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Abstract. This work proposes a novel receptance-based robust structural mod-
ification method of the natural frequency assignment. Potential perturbation of
the target natural frequency, which arises from uncertainties in physical parame-
ter modifications, is quantified by utilizing analytical sensitivity formulae derived
in this research. The proposed sensitivity formula is introduced to the natural
frequency assignment optimization calculation as an extra term penalizing poor-
robust solutions. Such an improvement can boost obtaining the nominal values of
structural modifications with high robustness in preserving the model-free supe-
riority of receptance-based techniques. The numerical validation of the proposed
method on afive-degree-of-freedomsystemdemonstrates its capability to compute
high-robust modifications in meeting the prescribed requirements and satisfying
all the constraints.

Keywords: Natural frequency assignment · Receptance method · Robust
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1 Introduction

Nowadays, the energy density of a machine has significantly increased because such
a machine tends to transfer a great amount of power or operate more efficiently than
before. As a result, the dynamic strength failure caused by the resonance between the
operating frequency and natural frequency is the most outstanding vibration control
problem for a machine system [1]. From a structural dynamics point of view, employing
inverse structural modification to shift its natural frequency away from the operating
frequency is a useful way to avoid resonance and achieve better dynamic performance
[2]. In particular, receptance method is the most fascinating and popular for researchers
since it neither involves the theoretical model of structures nor requires complete modal
information [3]. However, a limitation of the receptance method is that robustness is not
addressed, and hence, it is neglected how the assigned natural frequencies are affected
by perturbations of the modification parameters about the nominal ones [4].

In the frame of natural frequency assignment, robustness is often interpreted as find-
ing the robust modifications, ensuring the effectiveness of the assigned natural frequency
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even under parameter modifications with systematic error [5]. As far as this work is con-
cerned, a novel receptance-based method for the robust natural frequency assignment is
proposed. The potential perturbation in assigned natural frequency, which arises from
parameter modifications with uncertainty, is quantified by utilizing analytical sensitivity
formulae derived in this research. The sensitivity formulae are computationally efficient,
even for a large number of parameter modifications, and require only measured recep-
tances, thereby preserving the model-free superiority of receptance-based techniques. A
global optimization procedure is used to perform the robustness assignment of natural
frequency. The proposed technique is tested numerically on a multi-degree-of-freedom
system. The results show that the obtained modifications by the proposed method can
improve the robustness of the desired natural frequency to the uncertainty in parameter
modifications and reduce the potential perturbation of the assigned natural frequency.

2 Method Formulation

2.1 Receptance-Based Structural Modification

Considering an N-degrees of freedom (DOFs) un-damped vibrating system, its free
vibration equation can be expressed as

(K − ω2
i M)ui(ωi) = 0 i = 1 · · ·N , (1)

where K, M ∈ �N×N are mass stiffness and matrix matrices of the original system,
respectively. (ωi, ui) is ith eigenpair, made by ith natural frequency and its related mode
shape.

The problem of assigning the desired natural frequency is aimed at finding the
additive structural modification matrices �K, �M ∈ �N×N satisfying [2]

((K + �K) − ω̃2
i (M + �M))ũi(ω̃i) = 0, (2)

where îi is the ith natural frequency of the modified system, also a desired natural
frequency; ũi is the corresponding ith mode shape of the modified system. Since

H(ω̃i) = (K − ω̃2
i M)−1 =

N∑

j=1

ujuTj
(ω2

j − ω̃2
i )

(3)

is the receptance matrix of the original system at the frequencyîi. After pre-multiplying
the receptance matrix, Eq. (2) can be rewritten as [3]

(I + H(ω̃i)(�K(θ) − ω̃2
i �M(θ)))ũi(ω̃i) = 0 i = 1 · · ·Na , (4)

where the dependence of �K, �M on the design variables is stressed and collected in
vector θ = [θ1, . . . , θx]T ∈ �x; Na is the number of desired natural frequencies.

The key to assigning the desired natural frequency is to compute the design variable
vector θ. However, the solvability of Eq. (4) is not ensured since no assumption has been
made on the rank-matching conditions. If the specification on mode shape is introduced,
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the number of design variables is required to be increased.More especially, the constraint
on the design variables due to physical or technical limitations extremely limits the
attainable natural frequency and often imposes more design variables to assign just
one eigenvalue. Hence, Eq. (4) can be conveniently recast as a constrained least-square
minimization [3].

min
θ

{∑Na
i=1 αi‖(I + H(ω̃i)�B(ω̃i, θ))ũi(ω̃i)‖2, θ ∈ Γθ

}
, (5)

where αi is the positive weighing scalar, �B(îi,θ) = �K(θ) − îi
2�M(θ) is structural

modification matrix, and ||·||2 denotes the Euclidean norm of a vector. �θ represents
the feasible domain of those design variables, which includes lower and upper bounds
(denoted by θL and θU , respectively).

Suppose mode shapes (eigenvector) are not required to be assigned or just partially
assigned. In that case, those unassigned mode shapes are treated as additional unknown
entries, which are also constrained to the additional feasible domain �ũ: ũ

L ≤ ũ ≤ ũU .
As a consequence, Eq. (5) can be further rewritten as.

min
θ

{∑Na
i=1 αi‖(I + H(ω̃i)�B(ω̃i, θ))ũi(ω̃i)‖2,

{
θ

ũ

}
∈ Γ

}
, (6)

where the � = �θ ∪ �ũ represents the union of the feasible domain of θ and ũ.
It shouldbenoted that the nonlinear programmingproblem inEq. (6) canbe converted

as a non-convex optimization problem, whose least-square solutions can be computed
by employing MATLAB built-in function fmincon [4].

2.2 Sensitivity-Based Robust Assignment of Natural Frequency

From the perspective of optimization, the least-square solutions admitted by Eq. (6)
are not unique, which means that Eq. (6) can provide a series of alternative modifica-
tion schemes for designers. Even if all of the modification schemes can theoretically
realize the accurate assignment of the desired natural frequency, the real assignment
results obtained by implementing different modification schemes may occur perturba-
tion error and then have different assignment accuracy due to the presence of uncertainty
of modification parameters.

In order to evaluate the potential perturbation of the target natural frequency assigned
by different modification schemes, the sensitivity of the target natural frequency with
respect to those variable modification parameters is exploited and redefined as follows.

∂ω̃i

∂θj
= −

ũTi H(ω̃i)
∂�B
∂θj

∣∣∣
θj
ũi

ũTi (�B(ω̃i, θj)
∂H
∂ω

∣∣∣
ω̃i

+ H(ω̃i)
∂�B
∂ω

∣∣∣
ω̃i

)ũi
, (7)

By exploiting the derived expression about sensitivity, the potential perturbation of
the target natural frequency can be evaluated by employing the total differential approach
and expressed as

dω̃i =
Nθ∑

j=1

∂ω̃i

∂θj
dθj. (8)
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Extending the differential of each parameter modification leads to

δω̃i(ω̃i, θ) =
Nθ∑

j=1

∂ω̃i

∂θj
δθj(θj). (9)

It should be noted that δθ j is the maximum systematic error of the modification
parameter θ j caused by the uncertainty, which is known or can be obtained by estimating.

With the perturbation expression of the target natural frequency derived, it is possible
to improve the problem in Eq. (6) by maximizing the robustness of the target natural
frequency to the uncertainty in parameter modifications. In order to do so, Eq. (9) can
be introduced to the optimization problem in Eq. (6) as an extra term penalizing poor-
robust solutions and boosting the obtaining of the modifications with high robustness.
As a consequence, the robust assignment problem of natural frequency becomes the
following bi-criterion optimization problem.

min
θ

{∑Na
i=1 αi(‖(I + H(ω̃i)�B(ω̃i, θ))ũi(ω̃i)‖2 + λ‖δω̃i(ω̃i, θ)‖2),

{
θ

ũ

}
∈ Γ

}
,

(10)

where λ > 0 denotes the penalizing scalar and is selected to trade between the cost of
using parameter modifications with low sensitivity and the cost of missing the natural
frequency assignment specification. As far as this work is concerned, λ is set as 10–4.

Clearly, such a strategy can provide assistance in handling the inaccuracy problem of
the assignment result due to the uncertainty of the modification parameters and realizing
the robust assignment of natural frequency.

3 Numerical Assessment

In order to demonstrate the working of the proposed method, a numerical example is
presented in this section. It should be noted that the needed receptance data in the example
are all obtained from simulation, which is usually measured by experiment technology
in real.

The employed numerical example is a five-DOFs system with five lumped masses,
which has been adopted widely as a benchmark for eigenvalue assignment methods [1, 4,
6, 7]. The five-DOFs system is shown in Fig. 1, and its corresponding system parameters
are collected in Table 1.

Fig. 1. A five-DOFs lump mass system in Ref [6].
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Table 1. System parameter nominal values.

Parameters m1 (kg) m2 (kg) m3 (kg) m4 (kg) m4 (kg)

Nominal values 1.73 5.21 8.21 2.61 1.34

Bounds [0, 2] [0, 2] [0, 2] [0, 2] [0, 2]

Parameters k12 (kN/m) k23 (kN/m) k34 (kN/m) k45 (kN/m) kg (kN/m)

Nominal values 73.6 68.2 73.5 82.1 98.9

Bounds N/A N/A N/A N/A [0, 283]

In this work, structural modifications are only admitted for the five lumpedmasses as
well as the five grounding springs, whose feasible domains have been shown in Table 1,
leading to the design variable vector being a 10-dimensional vector (θ = [�kg1, �kg2,
�kg2,�kg3,�kg4,�kg5,�m1,�m2,�m3,�m4,�m5]T). In order to evaluate the effec-
tiveness of the proposed method, the uncertainty is introduced to all stiffness modifica-
tions of the ground spring used to implement, and the implemented stiffnessmodification
with uncertainty is assumed to obey the normal distribution N(�kgi, (6.25%�kgi)2).

The assignment task is to assign a natural frequency at 25 Hz. In this case, the mode
shape of the lumped mass m2 at the desired natural frequency is required as 1, and all
other mode shape entries at this frequency are prescribed to belong to interval [−1, 1].

In order to demonstrate the working of the proposed robust assignment method, a
typical partial eigenstructure assignment method without robustness constraints [7] is
employed for comparing with the proposed method. The nominal values of structural
modifications obtained by the two methods are reported in Table 2. The five variable
stiffness modifications and the sensitivities of the desired natural frequency to those
stiffness modifications are instead highlighted in Fig. 2.

Table 2. Nominal values of structural modifications.

Parameters �m1 (kg) �m2 (kg) �m3 (kg) �m4 (kg) �m4 (kg)

Nonrobust 2 1.40 1.39 0.11 2

Robust 0 0 0.23 0 0

Parameters �kg1 (kN/m) �kg2 (kN/m) �kg3 (kN/m) �kg4 (kN/m) kg5 (kN/m)

Nonrobust 53.79 67.18 52.95 91.58 59.89

Robust 244.56 56.68 13.91 157.07 185.58

It is interesting to notice that different nominal values of the stiffness modifications
are provided by the two natural frequency assignment methods in the case of similar
sensitivities of the desired natural frequency to stiffness modifications. The stiffness
modifications obtained by the classical (nonrobust) assignment method have no apparent
correlation with the sensitivities; in contrast, those obtained by the proposed (robust)
assignment method have a negative correlation with the sensitivities. It is evident that the
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Fig. 2. Stiffness modifications and sensitivities of the two methods.

prescribed natural frequency by employing the proposed method has a lower sensitivity
to the uncertainty of the stiffness modifications compared with the typical method.

In order to further demonstrate the superiority of the proposed method, the Monte-
carlo statistical analysis is implemented: normally distributed random errors are imposed
to the nominal values of �kg1–�kg5, and the stiffness modifications with uncertainties
are simulated; the variability of the modified receptances is evaluated; the probability
density functions of the frequency perturbations of the assigned natural frequency are
obtained. The results are shown in Fig. 3.

What stands out in Fig. 3 is that the natural frequency assigned by the proposed
method has a smaller perturbation interval than that assigned by the typical method.
More especially, the probability of the assigned natural frequency being between [24.85,
25.15] Hz is 0.98 for the proposedmethod, much higher than 0.68 for the typical method.
Such impressive comparisons corroborate the effectiveness of the proposed method in
improving the robustness of the target natural frequency to the uncertainty inmodification
parameters and reducing the potential perturbation of the assigned natural frequency.

4 Conclusion

This paper proposes a novel receptance-based robust assignment method of natural fre-
quencies. The sensitivity of the desired natural frequencywith respect to those parameter
modifications with uncertainty is derived and introduced to the optimization calculation
of the natural frequency assignment as an extra term penalizing poor-robust solutions.
Such a treatment boosts the obtaining of the nominal values of structural modifica-
tions with high robustness and reduces the potential perturbation of the assigned natural
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Fig. 3. (a) the modified receptance h15 obtained by the typical (nonrobust) method; (b) the prob-
ability density functions of the frequency perturbations of the nonrobust method; (c) the modified
receptance h15 obtained by the proposed (robust) method; (d) the probability density functions of
the frequency perturbations of the robust method.

frequency due to the uncertainties in the implemented stiffness modifications. The effec-
tiveness of the proposed method has been demonstrated by comparing its performance
with a typical eigenstructure assignment method proposed in literature. The natural fre-
quency assignment of a five-DOF system has been performed, and it has been shown
that the robust assignment of natural frequency is achieved by the proposed method,
hence overcoming the shortcoming with poor robustness of the typical method.
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