Some Remarks on Multisymplectic and )
Variational Nature of Monge-Ampere S
Equations in Dimension Four

Radek Suchanek

Abstract We describe a necessary condition for the local solvability of the strong
inverse variational problem in the context of Monge-Ampere partial differential
equations and first-order Lagrangians. This condition is based on comparing effec-
tive differential forms on the first jet bundle. To illustrate and apply our approach,
we study the linear Klein-Gordon equation, first and second heavenly equations
of Plebanski, Grant equation, and Husain equation, over a real four-dimensional
manifold. Two approaches towards multisymplectic formulation of these equations
are described.

1 Introduction

Since the nineteenth and early twentieth century work of mathematicians such as
Joseph Liouville, Gaston Darboux, Sophus Lie, Elie Cartan et al., it is well-known
that geometry plays an essential role in the study of ordinary and partial differential
equations (PDEs).

A special subclass of all non-linear second-order PDEs is Monge-Ampere (M-A)
equations. They arise in many examples and have numerous applications throughout
mathematics and mathematical physics. One can find them in differential geometry
of surfaces, hydrodynamics, acoustics, integrability of various geometric structures,
variational calculus, Riemannian, CR, and complex geometry, quantum gravity, and
even in theoretical meteorology (semi-geostrophic and quasi-geostrophic theory).
Many other instances can be listed. For a detailed exposition of interesting applica-
tions of M-A equations, particularly in 2D and 3D, see [1].
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In this paper, we are mainly interested in the variational structure of M-A
equations. In particular, we study whether we can view them as E-L equations for
some first-order Lagrangians. Our approach is based on the idea of V. Lychagin
to connect the M-A operators with symplectic (on T*M) and contact (on J'M)
geometries. He also defined a class of variational problems related to M-A equations
[1,2].

Afterwards, we observe the relation between M-A equations and multisymplectic
geometry, using the results of two slightly different approaches proposed by F.
Hélein [3], and D. Harrivel [4]. We have found some new aspects which could shed
light on this connection. We applied our observations in the context of the following
4D PDEs, very famous for their applications in geometry and theoretical physics
related to Einstein gravity and relativistic field theories—Plebariski heavenly equa-
tions and Klein-Gordon equation. We also considered Grant and Husain equations,
which are very close to Plebariski second equation.

In 1975, J.F. Plebainski introduced his first and second heavenly equations [5],
which belong to the class of M-A equations in 4D. Their close relatives, Grant
and Husain equations, were introduced more recently [6, 7]. These equations
appeared firstly in Einstein gravity, and later were studied by numerous authors,
both physicists and mathematicians [5-9]. Another significant example of M-A
equation is the Klein-Gordon equation, which is a non-homogeneous relativistic
wave equation. It was derived in the first quarter of the twentieth century by O. Klein
and later reformulated in a more compact form by W. Gordon [10]. The underlying
structure of this equation can be found in more general situations than scalar fields,
and the knowledge of its solutions is relevant in the relativistic perturbative quantum
field theory [11]. The specific form of all the above equations and some further
details about them is given below.

In the first section, we define M-A operators and related notions, which will
be our main tools in working with M-A equations via differential forms. We also
recall the contact and symplectic calculus over J'M, which we greatly utilize
in our computations. The second section describes the construction of the Euler
operator on " (J' M) and its relation to variational problems. In the third section,
a necessary condition for local solvability of the strong inverse variational problem
of a given M-A equation is formulated, together with the corresponding analysis
of the aforementioned five M-A equations in four real dimensions. In the fourth
section, we present two multisymplectic approaches and provide certain comparison
of them, in the context of concrete M-A equations under consideration.

In the sequel, we will be working with smooth real-valued functions ¢ € C*°(M)
and their first prolongations jl'¢: M — J'M, where J'M — J°M = M x R is
the first jet bundle of pry: M x R — M.

A second-order partial differential equations which are given as a C*®(J! M)-
linear' combination of minors of the Hessian matrix (¢y),.» are called Monge-

1By C®(J'M)-linear we mean that the coefficients can be smooth functions and their first
derivatives.
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Ampere equations® [1, 2, 4, 9]. Consequently, every such equation can be rep-
resented by a differential n-form on J!'M via M-A operator A,¢ = (jl¢)*w.
Moreover, one can use effective differential forms, which represent M-A equations
uniquely (up to a multiple of a non-vanishing function), and without terms
corresponding to trivial equations [1, 2, 9]. Effective forms on the first jet space,
which produce first-order Lagrangians on the base manifold, have a particularly
simple local expression. Their image under the Euler operator represents the Euler-
Lagrange (E-L) equations [1]. This feature of the Euler operator, together with
the fact that it preserves the effective forms, enables us to study the existence
of a first-order Lagrangian for a given M-A equation on the level of differential
forms over J!'M. Additionally, some effective forms give rise (in a non-unique
way) to multisymplectic forms [4]. This may happen even for an effective form that
comes from a M-A equation which does not have a first-order Lagrangian. Since
the multisymplectic reformulation usually starts with a Lagrangian [3, 12, 13], this
seems to be an interesting property. We will apply the formalism on the following
M-A equations: Plebarski heavenly, Grant, Husain, and Klein-Gordon equations.
We will consider these equations in the real 4D case.
The heavenly equations of Plebanski were first derived in [5] in the form

d13¢24 — Pra¢23 = 1 (1st heavenly equation)
$11¢22 — ($12)* + ¢13 + 24 = 0 (2nd heavenly equation)

using self-dual 2-forms over a complex 4D Riemannian space. The duality here is
given by the Hodge star operator. The Grant equation and the Husain equation are
both based on the Ashtekar-Jacobson-Smolin (AJS) equations, which are Einstein
self-dual equations. The AJS equations were derived in [14] employing the 3 + 1
ADS decomposition of spacetime. They characterize 4D complex metrics with self-
dual curvature 2-form. Metrics with self-dual curvature form satisfy the vacuum
equations of general relativity since they are Ricci flat. In [6], the following equation
was introduced

é11 + ¢24913 — 23914 = 0 (Grant equation)

and subsequently rewritten into a system which enabled the author to construct
formal solutions. Notably, the Grant equation is equivalent with the first heavenly
equation of Plebariski [6]. Another reformulation of the AJS equations was provided
in [7], in order to identify AJS with a 2D chiral model, and to provide a Hamiltonian
formulation. The resulting equation

P13¢24 — P1a¢23 + d11 + P22 = 0 (Husain equation)

2 Note that the minors of rank 1 recover all the second-order semi-linear differential equations,
whilst the higher order minors (including the determinant of the whole matrix) add specific non-
linear terms.
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enabled V. Husain to show the existence of infinitely many non-local conserved
currents. Another type of an M-A equation is

$11 — ¢ — P33 — Pas + m>p? = 0 (Klein-Gordon equation)

where m is a constant. The Klein-Gordon equations was derived in various ways, for
example by W. Gordon [10]. In its real version, it can be interpreted as an equation of
motion for a scalar field without charge over a Lorentzian manifold. A key difference
between the aforementioned equations is that the Klein-Gordon equation does not
arise from self-duality conditions.

2 Preliminary Notions

In this section we fix the notation and introduce basic definitions and statements
relevant to our considerations. In particular, we will define the notion of effective
forms, Monge-Ampere operators and Monge-Ampere equations. All our considera-
tions are local. We caution the reader about the standard abuse of notation such us
denoting a symplectic form by €2, and by Q2 (M) the exterior algebra of differential
forms over M.

We denote by M a smooth n-dimensional manifold, (q], ...,q") are local
coordinates over an open subset U C M, TM and T*M are the tangent and
cotangent bundle, respectively. Let J! M be the space of 1-jets of smooth functions
over M, which is an affine bundle over M x R

w:J'M — J°M =M xR
with typical fiber 7*M. It is also a fiber bundle over M
pry om: J'M - M,
where pr;: M x R — M. We denote by (ql, ..., q", u, p1,..., pp) the induced
local coordinates on J!'M. The first prolongation of ¢ € C*(M)3 is a section
jl¢: M — J'M, given by x — (jlp)(x) € J'M. Recall that (j1¢)(x) is an

equivalence class of functions which are equal up to the first order in derivatives at
x. In local coordinates,

o =G" ¢, 0,

where ¢, 1= 9yn¢p ;= % is the partial derivative in the direction of the coordinate
q

g". The pullbacks of coordinate functions on J' M are

3Ealch¢ € C®(M) defines asection M — M X R, x — (x, ¢(x)).
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Gle)*gt = q* Glo)yu=¢ G'o) pu=du

In the local coordinates, we have the identification J'U = T*U x R (which is
not canonical). Most relevant for us is that J ! M is naturally equipped with a contact
structure [1, 2]. For more details about jet bundles and structures on them, see [15].

2.1 Contact Structure on J'M

Definition 3.1 Let w € Q'(M) be non-vanishing. Let D C T M be a distribution
given by D := ker w. Then w is called a contact form on M, if dw|qy: D — D* is
non-degenerate. Manifold with a distribution described by a contact form is called
a contact manifold and d is called a contact structure (or contact distribution) on M.

Remark 3.1 Note that the distribution 9 = ker w satisfies codim D = 1. Moreover,
the 1-form describing D is not unique. Consider a class of 1-forms, [w], given by
@ € [w] if and only if there is a non-vanishing f € C®(M) s.t. @ = fw. Then
every representative of the class [w] defines the same distribution d.

The first jet space comes equipped with the Cartan distribution, which infinites-
imally describes the condition that a section of J'M — M is obtained as
a prolongation of a function ¢ € C°(M). In the induced coordinates, this
requirement can be described by the following contact form®

¢ =du — p,dg* . (1)

This 1-form satisfies the Definition 3.1 and we can describe the Cartan distribution
as C = kerc. That is, J! M is a contact manifold.” By the Darboux theorem, every
contact form on J!M is locally given by (1). The contact form defines the Reeb
vector field, x, by the following conditions

x aode=0andc(y)=1. 2)
In the local coordinates s.t. (1) holds, the Reeb field is of the form y = 9,, which
immediately follows from (2). Moreover, since codim C = 1, we get the following

splitting of 7J'U

TJI'\U=Co span(y) = kerc & kerdc .

4 We are using the summation convention of summing over the repeated indices.
5 Cartan distribution exists also on higher jets but the first jets are special due to codimC = 1.
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2.2 Symplectic Calculus on the Cartan Distribution

Contact form on J' M gives rise to a symplectic form on C.

Definition 3.2 Let V be a vector space, dim V = 2n. A symplectic form on V is
a 2-form € A?(V*), which is non-degenerate, i.e. Q" := Q A ... A Q is non-
vanishing.

Consider the 2-form  := dc on the contact manifold J ' M. Then 2 is obviously
closed. In the chosen coordinates, we have

Q=dg"* Adp, . 3)

Note that € is non-degenerate when restricted to C. This means that Q, is a
symplectic form on C, at every x € M. Using the symplectic form, we can define
various useful operators. This leads to considering the space of differential k-forms
which are degenerate along the Reeb field x. We will denote this C°°-module by

QC) i ={laeQU'U) | x sa=0}. 4)

Since the interior product J satisfies the graded Leibniz rule with respect to the
wedge product, the space

Qe =@ © cau'm
k=0

has a graded algebra structure. Using suitable projections, €2(C) can be turned into
a differential graded algebra.

Projection and Projected Derivative Every a € QF(J!M) can be projected on
Qk(C) via the projection p: QKM > QF©), acting on arbitrary k-form o as

pl@)=a—cA(xa1a). ®)
Let us show that p has the claimed properties. Firstly, p> = p, since
p(p@) =a—cA(xsa)—cA(xs(@—cA(xoa)=p@).
Secondly, p(x) € Q*(C), since
Xopl@)=xoa—xa1a+(xAx)oaAnc=0.
Note that the property @ € €2(C) is not preserved by the exterior derivative

d: QK(J'M) — QLI M). So with the projection p, we define the degree 1
derivation d,, as the composition

d,:=pod: QM) > Q' (©), (6)
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Bottom Operator Since 2 is non-degenerate on C, the assignment § +— & 4 Q
defines an isomorphism ¢: C — C*, which further induces an isomorphism
A%~ A2C* — AZC. This enables us to define X := A2~ (). In coordinates,

Xq = 0gn A apu .

Contracting with the 2-vector field X leads to the bottom operator 1.: QX (J'U) —
Qk’z(J1 U). More precisely, for k-form o, k > 1,

la:=Xq . @)
For k < 1 define La = 0. Our convention is such that L = 9,, 4 dgn 1 (dg" A

dp,) = n. The motivation for defining the bottom operator will be more apparent
in the next paragraphs.

2.3 Monge-Ampeére Operators and Effective Forms

Definition 3.3 Let w € Q"(J! M) be an arbitrary n-form, n = dim M. The Monge-
Ampere operator corresponding to w, Ay, : C®°(M) — Q"(M), is defined as

Aot = (j'9)w. @®)
The differential equation
Apdp =0 ©)

is called a Monge-Ampere equation.

Notice that the expression A,¢ = 0 defines an equation on M only when w
is a n = dim M-form. In this way, the M-A operators enable us to represent M-
A equations by differential forms. Note that we have a certain ambiguity in this
representation due to

(') c=dp — ¢udg” =0.

In full generality, this ambiguity is described by an ideal of the exterior algebra over
J' M, generated by the contact form and its exterior derivative

T=<c¢de>CcQU'M). (10
Recall that (J' M) is a graded algebra, which implies that 7 is a graded ideal

F=1noku'm).
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Thus, the redundancy in M-A equations is given by
wel" & A,p=0V¢. (11

This suggest to work with the equivalence classes of Q" (J!M)/I" instead of using
arbitrary forms in " (J!M) to describe M-A equations on M. Nevertheless, such
an approach is not very convenient for computations in local coordinates. To avoid
this problem, we use the following definition of effective forms, which captures the
above idea of working with forms which do not contain the redundant terms.

Definition 3.4 Let w € Q¥(J1M), k < n. Then w is called effective, if
xow=0and Lw=0. (12)

For further details about effective forms and how the above definition can be
linked with the equivalence classes of Q"(JIM)/I", see [1, 2].

Recall that x sw = 0 means w € QK(C) (see (4)). The conditions (12) will be our
working definition when dealing with effective forms. Note also that the condition
1lw = 0isequivalent to 2 A w = 0 if and only if n = k.

Example 3.1 Let B =dq' Adg® A... Adg" and B, := d,u 1 B. Then
 =byBu Adp, +bp

is effective for arbitrary choice of b, b, € C*(J Ty ), = 1,...,n. Indeed,
w does not contain the du term, hence we have y u w = 0. Next, we have

Lo =by LBy Adpy) +bLB

due to C*°(J ! M)-linearity of the interior product x _. Recall that we use the
summation convention, so 8, A dp,, consists of n terms. The first one is 81 A
dp; =dg® A ... Adg" A dp;. The bottom operator gives

1(Bindpr) = (aqu/\apu)J(,Bl/\dpl) = 31,#48(1#4(,31 Adpy) = 8quﬂ1 =0.
Similarly for all the other terms of 8, Adp,,. Obviously L8 = 0 since 8 does

not contain any dp term. We see that w is effective. Notice that the coefficients
of w might depend on u.

Important result in the theory of effective forms is the Hodge-Lepage decompo-
sition, proved by V. Lychagin in [2] using the representation theory of sl (R).
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Theorem 3.1 Everyw € Qk (C), k < n, can be written in the form
w=w:+xANQ, (13)

for some x € QK72(C) and a uniquely given w. € Q*(C) satisfying Lw. = 0.

Corollary 3.1 Suppose that wi, wy € Q2"(C) determine the same Monge-Ampere
equation. Then the effective parts satisfy

wie = kwoe (14)

for a non-vanishing function k € C*(J'M).

Proof Two forms determine the same equation if and only if for all ¢
No¢ =kAwyd . (15)

for some non-vanishing k € C°(M). Notice that A is C®(J'M )-equivariant in the
o argument, i.e. for arbitrary w and k € C*(J' M) we have®

Akod = ((')k) Awd -

Moreover, A is R-linear in the lower argument, so for arbitrary w1, w;, and all ¢
ANpi® — Doy = Ay~ ® -
Hence (15) can be rewritten as
Do ¢ = kBund = Awy -k, =0,

for appropriate k € C®°(J'M) s.t. (j'¢)*k = k. The above equation holds for all ¢
if and only if

a::a)l—szef"

(see (11)). Since every a € I" satisfies o = 0 and every w € Q(C) satisfies
(kw)e = kwe, we conclude wie = kwoe. O

Using the projection operator (5) together with the Hodge-Lepage decomposi-
tion, we know that every k-form w on J!'M has a unique effective part w, (of the
same degree). This means that every M-A equation A,¢ = 0 can be represented by
a unique differential form which does not contain terms generating trivial equation.
We will use this observation in order to study the variational nature of the PDEs
under consideration.

6 Note that (j!¢)*k = k o j'¢ since k is a function.
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3 Lagrangians, Variational Problems and the Euler Operator

Taking the pullback of a n-form on the jet space results in a n-form on the base
manifold M, which can be integrated over M. Let ¢ be compactly supported, w €
Q" (J'M). Define the (action) functional corresponding to A,¢ by

o] = f Ao (16)
M

Definition 3.5 We call an element @ € Q*(J'M) a Lagrangian. A first-order
Lagrangian is a n-form o such that A, ¢ depends on ¢ up to the first order.

3.1 First-Order Lagrangians

We are focused on the first-order Lagrangians as defined in Definition 3.5 because
they yield all possible first-order Lagrangian functions on M.” The following lemma
describes the most general form the first-order Lagrangians can have.

Proposition 3.1 Every effective first-order Lagrangian for one scalar field ¢ is
locally of the form
LB = L(g" u, pu)dg' A ... Andg" . a7

for some L € C®(J'M).

Proof Let w € Q"(J'M) be arbitrary. If A,¢ is assumed to depend on the first
derivatives of ¢ at most, then @ cannot contain any dp; term. Thus

a):Lﬂ—i—L[qu/\du,

where 8 = dq1 A...ANdg"and L,L; € C°°(J1M) with I = iy ...i;_ running
through all possible combinations s.t. 1 < i1 < ... < i1 < n. Now recall
that  can still contain some terms resulting in zero after the pullback. Due to the
Hodge-Lepage decomposition (13), every w has a unique effective part w, and the
corresponding functionals satisfy

/Awas:/ Aud .
M M

So without loss of generality, we may assume that o is effective. This implies two
things: x o w = 0 and Lw = 0. The first condition rules out the terms containing

7 After the pullback by (j'¢)* and choice of the volume form on M.
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du and we are left with w = LB. It is easy to check that 1 LB = 0, meaning that LS
is effective. Thus we conclude that (17) is the most general first-order Lagrangian
for one scalar field ¢, which does not contain any terms that would vanish after the
pullback on M. O

3.2 Euler-Lagrange Equations and the Euler Operator

Every functional ®,[¢] defines a variational problem §®,[¢] = 0 and the
corresponding E-L equation. Once we fix a functional, we may compute the E-
L equation explicitly. A natural question at this point is whether we can find
@ € Q"(J'M) so that the E-L equation §®,[¢] = 0 is given by the Monge-Ampere
equation Ag¢ = 0. The answer is positive and @ can be determined using the Euler
operator &.

Definition 3.6 Euler operator &: Q*(J'M) — Q"(J'M), n = dim M is defined
by

&:=d,Ldy+ Ly . (18)

where d,, is defined by (6), L is defined by (7), and £, is the Lie derivative along
the Reeb field given by (2).

The key motivation for us to work with the Euler operator is the following
equivalence

§0,[p] =0 <= Ag ¢ =0. (19)

In other words, the variational problem given by functional of w is described by
&E(w). The proof of this statement and many other useful properties, as well as the
details about the cohomological origin of the defining equation (18) can be found in
[1,2].

We have the following lemma, which will be used to formulate the necessary
conditions for the existence of a first-order Lagrangian of a given PDE (i.e.
necessary conditions for the existence of a solution to a given local inverse
variational problem).

Lemma 3.1 Let LB € Q"(J' M) be a first-order Lagrangian, & be defined by (18).
Then

1. E(LP) is effective.
2. AS(L/S)¢ = 0 s the E-L equation of ®g[¢].

Proof Assume the local coordinates satisfying (1) and observe that x s LB = Ly 4
B = 0. Direct computation gives
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2L 8. Ad ( 9L N 3L
op,opy " P dq"aopy p#8u8pﬂ

dpLd, (L) = )B .

where B, 1= 9yu 2 B = Oyn 2 (dg' A ... Adg™). Using the Cartan formula £ =
ad + d i, we further obtain

L aL
L) =B+ LG 2dp+dx p) =B

Thus, following the definition (18), the coordinate expression of &(LP) is

E(LB) = 0L BuAd ( L + L aL)ﬁ (20)
= pap P T gk T P awap,  an 't
Let us denote By, = ﬁ—ﬁm and B, = (04n A dyv) 2 B. Hence B,, = By,

and B,, = —Buvy. We will check that E(LP) is effective (see Definition 12). Firstly
recall that x = 9, and that (20) does not contain du, so x 1 E(LB) = 0. Secondly,
since LB =0,

—BuwBuy m=v

J_S(L,B) = Buv(aqa /\BI,O()J(de /\ﬂﬂ) = —Buuaqv JIBM = {0 75 3
[T RY

Writing the sums over p, v explicitly, the term B, 8,,, reads as

B,uv,B//.v = Z(B/wlg/w + va.ﬂvu) = Z Buv(ﬂ,uv - /3;Lv) =0 s

n<v n<v

which implies LE(LB) = 0.

To show the latter statement, we firstly notice that & is a O degree operator, which
follows directly from degd, = 1,deg L = —2,deg.L = 0. Hence starting with
LB € Q" (J'M), the result E(LP) is also a n-form and Aa(w)qﬁ = 0 is a well-
defined equation on M. The property (19) is then expressed for w = LS as follows

8D plg] = 6/M<j‘¢>*Lﬂ =0 < Agup¢=0.
Using the coordinate description of E(LB) given by (20), we get

0G'PL B 3G'L _

0,
¢ dght 9y

Agup® =0 &

which is the standard form of the E-L equation for a first-order Lagrangian function
(j'¢)*L = L(g", ¢, ¢u) on M, corresponding to ®4[¢] = [}, Arpé. O
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4 Effective Forms and the Inverse Variational Problem

In this section, we will see how M-A equations can be described by effective forms,
which provide a unique (up to a scalar multiple) representation of the equation by
a differential form on the first jet space.® This enables us to show that both Plebariski
heavenly, Husain and Grant equations do not have a first-order Lagrangian which
would solve the corresponding (local) inverse variational problem.

The first and easy step is to find a simple representation of the equation (see
Definition 3.7). The simple representation might not be effective. Indeed, this is the
case in all the aforementioned equations. The Hodge-Lepage decomposition (13)
assures that we can always find the effective part of a given form, although it does
not give a recipe for doing so. Thus we introduce Lemma 3.3 which provides an
efficient algorithmic way to determine the effective form of a M-A equation in the
case dim M = 4. The following lemma is an intermediate step.

Lemma 3.2 Let w € Q%(C) be arbitrary and Q = dc be the symplectic form on the
contact structure C C T (J'M). The following holds

lwonQ2)=(Lo)2+ "0 -2)w, 21

where n = dim M.
Proof Recall that, in the local coordinates s.t. (1) holds, we have Q = dg* A dp,
and Lo = (dgn A 0p,) @ = dp, 1 94n 1w, which implies L €2 = n. Hence

L@AR) = (L) —dgu 50 Adp, 52+ 3p, S0 Adgn 1R +nw.  (22)

We will show that the middle two terms add up to —2w. Note that the basis of
Q%(C) consists of pairs dg”* Adg", dg* Adp,, dp, Adp,. Because 9,, 9, are duals
to dg, dp, the basis of QZ(C) satisfies

dgr 2 (dg” A dg®) = 8,,dg® — 8.6dg” . Bp, 1 (dg” Adg®) =0,
8q# J (dqv A dpg) = (3lwdpg , 8I,M | (dqv /\dpg) = —8M§dqv ,
Ogu 2 (dpy Adpg) =0, BI,H a(dpy Adpg) = 8uvdps — Spuedpy.

Since every o € Qz(C) is of the form w = wj qul A dpy for some functions
wr; € C®(J'M), where I, J are ascending multiindices of appropriate length.
Due to C*-linearity of 1, we can, without loss of generality, assume that all w; s are
constant functions, say w;j = 1, and write

a)=qu” A dg® +qu”/\dpg +dev Adpg .
v<& v,& v<§&

8 The equation can be reconstructed from the differential form via the M-A operator (8).
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Using the above relations we obtain
Jgn 2w A, 12 = (8,10dg" —8,5dg" 48,1, dpe) A(—dg") = 2dg” Adg® +dg” Adps
and similarly
0p, 10N gn 1 = (—8,6dq” +8,,dps —8,sdpy)dp, = —dg” Adps —2dp, Adps .
Combining the last two results to fit the terms in (22) yields

— Ogn _IC()/\apMJQ+8pM_|L()/\aqM_|Q=—26!),

which proves the formula (21). O

We use the previous lemma to prove the following. A general formula and its
proof can be found in [2].

Lemma 3.3 Let w € Q*(C) be arbitrary, n = dim M > 2. The effective part w, is
given by

LoAQ+ Lo
n—2"7 20— H(n—2)

AQ. (23)

We =W —

Proof Consider the Hodge-Lepage decomposition
w=we+xANQ,

where we € QK(C) is the unique effective part of w and x € Qk=2(C) is not
necessarily effective. Applying L twice on the above equation together with the
formula (21) gives the following system

low= L)+ n—2)x,
120  =2(n-—1)Llx,

which can be solved for x

1 12w
x=——1lo—————Q
(n—2) 2(n — DH(n —2)
Substituting this into the Hodge-Lepage decomposition yields the formula for the
effective part of a 4-form w. O

A differential k-form is called simple if it contains only one summand, when
expressed in the canonical coordinates (1). For example, let k = 2. Then dg' A dg?
is simple while dg' A dg? 4 dg> A dg* is not simple.



Some Remarks on Multisymplectic and Variational Nature of Monge-Ampere. . . 131

Definition 3.7 Consider a M-A equation A,¢ = 0. Then w is called a simple
representation of the equation, if it has constant coefficients and contains the
minimal number of simple terms.

Remark 3.2 Note that the property of being simple is basis dependent. On the other
hand, the effectivity is a basis independent notion.

It seems natural to denote Lagrangian functions and their corresponding coun-
terpart defined on J' M by the same symbol, i.e. to write L = L(g*, u, DPu) as well
as (jl¢)*L = L(g", ¢, ¢,.). To avoid any confusion, we distinguish the two in the
following propos1t1on as follows. A Lagrangian function that can be integrated over
M will be L, its J' M counterpart will be L.

Proposition 3.2 Let A,¢ = 0 be a M-A equation over an open subset of a smooth
manifold M, dim M = n. Then a necessary condition for a first-order Lagrangian
Sunction L = L(g", ¢, ¢,.) to be a local solution of the inverse variational problem
corresponding to A,¢ = 0 is

kwe = E(LP) , (24)

for some non-vanishing function k: J'M — R, where we is the effective part of
w, & is the Euler operator given by (18), L: J'M — R is such that L o jlo =

L(q ’¢7¢M))and}3—dq /\dq .

Proof Let a € Q"(J'M) be a first-order Lagrangian in the sense of the Defini-
tion 3.5, i.e. Ay¢ = LB, for some L (possibly defined only locally) which depends
smoothly on ¢ up to the first-order in derivatives, L = L(g", ¢, ¢,). Assume that
the E-L equation for L is given by A,¢ = 0. Define

o] = /M Ao = /M Lp

(consider only ¢ compactly supported). Without loss of generality, we may restrict
o to be effective (see the discussion in the subsection with effective forms) and
thus by Proposition 3.1, we (locally) have o = L for appropriate L € C*°(J' M)
satisfying Lo ]1¢ = L. Thus &4[¢] = &5 ip [¢] and, by the second statement of
Lemma 3.1, we know that the E-L equation for the functional ®; P [¢]is A & ﬁ)qﬁ

0. Since we assumed that L locally solves the inverse variational problem given by
the equation A, ¢ = 0, and because w and w, determine the same equation, we have

Ap.p =0 AS(Zﬂ)¢ =0.
By the first statement of Lemma 3.1, S(iﬂ) is an effective form. Since w. and

E(LP) are effective forms determining the same equation, the Corollary 3.1 implies
that the forms must differ by a multiple of a non-vanishing function. O
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Remark 3.3 Although we work locally in a coordinate system, notice that the
necessary conditions for the existence of a solution to the inverse variational
problem is, in our framework, a tensorial statement and thus independent of the
choice of coordinates.

We present the following, simple example in dimM = 2 to show how the
Proposition 3.2 can be used.

Example Consider the 1D wave equation (understand one of the two coordi-
nates as time)

11 —cdn =0, (25)
where ¢ > 0 is a real constant, ¢: M — R, and dim M = 2. We want to find
L(g*, u, py) € C®(J'U) s.t. the E-L equation for (j'¢)*L = L(g", ¢, ¢.)
is (25).

The simple representation is
W= —cdq1 Adpy — dq2 Adpy .
We can easily see that A,¢ = 0 gives the original equation
(j'¢) = —cdg' Adpy —dg® Ady = ($11 — c)dg’ Adg®.
The simple representation is effective, = we, since it degenerates along x
X szauJ(—cdql /\dpz—dqz/\dpl) =0,
and belongs to the kernel of the bottom operator
Lo =0y, 39gn s(—cdg" Adpy—dg* Adpy) = cdp, 2(—dp2)—dp, sdp; = 0.
The coordinate expression of the Euler operator evaluated on a general first-

order Lagrangian n-form is given by (20). For n = 2 we have g = dg' A dg?
and 1 = 9,1 1 p = dg>, pr = 0,2 1 p = —dg!, so (20) becomes

_ 9L 4.2 92L 2 92L 1 92L 3.1
E(LP) = 5, 54q9° Ndp1 + 5,5,,-dq” Adpr — g, 55-dg” Adpr — 5o 5dgT Adp>

92L 92L 92L 92L oL 1 2
_(Bqlapl + 6q28p2 + P1 quop, +P2 udps e 37)(16] /\dq

(continued)
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We can fix the value of the function in (24) to be constant, say k = 1, since
two forms which are multiple of each other by a smooth non-vanishing k
yields the same M-A equation. Hence we search for L € C*(J! M) such that
o = &(LB), which implies

L 2L . 0L 3L

apE T T Gy T agu O #= L2

Thus L = L(p,,) and we can solve the first two conditions by the choice

1
L= 5(—p12 +cpa?) .

because the M-A equation Ag; 4¢ = 0 writes

A9 L d a('e) L
_— _ — = — = 0 .

30 TR 11 — chxn
We see that (jl¢)*L = %(—(1512 + c¢»?) is a solution to the inverse problem
for (25). O

4.1 Plebariski, Grant, and Husain Equations

Proceeding in a similar fashion as in the previous example, we analysed both
Plebaniski heavenly, Grant, and Husain equations in dim = 4. The following tables
summarize simple representations, show their non-effectivity and display effective
parts of the simple representations of the aforementioned PDEs, ¢ being a real
function. Since the effective forms of M-A equations in four dimensions tend to
have lengthy expressions, we introduce the following shorthand notation, which
also facilitate the computations. We denote

d" :=dq", dy :=dpy,
and for the wedge product, we write
dt = dqg" Adp,, d} =dp, Adg" .
Notice that the position and order of indices matter and there are obvious relations

such as dy, = —d,}, or for the contractions g 2d” = 8!' (the Kronecker delta) and
dgn ady = 9p, 1d” = 0, et cetera. For example, the symplectic form is in the above
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Table 1 Simple representations (which are not effective, Lw # 0) of Ist Plebarski (P1), 2nd
Plebanski (P2), Grant (G), and Husain (H) equations

Monge-Ampere equation Simple representation
1st Plebarniski 13024 — Pragz = 1 wp] = d1212 - dl%4
2nd Plebariski G162 — ($12)* + 13 + o4 =0 wpy = d'% —d"2} +d*,
Grant 11 + ¢24d13 — P2314 =0 wg = —d*} —d'?,
Husain D13¢24 — G143 + P11 +h22 =0 wy =d"% —d*} +d'"1,

Table 2 Effective parts of simple representations of P1, P2, G, and H

Effective form we

st Plebariski wple = —d'P* + L(d%, +d*,) — L@, +d", +dB5+d%)
2nd Plebariski wpre = 3(d"} +d'% +d%} +d"%)) +d*,

Grant wge = —dB} + 3", +d*y) — §d'3; +d", +dB, +d%)
Husain wpe =d —d®} +d%, +d*, — 1", +d", +d3B, +d%)

notation written as Q = dll + ...+ d", the volume form on M is § = d'?3* and
SO on.
Proposition 3.2 yields the following result.

Corollary 3.2 Monge-Ampeére equations from Table 1 do not correspond to a
variational problem of a first-order Lagrangian function.

Proof Table 2 shows the effective forms of Monge-Ampere equations under
consideration. In all cases, the effective form contains at least one term of the form
d" ;n. These terms do not occur in the expression (20). Thus the necessary condition
for the existence of a first-order Lagrangian, given by the Proposition 3.2, is not
satisfied. |

We want to emphasize here that although the Plebanski heavenly, Grant, and
Husain equations do not have a first-order Lagrangian for which they would be E-L
equations, in a different setup a Lagrangian can be found [8, 16]. Let us consider the
second heavenly equation

Pr11¢22 — (B12)* + ¢13 + s = 0. (26)

If we single-out one coordinate among ¢!, ..., g%, say ¢', and introduce a new
function v, then we can write (26) as an evolution system in ¢!

v—¢1=0, 27)
Vi —¥2* + P35 +¢u =0, (28)

Interestingly, the above system is a variational problem, since it is given by the E-L
equations
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oL _ 0 oL 9> oL
d¢ gt 3¢,  dgrdg’ Ay
oL 3 dL 2 9L
-, A + = O ’
oy dgHt ayy,  9gMaq¥ Ay
of the functional
1 1, 1
Li¢, ¥] = Vo192 + §¢1¢>3 - Ew o2 + §¢2¢4 . (29)

In [16], a method for treating the general case of Monge-Ampere equations is
provided, together with systematic approach of finding Lagrangians for them after
the decomposition into an evolution system. For further details regarding the above
case, see [8].

The following example shows an equation which has a first-order Lagrangian,
the corresponding effective form does not have constant coefficients, and is not
a differential form over the cotangent bundle. We will see that the conditions of
Proposition 3.2 are satisfied.

4.2 Klein-Gordon Equation

Let M be a four-dimensional Minkowski spacetime with coordinates g” and
flat metric n,, with signature (4, —, —, —). Consider the (linear) Klein-Gordon
equation

D11 — b2 — b33 — paa + m>¢p> =0, (30)

where m € R is a constant. We can describe (30) as a M-A equation Ay¢ = 0 via
the form

4
w=—B1 Adpy —i—Zﬂu/\dpM—i—mzu,B.
n=2

This 4-form is not a simple representation of (30), due to the non-constant
coefficient m2u, but it is an effective form, see the Example 3.1. Comparing  with
the local form of &(LB) for general L (see (20)), we obtain the following set of
conditions

_ 0L —
M = gpuapys MoV = 1,...4,

2. 9L ’L AL
—mu = 39" ap, + P dudp, ~ u *
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One can easily check that the function L

4

1 2 2 2.2 1

L=3(p +Z;pﬂ +m*u?) e C®(J'M)
n=

satisfies all the above conditions. It follows that

1 4
G'OL=(=p* + D o +m*e?)

pu=2

is a first-order Lagrangian for the Klein-Gordon equation.

S Multisymplectic Formulation

In [3] F. Hélein provided a multisymplectic formulation of the Klein-Gordon
equation (30) (in dimension n) over M := A"T*(M x R), equipped with the
multisymplectic form [18, 19]

m:=deAB+dp, Add A B, 3D

where e is a fiber coordinate of the trivial line bundle M x R — M, p,, are the
cotangent coordinates, 8 = dg' A ... Adg" and By = dgu 1 B, with g coordinates
on a n-dimensional Minkowski spacetime M. Using (31), the following Hamiltonian
function on M is defined in such a way to correspond to solutions of (30)

1 1

H:=e+ znupupv + —m2¢2 )
2 2

where 1,,, is the Minkowski metric with signature (4-, —, ..., —). Each solution of

(30) is then interpreted as a Hamiltonian n-curve, defined by equations

pll:nuvd)l)?ﬂ:l""vn’
1 1 55
e = _Enlwqbpﬂ')v - Em ¢ i

where n*” is the inverse to 1,,. In the aforementioned paper, F. Hélein provided
a canonical pre-quantization of the Klein-Gordon equation, and defined the notion
of observables together with their brackets, which give rise to an infinite dimensional
analogue of the Heisenberg algebra. The starting point of the method is the existence
of a Lagrangian, which in the context of the Klein-Gordon equation is a first-order
one. For more details see [3, 12, 17].
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The following theorem is due to D. Harrivel. It enables us to associate to certain
effective forms on J'M their (non-unique) multisymplectic counterpart on the
trivial line bundle over J!'M. The proof can be found in [4]. Note that the key
difference with respect to the previous multisymplectic formulation of F. Hélein is
that them multisymplectic form can be associated with Monge-Ampere equations
which are not variational, that is, equations which are not Euler-Lagrange for some
first-order Lagrangian. As we have seen in the previous section, this is the case for
all the equations in Table 1.

Theorem 3.2 Let w € Q"(C) be an effective form, n = dim M. Consider a trivial
line bundle T:= J'M x R — J'M with fiber coordinate e. Define m,, € Q"1 (7)
by

My :=deAB+cAw. (32)

Then my, is a multisymplectic form if and only if

1. The set S, = {0,1 s, ..., 3gn 1w} is linearly independent over Q" 1(C), and,
2. dpow =0.

Once an equations has a simple representation, the corresponding effective form
has constant coefficients, and thus the second assumption of Theorem 3.2 is trivially
satisfied since d, = p o d. The linear independence of the set S, in the case of 4D
equations is decided over ( di?;ranl) = (g) = 56-dimensional space of 3-forms on
C. In all our cases, this can be determined almost without computation.

5.1 Plebaiiski, Grant, and Husain Equations

For the first heavenly equation we have
Sp1 = {—dP* +x,d* +y, —d" +72,d"P +w},

where x, y, z, w are linear combinations of d’f)g, for appropriate u, v, §. We see that
Spi is linearly independent. Similarly for the second heavenly equation

Sp2 = { 3@* +d* +d*) +a%, J(—d'} —a'3 +d*) — a3,
Ha'3 = - 4 a4 a4 )

which is a linearly independent set as the simple terms are all different. It is
not difficult to check that the sets S¢ and Sy for Grant and Husain equations,
respectively, are also linearly independent. Thus the 5-form m,, is a multisymplectic
form on J'M x R in all the four cases described in Table 1.
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5.2 Klein-Gordon Equation

Interestingly, and in contrast with the Plebanski, Grant, and Husain equations, the 5-
form for the Klein-Gordon equation defined by (32) is not a multisymplectic form.
To see this, take the differential 4-form

4

w=—pB1 Adpy —i—Zﬂu/\dpM—i—mzu,B,
n=2

which, as we already discussed, is effective and represents (30) as a Monge-Ampere
equation A,¢ = 0. Due to the non-constant m”u term, the exterior derivative gives

dw:mzdu/\ﬁ,

which is not degenerate along the Reeb field. Thus d,, # d and we have to project
the form down to Q2 (C) (see (5) for the definition of p)

dpo =m>dunpf—cAy(dunp)=m?p,dg" AB.

We see that the second condition of the Theorem 3.2 is not satisfied and thus m,,
given by (32) is not a multisymplectic form. Notice that the first condition of the
theorem is not violated as the set S, is linearly independent.

6 Conclusion and Discussion

In this work, we mainly focused on the following two questions. Firstly, can we
decide whether a first-order Lagrangian for a given Monge-Ampere equation exists?
Secondly, motivated by the work of F. Hélein [3] and D. Harrivel [4], can we
associate a multisymplectic form to equations which are not variational with respect
to a first-order Lagrangian?

Regarding the first question, we provided a partial answer by formulating a
necessary condition for the existence of a local solution to this inverse variational
problem. This was done by representing a given equation by an effective differential
form over the first jet space, and comparing it with an n-form that produces Euler-
Lagrange equation for a general, first-order Lagrangian function.

Comparing the effective forms yields a computationally straightforward and
simple method for obtaining a non-trivial information about Monge-Ampere equa-
tions in the context of strong inverse variational problems. Using the method, we
showed that Plebanski heavenly equations, Grant equation and Husain equation are
not variational in our sense. Recall that the first heavenly equation is equivalent
with the Grant equation after appropriate change of coordinates [6]. Using a
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similar approach, we have shown (as expected) that the Klein-Gordon equation
is variational by finding the well-known Lagrangian for it. The hypothesis is that
the self-duality conditions imposed to derive the previous four equations creates an
obstruction for the existence of the first-order Lagrangian. We want to study this
problematics in more detail in our future work.

The presented method is much more suitable for deciding the non-variational
nature of a given equation than solving the local inverse problem explicitly.
Moreover, it works only when restricted to the case of first-order Lagrangians. Nev-
ertheless, this limitation can be seen as desirable, since the first-order Lagrangians
are of great importance throughout the physics.

It is not clear at the moment how to generalize our approach to the case of more
functions. The procedure can be naively extended for more scalar fields by introduc-
ing multiple Euler operators, the cost being degeneracy issues. This causes further
problems, for example in the context of the unique decomposition of differential
forms into the effective and non-effective part, which is an essential tool in our
approach. In [9], B. Banos used the notion of bi-effective forms to efficiently deal
with the complex Monge-Ampere equations, and proved the possibility to always
obtain a unique bieffective decomposition. This is not equivalent in an obvious
way to the aforementioned naive extension, as the Verbitsky-Bonan relations are
not satisfied in our case (see [9], Theorem 1). This is connected with the fact that
we do not restrict our forms to have coefficients independent of the u coordinate
on JIM (which allows us to work, for example, with the Klein-Gordon equation).
Whether this problems can be resolved will be part of our future investigations.

Regarding the second question focused on the multisymplectic formulation of
Monge-Ampere equations. Using the results of [4], we provided multisymplectic
5-forms in the case of real 4-dimensional heavenly Plebariski, Grant, and Husain
equations, all of which are not variational in our sense. Interestingly, the same
approach does not work for the Klein-Gordon equation as the corresponding 5-form
is not multisymplectic.

F. Hélein’s multisymplectic treatment of the Klein-Gordon equation provided
in [3] starts with a first-order Lagrangian function. The other four Monge-Ampere
equations we studied cannot be treated in the same way, unless going into higher
order Lagrangians. On the other hand, the Theorem 3.2 provides a multisymplectic
forms exactly for the four non-variational cases and fails for the Klein-Gordon
equation. To provide some explanation of this, it would be interesting to compare
the methods of [3, 17] with those in [4] in the situation of a general Monge-Ampere
equation.
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