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Abstract. The switching method is a powerful method to construct
bent functions. In this paper, using this method, we present two generic
constructions of piecewise bent functions from known ones, which gen-
eralize some earlier works. Further, based on these two generic construc-
tions, we obtain several infinite families of bent functions from quadratic
bent functions and the Maiorana-MacFarland class of bent functions by
calculating their duals. It is worth noting that our constructions can
produce bent functions with the optimal algebraic degree.
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1 Introduction

Boolean bent functions were first introduced by Rothaus in 1976 [10] as an
interesting combinatorial object with maximum Hamming distance to the set of
all affine functions. Over the last four decades, bent functions have attracted a
lot of research interest due to their important applications in cryptography [1],
sequences [8] and coding theory [2,3]. Later, Kumar, Scholtz and Welch in [4]
generalized the notion of Boolean bent functions to the case of functions over an
arbitrary finite field.

Let Fp» denote the finite field with p™ elements, where p is a prime and n
is a positive integer. Given a function f(z) mapping from Fy» to F,, the Walsh
transform of f(x) is defined by

f(b) — Z o wf (@ =Trbz) ) Fpn,

2wy/—1

wherew = e~ 7 is a complex primitive p-th root of unity. According to [4], f(z)
is called a p-ary bent function if all its Walsh coefficients satisfy ‘ f(b)] = p™/2.
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A p-ary bent function f(z) is called regular if f(b) = p
function f(z) mapping Fp» to [, and it is called weakly regular if there exists a

/24,5 (®) holds for some

complex p having unit magnitude such that f(b) =~ 2wI®) for all b € Fpn.
The function f(z) is called the dual of f(x) and it is also bent.

The switching method is a powerful method to construct bent functions.
In 2016, Xu et al. [15] constructed a class of piecewise p-ary bent functions
f(x) = g(z) + cTr(z)P~! from Gold functions g(x) via the switching method,
where p is an odd prime and ¢ € Fy. In 2017, Xu et al. [17] constructed two
classes of piecewise p-ary bent functions f(x) = g(z) + Tr(uz)Tr(z)?~! from
p-ary Kasami functions and Sidelnikov functions g(z) [6], where p is an odd
prime and u € Fy.. Recall that Tang et al. [11] constructed bent functions
of the form g(z) + F(Tr(uix), Tr(ugz), - - - , Tr(urz)), where g(z) : Fpn — Fp,
F(zy, -+ ,z;) € Fplz1,--- ,2z;] and u; € Fpn for 1 < ¢ < 7. Motivated by Xu
et al.’s and Tang et al.’s works, we investigate the bentness of piecewise bent
functions of the forms

f(z) = g(z) + F(Tr(wz), Tr(ugz), - - - , Tr(urz)) + ¢( H::1 Tr(vix))pfl

(1)

and
f(@) = glw) + F(Tr(wrw), Te(uga), -, Tr(we2)) ([T Trwa)"™,  (2)
where g(x) : Fpn — Fy, F(21,--- ,2,) € Fploy, -+ ,27], ¢ € Fy, u; € Fyn for

1 <i<7andv; €Fp for 1 <j < k. In this paper, we first present generic
constructions of bent functions with the forms (1) and (2) respectively. Notice
that the works of Xu et al. [15,17] are two special cases of our work for kK = 1,
F(z1) =0in (1) and k = 1, F(z1) = x1 in (2). In addition, by calculating the
duals of quadratic bent functions and the Maiorana-MacFarland class of bent
functions, several infinite families of bent functions are constructed by using
these generic constructions.

The rest of this paper is organized as follows. Section 2 fixes some notation
and introduces some preliminaries. Section 3 proposes two generic constructions
of bent functions of the forms (1) and (2) respectively. Section 4 constructs sev-
eral infinite families of bent functions using the two generic constructions given
in Sect. 3. Finally, Sect.5 concludes this paper.

2 Preliminaries

Throughout this paper, let F,» denote the finite field with p™ elements, where p
is a prime and n is a positive integer. The trace function from Fy» to its subfield
F,» is defined by Try(z) = E?:/S_l 27" . In particular, when k = 1, we use the
notation Tr(x) instead of Try(z). A function F(zy,---,z,) : F = F, is often
represented by its algebraic normal form

Fzy,- @) = > a(e)([[ =), ale) € . (3)

e=(e1, en)EFY i=1
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A polynomial in Fp[xq, - - - , z,,] with the form (3) is called a reduced polynomial.
The algebraic degree of F(z1, - , 2, ), denoted by deg(F), is defined as deg(F') =
maxeepn{ > € : a(e) # 0}, where e = (e1,- -+ ,e,) € Fp.

Lemma 1. ([5, Propositions 4.4 and 4.5]) Let f(x) be a bent function from Fpyn
to F,. Then deg(f) < w + 1. Moreover, if f(x) is weakly reqular bent, then
deg(f) < 2.

To simplify the proof of our main result in the sequel, we fix some notation
firstly. Let g(z) be a function from Fp» to Fp,. For r := (ry,--- ,rs) € F and
U= (vla e 7’05) S ]F;n X X F;n,, define

T'r,v = {ZCE]Fpn T‘I‘(Ulm‘) :'r“i: 17 ,FL}

and
Sy(r,v,b) = . wI(@)=Tr(b2)

for any b € Fy». It then can be verified that Fp» = Urers T, ,,. Moreover, we have

= Z Z 9@ =Tr(b2)+ 325 risi

T'EFZ €T, o

- Z Sg (7"7 v, b)UJZf:l TiSi

refy

From the inverse Fourier transform we can derive

Sq(r,v,b) Z wT X Tisig (b—Z:zlvisi), (4)

sefy

where s := (s1,--,85) € Fy.

To make the computation of the Walsh transform of the functions investi-
gated in the sequel feasible, we consider a class of weakly regular bent functions
g(x) : Fpn — T, whose dual satisfies

gz — Z; vis; — Z;l uit;) = g(x — Z; )+ Z Pu,(x)si,  (5)

where ¢,, () is a function from Fpn to Fp, u; € Fpn, v; € Fy. and t,5; € Fy
for each 1 < ¢ < 7 and 1 < j < . Without loss of generality, assume that
g(b) = p~'p"2wI® for any b € Fyn. Then

9o =3t = Do i) = /208 (0= ST it ) 40 oy (05 (6)
1= = 6
= /g\(b - Zi:l Uiti)ojzyz1 P, (b)si )

Further we characterize the value of Sy(r, v, b) as below.
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Lemma 2. Let g(z) : Fpn — F,, be a weakly regular bent function whose dual
satisfies (5). For any b € Fpn, Sg(r,v, b) = g(b) if ri = ¢y, (b) for any 1 <

i < K and otherwise, Sy(r,v, b) = 0, where r = (ry,---,r;) € Fy and v =
(Ulvl.' ,'U,{)E]F;;n X...XF;n
Proof. For any b € Fyn, 7= (r1,--+ ,7r,) € Fy and v = (v, ,v,) € Fpu X+ -+ X

Fpn, (4) yields

Sq(r,v, b) Zw Dicarisig (6—2;1%‘81),

sefy

where s = (s1,--+,s,) € F,. By using (6), one gives

8,(r.v. ) = —5(b) 3w st
SEF;

Further the desired result follows from the fact that Zsiewp Wi O)=ri)si — p §f
r; = o, (b) and 0 otherwise for any 1 < ¢ < k. This completes the proof.

Let h : Fyn — Fj, be defined as in

h(z) = g(x) + F(Tr(u1z), Tr(uzz), - -, Tr(urz)), (7)
where g(z) : Fpn — F,, F(x1,---,2,) is an arbitrary reduced polynomial in
Fplz1, -+ 2], uy € Fpn for 1 < ¢ < 7. The Walsh transform of h(z) can be

given as follows.

Lemma 3. ([13, Theorem 1|) Let h(x) be defined asin (7). Then for anyb € Fpyn,

W)= Y Bl i - Y i),

(1, t-)€F]

Next we characterize the value of Sy, (r,v,b) for a class of weakly regular bent
functions g(z).

Lemma 4. Let h(z) be defined as in (7) and g(x) : Fyn — F,, be a weakly regular
bent function whose dual satisfies (5). Then for any b € Fpn, Sp(r,v, b) = h(b)
if ri = @y, (b) for any 1 < i < k and otherwise, Sp(r,v, b) = 0, where r =
(r1, - ,7e) €EFy and v = (v1,- -+ ,v5) € Fpu X - X Fyo.

Proof. For any b € Fyn, 7= (r1,-+ ,7,) € Fy and v = (v, ,v,) € Fpu X+ -+ X
Fpn, (4) gives

Sh(r,v, b) = Z w™ D= Tisip (b — Z:Ll ViS;), (8)

sefFx B
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where s = (81, ,8x) € IF';. Note that Lemma 3 yields
/f;(b - Zj vzsl tZ]F F (t1,-- +)g(b — 22:1 uit; — Z:;l Vi S;)
e
= éwzizl o (b)s; Z F\(tl, o t)g (b — 277 uity),
p teFy, =t

where ¢ := (t1,--- ,t;). The last equality follows from (6). Then from Lemma 3,
one obtains

Bb—S"" bis) = o en s

h(b=) . visi) =w>i= h(b). (9)
Substituting (9) into (8) gives

Si(r, v, b) Z Wiz (Po; (O)=ri)siy (),
selFy

Further the desired result follows from the fact zsier Wl O)=r)si — p if p; =
©v,; (b) and 0 otherwise for any 1 <4 < k. This completes the proof.

3 The Generic Constructions of Bent Functions

In this section, we will present two generic constructions of bent functions from
known ones with certain properties.

3.1 The First New Class of Bent Functions

A class of non-quadratic p-ary bent functions f(z) = Tr(Az? *+1) + ¢Tr(z)P~!
with deg(f) = p — 1 was presented in [15], where p is an odd prime and
n/ged(k,n) is odd. Based on Xu et al.’s work [15], we present the first con-
struction.

Construction 1: Let uq,--- ,u; be 7 > 1 elements in Fyn, v1,--- ,v, be k > 1

elements in F;. and ¢ € F;. Let g(x) be a weakly regular bent function over

F,» whose dual satisfies (5) and F(z1,---,2,) be any reduced polynomial in

Fylx1,--- ,z.]. Generate the function f(z):F,» — F, from g and F as in (1).
Then our first main result is stated as follows.

Theorem 1. Let f(z) : Fpn — F), be the function generated by Construction 1.
Then f(x) is a bent function if h(x) given by (7) is weakly regular bent.

Proof. For any b € Fpn, the Walsh transform of f(x) defined by (1) is
foy= 3 W@ men g S Tt
[T~ Tr(viz)=0 TT5; Tr(viz)#0
Note that

{z €Fpn: H Tr(viz) =0} = LJE]FN{SEE'H‘N,:1_[_17*2-:0}7
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where r := (r1,--+, 7). Then

Foy= > > 1 —w)uh @0 e (n)

[T5_, ri=0 z€Tr
T G]Fp

= Z (1 — wE)Sp(r, v, b) + wh(b).
Hle ri=0
i €Fp
From Lemma 4 we can deduce that
F(b) = (1 = w°)h(b) + woh(b) = h(b)
if [T, @0, (b) = 0 and f(b) = weh(b) if []{_, @, (b) # 0. Hence the desired
conclusion follows.

3.2 The Second New Class of Bent Functions

Based on the work in [15], Xu et al. [17] further constructed two classes of
piecewise p-ary bent functions f(z) = g(z) + Tr(ux)Tr(z)?~! from the p-ary
Kasami functions and Sidelnikov functions. Inspired by the idea coined in [15]
and [17], we present the second construction.

Construction 2: Let uq,--- ,u; be 7 > 1 elements in Fyn, v1, -+ ,v, be k > 1
elements in F;. and ¢ € F;. Let g(x) be a weakly regular bent function over
F,» whose dual satisfies (5) and F(z1,---,2,) be any reduced polynomial in
Fylx1,--- ,z.]. Generate the function f(z) : Fpn — F, from g and F as in (2).
Note that f(z) can be rewritten as

_ [ 9@), if TTi— Tr(viz) =0,
o ={ 100 i T mes) 7o,
where h(z) is defined as in (7).

Then our second main result is stated as follows.

Theorem 2. Let f(z) : Fpn — Fp, be the function generated by Construction 2.
Then f(x) is a bent function if h(x) given by (7) is bent.

Proof. For any b € Fpn, the Walsh transform of f(z) defined by (2) is

f(b) — Z w9(@)=Tr(bx) | Z @) =Tr(bz)

¥ Tr(viz)=0 T, Tr(viz)#0

i=1

Note that

K

{wefpn: Hi:l Tr(viz) = 0} = UreFZ {reT,: Hi=1 ri =0},
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where r := (r1,-+-, 7). Then

J/c\(b) — Z Z (wg(a;)—Tr(baL') _ wh(w)—Tr(bw)) +/};(b)

1=, 7:=0 z€Tr

T E]Fp
= > (Sy(rv.b) = Su(r0.b) + (D),
[Ty =0
ri€Fp
where v = (v1, -+, v,). Together with Lemmas 2 and 4, we can conclude that

~

F(b) = G(b) + h(b) — h(b) = G(b)

if TT7_, v, (b) = 0 and f(b) = h(b) if []7_, @u, (b) # 0. Hence the desired conclu-
sion follows.

Remark 1. Here we show that our constructions of bent functions are different
from those in the previous works. Observe that bent functions of the forms (1)
and (2) given by this paper are of the form g(z) + F(Tr(a1z), -+, Tr(axz)),
where g(x) is a weakly regular bent function from F,» to F,, F is a reduced
polynomial given by (3) and «; € Fyn for 1 < i < A. Recently, some attempts
have been made to construct bent functions of the above general form, see |7,
9,11-16,18]. It should be noted that all these known results in this direction
depended on the dual of weakly regular bent function g(x), that is,

A

~ ~ A
gz — Zizl aity) = Glz) + quq Agjtit; + Zi:l gi(x)t:,  (10)

where A;; € F, for 1 <i < j <\ gi(x):Fpn — F,and t; € F, for 1 <i < A,
Denote the number of nonzero elements in {A;; : 1 < ¢ < j < A} by N. Notice
that these known results of the above general form were given for N < 3 [7,9,11-
16,18] expect a class of bent functions with deg(F) =2 and N > 3 [13] when p
is an odd prime. However, although our results also depend on the dual of g(z),
bent functions with deg(F) > 2 and N > 3 can be constructed by this paper for
odd p, see Examples 1-4 for details.

Remark 2. As pointed out in [11, Lemma 2.1], for p = 2, the algebraic degree of
F(Tr(uiz), - ,Tr(urx)) is the same as that of F(xq,--- ,xz,) for some u;, and
it can be generalized to any characteristic directly, where u; € Fpn for 1 <i < 7.
Hence there is no doubt that the generic constructions given in Theorems 1
and 2 can produce bent functions with the maximal algebraic degree given in
Lemma 1.

4 Specific Constructions of Infinite Families of Bent
Functions

In this section, by using constructions 1 and 2, we shall introduce specific con-
structions of bent functions from some known ones whose duals satisfy (5).
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4.1 New Classes of Bent Functions from Quadratic Bent Functions

It is well-known that a homogeneous quadratic bent function is weakly regular
and its dual is also a homogenous quadratic bent function [6]. Let g(z) be a
homogeneous quadratic bent function with the dual g(z) = Y7—) Tr(agz? ),
ay € Fj.. Through some calculation, we can obtain that §(:c - Zle V;S; —
>or_q wit;) is equal to

g(x — Zuiti) + Z Vo, (T)8; + Z Z ©p, (uj)s:it; + Z G(vi,v;)8;:8;
i=1 i=1

i=1j=1 1<i<j<w

for all x € Fpn, u; € Fyn, v; € Fpn and s;,t; € Fp, 1 <i < 7,1 < j <k, where
Gvi,v;) = @, (v;) if i < j and Glvg,v;) = SP-E Tr(ago? 1) if i = j. Here
Ou; (x) = Zz;é Tr(ak(viacpk + vka)). Obviously, when ¢,, (u;) = 0 for all 1 <
i< 1<j<7 @u(v) =0foralll <i<j<rand "2} Te(ape? *1) =0
for all 1 < i < k, the dual of g(x) satisfies (5).

The specific construction of bent functions from quadratic bent functions
can be simply introduced by using the Sidelnikov function. From [6], we know
that g(x) = Tr(ax?) is weakly regular bent and its dual is g(z) = —Tr(z%/(4a)),
where a € F. and p is an odd prime. Then the following two theorems are
directly obtained from Theorem 1 and Theorem 2 respectively.

Theorem 3. Let p be an odd prime, a € ., ¢ € Fy, ui, -+ ,u; be 7 > 1 ele-
ments in Fpn and vy, -+ v, be k > 1 elements in Fy. satisfying Tr(viv;/(4a)) =
0 foralll <i<j<kand Tr(uv;/(4a)) =0 foralll1 <i<71,1<j < k. Then

f() = Tr(az®) + F(Te(urz), Tr(uaa), -+, Te(ura) + e []_ Tr(wga)”™"

is a bent function if h(x) given by (7) is weakly regular bent.

Ezample 1. Let p =3, n=5,a=1,c=1,7 =4, k = 2, F(x1,x2,23,74) =
2122 4+ 2324 and € be a primitive element of Fss. Take uy = 1, up = €212, ug = 2,
ug = M v = 4 and vy = €79, Then Tr(u?) = Tr(u3) = Tr(u?) = Tr(ujug) =
—1, Tr(u3) = Tr(uguz) = Tr(uguz) = 1, Tr(ujus) = Tr(uguys) = Tr(uzuy) = 0,
Tr(vi) = Tr(vive) = Tr(v3) = 0 and Tr(wv;) =0 forall 1 <i <4, j=1,2. It
can be verified that h(x) = Tr(2?) + Tr(x) Tr(£222) + Tr(22) Tr(£1 ) is bent by
the discussion of Case II of [13]. Theorem 3 now establishes that

F(@) = Tr(a?) + Tr() Te(€2' %) + Tr(22) Tr( ') + (Tr(€) Tr(€™%))?

is a bent function over F3s. Moreover, it can be checked that N = 7 and deg(F') =
4, where N is defined as in Remark 1.

Theorem 4. Let p be an odd prime, a € Fpn, u1,--+ ,ur be 7 > 1 elements in
Fpn and v1,--- v, be k > 1 elements in ¥y, satisfying Tr(v,v;/(4a)) = 0 for all
1<i<j<k and Tr(uvj/(4a)) =0 for all1 <i<7,1<j < k. Then

-1

f(z) = Tr(az?®) + F(Tr(uyz), Tr(ugx), - - - ,Tr(uTx))(szl Tr(vix))p
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is a bent function if h(x) given by (7) is bent.

Ezample 2. Letp=3,n=06,a=1,7=4,k =1, F(x1,22,23,%4) = T1Z2+T324
and ¢ be a primitive element of Fgs. Take uy = €2, ug = &, ug = €26, uy = £118
and v; = £7. Then Tr(u?) = Tr(u3) = 1, Tr(ud) = Tr(u?) = 2, Tr(uu;) = 0 for
others 1 <i < j <4, Tr(v?) = 0 and Tr(u;v1) = 0 for all 1 < i < 4. It can be
verified that h(x) = Tr(z?) + Tr(£x) Tr(€22) + Tr(£262) Tr(¢1182) is bent by [13,
Theorem 5]. Theorem 4 now establishes that

f(z) = Tr(2?) + (Tr(§2) T (%) + Te(¢*2) Tr(€¥x)) Tr(¢2)?

is a bent function over Fzs. Moreover, it can be checked that N = 4 and deg(F') =
4, where N is defined as in Remark 1.

4.2 New Classes of Bent Functions from the Maiorana-MacFarland
Class of Bent Functions

Let n = 2m be a positive integer. By identifying an element z € F,» with a
vector (y,z) € Fym x Fym, the Maiorana-MacFarland class of bent functions on
Fp» can be expressed as

g(x) = g(ya Z) = Trrln(yﬂ—(z)) + h(z)7 Y,z € Fp""a (11)

where 7 : Fpm — Fpm is a permutation and h is a function from F,= to F,. Such
class of bent functions is regular and its dual [4] is equal to

g(x) =gy, 2) = Tr{" (27~ (y)) + h (= (y)),

where 77! is the inverse permutation of 7. There are several 7 and h such that
the dual of g(y, z) satisfies (5). In the following, we give the calculation of §(y, z)
for the case while 7 is a linear permutation and h(z) = 0. In the same manner,
it can be verified that g(z) with some other 7 and h is suitable for Construction
1 and Construction 2. When 7 is a linear permutation and h(z) = 0, one has

K T T K
mt (y - ZUmSi - Zui7lti) =7y - Zui,lti) - Zﬂ_l(vul)si,
i=1 i=1 i=1 i=1

where u; = (u;1,u;2) € Fpm XFpm, v; = (vj1,v52) € Fym X Frm and ¢, 55 € Fp,
1<i<7,1<j<k. Then by a direct calculation, we can derive that

K T K T
g(y— E V18 — E Ui ti, 2z — E V;,28; — g Ui,ﬁi)
i=1 i=1 i=1 i=1

equals to

T T K
9(y — Z uiati, 2 — Z u;2t;) + Z Poiawie(¥:2)si +G
i=1 i=1 i=1
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with

K T
G= " o ui2)sity + Gvi1,0i2,051,050)8i8

i=1 j=1 1<i<j<w

where G('U,L 1, Vi,2,Vj5.1, ’Uj’Q) = SDWz‘,ly’Ui,z (vj,h ’ijz) ifi < j and G(’Uz 1, Vi,2, Vi1, Vs 2)

= Tr" (7™ (U”)vzg) if i = j. Here ¢y, 0,,(y,2) = Tr{" (7~ (v“)z + ;2
7r_1( - I 0o o (g1, us2) =0 forall 1 < i < k1< j <7, 0o,y 0,051,
vj2) =0forall 1 <i<j<kand Tr{”(ﬂ_l(vi71)vi,2) =0forall 1 <i<k, the
dual of g(x) satisfies (5). Then the following two theorems are directly obtained
from Theorem 1 and Theorem 2 respectively.

Theorem 5. Let ¢ € Fy, ui,--- ,u; be 7 > 1 elements in Fpzm and vy, -+, v,
be k > 1 elements in IF;M, where p is a prime. Write u; as (u;1,u;2) €
Fym X Fpm for each 1 < i < 7 and v; as (vj1,vj2) € Fpm x Fpm for
each 1 < j < k. Let g(y,z) = TrT'(yn(2)), where 7 is a linear permutation
over Fpm. If Trm( Yviuje + vipm Hujn)) = 0 for all 1 < i < k,1 <
j <, Trm( Ywin)vjo + Ui’zﬂ'_l(vj 1)) =0 foralll < i < j < k and
Tr (r = (vin)vip) =0 for all 1 <i < k. Then

K m 1
Fly.2) =y, 2) +e(T]_ T (viny +viz2)”
s a bent function if
h(y, z) = Tr}* (ym(2)) + F(Tr" (ua,0y + ua22), -+ Tl (uray + ur22))  (12)

1s weakly regular bent.

Ezample 3. Let p = 5, m = 3, 7 = 4, k = 1, F(x1,29,23,24) =
r1To + w3rg, ¢ = 1 and £ be a primitive element of [Fss. Take
m(2) = 2% (uin,ui2) = (€2%,6%), (ua1,u22) = (€%2,6%), (uzp,uz2) =
(5119758)7 (U4,1,U4,2) = (563755) and (U1,1,U1,2) = (53675114)- Then
7T71(2) = 2%, T ((u11)*Pur2) = Tri((us1)Pusz) = 1, Trf((u1)*ugs) =

25
Tr (ug1)Pusn) = 2, Tri ((ui1)?Pujo + uio(uj)?®) = 0 for 1 < i < j < 4,
Tr %((vl,l)2 wjo +v12(uj1)?®) =0 for all 1 < j <4 and Tr}((vy1)?v12) = 0. It
can be verified that h(y, z) = Tr3(y2°) + F(Tr3 (uy 1y + u122), -, Trf (ug 1y +
u4,22)) is bent by [13, Theorem 5]. Theorem 5 now establishes that

f(y,2) = T} (y2°)+ F (T (ug 1y+ua 22), - T (ug g y+ua 0z)) + T (Sy+22)*

is a bent function over Fzs. Moreover, it can be checked that N = 4 and deg(F') =
4, where N is defined as in Remark 1.

Theorem 6. Let u; = (ui1,u;2)(1 < @ < 7) be 7 elements in Fpm x Fpm
and v; = (vj1,v52)(1 < j < k) be & elements in Fyn x Fy., where p is a
prime. Let g(y, z) = Tr]"(yn(2)), where 7 is a linear permutation over Fpm. If
Tr(n ! (vig)ujotvien (u;1)) =0 foralll <i <k, 1<j<7, Tr(n~ (vll)ng
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tviom Hvj1)) = 0 for all 1 < i < j < k and Tr(m " (vi1)vie) = 0 for all
1<i¢<k. Then

9(y,2) + F(Tr(ui1y + u122), -+, Tr(ur 1y +ur22))( Hi:l Tr(vi1y +vi2z))"
is a bent function if h(z) given by (12) is bent.

Ezample 4. Let p =3, m =3, 7 =4, k = 1, F(x1,22,23,24) = 122 + T324
and ¢ be a primitive element of Fss. Take 7(2) = 23, (u11,u12) = (£5,€621),
(uz,1,u22) = (€%°,6'%), (uz1,us2) = (€1,6*), (uai,us2) = (£2,€"?) and
(7)1’1,’01}2) = (5,2) Then 7T_1(Z) = Zg, Tri’((ul,l)guLg) = TI‘?((U;;J)Q’U,&Q) =1,
Tr:f((u271)9u272) = TI‘?((U471)9U472) = 2, Trllg((um)gujg + ui72(uj71)9) =0 fOI"
1 <1 <35 <4, Tr?((v171)QUj,2 +’01,2(Uj,1)9) =0 forall 1 < j < 4 and
Tr}((v1.1)%1.2) = 0. It can be verified that h(y,z) = Tr3(y2?) + F(Tr3 (u1 1y +
u1,92), -, Trd (ug 1y +u4.22)) is bent by [13, Theorem 5]. Theorem 6 now estab-
lishes that

fly,2) = Tel (y2°) + F(Te] (wn 1y +un 22), -+ T (ua, 1y +ua 22) ) T (Ey +22)?

is a bent function over Fzs. Moreover, it can be checked that N = 4 and deg(F') =
4, where N is defined as in Remark 1.

5 Conclusions

In this paper, we proposed two generic constructions of bent functions with the
forms (1) and (2), which generalized some previous works [15,17]. Moreover,
based on our constructions, several infinite families of bent functions can be
obtained from quadratic bent functions and the Maiorana-MacFarland class of
bent functions by calculating their duals. In addition, it was shown that bent
functions with the maximal algebraic degree can be obtained from our construc-
tions.
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