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Abstract Quantile regression, which estimates various conditional quantiles of a
response variable, including the median (0.5th quantile), is particularly useful when
the conditional distribution is asymmetric or heterogeneous or fat-tailed or trun-
cated. Bayesian methods for the inference of quantile regression have been receiving
increasing attention from both theoretical and empirical viewpoints but facing the
challenge of scaling up the existing methods when the data are too large to be pro-
cessed by a single machine under many big data environments nowadays. In this
paper, we explore Bayesian quantile regression (B Q R) analysis via normal-inverse-
gamma (N I G) distribution type of likelihood function, prior distribution and pos-
terior distribution. We further develop the details of methods of B QR for massive
data applications. The performance of proposed methods is evaluated via real data
illustrations.

Keywords Quantile regression (QR) - Bayesian inference + Big data *
Normal-inverse-gamma (NIG)

1 Introduction

Quantile regression (Q R) estimates various conditional quantiles of a response or
dependent random variable, including the median (0.5th quantile). Putting different
quantile regressions together provides a more complete description of the underly-
ing conditional distribution of the response than a simple mean regression. This is
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particularly useful when the conditional distribution is asymmetric or heterogeneous
or fat-tailed or truncated. Quantile regression has been widely used in statistics and
numerous application areas ([3, 5, 11, 25] and among others). In the “big data” era
for statistical science, the rich of data sources with many complicated data structures
and the increase of extreme values and heterogeneity may see quantile regression
methods more relevant than mean regression to dig deep into the data and grab
information from it. In particular, with advanced power of computer, complicated
quantile regression-based models could be developed under a Bayesian framework,
and Bayesian quantile regression (B Q R) has received increasing attention from both
theoretical and empirical viewpoints with wide applications and variants (see [4, 10,
12, 17, 19, 23] and among others). So far, in the context of quantile regression, several
methods have been developed for big data analysis ([6, 9, 22, 27] and among oth-
ers), but little attention has been paid to such methodology under Bayesian inference
paradigm.

In this paper, we propose a new approach of B Q R for big data. This approach has
its posterior distribution on the whole data as a joint posterior from M sub data split
from the whole data. Section 2 introduces the likelihood function for B QR based
on the location-scale mixture of normals for asymmetric Laplace distribution [15,
18]. Section 3 gives details of the normal-inverse-gamma (N I G) expressions of the
prior and posterior distributions for BQR via informative g-prior [28]. Section 4
derives the posterior distribution on the whole data as a joint multiplication of the
posterior obtained from M sub data split from the whole data via NI G summation
operator, and provides big data based algorithms for B Q R. Section 5 demonstrates
the proposed approaches and algorithms via real data illustrations. Some concluding
remarks are presented in Sect. 6.

2 Quantile Regression and Its Likelihood Function

Let y;,i =1,...,n be a continuous response variable and x; a k x 1 vector of
predictors for the ith observation. The linear quantile regression model for the pth
quantile can be denoted as y; = x;7 B + &;, where B is a k x 1 vector of unknown
parameters of interest, and ¢; is the error term whose distribution is assumed to have
zero pth quantile. The estimation for B is solved by minimizing Y 1, p,(yi — X’ B),
where p, (1) = u{p — I (u < 0)}is the check function and / (-) denotes the indicator
function. According to [24, 26], such minimization is equivalent to maximizing a
likelihood function that is based on the asymmetric Laplace distribution (AL D) at
specific value of p. Assume that errors ¢;,i = 1,...,n are ALD(0, o, p), with the
likelihood given by

f(elo) occ o ™" exp{— Z W

i=1

I8
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where & = (g1, ..., &,)7. Following [15, 18], we can represent &; as a location-scale
mixture of normals as follows:

gilvi, 0 ~ N((1 —2p)v;, 20v;), vilo ~ Exp(o " p(1 — p)),

where Exp(@) denotes an exponential distribution with rate parameter 6. Denote Y
as ann x 1 response vector of y;, X an n x k predictor matrix with ith row x;7, we
have

Y|ﬂ9 o,V, Xa Y~ Nn(Xﬂ + (1 - 2P)V9 262),

where v = (v}, ..., v,)7 and X is the diagonal matrix of v;. Given X and further let
Y, = «/LE(Y —(1=2p)v), X* = \%X respectively, then Y7, follows a normal-type
of conditional likelihood as

1
f(Y3]B.0,v,X*, B) oo™/ exp{—%[Y; - X*BI"ETYL - Xl (1)

3 NIG Prior and Posterior Distributions for Bayesian
Quantile Regression

Mathematically, we introduce the definition of N1G [7] as follows.

Definition 1 Let 8 be a k-dimensional vector satisfying —oco < 8 < ocoand § > 0
be the scalar parameter. The joint distribution of (B8, §) follows the k-dimensional
distribution NI1G (i, A, a, b) if

k 1 1
f(B,8) =Cs~@tath exp{—[b+ 5 (8 - W AB— w1}

where C is a proportionality constant. That is, f(§) follows the inverse-gamma
(IG) distribution with shape parameter a and scale parameter b, and f(8|5) follows
the multivariate normal distribution with £ x 1 mean vector u and k x k precision
matrix § ' A.

3.1 NIG Expression for Prior Distribution

Recall the likelihood function (1) of quantile regression and denote f! »=
X ZIXH)TIXT E 7Y, we can rewrite likelihood (1) as
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ek 1 A N
FOIB, 0, v, X)) oo™ 2 expl=~ (Y, = X"B,1"Z7'[Y, - X"B, ]}
k 1 A o
o2 exp{—5—(B - B XTETIXN)(B - B,)}

i 1 1
= (@) "V exp(——1by + 5 (B — w,) " AB — )]}
« IG(a,b,)Ne(p,, oA™Y, )

where p, = B,, A = X*"27IX* a = k=2 and b, = J[Y} - X*B,1"Z [V} —
X* B ol According to Definition 1 with § = o, the rewritten likelihood (2) can be
represented as the structure of a k-dimensional distribution NI1Gy(u, A, a, b) in
terms of parameters (8, o).

Under the informative prior setting, following Alhamzawi and Yu [1], a conjugate
prior for (8, o) with a modification of Zellner’s informative g-prior [28] in Q R could
be provided as

Blo, v, X*, X ~ Np (0, go(X* 271X, fo) x o7},

where g > 0 is a known scaling factor prescribed by the user. Smith and Kohn [20]
proposed a Bayesian variable selection algorithm utilizing regression splines. They
found that the choice of g = 100 works well and suggested to choose g between 10
and 1000. Following Smith and Kohn [20], the fixed setting of g = 100 has been
considered by some other authors (see [8, 13], among others). Then we obtain the
joint prior distribution of (8, o)

*T 5 — 1wy
f(B.olv,X*, %) ow—(%*”exp{—é[%ﬁum}, 3)
8

which is a special case of NIGy(pg, Ago, ao, bo) with pg = 0y, Agy = %W’

ag = 0, b() =0.
3.2 NI1G Expression for Posterior Distribution

The joint conditional posterior distribution f (8, o, v|Y*, X*) under the informative
g-prior (3) is given by
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F(B.o, VY, X) o f(Yp|B.0,v) f(Blo,v) f(v]o) f(0)

n
- (,—(3’”2”2)(1—[ vi—l/z)IX*TE—IX*ll/z
i=1

1
x exp{— (Y, = X*B) 271 (Y} - X*B)
X*Tzflx* n
T=—————B+2p(1—p) ) wl

i=l1

+8

Then the corresponding posterior f(B, o|v, Y7, X*) is given as follows:
3tk 1
F(B.olv. Y} X oco™ E  expl— (Y, —X*B) Z7 (Y} — X°B)
Xyt
+ﬂT—ﬂ+2p(1 —p)Zv 1)

i=1

=g~ (F+5+D exp{_;[l;p + E(ﬂ - [Lp)TA(ﬂ — )

which has an expression of NIGk([Lp, /_1,51,5,,), where ;1,, =+ 1))(*T):_1
XIXTETY, A = (14 OXTETIXN a = by = 3Y 7Y - 5i,
Aji, + p(1 — p)>i_, vi. Moreover, the full conditional dlstrlbutlons of B and o
can be obtained respectively by

1 x*Ty-Ix*
F(Blo, v, Y, X) o expl—[(Y; = X*B) 271 (Y}, — X*8) + ﬂT?m},

which can be expressed as a k-dimensional normal Ny (&, 01_1_1), and

bk 1
f@1B.V. Y5, X oco™ D exp{——[(Y, = X*/)TZ"1(Y, - X"B)
X*Tz—lx* n
+ ﬂTTﬂ +2p(1—p) Y vl

i=1

which is an /G distribution with shape 3”2+ k and scale %[(Y; —-X*g)’y! (Y3 —

X*B) + BT % B +2p(1 — p)>"_, v;]. The full posterior distribution of each
v;,i =1,2,...,nis also tractable:

— 1 Ty,xT 1—
FilB. o yi %) o v; leXP{*E[Ui_I((Yi*(I*ZP)Ui*XiTIg)2+B X;Xl Py rli=n,,

o
1 Tx;x!
= exple xR + PR )
4o g

- 1 _1z2 -2
=v; ]exp{*g(vi &5+ 500
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where S_,-z =[(yi —x!B)* + ﬂTX,-xiTﬂ/g]/Za and E,-z = 1/20, which can be rec-
ognized as a generalized inverse Gaussian distribution G1G (0, &, ¢;) [2].

4 Big Data Based Algorithms for Bayesian Quantile
Regression

4.1 NIG Multiplication Operator for Posterior Distribution

To derive the posterior distribution induced by the entire data set for Bayesian quantile
regression, we first introduce the N /G multiplication operator defined as follows.

Proposition 1 A general k-dimensional normal-inverse-gamma distribution
NIGi(p, A, a,b) can be reformulated as a multiplication of H independent k-
dimensional distributions NI1Gy(pny,, A, an,by),h=1,..., H

H

NIGi(n, A, a,b) = [ [ NIGi(y, An, an, bi), “)
h=1

where = (330, AT YL, Ay, A =300 Apa =YL ay + =
and b =33L by + 5 35 (= " An(ry — ).
Recall the rewritten likelihood function of quantile regression (2) given in Sect.3.1.

If we partition the big data of X* and Y], into M subsets, where each X[, is an
n, X k matrix, Y;m isann, x 1 vector, X,, is an n,, X n,, diagonal block of ¥ and

ZZI:] n,, = n, then the likelihood (2) can be reformulated as

* * —M 1 u * x p 1Tv—1py* * P
FOVRIB, 0%, X" oo™ "m0 expl=o— D Y = X5 Bl 25 1Y) — X081}
m=1

M
. 1 R R
o expl—o Y (BB T ELIX0B - By,

m=1

which indicates a multiplication of M NIG distributions regarding parameters

(B’O)

M
* * 70(1) k 1 1
FOV1B, 0 v, X o [T o @3 D exp{——[b) + 2 (B — w))" Aw(B — mp)])

m=1

M
[INIGWY. AD. af) by,
m=1

where the superscript (/) indicates the NG parameters concerning (f, o) for the
likelihood function. p ) = B, = (3, XiT = 1X: )~ 300 XeT 3 1ys Al =

m=1 pm>
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m m?

Then the full data posterior distribution is calibrated by the product of speciﬁed NIG
prior and this multiplicative likelihood function, employing Eq. (4) with H = M + 1
in this case. The following Theorem 1 elaborates the acquisition of posterior distri-
bution through the use of NIG multiplication operators.

X;'y, 'Xx all) =252 and b)) = 1{Y:, - X:pO1TE Y, — X0 uD].

Theorem 1 Consider a linear quantile regression model with full big data obser-
vations X and Y. Denote the posterior distribution of regression parameters (B, o),
under the prior NIG(n©, AQ 4O b)Y, be NIG(n, A, a, b). If we partition
the whole data of size n into M subsets, each with an n,, x k matrix X,, and
ann, x LvectorY,,, m =1,..., M, and let X, = JLEXm’ Y;‘)m = \%(Ym —(1-
2p)Vy), X, = diag(vy), where the latent variable v, is an n,, X 1 vector generated
from the exponential distribution with rate =" p(1 — p), then the full data posterior
distribution can be formulated as

M
NIGi(ji. A, a.b) = NIG (w®, A©, a® bO) [T N1G(nY. AL . a?. b)),
m=1

where = (A0 + 30 XTE XTI AOp® 4 3 XTE Y ) A =

m

A(O)—i-ZM XTEAXs a=a® + 1 and b=b® + ! [ZM Y7z e G

m pm m

ﬂ(O)TA‘O)u(O) _ TA[L].

4.2 Algorithms for Bayesian Quantile Regression

Consider the linear Q R model for the p-th quantile (0 < p < 1)
Y =Xp +e¢, 5)

where Y is an n x 1 response vector, X is an n x k predictor matrix, and € is an
n x 1 vector of ALD(0, o, p) disturbances. Then model (5) is equivalent to

Y5 =X"B + Joe,

where Y, = %(Y — (1 =2p)v),X* = %Xande* ~ N,(0,, X) withn x nknown
positive definite covariance matrix X. Then we proceed to Bayesian inference for
big data quantile regressions through the proposed N I G multiplication operator. We
consider model (5) under the g-prior (3) for (8, o), and partition the entire data set
into M subsets (X,,;, Y,,) with individual sample size n,,, m = 1, ..., M. Then the
posterior distribution for the whole data can be obtained by merging the given prior
with the multiplication of M subset NIG distributions induced from the massive
observations. Based on this, an efficient divide-and-conquer algorithm for big data
Bayesian quantile regression is provided as below.
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Algorithm 1 Consider a pth (0 < p < 1) Bayesian quantile regression under g-
prior (3) with the observed n x k design matrix X and n x 1 response vector Y,
where the large data set cannot be fit into a single computer due to the memory
constraint. We can obtain the full data posterior distribution by the following divide-
and-conquer algorithm.

Step 1

Step 2

partition the entire data set into M subsets X,,,, Y,,, m = 1,2, ..., M, where
X,, 1s an n,, X k matrix, Y,, is an n,, X 1 vector and Z _Nm =1

for each subset X,,;, Y,,,, a Gibbs sampler for sampling 88,,, 0, and v,, in the
B QR would follow the sub-steps presented below:

(j=0)

2.1 denote j as the iteration count. Then set j = 0 and establish (8 fr{ =0 5=,

v,ﬁ{ 0)) to some starting values.

2.2 follow the full conditional distributions of 8,,, o, and v,,,

(i) sample v/ T from f(v,|B, oc(@).

m m

(ii) sample o,y 7" from f (0, |8, v(D).
(iii) sample BY™Y from f(B |011(11) Vl(ﬂl))

m

2.3 set j = j 4 1 and return to Step 2.2 until j = L, where L is the number of

Step 3

Step 4

iteration times.

calculate the empirical estimates of the means Bm and o, separately based
on the (L — B) realizations of the Gibbs sequence (discarding the first B
iterations as a burn-in). Then generate an n,, i.i.d. sample on v;, where v; ~
GIG(0,&, &), with & = [(vi —x'B,)> + B, xix" B,,/1/26, and §;” =
1/26m,i = 1,2, ..., n,. Let X = JLEXM, Y3, = %(Ym — (1 =2p)vn),
where v, is the corresponding n, x 1 vector of v; for each subset, and
denote X,, as an n,, X n, diagonal matrix with v,, its diagonal vector, m =
,2,...,.M

for each subset, the corresponding likelihood can be represented as a form of
NIGi(I py> Ams Gm, bpy) distribution for (B, o). Obtain the multiplicative
distribution NIGy(w,, A, a,b),) = Hfg:l NIG( s Ay @y bp), then
the full data posterior can be given by merging the g-prior NIGy (i,
Ay, ag, bg) and distribution NIG(p,, A, a,bp):

NIGk(ﬂpv /_11 El? Ep) = NIGk(I'L01 AgOv aO’ bO)NIGk(ILps Av aa bp)7

WheI‘e[Lp [(1+ )Zm lx*Tz lx*)] IZ X*TE IY;m’ A =(1+

DY X', IX* L= by =5, 1Y’,§,Tn ' Y — R AR+
p(l —p) Zm:l lvm|l1 and ||-]|; denotes the £; norm of a vector.
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Table 1 Summary statistics for wind power observations at Aeolos, Iweco and Rokas

Aeolos Iweco Rokas
Min 0.000 0.000 0.000
Quantile (0.25) 1.692 0.921 1.573
Median 4.002 2.112 4.579
Mean 4.142 2.141 4.857
Quantile (0.75) 6.745 3.426 8.049
Max 8.302 4.549 11.635
Standard deviation 2.649 1.346 3.407
Sample size 17,819 15,621 21,949

5 Real-Data Analysis

In this section, we illustrate our divide-and-conquer algorithm for big data Bayesian
quantile regression by a real-world data analysis. We use hourly wind power data
recorded from 31 December 2007 to 30 December 2010 at the following three wind
farms in Crete: Aeolos, Iweco and Rokas. The data is a collection of hourly observa-
tions for wind speed (measured in m/s), direction (measured in degrees) and power
(measured in megawatts). A complete wind power data of the year 2010 is examined
in Taylor [21]. We remove all the missing data and retain positive observations of
the recorded hourly periods. Table 1 presents the summary statistics for wind power
observations (in MW) at Aeolos, Iweco and Rokas respectively.

We fit our big data B Q R by modeling the wind power as a linear function of wind
speed and direction. We implement Algorithm 1 for these three power sequences at
p = 0.50 and p = 0.95 respectively. In each case, the Gibbs samplers are run for
11000 iterations, discarding the first 1000 as a burn-in. For Aeolos farm, the whole
observations are partitioned into 50 subsets with the size of n; = n, ... = ng9 = 356
and nsy = 375. For Iweco, we partition the whole data into 50 subsets with the
sizeof ny = ny... = n4 = 312 and ns5y = 333. For Rokas, we consider 50 subsets
as ny =ny... = ng = 438 and nsy = 487. We assign the informative g-prior by
choosing g = 100. Table 2 displays the estimates and posterior standard deviations
in our big data B Q R model for the given three wind power series separately. Note
that for all power series, the estimated coefficients of direction are close to zero at
the measured percentiles, meaning that the effect of wind direction on power seems
to be minor. Instead, wind power presents a much stronger correlation to speed than
to direction. The positive coefficients of speed indicate that as wind speed increases,
so does the power capacity. Furthermore, it is visible that speed has a greater impact
on higher (95th percentile) power than lower (50th percentile) power capacity for all
the three aforementioned wind farms.
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6 Summary and Conclusion

This paper extends the divide-and-conquer algorithm for big data analysis from
traditional mean-based linear regression to quantile regression under Bayesian per-
spectives. This is achieved by using AL D-based working likelihood functions and
conjugate NIG priors. The resulting algorithms are easily implemented and the
real-data illustrations present that wind speed has a greater impact on higher power
values than lower ones, showing the proposed methods are promising. The devel-
oped algorithms can be investigated for other energy-related observations within big
data scenario, such as solar radiation and electrical power demand series. In this
empirical study, we have assigned the positive scaling g-prior by fixing it to be the
experimental value g = 100, as suggested in Smith and Kohn [20] after extensive
testing. However, a potential alternative is to assign a hyper-prior distribution on the
g parameter rather than keep it as a fixed constant. Under such circumstances, the
unknown parameter g can be estimated from the available data. Moreover, the unde-
sirable “Information Paradox”, which relates to the limiting behavior of the Bayes
factor for model selection with fixed g, can be avoided (see [14, 16]). Our possible
future work will focus on developing a novel Bayesian quantile regression for fitting
single-index models under high-dimensional data context, and its penalized version
for efficient variable selection implementations.
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