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Abstract. Linear complexity is a very important merit factor for measuring the
unpredictability of pseudo-random sequences for applications. The higher the lin-
ear complexity, the better the unpredictability of a sequence. In this paper, we
continue the investigation of generalized cyclotomic sequences constructed by
new generalized cyclotomy presented by Zeng et al. In detail, we consider the
new generalized cyclotomic sequence with period p"¢™ where p,q are odd dis-
tinct primes and n,m are natural numbers. It is shown that these sequences have
high linear complexity. Finally, we also give some examples to illustrate the cor-
rectness of our results.
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1 Introduction

Linear complexity is a very important merit factor for measuring the unpredictability of
pseudo-random sequences. The linear complexity of a sequence may be defined as the
length of the shortest linear feedback shift register which generates the sequence [1].
According to Berlekamp- Massey algorithm, if the linear complexity of the sequence is
[, then 2/ consecutive terms of the sequence can be used to restore the whole sequence.
Hence, a “high” linear complexity should be no less than one-half of the length (or
minimum period) of the sequence [2]. For cryptographic applications, sequences with
high linear complexity are required.

An important method of designing sequences with high linear complexity uses clas-
sical cyclotomic classes and generalized cyclotomic classes to construct sequences.
Cyclotomy is related to difference sets, sequences, coding theory, and cryptography
[3]. Classical cyclotomy was first considered in detail by Gauss. Later, Whiteman pre-
sented the generalized cyclotomy of order d with respect to the product of two distinct
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odd primes, which is not consistent with classical cyclotomy [4]. It was extended to odd
integers in [5]. Further, a new generalized cyclotomy that includes classical cyclotomy
as a special case was introduced by Ding and Helleseth [3]. Fan and Ge proposed a
unified approach that determines both Whiteman’s and Ding-Helleseth’s generalized
cyclotomy [6]. In the past decades, the linear complexity of binary and nonbinary
Whiteman’s and Ding-Helleseth’s generalized cyclotomic sequences has been exten-
sively studied [7-12] (see also references therein).

Zeng et al. in [13] presented a new approach and suggested a new generalized
cyclotomy. Further, this new generalized cyclotomy was discussed in [14]. Based on
the generalized cyclotomic classes from [13], Xiao et al.[15] presented a new fam-
ily of cyclotomic binary sequences of period p" and determined the linear complexity
of the sequences for the case when n = 2 and f = 2. Later, these results were gen-
eralized in [16,17]. The use of new generalized cyclotomic classes for constructing
sequences with high linear complexity and even periods 2p",2" p" was considered in
[18,19]. In this paper, we will study the linear complexity of new generalized cyclo-
tomic sequences with period p"q™. These sequences are defined using new generalized
cyclotomic classes from [13]. Thus, we continue the study of new generalized cyclo-
tomic sequences started in [15-17].

The rest of the paper is organized as follows. The definition of sequences and the
main result are introduced in Sect. 2. In Sect. 3 we discuss some subsidiary statements
about the sequence polynomial and in Sect.4 we prove our main result. We conclude
the paper in Sect. 5.

2 Definitions of Sequences

First of all, we recall the definition of new generalized cyclotomic classes presented
in [13] for N = p"¢™, where p and ¢ are odd distinct primes, n > 0,m > 0. Suppose e
divides p—1and g—1;then p—1=ef and g— 1 = eh. It is well known that there exists
primitive roots 17 and & modulo p? and ¢ respectively. In this case, 1] is the primitive
root modulo p*, k =1,2,....n and € is the primitive root modulo ¢/, I = 1,2,...,m
[20].

Letv=p‘q',v#1,wherek=0,1,...,n; [=0,1,...,m.

According to the Chinese Remainder Theorem, there exists g, such that

o =n/"" (mod p*) when k > 1and g, = gha'™! (mod ¢') whenl>1. (1)

Also there exist {,,, {; such that

_Jn (mod p"), _J& (modg™),
b = {1 (mod ¢™), and ¢, = {1 (mod p"). @)

Throughout this paper, we let Z, be the ring of integers modulo v for a positive integer
v, and Z} be the multiplicative group of Z,. According to [13] we know that DY) =
{g5|s=0,...,e— 1} is the subgroup of Z?.
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Define
prk—l X Z(qil)ql—l7 if k 2 l,l Z l,
¥, = prk—l x {0}, ifl=0
{0} X Ly if k=0.

LetI = (i1,ir) € % and D" = {1 {2DO).
By [13] we have the followmg partitions

zo\{0y= DM andzy\{0}= |J U %Dgw

I€Y, vINy>1 I€¥,

It is necessary to note that for v = pk (or v = ¢') we obtain a partition of Z;k as in

[15] and in this case ntD(p ) is equal toD {n“’fp ' mod phli=0,1,...,e—1},

t=0,1,..., fp*~! — 1. The properties ofD,( ) were studied in [15, 16].
Let f and & be even numbers and b, ¢ be integers such that 0 < b < fp"~!, 0<c <
hg™~!. Then define

g _ J{lin+b) €% [0<iy <pif/2=1}, ifk>1,
Y l{0ia ) €W | 0< iy <g'R/2—1},  ifk=0.

Let
= U D andC V) = U ng)-
eV e\
Then we see that
PMlp—1)g Y g—1)/2, ifk>1,0>1,
|C§V>‘: PFlp—1)/2, ifk>1,0=0, (3)
4 g-1)/2, ifk=0,1>1.

forv=pkq!,j=0,1.
Define

or, in more detail
n

By definition we get Zy \ {0} = CoUC; and CoNC =@
Then we can define a balanced binary sequence s~ with period N as follows:

—k m lC UU pn k mC UU pnqm lC( ) (4)
k=1 =1

||C§

Si{l, ifi mod N € C;U{0}, )

0, ifi mod N € (Cy.
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A sequence is called balanced if the numbers of 1’s and 0’s in one minimum period
differ by no more than one. Earlier, new generalized cyclotomic classes were used to
construct sequences with period p”. It is necessary to note that for N = p? this sequence
is the same as in [15].

We conclude this section by recalling the notion of the linear complexity and one
method of studying the linear complexity. For a N-periodic sequence s = {s;};>0 over
the [, (the finite field of two elements), we recall that the linear complexity over [,
denoted by LC(s™), is the least order L such that {s;} satisfies

SivL =CL18iyL—1+...+c18ip1+cosp for i >0,

where ¢ 75 0,c1,...,c.—1 €Fy.
It is well known (see, for instance, [21]) that if S(x) = s+ sjx+ -+ sy_1xV !
then the linear complexity of s is given by

LC(s”) = N —deg (gcd (N — LS(x))).

Thus, if « is a primitive root of order N of unity in the extension of the field F,, then
in order to find the linear complexity of a sequence, it is sufficient to study the zeros of
S(x) in the set {a | i=0,1,...,N—1}.

In this paper, we will study the linear complexity of s defined by (5). The values
S(er') we will consider in the following section.

2.1 Main Result

To begin with, we introduce some new notations. Let ord,,(2) be the order! of 2 modulo
p and

0, otherwise

)

l {k, if ¢" € D) or g € P F2ph),
k =

fork=1,2,...,n. Let ko = max [.
1<k

KN
A prime p is called a Wieferich prime if 27~ =1 (mod p?). It is well known that
there are only two Wieferich primes, 1093 and 3511, up to 6 X 10'7. Bellow, we will
consider only non-Wieferich primes. Our main contribution is the following statement.

Theorem 1. Let 27~ # 1 (mod p?), 297! # 1 (mod ¢?), ged(p,qg — 1) = ged(p —
1,q9) = 1 and let s be a sequence defined by (5). Then

(i) LC(s™) =N —r,-ord,(2) — p*or, - ordy(2) — & for ko > 0,
where r),,r, are integers satisfying inequalities 0 < r), < #_p(z), 0<r, < ﬁql(z)
and
I, if(p"q™+1)/2is even,

6 =
{O, if (p"q™+1)/2 is odd.

! The order of 2 modulo p is the least positive integer T such that 27 =1 (mod p).
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(ii) LC(s*) =N —ry-ordpy(2) —rp-ord,(2) —ry-ord,(2) — 0 for ko =0,
(p=1)(g—1)
2o0rdpg(2) *

According to Theorem 1 the considered sequences have high linear complexity.

where ry is an integer satisfying inequality 0 < ry <

Remark 1. We will show that the value ry also depends on n,m and is not defined only
by p,q.

3 Subsidiary Lemmas

In this section we prove a few lemmas and discuss the properties of the generating
polynomial of 5.

Lemma 1. Letv=pq', k=1,....n; I =1,...,m. Then

(i) ¥ mod pt=c;
(i) ") mod ¢! =7,

Proof. Suppose i € Cfv); then there exist u,t,s such that i = Cg*b Q’é“gﬁ and 0 <u <
PF/2,0<t < g7 (g—1), 0 <5 <e. So, by (1), (2) and the definition of C") we

_ k
get that i mod pf = n*+tn?* '/ ie., imod p* € Cip )
(mod ¢') € ZZ,. Moreover, it is clear that if j € C%V),j #ithen j#i (mod p*)or j#i

. Further, it is obvious that {

(mod ¢'). Since by (3) we have

0] = P -1)

k
c| q -1 =" |Z5),

it follows that the conclusion of the lemma holds. O

Let S(X) = Zf\':f)l 5iX' be the generating polynomial of s*. Define as in [15,16] the
subsidiary polynomials, i.e.,

Y XL k=12,... _nand T =Y X.,1=12,.
iect?) iecl®)
Define

i " andS ZT m[ .

As noted before, the sequence s defined by (5) for N = p is the same as in [15].

In this case, S,(]p n)(X )+ 1 is the polynomial of generalized cyclotomic sequence with
period p" considered in [16]. The properties of this polynomial are studied in [15, 16].
In the next lemma, we will recall the properties of this polynomial that are necessary
in what follows.
Let o be a primitive N-th root of unity in the extension of 5. Since ged(p”,¢™) =1
then there exist integers x,y such that xp”" + yg" = 1. Define B = a*" and y = o*?".

Then o = By, also B and y are primitive p"-th and ¢™-th roots of unity, respectively.
k

Denote B, =7 k=1,2...nandy =77, 1=1,2....m
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Lemma 2 []6]. Forany a € n’C(”k), we see that

(i) Sl(pk( )_ H—t (ﬁk a)+ (17 —1)/2mod 2 for 0 < d < k.
(ii) Sz(pk (ﬂk)+S,+d /z(ﬂk) =1, where di = kflf/z
(Bk) ¢ {0 l}fork> 1.

k

S (B +S,+f/2(ﬁk) # 1 fork> 1.

(iii) Let p be a non-Wieferich prime. Then S

NANA

(iv) Let p be a non-Wieferich prime. Then S
v) k

{7187 (B =0 (or 1), j=1,2,..,p = 1)}

= {7157 (B) =0 (or1),j=1,2,....p= 1} = rp-ordy(2),

where 1), is an integer satisfying inequality 0 <r, < #;1(2).

Similarly, qum)(X ) + 1 is the generating polynomial of sequence defined by (5) for

v = ¢"™. Hence, the properties of qum) (X) are the same as those of Sl(f} ") (X) (of course,
we need to use ¢ instead of p”).

3.1 The Values of Subsidiary Polynomials

In this subsection we will show that the values of subsidiary polynomials define the
values of S(a’). Here and further we always suppose that ged(p,q — 1) = ged(p —

Lg) =1
Lemma 3. Letv=p‘g' . k=1,2,....n;1=1,2,....mand j € Zy, j #O0. Then

otherwise.

)y 06”:{0 J(B ), ifj=0 (mod ¢'~')and j#0 (modg'),

ie %C%")

Proof. According to the choice of o, 3,y we obtain that

2 lj_ 2 ﬁujpn k ,}/qp" k l.

iep”*kqm’lcg V) MGCE‘})

k
Since by Lemma 1 Cgv) mod pf = Ciﬂ ) and Civ) mod ¢' = Z:‘I,, it follows that

Z aij: z ﬁu}p”k =l 2 Yujp”’kq’"*’.

iepnfkqm—lcgv) MECE i) uEZ;l

Denote yp"fkqul by 7. Then 7, is a primitive g'-th root of unity since ged (p — 1,q) = 1.
LetA; =Yz, 7. Itis clear
q

I, ifj#0 (modg),

A d2) =
1 (mod2) {o, if ;=0 (mod q).
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Suppose [ > 1; then

R ST SR R 1

UcZ ueqz |_ UeZ ueZ j_
ql q ql 1 ql ql 1

We consider the following three cases.

(i) Let j#0 (mod ¢'~!). Obviously here A; = 0.
(ii) Let j=0 (mod ¢'~')and j#0 (mod ¢').Inthiscase A;=0—¢'~' =1 (mod 2).
(iii) Suppose j =0 (mod ql); then A; = ¢' —¢'~' and A; mod 2 = 0.

This completes the proof of this lemma.

Lemma 4. Let j = ¢“jo and ged(jo,q) =1, 0 <a < m. Then

M=

)

k=1

i STBI, i<,
0, ifa=m

-
Il

1

iepnfkqulcg/’kql)

Proof. If a=m then j =0 (mod ¢') for l = 1,2,...,m and by Lemma 3 we observe
m ij _

that zl:l Zep” . ’C(pkql) =0.

Let a < m. In this case j =0 (mod ¢“) and j #Z 0 (mod ¢**'). Then again by
Lemma 3 we have

S OX w@i= Y ad=pertet)
=1

kol k ga+1
—k ym—1~(P*d") i o—k gm—a—10(P*a*T)
iep"rg"tCy ieptrgmTaTIC

k 7
Thus, by definitions of T,}(p )(X) and S;}p )(X) we see that

I

=

M=

(xij _ z (ﬁ]pn k m afl) :Sép")(ﬁqufafl)'

n—kqm—lcgpkql) k=1

=
I
—
Il

iep

Lemma 5. Let j = ¢“jo and ged(jo,q) =1, 0 <a < m. Then

(i) S(ad) = (ﬁ”'”')+S V(B + 59 (") 1 fora < m,
(ii) s<af>— (B 4 (g7 +1)/2f0ra=

Proof. By (4) and (5) we see that

m

-3 IS D I O I

= = kol k =
k=1 I=1 iepnfkqulcgl’ q') icph— k mc<P) =1 icplgm— lc( )
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The first sum in the last relation is studied in Lemma 4. Using the definition of sub-
sidiary polynomials and equality oo = By we get that

DD TS I R

=1 icpn— k mc<l7 ) k=1 EC([’ )

io—k m 4 ;M
X BT =5 ().

k
iecl?”)

T

and

D M !

1
jeci®) iec)

M=
g
%
I
s

~

L _ipd)
icphgn IC]

Then the statement of this lemma follows from Lemma 4. O

3.2 The Values of Generating Polynomial

Here and further we will always suppose that 27~! # 1 (mod p?), 297! # 1 (mod ¢?)
and ged(p,g—1) =ged(p—1,9) = 1.

As usual, we denote by F(f;) a simple extension of F, obtained by adjoining an
algebraic element f; and by [F2(B) : F2] the dimension of the vector space Fa(f)
over I, [2]. Here fB; = B”"ik,k =1,...,nand y = qufl,l =1,...,m, as before. It is
well known that if r| = [F»(f;) : F»] then r| divides p — 1 and if t; = [F2(y;) : F»] then
t1 divides g — 1 [2]. Let K =T, () NFa(y1). Then K is a finite field and [K : Fy] =
gcd(rl,tl).

Lemma 6. With notations as above, we have Fa(B) NFa(y) =K fork=1,...,n;l =
1,...,m.

Proof. Let F = F2(By) NF2(y;). Then [F : F,] divides [F2(Br) : F2] and [Fa(y) : Fa).
According to [16] we know that [F2(B) : Fa] = p*~lry and [Fa(y) : Fa] = ¢/ 'y
for p,q such that 27~! # 1 (mod p?), 297! # 1 (mod ¢?). Hence [F : IFy] divides
gcd(p*'r1,¢"'1). By the condition ged(p,q — 1) = ged(p — 1,q) = 1, then [F : Fy]
divides gcd(ry,1). Thus, we get [F : ;] divides [K : F5]. Since K C F, this completes
the proof of this lemma.

O

Lemma 7. Let notations be as above and qum)(W) €K for m>1. Then j =0

(mod ¢™1).

Proof. By Lemma 2 (i) it is clear that without loss of generality it is enough to consider
the case ¢ = 0. Let u be an integer such that 2 = g (mod ¢™). Denote by r degree

: Fa]. Since S (y/) € K, it follows that S (y/) = 5'7")(/)?". Then again by
K : Fy. Since S (y) € K, it follows that S (/) = S (y/)?'. Th b
Lemma 2 (i) we get

S () =s¢ () = s (p) = S (9 for i = 0,1,.... ©6)
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Let w = ged(¢™ 'h,ur), where h = (g — 1) /e as before. There exist integers x,y such
that x¢~'h+yur = w. Then we see from (6) and Lemma 2 (i) that S(()q )(yj) = SEZ, )(yj)
fori=0,1,.... By [16] ged(u,q) = 1 for 29-! # 1 (mod ¢?) and gcd(g,r) = 1 here.
Hence w = gcd(h,ur) and w divides h. So, we observe that Séq () = S,(Z ) (y/) for
i=0,1,....
Further, S,(qm)(}/j) —|—St(f:],),,,,h/2(7j) =1forr=0,1,... by Lemma 2 (ii). Thus,
Sf(j(']"’)'h/Z(yj) = S(?" )1h/2+zh(7])
fori=0,1,.... Since

(q") iy — o(d") sta")
Sq?n—lh/ZJr(qm—]+l)h/2_(’yj> - S qm- 1h+h/2(’yj) h/2 (y])

it follows that S ¥/ +S(qm) /) = 1. According to Lemma 2 (iii), in this case j =0
0 h/2 Y g
(mod ¢ 1).
O

Let ko be the same as before, i.e., kg = 0 or ky > 0 is the largest integer such that
g" € D) or g € nP 7 2pr),
Lemma 8. Let j € p* *g™ lZ*km1,1<k<nandS (ﬁ/)—l—S (ﬂ/q)eror
n> 1. Then j=0 (mod p"~ 1)orkSkO
Proof. Without loss of generality it is enough to consider the case b = 0. Let j =
P kg™t where ged(t,pg) = 1. If k = 1 then j = 0 (mod p"~'). So, this lemma
is right for k = 1.

Let k>1 and denote B”"—kqm_l’ by fBx. Then f is a primitive p¥-th root of unity and

(Bk) +SO (ﬂk ) € K by Lemma 2 ().

Suppose k > ko; then q" € nZD(pk) for z # 0 and z # p*~! £/2. By Lemma 2 (i) we

get that So J(Bo)+ 57 (B e K.
We can show in the same way as in Lemma 7 that

kY~ k ~
P (Be)+ 57 (B = 5 (Bo) + 5 ) (B).
Using the definitions of Sgp 9 (X) and Tl-(p 9 (X) we obtain that

1B+ 710 (B + 77 (B + 1) (Be) € Fa(Bion).

LetgzD(Pk)U...Unf'/Z*ID( )Ur’Pk '12p(h) . UnPk Y1241 /2-1p(P") and € =
nN*Y. Then
kY  ~ kY~ ~.
L (B +1) (B = Y. B

i€y
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and

(ﬁk)"’TJrf/z ﬁk Zﬁk

i€?
Itisclearthat |2|=|¢|=p—1and 2 (mod p) =% (mod p) =
Denote by x; € 2 and y; € ¥, respectively, such that x; mod p =y, mod p =1,
i=1,...,p—1.Then

ZBk Zﬁkx’l o/p ﬁkand Zﬁk zﬁkii—t )/p ﬁz

i€y i€?

Suppose that for any i we have Bk(f’f') = k g “/P Then x; = y; (mod p¥) for i =
1,2,...,p—1.Hence 2 = €. Then z =0 or z = p*~ 1f/2 ThlS is 1mp0s51ble because
k > ko. Thus, we have that the polynomial f(X) = Z ( Tp +B "ﬂ /F)X’ has at

least one nonzero coefficient and () € Fa (Bi_1). ThlS is 1mp0551ble since deg f(X) <
pand [Fa(Br) : Fa(Br—1)] = p for k > 1. So, k < ko. O

4 The Proof of Main Theorem

In this section we finish the proof of Theorem 1 in the following two Lemmas.

Lemma 9. Let notation be as above and ko > 0. Let 2P~1 # 1 (mod p?), 2971 £ 1
(mod ¢?), ged(p,q—1) = ged(p—1,q) = 1 and let s be defined by (5). Then

LC(s”) =N —r,-ord,(2) — p*r, - ord,(2) — 8,

where
S = I, if(p"q™+1)/2iseven,
|0, if(p"gm+1)/2is 0dd
1 -1
and 0 < rp < 5367 0 < 14 < 53l oy

Proof. As noted before we have
LC(s™) =N — ‘{j |S(0d) =0, j=0,1,....N—1}].

First of all we note that by definition S(1) = (p"¢™ + 1) /2. Further, according to Lemma
5 we have

m—a—1

S(ad) = Slgl’")(ﬁjq )+S§7P")(ﬂjq’") +S£qm)(yip") 11 7
for j = ¢%jo, a < m, gcd(jo,q) =1 and

m

S(al) =" (BH") + (q" +1)/2

for j = 4" jo.
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Let S(a/) =0, 1 < j <N — 1. We consider a few cases.
(i) Suppose j =0 (mod ¢); then S(ar/) = S (B") for even (¢ +1)/2 and
S(a)) = Sl(qpn)(ﬁqu) +1 for odd (¢™ +1)/2. By Lemma 2 (v) we get

1{jlS(a)) =0, j=4¢",....(p" — 1)g"} =
11 SP(BI) =0, (or1),j=1,2,....p— 1} = rp-ord,(2).

(ii) Let j Z0 (mod ¢™). According to (7) we see that
sy B sy (B = =S ()~ 1
Hence S (y/7") € F»(B). Then by Lemma 6 we get

& (") €K =F2(B1) NFa(n).
In this case, by Lemma 7 we have j = O (mod ¢"~1). Hence j € p”’kqm”Z;kq for
k: 1 <k <nandthe sum S (ﬁf) +S (ﬁ/q ) also belongs to K. Further by Lemma
8wegetk<kpor j=0 (mod Y. If] =0 (mod p"!) then k = 1 and since ko > 0,
it follows that k < kg in any case.

By choosing ko we see that ¢" € D) or ¢ € n?'°"'#/2p(#). Hence for any j :
j=0 (mod p"~*0) we have

(ﬁJq’") Sz(;p (B, if ¢" € DPO),
B, e

In any case, by Lemma 2 (ii) S ([3/) —I—S (B/q ) is equal to 0 or 1 for all j €
p"0g" Ly, and j # 0 (mod q").

Then, according to (7) we obtain S~ )(}/”’ j/JOP ) € {0,1} where j =

m—1

q" " jo, ged(jo,q) = 1. In this case, by Lemma 2 (v) we have
1S (B{*) =0, (or 1), jo=1,2.....p— 1}| = 1, -0rd, (2).

For fixed jy we have p*0 numbers from Zpkoq with the same residue modulo g. Thus,
we get

{j | S(e/) =0, j=12,...,N, j#0 (modqg™} = p‘r, -ord,(2),

q—1
where 0 < r, < 2ord, (2

Finally, we get [{j | S(a/) =0, j=1,2,...,N,}| = r,-ord,(2) + p*or, - ord,(2).

O
We consider a few examples with different values ), r, and ko = 1.
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Example 1. (i) p=19,q =7,e = 3, in this case 7 € D!1%) and r, = 0,7, - ord7(2) = 3.
Hence LC(s®) =N—19-3 forn=1,2;m = 1,2.

(ii) p=7,q = 43,e = 3, here 43 € D), but r, = 1,r, = 0. Hence LC(s*) = 301 —
1-3=298.

(i) p = 43, = 7,e = 3, here f = 14, 7€ n'D™*) and r, = 0,7, - ord7(2) = 3.
Hence LC(s) =301 —43-3 = 172. Similarly, forn =1,2;m = 1,2.

(iv)p=41,g=31,e=5, f=8,31 € n*D¥), r, = 0,r,-ord3 1(2) = 15. Finally,
LC(s™) = 1271 —41-15—1 = 655.

(V) p=7,g=73,e=3,here f =2,73 € nD7) and r, = 1,r,-ord3(2) = 7-18.
Hence LC(s™) =511 —7-18—3 —1 =381,

Lemma 10. Let notation be as above and ko = 0. Let 2P~ # 1 (mod p?), 2971 # 1
(mod ¢?), ged(p,q — 1) = ged(p —1,q) = 1 and let s be defined by (5). Then

LC(s”) =N —ry-ordpy(2) —rp-ord,(2) —ry-ord,(2) — 6,

where 0 < ry < % and

5— {1, if (p"g™+1)/2 is even ,
0, if(p'q"+1)/2isodd.
Proof. Let S(a/) =0,/ # 0. As in Lemma 9 we obtain that |{j | S(a/) =0, j =
q",....(p" —1)g"}| =rp-ordy(2) and if j # 0 (mod ¢™) then qum)(}/j”n) € K and
sy (B7) 45" (B") € K.
In the last case, according to Lemma 7 and 8 we get that j =0 (mod ¢"~!) and
j =0 (mod p"!). Further, if j =0 (mod p") then by Lemma 5 we have S(a/) =
Sﬁq)(yfpn) + 1 and in this case we observe that |{j | S(a/) =0, j=p",...,(¢" —
1)p"}| =rq-ordy(2) by Lemma 2 (v).
Suppose j = p"~'¢" 1t and ged(t, pg) = 1. Then by Lemma 7 and Lemma 2 (i)

2n—1

VSO AP+ 1

m—1 m—1

Sted) =SB )+, (B

I is clear that if S(o) = O then (0" = 0 for = 0,1,...,ordpy(2). Hence, {;
S(a/) =0, j € Zpg| = ry - ordpy(2) for the some ry.

Letw = 1{/2 ;'/2.Thenwznf/2 (mod p) and w = EM2 (mod g). So, by Lemma

2 (i) we obtain

1 2n—1

. m—1 2m—
(@) = 50 B )+ S BT ) +SEa A )1

Hence, by Lemma 2 (i) we see that S(o*/) = S(a/) + 1. Thus, 0 < ry < %.

This completes the proof of this lemma.

The statement of Theorem 1 follows from Lemmas 9 and 10.
The following examples show that in this case the value r depends on N, so we are
using a denotation ry.
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Example 2. (i) Let p=73,g=7,e=3,b=0,c =0. Here 7 € n°D"3), rp-ord,(2) =
18,r,-ord,y(2) = 3 and ords;; (2) = 9.

For n=m =1 we get LC(s*) = 435 =511 — 76, in this case ry = 5.

For n = 1,m =2 we have LC(s*) = 3577 — 18 — 3 = 3556, i.e., ry = 0.

(ii)Letp=4l,qg=1l,e=5n=2,m=1,b=0,c=0.

Here ord,(2) = 20. For n =1,2;m = 1,3 we get LC(s”) = N — 101 (ry = 5), and
LC(s”)=N—-200(ry =10)ifn=1,2;m=2.

5 Conclusions

Pseudorandom sequences are widely used in communication, radar navigation, cryp-
tography and some other scenarios. By using the new generalized cyclotomy presented
by Zeng et al., we constructed a new kind of generalized cyclotomic sequences with
period p"¢™ where p,q are odd distinct primes and n,m are natural numbers. Thus, we
generalized the results obtained in [15-17].

Our results show that such sequences have high linear complexity and are suit-
able for applications. To illustrate the results, some examples are presented. For further
study, the k-error linear complexity, autocorrelation, 2-adic complexity and some other
cryptographic properties of these sequences may be interesting topics.
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