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Chapter 6

On the Coercivity of Strain Energy Functions in
Generalized Models of 6-Parameter Shells

Mircea Birsan and Patrizio Neff

Abstract In this paper we consider geometrically nonlinear 6-parameter shell models.
We establish some existence proofs by the direct methods of the calculus of variations.
In contrast to more classical approaches, we also investigate models up to order 4’ in
the shell thickness, where the form of the equations is determined by a dimensional
descent from a three-dimensional Cosserat model.
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Strain energy density - Coercivity - Existence of minimizers

6.1 Introduction

The theory of shells is a vast subject. It is useful to distinguish three types of models:
the shells of Kirchhoff-Love—Koiter type (with normality assumption, see e.g. [1]-
[6]), the 5-parameter shells of Reissner—Mindlin type (allowing for transverse shear,
see e.g. [7]-[9]), and the 6-parameter shells (in addition allowing for in-plane drill
[10]-[12]). In the linearized setting, all these models are well-posed: one can prove
existence and uniqueness of solutions (see, e.g., [13]-[16]).

However, in the geometrically nonlinear setting astounding differences appear.
Indeed, as will be shown in a forthcoming paper, the Koiter and the Reissner—Mindlin
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models (based on quadratic strain and curvature energies) are both not well-posed
in the sense that global minimizers do not exist. This may come as a surprise since
they are often used by engineers. On the contrary, the general 6-parameter (Cosserat,
micropolar) shell model is well-posed. This has been shown for the first time in
[17] for the flat shell problem (see also [18, 19]) and in general in [20], and here we
will expand on our knowledge of that. Also from an engineering point of view, 6-
parameter shells have certain advantages, e.g. the imposition of boundary conditions
is transparent, and these shells can easily be coupled with beam elements. Therefore,
we strongly advocate the use of 6-parameter shell models, although it means that a
numerical code implementing such models must be able to handle the rotation map.

Outline of the paper. In Sect. 6.2 we present briefly the governing equations of
6-parameter shells, including the differential geometry of the reference midsurface,
the strain measures and the general stress-strain relations. In Sect. 6.3 we introduce
the isotropic Cosserat 6-parameter shell model of order O (/3) and show that the strain
energy function is coercive under certain conditions on the constitutive coefficients.
Then, we apply the direct methods of the calculus of variations to prove the existence
of minimizers to the variational problem. In Sect. 6.4 we consider the higher order
Cosserat 6-parameter shell model and show the coercivity of the areal strain energy
density. Also, we use this coercivity property to prove existence results for the
minimization problem associated to equilibrium of Cosserat (6-parameter) shells of
order O (h%).

Summary of notations. We present first some useful notations which will be
used throughout this paper. The Latin indices i, j, k, ... range over the set {1,2,3},
while the Greek indices «, 3,7, ... range over the set {1,2}. The Einstein summation
convention over repeated indices is used. A subscript comma preceding an index
i (or @) designates partial differentiation with respect to the variable x; (or x,,
respectively), e.g. f,;= g—)’;. We denote by 6{ the Kronecker symbol and employ
the direct tensor notation. Thus, ® designates the dyadic product, while axl(W)
stands for the axial vector of any skew-symmetric tensor W. For any second order
tensor X, let tr(X) designate the trace, sym(X) the symmetric part, and skew(X)
the skew-symmetric part of X. The scalar product between any second order tensors
A and B is denoted by (A,B) = tr(ATB). For any vector v and second order tensor
A we write alsovA = ATv.

6.2 General 6-Parameter Elastic Shells. Governing Equations

Let us present first the geometry and kinematics of general 6-parameter shells. Denote
by S. the deformed (current) configuration of the shell and by S¢ its reference
configuration. The midsurface of the reference configuration is denoted by w ¢ . This
surface is determined by the position vector y(x1,x2), where y, : w € R? — w e C R3
is a parametric representation. The curvilinear coordinates (xj,x;) are convected
coordinates on the surface wg .
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Concerning the differential geometry of the midsurface ws, we introduce the
covariant base vectors a, and the contravariant base vectors a® by

=, a 'aﬁI(Sg (a,8=1,2). 6.1)

Moreover, we introduce the vectors

3 _ a;Xaj
az=a’ =ng, where ny

_ _aixar 6.2
lay xasl] )

is the unit normal vector to the surface ws. Let a and b be the first fundamental
tensor and the second fundamental tensor of the midsuface w¢ , respectively, i.e.

a=Gradyyy=a,®a"=a,pa°®aP =a"%a,®ap,
(6.3)
b =-Gradsng=-ng,®a*=boga®®a’ = bgaa@)aﬁ,

where Grad, is the surface gradient operator defined by Grad, f = f,, ® a® for any
f. Also, we employ the surface divergence operator given by DivyT =T,,a® for
any second order tensor T'. The so-called alternator tensor ¢ of the surface is

1
€= —€apoa®ag=\aepa®®al, (6.4)
a

‘/_

where

a=det(aap),,, >0

2%x2

and €, is the two-dimensional alternator
en=—-€1=1,€1=€e2=0.

Let ! !
H= ztrb = Ebg

be the mean curvature and
K =deth = det(bg)2><2

be the Gaul3 curvature of the surface w ¢ . Then, the relation of Cayley-Hamilton type
holds
b>-2Hb+Ka =0. (6.5)

The last relation is equivalent to b(2Ha — b) = Ka . Hence, we introduce the tensor

b* =2Ha b, (6.6)
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which can be regarded as the cofactor of b in the tangent plane. We also denote by
K1, ky the principal curvatures of the reference midsurface and we assume as usual
that |k h| < 1 (@ =1,2).

To describe its deformation, we refer the shell to a Cartesian coordinate frame
Oxxpx3 with orthonormal base vectors {e,e,e3}. The reference configuration is
characterized by the position vector y, and the initial microrotation tensor Q, as

yO:a)C[R2—>a)§ C [RS, Yo =Yo(x1,x2), ©.7)
Qo :wcR?>—S0(3), Qozd?(xl,x2)®ei.

The parameter domain w is a bounded open domain with Lipschitz boundary dw in
the Oxx; plane. The reference directors {d(l), dg, dg} are orthonormal and the third
director dg is chosen to coincide with the unit normal in the reference configuration,
ie. dg = ng. The shell deformation is characterized by the deformation function m
and the microrotation tensor @, given by

m:w— w:, m=m(X1,X2),
(6.8)
Q,:w—8003), 0,=0.(x1,x)=d;®d.

Here, w, is the deformed midsurface and {d,d>,d3} is the orthonormal triad of
directors in the deformed configuration.
We introduce the strain measures of 6-parameter shells as follows [10, 11, 21]:
the shell strain tensor is
E¢=Q"Gradym —a (6.9)

and the shell bending-curvature tensor is
K¢ =axl(Q!0, ,)®a”. (6.10)

The local equilibrium equations for 6-parameter shells have the following form
(see, e.g. [21, 22])

Div,N+ f =0, DivyM +axI(NFT - FN") +1=0, (6.11)

where N is the internal surface stress tensor and M the internal surface couple stress
tensor (of the first Piola-Kirchhoff type). The tensor

F =Gradgm = m,,®a“

is the shell deformation gradient, while the vectors f and I are the external body
forces and body couples, respectively. We consider the following boundary conditions
of mixed type prescribed on the boundary curve dw¢ [23, 24, 20]
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Nv=N*, Mv=M" along dwy,
(6.12)
m=m*, Q,=0Q" along dwy,

where 0w Udwy = dw¢ is a disjoint partition of the boundary curve dw, . Here,
N* and M* are the external boundary force and couple vectors respectively, applied
along the deformed boundary curve, but measured per unit length of dw ¢ . The vector
v is the outer unit normal to the boundary curve dw¢ , lying in the tangent plane.

Let the areal strain energy density for 6-parameter shells be given as a function of
the strain measures in the form

Wanett = Wenen (E¢,K°). (6.13)

Under hyperelasticity assumptions, the stress and couple stress tensors are expressed
by the following constitutive relations

0 Winen

0 (Wshell
0E®¢ '

0IN- it

™ = (6.14)

To obtain the explicit form of the stress-strain relations we need the specific
expression of the strain energy function Wiy . In [21], Eremeyev and Pietraszkiewicz
have presented the general form of a quadratic energy density for isotropic shells,
but the constitutive coefficients are not determined in terms of three-dimensional
material constants. For instance, the following simplified expression of the energy
density is proposed [21]

2Winen (B, K¢) = o1 [r(aE) | + astr[ (aE)?] + as||aEe|> + sl mo B |
+1[tr(aK)]" + Batr[ (aK)?] + BslaKe P+ BallmoKe| 2,
or equivalently, in view of the relation tr(X?) = ||sym(X)||? — |lskew(X)]|?,
2 Wapent (E€, K€) = (a2 +3) |[sym(aE€) |2 + (a3 - a2) [|skew(a E€) ||
+a1 [tr(aE€)]* + aullmoE< | + (B2 + B3)Isym(aK) > (6.15)
+(B3 — B2) lIskew (aK )|+ By [tr(aK)|* + BallmoK* |2,

where ay and B (k = 1,2,3,4) are constant constitutive coefficients.
Let us introduce the surface deviator operator dev, defined in [25] by

1
dev,T =T - E(trT)a

for any T'. Then, we can decompose any tensor of the type X = X;,a’ ®a? as a direct
sum (orthogonal decomposition) in the form

1
X=devs(sme)+skewX+E(trX)a. (6.16)
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Hence, it follows that
2 2, 1 2
[lsym X||“ = ||devs(sym X) || +§(trX) 6.17)
and relation (6.15) can be written in the form

2 Waenl (E€, K) = (a2 +a3)||dev,sym(aE€)||> + (a3 — a2) |[skew (a E€) ||
ar+as
2
+(Ba2+B3) lldevgsym(aK€) ||* + (B3 — B2) lIskew (aK®)||*

B2+ps3

+(B1+ 2552 ) [tr(ak) |+ Ballmoke .

+(ar+ ) [ir(@B)]* + aglimoE<

(6.18)
From the last relation we see that the strain energy function Wy (E€, K€) is coercive
in terms of E€ and K° provided that the coefficients verify the conditions

2a1+ar+asz >0, ar+asz >0, az—an >0, ay >0,

(6.19)
2,81+,82+,83>0, ﬂ2+ﬂ3 >0, ﬁ3—ﬂ2>0, ﬁ4>0.

Indeed, if we denote by
ci =min{2a;+ar+ a3, ar+az, a3 —ay, ast >0
and

¢y =min{2B1 + B+ 3, B2+ B3, B3~ B2, Pa} > 0,
then from (6.16) and (6.18) we obtain

2 Wepen (E€,K°) > cl(||deVSsym(aEe)||2+ ||skew(aEe)||2+%[tr(aEe)]z
+moE¢ ) + c2(lldevysym(aK®) | + skew(ak<) |
+ % [tr(ak®)]*+ ||n0K€||2)
> c1(laBIP + o)+ (llake |+ lImoK <)

= c1l|lE°|* +cal K€%,
(6.20)
i.e., the strain energy function is coercive. Remark that the same conditions (6.19)
have been imposed in [15] to establish existence results for linear 6-parameter shells,
see also [26, 27]. -
The energy function Wiy has been employed to solve shell problems in [11, 28].
To this aim, the following values of the coefficients a; and S have been chosen for
isotropic shells made of a material with Poisson ratio v and Young modulus E:
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=Cv, ay =0, az=C(1-v), as=a;C(1-v),
Br=Dv,  p=0, p3=D(1-v), Pa=a:D(1-v).

6.21)

Here, we denote by C = E /(1 —v?) the stretching (membrane) stiffness of the
shell, D = E h3/12(1 —v?) is the bending stiffness,  is the thickness, and ag = 5/6,
a; =7/10 are two shear correction factors. Inserting (6.21) into (6.15) and using the

relations
1+v u(3A1+2u)

c—>r - , C(1-v) =2uh,
2 A+2u (1=v)=2u
X X (6.22)
I+v B u(3a+2u) D(1- )_,uh
2 T12 A+ [

where A and p are the Lamé constants of the isotropic elastic material, we see that
the specific form of the strain energy density for 6-parameter shells commonly used
in the literature is

— A
Waen(E<,K) = h|pella |+ 75 [i@B) |+ ey lmo €12
6.23
h3 e 2 /l/’l e e|2 ( )
+33 [1aKC 1P+ 25 (@K )] + e ImoKe 2.
In view of inequalities (6.19) and relations (6.21) and (6.22), we deduce that strain
energy density (6.23) is coercive, provided that the Lamé constants satisfy the

conditions
u>0, 31+2u > 0. (6.24)

These conditions are usually assumed to hold for isotropic elastic materials.

In the next sections we consider two generalized models of 6-parameter shells
made of Cosserat material, in which the constitutive relations are more elaborate. For
these models we investigate the coercivity of the strain energy functions.

6.3 The Order i3 Model of 6-Parameter Shells made of Cosserat
Material

Starting from an isotropic three-dimensional Cosserat parent model, we have per-
formed in [29, 30] a dimensional reduction and have obtained a generalized 6-
parameter shell model of higher order, which has been investigated mathematically
in [31]. Then, using a different method suggested by the classical shell theory [5, 6],
we have derived in [22] a related 6-parameter Cosserat shell model of order O (43),
which will be analysed in details in this section.

Thus, the explicit form of the areal strain energy density ‘Wyen has been obtained
in [22] as a quadratic function of (E€, K¢), in which the coefficients are expressed in
terms of the three-dimensional material constants and depend also on the curvature
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of the reference midsurface. Let 4, i, and u. denote the Lamé constants and the
Cosserat couple modulus, respectively, of the three-dimensional Cosserat material.
We introduce the bilinear form W ( -, ) defined for any tensors X = X;,a’' ® a?,
Y=Y,a'®a® by

Weoss(X,Y) = u(sym(aX),sym(aY)) + u.(skew(aX),skew(aY))

Au 2 e (6.25)
+ tr(aX)tr(aY)+ X) - (noY
Ty @X) @)+ “EEE (noX) - (no¥ ),
as well as the associated quadratic form
2 2, _AH 2
Weoss (X) = pllsym(a X) (|7 + pic [Iskew (a X) || +m[tr(aX)]
” H (6.26)
+=— o X ||.
KU
Moreover, let Wy (-, ) be the bilinear form defined by
Weury (X, Y) = L? [ bi(symX ,symY) + by (skew X , skewY)
(6.27)

b
+(b3= ) (trX)(trY)]
and the associated quadratic form
b
Weary (X) = L2 [bl lIsym X2 + by || skew X[ + (b3 — ?1) (trX)z] o (6.28)

where the coefficients by, by, b3 are dimensionless constitutive coefficients and
the parameter L. > 0 introduces an internal length (characteristic for the Cosserat
material, see details in [17]-[19], [32]).

With these notations, the explicit form of the shell strain energy density for the
order /3 model is given by (see [22, Eq. (68)])

h3
(Ws(h?:)n(Ee’Ke) = (h —Kﬁ) [WCOSS(Ee) +Weury (Ke)]

\ (6.29)

h .
+3 | Weoss (BB +K€) = 2Weoss (E¢,cKb") + Weurs (K°B) .
Notice that this strain energy function satisfies the invariance properties required by
the local symmetry group of isotropic 6-parameter shells, which have been established
by Eremeyev and Pietraszkiewicz in [21, Sect. 9].
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6.3.1 Coercivity Results for the Model of Order O (h*)

With a view toward proving the coercivity of the strain energy function, let us verify
first that the quadratic forms Wcess(X) and Wy (X), which appear in (6.29), are
coercive. Indeed, using (6.17), (6.26) and (6.28) we can write the equivalent forms

u(31+2p)

Weoss(X) = p[|devisym(aX) |I” + pcllskew(a X)||* + 220

(rx)?

2

+ =L g 2,

KT He (6.30)
b

Weury (X) = uLg(bl || devysym(aX) |2+ bs|skew(aX)||>+ (b3+ Zl) (trX)?

+

bi+b
2 llno X P).

Then, under the usual assumptions on material constants (6.24) from classical elas-

ticity, together with the conditions u. > 0 and b; > 0O for the Cosserat material, we
see that quadratic forms (6.30) are coercive, since it holds

WCOSS(X) = C_‘1 ||X||2 and Wcurv(X) 2 C_‘2 ”X”Z’ (631)

where the positive constants are

p(BA+2u) 2pup, } 50

C,=min{u, e, ,
: l{ﬂm A+2u ppe

and

_ by by+b
czzﬂLgmin{bl,b2,2b3+ ‘ ‘; 2}>0.

? B
For the sake of brevity and for later convenience, let us denote by ®°¢ the mixed

bending tensor
®° =E°b+cK°. (6.32)

Then, using (6.5) and (6.32) we can decompose the strain energy density (6.29) as
follows
w® (E¢,K¢) = w®

shell mem!

b,bend(Ee’Ke)+(W(3) (Ke)’ (6.33)

bend,curv

where the membrane-bending part is given by

3

3 . h n .
W na(ECK) = (h +K E)WCOSS (E€)+ 35 Weoss (@)

- (6.34)
~ 235 Weows (B, @°b).

and the bending-curvature part is
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3

h h
(Wb(jn)d,curv(Ke) = (h -K E)Wcurv (Ke) + E Wcurv (Keb), (635)

Filtstly, Fhe bending-curvature part (Wb(:n) d.cury of the energy density is obviously
coercive, since for |k, h| < 1 we have

|K|h? = |k1h| - |kah| < 1, (6.36)

so we can write using (6.31);

3

W (K¢ > (h - Kh—)wcm(Ke) > (

h 11 - )
bend,curv 12 )Wcurv(Ke) > E/’lC2||Ke” .

h— —
12
(6.37)
Secondly, for the membrane-bending part of the energy we establish the following
result.

Lemma 6.1. Assume that the constitutive coefficients satisfy the conditions
u>0, 31+2u >0, and ue > 0. (6.38)

Let k be the maximum of the absolute value of the principal curvatures |kq| on the
midsurface wg, i.e. k =maxwg{|k1],|k2|}. Assume that the product «h satisfies

. 1/2 . 1/2
1 47 A+2u,34+2 47 S Me

h < mind L (47 min{d+2u, 34420} 47 min{u, pe} . (639)
27132 A+u 8 M+ e

Then, there exists a positive constant Cy > 0 such that

W ena(BSKS) 2 Cr || E°|2. (6.40)
Proof. We notice first that the radicands in (6.39) are always positive, in view of the
conditions (6.38).

In order to estimate the coupling term in energy function (6.34) we employ a similar
technique as in the classical shell theory (see, e.g. [6]). Using the Cauchy-Schwarz
inequality for the scalar product Weoss (-, ) we can write

[Weoss (B¢, ®B°)| < [ Weoss (E®) | Weoss (@°57) . (6.41)

To express the last term, we use the spectral representation of the tensor b in the form
b=xiuQui+kuru,, (6.42)
where u and u, are the orthonormal principal vectors. Then, we have
a=u1®ui+u,u;

and the cofactor b* given by (6.6) can be written as
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b*=Ha+(Ha-b)

K1+ K2

:Ha+[ > (U1 Qui+ur@uy)— (kju; Qu|+Kkyur@U3)
K1 — K2

=Ha+ (ur®@uy—u 1 ®uy).

Thus, we obtain
K2

®°b" = HOC + K‘%qf&

where
0 =ur)Qu,—u;uj.

We notice that

(K]-K2)2 (K1+K2
2 U 2
SO we can estimate

Woss (®€B%) = Weoss (HO + %@fa)

IA

With the notation
Kk =max{|k],|k2|}
we

we can write

2,2
K1 +kp\2  K{tK
sz(l Z)S] 2 <2
2 2
and
2,2
— 2 KT +K
K| —K
H2—1<=(1 z)sl 2 < &2,
2 2

Hence, relation (6.45) yields

Weoss (@9B%) < 2% [Weoss (@) + Weoss (@6)].

To estimate the sum in the last brackets we decompose

Weoss ((I)e) = Weoss ((I)e(ul Qui+us ®u2))

= Wcoss ((Deul ®ul) + Weoss (q)euZ ®u2)

+ 2 Weoss (@ut @uy, ®ur @us)

and

2 2
) —K1K2 =H —K,

2 [HZWCOSS ((I)e) + (Hz - K)WCOSS ((I)eé‘)] .

73

(6.43)

(6.44)

(6.45)

(6.46)

(6.47)

(6.48)
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Weoss (®6) = Weoss (P (w2 @uz—uy @uy))
= Weoss (®ur @ us) + Weoss (Puy ®uy) (6.49)
= 2Weoss (®u @uy, ®ur @u,),
so we get by addition
Weoss (@) + Weoss (P6) = 2 Weoss (Put @ u 1) +2 Weoss (Pur ®usz).  (6.50)
Then, inequality (6.47) becomes
Weoss (@D%) < 4 1% [Weoss (®Cu1 @u1) +Weoss (®°ur @us) . (6.51)

Inserting this in (6.41), we obtain for membrane-bending energy (6.34) the inequality

3

h
W (ECK) > (h+K—

h3
e
memb,ben 12 75 Weoss ((D )

)WCOSS(Ee) + 12

(6.52)

_4K_ \/WCoss e) '\/WCoss ((Deul ®ul) + Weoss ((I)eu2 ®u2) .

To show that the right-hand side is positive, let us decompose the tensor ®° using
the orthonormal basis {u,u,,n¢}: denoting its components by ¢;, , we have

®° = Papla@Up+pignoug.
Then,
QU UL = Pa1Ua®UI+31 RO U
and
QU ®uy = Pl ®Ur+93N) QU
and using definitions (6.25), (6.26) we compute directly
uA+p) o HYHe o 2HMe o
A+2u TH 2 Tyt

2u(A+p) 902 n M+l 902 n 2pupc
A+2u T2 2 270 i+ pe

WCoss((Deul ®ul) =

Weoss (®ur ®us) = 02, (6.53)

A
Weoss (Pu1 @uy, ®ur®uy) = /l+l;,u P12+ K
Substituting (6.53) in (6.48) we obtain

2u(A+p)

WCoss ((De) = /l+2/.l (90%1 +902

2u
2

M+ e
Prgn+— (03, +¢3)
(6.54)

2uu
+(u— /4’c)‘)0129"21+/J ((P31 <P32)
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Since

|k h| < E

we have
2 1 1 1
|K|h* = |k1h| - |k2h| < 7 and |H|h < 3 (|K1h|+|K2h|) < 2 (6.55)

so we can write the inequality

n? ho 47 5§ 47-6
h+KE>h—&—& —&h+—48 h (656)
for any ¢ > 0. The choice of § will be specified later in (6.61). Using relations (6.53),
(6.54) and (6.56) we can transform inequality (6.52) as follows

47-6 h*«
48 WCoss(Ee) -V WCos@ (E )

oh
WD pena (B K) 2 W (B

memb,bend
2u(A+p) ,uc 2 2 2ppc 12
X( A+2u +¢3,) +£ (P +93)) + i+ (‘:"31 93,)

i & (2#(/l+u)

H+He o 2
+
12 /l+2 ‘P 22) 1+ 2 - prent D) (9012 9021)

zluﬂc 2 2
+(u—pe) pragar + (p3,+¢ )) .
C /~l+/~lc 31 32

(6.57)
To prove that the expression in square brackets in (6.57) is positive, we regard it as a
quadratic function in

WCoss (Ee)

and show that its discriminant A is negative. Indeed, the discriminant is

,’l4/(2 2/1(/14‘/1) 2 2 M+ Ue ) 2 2/1/1(, 2
= —9 (—/l+2,u 9011+<P22)+ 2 (,012+(p21)+lu+’uc ()0%2)
47-6 h* (2u(A+p) , . 2 ptie, 5
- - + +— + +
12 12( Qa2 Pnren) T enent (e e

2ppe o 2
+HU—pe) o + (o5, + ))~
H—Hc)P12¢ Py $31 T ¥3

Then, we can combine the terms and write
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9
zhs

47 =6\ 2u(A+u) 47-6 2u

272 2 2
K- ) A
(K 16 A+2u nten 16 A+2u

(K2h2_47—6) H+He 5

<P11Q022]

, . 47-6
+ 16 > w12+¢21)——16 (1= pe) P12 21
47—6\ 2upe
212 c 2 2
w-222) |
+ (K 16 ) u+n, (931 +¢3)

or, equivalently,

9 47 -6\ [ 2u(A+p) 47-6
—A:(zhz— ) (2+2_
o\ 16 A+2u \InTInT 1000 T 47 )
% ,U"',Uc( 2 2 47-6 H—He )
X— +— +¢5, — 2
/l_'_'u‘PnsDzz) 2 P TPy 166202 — (47-0) p+pie P12 P21
Zﬂ,uc 2 2
+ 05 +o5) |
(24 )
(6.58)
Notice that it holds
min{A+2u,34+2u} [
2(A+p) B 2(A+p)
and (6.59)
2min{u, pey | IH—pel
M+ e Htpe

Then, inequality (6.39) can be written equivalently

1/2 3 12
Kh<min{l E(l 4] ) ,E(I—M) } (6.60)

27 4 _2(/l+,u) 4 M+ e

From the last relation we deduce

-1 -1
/l —HMc
47—16K2/’l2(1— 4] ) >0  and 47—16K2h2(1—M) >0.
2(A+p) K e

Hence, we can choose the positive constant ¢ > 0 such that

-1 -1
/l — Mc
6<min{43,47—16x2h2(1— 4] ) ,47—16K2h2(1—M) }

2(A+p) M+ pe
(6.61)
From § <43 and «h < % it follows that
47-6 4
o = < PR - = <. (6.62)
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Further, from (6.61) we also derive that

47-6 A 47-6 U=
‘ . <1 and | . < 1.
16k2h2—(47-6) 2(A+p) 16 K2h2—(47-0) p+uc
(6.63)
Using inequalities (6.62) and (6.63) in (6.58) we deduce that
9 47-6\ [ 2p(A+p) 2 Mt 2
ZA 252 _ - -
A< (2 == | Fg el =leal)” + 555 (loval = lenl)
2upe 5 o
+ - 7 <0.
Py (31 +¢3)
(6.64)

Thus, the discriminant A is negative, so the expression in square brackets in (6.57) is
positive. Hence, relations (6.57) and (6.31); infer

0
Wiemb.oena (B K) 2 g2 hWooss (E) = C1IEP.

for some positive constant C; > 0. The proof is complete.

Let us present now another auxiliary result (a variant of Lemma 6.1), in which
inequality (6.39) is replaced by an alternative assumption. Thus, we prove the
following coercivity result which is complementary to the previous lemma.

Lemma 6.2. Assume that the constitutive coefficients fulfil the conditions (6.38) and
that the product kh < 1 is small enough such that

. 12 min{A+2u,34+2u} /2 12 min{u,pet  \'7?
K 8(A+p) +minfA+21, 30420} )\ 2(upe) +min{, 11, }

(6.65)
Then, the membrane-bending energy (annb vend (E€-K©) satisfies the inequality
(6.40) for some positive constant C| .

Proof. We begin the proof in the same way as in the case of Lemma 6.1 and establish
relations (6.41)-(6.54). If we insert (6.53) and (6.54) into Eq. (6.52) and use the
relation

2h2
12

- e) for any € > 0, (6.66)

then we obtain the inequality
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252
k“h
W pend (B K) > heWeaws(B)+ 1| (1= 55 = €) Wooss (E)
Rk [ 2u(A+ ) p+ m
_T WCoss(Ee) W <P11+(P§2)+ (9012+9021)

6.67)

12
2pp 2u(A+p)
+——= (¢3 %2)) * 5 (— — Pl Pn

2+ 221
M+ e 31 A+2 "D 2 A+2u

M+ He

+

2ppe |, o,
(Phr+93) + (1 —pc) pragn + )
P12 T ¥ H—Hc)P12¢ Py P31 9032
We regard the expression in square brackets in (6.67) as a quadratic function in

A/ Weoss (E e) and denote by D its discriminant. To show that the discriminant D is
negative, we compute

K*h (2u(/l+ﬂ) uuc

(e 22)+ He (90?2+90§1)+ (9031+so32))

9 | a+2

e 282

h? K*h? 2u(A+ ) 2Au
__(1 - _6) 0195+
12 A+2u A+2u

s “‘ (1, +93) + (u— ﬂc)‘PlZ‘ﬁZl"‘jﬁlZZ (¢§1+¢§2)),
or, equivalently,
% _ 2;;(3;:) (47 (3 %‘36))(4’?#%52)— 6 Jys .
/1%90119022 + 'u-;#c (thz_(3_ cn _35))@%2““9%1)
(3—?—3 )#_l_#c 2012021 +il-:uc( K*h*~(3 _%_36))(‘931"'99%2)

Hence, we get
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3 5 2u(A+p) —- 5K2h? €
—D:—(l—— 2p2 - ) A —
n A WP e 1= 3k —e
1 Brie|, 5 . ~5Kh =€ -
X — + + + 2
/H_,u‘Pll‘Pzz > (p12+935)) e i 12921

2up
+ = (¢3, +90§2)}-

M+ e
(6.68)
Now, we want to choose a positive number € such that the following inequalities are
fulfilled

1- 52— A
1—iK2h2—€>0 and Al <1
2 __ZKth_e A+
20 (6.69)
1-L« € — U
and 12 _|M Hel <1.
l—ﬁthz—f Mt e
If we solve inequations (6.69) with respect to €, then we find, respectively
5 K2h2 |1 o\
1 - —«*h? d l———|=+[1-
AT me =TT ( 2(ﬂ+u))
. (6.70)
22 _ -
and  e<1- L (i lezpd) Ty
314 M+ e
Further, using relations (6.59) we can write
L, A\ 8(A+ ) +min{Ad+2u,324+2u) -
4 2+p)) Amin{A+2u,31+2u} 671)
o[- -\ _ 2(p+pe) +min{p, pc}
4 JIETh Amin{u, e} -
Substituting (6.71) into (6.70) we find the equivalent form
5 8(A+u) + A+2u,32+42
e<l-—«*h*> and e<1-k*h*- (A+p0) +min{d+2u, i
12 12min{A+2u,31+2u}
(6.72)

pIes 2(pt pe) +min{u, pe}

d <1-
mees 12min{u, 1.}

By virtue of assumptions (6.65), we see that the right-hand sides of inequalities
(6.72) are all positive, so there exists a constant € > 0 having properties (6.72), i.e.,
€ satisfies inequalities (6.69). Then, using (6.69) in Eq. (6.68) we derive
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3 5 2u(A+p) 2 HHfe 2
=D <—(1- Zet—e) | L (g - + -
i 2 ") 2 (lerl = lg22l) > (lerzl = leail)
2pupe 2 2
+ Q3+ <0.
Py (e31+¢3)

Thus, the discriminant D is negative and, hence, the expression in square brackets in
relation (6.67) is always positive. Consequently,inequations (6.67) and (6.31); imply
that there exists a constant C; > 0 such that

WO (ECKS) 2 heWeos(E€) = Ci||E€|I2,

memb,ben

which completes the proof.

.. . . 3)
We are now able to prove the coercivity of the strain energy density W, |, (E¢, K°).

We obtain the following result as a consequence of the above lemmas.

Theorem 6.1. Assume that the constitutive coefficients fulfil the inequalities
u >0, 31+2u >0, ue >0, and b; >0, (6.73)

and that «h satisfies at least one of the conditions (6.39) and (6.65). Then, the areal
strain energy density "WS(h?H(Ee,Ke) given by (6.33)-(6.35) is coercive, i.e. there
exist some positive constants C1 > 0, C, > 0 such that

W (E¢,K) > 1 | E|P+C |IK°1. 6.74)

Proof. In view of the hypotheses of the theorem, we can apply Lemma 6.1 or Lemma
6.2. In both case, inequality (6.40) holds true. Then, taking into account relations
(6.37) and (6.40) we obtain

W (B¢ K*) =W

e e 3 e e e
o 2 bt ESKO)+ W, (K) = C1|ECIP+ Gl K¢

bend,curv

for some positive constants C;, Cy . The proof is complete.

Remark 6.1. We mention that Theorem 6.1 is the main original result in this work. It
improves a similar coercivity result established for a related Cosserat shell model of
order O(h?). This related Cosserat shell model has been derived and investigated in
[29, 30, 31] and the comparison with the present model has been presented in [22,
Sect. 5.2]. More precisely, Theorem 6.1 improves the result in [31, Proposition 4.1]
in two ways: Firstly, the conditions on constitutive coeflicients given by (6.73) are
less restrictive, since in [31, Proposition 4.1] the inequalities u > 0 and 22+ u > 0
are assumed, which are more restrictive. Secondly, the conditions on the product «h
given by (6.39) and (6.65) are more convenient to check, since they involve only the
constitutive coefficients. In contrast, the corresponding conditions (i) and (ii) listed in
[31, Proposition 4.1] involve also the smallest and largest eigenvalues of the quadratic
forms Weyry (X), Winenn (X) and, hence, they are more difficult to check.
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Remark 6.2. Notice that hypothesis (6.65) in Lemma 6.2 can be written in the
equivalent form

_ 1/2 _ _ 1/2
Kh<min{1,2\/§(M) ,2\/3( e —|p "“'ll) } (6.75)

10(A+p) — 4] S(u+pe) = [u—pe

Indeed, by a straightforward calculation we verify that

-1
1 A 1 10(A+p)—|a
Z+(1_2u|+| )) e
K » H (6.76)
l+(1_|“_ﬂc|) :1.5(ﬂ+#(:)_|#_ﬂ0|
4 LA+ e 4 ptpe—lu—pel
Then, from relations (6.71) and (6.76) we deduce
8(A+u) +min{Ad+2u,31+2u}  10(A+p) —|4] and
min{A+2u,31+2u} T 2(+p) -4 677
2(p+pe) +min{p, pey  S(utpe) == pel '
min{u, pic} M phe == el

Hence, conditions (6.65) and (6.75) are indeed equivalent.

Remark 6.3. In the case A4 > 0 the hypotheses of Theorem 6.1 (namely relations
(6.39) and (6.65)) simplify. Indeed, for 1 > 0 we get

32 A+u

32 A+u

(47 min{/l+2u,3/l+2u})1/2_ (47 /l+2u)1/2>1

and condition (6.39) in the statements of Lemma 6.1 and Theorem 6.1 reduces to the
simpler form

! (‘EM)/} ©79)

h < mi -,
K mm{2 3 T

Also, if A > 0 the inequalities (6.38) imply

12 min{A+24,32+2u}  12(2+2p)
8(A+u) +min{A+2u,34+2u} — 8(A+u) +A+2u

Hence, in the case A > 0 condition (6.65) can be reduced to

. 1/2
h < min{l, ( 12 min{u, pc} }) } . (6.79)

2(ptpe) +min{p, pe

Remark 6.4. In the case A < 0 condition (6.39) from Lemma 6.1 takes the following
form
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1 (47 3/1+2;1)1/2 (47 min{y,,uc})l/z}

h<min{ =, [~
“ <mm{2’ 2 A+u 8 g+

(6.80)

while condition (6.65) from Lemma 6.2 reduces to

3a+2u \'? 12 min{y, e 12
kh<mind 1,2V3 (232K ) min{u, pe } . (681
114+ 10u 2(ptpe) +min{p, pe}

6.3.2 Existence of Minimizers

Let us write the variational formulation for equilibrium of Cosserat shells. To this
aim, we consider the usual Lebesgue and Sobolev spaces for vectors and tensors

LP (w, [R3) = {U =v;e; |l)i € Lp(w)},
LP(0,RYF) = (T =Tyje;0¢;|T; € LP (@)} (p2 1),
(6.82)
H' (0,R?) = {v=vie;|v; € H' (w)},
H' (w,R¥3) ={T =T;je;®e;|T;j € H (w)},
We also introduce the subsets
L?(0,50(3)) = {0 € L? (w,R*?)| Q(x1,x2) € SO(3) fora.e. (x1,%2) € w}
by abuse of notation, with the induced strong topology of L” (w,R3*3), as well as

H'(0,50(3)) = {0 € H'(v,R**?)| Q(x1,x2) € SO(3) fora.e. (x1,%2) € w}

with the induced strong and weak topologies of H'(w,R**3).
We assume that the boundary data in (6.12) satisfy the regularity m* € H' (w, R®)
and Q* € H' (w,S0(3)), and we define the set of admissible pairs (m,Q,) by

A={(m,Q,) € H (w,R*)x H' (0,S0(3))] Mg = m*’Q‘flawl =0}, (6.83)

where the boundary conditions hold in the sense of traces. For boundary-value
problem (6.11), (6.12) we assume the existence of the potential A(m, Q) of external
surface loads f, I and boundary loads N*, M* (cf. [23]), such that the total energy
functional can be written as
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£ (m,Q,) = / Wi (E€.K*)da—A(m.Q,)

wg

“ (6.84)
=//wsgl(Ee,Ke)a(xl,xz)dxlde—A(m,Qe),

where the tensors E¢, K¢ are given in terms of m,Q, by Egs. (6.9), (6.10). Here, the
external loading potential has the form

(9(4)_,0

A(m.Q,) =[/f-uda+Hw§(Qe)+ N*-uds + o, (Q,),  (6.85)
wg

where u := m —y, is the displacement vector and we assume that f € L?(w,R?) and
N* e Lz([)wf, R3). The potential I, : L? (w,SO(3)) — R of the external surface
couples I and the potential Iy, : Lz(aa)f,SO(3)) — R of the external boundary
couples M™ are assumed to be continuous and bounded operators.

We can prove now the existence of minimizers for the shell model of order O (h?)
following closely the initial idea presented in [17].

Theorem 6.2. Consider the minimization problem for the equilibrium of Cosserat
6-parameter elastic shells:

minimize &% (m,Q,) wrt. (m,Q,) €A, (6.86)

where the total energy functional &) is given by (6.84) and the admissible set A is
defined by (6.83). Assume that the constitutive coefficients satisfy inequalities (6.73)
and that kh is small enough such that at least one of conditions (6.39) and (6.65)
holds. Moreover, the external loads and boundary data are assumed to satisfy the
regularity conditions

fel*(w,R), N elL*(dwsR), m"eH' (w,RY), Q" eH'(w,50(3)),
(6.87)
while the reference configuration of the shell fulfils the regularity conditions

yo € H*(w,R%), Qy€H'(w,50(3)), aqeL™(w,R?, a(x;,x2)>ag>0,
(6.88)
where ag is a positive constant. Then, minimization problem (6.86) admits at least
one minimizing solution pair (i, Qe) in the admissible set A.

Proof. To prove this assertion we employ the general existence result established in
[20] for 6-parameter shells. We can verify that the hypotheses of Theorem 6 from
[20] are satisfied, i.e. that the strain energy density (WS;?H is a coercive and uniformly
convex quadratic function of (E¢, K¢).

Indeed, in view of Theorem 6.1 the function "Ws(h?l

(WS;?H is a quadratic form in terms of (E€, K¢), which is also positive definite, we

see that it is also convex. Thus, all the hypotheses of Theorem 6 from [20] are

(E€,K®) is coercive. Since
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fulfilled. Applying this general result, we can derive the existence of a minimizing
pair (ri, Qe) € A. In what follows, we present only the main steps of the existence
proof and refer to [20, Theorem 6] for further details.

We estimate first the external loading potential and show that

|A(m,Q,)| < ci(lmllgi()+1)  forany (m,Q,) €A, (6.89)

for some positive constant ¢ . Then, using coercivity relation (6.74) we deduce that
there exist some constants ¢, > 0 and c3, ¢4 such that

8(3) (m’Qe) 2 ” Vm ”iZ(M) —C3 || m ”HI (w) ~C4- (690)
Here, we denote by || - ||12(,) and || - || 1(,,) the norms in the Lebesgue and Sobolev

spaces, respectively. Using the Poincaré—inequality we deduce from (6.90) that

8(3) (m7Qe) 2 Cs ”m _m*”ill (w) - CGHm _’n*“Hl (w) +c7 for any (m’Qe) € ﬂ7

(6.91)
where c¢5 > 0 and c¢g, ¢7 are some constants. Hence, the functional 8(3)(m,Qe)
is bounded from below over A. Therefore, there exists an infimizing sequence
(my,Q,)nen such that

nlilrgoa“)(mn,gn) = inf {%(m,0,)|(m,Q,) € A}. (6.92)

For this infimizing sequence we show that (m,,) is bounded in H!(w,R?) and (Q,,)
is bounded in H'! (w, [R3><3). Then, there exist some subsequences (not relabeled) and
the limit pair (i,Q,) € A such that the following weak and strong convergences
hold

m, —m in H' (0,R%) and m, — i in L2(w,R%),
A ) (6.93)
0,—0, n H (w,R>) and Q,—0, in L*(w,R*>3).

Since the pairs (m,,,Q,,) and (i, Qe) are elements of the admissible set A, we can
construct the corresponding shell strain measures (E¢,, K¢) and (E ¢, K ¢),respectively,
using definitions (6.9), (6.10). Then, we can extract some subsequences (not relabeled)
such that we have the following weak convergences

E¢ —E¢ in L*(w,R™®) and K¢—K° inL*(w,R¥3). (6.94)

We use now the convexity of the energy density function W, (hi)" and obtain

/ W (B¢, K*)adxidx; < liminf/ W (ES,KS)adxidxs.  (6.95)
n—oo

shel shel
w w

Finally, by virtue of (6.84) and (6.95) we get
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E®(m,0,) < liminf &3 (m,,0,), (6.96)
n—0oo0

so (i, Q ) 1s a minimizing solution pair of minimization problem (6.86).

6.4 The Higher Order Model of Cosserat 6-Parameter Shells

The first Cosserat 6-parameter shell model of order O (/4°) has been established in
[29, 30, 31] by a dimensional descent from the three-dimensional nonlinear Cosserat
elasticity. Then, using an alternative derivation procedure suggested by the classical
shell theory [5, 6], we have derived in [33] a refined higher order Cosserat shell
model, in which we have optimized some terms.

Let us investigate in this section the 6-parameter shell model of order O(h’)
derived in [33] for shells made of Cosserat material. Thus, the following areal strain
energy density has been obtained (see [33, Eq. (119)])

(5) e e n e e a e ep*
(M/shell(E K¢ = (h_Kﬁ)[WCOSS(E )+Wcurv(K )]_FWCOSS(E cK b)
/’l3 hs e e e
+{3 =K ) [Weos (BB +eK) + W (K°B) |

5
+ ;’—0 [WCOSS((E"b +¢KE)b) + Weury (K"bz)].
(6.97)

If we employ relation (6.5) and notation (6.32), we can decompose the above energy
density in the form

(5) _ (5) (5) .
W (E€.K) =W, J(ECK)+W, (K°) with (6.98)

shel memb,ben bend,curv
) ¢ K¢ h3 e h3 e ep*
Wmemb,bend(E ’K ) = (h+KE)WCoss(E ) _ZE WCoss(E ,(I) b )
n»oow "
* (5 -k @)WCoss(Qe) + 55 Weoss(@°B), (6.99)
h3 h3 hS
(5) _
(Wbend,curv(Ke) - (h -K E)WcurV(Ke) + (E -K %)Wcurv (Keb)
hS

+ 5o Weurs (K°b?). (6.100)

Let us consider first the bending-curvature part ‘Wb(s) (K€) and prove its
end,curv

coercivity. Since |k, /| < 1, we have |Kh?| < 1 (cf. (6.36)) and, hence,

X ool B B w17
[ A S S ¢ E_gZ .M _ 2T 6101
2" Tn an o K01 80 20 GO

Then, Egs. (6.100), (6.101) and (6.31), yield
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s o 11 o 17 . n ep2
Wi s () = T3 1 Weur (K) + 526 1 Weury (K“) + 5 Weur (K°D?)
11
> Ethurv(Ke) > C3||Ke||2?
(6.102)

for some positive constant C3 . Thus, the energy function Wb(s) (K®) is coercive.
end,curv

We turn our attention now to membrane-bending part (6.99) and establish an
auxiliary result.

Lemma 6.3. Assume that the condition

1

|kah| < z

holds and the constitutive coefficients satisfy inequalities (6.38). Then, there exist

some positive constants C4 > 0, Cs > 0 such that the membrane-bending energy
density (6.99) satisfies inequality

W o bend (B KS) = C4 ||| +C5|@° . (6.103)

mem
Proof. We can put the membrane-bending energy density (6.99) in the form

n? h? .
WE e (ECKC) = (h+K E)WCOSS (E€) ~235 Weoss (E,@°b")

mem

h3 W W /=
+(E+(4H2—K)%)WCOSS((I)6)+ %Wcoss(q)eb*)_4H%WCOSS(¢6,(I)eb*)
11 n 25 2 .
= (% h+KE)WCoss(Ee)+h[% WCoss(Ee) _2EWCOSS(EG,(I)eb )
4 pt orn h3 ) WS .
ts %WCOSS((D b )]+(E_(16H +K)%)Wcoss(<l> )

5 1
e 20H2 Wi () — 4H W (0, @5°) £ Weis (00°)|

_hl1 ) . 5 . h* ...
_E(?-'-Kh )WCOSS(E )+hWCOSS(gE —E(I) b)
+(h—3—H2h—5—Kh—5)W (q>e)+h—sw (2H® - L @°p)
12 5 o) e 16 < 5 '
(6.104)

In view of 1
ohl < =
Ikahl <5

we have

1 1 1
|K| h? = |k1h| - |kah| < ; and |H|h < 3 (Ik1 k| +|k2h]) < 5. (6105

so it holds
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1 11 41

CAKRE s — =2

33T

and (6.106)
W3 hd h 1 11 1 1 29

T o kT (=t il — )= =3

12 5 %0 " (12 15 1 80) 960

Using inequalities (6.106) and (6.31);, from relation (6.104) we get

) 41 29,
Wit ena (B K) = T i Weoss (E) + 5 ¥ W, (@) 6.107
> C4|E¢|?+Cs||@¢|?,

for some positive constants C4, Cs. The lemma is proved.

We are now able to prove the coercivity of the shell strain energy function for the
higher order model.

Theorem 6.3. Assume that |
|Kah| < 5

and the constitutive coefficients satisfy inequalities (6.73). Then, the areal strain
energy density ”Wsilse)u given by (6.98)-(6.100) is coercive, i.e. there exist some positive
constants C3 > 0, C4 > 0 such that

W) (E,K) = Co|EIP+C 1K1 (6.108)

Proof. By virtue of the relation (6.102) and the Lemma 6.3 we deduce that

WO (ECK)+ WD) (K = CiI|E€)P+Cs |0€)12+ G5 K12,

memb,ben bend,curv

so coercivity inequality (6.108) holds true.

In a similar way as in Subsect. 6.3.2 we can prove the existence of minimizers for
the Cosserat 6-parameter shell model of order O(4°). In this case, the total energy
functional is expressed by

& m.0,) = [ W E k) atn ) dnan-AmQ).  (g109)

w

where the areal strain energy density W, (hse)]l is given by (6.98)-(6.100) and the external

loading potential A has the form (6.85).

Theorem 6.4. Consider the minimization problem for the equilibrium of Cosserat
6-parameter elastic shells:

minimize 8(5)(m,Qe) wrt. (m,Q,) €A, (6.110)
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where the total energy functional O is given by (6.109) and the admissible set A
is defined by (6.83). Assume that |kqh| < % and the constitutive coefficients satisfy
the inequalities (6.73). Also, the reference configuration of the shell is assumed to
satisfy regularity conditions (6.88), while the external loads and boundary data fulfil
regularity conditions (6.87). Then, the minimization problem (6.110) admits at least
one minimizing solution pair (i, Qe) in the admissible set A.

Proof. We proceed similarly as in the proof of Theorem 6.2. Since all the hypotheses
of Theorem 6.3 are satisfied, we deduce that the strain energy density ‘W, (hSC)H(E ¢,K®)
is coercive. Further, from relations (6.98)-(6.100) we see that this function is a
quadratic form in (E¢, K¢), which is positive definite. Then, "thse)”(E ¢,K°) is also
convex. We can apply the general existence theorem in [20], since all its hypotheses
are fulfilled. From [20, Theorem 6] we obtain the existence of minimizers to our
minimization problem (6.110) for the Cosserat 6-parameter shell model of order

O (h®). We refer to [20] for the details of the proof.

Remark 6.5. We mention that Theorem 6.4 is similar to the existence result presented
previously in [31, Theorem 3.3] for a related Cosserat shell model including terms up
to order O (h°). This related Cosserat shell model has been investigated in [30, 31, 34]
using the matrix formulation. A detailed comparison between the two Cosserat
approaches to 6-parameter shells (which employ either matrix formulation or tensorial
notation) can be found in [33, Sect. 5.3].
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