
Chapter 16
Application of Nonlocal Fick’s Law Within
Micropolar Approach

Ksenia Frolova, Nikolay Bessonov, and Elena Vilchevskaya

Abstract The paper is concerned with modeling of stress-induced diffusion within the
framework of the micropolar approach. The specificity of the model accounting for
stress-strain state of the host material by means of additional thermodynamic driving
force in the form of gradient of chemical potential is discussed. The considered
model represents a generalization of the known corresponding model developed
within the framework of the classical approach. The proposed generalization allows
one to account for size effects while modeling the diffusion process. The main focus
is on modeling of the skin effect manifested near the perturbation surface. It is shown
that accounting for couple stress interactions between material particles results in
a significant excess of diffusing impurity in the vicinity of the border. An axially
symmetric problem is solved and investigated in detail. Various types of boundary
condition on the outer border are used to demonstrate the general specificity of
the developed model. Qualitative and quantitative effect of non-classical material
parameters is discussed.
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16.1 Introduction

The paper models stress-induced diffusion within the framework of the micropolar
approach to account for size effects. Problem of diffusion in solids has applications
in various fields of science such as geology, metallurgical engineering, etc. The
accumulation of harmful impurities in metals can worsen material properties and
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even lead to its damage. In particular, a widespread problem of material science is
hydrogen embrittlement of metal alloys [1, 2]. It is known that mechanical loading, as
well as the presence of inhomogeneities of different nature can affect mass transport
process in a host material. In particular, a local increase of impurity can take place
[3]-[5]. The question arises of accounting for the influence of stress-strain state and
microstructure of solid on diffusion of impurity.

The diffusion process depends on both the diffusion characteristics of impurity
itself and on the state of the host material lattice. In general, diffusion can be
modeled from the standpoint of rational mechanics or within the framework of
thermodynamics. In the first case modeling of the diffusion process is based on the
principles of continuum mechanics which is implementation of conversation laws for
multi-component media supplemented by appropriate constitutive equations [6, 7].
The diffusion flux can be expressed in terms of the velocity of impurity. It depends
on various fields, in particular, on the concentration gradient, as well as stresses and
strains in the host material. The solution of the corresponding nonlinear kinematic
equation is a challenging task, so simplifying assumptions on interaction between the
impurity and the main structure are usually made [7]-[9]. Within a more widely used
thermodynamic approach, the diffusion flux is expressed directly as a gradient of
chemical potential. In the most simple case of the chemical potential of ideal gas, the
constitutive equation for the diffusion flux reduces to the phenomenological Fick’s
first law relating the diffusion flux to the concentration gradient. Fick’s law can be
considered as a local one in that it relates the local flux to the local concentration
gradient [10]. Li et al. [11] and Larche and Cahn [12, 13] considered a more complex
expression for the chemical potential and accounted for the influence of the trace of the
stress tensor caused by the eigenstrains due to accumulation of impurity. Larche and
Cahn [12, 13] referred to the amended Fick’s law as to nonlocal one, since the chemical
potential is expressed in terms of the local stress, which depends on the solution
of a boundary-value problem. Wu [10] studied the mutual influence of self-stresses
and another forms of internal stresses and took chemical potential of the isotropic
host material to be proportional to the trace of the Eshelby energy-momentum tensor
introduced in [14] within classical elasticity.

So that, the introduction of the chemical potential of the system “impurity-solid
host material” allows one to describe stress-induced diffusion. Obviously, such an
approach can be extended to description of diffusion process in media modeled by
microstructure-informed continua to account for size effects like the presence of
inhomogeneities or skin effects. It is known that gradient theory accounts for the
microstructure by means of accounting for deformation gradient in the expression
for the elastic strain energy [15]-[18], micropolar theory accounts for traction at
micro-scale by means of introduction couple stress interactions between material
particles [19]-[21]. Such an accounting for internal degrees of freedom leads to
necessity to introduce a more general expression for the Eshelby energy-momentum
tensor, which depends on the stress-strain state of material. Within the frame of the
present research we focus on modeling of stress-induced diffusion within micropolar
approach. Expressions for the Eshelby tensors of non-linear and linear micropolar
continua were obtained respectively in [22, 23]. In [24] we developed a micropolar
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model of stress-induced diffusion accounting for the chemical potential in a form of
the trace of the Eshelby energy-momentum tensor. The specificity of this model was
investigated on the base of the boundary-value problem with Dirichlet condition on
the outer border. The solution of the problem allowed to describe skin effect that is
accumulation of impurity in the vicinity of the border. The present research discusses
the specificity of the model in a broader sense and solves the problems with different
types of the boundary condition to demonstrate that skin effect is caused by the
presence of inhomogeneities in material, but not by specific conditions of saturation.

16.2 Diffusion in Media Modeled by Micropolar Continuum

The paper is concerned with modeling the diffusion process in a solid taking into
account its microstructure influence. To this end, we generalize a known model of
stress-induced diffusion usually used within the framework of the classical theory
to describe mass transport process in a solid modeled by micropolar continuum. So
that, the present research is multidisciplinary in that sense it makes an attempt to
combine ideas of two theories to account for the influence of stress-strain state of
the host material on diffusion process in the vicinity of some kind of perturbation
area that is inhomogeneity, outer border, etc. The paper accounts for the influence of
inner stresses and strains on diffusion process by means of chemical potential of host
material as suggested in [10, 25]. The basic ideas of micropolar theory can be found
in the reviews [19]-[21].

For simplicity we restrict ourselves to modeling diffusion in physically isotropic
and geometrically linear solid host material. In the following we first provide the main
formulas of diffusion problem and then the main formulas of micropolar elasticity.

The concentration of impurity 𝑐 can be obtained from the mass balance that is

d
dt

∫
𝑉
𝑐dV = −

∫
S
𝑛𝑛𝑛 ·𝐽𝐽𝐽dS, (16.1)

where d/dt is the total derivative with respect to time, 𝑛𝑛𝑛 is the outer normal to surface
𝑆 surrounding the elementary domain 𝑉 , 𝐽𝐽𝐽 is the diffusion flux.

The mass balance in local form reduces to

dc
dt

= −∇ ·𝐽𝐽𝐽. (16.2)

In accordance with linear nonequilibrium thermodynamics,diffusion flux is related
to the gradient of chemical potential 𝜇 of the system “impurity-host material” as

𝐽𝐽𝐽 = −𝑀𝑐∇𝜇, (16.3)

where 𝑀 is the impurity mobility (𝑀 = 𝐷/𝑅𝑇 , here 𝐷 is the diffusion coefficient, 𝑅
is the universal gas constant, 𝑇 is the absolute temperature).
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The chemical potential 𝜇 is a sum of the chemical potentials of the diffusing
impurity and the host material. Equating the chemical potential of the impurity to the
chemical potential of the ideal gas, one can rewrite Eq. (16.3) in the following form:

𝐽𝐽𝐽 = −𝐷
(
∇𝑐+ 𝑐 1

𝑅𝑇
∇𝜇𝑆

)
, (16.4)

where 𝜇𝑆 represents the chemical potential of solid host material.
The first term in Eq. (16.4) represents the diffusion flux due to the concentration

gradient, whereas the second term represent the diffusion flux due to the additional
thermodynamic driving force 𝐹𝐹𝐹 = ∇𝜇𝑆/𝑅𝑇 . The chemical potential of a solid is as
follows [10]:

𝜇𝑆 = 𝑀𝑆

(
𝑓 0
𝑆 +

1
𝜌𝑆

tr𝚺
)
, (16.5)

where 𝑀𝑆 is the molar mass of solid host material, 𝑓 0
𝑆 is the free energy density

of host material in a stress-free state, 𝜌𝑆 is the density of host material, 𝚺 is the
Eshelby energy-momentum tensor, “tr” denotes trace of a second-order tensor. So,
the additional thermodynamic force reads

𝐹𝐹𝐹 =
𝑀𝑆

𝑅𝑇𝜌𝑆
∇ (tr𝚺) . (16.6)

The Eshelby energy-momentum tensor 𝚺 depends on the stress-strain state of the
host material. A material particle of micropolar continuum represents an infinitesimal
rigid body. Its kinematic is described by independent displacement vector 𝑢𝑢𝑢 and
microrotation vector 𝜽. Two strain measures, stretch tensor 𝜺 and wryness tensor 𝜿
can be expressed in terms of displacements and microrotations as follows [20]:

𝜺 = ∇𝑢𝑢𝑢 + 𝐼𝐼𝐼 × 𝜽 , 𝜿 = ∇𝜽 . (16.7)

where 𝐼𝐼𝐼 is the unit second-order tensor, operation × denotes vector product. Vector
product of second-order tensor 𝐴𝐴𝐴 = 𝑎𝑎𝑎𝑘𝑏𝑏𝑏𝑘 and vector 𝑐𝑐𝑐 is given by 𝐴𝐴𝐴×𝑐𝑐𝑐 = 𝑎𝑎𝑎𝑘 (𝑏𝑏𝑏𝑘 ×𝑐𝑐𝑐),
hereafter the Einstein rule of summation over the repeated index is used.

The total strain tensors can be decomposed into elastic parts and eigenstrains due
to accumulation of impurity, i.e. strains that would exist in material in the absence
of constraint. Accumulation of gas is usually assumed to lead to dilatation only, so
the total wryness tensor coincides with the elastic one given by the second equation
(16.7), whereas the stretch tensor represents a sum of elastic stretch tensor 𝜺el and
eigenstrains 𝜺∗ = 𝛼𝑐𝐼𝐼𝐼 (𝛼 is the linear expansion coefficient) that is

𝜺 = 𝜺el +𝜺∗. (16.8)

The strain energy density can be written as [26]

𝑊 =
1
2
𝜺el · ·4𝐶𝐶𝐶 · ·𝜺el +𝜺el · ·4𝐵𝐵𝐵 · ·𝜿 + 1

2
𝜿 · ·4𝐷𝐷𝐷 · ·𝜿, (16.9)
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where 4𝐶𝐶𝐶, 4𝐵𝐵𝐵, 4𝐷𝐷𝐷 are tensors of elastic moduli.
The constitutive relations for the stress tensor 𝑇𝑇𝑇 and couple stress tensor 𝑀𝑀𝑀 read

𝑇𝑇𝑇 =
𝜕𝑊

𝜕𝜺el =
4𝐶𝐶𝐶 : 𝜺el + 4𝐵𝐵𝐵 : 𝜿, 𝑀𝑀𝑀 =

𝜕𝑊

𝜕𝜿
= 4𝐵𝐵𝐵 : 𝜺el + 4𝐷𝐷𝐷 : 𝜿. (16.10)

For an isotropic material 4𝐵𝐵𝐵 = 0, and tensors of elastic moduli 4𝐶𝐶𝐶, 4𝐷𝐷𝐷 can be
represented as linear combinations of isotropic fourth-order tensors 4𝐼𝐼𝐼1 = 𝐼 𝐼𝐼 𝐼𝐼 𝐼, 4𝐼𝐼𝐼2 =
𝑒𝑒𝑒𝑘𝐼𝐼𝐼𝑒𝑒𝑒𝑘 and 4𝐼𝐼𝐼3 = 𝑒𝑒𝑒𝑘𝑒𝑒𝑒𝑚𝑒𝑒𝑒𝑘𝑒𝑒𝑒𝑚 as

4𝐶𝐶𝐶 = 𝜆4𝐼𝐼𝐼1 +2𝐺4𝐸𝐸𝐸 + 𝜅

2

(
4𝐼𝐼𝐼3 −4 𝐼𝐼𝐼2

)
, (16.11)

4𝐷𝐷𝐷 = 𝛽4
1𝐼𝐼𝐼1 + (𝛽2 + 𝛽3) 4𝐸𝐸𝐸 + 𝛽3 − 𝛽2

2

(
4𝐼𝐼𝐼3 −4 𝐼𝐼𝐼2

)
,

where 4𝐸𝐸𝐸 = 1/2 (4𝐼𝐼𝐼2 +4 𝐼𝐼𝐼3
)
, and𝜆,𝐺 are Lamé coefficients, 𝜅, 𝛽1, 𝛽2, 𝛽3 are micropolar

elastic moduli.
The micropolar elastic moduli can be expressed in terms of engineering constants,

namely, coupling number 𝑁 , polar ratio 𝜓, characteristic length for torsion 𝑙𝑡 and
characteristic length for bending 𝑙𝑏 in accordance with [27, 28] as follows

𝑁 =

√︂
𝜅

2𝐺 + 𝜅 , 𝑁 ∈ [0,1], 𝜓 =
𝛽2 + 𝛽3

𝛽1 + 𝛽2 + 𝛽3
, 𝜓 ∈ [0,1.5], (16.12)

𝑙𝑡 =

√︂
𝛽2 + 𝛽3

2𝐺
, 𝑙𝑏 =

√︂
𝛽3
4𝐺

.

The steady-state of material is determined by the balances of linear and angular
momentum that in the absence of body forces and couples are as follows:∫

𝑆
𝑛𝑛𝑛 ·𝑇𝑇𝑇dS = 000,

∫
S
(𝑛𝑛𝑛 ·𝑀𝑀𝑀 +𝑟𝑟𝑟 × (𝑛𝑛𝑛 ·𝑇𝑇𝑇)) dS = 000, (16.13)

where 𝑟𝑟𝑟 is the position vector of a material particle.
Equations (16.13) in local form reduce to

∇ ·𝑇𝑇𝑇 = 000, ∇ ·𝑀𝑀𝑀 +𝑇𝑇𝑇× = 000, (16.14)

where 𝐴𝐴𝐴× = (𝑎𝑎𝑎𝑘𝑏𝑏𝑏𝑘)× = 𝑎𝑎𝑎𝑘 ×𝑏𝑏𝑏𝑘 is the vectorial invariant. Its invariant representation
is given by 𝐴𝐴𝐴× = −𝐴𝐴𝐴× ·𝐼𝐼𝐼, where the mixed product of two second-order tensors is
introduced as 𝐴𝐴𝐴× ·𝐵𝐵𝐵 = 𝑎𝑎𝑎𝑘𝑏𝑏𝑏𝑘 × ·𝑐𝑐𝑐𝑚𝑑𝑑𝑑𝑚 = (𝑏𝑏𝑏𝑘 ×𝑐𝑐𝑐𝑚) (𝑎𝑎𝑎𝑘 ·𝑑𝑑𝑑𝑚).

Within the micropolar linear elasticity, the Eshelby energy-momentum tensor
appearing in Eq. (16.5) is defined as [23]

𝚺 =𝑊𝐼𝐼𝐼 − (∇𝑢𝑢𝑢−𝜺∗) ·𝑇𝑇𝑇𝑇 −∇𝜽 ·𝑀𝑀𝑀𝑇 , (16.15)

where the upper index 𝑇 denotes a transposed second-order tensor (𝐴𝐴𝐴𝑇 = (𝑎𝑎𝑎𝑘𝑏𝑏𝑏𝑘)𝑇 =
𝑏𝑏𝑏𝑘𝑎𝑎𝑎𝑘).
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Substituting Eqs. (16.15), (16.7)1–(16.10) in Eq. (16.6) and considering isotropic
material,we obtain the following expression for the additional thermodynamic driving
force:

𝐹𝐹𝐹 =
𝑀𝑆

𝑅𝑇𝜌𝑆
∇

(
1
2
(∇𝑢𝑢𝑢−𝛼𝑐𝐼𝐼𝐼) · ·4𝐶𝐶𝐶 · · (∇𝑢𝑢𝑢−𝛼𝑐𝐼𝐼𝐼) + (16.16)

+2 (∇𝑢𝑢𝑢−𝛼𝑐𝐼𝐼𝐼) · ·4𝐶𝐶𝐶 · · (𝐼𝐼𝐼 × 𝜽) + 3
2
(𝐼𝐼𝐼 × 𝜽) · ·4𝐶𝐶𝐶 · · (𝐼𝐼𝐼 × 𝜽) + 1

2
∇𝜽 · ·4𝐷𝐷𝐷 · ·∇𝜽

)
.

The last three terms in Eq. (16.16) appear due to the presence of independent
microrotations of material particles and couple stress interactions between them.
Their presence increases the value of the thermodynamic driving force. These terms
vanish within the framework of the classical elasticity accounting for only translation
degrees of freedom of material particles. The value of displacement’s gradient, in
turn, depends on stress-strain state caused by both accumulation of impurity and
couple stress interactions between material particles. As a result, accounting for
couple stress interactions between material particles results in increasing the first
term in Eq. (16.16). So that, modeling of material particles by means of infinitesimal
rigid bodies results in increasing the thermodynamic driving force. The question
arises on the influence of such an increase on diffusion process.

The paper focuses on description of skin effects, so that in the following we seek
for solution of initial boundary-value problem.

16.3 Axially Symmetric Problem

We restrict ourselves to consideration of an axially symmetric problem and model
non-stationary stress-induced diffusion in a long cylinder of radius 𝑟0. Cylindrical
coordinate system (𝑟, 𝜑, 𝑧), where 𝑟 , 𝑧 denote respectively radial and axial coordinates
and 𝜑 denotes azimuthal angle, is introduced, 𝑒𝑒𝑒𝑟 , 𝑒𝑒𝑒𝜑 , 𝑒𝑒𝑒𝑧 denote the basic vectors.
Initial concentration inside cylinder is assumed to be zero.

To demonstrate the specificity of the influence of the additional thermodynamic
driving force introduced in the previous section on the concentration profile regardless
of the boundary conditions (BCs), we consider three possible types of BC on the
lateral surface of the cylinder. In the first case a constant concentration is prescribed,
that is

𝑐 |𝑟=𝑟0 = 𝑐0. (16.17)

In the second case the diffusion flux is prescribed, i.e

𝐷
𝜕𝑐

𝜕𝑟

����
𝑟=𝑟0

= 𝐽0. (16.18)

In the third case the diffusion flux is supposed to be proportional to the concentration
difference, so
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𝐷
𝜕𝑐

𝜕𝑟

����
𝑟=𝑟0

= 𝑘 (𝑐− 𝑐0) , (16.19)

where 𝑘 is the surface mass transfer coefficient, 𝑐0 is a constant concentration
maintained in a working chamber.

The lateral surface of the cylinder is supposed to be traction free, whereas a
non-classical static boundary condition is used, so that

𝑒𝑒𝑒𝑟 ·𝑇𝑇𝑇 |𝑟=𝑟0 = 000, (16.20)
𝑒𝑒𝑒𝑟 ·𝑀𝑀𝑀 |𝑟=𝑟0 = 𝑀0𝑒𝑒𝑒𝜑 . (16.21)

Note that setting of microrotations on the border instead of external couples does not
affect the solution qualitatively, see [29] for details.

The cylinder is not loaded axially, hence∫
𝑆
𝑒𝑒𝑒𝑧 ·𝑇𝑇𝑇dS

����
𝑧=0,𝑧=𝐿

= 000,
∫
𝑆
𝑒𝑒𝑒𝑧 ·𝑀𝑀𝑀dS

����
𝑧=0,𝑧=𝐿

= 000, (16.22)

where 𝐿 is the length of the cylinder.
Assuming all cross-sections behave similarly, we seek a solution with the following

ansatz:

𝑐 = 𝑐 (𝑟) , (16.23)
𝑢𝑢𝑢 = 𝑢𝑟 (𝑟)𝑒𝑒𝑒𝑟 +𝑈𝑧 (𝑟, 𝑧)𝑒𝑒𝑒𝑧 , (16.24)

𝜀𝑧𝑧 =
𝜕𝑈𝑧

𝜕𝑧
= const, (16.25)

𝜽 = 𝜃𝑟 (𝑟)𝑒𝑒𝑒𝑟 + 𝜃𝑧 (𝑟)𝑒𝑒𝑒𝑧 . (16.26)

From Eq. (16.25) it follows that

𝑈𝑧 (𝑟, 𝑧) = 𝑢𝑧 (𝑟) + �̃�𝑧 (𝑧) . (16.27)

At the center of the cylinder the following boundary conditions are prescribed:

𝜕𝑐

𝜕𝑟

����
𝑟=0

= 0, (16.28)

𝑢𝑟 |𝑟=0 <∞, 𝑢𝑧 |𝑟=0 = 0, 𝜃𝑟 |𝑟=0 = 𝜃𝜑
��
𝑟=0 = 0. (16.29)

System of equations for concentration 𝑐, axial stretch strains 𝜀𝑧𝑧 = 𝜕𝑈𝑧/𝜕𝑧, radial
displacement 𝑢𝑟 , axial displacement 𝑢𝑧 and microrotation 𝜃𝜑 takes form

𝑟 ¤𝑐 = [𝑟𝐷 (𝑐′ + 𝑐𝐹)]′ , where (16.30)

𝐹 =
𝑀𝑆

𝑅𝑇𝜌𝑆

[
𝜆

2

(
𝜀𝑧𝑧 +𝑢′𝑟 +

𝑢𝑟
𝑟

)2
+𝐺

((𝑢𝑟
𝑟

)2
+ (

𝑢′𝑟
)2 + (𝜀𝑧𝑧)2

)
− (16.31)

−2 (3𝜆+2𝐺)𝛼
(
𝜀𝑧𝑧 +𝑢′𝑟 +

𝑢𝑟
𝑟

)
𝑐+ 9

2
(3𝜆+2𝐺)𝛼2𝑐2+
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+𝐺
(

3
2𝑁2

(
𝑢′𝑧

)2 +2𝑙2𝑏

[(
𝜃′𝜑

)2
+

(
𝜃𝜑

𝑟

)2
]
−2

(
𝑙2𝑡 −2𝑙2𝑏

) 𝜃𝜑
𝑟
𝜃′𝜑

)] ′
,

𝑟0∫
0

[
(𝜆+2𝐺) 𝜀𝑧𝑧 +𝜆

(
𝑢𝑟

′ + 𝑢𝑟
𝑟

)
− (3𝜆+2𝐺)𝛼𝑐

]
𝑟𝑑𝑟 = 0, (16.32)

(
𝑟𝑢′𝑟

) ′ − 𝑢𝑟
𝑟
− (3𝜆+2𝐺)

(𝜆+2𝐺) 𝛼
((𝑟𝑐)′ − 𝑐

)
= 0, (16.33)

(𝑟𝑢𝑧 ′)′ +2𝑁2 (
𝑟𝜃𝜑

) ′ = 0, (16.34)

2𝑙2𝑏
(
𝑟𝜃′𝜑

) ′
−

(
2
𝑟
𝑙2𝑏 + 𝑟

2𝑁2

1−𝑁2

)
𝜃𝜑 − 𝑟

𝑁2

1−𝑁2 𝑢𝑧
′ = 0, (16.35)

where ¤𝑐 is the partial derivative of concentration with respect to time, ′ denotes
derivation with respect to radial coordinate. Note that equation for 𝜃𝑟 has a trivial
solution and is not provided.

Let us analyze the expression for the additional thermodynamic driving force
𝐹 given by Eq. (16.31). In fact, it consists of two parts. The first part depends
on the solution of the elasticity problem due to the mass transport, whereas the
second one depends on the solution of the micropolar boundary-value problem.
Solutions of these two problems are independent, since Eqs. (16.34)–(16.35) can be
solved independently on the general system of equations and provide behavior of a
non-saturated solid, which is not changed with time. In [29] we demonstrated that
an approximate solution of the micropolar boundary-value problem can be found
analytically. In accordance with [29], this solution decreases exponentially with
distance from the border as

𝑢𝑧 ≈ −𝑀0
2𝐺

exp
(
−𝑁

𝑙𝑏
(𝑟0 − 𝑟)

)
, 𝜃𝜑 ≈ 𝑀0

4𝐺𝑁𝑙𝑏
exp

(
−𝑁

𝑙𝑏
(𝑟0 − 𝑟)

)
. (16.36)

The microrotation is a rapidly decreasing function, so that terms with 𝜃𝜑𝜃
′
𝜑/𝑟 and(

𝜃𝜑/𝑟
)2 in Eq. (16.31) can be neglected. Accounting for the couple stress interactions

between material particles increases the value of the thermodynamic driving force in
the vicinity of the border. The value of this driving force depends on the distributed
couple stress 𝑀0 and non-classical material parameters 𝑙𝑏,𝑁 . Increasing of 𝑀0 results
in increasing the absolute values of 𝐹, but does not change significantly the area of
function’s decay, which is mainly determined by the ratio 𝑁/𝑙𝑏. Increasing of the
value 𝑁/𝑙𝑏, in turn, results both in increasing the absolute value of the thermodynamic
driving force and in decreasing the area of function’s decay. As a result, an increase
of the ratio of the coupling number and characteristic length for bending leads to
a more dramatic change in the concentration profile in comparison with the result
obtained under consideration of a smaller value. Such a change can be caused both
by increasing the coupling number and by decreasing the characteristic length for
bending. At the same time, decreasing of 𝑙𝑏 plays a more significant role, since in
fact 𝐹 is determined by terms proportional to 𝑁 exp (−𝑁 (𝑟0 − 𝑟) /𝑙𝑏) /𝑙3𝑏.
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We seek for numerical solution of the partially coupled diffusion-elasticity problem.
To this end, a numerical scheme is developed. The main specificity of the scheme is
discussed in the Appendix. In [29] we demonstrated that an approximate analytical
solution to the micropolar boundary-value problem is in good agreement with the
corresponding numerical solution, so that the above discussion on behavior of the
additional thermodynamic driving force must be true for both for analytical and
numerical solutions.

16.4 Results and Discussion

We investigate the specificity of the developed model by an example of diffusion of
hydrogen in a standard cylindrical steel specimen of radius 4 mm and length 40 mm.
Experiment on the hydrogen saturation of such a specimen and the subsequent
estimation of the inner concentration were carried out in [5, 30]. The tested specimen
was incubated at room temperature for 96 hours in a deaerated solution based on
distilled water with 5 wt% NaCl and 0.5 wt% CH3COOH. The gaseous hydrogen
sulfide was purged through the solution by bubbling. A constant concentration of
2500 mg/l of hydrogen sulfide was maintained in the working chamber.

Material parameters of steel and characteristics of impurity are given in Table 16.1,
see [24] for details. We consider three values of the distributed couple stress, namely,
𝑀0 = −150kPa ·m, 𝑀0 = −100kPa ·m and 𝑀0 = −50kPa ·m.

We first assume that a constant concentration 𝑐0 is prescribed on the border.
According to [5], 2500mg/l of hydrogen sulfide maintained on the boundary cor-
responds to concentration of about 50ppm w.r.t. mass. Figure 16.1 compares the
results obtained under consideration classical Fick’s law (𝜇𝑆 = 0), nonlocal Fick’s

Table 16.1: Material parameters of steel and characteristics of impurity.

Parameter Value

Steel

Molar mass, 𝑀𝑆 0.056kg/mol
Density, 𝜌𝑆 7800kg/m3

Lamé coefficients, 𝜆 and 𝐺 120GPa and 80GPa
Characteristic length for bending, 𝑙𝑏 7𝜇m, 10𝜇m, 13𝜇m
Coupling number, 𝑁 0.7, 0.9

Impurity

Molar mass, 𝑀𝐻 0.002kg/mol
Linear expansion coefficient, 𝛼 1.5 · 10−6

Diffusion coefficient, 𝐷 5 · 10−16 m2/s
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Fig. 16.1 Concentration
profiles obtained at different
constitutive equations for the
diffusion flux

r, mm

c/c0

law accounting for the chemical potential of solid host material calculated within
the classical elasticity (𝜇𝑆 = 𝜇classical

𝑆 ) and nonlocal Fick’s law accounting for the
chemical potential of solid host material calculated within the micropolar elasticity
(𝜇𝑆 = 𝜇

micropolar
𝑆 at 𝑙𝑏 = 13𝜇m, 𝑁 = 0.9, 𝑀0 = −100kPa ·m). It is seen that in the

case of nonlocal diffusion laws the impurity tends to accumulate in the vicinity of
the border more intensive than in the case of local law. Accounting for the couple
stress interactions between material particles results in the largest local increase in
hydrogen concentration. The main specificity of the model with 𝜇𝑆 = 𝜇

micropolar
𝑆 is

that starting at some point in time concentration in the vicinity of the border becomes
bigger than the one prescribed on the border (𝑐/𝑐0 > 1).

As discussed in Sect. 16.2, the expression of the diffusion flux in terms of a
sum of chemical potentials of components of the system “impurity-host material”
results in consideration of thermodynamic driving forces of different nature. The
first one is due to the concentration difference, whereas the second one is due to the
stress-strain state of the host material. Obviously, these forces can be unidirectional
or multidirectional. The chemical potential of solid matrix, in turn, depends on the
stress-strain state caused both by the self-stresses due to accumulation of hydrogen
and by the presence of the distributed couples on the lateral surface. Accumulation
of impurity results in increasing the chemical potential within the hydrogenated area,
and accounting for the couple stress interactions results in increasing the chemical
potential in the vicinity of the border. So that, the chemical potential of solid takes
its maximum directly on the border and rapidly decreases with distance. As a result,
diffusion flux due to the gradient of the chemical potential of solid host material is
always directed from the outer areas into the inner areas of material.

Figure 16.2 presents concentration profiles at different time of saturation the metal
specimen with hydrogen. Solution of the problem obtained within the micropolar
approach is considered. One can see a fast accumulation of impurity near the border,
which does not have time to diffuse into deeper areas of the material before a new
portion of impurity comes. Moreover, despite we consider an open system and take
into account that impurity in principle can be extracted from the cylinder, the resulting
diffusion flux is directed from the border inside cylinder, but not from the cylinder
to the working chamber even after concentration exceeds the one prescribed on the
surface. So that, presence of couple stress interactions in material can be considered
as a reason of the appearance of a source term in the diffusion equation.
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Fig. 16.2 Concentration
profiles at different time of
saturation with hydrogen

0.0

0.2

0.4

0.6

0.8

1.0

3.94 3.95 3.96 3.97 3.98 3.99 4.00

r, mm

c/c0

5 hours
40 hours
50 hours
96 hours

Figure 16.3 shows the influence of non-classical material parameters on the
concentration profiles after 96 hours of saturation with hydrogen. It is seen that as
discussed in the previous section, increasing of the coupling number and decreasing of
the material length for bending results in a more dramatic change of the concentration
profile in the vicinity of the border.

Figure 16.4 compares the concentration profiles at two values of the distributed
couple stress on the lateral surface at 𝑙𝑏 = 13𝜇m, 𝑁 = 0.9. Increasing of 𝑀0 also
results in a more dramatic change of the concentration profile in the vicinity of the
border.

Instead of the Dirichlet BC given by Eq. (16.17) one can use the Robin BC
given by Eq. (16.19) at an infinite surface mass transfer coefficient (𝑘 →∞). In this
case concentration on the border tends to instantly take on value 𝑐0 maintained in
a working chamber. However, real diffusion processes have a finite velocity, so that
𝑘 < ∞ and 𝑐 |𝑟=𝑟0 − 𝑐0 ≠ 0. Figure 16.5 presents the concentration profiles at two
values of 𝑘 at different time (𝑙𝑏 = 13𝜇m, 𝑁 = 0.9, 𝑀0 = −100kPa ·m). Again it is
seen that impurity accumulates rapidly in the vicinity of the border resulting in an
excess of hydrogen. Decreasing of the mass transfer coefficients results in smaller
values of concentration, but does not change the result qualitatively.
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Fig. 16.3: Concentration profiles after 96 hours of saturation with hydrogen at fixed 𝑁 = 0.9 (left)
and fixed 𝑙𝑏 = 13𝜇m (right).
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Fig. 16.4 Concentration
profiles after 96 hours of
saturation with hydrogen
at different values of the
distributed couple stress on
the lateral surface
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Let us finally prescribe a constant nonzero flux in a working chamber that can be
described by the Neumann BC given by Eq. (16.18), 𝐽0 = 5 ·10−10 m/s. Comparison
of the results presented at Figs. 16.2–16.6 allows to conclude that the presence
of a “hump” on the concentration profile is a general specificity of the model of
stress-induced diffusion accounting for the chemical potential calculated within the
micropolar theory. The presence of a relatively large distributed couple stress on
the border results in a significantly non-uniform stress-strain state of material and
leads to a local increase of concentration in the vicinity of the outer surface. In
principle, such a dramatic change in chemical potential of the solid could be observed
even in the case of modeling the host material by classical continuum. However, the
appearance of such a big eigenstrains seems to be non-physical. At the same time,
couple stress interactions between material particles indeed may play a significant
role in the vicinity of the border. Note that values of 𝑀0 used in the paper correspond
to microrotation of surface elements less than a few degrees that correlates with
physical concepts [31].
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Fig. 16.5: Concentration profiles at different time of saturation with hydrogen in the case of the
Robin BC on the lateral surface of the cylinder: 𝑘 = 5 · 10−10 m/s (left) and 𝑘 = 5 · 10−11 m/s (right).
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Fig. 16.6 Concentration
profiles at different time of
saturation with hydrogen in
the case of the Neumann BC
on the lateral surface of the
cylinder
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16.5 Conclusions

The paper proposed a model of stress-induced diffusion due to the gradient of chemical
potential of solid host material modeled by means of the microstructure-informed
micropolar continuum. The model is a generalization of the corresponding model
developed in literature within classical theory. Consideration of general expression
for the Eshelby energy-momentum tensor allows one to account for couple stress
interaction between material particles that plays a role in the vicinity of the area of
disturbance. As a result, the model can be implemented to describe size effects due
to the presence of inhomogeneities. The paper focused on investigation of skin effect
that is an excess of concentration in the vicinity of the saturated border. It was shown
that application of nonlocal Fick’s law results in a fast saturation of the boundary
layer of material. In the case of relatively big values of couple stresses fluxes caused
by the concentration gradient and by the solid’s chemical potential gradient become
multi-directional at some time instant. As a result, the concentration in the vicinity
of the border may exceed on the border. Such a situation leads to a significant local
increase of impurity concentration, which can worsen material properties and even
lead to its damage and so that must be taken into account.

Appendix: Some Remarks on Numerical Approximation

Numerical methods can be both conservative and non-conservative that means they
ensure conservation of physical characteristics that are mass, linear and angular
momentum, or do not [32]. Within the research we tried our best to follow the
principle of “conservativity”. In the following we briefly provide the main stages of
our numerical approximation.

To obtain a conservative numerical approximation, it is preferred to deal with
integral equations describing the physical laws, but not with differential equations
providing corresponding local balances. So that it is preferred to deal with mass
balance given by Eq. (16.1), and balances of linear and angular momentum given
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by Eqs. (16.13).Solution of the system of integral equations in the given form
is a challenging task due to the complexity of solving Eq. (16.13). To overcome
the problem, we simplify the second equation (16.13) through accounting for the
balance of linear momentum given by first equation. So that, instead of numerical
approximation of the term “−∇ · (𝑇𝑇𝑇 ×𝑟𝑟𝑟)” appearing after replacement of surface
integral by volume integral we approximate the term “−𝑇𝑇𝑇 × ·∇𝑟𝑟𝑟 = −𝑇𝑇𝑇 × ·𝐼𝐼𝐼 = 𝑇𝑇𝑇×”,
which can be obtained taking into account that after parenthesis expansion the term
“− (∇ ·𝑇𝑇𝑇) ×𝑟𝑟𝑟” vanishes. Note that it is a usual practice when passing from the integral
form of the balance of angular momentum to the local form. As a result, we deal with
the modified system of integral equations∫

𝑉
¤𝑐dV = −

∫
V
∇ ·𝐽𝐽𝐽dV,

∫
V
∇ ·𝑇𝑇𝑇dV = 000,

∫
V
(∇ ·𝑀𝑀𝑀 +𝑇𝑇𝑇×) dV = 000.

In fact, Eqs. (16.1), the first equation of (16.13) remain unchanged, and the second
one is modified. This makes the form of integral equation corresponding to balance
of angular momentum to be non-conservative, whereas forms of the mass balance
and balance of linear momentum are conservative.

Numerical approximation of divergence of tensor function 𝚽 is also made on the
base of a known definition in terms of integrals written for an elementary domain 𝑉
surrounded by surface 𝑆:

∇ ·𝚽 = lim
𝑉→0

∫
𝑆
𝑛𝑛𝑛 ·𝚽dS
𝑉

.

In the case of cylindrical coordinate system divergence of an arbitrary tensor
function 𝚽 is defined as

∇ ·𝚽 =
1
𝑟
𝑒𝑒𝑒𝑟 · 𝜕

𝜕𝑟
(𝑟𝚽) + 1

𝑟

𝜕

𝜕𝜑

(
𝑒𝑒𝑒𝜑 ·𝚽

) +𝑒𝑒𝑒𝑧 · 𝜕𝚽
𝜕𝑧

. (16.37)

Note that application of Eq. (16.37) without removing the brackets makes a sense
only in the case of numerical solution to obtain a conservative approximation. In the
case of analytical solution, brackets can be removed as usually done.

Solution of the problem considered in the paper depends only on the radial
coordinate. So that, a one-dimensional mesh is introduced to obtain a numerical so-
lution. Concentration, displacements and microrotations are specified in mesh nodes,
whereas fluxes, deformations and stresses are specified in mesh cells. Differential
equations (16.30)–(16.35) were obtained under application of Eq. (16.37) written
for ∇-operator in cylindrical coordinates. These equations are further approximated
by finite differences to define the stress–strain state in the inner nodes and cells.
Solution in the end nodes, in turn, can be found both by “fixing” boundary conditions
or “naturally” from integral conversation laws. The first way is used when kinematic
boundary conditions are specified within elastic problem (Eqs. (16.17), (16.29)) and
when concentration is prescribed on the border (Eq. (16.17)). The second way is
used when static boundary conditions are prescribed within the the framework of
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elasticity problem (Eq. (16.20), (16.21)) and when diffusion fluxes are given within
diffusivity problem (Eqs. (16.18), (16.19), (16.28)).
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