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Preface

The 6th Conference on Microactuators, Microsensors and Micromechanisms
(MAMM) was held at Indian Institute of Technology Hyderabad from December 3
to 5, 2022. The previous editions of the conferences: MAMM 2010, MAMM 2012,
MAMM 2014, MAMM 2016 and MAMM 2020 were held in Aachen, Germany;
Durgapur, India; Timis,oara, Romania; TU Ilmenau, Germany, and again in TU
Ilmenau, Germany. Following the tradition of publishing the peer-reviewed papers
from the conference, Springer has consistently supported the publishing of proceed-
ings of the MAMM conference. The Editors of 6th Conference on MAMM were
happy to receive the same support for publishing the proceedings of the current
MAMM22 conference, held at IIT Hyderabad, India, from December 3 to 5, 2022.

Like previous editions, the thematic area of the conference remained nearly same
with the addition of few areas of current interest such as microactuators, microsen-
sors and micromechanisms, compliant mechanisms and actuators, microscale power
generation, miniaturized energy harvesting, miniature manufacturing machines,
mechatronics and control issues in micromachines, smart circuits for microma-
chines, micromechanical devices and robotics for life science, biomechatronics
at small scale, microscale flight and swimming, mechanic diagnostic of diseases,
microopto-mechanical devices, 3D and 4Dprintings andmicrofabrication techniques
for microactuators and micromechanisms, smart materials, metamaterials, lead-free
materials formicrosystems,micromechanics and nonlinear coupling inmicroelectro-
mechanical system (MEMS) oscillators, computation and theoretical methods in
microsystem designs.

To our call for papers, the papers were received from India, Germany, Vietnam
and Russia. All papers were peer-reviewed by the scientific committee members
including Prof. Kazuo Sato, Prof. Lena Zentner, Prof. Ananthasuresh, Prof. Prem
Pal, Prof. Shuji Tanaka, Prof. Toshiyuki Tschuiya, Prof. Alexey Lukin, Prof. Oded
Gottlieb, Prof. J. P. Kar, Prof. Sanket Goel, Prof. Saket Asthana, Prof. Suhanya
Duraiswamy, Prof. Suresh Kumar Garlapati, Prof. J. Surya Narayana, Prof. Jyoti
Mohanty, Prof. Safvan Palathingal, Prof. Sai Sidhardh, Prof. Prabhat Kumar, Prof.
K. P. Venkatesh, Dr. Rahul Shukla, Dr. Shankar Dutta, Dr. Vivekanand, Prof. Kirti
Sahu, Prof. NiranjanGhasis and others whom Imight have forgot tomention. Special

ix



x Preface

thanks to Mr. J. Sai Kishore, Dr. Nikul Jani and Dr. Rakesh Kumar Das for handling
the review process.

We would like to appreciate all the authors for taking the reviewers’ comments
positively and submitting the revised paper in time which helped us to complete
the review process in order to get the proceedings of the conference ready. The
proceedings of the conference consists of 32 chapters. Chapters are ordered first
based on the compliant mechanism, its application in accelerometer and gyroscope,
computational methods and, finally, fabrication methods and its effect.

Last but not least, we sincerely thank Prof. B. S. Murty, Director, IIT Hyderabad
and local organizing committee members for the support related to the organization
of the conference, and Dr. Pierpaolo Riva and the team of Springer for all the support
for bringing out the proceedings of MAMM 22.

We sincerely hope the reader will enjoy reading the excellent piece of work
by different authors. We look forward to receiving the feedback for the future
proceedings.

Sangareddy, India
Sangareddy, India
Bengaluru, India
Ilmenau, Germany
December 2022

Ashok Kumar Pandey
Prem Pal

Nagahanumaiah
Lena Zentner
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Free Vibration of Compliant Mechanisms
Based on Euler-Bernoulli-Beams
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Abstract. This paper presents an analytical approach for computing
the natural frequencies of planar compliant mechanisms consisting of
any number of beam segments. The approach is based on the Euler-
Bernoulli Beam theory and the transfer matrix method (TMM), which
means there is no need for a global dynamics equation, but instead low-
order matrices are used which result in high computational efficiency.
Each beam segment is elastic, thin, has a different rectangular cross-
section or a different orientation and is treated as an Euler-Bernoulli
beam. The approach in principle does not differentiate between the flex-
ure hinges, and the more rigid beam sections, both are treated as beams.
The difference in stiffness solely results from the changes in the cross
sections and length. A finite element analysis (FEA), as often used in
practical applications, has been carried out for various geometries to
serve as state-of-the-art reference models to which the results obtained
by the presented analytical method could be compared. Various test
specimens (TS) consisting of concentrated and distributed compliance
in various degrees of complexity were produced and measured in free-
and forced vibration testing. The results from experiments and the FEA
compared to those of the proposed method are in very good correlation
with an average deviation of 1.42%. Furthermore, the analytical method
is implemented into a readily accessible computer-based calculation tool
which allows to calculate the natural frequencies efficiently and to easily
vary different parameters.

Keywords: Compliant mechanism · Vibration frequency · Transfer
matrix method · Bernoulli beams · Free vibration · Forced vibration

1 Introduction

Compliant mechanisms gain their mobility partially or exclusively from the com-
pliance of its flexible members rather than from traditional joints. Nowadays this
compliance is no longer seen as just a disadvantage but is used in a targeted man-
ner in many areas of application. While lots of progress has been made in the
static analysis of such systems in recent years, their dynamic behaviour has been
c© The Author(s), under exclusive license to Springer Nature Switzerland AG 2023
A. K. Pandey et al. (Eds.): MAMM 2022, 126, pp. 1–18, 2023.
https://doi.org/10.1007/978-3-031-20353-4_1

http://crossmark.crossref.org/dialog/?doi=10.1007/978-3-031-20353-4_1&domain=pdf
http://orcid.org/0000-0002-6363-6319
http://orcid.org/0000-0003-4219-9006
https://doi.org/10.1007/978-3-031-20353-4_1


2 V. Platl et al.

subject to little research to date. Dynamic analysis is indispensable especially
for systems that are exposed to high dynamic processes.

So far, pseudo-rigid-body models (PRBM), FEA and beam models are the
most common approaches for calculating the natural frequencies of compliant
mechanisms. For example, Lyon et al. [10] and Yu et al. [14] used PRBM to
predict the first modal response of compliant mechanisms. Liu and Yan [9] used
a modified PRBM approach by considering also the nonlinear effects and Vedant
and Allison [12] propose a general pseudo-rigid body dynamic model for n-links.
A hybrid compliant mechanism with a flexible central chain and a cantilever is
examined through a PRBM by Zheng et al. [16].

As for the FEA Li et al. [8] and Wang et al. [13] both propose an approach
based on it for the dynamic analysis of compliant mechanisms.
Concerning the classical Euler-Bernoulli beam theory, an approach is proposed
for example by Vaz and de Lima Junior [3], where multi-stepped beams with
changing cross sections, material properties or different boundary conditions
were considered.

A different approach to obtain the vibration frequencies for uniform or non-
uniform beams is the transfer-matrix-method (TMM). It is commonly used, for
instance by Boiangiu et al. [2] to calculate the natural frequencies and observe
the relation between them and the geometric parameters for multi-step beams.
Khiem et al. [5,6] as well as Attar [1] use this method for crack detection and
investigation of damaged beams. Obradovic et al. [11] represents an analytical
treatise, where the TMM is used on rigid bodies in conjunction with elastic beam
sections and Hu et al. [4] propose a new closed-form dynamic model for describ-
ing the vibration characteristics of actual compliant mechanisms with serial and
parallel configuration by using the TMM.
Despite extensive research, the authors are not aware of any widely applicable
analytical method or standalone tool for the calculation of the natural frequen-
cies for compliant mechanisms.
Therefore, the purpose of this paper is the development of an analytical method
(Sect. 2) and its implementation into a time efficient, intuitively operable tool
(Sect. 3) for determining the transverse vibration of planar compliant mecha-
nisms with minimum input data. This will enable the analysis of the dynamic
behaviour of compliant mechanisms from the design phase to its application.
Thus, the natural frequencies can easily be taken into account which can safe a
lot time and money. The method is validated through several experiments and
FEA (Sect. 4), the results are presented and discussed (Sects. 5 and 6) and finally
conclusions are drawn (Sect. 7).

2 Analytical Method

2.1 Differential Equations of Motion

Different forms of the following compliant mechanism, as shown in Fig. 1, are
evaluated in this paper, consisting of n beam segments and joints.
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1

1

i+1

n

i

x1

xi
xi+1

xn

Fig. 1. Compliant mechanism consisting of n beam and joint segments

The partial differential equations of motion of an elastic Euler-Bernoulli beam
can be expressed as

transversal k4
i

∂2wi(x, t)
∂t2

+ p2i
∂4wi(x, t)

∂x4 = 0, i = 1, . . . , n (1a)

axial k4
i

∂2ui(x, t)
∂t2

− p2i
∂2ui(x, t)

∂x2 = 0, i = 1, . . . , n (1b)

with the relations k4
i = ρiAi

EiIx(i)ω2 p2i = ρi

Ei
ω2. (1c)

The following notations are used: Ei-Young modulus, Ix(i)-second moment of
area, ρi-density, Ai-area surface, ω-frequency, αi-angle between xi and xi−1 in a
positive sense, wi(x, t)-transversal displacement and ui(x, t)-axial displacement
of the ith beam segment at axial coordinate x and time t, xi-coordinate axis
of the beam segments. The considered compliant mechanisms are monolithic
structures; therefore, all segments are from the same material and have the same
Young modulus and density. Later in this paper the Lagrange’s and Newton’s
notations are used for differentiation.

Applying Bernoulli’s commonly used method of separation of variables and
using the approach W (x) = eλx, the general solutions for the transversal W (x)
and axial displacement U(x) are

Wi(xi) = C1i cos(kixi) + C2i sin(kixi) + C3i cosh(kixi) + C4i sinh(kixi), (2)
Ui(xi) = C5i cos(pixi) + C6i sin(pixi), (3)

with i = 1, . . . , n

in which C1i − C6i are unknown constants.
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2.2 Boundary Conditions

In order to solve these differential equations (2) and (3), boundary conditions
are used. The boundary conditions at the beginning describe the slopes and
displacement at xi = 0 and i = 1, and at the end at xi = Li and i = n.

Table 1. Boundary conditions, beginning and end

2.3 Continuity Conditions

The continuity conditions describe the relations of force and deformation quan-
tities at the junction of two beam segments, see Fig. 2.

+-

Ni

Qi

Mi

yi i
i+1

xi

Fig. 2. Connecting point of two adjacent beams with internal forces and moments
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All internal forces must occur in collinear pairs, according to Newton’s Third
Law, and must be equal in magnitude and opposite in direction. Taking further
into account the following relations

N = U ′EA, −Q = W ′′′EIz, M = W ′′EIz, (5)

we obtain the continuity conditions regarding the internal forces and moments
at the connecting point:

N : U ′
i(Li)Ai = U ′

i+1(0)Ai+1 cos αi + W ′′′
i+1(0)Iz,i+1 sin αi,

Q : −W ′′′
i (Li)Iz,i = U ′

i+1Ai+1 sin αi − W ′′′
i+1(0)Iz,i+1 cos αi,

M : W ′′
i (Li)Iz,i = W ′′

i+1(0)Iz,i+1.

(6)

Slopes as well as axial and transversal displacements at the connecting point
must be continuous, which leads to the following continuity conditions:

Ui(Li) = Ui+1(0) cos αi − Wi+1(0) sin αi,

−Wi(Li) = Ui+1 sin αi + Wi+1(0) cos αi,

W ′
i (Li) = W ′

i+1(0).
(7)

2.4 Matrix Form

To describe the motion of a compliant mechanism Eqs. (1a)–(7) can be written
in a simple yet ineffective matrix form as follows.

⎛
⎜⎜⎜⎝

x1,1 x1,2 · · · x1,n

x2,1 x2,2 · · · x2,n

...
...

. . .
...

xm,1 xm,2 · · · xm,n

⎞
⎟⎟⎟⎠

⎛
⎜⎜⎜⎜⎜⎜⎝

C11
· · ·
C61
C12
· · ·
C6n

⎞
⎟⎟⎟⎟⎟⎟⎠

=

⎛
⎜⎜⎜⎜⎝

0
0

· · ·
· · ·
0

⎞
⎟⎟⎟⎟⎠

(8)

TC = 0 (9)

where m = n. The second index of the vector C indicates the corresponding
segment and the first index, ranging from 1–6, symbolises the coefficient. The
square matrix T grows in correlation to the number of segments of the mecha-
nism. The first 3 rows are the initial conditions for the first beam and the last 3
rows for the ending conditions of the last beam, see (5) in Table 1. In between are
6 rows each for the continuity conditions (6) and (7) of the individual connecting
points. For each additional segment six new rows and columns are added to the
matrix.
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In order to find the natural frequency of the mechanism under considera-
tion the non-trivial solutions of its system (8) are calculated. To do this, the
determinant of the matrix T is calculated as a function of the frequency ω. The
values for ω, for which the determinant is equal to zero, are the natural frequen-
cies of the mechanism. The determinant calculation of such huge matrices soon
exceeds the computing capacity of common computers, which makes this app-
roach unsuitable and impractical for the calculation of compliant mechanisms
with already more than three segments.

2.5 Transfer Matrices

To be able to perform the calculation faster and for compliant mechanisms with
an arbitrary number of beams and joints, each segment must be considered
individually—individual matrices and sets of equations must be derived and then
put in relation to each other. Instead of one big matrix for the whole mechanism,
the boundary and continuity conditions for each beam and connection point are
set up individually and then multiplied together. This always results in one single
matrix T with the size 3×3, regardless of the number of segments within the
mechanism. The matrix multiplication and the calculation of the determinant of
the 3×3 matrix can be done with high computational efficiency.

First Beam Analysing for instance the motion of the mechanism in Fig. 1,
the starting point is the clamped beam 1. Respectively using the boundary
conditions (4a) combined with Eqs. (2) and (3), a set of equations is formed
and can be written in matrix form as follows:

C11 + C31 = 0, C21 + C41 = 0, C51 = 0, (10)⎛
⎜⎜⎜⎜⎜⎜⎝

1 0 0
0 1 0

−1 0 0
0 −1 0
0 0 0
0 0 1

⎞
⎟⎟⎟⎟⎟⎟⎠

⎛
⎝

C11
C21
C61

⎞
⎠ , =

⎛
⎜⎜⎜⎜⎜⎜⎝

C11
C21
C31
C41
C51
C61

⎞
⎟⎟⎟⎟⎟⎟⎠

(11)

(6×3)·(3×1) =(6×1)

T0C0 = C1. (12)

T0 for pinned and free boundary conditions are obtained in the same way. The
matrices Ti are called transfer matrices and the vectors Ci coefficient vectors.

Last Beam Moving on to the end of the last beam of the mechanism, which
is free, Eqs. (2) and (3) are combined with the boundary condition (4f). This



Free Vibration of Compliant Mechanisms . . . 7

results in the following set of equations and can also be written in matrix form:

−C1nk2
nc(knln) − C2nk2

n s(knln) + C3nk2
nch(knln) + C4nk2

nsh(knln) = 0,

C1nk3
n s(knln) − C2nk3

nc(knln) + C3nk3
nsh(knln) + C4nk3

nch(knln) = 0,

−C5npns(pnln) + C6npnc(pnln) = 0.

(13)

Instead of sin and sinh it is s and sh; instead of cos and cosh it is c and ch.
The set of equations for clamped and pinned boundary conditions are obtained
in the same way. These equations, describing the end of the last beam, can also
be written in matrix form, such as

TnCn = 0.

(3×6)·(6×1) =(3×1)
(14)

Connecting Point This leaves the evaluation of the two connecting points
within the mechanism. Equations (6), (7) and (2), (3) lead to a set of equations,
with k is a substitute for kili and p for pili, which can be written in matrix form
as demonstrated in (15)–(17).

TiL =

⎛
⎜⎜⎜⎜⎜⎜⎝

0 0 0 0 −Aipis(p) Aipic(p)
−Iik

3
i s(k) Iik

3
i c(k) −Iik

3
i sh(k) −Iik

3
i ch(k) 0 0

−Iik
2
i c(k) −Iik

2
i s(k) Iik

2
i ch(k) Iik

2
i sh(k) 0 0

−kis(k) kic(k) kish(k) kich(k) 0 0
c(k) s(k) ch(k) sh(k) 0 0

0 0 0 0 c(p) s(p)

⎞
⎟⎟⎟⎟⎟⎟⎠

(15)

TiR =⎛
⎜⎜⎜⎜⎜⎜⎝

0 −Ii+1k3
i+1s(αi) 0 Ii+1k3

i+1s(αi) 0 Ai+1pi+1c(αi)
0 +Ii+1k3

i+1c(αi) 0 −Ii+1k3
i+1c(αi) 0 Ai+1pi+1s(αi)

−Ii+1k2
i+1 0 Ii+1k2

i+1 0 0 0
0 ki+1 0 ki+1 0 0

c(αi) 0 c(αi) 0 s(αi) 0
−s(αi) 0 −s(αi) 0 c(αi) 0

⎞
⎟⎟⎟⎟⎟⎟⎠

(16)

TiLCi = TiRCi+1

T−1
iR TiLCi = T−1

iR TiRCi+1

Which can be written as TiCi = Ci+1. (17)
(6×6)(6×1) =(6×1)
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2.6 Equation of the Natural Frequencies

Inserting Eqs. (11), (14) and (17) into one another leads to the following equation

TnTn−1 · · · Ti+1TiT0C0 = 0 (18)
⇒ TC0 = 0. (19)
det(T) = 0. (20)

The natural frequencies of the mechanism correspond to the values for ω for
which det(T)=0.

2.7 First Verification of the Analytical Approach

In order to prove the presented analytical method a numerical verification is
carried out through FEA. For this purpose eleven mechanisms with different
dimensions and angles are examined, such as the mechanism in Fig. 3. It con-
sists of three beams with the angles α1,2 = π

6 and dimensions 5×5×50 mm3,
1 × 1×10 mm3 and 5 × 5×40 mm3. The material of the mechanisms is structural
steel with a density of ρ=7850 kg

m3 and Young’s modulus E=200,000 MPa.

Table 2. Natural frequencies of Fig. 3; results and deviation (dev.)

Natural Mathematica ANSYS Dev.
frequency [Hz] [Hz] [%]
1 84.4221 84.294 0.15
2 755.874 750.35 0.73
3 2439.97 2396.3 1.79
4 7742.07 7517.4 2.90
5 12737.9 12212 4.13

The Program Wolfram Mathematica 9 is used to calculate the natural frequencies
with the given Eqs. (18)–(20) and the numerical analysis is carried out as a modal
analysis with FEA-models using ANSYS Workbench 2019 R3.

As one can see in Table 2 the deviations of the first five natural frequencies of
the mechanism shown in Fig. 3 between the analytical and numerical calculation
are in a range of less than 4%. Similar deviations are obtained for the other
calculated mechanisms.

3 Design of the Calculation Tool

The derived analytical method can be easily implemented into a calculation tool,
due to the pre defined boundary conditions and the consistent calculation of the
matrices.
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1

2

3

Fig. 3. Exemplary mechanism, beginning clamped, end free

3.1 Programming Language Python

For programming the graphical user interface the programming language Python
was chosen with its library Tkinter. It is a universal, usually interpreted, higher
programming language, which can be run platform independent. One of the
great advantages of Python is the extreme variety of freely available standard
libraries, which allow the language’s range of functions to be extended at will.
The majority of the libraries are also platform independent, so that even larger
Python programs run on Unix, Windows, macOS and other platforms without
any changes.

The Python program is split into several files, for example the language-
dependent terms, standard values, colours of the controls etc., making it easy to
make changes to the standard configuration of the program.

3.2 Design of the Graphical User Interface for the Calculation Tool

The concept behind the structure of the user interface is a large drawing area for
the two-dimensional graphical representation of the current beam configuration
on the right-hand side, with all operating tools of the program on the left-hand
side, see Fig. 4.
The two-dimensional drawing of the beams shows the width, length and angle
of each beam segment. Furthermore, a graphic representation of the respec-
tive boundary conditions at the start and end is implemented. On the left side
of the program the parameters are added. The Young’s-Modulus and density
are defined for the whole mechanisms, whereas the geometric parameters for
the beam segments are assigned individually. The program supports entering
the angle in both degrees and radians, which can be selected via an associated
checkbox. The selection of the beam segment can be changed using a drop-
down menu or by clicking the respective segment with the mouse. Changes to
the width, length or angle of a segment are shown in real time on the drawing
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Fig. 4. Screenshot of the calculation tool LeViTho

area. Furthermore, checkboxes for the display of the coordinate system for the
first segment as well as a short explanation of the dimensions and numbering
of each beam segment are featured. In the lower section of the input area the
user can input the frequency range, in which the calculation function will search
for the natural frequencies. Below the input fields there is a button to start the
calculation and another one to cancel the calculation.

Invalid entries are checked before the actual calculation is started and cor-
responding error messages are displayed in the result text field. During the cal-
culation, all the solutions found in the given frequency range are displayed in
the results text field, while the progress bar below shows the current calculation
progress in percent as well as a rough estimate of the remaining calculation time
in seconds.

Finally, the program offers the possibility to export the entered parameters
(Young’s-Modulus, density, boundary conditions, geometry of each beam seg-
ment, frequency range) as well as the corresponding natural frequencies resulting
from the calculation in form of a .csv file.

4 Validation and Verification

To create an assortment of reference models on which the proposed analytical
method can be assessed various Test Specimens (TS) are designed and manufac-
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tured. The tests for the validation are carried out as free and forced vibration
tests. The verification is then done by FEA and the parameters used can be
found in the appendix Table 7.

4.1 Test Specimen Design
The TS are plane symmetric in respect to the XY-plane and the XZ-plane.
For compliance with the TMM the TS have a rectangular cross section, though
for mechanical and manufacturing reasons the corners of the flexure hinges are
filleted, characterized as corner-filleted notch hinges, see Fig. 5.

x

y

z

w

l
l

1

r
h

L

H

l2=l1

Fig. 5. Visual representation of test specimens parameters, see Table 3

The specimens have a constant width in the Z-direction, so they are biased to
oscillate around this axis. The dimensions of the four TS are specified in Table 3.
All values are within ± 0.020 the nominal value if not stated differently. Due to
the immense influence of the notch height of the flexure hinge, the actual height
was measured and later used for the calculations with LeViTho and for the FEA.

Table 3. Geometric dimensions of TS: L-length of whole mechanism, l-length of com-
pliant segment, w-width, H-height, h-height compliant segment, r-radius

TS L [mm] l [mm] w [mm] H [mm] h [mm] hmeasured [mm] r [mm]
1 140 8 8 8+0.004

−0.082 0.8+0.004
−0.082 0.777 0.5

2 140 30 8 8+0.002
−0.084 0.8+0.002

−0.084 0.753 0.5
3 100 8 8 8+0.010

−0.035 0.5+0.010
−0.035 0.460 0.5

4 100 20 8 8+0.013
−0.065 0.5+0.013

−0.065 0.444 0.5

Compliant mechanisms can be categorized to have concentrated or distributed
compliance. Specimens with a dimensionless ratio of L

l ≥ 10 are defined to have
Concentrated Compliance (CC), specimens with a ratio of L

l < 10 are defined
to have Distributed Compliance (DC) [15]. Thus, TS 1 and 3 feature CC, TS 2
and 4 DC.
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4.2 Material Choice and Manufacturing

To guarantee the longevity and avoid deterioration of the TS a cold work tool
steel, 100MnCrW4 (DIN EN ISO 4957; 1.2510) was picked. To avoid creeping of
the TS during the cutting process due to releasing internal stresses the material
was annealed twice by the supplier. The Youngs-Modulus was specified by the
supplier as E= 193 000 MPa, the density is measured to be 7776 kg

m3 . The TS
were cut on a Wire Erosion Discharge Machine (WEDM) Charmilles Robofill
240 with a single rough cut (vc= 3 mm

min ).

4.3 Free Vibration Testing

The test setup for measuring the first natural frequency can be seen in Fig. 6.
The TS are treated as cantilever beams. The fixed end is clamped with a set of
wedges in a force-fitting manner in a clamping device. The XY-Plane is oriented
parallel to the ground to avoid interaction with gravity.

55 mm

Test sample

Clamping device

Triangulation displacement sensor

X

z
y

Laser beam

Fig. 6. Free vibration test setup with a triangulation displacement sensor

Every TS is deflected to a specified value and then released to start the oscil-
lation. The procedure is repeated six times for every test set up, the Standard
Deviation (SD) is deducted. The amplitudes are recorded over time by the laser
triangulation displacement sensor (LTD) Micro Epsilon optoNCDT 1420-100, its
parameters can be found in the appendix, see Table 6. The Fast Fourier Trans-
formation (FFT) is applied to the raw data, which shows the amplitudes and
corresponding frequencies.

4.4 Dynamic Vibration Testing

To recover the second natural frequency the TS are additionally examined with a
Laser-Doppler-Scanning-Vibrometer. The TS are clamped in a cantilever manner
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to the shaker and are agitated along a band of frequencies while the Vibrometer
scans the respond on the surface of the TS. The system is set to a sampling
rate of 5.12 kHz at a sweep resolution of 625 mHz. The shaker is set to sweep a
frequency band from 1 Hz to 1.6 kHz in a time frame of 4 seconds. Once again, the
first natural frequencies are really evident. The frequency of the second planar
eigenmode is found for the 2nd and 4th test specimen (DC), see Fig. 7. The 1st
and 3rd specimen (CC) showed no clear frequency respond for the second planar
eigenmode.

Fig. 7. First (left) and second (right) planar normal mode of test specimen 4, excitation
through Vibrometer

4.5 Verification Through Finite Element Analysis

To verify the results obtained by the TMM, the models of the test specimen are
analysed with the commercial software SolidWorks with the simulation add-on.
The first 5 normal modes are calculated, those corresponding with the transversal
vibration on the XY-plane, see Fig. 8, are used as comparative values for the
evaluation.

Fig. 8. 1st (left) and 2nd (right) planar natural frequency of TS 4 in FEM

5 Results

The prismatic TS were examined by free vibration testing. The first natural
frequency is found by processing the signal from the LTD sensor with FFT.
The elastic behaviour of the flexure hinge results in a well-defined peak in the
amplitude spectrum, as shown for TS1 in Fig. 9, corresponding to the frequency
of the first mode shape of the investigated specimen. The first natural frequency
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Fig. 9. Frequency spectrum of TS1

is very evident for all specimens, the second natural frequency around the Z-
direction (the 3rd or 4th spatial natural frequency) though is very small and not
clearly distinguishable from the background noise.

The oscillation of the test specimen is subject to losses which results is the
decay of the amplitudes over time. Energy dissipation occurs externally due to air
resistance and internally due to internal friction resulting in a dampened system.
From the decay of the amplitudes the logarithmic decrement δ is calculated, as
shown in (21).

δ = 1
i
ln

(
x(t)

x(t + iT )

)
(21)

i is an integer defining the number of consecutive positive peaks occurring within
a decrement of 10 dB, x(t) is the amplitude peak value at time t, T is the period
duration. From the logarithmic decrement the damping ratio ξ is found in (22).

ξ =
(

δ√
4π2 + δ2

)
(22)

The damping ratio as well as the logarithmic decrement for the results of the
first natural frequencies of the free vibration tests are listed in the appendix, see
Table 5.

To reveal the second natural frequency of the prismatic TS a modal-analysis
is carried out with a Vibrometer. The second mode shape for the specimens with
DC is identified as well as the related natural frequency. The first two planar
natural frequencies are also calculated for all four TS with the LeViTho tool and
through FEA.

The results for free and forced vibration tests as well as the FEA and their
respective deviations to LeViTho are listed in Table 4.
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Table 4. Comparison of results of free and forced vibration test (V.T.) and FEA to
LeViTho results; N.F.-natural frequency, Δ-devitation to LeViTho

Test specimen 1 2 3 4
LeViTho 1st N.F. [Hz] 57.09 28.13 43.52 25.93

2nd N.F. [Hz] 981.37 407.54 1160.42 401.39
Free V.T. 1st N.F. [Hz] 58.09 27.89 43.81 24.27

Δ [%] 1.74 −0.85 0.66 −6.39
Forced V.T. 1st N.F. [Hz] 54.69 27.50 43.13 24.38

Δ [%] −4.21 −2.23 −0.90 −5.97
2nd N.F. [Hz] – 391.30 – 390.60
Δ [%] – −3.98 – −2.69

FEA 1st N.F. [Hz] 56.97 28.20 44.33 26.16
Δ [%] −0.21 0.27 1.87 0.88
2nd N.F. [Hz] 967.63 403.40 1151.2 400.22
Δ [%] −1.40 −1.02 −0.79 −0.29

6 Discussion

As can be seen in Table 4 and is visualized in Fig. 10, the results from the exper-
iments and the finite element analysis compared to the results obtained with the
proposed analytical method implemented in the programm LeViTho are mostly
in very good correlation with an average deviation of 1.42%.

The experimental results from TS 4 show comparably large deviations for
the first natural frequency. As mentioned, the TS were cut via WEDM process,
though they were only rough cut. This may have led to many imperfections in
the surface and dimensional inaccuracy which leads to larger deviations between
the experiment and the calculation with the ideal geometry (LeViTho). Another
factor which would influence the natural frequency of the TS could be stress
within the material, due to manufacturing processes.

Furthermore, the properties of the rim zone that was altered by the cut might
have influenced the results to a certain degree, as stated by [7]. The dimensional
inaccuracies were compensated in the calculations as good as possible by measur-
ing the deviation from the nominal value, see Table 3. The calculations depend on
the geometrical dimensions as well as the physical quantities of Young’s-Modulus
and the density. The density was calculated from the theoretical volume of the
TS and their measured weight. The Young’s-Modulus was taken as indicated by
the supplier, but it was not independently measured.

Additionally, the different orientation of the TS during the two testing setups
may influence the measured natural frequency. In the free vibration test run the
vibration axis was oriented in line with the gravitational vector. This was not
possible in the forced vibration test run due to the setup of the Vibrometer, the
specimen were therefore oriented perpendicular. The somewhat larger deviations
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Fig. 10. Comparison of results of free and forced vibration testing, LeViTho and FEA:
1st N.F.-first natural frequency, 2nd N.F.-second natural frequency, free V.T.-free
vibration test, forced V.T.-forced vibration test

in the forced V.T. might be attributable to the acting gravity. The damping ratio
was calculated for the free vibration, it is small enough to be neglected comparing
to other influence factors. Furthermore, neither LeViTho nor the FEA take into
consideration the filleted corners of the TS.

7 Conclusion and Outlook

This paper shows that the proposed analytical approach can be legitimately
applied to compliant mechanisms for calculating their natural frequencies. Sev-
eral single flexure hinges with CC and DC were designed, manufactured and
tested. The frequency values obtained by this method are in very good corre-
lation to the measured frequencies and to the results from the FEA. With the
development of LeViTho a handy tool with practical application was created. It
might be used in the design stage of compliant machines to prevent harmonic
reactions or it could be applied to troubleshoot when existing machines show
signs of harmonic interaction. The big advantage beside the reasonably precise
calculations, is the fast and intuitive handling of the software, which compared
to the FEA has the potential to save a good amount of time. As observed in
the testing phase, compliant mechanisms are very sensible to manufacturing
tolerances, in this case LeViTho can be used to simulate the consequences deriv-
ing from manufacturing variations. The current state of the analytical method
implemented in LeViTho is that it is only applicable for planar continuous sys-
tems, even though the calculation of merged systems, i.e. the segments can have
different material properties, is possible with few modifications. In the future,
further investigations will be carried out to calculate spatial systems, systems
with branching points and possibly flexure hinges.
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8 Appendix

Table 5. Free vibration test results; N.F.-natural frequency, SD-standard deviation,
δ-logarithmic decrement, ξ-damping ratio

TS 1st N.F. [Hz] SD [Hz] δ SDδ ξ SDξ

1 58.09 0.054 1.84E−02 2.44E−04 2.92E−03 3.89E−05
2 27.89 0.029 6.30E−03 5.87E−05 1.00E−03 9.35E−06
3 43.81 0.049 1.47E−02 1.24E−03 2.34E−03 1.97E−04
4 24.27 0.010 5.86E−03 4.16E−04 9.32E−04 6.62E−05

Table 6. Sensor parameters Micro Epsilon optoNCDT 1420-100

Parameter Value Unit
Measuring range 100 mm
Sampling rate 4 kHz
Linearity < ±0.08 %
Repeatability 4 µm

Table 7. FEA parameters

Parameter Value Unit
Solver FFEPlus
Mesh elements 4 Jacobi points
Max. element size 1 mm
Max. aspect ratio 4.38
Jacobi mesh quality 1–1.213
Mesh size at flexure 0.162 mm
Mesh size ratio at flexure 1.9
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Abstract. Soft robots are made of compliant materials that perform
their tasks by deriving motion from elastic deformations. They are used
in various applications, e.g., for handling fragile objects, navigating sen-
sitive/complex environments, etc., and are typically actuated by Pneu-
matic/hydraulic loads. Though demands for soft robots are continuously
increasing in various engineering sectors, due to the lack of systematic
approaches, they are primarily designed manually. This paper presents
a systematic density-based topology optimization approach to design-
ing soft robots while considering the design-dependent behavior of the
actuating loads. We use the Darcy law with the conceptualized drainage
term to model the design-dependent nature of the applied pressure loads.
The standard finite element is employed to evaluate the consistent nodal
loads from the obtained pressure field. The robust topology optimization
formulation is used with the multi-criteria objective. The success of the
presented approach is demonstrated by designing a member/soft robot
of the pneumatic networks (PneuNets). The optimized member is com-
bined in several series to get different PneuNets. Their CAD models are
generated, and they are studied with high-pressure loads in a commer-
cial software. Depending upon the number of members in the PneuNets,
different output motions are noted.

Keywords: Soft robots · Topology optimization · Design-dependent
loads · Compliant mechanisms

1 Introduction

Soft robots are constituted by compliant materials and have monolithic
lightweight designs [1]. Such robots are actuated primarily by pneu-
matic/hydraulic (fluidic pressure) loads and use motion obtained from elastic
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deformation to perform their tasks. Nowadays, they are being used in a wide
range of applications, e.g., to handle fragile objects, fruits, and vegetables, in
sensitive and unstructured environments for navigation, etc. In addition, they
provide high power-to-weight ratios and help achieve complex motions [1]. There-
fore, interest in designing them for different applications is constantly growing.
The pneumatically/hydraulically (pressure loads, air/water) actuated soft robots
are sought the most and are used relatively more. In general, soft robots are
designed manually using heuristic methods because of the lack of systematic
approaches. Heuristic methods greatly depend upon the designers’ knowledge
and experience and may require many resources/iterations. Therefore, the goal
of this paper is to present a systematic approach using topology optimization
for designing pressure-driven soft robots. Figure 1 displays a schematic diagram
of a soft robot with a bellow-shaped pressure loading chamber. When pneu-
matic/hydraulic loads inflate the chamber, it is desired that the output point P
moves in a bending motion, as shown by the red curved arrow.

Fig. 1. A schematic diagram for a soft robot.

Topology optimization (TO) provides an optimized material distribution for a
design problem by extremizing the desired objective under the given physical and
geometrical constraints. In a typical TO setting, the design domain is described
by finite elements (FEs, cf.[2]), and each element is assigned a design variable ρ ∈
[0, 1]. ρ = 0 and ρ = 1 indicate an element’s void and solid states, respectively.
The applied loads/actuating forces depending upon the applications soft robots
are designed for, can be either design-dependent, e.g., fluidic pressure load [3], or
constant. A design-dependent load changes its location, magnitude, and direction
as TO advances and thus, poses several distinctive challenges [3].
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Hiller and Lipson [4] used the evolutionary topology optimization approach to
design soft robots. Chen et al. [5] developed a soft cable-driven gripper using the
level-set topology optimization method. Zhang et al. [6] developed a soft pneu-
matic gripper by maximizing the output displacement. Pressure loads always act
normal to the boundaries of the design domain, which alter with TO iterations.
Therefore, including design-dependent behavior within the optimization formu-
lation is essential for fluid pressure loads, which is not considered in Refs. [4–6].
In addition, Refs. [7,8] mentioned that compliant mechanisms (CMs) optimized
using TO suffer from point (single-node) connections, and thus, they either
become challenging to realize or require post-processing. Further, the perfor-
mance of the post-processed designs may not be the same as that of their numer-
ical counterparts. Herein, we use the robust formulation presented in [9] to cir-
cumvent this issue, considering the design-dependent characteristics of pressure
loads for designing soft robots. Readers can refer to Refs. [10–13] and references
therein for designing various CMs for different applications using TO.

Hammer and Olhoff [14] were the first to consider the design-dependent
nature of the pressure loads in TO while designing structures. Chen et al. [15]
used a fictitious thermal model to design pressure-actuated compliant mecha-
nisms. Sigmund and Clausen [16] presented the mixed-finite element-based app-
roach. Panganiban et al. [17] employed a non-confirming FE method in their
approach for pressure-actuated CMs. The solid isotropic material with penaliza-
tion (SIMP) and moving isosurface threshold schemes are used by Vasista and
Tong [18]. de Souza and Silva [19] used the method presented in Ref. [16] with
a projection filter. Kumar et al. [3] presented a novel approach using the Darcy
law for pressure field modeling. The method uses the standard FE method and
works fine for designing 3D CMs [20]. Thus, we adopt the method to model
the pressure load. The prime goal herein is to design a member (soft robot) of
the pneumatic network (PneuNets, cf. [21]) to achieve the specified motion. The
optimized member is further connected in several series to get different output
motions with high-pressure loads.

The remainder of the paper is structured as follows. Section 2 summarizes
pressure load modeling using the Darcy law in brief. TO formulation is provided
in Sect. 3. Section 4 presents an optimized design for a member of the PneuNet
soft robot. The optimized design is extracted, and its CAD model is made. The
different networks are generated from the CAD model and further analyzed with
higher pressure loads in commercial software to achieve complex motions. Lastly,
the conclusions are drawn in Sect. 5.

2 Pressure Load Modeling

In this section, we present the pressure load modeling using the Darcy law in
brief herein for completeness. One can refer to [3] for a detailed description.

As TO advances, the material states of the associated FEs evolve. We already
have known boundaries with input pressure and zero pressure load at the initial
stage of TO, i.e., a pressure difference across the domain. Therefore, using the
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Darcy low to determine the pressure field while assuming elements as porous is
natural. Given Darcy law, the flux q is determined as

q = −κ

μ
∇p = −K(ρ̄)∇p, (1)

where ∇p is the pressure gradient. κ and μ represent the permeability of the
medium and the fluid viscosity, respectively. ρ̄ indicates the physical design vari-
able. K(ρ̄) is called the flow coefficient. For element e, the flow coefficient is
defined as [3]

K(ρ̄e) = Kv (1 − (1 − ε)H(ρ̄e, βκ, ηκ)) , (2)

where H(ρ̄e, βκ, ηκ) = tanh (βκηκ)+tanh (βκ(ρ̄e−ηκ))
tanh (βκηκ)+tanh (βκ(1−ηκ))

, and ε = Ks

Kv
is called flow con-

trast [20]. Ks and Kv are the flow coefficient of solid and void phases of element e
respectively. {ηκ, βκ} are termed flow parameters which define respectively the
step position and slope of K(ρ̄e). To get the meaningful pressure distribution in
a TO setting, drainage, Qdrain, is conceptualized [3,20]. The balanced equation
of Eq. 1 with the drainage can be determined as [3]:

∇ · q − Qdrain = 0. (3)

where Qdrain = −D(ρ̄e)(p − pext) with D(ρ̄e) = DsH(ρ̄e, βd, ηd). {ηd, βd} are
the drainage parameters. In view of the fundamentals of the finite element for-
mulations, Eq. 3 transpires to [3]

Ap = 0, (4)

in case both external pressure load and surface flux are set equal to zero, which
is the case herein considered. A and p are the global flow matrix and pressure
vector, respectively. Equation 4 gives the pressure field distribution within the
design domain as TO advances. We find the consistent nodal loads from the
pressure field distribution as [3]:

F = −Tp (5)

where F is the global force vector, and T is the transformation matrix [3]. To
summarize, with TO iterations, Eqs. 4 and 5 are used to determine the pressure
field and corresponding nodal force vector.

3 Topology Optimization Formulation

We use the robust formulation [9], i.e., the eroded, intermediate, and dilated
descriptions of the design field, to find the optimized designs for the soft robots.
The worst objective of the eroded, intermediate, and dilated designs is minimized
with the given volume fraction. Mathematically, the optimization formulation
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can be written as [22]

min
ρ

: max :
(
f0(ρ̄d), f0(ρ̄i), f0(ρ̄e)

)

Subjected to :
λ1

m : Ampm|m=d,i,e = 0,
λ2

m : Kmum = Fm = −Tmpm

λ3
m : Kmvm = Fd

μ : V (ρ̄d(ρ)) − V ∗
d ≤ 0

0 ≤ ρ ≤ 1
Data: V ∗

d ,Δη, rfill, Pin,Fd

⎫
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

, (6)

where f0 is a multi-criteria objective, which is defined by −sMSE
SE [23]. MSE

indicates the mutual strain energy, and SE represents the strain energy. MSE =
v�Ku and SE = 1

2u
�Ku. s is a consistent scale factor. As per [9], the volume

fraction is applied using the dilated field and is updated with TO iterations. u
and v are the global displacement vectors obtained in response to the actual and
dummy forces, respectively. K is the global stiffness matrix. ρ̄ is the physical
design vector. ρ̄j of element j is determined as [9]:

ρ̄j(ρ̃j , β, η) =
tanh (βη) + tanh (β(ρ̃j − η))
tanh (βη) + tanh (β(1 − η))

, (7)

where η ∈ [0, 1] defines the threshold, and β ∈ [0, ∞) controls the steepness of
the projection function. Generally, β is increased from 1 to a large finite value
using a continuation scheme. ρ̃j , the filtered design variable of element j, is
defined as [24]:

ρ̃j =
∑Ne

k=1 vkρkw(xk)
∑Ne

k=1 vkw(xk)
(8)

where Ne indicates the total number of elements used to parameter-
ize the design domain, and vk is the volume of neighboring element k.
w(xk) = max

(
0, 1 − d

rfill

)
, is the weight function, wherein d = ||xj − xk|| is

a Euclidean distance between centroids xj and xk of elements j and k, respec-
tively. One finds the derivative of ρ̄j (Eq. 7) with respect to ρ̃j as:

∂ρ̄j

∂ρ̃j
= β

1 − tanh(β(ρ̃j − η))2

tanh (βη) + tanh (β(1 − η))
. (9)

Likewise, the derivative of ρ̃j (Eq. 8) with respect to ρk can be evaluated as

∂ρ̃j

∂ρk
=

vkw(xk)
∑Ne

i=1 viw(xi)
. (10)

Finally, using the chain rule one can find the derivative a function f with respect
to ρk as

∂f

∂ρk
=

Ne∑

j=1

∂f

∂ρ̄j

∂ρ̄j

∂ρ̃j

∂ρ̃j

∂ρk
, (11)
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We use the modified SIMP material scheme [25] for finding Young’s modulus
of element j as

Ej = E0 + (ρ̄j)χ(E1 − E0), ρ̄j ∈ [0, 1] (12)

where χ is the SIMP parameter. E0 and E1 are Youngs’ moduli of the void and
solid states of an FE, respectively. E0

E1
= 1e−6 is set in this paper.

The Method of Moving Asymptotes (MMA, cf. [26]), a gradient-based opti-
mizer, is used to solve the optimization problem (Eq. 6). Thus, we need the
sensitivities of the objective and constraint with respect to the design variables,
which are determined using the adjoint-variable method. Complete detail on
sensitivity analysis can be found in [3,22].

4 Numerical Results and Discussions

In this section, a member of PneuNets (Fig. 1(B) of [21]) is designed using
the presented method. Different PneuNets are constructed using the optimized
design to achieve complex motions with high-pressure loads, which we analyze
in a commercial software.

The design domain is displayed in Fig. 2. Lx = 0.1 m and Ly =0.15 m indicate
respectively the dimension in x− and y−directions. The out-of-plane thickness
is set to 0.001 m. The input pressure load of 1 bar is applied at the center of
the domain, as shown in Fig. 2. Edges of the domain experience zero pressure
load. Half the length of the left edge is fixed (Fig. 2). Workpiece of stiffness kss

= 1 × 104Nm−1 is used. The domain is parameterized using quadrilateral FEs
herein. Nex×Ney = 100×150 bi-linear quadrilateral FEs are used to describe the
design domain, where FEs in x− and y−directions are represented via Nex and
Ney, respectively. Each element is assigned a design variable that is considered
constant within the element. The external move limit for the MMA optimizer
is set to 0.1. The maximum number of the MMA iterations is fixed to 400.
The filter radius rfill = 6.0 × min

(
Lx

Nex
,

Ly

Ney

)
is set. A void region of dimension

Lx

2 × Ly

10 exists within the domain, as displayed in Fig. 2. We consider the plane
stress and small deformation finite element formulation assumptions. The SIMP
parameter χ = 3 is taken.

The permitted volume fraction is taken to 0.20. The robust parameter Δη =
0.15 is set. β (Eq. 7) is varied from 1 to 128, which is doubled at each 50 MMA
iterations, and once it reaches its maximum value of 128, it remains so for the
rest of the optimization iterations. The dilated volume is updated every 25 MMA
iterations. The higher β helps achieve a solution close to 0–1 that is measured
herein using the discreteness scale Mnd defined in [25] as

Mnd =
∑Ne

e=1 4(ρ̄e)(1 − ρ̄e)
Ne

, (13)

For the mechanism, it is expected that as it is inflated with pressure load, the bot-
tom right corner of it should move down, i.e., motion in the negative y−direction
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Fig. 2. Design domain of a pressure-driven soft robot. Lx = 0.1 m and Ly = 0.15 m are
set, where Lx and Ly represent dimensions in x− and y−directions, respectively. The
input pressure load of 1 bar is applied using a circular chamber of radius Lx

4
, as shown

in the figure. The desired output motion is indicated by a green arrow. kss indicates the
work-piece stiffness. A predefined void region of dimension Lx

2
× Ly

10
is shown within

the domain.

is sought (Fig. 2). The flow contrast ε = 1× 10−7 is used. Young’s modulus of
material E1 = 100 MPa, and Poisson’s ration ν = 0.40 are set. The flow param-
eters {ηκ, βκ} = {0.20, 10} and the drainage parameters {ηd, βd} = {0.30, 10}
are taken.

The optimized eroded, intermediate, and dilated designs with respective opti-
mum pressure fields are displayed in Fig. 3. The optimized PneuNet design gets
an arbitrary-shaped chamber to contain the fluidic pressure load in the optimized
designs (Fig. 3), and that is expected to enhance the performance of pneumatic
networks. On the other hand, when PneuNets are designed by the heuristic
method, they typically have regular-shaped pressure chambers [21].

The eroded, intermediate, and dilated optimized mechanisms have identical
topologies. The intermediate design is taken for the blueprint/fabrication. The
eroded designs contain relatively thinner members, whereas the dilated designs
are thicker. As per the value of Mnd, the optimized designs are very close to 0–1,
i.e., black-white designs are obtained.

A member of PneuNet soft robot is designed with Pin = 1 bar while consider-
ing small deformation finite element assumptions in Fig. 3. However, soft robots
typically experience finite deformation while performing their tasks. Including
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Fig. 3. Optimized design of a member of the PneuNet. Filter radius rfill = 6.0h is

employed. h = min
(

Lx
Nex

,
Ly

Ney

)
. (a) Eroded design, (b) Intermediate design, and (c)

Dilated design.

Fig. 4. (a) The optimized PneuNet intermediate design, (b) The CAD model, (c)
The deformed and undeformed profiles. Red and blue colors indicate maximum and
minimum deformation locations. The chamber is pressurized by a 100 bar load.

nonlinear mechanics formulation within the proposed design approach poses sev-
eral other challenges, as mentioned in [22], and is out of the scope of the cur-
rent study. However, we extract the optimized intermediate design using the
technique mentioned in [22] (Fig. 3b) and study its behavior with high-pressure
loads using a neo-Hookean material model in a commercial software. In addi-
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Fig. 5. (a) The optimized PneuNet design with two inflating members, (b) The CAD
model, (c) The deformed and undeformed profiles. Each chamber is pressurized by a
100 bar load.

tion, we also form different PneuNets from the optimized design displayed in
Fig. 3b and demonstrate their output deformation profiles. In [27] also a single
member is optimized first and combined to get a pneumatic network. They use
polygonal/hexagonal [2] FEs to represent the design domain.

The intermediate optimized design of the soft robot is analyzed in ABAQUS
with Pin = 100 bar. The optimized design (Fig. 4a), its CAD model (Fig. 4b), and
deformed-undeformed profiles superimposed on each other (Fig. 4c) are shown
in Fig. 4. One can note that we get bending motion for the output node with
high-pressure loading, which is expected.

Next, we combine two (Fig. 5a) and four (Fig. 6a) members of the optimized
design to get different PneuNets (Fig. 5b and Fig. 6b). The pressure chambers
of the designs are inflated using a 100 bar pressure load. The superimposed
deformed and undeformed profiles for these robots are displayed in Fig. 5c and
Fig. 6c, respectively. As the number of members increases in the network, the
final robot deforms relatively more and provides bending motion. With more
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Fig. 6. (a) The optimized PneuNet design with four inflating members, (b) The CAD
model, (c) The deformed and undeformed profiles. Each chamber is pressurized by a
100 bar load.

pneumatic members and high-pressure loads, the branches may interact and
come in contact, i.e., situations for self-contact may occur [28,29] and thus, pose
another set of challenges for designing such robots using TO. It can be noted
that the pressurized chambers become close to circular shapes in their deformed
profiles (Figs. 4c, 5c, and 6c); this is due because the pressure load acts normal
to the surface. In addition, as the number of PneuNet members increases, one
gets the complex output motions from the PneuNets, as depicted in Figs. 4c, 5c,
and 6c.

5 Closure

This paper presents a density-based topology optimization approach to design-
ing soft robots while considering the design-dependent nature of the actuat-
ing (fluidic pneumatic) loads. The robust formulation is employed to subdue
point/single-node connections. To model the design-dependent character of the
pressure load, we use the Darcy law with a conceptualized drainage term per [3].
The consistent nodal loads are determined from the obtained pressure field using
the standard finite element method.
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The proposed approach is demonstrated by designing a PneuNet soft robot.
A min-max optimization problem is solved wherein the objective is determined
using the multi-criteria formulation. The Method of Moving Asymptotes is used
to solve the optimization problem. The optimized PneuNet gives the desired
motion and has an arbitrary-shaped pneumatic chamber. The optimized design
is combined to form numerous PneuNets, which provide different movements
with high-pressure loads. Typically, soft robots experience finite deformation
during their performance. Thus, it is necessary to include nonlinear finite element
modeling within the optimization formulation, which forms the future direction
for this research.
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Abstract. We present the design of a compliant finger based on the topology
optimization method through Hill Climber stochastic search. The compliant fin-
ger is composed of an arrangement of beams, whose behavior is studied under the
formulation of large deformation co-rotational beam elements. The design opti-
mization seeks to maximize deflection of the tip of the compliant finger with the
lowest possible input torque and the mechanical advantage via the contact force
between the compliant finger and a free-form shaped object. Large tip deformation
is sought along a desired path. The actual path traced by the candidate mechanism
and the desired path are compared through their Fourier descriptors. Computation
of the contact force is performed between the surfaces of Euler-Bernoulli beam
and a prescribed free-form shape.

Keywords: Topology optimization · Compliant mechanism · Compliant finger ·
Hill climber stochastic search · Fourier shape descriptors · Large deformation
finite element analysis

1 Introduction

Compliant mechanisms (CMs) are monolithic mechanical entities that can transmit
motion and forces through deflection of their flexible parts. These mechanisms are
omnipresent in nature as parts of compacts natural machines, e.g., bees’ wings, elephant
trunks, blooming flowers and many more [1].

With this premise, it is possible to replicate the functionality part of a human finger
with such compliant monolithic mechanisms. A human hand has 25 degrees of freedom
in total [2] which are coordinated through a complex biological control system, making
it difficult to entirely replicate its performance and features. One of the major problems
in the artificial hands already created is the mechanical complexity of the design of the
fingers, their joints and the actuation method [3]. The goal here is to present the design of
a single, fully compliant finger undergoing large deformation that will have one degree
of freedom, as observed in the human hand as extension and flexion.
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2 Related Work

With the aim to accomplish several types of grasping and manipulation related tasks, the
human design process, as starting point, has mostly taken inspiration from the biological
hand. When designing a single finger, Topology Optimization (TO) has been a viable
method to get a functional, optimized and practical mechanism’s topology.

Renghao et al. [4] set the objective to be the maximization of output displacement
to design and 3D-fabricate a rigid-compliant parallel exoskeleton; Saurabh et al. [5] use
TO based on an approximated geometry of the structure to achieve a monolithic finger
design for prosthetic applications; Hongying et al. [6] and Liu et al. [7] propose TO to
get prototypes of multi-material compliant fingers, where both aim at maximizing the
output displacement. Hongying et al. [6] optimize only the output displacement while
Liu et al. [7] minimize the strain energy as well, showing by experimental results that
the bi-material finger is a better design to reduce the driving force and to increase the
output displacement; Chen et al. [8] propose a soft finger composed of silicone and a hard
outside structure to impose constraints. The finger may have two different movements:
bending and twisting. They used TO on rational approximation of material properties
to obtain an optimal design of the outer layer of the soft fingers. Liu et al. [9] and
Petović et al. [10] use TO to get the topology of a compliant finger, which is based first
on an initial mesh and, once the final model of a finger is obtained, they seek different
configurations, as multi-fingered grippers presented by Dechev et al. [11] and Yang et al.
[12], via three contact points to achieve more stable and safer grasping.

It is also pertinent to mention different actuation methods used for compliant fingers.
Chen et al. [13] propose a network of inflated dielectric elastomer actuators, intercon-
nected through a chamber; Li et al. [14], Popov et al. [15] and Manti et al. [16] present
mechanisms guided by cable wires; Wehner et al. [17] control the CMwith microfluidic
actuation that autonomously regulates fluid flow and its catalytic decomposition to get a
gas that inflates a chamber to actuate the mechanism; Kim et al. [18] use shape-memory
alloys; Drotman et al. [19], Çulha et al. [20], Deimel et al. [21] and Polygerinos et al.
[22], all, employ hydraulic or pneumatic actuation for their CM designs.

3 Motivation and Organization

We aim at designing a monolithic, single finger unit of a three-finger soft-robotic system
that could be employed in several fields, e.g., medical and automation, for a variety
of tasks such as assembly, transportation and sample collection, precision manipula-
tion and others. Our topology design methodology for a monolithic finger incorporates
large deformation analysis with contact modeling. This is to facilitate the fingertip to
trace a prescribed path before the unit makes contact with the work piece. Our app-
roach focuses on maximizing the contact force as well to achieve stable grasp. Previous
attempts to design monolithic fingers for flexion-extension using topology optimization
did not involve computation/modeling of contact force(s) with the work piece and its
maximization for stable grasp. None or few employed large deformation analysis, most
performing primarily small deformation based topology optimization.

The rest of the paper is organized as follows. Section 4 describes the problem formu-
lation for a compliant finger. Objective(s) and constraints are detailed herein. Section 5
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describes large deformation contact modeling with co-rotational frame elements. Con-
tact with only rigid surfaces (mutual contact) is considered. TheHill Climbing algorithm,
and the design variables/parameters used are briefed in Sect. 6. Results are described
and discussed in Sect. 7 and finally, conclusions are drawn.

4 Formulation of the Problem, Objective and Constraints

The design of a monolithic, single finger unit involves (i) replication of the extension-
flexion movement of the human finger through compliant mechanisms based on co-
rotational beams, (ii) maximization of the contact force between the workpiece and the
single finger to get a stable grasp and (iii) trace of the fingertip along a predetermined
path before it makes contact with the workpiece.

To solve this problem, an objective function based on different characteristics of the
design is defined and maximized.

Fobj = K1F1 + K2F2 (1)

whereK1 andK2 are user chosen constants and,F1 andF2 are the subobjectives described
in Table 1. The weight factors K1 and K2 have a considerable effect on the solution,
depending on the weight, the objectives will have relative prominence.

Table 1. Sub-functions to maximize.

Name Description Sub-function

F1 = Path generation Comparison between the Fourier
descriptors and the length of the
path created by the candidate
mechanism and the desired path

1
F1

= Ca
∑T

k=0

(
acandk − adesk

)2

+Cb
∑T

k=1

(
bcandk − bdesk

)2

+Cc

(
Lcand − Ldes

)2

F2 = Contact force Modulus of the contact force
between the candidate
mechanism and the surface

F2 = ∫ 1
−1 εgN

(
NNTnm

)
ldξ

where: Ca,Cb andCc = Importance coefficients defined by the user. acandk , bcandk = Candidate’s

Fourier descriptors. adesk , bdesk = Desired Fourier descriptors. Lcand and Ldes = Length of the
candidate and desired paths

The sub-function 1
F1

is responsible to minimize the difference between the Fourier
descriptors of the path described by the candidate mechanism and the desired curve.
Therefore, the fingertip will follow the desired path; this objective was included so
that the algorithm would find a topology faster and that a part of the finger would
come into contact with the object, so that the contact forces would be maximized. In
addition, the sub-function F2 maximizes the contact force, to provide stability to the
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grasp. Correspondingly, the weight for the path was chosen less compared to that for the
contact forces.

Various design conditions/constraints are also specified, as mentioned in Table 2.

Table 2. Design feasibility constraints/bounds

Constraint/Bound Description

Force on one node The point of force application must be a node

Constant out-of-plane thickness The design is prismatic

Boundary conditions The mechanism has two nodes fixed along
the horizontal and vertical directions, but not
in the rotational degree of freedom

Condition of equilibrium For all candidate designs, the vector of
internal forces must be equal to the same of
external forces
Fint = Fext
Although it is an axiom of mechanics, these
nonlinear equality constraints are mentioned
explicitly because they are considered in the
iterative search process

Presence of important nodes The following nodes must be present in the
candidate model: nodes where boundary
conditions are applied, node representing the
fingertip and the node where the input
force/torque is applied

Elimination of disconnected elements Elements that are dangling/disconnected
must be removed before the analysis. This
constraint does not apply to the important
nodes mentioned before

Elimination of elements with low strain energy Elements with relatively low strain energy
(almost zero) must be eliminated

Volume The total volume of the design must be
smaller than a volume defined by the user
V ≤ V ∗

In-plane widths/nodes Bounds chosen on the in-plane widths and
nodal positions are such that the design is
manufacturable

Intermediate designs for which there is no displacement of the node representing the
fingertip, or the one in which any essential node is excluded, are penalized.
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Fig. 1. Initial and deformed configuration of a co-rotational beam.

5 Contact Modeling in Large Deformation Between Beams
and External Surfaces

Implementation details of large deformation analysis with Euler-Bernoulli co-rotational
beams can be found in [23–26]. This section presents the analysis followed to capture
contact behavior between a beam and an external surface. A deformed co-rotational
beam in the global XY system is shown in Fig. 1, where (xd , yd) is the local coordinate
system describing the beam. (xA, yA) and (xB, yB) are two end nodes, ωA, ωB are current
slopes, θo is the angle of xo with the global horizontal X and θd is the angle of the
deformed axis xd with the same. A point (xsL, ysL) on the beam can be interpolated
cubically as

xLs = N1l =
(
1 + ξ

2

)

l, (2)

yLs = N2lω
A
d + N3lω

B
d (3)

where ξ ∈ [−1, 1] is the local coordinate.
and

N2 =
(
1 + ξ

2

)3

− 2

(
1 + ξ

2

)2

+
(
1 + ξ

2

)3

(4)

N3 =
(
1 + ξ

2

)3

−
(
1 + ξ

2

)2

(5)

In the global system,

xS = N1(xB − xA) −
(
N2ω

A
d + N3ω

B
d

)
(yB − yA) + xA (6)
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yS = N1(yB − yA) +
(
N2ω

A
d + N3ω

B
d

)
(xB − xA) + yA (7)

and

l cos θd = xB − xA
l sin θd = yB − yA (8)

Change of slope at node A and B

ωA
d + θd − θo = βA

ωB
d + θd − θo = βB (9)

Fig. 2. Deformed beam and surface of contact

The beam (slave surface) interacts with the master, external, surface. The master
surface is fixed, rigid and is offset by half of the beam width so that is not the neutral
axis, but the beam surface that interacts with the master surface (Fig. 2).

Let xm be the closest point on the master surface to xs =
[
xs
ys

]

, a point on the slave

surface. Let nm be the unit normal defined at xm. We define the normal gap between the
beam (slave) and the master external surface as:

gN = (xs − xm) · nm (10)

The contact potential �e within the penalty method framework can be written as

�e =
∫

ζs

1

2
εgN 2dζs = 1

2

1∫

−1

εgN 2 ldξ (11)

where:ζS = beam surface.
ε = penalty parameter (N/m2).
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The contact potential �e is calculated only when gN < 0. If gN ≥ 0, �e = 0. The
contact forces fc can be computed via the principle of virtual work such that

δ�e = δuT fc =
1∫

−1

εgN δgN ldξ (12)

where l = |AB|. Taking variation of the normal gap, and noting that the master surface
is stationary and rigid, we get

δgN = (δxs − δxm).nm + (xs − xm).δnm = δxs.nm (13)

We take variations in Eq. (6) so that

δxS = N1(δuB − δuA) −
(
N2ω

A + N3ω
B
)
(δvB − δvA)

−
(
N2δω

A + N3δω
B
)
(yB − yA) + δuA (14)

Note that δuA = δxA, δvA = δyA, δuB = δxB and δvB = δyB, with (uA, vA) and
(uB, vB) being the global displacements at the two nodes. Also, from Eqs. (8) and (9):

−l sin θd δα = −l sin θd δθd = δxB − δxA = δuB − δuA (15)

l cos θd δα = l cos θd δθd = δyB − δyA = δvB − δvA (16)

δωA + δθd = δωA + δα = δβA (17)

δωB + δθd = δωB + δα = δβB (18)

Substitution in Eq. (14) yields

∂xS = (1 − N1 + N2 + N3)δuA +
(
N2ω

A + N3ω
B
)
δvA − N2(yB − yA)δβA

+ (N1 − N2 − N3)δuB +
(
−N2ω

A − N3ω
B
)
δvB

− N3(yB − yA)δβB (19)

Likewise for ∂yS :

∂yS =
(
−N2ω

A − N3ω
B
)
δuA + (1 − N1 + N2 + N3)δvA + N2(xB − xA)δβA

+
(
N2ω

A + N3ω
B
)
δuB + (N1 − N2 − N3)δvB

+ N3(xB − xA)δβB (20)

Summarizing Eqs. (19) and (20):
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(
∂xs
∂ys

)

=
[

(1 − N1 + N2 + N3) (N2ω
A + N3ω

B) −N2(yB − yA) (N1 − N2 − N3) (−N2ω
A − N3ω

B) −N3(yB − yA)

(−N2ω
A − N3ω

B) (1 − N1 + N2 + N3) N2(xB − xA) (N2ω
A + N3ω

B) (N1 − N2 − N3) N3(xB − xA)

]

.

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

δuA
δvA
δβA

δuB
δvB
δβB

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

or

δxs = NN.δu (21)

so

δgN = δuTNNTnm (22)

Returning to Eq. (12):

δ�e = δuT fc =
1∫

−1

εgN
(
δuTNNTnm

)
ldξ

or

fc =
1∫

−1

εgN
(
NNTnm

)
ldξ (23)

Equation (23) gives the expression for the contact force vector which is subtracted
from the internal force vector and the result is assembled as in conventional finite element
analysis. To obtain the contact tangent stiffness matrix, we use the following equations:

kcontT = ∂fc
∂u

kcontT =
1∫

−1

εgN
(
NNTnm

)(
∂gN
∂u

)

ldξ +
1∫

−1

εgN

(
∂
(
NNTnm

)

∂u

)

ldξ (24)

where:

∂gN
∂u

= nTmNN
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and

∂(NNTnm)

∂u
=

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

0 0 −N2nmy
0 0 N2nmx

−N2nmy N2nmx 0

0 0 −N3nmy
0 0 N3nmx

N2nmy −N2nmx 0
0 0 N2nmy
0 0 −N 2nmx

−N3nmy N3nmx 0

0 0 N3nmy
0 0 −N3nmx

N3nmy −N3nmx 0

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

6 Optimization – Hill Climbing Mutation Algorithm

TheHill ClimbingMutationAlgorithm (HCMA) is a simple, stochastic search technique
to maximize a defined function. This algorithm commences with a randomly generated
set of design variables, and then in every iteration, mutates and updates the design vector
only when the altered vector exhibits a better solution [27, 28]. The HCMA is used to
alter the topology, shape and size design variables as follows (Table 3).

Table 3. Design variables from HCMA.

Parameter Description Range/Limits

Topology Optimization 1 = Element gets retained in the design
0 = Element gets removed

0 or 1

Width Different widths used for each element in the
study

[3, 5] mm

Displacement along x Permitted displacement of each node along x
direction

[0, 3] mm

Displacement along y Permitted displacement of each node along y
direction

[0, 3] mm

Magnitude of input force Constant by which the input force/torque gets
multiplied with

[0.5, 1]

Within each iteration, the HCMA generates a design variable vector that represents a
candidate design, which is subjected to a test of deformations and contact forces between
it and a surface. This test is based on geometrically nonlinear, large displacements with
co-rotational beams capable of engaging in mutual contact, as shown in Sect. 5. After a
chosen number of design iterations, the HCMA yields the best possible candidate model
that maximizes the objective in Sect. 4. One such model is discussed next.

The Hill Climbing Mutation is used as a stochastic search because of the two fol-
lowing reasons: (a) members should be known to be completely present or absent for
as-is and non-ambiguous realization of the topology and (b) a no convergence within
Newton-Raphson or ARC length iterations can impede gradient search. For any inter-
mediate design, successful completion of nonlinear analysis, especially with contact,
cannot be guaranteed.



40 E. Hermoza Llanos et al.

7 Optimization Results and Discussion

Following the formulation of the design presented in Sect. 4, using the theory of con-
tact modeling in large deformations between co-rotational beams and external surfaces
presented in Sect. 5, and using topology optimization with the Hill Climbing algorithm
in Sect. 6; a series of candidate designs are obtained.

7.1 Initial Model and Inputs of the Design

The designs correspond to a base grid with dimensions of 150 mm long and 25 mm
height, a total of 106 elements and 43 nodes, young Modulus of 3300 MPa, constant out
of plane thickness of 4 mm, initial slopes of zero and an input force in –x direction of
80N as seen in the Fig. 3.

Fig. 3. Design specifications for a finger unit of a gripper.

A workflow of the process followed for the algorithm for each candidate design is
presented in Fig. 4.

7.2 Results

A design of a compliant finger based on topology optimization was generated after 5500
iterations in a code developed in Matlab, as in Fig. 5.

The fingertip of the model traces a candidate path when subjected to an input force
of 40 N, the free travel trajectory shows large deformation of the fingertip in absence of
any external object, this curve has an arc of about 123 mm, as in Fig. 5a. A comparison
between the desired path and the candidate path is shown inFig. 5a, the average difference
between the desired and the candidate path was 10.57 mm. This difference appears
because the algorithmwas considering the requirement of the path and the maximization
of contact forces at the same time, as is explained in the workflow of the process in the
previous Sect. 7.1.

In addition, contact appears at multiple points between the model and a circular
external surface, which ensures the grasp stability, as in Fig. 5b. The force between the
model and the surface was generated at two points, the total force at each point is 2.44 N
and 1.6 N respectively.

The compliant finger presented has a total volume of 7069.8 mm3 and a total of 45
elements, which is important in terms of optimization of the future manufacturability of
the prototype.
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Fig. 4. Workflow for the design process.

With the thickness, nodal positions and topology data obtained inMatlab, a 3Dmodel
was created in Inventor and subsequently this model was subjected to a finite element
analysis in Abaqus. Results of the FEA are shown in Fig. 5c and a comparison graph
in Fig. 5d shows the difference of tip displacement of the contact model obtained in
Matlab (co-rotational beams model) against the model in Abaqus (FEA). Paths of the tip
node were modelled with a 5th degree polynomial equation Fig. 5d. The error between
both data is 2,19%, which may be due to the difference in the type of modeling between
Abaqus and Matlab. In the former, corner smoothing is performed and 3D elements are
used while in the latter, co-rotational beams are employed. Nevertheless, the agreement
is reasonable.

7.3 Discussion

This paper presents the designof a compliant finger basedon adesired path andmaximum
possible contact forces. To get an optimal design that fulfils all the requirements made,
several large deformation models were created by the algorithm, few of which are shown
in Fig. 6. These previous designs have the following characteristics (Table 4).

The previous designs shown above are not considered, since it is observed that, in
spite of being able to follow the desired trajectory, the contact points between the unit
and the external surface are not enough to guarantee a good grip between them. Some
(Fig. 6a and b) even show a sliding behavior between the workpiece and the grip region
of the design. Other important aspect is the volume and number of elements, the chosen
model has 45 elements and better gripping behavior in contrast to the 52 and 60 elements
of designs 2 and 3 in Fig. 6.
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Fig. 5. Design of a candidate compliant finger.

Another important point to discuss is the difference that appears between the desired
and the candidate path (Fig. 5a and b), this difference may be the result of applying the
algorithm considering the requirements of path following and maximization of contact



Compliant Finger Gripper Based on Topology Optimization 43

Table 4. Characteristics of previous attempts.

Number of Designs Number of iterations Volume Total number of elements

Design 1 10000 6743.5 mm3 38

Design 2 10000 9100 mm3 52

Design 3 3000 9733.9 mm3 60

(a) Design 1 (b) Design 2 

(c) Design 3 

Fig. 6. Other (previous) candidate designs.

forces at the same time. These two parameters are coupled requirements (because we are
working with compliant mechanisms), which means that while one may be maximizing,
the other is also affected, it is not a design with decoupled requirements, like rigid-body
mechanisms.

8 Conclusions

In this paper, large deformation compliant finger design based on topology optimization
is presented, which satisfies the requirements of having a displacement along a given
path and maximization of contact forces with a chosen external surface. A feasible
starting grid is modelled according to the dimensions desired for the compliant finger,
the desired minimum thickness and the knowledge in additive manufacturing (to be used
to manufacture a prototype of the proposed design) was used. The base grid is composed
of 106 elements and has a dimension of 150 mm long and 25 mm height.

The shape, position and size of the contact fixed surface is selected according to the
grid modelled, meaning that this surface must not be in initial contact with the design in
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its initial position. The contact surface is a circle of 15 mm radius. Although a circular
object was chosen to demonstrate the methodology, a finger design in the future could be
accomplished with generically shaped or multiple objects placed at different positions
relative to the finger. The chosen design was obtained after 5500 iterations and has a
total volume of 7069.8 mm3 and a total of 45 elements, which is important in terms
of optimization of the future manufacturability of the prototype. The force between the
model and the surface was generated at two points, the total force in each point is 2.44 N
and 1.6 N respectively. The theory of co-rotational beams with contact applied inMatlab
was verified through a comparison with a finite element analysis to be in agreement with
the real behavior of deformations in flexible mechanisms. The design presented, being
monolithic, can be miniaturized and actuated in small scales without losing precision;
moreover, the mechanism can be used in assembly of small parts, sample collection,
automation of some process that involves grasping of delicate objects, pick-and-place,
and others tasks that involves high precision.

For future work, it is intended to test the prototype for different situations and make
a physical model of it for experimental verification. It is also possible to change the
order of the workflow process to optimize it or add different considerations, e.g., stress
constraints into the algorithm, initial values of slopes of the elements or improve the
criteria for the elimination of elements that have no function and protrude from the
overall structure, to, possibly, obtain a better design for the finger unit.
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1 Introduction

Compliant mechanisms (CM) can be used for creating different nonlinear torque-
angle characteristics depending on their geometric shapes. Using numerical simu-
lation, the optimum deformation behavior in particular surroundings such as bal-
ancing problems [31] and systems with repeatable movement patterns [18,26,32]
can be found. According to [23], the walking movement of a bipedal robot is pre-
dominantly periodic with alternating single support and double support phases
of the system which, in this case, consists of five rigid bodies. The research focuses
on improving the energy efficiency of a robot with stable walking gaits generated
by a nonlinear controller. The energy efficiency depends on the system design
and walking gaits. Minimizing the energy consumption is formulated as an opti-
mization process in order to find a optimum match between the system and the
gait parameters. This process shows great potential for improving the efficiency
by adding elastic couplings between the robot’s segments. An optimal design is
achieved by adding an optimized elastic coupling between the thighs, thus reduc-
ing its energy consumption by up to 70% in the walking speed range from 0.2 to
1.4 m

s . The efficiency improvement can be also shown in different environments:
ground inclinations in the range of−10◦ to 10◦ are considered in [22]. In order to
validate the theoretical improvements that are achieved by the simulated elastic
coupling, a specific CM with similar characteristics we want to identify via simu-
lations and subsequently apply it as a part of a robot prototype. Figure 1 depicts
the development process of determining the system design of the robot using
compliant mechanisms. Compliant mechanisms can be modeled by a number of
different theories. such as the FACT/Screw theory [27,28,33–35,40], building
blocks [9,12,13,19,29,36,43] and topology optimization [4,6–8,15,21,25,44,45].
As a further method, rigid body replacement [1,16,17,20,37,41] is considered
which is mentioned in the overviews in [11] and [14]. Bilancia et al. [2] give
an overview of procedures and tools to design beam-based compliant mecha-
nisms. Howell et al. [14] present an approach which is similar to a database.
The analysis of compliant mechanisms can be analytical [3,5,10,30,38] or based
on finite element analysis [12,35,45]. The torque-angle-characteristic depends on
the design of the mechanism and also influences the optimal gaits of the robot.
Since a fully coupled optimization of the robot’s gaits and a detailed model of

Fig. 1. Development process
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a CM yields a large optimization problem that is computationally expensive
and slow to solve, various other strategies have been investigated. In [47] the
torque-angle-characteristic of a CM and the dependency on its geometry param-
eters is first fitted by suitably selected ansatz functions, making its transfer and
application to other mechanisms tedious. Approaches without this limitation
rely on a two stage procedure: first, a generic parametrization of the torque-
angle-characteristic via splines is used in the optimization to identify the desired
nonlinear characteristic. In the second stage, CMs with matching characteristics
are synthesized. A method based on this approach is used in [46] where a CM is
synthesized via genetic algorithms to produce the previously identified desired
characteristic. However, a large number of simulations is needed to match the
required behavior.

The present paper introduces the concept of a database to create different
kinds of compliant mechanisms. The database elements are modeled by beam
elements and corresponding boundary conditions. By changing the geometric
configuration of the beam element or its boundary conditions, different charac-
teristic curves under deformation can be generated. These are used to design
feasible compliant mechanisms that meet the optimal characteristic curve for
the application in the robot prototype. As a result, the database can also easily
be integrated into the optimization process of the energy efficiency study [47].
In Sect. 2, the robot model, the elastic coupling and its desired characteristic are
introduced; in Sect. 3 the database and its usage are explained; in Sect. 3.1 the
mathematical model of describing the default beam element and three exam-
ples of beam elements and boundary conditions are introduced; in Sect. 4 the
simulated deformation behavior is validated via FEA methods; in Sect. 5, the
compliant mechanism is chosen to meet the requirements for the application
in the robot system and in the last section we discuss the results and give an
outlook.

2 Desired Characteristic

The investigated robot model is depicted in Fig. 2 and walks in the sagittal
plane. It consists of five rigid body segments: one upper body, two thighs and
two shanks. The segments are connected by four revolute joints, which are actu-
ated by electric motors. A nonlinear controller synchronizes the joint angles to
their reference trajectories and creates stable periodic walking gaits. Accord-
ing to the study in [23], connecting the thighs by a nonlinear spring reduces
the energy consumption by up to 70% compared to the robot without elastic
couplings. The simulated elastic coupling characteristic and the gaits are simul-
taneously optimized to minimize the cost of transport, which is a measure for the
energy consumption of locomotion. As a result of the optimization, the leg’s free
oscillation frequency is adjusted to match with the current step frequency, which
means the robot walks close to the system’s resonance in order to achieve a high
efficiency. As depicted in Fig. 2, the assumed optimum nonlinear torque-angle
characteristic is derived from simulations of this system. This is regarded as the
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Fig. 2. The walker model with a compliant mechanism between the thighs (left) and
the desired characteristic for this compliant mechanism (right)

required curve that should be created by a specific CM. The future goal is to
realize the optimum nonlinear characteristic in praxis, which will be tested on
a robot prototype to validate the optimization results. To this end, we consider
compliant mechanisms based on Euler-Bernoulli beams with large displacements,
which are modeled in the next section.

3 Database Design

As described above, the aim is to identify a compliant mechanism with a spe-
cific torque-angle-characteristic. For this purpose a database is introduced. The
database holds different boundary conditions and beam elements. It provides
the included objects for investigation and optimization purpose as shown in Fig.
3. Elements can be added by describing their geometric shape. The boundary
conditions define how and where either end of a beam element is connected to
its environment, in our specific example to the robot segments with the hip as
the coordinates origin B0, cf. Fig. 2. The location of the boundary conditions
is independent of the beam elements. If the boundary conditions location don’t
match the location of the undeformed beam element ends a preload will be pro-
voked. In Fig. 5 we are using this to fit the characteristic of the mechanisms to
the desired characteristic from the previous section.

Three example beam elements based on the shapes in Fig. 4 and three exam-
ple boundary conditions as depicted in Fig. 5 are used to demonstrate and vali-
date the database design. These examples are explained in the next section.

3.1 Mathematical Model

Compliant mechanisms are regarded as deformable beam elements, whose defor-
mations are described by the Euler-Bernoulli beam theory with large displace-
ments [42]. The system of ordinary differential (1)–(4) describes the deformation
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Fig. 3. The flowchart using the database

Fig. 4. Three different CMs: (a) a semi-circle, (b) a semi-rhombus and (c) a quarter-
circle. The rotation of the movable segment and the displacement of B are determined
by ϕ. Note that (b) and (c) are depicted in their undeformed configuration

Fig. 5. Three different boundary conditions: (a) clamp, (b) joint and (c) slider

in the xy-plane (cf. Fig. 6) under the load by the forces Fx, Fy and the moment
Mz at the end point. The geometry parameter of the beam element include the
width w, the height h, the length L, the undeformed curvature κ and Young’s
modulus E. The variable s denotes the coordinate along the neutral axis of the
beam element and the variable M is the deformation torque as a function of s.
The angle θ describes the angle between the abscissa and the tangent gt(s) on
the fiber at s, cf. Fig. 6.
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d M

d s
= Fx sin(θ) − Fy cos(θ), (1)

d θ

d s
=

M

E Iz
+ κ with Iz =

w h3

12
, (2)

d x

d s
= cos(θ), (3)

d y

d s
= sin(θ). (4)

Discontinuities are implemented via event-based interruptions of the inte-
gration process. During this interruption the integration variables are modified
to fulfill the physical conditions. An example is shown in the next section. We
suppose that the end points of the beam are connected to both thighs of the
robot at points A and B. The rotational movements of the thighs around point
B0 cause the deformation of the entire beam element, as depicted in Fig. 4a.
Three boundary conditions each are specified at points A and B (e.g. x0, y0 and
θ0 for a clamp at point A). To solve this boundary value problem for (1) to
(4), we use a shooting method based on the trust region dogleg method, cf [24].
Given initial conditions for x0, y0, θ0, M0, Fx and Fy, the initial value problem
for the ODE is solved by a Runge-Kutta method [39]. The initial conditions are
then optimized by minimizing the residuals which are defined in the next section
until a solution for the original boundary value problem is found. Based on this
result, another integration of the ODE yields the corresponding reaction forces
and torques at A and B.

Figure 4a is a beam element in the shape of a semi-circle. The length L and
its undeformed curvature κ depend for this example on the radius ρk. The second
shape is a semi-rhombus, a combination of two curved beam elements as shown
in fig. 4b. The length of these beam elements is L = 2 ρk arcsin( c

ρk
), c being the

expansion in x direction. For this beam element we use a callback to interrupt

Fig. 6. A cantilever beam with loading forces
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the integration at the discontinuous point and apply the modifications:
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where “−” and “+” indicate the values before and after the modification, respec-
tively. This simulates a rigid body between the circle segments in Fig. 4 (b). The
third shape is a beam element in the form of a quarter-circle, see Fig. 4c. The
length of this beam element is L = π ρk

2 .
Besides the geometrical shape of the beam element, three different boundary

conditions are considered. These boundary conditions describe the method of
attaching both end points A and B of the beam element to the robot segments, as
depicted in Fig. 5. The boundary condition clamp (a) restricts translational and
rotational displacements about the fix point. The second one is a joint (b), which
only allows rotational movement. The last one is the slider allowing movement
in the radial direction without rotations. For each boundary condition a residual
is defined to quantify the differences between the result of the Runge-Kutta
integration (index c) and the required values due to the boundary condition
(index bc). The residuals ri with i = 1, 2, 3 are minimized by the shooting method
as described in the previous section.

The residual function for the clamp is

r̂ =
√

x2
bc + y2

bc

ϕ̂ = arctan
(

ybc

xbc

)
+ ϕ,

r1 = xc − r̂ sin(ϕ̂),
r2 = yc − r̂ cos(ϕ̂),
r3 = θc − θbc − ϕ̂,

the residual function for the joint is

r̂ =
√

x2
bc + y2

bc

ϕ̂ = arctan
(

ybc

xbc

)
+ ϕ,

r1 = xc − r̂ sin(ϕ̂),
r2 = yc − r̂ cos(ϕ̂),
r3 = Mc
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and the residual function for the slider is

ϕ̂ = arctan
(

ybc

xbc

)
+ ϕ,

r1 = − arctan(
yc

xc
) − ϕ̂,

r2 = Fx,c sin(ϕ̂) − Fy,c cos(ϕ̂),
r3 = θc − θbc − ϕ̂.

The variables ϕ̂ and r̂ representing the polar coordinates of the particular bound-
ary condition and are used to add the displacement ϕ. For each boundary con-
dition there has to be an initialization method which defines the fixed initializa-
tion values and which values have to be optimized by the shooting method for
the Runge-Kutta integration to fulfill the residual functions. For the clamp the
torque at A and the forces at B have to be optimized by the shooting method
and the position in x and y as well as the exit angle for the beam are set by
the definition of the clamp. For the joint the exit angle in A and the forces in B
have to be optimized. For the slider the direction of the summed forces in B has
to be orthogonal to the free translation direction in A, so the shooting method
optimizes the tangential force, the torque and the radial distance of A to the
center B0.

It is now possible to investigate up to 12 mechanisms by combining the beam
elements with the boundary conditions in the manner of <boundary condition>-
<beam element>-<boundary condition>. Mechanisms that are identical if they
are kinematical inverted are only included once. The parameter set ρk =
50mm, h = 1mm, E = 72, 000MPa and w = 10mm are used as initial values for
creating different deformation behaviors. In order to validate the mathematical
model, three example mechanisms with different beam elements and boundary
conditions are modeled in FEM and investigated, as discussed in the next section.

4 Validation

In this section, the results for three example mechanisms from the above
described method are compared to FEM simulations with Ansys. We use the
standard settings in Ansys to simulate a static structural design of each mecha-
nism. The option large deflection is set and the mesh size is set to 0.25mm.
All models have the same geometric parameters as their analytical models.
The clamp is realized by a fixed connection. To implement the rotating clamp
(B around B0) we use a remote displacement with all degrees of freedom set
to zero except the rotation angle is set to ϕ. Tables 1, 2 and 3 summarize
the resulting moment M in B0 and the displacements in x

(
L
2

)
and y

(
L
2

)
for

ϕ ∈ [−0.5,−0.4, . . . , 0.5] rad.
Tables 1, 2 and 3 show the results of the FEM analysis compared to the

analytical approach from Sect. 3.1, with an relative error of maximal ≈ 7.5% for
the torque and maximal ≈ 6.5% for the displacement. Table 4 summarizes the
results with the mean value of the relative error and the corresponding standard
deviations.
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Table 1. Comparison of the analytical and Ansys models of the clamp-semi-circle-
clamp mechanism

Deflection x
(
L
2

)
in mm y

(
L
2

)
in mm M in Nm

ϕ in rad Ansys analytical % Ansys analytical % Ansys analytical %

−0.5 15.081 15.049 0.21 8.917 8.925 0.09 −620.351 −600.002 3.39

−0.4 12.169 12.143 0.21 7.669 7.674 0.07 −545.443 −539.415 1.12

−0.3 9.181 9.163 0.20 6.169 6.172 0.05 −462.593 −451.845 2.38

−0.2 6.14 6.128 0.20 4.401 4.402 0.02 −341.204 −334.247 2.08

−0.1 3.069 3.064 0.16 2.349 2.349 0.00 −190.185 −184.198 3.25

0.1 −3.036 −3.031 0.16 −2.654 −2.654 0.00 225.987 219.259 2.98

0.2 −6.001 −5.993 0.13 −5.619 −5.618 0.02 470.742 473.721 0.63

0.3 −8.859 −8.475 4.53 −8.896 −8.894 0.02 789.981 762.819 3.44

0.4 −11.567 −11.555 0.10 −12.481 −12.478 0.02 1114.774 1085.398 2.64

0.5 −14.086 −14.074 0.09 −16.365 −16.361 0.02 1429.71 1439.848 0.70

Table 2. Comparison of the analytical and Ansys models of slider-quarter-circle-clamp
mechanism

Deflection x
(
L
2

)
in mm y

(
L
2

)
in mm M in Nm

ϕ in rad Ansys analytical % Ansys analytical % Ansys analytical %

−0.5 0.577 0.561 0.09 23.697 23.674 0.10 −648.509 −626.706 0.55

−0.4 0.735 0.721 0.07 19.376 19.358 0.09 −650.524 −656.097 0.60

−0.3 0.768 0.755 0.05 14.833 14.82 0.09 −657.907 −637.109 0.66

−0.2 0.666 0.657 0.02 10.072 10.063 0.09 −558.345 −539.416 0.71

−0.1 0.417 0.412 0.00 5.1131 5.109 0.08 −345.362 −334.248 0.76

0.1 −0.608 −0.603 0.00 −5.205 −5.202 0.06 487.415 473.721 0.89

0.2 −1.433 −1.422 0.02 −10.422 −10.419 0.03 1174.168 1085.398 0.95

0.3 −2.496 −2.48 0.02 −15.564 −15.564 0.00 1875.514 1824.254 1.02

0.4 −3.817 −3.795 0.02 −20.543 −20.547 0.02 2763.165 2674.598 1.11

0.5 −5.406 −5.379 0.02 −25.272 −25.285 0.05 3728.312 3619.943 1.19

Table 3. Comparison of the analytical and Ansys models of joint-semi-rhombus-clamp
mechanism

Deflection x
(
L
2

)
in mm y

(
L
2

)
in mm M in Nm

ϕ in rad Ansys analytical % Ansys analytical % Ansys analytical %

−0.5 5.341 5.26 3.28 7.931 7.975 3.36 −483.389 −458.841 5.08

−0.4 4.187 4.122 1.11 6.482 6.521 0.85 −411.656 −390.859 5.05

−0.3 3.071 3.022 2.32 4.964 4.997 3.16 −328.431 −312.315 4.91

−0.2 1.997 1.964 2.04 3.3768 3.401 3.39 −228.964 −221.906 3.08

−0.1 0.971 0.955 3.15 1.7218 1.735 3.22 −124.752 −118.274 5.19

0.1 −0.876 −0.894 2.98 −1.786 −1.802 2.81 141.974 134.392 5.34

0.2 −1.686 −1.721 0.63 −3.634 −3.669 7.56 306.636 286.452 6.58

0.3 −2.424 −2.474 3.44 −5.539 −5.596 2.73 484.827 457.822 5.57

0.4 −3.083 −3.146 2.64 −7.496 −7.58 3.21 689.595 650.270 5.70

0.5 −3.658 −3.731 0.70 −9.501 −9.615 2.91 920.543 865.738 5.95
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Table 4. The relative mean error with the standard deviation for all three mechanisms
over the range of ϕ ∈ [−0.5, −0.4, . . . , 0.5] rad

clamp-semi-circle-clamp joint-semi-rhombus-clamp slider-quarter-circle-clamp

displacement x 0.58% ± 1.25% 1.8% ± 0.21% 1.22% ± 0.69%

displacement y 0.03% ± 0.027% 0.84% ± 0.21% 0.06% ± 0.03%

Moment MB0 2.23% ± 1.02% 5.25% ± 0.86% 3.32% ± 1.58%

Fig. 7. The optimized characteristics of 12 symmetrical mechanisms compared to the
target characteristic from Fig. 2

5 Choosing a Compliant Mechanism

In order to meet the requirement, the symmetry of the elastic coupling as
depicted in Fig. 2, a further modification of the introduced mechanisms is needed.
Two identical mechanisms are combined in the following way:

MB0,new(ϕ) = M1(ϕ) − M2(−ϕ).

Here, M1 is the torque created by the first mechanism, M2 is the torque of
the mirrored mechanism. This combination results in MB0,new with symmetrical
characteristics as shown in Fig. 7. These characteristics are also optimized.

To achieve the characteristics in Fig. 7 the least squares error at φ =
0.1, 0.2, 0.3 and 0.4 rad between the target curve and the characteristic curve
of the mechanisms are minimized by a Nelder Mead algorithm. The optimized
parameters are displayed in Table 5. The optimization algorithm can vary the
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Table 5. The parameters of the optimized symmetrical mechanisms

symmetrical mechanism αρk αB B0

clamp-semi-circle-clamp 0.404 1.602

clamp-semi-circle-slider 3.066 1.566

clamp-semi-circle-joint 0.200 1.617

clamp-semi-rhombus-clamp 0.508 1.193

clamp-semi-rhombus-slider 12.315 1.599

clamp-semi-rhombus-joint 0.342 1.059

clamp-quarter-circle-clamp 50.0 1.015

clamp-quarter-circle-slider 32.920 1.601

clamp-quarter-circle-joint 49.997 1.6

slider-semi-circle-joint 16.169 3.0

slider-semi-rhombus-joint 3.245 0.434

slider-quarter-circle-joint 0.289 1.701

parameters in the range of αρk
∈ [0.2, 50] and αB B0

∈ [0.2, 3], where the first fac-
tor scales the whole mechanism (not h and w) and the second one scales only the
lever B B0. The limits are chosen since smaller values make it difficult to attach
the mechanism on the robot and bigger values can cause undesired dynamic
behaviors of the beam element in the walking robot. There is no mechanism
in between the investigated ones which fits perfectly. But there are mechanisms
with a qualitative characteristic similar to the desired characteristic of the elastic
coupling.

6 Discussion and Outlook

In this manuscript we present a database which includes different types of the
beam elements as well as attachment methods described as boundary conditions.
Through variating the geometrical parameter and the boundary conditions, a
large number of different elastic characteristics with large displacements are cre-
ated using Euler-Bernoulli beam theory. The purpose is to find one compliant
mechanism that matches with the required nonlinear characteristic, which is the
result of the optimization process aiming on improving the energy efficiency of
a bipedal robot through smart system designs. Three example beam elements
and three boundary conditions are displayed in this approach to demonstrate
the process of finding a viable mechanism. The beam element is described by
five parameters: length, height, width, undeformed curvature and Youngs mod-
ulus; and each boundary condition at the end of the beam element is defined
by rotational and translational displacements. Twelve different compliant mech-
anisms can be achieved through different combinations of the beam elements
and two boundary conditions. The size of the beam and the length of the lever
can be optimized to match the characteristics of the mechanisms to the desired
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characteristic of the elastic coupling. With the introduced beam elements and
boundary conditions a perfect fit of characteristic of a mechanism could not be
found, but there are mechanisms with a qualitative similar characteristic which
are candidates for further investigations. These mechanisms can replace the elas-
tic coupling in the optimization process of the robot. In addition we will add
more beam elements and boundary conditions to the database. It is also planned
to add branching.
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Abstract. Due to the advantages of compliant mechanisms, they are
widely used in technical fields such as precision engineering, measure-
ment and medical technology. The movement of the mostly monolith-
ically designed mechanisms is primarily achieved by bending the indi-
vidual structural sections. Due to geometric nonlinearities caused by
large deflections, the analytical description of the deformation behavior
under the influence of external loads is not trivial. While plane compliant
mechanisms can be reliably calculated with different models, the anal-
ysis of spatial compliant mechanisms is accordingly more difficult. Due
to the complexity of the motion, simplifications are often made in the
model assumptions, which have a detrimental effect on the precision of
the results. Therefore, this paper presents a method to apply nonlinear
beam theory to complex spatial structures that can include both curved
sections and sections with non-constant cross-sections. Using selected
examples of varying complexity, the model is validated using FEM sim-
ulations. In addition, a procedure to characterize branched spatial com-
pliant mechanisms with the proposed analytical model and to calculate
their deformation is explained. By efficiently solving the analytical model
numerically, the deformed state of the mechanism can be obtained in
seconds. Therefore, the model is particularly suitable for early stages of
development or iterative synthesis tasks.

Keywords: Compliant mechanism · Flexure hinge · Nonlinear · Beam
theory · 3D · Analytical model · FEM

1 Introduction

Due to the advantages of compliant mechanisms, such as backlash- and friction-
less motion as well as high reproducibility, they are often used in robotics, preci-
sion engineering, measurement technology or medical technology [3,5,6,11,14].
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Typically, these are monolithic bodies that deform elastically under the influ-
ence of external loads. The deformation behavior is influenced by the geometry
of the structure. The compliance can be concentrated to individual sections or
distributed over the entire mechanism. Especially in precision engineering, it is
therefore of particular importance to develop models for describing the defor-
mation behavior under the influence of external loads that take into account the
deformation of the entire mechanism.

Nevertheless, due to the geometric nonlinearity resulting from large deflec-
tions, the analysis of the motion behavior is not trivial. It is known that, with the
help of the nonlinear beam theory, 2D compliant mechanisms can be analyzed
reliably [8,10].

However, e.g. in precision engineering, further tasks of compliant mechanisms
can also represent the positioning or manipulation of objects in space. While in
the case of guiding tasks the guiding can usually be reduced to movements within
single planes, positioning and manipulation usually take place spatially. The type
of motion can be, for example, spherical around a kinematic center (e.g. spherical
crank-and-rocker mechanism [15,17,24]) or multi-axial (e.g. toggle mechanism
[19], micro-manipulator [12], parallel robot [18]).

Several models exist in the literature for the purpose of calculating the defor-
mation behavior of 3D compliant mechanisms like the pseudo-rigid-body-model
[15,16], the chained-beam-constrained-model [4] or finite element method (FEM)
(e.g. [2,13]), each offering specific advantages and disadvantages. Additionally,
some approaches for the calculation of spatial compliant mechanisms using beam
theory exist in the literature. However, these are mostly limited to beams with
constant cross-sections and small deformations [7,22].

According to the state of the art, the main difficulty in analytically mod-
eling spatial, but also planar compliant mechanisms using beam theory is the
simultaneous consideration of the following:

– all sections of a compliant mechanism as compliant (continuum),
– sections with constant or non-constant curvature,
– branched mechanisms,
– non-constant cross-sections,
– large deflections.

In this paper, the analytical model based on nonlinear beam theory is given.
Rather than modeling individual beam structures as in [21] and [27], the given
equations are applied to arbitrarily shaped spacial compliant mechanisms under
external loads or displacements. In the model, the aforementioned points are all
considered. The model is then applied to different examples of varying complexity
and the results are compared to nonlinear FEM results.

2 Analytical Model

Bending theories are typically classified according to their order. A classification
is made between three orders, where a distinction is made about whether the
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equilibrium conditions are derived in the undeformed or in the deformed state
and whether large deflections are taken into account. Analytical approaches to
modeling compliant mechanisms from the literature are predominantly based on
3rd order theory [25,27]. This means that the equilibrium conditions are estab-
lished in the deformed state and large deflections are considered. This approach
leads directly to a geometrically nonlinear character. This is justified by the fact
that large deflections may well occur in compliant mechanisms. In the case of
concentrated compliance, this can represent joint angles of more than ten degrees
[9]. Significantly larger deflections can still be expected for elastic deformation
of mechanisms with distributed compliance.

The term “theory for large deflections of (curved) rod-like structures” has
been established for referring to this analytical model [21,27].

2.1 Mathematical Description of the Deformation State

In the following, a complete derivation will be omitted. Instead, the assumptions
and equations necessary for the compliant mechanisms considered in the context
of this work will be discussed in more detail. Detailed derivations can be taken
from [21] and [27]. For the analytical model, the following assumptions are made:

– the equilibrium conditions are formulated on the motionless body (static
problem),

– any boundary conditions can be defined at the beginning and end of the
beam, whereby a static problem must be present,

– Hooke’s law applies, linear material behavior is assumed and a plane stress
state results,

– only solutions are valid where the maximum occurring strain or stress does
not cause plastic deformations in the given material,

– only directional forces are considered,
– the principle of St.-Venant is valid, i.e. the stresses at a force application point

are distributed as if the force would act on the entire cross-section,
– the beam axis s passes through the centroid of the cross-section and is con-

tinuous,
– geometrical nonlinearity is assumed (large deflections are taken into account),
– the length of the beam axis does not change (inextensible),
– the slenderness condition is satisfied (cross-sectional dimensions at least ten

times smaller than the length and the curvature radius of the beam),
– the Bernoulli hypothesis is valid: the cross-sections before and during defor-

mation are always perpendicular to the beam axis,
– the beam axis can be oriented arbitrarily in space,
– the surface of the beam is load-free,
– only solid cross-sections are considered,
– the warping due to torsion is constant over the length of the beam,
– small torsion angles are assumed.

A sketch of the problem is shown in Fig. 1. In [27], the differential equations
for describing the spatial deformation state are given in vectorial form for a
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Fig. 1. Deformed state of a beam spatially loaded with the force �F and the moment
�Me

Cartesian coordinate system (matrices are shown in bold, A matrix with super-
script “T” represents a transposed matrix and with superscript “−1” represents
an inverse matrix): Based on the given assumptions, the following system of
differential equations results for describing the deflected state of the beam in
space:

d �M

ds
= −(TT�ex × �F ), (1)

d�θ

ds
= T−1

θ �κ, (2)

d�r

ds
= TT�ex, (3)

with �κ = S−1T �M + �κ0. (4)

For a beam clamped on one side in point A with a free end in point B according
to Fig. 1, the boundary conditions result:

�M(L) = �Me, �θ(0) = �0, �r(0) = �0. (5)

In the differential equations 1–4, the individual vectors represent the following
parameters in Eq. 6 with respect to the Cartesian inertial system (in addition,
�ex is the unit vector in the x-direction).

�M =

⎛
⎝

Mx

My

Mz

⎞
⎠ , �F =

⎛
⎝

Fx

Fy

Fz

⎞
⎠ , �r =

⎛
⎝

x
y
z

⎞
⎠ , �θ =

⎛
⎝

θ1
θ2
θ3

⎞
⎠ , �κ =

⎛
⎝

κ1

κ2

κ3

⎞
⎠ , �κ0 =

⎛
⎝

κ10

κ20

κ30

⎞
⎠

(6)

The vector �θ contains the relative angles of the beam-fixed coordinate system
�e1, �e2, �e3 to the stationary coordinate system �ex, �ey, �ez in the deformed state.
Here, the angle θ1 represents rotation about the �e1 axis, the angle θ2 analogously
about the �e2 axis, and the angle θ3 about the �e3 axis, see Fig. 2.
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To describe a location vector �r whose components are defined in the basis �ex,...,z

to the basis �e1,...,3, transformations are necessary. Transformations with the
angles θ1, θ2 or θ3 can be performed with the following transformation matrices:

T1 =⎛
⎝

1 0 0
0 cos θ1 sin θ1
0 − sin θ1 cos θ1

⎞
⎠ ,

T2 =⎛
⎝

cos θ2 0 − sin θ2
0 1 0

sin θ2 0 cos θ2

⎞
⎠ ,

T3 =⎛
⎝

cos θ3 sin θ3 0
− sin θ3 cos θ3 0

0 0 1

⎞
⎠ .

(7)

Fig. 2. Illustration of the transformation from x, y, z to �e1, �e2, �e3 with the rotation
angles θ1, θ2 and θ3 in the given order

If the three individual rotations are combined, the transformation matrix T =
T1T2T3 in Eq. 8 is obtained. Here the transformation matrix depends on the
transformation order used, cf. Fig. 2. The transformation matrix in Eq. 8 arises
for the transformation order with θ1, θ2 and then with θ3 for intrinsic rotations.

T =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

cos θ2 cos θ3 cos θ2 sin θ3 − sin θ2

sin θ1 sin θ2 cos θ3
− cos θ1 sin θ3

cos θ1 cos θ3
+ sin θ1 sin θ2 sin θ3

sin θ1 cos θ2

sin θ1 sin θ3
+ cos θ1 sin θ2 cos θ3

− sin θ1 cos θ3
+ cos θ1 sin θ2 sin θ3

cos θ1 cos θ2

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

(8)

To characterize the shape of the beam, the vector �κ is considered and related to
the angles �θ. This relation can be described by a matrix Tθ according to Eq. 9:

�κ = Tθ
d�θ

ds
. (9)

Transformed Eq. 2 follows. The matrix T−1
θ also depends on the transformation

order and becomes for the chosen order:

T−1
θ =

⎛
⎝

1 sin θ1 tan θ2 cos θ1 tan θ2
0 cos θ1 − sin θ1
0 sin θ1 sec θ2 cos θ1 sec θ2

⎞
⎠ . (10)
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The material properties and loads of the beam are linked by Eq. 4. In it, the
material properties of the beam are implemented by the stiffness matrix S:

S =

⎛
⎝

GI1 0 0
0 EI2 0
0 0 EI3

⎞
⎠ . (11)

In addition to the material properties (shear modulus G and Young’s modulus
E), it includes I1 the torsional moment of inertia of the cross-section, I2 the
equatorial area moment of inertia about the �e2 axis, and I3 the equatorial area
moment of inertia about the �e3 axis. While I2 and I3 are known, for example,
for beams with rectangular cross-sections with height H and width w:

I2 =
Hw3

12
, I3 =

wH3

12
, (12)

the torsional moment of inertia I1 is non-trivial for solid non-circular cross-
sections. Its derivation is discussed in detail e.g. in [20] and [26]. I1 for rectengular
cross-sections (I1rect.) can be expressed by:

I1rect. =
1
3
Hw3

(
1 − 192w

π5 H

i∑
i=1

1
i5

tanh
iπH

2w

)
. (13)

In this work, a value of i = 100 is used in Eq. 13.

2.2 Solution Process

As can be seen in the differential equations 1–4, the given analytical model
represents a boundary value problem, whereby the boundary conditions in Eq. 5
can be adapted depending on the specific application. Due to the non-constant
cross-sections within the compliant mechanisms considered, for example in the
form of flexure hinge contours, a heteronomous system of differential equations
is present. Therefore, deriving an explicit analytical solution to the equations is
not possible. However, numerical methods are suitable to approximate a solution
for such nontrivial problems [23].

A numerical solution is possible when the number of equations matches the
number of boundary conditions. A conventional solution approach for boundary
value problems is a combination of a Runge-Kutta method with the so-called
shooting method (see e.g. [1]). The solution process is shown in Fig. 3.

After defining the material, geometry, loads, and boundary conditions,
unknown system parameters are determined. The unknown system parameters
can be the reaction forces and moments of the supports or, in the case of dis-
placement specification, unknown deflection forces (more detailed information
follows with concrete examples in Sect. 3).

As part of the solution process, an initial estimate for the unknown system
parameters is first required. These can have a significant influence on the com-
putation time. The closer the estimates are to the actual result, the faster the
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Fig. 3. Sequence of the calculation for solving the boundary value problem

solution takes place. In the context of the investigations in this work, it has been
shown that for a single analysis an initial estimate of zero for each unknown
parameter is sufficient to obtain a solution within a few seconds.

However, parametric studies or multiple load steps can be optimized by tak-
ing the results of the previous individual analysis into account for the next esti-
mation in each case. This procedure is applied for the example in Fig. 4. After
an initial estimate is made, the boundary value problem is treated as an initial
value problem. Due to the modeling of the mechanisms as continua, the system of
differential equations can thereby be integrated along the path of the beam axis
s using a four-step Runge-Kutta method. Subsequently, the results of this calcu-
lation are compared with the boundary conditions. If the boundary conditions
are not satisfied, the initial estimate must be modified. This change is performed
by the algorithm implemented in the shooting method. After that, another cal-
culation loop is made to solve the differential equations. This process continues
until the boundary conditions are satisfied within a certain tolerance. If this is
true, the calculation is terminated and the results for all differential equations
are available. Thereupon, the deformed state of the mechanism can finally be
displayed and further parameters like the elastic strain can be evaluated.

The following calculations are performed in MATLAB R©. The four-step
Runge-Kutta method is implemented by the function “ode45”, while the shoot-
ing method is implemented by the function “fsolve”.

3 Verification and Application

In this section, the analytical model for spatial considerations will be verified uti-
lizing 3D-FEM simulations. The considerations are carried out based on selected
examples of different complexity. First follows, the calculation of a simple beam
under spatial loading. This is followed by the calculation of the deformation of
a mechanism with flexure hinges based on the rigid-body mechanism of a spher-
ical crank-and-rocker mechanism. Lastly, the procedure for the calculation of
branched mechanisms is shown.
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Fig. 4. Spatially loaded beam with circular cross-section: (a) geometry, loading and
boundary conditions, (b) deformed state of beam axis

Verification on the example of angled beams under spacial loading First, the
angled beam shown in Fig. 4a is considered, which is fixed at point A and loaded
at the free end B by a force �F . The example represents a plane beam since the
course of the beam axis lies within the xy-plane, but the beam is loaded spatially
so that a spatial deformation results.
The force direction vector is chosen as follows:

�F = F ·
⎛
⎝

−1
1
1

⎞
⎠ . (14)

To describe the shape of the beam, its curvature in the unloaded state is char-
acterized by �κ0(s), in the given example specifically by κ30. For this purpose,
the beam can be mentally divided into three sections with the lengths L1, L2

and L3. From 0 ≤ s ≤ L1 the curvature is 0. Then in the second section from
L1 < s ≤ L1+L2 the curvature is κ30 = 1

ρ . In the third section, it is zero again. In
this way, any beam shape can be characterized using the given analytical model.
The same applies to changes in the cross-section or even the material parame-
ters. The given example represents a beam with a constant circular cross-section.
The selected geometrical parameters are:

L1 = 45 mm, ρ = 5mm, L2 =
π

2
ρ, L3 = 20 mm, D = 1.5 mm. (15)

Therein, D represents the diameter of the circular beam. The torsional moment
of inertia for the circular cross-section is:

I1 =
πD4

32
. (16)

In addition, the same beam equally loaded and with a square cross-section
(H = w = 1.5 mm) is considered. Its torsional moment of inertia is imple-
mented with Eq. 13. Both beams are calculated numerically as described using
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the given analytical model. The displacements of the beam end in the three
spatial directions are compared with the 3D-FEM simulation results.

The FEM model is meshed using Solid186 elements. Before that, a mesh
study is performed, which results in an element size of 0.35 mm for both beams.
Large deflections are considered and the load vector is applied to the free end
face.

For the comparison, the force F is iterated from 0 N to 7.5 N in steps of 0.5 N
with the given direction vector from Eq. 14. The deformed state of the beam axis
of the beam with circular cross-section calculated with the use of MATLAB R©

is shown for all load steps in Fig. 4b. From the deformed beam axes, it can be
seen that there are large deflections in all three spatial directions. The beams
are both bent and twisted. In addition, the deflection results ux, uy, uz of the
calculations for the maximum load of F = 7.5 N are given in Table 1.

Based on the results, despite the large deflections, with a maximum devia-
tion of −0.12% at ux, a very good agreement between the analytical and the
FEM simulation results is evident. Thus, the analytical model can be considered
verified for spatial beams with circular and square cross-sections.

Table 1. Numerical results of the analytical model (ana.) of the displacements of the
beam ends and the relative deviation to the FEM-based results of the two beams at
F = 7.5 N

Beam ux in mm uy in mm uz in mm

FEM ana. ΔFEM FEM ana. ΔFEM FEM ana. ΔFEM

Circular −24.70 −24.67 −0.12% 11.71 11.72 0.09% 22.40 22.39 −0.04%

Square −16.47 −16.46 −0.06% 9.43 9.43 – 17.14 17.13 −0.06%

Verification on the example of a spacial compliant mechanism In this paragraph,
the analytical model is applied to a spatial compliant mechanism. The rigid-
body mechanism of a spherical crank-and-rocker mechanism shown in Fig. 5 (a)

Fig. 5. Design of the spatial compliant mechanism: (a) rigid body mechanism,
(b) implemented flexure hinge contours
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serves as a template for the realization of the compliant mechanism in Fig. 6.
This specific mechanism is characterized by the special arrangement of the four
individual pivot joints. In this arrangement, all four axes of rotation intersect at
a central point Z, causing the pivot G3 (Fig. 5 (a)) to oscillate on a circular arc.
While the rigid-body mechanism has a rotatable input link (input labeled �ω),
only a small range of possible motion of the rigid-body mechanism can be realized
due to material strain in the compliant mechanism. For this purpose, the specific
position shown in Fig. 5 (a) is chosen for the design of the compliant mechanism
in Fig. 6. In the design of the compliant mechanism, flexure hinges are used at the
points where conventional pivot joints are located in the rigid-body mechanism.
Since torsion is to be expected in the hinges due to the spatial loading, only
square instead of rectangular cross-sections are utilized in the mechanism here.
The hinges used in this process are shown in Fig. 5 (b). The hinge contour shown
therein is described by the power function given in Eq. 17:

a(s) = a0 +
2n(H − a0)

ln

∣∣∣∣s − l

2

∣∣∣∣
n

. (17)

The cross-sectional dimension a(s) is calculated from the beginning of the con-
tour (sa) and the end of the contour (sb) using the minimum hinge height a0,
the contour length l, the maximum height H and the exponent of the power
function n, see Fig. 5.

Fig. 6. Model of the compliant mechanism of the spherical crank-and-rocker mecha-
nism: (a) chosen geometric parameters, (b) division into individual sections

To characterize the compliant mechanism as a whole using the given differ-
ential equations, it is possible to regard the mechanism as a single beam that is
fixed at both ends A and B. The shape and geometry of the mechanism can be
described in the same way as explained in the example of the beam in Fig. 4. It is
possible to divide the mechanism up into a total of j several sections. Sectioning
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is performed, when changes in the beam’s cross-section, changes in curvature, or
points with external loading occur.

The considered complaint mechanism is split up into 20 different sections as
shown in Fig. 6 (b). In the given example, the parameters a0 = 1mm, H = w =
l = 10mm, n2 = n8 = 3 and n15 = n19 = 2 are considered with nj being the
exponents of the according flexure hinge sections in Fig. 6 (b). The lengths and
curvatures of each individual section of the considered mechanism are given in
the appendix in Table 4.

In the performed investigations, the loading of the mechanism, as shown in
Fig. 6 (a), is carried out by the force FyP4 on the end face of the fourth section at
the depicted point P4 in y-direction. The deformed state is calculated using the
analytical model from Sect. 2 and, to compare the results, 3D-FEM simulations.
The meshing of the FEM models is again done using Solid186 elements. A mesh
study has been carried out and refinement is done at the hinges. It is specified
that the force is varied until a displacement at the end of the fourth section of
uyP4 = −2 mm results. The force required for this is evaluated in the respective
model. In addition, the displacement of the points P4 and P13 in all three spatial
directions is evaluated.

In Table 2 the results for the compliant mechanism of the spherical crank-
and-rocker mechanism are listed. Based on the results from Table 2, it is clear
that the deviations of the numerically determined results of the analytical model
from the FEM results are small. The maximum deviation from FEM occurs at
the displacement uzP13 and is −5.12% which results because of the small absolute
value of this particular displacement. The force FyP4 deviates by 4.69%. Thus,
even for more complex beam structures in the form of compliant mechanisms,
the analytical model is considered verified.

Table 2. Comparison of the compliant spherical crank-and-rocker mechanism at a
given displacement of uyP4 = −2 mm

Result FEM ana. ΔFEM

uxP4 in mm −1.5204 −1.5267 0.41%

uzP4 in mm −0.1661 −0.1696 2.11%

uxP13 in mm 3.1808 3.1704 −0.33%

uyP13 in mm −3.9634 −3.9491 −0.36%

uzP13 in mm −0.5701 −0.5409 −5.12%

FyP4 in N −31.3450 −32.8154 4.69%

In particular, the computational times to obtain the results using both models
should be emphasized. While the numerical solution of the differential equation
system is obtained within one second, the FEM calculation with the required
mesh fineness takes significantly longer with one and a half hours on the same
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computer using a single core. Therefore, the described method for the computa-
tion of spatial compliant mechanisms is particularly suitable for early develop-
ment phases in which frequent adjustments of the mechanism geometry have to
be carried out to obtain quickly adapted results.

Consideration of branched beam structures Lastly, branched beam structures
will be considered. For this purpose, the branched beam shown in Fig. 7 under
spatial loading is considered as an example. In the initial position, the mechanism
is located in the xy-plane and is spatially deformed by two force vectors.

Fig. 7. Undeformed (dashed) and deformed state of the selected branched beam under
spatial loading.

First, the procedure for analytically modeling branching points is needed to be
investigated in more detail. Due to the branching point, the beam axis s is not
continuous anymore. Because of this, one of the assumptions in Sect. 2.1 is not
respected. Nevertheless, to describe branched beam structures using the given
analytical model, it is possible to divide the structure into three individual beams
I, II and III as shown in Fig. 7. Each of the three resulting beams thus has a
continuous beam axis sI, sII and sIII and fulfills the assumptions made.

Then, to evaluate the deformation of the whole structure under spacial load-
ing, transition conditions are necessary at the branching point. This is because
the introduction of a branching point results in further unknown system param-
eters, which are compensated by the respective boundary conditions as well as
by transition conditions at the branching point. The transition conditions for
the location vector �r are:

�r(sII = 0) = �r(sI = LI), �r(sIII = 0) = �r(sI = LI). (18)

The same can be expressed for the angles �θ depending on the orientation of each
beam in the unloaded state. For the bending moment, the following transition
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conditions apply:

�MI(sI = LI) − �MII(sII = 0) − �MIII(sIII = 0) = �0 (19)

With the method of splitting up the structure into individual beams and the
formulation of the transition conditions, the whole branched mechanism can be
calculated numerically with the given differential equations.

For the given example in Fig. 7, the chosen force vectors are given in Eq. 20:

�FBII =

⎛
⎝

0.5 N
0.5 N
0N

⎞
⎠ , �FBIII =

⎛
⎝

0N
0N

0.5 N

⎞
⎠ . (20)

These loads are applied to the according beams individually. For example, beam
II is loaded with �FBII and beam III is loaded with �FBIII . The first beam (I)
however, is loaded by the sum of both forces.

An FEM simulation will again serve as a comparison. In the FEM model,
Solid186 elements with an element size of 0.15 mm are used. For the selected
load, large deflections result, which are shown to scale in Fig. 7. As a result, the
displacements in x-, y- and z-direction at the end of the three single beams are
evaluated for the analytical and the FEM model. The resulting displacements
and the relative deviations of the numerically determined results of the analytical
model from the FEM results are given in Table 3.

Table 3. Numerical results of the analytical model (ana.) of the displacements of the
beam ends and the relative deviation to the FEM-based results of the branched beams

Point ux in mm uy in mm uz in mm

FEM ana. ΔFEM FEM ana. ΔFEM FEM ana. ΔFEM

BI −1.444 −1.444 – 9.410 9.407 −0.03% 5.010 5.013 0.06%

BII −5.784 −5.807 0.40% 28.936 28.982 0.16% 10.674 10.693 0.18%

BIII 10.651 10.650 −0.01% 17.987 18.038 0.28% 30.166 30.261 0.31%

Based on the results from Table 3, it becomes clear that both models agree
very well with deviations of less than 0.5%. Thus, it can be confirmed that the
presented approach to modeling branched spatial mechanisms is valid.

4 Conclusions

In this paper, it was shown that nonlinear beam theory is suitable for mod-
eling spatial compliant mechanisms. First, the analytical model was described
for given assumptions. Based on selected examples of varying complexity, the
analytical model could be validated with the use of FEM simulations. Even for
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large deflections, the numerically derived solution of the analytical model and
the FEM-based results are in good correlation with deviations of under 0.2% for
spatially loaded beams and under 5.2% for a complex mechanism.

In addition, a possibility to characterize branched mechanisms under spatial
loading was presented and deviations of the analytical results from the FEM-
based results of less than 0.5% were obtained.

A major advantage of the presented section-by-section modeling approach of
spatial compliant mechanisms is that curvature or cross-section changes can be
implemented into the model rather conveniently. Thus, respecting the assump-
tions of the model, arbitrary structures with concentrated or distributed com-
pliance can be considered.

Especially in the early development phases, the deformed state can be cal-
culated quickly with the help of a numerical solution to the resulting boundary
value problem. The efficient solution thus allows adjustments to be made to the
mechanism geometry and recalculations to be performed. Furthermore, it may
be considered for synthesis, too.

Appendix

Table 4. Length and curvatures of each section for the analytical model of the com-
pliant mechanism of the spherical crank-and-rocker mechanism (l = 10mm)

Section j Lj κ10j κ20j κ30j

1 10 0 0 0

2 l 0 0 0

3 7.854 0 0 −0.200

4 7.854 0 0 0.200

5 9.958 0 0.053 0

6 10 0 0 0

7 7.854 0 0 0.200

8 l 0 0 0

9 25 0 0 0

10 70.686 0 0.022 0

11 2.618 0 0 −0.200

12 18.481 0 0 0

13 7.854 0 0 0.200

14 4.330 0 0 0

15 l 0 0 0

16 25 0 0 0

17 70.686 0 0.022 0

18 25 0 0 0

19 l 0 0 0

20 10 0 0 0
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ysis of weighing cells based on the principle of electromagnetic force compen-
sation. Meas. Sci. Technol. 28(7), 075101 (2017). https://doi.org/10.1088/1361-
6501/aa6bcd
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Abstract. The performance of an inertial micro-device largely depends
on its displacement sensitivity. Different techniques like mechanical
amplification using compliant mechanisms, geometric anti-spring design,
and mode-localized can be employed for improving it. In this paper, a
compliant mechanism-based accelerometer is studied and the design is
optimized by incorporating a curved shaped beam. A detailed analysis
presents interesting insight about the operation of the curved-shaped
displacement amplifying compliant mechanism (DaCM). Study suggest
that a larger sense mass displacement could also be achieved by DaCM
with smaller geometrical amplification. The design simulations are car-
ried out in finite element analysis (FEA) based CoventorWare and COM-
SOL Multiphysics simulator.

Keywords: Accelerometer · Displacement amplification · Compliant
mechanism · Geometric anti-spring · MEMS

1 Introduction

Microelectromechanical systems (MEMS) have been of significant interest for
design of inertial sensors because of their low cost, small size, and rugged-
ness. Devices like MEMS accelerometer and gyroscope find applications in con-
sumer electronics, automobiles, missiles, aircraft navigation [1]. Applications like
inertial navigation system for ships, aircraft, submarines, guided missiles, and
spacecraft requires very high sensitivity and resolution (of an order of 10−20µg
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for accelerometer and 1−5◦/h for gyroscopes) [2]. Resolution of inertial MEMS
devices is mainly limited by Brownian noise in micro-mechanical structures and
interface electronics circuit noise [3]. A low mechanical sensitivity of MEMS
devices may cause the electronics noise to dominate and limit the resolution
[4]. Thus, there has been a significant interest to increase the sensitivity of
MEMS. Different techniques like mechanical amplification using compliant mech-
anism, geometric anti-spring design, mode-localized design are being explored to
improve the performance [5–7].

A compliant mechanism consists of flexible members that undergo deforma-
tion for applied force [8]. The deformation stores elastic energy in the flexible
member, similar to strain energy in a deflected spring, which can be trans-
ferred or transformed to obtain a desired force-deflection relationship. In con-
trast, a rigid body mechanism consists of rigid link connected at movable joints
to achieve a required force displacement behaviour. Thus, compared to a rigid
body mechanism, a compliant structure has significantly lesser number of parts
and movable joints to accomplish a specified task. Thus, it increases the preci-
sion of the compliant structures. Other advantages include miniaturization and
reduction in weight of the compliant structure [8]. Further, compliant mechanism
based design also suits the micro-fabrication process. It has allowed implemen-
tation of various compliant mechanism based MEMS devices like microgripper,
crimping mechanism, compliant pliers [8]. The feasibility of micro-fabricated
compliant structure has attracted research interest toward improving the dis-
placement sensitivity of MEMS accelerometer; which can significantly improve
their performance. In [9], a micro-lever based displacement amplifying mecha-
nism was proposed for MEMS accelerometer. The lever mechanism works on
the principle of displacement amplification at the free end of a beam for an
applied force applied near to the fixed end of a beam as shown in Fig. 1(a). It
shows a significant amplification of the output displacement and sensitivity. A
simplest compliant structure for displacement amplification is an angled shaped
beam shown in Fig. 1(b) [10]. The folded shape allow realization of amplifica-
tion mechanism in smaller area. Different designs of displacement amplifying
compliant mechanism have been studied in literature for accelerometer design
[5,11,12].

Fig. 1. Output displacement amplification: (a) lever mechanism [9], and (b) a simple
compliant mechanism [10]
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Applications like gravimeter for distributed gravity monitoring requires ultra-
sensitive seismic accelerometer [6,13–15]. These accelerometers employ a curved
shaped geometric anti-spring having reduced stiffness and very high sensitivity.
In the present paper, the geometric anti-spring is incorporated in the design of
displacement amplifying compliant mechanism and studied for its performance
improvement. The designed accelerometer is also compared with the conventional
accelerometer.

This article is organized as follows: A brief discussion on the design of con-
ventional and compliant-mechanism accelerometer is presented in Sect. 2. Next,
the optimization of displacement amplifying compliant mechanism is presented
in Sect. 3. This is followed by the design and study of accelerometer with geo-
metric anti-spring based compliant mechanism in Sect. 4. In the end, result and
discussion is presented.

2 Accelerometer Designs

In this section, discussion on conventional (without mechanical amplification),
and DaCM-based accelerometers are presented. In the following section, a novel
design of DaCM is explored towards its performance improvement. The perfor-
mance improvement by employing a DaCM in a design must not be at a cost of
device footprint area. Thus, all designs considered in the manuscript have the
same footprint area of 2mm × 3mm.

2.1 Conventional Accelerometer

A conventional accelerometer consist of a proof mass suspended for four springs
at the corner such that the mass undergoes displacement in response to exter-
nal vibrations. This allows displacement of combs attached to the proof mass
and result in sense gap variations with respect to fixed combs attached to the
substrate. A measure of this sense gap variations determine the acceleration of
the external vibration. A conventional accelerometer is schematically illustrated
in Fig. 2. The resonant frequency of the structure is 5.76 kHz and has a static
displacement sensitivity of 6.76 nm/g. This results in a nominal capacitance
of 9.0169 pF/g and differential capacitance change of 6.095 fF/g. The detailed
dimensions of the accelerometer is shown in Table 1.

2.2 Accelerometer Employing Compliant Mechanism

Displacement amplifying mechanism provides an opportunity to improve the
sensitivity of an accelerometer without increasing the device footprint. The lay-
out of conventional and DaCM-based accelerometer is compared in Fig. 3. The
DaCM-based accelerometer comprised of proof-mass assembly, DaCM, and sense
combs. The proof-mass assembly drives the DaCM resulting in an amplified dis-
placement of the sense combs. DaCM is characterized by inherent geometrical
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Fig. 2. A conventional accelerometer designed for a resonant frequency of 5.76 kHz
with a footprint area of 2 mm× 3 mm

Table 1. Dimensions of conventional accelerometer

Dimensions

Proof mass 3000µm × 480µm

Spring 319µm × 7µm

Combs 760µm × 7µm

Sense gap 10µm

Comb pairs 67 × 2

Thickness 100µm

Fig. 3. Illustration of DaCM-based accelerometer and a conventional accelerometer
having the same footprint [16]

amplification n = Δout

Δin
and net amplification NA = Δout

Δp
, where, Δp is displace-

ment of the conventional accelerometer, Δin and Δout are the input and output
displacement of DaCM respectively.
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In literature, different compliant mechanisms have been reported. They have
been implemented for technologies requiring ultra-high precision motion gener-
ation, such as scanning probe microscopes, mechanisms for nano-imprint lithog-
raphy, precision manufacturing, cell manipulation, micro- grippers and optical
steering mechanisms [12]. For applications like accelerometer, a higher net dis-
placement amplification is desired. In [11], Krishnan et al. have presented a
comparative study of the displacement amplification of different DaCM’s for
accelerometer application. The study shows that DaCM shown in Fig. 4 has
relatively simple construction and a higher amplification [16]; and thus it is con-
sidered for analysis in this article. The two arms of the DaCM are fixed and
force Fin is applied at the input node results in an input displacement of Δin

and output displacement of Δout.

Fig. 4. Schematic of displacement amplifying compliant mechanism (DaCM). Here, a,
b, c, d, e, f , w, α, β, and θ are the dimensional parameters.

Analysis of DaCM: The kinematics and the elastic deformation of the
single-input-single-output compliant mechanisms can be expressed by the
spring-leverage (SL) model, shown in Fig. 5, to account for its displacement-
amplification [11]. In this model, five parameters are defined to fully characterize
a compliant mechanism, i.e., input stiffness kci, output stiffness kco, input mass
mci, output mass mco, and inherent geometrical amplification n. Analytical solu-
tions to these parameters are challenging. Usually, finite element analysis (FEA)
is used to estimate these parameters. In the first FEA run, a known force Fin is
applied, keeping Fout = 0, to compute Δin1, and Δout1. The input stiffness kci

and inherent geometrical amplification n is given as [11]

kci =
Fin

Δin1
(1)

n =
Δout1

Δin1
(2)
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Fig. 5. Spring-leverage model of compliant mechanism connected to actuator and
sense-mass-spring assembly. Here, ka and ma are stiffness and mass of actuator, whereas
kext and mext are stiffness and mass of the sense side. The DaCM parameters corre-
sponding to stiffness (kci, kco), inertial masses (mci, mco), and inherent geometrical
amplification n are also illustrated

In the next FEA run, a known force Fout is applied, keeping Fin = 0, to compute
Δin2 and Δout2. The output stiffness kco can be given as [11]

kco =
Fout

Δout2 − nΔin2
(3)

The estimation of input and out inertial masses of DaCM requires another FEA
run where the first and the second modal frequencies are computed. Referring to
Fig. 5, equations for modal frequencies are derived by first writing the Lagrangian
for the system and then applying the Euler-Lagrange (E-L) equations to get [17]

ω2 =
(

kci + ka + n2kco

2 (mci + ma)
+

kext + kco

2 (mco + mext)

)

±
√(

kci + ka + n2kco

2 (mci + ma)
− kext + kco

2 (mco + mext)

)2

+
(nkco)

2

(mco + mext) (mci + ma)
(4)

The input-output inertial masses of DaCM are estimated by solving Eq. (4)
for ka = ma = kext = mext = 0. The above discussed method is followed to
estimate different parameters, i.e., n, kci, kco, mci, and mco, for the considered
DaCM (shown in Fig. 4) and is presented in Table 2.
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Table 2. Estimated parameters of the DaCM in Fig. 4

Parameters FEA run 1 FEA run 2

Δin 1.2757 nm 1.1937 nm

Δout 9.9732 nm 11.994 nm

Fin 9.81 × 4.188 × 10−7 N 9.81 × 5.025 × 10−8 N

f1 8.437 kHz

f2 10.567 kHz

n 7.81

kci 3217.24 N/m

kco 184.35 N/m

mci 7.65 × 10−5 kg

mco 9.75 × 10−7 kg

3 Optimization of DaCM

The design of displacement amplifying mechanism needs to be optimized for
performance and footprint area. Further, feasibility of its fabrication using the
existing technology also needs to be ensured. The optimization function for max-
imization of Δout can be defined as as a function of the geometrical parameters
as

max(Δout) = fun(a, b, c, d, e, f, α, β, θ, w) (5)
Constraints : w ≥ wmin (6)

Equation (5) is constrained by permissible beam width wmin. The parametric
optimization function available with FEA software, i.e., Coventor, COMSOL,
IntelliSuite, can be used to study the variations of these parameters on Δout.

Typically, DaCM is classified as inverting and non-inverting type. In non-
inverting type DaCM, Δin and Δout have displacements in the same direction,
whereas it is in opposite directions for inverting DaCM. The DaCM in Fig. 4
is of non-inverting type. As shown in Fig. 7, increasing the length of beam b
results in significant increase in Δin and Δout. However, for shorter beam length,
displacement of Δout is reversed and DaCM becomes inverting. Thus, there is a
trade-off between the DaCM displacements, and footprint area for its realization.
The optimum dimensions of the different design parameters of DaCM estimated
using FEA analysis are a = 546µm, b = 1148µm, c = 160µm, d = 500µm,
e = 115µm, w = 7µm, α = 78.9◦, β = 30◦, and θ = 121◦.

The optimized dimensions, presented above, are considered as reference for
exploring the variations in design of DaCM as discussed below:
Curved beam: A curved microbeam with load across one end and fixed at other
acts as a geometric anti-spring (GAS) structure, i.e., spring with significantly
reduced stiffness. GAS has been incorporated in MEMS design to achieve higher
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sensitivity for MEMS accelerometer and gravimeter [6,15]. In this section, anal-
ysis is presented to optimize the considered DaCM by exploiting curved beam
based anti-spring geometry for beam a and b (see Fig. 6(a)). A Bezier polygon
with quadratic function available in COMSOl Multiphysics is used for design-
ing the curved beam. The curvature of beam a and b are varied by varying the
parameter ah and bh, respectively, as shown in Table 3.

Table 3. Curvature of beam a and b with variations of ah and bh

ah, bh (µm) 0 10 20 30 40 50 60 70 80 90 100 110 120 130 140 150 160 170 180 190

Curvature of beam a (tan−1
(

ah
0.5a

)
, in deg) 0 2.1 4.2 6.3 8.3 10.4 12.4 14.4 16.3 18.2 20.1 21.9 23.7 25.5 27.2 28.8 30.4 31.9 33.4 34.8

Curvature of beam b (tan−1
(

bh
0.5b

)
, in deg) 0 1 2 2.99 3.99 4.98 5.97 6.95 7.93 8.91 9.88 10.85 11.81 12.76 13.71 14.65 15.58 16.5 17.41 18.32

The variations of input and output displacements, i.e., Δin, Δout, of DaCM
with curved beams for an applied input boundary load is shown in Fig. 6. As
shown in Fig. 6(b), Δin increases with increasing curvature of beam b, however,
it decreases with the curvature of beam a. This is because the anti-spring design
of beam b reduces its stiffness and allows larger displacement of Δin. Thus,
the combination of straight beam a and curved beam b have maximum Δin

displacement. Further, it is also observed that Δout increases significantly with
the curvature of beam b and remains nearly independent to the curvature of beam
a (see Fig. 6c)). Thus, it can be argued replacing straight beam b with a curved
beam in the design of DaCM, shown in Fig. 4, increases the input and output
displacements. In addition to the input and output displacements, an important
parameter defined to characterize a DaCM is inherent geometrical amplification
n. It is defined as the ratio of Δout by Δin. Interestingly, a higher value of n
is observed for straight beams based design of DaCM, i.e., ah = bh = 0 (see
Fig. 6(d)) ). However, Δin and Δout are relatively less for straight beam based
design compared to the curved beam DaCM design. This is further evident from
the total displacement plot shown in Fig. 6(e)). The curved beam based design
has higher total displacement, which is the sum of Δin and Δout. Thus, it can
be concluded that a higher inherent geometrical amplification should not be the
main criteria in the choice of DaCM as it does not guarantee a larger input-
output displacements.
Variations of curved beam design: Different variations of the curved beam
based DaCM have also been explored, i.e., inverted curved beam, and double
curved beam design. The inverted curved beam DaCM, shown in Fig. 8(a) has
curvature of beam b in opposite direction to the curved beam DaCM. The double
curved beam design of DaCM is shown in Fig. 8(c). This design is the combi-
nation of the curved and inverted curved DaCM design. For brevity, a detailed
analysis of inverted curved and double curved beam DaCM designs is not pre-
sented. However, in the next section, a comparative analysis of the designed
accelerometer using these designs are included.

In the next section, the design of accelerometer using compliant mechanism
is presented.
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Fig. 6. Analysis of curved beam based DaCM design: (a) Schematic of curved beam
DaCM; displacement of Δout and Δin are shown in (b) and (c), respectively, for differ-
ent curvature of beam a and b. Displacement ratio, i.e., n = Δout

Δin
and total displace-

ment, i.e., (Δin + Δout), are presented in (d) and (e) respectively
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Fig. 7. Displacements of Δout and Δin with parametric variation of beam length b

Fig. 8. Schematic of different DaCM designs: (a) Curved beam, (b) Inverted curved
beam and (c) Double curved beam design

4 Accelerometer Using Compliant Mechanism

The schematic of accelerometers with straight and curved beam based DaCM is
shown in Fig. 9. The accelerometer consists of a proof-mass of 1500µm×1000µm
suspended by springs of 700µm×7µm for driving the compliant structure. The
amplified displacement Δout drives the sense comb assembly resulting in larger
sense gap variations and sensitivity improvement. The sense gap of the combs
is 10µm. The sense mass has a dimension of 1000µm × 50µm and is supported
by springs of 500µm × 7µm. The proof mass and the sense mass have 68 and
38 pairs of electrodes, respectively, of size 600µm × 7µm. The thickness of the
structure considered for the analysis is 100µm and the device footprint area is
2mm×3mm. The analysis considers polycrystalline silicon as structural material
with Young’s modulus of 160 GPa, density of 2330 kg/m3.
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Fig. 9. Displacement sensitivity of (a) Straight beam DaCM, and (b) Curved beam
DaCM based accelerometer design for applied acceleration of 1g along Y -axis.
Accelerometer in (a) and (b) have resonant frequencies of 7.09 kHz and 5.875 kHz,
respectively, for the same dimensions

Fig. 10. Displacement sensitivity of accelerometer with different DaCM, i.e., straight
beam, curved beam, inverted curved beam, and double curved beam, are compared for
and applied load of 1g

Figure 10 shows the comparison of the proof mass and the sense mass dis-
placement for the different compliant mechanism based accelerometers. These
displacements are estimated for an applied acceleration of 1g. Analysis shows
the straight beam DaCM has a sense mass displacement of 7.89 nm. The ampli-
fied sense mass displacement decreases with the curvature of the inverted curved
beam DaCM (Fig. 8(b)). However, for a curved beam design, the sense mass dis-
placement increases with the curvature of beam b. In case of the double curved
beam design, the sense mass displacement remains same with increasing the cur-
vature of the beams. Thus, it can be concluded that the curved beam DaCM
outperforms the other DaCM variants in terms of the amplified sense mass dis-
placement. Hence, it is preferred and considered for further analysis in the next
section.
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5 Results and Discussion

In this section, different parameters, i.e., modal frequencies, displacements
for applied acceleration, stress, non-linearity, and capacitance charges, of the
designed straight and curved beam DaCM based accelerometer are compared.

5.1 Modal Frequencies

The modal analysis of the accelerometer is carried out in CoventorWare. The
design with straight and curves beam DaCM have in-plane displacement with
the first modal frequency at 7.09 kHz and 5.875 kHz respectively. As the same
dimensions are considered for both designs, it is apparent that the curved beam
based DaCM reduces the overall stiffness of the design and thus results in res-
onant frequency reduction. The displacement sensitivity and modal frequencies
of the straight and curved beam DaCM based accelerometer is shown in Fig. 9.

5.2 Cross-Axis Sensitivity

Cross-axis sensitivity is a measure of output observed across one axis when
the acceleration is imposed on a different axis. The proposed accelerometer is
exposed to an acceleration of 1g, 10g, and 30g along Y -axis and the cross axis
sensitivity along X-axis and Z-axis are determined. The estimated cross-axis
sensitivity along X-axis and Y -axis are ∼ 0.003% and ∼ 0.005%, respectively,
for the sense mass displacement of both types of accelerometer. This suggests
that the curved beam based compliant design of does not contribute to the
cross-axis sensitivity.

5.3 Stress

The stress gradient in the accelerometer must be less than the yield strength
of the silicon. Typically, the yield strength of silicon is around 165 MPa [18].
The stress gradients shown in Fig. 11 is calculated for an applied body load of
100g. The straight beam and curved beam DaCM based accelerometer have a
maximum stress concentration of 11 MPa and 15 MPa respectively, which is less
compared to the yield stress of silicon. This ensures the reliable operation of the
designed accelerometer.

5.4 Non-linearity

The design of an accelerometer must ensure that the non-linearity in the dis-
placement of the movable masses are minimum over the range of their oper-
ation. A compliant mechanism based accelerometer must ensure that the both
the proof mass displacement and the amplified sense mass displacement are liner
the over desired range. The non-linearity is studied by estimating the deviations
in the displacement of the masses with reference to the extrapolated linear dis-
placement for varying acceleration. As shown in Fig. 12, the simulated and the
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Fig. 11. Stress analysis for an applied body load of 100g: (a) Straight beam, and (b)
Curved beam DaCM based accelerometer

Fig. 12. Non-linearity in displacement of proof mass (PM, before amplification) and
sense mass (SM, after amplification) over applied acceleration: (a), (c) Straight beam,
and (b), (d) Curved beam based DaCM. The non-linearity is 1.345% and 2.739% for
straight and curved beam based accelerometer over a range of 100g
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linearly fitted displacement of the sense masses has a non-linearity of 1.345%
and 2.739% for straight and curved beam based accelerometer over a range of
100g. An increase in applied acceleration increases the displacement deviation
from the linear fit line and thus the non-linearity increases. This observed trend
is same for both straight beam and curved beam DaCM based accelerometer.

5.5 Capacitance

The proof mass has a smaller displacement, however it can accommodate a
larger comb pairs across its length. The proof mass has 68 comb pairs and can
be used for actuation purpose. The capacitive sensitivity of the proof mass comb
pairs are 1.2 fF/g and 4.1 fF/g respectively for the accelerometer with straight
beam and curved beam DaCM. Incorporating DaCM in the design amplifies the
output displacement of the sense mass. This allows larger capacitive sensitivity
for sense mass comb pairs. The considered design has a sense mass electrodes
count of 38. This gives the output capacitive sensitivity of 3.4 fF/g and 4.4 fF/g
respectively for the sense mass comb pairs of the accelerometer with straight
beam and curved beam DaCM.

Table 4. Simulated parameters of accelerometers in Fig. 9

Parameters Design in Fig. 9(a) Design in Fig. 9(b)

Resonant frequency, kHz 7.09 5.875

Input displacement sensitivity, nm/g 0.969 6.04

Output displacement sensitivity, nm/g 7.89 10.82

Geometrical amplification 8.14 1.79

Cross-axis sensitivity SY X=0.003%, SY Z=0.005%

Stress at 100g,MPa 11 15

Non-linearity (%, for ±100g) 1.345 2.739

Proof mass electrode nominal capacitance, pF 7.4383

Sense mass electrode nominal capacitance, pF 4.7694

6 Analysis of Fabrication Induced Variations

Silicon-on-insulator (SOI) based micro-fabrication is a four mask process, i.e.,
PAD METAL, SOI, TRENCH, and BLANKET METAL. The PAD METAL
mask is used to deposit a layer of 20 nm chrome and 500 nm gold on the silicon
and is used for interconnects. The patterning of silicon is carried out using SOI
mask layer. Accordingly, the silicon layer is etched out using DRIE (Dry reactive
ion etch) to realize the required geometry. Next, it is ensured that the designed
structure is properly released. This is ensured by removing the substrate and
oxide layer beneath the structure using the TRENCH mask. In the end, bond
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pads are realized using the BLANKET METAL mask. These bond pads are used
for electrical connections during the packaging of the fabricated devices.

Ideally, the etched silicon layer should have a steep vertical (orthogonal)
faces. Practically, the etched silicon faces are slanted. The slanting depends on
the thickness of the silicon layer. Typically, a 100µm thick silicon layer has a
sidewall slanting angle of an order of 0.8◦ [19]. This results in non-uniform width
variations across the thickness of the silicon layer. As a result, the stiffness of
the springs used to suspend the proof mass is changed. The variation in stiffness
of the spring, induced due to the fabrication process, has a significant effect the
resonant frequencies and other performance parameters of the devices.

Fig. 13. Effect of sidewall angle due to fabrication process on resonant frequency

7 Conclusion

Curved beam based displacement amplifying compliant mechanism, inspired
from the geometrical anti-spring design, has been explored in this article. A
detailed analysis of the curved beam DaCM is presented and compared to the
conventional straight beam DaCM. Despite having a lesser geometrical amplifi-
cation ratio, the curved beam DaCM has a larger sense mass displacement. This
is because of the lower input stiffness of the curved beam DaCM which allows a
lager proof mass displacement. Other variations of the curved beam DaCM, i.e.,
inverted curved beam, and double curve beam DaCM, are also studied and com-
pared. The curved beam DaCM design outperforms the other DaCM designs and
has a larger proof mass and the sense mass displacements. Further, a detailed
analysis of the complete accelerometer design using the curved beam DaCM
is also presented and different performance parameters like modal frequencies,
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cross-axis sensitivity, stress, and non-linearity are estimated. The effect of the
fabrication tolerances by considering the side-wall angle during dry reactive ion
etching is also studied. Analysis suggests that an increase in side-wall angle
increases the resonant frequency of the designed accelerometer. In future, we
plan to fabricate the designed accelerometer and characterize.
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Abstract. The present study is devoted to mathematical modeling
of the proposed new architecture of a microelectromechanical mode-
localized acceleration sensor (MEMS accelerometer/gravimeter) with a
sensitive element in the form of a clamped-clamped microbeam with an
initial curvature, made in the form of the first asymmetric mode of free
oscillations. The paper shows that with an asymmetric form of the initial
curvature in the region of positive axial forces, there are zones of proxim-
ity of the frequency branches corresponding to the second symmetric and
the first asymmetric oscillation modes. The proposed configuration of the
oscillation excitation and output signal pickup electrodes makes it possi-
ble, with the help of a feedback loop, to stabilize the oscillation amplitude
at the required level according to the working (third) symmetric form
and, at the same time, measure the oscillation amplitude associated with
the change in the value of the measured component of the external accel-
eration according to the asymmetric form. The effect of energy exchange
between the symmetric and asymmetric modes of the sensitive element
can be used as the basis for the development of a new subclass of high-
precision resonant sensors with amplitude pickup of the output signal.
The parametric studies of the nonlinear statics and dynamics of free
oscillations of the sensing element have shown a high level of potentially
achievable accuracy of measurements of the external acceleration.

Keywords: MEMS · Initially curved beam · Bistability ·
Accelerometer · Electrically actuated · Veering phenomena · Modal
localization

1 Introduction

Increasingly widespread in the modern industry of nano-microelectromechanical
systems (N/MEMS) is the use of essentially nonlinear characteristics of designed
mechanical architectures and the principles of oscillation generation, as well as
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the collective dynamic properties of moving elements of devices, which makes
it possible to increase the accuracy and stability of measurements by orders
of magnitude for a wide class of sensors physical quantities [1]. Research and
applied developments in the field of application of modal interaction features in
nonlinear and weakly coupled oscillatory systems with two or more degrees of
freedom are being intensively developed.

One of the priority tasks of the MEMS industry is the creation of vibra-
tion and temperature stable highly sensitive elements of micromechanical iner-
tial navigation systems (accelerometers, gravimeters, gyroscopes). In terms of
MEMS accelerometers and MEMS gravimeters, along with classical amplitude
modulated circuits (see, for example, [2]), the development of resonant and
mode-localized sensors is being intensively developed [3–6]. The main princi-
ple of operation of such systems is the influence of the measured component of
the acceleration of a moving object on the operating frequency or the type of
natural mode of oscillation of the micromechanical architecture. A large number
of recent papers (see, for example, [7]) report that for mode-localized systems
with an amplitude feedback loop, orders of magnitude higher sensitivity can be
achieved than for sensors with a frequency output.

Of considerable scientific and practical interest is the study of the unique
spectral (modal and resonant) properties of micromechanical systems with pro-
jected geometry perturbations (the initial curvature of beam, plate and other
structures) and the use of these properties for high-precision measurements.
There are a number of works that demonstrate the possibility of successful prac-
tical use of such mechanical architectures for high-precision measurement prob-
lems: [8,9] force or translational acceleration, [10] displacements, [11] velocity
and fluid flow velocity gradient [12], gas sensors [13,14]. There are also works on
the use of systems with initial curvature as actuators [15] and logical elements of
advanced computing devices [16]. At the moment, in most of the devices created,
a microbeam with an initial curvature is used as a sensitive element, which has
the property of bistability under the action of a constant electric field in the
interelectrode gap.

Mathematical modeling and design of mechanical structures of this class
requires the use of quite complex geometrically and physically nonlinear models
of elastic deformation of continuum systems. There is an extensive literature
devoted to this group of issues (see, for example, [17–29]). A separate intensively
developing area of research is the problems of nonlinear statics and dynamics
of micromechanical structures with projected geometry perturbations acting in
electric fields of various configurations. Namely, a significant number of works
are devoted to the study of issues of branching, bifurcations, symmetry breaking
of equilibrium positions and switching modes between them for microbeams with
initial curvature [30–39]. Spectral properties and nonlinear dynamic character-
istics of such structures are also subject to extensive research [40–53]. There are
works devoted to the synthesis of algorithms for controlling oscillations of such
systems and processing output signals [54–56]. The direction of micromechan-
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ical design with projected geometry perturbations of a more complex shape is
actively developing: membranes and plates [57–64].

The present study is devoted to mathematical modeling of the proposed new
architecture of a microelectromechanical mode-localized acceleration sensor with
a sensitive element in the form of a clamped-clamped microbeam with an initial
curvature, made in the form of the first asymmetric mode of free oscillations. To
the best of the authors’ knowledge, microbeams with an initial curvature have
not yet been considered as elements of promising resonant (mode-localized) sen-
sors of translational accelerations—accelerometers or gravimeters. The paper
shows that under certain conditions in an oscillatory system, conditions can be
provided for efficient energy exchange between the symmetric and asymmetric
modes of the sensing element. This effect can be used as the basis for the develop-
ment of a new subclass of high-precision resonant sensors with amplitude pickup
of the output signal.

2 Proposed Accelerometer Model

The model of the accelerometer, the operating principle of which is based on the
localization of oscillations, is shown in Fig. 1. An initially curved beam, clamped
on both sides, which is in the field of action of one fixed vibration-excitation
electrode and two fixed vibration-pickup electrodes, acts as a sensitive element.
The electrical voltage imparted to the ends of the beam makes it possible to
change the natural frequencies of the sensitive element and adjust to the oper-
ating mode. The moving mass M is elastically attached to the microbeam by
means of a system of suspensions. External acceleration sets the mass in motion
and there is a axial force Nm, acting on the microbeam. The operating mode is
excited by the central electrode and represents vibrations along the third (second
symmetrical) natural shape of the beam. In the presence of external accelera-
tion, the axial force changes the values of the natural frequencies of the beam,
and with the right choice of system parameters, the effect of frequency proximity
between the second (first asymmetric) and the third (second symmetric) vibra-
tion modes of the sensing element is observed. There is an exchange of energy
between the specified forms and oscillations in the second eigenform are detected
by the side electrodes.

3 Mathematical Model

We consider an initially curved clamped-clamped microbeam of length L, having
a rectangular cross section with thickness d and width b (Fig. 2). The beam is
made of a homogeneous isotropic elastic material with Young’s modulus E. The
initial shape of the beam is described by the function ẑ0(x̂) = ĥ · w0(x̂), where
ĥ—is the initial deviation of the top point of the beam from the midline in the
uncurved position, and w0(x̂) is a dimensionless function for which the condition
max

x̂∈[0,L]
|w0(x̂)| = 1. The beam is located in the field of one fixed electrode, located
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Fig. 1. Mode-localized accelerometer model

Fig. 2. Initially curved microbeam if field of one stationary electrode

at a distance g0. It is assumed that d � L and that the deflection is moderately
large compared to the thickness of the beam, so there is tension in the midplane.

The equation of system dynamics has the form:

EI(ẑ′′′′ − ẑ′′′′
0 ) + ρA

∂2ẑ

∂t̂2
+ c

∂ẑ

∂t̂
=

(
N +

EA

2L

∫ L

0

(ẑ′2 − ẑ′2
0 )dx̂

)
ẑ′′ + F, (1)

where ẑ(x̂)—deflection function , I = bd3

12 —moment of inertia of the beam
section, ρ—beam material density, c—coefficient of friction, N—axial force,
A = bd—beam cross-sectional area , ()′—derivative with respect to coordinate
x d

dx̂ , F—electrostatic force, which is described by the following expression:

F = −1
2

εbV 2
DC

(g0 + ẑ)2
, (2)

where ε—relative permittivity of the medium in the gap, b—beam width, VDC—
amplitude of the constant voltage component.
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The axial force is caused by three factors:
1. (Nth) Joule effect due to the current flowing along the beam,
2. (Nm) by the inertial force caused by the acceleration of the external mass M ,
3. (N0) mechanical force caused by the prestressed state of the beam (can be
either tensile or compressive):

N = Nth + Nm + N0. (3)

The inertial force is related to the mass acceleration as follows:

Nm = MW, (4)

where W—body acceleration. Fourier’s law for the temperature function:

− d

dx̂

(
k

dT

dx̂

)
= J2ρe, (5)

where k—coefficient of thermal conductivity of the beam material, J—current
density, ρe—specific resistance of the beam material. It is assumed that the
properties of the beam material do not depend on temperature. The current
density can be expressed in terms of the voltage applied at different ends of the
beam Vth:

J =
Vth

ρeL
.

Then the Fourier law takes the form

−k
d2T

dx̂2
=

V 2
th

ρeL2
. (6)

The solution to the Eq. (6) is

T (x̂) = − V 2
th

kρeL2

(
x2 + C1x + C2

)
, (7)

where the integration constants C1, C2 are determined from the boundary con-
ditions of the first kind at the ends of the beam, where the ambient temperature
T0 is maintained:

T (0) = T0, T (L) = T0, (8)

so

C1 = −L, C2 = −T0kρeL
2

V 2
th

. (9)

Thus, the temperature of each point of the beam is determined by the equation:

T (x̂) = − V 2
th

kρeL2

(
x2 − Lx

)
+ T0, (10)

The axial force caused by the Joule effect depends on the temperature as follows
[42]:

Nth = −EA

L

∫ L

0

α(T [x̂] − T0)dx̂ = −EAV 2
thα

6kρe
, (11)
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where α—coefficient of thermal expansion of the beam material, T0—the initial
temperature of the beam, the sign “-” means that the force is compressive.
Thus, the equation of motion of an initially curved beam in the field of one fixed
electrode with a current flowing through it has the form:

EI(ẑ′′′′ − ẑ′′′′
0 ) + ρA

∂2ẑ

∂t̂2
+ c

∂ẑ

∂t̂
=(

Nth + Nm + N0 +
EA

2L

∫ L

0

(ẑ′2 − ẑ′2
0 )dx̂

)
ẑ′′ − 1

2
εbV 2

DC

(g0 + ẑ)2
.

(12)

After introducing dimensionless parameters

z =
ẑ

g0
, x =

x̂

L
, t =

t̂

T
,

where

T =

√
ρbdL4

EI

– time scale,

α1 = 6
(g0

d

)2

, cnon =
12cL4

ETbd3
, α2 =

6εL4

Eg30d
3
, λ = α2V

2
DC

Nnon,th =
12L2

Ebd3
Nth, Nnon,m =

12L2

Ebd3
Nm, Nnon,0 =

12L2

Ebd3
N0,

an equation in dimensionless form can be obtained:

∂4z

∂x4
− ∂4z0

∂x4
+ z̈ + cnonż =[

α1

∫ 1

0

(z′2 − z′
0
2)dx + Nnon,th + Nnon,m + Nnon,0

]
∂2z

∂x2
− α2V

2
DC

(1 + z)2
,

(13)

where (̇) is the dimensionless time derivative ∂
∂t .

The paper will consider the problem of static equilibrium, as well as the
spectral problem near the equilibrium positions found at the first stage.

3.1 Static Equilibrium Equations

Static equilibrium equation in dimensionless form:

z′′′′ − z′′′′
0 =

=
[
α1

∫ 1

0

(z′2 − z′
0
2)dx + Nnon,th + Nnon,m + Nnon,0

]
z′′ − α2V

2
DC

(1 + z)2
,

(14)
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where ()′ is the derivative with respect to the dimensionless coordinate ∂
∂x .

To obtain a reduced order model, the Galerkin method is used, that is, an
approximate solution of the (14) equation is sought in the form:

z(x) = φ0(x) +
n∑

i=1

Ciφi (15)

where φ0(x) = 0 since the boundary conditions of the problem are homogeneous.
The decomposition (15) is carried out in orthogonal eigenforms of the straight
beam, satisfying the Eq. (16):

φ4
i = ω2

non,iφi, i = 1, 2, ..., n, (16)

where ω2
non,i is the square of the dimensionless natural frequency. Taking into

account the expansion into a series in terms of eigenforms and boundary condi-
tions, the static equilibrium equation takes the form∫ 1

0

φj

(
1 −

n∑
l=1

Clφl

)2 (
n∑

i=1

Ciω
2
non,iφi

)
dx + λ

∫ 1

0

φjdx−

−α1

∫ 1

0

φj

(
1 −

n∑
l=1

Clφl

)2
⎡
⎣ n∑

i=1

Ciφ
′′
i

∫ 1

0

(
n∑

k=1

Ckφk

)2
⎤
⎦ dx = 0,

(17)

where φi and Ci are the eigenforms and their coefficients, respectively. The
resulting algebraic equation with respect to the coefficients Ci of the expansion
of the deflection function in terms of eigenforms is solved using the methods of
the theory of bifurcations in the MATLAB MATCONT software package [65].

3.2 The Equation of Small Oscillations Around Static Equilibrium

Equation of system dynamics is:

zIV − zIV
0 + z̈ + cnonż

=
[
α1

∫ 1

0

(z′2 − z′
0
2)dx + Nnon,th + Nnon,m + Nnon,0

]
z′′ − λ

(1 + z)2
.

(18)

The dimensionless deflection function z(x, t) can be decomposed into the static
part zs (found from the static equilibrium equation (12)) and the time-dependent
dynamic component zd:

z(x, t) = zs(x) + zd(x, t). (19)

Substituting this expansion into the equation of dynamics leads to an equation
for the dynamic component of the deflection function:

zIV
s + zIV

d − zIV
0 + z̈d + cnonżd = − λ

(1 + zs + zd)2

+
[
α1

∫ 1

0

((z′
s + z′

d)
2 − z′

0
2)dx + Nnon,th + Nnon,m + Nnon,0

]
∂2(zs + zd)

∂x2
.

(20)
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After opening the brackets, expanding the term of the electrostatic force in a
Taylor series in terms of the function zd and neglecting the terms of the second
and higher orders of smallness, the equation will take the following form:

zIV
s + zIV

d − zIV
0 + z̈d + cnonżd = α1

∫ 1

0

(z′
s
2 − z′

0
2)dx(z′′

s + z′′
d )

+2α1

∫ 1

0

z′
sz

′
ddxz′′

s + (Nnon,th + Nnon,m + Nnon,0)(z′′
s + z′′

d )

− λ

(1 + zs)2
+

2λzd

(1 + zs)3
.

(21)

Some of the terms that make up the static equilibrium equation are mutually
compensated. Assuming the absence of dissipation cnon = 0, small free oscilla-
tions around static equilibrium are determined by the equation

zIV
d + z̈d = 2α1

∫ 1

0

z′
sz

′
ddxz′′

s +
2λzd

(1 + zs)3

+
[
α1

∫ 1

0

(z′
s
2 − z′

0
2)dx + Nnon,th + Nnon,m + Nnon,0

]
z′′
d .

(22)

Similar to the equation of statics, the dynamic addition to the deflection function
can also be expanded into a series in terms of the eigenforms of a straight beam:

zd(x, t) =
n∑

i=1

ui(t)φi(x). (23)

Next, the expansion is substituted into the (22) equation, the fourth derivative
is replaced by the corresponding term according to the (16) equation, and the
entire equation is multiplied by its eigenform φj and integrated from 0 to 1. As
a result of these actions, the following expression was obtained:

üj + ujω
2
non,j =

[
α1

∫ 1

0

(z′
s
2 − z′

0
2)dx + Nnon,th + Nnon,m + Nnon,0

]
∫ 1

0

φj

n∑
i=1

uiφ
′′
i dx + 2α1

∫ 1

0

φjz
′′
s

(∫ 1

0

z′
s

n∑
i=1

dx

)
dx

+
∫ 1

0

φj
2λ

(1 + zs)3

n∑
i=1

uiφidx, j = 1, 2, ..., n.

(24)

Equation (24) is a system of linearly coupled ordinary differential equations with
respect to the modal coordinates uj . Eigenvalue problem for this equation gives
the first n natural frequencies of the beam.
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4 Parameters of the Structure Under Consideration

The paper will consider two types of the function of the initial curvature, that
demonstrated on Table 1. Table 2 presents the geometrical parameters used in
the calculations.
Beam material—isotropic silicon, gap material—air, material properties are pre-
sented in Table 3.

Table 1. Two types of the function of the initial curvature

The shape of the initial curvature
corresponds to the first eigenform of the

bending vibrations of the beam
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

-0.5

0

0.5

The shape of the initial curvature
corresponds to the second eigenmode of

the beam bending vibrations
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

-0.5

0

0.5

Table 2. Geometric dimensions of a beam with an initial curvature

Size Value µm

Beam length 1000

Beam thickness 2

Beam width 25

Gap 8

Initial curvature amplitude 2.6µm

5 Diagrams of Static Equilibrium

In this paragraph, static diagrams of equilibrium positions are given, obtained
by continuation along the static voltage parameter λ in the Eq. (17). The first
step was to study the effect of the amplitude of the initial curvature on the shape
of the equilibrium diagram (Fig. 3).
Figure 3 clearly demonstrates that not for all values of the the amplitude of the
initial curvature for the first natural shape of the sensing element, the system will
experience the effect of bistability, that is, the presence of two stable equilibrium



Model of a Micromechanical Modal-Localized Accelerometer 103

Table 3. Properties of the materials

Value Silicon Air

Young’s modulus 170 GPa −
Poisson’s ratio 0.23 −
Density (kg/m3) 2330 1.225

Conductivity (W/(m · K)) 130 0.0259

Specific heat (J/(kg · K)) 700 1030

Coefficient of linear thermal expansion 2.6 × 10−6 1/K −
Relative permittivity − 1
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(a) first eigenform curvature, deflection in
the center of the beam
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(b) second eigenform curvature, deflection
in 1

4
of the beam length

Fig. 3. Equilibrium diagram for different values of the initial curvature amplitude
(α1 = 96, Nnon = 0)

positions at the same value of the voltage parameter λ . With the function of
the initial curvature corresponding to the second eigenmode of the sensitive
element, no bistability effect is observed for the given values of the parameters,
and a strong dependence of the critical voltage on the amplitude of the initial
curvature is also observed.

Having chosen the value of the amplitude of the initial curvature equal to
h = 0.325 (in the dimensional form ĥ = 2.6µm), then the parameter α1 = 6( g0

d )2

is varied. Figure 4 shows that the parameter α1 also significantly affects the
shape of the bifurcation diagram, and its value must also be selected for the
manifestation of system bistability in the case of first eigenform initial curvature.
At the second eigenform initial curvature, the static equilibrium diagram has one
stable branch and the value of the parameter α1 along with the amplitude of
the initial curvature determines the value of the critical voltage. It should be
noted that the graph is given for the deflection value in 1

4 of the beam length
and, in case of buckling, the deflection value at this point is about 0.2 of the
interelectrode gap, while the deflection in 3

4 beam length already reaches critical
levels of 0.8 – 0.9 of the gap.
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Fig. 4. Equilibrium diagram for different values of the parameter α1 (h =
0.325, Nnon = 0)
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(a) Evolution of the deflection function
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diagram
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(c) Evolution of the deflection function
when moving along the bifurcation

diagram
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Fig. 5. Demonstration of the influence of the eigenshape number on the form of the
static equilibrium diagram and the evolution of the deflection function with an increase
in the voltage parameter
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Figure 5b, d show the dependences of the deflection at the center of the beam
and at the points corresponding to 1

4 and 3
4 beam length versus static voltage

parameter. The markers (black dots) in Fig. 5b, d illustrate the points at which
Fig. 5a, c show the corresponding functions of the beam deflection (as if in the
process of moving along the bifurcation diagram).

Further it was performed a study of the static behavior of the system depend-
ing on the magnitude of the axial force N . Figure 6 is a 3D static equilibrium
diagram in the parameter space z,Nnon, λ.

It can be noted that the influence of the axial force on the behavior of the
system is significant. With an increase in the value of the axial force parameter,
the critical value of the electrostatic force parameter also increases, at which
the stability of the system is lost. And in states close to the unstable branch,
the behavior of systems with an increase in axial force differs from other stable
states—they pass into unstable equilibrium states. As the axial force decreases,
the behavior of the system is similar.

Of interest is the graph of the dependence of fold-type bifurcation points
(“limit point”) in the parameter space axial force N—static voltage λ for a
microbeam with first eigenform curvature, which is shown in Fig. 7.
The blue line reflects the dependence of the first bifurcation point, at which
the microbeam exhibits the property of bistability and snaps-through towards
the electrode to another stable equilibrium position. The black line reflects the
dependence of the second bifurcation point, which is the beginning of the second
stable branch on the static deflection-voltage diagram. The red line reflects the
dependence of the third bifurcation point on the static diagram, after which
there is a complete loss of stability and the microbeam “sticks” to the stationary
electrode (“pull-in effect”).

Also in Fig. 7, nested graphs illustrate the appearance of a static equilibrium
diagram for a certain value of the axial force parameter N . For values of the
dimensionless force N > 30 (blue graph), one bifurcation point will be observed
on the static equilibrium diagram—the system will not have the property of
bistability, since a positive value of the parameter N corresponds to the tensile
force, which leads to straightening of the initially curved microbeam. The value
of the dimensionless force N = 30 (burgundy graph) corresponds to the bound-
ary, after which the system exhibits the property of bistability and has three
bifurcation points on the static equilibrium diagram. The value of the dimen-
sionless force N = −30 (purple graph) corresponds to the case when two critical
voltages (snap-through voltage and pull-in voltage) have the same numerical
value. In the range of values N = [−70,−30] (grey graph), the critical pull-in
voltage value is less than the critical snap-through voltage value. With values
of the dimensionless force N < −70 (green graph), the system formally has two
bifurcation points, however, the value of the voltage of the first point is small
and in reality the system will lose stability when the larger value of the voltage
of the two, which is determined by the black curve in Fig. 4, is reached. It is
also worth noting that this range corresponds to a large compressive axial force,
which bulges the microbeam, increasing the curvature amplitude, which leads
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(a) first eigenform curvature, deflection in the center of the beam

(b) second eigenform curvature, deflection in 1
4
of the beam length

Fig. 6. Equilibrium diagram in three-dimensional parameter space z, Nnon, λ

to a very complex static behavior of such system. The graph corresponding to
the static diagram at N = −200 demonstrates the presence of static equilibrium
positions near zero, that is, near the straight microbeam, however, these equilib-
rium positions border on instability zones and have a small basin of attraction.
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Fig. 7. Dependence of bifurcation points of the fold type in the space of parameters
N − λ, (α1 = 96), first eigenform curvature

A microbeam with second eigenform curvature does not have the property
of bistability and the dependence graph of one bifurcation point will divide the
plane into two parts—areas of stable and unstable equilibrium positions.

6 Analysis of Small Oscillations Around Equilibrium
Position

In this section, we will present the results of studying the frequencies and ampli-
tudes of small oscillations near the equilibrium positions found earlier.

6.1 Finite-Element Modeling

To verify the results obtained on the analytical calculation model, a comparison
was made with the results of finite element (FE) modeling of the sensing element.
For comparison, a beam was chosen that was first eigenform initial curvature.
FE modeling was carried out in the COMSOL Multiphysics software package,
the FE model is shown in Fig. 8.

A related problem was solved by the finite element method, which includes
mechanical problems for beam elements (module “Solid Mechanics”), elec-
trostatic (module “Electrostatics”) and temperature problems (module “Heat
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Fig. 8. Geometric model of a beam with initial curvature and an illustration of the
splitting of the model into elements

Transfer in Solids”) for all elements (beam and air). The boundary condition
of the mechanical problem is the absence of displacements and rotations of the
nodes at the ends of the beam, the electrostatic problem is the potential differ-
ence VDC on the electrodes, the temperature was set on all nodes of the beam
for the occurrence of a axial force according to the Eq. (5). The value of the
potential difference is chosen in accordance with the selected point on the static
equilibrium diagram (zs and λ = α2V

2
DC must be substituted into the Eq. (18)).

Figure 9 shows the dependence of the first three natural frequencies of the
microbeam on the axial force parameter N .
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Fig. 9. Dependence of the first three natural frequencies of the microbeam on the axial
force parameter N . Solid line—analytical solution, dots—FE solution

In the positive range of axial force values for a microbeam with an initial
curvature, the solutions obtained analytically and using the FEM completely
coincide in terms of the first three eigenforms of bending vibrations. In the neg-
ative region of values, in this case, the effect of crossing the frequency branches
corresponding to the first and second eigenmodes takes place, which is confirmed
by Fig. 10.



Model of a Micromechanical Modal-Localized Accelerometer 109

(a) First eigenform, N = −70 (b) First eigenform, N = −160

(c) Second eigenform, N = −70 (d) Second eigenform, N = −160

(e) Third eigenform, N = −70 (f) Third eigenform, N = −160

Fig. 10. Demonstration of eigenforms reordering (crossing of frequency brahches), N =
−70, N = −160

The crossing of frequency branches is typical for symmetrical systems, which
is the beam under consideration with first eigenform curvature. Crossovers typ-
ically occur when variation of a control parameter entails that one frequency
changes with a much greater rate than some other frequency [40]. In this case,
under axial force, the symmetrical shapes frequencies of the beam increase faster
due to the stiffening stretching mechanism. Whereas asymmetric shapes frequen-
cies of the beam are pure bending modes and are not subject to stretching. Thus,
the effect of crossing the branches of the symmetric and asymmetric oscillation
modes is observed and the coincidence of the frequency dependences on the axial
force parameter is obtained by different methods.

6.2 Dependence of Natural Frequencies on the Parameters of Static
Voltage and Axial Force

Further, the results of studying the dependence of natural frequencies and forms
of bending vibrations of the beam with varying parameters of electrostatic volt-
age λ and axial force N are presented. It should be noted that when solving the
eigenvalue problem for each value of the specified parameters, the static deflec-
tion function zs found from the Eq. (14) was used at the current values of the
parameters. Figure 11 shows the dependences of the first three frequencies of the
beam with an increase VDC parameter.
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Fig. 11. Dependence of the first three natural frequencies of the microbeam on the
static voltage parameter λ, N = 0

Figure 11a demonstrates the effect of a microbeam snapping from one stable
position to another when a certain static voltage is reached, also illustrated in
the static equilibrium diagram for a given sensing element configuration (Fig. 4a,
b). This effect is not observed in Fig. 11b, since the beam with second eigenform
initial curvature, does not have the effect of bistability (Fig. 4b, d).
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Fig. 12. Dependence of the first three eigenfrequencies of the microbeam on the axial
force parameter N, λ = 0

Figure 12 shows the dependences of the first three frequencies of the bending
vibrations of the beam when varying the axial force parameter for first and sec-
ond eigenforms initial curvature. According to the Eq. (3), the axial force is the
sum of the force of a mechanical nature caused by the prestressed state of the
sensing element, the heating due to the Joule effect when current flows through
the beam, and the force caused by the acceleration of the moving mass, which
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is a useful output signal of the device.

At the first eigenform initial curvature (Fig. 12a), in the region of negative N
parameter values, which corresponds to the compression of the sensing element,
the effect of crossing the frequency branches corresponding to the first and sec-
ond eigenmodes of the beam is observed. Thus, with a compressive force of 100 or
more dimensionless units, the frequency corresponding to the second eigenmode
will be less than the frequency corresponding to the first eigenmode of bending
vibrations. However, from the point of view of application for measuring trans-
verse accelerations, this effect is of no interest, since when the frequency branches
cross, there is no effect of oscillation localization and energy exchange between
the forms. In the case of the second eigenform initial curvature (Fig. 12b), already
in the positive region with respect to the N parameter, that is, in the tension
region, there is an effect of proximity of the frequency branches corresponding
to the second (first asymmetric) and third (second symmetric) eigenforms. The
shape of the deflection function for the values of the parameter N before and
after the proximity region shows that the frequency branches also change places
after passing through this zone.
To detect the effect of localization of oscillations in this zone, the dependence
of the ratio of the amplitudes of oscillations A2/A3 on the indicated frequency
branches (second and third) on the parameter N , shown in Fig. 13, was plotted.

0 20 40 60 80 100 120
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

Fig. 13. Amplitude ratio of oscillations at the second and third natural frequencies,
second eigenform initial curvature

An analysis of this graph shows that the system exhibits the effect of vibra-
tion localization and energy exchange between the second and third forms of
flexural vibrations. However, the effect is observed in the stretching area of the
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sensitive element, and the adjustment to the operating mode occurs by applying
a potential difference to the ends of the beam, which leads to compression. Thus,
the required value of the parameter Nnon,0, corresponding to the initial prestress
state, is approximately 110 dimensionless units, or, in dimensional form:

N0 = Nnon,0 · Ebd3

12L2
≈ 2.5 · 10−4[N ]. (25)

Next, the dependences of the frequency branches of the second and third eigen-
modes are presented in dimensional form and the ratio of oscillation amplitudes
according to these modes relative to the voltage value Vth taking into account
the prestressed state N0. The voltage Vth is a control voltage applied to the ends
of the beam to heat it and, consequently, to change the natural frequencies of
the beam and the operating point of the accelerometer.
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(b) dependence of amplitudes ratio on Vth

Fig. 14. Dependence of the second and third natural frequencies and their amplitude
ratio on the potential difference at the ends of the beam

From Fig. 14 we can conclude that to shift the operating point of the device
in the desired range, a relatively small value of the control voltage is required—
less than 1 V.

The final stage of this work is the analysis of the sensitivity of the accelerom-
eter, depending on the choice of the operating point and the ratio of the masses
of the sensitive element and the inertial body. The sensitivity here is defined as
the change in the amplitude ratio of the second and third bending modes of the
beam by 1g (in ppm). The results of the study are presented in Table 4, as well
as in Fig. 15 dependences of the ratio of amplitudes on the magnitude of the
external measured acceleration are presented.
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Table 4. Comparison of sensor output characteristics at different mass ratios and
choices of operating point

Mass ratio M
m

Operating point, V Sensitivity (A), ppm

100 Vth = 0.4 8107

Vth = 0.43 4290

Vth = 0.46 2227

300 Vth = 0.4 24, 321

Vth = 0.43 12, 869

Vth = 0.46 6682

500 Vth = 0.4 40, 535

Vth = 0.43 21, 449

Vth = 0.46 11, 137

1000 Vth = 0.4 81, 071

Vth = 0.43 42, 898

Vth = 0.46 22, 274
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Fig. 15. Dependence of the ratio of oscillation amplitudes on the magnitude of external
acceleration

Based on the results presented in the table 4, we can conclude that with the
ratio of the mass of the moving part of the device to the mass of the sensitive
element (beam) in the range M/m = [100, 1000] the sensitivity of the amplitude
output of the mode-localized accelerometer described in this paper reaches values
of the order of (80,000 ppm).
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7 Conclusions

In the present work, a parametric study of nonlinear problems of statics and
dynamics of small oscillations is performed for an initially curved microbeam as
a promising sensitive element of high-precision resonant sensors of various phys-
ical quantities. The shape factor of the initial microbeam curvature was studied.
It is shown that with an asymmetric form of the initial curvature in the region of
positive axial forces, there are zones of proximity of the frequency branches cor-
responding to the second symmetric and the first asymmetric vibration modes.
If the required value of the axial tensile force in the microbeam is provided struc-
turally, this effect can be used, in particular, to measure the axial component of
the transfer acceleration according to the principle of amplitude mode localiza-
tion. The possibility of heating the sensing element with the help of an electric
current flowing through the microbeam, provided in the sensor layout, makes it
possible to control the operating point of the oscillation mode and, thus, to vary
the range of measured accelerations and the degree of sensor sensitivity within
a wide range. The configuration of the oscillation excitation and output signal
pickup electrodes proposed in the article makes it possible, with the help of a
feedback loop, to stabilize the oscillation amplitude at the required level in the
working (third) symmetrical form and, at the same time, to measure the oscilla-
tion amplitude associated with a change in the value of the measured component
of the portable acceleration in the asymmetric form. Thus, a mathematical model
of an original mode-localized accelerometer/gravimeter containing a single sen-
sitive microbeam element and involving the effect of energy exchange between
its various modes of vibration is proposed and investigated in the work.
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Abstract. In this article, a compliance-based displacement amplifier
has been analyzed. The utility of a couple of variations within a pre-
existing compliant mechanism has been systematically investigated. The
presented modifications within the pre-existing design can help to get a
large output displacement. The suggested modification within the design
doesn’t improve the amplification ratio, but it can cause a large increase
in the output displacement of the amplifier for the given input force.
Such characteristics of an amplifier are very helpful in a device like an
accelerometer in which proof mass provides a certain inertial force. Here,
the modified displacement amplifier has been considered to be included in
a capacitive sensing-based MEMS accelerometer. The influence of beam
configurations on the performance of MEMS accelerometer is analyzed,
and the dimensions are chosen to get the optimum performance. It is
found that the proposed variations in the design are helpful to get larger
sensitivity. They are extremely useful to be included within the design
when the allowed minimum size of the beams is larger due to fabrication
limitations. Natural frequencies of the MEMS accelerometer have been
calculated numerically and analytically where a good agreement has been
found. The presented study assures improvement in the device perfor-
mance through suggested modifications within the compliant mechanism.

Keywords: Compliant mechanism · Displacement amplifier · Folded
beams · Inclined beams · MEMS accelerometer

The work has been sponsored by Defence Research and Development Organization
(DRDO), New Delhi, India.

c© The Author(s), under exclusive license to Springer Nature Switzerland AG 2023
A. K. Pandey et al. (Eds.): MAMM 2022, 126, pp. 119–135, 2023.
https://doi.org/10.1007/978-3-031-20353-4_8

http://crossmark.crossref.org/dialog/?doi=10.1007/978-3-031-20353-4_8&domain=pdf
https://doi.org/10.1007/978-3-031-20353-4_8


120 N. Jani et al.

Abbreviation

fSML SML model based approximation of natural frequency for the in-plane-axial
motion

fFEM FEM based approximation of natural frequency for the in-plane-axial
motion

fDaCM Fundamental natural frequency of solely DaCM for in-plane-axial motion

Fin Input force

Kin Input stiffness of DaCM

Kout Output stiffness of DaCM

Ksp Stiffness of supports connected to proof mass

Kss Stiffness of supports connected to sense-combs

Mp Mass of the proof mass

Ms Element mass on the sense-side

MDaCM Equivalent mass of DaCM for in-plane fundamental natural frequency and
motion within axial direction

KDaCM Equivalent stiffness of DaCM

p Parameter for the relative dimensions of folded beams and inclined beams

Lo Height of folded beam and inclined beam sections

La Length of the thick vertical section connected to the output side of DaCM

y1 Input displacement

y2 Output displacement

DaCM Displacement-amplifying compliant mechanism

FoM Figure of merit

SDOF Single-degree-of-freedom

SML Spring-mass-lever

1 Introduction

A compliant mechanism uses a single continuum body to transfer force or dis-
placement applied at the input port to the output port. It can amplify the
applied force or displacement, or it can be used for solely transferring the motion.
The compliant structures have been demonstrated for applications like crimp-
ing mechanism, pliers, grippers, and bistable switches [1–3]. In recent times,
compliance-based mechanisms have got wide acceptance in the field of MEMS
devices due to their salient features of efficient transfer of work from one end to
another [4,5]. The compliant structures can provide effective kinematic pairs
without actually producing rotary or translatory joints, thus, allowing it to
realize very complex mechanisms at the microscale. Consequently, compliant
mechanisms have been used for micro-newton force sensors, tiny mirror-based
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optical devices, MEMS accelerometers, etc. The class of compliant mechanisms
which amplify a given displacement has been extensively used for micro-motion
devices [10]. These can also be employed to improve the sensitivity of MEMS
actuators and sensors [7,8]. It is called displacement-amplifying compliant mech-
anism (DaCM). Typically, micro-actuators have a very small displacement range,
for example, piezoelectric, electromagnetic or electrostatic actuators. Here, the
concept of a compliant mechanism can become extremely useful to get amplified
motion with high resolution. Micro-gripper-based manipulation is a particularly
good example of that. DaCM can be classified based on the design strategy to
obtain amplification. They are mainly of two types, lever-based mechanism, and
bridge-based mechanism [13]. It can also be combination of the two types, for
example, compound lever type mechanism [6], lever-bridge type mechanism [9],
or double bridge-type mechanism [12].

The domain of MEMS accelerometer has been found with potential appli-
cations for DaCMs. From the literature study, it is found that the compli-
ant mechanism-based displacement amplification can provide larger capacitance
change in MEMS accelerometer in which sensing is carried out electrostatically.
It’s a potential approach for sensitivity enhancement. Providing supports for the
proof mass with exceedingly small stiffness can also improve the sensitivity to
some extent, but the natural frequencies of the device will reduce. Here also, the
DaCM is a useful alternative to get large sensitivity without compromising with
natural frequency [11].

In this article, potential modifications within the pre-existing DaCM have
been proposed which can increase the sensitivity of the MEMS accelerometer.
They are found highly advantageous especially when the allowed minimum size
of beams is larger. Configurations of folded beams and inclined beams have
been suggested to be considered in the selected DaCM model which can improve
the performance of the MEMS accelerometer. For the different dimensions of
beam configurations, rigorous FEA analysis has been conducted to optimize
the performance of MEMS accelerometer. Detailed results presenting various
aspects of DaCM based accelerometer are discussed. The structure of the paper
is as follows. In the next section, the inclusion of both the beam configura-
tion in DaCM is discussed. In Sect. 3, a single-degree-of-freedom (SDOF) model
with lumped mass and stiffness is presented for the in-plane-axial motion of
the MEMS accelerometer. Natural frequency is calculated for the SDOF model,
which is the fundamental natural frequency for the MEMS accelerometer. Results
of FEA analysis are presented in Sect. 4, where characteristics of solely DaCM
and modified DaCM based MEMS accelerometer are presented. The results of
the numerical analysis show that for desired dimensions of MEMS accelerometer,
sensitivity can be improved while using the proposed beam configurations.

2 DaCM in MEMS Accelerometer

As discussed in the previous section, including DaCM within MEMS accelerom-
eter, sensitivity can be increased without reducing the natural frequency. A
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Fig. 1. Schematic of MEMS accelerometer with DaCM

schematic of electrostatic sensing-based MEMS accelerometer with DaCM is
shown in figure Fig. 1. Different components of the device are shown using dif-
ferent colors. Due to the input acceleration, there will certain displacement of the
proof mass, and it will be amplified using DaCM, and the increased displacement
will be determined using electrostatic comb-drives on the sense side. The sense-
combs are shown to have the differential arrangement. Suspension is provided
to the proof mass and also to the sense-combs. To improve the sensitivity, it is
desirable to have larger displacement of the sense combs which will induce larger
change in capacitance. Here, efforts have been made to reduce the stiffness of
DaCM up to certain extent so that the fundamental natural frequency (in-plane-
axial motion) stays within the desirable range. Certain reduction in stiffness will
cause larger displacement at the sense combs. A couple of configurations for
the output side of DaCM have been considered here instead of using a straight
horizontal beam. The configurations to be included at the output end of DaCM
are shown below. Figure Fig. 2b presents folded beam structure, and Fig. 2c
presents inclined beam structure. Including these configurations within DaCM
can cause larger displacement of the combs in comparison to the straight beam-
based arrangement which is shown in Fig. 2a. While carrying out the numerical
study, a parameter p = Lo

La
has been used which provides the dimension of folded

beams and inclined beams relative to La.

3 Analytical and Numerical Study

The contribution of different elements of DaCM based MEMS accelerometer is
analyzed using lumped parameter modelling [11]. A simplified, lumped spring-
mass-lever (SML) model is shown in Fig. 3. While calculating Ms and Mp, mass
of combs is also considered. The support connected to the proof mass will drive
the proof mass for input acceleration. Here, two terms, KDaCM and MDaCM
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Fig. 2. Configurations for the output end of DaCM, (a) straight, (b) folded, and (c)
inclined

which are related to DaCM have been introduced. KDaCM is the effective stiff-
ness of DaCM for axial displacement of DaCM. It can be calculated as,

KDaCM =
Fin

y2 − y1
(1)

Here, Fin is the input force given to the input node of DaCM. KDaCM has been
calculated using FEM simulation for which force of 100µ N has been applied at
the input node, and input and output displacements (y1 and y2) have been deter-
mined. Value of KDaCM can provide very useful information to study the effect
of different length of inclined and folded beam configurations on the compliant
behavior of DaCM. MDaCM is the equivalent mass of DaCM for in-plane-axial
motion. It can be calculated using the following relationship,

MDaCM =
KDaCM

4π2f2
DaCM

, (2)

Here, fDaCM is the fundamental natural frequency of solely DaCM for in-plane-
axial motion. Further, SML model has been utilized to approximate the funda-
mental natural frequency for in-plane-axial motion, fSML. Using SML model,
one can get the kinetic energy and potential energy for the system as following.

V =
1
2

(
Mp +

MDaCM

2

)
dy1
dt

2

+
1
2

(
Ms +

MDaCM

2

)
dy1
dt

2

(3)

T =
1
2
(Ksp + Kin)y2

1 +
1
2
(Kss + Kout)y2

2 (4)

Here, four pairs of folded beam springs have been used for the supports for both
the excitation and sense sides. The stiffness of the supports for proof mass and
sense mass can be calculated using the following formula [14].

Kss =
4
3

12EI

L3
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Fig. 3. Spring-mass-lever model for DaCM based MEMS accelerometer, [11]

One can easily get the equation of motion using the Euler-Lagrange equation.
Equation of motion for the free vibration of fundamental mode (in-plane-axial
motion) is given below.

d2y1
dt2

Meq + Keqy1 = 0 (5)

Equivalent mass and stiffness of DaCM based MEMS accelerometer can be given
as

Meq =
(

Mp +
MDaCM

2

)
+ n2

(
Ms +

MDaCM

2

)
, (6a)

Keq = (Ksp + Kin) + n2 KssKout

Kss + Kout
. (6b)

Fundamental natural frequency for in-plane-axial motion can be approximately
calculated as,

fSML =
1
2π

√
Keq

Meq
(7)

4 Results and Discussion

The selected design of DaCM with the proposed configurations has been analyzed
using COMSOL. First, solely DaCM model has been analyzed to characterize
the displacement amplifier, for example, amplification ratio, equivalent stiffness
of DaCM, etc. Further, the performance of MEMS accelerometer with the inclu-
sion of DaCM has been evaluated, and improvement in the sensitivity has been
reported. Here, while carrying out the discussed studies different dimensions of
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folded beam and inclined beam configurations have been chosen to determine
their influence on the performance of MEMS accelerometer.

The parameters of spring-mass-lever model, Kin,Kout,KDaCM ,MDaCM , etc.
have also been determined and in-plane natural frequency of DaCM based
MEMS accelerometer (fSML) has been calculated analytically. First of all, the
results of the numerical analysis carried out for solely DaCM have been pre-
sented which is followed by the results for MEMS accelerometer combined with
DaCM.

4.1 Influence of p on the Characteristics of DaCM

As we discussed in Sect. 2, the proposed configurations causes reduction in the
stiffness of displacement amplifier. Output displacement of DaCM, y2 has been
calculated for different values of p and input load, Fin. For both the cases, the
displacement characteristics for the given input load are shown in Fig. 4a, b. One
can see that the slope of graph reduces with increase in p value.

Further, the effective stiffness of DaCM, KDaCM is analyzed here, which
can be used to study the compliant behavior of DaCM more specifically. It has
been defined in Sect. 3. Here, instead of KDaCM , compliance of the displacement
amplifier mechanism has been presented on the y-axis. It can be calculated as
C = K−1

DaCM . For both the configurations, C has been determined for a range
of p. The amplification ratio of DaCM, n is also calculated here. Variation in C
and n is shown in Fig. 5. One can see that C increases rapidly as p increases. It is
found that folded beam configuration provides larger compliance than inclined
beams. For p = 0.5 and p > 4, amplification ratio for both the cases is found very
close to each other, however, for 1 < p < 3, folded beam configuration provides
a smaller amplification ratio.

4.2 Variation in Keq and Meq Due to Folded Beam Configuration

Spring-mass-lever model has been discussed before in Sect. 3. Using the simplified
model, formulae for equivalent stiffness, Keq and equivalent mass, Meq for MEMS
accelerometer have been derived (Eqs. 6a and 6b). Keq and Meq have been
calculated for different values of p. It has been found that Keq and Meq, both
decrease as p increases, however, the decrement in Keq is much sharper than
reduction in Meq. One can see that for p > 2, the change in Keq and Meq are
very small. One can note that the stiffness of the supports, Ksp and Kss are very
small compared to the stiffness of DaCM. So, the DaCM strongly influences the
overall stiffness of MEMS accelerometer. For p < 2, the beam configuration at
the output side stiffens the mechanism. As p increases, the contribution of beam
configurations for stiffness of DaCM or MEMS accelerometer decreases, and for
larger values of p(> 3.5), the contribution becomes negligible.

The fundamental natural frequency of MEMS accelerometer using SML
model, fSML combined with DaCM is also calculated here, and they are com-
pared with the natural frequency values calculated using COMSOL. The com-
parison is shown in Fig. 6b. For 1 < p < 2, a very good agreement is found in



126 N. Jani et al.

Fig. 4. Output displacement for different values of p for a large range of applied load
at the input node of DaCM for (a) folded beam and (b) inclined beam configurations

between the fSML and fFEA. However, for larger p, fSML is found 14–16 %
smaller than fFEM . SML model-based approximation of natural frequency has
been carried out for folded beam-based configuration only, however for inclined
beam configuration also it can provide approximation with a satisfactory agree-
ment with FEM results.

FEM based approximation of fundamental natural frequency (for in-plane-
axial motion) for both the configurations is shown in Fig. 7a. Here, discrete
points with markers show the results of numerical analysis, and these points are
connected with continuous lines. It shows that inclined beam configuration can
provide the fundamental natural frequency larger for the same value of p, and
it is advantageous for the MEMS accelerometer. Mode shapes for the first mode
of MEMS accelerometer for all the configurations are shown in Fig. 7b.



Different Beam Configurations for Compliant 127

Fig. 5. Variation in compliance of DaCM (K−1
DaCM ) and amplification ratio for different

values of p

4.3 Characteristics of MEMS Accelerometer Combined with DaCM

Numerical analysis of MEMS accelerometer including the displacement ampli-
fier with proposed variations in the design can provide very useful insights about
performance of the device. To analyze the influence of the height of both the con-
figurations (Lo), for a fixed value of input acceleration (30g), input and output
displacements (y1 and y2) are determined. The results of numerical analysis are
shown in Fig. 8a. It is found that for similar height (Lo) folded beam configura-
tion can provide relatively larger output displacement. For the results presented
in Fig. 8a, static structural analysis is carried out. So electrostatic effect is not
considered.

For calculating the change in the capacitance for the given input acceler-
ation, electromechanics analysis has been carried out, and results are shown
in Fig. 8b. For a certain value of p, folded beam configuration provides larger
output displacement, however, values of change in capacitance are found very
similar for both the configurations. That is due to the electrostatic stiffness of
the sense-combs.

As shown in Fig. 7a, inclined beam configuration can provide larger value of
fundamental natural frequency. For the considered design of MEMS accelerom-
eter, fundamental natural frequency should be higher than or close to 6 KHz.
Considering this criterion, lengths of beam configuration have been chosen tak-
ing p = 2 and p = 3 for folded and inclined beam configurations, respectively.
Electromechanics analysis for the MEMS accelerometer with the selected dimen-
sions has been conducted for different values of input acceleration. Change in
capacitance is shown in Fig. 9. Here, discrete data points show the results of
numerical analysis, and the points are connected with continuous lines.
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Fig. 6. (a) Equivalent mass and stiffness of MEMS accelerometer according to SML
model, and (b) comparison between fSML and fFEM for different values of p

Further, the effect of slanting on the performance of MEMS accelerometer
has been analyzed using Coventorware. Results of the analysis are presented in
Sect. 4.3 which shows that the device characteristics can be strongly influenced
due to slanting effect. With increase in sidewall angle, fundamental natural fre-
quency of MEMS accelerometer (fFEM ) increases, and output displacement (y2)
decreases.

Sidewall angle Folded Inclined

fFEM (kHz) y2(nm) fFEM (kHz) y2(nm)

0 5.8 330 5.986 310

0.5 6.76 250 6.885 230

1 7.26 190 7.978 170
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Fig. 7. (a) fFEM for inclined beam and folded beam configuration for different values of
p and (b) mode shapes for fundamental mode of MEMS accelerometer for (i) straight,
(ii) folded and (iii) inclined beam configurations

Profiles generated using DRIE includes a small inclination [14]. That is called
slanting effect which stiffens the structure. In such case, the designer needs to
choose a larger value of p to get larger output displacement even the fundamen-
tal natural frequency calculated using FEM simulations is smaller, as due to
the expected slanting effect, fFEM will increase, and y2 will decrease. For slant-
ing or side-wall angle of 1◦, outcome of modal analysis for fundamental natural
frequency and output displacement of MEMS accelerometer for 30g input accel-
eration is shown in Figs. 10 and 11, respectively.

The MEMS accelerometer has several elements which undergo large defor-
mation, for example supports for the output side of MEMS accelerometer, thin
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(a) Displacements at the input and output port of DaCM for the
given inertia force respective to 30g input acceleration

(b) Reduction in y1 and y2 due to electrostatic force

Fig. 8. Analysis of DaCM combined with proof mass and sense combs

beams of DaCM, etc. For safety of the device, it is essential that the maximum
stress within the device should be less than the yield stress value for a large
value of input acceleration. Here, FEM simulations have been carried for the
input acceleration taken as 500g for both the configurations. Maximum values
of Von Mises stress found for folded beam (p = 2) and inclined beam (p = 3) con-
figuration are 110 MPa and 121 MPa, respectively. Results of the stress analysis
are shown in Fig. 12 where the locations of maximum stress are also shown. For
comparison of the different configurations, FE simulations have been carried out
while choosing minimum thickness of the beams as 7µm. To calculate the output
displacement and change in the capacitance, input acceleration of 30g has been
given to the MEMS accelerometer, and the results are shown in Sect. 4.3. Here,
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Fig. 9. Change in capacitance for folded (p = 2) and inclined (p = 3) beam configura-
tions

Fig. 10. Analysis of fundamental natural frequency of MEMS accelerometer for (a)
folded beam (p = 2) and (b) inclined beam (p = 2.8) configurations for 1◦ of sidewall
angle

the comparison is also carried out with the outcomes of numerical analysis given
in the pre-existing literature [15]. They had chosen minimum thickness of the
beams as 4µ m. Value of fundamental natural frequency was found 6.7 kHz, and
larger output displacement was also achieved. However, if the minimum thick-
ness of beams is needed to be chosen as 7µm, then the output displacement
decreases by a large amount. In such case, the proposed configurations provides
satisfactory results for larger output displacement, y2. Further, the change in
capacitance can also be greatly increased. Figure of merit has been calculated as
4π2 y2

30gf2
SML. It has been defined in literature for overall comparison of DaCM

based MEMS accelerometer [15]. Here, y2 is the output displacement for 30g
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Fig. 11. Analysis of output displacement of MEMS accelerometer 30g input accelera-
tion for (a) folded beam (p = 2) and (b) inclined beam (p = 2.8) configurations for 1◦

of sidewall angle

input acceleration. It is found that choosing minimum thickness of microbeam
larger (due to fabrication limitations) performance of DaCM reduces. Here, the
proposed beam configurations can be a useful methodology to improve the char-
acteristics of DaCM while maintaining the requirement of fabrication. Values of
fundamental natural frequency for in-plane-axial motion are found close to 6 kHz
for folded beam (taking p = 2) and inclined beam (taking p = 3) configurations,
respectively. Inclined beam configuration (taking p = 3) can be chosen for the
design of DaCM to be included within MEMS accelerometer (Table 1).

Table 1. Comparison between the performance of MEMS accelerometer including
DaCM with different configuration

Configuration Straight, [15] Straight (7µm) Folded (7µm) Inclined (7µm)

y2 (nm) 261 62 322 343

n 15.26 11.46 2.53 2.18

fFEM (kHz) 6.7 9.88 5.75 5.85

ΔC (fF) – 34 179.4 175

FoM 1.57 0.811 1.42 1.57
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Fig. 12. Indicating the value and location of maximum stress in DaCM for 500g input
acceleration for (a) folded and (b) inclined beam configurations

5 Conclusion

Displacement amplifier based on compliant mechanism has been analyzed for
enhancing the performance of MEMS accelerometer. Here, configurations of
folded beams and inclined beams have been proposed to be included at the
output end of the compliant mechanism. The suggested modification within the
design can provide a large increase in the output displacement of the amplifier for
the given input acceleration. If the required minimum thickness of the beams in
DaCM is larger due to fabrication limitations, then the proposed configurations
are extremely helpful for better performance.

The effect of the length of both the beam configurations on the fundamen-
tal natural frequency for in-plane-axial motion has also been studied. It is found
that inclined beam configuration can provide a higher value of natural frequency
for in-plane-axial motion. For the different heights of beam configurations, the
characteristics of the displacement amplifier and MEMS accelerometer are stud-
ied.
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Here, a couple of terms have been introduced, namely effective mass and
effective stiffness of DaCM. They have been used to study the characteristics of
displacement amplifier for different dimensions of beam configurations. Using a
spring-mass-lever model, the equivalent mass and spring of MEMS accelerome-
ter combined with DaCM have been calculated. Values of fundamental natural
frequencies of the MEMS accelerometer have also been calculated for both config-
urations. While considering both configurations, the inclined beam configuration
is found to give better performance.
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Abstract. The accelerometer is the sensor that detects the change of accelera-
tion, has many applications in transportation, industry, navigation, and medical
devices. This paper introduces a newdesign of themicro accelerometer that detects
two distinct acceleration values. The design model is a micro-electro-mechanical
system (MEMS). The device is a monolithic structure comprising two compliant
bistable mechanisms that connect series to generate two-level distinct positions
in the motion. The accelerometer operates based on the capacitive spring-mass
system. The comb drives assist in indicating the acceleration value with the sens-
ing capacitor utilized to archive the electrical output signal. The accelerometer
works only in a direction; therefore, the reset mechanism is introduced to install
the initial stage of the device. The electrothermal V-beam is employed to move the
mechanism from the first or second level position to the initial position. The testing
mechanism is also presented, which has the function of examining the operation of
the device. The nonlinear behavior of the mechanism is investigated and analyzed
by finite element method. The device can detect the two accelerations, 13g and
48g. The simulation of the mechanism assists in evaluating the operation of the
mechanism. The accelerometer has great potential for energy-saving applications.

Keywords: Acceleration · Comb drives · Electrothermal · Nonlinear mechanism

1 Introduction

Accelerometers are used to detect different levels of acceleration based on inertia. They
are used in fall detection [1], rotary switches [2], etc. The accelerometer measures a
variety of acceleration values to protect against previous life events [3]. Accelerometers
are used in everyday sports activities as well as in patient monitoring [4]. Industrial
systems use accelerometers for precise control of high-speed actuators and controllers
[5]. Designing accelerometers with different operating values can provide an economical
and highly reliable solution.

Many latching mechanisms can be implemented to design the acceleration sensors.
Sun et al. [6] introduce an accelerometer constructed by an array of tether notches
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and a cantilever beam. The sensors are capable detect the acceleration from 60g to
thousand g value. An acceleration sensor with two cantilever beams hooked together
in the structure introduced by Ciarlo [7] can detect high acceleration. Currano et al.
[3] also utilize the latching mechanism in designing the impact sensor. The advantage
of their mechanism is monitoring the acceleration for an extended period during the
available power. Reddy et al. [8] demonstrated a shock sensor with high reliability and
saves energy. This mechanism is used to measure many levels of acceleration by the
interlock of the seismic mass and the latching mechanism. The development of the
latching mechanism is the ratcheting mechanism that firmly keeps the interlock. Mehner
et al. [9] introduce an accelerometer work in multi-value based on the hook of the mass
and the ratcheting structure. However, the challenge of applying the latching mechanism
is the damage from the impact contact and adhesion between the parts.

Compliant mechanisms are the innovative structures that fabricate a monolithic part,
jointless, and reduce the resistance during the operation. Accelerometers also employed
these mechanisms in design. Bistable mechanisms have two stable positions within their
range of motion, which have applications in many designs such as switches, valves, and
sensors [10–12]. The mechanism demands no energy input to remain in positions at
these stages. Furthermore, the mechanisms also achieve high response in operation and
improve the accuracy in positioning. Due to the advantages of the bistable mechanism,
many researchers have attracted this structure in the design of accelerometers. Todd
et al. [13] introduce the threshold accelerometer, which is comprised of a bistable mech-
anism. The mass of the structure can be modified to detect much acceleration value. The
integration of the bistable mechanism and the radio frequency identification chip assist
the readout and increase the precision of the sensor [14]. An accelerometer detects the
acceleration from a compliant bistable mechanism is illustrated by Zhao et al. [15]. The
application ofmagnetic force improves repeatability. A compliant tristablemechanism is
also employed to design the threshold acceleration sensor [16]. However, a microdevice
is considered to evaluate the characteristic of the structure.

This study uses a new application of the two bistable mechanisms to detect the
two acceleration. The sensing of the mechanism is the electrostatic mechanism, and the
reset structure is presented. The finite element method is employed to characterize the
behavior of the mechanism. The response behavior is also investigated.

2 Design

Figure 1 displays the overall structure of the two-level accelerometer. The coordinate
system is demonstrated in this figure. In this design, the seismicmass connects the anchor
by the springs. Two comb drive is connected to pad a and pad b, which anchor in the
substrate. The comb drive drives the sensing capacitor. When the seismic mass receives
the acceleration, the mass translates in the y-direction and brings the comb drive to move
together. When the movable comb drives the mass movement, the capacitor of the fixed
comb drive change, and the voltage output occur. The detect signal is transferred to the
readout system. The testing capacitor is an actuator that has the function of pulling the
seismic mass in the y-direction to check the measurement of the capacitance of comb
drives in the sensing mechanism. The reset mechanism is the electrothermal actuator,
which employs the V-beam shape in operation.
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Fig. 1. Design of the two-level accelerometer.

Figure 2a reveals the details of the seismic mass without comb drive. The mass is
fixed to the substrate by two anchors. Spring 2 connects the anchors and the support
mass. Spring 1 links the support mass and the seismic mass. Spring 1 and spring 2 are
flexible beams, which are deformed based on the compression and tension of the beam.
The reset hook is also introduced in the T-shape profile. The reset mechanism allows to
grip and pull the seismic mass to the initial stage. Figure 2a also displays the seismic
mass in the initial stage. When the acceleration is applied to the seismic mass in the
y-direction, the mass moves down and is stable in the position. Because of the nonlinear
behavior of the flexible beam, spring 2 is deformed and brings the support mass move
together. Figure 2b is the position of the seismic mass when it archives the first level
acceleration. Continually increasing the acceleration to the second level value, spring 1
is compressed and released, making the seismic mass move down in the y-direction and
stable in the position following the Fig. 2c.

The reset mechanism is demonstrated in Fig. 3. The electrothermal actuator [17]
is employed to drive this mechanism. The V-shape beams are attached to the gripper
arm. The gripper arm has the function of gripping and pulling the reset hook in the
y-direction, as shown in the figure. Two anchors are fixed to the substrate. When the
accelerometer operates, the seismic mass stays in the first or second-level positions. The
reset mechanism is active to install the seismic mass to the initial position. The electric
current is applied to the anchors. The current goes through the V beams following the
directions shown in the figure, increasing the beam’s temperate. Then, the beams bent
and created the force to pull the gripper arm move in the y-direction, which is the
direction demonstrated in the figure. The gripper arm keeps the seismic mass and moves
to the initial stage. Belong to the position of the seismic mass, the current applied to the
reset mechanism is different. The current is higher than the first level position when the
seismic mass is in the second value position. After the installation is finished, the current
is interrupted.
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Fig. 2. Seismic mass structure. a) Initial position, b) first level position, c) second level position.

Fig. 3. Electothermal reset mechanism.

Figure 4 is the large view of the sensing mechanism. Movable comb drive attaches
to the seismic mass and moves together. The upper comb drive is fixed and connected to
pad a where electric wire contact. Besides, pad b links to the lower comb drive and fixes
to the substrate. Figure 4a shows the movable comb drive staying in the initial position.
The capacitance C1 appears between the upper comb drive and movable comb drive.
C2 is the capacitance between movable comb drive and lower comb drive. The movable
comb drive is close to the upper comb drive in the initial stage, so the Cu occurs. The
C1 has the highest value, and C2 has the lowest value because of the overlap area of the
fingers. When the seismic mass move to the first level position, as shown in Fig. 4b, the
movable comb drive goes far from the upper comb drive, and CU disappears. C1 and C2
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value also change because the area of plate overlap decrease in the upper comb drive
and increase in the lower comb drive. Figure 4c depicts the movable comb drive in the
second-level position. In this case, the movable fingers close to the lower comb drive and
appear the capacitance CL. The C1 archives the smallest value because the overlap area
is miniature. Based on the difference of the C1, C2, CU, and CL, the sensing mechanism
measures the device’s acceleration value.

Fig. 4. Capacitance sensingmechanism. a) Initial stage,b) first-level acceleration, c) second-level
acceleration.

The equation for capacitance is given:

C = ε0εrA

d
(1)

C is the capacitance value, ε0 is the dielectric constant of the material. In this case,
Nickel is the material of the comb drive. εr is the dielectric constant of free space with
air is the material of this case. d is the gap between two fingers of the comb drive. The
gap of C1 and C2 is constant during the operation. A is the overlap area of the comb
drive, area values will change in every case of the seismic mass movement.

Figure 5 zooms the testing mechanism of the sensor. The mechanism is the fixed
capacitor, anchors to the substrate. When the current applies to the fixed capacitor, the
capacitor attracts the movable capacitor in the seismic mass. The seismic mass moves
down, and the sensing has the output signal. The testing mechanism assists in checking
the sensor still found in the experiment.

3 Analysis and Discussions

The finite elementmethod is employed to predict the behavior of the device. Commercial
Abaqus software is used for analysis. Due to the symmetry of the design model, a
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Fig. 5. Testing mechanism of the sensor

half model is used for analysis. Figure 6 shows the 3D mesh model of the device. A
coordinate system is shown in this figure. The anchor is fixed, and the symmetry plane
also demonstrates the half model in the analysis. Nickel is applied to the material of
the accelerometer due to the high tensile strength and good at electrical properties [18].
The Young modulus is 200 GPa, and the Poisson ratio is 0.25. The density of Nickel is
8.9 Mg/m3. In order to investigate the nonlinear behavior of the spring, static analysis
is applied. The reaction force in the anchor is acquired, and the seismic is put the
displacement in the y-direction. Figure 6a depicts the seismic in the original position,
Fig. 6b is the second-level position of the mechanism.

Figure 7 illustrates the deflection of the springs. Spring 1 and spring 2 are compressed
and tense to make the seismic mass archives two-level positions in operation. As shown
in the figure, spring 1 and spring 2 are flexible beams and deform to seismicmass reaches
the second level position. The stress of the beams is also investigated in this analysis.
The maximum stress focus in the fixed end of the beams with the value is 28 Mpa. It is
satisfied the Yield strength of the Nickel is 70 Mpa.

Figure 8 shows the force-displacement relation of the sensor. In the operation of
the sensor, the force is increased and reaches the maximum value at 0.25 mN. After
that, the force decrease to zero, and spring 2 is released, and the seismic mass moves
quickly to the first-level position, 117 μm. The force continually increases and archives
the second maximum force is 0.35 mN. While spring 1 is compressed. Then the force
reduces to zero, spring 2 releases the energy, and the seismic mass jumps quickly to the
second-level position at 244 μm. The support mass also forces together. The spring of
the system has a nonlinear characteristic. For the opposing force displayed in the figure,
the force is not accurate in the world and is unpredicted. The weight of the seismic mass
is 178mg, and the weight of support mass is 34 mg. Based on the maximum forces of the
device, the two-level acceleration values are indicated. They are 13g for the first-level
value and 48g for the second-level value, respectively.
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(a)

(b)
Fig. 6. Meshing model of the compliant bistable mechanism. a) Initial stage, b) deformed stage.

Figure 9 investigates the rise time of the accelerometer. The sensor cannot respond
immediately and will indicate transient responses when subjected to inputs or distur-
bances. The rise time required for its response to rising from 0 to 100% of its thresh-
old value to a unit-step acceleration input is collected by finite element analyses. The
damping ratio used in the analyses is determined by measuring the decay rate of free
oscillations of the device. Assume the Rayleigh damping has the value β = 2e−4 and
declares in the FEAmethod. Figure 9a displays the input value of the acceleration signal
with a value of 13g. Figure 9b depicts the second-level acceleration input to the device
at 48g. The time responses of the device acceleration input signal of 13g and 48g are
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Fig. 7. Deformed of the springs.

Fig. 8. Force-displacement of the model.

demonstrated in Fig. 9c, d, respectively. The rise time of the acceleration signals of 13g
and 48g is 0.125 s and 0.126 s, respectively.

Figure 10 investigates the difference in the static and dynamic of the sensor when
it works a sequence. The dashed line shows the displacement of the seismic mass in
the static analysis, and the black line shows the value in the dynamic analysis. The
damping of the system causes the difference in the displacement. The first level position
in dynamic is larger than the static. The displacement is 140 μm compared with the
static is 117 μm. The seismic mass required the rise time to reach the stable position.
The second level value also needs time to stable, and the displacement is 247 μm for
the dynamic.
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Fig. 9. a) Acceleration inputs at 13g, b) acceleration input at 48g, c) transient response of the
acceleration 13g, d) transient response of the acceleration 48g.

Fig. 10. The comparison of the static and dynamic analysis.

4 Conclusion

This paper introduces a new sensor design, which detects two value acceleration val-
ues. The structure includes many mechanisms. The main sensor is the two spring-mass
systems with three distinct positions in operation. In order to reset the mechanism, an
electrothermal actuator is a design, and the V-shape beams are applied. The sensing



Design and Analysis of the Two-Level Accelerometer 145

capacitor is also presented which the different capacitance values for each level posi-
tion. The application of comb drives assists in archiving the output signal and support for
the testing sensor. The finite element method is used to analyze the system’s nonlinear
behavior. The displacement of the seismic mass is 117μm for the first-level position and
244 μm for the second-level position. Based on the analysis, the acceleration for each
level is predicted with 13g and 48g values. The time response analysis indicates the rise
time of the sensor, around 0.125 s, to reach the first and second level acceleration. The
sensors save energy and increase accuracy in the operation.
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Abstract. High quality capacitive accelerometers with appreciable operation
bandwidth are being employed in different high-end defence applications. This
paper discusses a novel concept of introducing microchannels in the push-pull
capacitive accelerometer structure to control the damping arising due to squeeze
film effect. Thewidth and depth of themicrochannels are varied to study the damp-
ing in the accelerometer structure. The damping factor of accelerometer structure
is reduced from 50.2 to 2.51 and its corresponding 3 dB bandwidth is improved
from 62.24 to 1.26 kHz due to the introduction of the microchannels.

Keywords: Accelerometer · Push-pull capacitor ·Microchannel · Squeeze film
damping · Bandwidth

1 Introduction

High performance capacitive MEMS accelerometers are being widely used for inertial
navigation applications and other defence applications [1–6]. In capacitive accelerome-
ter, change in capacitance can be sensed by change in gap or change in area approach.
Among them, change in gap approach is commonly used due to the ease of fabrication.
Higher sensitivity in the capacitive accelerometer can be realized either by increasing
the overlap area of the capacitor plates or by reducing the air gap between them [5, 6].

However, increasing the area or reducing the gap can influence the squeeze film
damping arising due to the trapped air (or gas) between the capacitor plates through the
relations [7, 8]:

c = 0.42µL2/d3 (1)

where, the value of air viscosity (μ) at atmospheric pressure is 1.87 × 10–5 Pa-sec (at
room temperature); c = damping coefficient; L = the proof-mass dimensions; and d =
the gap between capacitive electrodes. From Eq. (1), it is clear that the value of c is
bound to be high for large area to gap ratio.

Corresponding damping factor can be defined as (ς) the ratio of damping coefficient
(c) to critical damping coefficient (cc= 2Mωn).Here,M=mass of the vibrating structure
(proof-mass), ωn = the resonant frequency.
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It is well-known that the value of damping factor in the accelerometer structure plays
a very crucial role in determining the operational bandwidth of the device. To achieve
an substantial bandwidth (> 200 Hz) in capacitive accelerometer, the damping factor
should not be very high (preferably < 20) [5, 6].

To counter the challenges of high damping factor in MEMS devices, researchers
have either introduced large number of tiny holes (~6–7 μm diameter size) in the proof
mass [5–10], or employed reduced air pressure (vacuum) during wafer level packaging
of push-pull type capacitive accelerometer structure [11]. Fabrication of the tiny holes
in the thick proof-mass requires deep reactive ion etching (DRIE) system; whereas, the
dynamic characteristic of the capacitive accelerometer may alter over time (reliability
issue) due to the leakage induced change in vacuum level. As an alternative to the
hole-structures or vacuum packaging, microchannels may also be introduced in the
accelerometer structure to control the squeeze film damping between the push-pull type
capacitor electrodes.

This paper presents a novel concept of introducing microchannels in the push-pull
capacitive accelerometer structure to control the damping arising due to squeeze film
effect. The width and depth of the microchannels are varied to study the damping effect.
Dynamic behavior of the push-pull capacitive accelerometer structure is studied and
operation bandwidth (3dB) of the accelerometer structure is estimated.

2 Device Structure

Design and simulation of all silicon process technology-based MEMS capacitive
accelerometer is presented in this paper for 30g acceleration range. The Z-axis sensitive
MEMScapacitive accelerometer structure comprises of a silicon proofmass (1500μm×
1500 μm × 400 μm) over hanged by four narrow beams of dimension: 1000 μm ×
350 μm × 25 μm as shown by Fig. 1a. The structure is sandwiched between two fixed
electrodes having a gap of 2 μm. Five microchannels (1500 μm × 30 μm × 30 μm)
are also introduced to minimize the damping effect of structure as shown in Fig. 1b. The
structure is sandwiched between two fixed electrodes having a gap of 2 μm.

Fig. 1. (a), (b) Schematic of capacitive MEMS accelerometer

This structure consists of following features: (1) improved linearity and high tem-
perature stability due to push-pull approach; (2) bridge type structure having less cross
axis sensitivity and high stability; (3) all silicon process technology to avoid thermal
mismatch and residual stress issues.
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3 Results and Discussions

The performance of accelerometer structure is evaluated by FEManalysis based software
(Coventorware 10.1). The modal patterns of the accelerometer structure are simulated to
visualize the favourable deflection modes. The first three modal patterns of the structure
are shown in Fig. 2. The first three modal frequencies of the accelerometer structure
are found to be 6.6 kHz (1st mode), 7.6 kHz (2nd mode) and 18.5 kHz (3rd mode)
respectively. Deflection andVon-mises is simulatedwith input acceleration 30g as shown
by Fig. 3. Figure 4 shows the variation of change in capacitancewith applied acceleration
from (0 to 30g). The change in capacitance is found to be 1.83551 pF at 30g. Thus,
corresponding scale factor sensitivity is found to be 61.1 fF/g.

Fig. 2. (a)–(c) Modal patterns of accelerometer

Fig. 3. (a), (b) Deflection and Von-mises at 30g

Frequency response of the accelerometer greatly depends on the extent of damping
arises due to the squeeze film effect of the trapped air between themovable plate and fixed
plate. The squeeze film damping coefficient and its corresponding damping factor has
been estimated. At atmospheric pressure, the accelerometer structure exhibits a damping
factor (ζ = c/2m ωn) of ~ 50.2 having air gap of 2 μm. To reduce the damping effect,
channel type recess structure is introduced in thick proof-mass instead of introducing
through hole. Introduction of microchannel in thick proof mass structure has reduced
the damping factor to ~ 3.05. Hence the bandwidth is found to be drastically increasing
from 62.24 Hz to 1 kHz as shown in Fig. 5b. However, the 3 dB bandwidth of structure
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Fig. 4. Variation of change in capacitance with acceleration

can further be improved by increasing the width and depth of microchannel. Figure 5b, c
shows the variation of damping factor and 3 dBbandwidth of structurewithmicrochannel
width and depth. The corresponding damping factor reduces from 3.05 to 2.51and 3 dB
bandwidth is found to be increasing from 1 to 1.26 kHz.

Fig. 5. (a) 3 dB bandwidth of structure with and without microchannel; (b), (c) variation of
damping factor and 3dB bandwidth with microchannel width and depth
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4 Conclusion

In this work, microchannels are introduced to tune the operation bandwidth in push-pull
type capacitive accelerometer structure of futuristic high-performance defence applica-
tions. The width and the depth of the microchannels are varied to study its effect on
the dynamic behavior of the accelerometer structure. The Z-axis sensitive (30g) MEMS
capacitive accelerometer structure exhibited a scale factor sensitivity of 60.1 fF/g. The
damping factor arising due to the squeeze film damping between the capacitor plates are
simulated based on the FEM simulation. The operation bandwidth of the accelerome-
ter (with and without microchannels) is also simulated. The estimated damping factor
is diminished from 50.2 to 2.51 and the corresponding 3 dB bandwidth of structure is
increased from to 60.24 Hz to 1.26 kHz.
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Abstract. Micromachined gyroscopes are beginning to compete with their
macro-scale counterparts in terms of performance. This has been made possible
because of a remarkable design change that has come to be known as a Disk Res-
onator Gyroscope (DRG). The design of a DRG can be thought of as an extension
of theRingResonatorGyroscope (RRG) or vibratory ring gyroscope (VRG).After
experimenting with various ring configurations and their suspensions attached to
the ring, research has now moved to multiple configurations of DRGs. Central to
all these designs are the degenerate eigenmode shapes: a pair of mode shapes for
the same frequency. As onemode shape is used for resonant electrostatic actuation
and another for sensing the energy transferred to it due to Coriolis acceleration,
mode shapes decide the change in capacitance per unit angular rate. The objective
of maximizing the capacitance change is to be balanced with the performance
constraints on keeping the eigenfrequency low (but not too low) and quality factor
high. In this paper, we compare different designs of ring and disk resonators from
the literature in terms of eigenfrequency and mode shapes. We conclude that it
is beneficial to have the mode shape of a gyroscope design close to the elliptical
mode shape of a free ring.

Keywords: Micromachined gyroscope · Mode shape · Capacitive sensing

1 Introduction

Micromachined gyroscopes are preferred in aerospace, automotive, and consumer prod-
ucts due to their low weight, small size, and low cost [1]. Beginning with the tuning fork
and dual-mass designs, several configurations were explored. All of them work on the
principle of Coriolis acceleration and depend on two degenerate mode shapes belonging
to the same eigenfrequency. One mode is used to set the device into resonant vibration.
This is often done using the electrostatic force. The other mode is used to sense the
motion that results due to the transfer of energy from the first mode when the base, on
which the gyroscope is mounted, begins to rotate. Apart from these, ring vibratory gyro-
scopes have also received special attention from researchers because of their symmetry
and because they have improved resistance to external vibrations and shocks [2].
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Just like the Foucault’s pendulum (Fig. 1a), and a hemispherical bowl (a wineglass,
Fig. 1b) [3], a ring or a disk also have two degenerate mode shapes (Fig. 1c) [4]. A
free ring needs to be suspended by attaching it to a central post where it is anchored to
the substrate (Fig. 1d). The same is true with a disk (Fig. 1e). Different configurations
of ring resonators (Fig. 1f) and disk resonators (Fig. 1g) are shown. In ring resonator
gyroscopes, the central post needs to be connected with the ring. In disk resonators,
holes are made in the disk to make it flexible by introducing concentric rings attached to
one another in various ways using short connecting beams. This structure helps increase
the number of sense electrodes and thereby the change in capacitance (�C). The quality
factor (Q-factor) of a DRG is further improved by adding several lumped masses to it
(stiffness-mass decoupling technique), but it reduces the available capacitance area [5,
6]. A DRG also has structural imperfections that create high relative frequency errors
after fabrication. This led to the development of a new gyroscope that is based on a
honeycomb structure. The honeycomb-like disk resonator gyroscope (HDRG) has high
immunity to fabrication errors [7], but the Q-factor is much lower than the DRG [8].
Furthermore, researchers developed a cobweb-like disk resonator gyroscope (CDRG)
with linear beams instead of circular beams to reduce fabrication errors [9]. A high Q-
factor for CDRG is obtained with the stiffness-mass decoupling technique. Apart from
the above, researchers developed agear-like disk resonator gyroscope (GDRG)and stated
that it has high immunity to fabrication errors through computational results [10], but the
fabrication trials were not yet done on GDRG. There are also other studies reporting new
geometries for gyroscope applications to improve the Q-factor, mechanical sensitivity,
and high immunity to the fabrication errors individually. There is scope for a new design
that can improve all three of the above-mentioned performance measures. A comparison
study among the existing designs provides some insights to lead further development.
We limit the comparison criteria to frequency and mode shapes.

Fig. 1. The working principle and design configurations of resonator gyroscopes (a) Focoult
pendulum; (b) a wineglass with hemispherical shell; (c) degenerate mode shapes of a ring; (d) a
ring gyroscope; (e) a disk gyroscope; (f) ring resonators; and (g) disk resonators.
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Unlike previous works, we analyzed the gyroscope designs by calculating the eigen-
frequency that contains stiffness information; and the change in sense capacitance based
on the eigenmodes. Relative sense capacitance (�C

/
C0) is defined as the ratio between

the change in sense capacitance (�C) and the base capacitance (C0) before the exci-
tation. These two are tunable by geometric design. Furthermore, we feel that the total
displacement of a point on a ring is a good measure of the change in capacitance. As

shown in Fig. 2, the total displacement, ut =
√
u2r + u2θ , can be plotted for all points,

where ur is the radial displacement and uθ is the tangential displacement. The total dis-
placement is plotted for the two degenerate mode shapes of a free ring in Fig. 2. They
are perfect ellipses for a free ring. For all other designs, ring or disk resonators, they
will be distorted ellipses. The distortion plays a role in change in capacitance. Hence,
the total displacement plotted against θ is a good measure for comparison. It helps to
see the change in gap between corresponding points on the ring and the mode shape.
We assumed a certain modal amplitude, which will be proportional to the angular rate
in reality and use that to compute the change in capacitance. As shown in Fig. 2, we
consider the displaced point on the mode shape and use a parallel-plate approximation
for computing the capacitance in the changed configuration.

Fig. 2. Total displacement of a point on the mode shape of a free ring for the two degenerate
mode shapes. This is compared with considered designs to quantify the deviation from a perfect
ellipse for all other designs. The method of computing the changed capacitance is also illustrated
pictorially.

2 Methodology

Five different designs shown in Fig. 3 as RRG, DRG, HDRG, CDRG, and GDRG are
selected to compare their performance. Further details of these are given in Table 1. All
fivegyroscopes are surroundedby16 external stator electrodes, out ofwhich four are used
for driving, four are used for sensing, and the remaining eight are for tuning.Additionally,
DRG, HDRG, CDRG, and GDRG have inner electrodes in between the concentric rings.
For fair comparison, the five gyroscopes have the same structural parameters as follows:
outer diameter = 8 mm, in-plane ring width = 10 μm, spoke width = 10 μm, number
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of concentric rings = 9, spoke length = 200 μm, out-of-plane thickness = 150 μm, and
initial gap between the static electrode and the moving gyroscope structure = 10 μm.

The eigenfrequency and relative sense capacitance are computed by COMSOLMul-
tiphysics 6.0 and MATLAB. The following procedure is used for computing the relative
sense capacitance in a MATLAB script, using parallel-plate capacitance assumption:

(a) The eigenmode is normalized to a maximum displacement of 1 μm to obtain the
normalized eigenmode.

(b) The sense capacitance is calculated from the normalized eigenmode with the
reference capacitive gap of 10 microns (see also Fig. 2)

Fig. 3. Five selected gyroscopes for the comparative study of eigenfrequency and relative sense
capacitance; from left to right: ring resonator gyroscope (RRG)with semi-circular spokes, disk res-
onator gyroscope (DRG), honey-comb disk resonator gyroscope (HDRG), cob-web disk resonator
gyroscope (CDRG), and gear-like disk resonator gyroscope (GDRG).

Fig. 4. ut versus θ plot for the outer ring of the selected five gyroscopes.

Table 1 shows the stator electrodes for all five designs in the second column. In the
third and fourth columns, the two degenerate mode shapes are shown. As stated earlier,
except in RRG, the others have stator electrodes inside the concentric rings. For the sake
of clarity of illustration, the static electrodes are shown only for one sector. We draw
attention to the distortion of the mode shapes to notice how much they deviate from
an ellipse. We presume that the closer the mode shape is to the ellipse the better the
performance. It need not be true. Ideally, the capacitance change needs to be computed.
Doing it using parallel-plate assumption is not accurate, but it does give an indication.
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Table 1. Five different gyroscopes along with static electrodes are presented in the first two
columns respectively. The static electrodes which are in green colour are used for actuating, red
colour is used for sensing and blue colour are for tuning. Third and fourth columns contain the
two degenerated modes.

Type Schematic with stator 
electrodes

Mode 1 Mode 2

Computing it using a finite element analysis software is accurate as it accounts for
fringing fields and the actual 3D geometry. In lieu of this, to understand.
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The change in capacitance computed in this manner, we wanted to see how the mode
shapes compare to the ellipse. This is shown in Fig. 4. It can be seen that mode shapes
of RRG and HDRG are closer to the ellipse than that of the others. A similar trend was
seen when this was plotted for inner rings too. In this case, RRG needs to be excluded
because it lacks inner electrodes.

3 Results and Discussions

Table 2 contains a comparison of different designs. Also included is the free ring, which
forms the basis of comparison in terms of mode shape. It would have a perfect ellipse
as its mode shape. A free ring has the lowest eigenfrequency. One implication of this is
that it has the least stiffness. But it is impractical to use a free ring.

In terms of eigenfrequency, the best design is RRG to limit it under 2k Hz for the
practical consideration of tracking the displacement of the electronically. But RRG has
lower change in capacitance and lower relative sense capacitance than HDRG. DRG,
which is the trend-setting design that triggered the competitive performance of micro-
machined gyroscopes, is surprisingly not better than HRDG or RRG, but it is close. The
recently reported CDRG and GDRG fare poorly because their unique features are not
in terms of relative sense capacitance. Since RRG and free ring are included here, the
capacitance is calculated based only on the outer stator electrodes. Table 3 illustrates
how the numbers in Table 2 can be interpreted by considering the mode shapes plotted
in terms of total displacement versus θ .

Table 2. Comparison of eigenfrequency, base capacitance, relative sense capacitance for all five
selected gyroscopes with proper elliptical eigenmode when only external electrodes are present.

Gyroscope Eigen frequency
ω0 (Hz)

Base capacitance
C0 (pF)

Sense capacitance
�C (fF)

Relative sense
capacitance
�C/C0

RRG 1744 3.21 44.2 0.0138

DRG 12,250 3.27 44.4 0.0136

HDRG 11,210 3.21 49.9 0.0156

CDRG 12,573 3.32 39.7 0.0112

GDRG 15,080 3.46 33.8 0.0097

Free ring 641 3.30 46.4 0.0141

In Table 3, one degenerate mode shape, the plot of the total displacement, and two
performance measures are indicated. The first is ratio of the eigenfrequency of a gyro-
scope design to that of the free ring. It needs to be low, preferably below 2000 Hz. Since
the free ring has a frequency of 641, the frequency ratio should be below 3.1. Only RRG
satisfies this requirement. It is easy to see why this is so. All designs in the DRG-category
have much more stiffness than RRG. When it comes to relative capacitance, RRG fares
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well but when only the outer electrodes are used to compute the capacitance. DRG class
of gyroscopes have inner electrodes too. So, RRG does not fare well when we consider
inner electrodes that fill the “disk” in DRGs.

Table 3. Comparison of eigenmode, total displacement versus angle plot, ratio of resonant fre-
quency of gyroscope with respect to that of the free ring, and relative sense capacitance of all five
gyroscopes when only outer electrodes are considered.

Type Eigenmode shape Total displacement versus angle plot ω0
ωfree

�C

C0

×103

RRG 2.7 13.8

HDRG 17.5 15.6

DRG 19.1 13.6

CDRG 19.6 11.2

GDRG 23.5 9.7
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In Table 4, we compare the DRG class of gyroscopes by considering all stator
electrodes, outer and inner. HDRG is a clear winner here in terms of the frequency ratio
as well as the relative sense capacitance. The former has to do with the stiffness and the
latter has to do with how close the mode shape is to the ellipse. It can be seen in Table 3
that, the mode shape of HDRG’s outer ring has the least deviation from the ellipse. This
feature holds for the inner rings also (a figure of this not included here). Thus, future
designs should pay attention the mode shape as well as the frequency.

Table 4. Comparison of eigenmode, ratio of resonant frequency of gyroscope with respect to free
ring, relative sense capacitance all four disk resonators when both inner and outer electrodes are
considered.

Type Eigenmode shape ω0
ωfree

�C
C0

× 103

HDRG 17.5 28.3

DRG 19.1 24.7

CDRG 19.6 20.3

GDRG 23.5 18.4

Any of the microfabricated DRG designs have degenerate eigenmodes only in prin-
ciple. There is often a frequencymismatch in the twomode shapes due to uncertainties in
microfabrication. This mismatch can be modelled under a spring-mass-damper frame-
work as damping mismatch and stiffness mismatch assuming material uniformity. Both
the mismatches are modelled as absolute difference in values and axis difference from
the preferred axis of excitation and sensing. Static stiffness matching can be done by
electrostatic tuning, but the mismatches vary with respect to temperature and aging. This
renders tuning difficult. Damping mismatches are not tuned generally but compensated
after extensive calibration and testing. Since the performance will be deteriorated due
to the presence of these asymmetries, it is always preferred to tackle the problem at the
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source itself by envisaging novel geometries which reduces dependencies on fabrica-
tion precision. The current fabrication technologies (photolithography and etching) are
developed based on linear structures, which may create issues while fabricating other
geometries. To increase the “fabrication immunity”, one can modify the arc structures
which are presented in the geometry to linear structures. The focus of the possible design
is to minimize the fabrication errors, thus helping us to reduce the effort for frequency
mismatch.

4 Conclusions

In this work, we compared the performance of the five different resonator gyroscopes
based on the eigenfrequency and eigenmodes. This study was undertaken because the
reports of various designs directly went to consider quality factor and overall sensitivity
rather than studying the intrinsic geometric feature. It is true that the quality factor also
is influenced by the geometric design, but it is a derived quantity. Here, we considered
only the mode shape to highlight the fact that a mode shape that stays close to the
ellipse (which is the mode shape of a free ring) helps in increasing the relative sense
capacitance. The honeycomb disk resonator gyroscope (HDRG) emerged as the best
among the DRG class of designs. However, DRG class of designs have much larger
eigenfrequency values as compared to the free ring and ring resonator gyroscope (RRG).
This comparative analysis thus points to the need for a different design that keeps the
eigenfrequency low and yet has a mode shape that remains close to an ellipse.

Future work points to fabrication and mechanical characterization of these designs
to benchmark the simulation results. Comparison of other performance measures such
as scale factor, frequency mismatch, quality factor, and angle random walk may provide
insights for a better of design gyroscope. Our ongoing work is focused on a possible
candidate design, which needs to be evaluated for these performance measures along
with detailed finite element analysis.
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Abstract. The sequence of mode shapes play a vital role in designing
a dual mass tuning fork gyroscope (TFG). To avoid loss of energy, a
desired separation of frequencies between operating modes (out-of-phase
drive and sense) and parasitic modes is required. Hence, regulation of
mode shapes is an essential criterion in TFG design. In the present work,
the influence of several crucial parameters such as coupling mechanisms
and dimensions of folded beams on the in-plane frequencies are studied
numerically by using finite element based COMSOL software.
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1 Introduction

Microelectromechanical systems (MEMS) have been of significant interest for
the design of inertial sensors because of their low cost, small size, and rugged-
ness and easy integration with the CMOS based signal conditioning readout
interface [1–3]. MEMS inertial sensors like accelerometer and gyroscope find
applications in consumer electronics, automobiles, defence, navigation, medical
and other fields [4–7]. MEMS gyroscopes can be classified as tuning fork gyro-
scopes (TFG) [8–11], comb type [12,13], disk type [14,15], and wine glass type
gyroscopes [16]. Applications like inertial navigation systems for ships, aircraft,
submarines, and other spacecraft require very high sensitivity and resolution
[17–19]. However, the resolution of inertial MEMS devices is mainly limited by
Brownian noise in micromechanical structures and interface electronics circuit
noise [20–22]. Low mechanical sensitivity of MEMS devices may cause the elec-
tronics noise to dominate and limit the resolution [23]. This challenge can be
addressed by exploiting different techniques like mechanical amplification using
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compliant mechanisms, geometric anti-spring design, mechanical coupling, and
mode-localized [26] designs toward the sensitivity improvement of MEMS gyro-
scope. However, while using any of these techniques, frequencies of gyroscopes
also get affected. The variation of frequencies due to coupling mechanisms and
their dimensions, we take tuning fork gyroscope (TFG) from [24] for further
analysis.

The TFG is mainly categorized as single mass gyroscope, dual-mass gyro-
scope and quad mass gyroscope. Single mass gyroscope consists of an overlap
between drive and sense vibrations, which requires a complex interface to dis-
tinguish the required Coriolis force. In the case of a quad mass gyroscope, the
mismatch between the four masses and stiffness introduces unwanted errors to
the measurement. In the case of a dual-mass gyroscope, the two proof masses
vibrate either in-phase or out-of-phase to capture the Coriolis force. Among
these two approaches, out-of-phase oscillations (operating modes) eliminate the
common vibrations.

Therefore, it is a necessary criterion to design dual-mass TFG such that
the out-of-phase drive and sense modes are away from other modes to reduce
interference. The present study utilizes various important parameters to regulate
the in-plane mode shapes to get the desired output.

2 Dual Mass Tuning Fork Gyroscope

Dual mass tuning fork gyroscopes consist of two masses oscillating in out-of-
phase mode. The basic design of the gyroscope is shown in the Fig. 1. The
performance of the TFG can be changed based on the coupling mechanisms
that will be described in further sections. In this section, various critical design
parameters and their effects on modulating natural frequencies are studied. The
fundamental frequencies and mode shapes are found out by using finite element
based COMSOL software.

Table 1. Element convergence study for TFG with spring type coupling

Element numbers 1,013,967 541,457 395,478 305,898 240,391

Element size (Lowest, highest) (1,30) (3,50) (10,50) (15,70) (20,90)

1st mode (Hz) 8960 8963 8986 8997 9011

2nd mode (Hz) 9401 9406 9428 9440 9452

3rd mode (Hz) 10,587 10,591 10,612 10,624 10,637

4th mode (Hz) 14,001 14,020 14,038 14,058 14,067

2.1 Dual Mass TFG with Spring Coupling

The design of TFG with spring coupling is shown in Fig. 1. A convergence study
based on the natural frequencies is first done to decide the minimum element
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size without compromising the accuracy of the solution. COMSOL software is
used for this purpose and results are shown for different element sizes in Table 1.
An element size of (1,30) is selected for the further modal analysis in Fig. 2. The
Y-axis and X - axis are taken as drive and sense directions, respectively. In the
first mode, an in-phase motion of the mass is observed in the sense direction. An
out-of-phase motion in the sense direction is seen in the second mode. The third
mode consists of an out-of-phase drive motion and the fourth mode is in-phase
drive motion.

6 mm

3 mm

CouplingLeverGuided Beams

Masses

(a)

M1 M2

K1

K2

K3

K4

K5

K6

K7x1 x2

y1 y2

(b)

Fig. 1. (a) Dual mass TFG with spring coupling and (b) its lumped mass model

A free body diagram of the whole structure is drawn in Fig. 1b to derive
the analytical expressions. Each mass possesses of 2 degree of freedom (dof)
and, hence, the system will have 4 dofs. Therefore, there will be four governing
differential equations given in Eqs. 1–4. The force F1, F2, F3, F4 are applied
forces for each degree of freedoms. The stiffness K1, K2, K3, K4, K5, , K6 and
K7 are found analytically. There are three type of spring used in this gyroscope
shown in Fig. 3. The stiffness of the guided beam is given by KG = 12EI1/L

3
1,

where EI is Flexural rigidity of the beam. For the shorter beam like one shown
with the length L2 in Fig. 3b, the stiffness is obtained from KB = 3EI1/L

3
1.
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(a) 1st Mode (8960Hz) (b) 2nd Mode (9401Hz)

(c) 3rd Mode (10587Hz) (d) 4th Mode (14001 Hz)

Fig. 2. Mode shapes of TFG with spring coupling

L1

L2

b1

b2

(a)

L1

L2

b1

b2

(b)
L1

b1

b1

b2

b2

(c)

Fig. 3. Various type of springs used in TFG

After the calculation of the beam stiffness, series and parallel combinations
are used to find the total stiffness of Fig. 3a–c structures.

M1ẍ1 + K1x1 + K4(x2 − x1) = F1, (1)
M2ẍ2 + K6x2 + K4(x1 − x2) = F2, (2)

M1ÿ1 + (K2 + K3)y1 = F3, (3)
M2ÿ2 + (K5 + K7)y2 = F4. (4)
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The above equations are solved for eigen values and the natural frequencies
are compared with COMSOL solutions in Table 2. The difference between the
analytical and COMSOL is due to the consideration of simplified model and
guided beam assumptions in the stiffness calculation. It is vital to regulate these
mode shapes according to our need. Various regulating parameters and their
effects on the sense and drive modes are described. Regulating in-phase sense
mode needs a different approach so it will be described at the last.

Table 2. Comparison of natural frequencies from analytical model and COMSOL

Analytical
(Hz)

COMSOL
(Hz)

9275.6
8960

9681.1
9401

10,062 10,587

10,126 14,001

(a) Modulating Out-of-Phase Sense Mode The dimensions of coupling
spring play a significant role in deciding the 2nd mode frequency. The length of
spring effects the 2nd mode drastically and can be seen from Fig. 4a. The increase
in coupling spring length reduces the stiffness in out-of-phase sense mode, thus,
it reduces the corresponding frequency, while, the other modes are unaffected.
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Fig. 4. Variation of natural frequencies for dual mass TFG with spring coupling with
(a) change in length of spring (a) change in width of lever

(b) Modulating Out-of-Phase Drive Mode The out-of-phase drive mode
can be regulated by changing dimensions of the folded beams in drive direction or
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by changing various coupling mechanisms. The other coupling mechanisms used
in our study are shown in Fig. 5. It can be observed by comparing the mode
shapes in Figs. 1, 6, and 7 that out-of-phase drive mode has shifted its position
from 2nd mode to 3rd mode for elliptical and diamond coupling, respectively.
Thus, coupling mechanisms can influence out-of-phase drive mode and out-of-
phase sense mode drastically.

(a) (b)

Fig. 5. Dual mass TFG with (a) elliptical coupling (a) diamond coupling

(a) 1st Mode (8969 Hz) (b) 2nd Mode (9015 Hz)

(c) 3rd Mode (10180 Hz) (d) 4th Mode (11051 Hz)

Fig. 6. Modeshapes of TFG with elliptical coupling

(c) Modulating In-Phase Drive Mode The dimensions of lever can be
changed to regulate the in-phase drive mode in TFG as shown in Fig. 4b. It
can be seen that with increase in the width of the lever, the stiffness of in-phase
drive mode increases, and, hence the natural frequency also increases.
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(a) 1st Mode (9008 Hz) (b) 2nd Mode (9662 Hz)

(c) 3rd Mode (10587 Hz) (d) 4th Mode (14001 Hz)

Fig. 7. Mode shapes of TFG with diamond coupling

(d) Modulating In-Phase Sense Mode It can be seen form above analysis
that in-phase sense mode remains the same irrespective of change in parameters.
Therefore, a special folded beam [25] is used as shown in Fig. 8. These beams will
only affect the in-phase sense mode during the motion. There is very small effect
on the frequency of out-of-phase sense mode. Consequently, it can be seen from
the Fig. 9 that the frequency of first mode is increased 21,168 Hz from 9008 Hz
(see Fig. 7).

Folded Beams

Fig. 8. Attachment of additional folded beam to regulate in-phase sense mode
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(a) 1st Mode (10588 Hz) (b) 2nd Mode (10689 Hz)

(c) 3rd Mode (14001 Hz) (d) 4th Mode (21168 Hz)

Fig. 9. Mode shapes of TFG with diamond coupling with folded beam attachments

3 Conclusions

In this study, the modal analysis of dual mass TFG is done by the help of
COMSOL software and validated by using analytical modeling. The effects of
various coupling mechanisms and folded beams dimensions on mode shapes are
explored. The main aim is to regulate the mode shapes of the TFG. It is found
that in-phase drive, out-of-phase drive and out-of-phase sense mode shapes can
easily be interchanged by changing the coupling mechanisms and dimensions of
the guided beams. The modulation of the in-phase sense mode shape require spe-
cial guided beam arrangements near the coupling mechanism. These mechanisms
only effects the in-phase sense mode.
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Abstract. MEMS based single and dual-axis gyroscopes have been
widely explored for potential application in automotive, space, defense,
and consumer electronics sectors. Tri-axis gyroscopes based on MEMS,
however, have been sparsely studied. This work presents a novel design
for tri-axis MEMS gyroscope and an analytical model to obtain the
natural frequencies in drive and sense modes. These frequency values
have been compared with the numerically obtained frequencies using
Finite Element Analysis (FEA). The analytical results lie within 10%
of their numerically obtained values. The frequency matching process
involves many iterations of geometric dimensions if the end application
requires minor design changes. The proposed analytical model will make
the design customization easy as the frequencies of each mode will be
expressed as a function of critical geometrical parameters saving multi-
ple numerical runs required for design optimization.

Keywords: MEMS · Gyroscope · Natural frequency · Frequency
tuning · Drive mode · Sense mode

1 Introduction

Gyroscopes are resonant sensors that can measure angular rates along one or
more coordinate axis. They work on the principle of the Coriolis Effect [1].
Draper Labs first reported a microelectromechanical Systems (MEMS) based
single axis gyroscope in 1991 [2]. Since then many variations of single and dual
axis gyroscopes have been reported [3–11]. Currently, MEMS-based gyroscopes
are being used for space [12–14], defense [15,16], automotive [17,18] and con-
sumer electronics [19–21] applications. As gyroscopes are resonant sensors, it is
important to have the drive and sense mode frequencies as close to each other as
possible for high sensitivity applications. However, the bandwidth of operation
is a factor of the difference between the drive and sense mode frequencies. Thus,
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the modal frequencies should not be too apart to ensure better sensitivity and
they should not be too close to ensure wider operational bandwidth. Thus, it is
important to carefully optimize the drive and sense mode frequencies. These fre-
quency values directly depend on the structural geometry. As a result, variation
of the modal frequencies with changes in geometric parameters becomes a signif-
icant study. The optimization of frequencies is simple in single-axis gyroscopes
as there are only two modes to look at, the drive mode and the sense mode. For
tri-axis gyroscopes, frequency optimization needs to be done for one drive and
three sense modes; hence, the process becomes more complicated. As a result,
tri-axis gyroscopes are not explored to the scale of single and dual-axis gyro-
scopes. A novel design of MEMS gyroscope was proposed by Tsai et al. [22,23]
which can be manufactured by conventional SOI MEMS process, but fails to
address mode decoupling [24]. Cazzinga et al. demonstrated a novel decoupled
tri-axis gyroscope with elastic coupling springs in 2013 [25]. Mode decoupling was
further studied in depth by Tingkai et al. [24]. Further Shah et al. [26] demon-
strated improved coupling spring configuration for tri-axis gyroscopes. Although
some numerical and experimental work for tri-axis gyroscopes is available across
the literature, design-specific analytical models are not readily available. In this
work, we have presented a novel design for the tri-axis gyroscope. We have pro-
vided an analytical frequency model that directly monitors the effect of change
in geometric dimensions on the modal frequencies. The results have also been
compared with values obtained from a numerical model.

Fig. 1. Structure of proposed gyroscope

Figure 1 shows the structure of gyroscope and Fig. 2a shows the zoomed com-
ponents of the structure. The structure consists of a centrally anchored compo-
nent connected to four trapezoidal flanges employing central connecting beams
as shown in Figs. 1 and 2a. Meandering coupling beams connect these four
trapezoidal flanges. The main connecting beams allow the flanges to vibrate in
an in-plane motion. The coupling beams ensure this in-plane motion to be of a
push-pull configuration that cancels the linear component of acceleration. The
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Fig. 2. (a) Structural components of the proposed gyroscope. (b) Roll/pitch proof mass
with bottom electrode for capacitive sensing

structure is electrostatically driven using a set of comb finger structures etched
on one of the opposite pairs of the flanges. The other flanges consist of auxiliary
proof mass with a comb finger configuration responsible for yaw mode detection.
It is connected to the primary flanges using meandering beams on either side,
as shown in figure 1. Four auxiliary proof masses are etched into the structure
to detect the roll and pitch motion, one on each flange. These proof masses are
connected to the central flange using modified crab leg flexures, as shown in
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figure 1. The crab leg combination restricts the motion of these auxiliary proof
masses in the in-plane X and Y directions and allows them to move only in
the out-of-plane Z direction. Metal electrodes are patterned on the bottom sub-
strate to detect this out-of-plane motion capacitively as shown in Fig. 2b. Proof
masses 2 and 4 detect the roll mode, while proof masses 1 and 3 detect the pitch
mode of the angular input. The dimensions of critical geometric components are
summarized in Table 1.

Table 1. Optimized structural dimensions for updated design

Parameter Value

Central anchor outer square 720 µm × 720 µm

Connecting beam length 660 µm

Connecting beam width 5 µm

Coupling beam length 75 µm

Coupling beam width 5 µm

Roll, pitch proof mass 480 µm × 480 µm

Yaw proof mass 535 µm × 30 µm

Comb finger width and gap 3.5 µm

Gap between structure and electrode 1 µm

Structural thickness 30 µm

2 Analytical Studies

In this section, we obtain the expression for natural frequency in drive and three
sense modes.

2.1 Drive Mode

The drive mode consists of an in-plane motion of the structure. Four central
connecting beams and four coupling beam configurations contribute to this in-
plane drive mode motion, as shown in Fig. 3. The central connecting beam can
be considered as a combination of two meandering beams (Fig. 4a) in parallel,
as shown in Fig. 4c. Coupling beams are just meandering beams operating at
the component of the spring force at an angle of 45 degrees. The expression for
stiffness of meandering beams km is provided by G. Fedder [27].

km =
48EIz,b[(ã + b)n − b]

b2(n − 1)[(3ã2 + 4ãb + b2)n + 3ã2 − b2]
(1)

where, ã ≡ aIz,b
Iz,a

, Iz,a = tw3
a

12 , Iz,b = tw3
b

12 and n = number of turns of the meander.
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Fig. 3. Stiffness components for drive mode

Fig. 4. (a) Meandering beams, (b) Modified crab leg configuration, and (c) Central
connecting beams as a parallel combination of two meandering beams

Thus, stiffness of central connecting beam configuration (kcc) and the cou-
pling beam configuration (kc) can be given by,

kcc = 2km

kc =
km√

2

(2)

2.2 Roll and Pitch Modes

The roll and pitch modes are out of plane modes. The auxiliary proof mass that
sense these modes are connected to the central flange by modified crab leg beam
configuration as shown in Fig. 5.
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Fig. 5. Stiffness components for roll/pitch mode for out-of-plane motion

This configuration restricts the independent motion of the auxiliary proof
masses in the in-plane directions and allows only out-of-plane movement. The
expression for cab leg configuration as provided by Fedder [27] is given by

kcb =
P

Q
(3)

where

P = 48SeaSeb(SgbLa + SeaLb)(SebLa + SgaLb)
Q = S2

ebSgbL
5
a + 4SeaS

2
ebL

4
aLb + SebSgaSgbL

4
aLb + 4SeaSebSgaL

3
aL

2
b

+ 4SeaSebSgbL
2
aL

3
b + 4S2

eaSebLaL
4
b + SeaSgaSgbLaL

4
b + S2

eaSgaL
5
b

Let E is the elastic Modulus and G be the shear modulus, then Se ≡ EIx,
Sg ≡ GJ . Where, Ix = tw3

12 , La and Lb are the lengths of the thigh and shin,
respectively, wa and wb are the widths of the thigh and shin, respectively.

2.3 Yaw Mode

An auxiliary proof mass capacitively senses the yaw motion with comb fingers
that vibrate along an in-plane (Y axis) against a set of fixed comb fingers, as
shown in Fig. 2. The meandering beams on both sides of this proof mass act in
series to allow this in-plane motion, as shown in Fig. 6.

Fig. 6. Stiffness components for yaw mode
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However, this beam configuration does not restrict the out-of-plane motion
of the yaw proof mass. The geometric parameters of the beam and proof mass
have been optimized such that the natural frequency of the out-of-plane mode
is farther away than the gyroscopes drive and sense mode frequencies to avoid
any unwanted vibrations. The expression for the meandering beam configuration
provided in Eq. 1 can also be used here.

Further, the mass of the moving structure for each mode can be calculated
from the geometric dimensions. As far as the effective modal mass of the beams
is considered, the difference between the effective modal mass and the actual
mass of the beams is negligible compared to the total mass of the structure. For
simplicity, actual beam mass has been considered for analytical modelling. The
natural frequency ωn of a given mode with effective stiffness k and mass m is
given by

ωn =

√
k

m
(4)

3 Numerical Studies

The geometry was built using a model builder in COMSOL Multiphysics. Bound-
ary conditions were provided by fixing the anchors, and an eigenfrequency study
was run to carry out the modal analysis. The mode shapes were studied to
identify the drive, and sense modes and their natural frequencies were noted.
Parametric analysis was performed by changing the geometric dimensions of
beams and proof masses so that the structure is optimized to provide frequencies

Fig. 7. Steps in numerical modelling
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of drive and sense modes close-by with minimum intermediate modes between
them. They were modelled individually to confirm the stiffness contributed by
the beam configurations. A known force was applied to the beams in the direc-
tion of the mode shape, and the displacement was noted. Hook’s law was then
used to calculate the stiffness contributed by each beam. The resultant stiffness
due to a combination of one or more beam configurations was then calculated
for each mode.

4 Results and Discussion

In this study, we present a novel design of tri-axis MEMS gyroscope, with all
modes decoupled and the geometric dimensions of the structure are tuned to
bring the drive and sense mode frequencies close by. Analytical and numerical
studies are carried out to evaluate the natural frequencies, and modeshapes of
MEMS gyroscope. Figure 8 shows the mode shapes of tri-axis mems gyroscope
in drive and sense directions.

Fig. 8. Mode shapes of tri-axis MEMS gyroscope

From the figure, it is evident that the in-plane motions of the drive and sense
modes are as expected, but for roll and pitch modes, along with the out-of-plane
motion caused by the crab leg beam configuration, there is some unwanted out-
of-plane motion of the external flange frames as well. Although this motion might
not cause any functional obstruction, it still affects the modal stiffness and hence
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the natural frequency of vibration of the roll and pitch modes. This is demon-
strated in the ‘initial’ column of Table 2 which summarizes individual numerical
and analytical modal stiffness values. This unwanted flange frame movement is
further modelled by considering each side frame as a combination of two guided
cantilevers in out-of-plane motion, as shown in Fig. 9. Incorporating this assump-
tion, the stiffness values were recalculated and summarized under the ‘updated’
columns of Table 2. It can be seen that the stiffness now reasonably matches
the numerical value. Natural frequencies of the modes were then calculated and
summarized in Table 3. The rest of the error is because we have considered the
total mass of the beams and not the effective mass. If the effective mass of the
beams is precisely modelled, the error can further be reduced.

Table 2. Comparison of numerical and analytical stiffness values (N/m)

Initial Updated

Drive Roll, pitch Yaw Drive Roll, pitch Yaw

Analytical 2799 15.4 79.8 2799 248.2 79.8

Numerical 2875 212.6 78.8 2875 212.6 78.8

Fig. 9. Assumption of flange frames as cantilever beams

Table 3. Comparison of Numerical and Analytical natural frequencies

– Drive (Hz) Roll (Hz) Pitch (Hz) Yaw (Hz)

Numerical 18,899 18,532 19,265 18,959

Analytical 19,489 17,850 17,850 18,848

Error (%) 3 3.7 7.3 0.5

Table 3 shows comparison of frequency values obtained analytically and
numerically. The roll and pitch geometries are precisely similar, and the struc-
ture is reasonably symmetric except that one pair of opposite flanges hosts the
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electrostatic comb drive while the other hosts the comb drive for yaw sensing.
As observed earlier, since the frames and flanges have a parasitic influence on
the roll and pitch modes, their frequencies differ by a few hundred Hertz. This is
reflected in the numerical frequency results. However, modelling this analytically
requires further detailed dynamics studies and will be explored in future work.

5 Conclusion

A novel design of a tri-axis MEMS gyroscope has been presented with in-plane
drive mode. Roll and pitch mode displacement is out-of-plane, and yaw mode is
sensed in-plane. Numerical simulations are carried out to extract modal frequen-
cies, stiffness, and mass. An analytical model is proposed that closely matches
the numerical results with an error of less than 10% for all the modes. The
model accuracy can be further improved by considering the effective mass of the
beams more precisely. This model provides direct relation between the structural
dimensions and the corresponding modal frequencies.
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Abstract. In this paper a one-dimensional model of magnetic suspension in the
case of a variable magnetic field is considered. Analytical expressions for the
averaged over a period of an external current source for the suspension equilibrium
position are obtained. It is shown that the magnetic stiffness of the suspension has
a sign-variable character in the general case. An expression for the averaged value
of the magnetic stiffness is obtained and it is shown that this value is always
positive.

Keywords: Levitation · Inertial sensor · Contactless suspension ·
Micro-electro-mechanical system

1 Introduction

Magnetic contactless suspension is a device that works on the principle of magnetic
levitation [1, 2]. As a result, the moving part of the suspension becomes mechanically
contactless, which leads to reduce the deterioration of the structural units due to the
absence of mechanical friction, loss of mechanical energy, etc.

Magnetic levitation [3] of micro- and nano-suspensions [4, 5] is based on the law of
electromagnetic induction [6]. The moving part of this device loses mechanical contact
with the stationary part of the structure and gain a sufficiently large (theoretically infinite)
sensitivity [7], which allows to use it as a sensor that registers the smallest deviations of
motion relative to the initial equilibrium position of the device [7]. To demonstrate how
the device works, let’s assume that the suspension works as an acceleration sensor. In
the simplest case, the accelerometer can be described by a transfer function of a linear
oscillator [7]:

Y (p)

A(p)
= 1

p2 + μ
mp + c

m

, (1)

where Y (p) is the mapping of the motion of the levitating part of the suspension, A(p) is
the effective transport acceleration, p is the Laplace transform variable, m is the inertial
mass, μ is the viscous friction coefficient of the environment, c is the rigidity of the
suspension.
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The static sensitivity of the accelerometer is written as [7]

Y (p)

A(p)
= m

c
. (2)

As the suspension stiffness c → 0 decreases, the sensitivity of the accelerometer,
defined by Eq. (2), increases indefinitely and becomes infinite [7]. The transfer function
(1) in this case will take the following form

Y (p)

A(p)
= 1

p
(
p + μ

m

) . (3)

It is noted in works [7, 8] that the integration of acceleration takes place in the
absence of the stiffness parameter c. Thus, with the technological possibility of exclud-
ing the mechanical stiffness from the model, it is possible to obtain a device with infinite
(very large) sensitivity and, consequently, the perspective of measuring arbitrarily small
external accelerations. To exclude stiffness, a combination of magnetic and electric sus-
pension is usually used to evaluate the total stiffness of the system to zero for certain
parameters of the electric and magnetic parts of the structure. This approach is consid-
ered in work [7] when designing an electromagnetic suspension in the case of a disk-like
mass, considering only the axial motions of the levitating mass. In works [8, 9] the
dynamic equations of the levitating mass with additional consideration of angular dis-
placements due to the appearance of magnetic moments are obtained. In works [10]
general conditions for the stable motion of a levitating mass were considered.

The main purpose of this work is an analytical study of the magnetic part of the
electromagnetic suspension and obtaining conditions for finding the equilibrium posi-
tion and stability of vibrations of a levitating object near its equilibrium. The magnetic
stiffness of themagnetic suspension is also evaluated. It is shown that in this formulation,
it has a harmonic character, which should be considered when adjusting the electrical
part of the system to eliminate the magnetic stiffness of the system.

2 Mathematical Model

A contactless magnetic suspension (see Fig. 1) in the simplest case is a system consisting
of two basic elements - an inductor coil, to which an alternating current is applied,
and a proof levitating mass (PM) made of a conductive material. Due to the law of
electromagnetic induction, currents are induced in the PM when current flows in the
coil, and an electromagnetic force arises between the parts of the structure. Due to this
effect, it is possible to use the PM, for example, as a stand or support for engineering
and other structures.

The energy of the magnetic fieldW of the coil of radius rc and thickness tc powered
by alternating current ı1 and the disc-shaped proof mass (PM) of the thickness tpm, radius
rpm with induced eddy current ı2 is

W = 1

2
L1ı

2
1 + M12(y)ı1ı2 + 1

2
L2ı

2
2 , (4)
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Fig. 1. Scheme of magnetic suspension

where L1 and L2 are the self-inductance of coil and PM, respectively [9].

L1 = μ0rcw
2
(
ln
8rc
tc

− 2

)
,L2 = μ0rpm

(
ln
16rpm
tpm

− 2

)
, (5)

where w is the number of turns of coil, M12(y) is the mutual inductance, μ0 is the
magnetic permeability of free space, (.) = d

dt , t is the time, y is the distance between
coil and PM.

In general case, the mutual inductance M12(y) is a complex non-analytic function.
This represents the main difficulty for analytical investigation of the magnetic suspen-
sion model [7]. However, it is possible to consider some features of the micro-machine
suspension device, which allow the application of the mutual inductance approximation
formula [11]. These simplifications consist in the assumption that the linear dimensions
of the coil and PM are much larger than the height of the levitation equilibrium position
y0. It is also assumed that the induced eddy current i2 is distributed along the levitated
control mass such that a contour corresponding to the maximum eddy current density
can be identified [7].

The eddy current contour is geometrically defined as a circle having the same diame-
ter as the referencemass [7]. Due to the above features of the device, the force interaction
in the vertical direction is reduced to the interaction between the eddy current and the
levitating coil current [12]. In the case of considering PM and the induced current as
circles, the mutual inductance between the PM and the eddy current can be described
by the Maxwell formula [11] as follows:

M12(κ) = μ0
√
rcrpm

[(
2

κ
− κ

)
K(κ) − 2

κ
E(κ)

]
, κ2(y) = 4rcrpm

(rc + rm)2 + y2
, (6)

where K(κ) and E(κ) are complete eliptic integrals of the first and second kind, κ(y) is
the elliptic modulus.
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In deriving the equations of dynamics of PM, we consider the dynamics of its center
of gravity. From this assumptions potential � and kinetic T energies of the PM are:

� = m̃gy,T = 1

2
m̃ẏ2, (7)

where m̃ is the mass of the PM, g is the gravity acceleration.
The dissipation function of the system � can be written as follow:

� = 1

2
R2ı

2
2 + 1

2
μẏ2, (8)

whereR2 is PM’s electrical resistance,μ is the coefficient ofmechanical friction between
PM and external gas environment.

We assume that the current ı1 generated in the coil by the current generator has the
following form

ı1 = ıa sinωt, (9)

where ıa and ω are the amplitude and the high frequency of the current ı1, correspond-
ingly.

We use the Lagrange-Maxwell equations to write equation of motion of the upper
ring. The displacement y and the current ı2 are taken as generalized coordinates:

d

dt

∂W

∂ı2
+ ∂�

∂ı2
= 0,

d

dt

∂T

∂ ẏ
+ ∂(� − T )

∂y
+ d�

dẏ
= 0. (10)

Substituting Eqs. (5)–(9) into Eq. (10), we obtain

L2 ı̇2 + dM12(y)

dy
ẏıa sinωt + M12(y)ıaω cosωt + R2i2 = 0,

m̃ÿ + μẏ − dM12(y)

dy
ı2ıa sinωt + m̃g = 0. (11)

We introduce the nondimensional quantities as [13]

ξ = y

2rc
, a = rpm

rc
, β = μ0rc

L1
, γ = tc

tpm
, j1 = ı1

ıa
j2 = ı2

ıa
, r = R2

L1ω
,

m12 = M12

L1
, l = L2

L1
, τ = ωt, ε = g

2ω2rc
, α = L1ı2a

2m̃grc
,λ = μ

m̃ω
. (12)

and rewrite Eq. (11) in nondimensional form as

lj′2 + rj2 = −dm12(ξ)

dξ
ξ′sinτ − m12(ξ)cosτ,

ξ′′ + λξ ′ = ε

(
α
dm12(ξ)

dξ
j2sinτ − 1

)
. (13)



Analysis of the Equilibrium of a Magnetic Contactless Suspension 187

where the prime indicates the derivative with respect to τ. The small nondimensional

quantity εα = L1i2a
4r2cω

2 defines the ratio between magnetic and electrical energies.

For further study of the system (13) we find its equilibrium position (j2, ξ) =
(j20, ξ0), where j20 = j20(τ); ξ0 is the constant.

3 Equilibrium

WE assume the condition under which the PM reaches an average value ξ0 = y0
2rc

(y0 is
the dimensional average equilibrium point) over the period of change in coil current ı1.
In other words, due to the harmonicity of the excitation current ı1, the magnetic force
acting on the PM is also harmonic, which leads to a steady-state oscillatory process
of the PM relative to some average value ξ0. When the magnetic force changes, the
equilibrium point changes, which corresponds to the equilibrium of the gravity force
and the Ampere force also acting on the PM in the considered formulation. Moreover,
in the general case, a variable magnetic field forms a variable magnetic stiffness, as will
be shown later.

j′20 + rj20 = −m12(ξ0)

2
eiτ + c.c,

iα

2

dm12(ξ0)

dξ
j20e

iτ + 1

2
+ c.c = 0, (14)

where c.c is the complex conjugate value of equation [14].
Solving first equation in (14), we obtain the steady-state soultion for the current j20

as

j20 = im12(ξ0)

2
√
r2 + l2

ei(τ+φ) + c.c, (15)

where cosφ = l√
l2+r2

, sin φ = r√
l2+r2

, i2 = −1.

Substituting Eq. (15) in the second equation in (14), we integrate the current j20
within τ ∈ [0,π] and obtain the expression for the average equilibrium ξ0.

m12(ξ0)
dm12(ξ0)

dξ
= −2

(
r2 + l2

)

αl
, (16)

Figures 2 and 3 show the dependence of the value of the equilibrium position ξ0 on
the physical parameters of the system.

Figures 2 and 3 show that with increasing parameter α (which corresponds to increas-
ing current ıa the value ξ0 increases, which is associated with an increase in electromag-
netic force of the ring and, therefore, Ampere force. When the parameter r increases
(which corresponds to a decrease in frequency ω), the equilibrium position ξ0 takes
smaller values, which is caused by an increase in reactance.

After finding the condition on the integral position of the suspension equilibrium,
it is interesting to estimate the magnetic stiffness for its subsequent compensation by
including an electric field, which is studied in the papers [7].
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Fig. 2. Dependence of the integral position of the frame equilibrium ξ0 on the parameter α with
(r = 500μ; 2m; 4m; 5m)

Fig. 3. Dependence of the integral equilibrium position ξ0 on the parameter r
(α = 8.7; 11.7; 14.6; 17.5; 20.4)

4 Magnetic Spring Constant of the Suspension

Let us study the behavior of the PM near to the equilibrium point ξ0. It is assumed that
the linear displacement of the PM ξ is small in comparison with ξ0, hence the following
inequality

ξ

ξ0
� 1, (17)
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Because of (17), the function of the mutual inductance m12(ξ) can be extended by a
Taylor series at the point ξ0 in the form can be written as follow

m12(ξ) = m12(ξ0) + m′
12(ξ0)(ξ − ξ0) + m′′

12(ξ0)(ξ − ξ0)
2, (18)

Substituting (18) into the last equation of set (10) and considering (16) the differential
equation of the linear displacement of the PMnear to the equilibrium point can bewritten
as

ξ′′ + λξ ′ + cmξ = Fξ, (19)

where Fξ is generalized force acting on the PM, cm is the spring constant of the magnetic
suspension

cm = εα

l

(
m′
12(ξ0)

)2cosφ cos2φsinτ sin(τ + φ). (20)

Equation (20) show that the magnetic stiffness has a periodic character and, in the
general case, is sign-variable, which means an oscillatory mode of PM levitation near
the integral equilibrium position. For a more detailed study of the dependence of the
stiffness cm on the system parameter, consider the average value of the stiffness cm =
1
π

∫ π

0 cm(τ)dτ

cm = αεl
(
l2 − r2

)

2
(
r2 + l2

)2
(
m′
12(ξ0)

)2
. (21)

The Eq. (21) shows that the average value of themagnetic stiffness is always positive.
The only possible problem is related to the sign-variability of the initial stiffness (20),
which should be considered in the modes of operation associated with the compensation
of magnetic stiffness by adding electrodes to the system and creating a negative electric
stiffness, which is done, for example, in the paper [7].

5 Conclusion

In this paper, a magnetic suspension consisting of an inductance coil and a levitating
disk was considered. When the coil is energized by alternating current, it is shown that
in this case the character of the equilibrium position has an alternating harmonic form.
If the equilibrium position comes to the same point during the coil current period, an
estimate of the integral mean value of this quantity was given. An expression for the
magnetic stiffness of the suspension is obtained and it is shown that it also has a periodic
form, which should be considered in the construction of devices of this type.

Funding. The research is funded by Russian Science Foundation grant № 21–71-10009, https://
rscf.ru/en/project/21-71-10009/.
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Abstract. This paper presents the variation in natural frequencies of
Euler-Bernoulli microbeams when subjected to axial pretension. The
influence of size effects has been analysed using modified strain gradi-
ent theory (MSGT). The governing equation of motion has been derived
using extended Hamilton’s principle and variational calculus. The sixth
order non-local governing differential equation is solved by analytical pro-
cedure and numerical differential quadrature method (DQM). The three
end conditions of beams are considered: cantilever, simply supported, and
clamped-clamped beams. It is found that MSGT accurately models the
size effects compared to other theories. As the axial pretension increases
from 0.0001 to 1 N, the natural frequency values for the beam with differ-
ent boundary conditions increase. Subsequently, surface elasticity effects
have been analysed for a silicon and aluminium-based nanobeams with
the pretension of 0.0001 N for all boundary conditions. From the results
of surface elasticity modeling, it has been concluded that the natural
frequencies of the nanobeam get influenced either positive or negative
based on the value of surface elastic modulus. The difference in natural
frequency values with and without surface elasticity effects are approxi-
mately 5 and 2% for Si and Al nanobeams respectively. The methodology
presented in this work can further be validated for nanoscale devices in
which the higher-order strain gradient and surface elasticity effects sub-
jected to pretension dominate.

Keywords: Microbeam · Natural frequency · Modified strain gradient
theory · Differential qudrature method · Pretension · Material length
scale · Size effects · Surface elasticity

1 Introduction

Microstructures like beams, bars and membranes are used in micro-electro-
mechanical systems (MEMS). Generally, MEMS-based sensors or actuators con-
sist of a microbeam as the sensing element [1]. Due to rapid advancements in
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nanotechnology and fabrication methods, MEMS devices have various applica-
tions in the engineering, medical, and navigation sectors [2]. As many researchers
have reported in their work [3–6], microbeams are designed for some basic
requirements like natural frequencies of the beams and deflection. In the past,
researchers [7–9] have studied the mechanical behaviour of microbeams within
the context of classical continuum-based theories. These classical continuum-
based theories are just an approximation due to the absence of material length
scale parameters to capture the size effect phenomenon, which will influence
the performance of the microbeam at the microlevel. Initially, [10–15] have con-
ducted experiments to understand the influence of size effects on the mechanical
behaviour of the structures at a microlevel .

Hence, size-dependent higher-order continuum-based theories have been
developed to deal with the failure of the classical elasticity theory at small scales.
These higher-order continuum-based theories can capture the effects of strain
gradient (size effects) through material length scale parameters absent in clas-
sical continuum mechanics. Recently, Lam et al. [14] have proposed a modified
strain gradient theory (MSGT), in which higher-order stresses and moments of
couples are considered along with equilibrium equations. MSGT can be used
effectively to predict the static and dynamic responses of microbeams. Accord-
ing to MSGT, the total strain energy density function contains the symmetric
strain, dilatation, deviatoric stretch, and rotation gradient tensors. As a result,
MSGT has three material length scale parameters to capture dilatation , devia-
toric and rotation gradients of isotropic linear elastic materials, respectively and
two classical elastic constants(Lame’s constants).

Due to its superior characteristics of handling systems at the microlevel,
MSGT has received more attention in recent times. Based on MSGT, researchers
have done many developments in MEMS. Lu et al. [16] have used nonlocal elas-
ticity theory [17] to investigate the dynamic behaviour of axially prestressed
microbeams. Kong et al. [18] have formulated an analytical solution for static
and dynamic response of epoxy-based Euler-Bernoulli cantilever beam using
MSGT. Results have shown that MSGT predicts the higher natural frequency of
microbeam when compared to other theories like classical theory and modified
couple stress theory (MCST). Wang et al. [19] have found an analytical solu-
tion for static bending and free vibrations of the Timoshenko beam model for
simply supported end conditions using MSGT. Akgöz and Civalek [20] have per-
formed buckling analysis of axially loaded epoxy-based, simply-supported and
cantilever Euler-Bernoulli microbeams with the help of MSGT. Vatankhah and
Kahrobaiyan [21] have investigated vibrational characteristics of the clamped-
clamped resonator with attached mass, subjected to axial load, based on MSGT,
and results are compared with MCST and classical elasticity theory(CT). Sajal
et al. [1] have performed free vibration analysis of epoxy microbeams based
on MSGT using the differential quadrature method. Zhao et al. [22] have used
MSGT to develop a new Euler-Bernoulli beam model.

In addition to strain gradients, surface elasticity has other effects that affect
the dynamic response of the micro/nanostructure. Surface elasticity arises due to
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forming a surface layer with different mechanical properties than a bulk medium
[23]. There are mainly two reasons for the formation surface layer one is surface
relaxation [24], and the other is surface reconstruction [25]. Both surface residual
stresses and surface elasticity effects are considered to model the surface-related
effects in the nano/microstructures [26,27]. Earlier, Lagowski et al. [28] have
performed frequency analysis on the microcantilever beam and found that the
surface stress is the primary cause for the shift in the natural frequency of the
structure. Later Gurtin et al. [29] stated that the surface elasticity is the only
phenomenon that causes the shift in the natural frequencies of the structure
and is independent of surface stresses. Zhang et al. [30] have measured the shift
in resonant frequencies of micro/nanostructure to study surface related effects.
Gangele and Pandey [31] have performed frequency analysis using a multi-scale
finite element approach on silicon nanocomposites with surface effects. Recently,
Fu et al. [32] have used SGT and surface elasticity theory to perform dynamic
analysis on the Euler-Bernoullis nanobeam with size and surface-related effects.

Hence, from the above literature, it is found that there is a need to under-
stand the dynamic response of microbeams with axial pretension by consider-
ing size and surface elasticity effects. This work presents a dynamic analysis of
microbeams with pretension based on MSGT for different end conditions. The
sixth order non-local governing differential equation is solved through the ana-
lytical procedure and then numerically using the differential quadrature method
(DQM). Numerical examples are presented for the three(cantilevered, simply
supported, and calmped-clamped) boundary conditions. We show that these
two solution methods converge well. The method we developed here can model
micro and nanostructures’ size and surface elasticity effects.

This paper first presents the general formulation of MSGT and surface-
related effects, using Hamilton’s principle for the Euler-Bernoulli beam with can-
tilever, clamped-clamped and simply-supported boundary conditions at varying
pretension. Subsequently, we described the analytical and DQM based numerical
method and discussed their performance at different pretension.

2 Mathematical Formulation

This section described the modified strain gradient theory (MSGT) and applied
it to obtain the governing differential equation.

2.1 Modified Strain Gradient Theory

According to the modified strain gradient theory (MSGT), in addition to the
classical strain tensor (εij),deviatoric stretch gradient tensor (η̃ijk), dilatation
tensor (γi), and symmetric rotation gradient tensor (χS

ij) are introduced. There-
fore MSGT uses three-length scale parameters to consider the size effects.
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For a linear isotropic elastic material with V as volume element and occupy-
ing region Ω, the total strain energy is defined as [14]

Ut =
∫

Ω

(
σijεij + piγi + τ̃ijkη̃ijk + mS

ijχ
S
ij

)
dV, (1)

where, εij , γi, χS
ij and η̃ijk are defined as

εij =
1
2

(∂iuj + ∂jui) , (2)

γi = ∂iεnn, (3)

χS
ij =

1
2

(eipq∂pεqj + ejpq∂pεqi) , (4)

η̃ijk =
1
3

(∂iεjk + ∂jεki + ∂kεij) − 1
15

δij (∂kεmm + 2∂mεmk)

− 1
15

[δjk (∂iεmm + 2∂mεmi) + δki (∂jεmm + 2∂mεmj)] , (5)

where ∂i is the differential operator, uj , εnn, δij and eijk are the displacement
vector, dilation strain tensor, Kronecket delta, and permutation tensor respec-
tively. Here, subscripts (i, j, k) are summed over 1–3.

The work-conjugates of the strain gradients γi,χS
ij , and η̃ijk are defined

by the higher-order stresses pi, mS
ij , and τ̃ijk respectively. Therefore the stress

measures are related to the strains given by the following relationships

σij = kδijεnn + 2με′
ij , (6)

pi = 2μl20γi, (7)

τ̃ijk = 2μl21η̃ijk, (8)

mS
ij = 2μl22χ

S
ij , (9)

where, k represents the bulk modulus and μ is shear modulus of the material.
ε′
ij is given by εij − 1

3εnnδij and known as deviatoric strain, εij is the strain
tensor. l0, l1 and l2 are the three material length scale parameters related to the
material’s dilation, deviatoric and symmetric gradients, respectively.

2.2 Surface Elasticity

When the characteristic dimensions of the beam are in the order of micro or
nanometer range, surface related effects often play an essential role in the design
of MEMS/NEMS structures; this is due to an increase in the ratio between the
surface area to volume of the structure. Due to surface effects, the layer on the
structure’s bulk will have different mechanical properties than the bulk medium.
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Classical theory is just an approximation where the surface effects are not consid-
ered to perform frequency analysis. Hence classical theory would require proper
corrections which can capture the small scale and surface-related effects. The
drawback of the classical elasticity theory can be overcome by adequately incor-
porating the surface elasticity effects to determine its impact on the mechanical
properties of micro/nanostructures.

From the basic assumption involved in the design of micro/nanostructure
is that “Structure = Bulk + Surface” [23], the effective elastic modulus of
micro/nanobeam as [31,33]

E∗ = E

[
1 + 6

h0

h
+ 2

h0

b

]
, (10)

here, h0 = Cs

E is a material length parameter to capture the surface related effects
at micro/nano level and Cs is the surface elastic modulus (Nm−1). Equation (10)
will be used in governing equation of motion to perform frequency analysis of
micro/nanobeam by considering the surface elasticity effects.

2.3 Governing Equation of Motion

Let us consider a prismatic beam as shown in Fig. 1 of length L, having cross
sectional area A, and the axial load N0. The area of cross-section is specified by
the x (longitudinal) and y (lateral) axes. The load q is applied in the transverse
direction, i.e., the z axis.

Let the displacements in the x, y, and z directions are represented by u, v, w
respectively. The displacement field for the beam from the Euler-Bernoulli beam
model is defined as

u = −z
∂w(x)

∂x
, v = 0, w = w(x). (11)

The non-local governing differential equation of motion and the corresponding
boundary conditions are derived using extended Hamilton’s and variational prin-
ciple.

δ

⎡
⎣

t2∫

t1

(T − Ut + Wext) dt

⎤
⎦ = 0, (12)

here, δ indicates the first variation, T , Ut and Wext are kinetic energy, strain
energy and work done by the external forces respectively.

The governing differential equation the motion (GDE) of the microbeam by
MSGT is found as

P
∂4w

∂x4
− Q

∂6w

∂x6
− N0

∂2w

∂x2
+ ρA

∂2w

∂t2
+ q(x) = 0, (13)
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and the corresponding boundary conditions are
[(

V − Pw(3) + Qw(5) − N0w
′
)

δw
]L

0
= 0, (14)

[(
M + Pw(2) − Qw(4)

)
δw′

]L

0
= 0, (15)

[(
Mh + Qw(3)

)
δw′′

]L

0
= 0. (16)

Fig. 1. Beam configuration when subjected to flexural and axial loads

Here, P and Q are,

P = EI + 2μAl20 +
8
15

μAl21 + μAl22, Q = I

(
2μl20 +

4
5
μl21

)
. (17)

When the two material length scale parameters, l0 = l1 = 0, the sixth order
non-local GDE (Eq. 13) is reduces to MCST. Hence, the equation of motion
based on MCST is obtained as

(
EI + μAl22

) ∂4w

∂x4
− N0

∂2w

∂x2
+ ρA

∂2w

∂t2
+ q = 0, (18)

and the boundary conditions are
[(

V − (
EI + μAl22

)
w(3) − N0w

′
)

δw
]L

0
= 0, (19)

[(
M +

(
EI + μAl22

)
w(2)

)
δw′

]L

0
= 0. (20)

If all the three material length scale parameters are assumed to zero, then the
GDE (Eq. 13) is reduced to classical elasticity theory.

3 Solution Procedure

This section will discuss the analytical procedure and implementation of the
DQM numerical method to solve the governing differential equation.
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3.1 Analytical Solution

Now, we discuss the solution of the GDE (Eq. 13). The transverse load (q(x) = 0)
is assumed to zero. Hence, the governing differential equation becomes

P
∂4w

∂x4
− Q

∂6w

∂x6
− N0

∂2w

∂x2
+ m

∂2w

∂t2
= 0, (21)

where, m = ρA.
Let us consider the solution to the above equation as

w(x, t) = w̃(x)eiωt. (22)

Substituting Eq. (22) into the Eq. (21), we get

Pw̃(4)(x) − Qw̃(6)(x) − N0w̃
(2)(x) − mω2w̃ = 0. (23)

Equation (23) has the solution of the form

w̃(x) =
6∑

i=1

Cie
λix. (24)

The exponents, λi(i = 1, 2, . . . , 6) are complex in nature and Ci are the constants
of integration and found by using the boundary conditions.

Pλ4 − Qλ6 − N0λ
2 − mω2 = 0, (25)

The auxiliary equation (25) has six roots (λi) which are complex in nature and
can be found as,
let α′ = −36N0PQ − 108mω2Q2 + 8P 3 and

α1 =

(
α′ + 12

√
3
√

4N3
0Q − N2

0P 2 + 18N0PQmω2 + 27m2ω4Q2 − 4mω2P 3K

) 1
3

,

λ1 =
−1√
6Qα1

(
α2
1 − 12N0Q + 4P 2 + 2Pα1

) 1
2 ,

λ2 =
1√

6Qα1

(
α2
1 − 12N0Q + 4P 2 + 2Pα1

) 1
2 ,

λ3 =
−1

2
√

3Qα1

(
−α2

1 + 12N0Q − 4P 2 + 4Pα1 − I
√

3α2
1 − 12I

√
3N0Q + 4I

√
3P 2

) 1
2

,

λ4 =
1

2
√

3Qα1

(
−α2

1 + 12N0Q − 4P 2 + 4Pα1 − I
√

3α2
1 − 12I

√
3N0Q + 4I

√
3P 2

) 1
2

,

λ5 =
−1

2
√

3Qα1

(
−α2

1 + 12N0Q − 4P 2 + 4Pα1 + I
√

3α2
1 + 12I

√
3N0Q − 4I

√
3P 2

) 1
2

,

λ6 =
1

2
√

3Qα1

(
−α2

1 + 12N0Q − 4P 2 + 4Pα1 + I
√

3α2
1 + 12I

√
3N0Q − 4I

√
3P 2

) 1
2

.

Here, I represents the complex nature of the roots.

Now, we discuss the application of the above described analytical procedure
to find the natural frequencies of the microbeam for different boundary condi-
tions.
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Simply Supported Beam Let us consider the case of simply supported beam
with length L, the classical boundary conditions in terms of displacement and
moments are

w̃(0) = w̃(L) = 0, (26)

M(0) = M(L) = 0, (27)

and the non-classical boundary conditions are

w̃(4)(0) = w̃(4)(L) = 0. (28)

By substituting the Eq. (24) into the above equations, we get the matrix form
of the equation as

[B(ω)]{C} = {0}. (29)

In the Eq. (29), {C} = {Ci}T , i = 1, 2, . . . , 6 and the matrix [B(ω)] is found as

B1i = 1, B2i = eλiL, B3i = λ2
i , B4i = λ2

i e
λiL

B5i = λ4
i , B6i = λ4

i e
λiL, (30)

where λi = λi(ω) are the six roots of the Eq. (31) and i = 1, 2, . . . , 6.
In order to get the non-zero trivial solution of the Eq. (29), the following condi-
tion has to be satisfied,

det[B(ω)] = 0. (31)

The above Eq. (31) is called the ”frequency equation”. The analytical solution of
the above system gives all the microbeam natural frequencies that can be found
using a complex arithmetic procedure [1].

Clamped-Clamped Beam Let us consider a clamped-clamped beam with
length L, having fixed at both the ends, the classical boundary conditions in
terms of displacement and slope are

w̃(0) = w̃(L) = 0, (32)

w̃′(0) = w̃′(L) = 0, (33)

and the non-classic boundary conditions are

w̃(4)(0) = w̃(4)(L) = 0. (34)

By substituting the Eq. (24) into the above equations, we get the matrix form
of the equation as

[B(ω)]{C} = {0}. (35)

In the Eq. (35), {C} = {Ci}T , i = 1, 2, . . . , 6 and the matrix [B(ω)] is found as

B1i = 1, B2i = eλiL, B3i = λi, B4i = λie
λiL

B5i = λ4
i , B6i = λ4

i e
λiL. (36)

By following the procedure mentioned above, we can find the natural frequencies
of the clamped-clamped beam with axial pretension.
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Cantilever Beam Consider a cantilever microbeam with length L, one end is
clamped and other end is free to move, the classical boundary conditions are

w̃(0) = w̃′(0) = 0, (37)

Qw̃(5)(L) − Pw̃(3)(L) + N0w̃
′(L) = 0, P w̃′′(L) − Qw̃(4)(L) = 0, (38)

and the non-classical boundary conditions are

w̃′′(0) = w̃(3)(0) = 0. (39)

By substituting the Eq. (24) into the above equations, we get the matrix form
of the equation as

[B(ω)]{C} = {0}. (40)

In the Eq. (40), {C} = {Ci}T , i = 1, 2, . . . , 6 and the matrix [B(ω)] is found as

B1i = 1, B2i = λi, B3i = λ2
i , B4i = λ3

i e
λiL

B5i =
(
λ5

i Q − λ3
i P + N0λi

)
eλiL, B6i =

(
λ2

i P − λ4
i Q

)
eλiL. (41)

Following the procedure mentioned earlier, we can find the natural frequencies
of the cantilevered microbeam subjected to axial pretension.

Now, we discuss the theoretical framework and implementation of the differ-
ential quadrature method (DQM) to solve the sixth order governing differential
equation of motion.

3.2 Differential Quadrature Method (DQM)

The differential quadrature method(DQM) was proposed by Bellman et al. [34].
The DQM is a numerical method that approximates a function’s derivative at
a point by taking the sum of weighted functional values at other grid points in
the discretized domain. The first derivative of the function f(x) is expressed as
[35]

fx(xi) =
df

dx
|xi

=
N∑

j=1

aij · f(xj), (42)

where f(xj) is the functional value at the jth sampling point, aij are the weight-
ing coefficients and Ns is the number of grid points in the domain. It reduces
the differential equations into a set of algebraic equations.
The Chebyshev-Gauss-Lobatto distribution will discretise the domain into Ns

sampling points.

Xi =
1
2

[
1 − cos

(
i − 1

Ns − 1
π

)]
, (43)

The weighting coefficients are defined as

a
(1)
ii = −

Ns∑
j=1,j �=i

a
(1)
ij , i = j, (44)
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a
(1)
ij =

L(1)(xi)
(xi − xj)L(1)(xj)

, i �= j, (45)

here, L(1)(xi) is the Lagrange interpolating polynomials’ first derivative, and it
is written as

L(1)(xi) =
Ns∏

k=1,k �=i

(xi − xk) , (46)

The higher order weighted coefficient matrices can be obtained using

a
(n)
ii = −

Ns∑
j=1,j �=i

a
(n)
ij , i = j, n = 2, 3, . . . , Ns − 1. (47)

a
(n)
ij = n

(
a
(n−1)
ij a

(1)
ij − a

(n−1)
ij

xi − xj

)
, i �= j, n = 2, 3, . . . , Ns − 1, (48)

here, note that the subscripts i, j are repeated indices from 1 to Ns.
Hence, from the DQM, the differential equation of motion Eq. (13), can be
written as [41]

P

Ns∑
n=1

a(4)
mnw̃n −Q

Ns∑
n=1

a(6)
mnw̃n −N0

Ns∑
n=1

a(2)
mnw̃n −ρAω2w̃n = 0, m = 1, 2, . . . , Ns.

(49)
Various approaches are proposed to apply the boundary conditions for solving
the Eq. (49). In DQM method, the vibrational problems are solved with the
SBCGE (Substitution of Boundary Conditions into Governing Equations) tech-
nique [36] and δ-technique [37], used for clamped-clamped end simply-supported
and conditions. The complete details of DQM, implementation of boundary con-
ditions, and solution method are available in the literature [1].

4 Results and Discussion

This section discusses the implementation of MSGT for the different sets of
beams and compares both analytical and numerical DQM results. For the fre-
quency analysis, we considered epoxy-based microbeam with strain gradient
effects.

4.1 Strain Gradient Effects

Now we discuss the influence of the strain gradient effects on the microbeams at
varying axial pretension. To study the effect of pretension, the following proper-
ties are considered for the numerical purpose, the beam properties are taken as
that of epoxy [14], and the material properties are, Young’s Modulus (E) = 1.44
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Table 1. Set of Epoxy microbeams with different geometries

Sets 1 2 3 4 5 6 7 8 9 10

Thickness, h (µm) 10 20 30 40 50 60 70 100 150 200

Width, b = 2h (µm) 20 40 60 80 100 120 140 200 300 400

Length, L = 20h (µm) 200 400 600 800 1000 1200 1400 2000 3000 4000

GPa, Poisson’s ratio (ν) = 0.38 and density (ρ) = 1000 kg/m3 [18] and corre-
sponding geometrical information has provided in Table 1. From MSGT mate-
rial length scales for epoxy micro beam are considered as l0 = l1 = l2 = l =
17.6 × 10−6 µm.

Table 2 shows the three fundamental modal frequencies of the simply-
supported (SS) microbeam with a thickness of 20µm using the analytical
method, differential quadrature method (DQM). The obtained results are com-
pared with Zhao et al. [38] and matched with each other. Hence, MSGT can be
effectively used to model and design micro/nanobeams with axial pretension.

Table 2. Comparison of the first three natural frequencies of simply supported beam
(h = 20µm) with axial pretension

Axial force ω1 (MHz) ω2 (MHz) ω3 (MHz)

Zhao et al. [38] N0 = 1 8.902774 18.519468 29.50064

Analytical 8.896462 18.613040 29.853069

DQM 8.914291 18.610294 29.788022

Zhao et al. [38] N0 = 0.01 1.708429 6.13419 13.53744

Analytical 1.772355 6.402038 14.148805

DQM 1.767054 6.403434 14.153800

Zhao et al. [38] N0 = 0.0001 1.46974 5.88052 13.28097

Analytical 1.535676 6.159607 13.906361

DQM 1.536444 6.159937 13.908860

Simply-Supported Microbeam Figures 2, 3 and 4 show the first three natu-
ral frequencies for the simply supported (SS) microbeam, subjected to different
axial loads (N0 = 1, 0.01, 0.0001N). The analytical method and the numerical
technique (DQM) give closer results in the case of the simply supported beam,
with the error being less than 0.2%. One important observation found is that
when the thickness of the microbeam is reduced from 200μm to 10μm, there was
an appreciable difference in different theories, and strain gradients effects have
prevailed. The natural frequencies found in the different theories are separated
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by reducing the axial force. With the reduction in the axial force, the natu-
ral frequencies decrease, and the size effects are turned up. The MSGT gives a
higher value of natural frequencies than the MCST and classical theory because
the formulation of MSGT considers the extra equilibrium equations, thereby
accounting for the additional length scale effects. The present results show the
same trend, with MSGT giving higher values of natural frequencies than MCST
and classical theory. The effect of material length scale parameters reduces as
the beam’s size increases, and all the theories’ results converge.

Clamped-Clamped Microbeam In Figs. 5, 6 and 7, the first three fundamen-
tal natural frequency values of the clamped-clamped beams with three different
axial loads (N0 = 1, 0.01, 0.0001N) are compared. The MSGT gives high values
of natural frequencies, and the classical theory gives lower frequency values. In
this case, both analytical and differential quadrature methods give closer values
with an error less than 2%. The same trend is observed here; with the reduction
in the axial force, the microbeam becomes softened. Hence, the natural frequen-
cies decrease, and the size effects are turned up. The effect of material length
scale parameters reduces as the beam’s size increases, and the results from all
the theories converge. The clamped-clamped beam is slightly stiffer for the same
geometrical configuration as the SS beam. Hence, the first three natural frequen-
cies of the clamped-clamped beam are higher than the SS beam for the same
axial pretension. Hence, the results show that thin beams need to be modeled
accurately by considering strain gradients at low pretension values.

Cantilever Microbeam Figures 8, 9 and 10 show the first three natural fre-
quencies of the cantilever beam obtained from MSGT, MCST and classical
theories. The natural frequencies obtained from MSGT are higher than those
obtained from MCST and classical theory. The analytical and DQ methods give
closer results, with the error being less than 9.71%. In the case of the cantilever
beam, the error is slightly higher than the SS beam and FF beams due to the
application of boundary conditions in the differential quadrature method. As we
are applying the boundary conditions at a distance of δ away from the bound-
aries, this gives a slight variation in natural frequencies [1]. The difference in
natural frequency from different theories increases by reducing the axial preten-
sion value. For lower values of pretension, MSGT is capable enough to capture
size effects quite accurately compared to other theories. As the thickness of the
beam increases, all the theories converge well, and size effects are reduced. A
cantilever microbeam has lower natural frequencies than a simply supported
and clamped-clamped beam for the same geometrical configuration.

4.2 Strain Gradient with Surface Elasticity

This section discusses the effect of strain gradients and surface elasticity effects
in Silicon and Aluminium-based nanobeams using MSGT theory. The first three
natural frequencies of the nanobeam with a pretension of 0.0001N have been
computed for different boundary conditions using the analytical method.
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Fig. 2. Comparison of the first three natural frequencies ((a), (b) and (c)) of SSB with
axial load N0 = 1N
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Fig. 3. Comparison of the first three natural frequencies ((a), (b) and (c)) of SSB with
axial load N0 = 0.01 N
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Fig. 4. Comparison of the first three natural frequencies ((a), (b) and (c)) of SSB with
axial load N0 = 0.0001 N
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Fig. 5. Comparison of the first three natural frequencies ((a), (b) and (c)) of clamped-
clamped beam with axial load N0 = 1 N
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Fig. 6. Comparison of the first three natural frequencies ((a), (b) and (c)) of clamped-
clamped beam with axial load N0 = 0.01 N
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Fig. 7. Comparison of the first three natural frequencies ((a), (b) and (c)) of clamped-
clamped beam with axial load N0 = 0.0001 N
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Fig. 8. Comparison of the first three natural frequencies ((a), (b) and (c)) of Cantilever
beam with axial load N0 = 1 N

Table 3. Set of nanobeams with different geometries (From Fu et al. [32])

Sets 1 2 3 4 5 6 7 8 9 10

Thickness, h (nm) 1 2 3 4 5 6 7 8 9 10

Width, b = h (nm) 1 2 3 4 5 6 7 8 8 10

Length, L = 10h (nm) 10 20 30 40 50 60 70 80 90 100

Table 4. Mechanical properties of Si and Al-based nanobeams

E(Gpa) ν ρ (kg/m3) CS (Nm−1) l0 = l1 = l2(µm) h0 = CS/E (nm)

Silicon [32] 107 0.33 2330 −11.5 0.2961 [32] −0.1074

Aluminum [39] 70 0.30 2700 5.1882 0.3500 [40] 0.0741

Silicon Nanobeam For frequency analysis on silicon-based nanobeam with dif-
ferent configurations, Table 3 and the corresponding mechanical properties are
presented in Table 4. The analytical method computed the first three natural
frequencies for different end conditions using MSGT with and without consider-
ing the surface elasticity effects with axial pretension of 0.0001N. Figures 11, 12
and 13 show the first fundamental three natural frequencies for SSB, clamped-
clamped and cantilever beam respectively. In Silicon nanobeams, surface-related
effects negatively influence natural frequencies because of Silicon’s negative sur-
face elastic modulus (CS), making the structure soften. Considering surface elas-
ticity effects, the maximum difference in natural frequencies is approximately 5%.
Hence, the effect of surface elasticity will have an appreciable influence on the
frequency response of the nanobeams.

Aluminum Nanobeam Subsequently, we also performed frequency analysis
on Aluminum based nanobeam with considering the surface elasticity effects
and the corresponding geometrical configurations and mechanical properties are
shown in Tables 3 and 4, respectively. The first three natural frequencies have
been computed for different end conditions using analytical method of MSGT
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Fig. 9. Comparison of the first three natural frequencies ((a), (b) and (c)) of Cantilever
beam with axial load N0 = 0.01 N
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Fig. 10. Comparison of the first three natural frequencies ((a), (b) and (c)) of Can-
tilever beam with axial load N0 = 0.0001 N
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Fig. 11. Comparison of the first three natural frequencies ((a), (b) and (c)) of Silicon
SSB including surface elasticity effects and subjected to axial load of N0 = 0.0001
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Fig. 12. Comparison of the first three natural frequencies ((a), (b) and (c)) of Silicon
clamped-clamped beam including surface elasticity effects and subjected to axial load
of N0 = 0.0001
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Fig. 13. Comparison of the first three natural frequencies ((a), (b) and (c)) of Silicon
cantilever beam including surface elasticity effects and subjected to axial load of N0 =
0.0001

with and without considering surface elasticity effects when they are subjected
to axial loading of 0.0001N. Figures 14, 15, and 16 show the first three fun-
damental natural frequencies of Aluminium-based SSB, clamped-clamped and
cantilever beam respectively. From Figs. 14, 15 and 16, the natural frequencies
corresponding to surface elasticity effects are higher than those without surface
elasticity effects. In the case of Aluminum nanobeam, surface-related effects pos-
itively influence natural frequencies because of positive surface elastic modulus
(CS), making the structure stiffer. The natural frequency values with surface
elasticity are approximately 2% higher than those without surface effects. When
the dimensions increase further, the difference in frequencies is reduced. This
difference is small because the choice of geometrical configuration (length, width
and thickness) greatly influences the structure’s frequency response. The sur-
face elasticity effects in Silicon and Aluminum nanobeams become significant at
lower thickness and length of the beam. These effects are accurately captured by
introducing an effective elastic modulus [31]. Hence, the effect of surface elastic-
ity on the structure’s natural frequency can’t be neglected to have the optimum
design of nanobeams.
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Fig. 14. Comparison of the first three natural frequencies ((a), (b) and (c)) of Al SSB
including surface elasticity effects and subjected to axial load of N0 = 0.0001 N
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Fig. 15. Comparison of the first three natural frequencies ((a), (b) and (c)) of Al
clamped-clamped beam including surface elasticity effects and subjected to axial load
of N0 = 0.0001 N
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Fig. 16. Comparison of the first three natural frequencies ((a), (b) and (c)) of Al
cantilever beam including surface elasticity effects and subjected to axial load of N0 =
0.0001 N
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Further, from the above discussion, we can state that the surface elasticity
effects will affect the system’s frequency response at the nanolevel either pos-
itively or negatively, depending upon the surface elastic modulus of the beam
[30]. Therefore it is critical to consider surface elasticity effects in addition to
strain gradients while modeling the systems at the micro/nano level.

5 Conclusions

This work presented the frequency analysis of epoxy-based microbeams with
axial pretension using modified strain gradient theory. Theoretical formula-
tion and corresponding governing equation of motion has been derived by
using extended Hamilton’s principle. Three end conditions are considered (SSB,
Clamped-Clamped, and Cantilever). The governing sixth order differential equa-
tion has been solved using the standard analytical method and numerical dif-
ferential quadrature technique. The first three natural frequencies are found
for different beam configurations by varying the axial pretension. The obtained
results are validated with existing literature and showed good agreement. The
results show that MSGT can capture size effects accurately compared to other
theories like MCST and classical theory. As we increase the axial pretension from
0.0001N to 1N, the microbeam’s stiffness increases, increasing natural frequency
for all end conditions. The results have shown that the frequency response of the
micro/nanostructure is affected by size effects when the characteristic dimen-
sions are in the orders of material length scales. Subsequently, surface elasticity
effects have been analysed for Silicon and Aluminium-based nanobeams with
the pretension of 0.0001 N for different boundary conditions. Results of surface
elasticity modeling have shown that the frequency response of the nanobeam is
either positive or negative depending on the value of the material length scale,
h0. The maximum difference in natural frequencies is 5% and 2% for Silicon
and Aluminum based nanobeams, respectively. Hence, the present methodol-
ogy can effectively model the strain gradients and surface elasticity effects in
micro/nanostructures.

Acknowledgments. The first author would like to acknowledge the fellowship pro-
vided by the Ministry of Education, Government of India.

Appendix

In this section, we derived the governing equation of motion and the correspond-
ing boundary conditions using extended Hamilton’s principle.

Consider a prismatic beam of length L, having cross sectional area A, is sub-
jected to the distributed load q(x) and the axial load N0 as shown in Fig. 1. The
cross-section is specified by the x (longitudinal) and y (lateral) axes. The load q
is applied in the transverse direction, i.e., the z axis.
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Let u, v, w are the displacements in the x, y, and z directions, respectively.
From the Euler-Bernoulli theory, the displacements can be written as :

u = −z
∂w(x)

∂x
, v = 0, w = w(x). (50)

On substitution of the above expression in the Eqs. (2) and (3),

εxx = −z
∂2w

∂x2
, γx = −z

∂3w

∂x3
, γy = 0, γz = −∂2w

∂x2
, (51)

and from the Eqs. (4) and (5) we get

χS
xy = χS

yx = −1
2

∂2w

∂x2
(52)

η̃111 = −2
5

(
z
∂3w

∂x3

)
, η̃113 = − 4

15

(
∂2w

∂x2

)
, η̃122 =

1
5

(
z
∂3w

∂x3

)

η̃133 =
1
5

(
z
∂3w

∂x3

)
, η̃212 =

1
5

(
z
∂3w

∂x3

)
, η̃221 =

1
5

(
z
∂3w

∂x3

)

η̃223 =
1
15

(
∂2w

∂x2

)
, η̃232 =

1
15

(
∂2w

∂x2

)
, η̃311 = − 4

15

(
∂2w

∂x2

)
(53)

η̃313 =
1
5

(
z
∂3w

∂x3

)
, η̃322 =

1
15

(
∂2w

∂x2

)
, η̃331 =

1
5

(
z
∂3w

∂x3

)

η̃333 =
1
5

(
z
∂3w

∂x3

)
, η̃131 = − 4

15

(
∂2w

∂x2

)

On substitution of Eqs. (51)–(53) in Eq. (1) and after simplification, we get
the following equation for the total strain energy Ut of linear isotropic elastic
material is found as,

Ut =
1
2

L∫

0

[
P · (w′′)2 + Q ·

(
w(3)

)2
]

dx, (54)

where, w is the transverse deflection, w′′ = ∂2w
∂x2 , w(3) = ∂3w

∂x3 and P , Q are
defined as,

P = EI + 2μAl20 +
8
15

μAl21 + μAl22, Q = I

(
2μl20 +

4
5
μl21

)
. (55)

and A is the area of cross section and I is the moment of inertia of the
beam. μ is the shear modulus of the material(Lame’s constant) and is given
by μ = E

2(1+ν) . The first variation of integral of the kind H =
∫ L

0
F

(
w′′, w(3)

)
dx
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can be defined as,

δH =

L∫

0

[
d2

dx2

(
∂F

∂w′′

)
− d3

dx3

(
∂F

∂w(3)

)]
δwdx

+
[[

− d

dx

(
∂F

∂w′′

)
+

d2

dx2

(
∂F

∂w(3)

)]
δw

]L

0

(56)

+
[[(

∂F

∂w′′

)
− d

dx

(
∂F

∂w(3)

)]
δw′

]L

0

+
[

∂F

∂w(3)
δw′′

]L

0

.

In the present method ,consider H = Ut of Eq. (54) and the Lagrangian function
F is defined by,

F =
1
2

[
P · (w′′)2 + Q ·

(
w(3)

)2
]

. (57)

With the use of above relations one can write the first variation (Eqn.(56)) of
the total strain energy as,

δUt =

L∫

0

[
Pw(4) − Qw(6)

]
δwdx +

[
−Pw(3) + Qw(5)

]
δw|L0

+
[
Pw′′ − Qw(4)

]
δw′|L0 + Qw(3)δw′′|L0 , (58)

where, w′ = ∂w
∂x , w(3) = ∂3w

∂x3 , w(4) = ∂4w
∂x4 , w(5) = ∂5w

∂x5 , & w(6) = ∂6w
∂x6 .

The variational kinetic energy and the work due to external forces can be
written as :

δT =

⎡
⎣

L∫

0

ρA
∂2w

∂t2

⎤
⎦ δwdx, (59)

δWext =

L∫

0

(
q + N0

∂2w

∂x2

)
δwdx + [V δw]L0 + [Mδw′]L0 +

[
Mhδw′′]L

0
. (60)

Substituting the Eqs. (58)–(60), into the extended Hamilton’s principle
Eq. (12), we get the following governing differential equation (GDE) the motion
of the beam by modified strain gradient theory (MSGT) as,

P
∂4w

∂x4
− Q

∂6w

∂x6
− N0

∂2w

∂x2
+ ρA

∂2w

∂t2
+ q(x) = 0, (61)

and the corresponding boundary conditions which satisfy the equations are,

[(
V − Pw(3) + Qw(5) − N0w

′
)

δw
]L

0
= 0, (62)
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[(
M + Pw(2) − Qw(4)

)
δw′

]L

0
= 0, (63)

[(
Mh + Qw(3)

)
δw′′

]L

0
= 0. (64)

When the two material length scale parameters, i.e., related with dilatation
gradient and deviatoric stretch gradient becomes zero (l0 = l1 = 0) then the
governing differential equation reduces to that of modified couple stress theory
(MCST). Hence, the governing differential equation of motion based on MCST
is, (

EI + μAl22
) ∂4w

∂x4
− N0

∂2w

∂x2
+ ρA

∂2w

∂t2
+ q = 0 (65)

and the boundary conditions become
[(

V − (
EI + μAl22

)
w(3) − N0w

′
)

δw
]L

0
= 0, (66)

[(
M +

(
EI + μAl22

)
w(2)

)
δw′

]L

0
= 0. (67)

When all the three material length scale parameters re assumed to zero (l0 =
l1 = l2 = 0), then the governing differential equation of motion is reduces to
that of classical elasticity theory.
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Abstract. In this work, an extension of Eringens model for analysis of
functionally graded nano plates used in MEMS (micro-electromechanical
systems) devices will be presented. Rule of mixtures and Mori-Tanaka
methods are adopted for through thickness homogenization of material
properties. The role of nonlocal parameter together with the choice of
homogenization method is studied in FGM plates. Reddy’s third order
shear deformation theory [1] is adopted for the analysis of the plates.
The limitations in use of Eringen’s model are also discussed in detail.

Keywords: Functionally graded · Nonlocal · Homogenization · Rule
of mixtures · Mori-Tanaka

1 Introduction

In functionally graded materials (FGMs), the volume fraction of different materi-
als are varied regularly along the structure to achieve a desired purpose. Appli-
cations of these FGMs include thermal barrier coatings [2], bio materials [3],
and dental implants [4] and wear resistant coatings [5]. Therefore, understand-
ing the mechanical response of such systems is necessary. Modeling of FGMs is
complex as it involve small scale effects due to its applications in nano compo-
nents, heterogenity and nonlinearity. Nonlocal theories helps in modeling them
by incorporating a length scale parameter.

The structures in MEMS devices are idealized as nano beams [6] and plates
[7,8]. The material possesses discreteness and inhomogeneity at these lower
length scales and is considered to be functionally graded. Aifantis et al., have
demonstrated introduced higher order gradients in the constitutive relations to
capture the heterogeneity of deformation occurring at the smaller length scale
[9,10]. Eringen’s nonlocal model has been extended to heterogeneous or function-
ally graded materials [11,12]. In [12], an equivalent strain approach is adopted
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to incorporate the varying kernel function. Nonlocal strain tensor is defined by
considering the material to be functionally graded only along the thickness of
the plate. Three dimensional functionally graded plate is solved by Kashtalyan
et al. [16].

The main objectives of the present work are to (a) study the response of
FGM plates under different loading conditions by homogenizing the material
properties using Rule of mixtures and Mori-Tanaka techniques, (b) understand
the effect of in-plane dimension to thickness (a/h) ratio, and nonlocal parameter
μ on the load-deflection response of the plates. The obtained numerical results
are compared with the results from the existing literature. The applications and
limitations of Eringen’s nonlocal model to heterogeneous materials are summa-
rized.

2 Eringens Nonlocal Model

Nonlocal elasticity theory assumes the dependence of stress at any particular
point on strain field at every possible point in the body [17,18]. Using certain
class of kernels, the partial differential equations can be developed which will
be easier to solve for obtaining displacements when compared to linear local
theories. The equilibrium equation can be written as

σσσnl
kl,k + ρ (fff l − üuul) = 0 (1)

The relation between nonlocal stress tensor σσσnl
kl can be written in terms of the

classical stress tensor as

σσσnl
kl(xxx) =

∫
V

α (|xxx′ − xxx|, τ)σσσkl(xxx′)dV(xxx′) (2)

σσσkl(xxx′) = λeeerrxxx
′δkl + 2μeeeklxxx

′ (3)

The conditions that are to be satisfied for choosing the kernel function and
the properties of it are given by Eringen in [18]. It mainly depends on ratio of
internal to external characteristic lengths. When the limit τ → 0, the nonlocal
model reduces to classical elasticity theory.

The differential form of the Eringen’s nonlocal stress tensor can be written
as follows [24] (

1 − μ∇2
)
σnl
ij = σij (4)

where the nonlocal parameter, μ = (eoa)2, eo is a material constant and a is the
internal characteristic length. An equivalent strain of the form

εnlij =
∫
V

α (|xxx′ − xxx|, τ) εij(xxx′)dV(xxx′) (5)

that results in a nonlocal equilibrium equation

σnl
ij = Cijklε

nl
kl (6)

Cijkl is the fourth order elasticity tensor.
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Fig. 1. Volume fraction across the thickness z/h using power law, VCe = ( 1
2

+
z
h
)n, VMe = 1−VCe, n = power index, VCe and VMe are the volume fractions of Ceramic

and Metal phases in a composite material.

3 Equivalent Properties of Functionally Graded Materials

Exponential law, power law or sigmoidal variation can be used to account for
the variation of properties across the thickness for a continuous graded FGM.
For the present work, power law is adopted which is presented in Fig. 1.

In order to predict the response of a functionally graded material, the effec-
tive properties need to be evaluated. For this purpose, various micro-mechanical
models like Rule of mixtures [19,20], and Mori-Tanaka method [21,22] have
been developed. For lower volume fraction of inhomogenities, Rule of mixtures
method can be adopted, whereas, for higher volume fraction of inhomogenities,
Mori-Tanaka method gives the most accurate results as it includes the effects of
multiple inhomogeneities by taking the average strain (ε̄o) in the matrix phase,
refer Fig. 2. The elastic modulus through the thickness at different values of
power index n using Rule of mixtures(RM) and Mori-Tanaka(MT) schemes are
plotted in Fig. 3.

4 Governing Equations

∇ · NNN = 0 (7)

∇ · QQQ + ∇ · (NNN∇w) + ∇2PPP + q = 0 (8)

∇ · MMM − QQQ = 0 (9)



218 D. Pranavi and A. Rajagopal

Fig. 2. Schematic representation of (a) Rule of mixtures, and (b) Mori-Tanaka
methods.

Fig. 3. Comparison of elastic modulus through the thickness using RM and MT for
different values of power index n for Al/SiC FGM plate.

Where NNN , QQQ and MMM are the stress resultants of inplane force, shear force and
bending moment, q is the applied load, and w is the displacement field along
thickness direction. Interesting readers can refer [24] for finite element approxi-
mations and implementation in detail.

5 Numerical Examples

A simply supported square plate of dimension a × a is considered which is
subjected to SS1 boundary conditions (see Fig. 4). a/h = 10 is considered for
the analysis. Following material properties are considered, ECe = 145 GPa,
EMe = 60 GPa and ν = 0.28. The non-dimensionalized deflection is calculated
which is given by the relation w′ = w(0,0)

h .
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Fig. 4. Geometry and boundar conditions of square plate of dimension a × a, where
uo, vo, wo are in-plane displacements, φx and φy are the rotations of a transverse normal
line at the mid-plane (z = 0).

Table 1. Comparison of w′ obtained for various values of power index(n).

a/h n w′

Rule of mixtures Ferreira [25] Mori-Tanaka Ferreira [25]

20 Ceramic 0.0209 0.0205 0.0209 0.0205

0.2 0.0236 – 0.0243 –

0.5 0.0267 0.0262 0.0276 0.0276

1 0.0299 0.0294 0.0307 0.0305

2 0.0327 0.0323 0.0333 0.033

Metal 0.0452 0.0443 0.0452 0.0443

For Al/Zr FGM plate, the values of normalized central deflections w′ obtained
using (a) Rule of mixtures, and (b) Mori-tanaka schemes, are compared with the
results from Ferreira [25] in Table 1. A difference of less than 2% is observed.
The values of w′ for different values a/h, nonlocal parameter μ subjected to
sinusoidal load are tabulated in Table 2. w′ versus a/h is plotted for different
values of μ in Fig. 5(a) and w′ versus μ is plotted for various values of n in
Fig. 5(b) under sinusoidal load.

6 Conclusions

Reddy’s third order shear deformation theory(TSDT) [1] can evaluate the trans-
verse shear strains as quadratic whereas the classical plate theory neglects the
shear deformation and Mindlin’s first order shear deformation theory(FSDT)
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Table 2. Effect μ on w′ for different values of a/h.

a/h n w′

μ = 0 μ = 1 μ = 3 μ = 5

10 Ceramic 0.0141 0.0453 0.1193 0.2276

0.2 0.0158 0.0510 0.1344 0.2565

0.5 0.0179 0.0576 0.1519 0.2897

1 0.0201 0.0645 0.1701 0.3245

2 0.0220 0.0708 0.1866 0.3560

Metal 0.0304 0.0977 0.2574 0.4910

5 Ceramic 0.0169 0.0538 0.1406 0.2674

0.2 0.0189 0.0603 0.1577 0.2999

0.5 0.0213 0.0679 0.1776 0.3378

1 0.0239 0.0762 0.1993 0.3790

2 0.0265 0.0844 0.2206 0.4195

Metal 0.0365 0.1161 0.3034 0.5769

(a) (b)

Fig. 5. Plots of (a) w′ Vs a/h for various values of μ and n, (b) w′ Vs μ for various
values n.

predicts a constant variation of shear strain and a shear correction factor is
to be used. Therefore, TSDT theory is adopted for the analysis of the plates
in the present work. Eringen’s nonlocal model together with homogenization
techniques (Rule of mixtures [19] and Mori-Tanaka schemes [21]) are used to
evaluate the response of FGM plate. The effect of nonlocality is not considered
along thickness direction of the plate. Though Eringen’s nonlocal model cannot
be applied directly for 3D structures or structures with FGM material where all
dimensions are necessary to study, it can be applicable to flat structures where
thickness is significantly less compared to other dimensions as the differential
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nonlocal operator is always applied with respect to x, y for flat structures as
effect on z direction may not be significant. Therefore, if the nonlocal effects are
not considered in thickness direction and thickness integrated resultant forces
and moments are evaluated in thickness direction, then application of Eringen’s
nonlocal model can still be valid to study the deformations in functionally graded
plates.
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Abstract. Squeezed film damping (SFD) becomes a dominant damping mech-
anism in micro-electro-mechanical system (MEMS). Depending on the pressure
variation in MEMS, SFD governs the dynamic parameters like quality factors (Q
factors) and damping ratio. In the present paper, we calculate the Q factor and
damping ratio of the trapezoidal shaped microcantilever beam by eigenfrequency
analysis using finite elementmethod (FEM) inCOMSOLMultiphysics. The effec-
tive viscosity method is used to calculate the SFD in FEM for the continuum, slip,
transition andmolecular flow regimes as described by the Knudsen no. (Kn).Kn is
varied by altering the operating pressure, keeping the thickness of air gap constant.
It is observed that the Q factor and damping ratio of trapezoidal microcantilever
beam varies by an order of million for different flow regimes with the change of
operating pressure from atmospheric to 0.1 Pa.

Keywords: Squeezed film damping · MEMS · Microcantilever · Knudsen
number · Eigen frequency · Quality factor · Damping ratio · COMSOL
multiphysics

1 Introduction

Microcantilever based microresonators are very demanding and widely used in MEMS
for varieties of applications such as, Atomic Force Microscope (AFM) [1], temperature
and pressure measurement sensors, [2], biomedical sensors [3], vertical comb-drives [4,
5] and accelerometers [6, 7] due to its capability of tuning the resonance frequencies,
sensitivity and, excellent resolution in dynamic operations. Besides,microcantilevers are
easy to fabricate by bulk micromachining, surface micromachining and SoI-based pro-
cesses. In addition, Metal-assisted Chemical Etching (MaCEtch) is explored for the fab-
rication ofmicrostructures in recentworks [8, 9] and can be extended for the development
of the microcantilevers and other microstructures in MEMS.

Several authors reported the prismatic microcantilever beam for the study of quality
factor (Q factor), damping ratios and other dynamic performance parameter of MEMS
resonators. The performance of the microresonators is greatly affected by the damping
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mechanisms named as; squeezed film damping (SFD), thermoelastic damping (TED),
anchor loss and surface loss. Out of the aforesaid damping mechanisms, SFD is found
to be responsible for the losses associated with damping in majority of cases in MEMS
[10]. SFD is affected by the several parameters such as, operating pressure, temperature,
relative humidity, squeezing media (air, or any other gas) and degree of rarefaction. Bao
andYang [10] have contributed in the SFD analysis ofMEMS and proposed the damping
models with perforation and without perforation. Veijola [11] have developed the SFD
model with effective viscosity method and is widely accepted for the damping analysis
in MEMS. COMSOL Multiphysics also uses Veijola’s effective viscosity method for
SFD analysis. The effects of environmental factors i.e. temperature, humidity and pres-
sure on Q factors is studied by Nguyen et al. [12]. Martin et al. [13] have studied the
different geometries of MEMS resonators and corrected the existing models of SFD by
calculating the damping factors theoretically and experimentally. SFD coefficients and
dynamic response of higher flexural mode is reported by Pandey and Pratap [14] for the
MEMS cantilever resonators. They have compared the analytical response of damping
at higher modes for different MEMS cantilever beams with the experimental results.
Ashok et al. [15] have studied recently the tuning of wideband frequency and Q factors
by coupling the non-uniform microbeam arrays. They reported the eigenfrequency and
Q factor variation with tapering parameter for converging and diverging microbeams
in atmosphere (1.01325 bar) and vacuum (8 × 10–3 mbar) operating conditions. From
the best of our knowledge, Q factor and eigenfrequency analysis with wide pressure
variation (105 Pa to 0.1 Pa) for the trapezoidal microcantilever beam is not yet reported
in the literature.

In the present study, we have focused on the trapezoidal microcantilever beam to
broaden the applicability of microresonators with variable cross sections in MEMS.
The usefulness of the variable cross section of trapezoidal beam lies with the uniform
distribution of stress along its length. The methodology developed in the present study
using finite element method (FEM) for SFD analysis will be extended for the estima-
tion of Q factor, damping ratio and other related dynamic parameters of MEMS-based
vertical-comb drive microactuator in torsion at different pressure levels.

2 Squeezed Film Damping

In the MEMS, air remains trapped between the moving and fixed microstructures and
acts as a thin film. On actuation, microstructures squeeze the thin film of air (or fluid)
between the moving and fixed microstructures and exerts a back pressure or force on
the walls of the microstructures. The back pressure dampens the movement and results
in higher dissipation of energy per cycle. This phenomenon is known as squeezed film
damping or SFD [10]. SFD depends on the various environmental factors i.e. pressure,
temperature and humidity along with the boundary conditions and mode of actuation
[16]. Pressure is one of the dominating factors in estimating the damping characteristics
of the microresonators. The operating pressure flow regimes i.e. continuum, slip, transi-
tion andmolecular flow, are defined by the Knudsen no. (Kn = λ/h0) where λ is the mean
free path of surrounding media and h0 is the thickness of air gap between the moving
and fixed microstructures and given in Table 1. The atmospheric pressure is considered
as 105 Pa instead of 1.013 × 105 Pa for the calculations in the current study.
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Table 1. Flow regimes based on Kn and operating pressure

S. No Knudsen No. (Kn) Pressure (Pa) Type of flow regime

1 Kn < 0.01 P ≥ 105 Continuum flow regime

2 0.01 < Kn < 0.1 104 < P < 105 Slip flow regime

3 0.1 < Kn < 10 104 < P < 105 Transition flow regime

4 Kn > 10 103 < P < 104 Molecular flow regime

The modified Reynolds equation to calculate the pressure distribution in the SFD
analysis for different flow regime is given by Eq. (1).

h30
12μeff

(
∂2p

∂x2
+ ∂2p

∂y2

)
= h0

pa

∂p

∂t
+ ∂w

∂t
(1)

where, p is the pressure distribution due to SFD, pa is the ambient pressure, w is the
transverse deflection and μeff is the effective viscosity of the air and given by Eq. (2):

μeff = μ

1 + 9.638K1.159
n

(2)

here, μ is the dynamic viscosity of air.
Effective viscosity method [11] is used to solve the modified Reynolds equation

(refer Eq. (1)) for the continuum, slip, transition and molecular flow regimes.
Total Q factor (Qtotal) and damping ratio (ζ) in the SFD analysis are given by Eqs. (4)

and (5), respectively.

1

Qtotal
= 1

QSFD
+ 1

QTED
+ 1

Qanchor
(3)

ζ = 1

2Qtotal
(4)

In microcantilever based resonators, Qtotal is governed by the SFD, thermoelastic
damping (TED), and anchor loss. In the present study, only SFD is considered to calculate
the Q factor and damping ratio for the microcantilever beam. TED and anchor loss are
neglected due to the absence of temperature and simpler clamping at the fixed end of
the trapezoidal microcantilever beam.

3 FEM Analysis

Schematic diagram of trapezoidal microcantilever beam is shown in Fig. 1. The width
at distance x from the fixed end can be given by Eq. (5). Length and thickness of
microcantilever beam are 150 μm and 5 μm, respectively. The width of microcantilever
beam at fixed end (w0) is 50 μm whereas at free end (wl) is varying from 50 to 20 μm.

Solid mechanics physics with eigenfrequency study is used in COMSOL Multi-
physics to evaluate the SFD of microcantilever. Tetrahedral element is used to discretize
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Fig. 1. Schematic diagram of trapezoidal microcantilever beam showing the dimensional param-
eters and variation of the width along the length

the domain and serendipity approach is used to define the shape functions. Mesh con-
vergence is done in order to determine the optimum size of the mesh element. The
verification of eigen frequency and damping ratio is done with the literature [14] to
validate the formulation in FEM.

wx = w0 −
(
wl − w0

l

)
x (5)

3.1 Verification of FEM Model

The verification of FEM formulation is done using COMSOLMultiphysics for a known
problem from the literature [14]. The microcantilever with different configurations are
simulated at atmospheric pressure and the results are compared. From Table 2, it can
be seen that FEM results of the current work are in good agreement with the simulation
and experimental results of Pandey and Pratap [14].

Table 2. Verification and comparison of damping ratio and eigen frequencies with the literature
[14] and current work in COMSOL Multiphysics 6.0

Length (μm) Damping ratio (ζ) Eigen frequency (kHz)

Pandey and Pratap [14] Current work Pandey and Pratap
[14]

Current work

Experimental Simulation

150 0.071 ± 0.002 0.074 0.077 240 239

200 0.125 ± 0.001 0.135 0.145 133 132

250 0.201 ± 0.005 0.22 0.234 80 84

300 0.320 ± 0.002 0.33 0.344 50 56

350 0.415 ± 0.003 0.45 0.475 43 38.7

Besides the verification of FEM model of SFD for microcantilevers at atmospheric
pressure, the accuracy of the developed model is further verified using microcantilever
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beam of uniform length (lb) 150 μm, width (wb) 50 μm and thickness (tb) 5 μm for
varying pressures (105–0.1 Pa). For verification, the analytical solution of damping ratio
(ζ) (refer Eq. (6)) for the first mode of microcantilever beam of uniform cross section is
used from the literature [14]. Various coefficients σ , χ , ϕ, ρ,ωn and b can be found from
literature [14]. It is found that the analytical and FEM results of Q factor and damping
ratio (ζ) are in good agreement for the pressures varying from 105 to 0.1 Pa and given
in Table 3.

ζd = 384μeff w2
b

φtbρωnh30π
6

(
(4 + χ2)b2

(4 + χ2) + (σ 2/4π4)

)
(6)

Table 3. Verification of FEM model with analytical model of Q factors and damping ratio of
microcantilever beam of uniform cross section at varying pressures (105–0.1 Pa)

Pressure (Pa) Qanalytical Qnumerical ζanalytical ζnumerical

0.1 4.4 × 107 3.69 × 107 1.23 × 10–8 1.35 × 10–8

1 2.81 × 106 2.6 × 106 1.77 × 10–7 1.94 × 10–7

10 1.97 × 105 1.8 × 105 2.53 × 10–6 2.76 × 10–6

102 1.4 × 104 1.28 × 104 3.56 × 10–5 3.88 × 10–5

103 1.07 × 103 1.0 × 103 4.66 × 10–4 4.98 × 10–4

104 137.67 148 0.0036 0.0034

105 72.21 88 0.0069 0.0056

4 Results and Discussions

Thevariation ofQ factor, fromatmospheric pressure (105 Pa) to vacuum (0.1Pa) is shown
in Fig. 2 for variable width (50μm to 20μm) of free end of the trapezoidal beam. The Q
factor decreases sharply from 0.1 to 103 Pa and changes its slope at 103 and 104 Pa. This
is due to the fact that at lower pressure, mean free path of the gas molecules increase and
energy losses gets minimized in successive collisions whereas at higher pressure mean
free path of the gas molecules decreases and dissipates more energy in each collision,
results in decrease in Q factor. Q factors for the proposed trapezoidal microcantilever
beam are ranging from 3.7 × 107 at 0.1 Pa to 88.8 at 105 Pa and 1.2 × 108 at 0.1 Pa to
287.92 at 105 Pa for 50 and 20 μm width at free end, respectively. It can be observed
that during the operation from atmospheric pressure to vacuum (0.1 Pa) the Q factor
changes by nearly an order of 106 for different configurations of the microcantilever
beam which signifies the huge loss of energy in operating the MEMS at atmospheric
pressure in comparison to vacuum.

Figure 3 shows the variation of damping ratio with pressure. The damping ratio is
inversely proportional to Q factor as shown in Eq. (4) and increases with the increase
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in pressure. The damping ratio varies from 1.35 × 10–8 at 0.1 Pa to 0.0056 at 105 Pa
and 4.18 × 10–9 at 0.1 Pa to 0.0017 at 105 Pa for 50 μm and 20 μm width at free end,
respectively.

Fig. 2. Q factors variation with operating pressure for trapezoidal microcantilever beam with
varying cross section width 50–20 μm at free end

Fig. 3. Damping ratio variation with operating pressure for trapezoidal microcantilever beam
with varying cross section width 50–20 μm at free end

Figure 4 shows the behavior of Q factor with varying width of free end of the
trapezoidal beam at pressures 0.1, 10, 103 and 105 Pa. It can be seen that with the
increase in width and pressure, Q factor is decreasing. The Q factor is minimum for
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50 μm width at 105 Pa and maximum for 20 μm width at 0.1 Pa. The increase of width
results in enhancement of losses due to SFD. It can be concluded that the losses due
to damping can be minimized by the critical consideration of the design parameters in
MEMS.

Fig. 4. Q factor variation with the variable width at free end of the trapezoidal microcantilever
beam

5 Conclusions

In the present paper, a methodology for the SFD analysis in COMSOL Multiphysics
for trapezoidal microcantilever based resonator is developed to calculate the dynamic
performance parameters i.e., Q factors and damping ratio for pressure varying from
atmospheric pressure (105 Pa) to vacuum (0.1 Pa). The verification of FEM formula-
tion for eigen frequencies and damping ratio is done at atmospheric pressure (105 Pa)
in COMSOL Multiphysics and the simulation results are in good agreement with the
literature. The proposed methodology for Q factor and damping ratio (ζ) is further ver-
ified with the analytical model at varying pressures from 105 to 0.1 Pa for the uniform
microcantilever beam. In this way the correctness of the methodology for FEM simula-
tion is authenticated and extended to analyze the trapezoidal microcantilever beam. It is
observed that Q factors and damping ratio of trapezoidal microcantilever based resonator
changes by an order of 106 when pressure varies from atmospheric (105 Pa) to vacuum
(0.1 Pa).

The effects of SFD on Q factor and damping ratio are analyzed in the present study
and will be extended to the other MEMS-based devices such as vertical comb-drives,
accelerometers and micromotors.
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Abstract. In this paper, we estimated the hydrodynamic force in an
array of cantilever beams separated by a distance s̄ oscillating in a vis-
cous fluid. The beam is assumed to be sufficiently long to consider 2D
flow and has symmetric as well as asymmetric shape morphing curva-
ture while oscillating in a fluid. The fluid-structure interaction problem
is modelled by considering the unsteady Stokes equation. The result-
ing 1D boundary integral problem is solved by the boundary element
method (BEM) numerically in MATLAB to obtain the desired pressure
distribution on the beam. It is found that as the frequency oscillation
of the rigid beam is increased, both the damping as well as added mass
effects are decreased at different rates due to the gradual decrease in
unsteady viscous layer. Finally, the hydrodynamic coupling effect on the
beam is demonstrated at β = 0.1. However, for increase in the sym-
metric and asymmetric shape morphing parameters, the hydrodynamic
decoupling appears lower than the gap ratio 5. The cantilever beam with
optimal shape morphing parameter can be useful for the optimal designs
of atomic force microscopy (AFM).

Keywords: Drag force · Added mass coefficient · Damping
coefficient · Arrays

1 Introduction

Computing hydrodynamic drag force on an array of cantilever-based resonators
is essential while operating in a viscous fluid. The array of shape-morphed can-
tilever beam widely used in new emerging technologies, such as atomic force
microscopy (AFM) [1,2], robotic propulsion systems [3,4], energy harvester [5,6],
data storage millipede [7,8], biological, pressure and viscosity sensors [9–12].
These devices are required to have a high signal-to-noise ratio which is achieved
by improving the quality factor (Q). However, the quality factor is decreased
due to fluid damping when the cantilever resonator operates in a fluid. Its reso-
nance frequency shifts due to the added mass effect of the fluid on the structure.
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Therefore, it is important to improve the quality factor of the cantilever beam
array by improving its design. In this paper, we focus on minimizing the added
mass and damping effects by introducing the shape-morphing strategy over its
width during oscillation.

Fig. 1. A schematic representation of n array of beam arranged with a side gap of 2s
and each beam has a width of 2w, (a) sectional view of two dimensional array of beams
(b) two rigid beam array oscillation in yz-plane, (c) two symmetric shape-morphing
beam array oscillation in yz-plane and (d) two asymmetric shape-morphing beam array
oscillation in yz-plane at a given longitudinal distance.

The two-dimensional unsteady Stokes equation is analytically solved in terms
of stream function for a long arbitrary shape beam oscillating in a fluid by
Tuck [13]. He then applied the solution to a limiting case of a thin ribbon to
evaluate the in-phase and out-of-phase components of hydrodynamic functions
with respect to the velocity. The resulting complex hydrodynamic function is
expressed in terms of frequency parameter β. The real and imaginary parts of
the hydrodynamic function represent the added mass and damping coefficients,
respectively. Later, the theoretical and experimental approaches are employed
to estimate the hydrodynamic coupling effect in an array of beams concerning
the gap between two beams, the amplitude of oscillation, and the relative phase
between the beams [7,10]. However, their analysis is limited to two-dimensional
flow in a thin and long beam with a rectangular section. It is found that the
hydrodynamic damping and added mass are directly dependent on the unsteady
viscous layer [14]. For the beam oscillating with higher frequency, the fluid damp-
ing is drastically decreased as compared with added mass coefficient. Recently,
the semi-analytical approach is used to compute the transverse hydrodynamic
force, and velocity profiles on arrays of five to fifty beams [8]. From the analysis,
they found that the hydrodynamic effects in the small and large arrays are dif-
ferent. Consequently, the existing hydrodynamic information obtained from the
small-size array of coupled oscillators is not sufficient to predict the dynamics of
a large-size array of beams. To control the drag force and resonance frequency
shift, the shape-morphing of the oscillating cantilever has been used [3–5,15,16].
The beam vibrating with shape-morphing creates a smaller projected area than
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that during the rigid oscillation. Therefore, the optimal shape morphing param-
eter is estimated to minimize the energy loss and damping. It is also found
that the hydrodynamic effects increase significantly if the beam oscillates near
the bottom surface due to an increase in convective inertial effects compared to
vortex phenomena near the beam edges [10,12,17,18]. Various other theoretical
and experimental studies have been done to estimate the hydrodynamic force in
oscillating single and array of cantilever beams by including the influence of the
side wall and bottom gap effect [19,20].

Based on the above studies, it is found that the hydrodynamic function is
used to compute forces in cantilever beam arrays considering the two-dimensional
flow subjected to the rigid motion of cantilever beam of rectangular section as
shown in Fig. 1a. In the present study, we are imposing the rigid and shape
morphing strategy on the array of two beams with sections shown in Fig. 1b–
c. Moreover, we have also introduced the asymmetric shape morphing shown
in Fig. 1d to control the hydrodynamic damping. We are considering the two
beams oscillating in phase with a maximum amplitude of one in the presence of
viscous fluid. After validating the results for rigid motion of the beam arrays with
literature, we study the effect of the gap between the beams with different shape
morphing configurations of beam array. To perform the study, we present a brief
mathematical model, solution methodology, and convergence criteria. Finally,
the results are compared for different shape morphing cases, and a conclusion is
drawn at the end.

2 Governing Equations

Consider the infinitely long array of thin cantilever beams oscillating in an incom-
pressible, viscous Newtonian fluid with a prescribed shape morphing parameter.
The physical problem is modeled by considering the beam length l to be much
greater than the width 2w, and thickness is negligibly small compared to width
and length. The amplitude of oscillation is kept much smaller than the width of
beams, and the gravity force is neglected. To study the influence of the interbeam
gap in hydrodynamic forces of two beam arrays, we denote the gap between two
cantilever beams as 2s. In general, the flow is modeled using the complete Navier
Stokes equation as

∇.V̄ = 0, ρ

(
∂V̄

∂t
+ (V̄ .∇)V̄

)
= −∇p + μ∇2V̄ . (1)

Here, V̄ (vx, vy, vz) is the velocity domain, p is pressure, ρ is density, μ is
viscosity of the fluid. Inertia force to viscous force is defined as the Reynolds
number(Re). For low Re <1 (i.e., viscous force � Inertia force), the nonlinear
convective forces are negligible due to the small amplitude of oscillation of the
beam [21], the linearized Navier Stokes equation is reduced from Eq. 1 to,

ρ
∂V̄

∂t
= −∇p + μ∇2V̄ . (2)
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The deflection of the beam at free end is assumed to be unity. Since the length
of the beam is much longer than the other two dimension, the velocity filed
is assumed to the in YZ-direction i.e., (vy, vz). The linearized two-dimensional
Navier Stokes equation is solved by using the Green’s function method. The
procedure is clearly explained by the Tuck [13] for a cylinder of arbitrary cross
section in a viscous fluid. Later, Basak and Raman [7] obtained the stream
function for an array of two beams in the frequency domain in terms of vorticity
and pressure jumps as,

ψ(y′, z′) =

−s∫
−(2w+s)

[Δω1Ψz − 1
μ

Δp1Ψy]dy +

(2w+s)∫
s

[Δω2Ψz − 1
μ

Δp2Ψy]dy, (3)

where, Ψ = − 1
α2 (Ω − G), G = 1

2π log(αR), Ω = − 1
2π K0(αR) and Ψ =

− 1
2πα2 (logR + K0(αR))), α = (iρω)/μ, i =

√−1, ρ is density of the fluid, ω is
the oscillation frequency, μ is dynamic viscosity of the fluid, K0 is the modified
Bessel function of third kind of zero order [22] and R =

√
(y − y′)2 + (z − z′)2

with y, z and y′, z′ are the local points of a fluid and beam, respectively. Here,
G and Ω have logarithmic singularity at R = 0 but Ψ = 0. G and Ψ have the
logarithmic singular at infinity, but Ω is exponentially small. Also, Δωi and Δpi

represent vorticity and pressure jumps of a respective ith beam. The subscript
denotes the partial derivative respective to the spatial coordinates. The Green
functions mainly depend on the dynamic flow condition α and spatial variables.
The main unknowns of the above expressions are pressure, and vorticity jumps
across the thin beam. The partial derivative of the Eq. (3) concerning y′ and z′

denote the velocity in transverse and lateral directions, respectively. Since the
beams are considered very thin, i.e., z = z′ = 0, the R is considered only as a
function of y. The resulting transverse velocity can be written as,

vz = −ψy′(y′, 0) =

−s∫
−(2w+s)

[
1
μ

Δp1Ψy′y]dy +

(2w+s)∫
s

[
1
μ

Δp2Ψy′y]dy. (4)

2.1 Transverse Velocity of a Shape-Morphed Cantilevers

An array of two long cantilever beams oscillates with a unit amplitude at the free
end and simultaneous shape-morphing deflection of its section. An instantaneous
deflection of the shape-morphing oscillation of a section of beams in the YZ-
plane is shown in Fig. 1(b), (c). To induce the symmetric and asymmetric shape
morphing curvature on both beams oscillating with the same amplitude, the
displacement function at the free end location can be represented in terms of
the shape morphing parameters κ̄ and ȳ′,

[y, z] =

[
sin (ȳκ̄ sin ωt)

κ̄ sin ωt
,

(
δ sin ωt +

cos ((ȳ − ȳ
′
)κ̄ sin ωt) − 1

κ̄ sin ωt

)]
, (5)
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where, δ is the amplitude of oscillation of the beam, ω is the frequency of oscil-
lation, and t is the time of oscillation. Expanding the trigonometric function of
the above equation and successive approximation, Eq. (5) can be written in a
phasor form as,

[y, z] =

[
ȳ,

(
1 − κ̄(ȳ − ȳ′)2

2

)
δ sinωt

]
. (6)

To obtain the local transverse velocity of the structure, we differentiate local
transverse displacement with respect to time. Hence, the velocity in Z-direction

can be written as vz =

(
1− κ̄(ȳ−ȳ′)2

2

)
δω cos ωt. This velocity condition is applied

to both the beams with a no-slip condition in an array of two beams, thus,
influencing the fluid film and, finally, the pressure jump around the beams which
is described in the following section.

2.2 Non-dimensionalization and Numerical Procedure

Let us consider the pressure jumps Δp1,Δp2 and transverse velocities vz1, vz2

as a function of y in an array of two beams. Assuming the velocity of the first

beam as vz1 =

(
1− κ̄(ȳ−ȳ′)2

2

)
V01e

iωt and the second beam velocity with a phase

difference of θ as vz2 =

(
1− κ̄(ȳ−ȳ′)2

2

)
V02e

i(ωt+θ), here, V0j = δjω with i = 1, 2.

Using the non-dimensional parameter, ξj = yj/w, the gap between two beams
is s̄ = s/w, non-dimensional pressure jump with respect to the first beam velocity
is P (ξ′

j) = wΔpj(y′)/μV01, amplitude ratio is η = V02/V01, frequency parameter
is β = ρωw2/2πμ, shape-morphing parameter κ = 2wκ̄, and the skew-symmetric
parameter is ε = ȳ′/w. The transverse velocities on the each beam in the dimen-
sionless form in terms of the non-dimensional pressure can be written as

−s̄∫
−(2+s̄)

[P1(ξ′)Ψξ′ξ]dξ +

(2+s̄)∫
s̄

[P2(ξ′)Ψξ′ξ]dξ =

(
1 − κ(ξ − ε)2

2

)
, (7)

−s̄∫
−(2+s̄)

[P1(ξ′)Ψξ′ξ]dξ +

(2+s̄)∫
s̄

[P2(ξ′)Ψξ′ξ]dξ = α

(
1 − κ(ξ − ε)2

2

)
eiθ. (8)

We solve the above equation using the boundary element method (BEM) based
numerical scheme by Reimann summation. Assuming that the unknown pressure
on each of the beams considers being constant, each set of kernel square matrix of
size M ×M convert into a global matrix with a size of 4(M ×M). The unknown
column vector of pressure on each beam is re-framed with a size of 4(M ×1). The
right-hand side of the above equations is presented as a known column vector of
size 4(M × 1). We are inverting the global matrix at a given time numerically to
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obtain the desired output non-dimensional pressure jump. Finally, integrating
the pressure on each beam, the complex hydrodynamic force is obtained. Its
real and imaginary parts denote the damping force (in-phase with a velocity
of the beam) and inertial or added mass force (in-phase with an acceleration
of the beam). The hydrodynamic force F and hydrodynamic function Γ in the
frequency domain are found as,

F (ω) =
∫

dξ′

P (ξ′)dξ′ =
π

4
ρωw2Γ(β, κ, ε), (9)

Γ(β, κ, ε) =
2

π2β

∫
ξ′

P (ξ′)dξ′. (10)

The complex hydrodynamic function Γ(β, κ, ε) has a real and imaginary part.
The real part of the hydrodynamic function denotes the added mass coefficient.
Its imaginary part represents the damping coefficient which influences the fre-
quency shift and lowers the oscillation amplitude while operating in the fluid
medium. Most of the resonators operate at high frequencies with low amplitude.
Thus, we perform the numerical study for the variation of different parame-
ters such that frequency parameter β = [0.1, 1000], shape morphing parame-
ter κ = [0, 25], asymmetric shape morphing parameter ε = [0, 0.5], amplitude
ratio η = [0, 1] and the phase change of the two beam oscillating between in-
phase and out of phase motion, respectively, i.e., θ = [0, π]. Considering the
above non-dimensional parameters, we have performed a convergence study to
obtain a grid-independent result. The grid independence study is mentioned in
terms of hydrodynamic forces in the Table 1 for an extreme values of parameters
β = 1000, θ = π, η = 1 and the gap between two beams considered to be very
small, i.e., s̄ = 0.1, at different shape morphing parameters.

Table 1. The grid independence study on first beam with extreme parameters

M κ = 0 κ = 10 κ = 25

Re(F) × 103 Im(F) × 102 Re(F) × 103 Im(F) × 101 Re(F) × 103 Im(F) × 102

80 4.5767 2.6863 1.6031 2.5757 2.8574 4.6733

100 4.5771 2.6847 1.6030 2.6005 2.8581 4.6771

120 4.5773 2.6840 1.6029 2.6117 2.8586 4.6789

140 4.5774 2.6836 1.6029 2.6177 2.8588 4.6798

160 4.5774 2.6834 1.6029 2.6212 2.8590 4.6804

The real and imaginary parts of the hydrodynamic force are tabulated at var-
ious shape morphing parameters, κ = 0, 10, 25. It is found that the 140 elements
on each beam is found to be sufficient for considering the extreme conditions.
The effects of parameters such as β, s̄, θ, κ, ε are examined on quality factor (Q)
and resonator frequency shift in the subsequent section.
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3 Results and Discussions

In this section, we present the influence of different parameters on the variation
of hydrodynamic forces and hydrodynamic coefficients.

3.1 Hydrodynamic Force

The hydrodynamic force per unit length is computed on an array of two beams
in the frequency domain. To compute the forces, both the beams are assumed to
oscillate at a maximum amplitude of oscillation in the same phase. Consequently,
we estimate both the damping and inertial forces on rigid beam 1 with symmetric
and asymmetric shape morphing oscillation with varying non-dimensional gap s̄
as shown in Fig. 2.

(a) (b) (c)

(d) (e) (f)

Fig. 2. The hydrodynamic force per unit length estimated with a rigid oscillation of the
first beam with symmetric and asymmetric shape morphing oscillation of first beam of
the array with respective to the gap between the beams, s̄. (a) and (d) represent the
real and imaginary part of the hydrodynamic force on 1st beam with rigid oscillation
at different frequency parameter β. (b) and (e) represent the damping force and added
mass force on the beam 1 with a varying κ at β = 10. (c) and (f) represent damping
and added mass forces on beam at κ = 10, β = 10 with varying ε.
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The fundamental effect can be described through the unsteady stokes layer
δs =

√
ν/ω with ν as kinematic viscosity, and is inversely proportional to the

frequency parameter β. The unsteady stokes layer of the fluid around the can-
tilever creates the fluid damping. It lowers the amplitude of oscillating beams.
The fluid with more viscosity generates a very thick layer of δs. Thus, the more
viscous fluid causes more damping. Furthermore, it is also true that the fluid
damping happens due to oscillation of the beam at a lower frequency, i.e., β. As
the frequency parameter increases, the unsteady viscous layer becomes smaller
around the beam. Therefore, the fluid does not get sufficient time to move around
the beam at high β. Thus, the inertial effects dominate, which is also a function
of fluid viscosity and frequency of oscillation.

To quantify the effect, the drag force per unit length is computed using
Eq.(9). Figure 2 illustrate both the damping and inertial force per unit length
on beam 1. These forces are normalized with respect to the force on the beam
oscillating in isolation (i.e., when the beams are far apart). Figures. 2 (a) and
(d) represent normalised damping and added mass force per unit length with s̄
at specified frequency parameter β = 0.1, 1, 10, 100, 1000 for a rigid oscillation of
beam such that the shape morphing parameter κ = 0 and ε = 0. At a small fre-
quency of oscillation, the viscous layer is highly dominated. As the gap between
the two beams increases from 0.01 to 20, the viscous layer diminishes at larger
s̄ = 12 for β = 0.1. As β increases, the effect of the viscous layer gradually
decreases, and it results in high drag force due to the vorticity formation near
the edges of the beam. The vorticity significantly affects the added mass force
as well.

Similarly, the damping and inertial force per unit length are also computed
on a symmetric shape morphing beam at β = 10 as shown in Fig. 2b, e. As
the magnitude of the shape morphing parameter increases from small curvature
κ = 5 to κ = 25, the viscous layer gradually decreases. Thus, the gap between
two beams is required to be less due to the shape morphing. The hydrodynamic
forces, such as damping and added mass forces at lower gap s̄ under symmetric
shape morphing oscillation are compared with those of the rigid beam oscillation.
At β = 10, the gap effect of rigid oscillation of array of beam κ = 0 occurs at
s̄ < 2.5. However, as κ increases from 5 to 25, the gap between two beams
influences below s̄ = 2.5 to 1.8. Thus, the higher shape morphing parameter
creates a smaller projected surface area as compared to that with the rigid
oscillation of the beam.

We have also analyzed the effect of asymmetric shape morphing of the array
of two beams. The asymmetric case shows the peak shift towards the right side of
the first beam and the left side of the second beam, as shown in Fig. 1d. These
two beams moving with the same amplitude are taken under in-phase condi-
tions. First, we perform different studies by varying β and then κ for various
asymmetric shape morphing parameters ε. Figure 2c, f show that the hydrody-
namic damping force and added mass force per unit length at β = 10, κ = 10
for different ε. It is found that the asymmetric shape morphing further reduces
the effective surface area and, thus, reduces damping and added mass force per
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unit length than the cases in rigid and symmetric shape morphing beams. The
hydrodynamic forces are found to be dominant at smaller values of s̄. Therefore,
the beams oscillating at high frequency with small amplitude may adopt the
shape morphing strategy to create a small viscous layer around the beam and
create the vortex shedding near the edges of the shape morphed beam.

3.2 Hydrodynamic Coefficient

The hydrodynamic function per unit length, which is inversely proportional to
the frequency parameter, β, is estimated using the Eq. (10). For smaller β, both
the real and imaginary parts of the hydrodynamic function are having larger
magnitudes. The magnitude of the hydrodynamic coefficient gradually decreases
as β increases. The real and imaginary parts of the hydrodynamic function
denote the added mass and damping coefficients, respectively. The coefficients
are dependent on the acceleration and velocity of the array of beam. Figure 3
represents the variation of hydrodynamic coefficient over β at different values of
s̄ for rigid, shape morphing and asymmetric shape morphing beams. The rigid
oscillations of the two cantilever beams oscillating at same amplitude and in
same phase at different gap ratios are illustrated in Fig. 3a, d for beam 1. As
the frequency parameter increases from 0.1 to 1000, the added mass coefficient
approaches to unity and damping coefficient approaches to zero. Thus, for higher
β, the formation of the unsteady viscous layer thickness is much smaller. As a
result, lowering of the amplitude of oscillation of the beam at higher β is sig-
nificantly small. Similarly, the resonance frequency shift is also shows less shift.
Considering the effect of the gap ratio s̄, we found that for the smaller gap
s̄ = 0.1, the effect of viscous layer of beam 2 on beam 1 is vivid at lower β. The
hydrodynamic coupling appear at s̄ = 5. When the gap ratio s̄ −→ ∞, both the
beams oscillate individually without any hydrodynamic coupling effect.

Similarly, the hydrodynamic coefficients are computed on the shape morphing
array of the beams. We present the hydrodynamic coefficients on a cantilever
beam 1 with a symmetric shape morphing parameter κ . The added mass and
damping coefficients on beam 1 are shown in Fig. 3b, e at κ = 10 over a range
of β for different s̄. Thus, it is found that the shape morphing parameter plays
a significant role in reducing the damping and added mass effect. As the κ
increases, the projected surface area of array of micro beam becomes gradually
decreases. Also, as the gap of the beam increases, the hydrodynamic coupling
effect significantly diminishes.

Finally, we have described the variation of added mass and damping coef-
ficients on the beam 1 with asymmetric shape morphing parameter ε = 0.3
with respect to the gap variation when varying β, keeping κ = 10 as shown
in Figs. 3c, f. The effect of one beam on the other beam become dominant at
lower s̄. Thus, the effect of the viscous layer on the asymmetric shape morphing
gradually disappear when the gap ratio increases.
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Fig. 3. The hydrodynamic coefficient per unit length is estimated with a rigid oscilla-
tion of the first beam, shape morphing oscillation of first beam and asymmetric shape
morphing on the array of the first beam with respect to the s̄ over β. (a) and (d)
represents the real and imaginary part of the hydrodynamic function on 1st beam with
rigid oscillation at different β. (b) and (e) represented the damping force and added
mass force on beam 1 with given κ = 10, β. (c) and (f) represents damping and added
mass force on beam at κ = 10, β with a given ε = 0.3.

4 Conclusion

The hydrodynamic damping on the oscillating beam array in a viscous fluid
is modelled considering a very long beam compared with the other dimensions.
Therefore, we consider a fluid-structure interaction (FSI) problem in 2D domain.
The integral boundary formulation of a stream function gives exposure to find-
ing the velocity boundary condition. We considered the rigid, symmetric and
asymmetric shape morphing parameters on the oscillation of an array of beams.
Considering two beams, both oscillate with high frequency and the same ampli-
tude in the same phase. The desired output pressure jump is estimated and is
used to evaluate the hydrodynamic force and coefficient per unit length.

Subsequently, the hydrodynamic force and hydrodynamic function on beam
1 are estimated to study the effect of hydrodynamic coupling due to the gap ratio
s̄. As the frequency parameter β increases from 0.1 to 1000, the hydrodynamic
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coupling effect significantly reduces. Thus, the unsteady viscous layer forma-
tion near the beam surface becomes smaller and produces a lower value of drag
force. Moreover, the vortex formation near the edges of the beam creates a more
added mass effect than the damping. The increased symmetric and asymmetric
shape morphing parameters of an array of beams significantly reduce damping
and added mass. Such shape morphing effects can be obtained by using a layer
of piezoelectric patches which can be useful in energy harvesting and robotic
propulsion systems.
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Abstract. In this study the electro-thermo-mechanical behavior and analysis of
TiOx microbolometer is presented. Different thermal, electrical and coupled elec-
tromechanical simulations were performed to achieve the target Noise Equivalent
Temperature Difference (NETD) and thermal time constant. The influence of var-
ious device dimensions and film thickness on device thermal conductance, NETD
and thermal time constant has been reported.

Keywords: Microbolometer · TiOx · Thermal conductance · Thermal time
constant · NETD

1 Introduction

Uncooled infrared focal plane arrays (IRFPAs) are the low-cost thermal imagers for
the LWIR (8–14 μm) range [1]. Compared to cooled detectors, they offer the advan-
tages of smaller size and lower power dissipation [2]. These uncooled thermal imagers
are widely used in various defence and civilian applications like thermal sights for
night conditions, smoke or fog environment, handheld thermal imagers for inspection
of buildings, firefighting applications etc.

Microbolometer consists of an array of pixels fabricated over the read-out circuit.
The read-out circuit provides voltage or current bias to each pixel. The pixel is a bridge-
like structure suspended over the read-out circuit for thermal isolation [3]. It absorbs the
incoming IR radiation and causes an increase in temperature, which changes the resis-
tance of the bridge-like structure. The resistance change can be sensed as the electrical
signal by using monolithically integrated readout circuitry with the sensor element.

Commercially, thin film of vanadium-oxide (VOx) or amorphous-silicon are actively
used as bolometer material. Though a-Si offers good TCR and mechanical strength,
but it has high resistivity and hence high 1/f noise. VOx has issues of hysteresis with
temperature and non-standard material for CMOS foundry. As an alternative to these
materials, nonstoichiometric titanium-oxide (TiOx) received considerable attention as
the bolometer material for its lower resistivity, higher TCR, lower 1/f noise and better
CMOS compatibility.
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The technologyof this device consists ofmaterial selectionbasedon the compatibility
of a thermal detector with the CMOS process, detector design, ROIC design and detector
fabrication over theROIC. In order to carry out the device design, the structure is designed
using AutoCAD software and thermoelectric characteristics of the bolometer structure
is analyzed by close-form equations [4, 5] and finite element method (FEM) simulation
[6, 7].

Initially researchers had demonstrated the performance of MEMS bolometer with
pixel pitch (separation between the centers of two consecutive pixels) was typically
~50 μm [1, 2]. However, smaller pixel size is needed to achieve improved spatial reso-
lution and smaller imaging systems. To double the pixel density, the pixel pitch has to
be reduced by

√
2 times for a given FPA area. Hence the pitch has been reducing in a

sequence of 35 μm, 28 μm and 17 μm. The present work discusses about the design
of 17 μm pitch TiOx based bolometer pixel for development of large format infra-red
focal plane array (IRFPA). The measured materials characteristics of the TiOx films are
utilized in the simulation database and performance of the bolometer pixel are analyzed.

2 Proposed Device Structure

The 17 μm pitch microbolometer pixel structure consists of the suspended stack struc-
ture of 100 nm-thick structural layer of Silicon Nitride (SiN), 100 nm-thick sensor layer
of TiOx and 10 nm-thick TitaniumNitride absorber layer, as shown in Fig. 1. The stack is
supported by two L-shaped legs (consists of Ti and SiN stack) from the two opposite cor-
ners on a prefabricated CMOSROICwafer. To enhance the absorbent thermo-efficiency,
a quarter-wave cavity resonator is formed by creating an Al reflector layer beneath the
suspended stack. The temperature induced change in resistance in the bolometer stack
due to the incoming IR flux is converted into electrical signal (voltage/current) by the
underneath ROIC.

Fig. 1. Schematic structure of TiOx based MEMS bolometer pixel

The characteristics of the pixel structure is simulated by using FEM simulation soft-
ware (Coventorware). The pixel geometry is dissected into tiny Tetrahedron mesh (size:
0.3 μm) for the FEM simulation. Measured thermal and electrical characteristics of
the previously optimized TiOx films [7] are utilized in the present simulation study. The
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steady-state thermal analysis of the pixel structure is done at a fixed 2000× 10–12 W/μm2

heat-flux input (calculated as per the Planck’s law for a distance of 1 m). Detailed FEM
simulations of the bolometer structure are carried out to evaluate the thermal capaci-
tance, thermal conductance, temperature increase, time-constant, voltage responsivity,
Figure-of-merit (TCR/G), and Noise Equivalent Temperature Difference (NETD) of the
bolometer pixel (Fig. 2).

Fig. 2. Simulated temperature-rise in the TiOx based MEMS bolometer pixel due to incoming
heat (IR) flux

3 Results and Discussions

The pixel NETD and voltage responsivity is calculated by using the standard equations
[7, 8]. The mathematical equations are given below:

RV
λ = αηReff

Ib

Gth ×
√(

1 + ω2τ 2
) (1)

where, α represent the TCR of the thermistor material; Reff be the pixel resistance; the
thermal conductance of the pixel represented byGth; Ib is the bias current; the absorbance
of the absorber layer is shown by the symbol η; τ = thermal time constant and ω =
2π × frame rate (fi).

NETD =
√
NETD2

1/f + NETD2
Jhonson + NETD2

Thermal + NETD2
ROIC (2)

The contributing terms are as follows:

NETD 1
f

=
(
4

F2
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�T

)
)

Gth

βAη

√
K
ν
ln

(
xl fi
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)

α

√
1 + ω2τ 2 (3)
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NETDJohnson =
(
4

F2
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�P
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)
)

∗ 2
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βAη
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T1Rbolxl fi
αVbias

√
1 + ω2τ 2 (4)

NETDThermal =
(
4

F2
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Gth

βAη

T1√
C

√
1 + ω2τ 2 (5)

NETDROIC =
(
4

F2

∅(
�P
�T

)
)

Gth

βAη

(RROIC + Rbol)

αVbiasRROIC

√
1 + ω2τ 2 (6)

where, F-number of the optics of the IR imaging system is presented as F; 	 be the
transmission of the IR optics in 8–12 μm wavelength (LWIR) range; the 1/f noise
constant of the microbolometer thermistor material is marked as K; ν = the thermistor
volume; Rbol be is the bolometer resistance at temperature T1; the pixel fill factor is
shown as β; xi is number of bolometer pixels in each column for rolling integration.

The simulated values of G, τ and NETD for various film thickness (SiN and Ti),
TCR values of the TiOx films and leg width are as shown in Fig. 3(a)–(d). Thickness
of SiN film has been varied from 70 nm to 140 nm. The relationship between SiN film
thickness and the G and τ, is given by the following equations:

Gcond = glegAleg

Lleg
τ = Ctotal

Gtotal

For achieving low NETD, the thermal conductance has to be minimized while for faster
response, the time constant is also to be minimized. The G and τ values have opposite
dependence on film thickness. So, the G and τ values have been plotted with different
film thickness values. From the point of intersection of the two curves, the optimumvalue
of SiN thickness is found to be 100 nm for the present design. Keeping the thickness
of SiN as 100 nm, thickness of the Ti layer is varied and the optimum value of Ti film
thickness is found to be ~30 nm. (28 nm precisely)

The resultant pixel NETD for these optimized values of SiN andTi film thicknesses is
calculated by varying the legwidth. The legwidth depends on the fabrication capabilities
of the foundry in which the device is fabricated. In present study, leg width is varied
from 0.3 to 1 μm and for a target NETD ≤ 50mK, the required value of leg width is
found to be <0.6 μm. The sensor material TCR requirement is obtained by plotting the
graph in Fig. 3(d). It can be seen that in order to get the desired NETD, TCR of the
sensor film has to be higher than 2.8%/K.

The optimum device parameters for the target NETD of ≤ 50mK have been
summarised Table 1 below:

4 Conclusions

In this study the detailed electro-thermo-mechanical behavior and analysis of TiOx-
microbolometer is presented. Pixel design for the target NETD ≤ 50 mK has been
discussed. Optimum value of the SiN and Ti film thicknesses, leg width and sensor film
TCR has been determined.
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Fig. 3. Performance analysis results of TiOx based MEMS bolometer pixel: Effect of variation
of (a) SiN thickness; (b) Ti layer thickness; (c) Leg width; and (d) TCR.

Table 1. Optimized device performance parameters for the TiOx based bolometer pixel

Sr. No. Device performance parameters Values

1 Thermal conductance (G) 2.08 × 10–08 (W/K)

2 Thermal Capacitance (C) 9.03 × 10–11 (J/K)

3 Time constant 4.12 (ms)

4 Temperature rise due to incoming heat flux 2.677 (K)

5 Figure-of-merit (TCR/G) 13.2 × 107

6 Voltage responsivity 1.62 × 106 (V/W)

7 NETD 37.3 (mK)
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Abstract. The finite element method (FEM) underpinning COMSOL Multi-
physics 6.0 has been used to model the sensing of various polar volatile organic
compounds (VOCs) by the split electrode interdigital transducers (SEIDT) sur-
face acoustic wave (SAW) sensor. On a LiTaO3 base, split-electrode interdigital
transducers were employed with a sensing layer of polyaniline (PANI). Acetone
VOC gas was detected using a SAW sensor at RTwith a concentration of 100 ppm.
After the gas specimen interacted with the detecting polymer, a change in the den-
sity of the sensing surface was seen, and with it, a change in the Rayleigh wave’s
Eigen frequency. For a number of studies, wemeasured admittance, displacement,
quality factor, and electric potential versus frequency in addition to plotting the
deformed shape at the Eigen (resonance) frequency. The S-parameter and quality
factor studies also demonstrate the benefits of using split electrode IDTs in SAW
sensors for lowering reflection loss.

Keywords: VOCs · FEM · COMSOL · Split electrode IDT · Polyaniline (PANI)

1 Introduction

Gases in the atmosphere are essential for both living and nonliving organisms. Due
to the growth in pollutant gases in the atmosphere, it is crucial for environmental and
diagnostic reasons to detect dangerous gases at the micro level. Several gases may
be detected by a gas sensor in our digitalized and technological age [1, 2]. The mass
sensitivity, lesser environmental disturbance, lower power consumption, and mobility
of the acoustic wave-based gas sensor make it very appealing.

Based on how the waves move, this acoustic wave sensor is divided into two parts:
bulk acoustic wave (BAW) [3] and surface acoustic wave (SAW) sensor [4]. The SAW
sensor device is made up of a substrate made of a piezoelectric material, an interdigital
transducer (IDT) made of a conductive material, and a sensitive sensing layer that reacts
to a specific gas. IDT is used to lay out the SAW device by putting the sensing layer on
the pattern of the piezoelectric substrate. SAW based on a two-port Rayleigh resonator
with a polymer-coated sensing layer has high sensitivity, higher stability, good response
time, and low noise for gas detection [5, 6]. Due to its higher sensitivity and faster
response time, SAW has been used for a wide range of applications, such as analysis of
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gas and bio analyte in the lower levels of ppm, electronic nose in industrial installations,
monitoring and protection of environmental issues, andmedical applications [7–11]. The
SAW sensor works because the response signal changes depending on how much the
analyte weighs. When a specific analyte interacts with a surface acoustic wave (SAW),
it gives off a specific frequency, which is picked up by the output circuitry.

Transducers, one of the three main parts of SAW sensors, have a big effect on how
waves travel and how they interact with each other. Interdigitated transducers (IDTs)
with specific shapes and sizes cause a certain wave to appear on the surface. The unique
design of IDTs has solved some of the most important problems with SAW sensors,
such as insertion loss, getting a high center frequency, etc. Different IDT parameters,
like the width of the electrodes, the distance between the electrode fingers, the number
of electrode fingers, and the size of the aperture, change the electrical impedance and
frequency bandwidth, which affects how the wave spreads on the substrate. Compared to
various IDTs structures, split electrodes have better control on insertion loss, eliminate
reflections, self-resonance, and access to higher frequencies at the third harmonic [4,
12, 13]. The quality factor (Q Factor) is the parameter to measure the energy loss in
the SAW device. The Q factor is the energy ratio between stored energy to the supplied
energy. To get a high a stability of the SAW devices, the energy losses should be very
less which is only possible by a high Q Factor. To achieve the high Q factor, a paired
electrode has been developed in SAW device and named as split electrode interdigital
transducers (SEIDT). The SEIDT configuration is also called meander line because of
generation of third harmonic wave. These third harmonic wave have stronger response
then the original wave.

Computer-aided design (CAD) using the finite elementmethod (FEM) is a useful tool
for developing action plans for research. COMSOL Multiphysics, a commercial finite
element analysis product, provides a more robust modeling environment for develop-
ing SAW sensors [14, 15]. Zheng et al. [16] investigated sensing and how sensor layer
spacing influenced gas detection. The SAW sensor was designed using layers of varying
thicknesses on a LiNbO3 substrate. The suggested SAW has a 100 nm, 200 nm, and
300 nm thick Si3N4 layer under a 100 nm to 1000 nm thick ZnO layer and a layered
structure of ZnO, SiO2, and LiNbO3. The thickness of the sensing layer is directly pro-
portional to the wave frequency and relies on the velocity of the surface waves, according
to the study given here. Jakubik and colleagues [17] created a bilayer conductivematerial
for SAWgas sensors. His study suggests that having many layers with distinct properties
might increase sensitivity. Those researchers created various SAW structures for use in
sensors. A lithium tantalate (LiTaO3) piezoelectric substrate is topped with a polyaniline
(PANI) sensing layer in this example (C48H38N8).

2 Model Design

COMSOL is used for the design and modeling of SAW structures using a variety of
physics. Lithium tantalate is used in this configuration as the piezoelectric substrate
material for detecting gases. In order for surface acoustic waves to travel effectively,
this LiTaO3 material needs to have a high wave velocity. Since polyaniline (PANI) is
very gas-sensitive, it is often utilized as a sensing layer [18–20]. In this paper, the device
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dimensions and the 3D and 2D structures of SAW devices are shown in detail for a better
understanding of the devices. In the 3D layout of the SAW sensor, a thin layer of PANI
sensing materials (with dimensions of 1 μm in width, 0.6 μm in depth, and 0.05 μm in
height) is drawn beneath a wider layer of substrate (with dimensions of 4 μm in width,
1 μm in depth, and 0.5 μm in height). Aluminum electrode splits on substrates with
dimensions of 0.02 μm in width, 0.5 μm in depth, and 0.045 μm in height. Twelve
sets of IDTs (24 electrodes) are drawn in this 3D SAW sensor design, with each pair
of electrodes considered to be one IDT of the same dimension. Figure 1a depicts the
3D SAW sensor described above, which uses split electrodes (double electrodes). The
grating structure of the planned SEIDT has an electrode interval of λ/8, electrode width
of λ/8, and center-to-center distance of λ/4 (Fig. 1b). Only with the correct electrode
dimensions and spacingwill themeander line be formed (λ/8+λ/8+λ/8=3λ/8),which
is what generates the third harmonic wave and what ultimately causes the reflection loss
to be lowered Reflection loss in a SAW device is shown as a function of the scattering
parameter (S parameter), more specifically the input reflection coefficient (S11).

Figure 1b depicts the IDTs with the correct dimensions and spacing. Six sets of
electrodes pair serve as input IDTs, while the remaining six serves as output IDTs. Due
to the symmetry of each IDT, only two sets of IDTs will function as a complete sensor
in the 2D design of the SAW gas sensor. Figure 2 depicts the schematic geometry of
the 2D version of the SAW gas sensor with sensing layer, with the correct leveling and
indication.

3 Simulation Methodology

TheCOMSOLMultiphysics program, version 6.0, was utilized in the course of this study
to carry out the design of the SAWgas sensor.On the basis of partial differential equations
(PDEs), this piece of software has enabled every stage of the design and development
process, including modeling, physics specifications, and graph plotting. Through the use
of a variety of tools and the application of physical principles, this software is used to
create both 3D and 2D SAW sensor designs. This section contains an explanation of
a variety of design factors, mathematical formulae, and physics calculations that were
done.

Before beginning to create the design, the initial step of SAW design is to integrate
physics to the simulation. As the material of interest is piezoelectric and the analysis is
based on frequency response, the piezoelectricity domain should be included. In struc-
tural mechanics physics, the piezoelectricity domain is accessible in electromagnetic-
structure interaction. In this SAW gas sensor analysis, both piezoelectric behavior and
gas detection occurred concurrently. In the input port of the SAW IDTs, the direct piezo-
electric effect will generate a wave on the surface of the substrate, which will travel to
the end (output) port of the SAW IDTs, where the inverse piezoelectric behavior will
convert the wave into electric with a change in frequency, causing the signal processor
to display an indication. During the study of gas sensing, it is essential to evaluate many
characteristics for gas analysis, such as displacement curve, potential increase, and Eigen
frequencies. The periodic unit cell of the 2D geometry SAW device is shown in Fig. 2.
The 2D geometry is shown to illustrate the COMSOL design parameters. The SAW
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(a)

(b)

λ/8 λ/8

λ λ/4

3λ/8 (Meander line)

Fig. 1. Schematic of (a) SAW gas sensor design & (b) split electrodes with dimensions.

device’s parameters are shown in Table 1. These parameters are the first input to the
program before providing the SAW device’s dimensions and meshing. The determined
eigenfrequency represents the device’s resonant frequency.

In order to comprehend the variation in frequency shift caused by both acetone gas
and mass loading, it is essential to have a fundamental understanding of the mathematics
behind the phenomenon. Some of the key points include wave propagation, gas concen-
tration, the effect caused by mass loading, frequency shift, gas density, and gas ppm
level. The equation that describes how waves move over the surface of the substrate is
called the propagation equation (1).

T = CE × S− eT × E (1)
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PANI sensing layer
(4 μm × 0.5 μm)

Al IDTs  
(0.5 μm × 0.2 μm)

Lithium tantalate 
substrate

(4 μm × 12 μm)

PANI thickness
(0.5 μm)

Width of unit cell
(4 μm)

Fig. 2. Schematic diagram of 2D SAW gas sensor design.

Table 1. SAW Model parameters.

Variable Values Description

T 25 °C Atmosphere temperature

P 1 atm Atmosphere pressure

C0 100 Acetone concentration (ppm)

C acetone air 1e−6*C0*P/(R-Constant*T) Acetone concentration in air

M Acetone 58.08 g/mol M Molar mass of gas

Rho-PANI 1.329 g/cm3 Density of PANI

E-PANI 4.42 GPa Young’s modulus of PANI

nu-PANI 0.3 Poisson’s ratio of PANI

vR 3488 m/s Rayleigh wave velocity

t-PANI 0.5 μm PANI thickness

Width 4 μm Width of unit cell

f0 vR/width Estimated SAW frequency

where, T = The stress matrix, CE = Elasticity matrix, eT = Piezoelectric matrix and E
= electric field intensity.

Mass loading impact on a SAW sensor causes a change in the sensor’s center fre-
quency, among other effects. The molar mass of the gas has a significant impact on the
resonance frequency shift of the piezoelectric materials. Ace-tone has a mol mass of
58.68 g per mole. To begin designing the sensor, it is necessary to consider the following
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parameters.

C =
(
Co× 10−6 × P

)
× RT−1 (2)

ρgas in PANI = K×M× C (3)

ρtotal = ρPANI + ρgas/PANI (4)

where, P= Atmospheric pressure (760 mmHg), R= gas constant (8.31 Jmol−1K−1), T
= Temperature of air (298.15 K), K = The air/PANI partition coefficient for gas, Co =
Gas concentration (in ppm), M=Molar mass of gases, and C= Concentration of gas in
air. ρPANI = Density of PANI film (In absence of acetone to substrate) and ρgas/PANI
= Density of PANI film (in presence of acetone gas).

The density of acetone gas in the presence of the sensing layer may be found by
using Eq. (3) [21] (PANI). The density of the sensing layer shifts as a result of changes
brought about by the adsorption of gases on the substrate. Equation may be used to
determine the resonance frequency equation (5).

ν = λ × fo (5)

where, λ =Wavelength of wave, fo = Resonance frequency, and ν = 3.488 ms−1 is the
wave velocity in the piezoelectric substrate (LiTaO3).

Various forms of wave propagation were discovered during the study of gas sensing.
Thewave is generated in a 2DSAWwith a split electrode arrangement,where the first two
electrodes are fed at zero potential and the second two are linked to a floating potential.
Waves with a central frequency are caused by this alternating potential between two sets
of electrodes. To ensure accurate alignment in the SAW sensor setup, mesh generation is
performed once the structure has been specified with input parameters and physics. The
2D geometry of the SAW sensor is shown below in Fig. 3 with a fine mesh. After the
mesh mapping was complete, the SAW sensor ran a series of computations to analyze
its electrical and mechanical components.

4 Results and Discussions

Within a SAW sensor, the gas that is being monitored by the acoustic wave will travel
along the piezoelectric material. The change in frequency of the resonance that occurs
in response to the mass load of the sensing gas. During the course of this investigation,
a shift in frequency caused by gas was discovered close to the Rayleigh wave frequency
(the central frequency), as well as six eigen frequency discoveries close to the central
frequency. Changing the gas, its concentration level, and other input parameters associ-
ated with the study are examples of changes that can occur during a parametric study.
However, a researcher can easily change the parameters by studying the change in fre-
quency in accordance with their particular area of interest, which is sensing gas. In the
work being done on this research project, acetone gas is considered a primary detecting
gas in comparison to other gases. This gas sensing performance is carried out at room
temperature.
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Fig. 3. Meshing to the 2D SAW geometry.

(a) Resonance and antiresonance plot.

The resonance and antiresonance frequencies of the SAW device are shown in the below
Fig. 4. The real resonance frequency of the device was discovered to be 872 MHz
while it was not exposed to gas; however, the resonance frequency that was computed
after the device was exposed to gas was 825.67 MHz. It has been proved beyond a
reasonable doubt that the acetone gas is responsible for the shift in resonance frequency,
and the amount of the shift in resonance frequency of this SAW sensor is 46.33 MHz.
Calculations of the SAW sensor’s resonance frequency are shown in Table 2 with and
without the presence of gas exposure.

Table 2. Frequency shift for acetone gas.

Gas Resonance frequency
(absence of acetone gas)
(MHz)

Resonance frequency
(presence of acetone gas)
(MHz)

Frequency shift (MHz)

Acetone 872 825.67 46.33
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(a) 

(b)

Fig. 4. Image of total displacement of (a) resonant frequency at 825.67MHz and (b) anti-resonant
frequency at 825.68 MHz of SAW senor.
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(b) Electric potential distribution plot.

(a)

(b)

Fig. 5. Image of electric potential of (a) resonant frequency at 825.67 MHz and (b) anti-resonant
frequency at 825.68 MHz of SAW sensor.
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(a)

(b)

Fig. 6. Image of electric field normal at (a) resonant frequency at 825.67 MHz and (b) anti-
resonant frequency at 825.68 MHz of SAW sensor.
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(c) Electric field normal plot.

Figure 4 explains how far waves move on the surface at the frequency of resonance
and the frequency of anti-resonance. The total displacement shows how mechanical
waves travel through the substrate. Figure 5 shows the electric potential of a wave that is
moving. Figure 5 shows how positive potential lines are spread out for resonant and anti-
resonant frequencies. In the resonance frequency case, the electric potential is spread
out properly. In the anti-resonance frequency case, the electric potential is also spread
out along the side walls of the substrate. In this split electrode structure, two fingers are
first connected to two floating potentials, and the other two are connected to the ground.
Figure 6 shows the electric field normal of the propagating wave, which explains the
tangential components of the surface for the flow of surface current.

Fig. 7. Q Factor vs frequency curve for designed SAW device.

(d) Quality factor (Q factor) plot.

The Q Factor (Quality Factor) at resonant frequencies is seen in Fig. 7. As can be seen,
the achieved Q factor for this surface wave resonant frequency is greater than 3.6× 1019.
As can be seen in Fig. 7, a high Q factor results in less input-side reflection and thus
reduced energy loss. Electric energy of the wave at the resonance frequency is seen in
Fig. 8. Clearly seen in Fig. 8, the SAW wave has undergone a transformation in electric
energy at its resonance frequency.

(e) Electric energy plot at resonance frequency.
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Fig. 8. Total electric energy curve at resonant frequency.

(f) Scattering parameter (S11 parameter) plot.

S-parameter analysis provides insight into the reflection coefficients, stability, power
gains, etc. of any high-frequency circuit. To avoid problems with source-end reflec-
tion, a split-electrode IDTs configuration is provided here. Input reflection coefficient,
expressed as a number between−11 dB and 0, is explained by the S11 parameter. At the
resonance frequency, as shown in Fig. 9, the highest S-parameter is more than −11 dB,
indicating that there is no reflection loss at the source. This SEIDT-based SAW gives
improved control over the amount of reflection loss in comparison to bi-directional IDT-
based SAWsensors [22]. The S11 value of the proposed SEIDTSAWsensor is lower than
the S11 value (−8.856 dB) of the bi-directional IDT (two port) SAW sensor [22], which
means that the bi-directional IDT (two port) SAW sensor has a higher S11 value. As a
result of this study, it has been shown that SAWwith SEIDT has a reduced S11, which is
essential for achieving a low reflection loss. In the experimental researchwork performed
by Nguyen et al., the designed IDTs were double-split fingers with a finger length of
3.6 mm, a total IDT width of 3.2 mm, and space between IDTs of 4 μm [23] on the
LiTaO3 substrate. In millimeters, the finger length and total IDT width were measured,
yielding an S11 value of−60 dB. The foremost reason of S11 is−60 dB because IDTwas
placed in a 4-(2-hydroxyethyl)-1-piperazineethanesulfonic acid (HEPES) buffer solu-
tion.When compared to the SEIDT SAW sensor, the high reflection coefficient is caused
by the way the SAW wave moves through the HEPES buffer solution. In Table 3, we
can see the differences between the proposed SEIDT SAW designs and the different
IDT-based SAW structures.
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Table 3. Comparison of different parameters of various SAW sensors.

Parameters [22] [23] Present
paper

Substrate GaN/Si 36° Y-cut LiTaO3 LiTaO3

IDT structure Bi-directional
electrodes

Double split IDT Split
electrode
IDT

S11 parameter
(dB)

−8.856 −60 −11

Analyte NA NA Acetone

Medium Air 4-(2-hydroxyethyl)-1-piperazineethanesulfonic
acid (Buffer solution)

Air

Resonance
frequency
(RF)

5.5 GHz 130 MHz 872 MHz
825.67 MHz
(exposing
gas)

Dimensions (a) IDT range
in “nm”
(b) IDT
Length =
100 μm,
width =
200 nm

(a) IDT range in “mm”
(b) IDT Length = 3.6 mm, width = 3.2 mm

(a) IDT
range in
“μm”
(b) IDT
Length =
0.5 μm,
width =
0.2 μm

Remark (a) More
reflection at
the output end
because of
simple IDTs
(b) Due to the
“nano meter”
range IDT
size, SAW
device has
high RF

(a) Very minimal reflection loss occurs as a
result of the wave prorogate in the buffer
medium
(b) IDTs dimension are in “milli meter” range
lead to very low RF

(a) The
SEIDT
topology
significantly
reduces
reflection
loss in
comparison
to [22]
(b) Achieved
higher
reflection
loss
compared to
[23] because
of the air
medium and
higher RF
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Fig. 9. S-parameter in dB at resonant frequency of SAW sensor.

5 Conclusions

In this study, COMSOL Multiphysics simulation software was used to plan the SAW
gas sensor. Due to the symmetry of IDTs, the design of the SAW sensor is shown in both
3D and 2D, whereas all computations are done in the 2D version of the SAW sensor.
Frequency-dependent analyses of SAW sensors, including electric potential distribution,
total displacement, electric field norm, electric energy curve, and s-parameter, have been
shown. The primary goal of this study is to develop a split electrode that may be used to
lessen the reflection loss at the origin. The Q factors at resonance frequency, predicted to
be 3.6 × 1019 for this research, are crucial to reducing reflection loss. Reduced energy
dissipation and reflection result from a high Q factor. To further demonstrate the reduced
energy loss or reflection loss, another research, such as S parameters, has been calculated.
There is a sweet spot for the S11 parameter at −13 dB. According to the findings, the
S11 parameter has a value of −11 dB, which is better than the minimum value of −
13 dB required to achieve the lowest reflection loss on the transmitted signal at the
input. The SAW sensor’s resonant and anti-resonant frequencies to the acetone gas were
825.67MHz and 825.68MHz. In addition, this SAW layoutmay be put to use in practical
gas sensing applications. The future of SAW gas sensors lies on the development of new
IDT structures.
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This effort will concentrate on constructing this through lithography methods in
order to allow future SAW manufacture, and a vector network analyzer (VNA) will be
utilized to compute the scattering parameters. This will be done in order to enable future
SAW production.
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Abstract. This paper presents the design, fabrication, and characterization of a
thin-filmCr-Al-Cr (300A°-1500A°-300A°)metal stack heater specially designed
for chemical reactions which occur at a uniform temperature in the lab on a chip
platform such as polymerase chain reaction (PCR) applications. The heater has
been designed using COMSOLMultiphysics. The simulated design has been fab-
ricated using lithography and patterning on a 5 × 5 cm2 glass substrate. For the
validation of the proposed design thermal study of the fabricated heater has also
been done using a FLIR IR camera. A very good agreement between the thermal
image of modeled and fabricated heater has been achieved. This demonstrates the
suitability of the proposed heater for PCR reaction applications.

Keywords: Lab-on-chip · Thin film heater on the glass · Temperature
distribution · COMSOL Multiphysics · Electro-thermal simulations

1 Introduction

Lab-on-chip (LoC) technology is receiving a lot of attention in different possible appli-
cations of biology and genomics. Among the different functionalities of the LoC Poly-
merase Chain Reaction (PCR) procedure for the molecular amplification of DNA has
received a lot of attention. PCR is essential to all genetic analysis applications due to its
double-strand DNA amplification capability.

The reaction progress in repeated thermal cycles with three different temperature
steps. In the first step called denatures, at temperatures between 94 and 96 °C, denatures
the DNA template strands; in the second step called annealing, typically at a temper-
ature in the range of annealing 45–60 °C, the primers hybridize to their complemen-
tary sequences on the parent strand; during the third temperature step called extension,
usually at 70–72 °C, the DNA polymerase forms new daughter strands extending the
primer sequences by adding individual dNTPs from solution. Therefore, repetition of the
sequence generates 2n daughter strands, where n is the number of cycles [1, 2]. However,
temperature uniformity is a critical issue in on-chip PCR applications. Therefore, the
integration of a fully integrated LoC system for PCR is still a challenging task [3].

Different heater geometries have been studied by Hsieh et al. [4], by comparing their
temperature response. Selva et al. [5, 6] showed also that it is possible to optimize heater
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shape to generate different temperature profiles by making a finite element study of the
thermal response of the heater. In this paper, we will discuss the thermal study of the
Cr-Al-Cr metal stack thin film heater dedicated to PCR reaction applications, stacking
layers means we are using different metals to fabricate a thin film heater. In our heater
design first, we deposited a thin Chromium (Cr) layer, then an Aluminium (Al) thick
layer, and then another thin Cr layer. The typical thicknesses of the Cr-Al-Cr layers are
300 A°/1500 A°/300 A°. The same heater can also be used for another lab on a chip
application in which uniform temperature is required.

The reason to consider Cr-Al-Cr stack layers are as follows-

• The middle Al layer is used because of its higher conductivity than another available
alloy of titanium in tungsten (TiW). Also, the cost is low in comparison to gold (Au)
[7].

• The Upper thin Cr layer over Al is because of its relatively large atomic size, which
will not generally diffuse in many substrate materials when heated up by means such
as friction and heating by irradiation and chemical recombination energy release [8].

• However, the lower thin Cr layer is because of adhesion of Al with glass is not good
the bottom layer of Cr is to make a good adhesion on the glass substrate. So, this stack
of Cr-Al-Cr gives better stability to the microheater in many applications [9].

In this paper, a Cr-Al-Cr (300 A°/1500 A°/300 A°) thin film heater on a 5*5 cm2

glass substrate was specially designed and fabricated to obtain a uniform temperature
for LoC applications.

The heater has been designed using finite element simulations COMSOL Multi-
physics, coupling the electrostatic and the heat transfer problems and obtaining the tem-
perature profiles due to a potential difference applied across the resistor. The structure
showing a more uniform temperature distribution has been fabricated using photolithog-
raphy and patterning. To validate the modeled results, an infrared thermo-camera (FLIR
IR) has been used to study the thermal distribution of the fabricated heater. To the best of
our knowledge, this is the first time a thermal study ofCr-Al-Cr (300A°/1500A°/300A°)
thin-film heater for PCR reaction application has been carried out.

The organization of the paper is as follows. In Sect. 2 the thin film heater design and
electro-thermal simulation are described. Section 3 shows the fabrication of the optimize
thin-film heater. Section 4 thermal study of the fabricated heater and Section 5 discusses
the main conclusions.

2 Thin Film Heater Design

A heater, in general, based its operation on the Joule effect: if we apply a potential
difference V across a circuit and the amount of current flowing is I. The amount of
electrical power supply transformed into heat. In the case of a resistor for which Ohm’s
law is applicable:

P = V · I = V2R = I2 · R (1)

where P is the electric power. V is the potential difference, I is the electric current, and
R is the resistance.
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The resistance value R can be expressed as a function of the type of metal used, the
film thickness, and the geometry, according to the equation:

R = ρL/S (2)

where ρ is the electrical resistivity, L is the length of the resistive path and S is the
cross-section area perpendicular to the direction of the current. For the flow of current in
a resistor, electric energy is transformed into heat and the dependence on the resistivity
usually is linearized with the thermal expansion:

R = R0[1+ α(�T )] (3)

where R0 is the value of the resistance at a given temperature T0 and α is the coefficient
of thermal resistance that depends on the type of material. The formula can also be
expressed in terms of resistivity, which in the case of a metal increases with temperature
as given below-

ρ = ρ0[1+ α(T − T0)] (4)

where ρ is the resistivity of the metal at a temperature T0.
In this research work, our goal is to achieve a novel Cr/Al/Cr metal stack heater

fabricated on a glass substrate, which can produce uniform heating inside the reaction
chamber required to perform on-chip PCR. The design parameters are area, the thickness
of the metal layer, metals used, and the substrate.

The heater geometry has been optimized, to get a uniform temperature distribution
in the specific area of the heater called the active area in our proposed design its value
is 8700 μm × 8500 μm. Therefore, after optimization of heater geometry for uniform
temperature distribution in this area, if we will put the reaction chamber in this particular
area, the temperature inside the reaction chamber will be uniform. The optimization has
been carried out using the Multiphysics finite element simulation program COMSOL
Multiphysics, which couples the electrostatic and heat transfer.

Different heaters’ geometries have been designed for obtaining uniform temperature
profiles due to a potential difference applied across the heater resistor.

2.1 Serpentine Geometry of Heater

Thefirst geometry testedwas theCr/Al/Cr (300A°/1500A°/300A°) serpentine geometry
[10] of the heater with vertical arm coils as shown in Fig. 1(a). Each coil is connected
to the other as shown in Fig. 1 (a) and finally attached to larger metal areas, called pads,
whose task is to facilitate contact with the heater and on whose lower edges the potential
difference is applied.

The initial choice of the vertical arm coil is based on fundamental reasons:

• its geometric symmetry makes construction and calculation of the resistance easier.
• the symmetry of the generated temperature field across the active area.
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The voltage of 5 V is applied across the heater pads and the temperature distribution
has been measured see Fig. 1(b). We draw a line (ab) in the middle of the active area
i.e., 4250 μm from the top of the heater & its length covers all figures of the heater.
The temperature distribution across this line has been measured as shown in Fig. 1(c).
Therefore, from the temperature distribution line graph it’s clear that the temperature is
not uniform along this line. To make a uniform temperature distribution, the serpentine
geometry of the heater has to be optimized.

Fig. 1. (a). Serpentine geometry of heater, (b). Temperature distribution along the active area
(8700 μm× 8500 μm) of the heater and (c) corresponding line graph along line ‘ab’ (middle line
along the active area)

2.2 Structure Optimization of the Serpentine Heater

The heater is Cr/Al/Cr (300 A°/1500 A°/300 A°) metal stack layers as described above.
To make a uniform temperature distribution, the geometry of the serpentine heater has
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been optimized varying both the width and the spacing of the fingers all the modified
dimensions are shown in Fig. 2. We have seen an enhanced uniformity in the modified
serpentine geometry of the heater as shown in Fig. 3. We found that the temperature
uniformity is better than 2% (only less than 2% variation in the temperature uniformity)
over the entire active area. Therefore, the temperature distribution ofmodified serpentine
geometrymakes it suitable tomaintain the almost uniform temperature inside the reaction
chamber during PCR reaction.

Fig. 2. (a). The modified serpentine heater geometry with optimized dimension produces almost
uniform temperature in the heater’s active area (8700 μm × 8500 μm). (b). Temperature
distribution of the modified heater.
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Fig. 3. Comparison of temperature distribution profile along arc ‘ab’ in serpentine and modified
serpentine structure.

3 Fabrication of Thin Film Heater

The fabrication of the heater has been performed with the following technological steps:

• Cleaning of the glass substrate of size 5*5 cm2 by standard cleaning procedure using
piranha solution.

• Deposition of Cr/Al/Cr (300 A°/1500 A°/300 A°) metal layers on glass substrate by
the thermal evaporation system.

• Patterning of the heater geometry (as shown in Fig. 2) by using the photolithography
process of positive photoresist AZ 1518. The following steps have been followed-

Spin coating: photoresist is deposited over the glass substrate coated with Cr-Al-Cr
in two steps; 5 s at 500 rpm and 30 s at 3000 rpm the thickness of photoresist achieved
over the substrate was almost 1.5 μm [11].

Soft bake: we have put the substrate on a hot plate for 1 min at 100 °C to evaporate
the residual photoresist.

Exposure: Then the structure has been exposed to UV rays for 18 s.
Development: the substrate is immersed in a developing solution, consisting of

AZ351B developer and deionized water in the proportion 1: 4, during this phase the
portion of the photoresist that is exposed to light becomes soluble to the photoresist
developer.

Hard bake: to make the final stable structure, hard baking has been carried out on
a hot plate at 115 °C for 2 min.

After lithography, the next step is the removal of threemetal layers fromareas affected
by UV rays; this allows to obtain of the layer of Cr/Al/Cr only in the desired geometry.
This process involves selective attacks on the three metals by the acidic solutions.

For the removal of the chromium layer, the following composition has been used-
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• 30 g Ce(NH4)2(NO3)6 (ammonium nitrate and cerium)
• 9 ml CH3COOH (acetic acid)
• 200 ml deionized water

The speed of attack is about 5 Å/s.
For the removal of the aluminum layer, the composition is the following-

• 80 ml H3PO4 (85% phosphoric acid)
• 5 ml HNO3 (nitric acid)
• 10 ml deionized water

The speed of the attack is about 10 Å/s.
The process times for the removal of three metal layers are:

• 1 min in the acidic solution for the removal of Cr.
• 3 min in the acidic solution for the removal of Al.
• 1 min in the acidic solution for the removal of Cr.

The next step involves the removal of the residual photoresist, with a solution of AZ
100 REMOVER for 5 min, then placing the whole on a hot plate for 5 min at 30 °C.

The fabricated heater and its microscopic image are shown in Fig. 4.

Fig. 4. (a).Modified serpentine design ofmicroheater in Cr/Al/Cr (300A°/1500A°/300A°) layers
(b) Microscopic image of the fabricated heater.

4 Thermal Study of Thin Film Heater

The temperature distribution of the fabricated heater has been seen under the FLIR IR
camera.When a voltage of 5-V is applied through the power supply on the heater pads the
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maximum temperature in the active area (8700 μm × 8500 μm) of the heater is almost
96 °C as shown in Fig. 5. The response time of the heater to reach this temperature is
almost 5 s. The thermal image of the modified heater design through an IR camera has
good matches the thermal image of the simulated design as shown in Fig. 2(b). This
shows the feasibility of the proposed heater for PCR reaction applications in the Lab on
Chip (LoC) system.

Fig. 5. (a). Thermal image of the fabricated heater using the FLIR IR camera. (b) and the
corresponding line graph along line ‘ab’.
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5 Conclusions

The thin filmCr-Al-Cr (300 A°/1500 A°/300 A°) metal stack heater on a 5× 5 cm2 glass
substrate for PCR reaction applications has been designed usingCOMSOLMultiphysics.
The modified serpentine structure of the heater shows the uniform temperature over
the active area of the heater (8700 μm × 8500 μm). The heater has been fabricated
using lithography & patterning of positive photoresist AZ1518. A thermal image of the
fabricated heater has been seen using a FLIR IR camera which shows a good agreement
with the simulated design. Therefore, by patterning the substrate with an optimized
resistor, it is possible to generate a uniform temperature distribution on a selected area
with great accuracy and with a short response time.
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Abstract. In the present work, we have studied the etching characteristics of
Si{110} in 10M NaOH solution without and with addition of NH2OH. The etch
rate of silicon and thermal oxide, and the undercutting rate at convex corners,
which are important parameters to be known in the fabrication ofMEMS structures
using silicon wet bulk micromachining, have been studied in modified NaOH
solution. The etch rate of silicon and the undercutting at convex corners increase
significantly with the addition of NH2OH, while the etch rate of silicon dioxide
reduces considerably with the addition of NH2OH etchant.

Keywords: NH2OH · NaOH · Etch rate · Selectivity · Undercutting

1 Introduction

Wet etching is a prominent technique for the fabrication of microstructures and sub
divided into two categories namely isotropic etching and anisotropic etching.Anisotropic
etching is an important step to fabricate the MEMS components for various applications
[1]. Potassium hydroxide (KOH) and tetramethyl ammonium hydroxide (TMAH) are
widely employed in the fabrication of microstructures via wet anisotropic etching [1–
10]. Recently, NH2OH-added TMAH and KOH are explored for applications in wet
bulk micromachining for the formation of MEMS structures [2, 3, 11–15]. Although
the addition of NH2OH-added KOH/TMAH provides very high etch rate, the etch rate
is reduced with the age of the etchant [14, 15]. NaOH, a low-cost etchant, has been
explored for the fabrication of microstructures and surface texturing for silicon solar
cell [17–19].

The silicon wafers with {100}, {110}, and {111} surface orientations are mainly
produced by wafer manufacturers. Other orientations are produced based on the specific
requirements. Inwet anisotropic etching, sidewalls of the stable etched profile are formed
by slowest {111} planes. The exposure of the number of {111} planes and their angle
with wafer surface during etching depend on the orientation of wafer surface. The pres-
ence of vertical {111} planes make {110} silicon wafers very useful for some specific
applications such as fabrication of microstructures with vertical and smooth sidewalls
[20–27].
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In the present work, we have investigated the etching characteristics of Si{110} in
10M NaOH without and with the addition of NH2OH. The main objective of this work
is to improve the etch rate and undercutting at convex corners which are inevitable for
high productivity.

2 Experimental Details

Cz-grown one side polished 4-inch diameter p-type {110} oriented silicon wafers of
resistivity from 1 to 10 �cm are used. One-micron thick oxide layer is deposited using
thermal oxidation process. Oxidized wafers are patterned using lithography followed
by oxide etching in buffered hydrofluoric (BHF) acid. Thereafter, wafers are cleaned
thoroughly in deionized (DI) water. Now the photoresist is removed using acetone fol-
lowed by cleaning in running DI water. The wafers are then diced into small chips
using a dicing saw. The diced samples are cleaned in piranha bath (H2SO4:H2O2::1:1)
followed by DI water rinse. After rinsing with DI water, samples are dipped into 1%
HF to remove oxide layer grown during piranha cleaning followed by rinsing in DI
water. Thereafter, etching experiments are carried out in 10M NaOH without and with
addition of 12% NH2OH using constant temperature bath. A reflux condenser with a
narrow opening is used to avoid the concentration variation of the etchant during etching.
Etch depth and undercutting at convex corners are measured using 3D laser scanning
microscope (OLYMPUSOLS4000), an optical microscope (OLYMPUMM6C-PC), and
Spectroscopic Ellipsometry (J. A. Woolman Co. Inc).

3 Results

Etch rate is an important parameter in MEMS fabrication. It is calculated by measuring
the etch depth for different times of etching. Figure 1 presents the etch rate of Si{110}
in pure and modified NaOH solutions. It can easily be noticed from Figure 1 that the
etch rate is significantly increased by the addition of NH2OH to NaOH. High etch rate
reduces etching time and therefore very useful for industrial production.

Silicon dioxide (SiO2) is widely used as mask and/or structural material in MEMS
fabrication. Therefore, etch selectivity between Si and SiO2 is another important factor in
the fabrication of cavities/grooves using oxide layer as mask and freestanding structures
(e.g., cantilevers) using oxide layer as structural material. The etch selectivity is defined
as the ratio of the etch rate of the Si to the etch rate of SiO2. In this work, SiO2 is used as
mask material. Figure 2 presents the etch rate of SiO2 and its selectivity with Si{110}.
It can obviously be noticed from the figure that the etch rate of SiO2 is decreased when
NH2OH is added to 10M NaOH. At the same time there is two-fold increment in the
etch selectivity, which is a desirable etching characteristic of an etchant. In the case
of NH2OH-added TMAH solution, the etch selectivity is 2.2 times more than the etch
selectivity in pure TMAH solution [3, 11]. However, in NH2OH-added NaOH solution,
the etch selectivity is 2.4 times more than the etch selectivity in pure NaOH solution.
Therefore, the etch selectivity of NH2OH added NaOH solution is comparable with that
of the TMAH-NH2OH solution.
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Fig. 1. Etch rate of Si{110} in pure and 12%NH2OH-added 10M NaOH solution at 70 ± 1 °C.

Fig. 2. (a) Etch rate of SiO2 and (b) Etch selectivity between Si{110} and SiO2 in pure and 12%
NH2OH-added 10M NaOH solution at 70 ± 1 °C.

In the formation of suspended structures, undercutting plays an important role in
removing underneath material to release the structures from the substrate [28–31]. In
themask pattern, the intersection of crystallographic directions (i.e.,<110> and<112>
directions on Si{110} surface) on silicon wafer surface forms either a concave corner
(<180º i.e. corners turning inside) or a convex corners (>180° i.e. corners turning out-
side). Although both types of corners are bound by <110> and <112> directions, their
etching characteristics are exactly opposite to each other. The concave corner remains
intact during the etching, while convex corners are immediately attacked by the etchant
leading to undercut. Figure 3 presents the schematic view of undercutting at convex
corners on Si{110} surface. The intersection of <112> directions on Si{110} surface
forms a rhombus pattern that comprises acute and obtuse corners as presented in Fig. 3.
On etching in anisotropic etchant, vertical {111} planes are exposed at the mask edges
of this rhombus pattern. The undercutting rate at acute and obtuse corners are presented
in Fig. 4. It is clear from the results that the undercutting rate increases considerably
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on the addition of NH2OH. In the case of NH2OH-added TMAH and KOH solutions,
the undercutting is increased [28–31]. In TMAH-based solution, the undercutting rate
is increased by a factor of more than three when NH2OH is added, whereas in NH2OH-
addedKOH solution, it is around four times than that in pure KOH [11, 13]. In the case of
NH2OH-added NaOH, the undercutting rate is 3.6 times more than that in pure NaOH
as shown in Fig. 4. Hence, it can be concluded that the undercutting rate is strongly
improved by the addition of NH2OH.

Fig. 3. Schematic view of undercutting at acute and obtuse corners on Si{110}.

Fig. 4. Undercutting rate on Si{110} at (a) acute and (b) obtuse corners in pure and 12%NH2OH-
added 10M NaOH solution at 70 ± 1 °C.

4 Conclusions

Etching characteristics of Si{110} in 10MNaOH dopedwith 12%NH2OH as a reducing
agent have been investigated for the fabrication of microstructures for MEMS applica-
tions. The etchant is characterized by evaluating the etch rate of Si and SiO2, etch
selectivity between Si and SiO2, and the undercutting at convex corners. Etching char-
acteristics of NaOH are improved significantly when NH2OH is incorporated. Hence
this study is very important for applications in MEMS fabrication via wet anisotropic
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etching. Ultimately, it can be concluded that the addition of NH2OH in alkaline solution
favourably influences the etching characteristics.
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Abstract. Microstructures for microelectromechanical system (MEMS) appli-
cations are widely fabricated using silicon wet bulk micromachining technique.
In this method, potassium hydroxide (KOH) is one of the most used anisotropic
etchants. It provides high etch rate when it is modified by the addition of hydroxy-
lamine (NH2OH).Moreover, it shows high undercuttingwhich is a desirable prop-
erty for the fabrication of overhanging microstructures. In this paper, the effect
of isopropyl alcohol (IPA) in NH2OH-added KOH on the etching characteristics
of Si{100} and Si{110}) is systematically studied. The results are compared with
the etching characteristics of IPA-added pure KOH. The undercutting rate reduces
drastically when IPA is added to NH2OH + KOH which protects the convex cor-
ners of the structures during etching process. At the same time, the etch rate of
{110} plane is suppressed considerable which is exploited to expose {110} plane
at the mask edges aligned along <100> direction on {100} surface that makes
45° angle with {100} surface and act as a micromirror.

Keywords: Wet bulk micromachining ·MEMS · High speed anisotropic
etching · 45° micromirrors · KOH · NH2OH · IPA

1 Introduction

Wet anisotropic etching is a simple and cheap fabrication process, which is exten-
sively used in silicon micromachining for the fabrication of microstructures for micro-
electromechanical systems (MEMS) [1–8]. Potassium hydroxide (KOH) and tetram-
ethylammonium hydroxide (TMAH) are most used alkaline solutions in silicon wet
anisotropic etching [1]. KOH exhibits higher etch rate and improved etch selectivity
between Si{100}/Si{110} and Si{111} in comparison to TMAH. Etch rate is a very
important etching parameter that affects the industrial production. To improve the etch
rate, various methods such as microwave irradiation, ultrasonic agitation, etching tem-
perature at the boiling point of etchants, etc. are investigated [9]. To obtain smooth
etched surface morphology, effects of alcohols and surfactants are investigated [10–15].
Recently, we reported the etching characteristics of silicon in various concentrations
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of NH2OH-added 20 wt% KOH [4, 16–19]. The addition of NH2OH in 20 wt% KOH
considerably increases the etch rate and the undercutting at convex corners. Moreover,
it improves etch selectivity between Si and SiO2.

The addition of IPA in KOH suppresses the etch rate of Si{110} planes. Therefore
{110} planes expose at<100>mask edge on Si{100} surface that makes an angle of 45°
with wafer surface. As 15% NH2OH-added 20 wt% KOH provides very high etch rate
and undercutting, the study of the effect of IPA in this etchant composition is required.
In this paper, the effect of IPA on the etching characteristics of Si{100} and Si{110} in
20 wt% KOH and 15% NH2OH + 20 wt% KOH is studied.

2 Experimental Details

4-inch Cz-grown {100} and {110} oriented p-type silicon wafers with resistivity of 5–
10 � cm are used. A thermally grown silicon dioxide of 1 µm thickness is employed
as etch mask for the selective etching of silicon. The first step of the experimental
process is to pattern the oxide layer by photolithography. Silicon dioxide is etched
out in buffered hydrofluoric acid (BHF) followed by cleaning in running DI water.
Thereafter, the wafer is diced into small chips (2 × 2 cm2). Diced chips are cleaned in
a piranha bath (H2O2:H2SO4::1:1), then thoroughly rinsed in running DI water. Prior
to dipping these chips in an etchant, oxide layer grown in piranha bath is removed
in 1% hydrofluoric acid (HF) followed by cleaning in DI water. To prepare 20 wt%
KOH solution, KOH pellets (99.99%, Alfa Aesar) are dissolved in DI water. Aqueous
NH2OH solution is used to prepare 15% NH2OH + 20 wt% KOH. To study the effect
of IPA on the etching characteristics of Si{100} and Si{110}, different concentration
IPA is added to KOH and NH2OH + KOH solutions. All experiments are performed
at a fixed temperature of 75 ± 1 °C. A reflux condenser is used to avoid any change in
etchant concentration during the etching process. Etch depth, etched surface roughness,
and undercutting at convex corners are measured using a 3D laser scanning microscope
(Olympus, OLS4000). Scanning electron microscope (SEM) is used to inspect various
kinds of microstructures.

3 Results and Discussion

Etching characteristics of Si{100} and Si{110} (i.e., etch rates, etched surface mor-
phologies, undercutting at convex corners) are investigated in KOH and NH2OH +
KOH without and with addition of different concentration IPA. The results obtained in
different etchant compositions are compared. Etching characteristics are methodically
presented in the following subsections.

3.1 Etch Rate

The study of etch rate is very important in the fabrication of MEMS structures such
as grooves and cavities. Figure 1 shows the etch rates of {100} and {110} planes in
20 wt% KOH and 15% NH2OH-added 20 wt% KOH without and with the addition of
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different concentration IPA. It can easily be noticed that the etch rates of both Si{100}
and Si{110} drastically decreases as the concentration of IPA increases and attain almost
minimum value if the concentration of added IPA increases more than 6%. In the case of
Si{110}, the decrease in etch rate significantly higher than that of Si{100}. This property
of etching is very useful to fabricate 45° mirror on Si{100} surface by exposing {110}
planes at <100> mask edges [11].

Fig. 1. Etch rate of (a) Si{100}, (b) Si{110} in 20 wt% KOH and 15% NH2OH-added 20 wt%
KOH solutions without and with different concentration IPA at 75 ± 1 °C.

In IPA-addedKOH solution, IPAmolecules form a layer on the silicon surface, which
protects the silicon surface from the reactants [12, 13, 20]. Therefore, the etch rate of
silicon reduces on the addition of IPA. Recently, we reported the etching mechanism
of silicon in NH2OH-added KOH [16–19]. In NH2OH-added KOH, H2O is the main
reactive molecule, while NH2O− and OH− work as catalysts. When IPA is added to
NH2OH+ KOH, the etch rate of silicon is suppressed as shown in Fig. 1. It may be due
to the adsorption of IPA molecules on the silicon surface that reduces the diffusion of
reactants and catalysts to silicon surface. This is schematically presented in Fig. 2.

Fig. 2. Schematic diagrams of Si{100} surface (a) without and (b) with isopropyl alcohol (IPA)
layer in IPA + NH2OH + KOH solution during etching process.
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Fig. 3. Surface roughness and corresponding 3D laser scanning microscope images of Si{100}
etched in 20 wt% KOH and 15% NH2OH-added 20 wt% KOH solutions without and with the
addition of different concentration IPA at 75 ± 1 °C (etching time: 2 h).

3.2 Etched Surface Roughness and Morphology

Surface roughness is one of the important concerns, especially when it is used for optical
and solar cell applications [21, 22]. Figures 3 and 4 show the surface roughness of
Si{100} and Si{110}, respectively, planes in 20 wt% KOH and 15% NH2OH-added
20 wt% KOH without and with the addition of different concentration IPA. In both
cases, surface roughness is improved when 6% (or more) IPA is added in the etchant.
The main cause of the formation of hillocks on the surface is the generation of hydrogen
bubbles on the surface being etched and/or the stiction of impurities and byproducts on
the surface [1]. The addition of IPA might reduce the surface tension of the etchant, or
the IPA layer does not allow the formation of bubbles on the surface [1, 20].
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Fig. 4. Surface roughness and corresponding 3D laser scanning microscope images of Si{110}
etched in 20 wt% KOH and 15% NH2OH-added 20 wt% KOH solutions without and various
concentration IPA at 75 ± 1 °C (etching time: 2 h).

3.3 Undercutting

Undercut rate is an important etching characteristic that is advantageously used to release
the suspended structures [23–25]. On the other hand, it is an unwanted effect when mesa
structures are fabricated with protected convex corners. Figure 5 shows the undercut
rate and corresponding 3D laser scanning microscope images of the convex corners on
Si{100} etched in pure and NH2OH-added KOH solution without and with addition
of different concentration IPA. It can easily be noticed in Fig. 5 that the undercut rate
suppressed significantly when IPA is added in pure and NH2OH-added KOH. It is well
known that the undercut rate reduces due to the reduction of etch rate of high index
planes that are exposed at the convex corner during the wet anisotropic etching process
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Fig. 5. Undercutting rate and corresponding 3D laser scanning microscope images of convex
corner on Si{100} after etching in 20 wt% KOH and 15% NH2OH-added 20 wt% KOH solutions
without and with addition of IPA at 75 ± 1 °C.

[1, 20]. In this case, IPA layer forms on the high index planes appearing at convex corners
during etching process that protect the convex corner from the main reactive elements.

Mesa and cavity structures are successfully fabricated on Si{100} in IPA-added
20 wt% KOH and 15% NH2OH + 20 wt% KOH solutions as presented in Fig. 6. It can
easily be observed that the fabrication of mesa/cavity with same height/depth requires
less etching time in IPA+NH2OH+KOH in comparison to that in IPA+KOHsolution.
Thus, the fabrication of mesa and cavity structures with a higher etch rate, is very useful
for the fabrication microstructures with 45° sidewalls that act as micromirror [11].
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Fig. 6. SEM images of mesa and cavity structures with <100> edges on Si{100} formed in
20 wt% KOH and 15% NH2OH-added 20 wt% KOH solutions with the addition of various
concentrations IPA at 75 ± 1 °C.
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4 Conclusions

The effect of IPA on the etching characteristics of silicon (i.e., etch rate, surface rough-
ness, and undercutting) in 20% KOH and 15% NH2OH + 20 wt% KOH solutions is
methodologically investigated. The addition of IPA suppresses the etch rate and improves
the etched surface morphology. The etch rate of Si{110} is more drastically reduced in
comparison to that of Si{100}. This property is exploited to form 45° mirror on Si{100}
surface. Moreover, the undercutting rate in both KOH and NH2OH+KOH is influenced
dramatically on the addition of IPA, which is desirable property to form well shaped
mesa structures on Si{100}. Surface morphology in IPA + NH2OH + KOH follows
the same trend as IPA + KOH. Finally, it can be concluded that the addition of IPA
affects the etching characteristics of both KOH and NH2OH + KOH significantly and
the selection of the etchant depend upon the requirement of undercutting, etch rate and
surface morphology.
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Abstract. In this work, deep grooves of more than 300µmdepth are fabricated in
ahigh-qualityBorofloat glasswafer usingwet bulkmicromachining in bufferedHF
(BHF) solution. The Cr/Au/photoresist layers are used as the etching mask. These
masking layers showed very good chemical resistance to etching in BHF solution.
The etchant provides smooth etched surface morphology with an excellent etch
rate of 11.1 µm/min. The proposed process is very useful for the formation of
deep grooves with smooth vertical sidewalls and uniform bottom surfaces.

Keywords: Buffered HF ·Wet chemical etching · Borofloat glass ·Masking
layers · Etch-rate

1 Introduction

In the microfabrication process, the glass is the second most widely used material after
silicon owing to various interesting properties such as high chemical resistance, high heat
resistance, high electrical isolation, low optical absorption, etc. Micromachining is an
approach that is widely used for the development of microstructures in glass wafers.
Borofloat glass is broadly utilized for the formation of various microstructures for
microelectromechanical systems (MEMS) applications such as Bio-MEMS and optical-
MEMS because of its superior physical, chemical, and mechanical properties [1, 2]. The
optical properties of Borofloat glass-like high transparency and less absorption makes
it suitable for the fabrication of lenses and other optical applications where low optical
loss is essential. Also, the excellent mechanical properties of Borofloat glass-like high
thermal expansion coefficient and good electrical insulation properties make it an ideal
candidate for the fabrication of different MEMS sensors and actuators [3].

There are various approaches like mechanical, plasma, and chemical utilized for the
development of deep structures like cavities and through-hole in glass wafers. Mechan-
ical approaches comprise traditional and ultrasonic drilling, electrochemical discharge,
and powder blasting. These processes provide very rough surfaces [4]. Plasma is also
used for glass etching, but it provides a very slow etch rate of the order of 10 nm/min
[5]. Besides, chemical processes such as dry and wet chemical etching are widely used.
Among them, dry etching has the advantages of providing smooth surfaces and high uni-
formity, but it is expensive and exhibits a very low etch rate. Wet bulk micromachining
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is a cheap and easy approach to form microstructures in glass and silicon wafers [6–14].
It is utilized in several applications for glass micromachining such as wafer thinning,
through-hole development, microchannels fabrication for different MEMS applications
[1, 15]. Generally, hydrofluoric acid (HF) is most commonly used for glass etching [5].
However, the aggressive behavior of concentratedHF can severely damage the associated
masking layer. In addition, it provides rough surface morphology and creates surface
nonuniformities. To perform selective etching of glass, various kinds of masking layers
such as Cr/Au, multiple metal stack Cr/Au/Cr/Au, amorphous silicon, polysilicon, and
silicon carbide are employed [6, 15–18].

In this work, we have developed a process for the formation of deep grooves in a
Borofloat glass wafer using wet bulk micromachining in Buffered HF (BHF) solution.

2 Experimental Details

In this study, a 500 µm thick, 4-inch diameter Borofloat glass (HK9L) wafer is used.
Firstly, Cr/Au masking layers with 30 nm and 200 nm thickness, respectively, are
deposited on both sides of the wafer using the DC magnetron sputtering process. Here,
the deposition of metals is performed at room temperature. The thickness of deposited
films is observed by an in-situ thickness monitor.

After the deposition of Cr/Au masking layers, pattering of the masking layer is
performed using photolithography. In this process, the hexamethyldisilazane (HMDS)
is spin-coated on Cr/Au at 3000 rpm for 30 s followed by spin coating of the positive
photoresist AZ1512HS at 3000 rpm for 30 s. Here, the HMDS works as a primer to
enhance the adhesion of the photoresist layer. The photoresist-coatedwafer is pre-backed
in an oven at 90 °C for 30 min. Thereafter, the wafer is exposed under UV illumination
in a mask aligner after aligning it with an appropriately designed mask pattern. Then
the wafer is developed and post-backed for 1 h at 120 °C. After this step, Cr and Au
layers are etched using wet chemicals. In this process, first, the top Au layer is etched
in potassium iodide (KI) solution. Subsequently, the Cr layer is etched in the Cr etchant
prepared by mixing 1.645 g ceric ammonium nitrate (Ce(NH4)2(NO3)6) with 0.43 ml
nitric acid (HNO3) in 100 ml DI water. After the selective etching of Cr and Au layers,
the wafer is thoroughly cleaned in DI water. A Teflon container, as shown in Fig. 1, is
used for glass etching. To fabricate deep grooves in the Borofloat glass wafer, the wet
bulk micromachining is performed in buffered HF solution (BHF), which is prepared
by mixing HF and ammonium fluoride (NH4F) in a ratio of 1:7. After preparation of
BHF, it is shifted in Teflon container for subsequent etching process. In this work, BHF
is chosen for glass etching because it makes very low damage to the photoresist layer,
therefore the masking layer durability in the etching process is sufficiently improved.
In this process, the backside of the wafer is protected by Cr/Au and photoresist layers.
Process steps used in this work are schematically illustrated in Fig. 1.

3 Results and Discussion

Etch rate is outlined as the vertical distance etched per unit time and is calculated by
measuring etch depth for a particular etch time. In the semiconductor industries, a high
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Fig. 1. Schematic representation of process steps used to form deep grooves in Borofloat glass
wafer using wet bulk micromachining in BHF.

etch rate is required to enhance productivity and to reduce the overall cost of the product
simultaneously. Figure 2 shows the 3-D optical image of an etched sample measured
using a 3D laser scanning microscope (OLYMPUS OLS4000). It is evident from Fig. 2
that the sidewalls of the groove are very smooth. Also, there are no notching defects
observed on the edges of the pattern. Moreover, it can be noticed from Fig. 2 that the
mask layer (Cr/Au/photoresist) is steadily intact with the wafer surface.

Furthermore, the depth and edge profile of the etched groove is also measured using
the 3D laser scanning microscope, and it is depicted in Fig. 2. Here red line signifies the
depth profile of the developed groove, yellow line provides the depth and scan length
measurement, whereas the blue line is the marker line which covers the scan area. It can
be easily seen that the square groove possesses sharp edges with minimal lateral etching.
The etch depth of the sample after 30min of etching ismeasured to be 332.792µm,which
gives the etch rate 11.1 µm/min. This etch rate is two times higher than the previously
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reported results for soda-lime glass [19]. Moreover, the etched depth profile in Fig. 2
indicates that the bottom surface of the groove is uniform. Furthermore, the average
etched surface roughness (Ra) measured using a 3D laser microscope is 0.26 µm, which
is useful for the formation of various microstructures with the smooth surface finish for
applications in MEMS.

Fig. 2. Optical photograph and etch depth profile of a deep groove formed inBorofloat glasswafer
using wet bulk micromachining in BHF solution (Etch time: 30 min, etch depth: 332.792 µm).

After performing glass etching, the total width of the window of the square groove
is calculated and undercutting is calculated, which was measured to be around 3µm.
Further analysis is performed after removing the photoresist layer and metal mask layer
to observe the under etching and the results are shown in Fig. 3. The total under etching
after removing of all masking layers is measured to be ~30µm. The present study reveals
that, theBHFprovides excellent etchingwithminimal lateral etching forBorofloatGlass.

4 Conclusions

In this work, a simple method has been developed to fabricate deep grooves with a
higher aspect ratio and smooth surface finish in the Borofloat glass wafer. The thin films
of Cr/Au are deposited by DC sputtering and used as the main masking layer. A positive
photoresist, which is used for the patterning of Cr/Au using photolithography, is worked
as an additional mask layer over Cr/Au thin film. These layers served as a very good
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Fig. 3. Etched profile after removing photoresist and metal masking layers.

masking layer for the selective etching of glass for the development of deep grooves in
Borofloat glass using BHF as an etchant. Thus, the developed approach paves a simple
and efficient way to produce deep grooves with a higher aspect ratio in a low-cost and
rapid manner.
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Abstract. In this study, we demonstrate a piezoelectric actuator for the lysis of
bacteria using Travelling Surface Acoustic Waves (TSAWs) produced by gold
IDTs (Interdigitated Transducers) fabricated on lithium niobate substrate. We are
able to achieve ~99% lysis using IDTs of width 50 μm each, at 19.9 MHz. The
developed piezoelectric actuator is a chemical free technology and can be used to
lyse any type of bacteria as well as eukaryotic cells.

Keywords: Cell lysis · Piezoelectric actuators · TSAW

1 Introduction

Cell lysis is a process that involves destroying or breaking down the outer boundary of
a cell to release its intercellular contents, such as DNA, RNA, and proteins. Lysis is an
important tool in the field of molecular diagnostics of pathogens and in the development
of various laboratory equipment such as point of care tests and protein purification kits.
In addition, it is a critical step in several diagnostic and therapeutic efforts, since many
disease biomarkers are typically found within the cell membrane [1]. The presence of
a multi-layered cell wall in microorganisms requires advanced processes to lyse them
and some of the currently used processes along with their disadvantages are as follows:
(1) Thermal lysis which is not suitable for all organisms and can damage certain heat
sensitive proteins and nucleic acids. (2) Electroporation, known for its versatility and low
DNA requirements though cell damage and nonspecific transport of molecules are some
of the disadvantages associated with it. (3) Mechanical lysis, the most preferred tech-
nique, which typically involves shear forces to physically damage the cell membrane. (4)
Chemical lysis, the most effective strategy, though chemicals might interfere with down-
stream processing. Although several such techniques can lyse bacteria, a single method
is not widely used for all types of bacteria like gram negative (E. coli, Pseudomonas)
and gram positive (Staphylococcus, Bacillus) [2, 3].

In this study, we have developed a piezoelectric actuator for lysis using TSAWs
(Travelling Surface Acoustic Waves) that are produced by gold IDTs (Interdigitated
Transducers) on lithium niobate substrate. A piezoelectric actuator is a type of device
that converts electrical energy into mechanical stress and the lithium niobate substrate
is the piezoelectric material used in our study [4, 5]. We believe that this technique can
be used for the lysis of not only bacteria but also other microorganisms and eukaryotic
cells, without compromising the quality of the released cytoplasmic content.
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2 Methodology

2.1 Sample Preparation

We use E. coli (DH 5 alpha) as a model for our study. We prepared an overnight bac-
terial culture (broth) and measured its optical density using UV-Vis spectrophotometer
(UV1780, Shimadzu, Japan) at 600 nm. An absorbance 1 at OD600 was considered to
be 109 CFU/ml where CFUs are colony forming units, to calculate the concentration of
the culture.

2.2 IDT Fabrication

Fabrication schematic is depicted in Fig. 1. The lithium niobate wafer (128° Y-X cut,
UniversityWafer, Inc. SouthBoston,USA)wasfirstwashedwith IPA (Isopropyl alcohol)
and blow dried, followed by sputter (AJA International, Inc. USA) deposition of 20 nm
titanium and 80 nm gold layers. Then positive photoresist (S1813, Shipley, USA) was
spin coated at 3000 rpm and baked for 1 min at 120 °C. 405 nm laser source was used
to pattern IDT structure on the substrate. After the patterning, the positive resist was
removed using MF319 developer (Dow, USA) while the gold and titanium coating were
etched off to get the final IDT structures.

Fig. 1. Schematic of process flow for IDT fabrication

2.3 PDMS Microchannel Fabrication

Themicrochannelwas designed inAutoCADandprintedusingSLA(Stereolithography)
3D printer (Project 6000 HD, USA). The 3D printed wafer was then rinsed with IPA
and further cured in UV chamber for 30 min to get the master patterns. Poly (dimethyl
siloxane) (PDMS) (Sylgard 185,Dow,USA) replicawas thenmoulded from thesemaster
patterns. The procedure in brief: PDMS base and cross-linker were mixed in 10:1 ratio
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and degassed for 15 to 20 min. They were then poured onto the master patterns and
cured in a hot air oven at 70 °C for 3 h. The PDMS layer was then peeled off from
the master patterns, inlet and outlets holes punched and bonded to the lithium niobate
substrate (having the fabricated IDT patterns) using a plasma cleaner (PDC-VCG-2,
Harrick Plasma, USA) as shown in the schematic in Fig. 2.

2.4 Device Setup and Operation

The individual fingers of the IDTs were interconnected using bus bars as shown in the
inset in Fig. 2.We usedRF signal generator (DSG815, Rigol, China) inmodulationmode
to send pulsed, high-frequency signal to the IDT. Samples of required concentration
(109 CFU/ml) were pumped through the PDMS channels using at various flowrates
(from 1 to 20 μl/min) using a syringe pumps (Fusion 101, Chemyx Inc., USA). They
were then collected and plated on LB agar (M1151, HiMedia, India) to determine the
cell viability by colony counting (using a pen and a click-counter).

3 Results and Discussion

We fabricated a hybrid device with IDTs patterned to a piezoelectric substrate and a
PDMSmicrochannel bonded onto the same substrate as shown in Fig. 2. The IDTs were
fabricated onto a 128° Y-X cut lithium niobate substrate, which were excited to generate
the surface acoustic waves. Bacteria were exposed to TSAW that can cause them to lyse,
while they pass through the channel. The IDT patterns fabricated on Lithium Niobate
substrate have parallel finger pairs of different finger width and gap and can operate
at different frequencies. We calculated the SAW wavelength generated from different
structures of IDT using Eq. 1;

λs = 2(wi + gi) (1)

where, λs is SAWwavelength and wi and gi are the width of the finger and gap between
the adjacent fingers of IDT respectively.We fabricated IDTs of 50μmfinger spacing and
varied the frequency of the signal to the IDTs. The device can produce SAWwavelength
of 200 μm (using Eq. 1). The operating frequency can be calculated by using Eq. 2

fO = vs/λs (2)

where, fo is operating frequency and vs is the acoustic velocity of the substrate (3980m/s
for the current substrate).

The device can be used for an applied operating frequency of 19.9 MHz calculated
using Eq. 2 for SAWwavelength of 200 μm [6, 7]. We varied the flowrate of the sample
through the microchannel at constant applied frequency to analyze the effect on lysis.
The experimental results are summarized in Fig. 3.

We also performed a control with ‘TSAW off’ at all flowrates and analyzed the
cell viability. We see that majority of the cells are dead (cell lysis > 97%) after being
subjected to TSAW, (indicated by black bars in Fig. 3a) for all flow rates tested. Cell
lysis is ~100% at flowrates <5 μl/min (Fig. 3a) since the bacteria are exposed to TSAW
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Fig. 2. Schematic of piezoelectric actuator for microbe lysis

Fig. 3. Bar chart showing the lysis of bacteria (in %) plotted against (a) different flowrate at two
different conditions TSAW on (black) and off (red) at 19.9 MHz frequency to generate 200 μm
wavelength of TSAW (b) different temperature, without TSAW.

much longer (~13.7 s) at these flowrate. As the flowrate increases, to 20 μl/min, we
observe a slight reduction in viability from ~0 to ~4% due to reduction in residence time
(3.4 s).

We also observed temperature increase with TSAW application and performed an
experiment to check the heating effect on lysis in the microchannel, as shown in Fig. 3b.
Weplaced thehybrid device on ahotplate, pumped thebacteria through themicrochannel,
at varying flow rates, with ‘TSAW off’ at all conditions, and observed the cell lysis
pattern. Cell lysis is low at 20 to 30 °C (~1–4%) while it increases from ~4% to 100%
with increase in temperature from 30 °C to 80 °C. As observed previously, cell lysis
was higher at lower flowrate and higher temperature (for example, ~53.5% at 5 μl/min
and 40 °C as compared to ~50.6% at 20 μl/min and 40 °C). This again is due to the
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increased residence time of bacteria in the microchannel thus, their increased exposure
time to high temperature, affecting their lysis.

Experiments are in progress to determine the mechanism of cell lysis. The possible
reasons for lysis of cells treated with SAW is the energy transfer to the cells that are
located at the pressure nodes of the SAW waves as well as the temperature. Several
factors such as the frequency, the power, and the volume of the cell suspension, flowrate,
distance between the channel and the IDTs, will affect the efficiency of the lysis process.
The other major challenge with the cell lysis component of the device is determining
the right dimensions for the IDTs. Although the exact mechanism of the interaction
between the device and the bacteria is not known, it is believed that the resulting cell
lysis can be performed efficiently. We are working on the numerical simulation and will
be fabricating IDTs based on the simulation result and will come upwith the strategies of
lysis of bacteria with varying IDT designs and input operating frequencies. The current
study is a proof of principle for this particular work. In conclusion, this work shows in
principle that diverse bacterial population can be lysed using SAW generated by IDTs
fabricated onto a piezoelectric substrate and this can be a generic lysis strategy.
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Abstract. In recent years, several techniques for detecting relative viscosity in
the microfluidic environment have been described as having their advantages and
limitations. In this context, the presentmethod ofmicrofluidic viscometer provides
a very feasible and cost-effective method, in terms of device fabrication detection
and analysis. Herein, the hydrophobic patterns of paraffin wax on cellulose paper
were created using an inexpensive laminator. In the fabricated microscale paper-
based analytical device (µPAD), two points in a microchannel, with pre-defined
length, were created and the average time taken for sample fluid to cover this
length was leveraged to compute viscosity. These two points in the microchan-
nel were color-coded regions of interest (ROIs) and video frames were captured
during the fluid flow across the microchannel. An image processing algorithm
with the greyscale alteration in the ROIs was used to compute the time taken
by the fluid to cover the two points with known distances. A 3D printed plat-
form, comprising a µPAD, a commercial onboard camera, and an LCD display,
was established to implement the image processing mechanism and automate the
overall workflow. This inexpensive, user-friendly and adaptable wax lamination
technology is an important alternative to existing approaches, and it opens up
a world of possibilities for researchers working in resource-strapped labs. Such
microfluidic-based viscometers have shown to have great potential for regular
monitoring the customized point-of-care (PoC) devices in a regulated and turnkey
manner.

Keywords: Microscale paper-based analytical devices (µPAD) ·Microfluidic
viscometer · Point of care (PoC)

1 Introduction

Numerous tabletop viscometers are available on the market with different models.
Automation of such devices is carried out for increasing the accuracy and precision
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of the system which reduces the error probability. As Ostwald viscometer [1], vis-
cometers based on the scattering light [2], also image processing based viscometer [3],
capillary-basedmicro viscometer [4] has somedrawbackof large sample volume require-
ment, bulkiness, and least accuracy. Currently, to harness an appropriate viscometer for
diverse point-of-care (PoC) applications, a suitable fabricationmethod withmicrofluidic
technology is needed.

Microfluidic technology has prospered to provide accurate, cost-effective, rapid, and
user-friendly solutions even in biomedical and biochemical field domains. PoC devices
were established by integrating such microfluidic devices with other components to pro-
vide sample-to-answer while using a very small volume (µL-pL range). The microflu-
idic viscometer was employed for the viscosity estimation based on the distance (width)
covered by the fluid and reference and that was tested for sensing the blends of fuel
adulteration [5] and milk adulteration [6] and also for biosensing application [7].

Conventionally, several fabrication techniques, such as Hot embossing [8], pho-
tolithography [9], direct UV laser writing [10], and CO2 laser printing technology [11],
were used to fabricate such microfluidic devices. These devices have apparently been
used to measure a range of physical properties, including viscosity, diffusion coef-
ficient, and conductivity. More recently, microfluidic paper-based analytical devices
(µPAD) have been developed to provide a clean-room-free, cost-effective, disposable,
self-pumping, and compact rapid prototyping methodology that can be optimized for
biochemical testing and diagnostics in PoC settings [11–13].

In our previous work, the 3D printed µPAD, with hydrophobic boundaries, was
developed using polycaprolactone (PCL) filament for viscosity measurement by image
processing approach [3, 14]. In this proposed work, the micro viscometer platform
consists of wax-printed µPAD which is suitably aligned with the Raspberry Pi camera
module and LCD display. This image processing-based approach is employed for the
velocity measurement on the porous chromatograph platform have the advantages of the
capillary effect which is helpful for pump-free operation [1]. After absorption of several
biochemical reagents, various platforms for sensing employing electrochemistry were
designed on paper microstrips, resulting in a decrease in complexity and a fast analysis
time. The developed micro viscometer mini-platform was employed to calculate the
viscosities of numerous biological samples like lysozymes and Bovine Serum Albumin
(BSA).

2 Materials and Methods

2.1 Materials

Grade-I filter paperwas procured fromWhatman, India. The Para-filmwaxwas procured
from Unicorn Petroleum Pvt. Ltd., India. The chemicals for instance BSA, Lysosomes
were purchased from Sigma Aldrich, India. Two circular provinces were made and that
was using green and blue markers (Camlin, India). Ostwald viscometer was used to
compute the viscosity values for benchmarking.
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2.2 Fabrication of the Microfluidic Wax-based Paper-based Analytical Device
(µ-PAD)

The design of a microchannel with triangular reservoir was created and printed on grade
I filter paper based on our previous work [15]. In our earlier work, various microchannel
characteristics, such as filter paper grade, microchannel width, hydrophobic boundary
width, wax temperature, heating duration, and microchannel reservoir shape, have been
optimized. Such optimized parameters were used to create the paper-basedmicrochannel
with two regions-of-interest (ROI) [1]. First, themicrochannelwas designed inAutoCAD
software to print the desired design usingCO2 laser engraverwithmaximum30Wpower
and 10.6 µm wavelength (VLS 3.30 from Universal Laser, AZ, USA). The design was
transferred on the GSM paper through CO2 laser engraver cut. The laser cut was carried
out with optimized parameters speed and power 6.5 and 4.5% of maximum rating [16].
The design was created with a 3.98 mm channel width and a 4 mm diameter with two
separate spots which were later filled with different colors (blue and green) and work as
ROIs. A micro-reservoir of 7.27 mm in length was designed. The µPAD was printed on
Grade-I filter paper with pore size of 40 µm. Consequently, the fabricated design was
immersed into para-filmmolten wax for 10 s and was left to dry at the room temperature.
The detailed step-wise method to fabricate µPAD is depicted in Fig. 1.

Fig. 1. Schematic representation of fabrication process of µPAD a CAD design of µPAD b
Design sandwiched inside the grade I filter paper through the laminator, c patterning on both sides
of filter paper d Final wax produced µPAD with two different color spot e Channel holding the
size of a coin

Figure 1a design of the mold with the triangular channel shape has been designed in
the AutoCAD software and the mold with that design was sandwiched inside the grade
I paper through the laminator for the further printing of the channel boundary as shown
the Fig. 1b. The channel with the wax boundary has been fabricated, and the triangular
microchannel was used for the bio-fluid to flow through the system as in the captured



304 M. D. Wagh et al.

image of Fig. 1c. A single what-man (4 cm × 3 cm) filter paper can accommodate 15
such microchannels. As presented in Fig. 1d the two-color spots were added, and the
Region of interest (ROI) is developedwith the detection of the color spot by the raspberry
pie system. Bio-fluid (BSA and Lysozyme) was poured into the channel and the change
in the paper brightness was monitored for the time measurement with the help of the
ROI. Figure 1e shows the final ready-printed µPAD with the addition of the color spot
and holding size of a coin.

3 Experimentation

3.1 Integrated Image Processing Platformwith Raspberry PieModule andµPAD

Figure 2a shows the photograph of an integrated image processing platform with a
raspberry pie module and µPAD. The grade I filter paper (pore size 11 µm) was used
as the microchannel and a wax boundary was created to encapsulate blue and green
color spots. When sample fluid was flowing in the microchannel, the brightness of the
paper changed, and the region of interest (ROI) is developed which is converted into a
grayscale image as shown in Fig. 2b, c. Once ROI gets developed, images get converted
into grayscale images. Using optimized distance and alignment between the camera and
micro-pads, the image of the microchannel gets captured clearly. For the first 15 s, a
reference conforming to the dry filter paper was measured, and an average of the mean
brightness value of ROI is calculated. When the sample liquid moves toward the contact
with the microchannel, the brightness of the paper changes. To validate the miniaturized
viscosity measurement platform, two biological fluidics, bovine serum albumin (BSA)
and Lysosomes were tested.

Fig. 2. Photograph of integrated image processing platform with a raspberry pie module and
µPAD b developed ROI µPAD c captured µPAD image on the LCD display
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Because the BSA and lysozymes were folded before denaturation, the change in vis-
cosity level, which gets unfolded when heated at 80 °C, was used to confirm the denatu-
ration of the protein. Denaturation of the biofluids causes the change in the viscosity at
different concentration ranges. The measured viscosity values were benchmarked with
the values measured using a benchtop Ostwald viscometer. These experiments were
conducted at a room temperature of 25 °C.

3.2 Estimation of Viscosity

To prove the competency of the fabricated µPADs along with the optimized parameters,
viscosity values were evaluated. Water was used as a reference fluid to measure the rela-
tive viscosity, and the time required by water to cover a fixed length in the microchannel
was estimated from three trials and it was found to be 0.89 cP. The benchtop (Ostwald)
viscometer was used for comparison with the viscosity values. And, the error of the
presented µPADs was showing nearly equal value as stated in the Ostwald viscometer
[17] and relative data is shown in Tables 1 and 2.

Table 1. Relative viscosity of BSA for various concentrations for n = 3 trial

BSA before denaturation

Concentration
mg/ml

Time taken (s) Average
time (s)

Standard
deviation

Viscosity
(cP)

Ostwald
viscometer
(cP)

Error
(%)

5 21.52 21.03 21.6 21.38 0.25 1.98 2.2 −9.70

10 22.6 22.35 23 22.65 0.26 2.10 2.53 −16.8

15 24.75 24.3 24.65 24.56 0.19 2.28 2.89 −21.0

BSA after denaturation

Concentration
mg/ml

Time taken (s) Average
time (s)

Standard
deviation

Viscosity
(cP)

Ostwald
Viscometer
(cP)

Error
(%)

5 12.37 12.89 12.63 12.63 0.21 1.17 1.18 −0.56

10 12.05 12.12 11.36 11.84 0.34 1.10 1.3 −15.3

15 15.6 15.36 15.45 15.47 0.09 1.43 1.45 −0.88

4 Result and Discussion

The display unit and spotted µPAD were located below the Raspberry Pi camera and
integrated into a single 3D printed platform. The pattern was recognized on the µPAD,
Sample volume used for the testing viscosity was 20 µL.
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Table 2. Relative viscosity of Lysozymes for various concentrations for n = 3 trial

Lysozymes before denaturation

Concentration
mg/ml

Time taken (s) Average
time (s)

Standard
deviation

Viscosity
(cP)

Ostwald
viscometer
(cP)

Error
(%)

5 10.9 10.23 11.32 10.84 0.45 1.00 1.02 −1.26

10 11.4 11.32 11.36 11.36 0.03 1.05 1.06 −0.41

15 11.9 11.41 11.71 11.71 0.22 1.08 1.11 −1.99

Lysozymes after denaturation

Concentration
mg/ml

Time taken (s) Average
time (s)

Standard
Deviation

Viscosity
(cP)

Ostwald
Viscometer
(cP)

Error
(%)

5 12.8 12.36 12.45 12.53 0.18 1.16 1.19 −2.12

10 13.7 13.56 13.47 13.6 0.12 1.26 1.28 −1.29

15 14.5 14.36 14.89 14.59 0.22 1.35 1.35 0.42

4.1 Denaturation of BSA

Different samples of various concentrations (5, 10 and 15 mg/ml) were prepared with
before and after denaturation. The viscosity of theBSA samplewasmonitored before and
after denaturation/folding. The solution was heated at 80 °C for 30 min. The solution
was cooled to room temperature before testing in µPAD to determine its viscosity.
The difference in contact angle and surface tension before and after denaturation was
determined, which were found to be insignificant and was so discarded through the given
Lucas–Washburn Eq. (1) governs the flow observed in the microchannel.

L2 = γ.t. cos θ

η
(1)

where, L represent the length of the microchannel, γ represents surface tension, θ rep-
resents contact angle of the fluid with the filter paper and η as the viscosity of the fluid
(Fig. 3).

4.2 Denaturation of Lysozymes

Various concentrations of lysozymes (5, 10 and 15 mg/ml) were prepared. The heating
temperature was maintained at 80 °C for 30 min. Viscosity values of all the samples
before and after denaturation were measured and standard deviation for the same was
observed with an least error percentage [17]. The specimens were tested in µPAD for
both states (before and after denaturation), and the average time and viscosity were
calculated. With the control of the experiment, the viscosity value was measured and
found to be 1.00 cP, 1.05 cP, 1.08 cP after denaturation and 1.16 cP, 1.26 cP, 1.35 cP
before denaturation for 5mg/ml, 10mg/ml, 15mg/ml respectively. As from themeasured
data, denaturation proved through the significant change in the viscosity (Figs. 3 and 4).
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Fig. 3 (a) Average time by fluid to cover microchannel (b) Relative Viscosity of BSA before and
after denaturation for different concentration of n = 3 trials

Fig. 4 (a) Average time taken by fluid to cover microchannel (b) Relative Viscosity of Lysozymes
before and after denaturation for different concentrations of n = 3 trials

5 Conclusion

In this work, a wax and laminator-based fabrication method was proposed to develop
microscale paper-based analytical devices (µPAD) utilizing wax mold and a laminator.
Two regions of interest (RoI) with known distances were created and marked with
different colors tomeasure the time of flight during the fluid flow using image processing
analysis. A Raspberry Pi module and µPAD were integrated into the single module and
used as the complete portable platform for onboard testing of the viscosity. The proposed
scheme to fabricate µPAD has a several advantages, notably cost-effectiveness, ease of
printing non-toxic wax patterns, and the capability to be quickly adapted for a variety of
PoC testing and investigative applications. Herein, the fabrication ofMicrofluidic paper-
based Analytical Devices (µPAD) utilizing a paraffin wax-coated molds and laminator
has been demonstrated in this study. Furthermore, everyµPADwill be fabricated for less
than US $0.001. The versatility of the device allows it to work with not only biological
samples but also fluids like oil and milk.
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Abstract. We report chemical sensors based on solution processed organic field-
effect transistors (OFETs) for detecting volatile organic compounds (VOCs). The
OFETs were prepared on flexible plastic substrates and operated at low voltages
(≤3 V) with high performance. These OFETs can be used to detect a range of
VOCs, including alcohols and ketones. The sensitivity of these devices depends
on the polarity of the analytes, and more hydrophobic analytes with longer alkyl
chains show higher sensitivities than those with shorter alkyl chains. Arrays of
these devices are suitable for portable sensor applications, such as environmental
monitoring, food quality monitoring, and medical diagnostics.

Keywords: OFETs · Gas sensors · VOCs · Alcohols · Ketones · Sensing
mechanisms

1 Introduction

Volatile organic compounds (VOCs) are released from many sources, including indus-
trial production, chemical handling, commercial operations, foods/food production, and
even people [1, 2]. VOCs released in the environment can have different impacts; for
example, toxic VOCs released from industries or nature can cause sickness and possibly
death. In contrast, VOCs released from foods or food products indicate the freshness or
spoilage state to the consumer; for instance, an increase in ethanol concentration indi-
cates spoilage in certain fruits and vegetables [3, 4]. Humans also emit numerous VOCs
through breath, skin, blood, urine, and faeces. These odors can indicate the metabolic
state of individuals. VOCs found in exhaled breath include alcohols, ketones, aldehydes
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[5, 6], and the concentrations of these compounds can vary depending on the health of
the individual. Analysis of breath using sensors for these VOCs is attracting consider-
able current academic and commercial interest as it may replace invasive methods (e.g.,
blood tests) currently in use for certain health conditions that are time-consuming, costly,
and often uncomfortable to users [7]. Therefore, developing improved VOC sensors will
be important for many possible applications such as environmental monitoring, food
quality monitoring, and medical diagnostics.

Gas sensors based on chemiresistors have been extensively studied over many
decades and have been applied to many applications [8–12]. More recently, the use
of field-effect transistors (FET) as gas sensors has been growing as they show sev-
eral advantages over the use of chemiresistors. These include multiparametric outputs,
higher sensitivity levels through the inherent amplification of the transistor operation
and faster response/recovery times [13–17]. Although metal oxide sensor technology
has been well established, lowering the process temperature and promoting selectivity
in the detection of VOCs is still a challenge due to the non-selective nature of metal
oxides [18]. In contrast, OFETs can be selective in the detection of different classes of
VOCs, due to the interactions between the gaseous analyte and the molecular structure
of the organic semiconductor (OSC). In addition, OFETs based sensors can be fabri-
cated on flexible plastic substrates at low temperatures by inexpensive solution-based
processing techniques over large areas. There is now an extensive literature on the appli-
cation of OFETs as sensors to detect VOCs [19–25], and the response of OFETS to
VOCs is thought to be due to an interaction between the OSC layer and the analyte
molecule [26]. However, the adsorption and penetration of volatile molecules through
the semiconductor layer is not well understood. This paper discusses the fabrication of
OFETs using poly(3,6-di(2-thien-5-yl)-2,5-di(2-octyldodecyl)-pyrrolo[3,4-c]pyrrole-l,
4-dione)thieno[3,2-b] thiophene) (DPPT-TT) in a sensor platform for detecting alcohols
and ketones, as these analytes are important VOCs in exhaled breath and are markers of
food spoilage. It investigates the selectivity of the response of these sensors to analytes
of increasing alkyl chain length and uses Molecular Dynamics (MD) simulations of a
polymeric matrix exposing a DPPT-TT surface to a set of VOCs as a tool to understand
how different analyte molecules may elicit different responses from the OFET devices.

2 Materials and Methods

Poly(vinylidene fluoride-trifluoroethylene-chlorofluoroethylene (PVDF-TrFE-CFE)
terpolymerwas purchased fromPiezotech incorporation. The poly(methylmethacrylate)
(PMMA,Mw = 120 kDa), benzophenone, and all required solvents were purchased from
Merck(Sigma-Aldrich). Gold metallic wire for evaporation was purchased from Cook-
songold precious metals limited company. The organic semiconductor (DPPT-TT) was
prepared in-house using the procedure described elsewhere [27]. Bottom-gate bottom-
contact OFETswere prepared on flexible polyethylene naphthalate (PEN) substrates that
were bonded to glass substrates (24× 24mm2) using a cool-off tape. The PEN substrates
were detached from glass after fabrication. The substrates were thoroughly cleaned with
isopropanol and dried at 80 °C for 5 min, followed by UV-ozone treatment for 5 min.
Aluminium (≈50 nm thick) gate electrodes were deposited through a shadow mask by
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thermal evaporation. A 5 wt.% solution of PVDF-TrFE-CFE was prepared in dimethyl
formamide (DMF). It was filtered through a 0.45µm PTFE filter and spin-coated on
the Al gate electrodes. The spin-coating parameters were optimized (3000 rpm, 2 min)
to obtain a thickness of 170 ± 5 nm, and the films were annealed at 110 °C for 2 h
to evaporate the solvent and to crystallize the polymer. A 2 wt.% PMMA solution was
prepared by dissolving the polymer with a photoinitiator (benzophenone) in anisole. It
was filtered through a 0.45 µm PTFE filter and spin-coated at 3000 rpm for 1 min to
obtain a thickness of 30± 5 nm. These films were dried at 80 °C for 10 min, treated with
a UV lamp (wavelength of 254 nm) for 10 min, and annealed at 90 °C for 30 min. Gold
source and drain electrodes (50 nm) were deposited using a shadow mask by thermal
evaporation. The channel length and widths were fixed to 140µm and 3600µm, respec-
tively. The gold electrodes were treated with a 2 mM 2,3,4,5,6-pentafluorothiophenol
(PFBT) solution in isopropanol for 2 min and dried at 100 °C for 5 min. Finally, a 0.5
wt.% DPPT-TT solution in dichlorobenzene (DCB), was spin-coated over the device at
3000 rpm for 2 min. The films were annealed at 100 °C for 1 h under N2.

Atomic force microscopy (AFM) and thickness measurements on films were per-
formed using a non-contactmodeParkAFMand aDektak-XTprofilometer, respectively.
Capacitancemeasurements and the electrical characterization ofOFETswere carried out
using an Agilent LCR meter and Agilent network analyzer, respectively. Sensing exper-
iments were carried out using an in-house sensing setup in which mass flow controllers
were used to mix the vapor with synthetic air to the correct concentration. Contact angle
measurements (sessile drop method) were performed using Attension Theta Lite optical
tensiometer.

2.1 Model and Simulation Methodolgy

To assess the sensitivity of DPPT-TT towards ketones and alcohols at the molecular
scale, Molecular Dynamics (MD) simulations were performed on a polymeric matrix
exposing a DPPT-TT surface to a set of VOCs. More specifically, all-atom MD simula-
tions were performed by employing the 2018.4 GROMACS package [28] with intra and
intermolecular potentials of the GROMOS 54A7 force-field [29]. Initial configurations
of 2770 PMMA monomers and 120 DPPT-TT dimers were separately created by using
the PACKMOL package [30] and then compressed at 298 K and atmospheric pressure
to calculate the equilibrium density, which is 1.1 g cm–3 for both DPPT-TT and PMMA.
In particular, initial cubic simulation cells with periodic boundaries were constructed
by the random distribution of polymer chains at relatively low density to avoid overlap,
and the steepest descent method was employed to minimize the energy. The resulting
2.5 nm thick DPPT-TT layer was then arranged on top of a PMMA layer; also 2.5 nm
thick, and the bi-layered polymeric matrix was allowed to equilibrate by further energy
minimization. The leap-frog MD algorithm was used to integrate Newton’s equations
of motion, with a time step of 2 fs, and the stochastic velocity rescaling thermostat
[31] to keep the temperature at 298 K. The cut-off for the computation of the electro-
static and dispersion interactions was set to 1.4 nm. The equilibrated polymer substrate
was arranged at the bottom of a rectangular prism with square cross section and height
approximately eight times larger than the base. In the resulting simulation box, 80 ketone
(acetone, 2-octanone, butanone) or alcohol (methanol, butanol, octanol) molecules were
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distributed randomly, and their dynamics were studied over 10 ns. In order to estimate
the binding free energy, �G, between these VOCs and DPPT-TT, the potential of mean
force which harmonically restrains one molecule of each VOC at increasing distances
from theDPPT-TT layer was calculated, by employing the umbrella sampling simulation
technique [32].

3 Results and Discussion

The structure of the bottom-gate, bottom-contact OFET is shown schematically in Fig. 1.
The devices operate at low voltage as the PVDF-TrFE-CFE layer is relatively thin and
has a high-k dielectric constant of 50, leading to a high areal capacitance. The PVDF-
TrFE-CFE layer is covered by a thin low-k PMMA layer to reduce the device hysteresis
and to improve the surface wettability for the deposition of the OSC layer. The gold
source-drain electrodes were treated with a self-assembled monolayer (PFBT) to tune
the work function and facilitate better charge injection into the semiconductor.

Fig. 1. (a) Schematic of the OFET device and the chemical structures of the individual compo-
nents, (b) the optical microscopy images of high-k and low-k dielectrics, organic semiconductor
and array of field-effect transistors.

The surface morphology of the polymer films was characterized by AFM and the
images are collected in Fig. 2. The surface of the high-k terpolymer (Fig. 2a) is poly-
crystalline with a root mean square (RMS) roughness of 2 nm. Crystallization of the
terpolymer leads to good ferroelectric relaxor behaviour with a high energy density[33].
The areal capacitance of the terpolymer films was as high as 290 ± 10 nF/cm2 and this
enables the OFET devices to operate at low operating voltages. After coating with a thin
(30 nm) layer of PMMA, the AFM (Fig. 2b) shows a smoother surface topography with
a reduced RMS roughness of 0.5 nm and uniform surface coverage. The capacitance
of the complete dielectric stack was measured as 70 ± 5 nF/cm2 and although this is
much reduced from the original terpolymer, OFET devices using the bilayer operate at
≤ 3 V. After deposition of the DPPT-TT layer (Fig. 2c), the surface topography shows
a homogeneous nano-grain morphology with a low RMS roughness (0.4 nm).

Electrical characterization of the resulting OFET devices was carried out, and the
transfer and output curves are shown in Fig. 3. The transfer curve (Fig. 3a) indicated that
the devices are p-type and normally-off with negative threshold voltages (VT = –1.1 V),
and the on/off ratio for source-drain current (IDS) is 103. The transfer curve’s hysteresis
is minimal, which indicates a low trap density at the semiconductor-dielectric interface.
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Fig. 2. AFM images of as-prepared films of (a) PVDF-TrFE-CFE, (b) PMMA and (c) DPPT-TT

The field-effect mobility (µsat) in the saturation region was calculated using the standard
expression:

μsat = 2L

WC

(
∂
√
ID

∂VG

)2

(1)

where L is channel length, W is width, C is capacitance, ID is source-drain current and
VG is gate-source voltage[34]. The values for µsat extracted are in the range of 0.1–
0.2 cm2/Vs, which is comparable to values determined for similar low voltage devices
reported previously [14, 35–37]. The linear relationship between VG and

√
ID (green

curve in Fig. 3a) indicates that the devices have negligible contact resistance and the
mobility value is not overestimated[34]. The negligible contact resistance is due to
modification of the gold source-drain electrodes with PFBT solution, which lead to the
work function of the gold approaching that of the OSC. The output curves for these
devices (Fig. 3b) show the expected linear and saturation regions, confirming an Ohmic
contact between the semiconductor and gold electrodes. These are indications that the
prepared devices have good charge injection and charge transport.

Sensing measurements were performed by exposing the OFETs to the vapors of
different analytes (alcohols and ketones). Alcohols with increasing alkyl chain lengths
were studied, namelymethanol, ethanol, butanol, and octanol. The response of theOFET
to these vapours was determined by calculating the percentage change in the measured
source-drain current using the equation,

%Response =
(
ID,initial − ID,analyte

ID,initial

)
× 100 (2)

where ID,initial is the initial source-drain current and ID,analyte is the new source-drain
current due to analyte exposure. The OFETs respond to all four alcohols (Fig. 4a-d), and
the responses increase proportionately with concentration. Among these four alcohols,
the OFETs displayed the highest sensitivity (limit of detection (LOD)≈1 ppm) towards
octanol.

The sensitivities depend on the alkyl chain length with the steeper slopes observed
for the plot of concentration versus response for the higher alcohols in Fig. 5a. This
relationship between the alkyl chain and sensor sensitivity is consistent with the depen-
dence of the polarity of the alcohol with the alkyl chain length, as plotted in Fig. 5b. The
sensors responded rapidly to analyte exposure, but the recovery after exposure depended
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Fig. 3. (a) Transfer and (b) output curves of a typical OFET. The transfer curves were measured
at a fixed source-drain voltage (VDS = −3 V). The red curves in the transfer curve are absolute
source-drain currents (IDS) in the log scale (left y-axis), and the green curve is the square root
of source-drain current with a linear fit (blue line) to determine threshold voltage. In the output
curves, the gate-source voltage (VGS) varies from 0 to −3 V with a step size of 0.5 V.

on the alcohol chain length, the devices exposed to longer chain alcohols recoveredmore
slowly.

The OFETs also respond on exposure to the vapors of ketones such as acetone,
butanone, and 2-octanone (Fig. 6a–c), and here also the percentage response increases
with an increase in concentration as expected. Acetone and butanone show a rapid
response and recovery to exposure, but the recovery on exposure to 2-octanone is slightly
slower. Among these measured ketones, the OFETs have shown the highest sensitivity
(LOD≈6 ppm) towards 2-octanone. A comparison of the sensor sensitivity (Fig. 6d)
shows that the response depends on the alkyl chain length of ketones, a similar effect to
that seen for the alcohol response. To further investigate the dependence of the sensitivity
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Fig. 4. Responses of OFETs to (a) methanol, (b) ethanol, (c) butanol and (d) octanol. The OFETs
were exposed to alternative flows of pure air and alcohols of different concentrations as shown.

Fig. 5. (a) The comparison of responses of OFETs to the four alcohols and (b) the comparison
of the relative polarities of alcohols with water set as 100. These polarity values have been taken
from Smallwood [38].

on the analyte structure, the contact angle of methanol, octanol, acetone, and 2-octanone
on the device surfacewasmeasured. The data collected inTable 1 indicates that the longer
alkyl chain analytes have lower contact angles on this surface than shorter chain analytes.
This means that the DPPT-TT surface is hydrophobic and interacts more effectively with
less polar or more hydrophobic analytes. It has been reported previously that non-polar
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polymer semiconductors are more sensitive toward longer-alkyl chain analytes [13, 39],
consistent with the observations in this paper.

Fig. 6. Responses of OFETs to (a) acetone, (b) butanone and (c) 2-octanone. The OFETs have
been exposed to alternative flows of pure air and ketones of different concentrations. Figure 6d
shows the comparison of responses of the OFETs to the three ketones.

The OFETs show a decrease in the source-drain current on exposure to alcohols
or ketones. This suggests that these devices are not charge-injection limited, and the
responses are due to an interaction between the OSC layer and the analyte. These inter-
actions are non-covalent, and can be due to hydrogen bonding, dipolar effects, and the
hydrophobic effect. Absorption of polar analytes into the OSC can induce local dipoles
and therefore affect the charge transport within the channel. However, it has also been
shown that non-polar analytes can also induce electrical fields[40]. The dipole moments
of alcohols used in this study are all the same (1.7–1.66 D) and the difference in the
interaction with the OSC is presumably due to the hydrophobic nature of DPPT-TT, as
shown by the contact angle measurements (Table 1) and also by the slower recovery
of the responses for the longer alkyl chain analytes. It appears that the more hydropho-
bic and lower vapor pressure analytes partition more effectively into the OSC layer on
exposure of the OFET device to the analyte vapor.

3.1 Modelling of Vapour Interactions with the Organic Semiconductor

MDsimulationsmodeled the behavior of sixVOCs (methanol, butanol, octanol, acetone,
butanone, and 2-octanone) in vapour phase contact with a polymeric substrate consisting
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Table 1. Contact angle measurement values of methanol, octanol, acetone, and 2-octanone on
the stack of high-k (PVDF-TrFE-CFE)/low-k (PMMA)/semiconductor (DPPT-TT) films.

Analyte Contact angle (degrees)

Methanol 23–25

Octanol 12–13

Acetone 21–23

2-Octanone 12–14

of a bottom layer of PMMA and a top layer of DPPT-TT. A typical configuration of such
systems, obtained at the end of a 10 ns MD trajectory, is shown in Fig. 7.

Fig. 7. Final configuration of a 10 ns MD trajectory of acetone molecules on a polymer matrix of
PMMA (red layer) and DPPT-TT (blue layer). Acetone molecules have been magnified for clarity.
Red, white and light blue beads in the acetone molecules represent oxygen, hydrogen and carbon
atoms, respectively.

To gain an insight into the behaviour of these VOCs, their ability to diffuse into
the polymer bi-layer and their two-dimensional (2D) mobility on the DPPT-TT surface
were analysed. More specifically, the former was estimated by measuring the minimum
distance of the analytes from the bottom of the simulation box over 10 ns, as shown
in Fig. 8. The six species studied are able to diffuse into the DPPT-TT layer and can
effectively reach the interface of DPPT-TT and PMMA and affect the charge transport
by acting as either charge traps or interacting non-covalently at the interface between
DPPT-TT and PMMA.

The analyte-polymer binding free energies were calculated by umbrella sampling
(see Table 2), and these correspond to the difference between the minimum and maxi-
mum of the potential of mean force calculated at increasing distances from DPPT-TT.
These results indicate that the shorter alkyl chain analyte molecules have lower binding
energies. The simulation predicts that OFET sensors based on a DPPT-TT semiconduc-
tor in contact with a PMMA dielectric show a higher sensitivity towards higher alcohols
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Fig. 8. Minimum distance from the bottom surface of alcohols (left column) and ketones (right
column) over a 10 ns MD trajectory. The dashed lines indicate the approximate position of the
PMMA/DPPT-TT and DPPT-TT/vapour interfaces at 2.5 and 5 nm, respectively. The red solid

line is an exponential fit exp
(
−atb

)
, with a and b fitting parameters and t time.

and ketones as these show higher binding affinities to the DPPT-TT semiconductor in
this system.

Table 2. Binding free energies, �G, between VOCs and DPPT-TT as obtained by MD simula-
tions.

Analyte �G (kcal mol–1)

Methanol −0.62

Butanol −0.57

Octanol −0.53

Acetone −0.80

Butanone −0.26

2-Octanone −0.24
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4 Conclusions

OFET devices fabricated by solution processing on flexible PEN substrates with a high-
k/low-k dielectric stack were capable of operation at ≤3 V with a high overall per-
formance (0.1–0.2 cm2/VS and on/off ratio of 103) and good ambient stability. These
devices act as effective sensors for VOCs such as alcohols and ketones. The OFETS can
detect ppm levels of octanol and 2-octanone and the sensitivity depends on the polarity
of the analyte molecules, analytes with longer alkyl chains show higher sensitivity than
shorter chain derivatives. Simulation of the analyte exposure to the organic semiconduc-
tor suggests that the sensing mechanism can be attributed to the high binding affinities
of longer chain alcohols and ketones with the organic semiconductor.
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Abstract. In this research work, an attempt has been made to grow high aspect
ratio zinc oxide nanowires hydrothermally by limited volume heating technique.
Silver films of thicknesses ranging from 15 to 45 nmwere deposited on nanowires
byRFsputtering followedby thermal treatment at drive-in temperature of 475 °C in
argon ambient. Morphological and structural investigation of nanowires revealed
with high aspect ratio around 120 and an average length of 4.5 μm. The inter-
planar lattice spacing, measured using the high-resolution transmission electron
microscope is found to be around 0.26 nm, which corresponds to the wurtzite
ZnO. Elemental study depicts homogeneous distribution and co-existence of Zn,
O and Ag. X-ray diffraction pattern depicts the evolution of (002) orientation
peak, which corresponds to the hexagonal wurtzite structure. Raman spectra dis-
plays a prominent peak at 438 cm−1 corresponding to the characteristic nature of
wurtzite ZnO with a blue shift at higher drive-in temperature. The chlorpyrifos
(CP) sensing study has shown the in/out current ratio around 68 for chlorpyrifos
dosage of 3000 mg/kg at an optimized film thickness of 30 nm. The CP response
and recovery time constant were found to be around 1.1 s and 1.2 s, respectively.

Keywords: ZnO · Nanowires · Silver · Chlorpyrifos · Sensor

1 Introduction

Chlorpyrifos is one of themost commonly used organophosphates (OPs), based pesticide
which has a forecasted market of 576 million USD by 2025 [1, 2]. However, it is also
recognized as a endocrine disruptor and may cause serious health risks even at residue
level. Basically, these toxic pesticides, like chlorpyrifos (CP), can irreversibly bind to
Acetylcholine esterase (AChE), a neurotransmitter and affects the nervous system for
high LD50 [3]. The LD50 value for human beings for CP lies in the 2000–3000 mg/kg
[4]. Farmers as well as domestic users often end up overusing toxic pesticides due
to ignorance or unawareness. Thus, the reluctant intake of toxic pesticides ultimately
causes severe chronic diseases and even death sometimes. Owing to its extensive use
and hazardous nature, real-time detection of organophosphates like chlorpyrifos is highly
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essential. Low dimensional semiconductors possesses very excellent material properties
and therefore, currently used for chemical sensors. Among various metal-oxide based
semiconductor, ZnO based one dimensional (1D) nanostructures, such as nanorods,
nanowires, nanofibers, etc. have drawn significant attention in recent years towards
the development of advanced micro-electromechanical (MEMS) sensors devices due to
their unique charge transfer phenomena, bio-compatibility and superior electrochemical
properties for the nanoscale sensing study. Moreover, metal-oxide based sensors can be
fabricated using established processing techniques for semiconductors to attain minia-
turized and portable devices, such as a micro-electro-mechanical systems type (MEMS-
type) gas sensor. The significant advantage of ZnO over the trending carbon nanotube
(CNT), is that they do not get degraded easily and are chemically and mechanically
stable against oxidation and sputtering [5–7]. For the growth of ZnO nanowires three
methods are widely used, such as metal organic chemical vapor deposition (MOCVD)
[8], vapor liquid solid (VLS) [9] and hydrothermal methods [10]. Among these, the
first two methods involve high temperature, which can only be suitable for substrates
such as quartz and silicon. On the other hand, hydrothermal technique is a very cost
effective approach as well as a low temperature process. In this research work a new,
facile, and low cost hydrothermal approach is reported. Further, for the development
of highly efficient and low cost sensors, the properties of the nanostructures need to be
tailored. It has been reported that the performance of the sensors can be enhanced by UV
radiation, elevated operating temperature and incorporation of metallic additives [11].
Among various metallic additives, noble metals are highly advantageous due to increase
in the surface area and charge carrier concentration, which amplifies the sensor response
[12]. Among various noble metallic dopants, silver (Ag) is intensively studied due to
its comparatively low cost, non-toxicity, high electrical conductivity and high optical
transmittance [13, 14]. It has also been reported that the physio-chemical properties of
Ag incorporated ZnO varies significantly by the modulation of oxygen vacancies and
crystallinity [15]. Moreover, Ag can diffuse in compound semiconductors, and thus, it
can be expected that Ag atoms can residue at both the interstitial sites or the substitutional
sites of the ZnO lattice [16]. Hence, the post-growth incorporation of Ag in ZnO NWs
is preferred for the device fabrication. In this research, an attempt has been carried out
by following a two-step post-growth process to incorporate Ag atoms in hydrothermally
grown ZnONWs by adopting pre-deposition and drive-in techniques. The pre-deposited
Ag thickness dependent chlorpyrifos sensing behavior is reported in this work.

2 Experimental Work

At first, ZnO seed layer was RF sputtered on silicon [n-type, (100)] substrate. There-
after, Ag doped ZnO NWs were processed through two steps, which include the growth
of ZnO NWs by limited volume heating (LVH) method, followed by RF sputtering of
the Ag film using 3 inch Ag target, (99.99%). The details of growth of ZnO NWs by
LVH technique is reported in previous work [17]. The Ag film are sputtered on grow
nanowires for various thickness ranging from 15 nm to 45 nm. Further, the drive-in of
the sputtered atoms has been carried out at 475 °C in argon ambient. The details of the
pre-deposition parameters and drive-in temperatures are mentioned in Table 1. The film
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thickness was measured by keeping a bare silicon substrate as reference using Stylus
surface profilometer (VeecoDektak 150). The influence of the post- heat treatment onAg
deposited ZnO NWs were investigated by field emission scanning electron microscope
(FESEM:NOVA-FEI), transmission electron microscope (HRTEM, FEI TECNAI F30
G2 STWIN), and CuKα radiation (λ= 1.54 Å) of Rigaku/Ultima IV X-ray diffractome-
ter, respectively. Besides, the elemental analysis of the samples were carried out using
energy dispersive X-ray spectroscopy (EDX) technique. The microstructural properties
of Ag incorporated ZnO NWs were investigated by using micro-Raman scattering sys-
tem (WITecXMB3000) at an excitation wavelength of 633 nm. The composition of the
chlorpyrifos was taken 5000 ppm based on the lethal dosage humans [18]. The chlor-
pyrifos sensing behavior of NWs were investigated by taking current-voltage (I-V) and
current-time (I-t) measurement using a Keithley 6487 Picoammeter at 5V.

Table 1. Details of sputtering and thermal processing parameters for Ag incorporated ZnO NWs
samples

Step—I: Sputtering (pre-deposition) Step—2: Thermal treatment (drive-in)

RF Power 25 W Annealing Temperature 475 °C

Working pressure 4 × 10–3 mbar

Substrate temperature Room temperature

Substrate rotation 10 rpm Duration 1 h

Film thickness 15 nm, 30 nm, and 45 nm Processing ambient Argon

3 Results and Discussion

Figure 1(a–c) shows the FESEM micrographs of Ag incorporated ZnO NWs for silver
film thickness ranging 15–45 nm at 475 °C. The FESEM micrographs depict s the
homogeneous distribution of NWs with an average length measured to be around 4–
4.5 μm. Furthermore, the morphology is also investigated from the TEM micrographs
as shown in Fig. 2(a–c), which depict the with an average diameter around 35 nm and
aspect ratio nearly 120. The rough surface of the NWs arises due to the larger ionic
radii of Ag2+ (0.115 nm) in comparison to Zn2+ (0.074 nm). HRTEM images shown in
Fig. 2(d–f) display well-resolved crystalline fringes with an interplanar spacing around
0.26 nm. It depicts the primary growth of the NWs is along the (002) plane of wurtzite
ZnO. Further, the EDX analysis confirms the presence of Zn, O and Ag in the NWs with
an enhancement in the Ag content at higher drive-in temperature, which is due to the
availability of adequate thermal energy that facilitates the thermal diffusion of Ag atoms
into the NWs lattice. Besides, the elemental mapping images shown in Fig. 3 depict the
homogeneous distribution and co-existence of Zn, O and Ag, after the incorporation of
Ag dopants.

Figure 4(a–c) shows the XRD pattern of ZnO NWs thermally processed at 475 °C
for the Ag film thickness of 15–45 nm. The XRD pattern depicts the (002) orientated
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Fig. 1. FESEMmicrographs of thermally (475 °C) processed ZnO NWs for Ag film thickness of
(a) 15 nm, (b) 30 nm, (c) 45 nm. The scale bar represent 5 μm.

Fig. 2. Bright field TEM and HRTEM images of thermally (475 C) processed ZnO NWs for Ag
film thickness of (a) 15 nm, (b) 30 nm, (c) 45 nm. The scale bar represent 5 nm.

crystalline peak, which corresponds to the hexagonal wurtzite structure (JCPDS file 79–
0208) [19]. The variation of X-ray diffraction peak intensity is related to the combined
effect of both thermal annealing and Ag incorporation. The reduction in the intensity of
(002) peak intensity for higher film thickness of 45 nm, may be due to the formation of
defects, which can be related to the larger ionic radius of Ag (1.26 Å) in comparison to
Zn (0.74 Å) [20]. The marginal peak shift towards a lower diffraction angle, for higher
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Fig. 3. Elemental mapping images of thermally (475 °C) processed ZnO NWs for Ag film
thickness of 30 nm.

film thickness, depicts the substitutional incorporation of Ag [21, 22]. The shift in peak
position is due to the stress arisen from the expansion of the unit cell as a result of the
substitutional incorporation of larger atoms. The non-appearance of Ag related peaks
in the XRD patterns depicts the crystallization of Ag atoms has not been taken place at
475 °C. Ahmed et al. have reported that the interstitial incorporation takes place for the
higher concentration of Ag [23].

Figure 5 depicts the Raman spectra of ZnO NWs thermally treated at 475 °C for Ag
film thickness of 15–45 nm. A prominent peak at 438 cm−1, corresponding to character-
istic peak of wurtzite ZnO, has been observed with a blue shift for higher film thickness.
An enhancement in the intensity of E2(H) mode along with the blue shift is may be
due to the generation of compressive stress in the crystal [23]. This compressive stress
may be arises due to more number of induced oxygen defects due to incorporated Ag
dopants, which attributes to the E1(LO) mode around 578 cm−1 [23]. The peak observed
at 230 cm−1, corresponds to the local vibrationalmodes of incorporatedAg dopants [23].
Wang et al. have reported a possible physical mechanism behind the appearance of local
vibrational modes, which is the incorporation of dopant impurities into the crystal lat-
tice [24]. The other Raman active vibrational modes are also observed at 334 cm−1 and
380 cm−1, which corresponds to the multiphonon E2(H)–E2(L) and A1(TO) modes of
vibration, respectively [24].

.
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Fig. 4. XRDpattern of ZnONWs thermally processed at (a) 15 nm, (b) 30 nm, (c) 45 nm thermally
treated at 475 ºC.

Fig. 5. Raman spectra of ZnO NWs for Ag film thickness of (a) 15 nm, (b) 30 nm, (c) 45 nm
thermally processed at 475 °C.

Figure 6 shows the chlorpyrifos (3000 mg/kg), sensing of thermally (475 °C)
response for various Ag film thickness ranging from 15 nm to 45 nm. Higher sensor
response has been observed for an optimum film thickness of 30 nm with CP current
in/out ratio found to be around 68. Besides, the response and recovery time of 1.1 s and
1.2 s, respectively have been obtained. The improvement in sensor response of Ag incor-
porated NWs is ascribed to the fact that silver acts as an acceptor in ZnO by substitution
of Zn2+. As a result, net donor density is decreased, which in turn facilitates the adsorp-
tion and desorption of oxygen at the NWs surface. The reason for improved response
is attributed to the rise in ionic strength, which in turn boosts up the interaction at the
adsorption sites. However, the reduction in CP in/out ratio for higher film thickness is
might be due to the incomplete diffusion of larger size Ag dopants into the NWs lattice,
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thus a reduced response is observed due to the high aspect ratio and intrinsic defects. The
incorporation of Ag in ZnO NWs is carried out by RF magnetron sputtering followed
by thermal treatment. For higher thickness of Ag, all of the RF sputtered Ag atoms are
not driven from the NWs surface into the host ZnO NWs due to larger ionic radii of Ag
dopants as compared to Zn ions. As a result, the undriven amount of Ag atoms tends to
agglomerate and cover the NWs surface up to some extent and act as a barrier for CP
interaction.

Fig. 6. Chlorpyrifos sensing response of thermally 475 °C processed ZnO NWs for Ag film
thickness of (a) 15 nm, (b) 30 nm, (c) 45 nm for dosage of 5000 ppm.

4 Conclusion

In the this research work, the morphological and structural properties of Ag incorporated
ZnONWswere investigated for variousAgfilm thickness, thermally processed at a drive-
in temperature of 475 °C in argon ambient. FESEM images revealed the homogeneous
distribution of NWs with an average length measured to be around 4–4.5 μm. Further,
the interplanar spacing estimated from the HRTEM micrographs (0.26 nm) depicts the
incorporation of Ag dopants did not modulate the wurtzite structure of ZnO. Elemental
mapping images further depicts the presence of Ag dopant in the host lattice. XRD
analysis has revealed formation of c-axis oriented (002) peak. The Raman spectrum
displays a significant peak at 438 cm−1, which is associated with the E2(H) phonon
mode. The sensing studies have been carried out for the NWs for CP lethal dosage of
3000 mg/kg. The NWs CP treated at 475 °C, for an intermediate Ag film thickness
of 30 nm has shown better sensitivity with in/out current ratio of 68 times. Thus, the
obtained result suggested that the incorporation of silver dopants into ZnO NWs can be
used for the development of miniaturized, low-cost highly efficient CP sensors.
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Abstract. Low dimensional transition metal dichalcogenides (TMDC) are under
current investigation for the fabrication of portable and low cost IR detectors.
Among the vast family of TMDC, molybdenum disulphide (MoS2) has been con-
sidered as a potential candidate for the next-generation IR detectors due to its
outstanding properties. In this research, MoS2 thin films were grown by rapid
thermal process at an elevated temperature for a shorter duration with the flow of
inert (argon) and reducing (hydrogen) gas. In order to modulate the post-growth
characteristics of MoS2 films, spin coated AuCl3 layer was used as a source of p-
type dopant. Thereafter, rapid thermal annealing of the AuCl3 treated MoS2 films
was carried out at various temperatures ranging from 200 °C to 500 °C. FESEM
images have revealed the modulation in the morphology beyond 300 °C. XRD
studies depicted the appearance of (002) characteristic peak, whose intensity was
found to be increased with annealing temperature up to 300 °C. Raman spectra
have shown the evolution of E12g and A1g active mode peaks. The Raman peak
positionwas found to be shiftedwith the variation in post-treatment annealing tem-
perature. Using Mott-Schottky analysis, the dependence of carrier concentration
of MoS2 films and built-in potential across MoS2/Si heterojunction on the anneal-
ing temperature were estimated. The ideality factor of MoS2/Si heterojunction
was investigated from current-voltage characteristics. The IR detection behaviour
of MoS2/Si heterojunction was studied.

Keywords: Molybdenum disulfide · Thin films · Heterojunction · Gold chloride
solution · Annealing temperature · IR detection

1 Introduction

Near infrared (NIR) light detectors are widely used in CCTV, virtual reality headsets,
3D printing, optical interconnects, biometrics for iris recognition and finger-vein reader,
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defence and inmedical diagnosis and treatment [1–6].Hence, there is a need todetectNIR
light. Recently, microelectronic devices are realized using TMDC due to their reduced
dimensions, improved functionalities as compared to conventional semiconductors [7].
Among various types of TMDC,molybdenum disulphide (MoS2) has drawn tremendous
attention for applications in MEMS to be used as photodetector, photovoltaic, sensor,
transistor and memristor due to tunable bandgap, effective electron mobility varying
from 1 to 480 cm2V−1s−1, interplanar and interlayer resistivity is found to be 10 and
2000 �.cm, respectively [8–12]. Moreover, MoS2 has better ability to absorb light from
awide range of spectrum (visible to IR) in comparison to Si andGaAs [13, 14]. Although
an extensive study has been carried on MoS2 based photodetectors, there exists a limita-
tion in the performance of these devices due to poor quality p-n heterojunction. Hence,
the MoS2 based detectors have been considered as the potential candidate for numerous
applications, which demands for monolithic integration with silicon for achieving low
cost, high performance miniaturized device. Researchers have shown higher photore-
sponse for MoS2 heterojunction based detectors [15–18]. However, those suffer from
complexity and reproducibility in the fabrication steps. Hence, an attempt has beenmade
to fabricate MoS2/Si heterojunction. In order to fabricate a p-n heterojunction, the pre-
requisite is the choice of an appropriate p-type dopant and doping methods, which will
pave way for p-type MoS2 to be used in Si compatible heterojunctions.

Chemical doping is being highly adopted for modifying the electronic properties of
MoS2 because of its numerous advantages like, the structure of host material remains
unaltered, the electron acceptor dopants create states near the valence band and reduce
the contact resistance at electrode/MoS2 interface. In comparison to other chemical
doping techniques, spin coating is easier, simpler, cheaper and reliable chemical depo-
sition process. It allows preparation of molecular level homogeneous film and easy
formation of complex hybrid composites. Several precursors such as, gold (III) chloride
(AuCl3) [19], gold nanoparticles (AuNPs) [20], Tris(4-bromophenyl)ammoniumyl hex-
achloroantimonate [21], 7,7,8,8-tetracyanoquinodimethane (TCNQ) [22], polyethylene
imine (PEI) [23], tetracyanoethylene (TCNE) [24] have been adopted to synthesize p-
typematerials. Among these, AuCl3 possesses large reduction potential (~1.4 V) and has
strong charge transfer (electron extraction) efficiency in low dimensional materials [25].
In order to explore the AuCl3 doping in TMDC, several research groups have considered
mechanically exfoliated MoS2 film as the host material [26, 27], which is not suitable
for IC processing. Therefore, MoS2 thin films grown by rapid thermal technique in this
research work, which has low thermal budget. Thereafter, an attempt has been made
to study the effect of post-treatment annealing on morphological and microstructural
properties of AuCl3 treated MoS2 films. In addition, IR detection study has been carried
out by taking current-time measurement of MoS2/Si heterojunction.

2 Experimental Work

Molybdenum (Mo) thin films and sulfur (S) films were deposited on Si by RF sputtering
and thermal evaporation techniques, respectively. S/Mo/Si substrates were placed in
such a way that both the S films on each substrate touch each other. The details of
MoS2 thin film growth, using rapid thermal process (RTP), is discussed elsewhere [28].
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Thereafter, post-deposition treatment of AuCl3 solution on RTP processed MoS2 films
were carried out with 6 number of coats using spin coating technique. Thereafter, rapid
thermal annealing of 15 mM AuCl3 solution treated MoS2 films were carried out at
different temperatures (200–500 °C). The annealing was done in vacuum ambient for
10 min at a ramp rate of 20 °C/s. The methodology adopted in this study is shown
schematically in Fig. 1.

Fig. 1. Process flow for AuCl3 solution treatment of MoS2 thin films

Morphological studies of MoS2 thin films were carried out using Field Emis-
sion Scanning Electron Microscope (FESEM, Nova NanoSEM 450). Atomic Force
Microscopy (AFM, Park Systems) was used to study the RMS roughness of MoS2
thin films. The microstructural characterizations were performed using X-ray diffrac-
tion (XRD, Rigaku Ultima IV) system, whereas Raman spectra were obtained from the
Witec Alpha 300 Raman Spectrometer at excitation wavelength of 532 nm. Prior to
the electronic measurements, aluminum (Al) film was thermally evaporated to fabricate
electrodes across theMoS2/Si heterojunction. Capacitance-voltage (C-V) characteristics
of the heterojunction was investigated by Agilent E4980A LCR meter, Keithley 6487
Picoammeter/Voltage sourcewas used to study the current-voltage (I-V) and current-time
(I-t) measurements of MoS2/Si heterojunction.

3 Results and Discussion

Themorphological characteristics ofMoS2 filmswere investigated fromFESEM images
as shown in Fig. 2. As observed from SEM images, the surface morphology is not
significantly varied upto 200 °C. This suggests that the thermal energy, provided for a
short period, is not sufficient to modulate the surface morphology such as grain growth.
Beyond300 °C, themodulation inAuCl3 treatedMoS2 filmmorphology canbe attributed
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to the enhancement in the incorporation of Au particles into the MoS2 films through the
grain boundaries. At higher annealing temperature the thermal energy is sufficient for the
grain growth, as a result the morphology changes from smooth to coarse. The calculated
RMS roughness of the AuCl3 treated MoS2 thin films at various annealing temperatures
are shown in Fig. 3. The decrease in the roughness with the increase in temperature upto
300 °C can be attributed to the incorporation of Au intoMoS2 films and lateral spreading
of Au particles with increased density. The further rise in annealing temperature does
not significantly modulate the surface roughness.

Fig. 2. FESEM images of AuCl3 treated MoS2 thin films annealed at different temperatures

The XRD patterns, shown in Fig. 4, reveal the prominent peak around 2θ = 14.1°,
which corresponds to the hexagonal MoS2 structure. The decrease in the intensity of
cubic Au peak at 2θ = 38.1° for higher annealing temperature is observed. This can be
ascribed the presence of Au aggregates till 300 °C and with the further rise in temper-
ature these particles get incorporated into the MoS2 through grain boundaries and/or
desorption fromMoS2 surface, thereby the intensity of Au peak reduces. The crystallite
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size is calculated from Scherer analysis as 6.4 nm, 6.3 nm, 6.0 nm, 5.8 nm and 5.77 nm
for unannealed, annealed at 200 °C, 300 °C, 400 °C and 500 °C, respectively. These
values are in well agreement with the reported values [29].

Fig. 3. RMS roughness plot of AuCl3 treatedMoS2 thin films at different annealing temperatures

Fig. 4. XRD pattern of AuCl3 treated MoS2 thin films at various annealing temperatures

In Fig. 5, a slight variation in the Raman peak position has been observed. The
shifting of A1g peak towards higher wavenumber till 300 °C is ascribed to the p-type
doping and reverse shift beyond 300 °C is ascribed to de-doping process. Yoon et al.
reported the formation Au0, AuCl¯ and Cl2 by thermal decomposition of AuCl3 at
200 °C [30]. Beyond 200 °C, the reduction of Au3+ is assisted by thermal energy.
So, the transfer of electrons from MoS2 thin films is restricted at elevated annealing
temperatures. This decrease in the charge transfer is termed as de-doping process. In
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addition, the presence of electronegative species (AuCl2¯ and AuCl4¯) transfers electron
toMoS2 and deteriorating the p-type characteristics of MoS2 thin films. But, the transfer
of electrons between AuCl¯ and MoS2 and evaporation of Cl2 gas can be facilitated at
temperature beyond 300 °C [31]. This describes the p-type doping process persists till the
annealing temperature of 200 °C by the reduction of Au3+ with the transfer of electron
fromMoS2. At temperatures beyond 300 °C, the de-doping nature initiates in MoS2 thin
films.

Fig. 5. Raman spectra of AuCl3 treated MoS2 thin films at various annealing temperatures

The I-V characteristics across AuCl3 treated MoS2/n-Si heterojunction shown in
Fig. 6 are found to be rectifying in nature. The ideality factor of p-MoS2/n-Si hetero-
junction is found to be 1.36, 1.42, 1.35, 1.28 and 1.23 for unannealed, annealed at 200 °C,
300 °C, 400 °C and 500 °C, respectively. Figure 7 shows the decrease in the carrier con-
centration (p-type) beyond 200 °C, which is ascribed to the de-doping process at higher
post-treatment annealing temperature. The built-in potential across p-MoS2/n-Si het-
erojunction is estimated as 0.48 V, 0.53 V, 0.43 V, 0.38 V and 0.35 V for unannealed,
annealed at 200 °C, 300 °C, 400 °C and 500 °C, respectively.

The IR detection study of MoS2 thin films, treated with 15 mM, 6 coats of AuCl3
solution and annealed at 200 °C, was carried out for 850 nm exposure. A pronounced
current On/Off ratio is depicted from the current-time measurements with IR exposure.
Upon IR illumination, the charge separation takes place at the heterojunction [32]. The
diffusion of carriers across the p-n heterojunction results in the formation of uncom-
pensated acceptors (by diffusion of holes) and donors (by diffusion of electrons) near
the interface [33]. The presence of positive space charge and negative space charge near
n-type semiconductor and p-type semiconductor, respectively, induces an E-field. This
E-field facilitates the separation of the photoexcited charges on exposure to illumination,
thereby allowing the movement of electrons to the conduction band of n-type semicon-
ductor and vice-versa for holes, thereby leading to the flow of photocurrent across the
heterojunction. In addition to the majority carriers, minority carriers also diffuse to the
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Fig. 6. I-V curves of AuCl3 treated MoS2 thin films at various annealing temperatures

Fig. 7. Variation in carrier concentration with annealing temperature of AuCl3 treated MoS2 thin
films

space region and are separated by the built-in voltage in heterojunction. Figure 8 shows
the current-time curves illustrating the fitting of rise and fall time of p-MoS2/n-Si het-
erojunction with 850 nm IR illumination. The current On/Off ratio, rise time and fall
time are found to be 350, 1.2 s and 1.4 s, respectively.
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Fig. 8. Current-time characteristics across p-MoS2/n-Si heterojunction with 850 nm IR illumi-
nation.

4 Conclusion

In this work, the effect of post-treatment annealing temperature on the morphological,
microstructural and electronic properties of AuCl3 treated MoS2 films have been dis-
cussed elaborately. FESEM images revealed the modulation in the morphology beyond
300 °C, which can be attributed to the enhancement in incorporation of Au particles into
the MoS2 films through the grain boundaries. Moreover, the RMS roughness is found to
be reduced with the increase in temperature upto 300 °C, which can be attributed to the
lateral spreading of Au particles with increased density. Along with MoS2 XRD charac-
teristic peak (2θ = 14.1°), an appearance of additional peak (2θ = 38.1°) corresponds to
(111) plane of cubic Au. The increase in the intensity of cubic Au peak can be ascribed
the presence of Au aggregates till 300 °C. The XRD results are corelated with morpho-
logical results. The shifting of A1g peak beyond 300 °C was illustrated using de-doping
process. The dependence of carrier concentration of MoS2 films and built-in potential
across MoS2/Si heterojunction on the annealing temperature were evaluated from C-V
measurements. The ideality factor of MoS2/Si heterojunction was investigated from I-V
characteristics. The response time across p-MoS2/n-Si heterojunction upon illumination
of 850 nm IR source were found to be 1.2 s (rise time) and 1.4 s (fall time). The study of
variation in the properties of MoS2 films with the post-treatment annealing temperature
paves way towards the integration of MoS2 based devices in silicon technology.
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Abstract. Tantalumoxide (Ta2O5) thin film is considered as an alternative dielec-
tric layer in both microelectronics and MEMS devices due to its high dielectric
constant, high breakdown field and low leakage current density. In this research,
radio-frequency magnetron sputtering was used to deposit Ta2O5 thin films on
p-type Si (100) substrates. During the film deposition, the RF power and Ar/O2
gas flow ratio were kept constant while the sputtering pressure and substrate tem-
perature were varied. The films were annealed in the air for an hour at 900 °C after
the deposition. The structural, morphological, and electrical properties of the films
were studied with various sputtering parameters. Orthorhombic β—phase struc-
ture of Ta2O5 films is observed from XRD investigation. The crystallinity of the
films was found to be improved with the increase in the sputtering pressure and
substrate temperature. The films, deposited at higher working pressure, became
rough, whereas the films deposited at higher temperature became smooth. The
Capacitance-voltage and current-voltage techniques were used to study the elec-
trical properties of the thin films. Low oxide charge density of 6.5 × 1011 cm−2

and 3.1 × 1012 cm−2 observed at sputtering pressure of 8.0 × 10–3 mbar and
substrate temperature of 300 °C, respectively.

Keywords: High-k dielectric · Ta2O5 · Thin film · Sputtering · C-V · I-V

1 Introduction

In the last few decades, microelectronics has become the most essential driving factor
behind all technological advancements [1, 2]. In microelectronic systems such as the
central processing unit (CPU), metal oxide semiconductor field effect transistor (MOS-
FET), dynamic random-access memory (DRAM) and flash memory, the dielectric layer
is a key component [3, 4]. Although the dielectric material’s primary role is to improve
capacitive coupling between nearby metals and semiconductors, it also inhibits leakage
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current between electrodes, which reduces energy consumption (in CPUs and DRAMs)
and long-term dependability (in flash memory) [5]. Other than microelectronic systems,
dielectricmaterial is also used inMicro-electromechanical Systems (MEMS) specifically
in RF MEMS switches for satellite reconfigurable antennas to achieve lower insertion
loss and lower power consumption than semiconductor switches [6–8].

In microelectronics, silicon dioxide (SiO2) has been utilised as an ideal dielectric
material for decades because of its ease of growth, low-charge density and better inter-
face with silicon. During downscaling of SiO2 layer, the leakage current caused by
the quantum tunnelling phenomenon become prominent [9], causing major difficulties
with power consumption and device performance. To overcome the scaling restriction
of microelectronic device, conventional dielectric layers are replaced with advanced
high permittivity (high-k) materials [10–12]. Various high k materials, such as barium
strontium titanate (BST, BaSrTiO3), tantalum oxide (Ta2O5), titanium oxide (TiO2),
hafnium oxide (HfO2), zirconium oxide (ZrO2), silicon nitride (Si3N4), and aluminium
oxide (Al2O3), aluminium nitride (AlN) are being investigated to meet the need. Among
various metal oxide, Ta2O5 is the most promising gate insulator and also appropriate
candidate for use of memory dielectric in storage capacitors in place of SiO2, because of
its high dielectric constant, high breakdown field, high amorphous-to-crystalline tran-
sition temperature and better chemical stability [11–15]. In addition, Ta2O5 has high
bandgap (4.5–5 eV) to achieve a sufficient barrier height to reduce the leakage cur-
rent. Because of the above properties, Ta2O5 thin film has drawn tremendous attention
for high-density dynamic random-accessmemory (DRAMs) andmetal–oxide–semicon-
ductor field-effect transistors (MOSFETs). On the other hand, the charge density of the
dielectric layer needs to be systematically investigated since the constraints imposed by
the charging mechanisms in the dielectric material will impact the collapse of bridges
and cantilevers of RF MEMS [16]. Charges are injected and subsequently trapped in
the dielectric layer in electrostatically actuated MEMS switches, when the bridge comes
into contact with the dielectric under the pull-in voltage. This charge injection creates
a change in the actuation voltage, which eventually leads to a stiction effect, which
severely limits the device performance [17]. The improvement of the fabrication pro-
cess as well as the exploration of alternate materials for dielectric layers is necessary to
overcome the limits of RF MEMS reliability. Ta2O5 is a promising option for the use of
dielectric layer in RF MEMS switches because of its excellent material properties [18,
19]. The dielectric constant of Ta2O5 is significantly greater than that of the conventional
dielectric material utilised in RF MEMS switches. This feature has the critical benefit
of the enhancement of capacitance ratio in RF MEMS based capacitive switches using
Ta2O5 as the dielectric layer by improvement in the switching performance [20]. Hence,
the systematic study of the electrical behavior of Ta2O5 films is required prior to its
microelectronic applications.

Several physical and chemical deposition strategies for fabrication of Ta2O5 thin
films have been carried out, whereas sputtering is found to be a low-temperature, non-
toxic, CMOS compatible technology that produces homogeneous smooth thin films
of better quality [21, 22]. Regardless of the Ta2O5 synthesis process, the deposition
parameters have a significant impact on the modulation of morphological and electrical
properties of the sputtered films. Hence, the effect of sputtering pressure and substrate
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temperature on the structural and electrical properties of Ta2O5 thin films is investigated
in this research work.

2 Experimental Details

Tantalum oxide thin dielectric films were deposited on p-type silicon [(100), 1–10 �

cm] wafers using an RF magnetron sputtering technique using a pure tantalum target
(99.95%) in the presence of high-quality oxygen and argon gas. During the sputtering
process, the sputtering power and Ar/O2 gas flow ratio were fixed as 300 W and 3:2,
respectively. The sputtering pressure was varied from 4 × 10–3 mbar to 1 × 10–2 mbar
and the substrate temperature was varied from room temperature to 300 °C. During
the variation of the sputtering pressure, the substrates were kept at room temperature
and while varying the substrate temperature the sputtering pressure was fixed at 6.0 ×
10–3 mbar. After the deposition, all the films were undergone post-deposition annealing
treatment. The annealing was carried out at 900 °C for 1 h in air ambient. The thickness
of the filmswas kept around 50 nm.X-ray diffraction (XRD) (Rigaku ultima IV), Atomic
force microscope (AFM) (Park System XE7), were used to investigate the structural,
morphological properties of the thin film. To study the electrical properties of Ta2O5
films, metal oxide semiconductor (MOS) structure was fabricated using thermal evap-
oration of aluminum. The capacitance-voltage (C–V) measurement technique was used
to calculate the interface charge density, oxide charge density, and dielectric constant,
while the current–voltage (I–V) studies were used to estimate the leakage current of the
films. The C-V and I–V behaviour were investigated using an Agilent E4980 precision
LCR meter.

3 Results and Discussion

Figure 1 shows the XRD patterns of the Ta2O5 thin film, deposited at various sputtering
pressure and substrate temperatures, on Si substrate. There was not evolution of crys-
talline peaks for as-deposited Ta2O5 thin films. When the films are annealed at 900 °C,
β—phase of orthorhombic structures is obtained. The position of the diffraction peaks
is in agreement with the JCPDS data (Card No. 25–0922) [23]. The crystallinity of the
film increases with increase in the sputtering pressure as shown in Fig. 1a. The increase
in sputtering pressure produces sufficient sputtering species (Ar) and reacting species
(O2). Hence, the film of better stoichiometry is produced during sputtering. Figure 1b
indicates the crystallinity of Ta2O5 at various substrate temperatures. As the annealed
Ta2O5 film is polycrystalline in nature with orthorhombic structure, with increase in
substrate temperature the crystallinity of the film improved slightly. The increase in
substrate temperature has provided sufficient energy to the adatoms to migrate to the
favorable sites to preliminarily produce dense and homogeneous structure. However, the
temperature and duration of deposition is not enough for the orientation of ad-atoms.
Therefore, post-deposition annealing is required for structural improvement.

Figures 2 and 3 depicts the AFMmicrographs of Ta2O5 thin films for various sputter-
ing pressure and substrate temperature respectively. Surface roughness, estimated from
AFM images, is found to be increased from 4 nm to 4.8 nm with increased sputtering
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Fig. 1. XRD pattern of Ta2O5 thin films deposited at different (a) sputtering pressure and
(b) substrate temperature followed by 900 °C annealing.

Fig. 2. AFMmicrographs ofTa2O5 thin films for different sputtering pressure (a) 4.0×10–3 mbar
(b) 6.0 × 10–3 mbar (c) 8.0 × 10–3 mbar (d) 1.0 × 10–2 mbar

pressure from 4.0 × 10–3 mbar to 1.0 × 10–2 mbar, as shown in Fig. 4a. The increase
in roughness of the sputtered film with pressure is due to the grain growth as a result of
rise in crystallinity as seen from XRD plots. In addition, the average distance between
molecule collisions rises because there are fewer gas molecules in the chamber at lower
sputtering pressure and the chance of particle collision decreases and sputtered particles
have enough energy to homogeneously organise themselves on the substrate. As the
sputtering pressure rises, the bombardment of the target atoms by the sputtering Ar+

increases, and as a result of the huge number of target atoms ejected, the scattering of
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the sputtered species improves, lowering the kinetic energy of the impacting ions. As
a result, at greater pressures, adatom mobility on the substrate surface is reduced and
the roughness increases. On the other hand, the surface roughness decreases, when the
deposition temperature rises [Fig. 4b]. At higher substrate temperature, sputtered par-
ticles have increased mobility, which gives rise to homogeneous nucleation and grain
development. As a result, the atoms uniformly distributed to produce smoother surface.

Fig. 3. AFM micrographs of Ta2O5 thin films for different substrate temperature (a) room
temperature (b) 100 °C (c) 200 °C (d) 300 °C

Fig. 4. AFM surface roughness of Ta2O5 thin films for different (a) sputtering pressure and
(b) substrate temperature
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Capacitance–voltage measurements of Ta2O5 based MOS structures are carried out,
with a sweep in bias voltage from−5V to 5V, to investigate the electrical characteristics.
Figure 5 depicts the normalized high frequency (1 MHz) C–V curve of the Al/Ta2O5/Si
MOS structure for various sputtering pressures and substrate temperatures. The oxide
charge density (Qox), interface charge density (Dit), and dielectric constant of the Ta2O5
thin film were determined from the C–V curve. With a bias voltage sweep, the accu-
mulation, depletion, and inversion regions are clearly observed. Here, Cox represent the
oxide capacitance per unit area.

Fig. 5. Capacitance–voltage characteristics of the Ta2O5 thin film deposited at different (a) sput-
tering pressure and (b) substrate temperature

The accumulation capacitance is used to compute the dielectric constant, which
is found to be increased from 14.8 to 18.8 with the increase in sputtering pressure
from 4.0 × 10–3 mbar to 8.0 × 10–3 mbar and from 17.2 to 19.1 with the rise in
substrate temperature from room temperature to 300 °C, respectively. The dielectric
constant increases with the increase in the sputtering pressure because the crystallinity
of the film improved with increase sputtering pressure and hence, at the accumulation
region the capacitance of the film increases [24]. The shift in C–V curves, indicates a
reduction in oxide charge density as the sputtering pressure rises. Figure 6 shows the
Qox and Dit values for various sputtering pressures and substrate temperatures. When
the sputtering pressure is increased from 4.0 × 10–3 mbar to 8.0 × 10–3 mbar, the
interface trap density found to be decreased. Similarly, the oxide charge density decreases
with increase in substrate temperature. This may be due to the modulation is grain size
and their boundaries. Defects, voids, unsaturated bonds, and impurities are commonly
found along grain boundaries, which act as trap centres. Films of smaller grains have
larger grain boundary area, which means there are more trapping centres accessible for
collecting free carriers.With the rise in granular dimensions, the surface area of the grain
boundaries is comparatively annihilated and therefore, the defect density has decreased.
The interface charge density (Dit) is found to be maximum at lower sputtering pressure,
which may be due to the high-energetic atom bombardments as the mean free path of the
atomic species are comparatively larger during sputtering. The films grown at moderate
substrate temperature yield lower Dit.
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Fig. 6. Oxide (Qox) and interface (Dit) charge densities of Ta2O5 thin films deposited at various
(a) sputtering pressure and (b) substrate temperature

Fig. 7. Current–voltage characteristics of the Ta2O5 thin films deposited at various (a) sputtering
pressure and (b) substrate temperature

Current–voltage (I–V) curves for Al/Ta2O5/Si structures for various sputtering pres-
sures and substrate temperatures are shown in Fig. 7. A rapid rise in current occurs at
lower bias voltages, and then the current becomes quasi-saturated. The lower leakage
current is achieved for a sputtering pressure of 8.0× 10–3 mbar. The decrease in leakage
current with increasing sputtering pressure is related to rise in grain size, with fewer
grain boundaries accessible to offer a current conducting channel [25]. Similarly with
increase in substrate temperature the leakage current decreases and found to be minimal
for sample prepared at 300 °C. This may be due to the improvement of film quality by
the reduction of voids, unsaturated bonds with the enhancement of crystallinity. Hence,
the Ta2O5 films grown at 8.0 × 10–3 mbar and substrate temperature of 300 °C found
suitable for microelectronic applications.

4 Conclusion

Ta2O5 thin films were deposited on p-type silicon wafer using RF sputtering technique
to study its structural and electrical properties. The sputtering pressure and substrate
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temperature have been varied to optimize the growth parameters of Ta2O5 thin films.
The sputtering pressure was varied from 4.0 × 10–3 mbar to 1.0 × 10–2 mbar and the
substrate temperature was varied from room temperature to 300 °C. From XRD study
it was found that the Ta2O5 film is polycrystalline in nature and possesses β—phase of
orthorhombic structure. With increase in sputtering pressure and substrate temperature
the crystallinity of the Ta2O5 thin film is found to be increases. The roughness of the film
is found to be increased with increase in sputtering pressure and decreased with increase
in substrate temperature. From the C-V and I-V measurements, the dielectric constant,
oxide charge density, interface charge density and leakage current are estimated. The
oxide charge density and leakage current for film prepared at 8.0× 10–3 mbar sputtering
pressure is found to be minimum with the enhancement of dielectric constant. The
Ta2O5 film, deposited at 8.0 × 10–3 mbar sputtering pressure and 300 °C of substrate
temperature, has possessed high dielectric constant, lower leakage current and low oxide
charge. Hence, this film can be used as an alternative dielectric layer in microelectronics
and MEMS devices.
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Abstract. Owing to the superior energy and power storage properties, the Zr
doped BaTiO3 (BZT) material system is reportedly used in numerous applica-
tions. In this work, the optimal process parameters viz., substrate temperature,
oxygen gas pressure, laser fluence and target-substrate distance for deposition of
lead-free thin films using pulsed laser deposition (PLD) system were evaluated.
The deposition of BZT thin films were carried out based on design of experi-
ments by adopting the Taguchi method. The thickness and dielectric properties of
deposited thin films were analyzed to assess the influence of each parameter on the
growth of thin films using analysis of variance (ANOVA) method. Optimal pro-
cess conditions based on grey relational analysis were evaluated. The phase and
morphology analysis on BZT films indicate possibility of domain engineering by
choosing appropriate process variables. BZT thin films deposited at optimal pro-
cess conditions resulted in superior properties comparable to properties of single
crystal of the same material system.

Keywords: Ferroelectrics · Dielectric · Optimization · Taguchi method

1 Introduction

1.1 Taguchi Method

Ba(Zr0.15Ti0.85)O3 (BZT) material system shows pinched phase transition and thus
exhibits enhanced dielectric and ferroelectric properties [1]. The enhanced energy and
power storage properties of these materials assist in realizing numerous applications
in electronics and electrical industries [2]. The influence of process parameters on the
properties of lead-free BZT thin films deposited using pulsed LASERDeposition (PLD)
system was evaluated using the Taguchi method, which is extensively useful in design-
ing and improving process conditions [3]. The improvement in process conditions lead
to improved properties. The classical method of parameter optimization is complex and
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needs lot of experimentation. Taguchi method helps in systematic evaluation of optimum
process conditions with fewer experiments when compared to the classic method.

In the present work, four crucial and impactful factors viz., substrate temperature,
oxygen partial pressure, LASER fluence, duration of deposition were chosen for depo-
sition of thin films. For each factor, three different levels are considered. The details of
each variable and levels are tabulated in below.

Process variable Level 1 Level 2 Level 3

Substrate temperature (oC) 600 650 700

Oxygen partial pressure (mTorr) 100 200 300

LASER Fluence (J/cm2) 1.0 1.5 2.0

Target-substrate distance (cm) 05 06 07

1.2 Analysis of Variance (ANOVA)

The analysis of variance (ANOVA) is used to obtain quantitative information about the
percentage influence of each factor on the deposition characteristics of thin films. The
ANOVA model determines the dependence of process parameters on the growth and
performance of thin films.

2 Results and Discussion

2.1 Signal to Noise Ratio

The optimized conditions were assessed using signal-to-noise (S/N) ratio using Eq. 1,
usually classified into three categories i.e., the lower-the-better, the higher-the-better, and
the nominal-the-better. The optimal process parameters were chosen based on highest
S/N ratio corresponding to thickness data in this study.

η = −10 log
1

n

n∑

i=1

1

y2n
(1)

where η denotes the calculated value of S/N ratio in decibels (dB), yn represents the
obtained experimental values viz., thickness and dielectric constant and n stands for the
number of trials carried out.

The S/N response corresponding to different input parameters for growth conditions
of BZT thin films is shown in Fig. 1. The optimal process variables are chosen based on
ANOVA results.



Optimization of Controllable Pulsed LASER Deposition Parameters 353

5 6 7

30

32

34

36

38

S/
N

 r
at

io
s 

of
 d

ep
os

iti
on

 r
at

e 
(d

B
)

T-S distance

600 650 700

Temperature

1.25 1.50 1.75

LASER Fluence

100 200 300

O
2
 pressure

Fig. 1: S/N response graph corresponding to different input parameters for growth conditions of
Ba(Zr0.15Ti0.85)O3 thin films.

2.2 Phase Analysis

The results of X-ray diffraction (XRD) studies carried out for phase analysis confirmed
the presence of single-phase perovskite structure of BZT thin films (refer Fig. 2). The
phase analysis reveals the possibility of formation of perovskite structure with preferred
(110) orientation growth of BZT thin films.

2.3 Microstructural Studies

The scanning electron microscope (SEM) analysis of BZT thin films shown in Fig. 3
reveals different surface morphologies viz., formation of clusters of target species,
pointed flakes, granular morphology and cracked surfaces depending on the process
parameters applied for growth conditions of thin films. The films grown at optimal pro-
cess variables exhibited maximum dielectric constant of ~380 at zero electric field. The
values obtained are higher than the BZT films of same composition deposited by differ-
ent methods [4] and (100) oriented BZT thin films of different composition as reported
in the literature [5].



354 M. L. V. Mahesh et al.

20 30 40 50

(0
12

)

(0
11

)

In
te

ns
ity

 (
ar

b.
 u

ni
.)

Angle (2θ)

600oC/100mT/200mJ/5cm
(1
12

)

(0
02

)(0
11

)

(0
01

)
(0
01

)
(0
01

)

650oC/100mT/300mJ/7cm

(1
12

)

(0
02

)(0
11

)

(0
01

)

700oC/200mT/200mJ/7cm

*

(1
12

)

(0
02

)

(1
11

)

700oC/300mT/300mJ/5cm

*

(0
01

)

(0
11

)

600oC/300mT/400mJ/7cm

Fig.2. XRD spectra of the Ba(Zr0.15Ti0.85)O3 thin films deposited at various process parameters.

2.4 Evaluation of Contributing Factors Using ANOVA

The dominant and significant process parameters affecting the growth of thin films were
evaluated in this study.

Process variable Degrees of freedom Sum of squares Variance Contribution (%)

Substrate
temperature (°C)

2 31.18 15.6 12.48

Oxygen gas
pressure (mTorr)

2 15.03 7.51 6.01

LASER Fluence
(J/cm2)

2 95.7 47.88 38.3

Target-substrate
distance (cm)

2 107.9 53.98 43.2

The results indicate that the target-substrate distance and LASER fluence play a
‘dominant’ role which are primarily responsible and are the contributing factors to
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the thickness. The other two parameters viz., substrate temperature and oxygen partial
pressure play a ‘significant’ role on the thickness.

650oC/100mT/1.5J/cm2/07cm 650oC/100mT/1.75 J/cm2/6cm 700oC/200mT/1.25J/cm2/07cm 

600oC/300mT/1.75 J/cm2/07cm 700oC/300mT/1.75 J/cm2/05cm 650oC/200mT/1.5 J/cm2/06cm 

Fig. 3. SEM analysis of BZT films at different growth conditions.

3 Conclusions

This work highlights the importance of optimization of process parameters for growth of
thin films. The methodology for obtaining oriented films was discussed. The possibility
of domain engineering of surface morphology of BZT thin films was discussed. The
factors responsible for growth of ferroelectric thin films were evaluated using ANOVA
results. The films grown at optimal process variables i.e., at a substrate temperature of
650 °C, oxygen gas pressure of 200mT, energy fluence of 1.5 J/cm2 and target-substrate
distance of 06cm exhibited electrical properties comparable to oriented single crystals
of same material.
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Abstract. In recent years, titanium dioxide (TiO2) has drawn tremen-
dous attentions due to its excellent electronic properties, nontoxic nature,
high chemical stability, low cost, and huge availability in nature. TiO2

nanostructures were grown on boron doped, (100) oriented, 1–10 Ω-cm
silicon substrates by using wet chemical method, where the concentration
of titanium n-butoxide was varied from 0.24 ml to 0.60 ml. The chemical
process was conducted at 140◦C for 2 h using an autoclave. The mor-
phological and structural properties of TiO2 nanostructures were inves-
tigated by scanning electron microscope (SEM) and X-ray Diffraction
(XRD) techniques. The nano flowers like structures were observed by the
SEM study and rutile phase of TiO2 was depicted by the XRD analysis.
The nanostructures were increasing with the titanium butoxide concen-
tration that was confirmed by SEM study. In precursor concentration of
0.60 ml, the nanostructures of width 256 nm and length 1.54 µm were
obtained. Resistive switching study was showing the memory capacity of
the nanorod structures.

Keywords: Nano flowers · Hydrothermal process · SEM · XRD ·
Resistive switching
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1 Introduction

Dimensionality has a huge contribution in the performance of the nanostructure
based microelectronic devices [5,19]. Introduction of 1-D nanomaterials such as
nanorods or nanowires have become an attractive approach both in technical
as well as scientific research areas. 1-D nanomaterials can offer significant larger
surface area to volume ratio than thin films [2,12]. Therefore, 1-D nanomaterials
have excellent features such as it has unique physical and chemical properties,
and other applications properties can be achieved from their mechanical to elec-
trical domain [11,16].

There are various fabrication processes that have been established for the syn-
thesis of 1-D nanomaterials such as template assisted, vapor-liquid-solid (VLS),
chemical vapor deposition (CVD), anodic oxidation method, solvothermal and
hydrothermal methods etc. In this research, hydrothermal process is used to
fabricate the TiO2 nanorods due to its simplicity, low cost, chemical stability
and solubility, higher reaction velocity, better electron conducting properties
such as diffusion, sizes and phase conversions at low temperature, high yield,
higher nucleation as well as control of surface morphologies [8,18]. Hydrother-
mal method is quite well established method because of its versatility and the
process can be performed easily on different types of substrate like silicon wafer,
FTO, ITO etc. In addition, hydrothermal process can easily suppress the huge
crystallographic defects even at a lower temperature with controlling particle
dimension and their spatial location of particles [17].

The formation of TiO2 nanorods can be expressed in step wise process. It
starts from nucleation, attachment to the oriental surface, and nanorod growth,
which takes place in the acidic medium. Dissolution and recrystallization of the
nanoparticle affect the nucleation process strongly in high acidic medium of the
hydrothermal process [4]. The crystallite size largely depends on the reaction
time and the growth direction of the nanorods is depended on the nucleation
sites [13]. Surface energy and thermodynamic stability have huge effect on the
formation of the nanowires and hydrothermally grown TiO2 nanorod arrays is
a an cost effective process for the application of resistive switching [6]. In the
present work, the fabrication and characterization of TiO2 nanorod arrays with
various aspect ratio by hydrothermal process has been reported. Finally, the
resistive switching behavior of the TiO2 nanorods has been studied.

2 Experimental Procedure

TiO2 nanorod arrays were grown on the p-type (100) Silicon substrate (1–10
Ω.cm) oriented using hydrothermal process. In the typical experiment, 25 ml
of deionized water was mixed with 25 ml hydrochloric acid followed by stir-
ring at the ambient temperature for 5 min. Afterwards, various concentration of
titanium butoxide such as 0.24–0.60 ml was added with the mixture in order to
prepare different precursor. After stirring another 15 min, the mixture was trans-
ferred to a Teflon lined stainless steel autoclave (100 ml volume). The hydrother-
mal synthesis was conducted at 140 ◦C for 2 h in regular laboratory air oven.
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After synthesis, the autoclave was cooled down to room temperature. The sili-
con substrate was taken out from the autoclave and rinse extensively with the
deionized water and allowed to dry in the ambient air.

The surface and structural morphologies of the samples were characterized by
the scanning electron microscopy (JEOL JSM- 6480LV Scanning Electron Micro-
scope) and X-ray diffractometer (Rigaku Ultima IV). For fabricating Al/TiO2/
p++ Si MIM structures, Aluminum electrodes were deposited on dip coated TiO2

film by thermal evaporation method. Top electrodes were deposited by using a
shadow mask, whereas globally deposited Al film were used as bottom electrode.
Resistive switching behavior of TiO2 nanorod were studied by using Keithley
2410 source meter.

3 Results and Discussion

Figure 1 depicts the SEM micrographs, where the TiO2 nanorods are synthesized
at 140 ◦C for 2 hrs with various precursor concentrations such as (a) 0.24 ml (b)
0.36 ml (c) 0.48 ml (d) 0.60 ml. The morphologies of the nanorods have shown
randomly aligned structure with a length of 400–1.54 m and width varies approx-
imately 210–280 nm. The SEM images describe that the nanorods are becoming
wider with the increased concentration of titanium precursor and at 0.60 ml con-
centration, the average length of the nanorod becomes 1.5 m, which shows that
precursor concentration has a significant effect on the width and length of the

Fig. 1. SEM images of the TiO2 nanorods grown at 140 ◦C for 2 hrs with various
precursor concentration of Titanium butoxide (a) 0.24 ml (b) 0.36 ml (c) 0.48 ml (d)
0.60 ml.



360 S. Roy et al.

nanorods. During growth of TiO2 nanorods, the molecule of the precursor reacts
with the aqueous solution during the hydrolysis process and the vapor is used to
form during reaction in the autoclave which creates a certain amount of pressure
[3].

The overall morphology such as width and length of nanorod are determined
by the nucleation and growth mechanism. During the chemical reaction, the
atomic species are attached to the nucleation site for a thermodynamical sta-
ble orientation, which depends on the parameters such as growth temperature,
precursor concentration, substrates, growth time. The controlled supply of pre-
cursor atoms for subsequent growth of nanorods at an optimized condition is
highly important for achieving the reproducible nanostructures. The nucleation
and agglomeration of TiO2 nanoparticles is related with the hydrolysis process
and as a result, higher density nanorods are obtained at higher precursor con-
centration of 0.60 ml where flower like morphology is observed. The orientation
of the nanorods growth is governed by surface energy. The growth mechanism
of nanorods can be explained in a two-step process. First, due to hydrothermal
method, TiO2 nanoparticles are formed and later anisotropic agglomeration of
nanoparticle leads to formation of nanorods reducing the surface energy of nucle-
ation sites. It is shown that initial reaction conditions have significant influence
on the nanorod length as well as width. So, the hydrothermal process is highly
dependent on the amount of titanium source and are very suitable for industrial
applications.

Table 1. Average TiO2 nanorod dimensions with the variation of precursor concen-
tration

Conditions of hydrothermal process Average nanorod dimensions

Temperature (◦C) Precursor concentration (ml) Length (µm) Width (nm)

140 0.24 0.4 210

0.36 0.8 251

0.48 1.6 284

0.60 1.5 256

Figure 2 depicts the XRD plot of the TiO2 nanorods grown on the p-type
silicon substrate. The XRD peak intensity is found to be increased with the pre-
cursor concentration which can be attributed to the enhancement in the density
and dimension of the nanorods. Diffraction peak obtained at the 27.47◦ indicates
the rutile (100) phase of TiO2 [9]. The nucleation process of the nanoparticles is
largely dependent on the interfacial energy. Rutile phase is more stable as com-
pared to the anatase phase of TiO2 at any calcination temperature and pressure
[1]. The reason behind the stability is based on the lower free energy of rutile
phase [10,14] and anatase phase is more stable for extremely small crystallites
due to high surface area and anatase phase containing lower surface energy [15].
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Fig. 2. XRD patterns of the TiO2 nanorod with 140 ◦C for 2 hrs with various precursor
concentrations of nanorod growth.

It is shown that multidimensional TiO2 nanorods are formed dandelions struc-
ture, which is observed in the random orientation of the nanorod growth and
rutile phase is observed.

Resistive switching phenomenon of TiO2 nanorods are shown in Fig. 3. Nano-
rods are excited by oxygen molecule and make an oxygen deficiency center easily
because TiO2 itself is an oxygen deficient material. At slow hydrolysis, the mor-
phology has not changed but Ti3+ species and oxygen vacancies are formed at
the shell. The geometrical structure of the nanorods have large surface area so it
can absorb O2 molecule on the defective area of nanorods as trapping the charge
carriers and accelerate the oxidation process. Thereafter, the resistance of TiO2

nanorods are increased in the form of leading conductivity of TiO2 nanorods sur-
face [5,7]. In the SET process, the oxygen vacancies are diffused from the anode,
where voltage is applied to the cathode, which is the ground electrode and con-
ducting filaments are formed after connecting the top and bottom electrode and
switching is occurred between high resistance state (HRS) to low resistance state
(LRS). A high and low resistance states are switched back and forth based the
set voltage and reset voltage. In this research compliance current is fixed at 0.1
mA, which is used to prevent permanent breakdown of the device. The forming
voltage is applied at 3 V to initiate the electron conductance process. For the
SET process of the on/off ratio become 10 for 0.36 ml precursor concentration
and at 0.48 the on/off ratio was around 18. The resistive switching behavior is
bipolar in nature. Due to the multifunctional behavior of TiO2 nanorods such
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Fig. 3. Resistive switching behaviors of the TiO2 nanorod with 140 C for 2 hrs with
various precursor concentrations of nanorod growth

as high surface to volume ratio as well as resistive switching, these devices can
be used in MEMS industries as functional materials and sensors.

4 Conclusion

TiO2 nanorods were grown on the p-type silicon substrate using hydrothermal
process. The SEM micrograph has shown the formation of scattered nanorod
structures. The 0.60 ml precursor concentration has resulted flower shaped TiO2

nanorods. The XRD investigation has shown the rutile phases of the TiO2.
Resistive switching behaviour was also studied to use in the memory as well
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as switching devices and process condition at 140◦C, 2 hrs with 0.48 ml precur-
sor concentration is showing better memory window with On/Off current ratio
of 18 for nanorods.

Acknowledgment. Authors are thankful to Prof. Pitamber Mahanandia, NIT
Rourkela for the resistive switching measurements.
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