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Chapter 11

Representative Volume Element Size and Length
Scale Identification in Generalised
Magneto-Elasticity

Sinan Eraslan, Inna M. Gitman, Mingxiu Xu, Harm Askes, and René de Borst

Abstract A generalised magneto-elastic continuum model with gradients of strain,
magnetic field, and piezo-magnetic coupling terms has been discussed in this
study. Characteristic length scale parameters, accompanying the higher order com-
ponents in the model, have been identified in terms of representative volume ele-
ment (RVE) sizes, in order to introduce the microstructural information to material
properties on the macro-level. Following this qualitative definition, a quantitative
determination, and the analysis of RVE sizes in different physical phenomena, a RVE
and, hence, length-scale enriched generalised gradient magneto-elastic continuum
model has been employed in a benchmark numerical example demonstrating the
removal of singularities from magnetic and mechanical fields.
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11.1 Introduction

Smart composite materials have been the topic of many research investigations in the
last few decades due to being responsive to external stimulus such as temperature, pH,
electric or magnetic field [1, 2]. One type of these responsive materials, known as
magnetorheological elastomers (MREs), consist of magnetic particles embedded in
a silicone-based elastomer, and present a coupling between magnetism and elasticity
via the magnetostriction effect [1]-[4]. Magnetostriction is a phenomenon in which
a magnetic field leads to a change in shape in ferromagnetic materials. In MREs,
particles will exhibit magnetostrictive behaviour when a magnetic field is applied.
Thus, forces will be exerted to the polymer matrix and the composite material will
deform [3, 5]. This coupling phenomena proposes various potential applications in
many engineering fields, including actuators, sensors, vibration isolation and control,
sensing of ultrasonic waves, micro beams/plates in micro-electro-mechanical systems
(MEMS) and dialysis membranes in biomedical applications [1]-[3], [6]-[8]. Various
magnetic materials such as Terfenol-D, cobalt ferrite, certain earth metals and iron
alloys can be used as magnetic filler with several alternatives for the elastic matrix
such as natural rubber, silicone rubber, vinyl rubber or polyurethane [2, 4, 9, 10].

MRE:s can be categorised as macroscopically isotropic or anisotropic depending on
the particle distribution in the matrix. Polymer and particles are mixed mechanically
with some additives, and then the mixture is cured without or with magnetic field to
obtain isotropic or anisotropic MREs, respectively [2, 4, 9]. Various reviews have
been conducted on the fundamentals of magnetostriction, manufacturing/modelling
of MREs, and their applications. Magnetic responsive polymer composites (MRPCs)
have been reviewed by Thévenot et al. [2] and Filipcsei et al. [1] by presenting
different types of MRPCs, detailed fabrication methods including used products,
preparation steps and chemical processes. Progress after 2000 and the current state
of those materials have been evaluated by Elhajjar et al. [3] with some examples of
different compositions (such as galfenol alloys, cobalt ferrites, Terfenol-D alloys and
carbonyl iron). Ekreem et al. [5] explained how magnetostriction occurs and presented
measurement procedures of this phenomenon. In this overview, the advantages and
disadvantages of the procedures were discussed to conclude the most common and
sensitive methods.

Researchers have proposed various microscopic and macroscopic material models
of MREs and ferrogels since their introduction in the late 1990s. A microscopic
model has been presented by Wood and Camp [10] to study the relationship between
physical properties of the ferrogels and features of the microstructure using Monte
Carlo computer simulations. These authors demonstrated that it is feasible to control
the elastic modulus of the ferrogel by applying a uniform magnetic field to the
samples at the gel-formation stage. Another microscopically motivated approach,
derived from the continuum formulation of a magneto-mechanical boundary value
problem, has been developed by Kalina et al. [11] to study the influence of mechanical
preloads on the deformation behaviour of MREs. Attaran et al. [12] presented
a macroscopic model to capture the mechanical deformation of ferrogels. They
proposed this macroscopic model as a simplified form of a previously developed



11 RVE Size and Length Scale Identification in Generalised Magneto-Elasticity 161

continuum model, and they demonstrated a good agreement between numerically
predicted and experimental results. Further, Raikher and Stolbov [13] have followed a
continuum approach for MREs by considering them as a homogeneous and isotropic
elastic medium. Besides limitations and drawbacks, the model can present practical
and experimentally acceptable results.

It is known that microscopic properties affect the macroscopic behaviour of
heterogeneous materials. Therefore, introducing microstructural information in the
macroscopic continuum results in a significant improvement in accurately describing
and predicting the response of an MRE. Accordingly, a multi-scale approach can
be used in the analysis of these materials as various scales have to be studied
simultaneously [14]. So called analytical homogenisation is a multi-scale approach
in which the material is described as a heterogeneous medium on the micro-level, by
considering each component’s configuration and constitutive properties explicitly;
simultaneously, material is described as homogeneous on the macro-level, and the
constants in constitutive relations of the macrostructure appear in the form of effective
properties (see, among others [15, 16]). The Representative Volume Element (RVE)
approach is typically employed to model the material on the micro-scale. Here, RVE
is the smallest part of a material which is large enough to be constitutively valid
[15]. The unit cell (representative unit cell, or, indeed an RVE) is considered as input
parameter in analytical homogenisation approaches.

On the other hand, several authors have proposed nonlocal continuum theories
to include the information from the micro-scale in the macroscopic continuum via
additional material constants such as characteristic length scale parameters [8, 16, 17].
It was already shown in [15, 16] that there is a link between the RVE size on the
micro-scale and additional characteristic length scale parameters on the macro-scale.
The authors have extended the theory to magneto-elasticity, and derived macro-level
magneto-elastic constitutive relations enriched with higher-order terms accompanied
by characteristic length scale parameters. They also proposed a statistical method to
determine the RVE sizes for different phenomena in an MRE material [18]. However,
they have not used the determined RVE sizes, and hence identified length scale
parameters, in the macro-level magneto-elastic constitutive relations to show the
effects of the additional parameters on static magneto-elastic behavior.

The aim of this study is to present the influence of identified length scale parameters
in removing mechanical and magnetic singularities by using the determined RVE
sizes as model parameters in generalised magneto-elasticy, thereby bridging the gap
between RVE-based approaches and generalised/nonlocal continuum approaches. In
Sect. 11.2, the macro-level magneto-elastic constitutive formulation with identified
length scale parameters and determined RVE sizes will be discussed. In Sect. 11.3,
numerical results will be presented for a two-dimensional in-plane problem to remove
singularities in mechanical and magnetic fields. Finally, some closing remarks are
presented in Sect. 11.4.
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11.2 Formulation

Magnetostrictive materials typically exhibit non-linear material behaviour. However,
mechanical pre-stresses and bias magnetic fields are generally applied in most ap-
plications. These bias conditions allow to use linear piezomagnetic equations to
describe the material behaviour. In a static magnetic field (curl-free), the constitutive
equations of a linear piezomagnetic medium in classical continuum theory can be
given as [8], [18]-[21]

0ij = Cijriexi — QnijHn, B; = Qixierr + pinHn (11.1)

with the kinematic relationships
1
gij = z(ui,j +uj;) and H; = —¢; (11.2)

where o and B are the stress tensor and the magnetic induction vector, C and Q
are the stiffness tensor and the piezomagnetic coupling tensor, g is the magnetic
permeability, £ and H are the strain tensor and the magnetic field vector, and u and
¢ are the displacement field vector and the scalar magnetic potential.

11.2.1 Homogenisation and Macroscopic Characteristic Length
Scale Parameters

As discussed above, micro and macro scales are linked to each other by model param-
eters in a multi-scale framework. The MRE material is considered as heterogeneous
to reflect the real structure on the micro-level, but it is modelled as a piezomagnetic
material with homogeneous effective material properties and model parameters on
the macro-level. The concept of an RVE is used to quantify the micro scale behaviour
and, hence, the size of the RVE becomes a model parameter in the multi-scale ap-
proach. This approach combines the advantage of computational efficiency with an
accurate description of the material behaviour on the macro-level.

In the multi-scale analysis, the macroscopic stress and induction in the MRE can
be defined as the volume average of the microscopic counterparts in the RVE:

1 1
M m m
M___— ndv = mqy — H,dv
Tij = VRVEV ij VRVEIV/ iK1k RVEZV/ Qnij
| RVE RVE, RVE, (11.3)
BM = / BMdV = / QflehdV+5— /  H™ AV
VRrvE VRVE3 VRVE,
VRVE VRVE; VRVE,

It can initially be assumed that an MRE has different RVEs as given in Eq. (11.3), with
Vrvg, and Vryg, representing purely mechanical and purely magnetic phenomena,
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while Vryg, and Vryg, correspond to coupling phenomena. The superscripts m and
M denote the micro and the macro level, respectively.

Next, by using a second-order homogenisation scheme and Eq. (11.3), macro-
scopic constitutive and governing equations can be derived. These equations include
gradients in terms of the RVE sizes to introduce the micro-level information into the
macro-level. The associated local coordinate systems are assumed to have their origin
at the centre of the RVE. Before applying second-order homogenisation, linearisa-
tions of spatially dependent stiffness, strain, coupling, permeability and magnetic
field can be presented as

Cljkl - Cukl +C
Hm HM+HM SXp, /1?,11 :#?:[1"'#?:[1,06)60

m _ M M
ijkl, 08)6(,, Skl_skl+8kl,p6xl7’ m] in/ Qm/n ( 14)

The constitutive relation for the macroscopic stress and magnetic induction (Eq.
(11.3)) can be rewritten as

1
M _
Oij = (Cz]kl‘gkl +Cz]kl‘9k1 »O%Xp +Cl]kl oEN X0 +Cz]kl ogkl,p8x08xp) dv

" VRyg,
VRVE,
1
_V /(in]HM+Qn1] Sxp"'Qm]o n8x0+in]o 5x05xp) dv
RVEZV
RVE,
1
M M M, M M M M M M
B; ~Vave /(sz18k1+Qik15kl,p5xp+Qikl,{,6kl5xo+Qikl,0£kl’p8x06xp)dv
3VRVE3
Vi /(NMinHM_i_#lﬂ 8xl"i':um oHM6x0 +ﬂm oH 5x05xp)dv
RVE,
VRvE,

(11.5)

In Eq. (11.5), Cljkl, kl,Q%j, %l, ,u?fl and H,I;/[ can be taken out of the integral

since they are the values at the centre of the RVEs. Assuming a square RVE with its

centre acting as origin of a Cartesian coordinate system, the linear terms of dx cancel

as they consist of odd functions integrated over a symmetric domain. The quadratic
terms are integrated by parts as follows

M M _ M _M _ M _M
/Cijkl’oskl’pﬁxoﬁxpdV—/Cijklskl’pnOSxoﬁxpdS / (Cijklskl’opﬁxofixp

VRvE, VRVE]

+Cl]k18kl prO 05x1,+CUklskl prOSxp O)dV
/ Qmj o SxoﬁxpdV /Qm/ nOSxoﬁxpdS / (er\ﬁ-jH,l\fopﬁxOSxp
VRVE, VRVEZ
+Qm]H dx0,00%p +Qm] Sx,,Sxp,(,) dv
/ szl 08k1p5x05x,,dv /Q,klé‘k]pnoSXOSXpdS / (Q%IS%’OPSxOSx,,
VRVE3 VRVE

+szlskl pﬁx,, Oaxp"'Qllekl PSx,,Sxp ,,)dV
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/,uM’OH,l\fpﬁxOSxpdV /zm npnOSxOSxpdS /(/Jm nopﬁxoﬁxp

VRVE, (11.6)

S Vrvg,

+,umH qu 0OXp +/1MH Sx(,Sxp,(,) dv

Assuming periodic boundary conditions, the boundary integrals vanish and the
last two terms in each of Eq. (11.6) vanish since they consist of odd functions.
Furthermore, the integrals with dx,0x p can be evaluated as

i L- Ll-
/SxUSdeV ///axosxpdxldxzdx3=ll—2L§80p (i=1,2,3,4)(11.7)

VRvE; _

71 71 71
2 2 2

where 8, is the Kronecker delta, Vrvg, = L] and L; is the size of the i" RVE.
The piezomagnetic macroscopic constitutive equations with gradients of strain,
magnetic field, and magneto-mechanical coupling terms can thus be expressed as

— Yijkl Er— 128kl pp Qm/ _E n,pp
5 ) (11.8)
BM _ M M L3 M M HM L4HM

i =Qiu €k~ 1o Ckt.pp | Y Hin | 0’ = 75 i pp

Asseen in Eq. (11.8), new gradient terms, accompanied with multipliers L;, appear in
addition to the material coefficients of the macroscopic constitutive equations. It can
be seen that Eq. (11.8) follows the structure of the gradient enriched piezomagnetic
model proposed by Xu et. al [8], and written in terms of phenomenological parameters
fii

oij = Cijul (8kl —ffSkl,mm) —qijk (Hk _gng,mm)
(11.9)
Bi =qijk (Sjk —5§8jk,mm) +Hij (Hj _giHj,mm)

Comparing Eqs. (11.8) and (11.9), it can be seen that the link between phenomeno-
logical parameters, representing internal characteristic length scale parameters ¢,
and RVE sizes L; can be established as follows: £7 = L?/12.

11.2.2 Determination of RVE Sizes and Identification of
Characteristic Length Scale Parameters

In [18], Egs. (11.3-11.8) were derived to motivate the determination of the RVE
sizes. The detailed methodology to determine the RVE size for magneto-elastic
material has been presented in the previous study of the authors [18], however the
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main steps and results of this analysis will be summarised here. The methodology
consists of a statistical numerical analysis of a heterogeneous material, undergoing
mechanical and magnetic loading via prescribed values of the displacement # and
the magnetic potential ¢ (see Fig. 11.1a). Boundary value problems are solved for
multiple realisations of unit cells (see Fig. 11.1b). Resulting values of stresses and
magnetic induction are then averaged over a unit cell. A statistical analysis is then
performed and the coefficient of variation is compared with a desired accuracy (97%
in our case). If the desired accuracy is reached, the current unit cell can be considered
representative (i.e. the RVE is found); otherwise the unit cell size is increased (see
Fig. 11.1c) and the procedure is repeated for the new larger unit cell size.

As mentioned above, the MRE material, used in this study, consists of circular
magnetic inclusions (where a uniform distribution of 100-300 um in diameter is
assumed) and a non-magnetisable polymer matrix; the material parameters of the
constituents are presented in Table 11.1. Two hundred different realisations of each
unit cell size (ranging from 0.5 to 2.5 mm) have been analysed and the coefficient of
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(a) Boundary value problem of a  (b) Different realisations of the unit cell (size 1x1 mm?).
unit ¢t A ines Tawal

(c) Different sizes of unit cells (from left to right: 0.5x0.5 mm?, 1x1 mm?, 1.5x1.5 mm?, 2x2 mm?).

Fig. 11.1: Determination of RVE size [18].

Table 11.1: Material properties of magnetic inclusions and polymer matrix.

Cn Ciz Gz GCss | Q31 Q3 Q15 | M1 M33
Terfenol-D [22] 35 23 46 4 2325 195 6875 | 89 1.8

Polymer [23] 7.8 47 78 1.6 0 0 0 Ho Mo
C,j in GPa, Q;; in N/Am, y;; in 1075N/A2. (o = 471076 N/A?)
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variation, which is a statistical measure of relative variability, has been calculated for
each unit cell size. These coeflicients have been compared to the value of 0.03 (i.e.
requiring 97% accuracy), and, hence, lower bounds of the RVE sizes (L;) have been
defined (see Fig. 11.2).

For an MRE material, the authors have demonstrated that lower bounds of the
RVE sizes can be defined by following the proposed statistical analysis. As can
be seen from Fig. 11.2, for the analysed MRE material, the difference between the
coupling RVE sizes L, and L3 is negligible in line with thermodynamic consistency
requirements, while RVE sizes L and L4 are clearly smaller and different. According
to numerical results, it can be seen that the largest determined RVE size for L,
and L3 also covers the lower bound condition for L; and L4. Therefore, it can be
concluded that it is sufficient to use only these largest sizes for practical purposes and
set Ly = Lp = L3y = Ly = max(L;) = L to introduce the magneto-elastic information
from micro-level.

Eventually, the field equations of the problem on the macro scale can be obtained
by combining the kinematic relations, balance equations and constitutive equations:

g = —(u +u],) and HM = —¢% (11.10)
w._o andBM 0 (11.11)

where u is the displacement field and @M is the scalar magnetic potential on the
macro- level. The governing equations in terms of the primary unknowns u and ¢ are

L? L?
Cukl( kjl ™ 1o kjlpp) le( L EQo,jnpp):
2

(11.12)
L7 M mf M L
thl( Up,i1— lzuk,ilpp)_/’lin (Qo,in 12¢lnpp =0

with L chosen as the largest of the four RVE sizes as discussed above. In the previous
study, the authors have not addressed the application of macro-level governing
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equations with identified length scale parameters in terms of RVE size. Here, by
using the finite element implementation given in [8], the determined RVE sizes
can be used instead of predefined phenomenological length scale parameters in a
generalised magnetoelasticity example.

11.3 Numerical Results and Discussion

In this section, the standard benchmark numerical example, demonstrating the removal
of singularities in mechanical and magnetic fields, will be analysed to demonstrate
the performance of the model. The detailed finite element implementation of gradient
enriched piezomagnetic continuum model for in-plane problems has been presented
in [8]. For this, the authors extended the Ru-Aifantis approach to gradient magneto-
elasticity by considering only one phenomenological length scale parameter in their
model (Eq. (11.9)) (see [8] for the details of FEM formulation and in particular the
£&H-RA approach described therein).

In the numerical example, a homogeneous MRE plate was modelled on the
macro-scale with the effective properties (Table 11.2), and external loadings were
applied as shown in Fig. 11.3. The plate is polarized along the x-direction with a
uniform load g = 10 MPa and magnetic field H, = 100 A/m. As discussed, it was
assumed that Lj =L, =L3=Ls =L in Eq. (11.12), and L is the size of the RVE
determined as 2.3 mm (see Fig. 11.2). The crack in the model has been considered as
an inclusion with vacuum permeability and zero values for elastic constants, piezo-
magnetic constants and RVE size L. Figure 11.4 presents the distributions of £ and

Fig. 11.3 MRE Plate with 30
a crack (Units: mm and z H
thickness = 5 mm) ——C
e
L
2
Ho

Table 11.2: Effective material properties of MRE plate.

Cn Ciz Gz GCss | O3 Qs Q15 | i1 433
MRE Plate [8] | 31.1 152 356 13.6 | 1568 1083 -609 | 54 54
C;j in GPa, Q;; in N/Am, y;; in 107ON/A?
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H components in the x-direction around the crack tip. To investigate the effectiveness

x10° x10*

-15 -10 -5 0 5 10 15 -15 -10 -5 0 5 10 15

zz

Fig. 11.4: £ and H distributions along x-axis based on £&H-RA approach.

of the gradient formulation, two different cases have been considered: one with length
scale {2 = leWE /12 with the RVE size 2.3 mm that considers the gradient dependence,
and the other with the length scale ¢; = 0 that represents classical magneto-elasticity in
which the microstructural information is absent. It can be seen (Fig. 11.4) that using
the gradient enhanced, RVE-based magneto-elasticity formulation can effectively
remove the singularities of all € and H components, while singularities appear at the
crack tip for the classical formulation.
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11.4 Conclusions

In this study, an in-plane problem has been addressed by using the previously devel-
oped piezo-magnetic continuum model that includes gradients of strain, magnetic
field and piezo-magnetic coupling accompanied by characteristic length scale param-
eter found in terms of RVE size. With this generalised magneto-elastic continuum
model, a solution scheme is formulated and implemented based on the finite element
method and the Ru-Aifantis theorem adopted from the study by Xu et al. [8]. In the
continuum model, representative volume elements (RVEs) have been defined and
included to introduce the microstructural information into the macroscopic behaviour
of the material. By using the determined model parameter RVE size L, it was ob-
served that the singularities can be removed in mechanical and magnetic fields for a
homogenised MRE plate on the macro scale.
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