully
indifferent to a passer-by, who may need some help. I may be indifferent to her, because
I am mentally otherwise engaged at that moment. But the present case of indifference is
a state of conscious indifference, even after hearing somebody giving me the instruction
“help her”.

Conjunction
Unconditional prescription: “Trust me and touch me”.
You trust me and you touch me (satisfied),
you do not trust me or you do not touch me or both (violated)
[i.e., you neither trust me, nor touch me],
you are simply present as a stranger, who denies all
acquaintance (avoided).
In the case of avoidance, the presence of the person forwhom the imperative is uttered

is important. This presence is accompanied by an awareness of the conjunctive imperative
without having a deliberation to violate it. So it is not to be understood as violation,
though it appears to be so. In fact, in understanding an imperative statement, it is not
enough to depend only on physical observation of the worldly affairs. Unlike descriptive
or declarative proposition, it connects us with the total attitude of the agent – utterer or
hearer – of the imperative statement.
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Disjunction
Unconditional prescription - “Write to me or talk to me”.
You write to me or you talk to me (satisfied),
you do not write to me and you do not talk to me (violated),
you are simply present as a stranger, who denies all
acquaintance (avoided).
Here, the case is the same as found in the case of conjunction. The illustrations

offered, if found cogent, show nevertheless the distinction between imperative logic
and standard two-valued logic in a sharper way. This is the status of unconditional
prescriptions.

The definition of validity is technically stated in the following way:
D(2)Anargument is valid, only if, necessarily, if its premisesmerit endorsement, then

its conclusion merits endorsement. The phrase “meriting endorsement” is interpreted as
‘supported by a proposition/prescription’. This interpretation can be made clear if we
consider the original definition of validity mentioned by Vranas in a comparatively naive
way:

An argument is valid exactly if, necessarily, every fact that sustains every premise of
the argument also sustains the conclusion of the argument. Since a conditional imperative
premise normally has a proposition as antecedent and prescription as a consequence,
“meriting endorsement” in the sense of “being sustained by a fact” is understood in the
following way:

a) guaranteed by some fact (in case of a proposition),
b) supported by some reason (in case of a prescription).

Now the term ‘reason’ covers different cases of application of reason, i.e. reasons for
acting, feeling, believing etc. It implies that an imperative does not pertain to direct action
only, it also involves feeling, believing and other attitudes which precede an action.

2 Logic of Imperatives - Indian

Among different schools of Indian philosophy, the Mı̄māṁsā system, which provides
the rules for interpreting Vedic sentences, offers an analysis of imperative sentences;
where actions, guided by instructions, play an important role [5]. There are five types of
Vedic sentences, of which only the first is in the imperative form:

(i) Vidhi or normal injunctive statements (dictating one to perform actions)
(ii) Mantra or hymns (recited during sacrifice)
(iii) Nāmadheya or titles of the sacrifice (account of names of sacrifices)
(iv) Nis. edha or prohibitions (prohibiting the performance of an action)
(v) Arthavāda or corroborative statements (encouraging performance of actions that

are enjoined by vidhi, and discouraging performance of actions that are prohibited
by nis. edha).
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The distinction between narratives and injunctions is distinctly made [6]. Vidhi is
classified into five types:

1. Principal injunction (Utpattividhi): Injunction enjoining an act that is either principal,
or auxiliary, or a procedure.

2. Injunction enjoining auxiliaries (Guņavidhi).
3. Restrictive injunction (Niyamavidhi): Injunctions making one method mandatory,

out of two or more methods which are available for reaching a goal.
4. Exclusive injunction (Parisaṅkhyāvidhi): Injunctions excluding one item from a

number of items which are simultaneously present.
5. Injunction setting forth result (Phalavidhi): Injunctions that indicate results. For

example, “One who desires heaven should perform fire-sacrifice”.

TheMı̄māṁsakas are more concerned about the explanation of Vidhivākya-s (imper-
atives/prescriptions) in the context of ritualistic sacrifice [7]. So the imperative here is
authoritative (prāmāņyavākya) in nature. Unlike the western thought, the Indian thinkers
opine that an imperative points both to the person to whom the command is given,
and to the action that is supposed to be produced by that command. The Bhāt,t,as con-
sider bhāvanā (not to be confused with motivation) as the meaning of the statement. It is
something that is conducive to the execution of the expected result. The causative verbal
noun bhāvanā (“causing to be”) was introduced into Mı̄māṁsā hermeneutics by Śabara
[8]. The term is a causative verbal noun which denotes the undertaking of an activity by
a person. According to the Prābhākaras, what is to be done (ought) is prescribed by the
Vedic injunctions. This ‘ought’ is something, such that it cannot be known (Apūrva) by
any other means of knowledge [9].

The inspiration derived from the Vedic sacrifices (MIRA formalism) has been aptly
used by in special education [10], and in the domain of Robotics [11], as shown by
Bama Srinivasan and Ranjini Parthasarathi. In this interpretation, imperatives are treated
either as conditional or as unconditional. From another perspective, imperatives may be
affirmative or negative. Conditional imperatives often speak of goal, reason, or sequence
of actions. Imperatives are expressed sometimes in terms of binary connectives, viz.,
conjunction, mutually exclusive disjunction, implication, etc.

Let i and m be two imperatives

(a) Conjunction: i

V

m [Do i and do m]
(b) Disjunction: i ∨ m [Do i or do m]
(c) Sequence of action: i = > im [Do i, then do m]
(d) Ground for performing an action: Ʈ→ r ϕ [If Ʈ then ϕ]

(where Ʈ is a ground for an action to be performed indicated by the imperative
ϕ)

(e) Imperative regarding actions to be performed for achieving a goal: ϕ → p 8 [Do ϕ

in order to do 8]
(if ϕ is an imperative indicating an action, such that when performed, it leads

to the goal 8)



A New Dimension of Imperative Logic 147

Three values of imperatives have been suggested, viz., “S” (satisfaction), “V” (vio-
lation), and “Gn” (absence of goal). Let us take an example to illustrate the ascription
of values:

Take a pen to write.
S is the evaluation if the intention to reach the goal of writing is present, and the

action is performed.
V is the value ascribed to the imperative A, if the said intention is present, and the

action is not performed.
Gn is the ascribed value, if the intention is not present, irrespective of the performance

of the action.
This system has introduced the third value “absence of goal” (which is the same as

absence of intention to reach the goal) in place of “avoidance” introduced byVranas, and,
unlike Vranas, it enjoys the facility of applying three values both to the unconditional
and conditional imperative.

The syntax consists of a language of imperatives, which includes a set of imperatives
I such that {i1, i2, …. in}, a set of reasons R {r1, r2, …. rn}, and a set of purpose in
terms of goals P {p1, p2, …. pn}. There are formation rules and several deduction rules
including introduction and elimination rules in respect of the connectives. The semantics
has been developed in respect of imperatives enjoining goals (ϕ → p8), reason (τ →
rϕ), and temporal actions (i1 → i i2), respectively. By repeated application of deduction
rules, a conclusion ψ can be deduced from a set of premises ϕ1, ϕ2, …. ϕn. It is shown
in the following way:

ϕ1,ϕ2, . . . ϕn � ψ

Soundness and completeness of this system have been proved to show that any
imperative provable byMIRA formalism (2014) is also satisfied during the performance
of action. In proving soundness, it attempts to show that the deduction of a conclusion
from a set of premises is valid in terms of the values held by the premises and conclusion.

Soundness Theorem 1.
Let ϕ1,ϕ2, . . . ϕn and ψ be imperative or propositional formulas. If ϕ1,ϕ2, . . . ϕn � ψ,
then ϕ1,ϕ2, . . . ϕn|= ψ Holds.

The proof for soundness includes one inductive step and proofs for each of the
deduction rules.

Completeness Theorem 2.
Let ϕ1,ϕ2, . . . ϕn andψ be imperative or propositional formulas. If ϕ1,ϕ2, . . . ϕn|= ψ ,
then the property of a plan ϕ1,ϕ2, . . . ϕn � ψ holds.

The proof for completeness is constructed on the basis of induction and being
supported by action performance tables and deduction rules.

Imperative, as discussed both in Indian and Western context, is however not the
only type of imperatives, it is only one variety of different kinds of imperatives. Such
varieties are very well recognized by Indian grammarians and philosophers as well as
by western thinkers. They also deserve the status of premise or conclusion of inference.
The present paper focuses upon unveiling such varieties of imperative sentences from
both perspectives.
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3 Interpretation of Imperatives - Indian

In the texts of Sanskrit grammar and of different schools of Indian Philosophy,
an in-depth analysis of (i) imperatives (sentences employed for strongly encourag-
ing someone for doing something) and of (ii) prohibitions (for preventing someone
from doing something) is found. Such sentences occur profusely in Sanskrit grammar
(As. t,ādhyāyı̄ of Pān. ini), and (i) theVedic texts (Brāhman. a andUpanis. ad), (ii) Smr.ti texts
(Manusam. hitā, Yājňavalkya Sam. hitā etc.,) (iii) Epics (Rāmāyana, Mahābhārata, Bha-
gavadgı̄tā),Purān. a-s (Vis. n. upurān. a, Skandapurān. a,Bhagavatapurān. a etc.) and didactic
literature (Hitopadeśa, Paňcatantra, Cān. akyaśloka etc.)

Sanskrit grammar provides uswith some rules governing the formation of injunctions
and prohibitions. Like German, Sanskrit is an inflected language, where word-order is
free, barring a few exceptions. Sentences are collections of words that are characterized
by (i) mutual expectancy (ākānks. ā) (ii) contiguity (āsatti). (iii) compatibility (yogyatā)
and (iv) import ( tātparya). Words again are primarily of two types – nouns and verbs.
Without entering into much details of grammar, we can focus upon what is relevant for
the present paper. Imperative sentences are usually formed in three ways:

(i) by employing the verb in the imperative mood, e.g., ‘satyam. vada’(i.e., ‘speak the
truth’ where the termination ‘lot,’ has been used)

(ii) by employing the verb in the potential mood, e.g., ‘svargakāmo yajeta’ (one who
desires to attain heaven should perform sacrifice, where the termination lin has
been used),

(iii) by using, instead of suchwords, nouns that have been formed by adding to the verbs
concerned, any one of the verbal suffixes known as ‘kr. tyapralyaya’, that are used
for forming potential/future participles; e.g., ‘satatam. kāryam. karma samācara’
[i.e., ‘always perform the obligatory duty’, where the work ‘ kārya’ has been
formed by the addition of the suffix ‘n. yat’, which is a ‘kr. tyapratyaya’].

Moreover, from rule no. 3/4/7 (liṅarthe let,), and the comment on it byBhat,t,ojı̄ Dı̄ks.ita
in his ‘Siddhāntakaumudı̄’ [12], it can be known that in Vedic texts, instead of ‘liṅ’ or
‘lot’ another verbal ending called ‘let,’, which expresses subjunctive mood, may be used
for forming imperative sentences. An example of this is ‘agnihotram. juhoti’ (i.e., ‘one
should perform the agnihotra sacrifice’) [13], where the verbal ending ‘let,’ has been
used.

We now proceed to discuss the semantic aspects of them, as found by grammar, as
well as rules of interpretation. Some consideration of pragmatics will also be undertaken,
by considering

(i) the specific context in which a certain imperative or prohibition is being employed;
(ii) the manner in which an imperative can urge the listener/reader to perform the

recommended action, and
(iii) themanner in which a prohibitionmakes the listener/reader desist from performing

the prohibited action.
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The rule no 3/3/161 of As. t,ādhyāyı̄ [14] (vidhi-nimantran. āman. tranādhı̄s. t,a-
sam. praśna-prārthanes. u liṅ) means that the verbal termination called ‘liṅ’ can be
employed for forming sentences that can express

(i) vidhi or ājňā, i.e., command,( e.g. a master asking his servant to close the door),
(ii) nimantran. ā, i.e., an invitation, (such that it is obligatory for the invited person to

abide by it),
(iii) āman. trana, i.e., an invitation, (such that the invited person can either accept or

decline it),
(iv) adhı̄s. t,a, i.e., an entreaty or supplication, where someone is respectfully requested

to perform a duty or honour (e.g., investing a boy with the sacred thread)
(v) sam. praśna, i.e., a polite question about what is to be done in the near future ( e.g.,

a student asking the teacher – should I now read grammar?)
(vi) prārthanā, i.e., prayerwhere some request ismadewith the expectation of receiving

some favour (a student saying “ this is my prayer that I be permitted to study
grammar”)

Besides, the rule no. 3/3/162 (lot, ca) means that the termination lot,, which usually
expresses permission (anujňā/anumiti), can also be used for expressing vidhi etc., that
are expressed by liṅ. All these cases are exhortations (preran. ā-s), the aim of which is
to produce in the listener/reader some activity that was not so far present in him. Pān. ini
was interested in pointing out the varieties of exhortations, which is very relevant for
the present paper.

It is not, however, difficult to distinguish between these forms of exhortation. In all
such cases, X tells Y to perform the action A; but the status of X and Y is not the same
on all these cases. In the case of command, the speaker is superior as compared to the
listener. The situation is not the same in the case of invitation – X, who is inviting Y,
may or may not be superior to Y. In the case of adhı̄s. t,a, or respectful entreaty, X and Y
may be of the same stature, or Y may be superior to X. In the case of questioning and
prayer, Y is definitely superior as compared to X. In the case of command, invitation,
entreaty and prayer, prior to the utterances of the concerned sentences by the speaker
(i.e., X), there is no desire in the listener (i.e., Y) for performing the act A that Y is
asked to perform. The very purpose of uttering such imperatives is to produce in Y such
a desire; which, in its turn, would lead to the performance of A by Y. In the case of
permission [e.g., ‘yathecchasi tathā kuru’, i.e., ‘do as you like’, where the termination
‘lot,’ has been used], even prior to the utterance of the sentence concerned by X, the
desire for performing the act A is already present in Y; even though the latter cannot
perform A, unless the required permission is given by the former. Thus the utterance
of permission, so to say, merely removes the preventive factor (pratibandhaka), due to
which the performance of the action A had not taken place previously – it is unlike order
etc. that positively produces some activity in the person to whom they are addressed.

Here we may note another difference of opinion regarding the nature of injunc-
tions and prohibitions that are found in scriptures like Veda-s and Smr. ti-s. According to
Mammat,a [15], the author of Kāvyaprakāśa, scriptures are ‘prabhusammita’, i.e., enti-
ties that act as taskmasters, since scriptural injunctions and prohibitions are inviolable
commands that are carried out by us out of our reverence for the scriptures. But this view
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does not seem to be admitted by Jaimini [16], the author of Mı̄mām. sāsūtra-s, and Gau-
tama [17], the author of Nyāyasūtra-s, both of whom have employed the word ‘upadeśa’
(i.e. advice) while defining verbal testimony (śabdapramān. a). Since the scriptures are
prime examples of verbal testimony for both these authors, according to both of them,
the scriptural injunctions and prohibitions must also be regarded as advices, and not as
commands.

A question may arise: what is the basic difference between a command and an
advice? The answer has been given in clear terms by Man.d. ana Miśra [18], a follower
of the Bhāt,t,a school of Mı̄mām. sā. In his Vidhiviveka, he has explained the nature of
advice, and in the sequel, also distinguished it from command, prayer and permission.
In the cases of all these sentences, some person (say X) utters a sentence S, that prompts
another person (say Y) to perform some action (say A). According to Man.d. ana Miśra,
when S is either a command or a prayer, the performance of A directly leads to some
purpose of X being served; but the interest of Y is not taken into account by X. But in
the case of advice, the situation is just the opposite; since in this case, performance of A
directly serves some purpose of Y, and not of X. In some instances, this may be true of
permission as well, but in such cases, Y is already motivated to perform A, even before
Y has been granted the required permission. Advice, however, prompts a person to do
something; and before listening to this advice, that person was not already so motivated.

What is implied by this discussion is that imperative logic, so far developed, cannot
cover all the kinds of imperatives.

4 Interpretation of imperatives - Western

The study of imperatives, which has been conducted since several decades is regarded
as interesting because of two reasons [19]:

i) New theoretical tools are needed to understand the semantically encoded linguistic
meaning of an imperative.

ii) In a natural language, the necessity of retaining truth-condition may be reviewed in
respect of imperative sentences.

The primary point to note in this study is that imperatives don’t determine a function
fromworld to truth-values. In Castaňeda [20], imperatives are studied as part of practical
thinking, as distinct from theoretical thinking. Practical thinking deals with duties and
the conflict between duties. It tends to guide other people regarding their conduct and
decision to act. ‘Practitions’ are the basic units of practical thinking, which is of two
kinds—prescriptions and intentions. According to Castaňeda, though the prescription
i.e., the thought-content of order, command, request, suggestion, or advice is the common
structure of a relation between an agent and his action, the mandates are different in each
case. An intention is the first person correspondent to a prescription.

An imperative is a sentence of the form ‘!p’. In case of a conditional sentence, the
antecedent and the consequent cannot both be prescriptions. It is customary to treat
the whole compound sentence as an imperative sentence. In order to understand the
significance of different varieties of imperatives separately, it is necessary to refer to the



A New Dimension of Imperative Logic 151

speech-act theory of Austin and Searle. A speech-act is a combination of three acts- an
utterance-act a locutionary-act and an illocutionary-act. In Austin, the locutionary act is
the act of expressing a certain content. This content has two elements [21]:

i) It is the act of using words with a determinate sense and a determinate reference.
In Austin’s opinion, context and speaker’s intentions play a crucial role in making
them determinate.

ii) A broad type of illocutionary force is encoded by the sentence mood.

It shows that only at the illocutionary level, the force is made contextually determi-
nate. Searle however deviates from it, but that discussion is avoided here because of fear
of digression. Force-content distinction is defended by Frege and Geach [22, 23] It is
never the case that all the occurrences of a sentence expressing the same content ought
to have the same force, if force is a part of the content of a sentence.

On the other hand, force-neutral content is considered as a myth according to Hanks
[24]. He is of the opinion that the ‘unity of the proposition’ requires something to tie
together the ingredients of content. It is the ‘intentional action of the speaker’ acts as
the glue to provide the unity of the proposition. It depends on a condition that the act is
neutral with regard to the issue of illocutionary force. Accordingly to Soames [25], the
glue is the act of predication which is performed irrespective of whether the proposition
is asserted or not.

An imperative and a declarative have two different illocutionary forces, though they
may have different types of the same content. Imperatives express a wide range of speech
acts, which are beyond commands. Likewise, different types of imperatives may have
the same content, though the type of illocutionary force is different in them. The content
is force-neutral. Charlow has referred to several kinds of such expressions [26]:

a. Go ahead, take the day off (permission)
b. Talk to your advisor more often (suggestion, advice)
c. Have a piece of fruit (invitation)
d. Get well soon ( well-wish)
e. To get the Union Square, take Broadway (instruction)
f. Go on, throw it, Just you dare, (threat)
g. Complete these by tomorrow (command)
h. Enjoy it!
i. Choose your friends wisely (advice)
j. Shall we sleep? (interrogative permission)
k. Consider the red dress (suggestion)

Charlow also referred to some border line cases [27]:
l. Complete your syllabus by the next month, although you may complete it by this

month.
m. Take rest for a day, although of course you may prepare for the next travel

unierruptedly.
n. Although she must be at her friend’s place tonight, is she helping her mother in

preparing dinner?
o. I know you are able to, but can you open the window?
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5 Attempt to Accommodate All Imperatives in Logic

Let us now seewhether arguments containing imperatives, other than commands, in order
to act as premise or conclusion can receive the same treatment in the sphere of existing
system of imperative logic as is received by the arguments containing commands. We
may consider one argument where an imperative(in the sense of command) is used either
as a premise or as a conclusion:

A. Either feel a concern for the needy or remain non-commital.
Do not remain non-commital.
Therefore, feel a concern for the needy.

We may consider another example which has an advice as a part of the premise of
an argument:

B. Choose your friends wisely or you will invite trouble.
You will not invite trouble.
Therefore, choose your friends wisely.

In example A, both disjuncts ‘Feel a concern for the needy’ and ‘remain non-
committal’ are imperative separately. So also the whole disjunctive sentence that occurs
as premise. The conclusion also is fully imperative. But in B, only the disjunct ‘Choose
your friends wisely’ is imperative in the first premise since the other disjunct ‘you will
invite trouble’ is a descriptive sentence. So imperative in example B occurs as a part of
a premise.The first case is intuitively valid, and it is justified by the definition of validity
provided by Vranas. The second, however is neither intuitively valid, nor is it justified by
the definition of validity. So, it is not the structure, but the meaning which is important
for deciding the status of the argument.

Another point to note is that in many cases of advice, there may be a temporal
element and it deserves a different rule of validity, in case it appears as a premise. It may
be made clear by citing two examples. The first example contains a premise, which is a
command:

C. Wait for me and don’t go alone.

i) Therefore, wait for me.
ii) Therefore, don’t go alone.

In this case, both the conclusions are derivable by simplification from the premise,
because, in both the cases, the reason that sustains the premise, also sustains the con-
clusion. Both are valid arguments. Consider another argument containing advice as a
premise:

D. You should wash your hand and eat.

i) Therefore, You should wash your hand.
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ii) Therefore, you should eat.

Here, the portion ‘you should wash your hand’ may also be replaced by ‘ wash your
hand’, the difference between a command and an advice being discernible from the tone
in which the sentence is uttered. In the case of first conclusion, the reason sustaining the
premise, sustains the conclusion, and it is intuitively valid. But it is not the case with the
second conclusion. As per the definition of validity introduced by Vranas, the argument
containing (ii) as the conclusion is valid, though it is not intuitively valid. This is so,
because if the addressee begins to eat without washing his/her hand, he/she cannot be
said to abide by the advice given to him/her. There is an inbuilt temporal element, which
does not allow (ii) to be derived from the premise.

The case is similar with making a wish or request, which is another variety of
imperative:

E. Enjoy the art-exhibition, and write a comment in the record-book!

i) Therefore, enjoy the art-exhibition.
ii) Therefore, write a comment in the record-book.

Here, too, we cannot say that the request made by the speaker has been abided (or
honoured) by the addressee, if the latter writes a comment in the record book without
even visiting the art-exhibition.

In fact, the three criteria attached to a command-imperative is not always applicable
in case of other imperatives, i.e., suggestion, invitation, request or advice. The reason is
this. In all cases of imperatives, the dictates are connected with actions. But the demand
for execution of the acts is different in different cases of imperatives. The same spirit is
found in Indian thought also. As in suggestion, invitation, request and advice, so in case
of āmantran. a, adhı̄s. t,a and prārthanā, there is no inbuilt compulsion to execute the act.
So, in case of the action being executed or obeyed, the criterion of satisfaction is fulfilled,
but nobody can meaningfully employ the term ‘violated’ if advice or prārthanā is not
followed or granted respectively. The deeper reason lies in the fact that some purpose
of the addressee is fulfilled by uttering advice or prayer, while no such purpose of
the addressee is fulfilled in command-imperative. Secondly, there is a subtle difference
between the motivation with which the imperative is fulfilled. Keeping in mind these
two factors, an attempt may be made to bring imperatives of all types under a single
interpretation.
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It is better to suggest here four values of imperativeswhich are hierarchically arranged
in the following way:

Four values of imperatives I (Command, request, prayer, advice etc.).
RA (rational or strong acceptance)
CA (Courtesy or weak acceptance) I = <RA, CA, AV, V>

AV (Avoidance or weak denial)
D (Denial or strong denial)

Negation

RA ------ D 
CA ------ AV
AV ------  CA 
D  ------ RA

Conjunction        Enjoy the show and be happy
RA                                 CA                         AV                       D

RA                           RA                                 CA                         AV                       D

CA                          CA                                 CA                         AV                       D 

AV                          AV                                 AV                         AV                       D

D                              D                                 D                            D                      D

Disjunction (inclusive) Be attentive to the lecture or take notes of the lecture
RA   CA                         AV                       D

RA                           RA                                 RA                         RA                       RA

CA                          RA                   CA                         CA                        CA 

AV                          RA                                 CA                         AV                       AV

D                             RA                             CA                        AV                       D
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Disjunction (exclusive) Choose your friends wisely or you will suffer
RA                                 CA                         AV                 D

RA                           D AV CA                      RA

CA                          AV AV CA                       CA 

AV CA                                 CA                         AV                       AV

D                             RA                                 CA                         AV D

Disjunction (Inclusive)        
~  p                           v                     p
D                             RA                     RA

AV                         CA                       CA 

CA                         CA                       AV

RA                         RA D

Disjunction (exclusive)        
~  p                           v                         p                     
D                             RA                     RA

AV                         CA                       CA 

CA                         CA                       AV

RA                         RA                        D

The acceptance table in the case of both inclusive and exclusive ‘Or’ is the same.
The final column of ‘ ~p v p’ in both the cases shows the value ‘acceptance’.

From the acceptance tables mentioned before it is obvious that

a) X or Y = max of X and Y,
X & Y = min of X and Y.

b) The rule of double negation is not accepted as a rule for this system.

In respect of (a) it is clearly mentioned that this is applicable for X and Y in some
cases of imperatives. Often we get such cases where both disjuncts are imperative, and
not a combination of declarative and imperative. For example,

Be attentive to the lecture or take notes of the lecture.
Here both or any one of the two can be satisfied. But it can not happen in case of the

following case:
Choose your friends wisely or you will suffer.
Here the connective ‘Or’ can only bemeaningfully used exclusively.It is to be further

noted that though there are two uses of ‘Or’ in respect of imperative sentences, but a
conditional sentence need not be interpreted in terms of acceptance table of any of the two
uses of ‘Or’, for a conditional statement is a combination of declarative and imperative
sentences. For such a statement we need separate table which will be given later.
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As we have referred earlier, an imperative statement may have a declarative con-
stituent part, e.g., thefirst premise in argumentB. Sowehave to knowalso the conjunction
and disjunction table for declarative and imperative statement together.

Let us take a statement C & T (C = declarative, T = Imperative)

Conjunction         
RA                              CA                            AV                       D

T                              RA                              CA                  AV                       D
F                                D                                D                              D                       D

Disjunction         
RA                              CA                            AV                       D

T                              RA                              CA                            CA                      AV
F         RA                              CA                             D D

Implication        
RA                              CA                            AV                       D

T                              RA                              CA                            D D
F                              RA                              CA                             CA                     AV

Now let us take the previous argument B. The symbolic form of the argument is as
follows:

C v T

∼ T/Therefore, C.

So far of the issues of deduction and validity are concerned, i.e., ‘x → y’ represents
premise-conclusion relation, it is to be noted that deduction in imperative logic can
not be interpreted in the same way as that in case of ordinary two valued logic which
is concerned with descriptive statements. In case of a valid inference ‘x → y’ in two
valued logic, it can be said that y is deduced from x. But here deduction is understood
in terms of truth. In case of a valid inference ‘x → y’, if x is true, y can not be false. In
case of imperative inference, validity is defined in terms of satisfaction. If an inference
‘x → y’ is valid, then satisfaction of x is definitely followed by satisfaction of y.

Now we can test the validity of the argument by constituting a hypothetical state-
ment containing conjunction of the premises as antecedent and the conclusion as the
consequent. We may, however, retain the rules of inference and the definition of validity
as proposed by Vranas. But it is important to note that it is not at all an extension of
Vranas’s theory. As per our present criterion of four-value measurement, the require-
ment of a valid argument is that the value ‘D’ is not present in the final column of the
measurement-table of a valid argument. Let us consider the following table:
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[(  C       v             T  )               &                 ~T ]                ─→                   C

RA            RA           T                  D                 F                      RA                   RA
RA            RA F                 RA                T                      RA                   RA
RA            CA           T                  D                F                      RA                   CA
RA            CA        F                 CA               T                     CA                  CA
AV            CA           T                   D                 F                      RA                   AV
AV             D            F  D                 T                      RA                    AV
D             AV           T                   D                 F                      RA                     D
D              D             F  D                 T                      RA                   D

In the same manner we can test all arguments involving imperative of any type by
applying the values mentioned before. It is possible to justify the acceptance tables by
applying them to other standard tautologies i.e., p → p, or [p → (q → r)] → [(p →
q) → (p → r)] etc. The task remains to show the soundness and completeness of the
system, which will be undertaken in future.
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Abstract. Rough set theory has already been algebraically investigated
for decades and quasi-Boolean algebra has formed a basis for several
structures related to rough sets. An initiative has been taken in the paper
[17] to obtain rough set models for some of these structures. These models
have been constructed by defining a g-approximation space 〈U,Rg〉 out
of a generalised approximation space 〈U,R〉 and an involution g. In this
paper, as a continuation of [17], we have thrown light on covering cases
and constructed a set model for the algebra IqBa2 [17].

Keywords: Rough set theory · Pre-rough algebra · Quasi-Boolean
algebra · Modal logic

1 Introduction

Rough set theory has already been algebraically investigated for decades and
quasi-Boolean algebra (qBa) has formed a base for a number of abstract algebras
emerging out of rough sets [11]. Pre-rough algebra, amongst them, is one and it
was defined by Banerjee and Chakraborty in [3]. The base of pre-rough algebra
is a quasi-Boolean algebra which is a more general structure than a Boolean
algebra as the law of excluded middle (x∨ ∼ x = 1) and law of contradiction
(x∧ ∼ x = 0) generally do not hold in a qBa. Topological quasi-Boolean algebra
(tqBa) and topological quasi-Boolean algebra with modal axiom S5 (tqBa5)
come naturally as predecessors of pre-rough algebra.

Later, from different motivations, many abstract algebras stronger than qba
but weaker than pre-rough algebra were developed. As for example, systemI
algebra, systemII algebra [14] etc. have been introduced in order to access the
rough implication → which was defined as x → y ≡ (¬Ix∨ Iy) ∧ (¬Cx∨Cy) in
pre-rough and rough algebras [2,3], where C ≡ ¬I¬. On the other hand, three
intermediate algebras IA1 (intermediate algebra of type 1), IA2 (intermediate
algebra of type 2) and IA3 (intermediate algebra of type 3) [15,19] are defined
based on three intermediate properties viz. ¬Ix∨Ix = 1, for all x (IP1), I(x∨y) =
Ix ∨ Iy, for all x, y (IP2) and Ix ≤ Iy and Cx ≤ Cy imply x ≤ y, for all x, y
(IP3) which play a crucial role to define rough implication.

Besides this, 3-valued �Lukasiewicz (Monteiro) algebra [4], 3-valued
�Lukasiewicz (Moisil) algebra [5], Tetravalent Modal Algebra (TMA) [7] are some
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of the well-established algebraic structures based on quasi-Boolean algebra. It
has been established in [1,14] that 3-valued �Lukasiewicz (Monteiro) algebra
and 3-valued �Lukasiewicz (Moisil) algebra are equivalent to pre-rough algebra.
Whereas in [14], it was observed that TMA is stronger than tqBa5 but weaker
than a pre-rough algebra. In the same paper [14], it has been mentioned that the
algebra MDS5 [6] is equivalent to IA2 if lattice distributivity is added to MDS5.
A relationship diagram amongst the aforesaid algebras is shown in Fig. 1. For
details of these algebras and their logics we refer to [2,3,14,18].

In the paper [3], a rough set model has been constructed for the abstract
pre-rough algebra. It was developed in the context of rough set theory specially
based on the notions of rough equality and rough inclusion. It has been described
in [3] as follows. Let 〈U,R〉 be an approximation space. Two subsets P and
Q of U are said to be roughly equal if PR = Q

R
and P

R
= Q

R
where PR

and P
R

are Pawlakian lower and upper approximations of P respectively. An
equivalence relation � is defined in 2U , the power set of U , as P � Q if and
only if P and Q are roughly equal. Each equivalence class [P ]� of 2U/� is
called a rough set. Using these rough sets and suitable operations 
,�,¬ and
I, 〈2U/�,
,�,¬, I, [∅]�, [U ]�〉 is a model of an abstract pre-rough algebra. The
operations 
,�,¬ and I are defined as

[P ]� 
 [Q]� = [P 
 Q]�,
[P ]� � [Q]� = [P � Q]�,
¬[P ]� = [¬P ]�,
I[P ]� = [IP ]�,

where

P 
 Q = (P ∩ Q) ∪ (P ∩ Q
R ∩ (P ∩ Q

R
)c),

P � Q = (P ∪ Q) ∩ (P ∪ Q
R

∪ (P ∪ Q
R
)c),

¬P = P c,

IP = PR,

∩,∪ and c being the set theoretic intersection, union and complementation. The
lattice order � in the above pre-rough algebra is [P ]� � [Q]� if and only if P is
roughly included in Q, i.e., PR ⊆ Q

R
and P

R ⊆ Q
R
.

But, there are no proper set theoretic rough set models of the abstract alge-
bras shown in Fig. 1 which are really weaker than pre-rough algebras. The phrase
‘proper set theoretic rough set model’ means that it should be a set model and
should not reduce to a pre-rough algebra. A step has been taken in this regard
in the paper [18]. In this paper, set models of System0, stqBa, stqBa-D, stqBa-
T, stqBa-B, tqBa, tqBa5 and IA1 have been developed using the relation-based
rough set theory.

Another direction of work was initiated in the papers [15,17]. In these papers,
the authors have considered those algebras where an implication (→) satisfying



Quasi-Boolean Based Models in Rough Set Theory: A Case of Covering 161

the property (P→): x ≤ y if and only if x → y = 1, for all x, y, can not be
defined or not available till now. It is to be noted that an implication → satisfying
the property (P→) is required in an algebra to develop the Hilbert-type logic
system corresponding to the algebra. For construction of the said logic system,
following Rasiowa, algebras are defined by imposing an implication → obeying
the property (P→). These algebras are shown in Fig. 2 and for further information
about the algebras and their logics one may see the papers [15,17]. Rough set
models of some of the algebras IqBaO, IqBaT, IqBa4, IqBa5, IqBa1, IqBa1,T,
IqBa1,4 and IqBa1,5 have been presented in [17].

This current paper deals with a parallel type of research that has been ini-
tiated in our earlier papers [17,18]. In fact, in this paper, covering cases are
considered and one set model has been developed using “deleted neighborhood”,
in other words, anti-reflexive neighborhood that has importance in a number of
areas of computer applications, e.g., the field of computer security [9].

Fig. 1. Structures based on qBa: P ⇒ Q stands for the algebra Q has one more operator
and some axioms for the new operator than the algebra P . P −→ Q stands for both
the algebras P and Q have the same operations and the algebra Q is always the algebra
P . P · · ·Q stands for the algebras P and Q are independent.

2 Rough Set Models - Relational Approach

In the papers [17,18], rough set models have been presented for the algebras
System0, stqBa, stqBa-D, stqBa-T, stqBa-B, tqBa, tqBa5, IA1, IqBaO, IqBaT,
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Fig. 2. Algebras with imposed implications: P ⇒ Q stands for the algebra Q has one
more operator and some axioms for the new operator than the algebra P . P −→ Q
stands for both the algebras P and Q have the same operations and the algebra Q is
always the algebra P .

IqBa4, IqBa5, IqBa1, IqBa1,T, IqBa1,4 and IqBa1,5. All these algebras are based
on qBa and therefore to construct their rough set models we have focused our
attention on a representation theorem of qBa developed by Rasiowa [13]. As
demonstrated by her, for any set U we can define an algebra 〈2U ,∩,∪,¬, ∅, U〉
which may be proved to be a quasi Boolean algebra, where ¬, called quasi-
complementation, is not the standard set-theoretic complementation c but is
defined by means of an involution g (i.e. a map on U satisfying g(g(u)) = u, for all
u ∈ U) namely ¬P = (g(P ))c, P ⊆ U . The lower and the upper approximation
operators R,

R : 2U → 2U have been defined in a generalised approximation
space 〈U,R〉 by

PR = {u ∈ U : Ru ⊆ P}
and

P
R

= {u ∈ U : Ru ∩ P �= ∅},
where Ru = {v ∈ U : uRv}. For any P ∈ 2U , PR and P

R
are dual with

respect to the set complementation; the question is, how to define the algebraic
counterparts of these operators in the aforementioned quasi-Boolean algebra,
so as to make them dual with respect to the quasi-complementation ¬. The
issue has been resolved by defining a g-approximation space 〈U,Rg〉 out of a
generalised approximation space 〈U,R〉 and an involution g on U .

Let 〈U,R〉 be a generalised approximation space and g : U → U be an
involution. A binary relation Rg on U has been defined as follows:

for any two elements u and v ∈ U, uRgv if and only if g(u)Rg(v). (1)

That is, two elements u, v ∈ U are related with respect to a new relation Rg

if and only if their g-images are related in the relation R. We call 〈U,Rg〉 a
g-generalised approximation space or simply, a g-approximation space.
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As g is an involution on U , R can be obtained from Rg as follows:

for any two elements u and v ∈ U, uRv if and only if g(u)Rgg(v). (2)

Similarly, it says that two elements u, v ∈ U will be related in the relation R if
and only if their g-images are so in the relation Rg.

In this g-approximation space 〈U,Rg〉, we have defined g-lower approximation
and g- upper approximation g,

g : 2U → 2U as follows:
for any P ∈ 2U ,

P g = {u ∈ U : Rg
u ⊆ P}

and
P

g
= {u ∈ U : Rg

g(u) ∩ g(P ) �= ∅}
where Rg

u = {v ∈ U : uRgv}. Using these lower-upper approximations and
imposing conditions like reflexivity, symmetric, transitivity etc. on Rg proper
rough set models of System0, stqBa, stqBa-D, stqBa-T, stqBa-B, tqBa, tqBa5,
IA1 have been constructed in [18].

To construct rough set models for the algebras IqBaO, IqBaT, IqBa4, IqBa5
shown in Fig. 2, a suitable operation that corresponds to → (available in the
above algebras) is needed. Boolean implication P → Q(≡ P c ∪ Q), in one way,
serves the purpose smoothly. On the other hand, g image of Boolean implication
g(P → Q)(≡ P →1 Q) also fulfils the property (P→). With their help, rough set
models of IqBaO, IqBaT, IqBa4, IqBa5 have been presented in [17].

A pair of new approximation operators g,1,
g,1 : 2U → 2U has been defined

[17] in order to obtain set models for the algebras IqBa1, IqBa1,T, IqBa1,4 and
IqBa1,5 as follows:

P g,1 = {u ∈ U : Rg
u ⊆ P} ∩ {u ∈ U : Rg

g(u) ⊆ P}
and

P
g,1

= {u ∈ U : Rg
g(u) ∩ g(P ) �= ∅} ∪ {u ∈ U : Rg

u ∩ g(P ) �= ∅}.
For details, one may see the paper [17].

3 Rough Set Model - Covering Based Approach

In this section we shall discuss the covering based rough sets and incorporate
the involution g to construct lower-upper approximations so that they will be
dual approximations with respect to the quasi-complementation. As we have
constructed two types of lower-upper approximations based on a binary relation,
some natural questions may arise on covering cases in the following form:

– How can a parallel study be introduced on covering based rough set theory
and what would be outcomes in that case?

– Is it possible to develop rough set models of some of the remaining algebras
through this study?
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In response to the first question, we have defined a g-covering approximation
space out of a covering approximation space and an involution g. Thereafter,
the basic notions like Friends of u, Neighborhood of u etc. are introduced in a
g-covering approximation space in the same way as they have been defined in a
covering approximation space. Relationships between these two spaces and the
above-mentioned notions are studied.

For the last question, a new type of collection at each point of a g-covering
approximation space has been developed. We call it a “deleted neighborhood”.
For the importance of this neighborhood, we have taken the following words as
it is from the paper [9]: “a neighborhood N(p) of p may be punctured or empty;
by that we mean the neighborhood does not contain its center p or is an empty
set. Such a neighborhood is called an anti-reflexive neighborhood, including the
case of empty neighborhood. It is useful in many applications, e.g., in computer
security. We may consider a set of “my” enemies as a neighborhood. Surely,
“myself” is not included in that set”.

With the help of this deleted neighborhood or anti-reflexive neighborhood,
lower-upper approximations have been defined. A rough set model of IqBa2 has
been presented using these lower-upper approximations.

3.1 Basics in a Covering Approximation Space

Definition 1 [16] (Covering of a set): Let U be a non empty set and C = {Ui(�=
∅) ⊆ U : i ∈ I}, where I is an index set, is said to be a covering of U if

∪
i∈I

Ui = U.

Definition 2 [16] (Covering approximation space): Let U be a non empty set
and C be a covering of U . Then, the ordered pair 〈U, C〉 is called a covering
approximation space.

Definition 3. Let 〈U, C〉 be a covering approximation space. For each u ∈ U ,

1. (Friends of u): [16] Friends of u is defined by

F C(u) = ∪
u∈Ui

Ui.

It is also called the indiscernible neighborhood of u [10].
2. (Neighborhood of u): [16] Neighborhood of u is defined by

NC(u) = ∩
u∈Ui

Ui.

3. (Friends’ enemy of u): [10,16] Friends’ enemy of u is defined by

FEC(u) = U − F C(u).
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4. (Kernel of u): [16] Kernel of u is defined by

KC(u) = {y ∈ U : ∀Ui(u ∈ Ui ⇔ y ∈ Ui)}.
Let PC = {KC(u) : u ∈ U}. Then, PC is a partition of U and called a partition
generated by the covering C.

5. (Minimal description and Maximal description of u): [12,20] Minimal
description and Maximal description of u are defined respectively as

mdC(u) = {Ui ∈ C : u ∈ Ui and ∀U ∈ C(u ∈ U ⊆ Ui implies U = Ui)}
and

MdC(u) = {Ui ∈ C : u ∈ Ui and ∀U ∈ C(U ⊇ Ui implies U = Ui)}.
We are now going to define a g-covering approximation space in the following

way.

3.2 g-covering Approximation Space

Proposition 1. Let 〈U, C〉 be a covering approximation space and g: U → U be
an involution, i.e., g(g(u)) = u, for all u ∈ U . Then g(C) = {g(Ui) : Ui ∈ C} is
a covering of U .

Proof. Let u ∈ U . Then, g(u) ∈ Ui, for some i ∈ I (As, C = {Ui(�= ∅) ⊆ U :
i ∈ I} is a covering of U). Then, by the definition of g, u ∈ g(Ui) and hence
g(C) = {g(Ui) : Ui ∈ C} is a covering of U .

From the above proposition, we now define a g-covering approximation space
below.

Definition 4. Let 〈U, C〉 be a covering approximation space and g be an involu-
tion on U . Then, 〈U, g(C)〉 will be called a g-covering approximation space.

In general, C �= g(C). The following example supports the statement.

Example 1. Let U = {a, b, c, d, e}, C = {U1 = {a, b}, U2 = {d, e}, U3 = {c, e}}
be a covering of U and g : U → U be an involution defined by g(a) =
c, g(b) = d, g(c) = a, g(d) = b, g(e) = e. Now, g( C) = {g(U1) = {c, d}, g(U2) =
{b, e}, g(U3) = {a, e}} and hence C �= g(C).

The following is a necessary and sufficient condition that reveals when C and
g(C) coincide.

Proposition 2. Let 〈U, g(C)〉 be a g-covering approximation space. Then C =
g(C) if and only if for each i ∈ I, g(Ui) = Uj, for some j ∈ I.

Proof. Let C = g(C) and Ui ∈ C, for any i ∈ I. Then Ui ∈ g(C) [as C = g(C)]. This
gives, Ui = g(Uj), for some j ∈ I. Conversely, let for each i ∈ I there exist j ∈ I
such that g(Ui) = Uj . We have to show that C = g(C). Let Ui ∈ C. Then by the
hypothesis g(Ui) = Uj , for some j ∈ I. Then by the definition of g, Ui = g(Uj).
As Uj ∈ C, g(Uj) ∈ g(C), i.e., Ui ∈ g(C). Thus, C ⊆ g(C). Let Y ∈ g(C). Then
Y = g(Uj), for some Uj ∈ C. Then by the hypothesis g(Uj) = Uk, for some k ∈ I.
Thus, Y = Uk ∈ C and hence g(C) ⊆ C.
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Note 1. If g(Ui) = Ui, for all i ∈ I then C = g(C). But the converse, i.e., C = g(C)
implies g(Ui) = Ui, for all i ∈ I, is not true as shown by an example given below.

Example 2. Let U and g be the same as mentioned in Example 1. Let C =
{U1 = {a, e}, U2 = {c, e}, U3 = {b}, U4 = {d}} be a covering of U . Then, g(
C) = {g(U1) = {c, e}, g(U2) = {a, e}, g(U3) = {d}, g(U4) = {b}} and hence
C = g(C) but for none of i = 1, 2, 3, 4, g(Ui) = Ui.

Now, we define the notions of Friends of u, Neighborhood of u etc. in a g-
covering approximation space 〈U, g(C)〉.
Definition 5. Let 〈U, g(C)〉 be a g-covering approximation space. Then for each
u ∈ U ,

1. Friends of u is defined by

F g(C)(u) = ∪
u∈g(Ui)

g(Ui),

2. Neighborhood of u is defined by

Ng(C)(u) = ∩
u∈g(Ui)

g(Ui),

3. Friends’ enemy of u is defined by

FEg(C)(u) = U − F g(C)(u),

4. Kernel of u is defined by

Kg(C)(u) = {y ∈ U : ∀g(Ui)(u ∈ g(Ui) ⇔ y ∈ g(Ui))}.

Let Pg(C) = {Kg(C)(u) : u ∈ U}. Then, Pg(C) is a partition of U and hence it
will be called partition generated by the covering g(C).

5. Minimal description of u is defined by
mdg(C)(u) = {g(Ui) ∈ g(C) : u ∈ g(Ui) and ∀X ∈ g(C)(u ∈ X ⊆ g(Ui)
implies X = g(Ui))}.

6. Maximal description of u is defined by
Mdg(C)(u) = {g(Ui) ∈ g(C) : u ∈ g(Ui) and ∀X ∈ g(C)(X ⊇ g(Ui)
implies X = g(Ui))}.

The following example is considered to show that Friends of u, Neighborhood
of u etc. in a covering approximation space are generally not the same with
Friends of u, Neighborhood of u etc. in the g-covering approximation space.

Example 3. Let U, C and g be the same as defined in Example 1. Considering
u = c we get

1. F g(C)(c) = g(U1) = {c, d} �= F C(c) = {c, e} ,
2. Ng(C)(c) = g(U1) = {c, d} �= NC(c) = {c, e},
3. FEg(C)(c) = U − F g(C)(c) = {a, b, e} �= FEC(c) = {a, b, d},
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4. Kg(C)(c) = {y ∈ U : ∀g(Ui)(c ∈ g(Ui) ⇔ y ∈ g(Ui))} = {c, d} �= KC(c) = {c},
5. mdg(C)(c) = {g(Ui) ∈ g(C) : c ∈ g(Ui) and ∀X ∈ g(C)(c ∈ X ⊆ g(Ui) implies

X = g(Ui))} = {g(U1) = {c, d}} �= mdC(c) = {U3 = {c, e}},
6. Mdg(C)(c) = {g(Ui) ∈ g(C) : c ∈ g(Ui) and ∀X ∈ g(C)(U ⊇ g(Ui) implies

X = g(Ui))} = {g(U1) = {c, d}} �= MdC(c) = {U3 = {c, e}}.
7. Pg(C) = {Kg(C)(u) : u ∈ U} = {Kg(C)(a) = {a},Kg(C)(b) = {b},Kg(C)(c) =

{c, d} = Kg(C)(d),Kg(C)(e) = {e}} �= PC = {KC(a) = {a, b} = KC(b),
KC(c) = {c},KC(d) = {d},Kg(C)(e) = {e}}

Proposition 3. Let 〈U, g(C)〉 be a g-covering approximation space. Then,
1. F C(u) = g(F g(C)(g(u))) and F g(C)(u) = g(F C(g(u))), for all u ∈ U ,
2. NC(u) = g(Ng(C)(g(u))) and Ng(C)(u) = g(NC(g(u))), for all u ∈ U ,
3. FEC(u) = g(FEg(C)(g(u))) and FEg(C)(u) = g(FEC(g(u))), for all u ∈ U ,
4. KC(u) = g(Kg(C)(g(u))) and Kg(C)(u) = g(KC(g(u))), for all u ∈ U ,
5. mdC(u) = g(mdg(C)(g(u))) and mdg(C)(u) = g(mdC(g(u))), for all u ∈ U ,
6. MdC(u) = g(Mdg(C)(g(u))) and Mdg(C)(u) = g(MdC(g(u))), for all u ∈ U ,
7. PC = g(Pg(C)) and Pg(C) = g(PC), where g(Pg(C)) = {g(Y ) : Y ∈ Pg(C)} and

similarly for g(PC).

Proof. 1. Let y ∈ F C(u). Then, y, u ∈ Uj , for some j ∈ I and hence g(y), g(u) ∈
g(Uj). This gives, g(y) ∈ F g(C)(g(u)) and hence g(g(y)) ∈ g(F g(C)(g(u))), i.e.,
y ∈ g(F g(C)(g(u))). Thus F C(u) ⊆ g(F g(C)(g(u))). Let y ∈ g(F g(C)(g(u))). Then
y = g(z), where z ∈ F g(C)(g(u)). This implies, z, g(u) ∈ g(Uk), for some k ∈ I
and therefore g(z), g(g(u)) ∈ g(g(Uk)), i.e., y = g(z), u ∈ Uk. This gives,
y ∈ F C(u) and therefore g(F g(C)(g(u))) ⊆ F C(u). Thus, F C(u) = g(F g(C)(g(u))).
Proofs of 2, 3, 4, 5, 6 and 7 can be done similarly.

It is time now to define deleted neighborhood or anti-reflexive neighborhood of
an element u in U in order to develop a rough set model for the algebra IqBa2.
Definition 6. Let 〈U, g(C)〉 be a g-covering approximation space. For each u ∈
U , deleted Neighbourhood of u in the covering approximation space 〈U, C〉 and
in the g-covering approximation space 〈U, g(C)〉, denoted by NC

d (u) and N
g(C)
d (u)

respectively, are defined by NC
d (u) = NC(u)−{u} and N

g(C)
d (u) = Ng(C)(u)−{u}.

Note 2. For each u ∈ U , u does not belong to NC
d (u) and N

g(C)
d (u). Moreover,

NC
d (u) or N

g(C)
d (u) may be empty for some u ∈ U .

Proposition 4. Let 〈U, g(C)〉 be a g-covering approximation space. Then for
each u ∈ U , NC

d (u) = g(Ng(C)
d (g(u))) and N

g(C)
d (u) = g(NC

d (g(u))).
Proof.

N
g(C)
d (g(u)) = Ng(C)(g(u)) − {g(u)} [from Definition 6]

Then, g(N
g(C)
d (g(u))) = g(Ng(C)(g(u)) − {g(u)})

= g(Ng(C)(g(u))) − g({g(u)}) [as g(A − B) = g(A) − g(B)]

= NC(u) − {u} [by 2 of Proposition 3]

= NC
d (u) [from Definition 6]

Similarly, the other part can be proved.
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3.3 Rough Set Model for IqBa2

For a set-theoretic rough set model of the algebra IqBa2, we have to develop
a pair of lower-upper approximations which must be dual with respect to the
quasi-complementation and satisfies the property IP2: I(a ∨ b) = Ia ∨ Ib. Due
to this reason, we define a new pair of lower-upper approximations as follows.

Definition 7. Let 〈U, g(C)〉 be a g-covering approximation space. Then for any
subset A of U , Ag(C),2, the g, 2 lower approximation of A and A

g(C),2
, the g, 2

upper approximation of A are defined by

Ag(C),2 = {u ∈ U : Ng(C)
d (u) ⊆ A} (3)

and
A

g(C),2
= {u ∈ U : NC

d (u) ∩ A �= ∅}. (4)

Proposition 5. In a g-covering approximation space 〈U, g(C)〉, Ag(C),2 and

A
g(C),2

are dual approximations with respect to the quasi-complementation ¬
defined through g.

Proof.

¬
(
¬Ag(C),2

)
= ¬

(
g(A)c

g(C),2

)
[as ¬A = (g(A))c]

= ¬{u ∈ U : Ng(C)
d (u) ⊆ g(A)c} [by Definition 7]

= U − {g(u) : Ng(C)
d (u) ⊆ g(A)c} [as ¬A = U − g(A)]

= U − {u ∈ U : Ng(C)
d (g(u)) ⊆ g(A)c} [taking g(u) as u]

= {u ∈ U : Ng(C)
d (g(u)) ∩ g(A) �= ∅}

= {u ∈ U : g(NC
d (u)) ∩ g(A) �= ∅} [by Proposition 4]

= {u ∈ U : g(NC
d (u) ∩ A) �= ∅} [as g(A ∩ B) = g(A) ∩ g(B)]

= {u ∈ U : NC
d (u) ∩ A �= ∅} [as g is an involution]

= A
g(C),2

.

As ¬¬A = A, hence Ag(C),2 and A
g(C),2

are dual approximations with respect to
the quasi-complementation ¬ defined through g.

Proposition 6. In a g-covering approximation space 〈U, g(C)〉, the following
results hold.

1. Xg(C),2 = U and ∅g(C),2 = ∅.
2. If A ⊆ B ⊆ U then Ag(C),2 ⊆ Bg(C),2 and A

g(C),2 ⊆ B
g(C),2

.

3. A ∩ Bg(C),2 = Ag(C),2 ∩ Bg(C),2 and A ∪ B
g(C),2

= A
g(C),2 ∪ B

g(C),2
, for all

A,B ⊆ U .
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Proof. Proof of 1 is straightforward.
For proof of 2, let x ∈ Ag(C),2. Then by Definition 7, Ng(C)

d (x) ⊆ A and hence

N
g(C)
d (x) ⊆ B (as A ⊆ B). This gives, x ∈ Bg(C),2 and hence Ag(C),2 ⊆ Bg(C),2.

Similarly, A
g(C),2 ⊆ B

g(C),2
holds.

Proof of 3: To show A ∩ Bg(C),2 = Ag(C),2 ∩ Bg(C),2, we have to prove Ag(C),2 ∩
Bg(C),2 ⊆ A ∩ Bg(C),2. Let x ∈ Ag(C),2 ∩ Bg(C),2. Then, Ng(C)

d (x) ⊆ A and B.

Therefore, Ng(C)
d (x) ⊆ A∩B and hence x ∈ A ∩ Bg(C),2. Thus, Ag(C),2∩Bg(C),2 ⊆

A ∩ Bg(C),2 and hence the result is proved. Similarly, the other part of 3 can be
proved.

Theorem 1. In a g-covering approximation space 〈U, g(C)〉, A ∪ Bg(C),2 =

Ag(C),2 ∪ Bg(C),2 holds for all A,B ⊆ U if and only if for each u ∈ U , Ng(C)
d (u)

contains at most one element of U .

Proof. Let A ∪ Bg(C),2 = Ag(C),2 ∪ Bg(C),2, for all A,B ⊆ U . It is to be proved

that N
g(C)
d (u) contains at most one element of U . If possible, let N

g(C)
d (u)

contain more than one element of U . Then, there are at least two distinct
elements y, z ∈ N

g(C)
d (u) where y �= u and z �= u [as u /∈ N

g(C)
d (u)]. Let

A = {y} and B = N
g(C)
d (u) − {y}. Then z ∈ B �= ∅. Then by hypothesis,

A ∪ Bg(C),2 = Ag(C),2 ∪ Bg(C),2 holds, where A = {y} and B = N
g(C)
d (u) − {y}.

This gives, Ng(C)
d (u)

g(C),2 = Ag(C),2 ∪ Bg(C),2. As N
g(C)
d (u) is a subset of itself

so u ∈ N
g(C)
d (u)

g(C),2 = Ag(C),2 ∪ Bg(C),2. This implies, either u ∈ Ag(C),2 or

u ∈ Bg(C),2, i.e., either N
g(C)
d (u) ⊆ {y} or N

g(C)
d (u) ⊆ N

g(C)
d (u) − {y}. But we

have z ∈ N
g(C)
d (u) � {y} and y ∈ N

g(C)
d (u) � N

g(C)
d (u) − {y}. Thus, Ng(C)

d (u)
contains at most one element of U , for all u ∈ U .
Conversely, let us assume that each N

g(C)
d (u) contains at most one element of U .

We have to prove that A ∪ Bg(C),2 = Ag(C),2 ∪Bg(C),2 holds for all A,B ⊆ U . By
2 of Proposition 6, it is sufficient to show that A ∪ Bg(C),2 ⊆ Ag(C),2 ∪ Bg(C),2.

Let u ∈ A ∪ Bg(C),2. Then, Ng(C)
d (u) ⊆ A ∪ B. As N

g(C)
d (u) contains at most

one element, so, it follows that either N
g(C)
d (u) ⊆ A or N

g(C)
d (u) ⊆ B and hence

u ∈ Ag(C),2 ∪ Bg(C),2. Thus, A ∪ Bg(C),2 = Ag(C),2 ∪ Bg(C),2, for all A,B ⊆ U .

Remark 1. As Ag(C),2 and A
g(C),2

are dual approximations with respect to the

quasi-complementation ¬ and A ∩ B = ¬(¬A ∪ ¬B) so, A ∩ B
g(C),2

= A
g(C),2 ∩

B
g(C),2

holds for all A,B ⊆ U if and only if for each u ∈ U , Ng(C)
d (u) contains

at most one element of U .

The following example is considered to show that Ag(C),2 may not be a subset
of A, for some A ⊆ U .
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Example 4. Let U, g and C be the same as defined in Example 1. Then,
N

g(C)
d (a) = {e}, Ng(C)

d (b) = {e}, Ng(C)
d (c) = {d}, Ng(C)

d (d) = {c}, Ng(C)
d (e) = ∅.

Let A = {e}. Then, Ag(C),2 = {a, b, e} � A = {e}.

Rough Set model for IqBa2: Let 〈U, g(C)〉 be a g-covering approximation
space with for each u ∈ U , Ng(C)

d (u) contains at most one element of U . Now,
〈2U ,∩,∪,¬, ∅, U〉 is a qBa, where ¬A = (g(A))c, for all A ∈ 2U . We define → in
2U as follows
A → B = Ac ∪ B.
Then, it is obvious that A → B = U if and only if A ⊆ B and consequently
〈2U ,∩,∪,→,¬, ∅, U〉 becomes an IqBa. We now define IA, for all A ⊆ U as
IA = Ag(C),2. Then by Proposition 6 and Theorem 1, 〈2U ,∩,∪,→,¬, I, ∅, U〉 is
an IqBa2.

Remark 2.

1. If we define implication as A →1 B = g(A → B) = ¬A ∪ g(B), for all
A,B ∈ 2U then 〈2U ,∩,∪,→1,¬, I/I1, ∅, U〉 becomes a different model for
IqBa2 with respect to the implication →1.

2. By Example 4, modal axiom T: Ia ≤ a [8] does not hold and hence
〈2U ,∩,∪,→,¬, I, ∅, U〉 is not a model for IqBa2,T.

4 Conclusion and Future Work

We may summarise the contents of this paper and indicate some future directions
of work as follows.

– A g-covering approximation space has been developed out of a covering
approximation space and an involution g. A necessary and sufficient condition
is obtained so that these two spaces coincide.

– Familiar notions that are available in a covering approximation space have
been introduced in a g-covering approximation space and relationships
between them are studied.

– Deleted neighborhood or anti-reflexive neighborhood has been incorporated
in this theory. Basically, they are not granules but their importance has been
mentioned [9] in the field of computer security.

– A pair of lower-upper approximations has been introduced which are dual
with respect to the quasi-complementation in a g-covering approximation
space. Using them, a rough set model of IqBa2 has been presented.

– In covering based rough set theory, there are many lower-upper approxima-
tions of a set in various literature. Some of them are dual with respect to the
set-theoretic complementation whereas other pairs are not so. A study may be
continued on them so that the notion of quasi-complementation can be incor-
porated and rough set models of remaining algebras may be constructed.
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Abstract. We introduce sound and complete labelled sequent calculi for the
basic normal non-distributive modal logicL and some of its axiomatic extensions,
where the labels are atomic formulas of the first order language of enriched for-
mal contexts, i.e., relational structures based on formal contexts which provide
complete semantics for these logics. We also extend these calculi to provide a
proof system for the logic of rough formal contexts.
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1 Introduction

In structural proof theory, powerful solutions to the problem of introducing analytic cal-
culi for large classes of normal modal logics hinge on incorporating information about
the relational semantics of the given logics into the calculi. This strategy is prominently
used in the design of labelled calculi [8,13,14], a proof-theoretic format using which,
analytic calculi have been introduced for the axiomatic extensions of the basic normal
modal logic defined by modal axioms corresponding to geometric implications in the
first order language of Kripke frames.

Labelled calculi for classical modal logics manipulate sequents Γ � Δ such that Γ
and Δ are multisets of atomic formulas xRy in the first order language of Kripke frames
and labelled formulas x : A interpreted on Kripke frames as x � A, i.e. as the condition
that the modal formula A be satisfied (or forced) at the state x of a given Kripke frame.
The labelled calculusG3K for the basic normal modal logicK is obtained by expanding
the propositional fragment of the Gentzen calculus G3c with introduction rules for the
modal operators obtained by reading off the interpretation clauses of �- and�-formulas
on Kripke frames. Labelled calculi for axiomatic extensions of K defined by Sahlqvist
axioms (including the modal logics T, K4, KB, S4, B, S5) are obtained in [13] by
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augmenting G3K with the rules generated by reading off the first order conditions on
Kripke frames corresponding to the given axioms.

In the present paper, we extend the design principles for the generation of labelled
calculi to normal non-distributive modal logics, a class of normal LE-logics (cf. [5])
the propositional fragment of which coincides with the logic of lattices in which the
distributive laws are not necessarily valid. In [3,4], non distributive modal logics are
used as the underlying environment for an epistemic logic of categories and formal
concepts, and in [2] as the logical environment of a theory unifying Formal Concept
Analysis [9] and Rough Set Theory [15].

Specifically, making use of the fact that the basic normal non-distributive modal
logic is sound and complete w.r.t. enriched formal contexts (i.e., relational structures
based on formal contexts from FCA) [3,4], and that modal axioms of a certain syntactic
shape [5] define elementary (i.e. first order definable) subclasses of enriched formal
contexts, we introduce relational labelled calculi for the basic non-distributive modal
logic and some of its axiomatic extensions.

Moreover, we adapt and specialize these calculi for capturing the logic of relational
structures of a related type, referred to as rough formal contexts, which were introduced
by Kent in [11] as a formal environment for unifying Formal Concept Analysis and
Rough Set Theory. In [10], a sound and complete axiomatization for the non-distributive
modal logic of rough formal contexts was introduced by circumventing a technical dif-
ficulty which in the present paper is shown to be an impossibility, since two of the three
first order conditions characterizing rough formal contexts turn out to be not modally
definable in the modal signature which the general theory would associate with them
(cf. Lemma 4). However, in the richer language of labelled calculi, these first order
conditions can still be used to define structural rules which capture the axiomatization
introduced in [10] for the logic of rough formal contexts.

Structure of the Paper. Section 2 recalls preliminaries on the logic of enriched and
rough formal contexts, Sect. 3 presents a labelled calculus for the logic of enriched
formal contexts and its extensions. Section 4 proves soundness and completeness results
for the calculus for the logic of rough formal contexts. We conclude in Sect. 5.

2 Preliminaries

In the present section, we recall the definition and relational semantics of the basic
normal non-distributive modal logic in the modal signature {�,�,�} and some of its
axiomatic extensions. This logic and similar others have been studied in the context of a
research program aimed at introducing the logical foundations of categorization theory
[2–4]. In this context, �c and �c and �c can be given e.g. the epistemic interpretation
of the categories of the objects which are certainly, possibly, and certainly notmembers
of category c, respectively. Motivated by these ideas, in [6], possible interpretations of
(modal) non-distributive logics are systematically discussed also in their connections
with their classical interpretation.
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2.1 Basic Normal Non-distributive Modal Logic and Some of Its Axiomatic
Extensions

Let Prop be a (countable or finite) set of atomic propositions. The languageL is defined
as follows:

ϕ � ⊥ | � | p | ϕ ∧ ϕ | ϕ ∨ ϕ | �ϕ | �ϕ | �ϕ,
where p ∈ Prop. The basic, or minimal normal L-logic is a set L of sequents ϕ � ψ,
with ϕ, ψ ∈ L, containing the following axioms:

p � p ⊥ � p p � p ∨ q p ∧ q � p � � �� �p ∧ �q � �(p ∧ q)
p � � q � p ∨ q p ∧ q � q �⊥ � ⊥ �(p ∨ q) � �p ∨ �q

� � �⊥ �p ∧ �q � �(p ∨ q)

and closed under the following inference rules:

ϕ � χ χ � ψ
ϕ � ψ

ϕ � ψ
ϕ (χ/p) � ψ (χ/p)

χ � ϕ χ � ψ
χ � ϕ ∧ ψ

ϕ � χ ψ � χ
ϕ ∨ ψ � χ

ϕ � ψ
�ϕ � �ψ

ϕ � ψ
�ϕ � �ψ

ϕ � ψ
�ψ � �ϕ

An L-logic is any extension of L with L-axioms ϕ � ψ. In what follows, for any
set Σ of L-axioms, we let L.Σ denote the axiomatic extension of L generated by Σ.
Throughout the paper, we will consider all subsets Σ of the set of axioms listed in the
table below. Some of these axioms are well known from classical modal logic, and have
also cropped up in [2] in the context of the definition of relational structures simulta-
neously generalizing Formal Concept Analysis and Rough Set Theory. In Proposition
1, we list their first-order correspondents w.r.t. the relational semantics discussed in the
next section.

��A � �A �A � ��A A � ��A ��A � A
�A � A A � �A A � ��A

2.2 Relational Semantics of L-logics

The present subsection collects notation, notions and facts from [2,6]. For any binary
relation T ⊆ U × V , and any U′ ⊆ U and V ′ ⊆ V , we let Tc denote the set-theoretic
complement of T in U × V , and

T (1)[U′] := {v | ∀u(u ∈ U′ ⇒ uTv)} T (0)[V ′] := {u | ∀v(v ∈ V ′ ⇒ uTv)}. (1)

Well known properties of this construction (cf. [7, Sections 7.22–7.29]) are stated in the
following lemma.

Lemma 1. For any sets U,V, U′ and V ′, and for any families of setsV andU,

1. X1 ⊆ X2 ⊆ U implies T (1)[X2] ⊆ T (1)[X1], and Y1 ⊆ Y2 ⊆ V implies T (0)[Y2] ⊆
T (0)[Y1].

2. U′ ⊆ T (0)[V ′] iff V ′ ⊆ T (1)[U′].
3. U′ ⊆ T (0)[T (1)[U′]] and V ′ ⊆ T (1)[T (0)[V ′]].
4. T (1)[U′] = T (1)[T (0)[T (1)[U′]]] and T (0)[V ′] = T (0)[T (1)[T (0)[V ′]]].
5. T (0)[

⋃V] =
⋂

V ′∈V T (0)[V ′] and T (1)[
⋃U] =

⋂
U′∈U T (1)[U′].
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If R ⊆ U ×V , and S ⊆ V ×W, then the composition R; S ⊆ U ×W is defined as follows:

u(R; S )w iff u ∈ R(0)[S (0)[w]] iff ∀v(vSw⇒ uRv).

In what follows, we fix two sets A and X, and use a, b (resp. x, y) for elements of A
(resp. X), and B,C, Aj (resp. Y,W, Xj) for subsets of A (resp. of X).

A polarity or formal context (cf. [9]) is a tuple P = (A, X, I), where A and X are sets,
and I ⊆ A × X is a binary relation. In what follows, for any such polarity, we will let
J ⊆ X × A be defined by the equivalence xJa iff aIx. Intuitively, formal contexts can be
understood as abstract representations of databases [9], so that A represents a collection
of objects, X a collection of features, and for any object a and feature x, the tuple (a, x)
belongs to I exactly when object a has feature x.

As is well known, for every formal context P = (A, X, I), the pair of maps

(·)↑ : P(A)→ P(X) and (·)↓ : P(X)→ P(A),
respectively defined by the assignments B↑ := I(1)[B] and Y↓ := I(0)[Y], form a Galois
connection (cf. Lemma 1.2), and hence induce the closure operators (·)↑↓ and (·)↓↑ on
P(A) and on P(X) respectively.1 The fixed points of these closure operators are referred
to as Galois-stable sets. For a formal context P = (A, I, X), a formal concept of P is a
tuple c = (B,Y) such that B ⊆ A and Y ⊆ X, and B = Y↓ and Y = B↑. The subset B
(resp. Y) is referred to as the extension (resp. the intension) of c and is denoted by [[c]]
(resp. ([c])). By Lemma 1.3, the sets B and Y are Galois-stable. It is well known (cf. [9])
that the set of formal concepts of a formal context P, with the order defined by

c1 ≤ c2 iff [[c1]] ⊆ [[c2]] iff ([c2]) ⊆ ([c1]),

forms a complete lattice, namely the concept lattice of P, which we denote by P+.
For the language L defined in the previous section, an enriched formal L-context is

a tuple F = (P,R�,R�,R�), where R� ⊆ A × X and R� ⊆ X × A and R� ⊆ A × A are
I-compatible relations, that is, for all a, b ∈ A, and all x ∈ X, the sets R(0)

� [x], R(1)
� [a],

R(0)
� [a], R(1)

� [x], R(0)
� [b], R(1)

� [a] are Galois-stable in P. As usual in modal logic, these
relations can be interpreted in different ways, for instance as the epistemic attributions
of features to objects by agents.

A valuation on such an F is a map V : Prop → P+. For every p ∈ Prop, we let
[[p]] := [[V(p)]] (resp. ([p]) := ([V(p)])) denote the extension (resp. the intension) of the
interpretation of p under V . A model is a tupleM = (F,V) where F = (P,R�,R�,R�) is
an enriched formal context and V is a valuation on F. For every ϕ ∈ L, the following
‘forcing’ relations can be recursively defined as follows:

M, a � p iff a ∈ [[p]]M M, x � p iff x ∈ ([p])M
M, a � � always M, x � � iff aIx for all a ∈ A
M, x � ⊥ always M, a � ⊥ iff aIx for all x ∈ X
M, a � ϕ ∧ ψ iffM, a � ϕandM, a � ψ M, x � ϕ ∧ ψ iff (∀a ∈ A)(M, a � ϕ ∧ ψ⇒ aIx)
M, x � ϕ ∨ ψ iffM, x � ϕandM, x � ψ M, a � ϕ ∨ ψ iff (∀x ∈ X)(M, x � ϕ ∨ ψ⇒ aIx).

1 When B = {a} (resp. Y = {x}) we write a↑↓ for {a}↑↓ (resp. x↓↑ for {x}↓↑).
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As to the interpretation of modal formulas:

M, a � �ϕ iff(∀x ∈ X)(M, x � ϕ⇒ aR�x) M, x � �ϕ iff(∀a ∈ A)(M, a � �ϕ⇒ aIx)
M, x � �ϕ iff for all a ∈ A, i fM, a � ϕ then xR�a M, a � �ϕ iff(∀x ∈ X)(M, x � �ϕ⇒ aIx)
M, a � �ϕ iff(∀b ∈ A)(M, b � ϕ⇒ aR�b) M, x � �ϕ iff(∀a ∈ A)(M, a � �ϕ⇒ aIx).

The definition above ensures that, for any L-formula ϕ,

M, a � ϕ iff a ∈ [[ϕ]]M, and M, x � ϕ iff x ∈ ([ϕ])M.
Finally, as to the interpretation of sequents:

M |= ϕ � ψ iff [[ϕ]]M ⊆ [[ψ]]M iff ([ψ])M ⊆ ([ϕ])M.

A sequent ϕ � ψ is valid on an enriched formal context F (in symbols: F |= ϕ � ψ) if
M |= ϕ � ψ for every model M based on F. The basic non-distributive logic L is sound
and complete w.r.t. the class of enriched formal contexts (cf. [2]).

Then, via a general canonicity result (cf. [5]), the following proposition (cf. [2,
Proposition 4.3]) implies that, for any subset Σ of the set of axioms at the end of
Sect. 2.1, the logic L.Σ is complete w.r.t. the class of enriched formal contexts defined
by those first-order sentences in the statement of the proposition below corresponding
to the axioms in Σ.

These first order sentences are compactly represented as inclusions of relations
defined as follows. For any enriched formal context F = (P,R�,R�,R�), the relations
R� ⊆ X × A, R� ⊆ A × X and R� ⊆ A × A are defined by xR�a iff aR�x, and aR�x iff
xR�a, and aR�b iff bR�a. Moreover, for all relations R, S ⊆ A × X we let R; S ⊆ A × X
be defined2 by a(R; S )x iff a ∈ R(0)[I(1)[S (0)[x]]], and for all relations R, S ⊆ X × A we
let R; S ⊆ X × A be defined by x(R; S )a iff x ∈ R(0)[I(0)[S (0)[a]]].

Proposition 1. For any enriched formal context F = (P,R�,R�,R�):

1. F |= �ϕ � ϕ iff R� ⊆ I. 5. F |= ��ϕ � �ϕ iff R� ⊆ R� ;R�.
2. F |= ϕ � �ϕ iff R� ⊆ J. 6. F |= ϕ � ��ϕ iff R� ⊆ R�.
3. F |= �ϕ � ��ϕ iff R� ⊆ R� ;R�. 7. F |= ��ϕ � ϕ iff R� ⊆ R�.
4. F |= ϕ � ��ϕ iff R� = R�.

The proposition above motivated the introduction of the notion of conceptual approxi-
mation space in [2], as a subclass of the enriched formal contexts modelling the �-free
fragment of the language L. A conceptual approximation space is an enriched formal
context F = (P,R�,R�) verifying the first order sentence R�;R� ⊆ I. Such an F is reflex-
ive if R� ⊆ I and R� ⊆ J, is symmetric if R� = R� or equivalently if R� = R�, and is
transitive if R� ⊆ R� ;R� and R� ⊆ R� ;R� (cf. [1,2] for a discussion on terminology).

2 These compositions and those defined in Sect. 2.2 are pairwise different, since each of them
involves different types of relations. However, the types of the relations involved in each defi-
nition provides a unique reading of such compositions, which justifies our abuse of notation.
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2.3 The Logic of Rough Formal Contexts

Examples of conceptual approximation spaces have cropped up in the context of Kent’s
proposal for a simultaneous generalization of approximation spaces from RST and for-
mal contexts from FCA [12]. Specifically, Kent introduced rough formal contexts as
tuples G = (P, E) such that P = (A, X, I) is a polarity, and E ⊆ A × A is an equivalence
relation. The relation E induces two relations R�, S� ⊆ A × X defined as follows: for
every a ∈ A and x ∈ X,

aR�x iff ∃b(aEb& bIx) aS�x iff ∀b(aEb⇒ bIx) (2)

The reflexivity of E implies that S� ⊆ I ⊆ R�; hence, R� and S� can respectively be
regarded as the lax, or upper, and as the strict, or lower, approximation of I relative to E.
For any rough formal context G = (P, E), let S� ⊆ X × A be defined by the equivalence
xS�a iff aS�x,

Lemma 2. If G = (P, E) is a rough formal context, then S� = J; E.

Proof. For any a ∈ A and x ∈ X,
xS�a iff aS�x Definition of S�

iff ∀b(bEa⇒ bIx) Definition of S�
iff ∀b(bEa⇒ xJb) Definition of J
iff E(0)[a] ⊆ J(1)[x] notation T (0)[−] and T (1)[−]
iff x ∈ J(0)[E(0)[a]] Lemma 1.2
iff x(J; E)a. Definition of J; E

In [2, Section 5] and [10, Section 3], the logic of rough formal contexts was intro-
duced, based on the theory of enriched formal contexts as models of non-distributive
modal logics, the characterization results reported on in Proposition 1, and the follow-
ing:

Lemma 3. ([2, Lemma 5.3]) For any polarity P = (A, X, I), and any I-compatible rela-
tion E ⊆ A × A such that its associated S� ⊆ A × X (defined as in (2)) is I-compatible,3

E is reflexive iff S� ⊆ I; and E is transitive iff S� ⊆ S�; S�.

These results imply that the characterizing properties of rough formal contexts can be
taken as completely axiomatised in the modal language L via the following axioms:

�ϕ � ϕ �ϕ � ��ϕ ϕ � ��ϕ.
Clearly, any rough formal context G = (P, E) such that E is I-compatible is an enriched
formal L�-context, where L� is the {�,�}-free fragment of L. However, interestingly,
it is impossible to capture the reflexivity and transitivity of E by means of L�-axioms,
as the next lemma shows:
3 Notice that E being I-compatible does not imply that S� is. Let G = (P, E) s.t. A := {a, b},
X := {x, y}, I := {(a, x), (a, y), (b, y)}, and E := A × A. Then E is I-compatible. However,
S� = {(a, y), (b, y)} is not, as S (0)

� [x] = ∅ is not Galois stable, since ∅↑↓ = X↓ = {a}. In [10], it
was remarked that S� being I-compatible does not imply that E is.
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Lemma 4. The class of enriched formal L�-contexts F = (P,R�) such that R� ⊆ A × A
is reflexive (resp. transitive) is not modally definable in its associated language L�.
Proof. Assume for contradiction that L�-axioms ϕ � ψ and χ � ξ exist such that F |=
ϕ � ψ iff R� is reflexive, and F |= χ � ξ iff R� is transitive for any enriched formal
L�-context F = (P,R�). Then, these equivalences would hold in particular for those
special formal L�-contexts F = (PW ,R�) such that PW = (WA,WX , IΔc) such that WA =

WX = W for some set W, and aIΔc x iff a � x, and R� := HRc is defined as aHRcb iff
(a, b) � R for some binary relation R ⊆ W × W. By construction, letting X = (W,R),
the following chain of equivalences holds: F |= ϕ � ψ iff [[ϕ]]V ⊆ [[ψ]]V for every
valuation V : Prop → P+. However, by construction, P+ � P(W) (cf. [2, Proposition
3.4]). Moreover, the definition of the forcing relation � on F implies that

[[�ϕ]] = R(0)
� [[[ϕ]]] = H(0)

Rc [[[ϕ]]] = {b ∈ WA | ∀a(a � ϕ⇒ aRcb)}
= {b ∈ WA | ∀a(aRb⇒ a � ϕ)}

That is, restricted to the class of L�-contexts which arise from classical Kripke frames
X = (W,R) in the way indicated above, the interpretation of �-formulas coincides
with the interpretation of �¬-formulas in the language of classical modal logic, which
induces a translation τ, from L�-formulas to formulas in the language of classical
modal logic, which is preserved and reflected from the special formal L�-contexts F
to the Kripke frames with which they are associated. Therefore, by construction, for
any Kripke frame X = (X,R), R is irreflexive iff HRc is reflexive iff F |= ϕ � ψ iff
X |= τ(ϕ) � τ(ψ), contradicting the well known fact that the class of Kripke frames
X = (X,R) such that R is irreflexive is not modally definable.

Reasoning similarly, to show the statement concerning transitivity, it is enough to
see that the class of Kripke frames X = (W,R) s.t. Rc is transitive is not modally defin-
able. Consider the Kripke frames Xi = (Wi,Ri) such that Wi = {ai, bi}, Ri = {(ai, bi)},
for 1 ≤ i ≤ 2. Clearly, Rc

i is transitive in Fi, so the two frames satisfy the property.
However, their disjoint union X1 ·∪ X2 = (W,R), given by W = {a1, b1, a2, b2} and
R = {(a1, b1), (a2, b2)}, does not: indeed, (a1, a2), (a2, b1) ∈ Rc but (a1, b1) � Rc. Hence,
the statement follows from the Goldblatt-Thomason theorem for classical modal logic.

3 Relational Labelled Calculi for L-logics

Below, p, q denote atomic propositions; a, b, c (resp. x, y, z) are labels corresponding to
objects (resp. features). Given labels a, x and a modal formula A, well-formed formulas
are of the type a : A and x::A, while ϕ, ψ are meta-variables for well-formed formulas.
Well-formed terms are of any of the following shapes: aIx, aR�x, xR�a, aR�x, xR�a,
and t1 ⇒ t2, where t1 is of any of the following shapes: aR�x, aR�x, yR�a, yR�a, aR�b,
aR�b, and t2 is of the form aIy. Relational terms t1 ⇒ t2 are interpreted as ∀u(t1 → t2)
where u is the variable shared by t1 and t2. A sequent is an expression of the form Γ � Δ,
where Γ, Δ are meta-variables for multisets of well-formed formulas or terms. For any
labels u, v and relations R, S we write u(R; S )v as a shorthand for the term wS v⇒ uRw.
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3.1 Labelled Calculus R.L for the Basic L-logic

Initial rules and cut rules
Id a:p

Γ, a : p � a : p, Δ
Id x::p

Γ, x :: p � x :: p, Δ
⊥
Γ � x :: ⊥, Δ �

Γ � a : �, Δ
Γ � a : A, Δ Γ′, a : A � Δ′

Cut aa
Γ, Γ′ � Δ, Δ′

Γ � x :: A, Δ Γ′, x :: A � Δ′
Cut xx

Γ, Γ′ � Δ, Δ′

Switch rules∗
Γ, x :: B � x :: A, Δ

Sxa
Γ, a : A � a : B, Δ

Γ, a : A � a : B, Δ
Sax

Γ, x :: B � x :: A, Δ
Γ, yR�a⇒ bIy � b : A, Δ

Sa�x
Γ, x :: A � xR�a, Δ

Γ, a : A � aR�x, Δ Sa�x
Γ, bR�x⇒ bIy � y :: A, Δ

Γ, bR�x⇒ bIy � y :: A, Δ
Sx�a

Γ, a : A � aR�x, Δ
Γ, x :: A � xR�a, Δ

Sx�a
Γ, yR�a⇒ bIy � b : A, Δ

Γ, b : A � yR�a⇒ bIy, Δ
Sa�x

Γ, xR�a � x :: A, Δ
Γ, a : A � aR�x, Δ Sa�x

Γ, y :: A � bR�x⇒ bIy, Δ
Γ, y :: A � bR�x⇒ bIy, Δ

Sx�a
Γ, aR�x � a : A, Δ

Γ, xR�a � x :: A, Δ
Sx�a

Γ, b : A � yR�a⇒ bIy, Δ
Γ, bR�a⇒ bIy � y :: A, Δ

Sx�a
Γ, c : A � cR�a, Δ

Γ, c : A � cR�a, Δ Sa�x
Γ, bR�a⇒ bIy � y :: A, Δ

Γ, y :: A � bR�a⇒ bIy, Δ
Sx�a

Γ, cR�a � c : A, Δ
Γ, cR�a � c : A, Δ

Sa�x
Γ, y :: A � bR�a⇒ bIy, Δ

∗Side condition: the variables x, y, a, b occurring as labels of a formula
in the premise of any of these rules must not occur in Γ, Δ.

Switch rules for R�, R�, and R� are analogous to those for R�, R�, and R�. These rules
encode the I-compatibility conditions of R�, R�,R�,R�, R�, and R� (cf. Remark 2).

Approximation rules∗

Γ, x :: A � aIx, Δapproxx
Γ � a : A, Δ

Γ, a : A � aIx, Δ approxa
Γ � x :: A, Δ

∗Side condition: the variables x, y occurring as labels of a formula
in the premise of any of these rules must not occur in Γ, Δ.

For T,T ′ ∈ {R�, J, J; I, J;R�, J;R�, R�, J;R�, J;R�} and S , S ′ ∈ {R�, I, I; J, I;R�,
I;R�, R�} and for all labels u, v,w of the form a or x, we have the following switch
rules:
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Pure structure switch rules∗

Γ, xTu � xT ′v, Δ
S(I; S )

Γ, a(I;T ′)v � a(I;T )u, Δ
Γ, aS u � aS ′v, Δ

S(J;T )
Γ, x(J; S ′)v � x(J; S )u, Δ

Γ, a(I;T ′)v � a(I;T )u, Δ
-S(I; S )

Γ, xTu � xT ′v, Δ
Γ, x(J; S ′)v � x(J; S )u, Δ

-S(J;T )
Γ, aS u � aS ′v, Δ

Γ � aS u, Δ
Id(I; J)R

Γ � a(I; (J; S ))u, Δ
Γ � xTu, Δ

Id(J; I)R
Γ � x(J; (I;T ))u, Δ

Γ, aS u � Δ
Id(I; J)L

Γ, a(I; (J; S ))u � Δ
Γ, xTu � Δ

Id(J; I)L
Γ, x(J; (I;T ))u � Δ

∗Side condition: the variable x (resp. a) occurring in the premise of rules
S(I; S ), -S(I; S ) (resp. S(J;T ), -S(J;T ) ) must not occur in Γ, Δ.

The rules above encode the definition of I-composition of relations on formal contexts
[2, Definition 3.10].

Adjunction rules
Γ � xR�a, Δ� � �
Γ � aR�x, Δ

Γ � aR�x, Δ� � �
Γ � xR�a, Δ

Γ � aR�b, Δ� � �
Γ � bR�a, Δ

Γ � aR�x, Δ
� � �−1

Γ � xR�a, Δ
Γ � xR�a, Δ

� � �−1
Γ � aR�x, Δ

Γ � aR�b, Δ � � �
Γ � bR�a, Δ

Adjunction rules encode the fact that operators� and �,� and �, and � and � constitute
pairs of adjoint operators.

Invertible logical rules for propositional connectives
Γ, a : A, a : B � Δ∧L
Γ, a : A ∧ B � Δ

Γ � a : A, Δ Γ � a : B, Δ ∧R
Γ � a : A ∧ B, Δ

Γ � x :: A, Δ Γ � x :: B, Δ∨L
Γ � x :: A ∨ B, Δ

Γ, x :: A, x :: B � Δ ∨R
Γ, x :: A ∨ B � Δ

Invertible logical rules for modal connectives∗

Γ, a : �A � x :: A, aR�x, Δ�L
Γ, a : �A � aR�x, Δ

Γ, x :: A � aR�x, Δ �R
Γ � a : �A, Δ

Γ, a : A � xR�a, Δ�L
Γ � x :: �A, Δ

Γ, x :: �A � a : A, xR�a, Δ �R
Γ, x :: �A � xR�a, Δ

Γ, a : �A � b : A, aR�b, Δ�L
Γ, a : �A � aR�b, Δ

Γ, b : A � aR�b, Δ �R
Γ � a : �A, Δ

∗Side condition: the variable x (resp. a, resp. b) must not occur
in the conclusion of �R (resp. �L, resp. �R).

Logical rules encode the definition of satisfaction and refutation for propositional and
modal connectives discussed in Sect. 2.2. The proof of their soundness in Appendix A
shows how this encoding works.
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3.2 Relational Calculi for the Axiomatic Extensions of the Basic L-logic

The structural rule corresponding to each axiom listed in Table 1 is generated as the
read-off of the first-order condition corresponding to the given axiom as listed in Propo-
sition 1. For any nonempty subset Σ of modal axioms as reported in Table 1, we letR.LΣ
denote the extension of R.L with the corresponding rules.

Table 1. Modal axioms and their corresponding rules.

Modal axiom Relational calculus rule Modal axiom Relational calculus rule

�p � p
Γ � aR�x, Δ
Γ � aIx, Δ

p � �p Γ � xR�a, Δ

Γ � aIx, Δ

p � ��p Γ � xR�a, Δ

Γ � xR�a, Δ
��p � p

Γ � xR�a, Δ

Γ � xR�a, Δ

�p � ��p Γ � aR�x, Δ

Γ, bR�x⇒ yJb � aR�y, Δ
�p � ��p Γ � xR�a, Δ

Γ, yR�a⇒ bIy � xR�b, Δ

p � ��p Γ � aR�b, Δ

Γ � bR�a, Δ

3.3 The Relational Calculus R.Lρ for the L-logic of Rough Formal Contexts

The calculusR.L introduced in Sect. 3.1 can be specialized so as to capture the semantic
environment of rough formal contexts by associating the connective � (resp. �) with
relational labels in which S� (resp. S�) occurs, and adding rules encoding the reflexivity
and the transitivity of E, rather than the (equivalent, cf. Lemma 3) first-order conditions
on S�. We need the following set of switching rules encoding the relation between E
and I, and the I-compatibility of E and S� (and S�).

Interdefinability rules
Γ, bS�x⇒ bIy � y :: A, Δ

swSf∗
Γ, a : A � aS�x, Δ

Γ, a : A � aS�x, Δ swSfi∗
Γ, bS�x⇒ bIy � y :: A, Δ

Γ, x :: A � xS�a, Δ
swSdf∗

Γ, bEa � b : A, Δ
Γ, bEa � b : A, Δ

swSdfi∗
Γ, x :: A � xS�a, Δ

Γ, aEc � aS�x, ΔswES∗
Γ, bS�x⇒ bIy � yS�a, Δ

Γ, bS�x⇒ bIy � yS�a, Δ
swESi∗

Γ, aEc � aS�x, Δ

Γ � aS�x, ΔcurryS∗∗
Γ, bEa � bIx, Δ

Γ, bEa � bIx, Δ
uncurryS∗∗

Γ, � aS�x, Δ
∗Side condition: the variables y, a, b occurring as labels to a formula

in the premise of any of these rules do not occur in Γ, Δ.
∗∗Side condition: b does not occur Γ, Δ.

Rules for equivalence relations
Γ, aEa � Δ

refl
Γ � Δ

Γ � aEb, Δ sym
Γ � bEa, Δ

Γ � aEb, bEcΔ
trans

Γ � aEc, Δ
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4 Properties of R.Lρ and R.LΣ

4.1 Soundness

Any sequent Γ � Δ is to be interpreted in any enriched formal L-context F =
(P,R�,R�,R�) based on P = (A, X, I) in the following way: for any assignment
V : Prop→ P+ that can be uniquely extended to an assignment on L-formulas, and for
any interpretation of labels α : {a, b, c, . . .} → A and χ : {x, y, z, . . .} → X, we let ι(V,α,χ)
be the interpretation of well-formed formulas and well-formed terms indicated in the
following table:

a : A α(a) ∈ [[A]]V x::A χ(x) ∈ ([A])V
aR�x α(a)R�χ(x) aR�x α(a)R�χ(x)

xR�a χ(x)R�α(a) xR�a χ(x)R�α(a)

aR�b α(a)R�α(b) aR�b α(a)R�α(b)

aIx α(a)Iχ(x) t1(u)⇒ t2(u) ∀u(ι(V,α,χ)(t1(u))⇒ ι(V,α,χ)(t2(u)))

Under this interpretation, sequents Γ � Δ are interpreted as follows4:

∀V∀α∀χ(&
γ∈Γ
ι(V,α,χ)(γ) =⇒�

δ∈Δ
ι(V,α,χ)(δ)).

In the following, we show the soundness of the interdefinability rules inR.Lρ, being
the proof of soundness of the (pure structure) switch rules similar. The soundness of the
rules for the basic calculus R.L is proved in Appendix A.

Remark 1. Given a polarity P = (A, X, I), c ∈ P+, and B ⊆ A, the condition

(∀x ∈ X)(c ⊆ I(0)[x]⇒ B ⊆ I(0)[x]),

can be rewritten using the defining properties of
⋂

as the inclusion

B ⊆
⋂{

I(0)[x] | x ∈ X, c ⊆ I(0)[x]
}
,

which, by Lemma 2, is equivalent to B ⊆ c.

Lemma 5. The rules swSf, swSfi, swSdf, swSdfi, swES, swESi, curryS, uncurryS, refl,
sym, and trans are sound with respect to the class of rough formal contexts.

4 The symbols & and � denotes a meta-linguistic conjunction and a disjunction, respectively.
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Proof. Under the assumption that E and S� are I-compatible, all the formulae are inter-
preted as concepts. In what follows, we will refer to the objects (resp. features) occur-
ring in Γ and Δ in the various rules with d (resp. w). For the sake of readability, in what
follows we omit an explicit reference to the interpretation maps α and χ.

(swSf and swSfi)
∀V∀d∀w∀x∀y (&Γ & ∀b(bS�x⇒ bIy)⇒ y ∈ ([A])V ��Δ

)

iff ∀V∀d∀w∀x∀y
(

&Γ & S (0)
� [x] ⊆ I(0)[y]⇒ y ∈ ([A])V ��Δ

)
Def. of (·)(0)

iff ∀V∀d∀w∀x∀y
(

&Γ & S (0)
� [x] ⊆ I(0)[y]⇒ [[A]]V ⊆ I(0)[y]��Δ

)
V(A) closed

iff ∀V∀d∀w∀x
(

&Γ ⇒ ∀y
(
S (0)
� [x] ⊆ I(0)[y]⇒ [[A]]V ⊆ I(0)[y]

)
��Δ

)
uncurrying + side

iff ∀V∀d∀w∀x
(

&Γ ⇒ [[A]]V ⊆ S (0)
� [x]��Δ

)
S I-comp, Remark 1

iff ∀V∀d∀w∀x
(

&Γ ⇒ ∀a
(
a ∈ [[A]]V ⇒ a ∈ S (0)

� [x]
)
��Δ

)
Def. of ⊆

iff ∀V∀d∀w∀x
(

&Γ & a ∈ [[A]]V ⇒ a ∈ S (0)
� [x]��Δ

)
currying

iff ∀V∀d∀w∀x (&Γ & a ∈ [[A]]V ⇒ aS�x��Δ
)

Def. of (·)(0)
(swSdf and swSdfi)

∀V∀d∀w∀a∀x (&Γ & x ∈ ([A])V ⇒ xS�a��Δ
)

iff ∀V∀d∀w∀a∀x
(

&Γ & [[A]]V ⊆ I(0)[x]⇒ x ∈ S (0)
� [a]��Δ

)
V(A) closed

iff ∀V∀d∀w∀a∀x
(

&Γ & [[A]]V ⊆ I(0)[x]⇒ I(0)[S (0)
� [a]] ⊆ I(0)[x]��Δ

)
S is I-compatible

iff ∀V∀d∀w∀a
(

&Γ ⇒ I(0)[S (0)
� [a]] ⊆ [[A]]V ��Δ

)
V(A) closed, Remark 1

iff ∀V∀d∀w∀a∀b
(

&Γ & b ∈ I(0)[S (0)
� [a]]⇒ b ∈ [[A]]V ��Δ

)
Def. of ⊆

iff ∀V∀d∀w∀a∀b
(

&Γ & b ∈ I(0)[J(0)[E(0)[a]]]⇒ b ∈ [[A]]V ��Δ
)

Remark 2

iff ∀V∀d∀w∀a∀b
(

&Γ & b ∈ I(0)[I(1)[E(0)[a]]]⇒ b ∈ [[A]]V ��Δ
)

Def. of J

iff ∀V∀d∀w∀a∀b
(

&Γ & b ∈ E(0)[a]⇒ b ∈ [[A]]V ��Δ
)

E is I-compatible

iff ∀V∀d∀w∀a∀b (&Γ & bEa⇒ b ∈ [[A]]V ��Δ
)

Def. of (·)(0)
(curryS and uncurryS)

∀V∀d∀w∀a∀x (&Γ ⇒ aS�x��Δ
)

iff ∀V∀d∀w∀a∀x (&Γ ⇒ ∀b(bEa⇒ bIx)��Δ
)

Def. of S�
iff ∀V∀d∀w∀a∀x∀b (&Γ ⇒ (bEa⇒ bIx��Δ)

)
side condition

iff ∀V∀d∀w∀a∀x∀b (&Γ & bEa⇒ bIx��Δ
)

currying

(swES and swESi) The proof is similar to the previous ones. The soundness of rules
refl, sym, and trans follows from the fact that relation E is equivalence relation in a
rough formal context.

Remark 2. The soundness of the switch rules is proved exactly as the soundness of the
interdefinability rules in Lemma 5 by the I-compatibility of the relations in enriched
formal contexts. More in general, these rules encode exactly the I-compatibility of such
relations. Let us show this for R�, as the others are proved similarly. One of the two
I-compatibility conditions can be rewritten as

I(0)[I(1)[R(0)
� [x]]] ⊆ R(0)

� [x]
iff ∀y(y ∈ I(1)[R(0)

� [x]]⇒ aIy)⇒ aR�x Def. of I(0)[·]
iff ∀y(∀b(bR�x⇒ bIy)⇒ aIy)⇒ aR�x Def. of I(1)[·]
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In what follows we are not assuming that R� is I-compatible; hence the valuation of an
arbitrary formula does not need to be closed, but rather just a pair containing an arbi-
trary set of objects and its intension, or a an arbitrary set of features and its extension.
Ignoring the contexts for readability, the rule S x�a is interpreted as

∀V, a, x (∀y (∀b(bR�x⇒ bIy)⇒ y ∈ ([A])V ) =⇒ (a ∈ [[A]]V ⇒ aR�x))
iff ∀V, a, x

(
∀y (∀b(bR�x⇒ bIy)⇒ y ∈ ([A])V ) =⇒ ([[A]]V ⊆ R(0)

� [x])
)

Def. of R(0)
� [·]

iff ∀V, a, x
(
∀y
(
y ∈ I(1)[R(0)

� [x]]⇒ y ∈ ([A])V
)
=⇒ ([[A]]V ⊆ R(0)

� [x])
)

Def. of I(1)[·]
iff ∀V, a, x

(
∀y
(
y ∈ I(1)[R(0)

� [x]]⇒ y ∈ ([A])V
)
=⇒ ([[A]]V ⊆ R(0)

� [x])
)

Def. of I(1)[·]
implies ∀V, a, x

(
[[A]]V ⊆ I(0)[I(1)[R(0)

� [x]]] =⇒ ([[A]]V ⊆ R(0)
� [x])

)
I(0)[·])antitone8

iff ∀V, a, x
(
I(0)[I(1)[R(0)

� [x]]] ⊆ R(0)
� [x]
)

I(0)[·])Def. of ⊆

5The second I-compatibility condition for R� is proved similarly using S a�x.

4.2 Syntactic Completeness of the Basic Calculus and Its Axiomatic Extensions

In the present section, we show that the axioms and rules of R.LΣ, where Σ is a subset
of the set of axioms in Table 1, are derivable in R.L extended with the corresponding
rules. The axioms and rules of the basic logic L and some of its axiomatic extensions
are discussed in Appendix B. Below, we show how the axioms �p � p, �p � ��p, and
p � ��p can be derived using rules refl, sym, and trans respectively.

x :: p � x :: p
�L

b : �p, x :: p � bS�xcurry
b : �p, x :: p, bEb � bIx

refl
b : �p, x :: p � bIx

approxx
b : �p � b : p

x :: p � x :: p
�L

a : �p, x :: p � aS�x curry
a : �p, x :: p, bEa � bIx

trans
a : �p, x :: p, bEc, cEa � bIx

uncurry
a : �p, x :: p, cEa � cS�x �R

a : �p, cEa � c : �p
swSdfi

a : �p, y :: �p, � yS�a �R
a : �p � a : ��p

b : �p, a : p � a : p, bR�a �L
b : �p, a : p � bR�a sym
b : �p, a : p � aR�b �R
a : p � a : ��p

5 Conclusions

In the present paper, we have introduced labelled calculi for a finite set of non-
distributive modal logics in a modular way, and we have shown that the calculus asso-
ciated with each such logic is sound w.r.t. the relational semantics of that logic given
by elementary classes of enriched formal contexts, and syntactically complete w.r.t. the
given logic. These results showcase that the methodology introduced in [13] for intro-
ducing labelled calculi by suitably integrating semantic information in the design of the
rules can be extended from classical modal logics to the wider class of non-distributive
logics. This methodology has proved successful for designing calculi for classical
modal logics enjoying excellent computational properties, such as cut elimination,

5 And also [[A]]V ⊆ I0[([A])V ] holds in both the cases: the one where [[A]] is the extension of an
arbitrary set of features, and when ([A]) is the intension of [[A]].
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subformula property, being contraction-free, and being suitable for proof-search. Future
developments of this work include the proofs of these results for the calculi introduced
in the present paper.

A Soundness of the Basic Calculus

Lemma 6. The basic calculus R.L is sound for the logic of enriched formal contexts.

Proof. The soundness of the axioms, cut rules and propositional rules is trivial from the
definitions of satisfaction and refutation relation for enriched formal contexts. We now
discuss the soundness for the other rules.

Adjunction rules. The soundness of the adjunction rules follows from the fact that
R� = R−1� , R� = R−1� and R� = R−1� .

Approximation rules. We only give proof for approxa. The proof for approxx is sim-
ilar. In what follows, we will refer to the objects (resp. features) occurring in Γ and Δ in
the various rules with d (resp. w).

∀V∀d∀w∀a∀x (&Γ & x � A⇒ aIx��Δ
)

iff ∀V∀d∀w∀a (&Γ & ∀x(x � A⇒ aIx)��Δ
)

x does not appear in Γ or Δ
iff ∀V∀d∀w∀a∀x (&Γ & x ∈ ([V(A)])⇒ aIx��Δ

)

iff ∀V∀d∀w∀a∀x
(

&Γ & a ∈ I(0)([V(A)])��Δ
)

Def. of (·)(0)
iff ∀V∀d∀w∀a∀x (&Γ & a ∈ [[V(A)]]��Δ

)
V(A) is closed

iff ∀V∀d∀w∀a∀x (&Γ & a � A��Δ
)

Invertible rules for modal connectives. We only give proofs for �L and �R. The proofs
for �R, �L, �R, and �L can be given in a similar manner.

∀V∀d∀w∀x∀y (&Γ & a � �A⇒ x � A� aR�x��Δ
)

implies ∀V∀d∀w∀x∀y (&Γ & a � �A⇒ ∀b(b � �A⇒ bR�x)� aR�x��Δ
)

De f .o f�
implies ∀V∀d∀w∀x∀y (&Γ & a � �A⇒ aR�x��Δ

)

The invertibility of the rule �L is obvious from the fact that the premise can be
obtained from the conclusion by weakening.

∀V∀d∀w∀a∀x (&Γ & x � A⇒ aR�x��Δ
)

iff ∀V∀d∀w∀a (&Γ & ∀x(x � A⇒ aR�x)��Δ
)

x does not appear in Γ or Δ
iff ∀V∀d∀w∀a (&Γ&⇒ a � �A��Δ

)
x Def. of �

Switch rules. Soundness of the rules Sxa and Sax follows from the fact that for any
concepts c1 and c2 we have

[[c1]] ⊆ [[c2]] ⇐⇒ ([c2]) ⊆ ([c1]).
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The soundness of all other switch rules follows from the definition of modal connectives
and I-compatibility. As all the proofs are similar we only prove the soundness of Sa�x
as a representative case. Soundness of other rules can be proved in an analogous manner.

∀V∀d∀w∀a∀b (&Γ & ∀y(yR�a⇒ bIy)⇒ b � A��Δ
)

iff ∀V∀d∀w∀a∀b
(

&Γ & b ∈ I(0)[R(0)
� [a]]⇒ b � A��Δ

)
Def. of R(0)

� and I(0)

iff ∀V∀d∀w∀a
(

&Γ ⇒ ∀b(b ∈ I(0)[R(0)
� [a]]⇒ b � A)��Δ

)
b does not appear in Γor Δ

iff ∀V∀d∀w∀a
(

&Γ ⇒ I(0)[R(0)
� [a]] ⊆ [[V(A)]]��Δ

)
b does not appear in Γor Δ

iff ∀V∀d∀w∀a
(

&Γ ⇒ I(1)[[[V(A)]]] ⊆ I(1)[I(0)[R(0)
� [a]]]��Δ

)
I(1) is antitone and [[V(A)]] is closed

iff ∀V∀d∀w∀a
(

&Γ ⇒ I(1)[[[V(A)]]] ⊆ R(0)
� [a]��Δ

)
R� is I-compatible

iff ∀V∀d∀w∀a
(

&Γ ⇒ ∀x(x ∈ I(1)[[[V(A)]]]⇒ x ∈ R(0)
� [a])��Δ

)

implies ∀V∀d∀w∀a∀x
(

&Γ & x ∈ I(1)[[[V(A)]]]⇒ x ∈ R(0)
� [a])��Δ

)

iff ∀V∀d∀w∀a∀x (&Γ & x � A⇒ xR�a��Δ
)

Def. of R(0)
�

Soundness of the axiomatic extensions considered in Sect. 3.2 is immediate from
the Proposition 1.

B Syntactic completeness

As to the axioms and rules of the basic logic L, below, we only derive inR.L the axioms
and rules encoding the fact that � is a normal modal operator plus the axiom p � p∨q.

Idb:A x :: �A, x :: �B, b : A � b : A, xR�b�R
x :: �A, x :: �B, b : A � xR�b∨R
x :: �A ∨ �B, b : A � xR�b� � �
x :: �A ∨ �B, b : A � bR�x

Sx�ac
x :: �A ∨ �B, aR�x⇒ aIy � y : A

Idb:B
x :: �A, x :: �B, b : B � b : B, xR�b �R

x :: �A, x :: �B, b : B � xR�b ∨R
x :: �A ∨ �B, b : B � xR�b � � �
x :: �A ∨ �B, b : B � bR�x

Sx�ac
x :: �A ∨ �B, aR�x⇒ aIy � y : B ∨L

x :: �A ∨ �B, aR�x⇒ aIy � y : A ∨ B
Sx�a

x :: �A ∨ �B, a : A ∨ B � aR�x
� � �−1

x :: �A ∨ �B, a : A ∨ B � xR�a �L
x :: �A ∨ �B � x :: �(A ∨ B)

⊥
bR�x⇒ bIy, x : ⊥ � y :: ⊥

Sx�a
a : ⊥, x : ⊥ � aR�x

� � �−1
a : ⊥, x : ⊥ � xR�a �L

x : ⊥ � x : �⊥

y :: ϕ � y :: ψ
W

y :: ϕ, x :: �ϕ � y :: ψ, xR�a
Sxa

a : ψ, x :: �ϕ � a : ϕ, xR�a �R
a : ψ, x :: �ϕ � xR�a �L
x :: �ϕ � x :: �ψ

x : p, x : q � x : p ∨R
x :: p ∨ q � x : p

The syntactic completeness for the other axioms and rules of L can be shown in
a similar way. In particular, the admissibility of the substitution rule can be proved by
induction in a standard manner.
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We now consider the reflexivity axiom p � �p and the transitivity axiom
�p � ��p. The derivation for dual axioms �p � p and ��p � �p can be provided
analogously.

Id a:p
x :: p, a : p � a : p, aR�x�R x :: p, a : p � aR�x

refl
x : �p, a : p � aIx

approxa
x : �p � x : p

Id x::p
a : �p, x :: p � x :: p, aR�x�L

a : �p, x :: p � aR�x
trans

bR�x⇒ zJb, a : �p, x :: p � aR�z
z(J;R�)x, a : �p, x :: p � aR�z

� � �−1 z(J;R�)x, a : �p, x :: p � zR�aId(J; I)R z(J;R�)x, a : �p, x :: p � z(J; (I;R�))a-S(J; S )∗
b(I;R�)a, a : �p, x :: p � bR�x

yR�a⇒ bIy, a : �p, x :: p � bR�x�R
yR�a⇒ bIy, a : �p � b : �p

Sa�x
x :: �p, a : �p � xR�a

� � �−1 x :: �p, a : �p � aR�x�R a : �p � a : ��p

Completeness for the other axiomatic extensions can be shown in a similar way.
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An Infinity of Intuitionistic Connexive
Logics
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Abstract. We develop infinitely many intuitionistic connexive logics
Cm,n with m > 0 and n ≥ 0 which are obtained from intuitionistic
propositional logic by adding the negation sign ∼ which admits princi-
ples of connexive implication and ∼2m+np ↔ ∼np. We introduce 〈m,n〉-
connexive logics and show that lattices of these connexive logics are iso-
morphic to lattices of superintuitionistic logics. Furthermore, we give
cut-free G3-style sequent calculi for 〈m,n〉-connexive logics.

Keywords: Connexive logic · Intuitionistic logic · Sequent calculus

1 Introduction

Connexive logic has its roots in ancient time (cf. e.g. [15]). It enters into mod-
ern logic mainly by McCall’s investigation on the connexive implication (cf. e.g.
[13,14]). The following Aristotle’s theses (A1) and (A2) as well as Boethian the-
ses (B1) and (B2) are taken into account when connexive logics are explored:
(A1) ∼(∼ϕ → ϕ), (A2) ∼(ϕ → ∼ϕ), (B1) (ϕ → ψ) → ∼(ϕ → ∼ψ) and (B2)
(ϕ → ∼ψ) → ∼(ϕ → ψ). These are not tautologies in classical propositional
logic (CPL). Connexive logics containing one of them are called contra-classical
logics (cf. [5,19]). McCall [14] presented a consistent, independent of classical
bivalent logic and Post complete system CC1 to accommodate the connexive
implication. After McCall, there are various trends in the study of connexive
logic (cf. e.g. [6,7,9,10,12,17–26]). These trends develop connexive logics in both
semantical and syntactic aspects. Wansing [8,24] proposed the basic connex-
ive logic C which enjoys pleasant semantics and proof-theoretic properties. The
Hilbert-style system for C is obtained from positive intuitionistic propositional
logic (IPL) by adding (DN) ∼∼ϕ ↔ ϕ, (M1) ∼(ϕ ∧ ψ) ↔ (∼ϕ ∨ ∼ψ), (M2)
∼(ϕ ∨ ψ) ↔ (∼ϕ ∧ ∼ψ) and (BT) ∼(ϕ → ψ) ↔ (ϕ → ∼ψ). Using (DN) and
(BT), we can derive Aristotle’s and Boethian theses. The double negation laws
and Boethius thesis shed lights on the understanding of connexivity. Using them

This work was supported by Chinese National Funding of Social Sciences (Grant no.
18ZDA033).
c© The Author(s), under exclusive license to Springer Nature Switzerland AG 2023
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every formula is equivalently transformed into a negation normal form (Defini-
tion 3) built from literals p or ∼p where p is a variable. As Wansing [24] observed,
the system C is equivalent to the positive fragment of IPL by treating each ∼p
as a new variable. And recent studies towards connexive logic in [3,4] are taken
from algebraic approaches.

Inspired by Wansing’ system C, the present work develops infinitely many
connexive logics which contain at least one of connexive principles. We use the
full IPL as the base and hence the desired intuitionistic connexive logics are
IPL with a negation operator ∼ satisfying additional axioms. For each pair of
natural numbers 〈m,n〉 with m > 0 and n ≥ 0, we generalize the double negation
axiom to (DNm,n) ∼2m+nϕ ↔ ∼nϕ. This axiom in algebraic form was originally
proposed by Berman [1], and it is systematically investigated in the study of
weakenings of Belnap-Dunn four-valued logic (cf. [11]). For each pair 〈m,n〉
with m > 0 and n ≥ 0, we define a connexive logic Cm,n by adding (DNm,n),
(M1), (M2) and (BT) to the IPL. Furthermore, if we take an intermediate logic
L as basis, we also obtain infinitely many connexive logics.

This paper is organized as follows. Section 2 gives syntax and semantics for
intuitionistic connexive logics. Section 3 presents Hilbert-style axiomatic systems
and lattices of 〈m,n〉−connexive logics. Section 4 introduces G3-style Gentzen
sequent calculi for connexive logics. Section 5 gives some concluding remarks.

2 Intuitionistic Connexive Logics

Let Z, Z
+ and Z

∗ be sets of all integers, positive integers and non-negative
integers respectively. For k1, k2 ∈ Z, let [k1, k2) = {i ∈ Z

∗ : k1 ≤ i < k2}. Let
E and O be sets of all even and odd numbers in Z

∗ respectively. The language
of intuitionistic connexive logic LC consists of a denumerable set of variables
P = {pi : i ∈ Z

∗}, intuitionistic connectives ⊥, ∧, ∨, → and negation ∼. The set
of all LC-formulas F is defined as follows:

F  ϕ ::= p | ⊥ | (ϕ1 ∧ ϕ2) | (ϕ1 ∨ ϕ2) | (ϕ1 → ϕ2) | ∼ϕ

where p ∈ P. If we remove ∼ from LC , we obtain the set FI of all formulas
for IPL. We use abbreviations � := ¬⊥, ¬ϕ := ϕ → ⊥ and ϕ ↔ ψ := (ϕ →
ψ) ∧ (ψ → ϕ). For every finite set of formulas Γ , let

∧
Γ and

∨
Γ be the

conjunction and disjunction of all formulas in Γ respectively. Let
∧

∅ = � and∨
∅ = ⊥. For k ≥ 0, let ∼kϕ be defined by ∼0ϕ = ϕ and ∼k+1ϕ = ∼∼kϕ.
Let mc(ϕ) be the main connective of ϕ. Let Sub(ϕ) be the set of all sub-

formulas of ϕ. Let var(ϕ) be the set of all propositional variables appearing in
ϕ. The complexity c(ϕ) of a formula ϕ is defined inductively as usual. A sub-
stitution is a function s : P → F . Let ϕs be the formula obtained from ϕ by
substitution s. For all ϕ,ψ, χ ∈ F , let ϕ(ψ1/χ1, . . . , ψn/χn) be obtained from ϕ
by substituting ψi for one or more occurrences of χi in ϕ.

Definition 1. A frame is a pair F = (W,R) where W �= ∅ is a set of states and
R is a partial order (a reflexive, transitive and anti-symmetric binary relation)
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on W . For every w ∈ W and X ⊆ W , let R(w) = {u ∈ W : wRu} and
R[X] =

⋃
w∈X R(w). A subset X ⊆ W is an upset in F if R[X] = X. The set

of all upsets in F will be denoted by Up(F). For each pair 〈m,n〉 ∈ Z
+ × Z

∗,
the set of all 〈m,n〉-literals is defined as Xm,n = {∼kp : k ∈ [0, 2m + n), p ∈
P} ∪ {∼l⊥ : 0 < l < 2m + n}. An 〈m,n〉-valuation in a frame F is a function
V : Xm,n → Up(F). An 〈m,n〉-model is a triple M = (F, V ) where F is a frame
and V is an 〈m,n〉-valuation in F.

Note that ∅,W ∈ Up(F) and Up(F) is closed under ∩ and ∪. As in intuition-
istic logic, if X,Y ∈ Up(F), then X →R Y = {w ∈ W : R(w) ∩ X ⊆ Y } also
belongs to Up(F). For every 〈m,n〉-model M = (W,R, V ) and formula ϕ, the
truth-set V (ϕ) of ϕ in M is defined inductively as follows:

V (⊥) = ∅ V (ϕ ∧ ψ) = V (ϕ) ∩ V (ψ)
V (ϕ ∨ ψ) = V (ϕ) ∪ V (ψ) V (ϕ → ψ) = V (ϕ) →R V (ψ)

V (∼2m+nϕ) = V (∼nϕ) V (∼(ϕ ∧ ψ)) = V (∼ϕ) ∪ V (∼ψ)
V (∼(ϕ ∨ ψ)) = V (∼ϕ) ∩ V (∼ψ) V (∼(ϕ → ψ)) = V (ϕ) →R V (∼ψ)

For a set of formulas Γ , let V (Γ ) =
⋂

ϕ∈Γ V (ϕ). A formula ϕ is true at w in M
(notation: M, w |=m,n ϕ) if w ∈ V (ϕ). We write M |=m,n ϕ if V (ϕ) = W .

Definition 2. Let F = (W,R) be a frame. A formula ϕ is 〈m,n〉-valid at w in F
(notation: F, w |=m,n ϕ) if w ∈ V (ϕ) for all 〈m,n〉-valuations V in F. A formula
ϕ is 〈m,n〉-valid in F (notation: F |=m,n ϕ) if F, w |=m,n ϕ for all w ∈ W . A
formula ϕ is 〈m,n〉-valid (notation: |=m,n ϕ) if F |=m,n ϕ for all frames F. The
intuitionistic 〈m,n〉-connexive logic is defined as Cm,n = {ϕ ∈ F : |=m,n ϕ}. A
formula ϕ is an 〈m,n〉-consequence of a set of formulas Γ (notation: Γ |=m,n ϕ)
if V (Γ ) ⊆ V (ψ) for every 〈m,n〉-model M = (W,R, V ).

Lemma 1. For all i, j ∈ [0, 2m + n), |=m,n ∼ip ↔ ∼jp iff i = j.

Proof. Clearly |=m,n ∼ip ↔ ∼jp if i = j. Assume |=m,n ∼ip ↔ ∼jp. Let M =
(W,R, V ) be the 〈m,n〉-model where W = {w}, R = {〈w,w〉}, V (∼ip) = {w}
and V (∼kp) = ∅ for all k ∈ [0, 2m + n) with k �= i. Then M, w |=m,n ∼ip and
so M, w |=m,n ∼jp. Then w ∈ V (∼jp). Hence i = j. ��

Let IPL be the set of all intuitionistic tautologies. By Definition 2, all instances
of formulas in IPL are 〈m,n〉-valid in all frames, and hence belong to Cm,n.

Lemma 2. The following formulas are 〈m,n〉-valid: ∼2m+nϕ ↔ ∼nϕ; ∼(ϕ ∧
ψ) ↔ (∼ϕ∨∼ψ); ∼(ϕ∨ψ) ↔ (∼ϕ∧∼ψ); ∼(ϕ → ψ) ↔ (ϕ → ∼ψ); ∼(∼ϕ → ϕ).

Proof. Let M be an 〈m,n〉-model. For the 〈m,n〉-validity of ∼(ϕ → ψ) ↔ (ϕ →
∼ψ), we have M, w |=m,n ∼(ϕ → ψ) iff ∀u ∈ R(w)(M, u |=m,n ϕ ⇒ M, u |=m,n

∼ψ), namely, M, w |=m,n ϕ → ∼ψ. Other items are shown similarly. ��
Corollary 1. For all e ∈ E, o ∈ O and k ∈ Z

∗, the following are 〈m,n〉-valid:
∼2km+iϕ ↔ ∼iϕ for i ≥ n; ∼e(ϕ∧ψ) ↔ (∼eϕ∧∼eψ); ∼o(ϕ∧ψ) ↔ (∼oϕ∨∼oψ);
∼e(ϕ∨ψ) ↔ (∼eϕ∨∼eψ); ∼o(ϕ∨ψ) ↔ (∼oϕ∧∼oψ); ∼k(ϕ → ψ) ↔ (ϕ → ∼kψ).
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Remark 1. By Lemma 2, Aristotle’s thesis (A1) and Boethian thesis (B2) are
〈m,n〉-valid. However, this is not the case in general for (A2) and (B1). Clearly
(A2) and (B1) are 〈1, 0〉-valid. Let m > 1 or n > 0. Then 2m + n > 2. We
have the following facts: (1) �|=m,n ∼(p → ∼p). Clearly p,∼∼p ∈ Xm,n. Let
M = (W,R, V ) be the model where W = {w}, R = {〈w,w〉}, V (p) = {w}
and V (∼∼p) = ∅. Then M, w |=m,n p and M, w �|=m,n ∼∼p; (2) �|=m,n (p →
q) → ∼(p → ∼q). Clearly p, q,∼∼q ∈ Xm,n. Let M = (W,R, V ) be the model
where W = {w}, R = {〈w,w〉}, V (p) = {w} = V (q) and V (∼∼q) = ∅. Then
M, w |=m,n p → q. By M, w |=m,n p and M, w �|=m,n ∼∼q, we have M, w �|=m,n

∼(p → ∼∼q). The following table shows the 〈m,n〉-validity of connexive theses:

Cm,n (A1) (A2) (B1) (B2)

m = 1 and n = 0 Yes Yes Yes Yes
m > 1 or n > 0 Yes No No Yes

Note that Cm,n has at least one connexive principle and we call it connexive.

Definition 3. The set NEG-AT of all negated atoms is defined as NEG-AT =
{∼kp : k ∈ Z

∗, p ∈ P} ∪ {∼k⊥ : k ∈ Z
+}. A formula ϕ is in negation normal

form (NNF) if it is built from negated atoms using only ⊥,∧,∨ and →. Let N
be the set all NNFs. Let ν(ϕ) be the set of all negated atoms appearing in a
formula ϕ ∈ N . The degree d(ϕ) of a formula ϕ ∈ N is defined inductively by
d(p) = 0 = d(⊥) and d(ϕ�ψ) = d(ϕ)+d(ψ)+1 where � ∈ {∧,∨,→}. Let Fm,n

be the set of all formulas built from literals in Xm,n using only ⊥,∧,∨ and →.
Note that Fm,n ⊆ N . For every ϕ ∈ Fm,n, let λ(ϕ) be the set of all literals in
ϕ. We write ϕ(λ1, . . . , λn) if λ(ϕ) ⊆ {λ1, . . . , λn}.
Lemma 3. For every formula ϕ ∈ F , there exists a unique formula N(ϕ) ∈ N
such that |=m,n ϕ ↔ N(ϕ).

Proof. For all ψ, χ, ξ ∈ F , if |=m,n ψ ↔ χ and |=m,n χ ↔ ξ, then |=m,n ψ ↔ χ.
By Lemma 2, the negation ∼ goes through ∧,∨ and →, and we obtain N(ϕ) in
NNF such that |=m,n ϕ ↔ N(ϕ). ��
Lemma 4. For every negated atom α ∈ NEG-AT, there exists a unique λ ∈
Xm,n such that |=m,n α ↔ λ.

Proof. Let α = ∼kβ. If k ∈ [0, 2m + n), then λ = ∼kβ is the required literal.
Let k > 2m + n. Then there exist j ≥ 1 and i ∈ [0, 2m + n) with k = 2jm + i.
By Corollary 1, |=m,n ∼kβ ↔ ∼iβ where ∼iβ ∈ Xm,n. ��
Lemma 5. For every formula ϕ ∈ N , if |=m,n α1 ↔ α2 with α1 ∈ NEG-AT
and α2 ∈ ν(ϕ), then |=m,n ϕ ↔ ϕ(α1/α2).
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Proof. The proof proceeds by induction on d(ϕ). The case d(ϕ) = 0 is trivial.
Assume d(ϕ) > 0. This is easily shown by induction hypothesis. For example,
let ϕ = ψ → χ. By induction hypothesis, |=m,n ψ ↔ ψ(α1/α2) and |=m,n χ ↔
χ(α1/α2). Hence |=m,n (ψ → χ) ↔ (ψ → χ)(α1/α2). ��
Theorem 1. For every formula ϕ ∈ F , there exists a unique formula Nm,n(ϕ)
∈ Fm,n such that |=m,n ϕ ↔ Nm,n(ϕ).

Proof. By Lemma 3, there is a unique N(ϕ) ∈ N with |=m,n ϕ ↔ N(ϕ). By
Lemma 4, for every α ∈ ν(N(ϕ)), there is a unique λ ∈ Xm,n with |=m,n α ↔ λ.
By Lemma 5, we get a unique formula Nm,n(ϕ) ∈ Fm,n with |=m,n N(ϕ) ↔
Nm,n(ϕ). Then |=m,n ϕ ↔ Nm,n(ϕ). ��
Example 1. For every formula ϕ ∈ F , the unique equivalent formula Nm,n(ϕ)
can be calculated automatically. Let m = 2 and n = 1. Consider the formula
ϕ = ∼∼((∼2p ∧ ∼6q) ∨ ∼4p). We calculate Nm,n(ϕ) as follows:

|=m,n ϕ ↔ ∼(∼(∼2p ∧ ∼6q) ∧ ∼∼4p) (Lemma 3)

↔ ∼∼(∼2p ∧ ∼6q) ∨ ∼∼∼4p (Lemma 3)

↔ ∼(∼∼2p ∨ ∼∼6q) ∨ ∼∼∼4p (Lemma 3)

↔ (∼4p ∧ ∼8q) ∨ ∼6p (Lemma 3)

↔ (∼4p ∧ ∼4q) ∨ ∼2p (Lemma 5)

Note that ∼4p,∼4q,∼2p ∈ X2,1. This completes the calculation.

Proposition 1 (Persistency). For every ϕ ∈ Fm,n and 〈m,n〉-valuation V in
a frame F, V (ϕ) ∈ Up(F). Then for every ψ ∈ F , V (ψ) ∈ Up(F).

Proof. The proof proceeds by induction on d(ϕ). The case d(ϕ) = 0 is trivial.
The case ϕ = ϕ1 � ϕ2 with � ∈ {∧,∨,→} is shown by induction hypothesis.
Hence V (ϕ) ∈ Up(F). If ψ ∈ F , by Theorem 1, V (ψ) = V (Nm,n(ψ)). ��
Proposition 2. For every formula χ ∈ F , if {∼iϕ ↔ ∼iψ : i ∈ [0, 2m + n)} ⊆
Cm,n, then χ ↔ χ(ϕ/ψ) ∈ Cm,n.

Proof. Assume {∼iϕ ↔ ∼iψ : i ∈ [0, 2m + n)} ⊆ Cm,n. The proof proceeds by
induction on c(χ). The case χ ∈ P∪{⊥} or χ = ϕ is trivial. The case χ = χ1�χ2

with � ∈ {∧,∨,→} is shown by induction hypothesis. Suppose χ = ∼kθ with
k > 0 and mc(θ) �= ∼. Suppose θ ∈ P∪{⊥}. Then ψ = ∼jθ for some j ∈ [0, k). If
k−j < 2m+n, then ∼k−jϕ ↔ ∼k−jψ ∈ Cm,n, i.e., ∼kθ ↔ ∼k−jϕ ∈ Cm,n where
∼k−jϕ = χ(ϕ/ψ). Suppose k−j ≥ 2m+n. Then ∼k−jψ ↔ ∼iψ ∈ Cm,n for some
i < 2m + n. Hence χ ↔ ∼iψ ∈ Cm,n. By the assumption, ∼iψ ↔ ∼iϕ ∈ Cm,n.
Then χ ↔ ∼iϕ ∈ Cm,n. Clearly ∼k−jϕ ↔ ∼iϕ ∈ Cm,n. Hence χ ↔ χ(ϕ/ψ) ∈
Cm,n. Suppose θ = θ1 � θ2 with � ∈ {∧,∨,→}. These cases are shown similarly.
Here we show only � = ∧. The case ψ = ∼iθ with i ∈ [0, k) is shown as (1).
Suppose ψ ∈ Sub(θ1) or ψ ∈ Sub(θ2). If k ∈ E, then χ ↔ (∼kθ1 ∧∼kθ2) ∈ Cm,n.
If k ∈ E, then χ ↔ (∼kθ1 ∨ ∼kθ2) ∈ Cm,n. Let ϕ ∈ Sub(θ1). By induction
hypothesis, ∼kθ1 ↔ ∼kθ1(ϕ/ψ) ∈ Cm,n. Then χ ↔ χ(ϕ/ψ) ∈ Cm,n. ��
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By Proposition 2, the intuitionistic connexive logic Cm,n is closed under the
following rule of replacement of equivalents:

∼iϕ ↔ ∼iψ

χ ↔ χ(ϕ/ψ))
(REm,n), where i ∈ [0, 2m + n).

Note that, if ϕ ↔ ψ ∈ C1,0 and ∼ϕ → ∼ψ ∈ C1,0, then χ ↔ χ(ϕ/ψ) ∈ C1,0.

3 Lattices of 〈m,n〉-Connexive Logics

In this section, we first give a Hilbert-style axiomatic system for Cm,n for every
〈m,n〉 ∈ Z

+ × Z
∗. Then we introduce 〈m,n〉-connexive logics which are exten-

sions of Cm,n and obtain in such a way the lattice of all 〈m,n〉-connexive logics.
Let IPC be the intuitionistic propositional calculus.

Definition 4. The Hilbert-style axiomatic system HCm,n consists of the follow-
ing axiom schemata and inference rules:

(IPC) All axiom schemata of IPC.
(C1) ∼2m+nϕ ↔ ∼nϕ.
(C2) ∼(ϕ ∧ ψ) ↔ (∼ϕ ∨ ∼ψ).
(C3) ∼(ϕ ∨ ψ) ↔ (∼ϕ ∧ ∼ψ).
(C4) ∼(ϕ → ψ) ↔ (ϕ → ∼ψ).
(MP) from ϕ → ψ and ϕ infer ψ.

We use �HCm,n ϕ if ϕ is a theorem of HCm,n. Let HCm,n denote the set of all
theorems of HCm,n. Let Γ �HCm,n

ψ denote that ψ is deducible from Γ in HCm,n.

Fact 2. For all e ∈ E, o ∈ O and k ∈ Z
∗, (1) ϕ, Γ �HCm,n ψ iff Γ �HCm,n ϕ → ψ;

(2) the following formulas are theorems of HCm,n: ∼2km+iϕ ↔ ∼iϕ where i ≥ n;
∼e(ϕ∧ψ) ↔ (∼eϕ∧∼eψ); ∼o(ϕ∧ψ) ↔ (∼oϕ∨∼oψ); ∼e(ϕ∨ψ) ↔ (∼eϕ∨∼eψ);
∼o(ϕ ∨ ψ) ↔ (∼oϕ ∧ ∼oψ); ∼k(ϕ → ψ) ↔ (ϕ → ∼kψ).

Lemma 6. For every formula ϕ ∈ F , �HCm,n
ϕ ↔ Nm,n(ϕ).

Proof. The proof is similar to the proof of Theorem 1. Using (C1)–(C4), we
obtain syntactic versions of Lemma 3–5. Hence �HCm,n

ϕ ↔ Nm,n(ϕ). ��
A set of formulas Γ is an HCm,n-theory if Γ is closed under �HCm,n

, i.e., if
Γ �HCm,n

ϕ, then ϕ ∈ Γ . A set of formulas Γ is HCm,n-consistent if Γ ��HCm,n
⊥.

An HCm,n-consistent theory Δ is prime if ϕ∨ψ ∈ Δ implies ϕ ∈ Δ or ψ ∈ Δ. Let
Tm,n be the set of all prime HCm,n-theories. Let [Γ 〉 = {ϕ ∈ F | Γ �HCm,n

ϕ}
be the HCm,n-theory generated by Γ .

Lemma 7. If Γ ��HCm,n
ϕ, there exists Δ ∈ Tm,n with Γ ⊆ Δ and ϕ �∈ Δ.
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Proof. Assume Γ ��HCm,n ϕ. Let Π = {Σ | Γ ⊆ Σ,Σ is a HCm,n-theory, ϕ �∈ Σ}.
Obviously [Γ 〉 ∈ Π and every nonempty ⊆-chain in Π has an upper bound. By
Zorn’s lemma, Π has a ⊆-maximal element Δ. Now we show Δ is prime. Suppose
not. There exist formulas ψ1 and ψ2 such that ψ1 ∨ ψ2 ∈ Δ but ψ1 /∈ Δ and
ψ2 /∈ Δ. Let Δ1 = [Δ∪{ψ1}〉 and Δ2 = [Δ∪{ψ2}〉. Obviously Γ ⊆ Δ1 ∩Δ2 and
Δ1,Δ2 are HCm,n-theories. By the ⊆-maximality of Δ, Δ1 /∈ Π and Δ2 /∈ Π.
Then ϕ ∈ Δ1 and ϕ ∈ Δ2. Hence Δ,ψ1 �HCm,n ϕ and Δ,ψ2 �HCm,n ϕ. Then
Δ,ψ1 ∨ ψ2 �HCm,n

ϕ. Since ψ1 ∨ ψ2 ∈ Δ, ϕ ∈ Δ which contradicts ϕ �∈ Δ. ��
Lemma 8. For every Δ ∈ Tm,n and ϕ,ψ ∈ F , the following hold:

(1) HCm,n ⊆ Δ and ⊥ �∈ Δ.
(2) ϕ ∧ ψ ∈ Δ iff ϕ ∈ Δ and ψ ∈ Δ.
(3) ϕ ∨ ψ ∈ Δ iff ϕ ∈ Δ or ψ ∈ Δ.
(4) ϕ → ψ ∈ Δ iff ∀Σ ∈ Tm,n(Δ ⊆ Σ & ϕ ∈ Σ ⇒ ψ ∈ Σ).
(5) ∼2m+nϕ ∈ Δ iff ∼nϕ ∈ Δ.
(6) ∼(ϕ ∧ ψ) ∈ Δ iff ∼ϕ ∈ Δ or ∼ψ ∈ Δ.
(7) ∼(ϕ ∨ ψ) ∈ Δ iff ∼ϕ ∈ Δ and ∼ψ ∈ Δ.
(8) ∼(ϕ → ψ) ∈ Δ iff ∀Σ ∈ Tm,n(Δ ⊆ Σ & ϕ ∈ Σ ⇒ ∼ψ ∈ Σ).

Proof. (1)–(3) are clear. For (4), assume ϕ → ψ ∈ Δ, Δ ⊆ Σ and ϕ ∈ Σ.
Then ϕ → ψ ∈ Σ. Then ψ ∈ Σ. Assume ϕ → ψ �∈ Δ. Then ϕ,Δ ��HCm,n

ψ.
By Lemma 7, there exists Σ ∈ Tm,n with Δ ∪ {ϕ} ⊆ Σ and ψ �∈ Σ. For (5),
assume ∼2m+nϕ ∈ Δ. By �HCm,n ∼2m+nϕ → ∼nϕ, we have ∼nϕ ∈ Δ. The other
direction is similar. Note that (6) and (7) are shown as (5). Clearly ∼(ϕ → ψ) ∈
Δ iff ϕ → ∼ψ ∈ Δ. Then (8) follows from (4). ��
Definition 5. The canonical 〈m,n〉-model for HCm,n is defined as the model
Mm,n = (Wm,n, Rm,n, Vm,n) where (1) Wm,n = Tm,n; (2) ΔRm,nΣ iff Δ ⊆ Σ;
(3) Vm,n(λ) = {Δ ∈ Wm,n : λ ∈ Δ} for every λ ∈ Xm,n. The frame Fm,n =
(Wm,n, Rm,n) is the canonical 〈m,n〉-frame for HCm,n.

Lemma 9. For every ϕ ∈ F and Δ ∈ Wm,n, Mm,n,Δ |=m,n ϕ iff ϕ ∈ Δ.

Proof. By Theorem1 and Lemma 6, it suffices to show Mm,n,Δ |=m,n Nm,n(ϕ)
iff Nm,n(ϕ) ∈ Δ. We show it by induction on d(Nm,n(ϕ)). The case Nm,n(ψ) =
λ ∈ Xm,n is trivial. The case Nm,n(ψ) = ψ1 � ψ2 for � ∈ {∧,∨,→} is shown by
induction hypothesis and Lemma 8. ��
Theorem 3 (Completeness). Γ �HCm,n

ϕ iff Γ |=m,n ϕ.

Proof. By Lemma 2, all axioms are 〈m,n〉-valid. Moreover, (MP) preserves
〈m,n〉-validity. Then we have the soundness of HCm,n. For the other direction,
assume Γ ��HCm,n

ϕ. By Lemma7, there exists Δ ∈ Tm,n with Γ ⊆ Δ and ϕ �∈ Δ.
By Lemma 9, Mm,n,Δ �|=m,n ϕ and Mm,n,Δ |=m,n ψ for all ψ ∈ Γ . ��
Corollary 2. HCm,n = Cm,n.
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A literal substitution is a function ι : Xm,n → F . Every literal substitution
ι is homomorphically extended to a function ι : Fm,n → F . For every formula
ϕ ∈ Fm,n and literal substitution ι, let ϕι be the formula obtained from ϕ by ι.
Now we consider the following rules: (US) from ϕ infer ϕs where s is an arbitrary
substitution; and (LS) from ϕ infer Nm,n(ϕ)ι where ι is a literal substitution.

Proposition 3. For every ϕ ∈ Cm,n, (1) Nm,n(ϕ)ι ∈ Cm,n for every literal
substitution ι; and (2) ϕs ∈ Cm,n for every substitution s.

Proof. For (1), assume ϕ ∈ Cm,n. By Theorem1, Nm,n(ϕ) ∈ Cm,n. Clearly
Nm,n(ϕ) ∈ Fm,n. It suffices to show that, for all χ ∈ Fm,n, if χ ∈ Cm,n,
then χι ∈ Cm,n for every literal substitution ι. Let λ(χ) = {λ1, . . . , λn} and
χι = χ(ξ1/λ1, . . . , ξn/λn). Suppose �|=m,n χι. There exists a frame F = (W,R),
an 〈m,n〉-valuation V in F and w ∈ W such that w �∈ V (χι). Let V ′ be an 〈m,n〉-
valuation in F such that V ′(λi) = V (ξi) for 1 ≤ i ≤ n. Clearly V ′(χ) = V (χι).
Then w �∈ V ′(χ) and so χ �∈ Cm,n. The proof of (2) is similar to (1). ��

An 〈m,n〉-connexive logic is a set L of formulas such that L ⊆ F and the
following conditions hold: (J) Cm,n ⊆ L; (MP) if ϕ,ϕ → ψ ∈ L, then ψ ∈ L;
(LS) if ϕ ∈ L, then ϕι ∈ L for every literal substitution ι; (US) if ϕ ∈ L, then
ϕs ∈ L for every substitution s. A logic L1 is a sublogic of L2 (or L2 is an
extension of L1) if L1 ⊆ L2. A logic L1 is a proper sublogic of L2 (or L2 is an
proper extension of L1) if L1 � L2. Let Ext(L) be the set of all extensions of
L. The smallest 〈m,n〉-connexive logic generated by a set of formulas Σ over L
is defined as L ⊕ Σ =

⋂{L′ ∈ Ext(Cm,n) | L ∪ Σ ⊆ L′}. Clearly Cm,n is the
minimal 〈m,n〉-connexive logic. For every 〈m,n〉-connexive logic L, Ext(L) is
closed under ∩ and ⊕, and hence it forms a lattice with top F and bottom L.

A formula ϕ is a theorem of L (notation: �L ϕ) if ϕ ∈ L. A formula
ϕ is deducible from a set of formulas Γ in L (notation: Γ �L ϕ) if there
exists a sequence of formulas ψ1, . . . , ψn = ϕ and each ψi is either a mem-
ber of L ∪ Γ or derived from previous formula(s) by (MP), (LS) or (US).
Obviously the deduction theorem holds for L. An 〈m,n〉-connexive logic L
is finitely axiomatizable if there exists a finite Σ ⊆ F with L = Cm,n ⊕
Σ. For all formulas ϕ,ψ ∈ F such that λ(Nm,n(ϕ)) = {λ1, . . . , λn} and
λ(Nm,n(ψ)) = {λ1, . . . , λm}, the literal repeatless disjunction of ϕ and ψ is
defined as ϕ ∨ ψ = Nm,n(ϕ)(λ1, . . . , λn) ∨ Nm,n(ψ)(λn+1, . . . , λn+m) where
Nm,n(ψ)(λn+1, . . . , λn+m) is the formula obtained from Nm,n(ψ) by substituting
λn+i for λi in Nm,n(ψ) with 1 ≤ i ≤ m.

Proposition 4. Let L1 = Cm,n ⊕ {ϕi : i ∈ I} and L2 = Cm,n ⊕ {ψj : j ∈ J}.
Then L1 ∩ L2 = Cm,n ⊕ {ϕi ∨ ψj : i ∈ I, j ∈ J}.
Proof. By Lemma 6, L1 = Cm,n ⊕ {Nm,n(ϕi) : i ∈ I} and L2 = Cm,n ⊕
{Nm,n(ψj) : j ∈ J}. Assume χ ∈ L1 ∩ L2. Then there are finite subsets I ′ ⊆ I
and J ′ ⊆ J such that

∧
i′∈I′ Nm,n(ϕi) → χ ∈ Cm,n and

∧
j′∈J ′ Nm,n(ψj) →

χ ∈ Cm,n. Then
∧

i∈I′,j∈J ′(Nm,n(ϕi) ∨ Nm,n(ψj)) → χ ∈ Cm,n. Clearly
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Nm,n(ϕi) ∨ Nm,n(ψj) is a literal substitution instance of ϕi ∨ ψj . Hence
χ ∈ Cm,n ⊕ {ϕi ∨ ψj : i ∈ I, j ∈J}. The other direction is shown easily. ��

Recall the lattice Ext(IPL) of all superintuitionistic logics (cf. [2]). We will
show that it is isomorphic to Ext(Cm,n) for every 〈m,n〉 ∈ Z

+ × Z
∗. For every

superintuitionistic logic S ∈ Ext(IPL), we define the 〈m,n〉-connexive logic S∗

as the set of theorems in the system obtained from HCm,n by replacing IPC
with S. Let L ∈ Ext(Cm,n). The superintuitionistic logic L∗ is defined as follows:
Let Nm,n(L) = {Nm,n(ϕ) : ϕ ∈ L}. For each λ ∈ Xm,n, let pλ be the variable
associated with λ. For every ϕ ∈ L, let λ(Nm,n(ϕ)) = {λ1, . . . , λn} and ϕ∗ =
Nm,n(ϕ)(pλ1/λ1, . . . , pλn

/λn). We define L∗ = {ϕs
∗ : ϕ ∈ L and s : P → FI}.

Lemma 10. Let S ∈ Ext(IPL) and L ∈ Ext(Cm,n). Then (1) S ⊆ S∗; (2) L∗ ⊆
L; and (3) L∗ is a superintuitionistic logic.

Proof. Obviously S ⊆ S∗. For (2), let ϕs
∗ ∈ L∗. Then ϕ ∈ L. By Theorem 1,

Nm,n(ϕ) ∈ L. Since L is closed under (LS) and (US), ϕs
∗ ∈ L. Hence L∗ ⊆ L.

For (3), clearly IPL ⊆ L∗. Let ϕs
∗, ϕ

s
∗ → ψt

∗ ∈ L∗. Then ϕ,ϕ → ψ ∈ L and so
ψ ∈ L. Hence ψt

∗ ∈ L∗. Clearly L∗ is closed under (US). ��
Theorem 4. Ext(IPL) is lattice isomorphic to Ext(Cm,n).

Proof. For every S ∈ Ext(IPL) and L ∈ Ext(Cm,n), it is clear that S∗ and L∗ are
uniquely determined. Then (S∗)∗ = S and L = (L∗)∗. Moreover, (S1 ∩ S2)∗ =
S∗
1 ∩ S∗

2 and (S1 ⊕ S2)∗ = S∗
1 ⊕ S∗

2 ; (L1 ∩ L2)∗ = L1∗ ∩ L2∗ and (L1 ⊕ L2)∗ =
L1∗ ⊕ L2∗. It follows that (.)∗ and (.)∗ are lattice isomorphisms. ��

Let ◦ be the single element frame, i.e., ◦ = ({w}, 〈w,w〉). The material 〈m,n〉-
connexive logic is defined as the set Km,n = {ϕ ∈ F : ◦ |=m,n ϕ}. Clearly the
classical propositional logic CPL is the superintuitionistic logic which is charac-
terized by the frame ◦. By Theorem4, Km,n = CPL∗.

Corollary 3. If L ∈ Ext(Cm,n) is consistent, then Cm,n ⊆ L ⊆ Km,n.

Proof. Let L ∈ Ext(Cm,n) be consistent. Then L∗ is consistent. Hence IPL ⊆ L ⊆
CPL. By Theorem4, Cm,n ⊆ L ⊆ Km,n. ��

The Hilbert-style axiomatic system HKm,n for Km,n is obtained from HCm,n

by replacing all axiom schemata of IPC with all axiom schemata of CPL, or
equivalently by adding ϕ ∨ ¬ϕ to HCm,n. A formula ψ is an 〈m,n〉-consequence
of a set of formulas Γ with respect to the singleton frame ◦ (notation: Γ |=◦

m,n ψ)
if V (Γ ) ⊆ V (ϕ) for every 〈m,n〉-valuation V in ◦. It is quite standard to show
the strong completeness of HKm,n, namely, Γ �HKm,n ψ iff Γ |=◦

m,n ψ.
An 〈m,n〉-connexive logic L has the disjunction property (DP) if ϕ ∨ ψ ∈ L

implies ϕ ∈ L or ψ ∈ L. Obviously, for every m ≥ 1 and n ≥ 0, the 〈m,n〉-
connexive logic Km,n lacks the disjunction property.

Theorem 5. A logic L ∈ Ext(Cm,n) has the DP iff L∗ ∈ Ext(IPL) has the DP.
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Proof. Let L ∈ Ext(Cm,n). Assume that L has the DP. Suppose ϕs
∗ ∨ ψs

∗ ∈ L∗.
Then ϕ ∨ ψ ∈ L. Hence ϕ ∈ L or ψ ∈ L. Then ϕs

∗ ∈ Ls
∗ or ψs

∗ ∈ L∗. Assume
that L∗ has the DP. Suppose ϕ ∨ ψ ∈ L. Then ϕs

∗ ∨ ψs
∗ ∈ IPL. By the DP of IPL,

ϕs
∗ ∈ L∗ or ψs

∗ ∈ L∗. Then ϕ ∈ L or ψ ∈ L. ��
Corollary 4. For all m ≥ 1 and n ≥ 0, Cm,n has the DP.

It is well-known CPL is embedded into IPC via Glivenko’s double negation
translation ϕ �→ ¬¬ϕ where ¬ is the intuitionistic negation (cf. [2, p. 46]). This
result is extended to intuitionistic and material 〈m,n〉-connexive logics.

Proposition 5. For all m ≥ 1, n ≥ 0 and ϕ ∈ F , ϕ ∈ Km,n iff ¬¬ϕ ∈ Cm,n.

Proof. Assume ¬¬ϕ ∈ Cm,n. Then ¬¬ϕ ∈ Km,n. By ¬¬ϕ → ϕ ∈ Km,n, ϕ ∈
Km,n. Assume ϕ ∈ Km,n. By Theorem 4, ϕ∗ ∈ CPL. Then ¬¬ϕ∗ ∈ IPL. Hence
¬¬ϕ∗ ∈ Cm,n. Clearly ¬¬ϕ∗ = (¬¬ϕ)∗. Then Nm,n(¬¬ϕ) ∈ Cm,n. By ¬¬ϕ ↔
Nm,n(¬¬ϕ) ∈ Cm,n, ¬¬ϕ ∈ Cm,n. ��

4 Gentzen Sequent Calculi

In this section, we introduce Gentzen sequent calculi for intuitionistic and mate-
rial 〈m,n〉-connexive logics. They are obtained by modifying the construction in
[11]. These sequent calculi are based on the G3-style Gentzen sequent calculi for
IPL and CPL (cf. e.g. [16]). Let E[0, 2m+n) and O[0, 2m+n) be sets of all even
and odd numbers in [0, 2m + n) respectively. A sequent is an expression Γ ⇒ ψ
where Γ is a finite (possibly empty) multiset of formulas and ψ is a formula in
F . Sequent rules are defined as usual.

Definition 6. The sequent calculus G3Cm,n consists of the following initial
sequents and sequent rules:

(1) Initial sequents:

(Id) λ, Γ ⇒ λ, where λ ∈ Xm,n. (⊥) ⊥, Γ ⇒ ϕ

(2) Sequent rules:

∼eϕ,∼eψ, Γ ⇒ χ

∼e(ϕ ∧ ϕ), Γ ⇒ χ
(∧⇒)

Γ ⇒ ∼eϕ Γ ⇒ ∼eψ

Γ ⇒ ∼e(ϕ ∧ ψ)
(⇒∧)

∼eϕ, Γ ⇒ χ ∼eψ, Γ ⇒ χ

∼e(ϕ ∨ ψ), Γ ⇒ χ
(∨⇒)

Γ ⇒ ∼eϕi

Γ ⇒ ∼e(ϕ1 ∨ ϕ2)
(⇒∨)(i = 1, 2)

∼oϕ, Γ ⇒ χ ∼oψ, Γ ⇒ χ

∼o(ϕ ∧ ψ), Γ ⇒ χ
(∼∧⇒)

Γ ⇒ ∼oϕi

Γ ⇒ ∼o(ϕ1 ∧ ϕ2)
(⇒∼∧)(i = 1, 2)

∼oϕ,∼oψ, Γ ⇒ χ

∼o(ϕ ∨ ϕ), Γ ⇒ χ
(∼∨⇒)

Γ ⇒ ∼oϕ Γ ⇒ ∼oψ

Γ ⇒ ∼o(ϕ ∨ ψ)
(⇒∼∨)



An Infinity of Intuitionistic Connexive Logics 199

∼k(ϕ → ψ), Γ ⇒ ϕ ∼kψ, Γ ⇒ χ

∼k(ϕ → ψ), Γ ⇒ χ
(→⇒)

ϕ, Γ ⇒ ∼kψ

Γ ⇒ ∼k(ϕ → ψ)
(⇒→)

∼nϕ, Γ ⇒ ψ

∼2m+nϕ, Γ ⇒ ψ
(∼2m+n⇒)

Γ ⇒ ∼nϕ

Γ ⇒ ∼2m+nϕ
(⇒∼2m+n)

where e ∈ E[0, 2m + n), o ∈ O[0, 2m + n) and k ≥ 0.

The formula with connective(s) in the conclusion sequent of a sequent rule is
called principal. Derivations in G3Cm,n are denoted by D, E etc. and the height
of a derivation D is denoted by |D|. Let G3Cm,n � Γ ⇒ ψ denote that Γ ⇒ ψ is
derivable in G3Cm,n. We use G3Cm,n �h Γ ⇒ ψ for that there is a derivation D
of Γ ⇒ ψ in G3Cm,n with |D| ≤ h. The prefix G3Cm,n is omitted if no confusion
arises from the context. Admissibility and height-preserving admissibility of a
sequent rule in G3Cm,n are defined as usual (cf. e.g. [16]).

Lemma 11. For every formula ϕ ∈ F and k ≥ 0, G3Cm,n � ∼kϕ, Γ ⇒ ∼kϕ.

Proof. By induction on the complexity c(ϕ). See Appendix A. ��
Now we prove the admissibility of structural rules of weakening and contrac-

tion in G3Cm,n. Then we show the admissibility of the cut rule.

Lemma 12. The following rule is height-preserving admissible in G3Cm,n:

Γ ⇒ ψ

ϕ, Γ ⇒ ψ
(Wk)

Proof. Assume �h Γ ⇒ ψ. We show �h ϕ, Γ ⇒ ψ by induction on h ≥ 0. The
case h = 0 is trivial. Suppose h > 0. Let Γ ⇒ ψ be obtained by one of the
sequent rules and call it (R). We obtain ϕ, Γ ⇒ ψ by induction hypothesis and
the rule (R). ��
Lemma 13. For every h ≥ 0, e ∈ E[0, 2m + n) and o ∈ O[0, 2m + n), the
following hold in G3Cm,n:

(1) if �h ∼e(ϕ ∧ ψ), Γ ⇒ χ, then �h ∼eϕ,∼eψ, Γ ⇒ χ.
(2) if �h ∼e(ϕ ∨ ψ), Γ ⇒ χ, then �h ∼eϕ, Γ ⇒ χ and �h ∼eψ, Γ ⇒ χ.
(3) if �h ∼o(ϕ ∨ ψ), Γ ⇒ χ, then �h ∼oϕ,∼oψ, Γ ⇒ χ.
(4) if �h ∼o(ϕ ∧ ψ), Γ ⇒ χ, then �h ∼oϕ, Γ ⇒ χ and �h ∼oψ, Γ ⇒ χ;
(5) if �h ∼2m+nϕ, Γ ⇒ ψ, then �h ∼nϕ, Γ ⇒ ψ.
(6) if �h ∼k(ϕ → ψ), Γ ⇒ χ, then �h ∼kψ, Γ ⇒ χ.

Proof. We show only (5) and others are shown similarly. Assume �h

∼2m+nϕ, Γ ⇒ ψ. The proof proceeds by induction on h. If h = 0, then
∼2m+nϕ, Γ ⇒ ψ and ∼nϕ, Γ ⇒ ψ are initial. Let h > 0 and ∼2m+nϕ, Γ ⇒ ψ
be obtained by (R). If ∼2m+nϕ is principal, then �h−1 ∼nϕ, Γ ⇒ ψ. Sup-
pose ∼2m+nϕ is not principal in (R). We get �h ∼nϕ, Γ ⇒ ψ by induc-
tion hypothesis and (R). For example, let (R) be (→⇒) with premisses
�h−1 ∼k(χ1 → χ2),∼2m+nϕ,Σ ⇒ χ1 and �h−1 ∼kχ2,∼2m+nϕ,Σ ⇒ ψ,
and conclusion �h ∼k(χ1 → χ2),∼2m+nϕ,Σ ⇒ ψ. By induction hypothesis,
�h−1 ∼k(χ1 → χ2),∼nϕ,Σ ⇒ χ1 and �h−1 ∼kχ2, ∼nϕ,Σ ⇒ ψ By (→⇒),
�h ∼k(χ1 → χ2),∼nϕ,Σ ⇒ ψ. ��
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Lemma 14. The following rule is height-preserving admissible in G3Cm,n:

ϕ,ϕ, Γ ⇒ ψ

ϕ, Γ ⇒ ψ
(Ctr)

Proof. Assume �h ϕ,ϕ, Γ ⇒ ψ. The proof proceeds by induction on h and
subinduction on the complexity c(ϕ). See Appendix B. ��
Lemma 15. If G3Cm,n � Γ ⇒ ⊥, then G3Cm,n � Γ ⇒ ψ for every ψ ∈ F .

Proof. Assume �h Γ ⇒ ⊥. If h = 0, then Γ ⇒ ⊥ and Γ ⇒ ψ are initial sequents.
Suppose h > 0 and Γ ⇒ ⊥ is obtained by a rule (R). Obviously (R) can be only a
left rule. We get � Γ ⇒ ψ by induction hypothesis and (R). For example, let (R)
be (→⇒) with premisses �h−1 ∼k(ϕ1 → ϕ2), Σ ⇒ ϕ1 and �h−1 ∼kϕ2, Σ ⇒ ⊥,
and conclusion �h ∼k(ϕ1 → ϕ2), Σ ⇒ ⊥. By induction hypothesis, � ∼kϕ2, Σ ⇒
ψ. By the left premiss and (→⇒), �h ∼k(ϕ1 → ϕ2), Σ ⇒ ψ. ��
Theorem 6. The following cut rule is admissible in G3Cm,n:

Γ ⇒ ϕ ϕ,Δ ⇒ ψ

Γ,Δ ⇒ ψ
(Cut)

Proof. Assume �h Γ ⇒ ϕ and �j ϕ,Δ ⇒ ψ. One can show � Γ,Δ ⇒ ψ by
simultaneous induction on h + j and c(ϕ). See Appendix C. ��
Lemma 16. For every formula ϕ ∈ F , if �HCm,n ϕ, then G3Cm,n � ⇒ ϕ.

Proof. The proof proceeds by induction on the length of a proof of ϕ in HCm,n.
Obviously G3Cm,n � ⇒ ϕ if ϕ is an axiom of IPC. Assume � ⇒ χ and � ⇒ χ → ξ.
Clearly � χ, χ → ξ ⇒ ξ. By (Cut), � ⇒ ξ. Hence � ⇒ ϕ. ��

A sequent Γ ⇒ ψ is 〈m,n〉-valid, notation |=m,n Γ ⇒ ψ, if |=m,n

∧
Γ → ψ.

A sequent rule with premisses Γi ⇒ ψi for 1 ≤ i ≤ l and conclusion Γ0 ⇒ ψ0

preserves 〈m,n〉-validity, if |=m,n Γ0 ⇒ ψ0 whenever |=m,n Γi ⇒ ψi for all
1 ≤ i ≤ l. Then we get the soundness and completeness of G3Cm,n.

Theorem 7. G3Cm,n � Γ ⇒ ψ iff |=m,n Γ ⇒ ψ.

Proof. Assume �h Γ ⇒ ψ. The proof proceeds by induction on the height of
derivation. Clearly all axioms are valid in Cm,n. By Corollary 1, all rules preserve
validity in Cm,n. Assume Γ |=m,n ψ. Let ϕ =

∧
Γ . Then ϕ → ψ ∈ Cm,n.

By Theorem3, �HCm,n ϕ → ψ. By Lemma16, G3Cm,n � ⇒ ϕ → ψ. Then
G3Cm,n � ϕ ⇒ ψ. Clearly G3Cm,n � Γ ⇒ ϕ. By (Cut), G3Cm,n � Γ ⇒ ψ. ��
Definition 7. The sequent calculus G3Km,n consists of the following initial
sequents and sequent rules:

(1) Initial sequents:

(Id) λ, Γ ⇒ Δ,λ, where λ ∈ Xm,n. (⊥) ⊥, Γ ⇒ Δ
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(2) Sequent rules:

∼eϕ,∼eψ, Γ ⇒ Δ

∼e(ϕ ∧ ϕ), Γ ⇒ Δ
(∧⇒)

Γ ⇒ Δ,∼eϕ Γ ⇒ Δ,∼eψ

Γ ⇒ Δ,∼e(ϕ ∧ ψ)
(⇒∧)

∼eϕ, Γ ⇒ Δ ∼eψ, Γ ⇒ Δ

∼e(ϕ ∨ ψ), Γ ⇒ Δ
(∨⇒)

Γ ⇒ Δ,∼eϕ1,∼eϕ2

Γ ⇒ Δ,∼e(ϕ1 ∨ ϕ2)
(⇒∨)

∼oϕ, Γ ⇒ Δ ∼oψ, Γ ⇒ Δ

∼o(ϕ ∧ ψ), Γ ⇒ Δ
(∼∧⇒)

Γ ⇒ Δ,∼oϕ1,∼oϕ2

Γ ⇒ Δ,∼o(ϕ1 ∧ ϕ2)
(⇒∼∧)

∼oϕ,∼oψ, Γ ⇒ Δ

∼o(ϕ ∨ ϕ), Γ ⇒ Δ
(∼∨⇒)

Γ ⇒ Δ,∼oϕ Γ ⇒ Δ,∼oψ

Γ ⇒ Δ,∼o(ϕ ∨ ψ)
(⇒∼∨)

Γ ⇒ Δ,ϕ ∼kψ, Γ ⇒ Δ

∼k(ϕ → ψ), Γ ⇒ Δ
(→⇒)

ϕ, Γ ⇒ Δ,∼kψ

Γ ⇒ Δ,∼k(ϕ → ψ)
(⇒→)

∼nϕ, Γ ⇒ Δ

∼2m+nϕ, Γ ⇒ Δ
(∼2m+n⇒)

Γ ⇒ Δ,∼nϕ

Γ ⇒ Δ,∼2m+nϕ
(⇒∼2m+n)

where e ∈ E[0, 2m + n), o ∈ O[0, 2m + n) and k ≥ 0.

Let G3Km,n � Γ ⇒ Δ stand for that Γ ⇒ Δ is derivable in G3Km,n. Derivability
and related notions are defined as in Definition 6.

Lemma 17. For every ϕ ∈ F and k ≥ 0, G3Km,n � ∼kϕ, Γ ⇒ Δ,∼kϕ.

Proof. The proof is similar to Lemma11. ��
Lemma 18 (Invertibility). For every h ≥ 0, e ∈ E[0, 2m + n) and o ∈
O[0, 2m + n), the following hold in G3Km,n:

(1) if �h ∼e(ϕ ∧ ψ), Γ ⇒ Δ, then �h ∼eϕ,∼eψ, Γ ⇒ Δ.
(2) if �h Γ ⇒ Δ,∼e(ϕ ∧ ψ), then �h Γ ⇒ Δ,∼eϕ and �h Γ ⇒ Δ,∼eψ.
(3) if �h ∼e(ϕ ∨ ψ), Γ ⇒ Δ, then �h ∼eϕ, Γ ⇒ Δ and �h ∼eψ, Γ ⇒ Δ.
(4) if �h Γ ⇒ Δ,∼e(ϕ ∨ ψ), then �h Γ ⇒ Δ,∼eϕ,∼eψ.
(5) if �h ∼o(ϕ ∨ ψ), Γ ⇒ Δ, then �h ∼oϕ, Γ ⇒ Δ and �h ∼oψ, Γ ⇒ Δ.
(6) if �h Γ ⇒ Δ,∼o(ϕ ∧ ψ), then �h Γ ⇒ Δ,∼oϕ,∼oψ.
(7) if �h ∼o(ϕ ∨ ψ)Γ ⇒ Δ, then �h ∼oϕ,∼oψ, Γ ⇒ Δ.
(8) if �h Γ ⇒ Δ,∼o(ϕ ∨ ψ), then �h Γ ⇒ Δ,∼oϕ and �h Γ ⇒ Δ,∼oψ;
(9) if �h ∼2m+nϕ, Γ ⇒ Δ, then �h ∼nϕ, Γ ⇒ Δ.

(10) if �h Γ ⇒ Δ,∼2m+nϕ, then �h Γ ⇒ Δ,∼nϕ.
(11) if �h ∼k(ϕ → ψ), Γ ⇒ Δ, then �h Γ ⇒ Δ,ϕ and �h ∼kψ, Γ ⇒ Δ.
(12) if �h Γ ⇒ Δ,∼k(ϕ → ψ), then �h ϕ, Γ ⇒ Δ,∼kψ.

Proof. The proof is similar to Lemma13. ��
Lemma 19. The following rules are height-preserving admissible in G3Km,n:

Γ ⇒ Δ

ϕ,Γ ⇒ Δ
(Wk⇒)

Γ ⇒ Δ

Γ ⇒ Δ,ϕ
(⇒Wk)
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Proof. Assume �h Γ ⇒ Δ. The proof proceeds by simultaneous induction on
h. The case h = 0 is trivial. For h > 0, Γ ⇒ Δ is obtained by a rule (R). By
induction hypothesis and (R), we obtain the conclusions. ��
Lemma 20. The following rules are height-preserving admissible in G3Km,n:

ϕ,ϕ, Γ ⇒ Δ

ϕ,Γ ⇒ Δ
(Ctr⇒)

Γ ⇒ Δ,ϕ, ϕ

Γ ⇒ Δ,ϕ
(⇒Ctr)

Proof. The proof is similar to Lemma14. Note that the invertibility of rules in
Lemma 18 is used in the proof. Details are omitted. ��
Lemma 21. If G3Km,n � Γ ⇒ Σ,⊥, then G3Km,n � Γ ⇒ Σ,Θ.

Proof. The proof is quite similar to the proof of Lemma 15. ��
Theorem 8. The following cut rule is admissible in G3Km,n:

Γ ⇒ Σ,ϕ ϕ,Δ ⇒ Θ
Γ,Δ ⇒ Σ,Θ

(Cut)

Proof. The proof is similar to Theorem 6. ��
Lemma 22. For every formula ϕ ∈ F , if �HKm,n ϕ, then G3Km,n � ⇒ ϕ.

Proof. The proof is quite similar to the proof of Lemma 16. ��
A sequent Γ ⇒ Δ is 〈m,n〉-valid in ◦ (notation: ◦ |=m,n Γ ⇒ Δ) if

∧
Γ →∨

Δ ∈ Km,n. The notion of preserving 〈m,n〉-validity of a sequent rule is defined
naturally. We get the soundness and completeness of G3Km,n.

Theorem 9. G3Km,n � Γ ⇒ Δ iff ◦ |=m,n Γ ⇒ Δ.

Proof. Assume �h Γ ⇒ Δ. We get ◦ |=m,n Γ ⇒ Δ by induction on the height
of derivation. The proof is similar to Theorem 7. Assume ◦ |=m,n Γ ⇒ Δ. Let
ϕ =

∧
Γ and ψ =

∨
Δ. Then �HKm,n

ϕ → ψ. By Lemma22, � ⇒ ϕ → ψ. Then
� ϕ ⇒ ψ. Clearly � Γ ⇒ ϕ and � ψ ⇒ Δ. By (Cut), � Γ ⇒ Δ. ��

5 Concluding Remarks

The present work makes contributions to the study of intuitionistic connexive
logics. Inspired by Wansing’s work [24], we develop infinitely many intuitionis-
tic connexive logics. For each superintuitionistic logic L, we introduce 〈m,n〉-
connexive logics by adding a set of connexive principles. The semantics for these
connexive logics is given by extending the domain of a valuation from the set of
all propositional variables to the set of all literals. Finally we provide G3-style
sequent calculi for the intuitionistic and classical 〈m,n〉-connexive logics. The
road to connexivity we take in this work can be extended to many other logics.
At least one can obtain first-order and modal extensions of them as in [24].
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Appendix

A Proof of Lemma 11

Proof. Assume c(ϕ) = 0. Suppose ϕ = p. If k < 2m + n, then ∼kp, Γ ⇒ ∼kp
is an instance of (Id). Suppose k ≥ 2m + n. There exist l ∈ [0, 2m + n)
and r ≥ 1 with k = 2rm + l. Obviously � ∼lp, Γ ⇒ ∼lp. By (∼2m+n⇒)
and (⇒∼2m+n), � ∼kp, Γ ⇒ ∼kp. Suppose ϕ = ⊥. If k < 2m + n, then
∼k⊥, Γ ⇒ ∼k⊥ is an instance of (⊥⇒). Suppose k ≥ 2m + n. There exist
l ∈ [0, 2m + n) and r ≥ 1 with k = 2rm + l. Then � ∼l⊥, Γ ⇒ ∼l⊥. By
(∼2m+n⇒) and (⇒∼2m+n), � ∼k⊥, Γ ⇒ ∼k⊥. Assume c(ϕ) > 0. Suppose
k ≥ 2m + n. There exist l ∈ [0, 2m + n) and r ≥ 1 with k = 2rm + l. Clearly
c(∼lϕ) < c(∼kϕ). By induction hypothesis, � ∼lϕ, Γ ⇒ ∼lϕ. By (∼2m+n⇒) and
(⇒∼2m+n), � ∼kϕ, Γ ⇒ ∼kϕ. Suppose k < 2m + n. Assume ϕ = ϕ1 ∧ ϕ2. Let
ϕ = ∼e(ϕ1 ∧ ϕ2) with e ∈ E[0, 2m + n). Clearly c(∼eϕ1) < c(∼e(ϕ1 ∧ ϕ2)) and
c(∼eϕ2) < c(∼e(ϕ1 ∧ ϕ2)). By induction hypothesis, � ∼eϕ1,∼eϕ2, Γ ⇒ ∼eϕ1

and � ∼eϕ1,∼eϕ2, Γ ⇒ ∼eϕ2. By (⇒∧), � ∼eϕ1,∼eϕ2, Γ ⇒ ∼e(ϕ1 ∧ ϕ2). By
(∧⇒), � ∼e(ϕ1 ∧ ϕ2), Γ ⇒ ∼e(ϕ1 ∧ ϕ2). Now let ϕ = ∼o(ϕ1 ∧ ϕ2) with o ∈
O[0, 2m+n). Clearly, c(∼oϕ1) < c(∼o(ϕ1 ∧ϕ2)) and c(∼oϕ2) < c(∼o(ϕ1 ∧ϕ2)).
By induction hypothesis, � ∼oϕ1, Γ ⇒ ∼oϕ1 and � ∼oϕ2, Γ ⇒ ∼oϕ2. By
(⇒∼∧), � ∼oϕ1, Γ ⇒ ∼o(ϕ1 ∧ ϕ2) and � ∼oϕ2, Γ ⇒ ∼o(ϕ1 ∧ ϕ2). By
(∼∧⇒), � ∼o(ϕ1 ∧ ϕ2), Γ ⇒ ∼o(ϕ1 ∧ ϕ2). The case ϕ = ϕ1 ∨ ϕ2 is shown
similarly. Suppose ϕ = ϕ1 → ϕ2. Clearly c(ϕ1) < c(∼k(ϕ1 → ϕ2)) and
c(ϕ2) < c(∼k(ϕ1 → ϕ2)). By induction hypothesis, � ϕ1,∼k(ϕ1 → ϕ2), Γ ⇒ ϕ1

and � ϕ1,∼kϕ2, Γ ⇒ ∼kϕ2. By (→⇒), � ϕ1,∼k(ϕ1 → ϕ2), Γ ⇒ ∼kϕ2. By
(⇒→), � ∼k(ϕ1 → ϕ2), Γ ⇒ ∼k(ϕ1 → ϕ2). ��

B Proof of Lemma 14

Proof. Assume �h ϕ,ϕ, Γ ⇒ ψ. The proof proceeds by induction on h and subin-
duction on the complexity c(ϕ). The case h = 0 is trivial. Suppose h > 0 and
ϕ,ϕ, Γ ⇒ ψ is obtained by a rule (R). Suppose ϕ is not principal in (R). Then
� ϕ, Γ ⇒ ψ by induction hypothesis and (R). For example, let (R) be (⇒ ∧)
with premisses �h−1 ϕ,ϕ, Γ ⇒ ∼eψ1 and �h−1 ϕ,ϕ, Γ ⇒ ∼eψ2, and conclusion
�h ϕ,ϕ, Γ ⇒ ∼e(ψ1∧ψ2). By induction hypothesis, �h−1 ϕ, Γ ⇒ ∼eψ1 and �h−1

ϕ, Γ ⇒ ∼eψ2. By (⇒ ∧), �h ϕ, Γ ⇒ ∼e(ψ1∧ψ2). Other cases are shown similarly.
Suppose ϕ is principal in (R). Assume ϕ = ∼e(ϕ1∧ϕ2). Let (R) end with premiss
�h−1 ∼eϕ1,∼eϕ2,∼e(ϕ1 ∧ ϕ2), Γ ⇒ ψ and conclusion �h ∼e(ϕ1 ∧ ϕ2),∼e(ϕ1 ∧
ϕ2), Γ ⇒ ψ. By Lemma13 (1), �h−1 ∼eϕ1,∼eϕ2,∼eϕ1,∼eϕ2, Γ ⇒ ψ. By induc-
tion hypothesis, �h−1 ∼eϕ1,∼eϕ2, Γ ⇒ ψ. By (∧⇒), �h ∼e(ϕ1 ∧ ϕ2), Γ ⇒ ψ.
Assume ϕ = ∼o(ϕ1∧ϕ2). Let (R) end with premisses � ∼oϕ1,∼o(ϕ1∧ϕ2), Γ ⇒ ψ
and � ∼oϕ2,∼o(ϕ1 ∧ ϕ2), Γ ⇒ ψ, and conclusion �h ∼o(ϕ1 ∧ ϕ2),∼o(ϕ1 ∧
ϕ2), Γ ⇒ ψ. By Lemma13 (4), � ∼oϕ1,∼oϕ1, Γ ⇒ ψ and � ∼oϕ2,∼oϕ2, Γ ⇒ ψ.
By induction hypothesis, � ∼oϕ1, Γ ⇒ ψ and � ∼oϕ2, Γ ⇒ ψ. By (∼∧⇒),
�h ∼o(ϕ1 ∧ ϕ2), Γ ⇒ ψ. Assume ϕ = ∼e(ϕ1 ∨ ϕ2) or ∼o(ϕ1 ∨ ϕ2). The proof
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is similar to previous cases. Assume ϕ = ∼2m+nχ. Let (R) end with premiss
� ∼nχ,∼2m+nχ, Γ ⇒ ψ and conclusion �h ∼2m+nχ,∼2m+nχ, Γ ⇒ ψ. By
Lemma 13 (5), � ∼nχ,∼nχ, Γ ⇒ ψ. By induction hypothesis, � ∼nχ, Γ ⇒ ψ.
By (∼2m+n⇒), �h ∼2m+nχ, Γ ⇒ ψ. Assume ϕ = ∼k(ϕ1 → ϕ2). Let (R) end
with premisses � ∼k(ϕ1 → ϕ2),∼k(ϕ1 → ϕ2), Γ ⇒ ϕ1 and � ∼kϕ2, Γ ⇒ ψ, and
conclusion �h ∼k(ϕ1 → ϕ2),∼k(ϕ1 → ϕ2), Γ ⇒ ψ. By induction hypothesis,
� ∼k(ϕ1 → ϕ2), Γ ⇒ ϕ1. By premiss and (→⇒), �h ∼k(ϕ1 → ϕ2), Γ ⇒ ψ. ��

C Proof of Theorem6

Proof. Assume �h Γ ⇒ ϕ and �j ϕ,Δ ⇒ ψ. We show � Γ,Δ ⇒ ψ by simulta-
neous induction on the cut height h + j and the complexity c(ϕ). Assume h = 0
or j = 0. Suppose h = 0. Suppose Γ ⇒ ϕ is an instance of (Id). Then ϕ ∈ Γ .
By � ϕ,Δ ⇒ ψ and (Wk), � Γ,Δ ⇒ ψ. If ⊥ ∈ Γ , then � Γ,Δ ⇒ ψ. Suppose
j = 0. Let ϕ,Δ ⇒ ψ be an instance of (Id). If ϕ = ψ, by � Γ ⇒ ϕ and (Wk),
� Γ,Δ ⇒ ϕ. Let ϕ,Δ ⇒ ψ be an instance of (⊥). If ⊥ ∈ Δ, then � Γ,Δ ⇒ ψ. If
ϕ = ⊥, by � Γ ⇒ ⊥, Lemma15 and (Wk), � Γ,Δ ⇒ ψ. Now assume h, j > 0.
Let the premisses of (Cut) be obtained by the rules (R1) and (R2) respectively.
Suppose ϕ is not principal in (R1). Then (R1) is a left rule. We apply (Cut)
to the premiss(es) of (R1) and ϕ,Δ ⇒ ψ, and then apply (R1). Suppose ϕ is
not principal in (R2). We apply (Cut) to Γ ⇒ ϕ and the premiss(es) of (R2),
and then apply (R2). Suppose ϕ is principal in both (R1) and (R2). The proof
proceeds by induction on c(ϕ). We have the following cases:

(1) ϕ = ∼e(ϕ1 ∧ ϕ2) and the derivations end with

Γ ⇒ ∼eϕ1 Γ ⇒ ∼eϕ2

Γ ⇒ ∼e(ϕ1 ∧ ϕ2)
(⇒∧)

∼eϕ1,∼eϕ2,Δ ⇒ ψ

∼e(ϕ1 ∧ ϕ2),Δ ⇒ ψ
(∧⇒)

By applying (Cut) to sequents with cut formula of less complexity, we have

Γ ⇒ ∼eϕ1

Γ ⇒ ∼eϕ2 ∼eϕ1,∼eϕ2,Δ ⇒ ψ
(Cut)∼eϕ1, Γ,Δ ⇒ ψ

(Cut)
Γ, Γ,Δ ⇒ ψ

(Ctr)
Γ,Δ ⇒ ψ

(2) ϕ = ∼e(ϕ1 ∨ ϕ2) and the derivations end with

Γ ⇒ ∼eϕi

Γ ⇒ ∼e(ϕ1 ∨ ϕ2)
(⇒∨)(i = 1, 2)

∼eϕ1,∼eϕ2,Δ ⇒ ψ

∼e(ϕ1 ∨ ϕ2),Δ ⇒ ψ
(∨⇒)

By applying (Cut) to sequents with cut formula of less complexity, and by (Ctr),
we obtain Γ,Δ ⇒ ψ.

(3) ϕ = ∼o(ϕ1 ∧ ϕ2) or ∼o(ϕ1 ∨ ϕ2). The proof is similar to (1) or (2).
(4) ϕ = ∼k(ϕ1 → ϕ2) and the derivations end with

ϕ1, Γ ⇒ ∼kϕ2

Γ ⇒ ∼k(ϕ1 → ϕ2)
(⇒→)

∼k(ϕ1 → ϕ2),Δ ⇒ ϕ1 ∼kϕ2,Δ ⇒ ψ

∼k(ϕ1 → ϕ2),Δ ⇒ ψ
(→⇒)
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By applying (Cut) to sequents with cut formula of less complexity, we have
� ∼k(ϕ1 → ϕ2), Γ,Δ,Δ ⇒ ψ. By (Ctr), � ∼k(ϕ1 → ϕ2), Γ,Δ ⇒ ψ.

(5) ϕ = ∼2m+nψ and the derivations end with

Γ ⇒ ∼nψ

Γ ⇒ ∼2m+nψ
(⇒∼2m+n)

∼nψ,Δ ⇒ χ

∼2m+nψ,Δ ⇒ χ
(∼2m+n⇒)

By applying (Cut) to premisses, we get � Γ,Δ ⇒ χ. ��
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Abstract. This work introduces modal logics for varieties of normal
topological quasi-Boolean algebras. Relational semantics for these modal
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1 Introduction

A topological quasi-Boolean algebra (tqBa) is a quasi-Boolean algebra (qBa,
also known as De Morgan algebra) with an interior operator (cf. e.g. [20]). The
Belnap-Dunn four-valued logic BD for quasi-Boolean algebras has been well-
developed in the literature (cf. e.g. [2,11,14]). The logic for tqBas is exactly the
quasi-Boolean counterpart of modal logic S4. In the setting of the study on quasi-
Boolean algebras with operators (cf. e.g. [15,18,19]), one can find the extension
of BD with S4 axioms. In the study of algebras from rough set theory (cf. e.g.
[1]), classes of pre-rough algebras which are subvarieties of tqBa are developed
in [21]. In a recent work [16], residuated pre-rough algebras are investigated.

Celani [6] introduced the variety CMD� of classical De Morgan algebras
which is indeed a generalization of the variety T MA of tetravalent modal alge-
bras (cf. e.g. [13,17]). A tqBa (A,�) is a classical De Morgan algebra if it satisfies
the equation �x ∨ ∼�x = 1. The De Morgan dual ♦ of the interior operator �
is a closure operator in a classical De Morgan algebra. However, the interaction
axioms �x ∧ ♦y ≤ ♦(x ∧ y) and �(x ∨ y) ≤ �x ∨ ♦y between modal operators
are not well-investigated in the setting of tqBas. These interaction axioms are
used to define positive modal algebra in [12], and the representation of distribu-
tive modal algebras and Priestley duality for positive modal algebras have been
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explored in [7,8]. In the present paper, we consider topological quasi-Boolean
algebras with interaction axioms.

Normal topological quasi-Boolean logics are defined as consequence theories
of normal tqBas. The present work gives a relational semantics for these logics
by introducing involutive frames and models. Białlynicki-Birula and Rasiowa [5]
proposed a set representation of quasi-Boolean algebras using an involution of
a set X for the interpretation of quasi-complementation (or De Morga nega-
tion). In the present paper, we introduce involutive frames which are defined as
pre-ordered sets with an involution. Then a discrete duality for normal tqBas is
developed. Furthermore, using the canonical involutive frame, we get complete-
ness results for the minimal normal topological quasi-Boolean logic wS4 as well
as its extensions wS4C and wS5. Finally, we extend the filtration method to our
setting and show the finite model property for wS4, wS4C and wS5.

2 Normal Topological Quasi-Boolean Logic

An algebra (A,∧,∨,∼, 0, 1) is a quasi-Boolean algebra (qBa, also known as De
Morgan algebra) if (A,∧,∨, 0, 1) is a bounded distributive lattice satisfying ∼0 =
1, ∼∼x = x and ∼(x ∨ y) = ∼x ∧ ∼y for all x, y ∈ A. The lattice order on A
is denoted by ≤A or simply by ≤. A unary operator � : A → A on a qBa
is an interior operator if �1 = 1 and for all x, y ∈ A, �(x ∧ y) = �x ∧ �y,
�x ≤ x and ��x = �x. An operator ♦ : A → A is a closure operator if
♦0 = 0 and for all x, y ∈ A, ♦(x ∨ y) = ♦x ∨ ♦y, x ≤ ♦x and ♦♦x = ♦x.
An algebra (A,∧,∨,∼, 0, 1,�) is a topological quasi-Boolean algebra (tqBa) if
(A,∧,∨,∼, 0, 1) is a qBa and � is an interior operator on A. We use (A,�) for
a tqBa where A is supposed to be a qBa. A tqBa (A,�) is normal (ntqBa) if
the following condition holds for all x, y ∈ A,

�x ∧ ♦y ≤ ♦(x ∧ y) (N)

where ♦ : A → A is defined by ♦x := ∼�∼x. Clearly ♦ is a closure operator on
A. Let NtqBa be the variety of all normal tqBas.

Lemma 1. Let (A,�) be a tqBa. For all x, y ∈ A, (1) x ≤ y if and only if ∼y ≤
∼x; (2) if x ≤ y, then �x ≤ �y and ♦x ≤ ♦y; (3) ♦�♦x ≤ ♦x, �♦x = �♦�♦x
and ♦�x = ♦�♦�x; (4) �(x ∨ y) ≤ ♦x ∨ �y.

Proof. Clearly (1) and (2) hold. For (3), ♦�♦x ≤ ♦♦♦x = ♦x. Clearly �♦x ≤
♦�♦x. By (2), ��♦x ≤ �♦�♦x. Then �♦x = ��♦x ≤ �♦�♦x. Clearly
�♦�♦x ≤ �♦x. Then �♦x = �♦�♦x. We have �♦∼x = �♦�♦∼x. Then
♦�x = ♦�♦�x. For (4), by (N), �∼x∧♦∼y ≤ ♦(∼x∧ ∼y). By (1), �(x∨ y) =
∼♦(∼x ∧ ∼y) ≤ ∼(�∼x ∧ ♦∼y) = ♦x ∨ �y. �	

Let P = {pi : i ∈ ω} be a denumerable set of propositional variables. The set
of all formulas For is defined inductively as follows:

For 
 ϕ ::= p | ⊥ | ∼ϕ | (ϕ1 ∧ ϕ2) | �ϕ
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where p ∈ P. A propositional variable or ⊥ is called atomic. We use abbreviations
� := ∼⊥, ϕ1 ∨ ϕ2 := ∼(∼ϕ1 ∧ ∼ϕ2) and ♦ϕ := ∼�∼ϕ. A substitution σ is a
function σ : P → For. Let ϕσ denote the formula obtained from ϕ by using
substitution σ. Let sub(ϕ) be the set of all subformulas of ϕ.

A consequence is an expression ϕ  ψ where ϕ,ψ ∈ For. Let s, t etc. with
or without subscripts denote consequences. The set of all consequences in For is
denoted by C(For). A consequence rule is an expression

s1 . . . sn

s0
(R)

where s1, . . . , sn are premisses and s0 is the conclusion of (R).

Definition 1. Let A be a ntqBa. A valuation is a function V : P → A. A
valuation V in A is extended to a function V : For → A as follows:

V (⊥) = 0, V (∼ϕ) = ∼V (ϕ), V (ϕ ∧ ψ) = V (ϕ) ∧ V (ψ), V (�ϕ) = �V (ϕ).

A consequence ϕ  ψ is valid in A (notation: ϕ |=A ψ) if V (ϕ) ≤ V (ψ) for all
valuations in A. The consequence theory of a class of ntqBas K is defined as
Th(K) = {ϕ  ψ : ϕ |=K ψ} where ϕ |=K ψ means ϕ |=A ψ for all A ∈ K.

Definition 2. A normal toplogical quasi-Boolean logic (ntqBl) is a set L of con-
sequences in For such that the following conditions hold:

(1) L contains all instances of the following axiom schemes:

(Id) ϕ  ϕ (⊥) ⊥  ϕ (�) ϕ  � (D) ϕ∧(ψ∨χ)  (ϕ∧ψ)∨(ϕ∧χ)

(�∧) �ϕ ∧ �ψ  �(ϕ ∧ ψ) (N) �ϕ ∧ ♦ψ  ♦(ϕ ∧ ψ)

(��) �  �� (T) �ϕ  ϕ (4) �ϕ  ��ψ

(2) L is closed under the following rules:

ϕ  χ

ϕ ∧ ψ  χ
(∧1)

ψ  χ

ϕ ∧ ψ  χ
(∧2)

ϕ  ψ ϕ  χ

ϕ  ψ ∧ χ
(∧)

ϕ  ψ

∼ψ  ∼ϕ
(CP)

ϕ  ψ

∼∼ϕ  ψ
(∼∼) ϕ  ψ

ϕ  ∼∼ψ
(∼∼)

ϕ  ψ

�ϕ  �ψ
(�)

ϕ  χ χ  ψ

ϕ  ψ
(Cut)

(3) L is closed under uniform substitution, i.e., if ϕ  ψ ∈ L, then ϕσ 
ψσ ∈ L for every substitution σ.

A consequence ϕ  ψ is derivable in L (notation: ϕ L ψ) if ϕ  ψ ∈ L. A
consequence rule (R) with premisses s1, . . . , sn and conclusion s0 is admissible
in L if s0 ∈ L whenever si ∈ L for 1 ≤ i ≤ n. The index L is omitted if no
confusion arises. A formula ϕ is L-equivalent to ψ (notation: ϕ ≡L ψ) if ϕ L ψ
and ψ L ϕ. The smallest ntqBl is denoted by wS4.
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Fact 1. For every ntqBl L, the following hold:

(1) ϕ ≡L ∼∼ϕ.
(2) ∼(ϕ ∧ ψ) ≡L ∼ϕ ∨ ∼ψ and ∼(ϕ ∨ ψ) ≡L ∼ϕ ∧ ∼ψ.
(3) ∼�ϕ ≡L ♦∼ϕ and ∼♦ϕ ≡L �∼ϕ.
(4) �(ϕ ∧ ψ) ≡L �ϕ ∧ �ψ and ♦(ϕ ∨ ψ) ≡L ♦ϕ ∨ ♦ψ.
(5) �� ≡L � and ♦⊥ ≡L ⊥.
(6) ϕ L ♦ϕ, �ϕ ≡L ��ϕ and ♦ϕ ≡L ♦♦ϕ.
(7) �♦ϕ ≡L �♦�♦ϕ and ♦�ϕ ≡L ♦�♦�ϕ.
(8) �(ϕ ∨ ψ) L �ϕ ∨ ♦ψ.

The following rules are admissible in L:

ϕ  χ ψ  χ
(∨�)

ϕ ∨ ψ  χ

ϕ  ψ
(�∨1)

ϕ  ψ ∨ χ

ϕ  χ
(�∨2)

ϕ  ψ ∨ χ

ϕ  ψ
(♦)♦ϕ  ♦ψ

Let L be a ntqBl. For every set of consequences Σ, let L⊕Σ be the smallest
ntqBl containing L ∪ Σ. If Σ = {s1, . . . , sn}, we write L ⊕ s1 ⊕ . . . ⊕ sn. Let
NExt(L) be the set of all ntqBls containing L. Obviously NExt(L) is a bounded
lattice with respect to the operations ∩ and ⊕, and it is also closed under arbi-
trary intersections. For a set of formulas Σ, let Alg(Σ) be the variety of ntqBas
validating all consequences in Σ. Clearly L1 ⊆ L2 implies Alg(L2) ⊆ Alg(L1). By
Fact 1, the equivalence relation ≡L on L is a congruence relation on the algebra
of formulas. Thus the Lindenbaum-Tarski algebra AL for L is well-defined such
that L = Th(AL). Clearly AL |= L. Then L = Th(Alg(L)).

3 Involutive Frames and Discrete Duality

In this section, we introduce involutive frames and show a discrete duality
between normal topological quasi-Boolean algebras and involutive frames. We
recall some basic notions from [10,20]. Some basic facts about filters and ideals
shall be used without mentioning a reference.

Definition 3. An involutive frame is a structure F = (W, g,R) such that

(F1) g : W → W is involutive, i.e., g(g(w)) = w for all w ∈ W .
(F2) R is a reflexive and transitive relation on W .
(F3) for all w, u ∈ W , if wRu, then g(w)Rg(u).

Given an involutive frame F, for all w ∈ W and X ⊆ W , let R(w) = {u ∈ W :
wRu} and R(X) =

⋃
w∈X R(w). Operations ∼g and �R on the powerset P(W )

are defined by setting ∼gX = g(X) and �RX = {w ∈ W : R(w) ⊆ X} where
− is the complement in W . Let ♦RX = ∼g�R∼gX. The complex algebra of an
involutive frame F is defined as F+ = (P(W ),∪,∩,∼g,�R, ∅,W ).

Note that every involution g : W → W is one-one and onto, so g−1(w) = g(w)
for all w ∈ W . Hence for every subset X ⊆ W in an involutive frame, w ∈ g(X)
if and only if g(w) ∈ X. The condition (F3) in Definition 3 guarantees the
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correctness of the normality axiom (N). Moreover, for every X ⊆ W in an
involutive frame, we have ♦RX = {w ∈ W : R(g(w)) ∩ g(X) �= ∅}.

Let A be a ntqBa. Let F(A) and I(A) be sets of all filters and ideals in A
respectively. Let Fp(A) and Ip(A) be sets of all prime filters and prime ideals in A
respectively. For every subset B ⊆ A, let B = A\B and ∼B = {∼x : x ∈ B}. The
filter and ideal generated by B in A are denoted by [B)A and (B]A respectively.
Recall that �−1(B) = {x ∈ A : �x ∈ B} and ♦−1(B) = {x ∈ A : ♦x ∈ B}.

Lemma 2. Let (A,�) be a ntqBa and F ∈ Fp(A). Then (1) ∼x ∈ F if and only
if x ∈ ∼F ; and (2) ∼x ∈ F if and only if x �∈ gA(F ).

Proof. For (1), assume ∼x ∈ F . Then ∼∼x ∈ ∼F . By ∼∼x = x, we have x ∈
∼F . Assume x ∈ ∼F . Then x = ∼y for some y ∈ F . Then ∼x = ∼∼y = y ∈ F .
Clearly (2) follows from (1) immediately. �	

Lemma 3. Let (A,�) be a ntqBa, F ∈ F(A) and I ∈ I(A). Then (1) F ∈
Fp(A) if and only if F ∈ Ip(A); (2) F ∈ Fp(A) if and only if ∼F ∈ Ip(A); and
(3) if F ∩ I = ∅, there exists G ∈ Fp(A) with F ⊆ G and I ⊆ G.

Proof. (1) holds obviously. For (2), assume F ∈ Fp(A). Suppose x, y ∈ ∼F .
Then ∼x,∼y ∈ F and so ∼x ∧ ∼y = ∼(x ∨ y) ∈ F . Then x ∨ y ∈ ∼F . Suppose
x ∈ ∼F and y ≤ x. Then ∼x ≤ ∼y and so ∼y ∈ F . Hence y ∈ ∼F . Suppose
x ∧ y ∈ ∼F . Then ∼(x ∧ y) ∈ F and so ∼x ∨ ∼y ∈ F . Then ∼x ∈ F or ∼y ∈ F .
Then x ∈ ∼F or y ∈ ∼F . Hence ∼F ∈ Ip(A). The other direction is similar.
The item (3) is shown by Zorn’s Lemma (cf. e.g. [10]). �	

Definition 4. Let (A,�) be a ntqBa. The dual frame of A is defined as the
structure A+ = (Fp(A), gA, RA) where (1) gA(F ) = ∼F and (2) FRAG if and
only if �−1(F ) ⊆ G and ♦−1(F ) ⊆ G.

Note that the function gA in Definition 4 is well-defined since gA(F ) ∈ Fp(A)
by Lemma 3 (1) and (2).

Proposition 1. Let F = (W, g,R) be an involutive frame and (A,�) a ntqBa.
Then (1)F+ is a ntqBa, and (2)A+ is an involutive frame.

Proof.(1) Clearly ∼g∅=W . Let X,Y ⊆W . Then ∼g∼gX =∼gg(X)= g(g(X)).
Suppose x ∈ X. If x ∈ g(g(X)), then g(x) �∈ g(X) which contradicts x ∈
X. Hence X ⊆ ∼g∼gX. Suppose x �∈ g(g(X)). Then g(x) ∈ g(X) and
so x = g−1g(x) ∈ g−1g(X) = X. Moreover, ∼g(X ∪ Y ) = g(X ∪ Y ) =
g(X) ∪ g(Y ) = g(X) ∩ g(Y ) = ∼gX ∩ ∼gY . Clearly �R(X ∩ Y ) = �RX ∩
�RY , �RX ⊆ X and �RX ⊆ �R�RX. Hence F+ is a tqBa. Now we
show the condition (N). Assume w ∈ �RX ∩ ♦RY . Then R(w) ⊆ X and
R(g(w)) ∩ g(Y ) �= ∅. Let u ∈ R(g(w)) and u ∈ g(Y ). By (F3), g(u) ∈ R(w)
and so g(u) ∈ X. Clearly g(u) ∈ Y . Then g(u) ∈ X ∩Y and so u ∈ g(X ∩Y ).
Hence R(g(w)) ∩ g(X ∩ Y ) �= ∅, i.e., w ∈ ♦R(X ∩ Y ). It follows that F+ is
a ntqBa.
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(2) We show that (F1)–(F3) hold for A+ and hence A+ is involutive.

(F1) Let F ∈ Fp(A). Suppose x ∈ F and x ∈ ∼(∼F ). Then x = ∼y for some
y �∈ ∼F . Then ∼x = y ∈ ∼F which is impossible. Then F ⊆ gA(gA(F )).
Suppose x ∈ gA(gA(F )) and x �∈ F . Then x �∈ ∼(∼F ) and ∼x �∈ ∼F . Then
∼x ∈ ∼F and so x ∈ ∼(∼F ) which is impossible. Then gA(gA(F )) ⊆ F .

(F2) Let F ∈ Fp(A). If �x ∈ F , then �x ≤ x ∈ F . If ♦x ∈ F , then x ≤ ♦x and
so x ∈ F . Hence FRAF . Assume FRAG and GRAH. Suppose �x ∈ F .
Then �x ≤ ��x ∈ F . Then �x ∈ G and so x ∈ H. Suppose ♦x ∈ F .
Then ♦♦x ≤ ♦x and so ♦♦x ∈ F . Then ♦x ∈ G and so x ∈ H. Hence
FRAH.

(F3) Assume FRAG. Suppose �x ∈ gA(F ). By Lemma 2 (2), ∼�x �∈ F . Then
∼x �∈ G and so x ∈ gA(G). Suppose ♦x ∈ gA(F ). Then ♦x ∈ ∼F . Then
♦x = ∼y for some y ∈ F . Then y = ∼∼y = ∼♦x = �∼x ∈ F . Hence
∼x ∈ G and so x ∈ ∼G. Then x �∈ gA(G) and so x ∈ gA(G). �	

Lemma 4. Let (A,�) be a ntqBa and F ∈ Fp(A). Then (1) �x ∈ F if and only
if for all G ∈ Fp(A), FRAG implies x ∈ G; and (2) ♦x ∈ F if and only if there
exists G ∈ Fp(A) with gA(F )RAG and x ∈ gA(G).

Proof. For (1), assume �x ∈ F . Suppose FRAG. Then x ∈ G. Assume �x �∈ F .
Then �−1(F ) is a filter and x �∈ �−1(F ). Then �−1(F ) is an ideal. By Lemma 3
(3), let G ∈ Fp(A), �−1(F ) ⊆ G and �−1(F ) ⊆ G. Then x �∈ G. If �y ∈ F , then
y ∈ G. Suppose ♦y ∈ F and y �∈ G. Then y �∈ �−1(F ) and so y ∈ �−1(F ). Then
�y ∈ F and so �y ≤ ♦y ∈ F which contradicts ♦y ∈ F . Then y ∈ G. Hence
FRAG. For (2), assume gA(F )RAG and x ∈ gA(G). Then x �∈ ∼G. Then ∼x ∈ G
and so ♦∼x ∈ gA(F ). Then ♦∼x ∈ ∼F . Hence �x ∈ F and so �x ≤ ♦x ∈ F .
Assume ♦x ∈ F . By Lemma 2 (2), �∼x �∈ gA(F ). By (1), let G ∈ Fp(A),
gA(F )RAG and ∼x �∈ G. Then x �∈ ∼G and so x ∈ gA(G). �	

Let F = (W, g,R) and G = (T, h, S) be involutive frames. A function α :
W → T is called an embedding if (i) α is one-one; (ii) α(g(w)) = h(α(w)) for
all w ∈ W ; and (iii) wRu if and only if α(w)Sα(u). An involutive frame F
is embedded into G if there exists an embedding from F to G. A ntqBa A is
embedded into a ntqBa B if there exists a one-one homomorphism from A to B.

Theorem 2. Let F = (W, g,R) be an involutive frame and (A,�) a ntqBa. Then
(1) F is embedded into (F+)+; and (2) A is embedded into (A+)+.

Proof.(1) Let α : W → Fp(F+) be the function with α(w) = {X ⊆ W : w ∈ X}
for all w ∈ W . Clearly each α(w) ∈ Fp(F+). Now we show α is an embedding.
If w �= u, then α(w) �= α(u). Hence α is one-one. Now we show α(g(w)) =
gF+(α(w)) = ∼gα(w). Assume X ∈ α(g(w)). Then g(w) ∈ X. Suppose X ∈
∼gα(w). Let X = ∼gY = g(Y ) for some Y ∈ α(w). Then g(w) �∈ g(Y ) and
w ∈ Y which is impossible. Then X �∈ ∼gα(w). Hence α(g(w)) ⊆ gF+(α(w)).
Assume X �∈ α(g(w)). Then g(w) �∈ X and so w �∈ g(X). Then w ∈ ∼gX.
Suppose X �∈ ∼gα(w). Then ∼gX �∈ α(w) and so w �∈ ∼gX which yields a
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contradiction. Then X ∈ ∼gα(w). Hence gF+(α(w)) ⊆ α(g(w)). It follows
that α(g(w)) = gF+(α(w)). Now we show wRu if and only if α(w)RF+α(u).
Assume wRu. Suppose �RX ∈ α(w). Then w ∈ �RX and so R(w) ⊆ X.
By wRu, we have R(u) ⊆ R(w). Then R(u) ⊆ X and so u ∈ �RX. Then
�RX ∈ α(u). Since �RX ⊆ X, we have X ∈ α(u). Suppose ♦RX �∈ α(w).
Then w �∈ ♦RX and so g(w) �∈ g(♦RX). Then g(w) ∈ ∼g(♦RX). Then
♦RX ∈ ∼gα(g(w)) and so ∼g(♦RX) ∈ α(g(w)). Then �R∼gX ∈ α(g(w))
and so g(w) ∈ �R∼gX. By wRu, we have g(w)Rg(u). Then g(u) ∈ ∼gX and
so g(u) �∈ g(X). Then u �∈ X and so X �∈ α(u). Hence α(w)RF+α(u). Assume
α(w)RF+α(u). Clearly �RR(w) = R(w) ∈ α(w). Then R(w) ∈ α(u). Hence
u ∈ R(w).

(2) Let β : A → P(Fp(A)) be the function with β(x) = {F ∈ Fp(A) : x ∈
F}. If x �= y, then x �≤ y or y �≤ x. In each case there exists a prime
filter in A containing one of x and y but not the other. Hence β is one-
one. It suffices to show β is a homomorphism. First, we show β(∼x) =
∼gA

β(x) = gA(β(x)). Assume F ∈ β(∼x), i.e., ∼x ∈ F . Suppose F ∈
gA(β(x)). Then gA(F ) ∈ β(x), i.e., x ∈ gA(F ) = ∼F . By ∼x ∈ F , we have
x ∈ ∼F which is impossible. Then β(∼x) ⊆ ∼gA

β(x). Assume F �∈ gA(β(x)).
Then gA(F ) �∈ β(x), i.e., x �∈ gA(F ) = ∼F . Suppose F �∈ β(∼x). Then
∼x �∈ F and so x �∈ ∼F which is impossible. Then ∼gA

β(x) ⊆ β(x′). Hence
β(∼x) = ∼gA

β(x). Obviously β(x∧y) = β(x)∩β(y), β(x∨y) = β(x)∪β(y),
β(0) = ∅ and β(1) = P(Fp(A)). Finally, we show β(�x) = �RA

(β(x)).
Assume �x ∈ F . Suppose FRAG. Then x ∈ G and so G ∈ β(x). Hence
F ∈ �RA

(β(x)). Assume F ∈ �RA
(β(x)). Suppose �x �∈ F . By Lemma 4,

there exists G ∈ Fp(A) with FRAG and x �∈ G. Then G ∈ β(x) and so x ∈ G
which yields a contradiction. Hence β(�x) = �RA

(β(x)). �	

4 Some Completeness Results

In this section, we introduce the canonical involutive model for every ntqBl and
show some completeness results. A valuation in an involutive frame F = (W, g,R)
is a function V : P → P(W ). An involutive model is a tuple M = (W, g,R, V )
where (W, g,R) is an involutive frame and V is a valuation in it.

Definition 5. Let M = (W, g,R, V ) be an involutive model. The truth set V (ϕ)
of a formula ϕ in M is defined as follows:

V (⊥) = ∅, V (∼ϕ) = ∼gV (ϕ), V (ϕ ∧ ψ) = V (ϕ) ∩ V (ψ), V (�ϕ) = �RV (ϕ).

We write M, w |= ϕ if w ∈ V (ϕ). A consequence ϕ  ψ is true in M if V (ϕ) ⊆
V (ψ). Let M |= s stand for that a consequence s is true in M. Given a set of
consequences T , we write M |= T if M |= s for all s ∈ T . A consequence ϕ  ψ
is valid in an involutive frame F (notation: ϕ |=F ψ) if V (ϕ) ⊆ V (ψ) for all
valuations V in F. Let F |= s stand for that a consequence s is valid in F. We
write F |= T if F |= s for all s ∈ T . A consequence ϕ  ψ is valid in a class of
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involutive frames S (notation: ϕ |=S ψ) if ϕ |=F ψ for all F ∈ S. The Kripke-
theory of a class of involutive frames S is defined as the set of consequences
ThK(S) = {ϕ  ψ : ϕ |=S ψ}. A formula ϕ is S-equivalent to ψ (notation: ϕ ≡S
ψ) if ϕ |=S ψ and ψ |=S ϕ. For a set of consequences Σ, let Fr(Σ) = {F : F |= Σ}.
A ntqBl L is Kripke-complete if L = ThK(Fr(L)).

Let M = (W, g,R, V ) be an involutive model and w ∈ W . We write w |= ϕ
for M, w |= ϕ if no confusion arises. By Definition 5, we have the following
statements: (1) w |= ∼ϕ if and only if g(w) �|= ϕ; (2) w |= �ϕ if and only if
u |= ϕ for all u ∈ R(w); (3) w |= ♦ϕ if and only if there exists u ∈ W with
g(w)Ru and g(u) |= ϕ. Note that ♦ϕ ≡S ∼�∼ϕ for every class of involutive
frames S.

Lemma 5. If ϕ wS4 ψ, then ϕ |=F ψ for every involutive frame F.

Proof. Let F = (W, g,R). Assume ϕ wS4 ψ. All axioms schemes are valid and
all rules preserve validity in F. Here we show only the validity of (N). Let V be
any valuation in F and w ∈ W . Assume w |= �ϕ∧♦ψ. Then there exists u ∈ W
with g(w)Ru and g(u) |= ψ. By g(w)Ru and the condition (F3), g(g(w))Rg(u)
and so wRg(u). By w |= �ϕ, g(u) |= ϕ. Then g(u) |= ϕ∧ψ. Hence w |= ♦(ϕ∧ψ).

�	

Let Θ be a set of formulas. Let Θ = For \Θ; ∼Θ = {∼ϕ : ϕ ∈ Θ}; �−1(Θ) =
{ϕ : �ϕ ∈ Θ} and ♦−1(Θ) = {ϕ : ♦ϕ ∈ Θ}. Let P<ω(Θ) be the set of all finite
subsets of Θ. For each Δ ∈ P<ω(Θ), let

∨
Δ and

∧
Δ be the disjunction and

conjunction of formulas in Δ respectively. In particular,
∨

∅ = ⊥ and
∧

∅ = �.
Let L be a ntqBl. A formula ϕ is L-derivable from Θ (notation: Θ L ϕ) if
there exists Δ ∈ P<ω(Θ) with

∧
Δ L ϕ. A set Θ is L-consistent if Θ �L ⊥.

A set Θ is an L-filter if Θ is closed under L, i.e., if Θ L ϕ, then ϕ ∈ Θ. The
L-filter generated by a set of formulas Θ is denoted by [Θ)L. An L-ideal is a set
of formulas Σ such that ψ ∈ Σ whenever ψ L

∨
Δ for some Δ ∈ P<ω(Σ). The

L-ideal generated by a set of formulas Θ is denoted by (Θ]L. If Θ = {ϕ}, we
write [ϕ)L and (ϕ]L. An L-filter or L-ideal is proper if it is not equal to For. A
proper L-filter Θ is prime if ϕ∨ψ ∈ Θ implies ϕ ∈ Θ or ψ ∈ Θ. A proper L-ideal
Σ is prime if ϕ ∧ ψ ∈ Σ implies ϕ ∈ Σ or ψ ∈ Σ. Let F(L) and I(L) be sets of
all L-filters and L-ideals respectively. Let Fp(L) and Ip(L) be sets of all prime
L-filters and prime L-ideals respectively.

Lemma 6. Let Θ ∈ F(L) and Σ ∈ I(L). The following hold:

(1) if ϕ �∈ Θ, there exists Δ ∈ Fp(L) with Θ ⊆ Δ and ϕ �∈ Δ.
(2) if ϕ �L ψ, there exists Δ ∈ Fp(L) with ϕ ∈ Δ and ψ �∈ Δ.
(3) Σ ∈ Ip(L) if and only if Σ ∈ Fp(L).
(4) Θ ∈ Fp(L) if and only if (∼Θ]L ∈ Ip(L).
(5) if Θ ∩ Σ = ∅, there exists Ω ∈ Fp(L) with Θ ⊆ Ω and Σ ⊆ Ω.

Proof. Items (1) and (5) are obtained by Zorn’s lemma. For (2), assume ϕ �L ψ.
Then ψ �∈ [ϕ)L. By (1), there exists Δ ∈ Fp(L) with [ϕ)L ⊆ Δ and ψ �∈ Δ. For
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(3), assume Σ ∈ Ip(L). Clearly ⊥ �∈ Σ. Suppose Σ L ϕ. If � L ϕ, then ϕ /∈ Σ.
Let

∧
Γ L ϕ for some ∅ �= Γ ∈ P<ω(Σ). Suppose ϕ ∈ Σ. Then

∧
Γ ∈ Σ. Hence

ψ ∈ Σ for some ψ ∈ Γ which contradicts Γ ⊆ Σ. Then Σ is a proper L-filter.
Suppose ψ ∨ χ �∈ Σ. Then ψ �∈ Σ or χ �∈ Σ. Hence Σ ∈ Fp(L). The other
direction is shown similarly. For (4), assume Θ ∈ Fp(L). Clearly ∼⊥ �∈ (∼Θ]L.
If ψ L ⊥, then ∼ψ ∈ Θ and so ψ ∈ (∼Θ]L. Suppose ψ L

∨
∼Δ for some

∅ �= Δ ∈ P<ω(Θ). By (CP),
∧

Δ L ∼ψ and so ∼ψ ∈ Θ. Then ψ ∈ (∼Θ]L.
Hence (∼Θ]L is a proper L-ideal. Suppose ϕ∧ψ ∈ (∼Θ]L. Then ϕ∧ψ L

∨
∼Δ

for some Δ ∈ P<ω(Θ). By (CP),
∧

Δ L ∼(ϕ ∧ ψ) and so ∼(ϕ ∧ ψ) ∈ Θ. By
∼(ϕ ∧ ψ) L ∼ϕ ∨ ∼ψ, we have ∼ϕ ∨ ∼ψ ∈ Θ. Then ∼ϕ ∈ Θ or ∼ψ ∈ Θ. Then
ϕ ∈ (∼Θ]L or ψ ∈ (∼Θ]L. Hence (∼Θ]L ∈ Ip(L). �	

Definition 6. Let L be a ntqBl. The canonical involutive model for L is defined
as the structure ML = (Fp(L), gL, RL, V L) where

(1) gL(Θ) = (∼Θ]L.
(2) ΘRLΣ if and only if �−1(Θ) ⊆ Σ and ♦−1(Θ) ⊆ Σ.
(3) V L(p) = {Θ ∈ Fp(L) : p ∈ Θ} for each p ∈ P.

The structure FL = (Fp(L), gL, RL) is the canonical involutive frame for L.

Lemma 7. Let Θ,Σ ∈ Fp(L). Then (1) ∼ϕ ∈ Θ if and only if ϕ �∈ gL(Θ); (2)
gL is an involution on Fp(L); and (3) if ΘRLΣ, then gL(Θ)RLgL(Σ).

Proof.(1) Assume ∼ϕ∈Θ. Then ϕ∈(∼Θ]L and so ϕ �∈gL(Θ). Assume ϕ �∈gL(Θ).
Then ϕ ∈ (∼Θ]L and so ∼ϕ ∈ Θ.

(2) Let Θ ∈ Fp(L). Suppose ϕ ∈ Θ and ϕ ∈ (∼(∼Θ]L]. Then there exists
∅ �= Δ ∈ P<ω(∼(∼Θ]L) with ϕ L

∨
Δ. Then

∨
Δ ∈ Θ. Then ψ ∈ Θ for

some ψ ∈ Δ. Let ψ = ∼χ and χ �∈ (∼Θ]L. Then ∼χ ∈ Θ and so χ ∈ (∼Θ]
which yields a contradiction. Hence Θ ⊆ gL(gL(Θ)). Suppose ϕ ∈ gL(gL(Θ))
and ϕ �∈ Θ. If ∼ϕ ∈ (∼Θ]L, then ϕ ∈ Θ. Hence ∼ϕ ∈ (∼Θ]L and so
ϕ ∈ (∼(∼Θ]L] which contradicts ϕ ∈ gL(gL(Θ)). Then gL(gL(Θ)) ⊆ Θ.
Hence gL(gL(Θ)) = Θ.

(3) Assume ΘRLΣ. Suppose �ϕ ∈ gL(Θ). By (1), ∼�ϕ �∈ Θ. Then ♦∼ϕ �∈ Θ
and so ∼ϕ �∈ Σ. By (1), ϕ ∈ gL(Σ). Suppose ♦ϕ �∈ gL(Θ). By (1), ∼♦ϕ ∈ Θ.
Then �∼ϕ ∈ Θ and so ∼ϕ ∈ Σ. By (1), ϕ �∈ gL(Σ). �	

Lemma 8. Let Θ ∈ Fp(L). Then (1) �ϕ ∈ Θ if and only if for all Σ ∈ Fp(L),
ΘRLΣ implies ϕ ∈ Σ; and (2) ♦ϕ ∈ Θ if and only if there exists Σ ∈ Fp(L)
with gL(Θ)RLΣ and ϕ ∈ gL(Σ).

Proof. For (1), assume �ϕ ∈ Θ and ΘRLΣ. Then ϕ ∈ Σ. Assume �ϕ �∈ Θ.
Then ϕ �∈ �−1(Θ). Clearly �−1(Θ) is an L-filter. By Lemma 6 (5), there exists
Σ ∈ Fp(L) with �−1(Θ) ⊆ Σ and �−1(Θ) ⊆ Σ. Then ϕ �∈ Σ. If �ψ ∈ Θ, then
ψ ∈ Σ. Suppose ♦ψ ∈ Θ and ψ �∈ Σ. Then ψ �∈ �−1(Θ) and so ψ ∈ �−1(Θ).
Then �ψ ∈ Θ. By �ψ L ♦ψ, we have ♦ψ ∈ Θ which contradicts ♦ψ ∈ Θ.
Hence ΘRLΣ. For (2), assume gL(Θ)RL(Σ) and ϕ ∈ gL(Σ). Then ϕ �∈ (∼Σ]L.
Then ∼ϕ �∈ Σ. By Lemma 7 (1), ♦∼ϕ ∈ gL(Θ). Then �ϕ ∈ Θ. By �ϕ L ♦ϕ,
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we have ♦ϕ ∈ Θ. Assume ♦ϕ ∈ Θ. By Lemma 7 (1), ∼♦ϕ �∈ gL(Θ) and so
�∼ϕ �∈ gL(Θ). By (1), there exists Σ ∈ Fp(L) with gL(Θ)RLΣ and ∼ϕ �∈ Σ.
Then ϕ ∈ (∼Σ]L and so ϕ ∈ gL(Θ). �	

Lemma 9. For every formula ϕ, ML, Θ |= ϕ if and only if ϕ ∈ Θ.

Proof. The proof proceeds by induction on the complexity of ϕ. Atomic cases
are trivial. The cases ϕ = ψ � χ with � ∈ {∧,∨} are shown by induction
hypothesis. Let ϕ := ∼ψ. Then Θ |= ∼ψ if and only if gL(Θ) �|= ψ. By Lemma
7 (1), gL(Θ) �|= ψ if and only if ∼ψ ∈ Θ. Let ϕ := �ψ. Assume �ψ ∈ Θ and
ΘRLΣ. Then ψ ∈ Σ. By induction hypothesis, Σ |= ψ. Hence Θ |= �ψ. Assume
�ψ �∈ Θ. By Lemma 8, there exists Σ ∈ Fp(L) with ΘRLΣ and ψ �∈ Σ. By
induction hypothesis, Σ �|= ψ. Hence Θ �|= �ψ. �	

Theorem 3 (Completeness). wS4 is Kripke-complete.

Proof. Assume ϕ �wS4 ψ. By Lemma 6 (2), there exists Θ ∈ Fp(wS4) such that
ϕ ∈ Θ and ψ �∈ Θ. By Lemma 9, MwS4, Θ |= ϕ and MwS4, Θ �|= ψ. Clearly
FwS4 |= wS4. Hence wS4 is Kripke-complete. �	

A ntqBl L is called canonical if FL |= L. Every canonical ntqBl is obviously
Kripke-complete. A celebrated result in classical modal logic is that all Sahlqvist
formulas are first-order definable and all Sahlqvist logics are canonical (cf. e.g.
[3]). One could generalize this result to ntqBls. Here we give some examples.

Lemma 10. For every involutive frame F = (W, g,R), the following hold:

(1) p |=F �♦p if and only if ∀w, u ∈ W (wRu ⇒ uRw).
(2) ♦p |=F �♦p if and only if ∀w, u ∈ W (wRu & wRv ⇒ uRv).
(3) � |=F �p ∨ ¬�p if and only if ∀w, u ∈ W (wRu ⇒ g(w)Ru).

Proof.(1) Assume ∀w, u ∈ W (wRu ⇒ uRw). Let V be a valuation in F and
w |= p. Suppose wRu. Then uRw and so g(u)Rg(w) by (F3). By w |= p and
w = g(g(w)), we have g(g(w)) |= p. Then u |= ♦p. Hence w |= �♦p. Assume
p |=F �♦p and wRu. Let U be a valuation in F such that U(p) = {w}.
Then w |= p and so w |= �♦p. Then u |= ♦p. There exists v ∈ R(g(u))
with g(v) |= p. Then g(v) = w and so g(u)Rv. By (F3), g(g(u))Rg(v) and
so uRw.

(2) Assume ∀w, u ∈ W (wRu & wRv ⇒ uRv). Let V be a valuation in F and
w |= ♦p. Suppose wRu. There exists v ∈ W with g(w)Rv and g(v) |= p.
By wRu and (F3), we have g(w)Rg(u). By the assumption, g(u)Rv. Then
u |= ♦p. Hence w |= �♦p. Assume ♦p |=F �♦p and u, v ∈ R(w). By (F3),
g(w)Rg(v). Let U be a valuation in F such that U(p) = {v}. Then v =
g(g(v)) and so w |= ♦p. Then w |= �♦p. By wRu, we have u |= ♦p. Then
there exists t ∈ W with g(u)Rt and g(t) |= p. Then g(t) = v and so t = g(v).
Then g(u)Rg(v). By (F3), uRv.
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(3) Assume ∀w, u ∈ W (wRu ⇒ g(w)Ru). Let V be a valuation in F and w �|= �p.
Then there exists u ∈ W with wRu and u �|= p. By the assumption, g(w)Ru.
By u �|= p, we have g(w) �|= �p. Then w |= ∼�p. Assume � |=F �p ∨ ¬�p
and wRu. Let U be a valuation in F such that U(p) = W \ {u}. Then u �|= p
and so w �|= �p. By the assumption, w |= ∼�p. Then g(w) �|= �p. Then
there exists v ∈ W with g(w)Rv and v �|= p. Then u = v and so g(w)Ru. �	

Let wS5 = wS4 ⊕ p  �♦p = wS4 ⊕ ♦p  �♦p and wS4C = wS4 ⊕ � 
�p ∨ ∼�p. Here note that algebras for wS4C are very close to the variety of
classical modal De Morgan algebras given in [6] where the involutive function g
in a De Morgan frame is required to be antitone, i.e., x ≤ y implies g(y) ≤ g(x).

Theorem 4. wS5 and wS4C are canonical and hence Kripke-complete.

Proof. Let F = (W, g,R) be the canonical involutive frame and M = (W, g,R, V )
be the canonical involutive model for FL with L ∈ {wS5,wS4C}.

(1) p |=FwS5 �♦p. Assume ΘRwS5Σ. By Lemma 7 (3), gwS5(Θ)RwS5gwS5(Σ).
Suppose ϕ �∈ Θ. Clearly ♦�ϕ wS5 ϕ. Then ♦�ϕ �∈ Θ. By Lemma 8 (2),
�ϕ �∈ Σ. Suppose ♦ϕ �∈ Θ. By Lemma 8 (2), ϕ �∈ Σ. Hence ΣRwS5Θ.

(2) � |=FwS4C �p∨∼�p. Assume ΘRwS4CΣ. Suppose �ϕ ∈ gwS4C(Θ). By Lemma
7 (1), ∼�ϕ �∈ Θ. Clearly � FwS4C �ϕ ∨ ∼�ϕ. Then �ϕ ∈ Θ. Hence ϕ ∈ Σ.
Suppose ♦ϕ �∈ gwS4C(Θ). By the assumption and Lemma 7 (3), we have
gwS4C(Θ)RwS4CgwS4C(Σ). By Lemma 8 (2), ϕ �∈ Σ. Hence gwS4C(Θ)RwS4CΣ.

�	

5 Finite Model Property

In this section, we show some results on the finite model property of tqBls.
We extend the filtration method in classical modal logic to tqBls. Recall some
results from e.g. [3,9]. A tqBl L has the finite model property (FMP) if for every
consequence s �∈ L there exists a finite involutive model M |= L such that M �|= s.

Let Σ �= ∅ be a set of formulas. We say that Σ is subformula-closed if every
subformula of a member in Σ belongs to Σ. Let Σ∗ be the ∼-closure of Σ, i.e., if
ϕ ∈ Σ∗, then ∼ϕ ∈ Σ∗. For any involutive model M = (W, g,R, V ), the binary
relation �Σ∗ on W is defined by setting

w �Σ∗ u if and only if ∀ϕ ∈ Σ∗(M, w |= ϕ ⇔ M, u |= ϕ).

Then �Σ∗ is an equivalence relation. Let [w]Σ∗ = {u ∈ W : w �Σ∗ u} and
WΣ∗ = {[w]Σ∗ : w ∈ W}. We write [w] for [w]Σ∗ if no confusion arises. A set of
formulas Σ is finitely based in M, if there exists a finite subset Θ ⊆ Σ such that
for all ϕ ∈ Σ there exists ψ ∈ Θ such that ∀ϕ ∈ Σ(M, w |= ϕ ⇔ M, u |= ϕ).
Such a finite subset Θ is called a finite base for Σ. If Θ is finite, then |WΣ | ≤ 2|Θ|.
Note that, if Σ is finitely based, then Σ∗ is also finitely based.
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Definition 7. Let M = (W, g,R, V ) be an involutive model and Σ �= ∅ a
subformula-closed set of formulas. The filtration of M through Σ∗ is defined
as the involutive model MΣ∗ = (WΣ∗ , gΣ∗ , RΣ∗ , VΣ∗) where (C1) gΣ∗([w]) =
[g(w)]; (C2) [w]RΣ∗ [u] if and only if for any �ϕ ∈ Σ∗, (i) if M, w |= �ϕ, then
M, u |= �ϕ and (ii) if M, u |= ∼�ϕ, then M, w |= ∼�ϕ; and (C3) VΣ∗(p) =
{[w] : w ∈ V (p)} for every p ∈ P. Let FΣ∗ = (WΣ∗ , gΣ∗ , RΣ∗).

Lemma 11. Let M = (W, g,R, V ) be involutive and Σ �= ∅ subformula-closed.
Then (1) gΣ∗ is an involution on WΣ∗ ; (2) if wRu, then [w]RΣ∗ [u]; (3) if
[w]RΣ∗ [u], then [g(w)]RΣ∗ [g(u)]; (4) RΣ∗ is reflexive and transitive.

Proof. For (1), assume u ∈ [w]. Then w �Σ∗ u. Let ϕ ∈ Σ∗. Then g(w) |= ϕ if
and only if w �|= ∼ϕ and g(u) |= ϕ if and only if u �|= ∼ϕ. Hence g(w) �Σ∗ g(u).
Then gΣ∗ is well-defined. Moreover, gΣ∗(gΣ∗([w])) = [g(g(w))] = [w]. Then
gΣ∗ is an involution. For (2), assume wRu. Let �ϕ ∈ Σ∗ and w |= �ϕ. Then
w |= ��ϕ and so u |= �ϕ. Hence [w]RΣ∗ [u]. For (3), assume [w]RΣ∗ [u]. Let
�ϕ ∈ Σ∗. Suppose g(u) �|= �ϕ. Then u |= ∼�ϕ. Note that ∼�ϕ ∈ Σ∗. Then
w |= ∼�ϕ. Hence g(w) �|= �ϕ. Suppose g(u) |= ∼�ϕ. Then u �|= �ϕ and so
w �|= �ϕ. Then g(w) |= ∼�ϕ. Hence [g(w)]RΣ∗ [g(u)]. For (4), RΣ∗ is reflexive
by (2). The transitivity of RΣ∗ follows from the definition. �	

Lemma 12. Let M = (W, g,R, V ) be involutive and Σ �= ∅ subformula-closed.
For every ϕ ∈ Σ∗ and w ∈ W , M, w |= ϕ if and only if MΣ∗ , [w] |= ϕ.

Proof. The proof proceeds by induction on the complexity of ϕ. Atomic cases
are trivial. The cases of ∧ and ∨ are shown by induction hypothesis. Suppose
ϕ = ∼ψ. Then w |= ∼ψ if and only if g(w) �|= ψ if and only if [g(w)] �|= ψ if
and only if [w] |= ∼ψ. Suppose ϕ = �ψ. Assume w |= �ψ and [w]RΣ∗ [u]. Then
u |= �ψ and so u |= ψ. By induction hypothesis, [u] |= ψ. Hence [w] |= �ϕ.
Assume [w] |= �ψ and wRΣ∗u. By Lemma 11 (2), [w]RΣ∗ [u]. Then [u] |= ψ. By
induction hypothesis, u |= ψ. Hence w |= �ϕ. �	

Theorem 5. wS4 has the FMP.

Proof. Assume ϕ �wS4 ψ. Let M = (W, g,R, V ) be the canonical involutive
model for wS4. Then M, Θ |= ϕ and M, Θ �|= ψ for some Θ ∈ Fp(wS4). Let
Σ = sub(ϕ) ∪ sub(ψ). Clearly Σ ∪ ∼Σ is a finite base for Σ∗ in M. Then WΣ∗

is finite. By Lemma 12, MΣ∗ , [Θ] |= ϕ and MΣ∗ , [Θ] �|= ψ. By Lemma 11, MΣ∗

is an involuntive model for wS4. �	

Lemma 13. Let F = (W, g,R) and M = (F, V ) be involutive model and Σ �= ∅

subformula-closed. If F |= wS4C, then FΣ∗ |= wS4C.

Proof. Assume F |= wS4C. Suppose [w]RΣ∗ [u]. Assume �ϕ ∈ Σ∗ and g(w) |=
�ϕ. Then w �|= ∼�ϕ and so u �|= ∼�ϕ. By u |= �ϕ ∨ ∼�ϕ, we have u |=
�ϕ. Assume u |= ∼�ϕ. Then g(u) �|= �ϕ. By [w]RΣ∗ [u] and Lemma 11 (3),
[g(w)]RΣ∗ [g(u)]. Then g(w) �|= �ϕ. By g(w) |= �ϕ∨∼�ϕ, we have g(w) |= ∼�ϕ.
Hence g(w)RΣ∗ [u]. By Lemma 10, FΣ∗ |= wS4C.
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Theorem 6. wS4C has the FMP.

Proof. Assume ϕ �wS4C ψ. Let M = (W, g,R, V ) be the canonical involutive
model for wS4C. Let F = (W, g,R). Then F |= wS4C by Theorem 4. Let Σ =
sub(ϕ)∪ sub(ψ). By the same proof of Theorem 5, ϕ  ψ is not true in the finite
involutive model MΣ∗ . By Lemma 13, FΣ∗ |= wS4C. �	

Finally, we show the FMP of wS5. In this case the definition of filtration is
slightly changed. Let M = (W, g,R, V ) be involutive and Σ �= ∅ subformula-
closed. The wS5-filtration of M through Σ∗ is defined as the involutive model
MwS5

Σ∗ = (WΣ∗ , gΣ∗ , RwS5
Σ∗ , VΣ∗) where (C1) and (C3) in Definition 7 hold, and

(C2) is replaced by the condition (C2wS5): [w]RwS5
Σ∗ [u] if and only if for any

�ϕ ∈ Σ∗, (i) M, w |= �ϕ if and only if M, u |= �ϕ, and (i) M, w |= ∼�ϕ if and
only if M, u |= ∼�ϕ.

Lemma 14. Let M = (W, g,R, V ) be an involutive model based on a frame F =
(W, g,R) such that F |= wS5. Let Σ �= ∅ be a subformula-closed set of formulas.
Then (1) if wRu, then [w]RwS5

Σ∗ [u]; (2) [w]RwS5
Σ∗ [u] if and only if [g(w)]RwS5

Σ∗ [g(u)];
(3) RwS5

Σ∗ is an equivalence relation.

Proof. For (1), assume wRu. Let �ϕ ∈ Σ∗. Since R is an equivalence relation,
we have (i) w |= �ϕ if and only if u |= �ϕ and (ii) w |= ∼�ϕ if and only if
u |= ∼�ϕ. Hence [w]RΣ∗ [u]. For (2), assume [w]RwS5

Σ∗ [u]. Let �ϕ ∈ Σ∗. Suppose
g(w) |= �ϕ. Then w |= ∼�ϕ and so u |= ∼�ϕ. Then g(u) |= �ϕ. Similarly,
if g(u) |= �ϕ, then g(w) |= �ϕ. Suppose g(w) |= ∼�ϕ. Then w �|= �ϕ and
so u �|= �ϕ. Then g(u) |= ∼�ϕ. Similarly, if g(u) |= ∼�ϕ, then g(w) |= ∼�ϕ.
Hence [g(w)]RwS5

Σ∗ [g(u)]. Conversely, by a similar proof, if [g(w)]RwS5
Σ∗ [g(u)], then

[w]RwS5
Σ∗ [u]. Note that (3) follows from the definition of RwS5

Σ∗ . �	

Lemma 15. Let M = (W, g,R, V ) be an involutive model based on a frame
F = (W, g,R) such that F |= wS5. Let Σ �= ∅ be a subformula-closed set of
formulas. For every ϕ ∈ Σ∗ and w ∈ W , M, w |= ϕ if and only if MwS5

Σ∗ , [w] |= ϕ.

Proof. The proof is similar to Lemma 12. Note that the case ϕ = �ψ is trivial
by Lemma 14. Details are omitted. �	

Theorem 7. wS5 has the FMP.

Proof. Assume ϕ �wS5 ψ. Let M = (W, g,R, V ) be the canonical involutive
model for wS5. By the same proof of Theorem 5, using Lemma 15, ϕ  ψ is not
true in the finite involutive model MwS5

Σ∗ . By Lemma 14, FwS5
Σ∗ |= wS5. �	

It follows from the FMP of wS4,wS4C and wS5 that these ntqBls are decid-
able. A ntqBl L is finitely approximable if for any consequence s �∈ L, there exists
a finite involutive frame F |= L such that F �|= s. One could prove that the FMP
and the finite approximability of ntqBls coincide. Thus many results on the FMP
of ntqBls could be derived.
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6 Concluding Remarks

This paper contributes a relational semantics for normal topological quasi-
Boolean logics by using involutive frames. A discrete duality for these algebras
and frames is developed. The Kripke-completeness and finite model property are
obtained for some ntqBls. There are certainly many problems left open for these
modal logics. Duality theory, completeness theory and correspondence theory
are interesting for exploration in future work. Moreover, Blok’s work on inte-
rior algebras (cf. [4]) can be considered for normal topological quasi-Boolean
algebras.
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