Chapter 14 ®)
Stochastic Differential Equations Driven Gzt
by Additive Volterra—Lévy

and Volterra—Gaussian Noises

Giulia Di Nunno, Yuliya Mishura, and Kostiantyn Ralchenko

Abstract We study the existence and uniqueness of solutions to stochastic differ-
ential equations with Volterra processes driven by Lévy noise. For this purpose, we
study in detail smoothness properties of these processes. Special attention is given to
two kinds of Volterra—Gaussian processes that generalize the compact interval rep-
resentation of fractional Brownian motion to stochastic equations with such process.
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14.1 Introduction

The main object that is studied in the present paper are stochastic differential equa-
tions with additive noise, admitting the form

dX, =u(X,)dt +dY;, t =0, X|,—0 = X0 € R, (14.1)
where u: R — R is a measurable function, and ¥ = {Y;, t > 0} is a Volterra-Lévy

process. Equations of the form (14.1), with different coefficients and different noises,
were the subject of long and careful considerations. Namely, the most popular case
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is the Langevin equation, where u(x) = ax, x € R, with some coefficient a # 0,
and a Wiener process as a noise. Such process is called the Ornstein—Uhlenbeck
process, or the Vasicek process, and it serves as mathematical model in many areas
of science. Initially the Eq. (14.1) was proposed as a model for velocity of particles
in the theory of the Brownian motion in [9], then the corresponding mathematical
theory was developed in [21, 24], see, e.g. the book [22] for applications of the
Ornstein—Uhlenbeck process in physics. Since the seminal paper by Vasicek [23],
the Ornstein—Uhlenbeck process has become a very popular model in mathematical
finance, see e. g. [6, 7, 10, 11, 17-19, 25].

A Volterra-Lévy process has the form Y, = fol g(t,s)dZ, where g(t,s) is a
given deterministic Volterra-type kernel, and Z is a Lévy process. The conditions
on g and Z supplying the existence of Volterra—Lévy processes were studied in
[2] together with a theory of pathwise stochastic integration with respect to such
processes. Some approximations and first numerical results can be found in [1]. The
goal of the present paper is to study stochastic differential equations with additive
noise represented by a Volterra—Lévy process.

We start with investigation of continuity and Holder properties of Volterra—
Lévy processes. In order to apply the Kolmogorov—Chentsov theorem, we establish
moment upper bounds for increments of these processes. In particular, we study in
detail the case when the kernel g satisfies certain power restrictions. Two examples
of such kernels are considered, namely, the Molchan—Golosov kernel, which arises
in the compact interval representation of fractional Brownian motion, and a sub-
fractional kernel, which corresponds to sub-fractional Brownian motion. For both
kernels, it holds that sample paths of the corresponding Volterra—-Lévy processes
satisfy Holder condition up to order H — %, where H denotes the Hurst index. How-
ever, in the particular case of Gaussian Z, one has Holder continuity up to order H.
This agrees with the theory of fractional Brownian motion and with the paper [20],
where the authors study the case, when g(¢, s) is the Molchan—Golosov kernel and
Z is a Lévy process without Gaussian component.

Special attention in the paper is given to Volterra—Gaussian processes that arise
in the case when Lévy process Z is a Brownian motion. We investigate two types of
kernels that generalize the Molchan—Golosov kernel of fractional Brownian motion.
One of these kernels corresponds to fractional Brownian motion with Hurst index
H > % It was introduced in [12], where conditions for its existence and Holder
continuity were investigated. Also, in [12] the inverse representation of underlying
Wiener process via Volterra—Gaussian process was studied. This study was based on
the properties of Sonine pairs. In the present paper we introduce also another type
of Volterra—Gaussian process that extends fractional Brownian motion with H < %
We study smoothness of this process. We also derive the inverse operators for both
types of Volterra—Gaussian processes in terms of generalized fractional integrals and
derivatives for Sonine pairs.

Then we apply the results mentioned above for investigation of stochastic differ-
ential equations with Volterra—Lévy processes. We start with a deterministic analog
of the Eq. (14.1), where the stochastic term Y; is replaced by a non-random function
that is locally integrable or locally bounded. We study solvability of this equation
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under Lipschitz condition on the drift coefficient #. Then we prove that the stochastic
Eq. (14.1) with locally Lipschitz coefficient of linear growth has a unique solution
under certain conditions on the underlying Volterra process Z and power restrictions
on the kernel g(¢, s).

We also study stochastic differential equations with two kinds of Volterra—
Gaussian processes. In this case we can prove solvability of the equation under
weaker assumptions on the drift coefficient. Namely, we assume sublinear growth
of this coefficient and its Holder continuity. We generalize the results of [14], where
the noise was fractional Brownian motion, to the case of more general Volterra—
Gaussian noise. We prove the existence and uniqueness of a weak solution, the
pathwise uniqueness of two weak solutions and the existence and uniqueness of a
strong solution.

The paper is organized as follows. In Sect. 14.2 we recall the definition of a
Volterra—Lévy processes, necessary conditions for its existence, and a priory esti-
mates for its moments. Section 14.3 is devoted to Holder properties of Volterra—
Lévy processes. As auxiliary results, we establish upper bounds for the incremental
moments in general case (Subsect. 14.3.1) as well as in the case of power restrictions
on the kernel (Subsect. 14.3.2). In Subsect. 14.3.3 we apply these bounds for investi-
gation of continuity and Holder properties of three types of Volterra—Lévy processes.
Two examples of appropriate kernels are given in Subsect. 14.3.4. In Subsect. 14.3.5
two kinds of Volterra—Gaussian processes are studied. Section 14.4 is devoted to the
existence and uniqueness of solution to the Eq. (14.1). The stochastic differential
equations with Volterra—Gaussian processes are studied in Sect. 14.5. In Appendix A
we prove some auxiliary results related to fractional calculus for Sonine pairs. In the
Appendix B a deterministic analog of the Eq. (14.1) is investigated.

Throughout the paper, we shall use notation C for various constants whose value
is not important and may change from line to line and even in the same line.

14.2 Brief Description of Volterra—-Lévy Processes

z, lzl =1,

We start with a Lévy process Z. In order to describe it, define 7(z) := | . 2] > 1
=, z] > 1.
lz]”

Then the characteristic function of Z; can be represented in the following form (see,
e.g.,[16]): Eexp{inZ,} = exp{t¥(u)}, where

. ap? o .
Win) = b= A= [ (@ 1 ) ma)
R

b eR,a >0, is aLévy measure on R, that is a o-finite Borel measure satisfy-
ing [ (x? A1) m(dx) < oo, with 7 ({0}) = 0. The triplet (a, b, 7) is shortly called
the characteristic triplet of Z. Let us fix some T > 0 and introduce the following
Volterra—Lévy process
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t

Y, = /g(t,s) dzZs, te][0,T], (14.2)
0

where g(z, s) is a given deterministic Volterra-type kernel. The integral in (14.2) is
understood in the sense of [15] as the limit in probability of elementary integrals. Its
construction is described in [2, Thm. 2.2]. According to [2], in order to guarantee the
existence of the process Y and of its moments, we need more strict assumptions on
the here called base-process Z and the kernel g(, s). More precisely, in what follows
we assume that the Volterra—Lévy process (14.2) has b = 0 (i.e., Z is a Lévy process
without drift), the measure 7 is symmetric and one of the following conditions holds:

(A1) There exists p € [1,2) such that g = g(¢,-) € L,([0, ¢]) for any t € [0, T'];
a=0and [ |x|” 7(dx) < o0;

(A2) There exists p > 2 such that g = g(¢, ) € L,([0, ¢]) for any ¢ € [0, T'] and
Jg 1x1P m(dx) < oo.

Then, according to [2, Thm. 2.2], the integral fot g(t,s)dZexistsforanyt € [0, T].

Moreover, in the case when condition (A1) holds, we have the following a priori

estimate
t p

E / g(t.5)dZ,| < Cllg@. )} qon / |77 (dx), (143)
0 R

and in the case when condition (A2) holds, we have the following a priori estimate

t P

E / g(t,s8)dZ;

0 (14.4)

<C ap/2||g(t’ ')Hiz([O,t]) + g, ')||£p([0,t]) / x| 7 (dx)
R

The constant C in (14.3) and (14.4) does not depend on the function g. However, it
may depend on p and T'.

14.3 Moment Upper Bounds and Holder Properties
of Volterra-Lévy Processes

In our approach, in order to consider a Volterra—Lévy process as a noise, we need in
the smoothness properties of its trajectories. So, the present section is devoted to its
Holder properties. Obviously, these properties depend both on the properties of the
kernel g and the Lévy baseprocess Z.
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14.3.1 General Upper Bounds for the Incremental Moments

In this subsection we establish upper bounds for E |Y; — Y|” under assumptions
(A1) and (A2).

Lemma 1 Consider 0 <s <t < T. Let assumption (Al) hold. Then

t N
EIYz—YsIPSCfIxIpiT(dX) /Ig(t,u)lp du+f|g(f,u)—g(s,u)|p du
R s 0

(14.5)
Let assumption (A2) hold. Then

t K
E|Y, - v,]’ scf|x|f’n<dx> /|g(t,u>|" du+/|g<r,u)—g(s,u>|” du
R s 0

t r/2 s r/2
rca | [1eaoran] +{ [ 10 g0 au
s 0
(14.6)
Proof Note that the increment of Y is given by
t N
Y, - Y, = /g(t’ u)dzu _fg(sv M)dzu
0 0
t N
= /g(f, wdZ, + /(g(t, u) —g(s,u))dz,.
s 0
Therefore,
t P s P
E|Y, - Y|P <C|E fg(t, wydZ,| +E /(g(t, u)—g(s,u))dz,
s 0
14.7)
In order to conclude the proof, it suffices to apply the bounds (14.3) and (14.4) to
the integrals in the right-hand side of (14.7). (I

We remark that the Holder continuity of paths is a central property also e.g. in
the rough-paths approach to the study of stochastic (partial) differential equations.
Our results can then find application in that framework. We refer to e.g. [8] for a
study of Volterra-driven stochastic differential equations with multiplicative noise via
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rough-paths. Note that, different from our work, the starting base-process is Holder
continuous.

14.3.2 Incremental Moments and Holder Continuity Under
Power Restrictions on the Kernel g

As one can see from the inequalities (14.5) and (14.6), the incremental moments of Y
are bounded by some integrals containing g, its powers and its increments. Now let
us consider more specific class of the kernels g. Assume that the function g satisfies
the following power restrictions with some p > 1.

(B1) There exist constants @ € R, 8 > —% and y > —11—7 such that

lg(t, u)| < Ct*uP(t —u)” forall0 <u <t <T.
(B2) There exist a constant § > 0 and a function A(z, s, u) such that

lg(t,u) — g(s,u)| < |t —s|°h(t,s,u) forall0 <u<s<t<T,

s
and sup / |h(t, s, u)|? du < oo.
O0<s<t<T JO

As we shall see further on in the examples, these conditions on the kernel are well
motivated by the fractional and sub-fractional Brownian motions. An extension of
condition (B1) is provided in Remark 1 at the end of the next subsection.

Our goal in this and the next subsection is to obtain an inequality of the form
E|Y, — Y| < C |t — s|° with some ¢ > 0. In particular, if we get such an inequality
with ¢ > 1, we will be able to apply the Kolmogorov continuity theorem and to
investigate Holder properties of Y. Taking into account Lemma 1, we need to estimate
the integrals of the form f; lg(t, u)|” du and fos lg(t, u) — g(s,u)|” du. Obviously,
the second integral under the assumption (B2) satisfies the inequality

/ lg(t, u) — g(s,u)|” du < C |t —s|”. (14.8)
0

The study of the first integral is more delicate. We start with the following auxiliary
result.
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Lemma2 Letyu > —landv > —1. Thenforall0 <s <t <T,

/u“(t —uw)'du < Ct'(t —s)"T". (14.9)

s
The positive constant C in (14.9) may depend on u, v and T.

Proof Write

S+t
t 2 t

/u“(r —u)'du = /u“(t —u)'du+ / ut(t —uw)’du=1L+15L. (14.10)

K s S+t
2

For s <u<t, we have (¢ —u)' =@t —uw)"' ¢ —uw) ' < @ —s)" @ —u).
Therefore,

ot s
2 2
" “t—u-+u
Iy 5(f—S)VH/u—duz(z—s)"“z—‘/udu
t—u t—u
s s
& s+
( {1
= (t—S)Hlfl/u”du+(t—s)”+1t71/tu du =: I,y + 1. (14.11)
—u
S s

The term /1; can be bounded as follows:

¢ n+1
I = C(t —s)" ! ((S;L ) —sH) < Crt @ — 5)" T, (14.12)

ince (5 — i1 = (52)"* < g,

) ) i
In order to bound 15, we use the inequality u**! < (%)’Hr < t'*1, We get
s+t

2
d P
In < (t —s)”“t”“/ t—” = (1 — 5)"H1# <log(t —5) —log s)
—Uu

2
= t"(t — )" log2 = Ct*(t — 5)"*. (14.13)

Consider I. Note that for < < u <1,

A\ 0
u”f(s_;) 5(%) if u <0,

ut <t* if w > 0.
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Hence, in both cases we have the bound u* < Ct*. Therefore,

! S+t v+1
L <Ct" /(t —u)’ du = Ct" (: - T) =Ct'(t —s)"t.  (14.14)

st
2

Combining (14.10)—(14.14), we get (14.9). (I

Lemma 2 allows us to obtain an upper bound for the integral f : lg(t, w)|? du.

Lemma 3 Assume that condition (BI) holds with some p > 1. Then
t
/ lg(t, )P du < C(t — )P, forall0<s <t <T,

where
a+B+y, fat+p <0,

: (14.15)
v fa+p=0.

K=K(a,ﬂ,)/)={

The constant C may depend on o, B, y, p and T.

Proof According to condition (B1), f; lgt, w)|? du < Ct* f; uPP(t —u)"? du.
Applying the upper bound (14.9), one gets [ |g(t, u)|” du < Ct@PP(t — 5)rr+l,
Ifa + B < 0,thent@+PP < (¢t — 5)@+PP and we obtain the inequality f; lg(t, w)|?
du < C(t — s)@HPHPHl Ifq + B > 0,thent@+PP < T@+AP hence, f; lg(t, w)|?
du < C(t —s)7PH!, O

14.3.3 Application of the Upper Bounds for the Incremental
Moments to Volterra—Lévy Processes of Three Types

Now, basing on Lemma 3, we can better specify the upper bounds (14.5) and (14.6)
for the moments of increments of the Volterra—Lévy process Y satisfying (B1)—-(B2).
Also, as a consequence, we shall state its Holder properties. We consider three cases:
(1) Z is a Lévy process without Brownian part; (2) Z is a Brownian motion; (3) Z is
a Lévy process of a general form.

14.3.3.1 Lévy-Based Process Without Brownian Part

We start with the case of a Lévy process in (14.2) without Brownian part, that is,
a=0.
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Lemma 4 Assumethatp > 1,a =0, fR |x]|? 7(dx) < oo, the conditions (BI) and
(B2) hold with some a € R, § > 0, B > —%, y > —% and such thata + B+ y >
—%. Then for all 0 <s <t <T,E|Y, = Y|P < C(t — §)min{kep+1.0pY \here ks

defined by (14.15). If « > 0 and § > %, then the trajectories of Y are a.s. Holder

continuous up to order min {K, s — %]

Proof According to Lemma 1, we have
t Ky
EJY, — V7 < C f|g<r, Ol du+ / 180t 1) — g5 1)|? du
s 0

Applying Lemma 3 and (14.8), we get

ElY, - Y|P <C@t —s)P* + C@ — )
r—s
T

< C([ _ s)min{l(p-‘r],sp}'

| min{kp+1,8p}
o ()

5 f—s min{kp+1,8p}
CT? | —
rer ()

Holder continuity follows from the Kolmogorov continuity theorem. (|

14.3.3.2 The Brownian Case

Lemma 5 Assume that Z is a Brownian motion, the conditions (B1) and (B2) hold
withp =2, a0 eR g > —%, y > —%suchthatoc +B+y > —%. Thenforall p > 2
andall0<s <t <T,E|Y, = Y|? <C(t — s)”mi"{”%’a}, where K is defined by
(14.15). If € > —%, then the trajectories of Y are a.s. Holder continuous up to order
min {K + %, 3}.

Proof In the Brownian case, (14.6) becomes

r/2 p/2

t N
ElY, -Y'<C /Ig(t,u)l2 du + flg(t,u)—g(s,u)l2 du
s 0

Then by Lemma 3 and (14.8), we get
E|Y, - Y,|? <C(t—5)I®D 4 C(t — 5)” < C(t — s)pminle+2:8},

By the Kolmogorov continuity theorem, if p min {« + 1, 8} > 1, then the trajectories
of Y are a. s. Holder up to order min {K + %, 8} — 11—, Since p can be chosen arbitrarily
large, we get Holder continuity up to order min {/c + %, 8}, ifke > —1/2. ]
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14.3.3.3 Lévy-Based Process of a General Form

Now let us consider a Lévy process Z of a general form. In this case we need to
assume that p > 2 in order to guarantee the existence of ¥ and its moments, see [2,
Thm. 2.2]. It turns out that under this assumption we have the same upper bound for
the incremental moment as in the case a = 0.

Lemma 6 Assume that for some p > 2 we have fR |x|? w(dx) < oo and the condi-
tions (B1) and (B2) hold with somea € R, > —%, y > —% suchthato + B +vy >
—%. Then for all 0 <s <t <T,E|Y, = Y|P < C(t — §)min{kp+1.0pY \here i is
defined by (14.15). If « > 0 and § > é, then the trajectories of Y are a.s. Holder

continuous up to order min [IC, S — %]

Proof Applying Lemma 1, Lemma 3 and (14.8), we obtain

t N
ElY, -Y'<C /Ig(t,u)l” du+/|g(t,u)—g(s,u)|p du
s 0

p/2 r/2

! 5

+ /'8(%“”2 du | + /Ig(t,u)—g(s,un2 du
§ 0

<Ct =) +C(t —5)" + C(t — 5) 2 *PtD

<C(t— s)min{/cp+1,5p,§(/cp+l)} =C(t— S)min{/cp-ﬁ-l,z‘ip}.

Holder continuity follows from the Kolmogorov continuity theorem. O

Remark 1 The assumption (B1) can be replaced by the following more general
condition:

(B1’) There exist constants «; € R, 8; > —% and y; > —%, i=1,2,...,m,such

thatforall 0 < u <t < T, |g(t, u)| < Czrzlt“"uﬂf (t — u)”.

In this case the statements of Lemmas 3-6 hold true with x = 1m.in ki, where
<i<m

ki = k(og, Bi, vi), i =1, ..., m, are defined by (14.15). Indeed, in order to proof
Lemma 3 under the assumption (B1’), it suffices to apply the bound (x; +--- +
x)P <C (xlp + -+ xﬁ) and follow the same reasoning as in the case of the con-
dition (B1). Other lemmas are then easily deduced from Lemma 3.
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14.3.4 Examples of Volterra—Lévy Processes with Power
Restrictions on the Kernel

14.3.4.1 The Molchan—-Golosov Kernel

Let us verify the assumptions (B1) and (B2) for the Molchan—Golosov kernel, which
is defined as

t
Ku(t,s) = Cys2 [ t#2¢ — )2 — (H - %)/MH*%(M —)i 2 qu |,
5

(14.16)

1
2HT hreé- 2 . . .
where H € (0,1), Cy = (%) * . This kernel arises in the compact

interval representation of the fractional Brownian motion as an integral with respect
to a Wiener process W, see, e. g., [13, Sect.2.8]. More precisely, the Volterra process

t
B =/KH(t,s)dWs, >0 (14.17)
0

is a fractional Brownian motion with the Hurst parameter H, that is a zero mean
Gaussian process with covariance function EB/ Bff = 1 (s?H + 12 — |1 — 521) .
Note that the precise value of Cp is irrelevant in the context of our study, the following
results concerning Holder continuity of Volterra processes are valid for any C > 0
instead of Cy.

Hereafter we consider the Volterra process

t
vH =/KH(t,s)dZs, tel0,T], (14.18)
0

where Z is a Lévy base-process. We recall that if Z is without Gaussian component,
then the process (14.18) is known as fractional Lévy process by Molchan—Golosov
transformation. It was introduced and studied in [20].

Proposition 1 Let H € (0, 1), ¢ € (0, H).
1. Let0 < fozn(dx) < o0o. Thenforall0 <s <t <T,
E|Y/ — v <t —s>H.

IfH € (%, 1), then the trajectories of Y are s-Hoélder continuous for any » €
0, H—3).
2. Let Z be a Brownian motion. Then forall p > 2 and all0 <s <t < T,
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E }YZH _ YYH|p < C(t _ s)p(H—S)’
and the trajectories of Y™ are s-Holder continuous for any » € (0, H).

Proof We prove both statements simultaneously. Without loss of generality, assume
that 0 < ¢ < min {1 — H, %} Indeed, if the result of the proposition holds for some
& = ¢&* > 0, then it holds also for all ¢ > ¢*. We consider the cases H = %, H > %
and H < % separately.

Case H = % Note that if H = %, then Ky = const. Hence, for any p, (B1) and
(B2) are valid witha = 8 = y = 0 and with any § > 0. If fR x?7(dx) < oo, then,
by Lemma 6, E |YtH — YSH|2 <C(t—s)forall0 <s <t < T.If Z is a Brownian
motion, then by Lemma 5, E |Y,H — YSH|p <C(—s):forall0<s <t <T and
p > 2. Hence, both statements of the proposition hold even for ¢ = 0 (consequently,
they hold for any ¢ > 0).

Case H € (%, 1). In this case the kernel (14.16) can be rewritten using integration

by parts in the following form:

t
Ky(t,s) = Cs%*Hqu*%(u — )72 du. (14.19)

s

For0 <s <t < T, we have
t
1 1 3 1 1 1
|Ky(t,s)| < Cs2 =2 /(u -2 du =t 2527 H(r —5)H 2,
N

Therefore the condition (B1) holds witha = H — % B = % —H,y=H— %

In order to verify the condition (B2), we need to estimate the difference |[K g (f, u) —
Ky(s,u)].Wehavefor0 <u <s <t <T,

t

|Kp(t,u) — Ky (s,u)| = Cu%‘H/zH‘é(z — w3 dz

s

t t
< Cuz—t /(z — )24z + C/(z - u)H_% dz
s N
(14.20)

(here we have used the inequality 272 < (z — u)?~2 + uf1=2).Lete € (0, 1 — H).
Then the integrals in the right-hand side of (14.20) can be bounded as follows:
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t t
/(Z _ u)ZH*Z dZ < (S _ u)Hn‘S*l /(Z _ S)H—afl dZ
— C(S _ u)H-‘ré‘—l(t _ S)H—é"
t t
/(z Wi dr < (s — )2 /(Z — ) gy = (s —u) 2 (t — s)HE.
s s
Hence,

|Ky(t,u) — Ku(s,uw)| < (¢ — ) h(s, ),

where 1 |
h(s,u) = C(ME*H(S_M)HJrS*l +(S—u)875)
If
: : d p= (14.21)
< , <——  an ’ .
PEmT P imEe M T
then

/|h(s, w)|? du < C
0

0

/ (u(%—H)p(s — ) Hre=Dp (g u)(e—%)p> du
— CsE Pt < CTE P+ ~ oo
Thus, the condition (B2) holds with § = H — ¢ for all p satisfying (14.21) (in par-
ticular, for p = 2).
According to Lemma 6, if 0 < [, x? 7 (dx) < 0o, thenforall 0 <s <t < T,
E[y/ - v/ < Ca—s",

and the trajectories of Y are s-Holder continuous for any » € (0, H — 1).
i} y 3

If Z is a Brownian motion, then, by Lemma 5, forall p > 2andall0 <s <t < T,
E|Y/ - v/!|" < C@t -5,
and the trajectories of Y are s-Holder continuous for any s € (0, H).
Case H € (0, %). Denote

1
1 1 1 1 3
Kg)(t, )=t 227" —5)H2, Kl(iz)(t, s)=s2"1 / ull =23 — s)Hf% du.

s

289
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Then (14.16) implies that
|Ku ()| < C (Kg)(t, 9+ K2, s)) .

According to Remark 1, we can treat K ,(;)(t, s)and K 2) (¢, s) separately. Evidently,
the kernel K\, (¢, s) satisfies (B1) with a; = H — Lp=i-H n=H-1
Then k| =y, = H — 1, see (14.15).

In order to bound K 53) (t, s), we make a substitution z = “A;S in the integral. We
get

s ZH_l 0 ZH_%
1 2 1
Kg)(t,s):sH_f/ , dzgsH_?/—gdz
s (1+2)27" s (142277

Therefore, K g) (t, s) satisfies (Bl) withay =0, 8 = H — %, y» = 0. Consequently,
Kkn=ay+ P +y,=H— % = k. Thus, Ky (¢, s) satisfies (B1’), and the corre-
sponding value of « equals H — %

Now let us verify the assumption (B2). Let 0 < u < s <t < T. We have

|Kny(t,w) = Ky, w] = C KL (6w = K3 5,

+C|KD @ w — K 5w (14.22)

The first term in the right-hand side can be decomposed as follows:

Kt u)— Ky (s,u)

1 1 1 1 1 1
= ’tHffuTH(t —w)fr — sy (g —y)H 2

< u%_H(t — u)H_% (A2 _gH=3 + urHgH=3 (t— u)H_% — (s — u)H_%
= K9V, s,u)+ K2, 5, u). (14.23)

Lete € (O, %). For Kfql’l)(t, s, u) we have
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t

1 1 3
K3V, s,u)y=Cur™f (@ —u)l—: /z”*fdz

< Cu%_HSH_lJ'_E(t_S)H_S' (14.24)

Similarly,
t
K02t s u) = CurHsH=z /(z — w2 dz

t
1 1 1
< Cuz"Hgl=2(s —y)*2 /(z — 1=t g4z,
N

where we have used the inequality

=" = - - s 6 —w T =

Therefore, ] ] !
K32, s,u) < Cur M2 (s —u)* =2t — s)" . (14.25)

Let us consider ’Kg) (t,u) — Kg) (s, u)|. We have

t
1 3 1
= uffH/szi(z — w2 qu.

s

‘Kg)(t, ) — K@ (s, )

. 1 1 3 1 1
Using the bounds (z — )72 < (s —w)~2 and 7172 = ;F72 718 < o=a A1 we
obtain

1
1_ _1 _1 1=
u?2 HS{;‘ Z(S—M)H szH 1 {:‘du
s

1 1 1
— Cufsté‘fi(s _ u)H75 (tHfa _ sH*S)

K&t u) — K (s, u)

A

< Cur s 1(s —u)—2(t — s)H*. (14.26)
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Combining (14.22)—(14.26), we get
Ky (t,u) — Ky (s,u)| < (6 — )" *h(s,w),
where

h(s,u) = Cuz=t (stHg +SH7%(S - u)gi% —I—s“%(s — u)Hf%) .

It is straightforward to check that if p < %_8 and p < ﬁ, then
2 2

s
/Ih(s, w)|? du < Cs!=G-or < CTE 2P+ < oo,
0

This means, in particular, that the condition (B2) is satisfied with § = H — ¢ and
p=2.
According to Lemma 6, if fR x27w(dx) < oo, thenforall0 <s <t <T,

E|v/ — v < Ct—s>H.

If Z is a Brownian motion, then, by Lemma 5, forall p > 2andall0 <s <t < T,
E|Y —vH|" <Ct—s)r?=o,

and the trajectories of Y are s-Holder continuous for any s € (0, H). (Il

Remark 2 If H < % and Z is a non-Gaussian Lévy process, then the Kolmogorov—
Chentsov theorem does not guarantee continuity of Y, since 2(H — ¢) < 1. More-
over, if Z is a Lévy process without Gaussian component, then according to [20,
Prop. 3.7], Y has discontinuous sample paths with positive probability.

14.3.4.2 The Sub-fractional Kernel

Let us consider another example for a kernel satisfying (B1)-(B2), namely

t
_1 _1
Ly(t,s)=Csi ™ [ (2 =272 +fz*2 (-2 az|, 427

s

where H € (0, 1), C > 0. This kernel arises in the compact interval representation
of the sub-fractional Brownian motion [13, Sect.2.8] (see also [4]).

Let us consider the Volterra process UtH = fot Ly(t,s)dZg, t € [0, T]. It turns
out that its properties are similar to those of the process Y ¥ in (14.18).
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Proposition 2 Let H € (0, 1), ¢ € (0, H).

1. Let0 < fozn(dx) < 00. Then, forall0 <s <t <T,
E|Uf —UF) < C—5)*H .

IfH € (%, 1), then the trajectories of U™ are s-Holder continuous for any » €
(0, H—13).
2. Let Z be a Brownian motion. Then forall p > 2 and all0 <s <t < T,

E|uf - UM’ < C—s)p"=o,
and the trajectories of U™ are »-Holder continuous for any » € (0, H).

Proof Case H = % Observe that Ly = const in this case, and the statement holds,
see the proof of Proposition 1.
Case H € (%, 1). It is not hard to see that (14.27) can be written in the following

3
form: LH(ty S) :CS%_HJ: (ZZ_SZ)H 2 dZ.Then,
! 1
Lu(t.s) = Cs%’Hf(z—s)”*%(zﬂ)”*%dz < Cf(z—s)H*%dz,

because (z + )73 < s#=3. Therefore, Ly (t,s) < C(t — s)7~2, and (B1) holds
witha =B =0andy = H — 1.
Let us verify (B2). For0 < u < s <t < T we have

t

\Ly(t,u) — Ly (s, u)| = Cu>~" / (2 - u2)H7

s

(NI

dz

t
=cu> ¥ /(z — w2+ w3 dz.

Using the bound (z + )73 = z+u) 'z + u)#~> <u~'(22)7~2, we get

t
1 3 1
ILp(t,u) — Ly(s,u)| < cw‘”/(z w2070 47 = CIR (1, u) — Ky (s, 0],
S

see (14.20). Thus, the condition (B2) holds with § = H — ¢ for all p satisfying
(14.21) (in particular, for p = 2), see the proof of Proposition 1. Similarly to the
case of the Molchan—Golosov kernel, we can conclude that the proposition holds in
the case H > %
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Case H € (0, ). tfollows from (14.27) that | Ly (£, 5)| < C (L;?(t, )+ L2, s)) ,
_1 _1
with LY (1, 5) = 53717 (2 = s2) 72 L2, 5) =377 [T 272 (22 = 57) 77 dz.
Applying the estimate
_1
(=) == )T = (=) ) )]
<@t —s)i 20 tis™l = Crflt i — s)H 2, (14.28)

we obtain ] ] 1
LYV, s) < Cs 2 —)f=2 = CK (1, 5). (14.29)

For the term Lg) (t, s) we also use (14.28) and arrive at

1
LP@, s5)<cs:H / A=) dr =CKP (1, 5). (14.30)

s

From the bounds (14.29) and (14.30) we deduce that the condition (B1’) is satisfied
with the same constants «;, ;, i, 1 = 1, 2, as in the case of the kernel Ky (¢, s), see
the proof of Proposition 1.

Now we consider the difference

ILu(tw) = LG ) = C Ly @) = L0+ C|LF 0w = 1.0

’

where 0 < u < s <t < T. For the first term in the right-hand side we have

I—

‘L(I_})(t, M) _ L(I_})(S, I/t) — u%*H ’tfl (t2 o M2)H7% _ 871 (S2 _ MZ)H7
<uiH (i - uz)H*% s+ yiH ‘(tz _ uz)H*% (st uz)H*%

= Ly, s, u) + L2 @, s, u).

. 3 1 . .
Consider L% (¢, s,u) = Cur=H (1 —u)"# =2 (t + u)H 2 f; z72dz. Since
1
(t+whz <ufi—z 72 =727 < iy
we see that

LUV, s, u) < Cur(t —u)t—2 /ZH*% dz < CKYV(t,s,u).

s

by (14.24). The term Lg,z) (¢, s, u) can be rewritten as follows:
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2

Lg’z)(t, s,u) = Cu>—Hg! / (z - uz)Hi

52

t
i_y — H-3
= Cuz s 1/(x2—u2) 2xdx

s
t

= Cungs*1 /(x — u)Hf%(x + u)Hﬁ%x dx.

s

Using the bound

3 3 1 1
G+ ix = 4+uw)2axst2527H1

< (x+ u)Hf%(x + u)st%(x + u)%fH =gtz

we obtain

t

3 3 1
Lg’z)(t,s, u) < Cux"Hgh—2 /(x — w2 dx
N

u
=C-K 2, s,u) < CK,P (1,5, u).
S

Finally, applying the inequality (14.28), we get

t

LR w0 - L s w| =u " / P G T

s

t
< Cu%*H/zH%(z—u)H’% dz = C‘Kﬁ)(t,u) - K,(f)(s,u) .

Thus, we have established that
Ly (t,u) — Ly(s,u)| < CKy V(. s,u) + CK 2 (1,5, u)

+CIKP @, u)— K (s, u)].

The proof is concluded by applying the bounds and the arguments from the proof of

Proposition 1. O
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14.3.5 Sonine Pairs and Two Kinds of Volterra—Gaussian
Processes

Hereafter we discuss some family of kernels providing in turn Volterra—Gaussian
processes with good paths regularity. The characterization of the kernels is based
on the so-called Sonine pairs. As a motivation, consider the compact interval rep-
resentation (14.17) of the fractional Brownian motion, where the kernel is given by
(14.16). We shall consider (14.16) in the two cases H € (%, 1)and H € (0, %). This
will lead to different kind of considerations on the family of kernels.

(a) Let us consider first H € (%, 1). In this case, the kernel Ky can be simplified to

t
Ku(t,s) = (H—1)cps™ / W7 (u — )73 du. (14.31)

s

This leads us to consider the following Gaussian process

t
Y, = / K(t,s)dW,, te][0,T], (14.32)
0

where W = {W,, t € [0, T']} is a Wiener process, and the Volterra kernel K (¢, s) has
the following form

K(t,s) =a(s) / b(u)c(u — s)du. (14.33)

The functions a, b, ¢: [0, T] — R are measurable and satisfy the following assump-
tions

(C1) Functionsa € L,([0,T]),b € Ly([0,T]),andc € L,([0, T]) for p € [2, o<,
qg €[l,00],r €[l,00]suchthatl/p+1/q+ 1/r <3/2.

(C2) Functions a, b are positive a.e. on [0, T'].

(C3) Function ¢ creates a Sonine pair with some & € L([0, T]).

Recall the definition of Sonine pairs as given in [12].

Definition 1 The function ¢ creates a Sonine pair on the interval [0, 7] with some
function & € L([0, T)) if, for any ¢ € [0, T,

t

/c(t —Ss)h(s)ds = 1.

0

It was established in [12] that under the assumption (C1),
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sup [|K(#, )llLyqo.m < 00
t€l0,T]

This means that for any Wiener process W = {W;, t € [0, T]}, the process

t
Y =/K(t,s)dW5, tel0,T],
0

is well defined, see [12, Thm. 1].

Remark 3 If H € (1, 1),a(s) = Cs77 7, b(s) = "3, ¢(s) = s7 3, then K (¢, 5)
is the Molchan—Golosov kernel (14.19), hence Y is a fractional Brownian motion with
the Hurst index H. Moreover, in this case the assumptions (C1)—(C3) are satisfied,
see [12]. Therefore, the kernel K is an analog of the kernel Ky with H > % In this

case h(s) = s3~H_Other examples of Sonine pairs (c, #) are given in [12].
Let us consider the operator %~ associated with the kernel K (¢, s) in (14.33):

t t t

K f() :/K(t,s)f(s)ds = fa(s)fb(u)c(u —s)du f(s)ds. (14.34)
0 0 s

In order to find an inverse operator to ., let us apply the elements of “fractional”
calculus related to Sonine pair (c, 7). More precisely, we use the notions similar to
notions of the fractional integral and the fractional derivative, as given in Definition 3
from Appendix A, see also [12].

In terms of the fractional integral /5, from Definition 3, the operator %" can be
rewritten as follows:

t s t

Jf(@t) = /b(u)/a(s)c(u —85)f(s)dsdu = /b(u)l&_(af)(u)du. (14.35)
0 0 0
Lemma 7 Consider the equation

t t t

Hf() :/a(s)/b(u)c(u—s)duf(s)ds :/u(z)dz, tel0,T].

0 0

Then its solution has a form
f(t) =a ' (t)Dg, b)), (14.36)

under the assumption that the right-hand side of (14.36) is well-defined and
Dé’+ (ub™") € Li([0, T]). Here Dé‘+ stands for fractional derivative, see Definition 3.
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Proof According to (14.35), b(t) I, (af)(t) = u(t) a.e. or

1§, af)t) = b~ u(). (14.37)

Assume that af € L([0, T']) and apply Lemma 10, item (i) to (14.37). As a result,
we arrive to af (1) = Déﬁr (b~ 'u)(1), and the proof follows. [l

As already mentioned, condition (C1) is sufficient for the existence of process
Y. However, in order to guarantee its Holder continuity, a stronger assumption is
required. The following proposition summarizes the results in Lemma 1 and Theo-
rem 3 of [12].

Proposition 3 1. Let the coefficients a, b, ¢ satisfy the assumption

(C4) ac L7([0,T]),b e LI(0,T]),c e L' ([0, T]), wherep > 2, q,r > 1,
L<landdl+ 141 <1+cforsomeec(0,1/2)

+

<=

Then the stochastic process Y has a modification satisfying Holder condition
uptoorderv:%—l—l e V=

2. Let the coefficients a, b, c satisfy the assumption

(C5) foranyt; >0, b, >0, +trb < T,

ae LP([0,T) NLP([t, T]), where2 < p < py,
be Li([0, T N LY ([t + t2, T]), where 1 < q < q,
ce L' ([0, TDNL"([tp, T]), wherel <r <ry,

1,1, 1 _3 1 11 11 1
Then the process Y on any interval [t| + to, T has a modification that satisfies
5 i -3 _1_ L1, 1 141

Holder condition up to order p = 5 = g — max (2, > + o + r) > 1/2.

In [12] details about the value of these conditions for fractional Brownian motion
are given. Briefly, condition (C4) supplies its Holder property up to order 1/2, and
condition (C5) supplies Holder property up to order H on any interval separated
from zero.
(b) In the present paper, we consider the kernel (14.16) with Hurst index H €
(0, 1/2). Then we introduce its generalization in the form

K(t,s) =a(s) | b)é —s) —/B’(u)é(u —s)du |, (14.38)

s

where a, I;, ¢: [0, T] — R are measurable functions. In what follows, we assume
that the following conditions hold.
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(61) The function a is nondecreasing, bis absolutely continuous, ab is bounded,
¢ € L,(0,T]), and

TT
- [l
00

(§2) Functions a, b are positive a.e. on [0, T']. .
(C3) Function ¢ creates a Sonine pair with some & € L ([0, T]).

a*(s) |5(u — s)| |é(z - s)| dsdudz < oo.

Remark 4 Sufficient condition for (61) is

T u 2
(€19 f’é’(u)} /&z(z)éz(u—z)dz du < oo.
0 0
Indeed, under (61/)

JI¥

UNZ

a*(s) |6 — 9)| [é(z = 9)| ds dudz

1

TT UNZ 2
= [[Jpw|fpal{ [ @6 lw-oF a
00 0
UNZ %
X / a’(s) |E(z — s)|2 ds| dudz
0
1 2
T u 2

=\/F

0

/az(s) |€’(u — s)|2 ds| du| < oo.

Remark 5 We observe that in the case of fractional Brownian motion with H <
1/2 it holds that a(s) = Cs*~H, b(s) = é(s) = s#~2 and h(s) = s~2~H, so, these
functions indeed satisfy conditions (61)—(63). Indeed, from the remark above we
can see that

1
T u 2

/ b /&Z(S) léw—s)* ds | du

0 0

1
u 2

T
— % _ / H— % / 172H(u _ S)2H71 ds du
0
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T
=C(%—H)/uH’1du < 0.
0

Lemma 8 Under assumption (C1), SUp, 0.7 1K@, ) Ly([0.t]) < 00 holds, and for
any Wiener process W = {W,, t € [0, T]}aprocess?t = fot I?(t, s)dWs, t € [0, T],
is well defined.

Proof Obviously,

t
IK (t, Mo < C132(z)/a2(s)é2(t —s5)ds
0
t

' 2

+C/&2(s) /5(u)6(u—s)du ds.

0 s

If b is bounded, 4 is nondecreasing, and ¢ € Ly([0, T]), then

132(t)/&2(s)62(t —s)ds < 132(t)£z2(t)/62(t —s)ds
0 0

ARN2 Ao
< (ab)" eI, o1y < o©-

Furthermore,
t t 2
/&Z(S) /l;(u)é(u —s)du | ds
0 K

t t

< /&z(s) b(u) |é(u — s)| du/E(v)\é(v—s); dvds

s

0 s
= // b(u)b(v) / a*(s) [éu — 5)| |6 — 5)| ds dudv < A(T) < oo,
00 0

and the proof follows. (]

Let us now consider the operator # associated with the kernel K (t,5)in (14.38)
(similarly to the operator " from (14.34) associated with K (z, s)). In this case J#
has the form
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t

Hf(@) = / K(t,s)f(s)ds

0

= bV, @) — / @f)(s) / Béw — s)duds, f € Ly(0, T,
0 K

and under the assumptions (61)—(63) we can apply the Fubini theorem and get

t u

H L) =13(t)15'+(flf)(t)—/5/(@/5(”—S)(&f)(S)dsdu
0 0

= /5@1)%/5(14 —2)@f)(z)dzdu = /é(u)Dg+(&f)(u)du.

0 0 0
Consider the following Gaussian process

t
Y, =/I?(t,s)dWS, t €10, T], (14.39)
0

where W = {W,, ¢t € [0, T]} is a Wiener process. Under assumptions (61)—(63) it
is well defined on [0, T']. Taking Lemma 10 from Appendix A into account, it is easy
to establish, similarly to Lemma 7, the following result.

Lemma 9 Consider the equation j/\f(t) = fot u(z)dz, z €[0,T]. Then its solu-
tion has a form f(t) = &_1Ié‘+ (l;_lu> ).

Furthermore, we prove the following result on the Holder continuity of paths.

Theorem 1 Let the conditions ( C1 )—( C3 ) hold, together with the following assump-
tions:

1 lawb o] =il reqo, Ty
2. there exists y € (0, 2) such that

t

/52(s)ds <Ct’, 1el0,T],

(é(t +5) — 6(s))2ds <Ct’, tel0,T].

ot o
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Then the trajectories of the process Y satisfy 6-Holder condition a.s. for any § €
©, /2.

Remark 6 In the case when a(s) = Cs:~H, b(s) = é(s) = s#~> we have that
a(s)b'(s) = Cs™, [; e*(s)ds = C1?H,

T—t T—t

f(é(t+s)—é(s))2ds: / ((r+s)”—%—s"—%)2ds
0 0

2
. _1 _1 _3 _ 1 _1
since (1 +2)# % — 2773 ~ 2173,z — co,andso f;* (1 + 271 = 2#71) dz <

C. Therefore, in this case we can put y = 2H, and (64)—(65) hold.
Proof Fort| < 1,

n 5]
Mﬁ—ﬁf=E‘/@@J%jﬁﬂnﬂﬂ+/gmﬁmm

0 h
I3 15}

=/@mw—3mwfw+/ﬁmmw
0 4
I3

<2 f&z(s) (l;(tz)é(tz —5) — b(t)é — s)>2 ds

0
I f 2

15}

+132(z2)/&2(s)52(z2 —s)ds +f&2(s) /l;/(u)é(u —s)du | ds
151 0 h

%) %) 2

+/&2(s) fé’(u)é(u —s)du| ds| =2+ L+ L+ L).

n N

Let us show that each term in the right-hand side is bounded by C(t, — t;)”. We
make the analysis term by term.
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1. The first term can be rewritten as follows:

1

N N 2
I = /&z(s) (b(tz)é(tz — ) — b(t)ét, — s)) ds

0
< 2132(r2)f&2(s) (et — 5) — &ty — 5)) ds
0

+2 (I;(tz) - B(z]))2 / 82()(ty — s)ds = J, + . (14.40)
0

The first term in the right-hand side of (14.40) is bounded as follows:
3]
Z;Z(tz)/&z(s) (et — 5) — &ty — 5)) ds
0

< [}2(;2)212@2)/ (é(ta —s) —é(t1 — S))2 ds
0

1

< C/ (é(p—t1+2) — 5(2))2 dz < C(t, — 1),
0

and the second one can be bounded as follows:

n n 1% 2
(13(;2) —l;(tl))2/&2(s)62(t1 —§)ds = /&Z(S)éz(tl —s) /l;/(v)dv ds
0 0 1
f b 2 N 2
< /5201 —5) / &(v)g’(v)‘ dv | ds <cCt/ /v_ldv
0 1 n
2 2

12} 5]

v y v r\2
=C /tfv*ldv <c /vrldv =C(-1) sCw-ny,

| 3]

Here we have used the monotonicity of a and then the conditions (é:fl) and (é;S).
2. The second term can be bounded with the help of conditions (C1) and (C5):
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15} %)
L = b*(1) / Q%) (t, — s)ds < &2(1)b2 (1) / 3ty — s)ds
n 1

h—n
<c / 2 dz < Clt—1) .
0

3. By Fubini’s theorem and monotonicity of a, the third term can be estimated as
follows:

1 n 2

I = /&Z(S) /E’(u)é(u —s)du | ds

0 t

h 5]

= /&z(s) b w)éu — s) du/l;/(v)é(v —s)dvds

151

0 t
n H A A 1
= // b’(u)b’(v)/fzz(s)é(u — $)é(v —s)dsdudv
1 n 0
b 1

= [ [ awbwljawiw] [
0

n
Then applying successively the condition (64), the Cauchy—Schwarz inequality and
the condition (C5) we obtain:

éu —$)e(v —s)| ds dudv.

[o35] |

I < C// uty! f }6(14 —s)c(v —s)| ds dudv

nn 0
n 1 5] % 1 ;
< C// u vt /éz(u —s)ds /éz(v —s)ds | dudv
nhh 0 0

h 1

Y Y S z 2
< C//u?*lv?”dudv < C<t2g —tlg) <C(t—1).

nn

4. The fourth term can be bounded similarly to the third one:
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15 %) 2

Iy = /&2(3) /13’(u)é(u —s)du | ds
n s
I th b
= /// a% ()b w)é(u — )b’ (v)é(v — s) dudv ds
ns s
h b

=/]]

s s

a@b' )| [a)b' ()| |é@ — $)é@ — s)| dudvds

h 1 b

< C///u_lv_l ‘6(u —s5)c(v —s)|dudvds

ns s
h B UNAV
=C// u vt / |é(u —s)é(v — )| ds du dv
nn 5]
1 1
h b UAv 2 UNv 2

< c[[u*‘v*1 /62(u—s)ds /62(v—s)ds du dv

nn I3 n

1 1

u v
< C//u_lv_' /62(u—s)ds /62(v—s)ds dudv

non h ]

h B

< C// L (T tl)% (v — tl)% du dv

nn

h th
< cf/ wu—1):" W=t dudv<Ctr—1,).

non

Combining the bounds we get E (?,2 - ?,,)2 < C(t, — ;)7 , whence the result fol-
lows. U

14.4 Equations with Locally Lipschitz Drift of Linear
Growth

In this section we study stochastic differential equations with additive Volterra-Lévy
noise. The noise considered has Holder regularity of the paths as discussed in the first
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part of this work. We shall adopt pathwise considerations and, for this reason, we
start the study taking deterministic equations into account, then we move to discuss
the stochastic cases.

LetT > Obefixed, f = f(¢),t € [0, T], and coefficientu = u(x), x € R, be the
measurable functions. Introduce the equation

X, = /u(XS) ds+ f(@), t€l0,T], X|;=0=Xo €R. (14.41)
0

This equation is studied in Appendix B. Now let us return to the Eq. (14.1), that is,
let us consider the Volterra-Lévy process Y, = fot g(t, s)dZ, instead of the deter-
ministic function f. According to Lemma 11 in Appendix B, in order to obtain the
existence and uniqueness of a solution, it suffices to establish either local integrability
or local boundedness of Y.

First, we study the sufficient conditions for integrability. Namely, we present the
conditions supplying E fOT |Y;] dt < oo.Ifthe assumption (A1) holds, then by (14.3),

T

T » T
E/|Yt| dr ff(Elel”)T’ di < C /|x|"n<dx> /ng(z, Mo dt.
0 R 0

0

therefore, the sufficient condition for integrability is fOT g, )L, qo.n dt < oo.
Similarly, if the assumption (A2) holds, then using (14.4) we get

T T
1
E/|Y,| di gcm/ng(t, Miaor dt
0 0

> T
+C /IXI"N(dX) /Ilg(t, N, qo.m dt.
0

R

Since p > 2, we see that again the sufficient condition for integrability has the form
fOT g, )L, qo.1) dt < oo. In the Gaussian case the second term vanishes, hence a

weaker condition is required, namely fOT lg(t, )l L,qo.) dt < 00.
Now let the kernel g satisfy the assumption (B1). Then
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T T ‘ 3
f|lg(l‘, ML, qo.mdt < C/fa /Sﬂp(l‘ —s)Pds | dt
0

0 0

T
< C/t‘”‘””% dt
0

where we have used the equality [ s?7(t — s)"” ds = B(Bp + 1, yp + DtPrrrr+l
(assuming that 8 > —%, y > —%). Consequently, under the assumption (B1) the
condition [y llg(t, )l|., 0. dt < 0o holds, if o« + B+ y + £+ > —1.

Similarly to Lemmas 4-6, we can consider three cases. Thus, we arrive at the
following result.

Theorem 2 Assume that one of the following assumptions holds:

1. p>1,a=0, fR |x|? w(dx) < oo, the condition (Bl) holds with some a € R,
B> —%, y > —%suchthat(x—i—ﬂ—i—y > —%—1;

2. p=2 fR |x|” 7 (dx) < 00, the condition (B1) holds with somea € R, B > —%,
y > —%suchthat(x—l—ﬂ—l-y > —% -1

3. Z is a Brownian motion, the condition (BI) holds with p =2, « € R, B > —1

2)
y > —% suchthata + 8+ y > —%.
Then E fOT |Y;| dt < oo. Consequently, if the coefficient u satisfies the assumption
(D1) 1) of Lemma 11, then the Eq. (14.1) has a unique solution.

Now we adapt the condition (D2) 3) of Lemma 11 to the stochastic case. Since
continuity is a sufficient condition for local boundedness, we obtain the following
corollary from Lemmas 4-6.

Theorem 3 Assume that one of the following assumptions holds:

I. p>1,a=0, fR |x|? m(dx) < o0, the conditions (B1) and (B2) hold with some
aeR B> —%,y > —%,8 > %suchthata—i—ﬁ—i—y > —%,K > 0;

2. p =2 we have fR |x]|? w(dx) < oo and the conditions (B1) and (B2) hold with
somea € R, B > —é, y>—+1 8> Lsuchthata +p+y > -1 k> 0;

3. Z is a Brownian motion, the conditions (B1) and (B2) hold with p =2, a € R,

/3>—%,y>—%,8>0suchthatot+,8+y>—%,K>—%.

Then Y has a.s. continuous (hence, locally bounded) sample paths. Consequently,
if the coefficient u satisfies the assumptions (D2) 1), 2) of Lemma 11, then the Eq.
(14.1) has a unique solution.

We remark that it seems that there no general results about solutions of stochastic
differential equations (14.1) with Volterra—Lévy noise without some form of Lip-
schitz continuity assumptions. There are instead some papers dealing with some
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classes of such equations also with exploding drift. We refer e. g. to [3] for a short
survey and the study of a class of such equations.

In the next section we address another class of equation without Lipschitz drift.
We focus on Volterra—Gaussian processes. The particular case of fractional Brownian
motion was considered in [14].

14.5 Equations with Volterra—Gaussian Processes

Now our goal is to consider equations with additive noise represented by various
Volterra—Gaussian processes, some of which were introduced in [12]. Our aim is to
relax the conditions on the drift coefficient, in a similar fashion to what was done in
the paper [14]. Remark that, in [14], the noise was fractional Brownian motion, but
here we deal with more general noise.

14.5.1 Girsanov Theorem. Definition of Weak and Strong
Solutions

Let {7, € [0, T]} denote the natural filtration of V', where V can be either ¥
defined by (14.32) and (14.33), or it can be Y is defined by (14.39) and (14.38). For
some process u = {u,, t € [0, T]} with integrable trajectories, denote

2(s) = (a7 DL, (ub™)) (5). 2(s) = (&*110’5+ (B*lu)) (s).

an let, respectively,

T T
& = Ep —/Z(S)dWs _ %/zz(S)dS ,
0 0
T T
& =Ep —/i(s)dWs — %/zz(s)ds
0 0

Theorem 4 (1) Letthe assumptions (C1)—(C3) hold, andletu = {u;,t € [0, T} be
a FY-adapted process with integrable trajectories. Consider the transformation

t
Vo(t) = Y, +/u3 ds. (14.42)
0
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Assume that
1. ze€ L,([0,T)) a.s.,
2. E&r =1,

t
Then Vi can be represented as Vy(t) = f K(t,s)dByg, t € [0, T], where Bisa

FY Wiener process under the new probabllzty Py defined by dPp/dP = &r.
(2) Let the assumptions (Cl) (C3) hold, and let u = {u;,t € [0, T]} be a FY.
adapted process with integrable trajectories. Consider the transformation

t
Vot) =Y, +/usds.
0

Assume that

1. 2/@ L,([0,T) a.s., and
2. E&r =1

Then % can be represented as \70(1‘) = fot I?(t, s) d’gs, t €0, T], where B is
a FY -Wiener process under the new probability P defined by dP3/dP = Er.

Proof Let us prove only (1) since both statements are proved similarly. Insert-
ing (14.32)into (14.42) yields Vo (1) = [y K(t,s)dW; + [y usds = [; K(t,5) dB;,
where B, = W, + [y # ' ([, us ds) (r) dr. Using (14.36), we get

t

B, =W, +/a_1(r)D6’+ (ub™") (r) dr.

0

Finally, by the standard Girsanov theorem, B is a .% Y -Wiener process under the
probability Pp. O

In the sequel, we study two stochastic differential equations

t
X,=x+V,+ / u(s, Xy)ds, tel0,T], (14.43)
0

where x € R, u: [0, T] x R — R is a measurable function, V =Y, ?, where Y is
defined by (14.32) and (14.33), while Y is defined by (14.39) and (14.38). We shall
consider both strong and weak solutions according to the definition below.

Definition 2 (i) By a weak solution of Eq. (14. 43) we mean a couple of processes
(V, X) on the filtered probability space (22, %, FV, P), such that
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t t
v, :/K(t,s)dWs or V,:/I?(t,s)dws, (14.44)
0 0
respectively, with some Wiener process W, and (V, X) satisfy (14.43).
(i) By a strong solution of equation (14.43) we understand a process X on

(,.%#,FY,P), and V is of the form (14.44) with the fixed Wiener process
w.

14.5.2 Weak Existence and Weak Uniqueness

Let the coefficients a, b, c¢ satisfy the assumptions (C1)—(C4). Then, according to
Proposition 3, the stochastic process Y has a modification satisfying Holder condition
up to order v € (0, 1/2).

Theorem 5 (i) Assume that u(s, x) satisfies the sublinear growth condition: there
exist such0 < o < 1 and C > 0 that

lu(t, x)| < C(1+ |x]%), (14.45)

and Holder condition in space and time: there exist0 < 8 < 1,0 <y < 1 and
C > 0 such that for any s, t € [0, T]and any x,y € R

lu(t, x) —u(s, M| < C (It —slP + |y —x|").

Additionally to (CI1)—(C4), let also functions a, b and h satisfy the following
assumption: there exist C > 0 and v' € (0, v) such that

T
/a’z(s)hz(s)b’z(s)ds <C,
0
T t 2
/a_z(t) /|h/(r—r)|\b—‘(r)—b—‘(r)| dr| dt<cC, (14.46)
0 0
T t 2
/afz(z)bfz(t) /|h’(r—r)|(r—r)/3 dr| dt<c,
0 0
T ' 2
/a’z(t)lfz(t) /|h’(z—r)|(z—r)yv’dr dt <C.
0 0

Then the equation (14.43) with V. = Y has a unique weak solution.
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(ii) Assume that u(s x) satisfies the subllnear growth condition (14.45), and, addi-

tionally to ( Cl )—( C3 ), functions a, b and h satisfy following assumption: there
exists C > 0 such that

&—l(s)j ‘ﬁ(s — r)‘ ‘l;_l(r)‘ dr < C. (14.47)
0

Then Eq. (14.43) with V = Y has a unique weak solution.

Remark 7 Let us check the conditions (14.46) and (14.47) in the case when V is a
fractional Brownian motion.

() Let H > L, a(s) =527, b(s) = s773, c(s) = s73, h(s) = s~ Then,

T T

/a_z(s)h2(s)b_2(s) ds = /sl_ZH ds =2 — 2H)_1T2_2H;
0 0
T t 2
fa”(t) /|h’(t—r)| |p~'t) = b7 (r)| dr | dt
0 0
T t 2
= C/tz”‘l /(l —p) i H (r%‘” —t%‘”) dr | dt
0 0
T 1 2
= CfIZH_l ST 122 gy /(1 )yl (r%‘H — 1) dr
0 0

2

1
cT>2H /(1 —i (ﬁ*H - 1) dr
0

Integral fol (1—r)~:H (r%_H — 1) dr is finite, since around zero,

and around 1, (1 —r)=3—H (r%*H — 1) ~ (1= r)s~H  Further
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T 2

/ a ?b7?) (1) /|h(z—r)|(z—r)ﬂdr dt
0

T
c/ /(t—r) THB g | dr < C
0

if—%—H—i-ﬂ >—l,orf > H— %.Finally,

T 2

/ (a*b7%) (1) f|h(t—r)|(t—r)V“dr dt

0
T /¢
:c/ /(t—r) “Hiv g dr < C
0
if—% —H+yvoryv > H— > Butinthiscasev canbeanynumberfromOto H,
therefore, condition yv' > H — holds 1f yH > H ory >1— .Therefore

assumptions (14.46) hold for 8 > H — 2, y>1-—
(i)Let H < 1. Thena(s) = Cs>~#,b(s) = &(s) = sH*%,iz(s) = 572~ H therefore

&_1(s)/ ‘fz(s — r)’ ‘l;_l(r)‘ dr = Cst—2 /(s - r)_%_Hr%_H dr = Cs27H <C,
0 0

so (14.47) holds.

Proof First, we give some upper bounds for z(s) and Z(s) in order to confirm that
the theorem assumptions supply Novikov conditions for £7 and /E\T, and therefore &7
and %\T satisfy Theorem 4. Then the proofs of (i) and (ii) are similar, therefore we
continue only with the second statement, dividing the proof into several steps and
refer to the paper [14] for additional detail.

Concerning z(s), by Lemma 10 (iii), we have that

2(s) = (a~'nb™") (s)u (s, ¥y + x)
+ a_'(s)/ (@Y. +x)b7"' @) —u(s, Yo +x)b7"(5)) W' (s —2)dz

= Ji(s) + J2(s).

Let us construct upper bounds for J; and J,. Namely, we are interested in two
integrals. First,
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T T
/Jf(s)ds < C(l + sup |Y5+x|2°‘>/(a2h2b2) (s)ds
0

0<s<T
0

(14.48)

§C<1+ sup m|2“),

0<s<T

according to the first assumption in (14.46).

Second,
T
/Jzz(s)ds <C <1 + sup |Y, +x|2"‘>
0<s<T
0

2

s

T
xf a=(s) /\b_l(z)—b_l(S)]|h’(S—z)|dz ds
0

0
2

T s

+/(a*2b*2) (5) /|u(s, Yy +x) —u(z, Y, + 0| [W(s = 2)| dz | ds
0 0

=M+ M,.

Obviously,
M, <C (1 + sup |YS|2°‘), (14.49)

0<s<T

according to the second assumption in (14.46). Concerning M,, it admits the follow-
ing upper bound:

2

T s
M, < C/(ab)_z(s) /(s -2 |W'(s —2)| dz | ds
0 0

2

T s
¢ @ | [1r-vr we-oldz | ds=ni+n.
0 0

According to 3rd assumption in (14.46), N; < C. Further, due to the 4th assumption
from (14.46),
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2

2 T s
N, < C( sup M) /(ab)’z(s) f(s — )" W (s —2)| dz | ds
0 0

O<s<t<T (t — S)yv/
¥, — Y[\
<C sup ——— =:CG,

0<s<t<T (t— S)v,

and due to the fact that 2y < 1 and to [5], Eexp {CG} < oo for any G > 0. Com-
bining this with (14.48) and (14.49), we conclude that E exp { % fOT zf, ds] < 00, and

Novikov condition holds, consequently, /E\T is indeed a density function.
Concerning z(s), let us provide the following calculations:

2(s) = a~'(s) f hs—r) b '(r)u (r, Y, + x) dr
0

and, according to (14.45),

P 2

2" < ca=(s) / s = [ 0| (14 |7 +x]7) ar
0

) (14.50)

dr

‘B*‘(r)

§C<1+ sup |?,|2"‘) a>2(s) /‘fl(s—r)
0

rel0,T]

Under assumption (14.47),

2(s)|2 <C <1 + sup |f’\,|2a) . Then it follows from
rel0,T]
the fact that 2« < 2 and integrability of supremum of Gaussian process [5] that
Supy,<r E exp {,0 sup |2(s)|2 < oo for any p > 0, and this inequality supplies
- 0<s<T
Novikov condition for &7.
Now we continue with the proof of (ii). We consider tl}g two cases of V.
(a) Together with Theorem 4, we can conclude that Y is a Volterra—Gaussian

process of the form Y, = fot I?(t, s)d B, where B is a Wiener process with respect
to the probability measure Pz defined by dPg/dP = &7, where

T T

Er =exp fz(s)dwx - %/ﬁs)ds

0 0

It means that the couple (? , Y+ x) creates a weak solution of (14.43) with V = Y.
(b) Now let us apply and modify the approach from [14] concerning the proof of
uniqueness in law and pathwise uniqueness of the equations with additive fractional
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noise. Namely, consider any solution of the equation

t
X; =x+fu(s, X,)ds +7Y,,
0

where f/\, = fol K (t,s)dBs, B is some Wiener process, and define

2) =a ') / h(s — )b (ru(r, X,) dr.
0

Note that X € C([0, T']), therefore, due to sublinear growth condition,

sup |u(v, X,)| < C (1 + sup |Xv|2°‘> <00 as.

O<v=<r O<v<r
Also, sup |Y,| < 00 a.s. Therefore, from Gronwall inequality, we get sup |X,| <
0<t<T 0<t<T

(le + sup ‘f’\,] + CT) eCT, and in turn it implies that, similarly to (14.50), under

0<t<T

assumption (14.47), 2(s)|2 =¢ (1 + sup |Xt|2a> =G (1 + sup |2|2a> for

0<t<T 0<t<T
any s € [0, T']. It means that w.r.t. the measure P such that

T T

—L —exp —/2(s)st — %/22(s)ds , (14.51)

0 0
X, — x has the same distribution as the process fol K (t,s)dVy, where V is a Wiener

process, Vi = B, + fo Z(u)du, and the right-hand side of (14.51) indeed defines a
probability measure. Further, for any bounded measurable functional ® on C([0, T']),

Epd(X — x) —f@(g—x)&(g)dﬁ
P = (iﬁ;T T

Q
T | T
=Es | ®(X —x)exp /2(s)st +§f22(s)ds
0 0
T K
=Ep | ®(X —x)exp /&’l(s)/h(s — b ')u(r, X,)dr dB,
0 0
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T s 2
+ 1/ &71(s)/h(s—r)l;71(r)u(r, X, dr | ds
(

2
0

T

=Ep | (X —x)exp /&’l(s)/h(s — b ', X,) drdV,

0
2

T s
— %/ a—‘(s)/h(s—r)é—‘(r)u(r, X)) dr | ds
0 0

= Ep® (f K(-,s)dB,

T

T s
X exp {/ I(S),/h(s —r)b "Oyulrx / (r,2)dB; | drdB;
0

0

T 2

T
%/ a*l(s)fh(s by | r,x / (r,2)dB. | dr | ds
0

0

/ Lsyav.|. (14.52)
0

Taking (14.52) into account, we conclude that any two weak solutions have the same
distribution, so we established weak uniqueness. O

14.5.3 Pathwise Uniqueness of Weak Solution. Existence
and Uniqueness of Strong Solution

Now we consider only equation

t
X, =x+Y, + / u(s, Xy)ds, tel0,T], (14.53)
0

where x € R, u: [0, T] x R — R is a measurable function, Y is defined by (14.32)
and (14.33).

Theorem 6 Let coefficients a, b, ¢ satisfy assumptions (C1)—(C3) and (CS5). Let also
coefficient u(s, x) satisfy conditions of item (i), Theorem 5. Then any two weak solu-
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tions of Eq. (14.53) with the same Wiener process W occurring in the representation
of Y, coincide a.s.

Proof According to Proposition 3, the condition (C5) supplies that the process ¥ on
any interval [t} + 1, T'] has a modiﬁcation that satisfies Holder condition up to order

—3_1_ 11,1 141 1 i
n=35-g max( —|— pl+r>>2.So,c0ns1derany0<£<T,and0n

the interval [, T] apply Ito formula to the process max (X/, X?), where X' and X2
are two weak solutions with the same Wiener process W. Observing that X' and X2
are Holder up to order p > % on [g, T'], which implies that the quadratic variation
of X' — X? is zero, we get that for any ¢ € [¢, T']
1 y2 ) 1 1 2 1 2 1
maX(Xt’ Xt) — max (Xs7 Xs) =X, —X; + (Xz - Xt)+ - (Xs - X )+

&

=Y, -V +/u (s, max (X;, X)) ds.

Let ¢ — 0. Then it follows from continuity of ¥ and u that Y, — 0 a.s., and

t
/u(s,max (X‘1 p ds—)/ s, max X1 X2)) ds a.s.

&

Moreover, max (X!, X?) — x a.s.

Finally, max (X}, X?)=x+Y, + fot u (s, max (X!, X2)) ds. It means that
max (X}, Xlz) (and similarly min (Xi, X%)) satisfies Eq. (14.53). Due to the weak
uniqueness proved in Theorem 5, max (X/, X?) and min (X!, X?) have the same
distribution, whence X! = X? a.s., and from continuity of X' and X2, X! = X2,
te[0,T],a.s. O

Remark 8 1. Condition (C5) is fulfilled in the case when Y = B with H > % In
thiscasewecanputp; = q; =r; = %,whereO <e<min{(H —1).3(1— H), 1},
1 _ _ 1 e 1 _ ¢ 1 _ 3 £
;_H—§+§,3—3,;—§—H+§.Then

p=i-toma(bioH+EH-be¥=H-en

2. In the case when we cannot guarantee that Y is Holder up to some order

uw > % (for example, in the case when ¥ = B with H < %) the It6 formula for

max (X, X7) has a different form, and the statement like Theorem 5 is an open
problem.

We conclude with a straightforward consequence of Theorems 5 and 6.
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Theorem 7 Under the assumptions of Theorem 6, Eq. (14.53) has a unique strong
solution.
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Appendix A: Elements of Fractional Calculus for Sonine
Pairs

Here we consider some notions similar to the notions of the fractional integral and
of the fractional derivative proper to classical fractional calculus.

Definition 3 Let functions ¢ and & from L, ([0, T']) create a Sonine pair. Introduce
the operators, similar to operators of fractional integral and fractional derivative:

t

(16, F) (1) = / ¢t —)f(s)ds, [ € Li([0, T,

0
t

d
(D4 ) @ = 4 /h(t—s)f(s)ds ,
0

where f: [0, T] — R is such that fot h(t —s5)f(s)ds € AC([0, T]).

Now we can here establish some properties of the operators /I, and Dg - Denote

I (L0, TD) = {¢: [0, T] = R: v (1) = (I5,9) (1), ¢ € L1 ([0, TD} .

Lemma 10 (i) Let f € Li([0, T1). Then (D} I§, f) (t) = f(t) a.e.
(ii) Let f € I5, (L1([0, T1)). Then (I, D}, f) (t) = f(1), t € [0, T].
(iii) Leth € C'(0, T), there exist B > 0 such that lin(l)sﬁ“h’(s) < 00. Also, let f be

a Holder function of order y, and y > B. Then foranyt € [0, T], (D(’}+f) ) =
h@) f @) + o1 @) = fFOI (@t = 2) dz.

Proof (i) Obviously,
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(DL IS, f) (1) = % /h(; —5) (/ c(s —u) f (u) du) ds)

0 0

:% /f(u) (/h(t—s)c(s—u)ds) du)

u

= ff(u)u f(@) ae.

(i) Let f(r) = (15'+(p) (t), ¢ € L1([0, T]). Then, according to (i),

(I§, D}, f) () = (1§, Dy IS, 9) (1) = (I§,9) (1) = f(t), t€[0,T].

(iii) For any ¢ € (0, T') and At > 0O (other values can be considered similarly),

t+At t
Af = / h(t+At—s)f(s)ds—fh(t—s)f(s)ds
0 0

t+At
(h(t + At —s) — h(t —5)) f(s)ds + / h(t + At — ) f(s)ds

t

(h(t + At —5) — h(t —9))(f(s) — f(D))ds

O\N o"\”‘

t+At t+At

+ / h(t + At —$)(f(s) = f(D))ds + f(t) / h(s) ds.

t t

Evidently, - ( Fo [ h(s)ds) — F(Oh(), a.e.,as At — 0. Furthermore,

t+At

/ Wt + Af = $)Lf(s) — £()]ds

t

A = |+ At =0)[[f(6) — fOI,

where 6, € [t,t + At]. According to condition (iii) and L’Hoépital’s rule, for

some constant C > 0, lima;—g |h(t + At —0)| | f(6;) — f(®)] < CAlimOAtV‘ﬁ =
t—

0. Finally, for 0 < ¢ < 1,
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/t h(t+ At —s) — h(t —s)
(=

—Mu—sOLﬂm—fa»m

0

(W6, — ) —h'(t —5))(f(s) — f(1))ds

(WO — ) =W —5)(f(s) = f(1))ds

('O —s5) = W't —)(f(s) = f(D))ds

IA
—- Tt Tt—-

—&

t—e¢

/Uﬁ@—w—wa—wﬂﬂw—fmws
0

IA

1

+/Ih'(@—S)Ilf(S)—f(t)ldS+/|h/(t—S)||f(S)—f(t)| ds.

t—e

The first term, | [, (' (6, —s) — h'(t — ))(f(s) — f(t))ds|, tends to 0 as At —
0 for any ¢ > 0. Concerning the second term, it can be bounded as follows. For
sufficiently small ¢, it follows from condition (iii) that

/vm@—mhﬂw—fmunsc/a—n**a—nﬂm=Cﬁ#,

and, the same is true for ftig |h’(t — s)| |f(s) — f(2)| ds, and the proof follows.

Appendix B: Deterministic Equations with Locally Lipschitz
Drift of Linear Growth

In this appendix we investigate the deterministic Eq. (14.41).

Lemma 11 Let any of two following groups of conditions hold.

(D1) (1) The coefficientu is Lipschitz: there exists C > Qsuchthatforanyx,y € R,
lu(x) —u(y)| = Clx —yl.

(2) The function f is locally integrable.
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(D2) (1) The coefficient u is of linear growth: there exists C > 0 such that for any
xeR
lu(x)| = C(1 + |x|).

(2) the coefficient u is locally Lipschitz: for any R > 0 there exists Cg > 0
such that for any x,y € R, |x|, |y| < R,

lu(x) —u(y)l = Crlx — yl.

(3) The function f is locally bounded.

Then the Eq. (14.41) has a unique solution X on [0, T]. If condition (D1) holds, then
X is locally integrable. If condition (D2) holds, then X is locally bounded.

Proof First, we assume that (D1) holds. Let 7y > 0 be some number. We apply
successive approximations with X; - =0, X, (1) = f(t) € L ([0, t]),

t

X" = f u (XYY ds + f(t) € Li([0, 10]). (14.54)
0

Then for any 0 < ¢ < 1y,

t t s
[ 1 = xevas < / / e (X00) — e (X2)| dv ds
0

_ -1
<c/|x<" D — X2t —v)dv < - <C"1/|f()|wds

!
(Cl)n 1
1),/|f< ) ds.

This means that X is a Cauchy sequence in L ([0, f]), therefore there exists a
limit X, = lim, 00 X" in L;([0, fo]). It is clear that X is a solution of (14.41).
Uniqueness follows from the Gronwall inequality.

Now let us consider the case when holds. As before, let 75 > 0 be fixed, and
(1) < C = C(t). With X¥ =0, XV = £ (1) is locally bounded, and every X
that is defined by (14.54) is locally bounded as well. Moreover,
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t
<|f@®|+Ct+ c/ | X"V ds
0

t

<@ +Ct +C/(|f(s)| 4 Cs)ds +c2/ X0 (1 = syds < - <
0 0

<|f@OI+Ct+C / (£ ()] 4 Cs)eCE-ds.
0

therefore, X™ are totally locally bounded. Existence of the limit that is a unique
solution of (14.41) is evident.
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