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Abstract. Transfer of logistics to work inmodern concept of digital transport cor-
ridors implies optimization of commodity flows processing process. Nodes play
an important role in the network structure of logistics chains. From the condition
of economic expediency, multi-stage or multi-level distribution subsystems are
used for effective work today. The paper presents the results of a study aimed
at developing mathematical models of complex multilevel nodes of logistics net-
works. Algorithms have been obtained that form the basis of the software of
decision-making systems as part of digital platforms. Their application makes it
possible to more accurately solve the problem of organizing a multi-level system
of warehouse and distribution nodes of the logistics chain. Since conventional
deterministic models are ineffective in the conditions of market uncertainty char-
acteristic of modern commerce, more complex scientifically based methods are
used. Methods of the theory of stochastic processes, simulation modeling, and
theoretical optimization methods are used to find a solution. The relevance of the
work is due to the formation of a large-scale segment of third-party logistics in
the Industry 4.0 concept.

Keywords: Logistics · Digitalization · Algorithm · Commerce · Distribution ·
Warehouse

1 Introduction

The modern organization of logistics activity reflects the trend towards digitalization.
The requirements of the transition to Industry 4.0 platforms quickly led to the formation
of a separate segment of third-party logistics. Third Party Logistics providers are the
most common. Since, thanks to digitalization, consolidation of various types of business
and commerce into network entities is most economically advantageous, a transition to a
higher level of logistics outsourcing 4PL is planned, which is integrated at the interface
level with cargo owners and service customers [1]. This trend is particularly pronounced
within the framework of globalization and among transnational network players in most
segments of commerce, trade in goods and services [2, 3]. Starting from the 3PL level, the
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successful implementation of digital platforms has slowed down, as a serious problem
has appeared caused by the lack of algorithms for managing the activities of logistics
networknodes.Conventional deterministicmodels are ineffective in conditions ofmarket
uncertainty. The requirements of the transition to DDT (Demand-driven Techniques)
technology focused on the current changeable demand force us to look for a solution
based on mathematical models using the theory of stochastic processes. Additionally,
it becomes possible to more accurately solve the problem of a two-level system of
warehouse and distribution nodes of the logistics chain, characteristic of distribution
systems [4]. Also, mathematical models and algorithms make it possible to use for
practical purposes the possibilities of widely used methods of the theory of optimal
solutions [5]. The criterion in this case is an integral functional, which includes in its
composition, in addition to economic indicators, also the time spent on operational
logistics activities. It is taking into account the loss of time for transportation, inter-
operational, loading and unloading, customs procedures, intra-warehouse storage that
allows you to balance logistics costs taking into account factors such as expire date
and contract terms [6]. Implementation of software products for integration into digital
logistics platforms at themanagement level of optimal distribution systemswill combine
the capabilities of M2M flow of information about the state of logistics and planning
methods based on leading indicators [7, 8].

The goal of the work is the development of mathematical formalisms for modeling
multi-stage or multi-level subsystems of distribution chains. First of all, this is caused by
the need to plan the activities of transport and logistics hubs. The vastmajority of existing
logistics systems use a two-level structure. The upper level of DC (distribution center),
locations outside large consumption zones, such as settlements, especially megacities,
is distinguished. Such placement is due to the economic feasibility [9, 10] of the balance
between the cost of the land area and the cost of delivery. The lower or local level SW
(Store Warehouse) is located either in the consumer’s building itself or on its territory.
This is especially true for shopping malls [11] and super/hypermarkets. A distinctive
feature ofmodern network consolidated business entities has become the load on oneDC
of numerous local SW. The interaction between these levels is subject to the speak-hub
topology. In the presented work, the task of forming a scalable algorithm allowing an
increase in the number of intermediate levels of movement of goods and cargo through
the warehouse nodes of the logistics network is set.

2 Materials and Methods

According to the modern understanding of the Industry 4.0 article, the mathematical
model [12] uses data flows about the state of the system, in our case of an economic
property. We express them in a set of formalisms, which are the framework of the
description. Note that the incoming datamust either be completely or asmuch as possible
processed by M2M inter-machine interaction systems. A whole range of devices and
technologies has already been developed and widely available for logistics tasks [13]
to implement this principle. These are barcode, RFID, QR encodings, glonass/GPS
monitoring systems, smart contracts, as well as online payments and other systems [14].
Let ‘s define the basic formalisms:
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w – current load level DC/SW .
v – the volume calculated in quanta of delivery, provided v ≥ 0;
r = w + v – total value;
z – reflects the market uncertainty of demand also in the supply quanta, z ≥ 0;
p(z) – the value distribution function obtained from statistical data z;
D – determined by the terms of transactions or contracts, the volume in quanta of

delivery in a single planning period;
L – time costs for the execution of the purchase order;
DL – the volume of market demand in quanta of supply, can be interpreted as the

rationing of the market during the period L;
Accordingly, the condition is true: DL = D · L;
TC(v) – total cost as a function with a calculable volume argument;
FC – fixed cost, limited FC > 0, integral indicator of overhead costs;
�(r) – the function whose argument is the current level, reflects the costs;
β – coefficient, when β > 0 is equal to the cost of the warehouse maintenance of the

supply quantum; γ - coefficient, when γ > 0 is an integral indicator of losses caused
by the under-delivery of agreed volumes, including reputational losses and lost profits;

�∗ – the critical parameter calculated by the formula �∗ = γ−c
γ+β

, enclosed in the
range 0 < �∗ < 1;

S – a characteristic value defined as minimum among the increasing integer values

of the summation range in the expression � (S) =
S∑

z=0
p(z) ≥ �∗;

ϕ(r|w) – the function of averaging the costs of the volume of goods r in the presence
of volume w at the beginning of the logistics operation.

Since real logistics activities are subject to market uncertainty, an EOQ (Economic
Order Quantity) test is needed to assess the sustainability of solutions This will allow
you to focus on the EOQ indicators known as �∗ of calculated parameters [15]. From

the formula for calculating the parameter �∗ =
√

2FC·D
β

it can be concluded that the

level of cost impact FC is always below the linear trend. In particular, with a doubling
or the same decrease in the level of market demand, the indicator EOQ ranges up to
40% [16]. Further, analyzing the impact of costs β within the same limits, EOQ changes
only by 30%. The assessment of the impact of demand uncertainty on the time interval
between neighboring restockings T ∗ is carried out by calculations using the formula:

T ∗ = EOQ

D
= �∗

D
=

√
2FC

βD
.

Note that an increase in the standard D will lead to an increase of �∗ on the one
hand, and a reduction of T ∗ of the other. For practical activities, this means the need to
replenish the emergent level at the distribution center more often.
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The practical recommendation in this case is to choose a parameter �̃ as close as
possible to the optimal value �∗. This is due to the delivery quantum formats, loading
regulations, packaging, type of vehicle, restrictions onminimum andmaximum delivery.
The calculation acceptable for practical implementation is carried out according to the
formula:

�̃ = τ�∗ = τ
√
2KM/h, provided τ > 0.

If we derive a dependency to determine the average costs AC:

AC = FC · D
�

+ cD + β�

2
,

then variable costs are calculated [17] in the total composition according to the formula:

VC(τ ) = FC · D
�∗ + β · �∗

2
= FC · D√

β

τ
√
2FC · D + βr

√
2FC · D
2
√

β
.

In this expression, �∗ is understood as a variation of the actual value EOQ reduced
by volume cD, which is equivalent to the parameter Fixed Cost.

Finally, the analysis of the impact of market demand deviation is carried out using

the formula: ξ = VC(τ )/VC(1) =
(
τ−1+τ

)

2 , which we will program on a computer. The
result of calculating ξ as a function of τ is shown in Fig. 1.

Fig. 1. Calculation of the dependence of ξ on the deviation of τ .

The analysis shows that there is a nonlinear dependence of ξ on the deviation of τ ,
which will satisfactorily affect logistics activities with small, up to 25% fluctuations in
market demand. Even in the interval 0, 55 ≤ τ ≤ 1, 6 the spread ξ is below 10%. In
the analysis, we introduce the notation and take into account the fact that the value of
VC(τ )
VC(1) is invariant to the statements τ and τ ′.

Next, it is necessary to consider an important property [17] of the process of organiz-
ing the movement of goods and cargo. This is the discreteness of both the volumes of the
supply quantum and the time planning periods. In this formulation, the parameter D in
the mathematical model will take the quantitative characteristic of demand as a planning
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unit. This scale will not violate the generality of the results in any way. Then the logistics
costs of theDT supply quanta are accompanied by costsCT , where T = 1, 2, . . . ... This
is completely equivalent to CT , as costs for T planning periods. Then the following is
true:

CT = FC + cDT + 1

2
βD(T − 1)T .

Having determined the minimum value of CT /T we get the optimal mode. Since
T = 1, 2, . . . .. This is formalized by finding the value of the expression:

min
T

[
FC

T
+ cD + 1

2
βD(T − 1)

]

.

Having found the solution of the equation with relation to T for the zero value of the
first derivative, we denote the result as T ∗: T ∗ = √

2FC/βD. Next, we get the parameter
�∗ necessary for EOQ from the calculation: �∗ = D ·T ∗ = √

2FC · D/β. We will take
into account the discreteness by rounding T ∗. We will get an economically significant
result.

Having information about the frequency of receipt of indicators of logistics parame-
ters DC, we will combine [18] data with the costs of placing goods and cargo In reality,
DC operates with a contractual lag. The time difference is equal to −s/�, where s ≤ 0
is allowed, i.e. the critical level is below the demand The volume for a given period
(−s/2) of the delivery quantum. From here, the probable loss of the volume of market
demand is calculated, for one period equal to −s2/2�.

Parameter γ (> 0), an integral indicator of losses caused by under-delivery of agreed
volumes, including reputational losses and lost profits. Then we can write the formula
for ÃC – the volume of average costs:

ÃC = FC · D
�

+ cD + (β + γ )S2

2�
− γ S + γ

2
�.

Acting similarly, with the difference that we differentiate ÃC by S. As a result, we
calculate the optimal value for S∗:

S∗ =
(

γ

β + γ

)

�.

Then substituting S∗ into the calculation of the optimalEOQ, we get a set of formulas
acceptable for use in machine calculation algorithms �∗, S, s:

�∗ =
√

2FC · D
(
1

β
+ 1

γ

)

, S =
√

2FC · D
(

γ

β(β + γ )

)

, s = −
√

2FC · D
(

β

γ (β + γ )

)

3 Results and Discussion

In logistics, the work of an outsourcing operator takes place within the framework of a
very voluminous assortment matrix [19]. It should be taken into account that the costs
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FC, as well as the costs of maintaining current stocks, are not deterministic parameters
of the model. The value L of the time spent on delivery always corresponds to the
inequality L > 0. We also additionally define zL of the real demand for L. It’s clear
that the value zL is stochastic. The ratio zL > s characterizes the presence of delayed
delivery. The distribution function pL(zL) fully describes the parameters of a random
process. Since the statements about stationarity, ordinariness, as well as the absence of
aftereffect are introduced a priori, pL(zL), on the planning horizon T , can be formalized
by an exponential law:

Note that in real commercial activity, the standard deviation may not be equal to
the mathematical expectation. For a more correct mathematical description [20], an
arbitrary character pL(zL) is easily embedded in software applications, which increases
the accuracy of management decisions.

Next, we define the components of the objective function. To do this, we will intro-
duce implementation costs θS . Then by definition EOQ it is fair: θS = FC ·D/� + cD.
We will also introduce into consideration the execution option zL < S and the opposite
If we apply them to the previous arguments, then using a well-known function pL(zL)
we write:

=
s∑

zL=0

1

2
[s + (s − zL)]pL(zL) +

∑

zL>s

1

2
[s + 0]pL(zL) = 1

2

⎡

⎣s +
s∑

zL=0

(s − zL)pL(zL)

⎤

⎦

ML – Mathematical expectationML of the distribution pL(zL) gives the average load
level of terminals and DC:

1

2
[(s − ML + �) + s] = 1

2
(2s − ML + �)

We will also add weight coefficients to the quality function. For the predicted DC
load level, this will be the μ = ML/� parameter. We will take the average load with a
coefficient (1−ML/�), which together with μ gives a complete set of data. As a result,
we write down the calculation equation r̃ - the average load level relative to a single time
unit:

r̃ = ML

2�

⎡

⎣−2s + ML − � + s +
s∑

zL=0

(s − zL)pL(zL)

⎤

⎦ + 1

2
(2s − ML + �)

Since for any kind of pL(zL) it is fulfilled:
s∑

zL=0
(s − zL)pL(zL) = s−ML − ∑

zL>s
(s − zL)pL(zL), then using pL(zL) we formalize

the situation of a possible deficit:
∑

zL>s
(s − zL)pL(zL), and we use the coefficient D/�

accordingly. This set of formalisms has led to an important result, namely, it is possible
to put into the program the calculation of the costs of �̃ with work DC per unit of time:

�̃ = FC · D
�

+ cD + β

(
�

2
− ML + s

)

+
(

βML

2�
+ Dγ

�

) ∑

zL>s

(zL − s)pL(zL)
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After that, we apply the procedure for finding the extremum of �̃ by equating the
partial derivative to zero ∂E[AC]

∂�
= 0. Solving this equation for �, we get the result in

the form of quadratures:

�∗ =
√
√
√
√

2FC · D
β

+
(

ML + 2Dγ

β

) ∑

zL>s

(zL − s)pL(zL)

The integer condition is implemented by a discrete form of the function �L(r) =
r∑

zL=0
pL(zL). The result will be the optimal value s∗ (s∗ > 0) as an integer satisfying the

inequality:

�L(s
∗) > �∗, where�∗ = 1 − β�

βML/2 + Dγ
,

At the same time, s∗ = inf
�L(s∗)>�∗ s

∗, which corresponds to the critical level for DC.
The minimum cost as an economically significant indicator is calculated as:

min �̃ = cD +
√
√
√
√2β

[

FC · D +
(

βML

2
+ Dγ

) ∑

zL>s

(zL − s∗)pL(zL)
]

+ β(s∗ − ML).

The set of obtained formulas is used in forecasting the economic feasibility of placing
reserves onDC for each of the positions. The assortment matrixDC is usually very large
and it’s physically difficult to maintain the entire nomenclature. Considering the random
nature of L is necessary for a number of reasons: it is the delivery of goods from various
sites, cross-border deliveries, customs and control delays. Thanks to pL(zL) it is possible
to optimize not only storage costs, but also capital construction costs.

3.1 Example of Calculation

Within the framework of cooperation with the business incubator Universitat de
Barcelona, the calculation was carried out according to the proposed mathematical
model. The data is taken from the documents of The financial statements of The
Barcelona Port Authority.

The port of Barcelona is the most important element of Spain’s business infrastruc-
ture. It is the largest logistics hub receiving more than 10,000 ships and handles more
than 53million tons of cargo of all formats. The calculation according to the abovemodel
was carried out for the warehouse division of the port engaged in servicing incoming
ships, both commercial and cruise. At the same time, before the pandemic, the share of
cruise liners was about 12%, with an additional 4% of the volume accounted for by large
ferry ships. The warehouse division provides a full set of services: refueling, loading
of water, hygiene materials, medicines, provision of compressed air, electricity, steam,
replacement of batteries, refueling with technical and chemical consumables, including
maintenance of refrigerators, refueling with all kinds of lubricants, spare parts, etc., in
total more than 20 thousand names and articles.
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Fig. 2. Analysis of the distribution function. Fig. 3. Movement of DC stocks.

The results of calculating the dynamics of themovement of amonoproduct according
to the presented mathematical model are shown in Fig. 2. For four articles in Fig. 3.

The analysis reflects the possible presence of a negative level as a result of the
calculation. This situation is typical for reserving for deferred demand. It is explained
by the time delay between the request for the cargo and the time of delivery. This is
the main reserve for online or smart contact interaction, which provides operational
opportunities to optimize the economic indicators of the distribution center, as well as
reduce the costs of SW, both operational and capital.

4 Conclusions

The work of all levels of logistics has undergone a serious transformation over the past
year in the conditions of COVID19. The load on the distribution centers of seaports did
not decrease, but the resulting instability required a deeper scientific analysis of flows
in such transport hubs. Such tests as traffic surges caused by the Ever given accident
in the Suez Canal led to a one-time delay of more than 150 large and especially large
vessels, including over 20 million barrels of oil. There were more than 20,000 FEU
(Fourty-foot Equivalent Unit) on the stuck container ship alone. The analysis of the
stability of mathematical models [21, 22] is devoted to this. The formation of digital
transport corridors begins with optimizing the operation of logistics hubs, as the most
capital-intensive and serving to dampen the instability of flows in logistics networks.
Calculations based on the presented model allow us to identify resources for optimiz-
ing their performance indicators. It is the use of formalized mathematical models that
provides the basis for the formation of programmatically implemented algorithms for
managerial decision-making. At the same time, there is a natural transition to the next
stage of attracting the capabilities of artificial intelligence in the management of such a
complex business object as a distribution warehouse complex of a seaport.
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H., Katalinić, B. (eds.) CPS&C 2019. LNNS, vol. 95, pp. 701–708. Springer, Cham (2020).
https://doi.org/10.1007/978-3-030-34983-7_69

7. Krasnov, S., Sergeev, S., Titov, A., Zotova, Y.: Modelling of digital communication surfaces
for products and services promotion. IOP Conf. Ser.: Mater. Sci. Eng. 497, 012032 (2019).
https://doi.org/10.1088/1757-899X/497/1/012032

8. Barykin, S., Kobicheva, A.: Logistical approach to universities integration in the Russian
innovation economy. MATECWeb Conf. 170, 01020 (2018). https://doi.org/10.1051/matecc
onf/201817001020

9. Barykin, S.E., et al.: Sustainability of management decisions in a digital logistics network.
Sustainability. 13, 9289 (2021). https://doi.org/10.3390/su13169289

10. Rudskoy, A., Ilin, I., Prokhorov, A.: Digital twins in the intelligent transport systems. Transp.
Res. Proc. 54, 927–935 (2021). https://doi.org/10.1016/j.trpro.2021.02.152

11. Bril, A., Kalinina, O., Levina, A.: Two-stage commercial evaluation of engineering systems
production projects for high-rise buildings. E3SWeb Conf. 33, 03004 (2018). https://doi.org/
10.1051/e3sconf/20183303004

12. Lu, Y., Liu, C., Wang, K.I.-K., Huang, H., Xu, X.: Digital Twin-driven smart manufacturing:
connotation, referencemodel, applications and research issues.Robot.Comput. Integr.Manuf.
61, 101837 (2020). https://doi.org/10.1016/j.rcim.2019.101837

13. Podvalny, S.L., Provotorov, V.V.: The questions of controllability of parabolic systems with
distributed parameters on the graph. In: 2015 International Conference “Stability and Control
Processes” in Memory of V.I. Zubov (SCP). pp. 117–119. IEEE, Saint Petersburg, Russia
(2015). https://doi.org/10.1109/SCP.2015.7342064

14. Ilin, I., Maydanova, S., Lepekhin, A., Jahn, C., Weigell, J., Korablev, V.: Digital platforms
for the logistics sector of the Russian federation. In: Schaumburg, H., Korablev, V., Ungvari,
L. (eds.) TT 2020. LNNS, vol. 157, pp. 179–188. Springer, Cham (2021). https://doi.org/10.
1007/978-3-030-64430-7_15

15. Podvalny, S.L., Podvalny, E.S., Provotorov, V.V.: The controllability of parabolic systems
with delay and distributed parameters on the graph. Procedia Comput. Sci. 103, 324–330
(2017). https://doi.org/10.1016/j.procs.2017.01.115

16. Iliashenko, O., Krasnov, S., Sergeev, S.: Calculation of high-rise construction limitations for
non-resident housing fund in megacities. E3S Web Conf. 33, 03006 (2018). https://doi.org/
10.1051/e3sconf/20183303006

17. Ilin, I., Kalinina, O., Barykin, S.: Financial logistics innovations in IT project management.
MATEC Web Conf. 193, 05062 (2018). https://doi.org/10.1051/matecconf/201819305062

18. Wang, G., Gunasekaran, A., Ngai, E.W.T.: Distribution network design with big data: model
and analysis. Ann. Oper. Res. 270(1–2), 539–551 (2016). https://doi.org/10.1007/s10479-
016-2263-8

https://doi.org/10.33889/IJMEMS.2020.5.6.111
https://doi.org/10.1088/1757-899X/1001/1/012143
https://doi.org/10.3390/joitmc6040189
https://doi.org/10.3390/joitmc6040124
https://doi.org/10.1007/978-3-030-34983-7_69
https://doi.org/10.1088/1757-899X/497/1/012032
https://doi.org/10.1051/matecconf/201817001020
https://doi.org/10.3390/su13169289
https://doi.org/10.1016/j.trpro.2021.02.152
https://doi.org/10.1051/e3sconf/20183303004
https://doi.org/10.1016/j.rcim.2019.101837
https://doi.org/10.1109/SCP.2015.7342064
https://doi.org/10.1007/978-3-030-64430-7_15
https://doi.org/10.1016/j.procs.2017.01.115
https://doi.org/10.1051/e3sconf/20183303006
https://doi.org/10.1051/matecconf/201819305062
https://doi.org/10.1007/s10479-016-2263-8


Two-Level Algorithms as Part of Digital Logistics Platforms 111

19. Green,K.W., Inman,R.A., Sower,V.E., Zelbst, P.J.:Comprehensive supply chainmanagement
model. SCM 24, 590–603 (2019). https://doi.org/10.1108/SCM-12-2018-0441

20. Yun, J.J., Kim, D., Yan, M.-R.: Open innovation engineering—preliminary study on new
entrance of technology to market. Electronics 9, 791 (2020). https://doi.org/10.3390/electr
onics9050791

21. Zhabko, A.P., Provotorov, V.V., Balaban, O.R.: Stabilization of weak solutions of parabolic
systems with distributed parameters on the graph. Vestnik of Saint Petersburg University.
Applied Mathematics. Computer Science. Control Processes 15(2), 187–198 (2019). https://
doi.org/10.21638/11702/spbu10.2019.203

22. Bril, A., Kalinina, O., Valebnikova, O.: Innovation venture financing projects in information
technology. In: Galinina, O., Balandin, S., Koucheryavy, Y. (eds.) NEW2AN/ruSMART -
2016. LNCS, vol. 9870, pp. 766–775. Springer, Cham (2016). https://doi.org/10.1007/978-3-
319-46301-8_67

https://doi.org/10.1108/SCM-12-2018-0441
https://doi.org/10.3390/electronics9050791
https://doi.org/10.21638/11702/spbu10.2019.203
https://doi.org/10.1007/978-3-319-46301-8_67

	Two-Level Algorithms as Part of Digital Logistics Platforms
	1 Introduction
	2 Materials and Methods
	3 Results and Discussion
	3.1 Example of Calculation

	4 Conclusions
	References




